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Automorphisms of a Symmetric Product of a Curve
(with an Appendix by Najmuddin Fakhruddin) 1181–1192

Goulnara N. Arzhantseva, Christopher H. Cashen,
Dominik Gruber, and David Hume
Characterizations of Morse Quasi-Geodesics via
Superlinear Divergence and Sublinear Contraction 1193–1224

David Gepner, Rune Haugseng, Thomas Nikolaus
Lax Colimits and Free Fibrations in ∞-Categories 1225–1266

Dirk Hundertmark, Young-Ran Lee
Why do Solutions of the
Maxwell–Boltzmann Equation Tend to be Gaussians?
A Simple Answer 1267–1273

Yannick Bonthonneau
The Θ Function and the Weyl Law
on Manifolds Without Conjugate Points 1275–1283
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Cohomological Invariants for G-Galois Algebras

and Self-Dual Normal Bases

E. Bayer-Fluckiger and R. Parimala

Received: August 26, 2016

Communicated by Nikita Karpenko

Abstract. We define degree two cohomological invariants for G-
Galois algebras over fields of characteristic not 2, and use them to give
necessary conditions for the existence of a self–dual normal basis. In
some cases (for instance, when the field has cohomological dimension
≤ 2) we show that these conditions are also sufficient.

Introduction

Let k be a field of characteristic 6= 2, and let L be a finite degree Galois
extension of k. Let G = Gal(L/k). The trace form of L/k is by definition
the quadratic form qL : L × L → k defined by qL(x, y) = TrL/k(xy). Note
that qL is a G-quadratic form, in other words we have qL(gx, gy) = qL(x, y)
for all x, y ∈ L. A normal basis (gx)g∈G of L over k is said to be self-dual if
qL(gx, gx) = 1 and qL(gx, hx) = 0 if g 6= h. It is natural to ask which extensions
have a self-dual normal basis. This question is investigated in several papers
(see for instance [BL 90], [BSe 94], [BPS 13]). It is necessary to work in a more
general context than the one of Galois extensions, namely that of G-Galois
algebras (see for instance [BSe 94], §1); one advantage being that this category
is stable by base change of the ground field; the notion of a self-dual normal
basis is defined in the same way.

If k is a global field, then the Hasse principle holds : a G-Galois algebra has a
self-dual normal basis over k if and only if such a basis exists everywhere locally
(see [BPS 13]). The present paper completes this result by giving necessary
and sufficient conditions for the existence of a self-dual normal basis when k
is a local field (cf. §7). The conditions are given in terms of cohomological
invariants defined over the ground field k constructed in §3 and §4.

Documenta Mathematica 22 (2017) 1–24



2 E. Bayer-Fluckiger and R. Parimala

For an arbitrary ground field k, we start with the H1-invariants defined in [BSe
94], §2. Recall from [BSe 94] that the vanishing of these invariants is a necessary
condition for the existence of a self-dual normal basis; it is also sufficient in the
case of fields of cohomological dimension 1 (see [BSe 94], Corollary 2.2.2 and
Proposition 2.2.4).

Let k[G] be the group algebra of G over k, and let J be its radical; the quotient
k[G]s = k[G]/J is a semisimple k-algebra. Let σ : k[G]→ k[G] be the k-linear
involution sending g to g−1; it induces an involution σs : k[G]s → k[G]s. The
algebra k[G]s splits as a product of simple algebras. If A is a σs-stable simple
algebra which is a factor of k[G]s, we denote by σA the restriction of σs to
A, and by EA the subfield of the center of A fixed by σA. We say that A
is orthogonal if σA is the identity on the center of A, and if over a separable
closure of k it is induced by a symmetric form, and unitary if σA is not the
identity on the center of A (see 1.3 for details).

Let L be a G-Galois algebra over k, and let us assume that its H1-invariants are
trivial. We then define, for every orthogonal or unitary A as above, cohomology
classes in H2(k, Z/2Z), denoted by cA(L) in the orthogonal case and by dA(L)
in the unitary case (see §3 and §4). They are invariants of the G-Galois algebra
L. They also provide necessary conditions for the existence of a self-dual normal
basis (this involves restriction to certain finite degree extensions of k, namely,
the extensions EA/k; see Propositions 3.5 and 4.7 for precise statements). If
moreover k has cohomological dimension ≤ 2, then these conditions are also
sufficient (Theorem 5.3.). Finally, if k is a local field, then the conditions can
be expressed in terms of the invariants cA(L) and dA(L), without passing to
finite degree extensions (Theorem 7.1). Section 8 applies the results of §7 and
the Hasse principle of [BSP 13] to give necessary and sufficient conditions for
the existence of a self-dual normal basis when k is a global field (Theorem 8.1).

Section 6 deals with the case of cyclic groups of order a power of 2 over arbitrary
fields. We show that at most one of the unitary components A gives rise
to a non-trivial invariant dA(L) (Proposition 6.4 (i)), and that this invariant
provides a necessary and sufficient condition for the existence of a self-dual
normal basis (Corollary 6.5).

Acknowledgment : The first named author is partially supported by grant
200021-163188 of the Swiss National Science Foundation, and the second named
author is partially supported by National Science Foundation grant DMS-
1401319.

§1. Definitions, notation and basic facts

1.1. Galois cohomology

We use standard notation in Galois cohomology. If K is a field, we denote by
Ks a separable closure of K, and by ΓK the Galois group Gal(Ks/K). For any

Documenta Mathematica 22 (2017) 1–24



Cohomological Invariants 3

discrete ΓK-module C, set Hi(K,C) = Hi(ΓK , C). If Γ is a finite or profinite
group, set Hi(Γ) = Hi(Γ, Z/2Z). If U is a K-group scheme, we denote by
H1(K,U) the pointed set H1(ΓK , U(Ks)).

1.2. Algebras with involution and unitary groups

Let K be a field of characteristic 6= 2, and let R be a finite dimensional algebra
over K. An involution of R is a K-linear anti-automorphism σ : R → R such
that σ2 is the identity.

Let us denote by CommK the category of commutative K-algebras, and by
Group the category of groups. If (R, σ) is an algebra with involution, the
functor CommK → Group given by S 7→ {x ∈ R ⊗K S | xσ(x) = 1} is the
functor of points of a scheme over Spec(K); we denote it by UR,K .

Let h = 〈1〉 be the rank one unit hermitian form over (R, σ), given by h(x, y) =
xσ(y) for all x, y ∈ R. Then UR,K is the scheme of automorphisms of the
hermitian form h. This is a smooth, finitely presented affine group scheme over
Spec(K) (see for instance [BF 15], Appendix A). Moreover, H1(K,UR,K) is
in natural bijection with the set of isomorphism classes of rank one hermitian
forms over (R, σ) that become isomorphic to h over Ks (see [Se 64], chap. III,
§1).

If F is a subfield of K, then UR,F = RK/F (UR,K), where RK/F denotes Weil
restriction of scalars relative to the extension K/F .

Let Z be the center of R, and assume that R is a simple algebra. We say that
(R, σ) is a central simple algebra with involution over K if the fixed field of σ
in Z is equal to K. If (R, σ) is central simple algebra with involution over K,
we set UR = UR,K .

1.3. Dévissage

Let G be a finite group and let k[G] be its group algebra over k. The canonical
involution of k[G] is the k-linear involution σ : k[G] → k[G] such that σ(g) =
g−1 for all g ∈ G. Let J be the radical of k[G], and set k[G]s = k[G]/J ;
it is a semisimple k-algebra. Since J is stable by σ, we obtain an involution
σs : k[G]s → k[G]s. Set UG = Uk[G],k and U rG = Uk[G]s,k. Let N be the kernel
of the natural surjection UG → U rG. Let us define group schemes Ni by setting
Ni(S) = {x ∈ N(S) | x ≡ 1 mod J i ⊗k S}. Then 1 = Nm ⊂ Nm−1 ⊂ · · · ⊂
N1 = N , where m is an integer such that Jm = 0. Note that J i/J i+1 is a
module over the semisimple algebra k[G]s, hence Ni/Ni−1 is isomorphic to a
finite product of additive groups Ga; therefore N is a split unipotent group.
This implies that H1(k, UG) = H1(k, U rG) (see for instance [Sa 81], Lemme
1.13).

The semisimple algebra k[G]s is known to be a direct product of simple algebras.
Note that k[G] comes by scalar extension from k0[G] for k0 = Q or Fp, hence
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4 E. Bayer-Fluckiger and R. Parimala

the centers of the factors of k[G]s are abelian Galois extensions of k of finite
degree; some are stable under σs (we call them A), and others come in pairs,
interchanged by σs (we call them B).

If A is a σs-stable simple factor of k[G]s, we denote by σA the restriction of σs

to A, by FA the center of A, and by EA the subfield of σA-invariant elements
of FA. Note that UA is a group scheme over Spec(EA). Similarly, if B is
the product of two simple algebras interchanged by σs, we denote by EB the
subfield of the center of B fixed by the involution; UB,EB is a group scheme
over Spec(EB).

We have U rG ≃
∏
A REA/k(UA)×∏B REB/k(UB,EB ), hence

H1(k, U rG) =
∏

A

H1(k,REA/k(UA))×
∏

B

H1(k,REB/k(UB,EB )).

Note that H1(k,REB/k(UB,EB )) = H1(EB , UB,EB) = 0 (see for instance
[KMRT 98], (29.2)), that H1(k,REA/k(UA)) = H1(EA, UA) (see for instance
[O 84], 2.3), and that H1(k, UG) = H1(k, U rG) (see above). Therefore we have

H1(k, UG) =
∏

A

H1(EA, UA).

The algebras with involution (A, σA) appearing in this product are of three
types :

(a) The involution σA : A → A is not the identity on the center FA of A.
Hence FA/EA is a quadratic extension. Such an algebra with involution is
called unitary; the group scheme UA is of Dynkin type A.

(b) The involution σA : A → A is the identity on FA (which is then equal
to EA), and, over a separable closure of EA, the involution is induced by a
symmetric form. Such an algebra with involution is called orthogonal; the
group scheme UA is of Dynkin type B or D.

(c) The involution σA : A → A is the identity on FA (which is then equal
to EA), and, over a separable closure of EA, the involution is induced by a
skew-symmetric form. Such an algebra with involution is called symplectic; the
group scheme UA is of Dynkin type C.

1.4. G-quadratic forms

A G-quadratic form is a pair (M, q), where M is a k[G]-module that is a finite
dimensional k-vector space, and q : M ×M → k is a non-degenerate symmetric
bilinear form such that

q(gx, gy) = q(x, y)

for all x, y ∈ M and all g ∈ G. We say that two G-quadratic forms (M, q)
and (M ′, q′) are isomorphic if there exists an isomorphism of k[G]-modules

Documenta Mathematica 22 (2017) 1–24



Cohomological Invariants 5

f : M → M ′ such that q′(f(x), f(y)) = q(x, y) for all x, y ∈ M . If this is
the case, we write (M, q) ≃G (M ′, q′), or q ≃G q′. It is well-known that G-
quadratic forms correspond bijectively to non-degenerate hermitian forms over
(k[G], σ) (see for instance [BPS 13], 2.1, Example on page 441). The unit G-
form is by definition the pair (k[G], q0), where q0 is the G-form characterized
by q(g, g) = 1 and q(g, h) = 0 if g 6= h, for g, h ∈ G.

1.5. Trace forms of G-Galois algebras

If L is an étale k-algebra, we denote by

qL : L× L→ k, qL(x, y) = TrL/k(xy),

its trace form. Then qL is a non-degenerate quadratic form over k; if moreover
L is a G-Galois algebra, then qL is a G-quadratic form.

Let L be a G-Galois algebra; then L has a self-dual normal basis over k if and
only if qL is isomorphic to q0 as a G-quadratic form. Let φ : Γk → G be a
continuous homomorphism corresponding to L (see for instance [BSe 94], 1.3).
Recall that φ is unique up to conjugation. The composition

Γk
φ→ G→ UG(k)→ UG(ks)

is a 1-cocycle Γk → UG(ks). Let u(L) be its class in the cohomology set
H1(k, UG); it does not depend on the choice of φ. The G-Galois algebra L has
a self-dual normal basis over k if and only if u(L) = 0, cf. [BSe 94], Corollaire
1.5.2.

Recall from 1.3 that we have

H1(k, UG) =
∏

A

H1(EA, UA).

Let uA(L) be the image of u(L) in H1(EA, UA); note that L has a self-dual
normal basis if and only if uA(L) = 0 for every A.

Let A be as above. Composing the injection G→ UG(k) with the natural map
UG(k) → U rG(k) → REA/k(UA)(k) = UA(EA), we obtain a homomorphism
G→ UA(EA), denoted by iA.

Let φA : ΓEA → Γk → G be the composition of φ : Γk → G with the inclusion
of ΓEA in Γk. Composing φA with the map iA : G→ UA(EA) defined above we
obtain a 1-cocycle ΓEA → UA(ks). The class of this 1-cocycle in H1(EA, UA)
is equal to uA(L).

Documenta Mathematica 22 (2017) 1–24



6 E. Bayer-Fluckiger and R. Parimala

§2. The H1-condition

Let L be a G-Galois algebra over k, and let φ : Γk → G be a homomorphism
corresponding to L. Let n be an integer ≥ 1. Then φ induces a homomorphism

φ∗ : Hn(G)→ Hn(k, Z/2Z).

Note that φ∗ is independent of the choice of φ in its conjugacy class (see [Se
68], chap. VII, proposition 3). For all x ∈ Hn(G), set xL = φ∗(x).

Proposition 2.1. If L has a self-dual normal basis over k, then for all x ∈
H1(G) we have xL = 0.

Proof. See [BSe 94], Corollaire 2.2.2.

If cd2(Γk) ≤ 1, then L has a self-dual normal basis over k if and only if xL = 0
for all x ∈ H1(G), see [BSe 94], Proposition 2.2.4.

We say that the H1-condition is satisfied if xL = 0 for all x ∈ H1(G). Let G2

be the subgroup of G generated by the squares of elements of G. Note that
G/G2 is an elementary abelian 2-group, and that the H1-condition means that
the homomorphism Γk → G→ G/G2 induced by φ is trivial, i.e. φ(Γk) ⊂ G2.

§3. Orthogonal invariants

We keep the notation of the previous sections. In particular, G is a finite group,
L is a G-Galois algebra, and φ : Γk → G is a homomorphism corresponding to
L. Let us suppose that the H1-condition is satisfied.

Let A be an orthogonal σs-stable central simple factor of k[G]s (see 1.3), and
recall that the center of A is denoted by EA. Let us denote by 〈A〉 the subgroup
of Br(EA) generated by the class of the algebra A. Note that since σA : A→ A
is an orthogonal involution, this class has order at most 2, hence 〈A〉 is a
subgroup of Br2(EA).

The aim of this section is to define two invariants : an invariant cA(L) ∈ H2(k)
of the G–Galois algebra L, and an invariant clifA(qL) ∈ Br2(EA)/〈A〉 of the
G-form qL. We shall compare these two invariants (cf. Theorem 3.3), and give
a necessary condition for the existence of self-dual normal bases (Corollary 3.5).

Let U0
A be the connected component of the identity in UA. Let iA : G →

UA(EA) be the homomorphism defined in 1.5, and let π : UA(EA) →
UA(EA)/U0

A(EA) be the projection. Since UA(EA)/U0
A(EA) is of order ≤ 2, we

have π(iA(G2)) = 0; i.e. iA(G2) ⊂ U0
A(EA).

Let ŨA be the Spin group of (A, σ); note that if dimk(A) ≥ 3, then ŨA is the
universal cover of U0

A. Let s : ŨA → U0
A be the covering map. We have an

exact sequence of algebraic groups over EA

Documenta Mathematica 22 (2017) 1–24



Cohomological Invariants 7

1→ Z/2Z → ŨA
s→ U0

A → 1.

Let us consider the associated cohomology exact sequence

ŨA(EA)
s→ U0

A(EA)
δ→ H1(EA).

Lemma 3.1. We have iA(G2) ⊂ s(ŨA(EA)).

Proof. In view of the above exact sequence, it suffices to prove that
δ(iA(G2)) = 0. In order to prove this, let us first assume that A is not split.
Then we have UA(EA) = U0

A(EA) (cf. [K 69], Lemma 1 b, see also [B 94], cor.
2). Since H1(EA) is a 2-torsion group and since iA(G2) ⊂ U0

A(EA), this implies
that δ(iA(G2)) = 0, as claimed. Assume now that A is split. Then UA is the
orthogonal group of a quadratic form q; let sn : UA(EA)→ H1(EA) be the asso-
ciated spinor norm, and note that sn is a group homomorphism (see for instance
[L 05], Chapter 5, Theorem 1.13). The homomorphism sn depends on the choice
of the quadratic form q with orthogonal group UA, but its restriction to U0

A

does not depend on this choice. Note that δ : U0
A(EA)→ H1(EA) is the restric-

tion of sn to U0
A(EA). Therefore for all g ∈ G, we have δ(iA(g2)) = sn(iA(g))2,

and since H1(EA) is a 2-torsion group, this implies that δ(iA(G2)) = 0. This
completes the proof of the lemma.

Let H be a subgroup of G2. By Lemma 3.1, we have iA(H) ⊂ s(ŨA(EA)). Let

V HA = ŨA(EA)×U0
A
(EA) H

be the fibered product of s : ŨA(EA) → U0
A(EA) and iA : H → U0

A(EA).
Therefore we have a central extension

1→ Z/2Z → V HA
p→ H → 1,

where p is the projection to the factor H . Note that the surjectivity of p follows
from the fact that by Lemma 3.1 every element of iA(H) has a preimage in
ŨA(EA).

Let us denote by
eHA ∈ H2(H)

the cohomology class corresponding to the extension V HA . If φ(Γk) ⊂ H , we
denote by

φ∗ : H2(H)→ H2(k)

the homomorphism induced by φ : Γk → H .

Proposition 3.2. Let ψ : Γk → G be another continuous homomorphism
corresponding to the G–Galois algebra L. Set Hφ = φ(Γk) and Hψ = ψ(Γk).
Then we have

φ∗(eHφA ) = ψ∗(eHψA ) in H2(k).
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Proof. We have ψ = Int(g) ◦ φ for some g ∈ G. Note that iA(g) ∈ UA(EA),
and that Int(iA(g)) is an automorphism of U0

A(EA). Any automorphism of
U0
A(EA) can be lifted to an automorphism of ŨA(EA); indeed, such a lift exists

over a separable closure, and is unique, hence defined over the ground field. Let
f : ŨA(EA)→ ŨA(EA) be a lift of Int(iA(g)). Then f induces an isomorphism

V
Hφ
A → V

Hψ
A , which sends Hφ to Hψ, and is the identity on Z/2Z. This implies

that φ∗(eHφA ) = ψ∗(eHψA ) in H2(k).

The invariant cA(L)

Recall that we assume that the H1-condition is satisfied. We now choose for
H the image φ(Γk) of Γk in G, and set VA = V HA , eA = eHA . We denote by
cA(L) the class of φ∗(eA) in H2(k); Proposition 3.2 shows that this class does
not depend on the choice of φ : Γk → G defining the G–Galois algebra L. Since
H2(k) ≃ Br2(k), we can also consider cA(L) as an element of Br2(k).

Recall that the G-trace form qL determines a rank one hermitian form over
(A, σA). We want to relate cA(L) to the Clifford invariant of this hermitian
form.

The invariant clifA(qL)

The map iA : H → U0
A(EA) induces a map of pointed sets

iA : H1(EA, H)→ H1(EA, U
0
A).

Let u0A(L) be the image of [φA] ∈ H1(EA, H) by this map. Then the element
uA(L) defined in 1.5 is the image of u0A(L) under the further composition with
the map H1(EA, U

0
A)→ H1(EA, UA).

Let us consider the exact sequence 1 → Z/2Z → ŨA → U0
A → 1, and let δ

be the connecting map H1(EA, U
0
A) → H2(EA) ≃ Br2(EA) of the associated

cohomology exact sequence. Recall that 〈A〉 is the subgroup of Br2(EA) gen-
erated by the class of the algebra A. The Clifford invariant of qL at A is by
definition the image of δ(u0A(L)) in Br2(EA)/〈A〉. Let us denote it by clifA(qL).

Theorem 3.3. The image of ResEA/k(cA(L)) in Br2(EA)/〈A〉 is equal to
clifA(qL).

We need the following lemma :

Lemma 3.4. Let K be a field, let C be a finite group, and let f : ΓK → C be a
continuous homomorphism. Let us denote by [f ] ∈ H1(K,C) the corresponding
cohomology class. Let

1→ Z/2Z → V → C → 1
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be a central extension with trivial ΓK-action. Let [e] ∈ H2(C) be the class of a
2-cocycle e : C × C → Z/2Z representing this extension. Let ∂ : H1(K,C) →
H2(K) be the connecting map associated to the above exact sequence, and let
f∗ : H2(C)→ H2(K) be the map induced by f . Then

f∗([e]) = ∂([f ]).

Proof. This follows from a direct computation. For all σ, τ ∈ ΓK , we have
f∗(e)(σ, τ) = e(f(σ), f(τ)) = xf(σ)xf(τ)x

−1
f(στ), where x : C → V is a section.

On the other hand, (∂f)(σ, τ) = xf(σ)
f(σ)(xf(τ))x

−1
f(στ), and this is equal to

xf(σ)xf(τ)x
−1
f(στ), since the action of Γk on V is trivial.

Proof of Theorem 3.3. Let ∂ : H1(EA, H) → H2(EA) be the connecting
map of the cohomology exact sequence associated to the exact sequence

1→ Z/2Z → VA → H → 1

with all the groups having trivial ΓEA-action. Recall that φA : ΓEA → Γk → H
is the composition of φ : Γk → H with the inclusion of ΓEA into Γk. By Lemma
3.4 we have ∂([φA]) = φ∗A(eA) = ResEA/k(φ∗(eA)) = ResEA/k(cA(L)). In view
of the commutative diagram of ΓEA-groups

1 → Z/2Z → ŨA(ks) → U0
A(ks) → 1

↑ ↑ ↑
1 → Z/2Z → VA → H → 1

we have δ(u0A(L)) = ∂([φA]). Therefore we obtain ResEA/k(cA(L)) = δ(u0A(L)).
Since the class of δ(u0A(L)) in Br2(EA)/〈A〉 is equal to clifA(qL) by definition,
this completes the proof of the theorem.

Proposition 3.5. If L has a self-dual normal basis over k, then
ResEA/k(cA(L)) is trivial in Br2(EA)/〈A〉.

Proof. Since L has a self-dual normal basis over k, the class uA(L) corre-
sponds to the class of the rank one unit hermitian form 〈1〉 in H1(EA, UA).
As 〈1〉 corresponds to the trivial cocycle in Z1(EA, U

0
A), its Clifford invariant

is trivial, in other words, clifA(qL) is trivial. By Theorem 3.3 the image of
ResEA/k(cA(L)) in Br2(EA)/〈A〉 is equal to clifA(qL), hence the proposition is
proved.

We conclude this section with an example where cA(L) 6= 0, but
ResEA/k(cA(L)) = 0 (and hence clifA(qL) = 0) :

Example 3.6. Let G = A5, the alternating group, and assume that k = Q.
Let A be a factor of k[G] corresponding to a degree 3 orthogonal representation
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of G; then A = M3(EA) with EA = k(
√

5), and the involution σA is induced by
the unit form 〈1, 1, 1〉. Let ǫ ∈ G be a product of two disjoint transpositions.

Let z ∈ k×, and let ψ : Γk → {1, ǫ} be the corresponding quadratic character.
Let φ : Γk → G be given by φ = ι ◦ ψ, where ι : {1, ǫ} → G is the inclusion.
Let L be the G-Galois algebra corresponding to φ. Set H = {1, ǫ}, and note
that the image of φ is contained in H . Set N = k[X ]/(X2 − z); then we have
L = IndGH(N).

Note that ǫ lifts to an element of order 4 in Ã5, hence also in ŨA(EA). Therefore
the extension 1→ Z/2Z → V HA → H → 1 is not trivial; the group V HA is cyclic
of order 4. Recall that eA is the class of this extension in H2(H); hence eA is
the only non-trivial element of H2(H). By definition, we have cA(L) = φ∗(eA),
and this is equal to the cup product (z)(z) = (−1)(z) in H2(k).

Set z = 11. Then cA(L) = (−1)(11) is not trivial in H2(k). On the other hand,
since EA = k(

√
5), we have ResEA/k(cA(L)) = 0 in H2(EA). Note that the

subgroup 〈A〉 of Br2(EA) is trivial, and recall that clifA(qL) = ResEA/k(cA(L))
in Br2(EA) ≃ H2(EA) by Theorem 3.3; therefore we have clifA(qL) = 0.

§4. Unitary invariants

We keep the notation of the previous sections : G is a finite group, L is a
G–Galois algebra, and φ : Γk → G is a homomorphism associated to L. We
suppose that the H1-condition is satisfied by φ : Γk → G, hence φ(Γk) is a
subgroup of G2. Let A be a unitary σs-stable central simple factor of k[G]s

(see 1.3). We denote by FA be the center of A; note that FA is a quadratic
extension of EA.

Using the same strategy as in §3, we first define an element of H2(k) which is
an invariant of the G-Galois algebra L. We then consider the hermitian form
hA over (A, σ) determined by qL, and recall the definition of the discriminant
of this form, thereby obtaining an element of Br2(EA). This is an invariant of
the hermitian form hA, and hence also of the G–form qL. We then show that
the restriction of the first invariant to H2(EA) is equal to the second one (see
Theorem 4.5).

We start by recording some facts from Galois cohomology.

Let E be a field of characteristic 6= 2, and let Es be a separable closure of E.
Let F be a quadratic extension of E, let x 7→ x the non-trivial automorphism
of F over E, and let F×1 be the subgroup of F× consisting of the x ∈ F
such that xx = 1. Let N : F → E, given by N(x) = xx, be the norm map.
We denote by [F ] the class of the quadratic extension F/E in H1(E). For all
x ∈ E×, we denote by (x) the class of x in E×/E×2, and by [x] the class of x
in E×/N(F×).
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Lemma 4.1. (a) The connecting homomorphism E× → H1(E,R1
F/EGm) as-

sociated to the exact sequence 1→ R1
F/EGm → RF/EGm

N→ Gm → 1 induces

an isomorphism α : E×/N(F×)→ H1(E,R1
F/EGm).

(b) Let x ∈ E×, and let fx : ΓE → R1
F/EGm(Es) be defined by fx(γ) = y−1γ(y),

where y ∈ (F ⊗E Es)× is such that N(y) = x. Then we have α((x)) = [fx].

Proof. (a) follows from Hilbert’s theorem 90, and (b) from the definition of
the connecting homomorphism.

¿From now on, we identify E×/N(F×) and H1(E,R1
F/EGm) via the isomor-

phism α.

Lemma 4.2. Let 1→ Z/2Z → R1
F/EGm

s→ R1
F/EGm → 1 be the exact sequence

of linear algebraic groups with s the squaring map. Let δ : H1(E,R1
F/EGm)→

H2(E) be the connecting homomorphism associated to this exact sequence.
Identifying H1(E,R1

F/EGm) with E×/N(F×) via α, we have

δ([x]) = (x)[F ] ∈ H2(E)

for all x ∈ E×, where (x)[F ] denotes the cup product of (x), [F ] ∈ H1(E).

Proof. A 2-cocycle associated to (x)[F ] ∈ H2(E) is given by f(σ, τ) such
that f(σ, τ) = 1 if the restriction of σ to E(

√
x) is the identity, or if the

restriction of τ to F is the identity, and f(σ, τ) = −1 otherwise. Let us check
that the cohomology class of f in H2(E) is equal to δ([x]). Let y ∈ (F ⊗EEs)×
be such that NF⊗EEs/Es(y) = yy = x. A 1-cocycle g in Z1(E,R1

F/EGm)

associated to [x] is given by g(σ) = y−1σ(y) for σ ∈ ΓE . For all τ ∈ ΓE ,
set zτ = y−1

√
x if the restriction of τ to F is not the identity, and zτ = 1

otherwise. Then NF⊗EEs/Es(zτ ) = zτzτ = (y−1
√
x)(y−1

√
x) if the restriction

of τ to F is not the identity. Since yy = x, we have zτ ∈ R1
F/EGm(Es).

Further, s(zτ ) = y−2x = y−1τ(y) if the restriction of τ to F is not the identity,
and s(zτ ) = 1 = y−1τ(y) otherwise. Thus δ(g)(σ, τ) = zσ

σ(zτ )z−1στ . It is
straightforward to check that δ(g)(σ, τ) = 1 if the restriction of σ to E(

√
x) is

the identity, or the restriction of τ to F is the identity, and that δ(g)(σ, τ) = −1
otherwise. This is precisely the cocycle f , hence we have δ([x]) = (x)[F ] in
H2(E). This concludes the proof of the lemma.

Lemma 4.3. We have an injective homomorphism E×/N(F×) → Br2(E) de-
fined by [x] 7→ (x, F/E).

Proof. Indeed, the class of the quaternion algebra (x, F/E) is trivial in Br2(E)
if and only if x ∈ N(F×).

We now define an invariant dA(L) ∈ H2(k, Z/2Z) of the G-Galois algebra L.

The invariant dA(L)

Recall that F×1A is the subgroup of F×A consisting of the x ∈ FA such
that xσA(x) = 1; in other words, F×1A = R1

FA/EA
Gm(EA). We denote by
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s : R1
FA/EA

Gm → R1
FA/EA

Gm the squaring map, and by n : UA → R1
FA/EA

Gm
the reduced norm. Recall that iA : G→ UA(EA) is the homomorphism defined
in 1.5; we have n(iA(G2)) ⊂ s(F×1A ).

Let H be a subgroup of G2. Let V HA = F×1A ×F×1
A
H be the fibered product of

s : F×1A → F×1A and n ◦ iA : H → F×1A . Then the sequence

1→ Z/2Z → V HA → H → 1

is exact. Note that the surjectivity follows from the fact that n(iA(H)) ⊂
s(F×1A ). Therefore V HA is a central extension of H by Z/2Z. Recall that the
H1-condition implies that φ(Γk) ⊂ G2.

Proposition 4.4. Let ψ : Γk → G be another continuous homomorphism
corresponding to the G–Galois algebra L. Set Hφ = φ(Γk) and Hψ = ψ(Γk).
Then we have

φ∗(e
Hφ
A ) = ψ∗(e

Hψ
A ) in H2(k).

Proof. We have ψ = Int(g) ◦ φ for some g ∈ G. The map F×1A ×F×1 Hφ →
F×1A ×F×1 Hψ, given by (x, y) → (x, gyg−1), gives rise to an isomorphism

V
Hφ
A → V

Hψ
A that is the identity on Z/2Z and sends Hφ to Hψ. This implies

that φ∗(e
Hφ
A ) = ψ∗(e

Hψ
A ) in H2(k).

We now choose for H the image φ(Γk) of Γk in G, and set VA = V HA , eA = eHA .

Notation. Let us denote by dA(L) the class of φ∗(eA) in H2(k); Proposition
4.4 shows that this class is independent of the choice of φ : Γk → G defining
the G–Galois algebra L.

We define the discriminant of the G-form qL at A, and compare it with the
cohomology class dA(L).

The invariant discA(qL)

Recall that composing φA : ΓEA → H with the map iA : H → UA(ks)
we obtain a 1-cocycle ΓEA → UA(ks), the class of which in H1(EA, UA)
is uA(L). The reduced norm n : UA → R1

FA/EA
Gm induces a map n :

H1(EA, UA) → E×A/N(F×A ).

Notation. Set discA(qL) = (n(uA(L)), FA/EA) in Br2(EA).

Note that this is well–defined by Lemma 4.3. Since we have Br2(EA) ≃
H2(EA), we can also consider discA(qL) as an element of H2(EA). Then
discA(qL) is given by the cup product n(uA(L)).[FA] in H2(EA). This invariant
is related to the previously defined invariant dA(L) as follows :

Theorem 4.5. We have discA(qL) = ResEA/k(dA(L)) in H2(EA).
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Proof. Let ∂ : H1(EA, H) → H2(EA) be the connecting map of the exact
sequence

1→ Z/2Z → VA → H → 1

with all the groups having trivial ΓEA-action. By Lemma 3.4 we have

∂([φA]) = φ∗A(eA) = ResEA/k(φ∗(eA)) = ResEA/k(dA(L)).

We have the commutative diagram

1 → Z/2Z → VA → H → 1
↓ ↓ ↓

1 → Z/2Z → R1
FA/EA

Gm(ks)
s→ R1

FA/EA
Gm(ks) → 1

where the second vertical map is the projection on the first factor, and the

third one is H
iA→ UA(EA)

n→ R1
FA/EA

Gm(EA).

Let δ : H1(E,R1
FA/EA

Gm)→ H2(EA) be the connecting homomorphism asso-
ciated to the exact sequence

1→ Z/2Z → R1
FA/EA

Gm
s→ R1

FA/EA
Gm → 1.

By the commutativity of the above diagram, we have δ([n(uA(L))]) = ∂([φA]).
Hence we have ResEA/k(dA(L)) = δ([n(uA(L)]). We have δ([n(uA(L))]) =
(n(uA(L))).[FA] by Lemma 4.2 and hence ResEA/k(dA(L)) = discA(qL), as
claimed.

Lemma 4.6. If qL corresponds to the hermitian form 〈zA〉 over (A, σA), then
we have

discA(qL) = (n(zA), FA/EA) in Br2(EA).

Proof. Set z = zA. Let z = wσA(w) with w ∈ A ⊗EA ks. The
cocycle τ 7→ w−1τ(w) represents the class of the hermitian form 〈z〉 in
H1(EA, UA). Let us denote this class by uz ∈ H1(EA, UA), and note that
we have uz = uA(L) by definition. The cocycle τ 7→ n(w)−1τ(n(w)) rep-
resents the class n(uz) ∈ H1(EA,R

1
FA/EA

Gm). By Lemma 4.1 this class is

mapped by α−1 to [n(z)] ∈ E×A/N(F×A ). Therefore we have (n(z), FA/EA) =
(n(uA(L)), FA/EA) = discA(qL), as claimed.

Proposition 4.7. If L has a self-dual normal basis over k, then
ResEA/k(dA(L)) is trivial in Br2(EA).

Proof. Since L has a self-dual normal basis, qL corresponds to the hermitian
form 〈1〉 over (A, σA). By Lemma 4.6 this implies that discA(qL) is trivial.
Since by Theorem 4.5 we have discA(qL) = ResEA/k(dA(L)), the Proposition
is proved.
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Remark. There are examples where dA(L) 6= 0 but ResEA/k(dA(L)) = 0
(hence also discA(qL) = 0); see for instance Example 5.2 (i).

§5. Self-dual normal bases

We keep the notation of the previous sections. In particular, G is a finite group,
L is a G-Galois algebra over k, and φ : Γk → G is a homomorphism associated
to L. We now apply the results of the previous sections to give necessary
conditions for the existence of a self-dual normal basis, and to show that these
are also sufficient when k has cohomological dimension ≤ 2, see Proposition
5.1 and Theorem 5.3.

Putting together the results of §2 - §4, we have the following :

Proposition 5.1. Suppose that L has a self-dual normal basis over k. Then
the H1-condition is satisfied, and

(i) For all orthogonal σs-stable central simple factors A of k[G]s, we have

ResEA/k(cA(L)) = 0 in Br2(EA)/〈A〉.
(ii) For all unitary σs-stable central simple factors A of k[G]s, we have

ResEA/k(dA(L)) = 0 in Br2(EA).

Proof. This follows from Propositions 2.1, 3.5 and 4.7.

Example 5.2. (i) The aim of this example is to reinterpret and complete
Exemple 10.2 of [BSe 94] using the results of the present paper. Assume that
G is cyclic of order 8, and let s be a generator of G; let ǫ = s4 be the element of
order 2 ofG. Let z ∈ k×, and let σ : Γk → {1, ǫ} be the corresponding quadratic
character. Let φ : Γk → G be given by φ = ι ◦ σ, where ι : {1, ǫ} → G is the
inclusion. Let L be the G-Galois algebra corresponding to φ. Set H = {1, ǫ},
and note that the image of φ is contained in H . Set N = k[X ]/(X2 − z); then
we have L = IndGH(N). Set A = k[X ]/(X4+1), and let us write k[G] = A′×A.
It is easy to see that the image of H in A′ is trivial. The involution σA sends
the class of X to the class of X−1. If k contains the 4th roots of unity, then A
is a product of two factors exchanged by the involution, hence there k[G] has
no involution invariant factor in which the image of H is non trivial. In this
case, L has a self-dual normal basis. Assume that k does not contain the 4th
roots of unity. Then A is a field; we have FA = A, and EA = k[X ]/(X2 − 2).
Note that A is unitary. We have iA(ǫ) = −1, hence iA(H) = {1,−1}.
Let i ∈ FA be a primitive 4th root of unity. By the definition of the extension

1→ Z/2Z → VA → H → 1
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(cf. §4), we see that VA = {(1, 1), (−1, 1), (i, ǫ), (−i, ǫ)}, a cyclic group of order
4. Recall that eA is the class of this extension in H2(H); hence eA is the only
non-trivial element of H2(H). We have dA(L) = φ∗(eA) = (z, z) = (z,−1),
and ResEA/k(dA(L)) = (z,−1)E = (z, FA/EA). Therefore we have

dA(L) = 0 ⇐⇒ z is a sum of two squares in k,
and

ResEA/k(dA(L)) = 0 ⇐⇒ z is a sum of two squares in EA = k(
√

2).

It is easy to find examples where dA(L) 6= 0 and ResEA/k(dA(L)) = 0; for
instance, we can take k = Q and z = 3.

By Proposition 5.1 the existence of a self-dual normal basis implies that we
have ResEA/k(dA(L)) = 0. On the other hand, in [BSe 94], Exemple 10.2 it is

checked by direct computation that if z is a sum of two squares in k(
√

2), then
L has a self-dual normal basis. Hence we have

L has a self-dual normal basis over k ⇐⇒ z is a sum of two squares in k(
√

2).

(ii) Assume that G = D4, the dihedral group of order 8. Then a G-Galois
algebra L has a self-dual normal basis if and only if either L is split or L =
IndGH(N) with H of order 2, and N = k[X ]/(X2 − z) for some z ∈ k× such
that z is a sum of two squares in k.

Indeed, let φ : Γk → G be a homomorphism associated to L. Note that G2 is
of order 2, hence the H1-condition holds if and only if the image of φ is trivial,
or equal to G2; in other words, L is split, or induced from a G2-Galois algebra.
If L is split, then L has a self-dual normal basis. Set H = G2, and assume that
L = IndGH(N), with N = k[X ]/(X2 − z) for some z ∈ k×. It remains to show
that L has a self-dual normal basis if and only if z is a sum of two squares in
k.

The group G has one degree 2 and four degree 1 orthogonal representations.
Since the H1-condition holds, the image of G is trivial in the factors of k[G]
corresponding to the degree 1 representations. Let A = M2(k), and let σA be
the involution induced by the 2-dimensional unit form; then the factor of k[G]
corresponding to the degree 2 orthogonal representation of G is equal to A.

Let qA(L) be the 2-dimensional quadratic form corresponding to the coho-
mology class uA(L). Note that L has a self-dual normal basis if and only if
qA ≃ 〈1, 1〉; this is equivalent with qA having trivial determinant and trivial
Hasse-Witt invariant. Recall that the H1-condition is satisfied by hypothesis;
hence we have uA(L) ∈ H1(k, U0

A), and this implies that det(qA(L)) = 1 in
k×/k×2. Since A is a matrix algebra over k, we have w2(qA(L)) = clif(qA(L)).
By Theorem 3.3, this implies that w2(qA(L)) = cA(L); hence it remains to
prove that cA(L) = 0 if and only if z is a sum of two squares in k.

If k contains the 4-th roots of unity, then U0
A = ŨA = Gm. If k does not contain

the 4-th roots of unity, then U0
A = ŨA = R1

K/kGm, where K = k[X ]/(X2 + 1).
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In both cases, s : ŨA → U0
A is the squaring map. Using this, we see that the

extension 1→ Z/2Z → VA → H → 1 is non-trivial, and that cA(L) = (z,−1).
Therefore cA(L) = 0 if and only if z is a sum of two squares in k, and hence

L has a self-dual normal basis over k ⇐⇒ z is a sum of two squares in k.

(iii) Let G = A4, the alternating group of order 12, and assume for simplicity
that char(k) 6= 3 and that k contains the third roots of unity. Then k[G] =
k×k×k×M3(k), where the first factor corresponds to the unit representation,
the second and the third to the two representations of degree 1 with image of
order 3, and the fourth one to the irreducible representation of degree 3. Let
A = M3(k) be the fourth factor, and note that the restriction of σ to A is
induced by the 3-dimensional unit form. The extension 1 → Z/2Z → VA →
G→ 1 defined in §3 is

1→ Z/2Z → Ã4 → A4 → 1,

corresponding to the unique non-trivial element e ∈ H2(A4) (see [Se 84], 2.3).
Let L be a G-Galois algebra, and note that the H1-condition is satisfied, since
G has no quotient of order 2. Let E be the subalgebra of L fixed by the
subgroup A3 of G = A4; then E is an étale algebra of rank 4. Let φ : Γk → A4

be a homomorphism corresponding to L. By [Se 84], Theorem 1 we have
φ∗(e) = w2(qE), the Hasse-Witt invariant of the quadratic form qE ; hence the
invariant cA(L) is equal to w2(qE). Let qA(L) be the 3-dimensional quadratic
form corresponding to the cohomology class uA(L). Then qE ≃ qA(L) ⊕ 〈1〉,
and it is easy to check that qA(L) ≃ 〈1, 1, 1〉 ⇐⇒ w2(qE) = 0, hence uA(L) = 0
⇐⇒ w2(qE) = 0. Therefore we have

L has a self-dual normal basis over k ⇐⇒ w2(qE) = 0,

recovering a result of [BSe 94] (see [BSe 94], Exemple 1.6).

The case of cyclic groups of order a power of 2 is further developed in §6;
we now look at fields of low cohomological dimension. Recall that the 2-
cohomological dimension of Γk, denoted by cd2(Γk), is the smallest integer
d such that Hi(k, C) = 0 for all i > d and for every finite 2-primary Γk-module
C. For fields of cohomological dimension ≤ 1, the question of existence of
self-dual normal bases is settled in [BSe 94], 2.2.

Theorem 5.3. Assume that cd2(Γk) ≤ 2. Then L has a self-dual normal basis
over k if and only if the H1-condition is satisfied, and the conditions (i) and
(ii) below hold :

(i) For all orthogonal σs-stable central simple factors A of k[G]s, we have

ResEA/k(cA(L)) = 0 in Br2(EA)/〈A〉.
(ii) For all unitary σs-stable central simple factors A of k[G]s, we have

ResEA/k(dA(L)) = 0 in Br2(EA).
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Proof. If L has a self-dual normal basis over k, then by Proposition 5.1
the H1-condition, as well as conditions (i) and (ii) are satisfied. Conversely,
let us assume that the H1-condition, as well as conditions (i) and (ii) hold.
Since the H1-condition holds, we can define cA(L) and dA(L), cf. §3 and
§4. By Theorems 3.3 and 4.5 we have clifA(qL) = ResEA/k(cA(L)) and
discA(qL) = ResEA/k(dA(L)). Therefore, conditions (i) and (ii) imply that
clifA(qL) is trivial for all orthogonal factors A, and discA(qL) is trivial for all
unitary factors A. Let us prove that L has a self-dual normal basis over k. Let
us denote by hA the hermitian form over (A, σA) corresponding to uA(L). It is
enough to show that for all factors A, the class uA(L) is trivial; this is equiva-
lent with saying that the hermitian form hA is isomorphic to the unit form 1A
over (A, σA). By Witt cancellation (see for instance [BPS 13], Theorem 2.5.2)
this in turn is equivalent to saying that hA ⊕ −1A is hyperbolic. Let us prove
this successively for symplectic, orthogonal and unitary characters.

Assume first that A is symplectic. Then by [BP 95], Theorem 4.3.1 every even
dimensional non-degenerate hermitian form over a central simple algebra with
involution is hyperbolic. This implies that hA ⊕ −1A is hyperbolic. Assume
now that A is orthogonal, and note that the H1-condition implies that uA(L) is
the image of a class u0A(L) of H1(EA, U

0
A). This implies that hA has trivial dis-

criminant. As we saw above, clifA(qL) is trivial, hence the form hA ⊕−1A has
trivial Clifford invariant. By [BP 95], Theorem 4.4.1 every even dimensional
non-degenerate hermitian form over a central simple algebra having trivial dis-
criminant and trivial Clifford invariant is hyperbolic, hence hA⊕−1A is hyper-
bolic. Assume finally that A is a unitary character. We have seen above that
discA(qL) is trivial, therefore the form hA ⊕ −1A has trivial discriminant. By
[BP 95], Theorem 4.2.1 every even dimensional non-degenerate hermitian form
over a central simple algebra having trivial discriminant is hyperbolic, hence
hA ⊕−1A is hyperbolic.

This implies that L has a self-dual normal basis over k, hence the theorem is
proved.

Recall that φ : Γk → G is a homomorphism associated to the G-Galois algebra
L, and that for all x ∈ Hn(G), we denote by xL the image of x by φ∗ :
Hn(G) → Hn(k). Let H = φ(Γk). For n = 2, we also need the image of x by
the homomorphism φ∗ : Hn(H)→ Hn(k); we denote this image by xHL .

Corollary 5.4. Assume that cd2(Γk) ≤ 2, that the H1-condition is satisfied,
and that we have xHL = 0 for all x ∈ H2(H). Then L has a self-dual normal
basis over k.

Proof. This follows immediately from Theorem 5.3. Indeed, the H1-condition
is satisfied by hypothesis. Moreover, the classes cA(L) and dA(L) are by defini-
tion in the image of φ∗ : H2(H)→ H2(k), hence the hypothesis xHL = 0 for all
x ∈ H2(H) implies that cA(L) = 0 for all orthogonal factors A, and dA(L) = 0
for all unitary factors A. Therefore conditions (i) and (ii) of Theorem 5.3 are
satisfied, and hence L has a self-dual normal basis over k.
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Remarks. (i) Corollary 5.4 suggests the following question : Assume that
cd2(Γk) ≤ 2, and that theH1-condition is satisfied. If xL = 0 for all x ∈ H2(G),
does it follow that L has a self-dual normal basis over k ? This follows from
Corollary 5.4 when L is a field extension, in other words, when φ is surjective
: indeed, then H = G.

(ii) The question above (see (i)) has a negative answer for fields of higher
cohomological dimensions. Indeed, by [BSe 94], III. 10.1, there exist examples
of G-Galois algebras L over fields of cohomological dimension 3 such that for
all n > 0 we have xL = 0 for all x ∈ Hn(G), but L does not have a self-dual
normal basis over k.

(iii) The converse of the question raised in (i) also has a negative answer :
indeed, there exist examples of G-Galois algebras L over Q having a self-dual
normal basis such that there exists x ∈ H2(G) with xL 6= 0 (see [BSe 94], III.
10.2).

The following result was proved in [BSe 94], Corollaire 3.2.2 in the case where k
is an imaginary number field; the proof also applies for fields of cohomological
dimension ≤ 2, using the results of [BP 95]. We give here an alternative proof.

Corollary 5.5. Assume that cd2(Γk) ≤ 2, and that

H1(G) = H2(G) = 0.

Then L has a self-dual normal basis over k.

Proof. Since H1(G) = 0, we have G = G2. Let A be orthogonal or unitary,
and let us construct a central extension V ′A of G by Z/2Z, as follows. If A
is orthogonal, set V ′A = V GA = ŨA(EA) ×U0

A
(EA) G, with the notation of §3.

If A is unitary, then we set V ′A = V GA = F×1A ×F×1
A

G, the notation being

as in §4. In each case, we get a central extension V ′A of G by Z/2Z. Since
H2(G) = 0, this extension is split. Note that the central extension VA of H by
Z/2Z constructed in §3 and §4 is a subgroup of V ′A, and that the restriction
of the projection V ′A → G is the projection VA → H . Hence the extension
VA is also split. This implies that we have cA(L) = 0 for every orthogonal A,
and dA(L) = 0 for every unitary A. By Theorem 5.3 this implies that L has a
self-dual normal basis over k.

§6. Cyclic groups of 2-power order

In this section, G is assumed to be cyclic of order 2n, with n ≥ 2. We start
by giving necessary and sufficient conditions for two G–Galois algebras to have
isomorphic trace forms in terms of cohomological invariants of degree 1 and 2
(see Proposition 6.2), namely the degree 1 invariants introduced in [BSe 94],
and the discriminants of the hermitian forms at the unitary factors (see §4).
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We then use the invariants defined in the first part of §4 to give necessary and
sufficient conditions for the existence of a self–dual normal basis. We start with
settling the case where k contains the 4th roots of unity :

Proposition 6.1. Assume that k contains the 4th roots of unity. Let L and
L′ be two G–Galois algebras. Then qL ≃G qL′ if and only if xL = xL′ for all
x ∈ H1(G).

Proof. The algebra k[G] has two orthogonal factors k; since k contains the
4th roots of unity, there are no other involution invariant factors. Therefore
u(L) = u(L′) if and only if the cohomology classes u associated to the two
degree 1 orthogonal factors coincide, and this is equivalent with the condition
xL = xL′ for all x ∈ H1(G). Hence, by [BSe 94], Proposition 1.5.1, we have
qL ≃G qL′ .

More generally, we have :

Proposition 6.2. Let L and L′ be two G–Galois algebras. Then qL ≃G qL′ if
and only if the following conditions hold :

(i) xL = xL′ for all x ∈ H1(G).

(ii) discA(qL) = discA(qL′) for all unitary factors A of k[G].

Before proving Proposition 6.2, note that when k contains the 4th roots of
unity, then Proposition 6.2 follows from Proposition 6.1. Hence we only need
to prove the proposition when k does not contain the 4th roots of unity.

From now on, we assume that k does not contain the 4th roots of unity. We start
by introducing some notation. Set A(i) = k[X ]/(X2i−1

+ 1), for i = 1, . . . , n;
then the factors of k[G] are k, and A(1), . . . , A(n). Note that k and A(1)
are orthogonal, and A(2), . . . , A(n) are unitary. For i = 2, . . . , n, we have
A(i) = FA(i).

Proof of Proposition 6.2. Recall that we are assuming that k does not
contain the 4th roots of unity (otherwise, the proposition follows from Propo-
sition 6.1). For all factors A of k[G], let us denote by hA, respectively h′A, the
hermitian form over (A, σA) determined by qL, respectively qL′ .

Assume that qL ≃G qL′ . Then (i) holds by [BSe 94], Proposition 2.2.1. Let A
be a unitary factor; then the hermitian forms hA and h′A are isomorphic. Since
discA(qL) and discA(qL′) are invariants of these hermitian forms, condition (ii)
holds as well.

Conversely, suppose that (i) and (ii) hold. Let us show that uA(L) = uA(L′)
for all factors A. Condition (i) implies that this is true for A = k and A = A(1);
indeed, in both cases the group UA is of order 2. Let us assume that A is a
unitary factor, that is, A = A(i) for some i = 2, . . . , n. Note that A = FA,
hence the hermitian forms hA and h′A are one dimensional hermitian forms
over the commutative field FA. Such a form is determined up to isomorphism
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by its discriminant; hence condition (ii) implies that hA ≃ h′A. Therefore
we have uA(L) = uA(L′) for all factors A, hence u(L) = u(L′), and by [BSe
94], Proposition 1.5.1 we have qL ≃G qL′ . This completes the proof of the
Proposition.

Let us recall a notation from [Se 84], 1.5 or [Se 92], 9.1.3 : if m is an integer,
m ≥ 1, we denote by sm ∈ H2(Sm) the element of H2(Sm) corresponding to
the central extension

1→ Z/2Z → S̃m → Sm → 1

which is characterized by the properties :

1. A transposition in Sm lifts to an element of order 2 in S̃m.
2. A product of two disjoint transpositions lifts to an element of order 4 in S̃m.

Note that sm = 0 if and only if m ≤ 3 (see [Se 84], 1.5).

If m is a power of 2, m ≥ 2, let us denote by Cm the cyclic group of order m,
and by em be the unique non-trivial element of H2(Cm). Sending a generator
of Cm to an m-cycle of Sm defines an injective homomorphism f : Cm → Sm;
we denote by f∗ : H2(Sm)→ H2(Cm) the homomorphism induced by f .

If q is a quadratic form over k, we denote by w2(q) its Hasse-Witt invariant
(see for instance [Se 84], 1.2 or [Se 92], 9.1.2); it is an element of H2(k).

Lemma 6.3. Let m be a power of 2.

(i) We have f∗(sm) = em in H2(Cm).

(ii) Let ψ : Γk → Cm be a continuous homomorphism, and let K be the étale
algebra over k corresponding to φ. Then the obstruction to the lifting of φ to a
homomorphism Γk → C2m is

w2(qK) + (2)(DK)

where DK is the discriminant of K, and (2)(DK) denotes the cup product of
the elements (2) and (DK) of H1(k).

Proof. (i) Let C̃m be the inverse image of Cm in S̃m; it suffices to show that
C̃m ≃ C2m, in other words that C̃m is a non-trivial extension of Cm. Raising an
m-cycle of Sm to the m

2 -th power yields a product of m2 disjoint transpositions,

and the inverse image of such an element in S̃m is of order 4. Hence C̃m is a
non-trivial extension of Cm.

(ii) The obstruction to the lifting of ψ is ψ∗(em) ∈ H2(k). Since f∗(sm) = em
by (i), we have

(f ◦ ψ)∗(sm) = ψ∗(em).

On the other hand, (f ◦ ψ)∗(sm) = w2(qK) + (2)(DK) by [Se 84], Theorem 1.
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Proposition 6.4. Let L be a G-Galois algebra, and assume that the H1–
condition holds. Then we have

(i) Let A be a unitary factor of k[G]. If A 6= A(n), then dA(L) = 0.

(ii) Let L = K × · · · ×K, where K is a field extension of k. Then

dA(n)(L) = w2(qK) + (2)(DK).

Proof. Let φ : Γk → G be a homomorphism associated to L, let H = φ(Γk),
and let us denote by |H | its order. Recall from §4 that the extension

(∗) 1→ Z/2Z → VA → H → 1

is defined by VA = {(x, h) ∈ F×1A × H | x2 = iA(h)}. Let us show that this
extension is split if A 6= A(n). Note that the group VA is abelian, and hence
(∗) is not split if and only if VA is a cyclic group of order 2|H |. On the other
hand, if A 6= A(n), then the order of iA(H) is strictly less than |H |, hence the
group VA does not have any elements of order 2|H |. Therefore the extension
(∗) is split, and hence dA(L) = 0; this completes the proof of (i).

Let us prove (ii). If L is split, then (ii) obviously holds, hence we may assume
that |H | ≥ 2. If A = A(n), then the group VA is cyclic of order 2|H |, and
the extension (∗) is not split. Recall that we denote by eA ∈ H2(H) the class
of this extension, and that dA = φ∗(eA) ∈ H2(k). Note that φ∗(eA) is also
the obstruction for the lifting of φ : Γk → H to a continuous homomorphism
Γk → VA; by Lemma 6.3 (ii) this obstruction is equal to w2(qK) + (2)(DK),
hence (ii) is proved.

Corollary 6.5. Let L be a G-Galois algebra, and assume that the
H1–condition holds. Then L has a self–dual normal basis if and only if
ResEA(n)/k(dA(n)(L)) = 0 in Br2(EA(n)).

Proof. Proposition 6.2 implies that L has a self-dual normal basis if and only
if the H1-condition holds and if discA(qL) = 0 for all unitary factors A of k[G].
By Theorem 4.5 we have ResEA/k(dA(L)) = discA(qL), and Proposition 6.4 (i)
implies that dA(L) = 0 if A 6= A(n). This completes the proof of the corollary.

Corollary 6.6. Let L be a G-Galois algebra, and assume that the H1–
condition holds. Let L = K × · · · × K, where K is a field extension of k,
with Gal(K/k) cyclic of order m. If K can be embedded in a Galois extension
of k with cyclic Galois group of order 2m, then L has a self-dual normal basis.

Proof. Assume that K can be embedded in a Galois extension of k with
cyclic Galois group of order 2m. Then by Lemma 6.3 (ii) we have w2(qK) +
(2)(DK) = 0. By Proposition 6.4 (ii), this implies that dA(n)(L) = 0, and hence
by Corollary 6.5 the G-Galois algebra L has a self-dual normal basis.
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Example 6.7. Assume that G is of order 8. Let a, b, c, ǫ ∈ k with a2−b2ǫ = c2ǫ;
assume c non-zero, and ǫ not a square. Set x =

√
ǫ, and let K = k(

√
a+ bx);

note that DK = ǫ, and that K/k is a cyclic extension of degree 4 (see for
instance [Se 92], Theorem 1.2.1). Let L be the G-Galois algebra induced from
K. Let us prove that

L has a self-dual normal basis ⇐⇒ a is a sum of two squares in k(
√

2).

Indeed, set A = A(3); by Corollary 6.5 the G-Galois algebra L has a self-
dual normal basis if and only if ResEA/k(dA(L)) = 0. We have dA(L) =
w2(qK) + (2)(ǫ) by Proposition 6.4 (ii).

Let us show that w2(qK) = (−1)(a). Set y =
√
a+ bx. Then {1, x, y, xy} is a

basis of K over k, and in this basis the quadratic form qK is the orthogonal sum
of the diagonal form 〈1, ǫ〉 and of the quadratic form q given by aX2+2bǫXY +
aǫY 2. The form q represents a, and its determinant is ǫ(a2− b2ǫ) = c2ǫ2, hence
det(q) = 1 in k2/k×2. This implies that q ≃ 〈a, a〉, hence qK ≃ 〈1, ǫ, a, a〉, and
w2(qK) = (a)(a) = (−1)(a).

Therefore dA(L) = (−1)(a) + (2)(ǫ). Note that EA = k(
√

2); hence
ResA/k(dA(L)) = Resk(

√
2)/k((−1)(a)), and this element is 0 if and only if

a is a sum of two squares in k(
√

2).

Note that combining this example with Example 5.2 (i) we get a necessary and
sufficient condition for a C8-Galois algebra to have a self-dual normal basis.

§7. Self-dual normal bases over local fields

We keep the notation of the previous sections, and assume that k is a (non-
archimedean) local field. The aim of this section is to give a necessary and
sufficient condition for the existence of self-dual normal bases in terms of in-
variants defined over k.

We say that A is split if it is a matrix algebra over its center.

Theorem 7.1. The G-Galois algebra L has a self-dual normal basis if and
only if the H1-condition holds, and

(i) For all orthogonal A such that [EA : k] is odd and A is split, we have
cA(L) = 0 in Br2(k).

(ii) For all unitary A such that [EA : k] is odd, we have dA(L) = 0 in Br2(k).

Proof. Assume that the H1-condition is satisfied and that (i) and (ii) hold.
Note that if A is not split, then we have Br2(EA)/〈A〉 = 0, and that if [EA : k]
is even, then the map ResEA/k : Br2(k)→ Br2(EA) is trivial. Therefore for all
orthogonal A we have ResEA/k(cA(L)) = 0 in Br2(EA)/〈A〉, and for all unitary
A we have ResEA/k(dA(L)) = 0 in Br2(EA). By Theorem 5.3, this implies that
L has a self-dual normal basis.
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Conversely, suppose that L has a self-dual normal basis. Then the H1-condition
holds by Proposition 2.1. By Theorem 5.1 we have ResEA/k(cA(L)) = 0 in
Br2(EA)/〈A〉 for all orthogonal A. Since ResEA/k : Br2(k) → Br2(EA) is
injective if [EA : k] is odd, condition (i) holds. Moreover, Theorem 5.1 implies
that if A is unitary, then ResEA/k(dA(L)) = 0 in Br2(EA). Applying again
the injectivity of ResEA/k when [EA : k] is odd, we obtain condition (ii). This
completes the proof of the theorem.

§8. Self-dual normal bases over global fields

We keep the notation of the previous sections. Assume that k is a global field,
and let Ωk be the set of places of k. For all v ∈ Ωk, we denote by kv the
completion of k at v. For all k-algebras R, set Rv = R ⊗k kv. We say that a
G-Galois algebra is split if it is isomorphic to a direct product of copies of k
permuted by G. We now apply the Hasse principle of [BPS 13] together with
Theorem 7.1 above to give necessary and sufficient conditions for the existence
of a self-dual normal basis over k.

Note that the fields EA are abelian Galois extensions of k (cf. 1.2).

For all finite places v, let us write EvA = KA(v)× · · · ×KA(v), where KA(v) is
a field extension of kv. Set nvA = [KA(v) : kv].

We need additional notation in the case when A is unitary. Note that while
A is a central simple algebra over FA, and FA/EA is a quadratic extension,
for some places v ∈ Ωk we may have F vA = EvA × EvA with σA permuting the
components, and Av = B×B for some kv-algebra B. In order to take this into
account, we set ǫvA = 0 if F vA = EvA × EvA, and ǫvA = 1 otherwise.

Theorem 8.1. The G-Galois algebra L has a self-dual normal basis if and
only if the H1-condition holds, if Lv is split for all real places v, and if for all
finite places v we have

(i) For all orthogonal A such that nvA is odd and Av is split, we have cA(L) = 0
in Br2(kv).

(ii) For all unitary A such that nvA is odd and ǫvA = 1, we have dA(L) = 0 in
Br2(kv).

Proof. If L has a self-dual normal basis, then Lv is split for all real places v
by [BSe 94], Corollaire 3.1.2, and conditions (i) and (ii) hold for all finite places
v by Theorem 7.1. Conversely, assume that Lv is split for all real places v, and
that for all finite places v conditions (i) and (ii) hold. Then [BSe 94], Corollary
3.1.2 (for real places) and Theorem 7.1 (for finite places) imply the existence of
a self-dual normal basis for Lv, for all v ∈ Ωk. By the Hasse principle result of
[BPS 13], Theorem 1.3.1, the G-Galois algebra L has a self-dual normal basis
over k.
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1. Introduction

Let L ⊂ S3 be an m-component oriented link in the 3-sphere. Each connected,
oriented Seifert surface F for L has a bilinear Seifert form defined by

V : H1(F ;Z)×H1(F ;Z)→ Z

(p[x], q[y]) 7→ pq lk(x−, y),

where p, q ∈ Z, x, y are simple closed curves on F with associated homology
classes [x], [y], and x− is a push-off of x in the negative normal direction of F .
Given a unit modulus complex number z ∈ S1r{1}, choose a basis for H1(F ;Z)
and define the hermitian matrix

B(z) := (1 − z)V + (1 − z)V T .
The Levine-Tristram signature σL(z) of L at z is defined to be the signature of
B(z), namely the number of positive eigenvalues minus the number of negative
eigenvalues. The nullity ηL(z) of L at z is the dimension of the null space of
B(z). Both quantities can be shown to be invariants of the S-equivalence class
of the Seifert matrix, and are therefore link invariants [Lev69, Tri69].
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We say that two oriented m-component links L and J are concordant if there
is a flat embedding into S3× I of a disjoint union of m annuli A ⊂ S3× I, such
that the oriented boundary of A satisfies

∂A = −L ⊔ J ⊂ −S3 ⊔ S3 = ∂(S3 × I).

An m-component link L is slice if it is concordant to the m-component unlink.
The purpose of this paper is to answer the following question: for which values
of z are σL(z) and ηL(z) link concordance invariants? We work in the topo-
logical category, in order to obtain the strongest possible results. In order to
state our main theorem, we need one more definition.

Definition 1.1. A complex number z ∈ S1r{1} is a Knotennullstelle if there
exists a Laurent polynomial p(t) ∈ Z[t, t−1] with p(1) = ±1 and p(z) = 0.

Note that a complex number z ∈ S1r{1} is a Knotennullstelle if and only if
there exists a knot K whose Alexander polynomial ∆K has the property that
∆K(z) = 0. This follows from the fact that all Laurent polynomials q ∈ Z[t, t−1]
with q(1) = ±1 and q(t) = q(t−1) can be realised as Alexander polynomials of
knots [BZ03, Theorem 8.13]. Here is our main theorem.

Theorem 1.2. The link invariants σL(z) and ηL(z) are concordance invariants
if and only if z ∈ S1r{1} does not arise as a Knotennullstelle.

Discussion of previously known results. The first point to note is that, due to
J. C. Cha and C. Livingston [CL04], when z is a Knotennullstelle neither σL(z)
nor ηL(z) are link concordance invariants.

Theorem 1.3 (Cha, Livingston). For any Knotennullstelle z ∈ S1r{1}, there
exists a slice knot K with σK(z) 6= 0 and ηK(z) 6= 0.

Given a polynomial p(t) with p(1) = ±1 and p(z) = 0, Cha and Livingston
construct a matrix V with V − V T nonsingular, with det(tV − V T ) equal to
p(t)p(t−1), such that the upper left half-size block contains only zeroes, and
such that σ(B(z)) 6= 0. Such a matrix can easily be realised as the Seifert
matrix of a slice knot.
Some positive results on concordance invariance are also known. For z a
prime power root of unity, σL(z) and ηL(z) are concordance invariants; see
[Mur65], [Tri69] and [Kau78]. D. Cimasoni and V. Florens [CF08] dealt with
multivariable signature and nullity concordance invariants, but again only at
prime power roots of unity.
For the signature and nullity at algebraic numbers away from prime power
roots of unity, we could not find any statements or results in the literature
pertaining to our question. Levine [Lev07] studied the question in terms of
ρ-invariants, but only discussed concordance invariance away from the roots of
the Alexander polynomial.
By changing the rules slightly, one can obtain a concordance invariant for all
z. The usual method is to define a function that is the average of the two
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one-sided limits of the Levine-Tristram signature function. Let z = eiθ ∈ S1,
and consider:

σL(z) :=
1

2

(
lim
ω→θ+

σ(B(eiω)) + lim
ω→θ−

σ(B(eiω))
)
.

Since prime power roots of unity are dense in S1, this averaged signature func-
tion yields a concordance invariant at every z ∈ S1. The earliest explicit obser-
vation of this that we could find was by Gordon in the survey article [Gor78].
One can also consider the averaged nullity function, to which similar remarks
apply:

ηL(z) :=
1

2

(
lim
ω→θ+

η(B(eiω)) + lim
ω→θ−

η(B(eiω))
)
.

In particular this is also a link concordance invariant.
Note that the function σL : S1r{1} → Z is continuous away from roots of the
Alexander polynomial det(tV −V T ) of L. More generally one can consider the
torsion Alexander polynomial ∆Tor

L of L, which by definition is the greatest
common divisor of the (n − r) × (n − r) minors of tV − V T , where n is the
size of V and r is the minimal nonnegative integer for which the set of minors
contains a nonzero polynomial. The function σL is continuous away from the
roots of the torsion Alexander polynomial ∆Tor

L , by [GL15, Theorem 2.1] (their
AL is our ∆Tor

L ).
Thus if z is not a root of the torsion Alexander polynomial of any link, the sig-
nature cannot jump at that value, and the signature function σL(z) equals the
averaged signature function σL(z) there. Since the averaged function is known
to be a concordance invariant, the non-averaged function is also an invariant
when z is not the root of any link’s Alexander polynomial. The excitement
happens when z is the root of the Alexander polynomial of some link, but
is not the root of an Alexander polynomial of any knot. The averaged and
non-averaged signature functions can differ at such z, but nevertheless both
are concordance invariants. In Section 2 we will give an example which illus-
trates this difference, and gives an instance where the non-averaged function
is more powerful. Similar examples were given in [GL15], but only with jumps
occurring at prime power roots of unity.
Finally we remark that our proof of Theorem 1.2 covers the previously known
cases of prime power roots of unity and transcendental numbers, as well as the
new cases.

Organisation of the paper. The rest of the paper is organised as follows. In
Section 2, we give an example of two links that are not concordant, where we
use the signature and nullity functions at a root of their Alexander polynomials,
which is not a prime power root of unity, to detect this fact. Section 4 proves
that the nullity is a concordance invariant, and the corresponding fact for
signatures is proven in Sections 5 and 6.

Acknowledgements. We thank Stefan Friedl, Pat Gilmer, Chuck Livingston and
Andrew Ranicki for helpful discussions. In particular [GL15] inspired the ques-
tion that led to this paper. We also thank the referee for helpful feedback. M.
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2. An application

In the introduction, for a link L we defined the signature function σL(z) and the
nullity function ηL(z), for each z ∈ S1r{1}. From the characterisation in The-
orem 1.2, one easily finds new values z for which it was not previously known
that σ(z) and η(z) are concordance invariants. In Proposition 2.3, by exhibiting
the obligatory explicit example, we show that these values give obstructions to
concordance that are independent from previously known obstructions coming
from the signature and nullity functions. We finish the section by constructing,
in Proposition 2.5, a family of such examples for any algebraic number on S1.
Before the construction, we collect some facts on the set of roots of Alexander
polynomials of links. We say that a complex number z ∈ S1r{1} is a Linknull-
stelle if z is a root of a non-vanishing single variable Alexander polynomial of
some link. We have the following inclusions:

{Knotennullstellen} ⊂ {Linknullstellen} ⊂ S1r{1}
∪{

prime power
roots of 1

}

We will see that these inclusions are strict. The two subsets of the set of
Linknullstellen are disjoint, since no prime power root of unity can be a root of
a polynomial that augments to ±1, because the corresponding cyclotomic poly-
nomial augments to the prime. Moreover, the union of the Knotennullstellen
and the prime power roots of unity is not exhaustive.

Lemma 2.1.

(1) The set of Linknullstellen coincides with the set of algebraic numbers
in S1r{1}.

(2) The number z0 = 3+4i
5 ∈ S1 is an algebraic number, which is neither a

Knotennullstelle nor a root of unity.

Proof. Let z ∈ S1r{1} be an algebraic number, so that p(z) = 0 for some
p ∈ Z[t]. Let

q(t) := (t− 1)3p(t)p(t−1) ∈ Z[t, t−1].

We claim that there is a link L with single variable Alexander polynomial
∆L(t) = q(t). Choose a 2-variable polynomial P (x, y) ∈ Z[x±1, y±1] with
P (t, t) = p(t). Let

Q(x, y) := (x− 1)(y − 1)P (x, y)P (x−1, y−1).

A corollary [Hil12, Corollary 8.4.1] to Bailey’s theorem [Bai77] states that any
polynomial Q(x, y) in Z[x±1, y±1], with Q = Q up to multiplication by ±xkyℓ,
and such that (x − 1)(y − 1) divides Q, is the Alexander polynomial of some
2-component link of linking number zero. Thus there exists a 2-component link
L with 2-variable Alexander polynomial Q(x, y).
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The single variable Alexander polynomial ∆L(t) is obtained from the 2-variable
Alexander polynomial of a 2-component link Q(x, y) as (t − 1)Q(t, t) [BZ03,
Remark 9.18]. But

(t− 1)Q(t, t) = (t− 1)3P (t, t)P (t−1, t−1) = (t− 1)3p(t)p(t−1) = q(t).

This completes the proof of the claim and therefore of (1): the set of Linknull-
stellen is the set of algebraic numbers lying on S1r{1}.
For (2), first observe that the complex number z0 := 3+4i

5 has unit modulus
and that z0 is a zero of the polynomial

p(t) := 5t2 − 6t+ 5,

and therefore is an algebraic number. Note that no cyclotomic polynomial
divides the polynomial p(t). This can be checked for the first six by hand,
and the rest have degree larger than 2. From Abel’s irreducibility theorem, we
learn that z0 is not a zero of a cyclotomic polynomial and thus is not a root of
unity. Since p(1) = 4 and p(t) is irreducible over Z[t], z0 is not the root of any
polynomial that augments to ±1. As a result, z0 is not a Knotennullstelle. �

Next we describe links L and L′ whose signature and nullity functions are equal
everywhere on S1r{1} apart from at z0, which will be a root of the Alexander
polynomials of L and L′. We find these links by realising suitable Seifert forms.

Example 2.2. Consider the following Seifert matrix:

V :=




0 0 0 0 1 0 0 0
0 0 0 0 0 5 −4 4
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
1 −1 0 0 0 0 0 0
0 5 −1 0 0 0 0 0
0 −4 1 −1 0 0 0 0
0 4 0 1 0 0 0 1




.

This matrix represents the Seifert form of the 3-component link L given by
the boundary of the Seifert surface shown in Figure 1. As usual, a box with
n ∈ Z inside denotes n full right-handed twists between two bands, made
without introducing any twists into the individual bands. To see what we
mean, observe that there are three instances in the figure of one full left-handed
twist, otherwise known as −1 full right-handed twists. The left-most twist is
between the bands labelled e1 and e5. To obtain the Seifert matrix, note that
the beginning of each of the eight bands is labelled ei, for i = 1, . . . , 8. Orient
the bands clockwise and compute using Vij = lk(e−i , ej), where the picture is
understood to show the positive side of the Seifert surface.
Produce a link L′ from L by removing the single twist in the right-most band,
labelled e8 in Figure 1. This gives rise to a Seifert matrix V ′ for L′ which is
the same as V , except that the bottom right entry is a 0 instead of a 1.
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e1 e2 e5 e3 e6 e4 e7 e8

−5

4

−4

Figure 1. Realisation of the Seifert form V .

Consider the sesquilinear form B over Q[t±1] determined by the matrix

(1− t)V + (1− t−1)V T .

The form B splits into a direct sum of sesquilinear forms. For a Laurent
polynomial p(t) ∈ Q[t±1], abbreviate the form given by the 2× 2 matrix

(
0 p(t)

p(t−1) 0

)
.

by [p(t)]. A calculation shows that B is congruent to the form

[t− 1]⊕ [t− 1]⊕ [t− 1]⊕
(

0 q(t)
q(t−1) −t−1 + 2− t

)
,

where the polynomial q(t) is

q(t) = t−1 · (t− 1)3 · (5t2 − 6t+ 5).

On the other hand the corresponding sesquilinear form B′ over Q[t±1] for L′ is
equivalent to

[t− 1]⊕ [t− 1]⊕ [t− 1]⊕ [q(t)].

Proposition 2.3. Let z0 denote the algebraic number 3+4i
5 . The links L and

L′ constructed in Example 2.2 have the following properties.

(1) If z is a root of unity, then σL(z) = σL′(z) and ηL(z) = ηL′(z).
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(2) The averaged signature and nullity functions agree, i.e.

σL(z) = σL′(z) and ηL(z) = ηL′(z)

for all z ∈ S1r{1}.
(3) The signatures and nullities of L and L′ at z0 differ:

σL(z0) 6= σL′(z0) and ηL(z0) 6= ηL′(z0),

and so L is not concordant to L′.

Proof. Note that for any z ∈ Cr{0, 1} with q(z) 6= 0, the form B(z) over C is
nonsingular and metabolic. The same holds for B′(z). This implies that the
signatures signB(z) and signB′(z) vanish. The nullities ηL(z), ηL′(z) are also
both zero. Since the roots of q(z) are exactly z0 and z0, which are not roots of
unity by Lemma 2.1, we obtain the first statement of the proposition. We also
see that the averaged signature function on S1r{1} and the averaged nullity
function are identically zero, so we obtain the second statement.
From Lemma 2.1, we know that z0 := 3+4i

5 is not a Knotennullstelle, and

signB(z0) = sign

(
0 0
0 4

5

)
= 1.

Thus σL(z0) = 1 = ηL(z0). On the other hand, for L′ the matrix B′(z0) is
a 2 × 2 zero matrix, so we have that σL′(z0) = 0 and ηL′(z0) = 2. Both
signatures and the nullities at z0 differ, so L and L′ are not concordant by
Theorem 1.2. �

Remark 2.4. One can also see that L and L′ are not concordant using linking
numbers.

A more systematic study of the construction of the example above leads to the
following proposition.

Proposition 2.5. Let q(t) ∈ Z[t] be a polynomial. Then there exists a natural
number k > 0 and a link L with Alexander polynomial ∆L(t)

.
= q(t−1)q(t)(t −

1)k up to units in Z[t, t−1] such that

(1) the form B(z) of L is metabolic and nonsingular for all z ∈ S1r{1}
which are not roots of q(t), so σL(z) = 0.

(2) if z0 6= 1 is a root of q(t) of unit modulus, then σL(z0) 6= 0.

The proof of this proposition is based on ideas from [CL04].

Proof. Consider the size n+ 1 square matrix P with entries in Z[y] given by

P (y) :=




1 y 0 ya1
0 1 y ya2
...

. . .
. . .

...
1 y yan−1

0 0 1 yan
y 0 . . . 0 0 0



,
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with ai integers. Over Z[y±1], the matrix P can be transformed via invertible
row operations and column operations to the matrix

A(y) =




1 0 0 p(y)
0 1 0 0
...

. . .
. . .

...
1 0 0

0 0 1 0
y 0 . . . 0 0 0




with p(y) = b1(y) where bk(y) ∈ Z[y] is defined by the recursion bk−1(y) :=
y · (ak − bk(y)) and bn(y) := y · an. Notice that, up to units, we can arrange
p(y) to be any polynomial in Z[y±1] by choosing n sufficiently large and then
suitable entries ak ∈ Z. That is, multiply by yℓ so that the lowest order term
is the linear term, and take (−1)iai to be the coefficient of yi−1 in p(y), for
i = 2, . . . , n+ 1.
Pick the entries ak so that if we evaluate p(y) at (t−1) we get the equality p(t−
1) = q(t)(t− 1)k for a suitable integer k. Now consider the block matrix

V :=

(
0 V u

V b Q(1)

)

with

V u =




0 1 0 a1
0 0 1 a2
...

. . .
. . .

...
0 1 an−1

0 0 0 an
1 0 . . . 0 0 0




V b =




−1 0 0 1
1 −1 0 0

0 1
. . .

. . .
...

...
. . . −1 0 0

0 1 −1 0
a1 a2 . . . an−1 an 0




and

Q(y) =




0 . . . 0 0
...

. . .
...

...
0 . . . 0 0
0 . . . 0 y


 .

The matrix V is the Seifert matrix of a link as V −V T is the intersection form
of a genus n oriented surface with three boundary components. Let L be such
a link, necessarily a 3-component link. We remark in passing that the matrix V
from Example 2.2 is not a special case of the matrix V defined in the current
proof, although it is close to being so.
Recall that B(z) = (1− z)V + (1− z)V T = (z− 1) ·

(
zV − V T

)
. The matrix V

was constructed in such a way that

B(z) =

(
0 (z − 1) · P (z − 1)

(z − 1) · PT (z − 1) Q(−z − z + 2)

)
.
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Using the transformations associated to the above row and column operations,
we see that B(z) is congruent to

B(z) ∼
(

0 (z − 1) · A(z − 1)
(z − 1) · AT (z − 1) Q(−z − z + 2)

)
.

Note that the matrix Q is unchanged by this congruency, because in the cor-
responding sequence of row and column operations, it never happens that the
last row or column is added to another row or column.
We complete the proof of the proposition by showing that indeed the link L
has the required properties. If z ∈ S1r{1} is not a zero of q(t), then also
p(z) 6= 0. Consequently, the form B(z) is nonsingular and metabolic. On the
other hand, if z ∈ S1r{1} is a root of q(t), then also p(z) = 0. In this case the
Levine-Tristram form B(z) is a sum

B(z) = M ⊕
(

0 0
0 −z − z + 2

)

with M nonsingular and metabolic. Thus σL(z) = 1. �

Remark 2.6. Replace Q(1) with Q(0) in the construction of the matrix V in the
proof of Proposition 2.5, to obtain a matrix V ′. Using the same construction as
in Example 2.2, the matrices V and V ′ give rise to links L and L′ respectively,
such that

ηL(z) = ηL′(z) and σL(z) = σL′(z)

for every z ∈ S1 that is not a root of q(t). Analogously to Example 2.2, L and
L′ are not concordant, but again this can also be seen using linking numbers.
This leads to the following question. Does there exist a pair of links L and L′,
with the same pairwise linking numbers, whose signature and nullity functions
can only tell the concordance classes of the links apart at an isolated algebraic
numbers z, z̄ ∈ S1 that are roots of the Alexander polynomial ∆L = ∆L′ .

3. Twisted homology and integral homology isomorphisms

Now we begin working towards the proof of Theorem 1.2. Fix z ∈ S1r{1} to
be a unit complex number that is not the root of any polynomial p(t) ∈ Z[t]
with p(1) = ±1 i.e. z is not a Knotennullstelle. We denote the classifying space
for the integers Z by BZ, which has the homotopy type of the circle S1. Given
a CW complex X , a map X → BZ induces a homomorphism π1(X)→ Z. This
determines a representation

α : Z[π1(X)]→ Z[Z]
evz−−→ C

of the group ring of the fundamental group of X , with respect to which we can
consider the twisted homology

Hi(X ;Cα) := Hi

(
C⊗Z[π1(X)] C∗(X̃)

)
.

Let Σ ⊂ Z[Z] be the multiplicative subset of polynomials that map to ±1
under the augmentation ε : Z[Z] → Z, that is Σ = {p(t) ∈ Z[Z] | |p(1)| = 1}.
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By inverting this subset we obtain the localisation Σ−1Z[Z] of the Laurent
polynomial ring. This has the following properties.

(i) The canonical map Z[Z] → Σ−1Z[Z] is an inclusion, since Z[Z] is an
integral domain.

(ii) For any Z[Z]-module morphism f : M → N of finitely generated free
Z[Z]-modules such that the augmentation

ε(f) = Id⊗f : Z⊗Z[Z] M → Z⊗Z[Z] N

is an isomorphism, we have that

Id⊗f : Σ−1Z[Z]⊗Z[Z] M → Σ−1Z[Z]⊗Z[Z] N

is also an isomorphism.

The second property can be reduced to the following. Assume A is a matrix
over Z[Z] such that ε(A) is invertible. Consequently, we have det(ε(A)) =
±1 and as ε(det(A)) = det(ε(A)), we deduce that det(A) ∈ Σ. Therefore,
the determinant det(A) is invertible in the localisation Σ−1Z[Z] and so is the
matrix A over Σ−1Z[Z].
As the unit modulus complex number z that we have fixed is not a Knoten-
nullstelle, the representation α defined above factors through the localisation,

i.e. evaluation at z determines a ring homomorphism Σ−1Z[Z]
Σ−1 evz−−−−−→ C such

that the ring homomorphisms Z[Z]
evz−−→ C and

Z[Z]→ Σ−1Z[Z]
Σ−1 evz−−−−−→ C

coincide.

Lemma 3.1. Let f : X → Y be a map of finite CW complexes over S1, that is
there are maps g : X → S1 and h : Y → S1 such that h ◦ f = g, and suppose
that

f∗ : Hi(X ;Z)
∼=−→ Hi(Y ;Z)

is an isomorphism for all i. Then

f∗ : Hi(X ;Cα)
∼=−→ Hi(Y ;Cα)

is also an isomorphism for all i.

The lemma follows [COT03, Proposition 2.10]. The difference is that we use the
well-known refinement that one does not need to invert all nonzero elements.
We give the proof for the convenience of the reader. This is adapted from the
proof given in [FP12].

Proof. The algebraic mapping cone D∗ := C (f∗ : C∗(X ;Z) → C∗(Y ;Z)) has
vanishing homology, and comprises finitely generated free Z-modules. There-
fore it is chain contractible. We claim that the chain contraction can be lifted
to a chain contraction for C (f∗ : C∗(X ; Σ−1Z[Z])→ C∗(Y ; Σ−1Z[Z])), the map-
ping cone over the localisation Σ−1Z[Z].
To see this, let s : D∗ → D∗+1 be a chain contraction, that is we have that

∂si+si−1∂ = IdDi for each i. Define D̃∗ := C (f∗ : C∗(X ;Z[Z])→ C∗(Y ;Z[Z]))
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and consider ε : D̃∗ → D∗ = Z ⊗Z[Z] D̃∗, induced by the augmentation map.

Denote E∗ := C (f∗ : C∗(X ; Σ−1Z[Z]) → C∗(Y ; Σ−1Z[Z])) and note that there

is an inclusion D̃i → Ei = Σ−1Z[Z] ⊗Z[Z] D̃i, induced by the localisation. Lift

s to a map s̃ : D̃∗ → D̃∗+1, as in the next diagram

D̃∗
s̃ //❴❴❴❴❴❴

ε

��

D̃∗+1

ε

��
D∗

s // D∗+1.

The lifts exist since all modules are free and ε is surjective. But then we have
that

f := ds̃+ s̃d : D̃∗ → D̃∗

is a morphism of free Z[Z]-modules whose augmentation ε(f) is an isomorphism.
Thus by property (ii) of Σ−1Z[Z], f is also an isomorphism over Σ−1Z[Z], and
so s̃ determines a chain contraction for E∗. We therefore have that E∗ =
C∗(Y,X ; Σ−1Z[Z]) ≃ 0 as claimed.
Next, tensor E∗ with C over the representation α, to get that

Cα ⊗Σ−1Z[Z] C∗(Y,X ; Σ−1Z[Z]) = C∗(Y,X ;Cα) ≃ 0.

Thus Hi(Y,X ;Cα) = 0 for all i and so f∗ : Hi(X ;Cα)
∼=−→ Hi(Y ;Cα) is an

isomorphism for all i as desired. �

4. Concordance invariance of the nullity

In this section we show concordance invariance of the nullity function away
from the set of Knotennullstellen.

Definition 4.1 (Homology cobordism). A cobordism (Wn+1;Mn, Nn) be-
tween n-manifolds M and N is said to be a Z-homology cobordism if the in-
clusion induced maps Hi(M ;Z) → Hi(W ;Z) and Hi(N ;Z) → Hi(W ;Z) are
isomorphisms for all i ∈ Z.

Theorem 4.2. Suppose that oriented m-component links L and J are concor-
dant and that z ∈ S1r{1} is not a Knotennullstelle. Then ηL(z) = ηJ(z).

Proof. As in the statement suppose that z ∈ S1r{1} is not a Knotennullstelle.
Denote the exterior of the link L by XL := S3rνL. As above, let V be a
matrix representing the Seifert form of L with respect to a Seifert surface F
and a basis for H1(F ;Z).
We assert that the matrix zV − V T presents the homology H1(XL;Cα). This
can be seen as follows. Consider the infinite cyclic cover XL corresponding
to the kernel of the homomorphism π1(XL) → Z, defined as the composi-
tion of the abelianisation π1(XL) → H1(XL;Z) ∼= Zm, followed by the map
(x1, . . . , xm) 7→∑m

i=1 xi i.e. each oriented meridian is sent to 1 ∈ Z. A decom-

position of XL and the associated Mayer-Vietoris sequence [Lic97, Theorem
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6.5] give rise the following presentation

C[t±1]⊗C H1(F ;C)
tV−V T−−−−−→ C[t±1]⊗C H1(F ;C)∨ → H1(XL;C)→ 0,

where H1(F ;C)∨ is the dual module HomC(H1(F ;C),C). Apply the right-
exact functor Cα⊗C[t±1] to this sequence, to obtain the sequence

Cα ⊗C H1(F ;C)
zV−V T−−−−−→ Cα ⊗C H1(F ;C)∨ → Cα ⊗C[t±1] H1(XL;C)→ 0.

As H0(XL;C) ∼= C, we have that Tor
C[t±1]
1 (H0(XL;C),Cα) = 0 by the projec-

tive resolution

0→ C[t±1]
·(1−t)→ C[t±1]→ C→ 0

and z 6= 1. Since C[t±1] is a principal ideal domain, we can apply the univer-
sal coefficient theorem for homology to deduce that Cα ⊗C[t±1] H1(XL;C) =

H1(XL;Cα). This completes the proof of the assertion that zV − V T presents
the homology H1(XL;Cα).
Next observe that (z− 1)(zV −V T ) = (1− z)V + (1− z)V T presents the same
module as zV − V T , since z − 1 is nonzero. The dimension of H1(XL;Cα)
therefore coincides with the nullity ηL(z), which is by definition the nullity of
the matrix (1− z)V + (1 − z)V T .
Now, let A ⊂ S3 × I be a union of annuli giving a concordance between L and
J , and let W := S3 × IrνA. Then W is a Z-homology bordism between XL

and XJ ; this is a straightforward computation with Mayer-Vietoris sequences
or with Alexander duality; see for example [FP14, Lemma 2.4]. Thus by two
applications of Lemma 3.1, with Y = W andX = XL andX = XJ respectively,
we see that H1(XL;Cα) ∼= H1(W ;Cα) ∼= H1(XJ ;Cα), and so the nullities of
L and J agree. We need that z is not a Knotennullstelle in order to apply
Lemma 3.1. �

5. Identification of the signature with the signature of a
4-manifold

In the proof of Theorem 4.2, a key step was to reexpress the nullity η(z) of
the form B(z) as a topological invariant of a 3-manifold, and then to use the
bordism constructed from a concordance to relate the invariants. An analogous
approach is used here to obtain the corresponding statement for the signature.
Everything in this section is independent of whether z is a Knotennullstelle.
Recall that we fixed an oriented m-component link L ⊂ S3, and that we picked
a connected Seifert surface F for L. Denote the link complement by XL :=
S3rνL. First note that the fundamental class [F ] ∈ H2(F, ∂F ;Z) of the Seifert
surface F is independent of the choice of F . This follows from the fact that its
Poincaré dual is characterised as the unique cohomology class ξ ∈ H1(XL;Z)
mapping each meridian µ to ξ(µ) = 1.
The boundary of F ⊂ S3rνL is a collection of embedded curves in the bound-
ary tori that we refer to as the attaching curves. The attaching curves together
with the meridians determine a framing of each boundary torus of XL. Also,
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this framing depends solely on [F ], since the connecting homomorphism of the
pair (XL, ∂XL) maps ∂[F ] = [∂F ].
With respect to this framing, we can consider the Dehn filling of slope zero,
resulting in the closed 3-manifold ML. By definition, to obtain ML attach
a disc to each of the attaching curves, and then afterwards fill each of the
resulting boundary spheres with a 3-ball.

Definition 5.1. The framing of the boundary tori of XL constructed above
is called the Seifert framing. The Seifert surgery on L is the 3-manifold ML

constructed above.

Remark 5.2. For links there is no reason for this framing to agree with the
zero-framing of each individual component.

Collapsing the complement of a tubular neighbourhood of the Seifert surface F
gives rise to map S3rνL → S1 = BZ, which extends to a map from the
Seifert surgery φ : ML → BZ. To see this in more detail, parametrise a regular
neighbourhood of F as F × [−1, 1], with F as F × {0}. The intersection of
this parametrised neighbourhood with each component of ∂F determines a
parametrised subset S1 × [−1, 1] ⊂ S1 × S1 ⊆ ∂F . Extend this to a subset
D2 × [−1, 1] ⊂ D2 × S1 for each of the Dehn filling solid tori D2 × S1 in ML.
Now define

φ : ML → S1 = BZ

x 7→
{
eπit x = (f, t) ∈

(
F ∪⊔mD2

)
× [−1, 1]

−1 otherwise.

The map φ classifies the image of the fundamental class of the capped-off Seifert

surface in ML, in the sense that [φ] maps to [F ∪⊔mD2] under [ML, S
1]
∼=−→

H1(ML;Z)
∼=−→ H2(ML;Z). Recall that the homology class [F ∪ ⊔mD2] ∈

H2(ML;Z) only depends on the isotopy class of L and so also the homotopy
class of φ does not depend on the Seifert surface F . The manifold ML together
with the map φ defines an element [(ML, φ)] ∈ Ω3(BZ), where Ωk(X) denotes
the bordism group of oriented, topological k-dimensional manifolds with a map
to X . Recall that cobordism is a generalised homology theory fulfilling the
suspension axiom, see e.g. [tD08, Chapter 21] and [May99, Section 14.4]. As a
consequence, we obtain

Ω̃3(BZ) = Ω̃3(S1) = Ω̃3(ΣS0) ∼= Ω̃2(S0) = Ω2(pt) = 0.

Thus Ω3(BZ) ∼= Ω3(pt) = 0 [Roh53].
The group Ω3(BZ) ∼= Ω3 ⊕ Ω2 = 0 ⊕ 0 = 0 is trivial, and we can make use of
this fact to define a signature defect invariant, as follows.
For any oriented 3-manifold M with a map φ : M → BZ, we will define an
integer for each complex number z ∈ S1. Since Ω3(BZ) = 0, there exists a
4-manifold W with boundary M and a map Φ: W → BZ extending the map
M → BZ on the boundary. Similarly to before, an element z ∈ S1 determines
a representation

α : Z[π1(W )]
Φ−→ Z[Z]

t7→z−−−→ C.
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Consider the twisted homology Hi(W ;Cα), and consider the intersection form
λα(W ) on the quotientH2(W ;Cα)/ imH2(M ;Cα). Define the promised integer

σ(M,φ, z) := σ(λα(W ))− σ(W ),

where σ(W ) is the ordinary signature of the intersection form on W .
The proof of the following proposition is known for the coefficient system Q(t),
e.g. [Pow16]. For the convenience of the reader, we sketch the key steps for an
adaptation to Cα.
Proposition 5.3.

(i) The intersection form λα(W ) is nonsingular.
(ii) The signature defect σ(M,φ, z) is independent of the choice of 4-

manifold W .

Proof. The long exact sequence of the pair (W,∂W ) = (W,M) gives rise to the
following commutative diagram

. . . // H2(∂W ;Cα) // H2(W ;Cα) //

  ❇
❇❇

❇❇
❇❇

❇❇
❇❇

❇❇
❇❇

❇❇
❇❇

H2(W,∂W ;Cα)

PD−1
W

��

// . . .

H2(W ;Cα)

κ

��
(H2(W ;Cα))

∨
,

where for a C-module P we denote its dual module by P∨ := HomC(P,C).
Since Poincaré-Lefschetz duality PDW and the Kronecker pairing κ are isomor-
phisms, we obtain an injective mapH2(W ;Cα)/ imH2(M ;Cα)→ H2(W ;Cα)∨.
This map descends to

λα : H2(W ;Cα)/ imH2(M ;Cα)→ (H2(W ;Cα)/ imH2(∂W ;Cα))∨ ,

so that the diagram below commutes:

H2(W ;Cα)/ imH2(M ;Cα)

λα ++❲❲❲❲
❲❲❲❲

❲❲❲❲
❲❲❲❲

❲❲❲❲

� � // H2(W ;Cα)∨

(H2(W ;Cα)/ imH2(∂W ;Cα))∨ .

OO
.

Consequently, the form λα is nondegenerate, and so it is nonsingular since it
is a form over the field C.
We proceed with the second statement of the proposition, namely independence
of σ(M,φ, z) on the choice of W . Suppose that we are given two 4-manifolds
W+,W−, both with boundary ∂W± = M , and a map Φ± : W± → BZ extend-
ing φ : M → BZ. Temporarily, define the signature defects arising from the
two choices to be

σ(W±,Φ±, z) := σ(λα(W±))− σ(W±).
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We will show that σ(W+,Φ+, z) = σ(W−,Φ−, z), and thus that σ(M,φ, z) is
a well-defined integer, so our original notation was justified.
Glue W+ and W− together along M , to obtain a closed manifold U , together
with a map Φ: U → BZ. By Novikov additivity, we learn that

σz(U,Φ) := σ(λα(U))− σ(U) = σ(W+,Φ+, z)− σ(W−,Φ−, z).

This defect σz(U,Φ) can be promoted to a bordism invariant σz : Ω4(BZ)→ Z,
see e.g. [Pow16, Proof of Lemma 3.2] and replace Q(t) coefficients with Cα

coefficients.

Claim. The map σz : Ω4(BZ)→ Z is the zero map.

Let U be a closed 4-manifold together with a map Φ: U → S1, representing an
element of Ω4(BZ). By the axioms of generalised homology theories, we have

Ω̃4(S1) = Ω̃4(ΣS0) ∼= Ω̃3(S0) = Ω3(pt) = 0.

Thus an inclusion pt → S1 induced an isomorphism Ω4(pt)
∼=−→ Ω4(S1). So

(U,Φ) is bordant over S1 to a 4-manifold U ′ with a null-homotopic map Φ′ to
S1. In this case the local coefficient system Cα is just the trivial representa-
tion C. Consequently, we have λα(U ′) = λ(U ′), so σz(U

′,Φ′) = 0. By bordism
invariance, σz(U,Φ) = 0, which completes the proof of the claim.
Now the independence of σ(M,Φ, z) on the choice of W follows from

0 = σz(U,Φ) = σ(W+,Φ+, z)− σ(W−,Φ−, z).

�

Now that we have constructed an invariant, we need to relate it to the Levine-
Tristram signatures. Recall that L is an oriented link, that ML is the Seifert
surgery, and that we constructed a canonical map φ : ML → S1, well-defined
up to homotopy.

Lemma 5.4. Suppose that z ∈ S1r{1} and let φ : ML → S1 be the map defined
at the beginning of this section. Then we have

σ(ML, φ, z) = σL(z).

Proof. Construct a 4-manifold with boundary ML as follows. Let F be a con-
nected Seifert surface for L. Push the Seifert surface into D4 and consider
its complement VF := D4rνF . Note that if we cap F off with m 2-discs, we
obtain a closed surface. Let H be a 3-dimensional handlebody whose boundary
is this surface. Note that ∂VF = XL ∪ F × S1. Then define

WF := VF ∪F×S1 H × S1.

Note that ∂WF = ML. By [Ko89, pp. 538-9] and [COT04, Lemma 5.4], we
have that σ(WF ) = 0 and λz(WF ) = (1− z)V + (1− z)V T . Therefore

σ(λz(WF ))− σ(WF ) = σ((1 − z)V + (1− z)V T ) = σ(B(z)).

�
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6. Concordance invariance of the signature

We start with a straightforward lemma, then we prove the final part of the
main theorem. Recall that the complement XL and the Seifert surgery ML are
both equipped with a homotopy class of a map to S1, or equivalently with a
cohomology class. For the link complement XL, this class ξL ∈ H1(XL;Z) is
characterised by the property that it sends each oriented meridian to 1.

Lemma 6.1. Let L and J be concordant links. Their Seifert surgeries ML and
MJ are homology bordant over S1.

Proof. Denote the maps to S1 by φL : ML → S1 and φJ : ML → S1, and denote
the corresponding cohomology classes by ξL ∈ H1(ML;Z) and ξJ ∈ H1(MJ ;Z).
Define XL := S3rνL and XJ := S3rνJ . Let A ⊂ S3 × I be an embedding of
a disjoint union of annuli giving a concordance between L and J .
Fix a tubular neighbourhood νA = A×D2 of the annulus A with a trivialisa-
tion. Denote WA := S3 × IrνA, whose boundary consists of the union of XL,
XJ , and a piece identified with the total space of the unit sphere bundle A×S1

of νA. As usual, we refer to a representative {pt} × S1 for the S1 factor in
A× S1 as a meridian of A. Note that the inclusions XL ⊂WA and XJ ⊂WA

map the meridians in the link complements to the meridians in WA.

Claim. There exists a cohomology class ξA ∈ H1(WA;Z) mapping each merid-
ian µA of A to 1.

This can be seen by the Mayer-Vietoris sequence

H1(νA;Z) ⊕H1(WA;Z)→ H1(∂νA;Z)→ H2(S3 × I;Z) = 0,

in which the map H1(νA;Z) ∼= Zm → H1(∂νA;Z) ∼= (Z ⊕ Z)m is given by
1 7→ (1, 0) on each of the m summands. That is, the homology classes of the
meridians of ∂νA ∼= A × S1 do not lie in the image of this surjective map,
so they must lie in the image of H1(WA;Z). This completes the proof of the
claim.
It follows that ξA is pulled back to the unique classes ξL and ξJ that map
the meridians in the link complements to 1. Using the natural isomorphism
between the functors [−, S1] and H1(−;Z), find a map φW : WA → S1 that
restricts to the prescribed map φL ⊔ φJ : XL ⊔XJ → S1 on the boundary.
Up to isotopy, there is a unique product structure on an annulus A = S1 × I.
Having fixed such a structure, we consider the manifold

Y := WA ∪A×S1

m⊔
(D2 × S1 × I).

The gluing is done in such a way as to restrict on
⊔m

S1×S1×{i}, for i = 0, 1,
to the gluing of the Seifert surgery on XL and XJ . By construction, this gives
a bordism between ML and MJ .
Note that the map φW and the projection A×S1 → S1 glue together to give a
map φY : Y → S1. Equipped with this map, (Y, φY ) is an S1-bordism between
(ML, φL) and (MJ , φJ ).
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Finally, we assert that Y is a homology bordism. To see this, first observe,
as in the proof of Theorem 4.2, that WA is a homology bordism from XL to
XJ . Flagrantly, A × S1 is a homology bordism from S1 × S1 to itself, and⊔m

(D2 × S1 × I) is a homology bordism from
⊔m

D2 × S1 to itself. Gluing
two homology bordisms together along a homology bordism, with the same
maps on homology induced by the gluings for ML, MJ and Y , it follows easily
from the Mayer-Vietoris sequence and the five lemma that Y is a homology
bordism. �

Theorem 6.2. Suppose that oriented m-component links L and J are concor-
dant and that z ∈ S1r{1} is not a Knotennullstelle. Then σL(z) = σJ (z).

Proof. As in the statement of the theorem, suppose that z ∈ S1r{1} is not a
Knotennullstelle. LetWLJ be a homology bordism between the Seifert surgeries
ML and MJ , whose existence is guaranteed by Lemma 6.1. Let WJ be a 4-
manifold that gives a nullbordism of MJ over BZ, and define WL := WLJ ∪MJ

WJ .
The signature of the intersection form on H2(WL;Ca)/H2(ML;Cα), together
with the ordinary signature over Z, determines the signature σL(z) by Sec-
tion 5. Similarly, the signature of the intersection form on the quotient
H2(WJ ;Cα)/H2(MJ ;Cα) and the ordinary signature of WJ determine the sig-
nature σJ (z). By Lemma 3.1, we have homology isomorphisms

H2(ML;Cα)
∼=−→ H2(WLJ ;Cα) and H2(MJ ;Cα)

∼=−→ H2(WLJ ;Cα).

It follows that every class in H2(WL;Cα) has a representative in WJ , that

H2(WL;Ca)/H2(ML;Cα) ∼= H2(WJ ;Ca)/H2(MJ ;Cα),

and that this isomorphism induces an isometry of the intersection forms. Thus
the twisted signatures of both intersection forms are equal. We needed that
z is not a Knotennullstelle in order to apply Lemma 3.1 in the preceding ar-
gument. The same argument over Z implies that the ordinary signatures also
coincide, that is σ(WL) = σ(WJ ). Therefore σ(ML, φL, z) = σ(MJ , φJ , z), and
so σL(z) = σJ (z) by Lemma 5.4. Thus the Levine-Tristram signature at z is a
concordance invariant, as desired. �
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Abstract. We develop a general theory which, under certain as-
sumptions, enables the computation of the Picard group of a symmet-
ric monoidal triangulated category equipped with a weight structure
in terms of the Picard group of the associated heart. As an appli-
cation, we compute the Picard group of several categories of motivic
nature – mixed Artin motives, mixed Artin-Tate motives, bootstrap
motivic spectra, noncommutative mixed Artin motives, noncommu-
tative mixed motives of central simple algebras – as well as the Picard
group of certain derived categories of symmetric ring spectra.
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1. Introduction and statement of results

The computation of the Picard group Pic(T ) of a symmetric monoidal (trian-
gulated) category T is, in general, a very difficult task. The goal of this article
is to explain how the theory of weight structures allows us to greatly simplify
this task.
Let (T ,⊗,1) be a symmetric monoidal triangulated category equipped with
a weight structure w = (T w≥0, T w≤0); consult §3 for details. Assume that
the symmetric monoidal structure − ⊗ − (as well as the ⊗-unit 1) restricts
to the heart H := T w≥0 ∩ T w≤0 of the weight structure. We say that the
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category T has the w-Picard property if the group homomorphism Pic(H)×Z→
Pic(T ), (a, n) 7→ a[n], is invertible. Our first main result provides sufficient
conditions for this property to hold:

Theorem 1.1. Assume that the weight structure w on T is bounded, i.e.

T = ∪n∈ZT w≥0[−n] = ∪n∈ZT w≤0[−n], and that there exists a full, additive,
conservative, symmetric monoidal functor from H into a symmetric monoidal
semi-simple abelian category A which is moreover local in the sense that if
a ⊗ b = 0 then a = 0 or b = 0. Under these assumptions, the category T has
the w-Picard property.

As explained in [7, §4.3], every bounded weight structure is uniquely deter-
mined by its heart. Concretely, given any additive subcategory H′ ⊂ T which
generates T and for which we have HomH′(a, b[n]) = 0 for every n > 0 and
a, b ∈ H′, there exists a unique bounded weight structure on T with heart the
Karoubi-closure of H′ in T . Roughly speaking, the construction of a bounded
weight structure on a triangulated category amounts simply to the choice of an
additive subcategory with trivial positive Ext-groups.
Our second main result formalizes the conceptual idea that the w-Picard prop-
erty satisfies a “global-to-local” descent principle:

Theorem 1.2. Assume the following:

(A1) The heart H of the bounded weight structure w is essentially small
and R-linear for some commutative indecomposable Noetherian ring
R. Moreover, HomH(a, b) is a finitely generated flat R-module for any
two objects a, b ∈ H;

(A2) For every residue field κ(p), with p ∈ Spec(R), there exists a symmet-
ric monoidal triangulated category (Tκ(p),⊗,1) equipped with a weight
structure wκ(p) and with a weight-exact symmetric monoidal functor
ικ(p) : T → Tκ(p). Moreover, the functor ικ(p) induces an equivalence
of categories between the Karoubization of H⊗R κ(p) and Hκ(p).

Under assumptions (A1)-(A2), if the categories Tκ(p) have the wκ(p)-Picard
property, then the category T has the w-Picard property.

Remark 1.3. (i) At assumption (A1) we can consider more generally the
case where R is possibly decomposable; consult Remark 5.3(i).

(ii) As it will become clear from the proof of Theorem 1.2, at assumption
(A2) it suffices to consider the residue fields κ(m) associated to the
maximal and minimal prime ideals of R; consult Remark 5.3(ii).

Due to their generality and simplicity, we believe that Theorems 1.1-1.2 will
soon be part of the toolkit of every mathematician interested in Picard groups
of triangulated categories. In the next section, we illustrate the usefulness of
these results by computing the Picard group of several important categories of
motivic nature; consult also §2.6 for a topological application.
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2. Applications

Let k be a base field, which we assume perfect, and R a commutative ring of co-
efficients, which we assume indecomposable and Noetherian. Voevodsky’s cate-
gory of geometric mixed motives DMgm(k;R) (see [14, 24]), Morel-Voevodsky’s
stable A1-homotopy category SH(k) (see [26, 28, 40]), and Kontsevich’s cate-
gory of noncommutative mixed motives KMM(k;R) (see [19, 20, 21, 34]), play
nowadays a central role in the motivic realm. A major challenge, which seems
completely out of reach at the present time, is the computation of the Picard
group of these symmetric monoidal triangulated categories2. In what follows,
making use of Theorems 1.1-1.2, we achieve this goal in the case of certain im-
portant subcategories.

2.1. Mixed Artin motives. The category of mixed Artin motives DMA(k;R)
is defined as the thick triangulated subcategory of DMgm(k;R) generated by
the motives M(X)R of zero-dimensional smooth k-schemes X . The smallest
additive, Karoubian, full subcategory of DMA(k;R) containing the objects
M(X)R identifies with the (classical) category of Artin motives AM(k;R).

Theorem 2.1. When the degrees of the finite separable field extensions of k
are invertible in R, we have Pic(DMA(k;R)) ≃ Pic(AM(k;R))× Z.

Example 2.2. Theorem 2.1 holds, in particular, in the following cases:

(i) The field k is arbitrary and R is a Q-algebra;
(ii) The field k is formally real (e.g. k = R) and 1/2 ∈ R;

(iii) Let p be a (fixed) prime number, l a perfect field, and H a Sylow

pro-p-subgroup of Gal(l/l). Theorem 2.1 also holds with k := l
H

and
1/p ∈ R.

Whenever R is a field, the R-linearized Galois-Grothendieck correspondence
induces a symmetric monoidal equivalence of categories between AM(k;R)
and the category RepR(Γ) of continuous finite dimensional R-linear represen-
tations of the absolute Galois group Γ := Gal(k/k). Since the ⊗-invertible
objects of RepR(Γ) are the 1-dimensional Γ-representations, Pic(AM(k;R)) ≃
Pic(RepR(Γ)) identifies with the group of continuous characters from Γab to
R×. In the particular case where k = Q, the profinite group Γab agrees with

Ẑ×. Consequently, all the elements of RepR(Γ) can be represented by Dirichlet
characters. Moreover, in the cases where char(k) 6= 2 and R = Q, we have the
following computation

k×/(k×)2
≃−→ Pic(RepQ(Γ)) λ 7→ (Γ ։ Gal(k(

√
λ)/k)

σ 7→−1−→ Q×) ,

where σ stands for the generator of the Galois group Gal(k(
√
λ)/k) ≃ Z/2Z;

see Peter [30, pages 340-341]. A similar computation holds in characteristic 2
with k×/(k×)2 replaced by k/{λ+ λ2 |λ ∈ k}.

2Consult Bachmann [4], resp. Hu [17], for the construction of ⊗-invertible objects in the
motivic category DMgm(k;Z/2Z), resp. SH(k), associated to quadrics.
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Now, let A(k;R) be an additive, Karoubian, symmetric monoidal, full sub-
category of AM(k;R), and DA(k;R) the thick triangulated subcategory of
DMA(k;R) generated by the motives associated to the objects of A(k;R). Un-
der these notations, Theorem 2.1 admits the following generalization:

Theorem 2.3. Assume that there exists a set of finite separable field extensions
li/k, i ∈ I, such that the following two conditions hold:

(B1) Every object of the category A(k;R) is isomorphic to a summand of
a finite direct sum of the motives associated to the field extensions
li/k, i ∈ I;

(B2) For each i ∈ I, the degree of the finite field extension li/k is invertible
in R.

Under assumptions (B1)-(B2), we have Pic(DA(k;R)) ≃ Pic(A(k;R))× Z.

Example 2.4 (Mixed Dirichlet motives). Let R be a field. Following Wildeshaus
[41, Def. 3.4], a Dirichlet motive is an Artin motive for which the corresponding
Γ-representation factors through an abelian (finite) quotient. Take A(k;R) to
be the category of Dirichlet motives. In this case, the associated symmetric
monoidal triangulated category DA(k;R) is called the category of mixed Dirich-
let motives. Since the ⊗-invertible objects of RepR(Γ) are the 1-dimensional
representations, and all these representations factor through an abelian (finite)
quotient, the inclusion of categoriesA(k;R) ⊂ AM(k;R) yields an isomorphism
Pic(A(k;R)) ≃ Pic(AM(k;R)). Consequently, in the case where R is of char-
acteristic zero, Theorem 2.3 implies that Pic(DA(k;R)) ≃ Pic(AM(k;R))×Z.
Intuitively speaking, the difference between (mixed) Dirichlet motives and
(mixed) Artin motives is not detected by the Picard group.

2.2. Mixed Artin-Tate motives. The category DMAT(k;R) of mixed
Artin-Tate motives is defined as the thick symmetric monoidal triangulated sub-
category of DMgm(k;R) generated by the motives M(X)R of zero-dimensional
smooth k-schemes X and by the Tate motives R(m),m ∈ Z.

Theorem 2.5. When the degrees of the finite separable field extensions of k
are invertible in R, we have DMAT(k;R) ≃ Pic(AM(k;R))× Z× Z.

Now, let A(k;R) be an additive, Karoubian, symmetric monoidal, full subcat-
egory of AM(k;R), and DAT(k;R) the thick symmetric monoidal triangulated
subcategory of DMAT(k;R) generated by the motives associated to the ob-
jects of A(k;R) and by the Tate motives R(m),m ∈ Z. Theorem 2.5 admits
the following generalization:

Theorem 2.6. Assume that there exists a set of field extensions li/k, i ∈ I,
as in Theorem 2.3. Under these assumptions, we have Pic(DAT(k;R)) ≃
Pic(A(k;R))× Z× Z.

Example 2.7 (Mixed Tate motives). Take A(k;R) to be the smallest additive,
Karoubian, full subcategory of AM(k;R) containing the ⊗-unit. In this case,
the associated symmetric monoidal triangulated category DAT(k;R) is called
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the category of mixed Tate motives. Since A(k;R) identifies with the category
of finitely generated projective R-modules3, we conclude from Theorem 2.6 that
the Picard group of DAT(k;R) is isomorphic to Pic(R)×Z×Z. Note that we
are not imposing the invertibility of any integer in R.

Example 2.8 (Mixed Dirichlet-Tate motives). Take A(k;R) to be the cate-
gory of Dirichlet motives. In this case, the associated symmetric monoidal
triangulated category DAT(k;R) is called the category of mixed Dirichlet-
Tate motives. Recall from Example 2.4 that the Picard group of A(k;R)
is isomorphic to the Picard group of AM(k;R). Consequently, in the case
where R is of characteristic zero, Theorem 2.6 implies that Pic(DAT(k;R)) ≃
Pic(AM(k;R))× Z× Z.

2.3. Motivic spectra. The bootstrap category Boot(k) is defined as the thick
triangulated subcategory of SH(k) generated by the⊗-unit Σ∞(Spec(k)+). The
former category contains a lot of information. For example, as proved by Levine
in [22, Thm. 1], whenever k is algebraically closed and of characteristic zero,
the category Boot(k) identifies with the homotopy category of finite spectra
SHc. In particular, we have non-trivial negative Ext-groups

HomBoot(k)(Σ
∞(Spec(k)+),Σ∞(Spec(k)+)[−n]) ≃ πn(S) n > 0 ,(2.9)

where S stands for the sphere spectrum. Moreover, as proved by Morel in [25,
Thm. 6.2.2], whenever k is of characteristic 6= 2, we have a ring isomorphism

(2.10) EndBoot(k)(Σ
∞(Spec(k)+)) ≃ GW (k) ,

where GW (k) stands for the Grothendieck-Witt ring of k.

Theorem 2.11. Assume that char(k) 6= 2 and that GW (k) is Noetherian.
Under these assumptions, we have Pic(Boot(k)) ≃ Pic(GW (k)) × Z.

Remark 2.12. The ring GW (k) is Noetherian if and only if k×/(k×)2 is finite.

Example 2.13. Theorem 2.11 holds, in particular, in the following cases:

(i) The field k is quadratically closed (e.g. k is algebraically closed or the
field of constructible numbers). In this case, we have GW (k) ≃ Z;

(ii) The field k is the field of real numbers R. In this case, we have
GW (R) ≃ Z[C2], where C2 stands for the cyclic group of order 2;

(iii) The field k is the finite field Fq with q odd. In this case, k×/(k×)2 = C2.

Intuitively speaking, Theorem 2.11 shows that none of the motivic spectra
which are built using the non-trivial Ext-groups (2.9) is ⊗-invertible!

3Recall that the Picard group Pic(R) of a Dedekind domain R is its ideal class group
C(R).
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2.4. Noncommutative mixed Artin motives. The category of noncommu-
tative mixed Artin motives NMAM(k;R) is defined as the thick triangulated
subcategory of KMM(k;R) generated by the noncommutative motives U(l)R
of finite separable field extensions l/k. The smallest additive, Karoubian,
full subcategory of NMAM(k;R) containing the objects U(l)R identifies with
AM(k;R).
The category of noncommutative mixed Artin motives is in general much richer
than the category of mixed Artin motives. For example, whenever R is a
Q-algebra, DMA(k;R) identifies with the category GrZAM(k;R) of Z-graded
objects in AM(k;R); see [39, page 217]. This implies that DMA(k;R) has
trivial higher Ext-groups. On the other hand, given any two finite separable
field extensions l1/k and l2/k, we have non-trivial negative Ext-groups (see [33,
§4])

HomNMAM(k;R)(U(l1)R, U(l2)R[−n]) ≃ Kn(l1 ⊗k l2)R n > 0 ,(2.14)

where Kn(l1 ⊗k l2) stands for the nth algebraic K-theory group of l1 ⊗k l2.
Roughly speaking, NMAM(k;R) contains not only AM(k;R) but also all the
higher algebraic K-theory groups of finite separable field extensions. For exam-
ple, given a number field F, we have the following computation (due to Borel
[12, §12])

HomNMAM(Q;Q)(U(Q)Q, U(F)Q[−n]) ≃





Qr2 n ≡ 3 (mod 4)
Qr1+r2 n ≡ 1 (mod 4)
0 otherwise

n ≥ 2 ,

where r1 (resp. r2) stands for the number of real (resp. complex) embeddings
of F.

Theorem 2.15. When the degrees of the finite separable field extensions of k
are invertible in R, we have Pic(NMAM(k;R)) ≃ Pic(AM(k;R))× Z.

Example 2.16. Theorem 2.15 holds in the cases (i)-(iii) of Example 2.2.

Theorem 2.15 shows that although the category NMAM(k;R) is much richer
than DMA(k;R), this richness is not detected by the Picard group.
Now, let A(k;R) be an additive, Karoubian, symmetric monoidal, full sub-
category of AM(k;R), and NMA(k;R) the thick triangulated subcategory of
NMAM(k;R) generated by the noncommutative motives associated to the ob-
jects of A(k;R). Theorem 2.15 admits the following generalization:

Theorem 2.17. Assume that there exists a set of field extensions li/k,∈ I,
as in Theorem 2.3. Under these assumptions, we have Pic(NMA(k;R)) ≃
Pic(A(k;R))× Z.

Example 2.18 (Noncommutative mixed Dirichlet motives). Take A(k;R) to
be the category of Dirichlet motives. In this case, the associated symmetric
monoidal triangulated category NMA(k;R) is called the category of noncom-
mutative mixed Dirichlet motives. Recall from Example 2.4 that the Picard
group of A(k;R) is isomorphic to Pic(AM(k;R)). Consequently, in the case
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where R is of characteristic zero, Theorem 2.15 implies that Pic(NMA(k;R)) ≃
Pic(AM(k;R))× Z. Roughly speaking, the difference between mixed Dirichlet
motives and noncommutative mixed Dirichlet motives is not detected by the Pi-
card group.

Example 2.19 (Bootstrap category). Take A(k;R) to be the smallest addi-
tive, Karoubian, full subcategory of AM(k;R) containing the ⊗-unit. In this
case, the associated symmetric monoidal triangulated category NMA(k;R) is
called the bootstrap category. Since A(k;R) identifies with the category of
finitely generated projective R-modules, we conclude from Theorem 2.17 that
Pic(NMA(k;R)) ≃ Pic(R)×Z. Similarly to Example 2.7, we are not imposing
the invertibility of any integer in R.

2.5. Noncommutative mixed motives of central simple algebras.
Let us denote by NMCSA(k;R) the thick triangulated subcategory of
KMM(k;R) generated by the noncommutative motives U(A)R of central sim-
ple k-algebras A. In the same vein, let CSA(k;R) be the smallest additive,
Karoubian, full subcategory of NMCSA(k;R) containing the objects U(A)R.
As proved in [35, Thm. 9.1], given any two central simple k-algebras A and B,
we have the following equivalence

(2.20) U(A)Z ≃ U(B)Z ⇔ [A] = [B] ∈ Br(k) ,

where Br(k) stands for the Brauer group of k. Intuitively speaking, (2.20)
shows that the noncommutative motive U(A)Z and the Brauer class [A] contain
exactly the same information. We have moreover non-trivial negative Ext-
groups:

HomNMCSA(k;Z)(U(A)Z, U(B)Z[−n]) ≃ πn(K(Aop ⊗k B) ∧HZ) n > 0 ,(2.21)

where HZ stands for the Eilenberg-MacLane spectrum of Z. Roughly speak-
ing, the category NMCSA(k;Z) contains information not only about the Brauer
group but also about all the higher algebraic K-theory of central simple alge-
bras.

Theorem 2.22. The following holds:

(i) We have an isomorphism Pic(NMCSA(k;R)) ≃ Pic(CSA(k;R))× Z;
(ii) We have an isomorphism Pic(CSA(k;Z)) ≃ Br(k).

Remark 2.23. Let R be a field. As explained in Remark 10.6, the Picard group
of the category Pic(CSA(k;R)) is trivial when char(R) = 0 and isomorphic to
Br(k){p} when char(R) = p > 0.

Intuitively speaking, Theorem 2.22 shows that none of the noncommutative
mixed motives which are built using the non-trivial negative Ext-groups (2.21)
is ⊗-invertible!

2.6. A topological application. Let E be a commutative symmetric ring
spectrum and Dc(E) the associated derived category of compact E-modules;
see [15, 31].

Documenta Mathematica 22 (2017) 45–66



52 Mikhail Bondarko and Gonçalo Tabuada

Theorem 2.24. Assume that the ring spectrum E is connective, i.e. πn(E) = 0
for every n < 0, and that π0(E) is an indecomposable Noetherian ring. Under
these assumptions, we have Pic(Dc(E)) ≃ Pic(π0(E)) × Z.

Example 2.25 (Finite spectra). Let E be the sphere spectrum S. In this case,
the category Dc(S) is equivalent to the homotopy category of finite spectra SHc
and π0(S) ≃ Z. Consequently, we obtain Pic(SHc) ≃ Z. This computation was
originally established by Hopkins-Mahowald-Sadofsky in [16] using different
tools. Note that this computation may be understood as a particular case of
Theorem 2.11.

Example 2.26 (Ordinary rings). Let E be the Eilenberg-MacLane spectrumHR
of a commutative indecomposable Noetherian ring R. In this case, Dc(HR) ≃
Dc(R) and π0(HR) ≃ R. Consequently, we obtain Pic(Dc(R)) ≃ Pic(R) × Z;
consult Remark 5.3(i) for the case where R is decomposable. This computation
was originally established in [13]. Although Fausk did not use weight struc-
tures, one observes that by applying our arguments (see §5) to the triangulated
category Dc(R), equipped with the weight structure whose heart consists of
the finitely generated projective R-modules, one obtains a reasoning somewhat
similar to his one.

3. Weight structures

In this section we briefly review the theory of weight structures. This will
give us the opportunity to fix some notations that will be used throughout the
article.

Definition 3.1. (see [7, Def. 1.1.1]) A weight structure w on a triangulated
category T , also known as a co-t-structure in the sense of Pauksztello [29], con-
sists of a pair of additive subcategories (T w≥0, T w≤0) satisfying the following
conditions4:

(i) The categories T w≥0 and T w≤0 are closed under taking summands in
T ;

(ii) We have inclusions of categories T w≥0 ⊂ T w≥0[1] and T w≤0[1] ⊂
T w≤0;

(iii) For every a ∈ T w≥0 and b ∈ T w≤0[1], we have HomT (a, b) = 0;
(iv) For every a ∈ T there exists a distinguished triangle c[−1]→ a→ b→ c

in T with b ∈ T w≤0 and c ∈ T w≥0.

Given an integer n ∈ Z, let T w≥n := T w≥0[−n], T w≤n := T w≤0[−n], and
T w=n := T w≥n ∩ T w≤n. The objects belonging to ∪n∈ZT w=n are called w-
pure and the additive subcategory H := T w=0 is called the heart of the weight
structure. Finally, a weight structure w is called bounded if T = ∪n∈ZT w≥n =
∪n∈ZT w≤n.

Assumption: Let (T ,⊗,1) be a symmetric monoidal triangulated category

4Following [7], we will use the so-called cohomological convention for weight structures.
This differs from the homological convention used in [8, 10, 11, 41].
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equipped with a weight structure w. Throughout the article, we will always
assume that the symmetric monoidal structure is w-pure in the sense that the
tensor product −⊗− (as well as the ⊗-unit 1) restricts to the heart H.

Remark 3.2 (Self-duality). The notion of weight structure is (categorically) self-
dual. Given a triangulated category T equipped with a weight structure w, the
opposite triangulated category T op inherits the opposite weight structure wop

with (T op)w
op≤0 := T w≥0 and (T op)w

op≥0 := T w≤0.

Definition 3.3. An exact functor F : T → T ′ between triangulated categories
equipped with weight structures w and w′, respectively, is called weight-exact
if F (T w≤0) ⊆ T ′w′≤0 and F (T w≥0) ⊆ T ′w′≥0.

Remark 3.4. Whenever the weight structure w is bounded, an exact func-
tor F : T → T ′ is weight-exact if and only if F (T w=0) ⊆ T w′=0; see [10,
Prop. 1.2.3(5)].

3.1. Weight complexes. Let T be a triangulated category equipped with a
weight structure w. Following [7, Def. 2.2.1] (see also [8, §2.2]), we can assign to
every object a ∈ T a certain (cochain) weight H-complex t(a) : · · · → am−1 →
am → am+1 → · · · . For example, if a ∈ T w=0, then we can take for t(a) the
complex · · · → 0 → a → 0 → · · · supported in degree 0. As explained in loc.
cit., the assignment a 7→ t(a) is well-defined only up to homotopy equivalence.
Nevertheless, we will use the notation ap for the pth term of some choice of a
weight H-complex t(a). This is justified by the next result:

Proposition 3.5. (see [10, Prop. 1.4.2(6)-(7)])

(i) Let F : T → T ′ be a weight-exact functor as in Definition 3.3. If t(a)
is a weight H-complex for a, then F (t(a)) is a weight H′-complex for
F (a);

(ii) Given an additive functor G : H → A, with values in an abelian cate-
gory, the assignment a 7→ H0(G(t(a))) yields a well-defined (i.e. inde-
pendent of the choice of t(a)) homological functor5 H0 : T → A. More-
over, the assignment G 7→ H0 is natural in the functor G.

We denote by Hn the precomposition of H0 with the nth suspension functor
of T .

Remark 3.6. Note that if a ∈ T w=m, then Hn(a) = 0 for every n 6= m.

Remark 3.7. Following the referee’s suggestion, we recall here in an informal
way the construction of weight complexes. Let T be a triangulated category
equipped with a weight structure w. Given a ∈ T and m ∈ Z, the axiom (iv)
of Definition 3.1 implies the existence of a distinguished triangle bm → a →
cm → bm[1] with bm ∈ T w≥m and cm ∈ T w≤m−1. These triangles are not
determined (up to isomorphism) by the couple (a,m). Nevertheless, given a
morphism g : a → a′ and an integer m′ ≤ m, we can extend g to a morphism

5The homological functors obtained this way are called pure due to their relation with
Deligne’s theory of weights on cohomology; see [8, Rk. 2.4.5(5)].
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between the corresponding triangles; this extension is unique wheneverm′ < m.
This fact, applied to a fixed object a and to all integers m, yields connecting
morphisms ∂m : bm+1 → bm. If one shifts the cone of ∂m by [m], we then
obtain a sequence of objects am in T w=0. Moreover, the corresponding triangles
give rise to connecting morphisms which yield a weight complex for a. The
above considerations show that weight complexes are naturally “respected” by
weight-exact functors. This naturality easily carries over to the pure functors
considered in the above Proposition 3.5(ii). However, these pure functors do
not depend on any choices up to canonical isomorphisms.

3.2. Karoubization. Given a category C, let us write Kar(C) for its
Karoubization. Recall that the objects of Kar(C) are the pairs (a, e), with a ∈ C
and e an idempotent of the ring of endomorphisms EndC(a, a). The morphisms
are given by HomKar(C)((a, e), (b, e′)) := e ◦ HomC(a, b) ◦ e′. By construction,
Kar(C) comes equipped with the canonical functor C → Kar(C), a 7→ (a, id).
Whenever C is symmetric monoidal, resp. triangulated, the category Kar(C) is
also symmetric monoidal, resp. triangulated; see [6, Thm. 1.5]. Moreover, the
canonical functor C → Kar(C) becomes symmetric monoidal, resp. exact.
The following result relates Karoubian categories to bounded weight structures.

Proposition 3.8. Let T be a Karoubian triangulated category. Assume that
there exists a full additive subcategory H′ ⊂ T that generates6 T and which is
negative in T in the sense that there are no T -extensions of positive degrees
between objects of H′. Under these assumptions, there exists a unique bounded
weight structure w on T such that its heart H contains H′. Moreover, H is
equivalent to Kar(H′).
Proof. The proof is an immediate consequence of [7, Thm. 4.3.2 II and
Prop. 5.2.2]; consult also [11, Cor. 2.1.2] for the generalization of this statement
to the case where T is not necessarily Karoubian. �

4. Proof of Theorem 1.1

We start with the following auxiliary result:

Proposition 4.1. A symmetric monoidal triangulated category (T ,⊗,1),
equipped with a weight structure w, has the w-Picard property (see §1) if and
only if all its ⊗-invertible objects are w-pure.

Proof. Let (a, n), (b,m) ∈ Pic(H)×Z. On the one hand, when n = m, we have
a[n] ≃ b[m] in T if and only if a ≃ b in H. This follows from the fact that the
suspension functor is an auto-equivalence of T . On the other hand, when n 6=
m, we have a[n] 6≃ b[m] in T . This follows from the fact that HomT (a[n], b[m]),
resp. HomT (b[m], a[n]), is zero whenever m < n, resp. n < m; see Definition
3.1(iii). This implies that the canonical group homomorphism

Pic(H)× Z −→ Pic(T ) (a, n) 7→ a[n](4.2)

6
i.e. the smallest thick triangulated subcategory of T containing H′ is T itself.
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is injective. Consequently, we conclude that the category T has the w-Picard
property if and only if (4.2) is surjective. In other words, T has the w-Picard
property if and only if all its ⊗-invertible objects are w-pure. �

Remark 4.3. Let (T ,⊗,1) be a symmetric monoidal triangulated category
equipped with a weight structure w. The arguments used in the proof of
Proposition 4.1 allow us to conclude that if by hypothesis a[n] ⊗ b[m] ≃ 1 for
certain objects a, b ∈ H and integers n,m ∈ Z, then n = −m and a is the
⊗-inverse of b.

Let us now prove Theorem 1.1. Let b ∈ T be a (fixed) ⊗-invertible object.
Thanks to Proposition 4.1, it suffices to prove that b is w-pure. By assump-
tion, there exists a full, additive, conservative, symmetric monoidal functor
G : H → A into a symmetric monoidal semi-simple abelian category which is
moreover local. Proposition 3.5(ii) applied to this functor G yields well-defined
homological functors Hn : T → A, n ∈ Z.
Consider the homological functor T → A, a 7→ H0(a⊗ b). Since by assumption
the weight structure w is bounded, [7, Thm. 2.3.2] applied to the preceding
homological functor yields a convergent Künneth spectral sequence

(4.4) Epq1 = Hq(a
p ⊗ b)⇒ Hp+q(a⊗ b) .

The object ap belongs to the heart H and the functor ap ⊗ − : T → T is
weight-exact in the sense of Definition 3.3. Using the fact that t(b) is a weight
H-complex for b, we conclude from Proposition 3.5(i) that ap⊗ t(b) is a weight
H-complex for ap ⊗ b. Therefore, the complex computing H∗(ap ⊗ b) can be
obtained from the complex computing H∗(b) by tensoring with G(ap) (recall
that G is symmetric monoidal). Since the category A is semi-simple, it follows
then that Hq(a

p⊗b) ≃ G(ap)⊗Hq(b). Furthermore, the functoriality of the as-
signment G 7→ H0 mentioned in Proposition 3.5(ii) implies that the differential

Epq1 → E
(p+1)q
1 equals the corresponding morphism induced by the boundary

ap → ap+1 (tensored with b). Making use once again of the semi-simplicity of
A, we conclude that Epq2 ≃ Hp(a) ⊗ Hq(b). Recall from [7, Thm. 2.3.2] that,
in contrast with the E1-terms, the E2-terms are essentially independent of the
choice of (the terms of) the weight complex t(a). Let us denote by ma, resp.
m′a, the smallest, resp. largest, integer such that Hn(a) = 0 for every n < ma,
resp. n > m′a; the existence of such integers follows from the fact that the
weight structure w is bounded. Similarly, let mb, resp. m′b, be the smallest,
resp. largest, integer such that Hn(b) = 0 for every n < mb, resp. n > m′b.
Since by assumption the category A is local, we have Hma(a)⊗Hmb(b) 6= 0 and
Hm′

a
(a) ⊗ Hm′

b
(b) 6= 0. Using the second page of the spectral sequence (4.4),

we conclude that

Hma+mb(a⊗ b) 6= 0 and Hm′
a+m

′
b
(a⊗ b) 6= 0 .(4.5)

Now, recall that b is a ⊗-invertible object. Therefore, by definition, we have
a⊗b ≃ 1 for some (⊗-invertible) object a ∈ T . Since Hn(a⊗b) ≃ Hn(1) = 0 for
every n 6= 0, we conclude from (4.5) that mb = m′b, ma = m′a, and ma = −mb.
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Thanks to Proposition 4.6 below, this implies that b ∈ T w=mb . In particular,
the object b is w-pure, and so the proof is finished.

Proposition 4.6. (Conservativity I) Let T be a triangulated category equipped
with a bounded weight structure w. Assume that there exists a full, additive,
conservative functor G : H → A from the heart of w into a semi-simple abelian
category. Under this assumption, an object b ∈ T belongs to T w=m if and only
if Hn(b) = 0 for every n 6= m.

Proof. Consult [8, Cor. 2.3.5]. �

Remark 4.7 (Künneth spectral sequence). (i) Let (T ,⊗,1) be a symmet-
ric monoidal triangulated equipped with a bounded weight structure w, and
G : H → A a symmetric monoidal additive functor. Consider the associated
homological functors Hn : T → A, n ∈ Z. The arguments used in the proof
of Theorem 1.1 allow us to conclude that there exists a convergent Künneth
spectral sequence

Epq1 = Hq(a
p ⊗ b)⇒ Hp+q(a⊗ b) .

Assume that the (abelian) category A is moreover semi-simple and local. Then,
given any ⊗-invertible object b ∈ T , there exists an integer mb such that
Hn(b) = 0 for every n 6= mb and Hmb(b) ∈ A is ⊗-invertible.
(ii) Given non-zero objects a and b as in item (i), Proposition 4.6 yields the
existence of integers ma and mb satisfying the conditions described in the proof
of Theorem 1.1. This implies that Hma+mb(a⊗ b) 6= 0, and consequently that
a ⊗ b 6= 0. In particular, T is local in the sense of [5, §4]; consult Proposition
4.2 from loc. cit.

5. Proof of Theorem 1.2

Let b ∈ T be a ⊗-invertible object. Thanks to Proposition 4.1, it suffices
to prove that b is w-pure. Since the functors ικ(p) : T → Tκ(p) are symmet-
ric monoidal, and by assumption the categories Tκ(p) have the wκ(p)-Picard
property, the objects ικ(p)(b) are wκ(p)-pure. Concretely, ικ(p)(b) belongs to

T w=mκ(p)

κ(p) for some integer mκ(p) ∈ Z. Our goal is to prove that all the integers

mκ(p), with p ∈ Spec(R), are equal and that the object b belongs to T w=mk(p) .
We start by addressing the first goal. Since by assumption the commutative
ring R is indecomposable, its spectrum Spec(R) is connected. Hence, it suffices
to verify that mκ(p) = mκ(P) for every p ∈ Spec(R) belonging to the closure
of a prime ideal P ∈ Spec(R); in the particular case where R is moreover an
integral domain we can simply take P = {0}. Note that the assumptions of
Theorem 1.2, as well as the definition of the integers mκ(p) and mκ(P), are
(categorically) self-dual; see Remark 3.2. Therefore, it is enough to verify the
inequalities mκ(p) ≥ mκ(P).

Given an R-algebra S, consider the abelian category PShvS(H) of R-linear
functors from Hop to the category of S-modules. Note that the Yoneda functor

H −→ PShvS(H) a 7→ (c 7→ HomH(c, a)⊗R S)(5.1)
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induces a fully faithful embedding of H ⊗R S into the full subcategory of
PShvS(H) consisting of projective objects; see [24, Lem. 8.1]. Note also
that every R-algebra homomorphism S → S′ gives rise to a functor − ⊗S
S′ : PShvS(H) → PShvS

′

(H). Since PShvS(H) is abelian, Proposition 3.5(ii)
yields a homological functor

HS
0 : T −→ PShvS(H) a 7→

(
c 7→ H0(HomH(c, t(a))⊗R S)

)
.

Recall from assumption (A2) that the functor ικ(p) induces a ⊗-equivalence of

categories Kar(H ⊗R κ(p)) ≃ Hκ(p). This implies that H
κ(p)
0 factors through

ικ(p). Consequently, thanks to Remark 3.6, we have H
κ(p)
n (b) = 0 for every

n 6= mκ(p).
Let us denote by Q the localization of R/P at the prime ideal p. Note that
Q is a local Noetherian integral domain with fraction field κ(P). Recall from
assumption (A1) that the commutative ring R is Noetherian and that the R-
modules of morphisms of the heartH are finitely generated and flat. Thanks to

the universal coefficients theorem, this implies that HQ
l (b)⊗Q κ(p) = H

κ(p)
l (b),

with l being the largest integer such that HQ
l (b) 6= 0. Consequently, by apply-

ing the Nakayama lemma to the local ring Q and to the (objectwise) finitely

generated Q-module HQ
l (b), we conclude that H

κ(p)
l (b) 6= 0. Hence, the equality

mκ(p) = l holds. Now, since κ(P) is a flat Q-module, the universal coefficients

theorem yields that H
κ(P)
n (b) = 0 for every n > l. This allows us to conclude

that l = mk(p) ≥ mk(P).
Let us now address the second goal, i.e. prove that b ∈ T w=m with m := mk(p).
Making use of Remark 3.2 once again, we observe that it suffices to prove
that b ∈ T w≤m. Thanks to Proposition 5.2 below, it is enough to verify that
HR
n (b) = 0 for every n > m. Let us denote by l the largest integer such that

HR
l (b) 6= 0. An argument similar to the one used in the preceding paragraph,

implies that HR
l (b)⊗Rκ(p) = H

κ(p)
l (b) for every p ∈ Spec(R). Since H

κ(p)
n (b) = 0

for all n > m and p ∈ Spec(R), we then conclude that HR
n (b) = 0 for every

n > m. This finishes the proof.

Proposition 5.2 (Conservativity II). Let T be a triangulated cate-
gory equipped with a bounded weight structure w whose heart H is R-linear and
small. Consider the associated homological functors HR

n : T → PShvR(H), n ∈
Z. Under these assumptions, an object b ∈ T belongs to T w≤m if and only if
HR
n (b) = 0 for every n > m.

Proof. Combine [8, Prop. 2.3.4] with [8, Rk. 2.3.6(2)]. �

Remark 5.3. (i) Suppose that in Theorem 1.2 the commutative ring R is
of the form Πr

j=1Rj , with Rj an indecomposable Noetherian ring. In
this case, the corresponding idempotents ej ∈ R give naturally rise to
categorical decompositions T ≃ Πr

j=1Tj andH ≃ Πr
j=1Hj . By applying

Theorem 1.2 to each one of the categories Tj , we conclude that

Pic(T ) ≃ Πr
j=1Pic(Tj) ≃ Πr

j=1(Pic(Hj)× Z) ≃ Pic(H)× Zr
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whenever all the triangulated categories Tj are non-zero;
(ii) At assumption (A2) of Theorem 1.2, instead of working with all prime

ideals p ∈ Spec(R), note that it suffices to consider any connected sub-
set of Spec(R) that contains all maximal ideals of R. For example, in
the particular case where R is local, it suffices to consider the (unique)
closed point p0 of Spec(R).

6. Proof of Theorem 2.3

Recall from [24, Part 4 and Lecture 20][39] the construction of the symmetric
monoidal triangulated category DMgm(k;R). Given any two zero-dimensional
smooth k-schemes X and Y , we have trivial positive Ext-groups:

HomDMA(k;R)(M(X)R,M(Y )R[n]) = 0 n > 0 .

This implies that the subcategory AM(k;R) ⊂ DMA(k;R) is negative in the
sense of Proposition 3.8. Consequently, the subcategory A(k;R) ⊂ DA(k;R)
is also negative. Making use of Proposition 3.8, we then conclude that the
DA(k;R) carries a bounded weight structure wR with heart A(k;R).
Let us now show that the category DA(k;R) has the wR-Picard property;
note that this automatically concludes the proof. By construction, A(k;R) is
essentially small. Moreover, we have natural isomorphisms

HomDA(k;R)(M(X)R,M(Y )R) ≃ CH0(X × Y )R .

Since the R-modules CH0(X×Y )R are free, assumptions (A1) of Theorem 1.2
are verified. In what concerns assumptions (A2), take for Tκ(p) the category
DA(k;κ(p)) and for ικ(p) the functor − ⊗R κ(p) : DA(k;R) → DA(k;κ(p)).
By construction, the latter functor is weight-exact (see Remark 3.4), symmet-
ric monoidal, and induces an equivalence of symmetric monoidal categories
between Kar(A(k;R) ⊗R κ(p)) and A(k;κ(p)). This shows that assumptions
(A2) are also verified.
Let us now prove that the categories DA(k;κ(p)) have the wκ(p)-Picard prop-
erty; thanks to Theorem 1.2 this implies that DA(k;R) has the wR-Picard
property. In order to do so, we will make use of Theorem 1.1. Concretely, we
will prove that the categories A(k;κ(p)) are abelian semi-simple and local. Let
us write L for the composite of the finite separable field extensions li/k, i ∈ I,
inside k, G for the profinite Galois group Gal(L/k), and Gi for the finite Galois
group Gal(li/k). Thanks to assumption (B1), there is a ⊗-equivalence between
A(k;κ(p)) and the category of finite dimensional κ(p)-linear continuous G-
representations Repκ(p)(G). Consequently, since G ≃ limi∈IGi, we conclude

that A(k;κ(p)) ≃ colimi∈IRepκ(p)(Gi). Now, since the group Gi is finite, the

category Repκ(p)(Gi) may be identified with the category of finitely generated

(right) κ(p)[Gi]-modules. Thanks to assumption (B2), the degree of the field
extension li/k is invertible in R and hence in κ(p). The (classical) Maschke the-
orem then implies that the category Repκ(p)(Gi) is abelian semi-simple. Note
that this category is moreover local since the tensor product is defined on the
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underlying κ(p)-vector spaces. The proof follows now automatically from the
above description of the categories A(k;κ(p)).

7. Proof of Theorem 2.6

Let us denote by AT(k;R) the smallest additive, Karoubian, full subcategory
of DAT(k;R) containing the objects M(X)R(m)[2m], with M(X)R ∈ A and
m ∈ Z. Under these notations, we have trivial positive Ext-groups:

HomDAT(k;R)(M(X)R(m)[2m],M(Y )R(m′)[2m′][n]) = 0 n > 0 .

This implies that the subcategory AT(k;R) ⊂ DAT(k;R) is negative in the
sense of Proposition 3.8. The motives of the zero-dimensional smooth k-
schemes, as well as the Tate motives, are stable under tensor product. There-
fore, AT(k;R) generates7 the triangulated category DAT(k;R). Making use of
Proposition 3.8 once again, we then conclude that DAT(k;R) carries a bounded
weight structure wR with heart AT(k;R). Thanks to the equivalence of cate-
gories

GrZA(k;R)
≃−→ AT(k;R) {M(Xm)}m∈Z 7→

⊕

m∈Z
M(Xm)(m)[2m] ,

an argument similar to the one of the proof of Theorem 2.3 implies that
the category DAT(k;R) has the wR-Picard property. Consequently, we have
Pic(DAT(k;R)) ≃ Pic(AT(k;R))×Z. The proof follows now from the natural
isomorphisms

Pic(AT(k;R)) ≃ Pic(GrZA(k;R)) ≃ Pic(A(k;R)) × Z .

8. Proof of Theorem 2.11

Recall from Ayoub [2, §4][3, §2.1.1] the construction of the symmetric monoidal
triangulated category DA(k;Z) (with respect to the Nisnevich topology);
in what follows, we write Boot(k;Z) for the thick triangulated subcategory
generated by the ⊗-unit Σ∞(Spec(k)+)Z. By construction, we have an ex-
act symmetric monoidal functor (−)Z : SH(k) → DA(k;Z) which restricts to
the bootstrap categories. Let P(k), resp. P(k;Z), be the smallest additive,
Karoubian, full subcategory of Boot(k), resp. Boot(k;Z), containing the ⊗-
unit Σ∞(Spec(k)+), resp. Σ∞(Spec(k)+)Z. We have trivial positive Ext-groups
(see [40, Thm. 4.14]):

HomBoot(k)(Σ
∞(Spec(k)+),Σ∞(Spec(k)+)[n]) = 0 n > 0 ;

similarly for Boot(k;Z). This implies that the subcategory P(k) ⊂ Boot(k),
resp. P(k;Z) ⊂ Boot(k;Z), is negative in the sense of Proposition 3.8. Making
use of this latter proposition, we then conclude that the category Boot(k), resp.
Boot(k;Z), carries a bounded weight structure w, resp. wZ, with heart P(k),
resp. P(k;Z).

7
i.e. the smallest thick triangulated subcategory containing AT(k;R) is DAT(k;R).
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Let us now show that the category Boot(k) has the w-Picard property. Thanks
to the ring isomorphism (2.10), P(k) identifies with the category Proj(GW (k))
of finitely generated projective GW (k)-modules. Moreover, the functor (−)Z
restricts to an equivalence of categories P(k)

≃→ P(k;Z); this is an immediate
consequence of [9, Prop. 2.3.7] (this equivalence also follows easily from [27,
Thm. 6.37]). Consequently, since the Grothendieck-Witt ring GW (k) is inde-
composable (see [18, Prop. 2.2]), all the assumptions (A1) of Theorem 1.2 (with
R = GW (k)) are verified. In what concerns assumptions (A2), take for Tκ(p)
the bounded derived category Db(κ(p)) of finite dimensional κ(p)-vector spaces
Vect(κ(p)) and for ικ(p) the composed functor:

(8.1) Boot(k)
(−)Z−→ Boot(k;Z)

t(−)−→ Kb(Proj(GW (k)))
−⊗GW (k)κ(p)−→ Db(κ(p)) .

Some explanations are in order: since the category DA(k;Z) is defined as
the localization of a certain category of complexes, it admits a tensor dif-
ferential graded (=dg) enhancement. Making use of [4, Lem. 18], we then
conclude that the weight complex construction gives rise to an exact sym-
metric monoidal functor t(−) with values in the bounded homotopy cate-
gory of Proj(GW (k)). By construction, the composed functor (8.1) is weight-
exact, symmetric monoidal, and induces a ⊗-equivalence of categories between
Kar(P(k)⊗GW (k) κ(p)) and Vect(κ(p)). This shows that the assumptions (A2)

are also verified. Finally, since the categories Db(κ(p)) clearly have the wκ(p)-
Picard property, we conclude from Theorem 1.2 that Boot(k) has the w-Picard
property. This finishes the proof.

9. Proof of Theorem 2.17

Recall from [34, §9][33, §4] the construction of the symmetric monoidal trian-
gulated category KMM(k;R). Given any two finite separable field extensions
l1/k and l2/k, we have trivial positive Ext-groups (see [33, Prop. 4.4]):

HomNMAM(k;R)(U(l1)R, U(l2)R[n]) ≃ π−n(K(l1 ⊗k l2) ∧HR) = 0 n > 0 .

This implies that the subcategory AM(k;R) ⊂ NMAM(k;R) is negative in the
sense of Proposition 3.8. Consequently, the subcategory A(k;R) ⊂ NMA(k;R)
is also negative. Making use of Proposition 3.8, we then conclude that the cat-
egory NMA(k;R) carries a bounded weight structure8 wR with heart A(k;R).
Now, a proof similar to the one of Theorem 2.3, with DA(k;R) and DA(k;κ(p))
replaced by NMA(k;R) and NMA(k;κ(p)), respectively, allows us to conclude
that the category NMA(k;R) has the wR-Picard property. Consequently, we
have Pic(NMA(k;R)) ≃ Pic(A(k;R)) × Z.

8A bounded weight structure on the category of noncommutative mixed motives was
originally constructed in [36, Thm. 1.1].
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10. Proof of Theorem 2.22

Item (i). Similarly to the proof of Theorem 2.17, given any two central simple
k-algebras A and B, we have trivial positive Ext-groups (see [33, Prop. 4.4]):

HomNMCSA(k;R)(U(A)R, U(B)R[n]) ≃ π−n(K(Aop ⊗k B) ∧HR) = 0 n > 0 .

This implies that the subcategory CSA(k;R) ⊂ NMCSA(k;R) is negative in
the sense of Proposition 3.8. Making use of this latter proposition, we then
conclude that NMCSA(k;R) carries a bounded weight structure wR with heart
CSA(k;R).
Let us now show that the category NMCSA(k;R) has the wR-Picard property.
By construction, the category CSA(k;R) is essentially small. Moreover, since
the K-theory spectrum K(Aop ⊗k B) is connective, we have natural isomor-
phisms

HomCSA(k;R)(U(A)R, U(B)R) ≃ π0(K(Aop ⊗k B) ∧HR)

≃ π0(K(Aop ⊗k B)) ⊗Z R(10.1)

≃ K0(Aop ⊗k B)⊗Z R ≃ R ,
where (10.1) follows from the stable Hurewicz theorem. This implies, in par-
ticular, that the assumptions (A1) of Theorem 1.2 are verified. In what con-
cerns assumptions (A2), take for Tκ(p) the category NMCSA(k;κ(p)) and for
ικ(p) the functor − ⊗R κ(p) : NMCSA(k;R) → NMCSA(k;κ(p)). By con-
struction, the latter functor is weight-exact (see Remark 3.4), symmetric
monoidal, and induces an equivalence of symmetric monoidal categories be-
tween Kar(CSA(k;R) ⊗R κ(p)) and CSA(k;κ(p)). This shows that the as-
sumptions (A2) are also verified.
We now claim that the categories NMCSA(k;κ(p)) have the wκ(p)-Picard prop-
erty; thanks to Theorem 1.2 this implies that the category NMCSA(k;R) has
the wR-Picard property. Since the categories of finite dimensional (graded) vec-
tor spaces are local, our claim follows then from the combination of Theorem
1.1 with the following general result (with R = κ(p)):

Proposition 10.2. Let R be a field.

(a) When char(R) = 0, the category CSA(k;R) is ⊗-equivalent to the cat-
egory of finite dimensional R-vector spaces vect(R);

(b) When char(R) = p > 0, there exists a full, additive, conservative,
symmetric monoidal functor from CSA(k;R) into the category of finite
dimensional Br(k){p}-graded R-vector spaces GrBr(k){p}vect(R).

Proof. Given an R-linear, additive, Karoubian, rigid9 symmetric monoidal cat-
egory (C,⊗,1), with EndC(1) ≃ R, recall from [1, §1.4.1 and §1.7.1] the con-
struction of the following categorical ideals

N (a, b) := {f : a→ b | ∀g : b→ a tr(g ◦ f) = 0}
R(a, b) := {f : a→ b | ∀g : b→ a ida−(g ◦ f) is invertible} ,

9Recall that a symmetric monoidal category is called rigid if all its objects are dualizable.
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where tr(g ◦ f) stands for the categorical trace of the endomorphism g ◦ f . As
explained in loc. cit., the categorical ideal N is moreover symmetric monoidal.
Item (a). As proved in [38, Thm. 2.1], we have U(A)R ≃ U(k)R for every cen-
tral simple k-algebra A. Using the natural ring isomorphism End(U(k)R) ≃ R,
we then conclude that the category CSA(k;R) is ⊗-equivalent to the category
of finite dimensional R-vector spaces vect(R).
Item (b). By construction, the category CSA(k;R) is R-linear, addi-
tive, and symmetric monoidal. Moreover, all its objects are dualizable and
End(U(k)R) ≃ R; see [34, §1.7.1]. As proved in [32, Prop. 6.11], the quotient
CSA(k;R)/N is ⊗-equivalent to the category GrBr(k){p}vect(R). Consequently,
we have an induced full, additive, and symmetric monoidal functor

(10.3) CSA(k;R) −→ GrBr(k){p}vect(R) .

It remains then only to prove that the functor (10.3) is moreover conservative.
In order to do so, we will show the inclusion N ⊆ R. Thanks to [1, Prop. 7.1.6],
this implies that the quotient functor (10.3) is conservative. By definition, the
categorical ideals N and R are compatible with direct sums and summands.
Hence, given central simple k-algebras A and B, it suffices to show that the
inclusionN (U(A)R, U(B)R) ⊆ R(U(A)R, U(B)R) holds. This inclusion follows
now from the combination of the definitions of N and R with Lemma 10.4
below. �

Lemma 10.4. Given a central simple k-algebra A, the following morphism

EndCSA(k;R)(U(A)R) −→ EndCSA(k;R)(U(k)R) ≃ R h 7→ tr(h) ,(10.5)

induced by the categorical trace construction, is invertible.

Proof. By construction, the induced morphism (10.5) is R-linear. Therefore,
thanks to the natural isomorphism End(U(A)R) ≃ R, (10.5) is completely de-
termined by the image of the identity of U(A)R. In other words, (10.5) reduces
to the morphism R → R, r 7→ r · χ(U(A)R), where χ(U(A)R) stands for the
Euler characteristic of the noncommutative motive U(A)R. As proved in [34,
Prop. 2.24], the Euler characteristic χ(U(A)R) agrees with the Grothendieck
class [HH(A)]R ∈ K0(k)R ≃ R of the Hochschild homologyHH(A) of A. Since
HH(A) ≃ A/[A,A] ≃ k (see [23, §1.2.12]), we then conclude that (10.5) is the
identity. This finishes the proof. �

Remark 10.6. It follows from the proof of Proposition 10.2 that the Brauer
group of the symmetric monoidal category CSA(k;R) is trivial when char(R) =
0 and isomorphic to Br(k){p} when char(k) = p > 0.

Item (ii). Thanks to equivalence (2.20), we have an injective group homomor-
phism

Br(k) −→ Pic(CSA(k;Z)) [A] 7→ U(A)Z .(10.7)

It remains then only to prove that (10.7) is moreover surjective. Recall from
[34, §9][36] the construction of the symmetric monoidal triangulated category
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KMM(k) and of the full subcategories NMCSA(k) and CSA(k). By con-
struction, we have an exact symmetric monoidal functor (−)Z : KMM(k) →
KMM(k;Z) which restricts to a ⊗-equivalence CSA(k) ≃ CSA(k;Z). There-
fore, making use [37, Thm. 2.20(iv)], we observe that the objects U(A1)Z ⊕
· · · ⊕ U(Am)Z of CSA(k;Z), with m > 1 are not ⊗-invertible. Since the cat-
egory CSA(k;Z) is Karoubian (see [37, Thm. 2.20(i)]), we then conclude that
(10.7) is moreover surjective.

Remark 10.8. Given any two central simple k-algebras A and B, we have

HomNMCSA(k)(U(A)R, U(B)R[n]) ≃ K−n(Aop ⊗k B) = 0 n > 0 .

Therefore, a proof similar to the one of Theorem 2.22, with NMCSA(k;Z)
replaced by NMCSA(k), allows us to conclude that Pic(NMCSA(k)) ≃ Br(k)×
Z. In conclusion, although the categories NMCSA(k) and NMCSA(k;Z) are
not equivalent, they have nevertheless the same Picard group!

11. Proof of Theorem 2.24

Let us denote by P(E) the smallest additive, Karoubian, full subcategory of
Dc(E) containing the E-module E. Since by assumption the ring spectrum E
is connective, we have trivial positive Ext-groups:

HomDc(E)(E,E[n]) ≃ π−n(E) = 0 n > 0 .

This implies that the subcategory P(E) ⊂ Dc(E) is negative in the sense of
Proposition 3.8. Making use of this latter proposition, we then conclude that
the category Dc(E) carries a bounded weight structure w with heart P(E).
Let us now show that the category Dc(E) has the w-Picard property. By
construction, P(E) identifies with the category of finitely generated projective
π0(R)-modules. Therefore, by taking R := π0(E), all the assumptions (A1) of
Theorem 1.2 are verified. In what concerns assumptions (A2), take for Tk(p)
the category Db(k(p)), equipped with the canonical bounded weight structure
with heart Vect(k(p)), and for ιk(p) the (composed) base-change functor

Dc(E)
−∧EHπ0(E)−→ Dc(Hπ0(E)) ≃ Dc(R)

−⊗Rk(p)−→ Db(k(p)) .

By construction, the latter functor is weight-exact (see Remark 3.4), symmetric
monoidal, and induces a ⊗-equivalence of categories between Kar(P(E)⊗Rκ(p))
and Vect(k(p)). Since the categories Db(k(p)) clearly have the wk(p)-property,
we conclude from Theorem 1.2 that Dc(E) has the w-Picard property.
Finally, since the category Dc(E) has the w-Picard property, we have an iso-
morphism Pic(Dc(E)) ≃ Pic(P(E)) × Z. The proof follows now from the fact
that Pic(P(E)) is isomorphic to Pic(π0(E)).
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e Aplicações, Portugal.
tabuada@math.mit.edu

Documenta Mathematica 22 (2017) 45–66



Documenta Math. 67

Large Tilting Sheaves over Weighted

Noncommutative Regular Projective Curves
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68 L. Angeleri Hügel and D. Kussin

1. Introduction

Tilting theory is a well-established technique to relate different mathematical
theories. An overview of its role in various areas of mathematics can be found
in [4]. One of the first results along these lines, due to Beilinson [17], establishes
a connection between algebraic geometry and representation theory of finite
dimensional algebras. For instance, the projective line X = P1(k) over a field k
turns out to be closely related with the Kronecker algebra Λ, the path algebra
of the quiver • //

// • over k. The connection is provided by the vector
bundle T = O ⊕ O(1), which is a tilting sheaf in cohX with endomorphism
ring Λ. The derived Hom-functor RHom(T,−) then defines an equivalence
between the derived categories of QcohX and Mod Λ. There are many more
such examples, where a noetherian tilting object T in a triangulated category
D provides an equivalence between D and the derived category of End(T ). We
refer to [27, 32, 30], and to [20, 40] for the context of Calabi-Yau and cluster
categories.
The weighted projective lines introduced in [27], and their generalizations
in [42], called noncommutative curves of genus zero in [38], provide the basic
framework for the present article. They are characterized by the existence of a
tilting bundle in the category of coherent sheaves cohX. In this case the corre-
sponding (derived-equivalent) finite-dimensional algebras are the (concealed-)
canonical algebras [56, 57, 44], an important class of algebras in representation
theory. A particularly interesting and beautiful case is the so-called tubular
case. Here every indecomposable coherent sheaf is semistable (with respect
to the slope), and the semistable coherent sheaves of slope q form a family of
tubes, for every q ([45, 38]). This classification is akin to Atiyah’s classification
of indecomposable vector bundles over an elliptic curve [12].

The tilting objects mentioned so far are small in the sense that they are noe-
therian objects, and that their endomorphism rings are finite-dimensional alge-
bras. For arbitrary rings R there is the notion of a (not necessarily noetherian
or finitely generated) tilting module T , which was extended to Grothendieck
categories in [23, 24].

Definition. An object T in a Grothendieck category ~H is called tilting if T

generates precisely the objects in T⊥1 = {X ∈ ~H | Ext1(T,X) = 0}. The class
T⊥1 is then called a tilting class.

Such “large” tilting objects in general do not produce derived equivalences in
the way mentioned above. But they yield recollements of triangulated cat-
egories [15, 6, 21], still providing a strong relationship between the derived
categories involved.
Large tilting modules occur frequently. For example, they arise when looking
for complements to partial tilting modules, or when computing intersections of
tilting classes given by classical tilting modules, and they parametrize resolving
subcategories of finitely presented modules. We refer to [3] for a survey on these
results.
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Another reason for the interest in large tilting modules is their deep connection
with localization theory. This is best illustrated by the example of a Dedekind
domain R. The tilting modules over R are parametrized by the subsets V ⊆
Max-SpecR, and they arise from localizations at sets of simple modules. More
precisely, the universal localization R →֒ RV at the simples supported in V
yields the tilting module TV = RV ⊕RV /R, and the set V = ∅ corresponds to
the regular module R, the only finitely generated tilting module [9, Cor. 6.12].
Similar results hold true in more general contexts. Over a commutative noe-
therian ring, the tilting modules of projective dimension one correspond to
categorical localizations in the sense of Gabriel [8]. Over a hereditary ring,
tilting modules parametrize universal localizations [2].
An interesting example is provided by the Kronecker algebra Λ. Here we have
a complete analogy to the Dedekind case if we replace the maximal spectrum
by the index set X of the tubular family t =

∐
x∈X Ux. Indeed, the infinite

dimensional tilting modules are parametrized by the subsets V ⊆ X, and they
arise from localizations at sets of simple regular modules. Again, the universal
localization Λ →֒ ΛV at the simple regular modules supported in V yields the
tilting module TV = ΛV ⊕ ΛV /Λ, and the set V = ∅ corresponds to the Lukas
tilting module L.
For arbitrary tame hereditary algebras, the classification of tilting modules
is more complicated due to the possible presence of finite dimensional direct
summands from non-homogeneous tubes. Infinite dimensional tilting modules
are parametrized by pairs (B, V ) where B is a so-called branch module, and
V is a subset of X. The tilting module corresponding to (B, V ) has finite
dimensional part B and an infinite dimensional part which is of the form TV
inside a suitable subcategory, see [10].

In the present paper, we tackle the problem of classifying large tilting objects
in hereditary Grothendieck categories. In particular, we will consider the cate-
gory QcohX of quasicoherent sheaves over a weighted noncommutative regular
projective curve X over a field k, in the sense of [39]. We will discuss how
the results described above for tame hereditary algebras extend to this more
general setting.
As in module categories, a crucial role will be played by the following notion.

Definition. Let ~H be a locally coherent Grothendieck category, and let H
the class of finitely presented objects in ~H. We call a class S ⊆ H resolving

if it generates ~H and has the following closure properties: S is closed under
extensions, direct summands, and S′ ∈ S whenever 0→ S′ → S → S′′ → 0 is
exact with S, S′′ ∈ S .

We will use [58] to show the following general existence result for tilting objects.

Theorem 1. [Theorem 4.4] Let ~H be a locally coherent Grothendieck category
and S ⊆ H be resolving with pd(S) ≤ 1 for all S ∈ S . Then there is a tilting

object T in ~H with T⊥1 = S ⊥1 .
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Tilting classes as above of the form T⊥1 = S ⊥1 for some class S of finitely
presented objects are said to be of finite type.

When ~H = QcohX, the category of finitely presented objects H = cohX is
given by the coherent sheaves, and we have

Theorem 2. [Theorem 4.14] Let X be a weighted noncommutative regular pro-

jective curve and ~H = QcohX. The assignment S 7→ S ⊥1 defines a bijection
between

• resolving classes S in H, and
• tilting classes T⊥1 of finite type.

In a module category, all tilting classes have finite type by [16]. In well behaved
cases we can import this result to our situation. The complexity of the category
cohX of coherent sheaves over X depends on the orbifold Euler characteristic
χ′orb. If χ′orb(X) > 0, then the category cohX is of (tame) domestic type, and
it is derived-equivalent to the category modH for a (finite-dimensional) tame
hereditary algebra H . In this case, all tilting classes have finite type, and we
obtain a complete classification of all large tilting sheaves (Theorem 6.5), which
- not surprisingly - is very similar to the classification in [10]. But also in the
tubular case, where X is weighted of orbifold Euler characteristic χ′orb(X) = 0,
tilting classes turn out to always have finite type.

Before we discuss our classification results, let us give some details on the tools
we will employ. Our starting point is given by the following property, which is
reminiscent of the well-known splitting property (2.1) for cohX.

Theorem 3. [Theorem 3.8] Let T ∈ QcohX be a sheaf with Ext1(T, T ) = 0.
Then there is a split exact sequence 0 → tT → T → T/tT → 0 where tT ⊆ T
denotes the (largest) torsion subsheaf of T and is a direct sum of finite length
sheaves and of injective sheaves.

This result shows that the classification of large (= non-coherent) tilting sheaves
splits, roughly speaking, into two steps:

(i) The first is the classification of large tilting sheaves T which are torsion-
free (that is, with tT = 0). This seems to be a very difficult problem in
general, but it turns out that in the cases when X is a noncommutative
curve of genus zero which is of domestic or of tubular type, we get all
these tilting sheaves with the help of Theorem 1.

(ii) If, on the other hand, the torsion part tT of a large tilting sheaf T is
non-zero, then it is quite straightforward to determine the shape of tT ;
it is a direct sum of Prüfer sheaves and a certain so-called branch sheaf
B, which is coherent. We can then apply perpendicular calculus to B,
in order to reduce the problem to the case that tT is a direct sum of
Prüfer sheaves, or to tT = 0, which is the torsionfree case (i).

If Prüfer sheaves occur in the torsion part, then the corresponding torsionfree
part is uniquely determined. This leads to the following, general result:
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Theorem 4. [Corollary 4.12] Let X be a weighted noncommutative regular
projective curve. The tilting sheaves in QcohX which have a non-coherent
torsion subsheaf are up to equivalence in bijective correspondence with pairs
(B, V ), where V is a non-empty subset of X and B is a branch sheaf.

We will see in Section 5 that the tilting sheaf corresponding to (B, V ) has
coherent part B and a non-coherent part TV formed inside a suitable perpen-
dicular subcategory, the categorical counterpart of universal localization. In
particular, the torsionfree part of TV can be interpreted as a projective genera-
tor of the quotient category obtained from QcohX by localization at the simple
objects supported in V . Of course, there are also tilting sheaves given by pairs
(B, V ) with V = ∅. Here the non-coherent part is the Lukas tilting sheaf inside
a suitable subcategory, that is, it is given by the resolving class formed by all
vector bundles. Altogether, the pairs (B, V ) correspond to Serre subcategories
of cohX, and tilting sheaves are closely related with Gabriel localization, like
in the case of tilting modules over commutative noetherian rings, cf. also [7,
Sec. 5].
Let us now discuss the tubular case. Following [53], we define for every w ∈
R∪{∞} the classM(w) of quasicoherent sheaves of slope w. Reiten and Ringel
have shown [53] that every indecomposable object has a well-defined slope. Our
main result is as follows.

Theorem 5. [Theorem 8.6] Let X be of tubular type. Then every large tilting
sheaf in QcohX has a well-defined slope w. If w is irrational, then there is up
to equivalence precisely one tilting sheaf of slope w. If w is rational or ∞, then
the large tilting sheaves of slope w are classified like in the domestic case.

In Section 9, we will briefly discuss the elliptic case, where χ′orb(X) = 0 and
X is non-weighted. Some of our main results will extend to this situation. In
particular, Theorem 9.1 will resemble the tubular case described above. As
it turns out, this will be much easier than in the (weighted) tubular case,
using an Atiyah [12] type classification, namely, that all coherent sheaves lie in
homogeneous tubes.
When the orbifold Euler characteristic χ′orb(X) ≥ 0, our results also yield a
classification of certain resolving classes in cohX (see Corollaries 6.7 and 8.7
and Theorem 9.1(5)). Furthermore, Theorem 4 enables us to recover and re-
fine some results from [14] on maximal rigid objects in tube categories (Corol-
lary 4.19).
If χ′orb(X) < 0, then cohX is wild. We stress that Theorem 4 also holds in this
case, but we have not attempted to classify the torsionfree large tilting sheaves
in the wild case.
There is one main difference to the module case. We recall that one of the stan-
dard characterising properties of a tilting module T ∈ ModR is the existence
of an exact sequence

0→ R→ T0 → T1 → 0

with T0, T1 ∈ Add(T ). In contrast to ModR, the category QcohX lacks a
projective generator. When X has genus zero, the replacement for the ring R
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in our category is a tilting bundle Tcan whose endomorphism ring is a canonical
algebra. Indeed, for every large tilting sheaf T we can always find such a tilting
bundle Tcan and a short exact sequence 0 → Tcan → T0 → T1 → 0, even with
T0, T1 ∈ add(T ). If T has a non-coherent torsion part, then we can even do
this with Hom(T1, T0) = 0, cf. Theorem 10.1.
Since noncommutative curves of genus zero are derived-equivalent to canonical
algebras in the sense of Ringel and Crawley-Boevey [57], our results are closely
related to the classification of large tilting modules over canonical algebras.
The module case is treated more directly in [7], where we also address the dual
concept of cotilting modules and the classification of pure-injective modules.

2. Weighted noncommutative regular projective curves

In this section we collect some preliminaries on the category of quasicoherent
sheaves we are going to study, and we introduce large tilting sheaves.

The main purpose of noncommutative algebraic geometry is to study abelian
categories which have the same formal properties as coh(X) or Qcoh(X) for a
scheme X . These categories are regarded as the geometric objects themselves,
based on the Gabriel-Rosenberg reconstruction theorem which tells us that the
scheme X can be reconstructed from coh(X) or Qcoh(X). By analogy it is then
convenient to use a similar terminology as for the objects of classical algebraic
geometry. We refer to [64, Ch. 3].

Following this philosophy, we define the class of noncommutative curves which
we will study in this paper by the axioms (NC 1) to (NC 5) below; the condition
(NC 6) will follow from the others.

The axioms. A noncommutative curve X is given by a category H which is
regarded as the category cohX of coherent sheaves over X. Formally it behaves
like a category of coherent sheaves over a (commutative) regular projective
curve over a field k (we refer to [39]):

(NC 1) H is small, connected, abelian and every object in H is noetherian;
(NC 2) H is a k-category with finite-dimensional Hom- and Ext-spaces;
(NC 3) There is an autoequivalence τ on H, called Auslander-Reiten transla-

tion, such that Serre duality

Ext1H(X,Y ) = D HomH(Y, τX)

holds, where D = Homk(−, k). (In particular H is then hereditary.)
(NC 4) H contains an object of infinite length.

Splitting of coherent sheaves. AssumeH satisfies (NC 1) to (NC 4). The
following rough picture of the category H is very useful ([47, Prop. 1.1]). Every
indecomposable coherent sheaf E is either of finite length, or it is torsionfree,
that is, it does not contain any simple sheaf; in the latter case E is also called
a (vector) bundle. We thus write

(2.1) H = H+ ∨H0,
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with H+ = vectX the class of vector bundles and H0 the class of sheaves of
finite length; we have Hom(H0,H+) = 0. Decomposing H0 in its connected
components we have

H0 =
∐

x∈X
Ux,

where X is an index set (explaining the terminology H = cohX) and every Ux
is a connected uniserial length category.

Weighted noncommutative regular projective curves. Assume that
H is a k-category satisfying properties (NC 1) to (NC 4) and the following
additional condition.

(NC 5) X consists of infinitely many points.

Then we call X (or H) a weighted (or orbifold) noncommutative regular projec-
tive curve over k. “Regular” can be replaced by “smooth” if k is a perfect field;
we refer to [39, Sec. 7]. We refer also to [47]; we excluded certain degenerate
cases described therein by our additional axiom (NC 5). It is shown in [39] that
a weighted noncommutative regular projective curve X satisfies automatically
also the following condition.

(NC 6) For all points x ∈ X there are (up to isomorphism) precisely p(x) <∞
simple objects in Ux, and for almost all x we have p(x) = 1.

The numbers p(x) with p(x) > 1 are called the weights.

The “classical” case H = cohX with X a regular projective curve is included
in this setting. This classical case is extended into two directions: (1) curves
with a noncommutative function field k(X) are allowed; here k(X) is a skew
field which is finite dimensional over its centre, which has the form k(X) for
a regular projective curve X ; (2) additionally (a finite number of) weights are
allowed.

Weighted noncommutative regular projective curves are noncommutative
smooth proper curves in the sense of Stafford and van den Bergh [62, Sec. 7]
(where k is assumed to be algebraically closed); these categories were classified
by Reiten and van den Bergh [52]. Indeed, our axioms (NC 1), (NC 2), (NC 3)
are in accordance with the notion in [62]. By assuming additionally (NC 4) we
avoid for instance categories which are just tubes.

Genus zero. We consider also the following condition.

(g-0) H admits a tilting object.

It is shown in [44] that then H even contains a torsionfree tilting object Tcan
whose endomorphism algebra is canonical, in the sense of [57]. We call such
a tilting object canonical, or, by considering the full subcategory formed by
the indecomposable summands of Tcan, canonical configuration, cf. 5.11. We
recall that T ∈ H is called tilting, if Ext1(T, T ) = 0, and if for all X ∈ H
we have X = 0 whenever Hom(T,X) = 0 = Ext1(T,X). (This notion will be
later generalized to quasicoherent sheaves.) If H satisfies (NC 1) to (NC 4)
and (g-0), then we say that X is a noncommutative curve of genus zero; the
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condition (NC 5) is then automatically satisfied, we refer to [38]. The weighted
projective lines, defined by Geigle-Lenzing [27], are special cases of noncommu-
tative curves of genus zero. We remark that in the classical case H = coh(X),
where X is a (commutative) regular projective curve with structure sheaf O,
the condition (g-0) is equivalent to Ext1(O,O) = 0, which means that X is of
(geometric) genus zero in the classical sense; cf. Remark 2.2.

The Grothendieck group and the Euler form. The Grothendieck
group K0(H) of H is defined as the factor of the free abelian group on the
isomorphism classes on objects of H modulo the additivity relations on short
exact sequences. We write [X ] for the class of a coherent sheaf X in the
Grothendieck group K0(H) of H. The Grothendieck group is equipped with
the Euler form, which is defined on classes of objects X , Y in H by

〈[X ], [Y ]〉 = dimk Hom(X,Y )− dimk Ext1(X,Y ).

We will usually write 〈X,Y 〉, without the brackets.
In case X is of genus zero, H admits a tilting object whose endomorphism ring
is a finite dimensional algebra, and thus the Grothendieck group K0(H) of H
is finitely generated free abelian. (From this it follows more directly that every
X of genus zero satisfies (NC 6).)

In the following, if not otherwise specified, let H = cohX be a weighted non-
commutative regular projective curve.

Homogeneous and exceptional tubes. For every x ∈ X the connected
uniserial length categories Ux are called tubes. The number p(x) ≥ 1 is called
the rank of the tube Ux. Tubes of rank 1 are called homogeneous, those with
p(x) > 1 exceptional. We say that a point x is homogeneous (resp. excep-
tional) if so is the corresponding tube Ux. If Sx is a simple sheaf in Ux, then
Ext1(Sx, Sx) 6= 0 in the homogeneous case, and Ext1(Sx, Sx) = 0 in the ex-
ceptional case. More generally, a coherent sheaf E is called exceptional, if E
is indecomposable and E has no self-extensions. It follows then by an argu-
ment of Happel and Ringel that End(E) is a skew field; we refer to [50, 3.2.3].
It is well-known and easy to see that the exceptional sheaves in Ux are just
those indecomposables of length ≤ p(x)− 1 (which exist only for p(x) > 1). In
particular there are only finitely many exceptional sheaves of finite length.
If p = p(x), then all simple sheaves in Ux are given (up to isomorphism) by the
Auslander-Reiten orbit Sx = τpSx, τSx, . . . , τ

p−1Sx.
For the terminology on wings and branches in exceptional tubes we refer to
Section 4.7.

Non-weighted curves. By a (non-weighted) noncommutative regular pro-
jective curve over the field k we mean a category H = cohX satisfying ax-
ioms (NC 1) to (NC 5), and additionally

(NC 6’) Ext1(S, S) 6= 0 (equivalently: τS ≃ S) holds for all simple objects
S ∈ H.
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This condition means that all tubes are homogeneous, that is, p(x) = 1 for
all x ∈ X; therefore these curves are also called homogeneous in [38]. For a
detailed treatment of this setting we refer to [39]. We stress that thus, by abuse
of language, non-weighted curves are special cases of weighted curves.

Grothendieck categories with finiteness conditions. Let us briefly
recall some notions we will need in the sequel. An abelian category A is a
Grothendieck category, if it is cocomplete, has a generator, and direct limits
are exact. Every Grothendieck category is also complete and has an injective
cogenerator. A Grothendieck category is called locally coherent (resp. locally
noetherian, resp. locally finite) if it admits a system of generators which are
coherent (resp. noetherian, resp. of finite length). In this case every object in
A is a direct limit of coherent (resp. noetherian, resp. finite length) objects.
If A is locally coherent then the coherent and the finitely presented objects
coincide, and the full subcategory fp(A) of finitely presented objects is abelian.
For more details on Grothendieck categories we refer to [26, 63, 31, 34].

The Serre construction. H = cohX is a noncommutative noetherian pro-
jective scheme in the sense of Artin-Zhang [11] and satisfies Serre’s theorem.
This means that there is a positively H-graded (not necessarily commutative)
noetherian ring R (with (H,≤) an ordered abelian group of rank one) such
that

(2.2) H =
modH(R)

modH0 (R)
,

the quotient category of the category of finitely generated H-graded modules
modulo the Serre subcategory of those modules which are finite-dimensional
over k. (We refer to [38, Prop. 6.2.1], [39] and [52, Lem. IV.4.1].) With this

description we can define ~H = QcohX as the quotient category

(2.3) ~H =
ModH(R)

ModH0 (R)
,

where ModH0 (R) denotes the localizing subcategory of ModH(R) of all H-

graded torsion, that is, locally finite-dimensional, modules. The category ~H
is hereditary abelian, and a locally noetherian Grothendieck category; every

object in ~H is a direct limit of objects in H (therefore the symbol ~H). The full
abelian subcategoryH consists of the coherent (= finitely presented = noether-

ian) objects in ~H, we also write H = fp( ~H). Every indecomposable coherent
sheaf has a local endomorphism ring, and H is a Krull-Schmidt category.

We remark that ~H can, by [26, II. Thm. 1], also be recovered from its sub-
category H of noetherian objects as the category of left-exact (covariant) k-

functors from Hop to Mod(k). We also note that our categories H (resp. ~H)
can be described alternatively as categories coh(A) (resp. Qcoh(A)) of coherent
(resp. quasicoherent) modules over certain hereditary orders A; we refer to [39,
Thm. 7.11].
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Prüfer sheaves. Let E be an indecomposable sheaf in a tube Ux. By the ray
starting in E we mean the (infinite) sequence of all the indecomposable sheaves
in Ux, which contain E as a subsheaf. The corresponding monomorphisms
(inclusions) form a direct system. If the socle of E is the simple S, then
the corresponding direct limit of this system is the Prüfer sheaf S[∞]. In
other words, S[∞] is the union of all indecomposable sheaves of finite length
containing S (or E). Dually we define corays ending in E as the sequence of
all indecomposable sheaves in Ux admitting E as a factor.
If S is a simple sheaf, then we denote by S[n] the (unique) indecomposable
sheaf of length n with socle S. Thus, the collection S[n] (n ≥ 1) forms the ray
starting in S, and their union is S[∞]. The Prüfer sheaves form an important
class of indecomposable (we refer to [54]), quasicoherent, non-coherent sheaves.

Rank. Line bundles. Let H/H0 be the quotient category of H modulo the
Serre category of sheaves of finite length, let π : H → H/H0 the quotient func-
tor, which is exact. The abelian category H/H0 is, by [47, Prop. 3.4], of the
form H/H0 ≃ mod(k(H)) for a unique skew field k(H), called the function field

ofH (or X). Then ~H/ ~H0 = Mod(k(H)). The k(H)-dimension onH/H0 induces
the rank function on H by the formula rk(F ) := dimk(H)(πF ). It is additive
on short exact sequences and thus induces a linear form rk: K0(H)→ Z. The
objects in H0 are just the objects of rank zero, every non-zero vector bundle
has a positive rank, [47, Prop. 1.2]. The vector bundles of rank one are called
line bundles. A line bundle L is called special if for each x ∈ X there is (up to
isomorphism) precisely one simple sheaf Sx concentrated at x with

(2.4) Ext1(Sx, L) 6= 0.

Special line bundles always exist, cf. [39, Prop. 1.1].
Furthermore, every non-zero morphism from a line bundle L′ to a vector bundle
is a monomorphism, and End(L′) is a skew field, [47, Lem. 1.3]. Every vector
bundle has a line bundle filtration, [47, Prop. 1.6].

The sheaf of rational functions. The sheaf K of rational functions is

the injective envelope of any line bundle L in the category ~H; this does not
depend on the chosen line bundle. Besides the Prüfer sheaves, this is another
very important quasicoherent, non-coherent sheaf. It is torsionfree by [36,
Lem. 14], and it is a generic sheaf in the sense of [41]; its endomorphism ring
is the function field, End ~H(K) ≃ EndH/H0

(πL) ≃ k(H).

The derived category. Since ~H = QcohX is a hereditary category, the
derived category

(2.5) D = D( ~H) = Add

(∨

n∈Z

~H[n]

)

is the repetitive category of ~H. This means: Every object in D can be written

as
⊕

i∈I Xi[i] for a subset I ⊆ Z and Xi ∈ ~H for all i, and for all objects
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X, Y ∈ ~H and all integers n, m we have

Extn−m~H (X,Y ) = HomD(X [m], Y [n]).

The bounded derived category Db = Db( ~H) is the full subcategory of D with
objects those complexes which have bounded cohomology. It has a similar
repetitive structure as in (2.5), where Add is replaced by add and the subset I
in Z as above is finite.

Generalized Serre duality. It follows easily from [35, Thm. 4.4] that on
~H we have Serre duality in the following sense. Let τ be the Auslander-Reiten

translation on H and τ− its (quasi-) inverse. For all X ∈ H and all Y ∈ ~H we
have

D Ext1~H(X,Y ) = Hom ~H(Y, τX) and Ext1~H(Y,X) = D Hom ~H(τ−X,Y ),

with D denoting the duality Homk(−, k).

Purity. The notion of purity is of great importance in our setting. For details
we refer to [51, Ch. 5].

(1) A short exact sequence η : 0 → A
α→ B

β→ C → 0 in ~H is called pure-
exact, if for every F ∈ H (that is, F finitely presented) the induced sequence
Hom(F, η) : 0→ Hom(F,A)→ Hom(F,B)→ Hom(F,C)→ 0 is exact. In this
case α (resp. β) is called a pure monomorphism (resp. pure epimorphism), and
A a pure subobject of B.

(2) An object E ∈ ~H is called pure-injective if for every pure-exact sequence
0→ A→ B → C → 0 the induced sequence 0→ Hom(C,E)→ Hom(B,E)→
Hom(A,E)→ 0 is exact.

(3) An object E ∈ ~H is called Σ-pure-injective if the coproduct E(I) is pure-
injective for every set I.

Lemma 2.1. Every coherent sheaf F ∈ H is pure-injective.

Proof. If µ is a pure-exact sequence in ~H, then Hom ~H(τ−F, µ) is exact. Since

Ext2~H(−,−) vanishes, this amounts to exactness of Ext1~H(τ−F, µ), and hence

of D Ext1~H(τ−F, µ), which in turn is equivalent to exactness of Hom ~H(µ, F ) by
Serre duality. This gives the claim. �

Almost split sequences. Since the objects ofH are pure-injective, it follows
directly from [35, Prop. 3.2] that the category H has almost split sequences

which also satisfy the almost split properties in the larger category ~H; more
precisely: for every indecomposable Z ∈ H there is a non-split short exact
sequence

0→ X
α−→ Y

β−→ Z → 0

in H with X = τZ indecomposable such that for every object Z ′ ∈ ~H any
morphism Z ′ → Z that is not a retraction factors through β (and equivalently,

for every object X ′ ∈ ~H any morphism X → X ′ that is not a section factors
through α).
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Hereditary orders. For the details on notions and results in this and the
following subsections we refer to [39]. Let H be a weighted noncommutative
regular projective curve over k. Let p̄ be the least common multiple of the
weights p(x). The centre of the function field k(H) is of the form k(X), the
function field of a unique regular projective curve X over k. We call X the
centre curve of H. The dimension [k(H) : k(X)] is finite, a square number,
which we denote by s(H)2. We call s(H) the skewness of H (or X). The
(closed) points of X are in one-to-one correspondence to the (closed) points of
X. Let O = OX be the structure sheaf of X . For every x ∈ X we have the
local rings (Ox,mx), and the residue class field k(x) = Ox/mx. For all x ∈ X
there are the ramification indices eτ (x) ≥ 1. There exist only finitely many
points x ∈ X with p(x)eτ (x) > 1. By a result of Reiten and van den Bergh [52],
[39, Thm. 7.11] the category H can be realized as H = coh(A), the category
of coherent A-modules, where A is a torsionfree coherent sheaf of hereditary

O-orders in a full matrix algebra over k(H). Moreover, ~H = Qcoh(A).

If X is weighted then there is an underlying non-weighted curve Xnw, which
follows from (NC 6) by perpendicular calculus [28], cf. [39, Prop. 1.1]. We have
p̄ = 1 (that is, X = Xnw) if and only if A is a maximal order.

Structure sheaf. We now define the structure sheaf L of H = coh(A) to be
a line bundle with the following properties: in the non-weighted case (p̄ = 1)
we set LA = AA, and in the weighted case (p̄ > 1) we let L be a special line
bundle corresponding to the structure sheaf of the underlying non-weighted
curve via perpendicular calculus, cf. [39, Prop. 1.1]. In the following we will
always consider the pair (H, L), that is, H equipped with structure sheaf L.
We recall that k(H) = EndH/H0

(πL).

Orbifold Euler characteristic and representation type. One de-
fines the average Euler form 〈〈E,F 〉〉 =

∑p̄−1
j=0 〈τ jE,F 〉, and then the normal-

ized orbifold Euler characteristic of H by χ′orb(X) = 1
s(H)2p̄2 〈〈L,L〉〉. If k is

perfect, one has a nice formula to compute the Euler characteristic:

(2.6) χ′orb(X) = χ′(X)− 1

2

∑

x

(
1− 1

p(x)eτ (x)

)
[k(x) : k].

Here, χ′(X) = dimk HomX(O,O) − dimk Ext1X(O,O) is the normalized Euler
characteristic of the centre curve X (or of coh(X); cf. also [39, Rem. 13.11 (1)]).
If k is not perfect, there is still a similar formula, we refer to [39, Cor. 13.13].

The orbifold Euler characteristic determines the representation type of the
category H = cohX (see also Theorem 2.3 below):

• X is domestic: χ′orb(X) > 0
• X is elliptic: χ′orb(X) = 0, and X non-weighted (p̄ = 1)
• X is tubular: χ′orb(X) = 0, and X properly weighted (p̄ > 1)
• X is wild: χ′orb(X) < 0.
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In this paper we will prove some general results for all representation types,
and we will obtain finer and complete classification results in the cases of non-
negative orbifold Euler characteristic.

Remark 2.2. (1) If X is non-weighted with structure sheaf L, then we call
the number g(X) = [Ext1(L,L) : End(L)] the genus of X. The condition
g(X) = 1 is equivalent to the elliptic case. In case g(X) ≥ 1 there does not
exist any exceptional object in H; this follows readily from the Riemann-Roch
formula [39, Prop. 9.1]. Now it follows with [38, 0.5.4] that the condition
g(X) = 0 is equivalent to condition (g-0); actually, in this case there is a tilting
bundle of the form T = L⊕ L with L indecomposable of rank one or two, and
End(T ) is a tame hereditary k-algebra.

(2) If X is weighted thenH = cohX contains a tilting bundle (that is,H satisfies
(g-0)) if and only if g(Xnw) = 0. In other words, H satisfies (g-0) if the genus,
in the non-orbifold sense, is zero. This follows from (1) with [42, Thm. 4.3].

Degree and slope. We define the degree function deg : K0(H)→ Z, by

(2.7) deg(F ) =
1

κε
〈〈L, F 〉〉 − 1

κε
〈〈L,L〉〉 rk(F ),

with κ = dimk End(L) and ε the positive integer such that the resulting linear
form K0(H)→ Z becomes surjective. We have deg(L) = 0, and deg is positive
and τ -invariant on sheaves of finite length. The slope of a non-zero coherent

sheaf F is defined as µ(F ) = deg(F )/ rk(F ) ∈ Q̂ = Q ∪ {∞}. Moreover, F is
called stable (semistable, resp.) if for every non-zero proper subsheaf F ′ of F
we have µ(F ′) < µ(F ) (resp. µ(F ′) ≤ µ(F )).
More details on these numerical invariants will be given in 5.10.

Stability. The stability notions are very useful for the classification of vector
bundles (we refer to [27, Prop. 5.5], [47], [38, Prop. 8.1.6], [39]):

Theorem 2.3. Let H = cohX be a weighted noncommutative regular projective
curve over k.

(1) If χ′orb(X) > 0 (domestic type), then every indecomposable vector bun-
dle is stable and exceptional. Moreover, cohX admits a tilting bundle.

(2) If χ′orb(X) = 0 (elliptic or tubular type), then every indecomposable
coherent sheaf is semistable. If X is tubular (that is, p̄ > 1), then
cohX admits a tilting bundle. If X is elliptic (that is, p̄ = 1) then
every indecomposable coherent sheaf E is non-exceptional and satisfies
τE ≃ E.

(3) If χ′orb(X) < 0, then every Auslander-Reiten component in H+ = vectX
is of type ZA∞, and H is of wild representation type. (cohX may or
may not satisfy (g-0).) �
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Orthogonal and generated classes. Let X be a class of objects in ~H.
We will use the following notation:

X⊥0 = {F ∈ ~H | Hom(X , F ) = 0}, X⊥1 = {F ∈ ~H | Ext1(X , F ) = 0},
⊥0X = {F ∈ ~H | Hom(F,X ) = 0}, ⊥1X = {F ∈ ~H | Ext1(F,X ) = 0},

X⊥ = X⊥0 ∩ X⊥1 , ⊥X = ⊥0X ∩ ⊥1X .

Following [28] we call ⊥X (resp. X⊥) the left-perpendicular (resp. right-perpen-
dicular) category of X . By Add(X ) (resp. add(X )) we denote the class of all
direct summands of direct sums of the form

⊕
i∈I Xi, where I is any set (resp.

finite set) and Xi ∈ X for all i. By Gen(X ) we denote the class of all objects
Y generated by X , that is, such that there is an epimorphism X → Y with
X ∈ Add(X ) (and similarly gen(X ) with add(X )).

Let (I,≤) be an ordered set and Xi classes of objects for all i ∈ I, in any additive
category. We write

∨
i∈I Xi for add(

⋃
i∈I Xi) if additionally Hom(Xj ,Xi) = 0

for all i < j is satisfied. In particular, notation like X1 ∨ X2 and X1 ∨ X2 ∨ X3

makes sense (where 1 < 2 < 3).

The following induction technique will be very important.

Reduction of weights. Let S be an exceptional simple sheaf. In other
words, S lies on the mouth of a tube, with index x, of rank p(x) > 1. Then the
right perpendicular category S⊥ is equivalent to QcohX′, where X′ is a curve
such that the rank p′(x) of the tube of index x is p′(x) = p(x)− 1 and all other
weights and all the numbers eτ (y) are preserved. We refer to [28] for details.
From the formula (2.6) (and [39, Cor. 13.13], which holds over any field) of the
orbifold Euler characteristic we see χ′(X′) > χ′(X), and we conclude readily
that X′ is of domestic type if X is tubular or domestic. By similar reasons, X′

is of genus zero if so is X.

Tubular shifts. If x ∈ X is a point of weight p(x) ≥ 1, then there is an

autoequivalence σx ofH (which extends to an autoequivalence of ~H), called the
tubular shift associated with x. We refer to [44, (S10)] and [38, Sec. 0.4] for more
details. These are generalizations of the tubular mutations [49], and they are
also related to the Seidel-Thomas twists [59]; in case p(x) = 1 the tubular shift
σx actually agrees with the Seidel-Thomas twist TE with E = Sx the simple
sheaf at x, since this is spherical in the sense that Ext1(E,E) ≃ End(E) is a
finite dimensional skew field (in [59] only the case End(Sx) = k is considered).
We just recall that for every vector bundle E there is a universal exact sequence

(2.8) 0→ E → σx(E)→ Ex → 0,

where Ex =
⊕p(x)−1

j=0 Ext1(τ jSx, E)⊗ τ jSx ∈ Ux with the tensor product taken

over the skew field End(Sx). We also write

σx(E) = E(x) and (σx)n(E) = E(nx),
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and we will use the more handy notation

Ex =

p(x)−1⊕

j=0

(τ jSx)e(j,x,E)

with the exponents given by the multiplicities

e(j, x, E) = [Ext1(τ jSx, E) : End(Sx)],

the End(Sx)-dimension of Ext1(τ jSx, E). In the particular case when E = L
is the structure sheaf (which is a special line bundle), and Sx is such that
Hom(L, Sx) 6= 0, we have e(j, x, L) = e(x) for j = p(x) − 1 and = 0 otherwise.

Tilting sheaves. Let ~H be a Grothendieck category, for instance ~H =
QcohX.

Definition 2.4. An object T ∈ ~H is called a tilting object or tilting sheaf if
Gen(T ) = T⊥1. Then Gen(T ) is called the associated tilting class.

This definition is inspired by [23, Def. 2.3], but we dispense with the self-
smallness assumption made there. In a module category, we thus recover the
definition of a tilting module (of projective dimension one) from [25].

We recall that the projective dimension pd(X) of an object X in ~H is defined
to be the smallest integer n ≥ −1 such that Extn+1(X,−) = 0 holds, and ∞,
if no such n exists. Here, Ext-groups are defined via injective resolutions.

Lemma 2.5 ([23, Prop. 2.2]). An object T ∈ ~H is tilting if and only if the
following conditions are satisfied:

(TS0) T has projective dimension pd(T ) ≤ 1.

(TS1) Ext1(T, T (I)) = 0 for every cardinal I.

(TS2) T⊥ = 0, that is: if X ∈ ~H satisfies Hom(T,X) = 0 = Ext1(T,X), then
X = 0.

We will mostly consider hereditary categories ~H where (TS0) is automatically

satisfied. In case ~H = QcohX with X of genus zero, we will also consider the
following condition, where Tcan ∈ H is a tilting bundle such that End(Tcan) = Λ
is a canonical algebra, that is, Tcan is a fixed canonical configuration.

(TS3) There are an autoequivalence σ on H and an exact sequence

0→ σ(Tcan)→ T0 → T1 → 0

such that Add(T0⊕T1) = Add(T ); if this can be realized with the addi-
tional property Hom(T1, T0) = 0, then we say that T satisfies condition
(TS3+).

Since σ(Tcan) is a tilting bundle, (TS3) implies (TS2). As it will turn out, in
case of genus zero, all tilting sheaves we construct will satisfy (TS3), and some
will even satisfy (TS3+), see Example 4.22, Corollary 8.8, and Section 10.

Let ~H additionally be locally coherent with H = fp( ~H).
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Lemma 2.6. Let T ∈ ~H be tilting.

(1) Gen(T ) = Pres(T ), the class of objects in ~H which are cokernels of
morphisms of the form T (J) → T (I).

(2) T⊥1 ∩ ⊥1(T⊥1) = Add(T ).
(3) If X ∈ H is coherent having a local endomorphism ring and X ∈

Add(T ), then X is a direct summand of T .

Proof. (1) The same proof as in [25, Lemma 1.2] works here.
(2) Is an easy consequence of (1).
(3) Since X is coherent, we get X ∈ add(T ). Since X has local endomorphism
ring, the claim follows. �

Definition 2.7. Two tilting objects T , T ′ ∈ ~H are equivalent, if they generate
the same tilting class. This is equivalent to Add(T ) = Add(T ′). A tilting sheaf

T ∈ ~H is called large if it is not equivalent to a coherent tilting sheaf.

For the rest of this section we assume that X is of genus zero and ~H = QcohX
with a fixed special line bundle L.

Tilting bundles and concealed-canonical algebras. We fix a tilting
bundle Tcc ∈ H. Its endomorphism ring Σ is a concealed-canonical k-algebra.
Every concealed-canonical algebra arises in this way, we refer to [44]. Especially
for Tcc = Tcan, a canonical configuration, we get a canonical algebra. We

remark that Tcc is in particular a noetherian tilting object in ~H. It is well-
known that Tcc is a (compact) generator of D inducing an equivalence

RHomD(Tcc,−) : D(QcohX) −→ D(Mod Σ)

of triangulated categories (cf. [18, Prop. 1.5] and [33, Thm. 8.5]). Via this
equivalence the module category Mod Σ can be identified (like in [43, Thm. 3.2]
and [41]) with the full subcategory Add(Tcc ∨ Fcc[1]) of D, where (Tcc,Fcc) is

the torsion pair in ~H given by Tcc = Gen(Tcc) = Tcc
⊥1 and Fcc = Tcc

⊥0 .
This torsion pair induces a split torsion pair (Q, C) = (Fcc[1], Tcc) in Mod Σ.
Moreover, mod Σ = (Tcc ∩H) ∨ (Fcc ∩H)[1].

Correspondences between tilting objects. Following [16], we call a tilt-

ing sheaf T ∈ ~H of finite type if the tilting class T⊥1 is determined by a class
of finitely presented objects S ⊆ H such that T⊥1 = S ⊥1 . If T is of finite
type, then S := ⊥1(T⊥1) ∩ H is the largest such class. We are now going to
see that all tilting sheaves lying in Tcc are of finite type.
We call an object T in the triangulated category Db = Db(QcohX) a tilting
complex if the following two conditions hold.

(TC1) HomD(T, T (I)[n]) = 0 for all cardinals I and all n ∈ Z, n 6= 0.

(TC2) If X ∈ Db satisfies HomD(T,X [n]) = 0 for all n ∈ Z, then X = 0.

Proposition 2.8. The following statements are equivalent for T ∈ Tcc (viewed
as a complex concentrated in degree zero).

(1) T is a tilting sheaf in ~H.
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(2) T is a tilting complex in Db.
(3) T is a tilting module in Mod Σ (of projective dimension at most one).

Moreover, every tilting sheaf T ∈ ~H lying in Tcc is of finite type.

Proof. Clearly (2) implies (1) and (3). We show that (1) implies (2). Since ~H
is hereditary, Ext1~H(T, T (I)) = 0 is equivalent to HomD(T, T (I)[n]) = 0 for all

n 6= 0. Let X =
⊕s

i=−sXi ∈ Db be such that Xi ∈ ~H[i], and assume

(2.9) HomD(T,Xi[n]) = 0 for all n ∈ Z and all i.

Since Xi[−i] ∈ ~H, this implies for n = −i and n = −i+ 1 the condition

Hom ~H(T,Xi[−i]) = 0 = Ext1~H(T,Xi[−i]).

By (1) we conclude Xi[−i] = 0, and thus Xi = 0. Finally, we conclude X = 0.
The proof that (3) implies (2) is similar. We just have to observe that con-
dition (2.9) yields Ext1~H(T,Xi[−i]) = 0, that is, Xi[−i] ∈ Gen(T ) ⊆ Tcc, and
thus Xi is, up to shift in the derived category, a Σ-module.
Assume that T satisfies condition (1). In order to show that T is of finite type,
we set S = ⊥1(T⊥1)∩H and verify S ⊥1 = T⊥1. The inclusion S ⊥1 ⊇ T⊥1 is
trivial. Further, since T ∈ Tcc, we have Tcc ∈ S , and thus S ⊥1 ⊆ Tcc consists
of Σ-modules. We view T as a tilting Σ-module and exploit the corresponding
result in Mod Σ from [16]. It states that the tilting class TΣ

⊥1 = {X ∈ Mod Σ |
Ext1Σ(T,X) = 0} is determined by a class S̃ = ⊥1(TΣ

⊥1) ∩ mod Σ of finitely

presented modules of projective dimension at most one, that is, TΣ
⊥1 = S̃ ⊥1 .

Notice that S̃ ⊆ Tcc. Otherwise there would be an indecomposable

F ∈ Fcc with F [1] ∈ S̃ . Then Ext1~H(T, τF ) = D Hom ~H(F, T ) =

D Ext1Σ(F [1], T ) = 0, that is, τF ∈ Gen(T ) ⊆ Tcc, and Ext1~H(Tcc, τF ) =

0. But also Hom ~H(Tcc, τF ) = D Ext1~H(F, Tcc) = D HomD(F [1], Tcc[2]) =

D Ext2Σ(F [1], Tcc) = 0 since pdimΣ F [1] ≤ 1, and so F [1] = 0, a contradic-
tion.
Now any object X in Tcc can be viewed both in Mod Σ and ~H, and the functors

Ext1Σ(X,−) and Ext1~H(X,−) coincide on Tcc. In particular, S̃ ⊆ S , and if X

is a sheaf in S ⊥1 , then X is a Σ-module with Ext1Σ(S,X) = 0 for all S ∈ S̃ ,
hence Ext1~H(T,X) = Ext1Σ(T,X) = 0, that is, X ∈ T⊥1. This finishes the
proof. �

We will construct and classify a certain class of large tilting sheaves indepen-
dently of the representation type, even independently of the genus, namely the
tilting sheaves with a large torsion part. A complete classification of all large
tilting sheaves will be obtained in the domestic and the tubular (that is: in the
non-wild) genus zero cases.

The domestic case is akin to the tame hereditary case:
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Tame hereditary algebras. There is a tilting bundle Tcc such that H =
End(Tcc) is a tame hereditary algebra if and only if X is of domestic type.
In this case it follows from Proposition 2.8 that the large tilting H-modules
(of projective dimension at most one), as classified in [10], correspond (up to
equivalence) to the large tilting sheaves in QcohX. Indeed, recall that Tcc
induces a torsion pair (Tcc,Fcc) in QcohX and a split torsion pair (Q, C) in
ModH . By [10, Thm. 2.7] every large tilting H-module lies in the class C ⊆
ModH , and it will be shown in Proposition 6.3 below that every large tilting
sheaf lies in Tcc.

3. Torsion, torsionfree, and divisible sheaves

In this section let ~H = QcohX, where X is a weighted noncommutative regular
projective curve over a field k. Our main aim is to prove that every tilting
sheaf splits into a direct sum of indecomposable sheaves of finite length, Prüfer
sheaves, and a torsionfree sheaf.

Definition 3.1. Let V ⊆ X be a subset. A quasicoherent sheaf F is called
V -torsionfree if Hom(Sx, F ) = 0 for all x ∈ V and all simple sheaves Sx ∈ Ux.
In case V = X the sheaf F is torsionfree. We set

SV =
∐

x∈V
Ux

and denote by

FV = SV
⊥0

the class of V -torsionfree sheaves.
Similarly, a quasicoherent sheaf D is called V -divisible if Ext1(Sx, D) = 0 for
all x ∈ V and for all simple sheaves Sx ∈ Ux. In case V = X we call D just
divisible. We denote by

DV = SV
⊥1

the class of V -divisible sheaves. It is closed under direct summands, set-indexed
direct sums, extensions and epimorphic images. Furthermore, we call D pre-
cisely V -divisible if D is V -divisible, and if Ext1(S,D) 6= 0 for every simple
sheaf S ∈ SX\V .

Remark 3.2. The class SV is a Serre subcategory inH = fp( ~H), its direct limit

closure TV = ~SV is a localizing subcategory in ~H of finite type, and (TV ,FV )

is a hereditary torsion pair in ~H. In particular, the canonical quotient functor

π : ~H → ~H/TV has a right-adjoint s : ~H/TV → ~H which commutes with direct
limits. The class of V -torsionfree and V -divisible sheaves

(3.1) SV
⊥ = TV ⊥ ≃ ~H/TV

is a full exact subcategory of ~H, that is, the inclusion functor j : SV
⊥ → ~H is

exact and induces an isomorphism Ext1
SV

⊥(A,B) ≃ Ext1~H(A,B) for all A, B ∈
SV
⊥. In particular, Ext1

SV
⊥ is right exact, so that the category ~H/TV ≃ SV

⊥
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is hereditary. For details we refer to [28, Prop. 1.1, Prop. 2.2, Cor. 2.4], [31,
Thm. 2.8], [34, Lem. 2.2, Thm. 2.6, Thm. 2.8, Cor. 2.11].

We note that in case V = X the subclass SX = H0 of H is the class of finite
length sheaves, T = TX in ~H forms the class of torsion sheaves, F = FX the
class of torsionfree sheaves, and F ∩H = vectX the class of vector bundles.

Lemma 3.3. Let X ∈ ~H. Let tX be the largest subobject of X which lies in
T , the torsion subsheaf of X. Then the quotient X/tX is torsionfree, and the
canonical sequence

η : 0→ tX → X → X/tX → 0

is pure-exact.

Proof. Clearly, X/tX is torsionfree. Let F ∈ H. We know that F = F+ ⊕
F0, where F+ is a vector bundle and F0 is of finite length. It follows that
Ext1(F, tX) = Ext1(F+, tX)⊕Ext1(F0, tX). The left summand is zero by Serre
duality, since every vector bundle is torsionfree. Moreover, Hom(F0, X/tX) =
0, so Hom(F,X)→ Hom(F,X/tX) is surjective. �

Lemma 3.4. A quasicoherent sheaf is injective if and only if it is divisible.

Proof. Trivially every injective sheaf is divisible. Conversely, every divisible
sheaf Q is L′-injective for every line bundle L′: this means that if L′′ ⊆ L′ is a
sub line bundle of L′, then every morphism f ∈ Hom(L′′, Q) can be extended
to L′. Indeed, there is commutative diagram with exact sequences

0 // L′′ //

f

��

L′ //

��

E // 0

0 // Q // X // E // 0

with E of finite length. Since Q is divisible, the lower sequence splits, and
it follows that f lifts to L′. This shows that Q is L′-injective. Since the

line bundles form a system of generators of ~H, we obtain by the version [63,

V. Prop. 2.9] of Baer’s criterion that Q is injective in ~H. �

Remark 3.5. By the closure properties mentioned above, the class D of divis-

ible sheaves is a torsion class. Given an object X ∈ ~H, we denote by dX the
largest divisible subsheaf of X . Since dX is injective,

X ≃ dX ⊕X/dX.
The sheaves with dX = 0, called reduced, form the torsion-free class corre-
sponding to the torsion class D.

Proposition 3.6.

(1) The indecomposable injective sheaves are (up to isomorphism) the sheaf
K of rational functions and the Prüfer sheaves S[∞] (S ∈ H simple).
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86 L. Angeleri Hügel and D. Kussin

(2) Every torsion sheaf F is of the form

(3.2) F =
⊕

x∈X
Fx with Fx ∈ ~Ux unique,

and there are pure-exact sequences

(3.3) 0→ Ex → Fx → Px → 0

in ~Ux with Ex a direct sum of indecomposable finite length sheaves and
Px a direct sum of Prüfer sheaves (for all x ∈ X).

(3) Every sheaf of finite length is Σ-pure-injective.

Proof. (1) It is well-known that in a locally noetherian category every injective
object is a direct sum of indecomposable injective objects. Every indecompos-
able injective object has a local endomorphism ring and is the injective envelope
of each of its non-zero subobjects. For details we refer to [26].
Let E be an indecomposable injective sheaf. We consider its torsion part tE. If
tE 6= 0, then E has a simple subsheaf S. It follows that E is injective envelope
of S, and thus it contains the direct family S[n] (n ≥ 1) and its union S[∞].
We claim that E = S[∞]. Indeed, it is easy to see that S[∞] is uniserial, with
each proper subobject of the form S[n] for some n ≥ 1. If there were a simple
object U with 0 6= Ext1(U, S[∞]) = D Hom(S[∞], τU), then there would be
a surjective map S[∞] → τU , whose kernel would have to be a (maximal)
subobject of S[∞], hence of the form S[n], which is impossible since S[∞] has
infinite length. It follows that S[∞] is divisible, thus injective, and we conclude
E = S[∞].
If, on the other hand, tE = 0, then E is torsionfree and contains a line bundle
L′ as a subobject. Then E is the injective envelope of L′. In the quotient
category H/H0 the structure sheaf L and L′ become isomorphic ([47]), and
thus (by definition of the morphism spaces in the quotient category) there is
a third line bundle L′′ which maps non-trivially to both, L′ and L. It follows
that L′ has the same injective envelope as L, namely K.
(2) The torsion class T is a hereditary (cf. [52, Prop. A.2]) locally finite
Grothendieck category with injective cogenerator given by the direct sum of all
the Prüfer sheaves. We have the coproduct of (locally finite) categories

(3.4) T =
∐

x∈X

~Ux,

from which we derive (3.2).

In order to proof the existence of a sequence (3.3), we show that ~Ux coin-
cides with the category of torsion modules over a certain bounded hereditary
noetherian prime ring, and then we apply the similar result [61, Thm. 1] for
modules.

To this end we briefly recall some notions, cf. [64, Ch. 4]: letMR be a topological
module over the topological ring R; then M is called pseudo-compact if it is
Hausdorff, complete, and its topology is generated by submodules of finite
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colength; the ring R is called pseudo-compact if RR is. Moreover, MR is called
discrete if its topology is discrete; this is the case if and only if the right
annihilator ideals Ann(x) are open for every x ∈M .

Let now U = Ux be a tube of rank p ≥ 1, with simple objects S, τS, . . . , τp−1S,

and E the injective cogenerator of ~U given by
⊕p−1

j=0 τ
jS[∞]. Its (opposite)

endomorphism algebra R = End(E)op is a pseudo-compact ring: a basis of a
suitable (Gabriel) topology is given by the right ideals I(U) of endomorphisms

of E annihilating U (for U ∈ U). By [26, IV.4. Cor. 1] the category ~U is dual
to PC(R), the category of pseudo-compact R-modules, the duality is given by
the functor X 7→ Hom(X,E); note that in [26] left modules are considered,

whereas we consider right modules, like in [64]. Since soc(E) =
⊕p−1

i=0 τ
iS, we

get R/ rad(R) ≃ End(soc(E)) ≃ Dp as k-algebras, with D = End(τ iS), by [26,
IV.4. Prop. 12]. In particular, the simple R-modules are finite dimensional. It
follows that R is cofinite in the sense of [64]. From [64, Prop. 4.10] we get that

Rop = End(E) is also pseudo-compact, and PC(R)op ≃ Dis(Rop). Thus, ~U is
equivalent to Dis(Rop).

We now show that “discrete module” coincides with “torsion module”. Using

the special shape of ~U , it follows from [1] (cf. also [39, Prop. 13.4]) that Rop ≃
Hp(V,m), given by matrices (aij) ∈ Mp(V ) with aij ∈ m for j > i; here
V = End(τ iS[∞]) is a (noncommutative) complete local principal ideal domain
with maximal ideal m, so that every non-zero one-sided ideal is a power of m.
In particular, Rop is a complete semiperfect, bounded hereditary noetherian
prime ring. By [65, Prop. 3.22] the topology on Rop is the J-adic one, with
J the Jacobson radical, which is generated by a normal and regular element.
Since moreover, by the special shape of Rop, each non-zero ideal contains a
power of J , we readily see that M ∈ Mod(Rop) is discrete if and only if each
element in M is annihilated by a power of J , or equivalently, each element in
M is annihilated by a non-zero ideal. This means that M is torsion in the
sense of [55, p. 373]. In particular, then each element in M is annihilated by
a regular element. The converse is also true: by [63, Sec. IV.6.3.] each regular
element generates an essential right ideal, which, by boundedness, contains a
non-zero ideal.

We summarize: The category ~U coincides with the category of those Rop-
modules M which are torsion in the sense that each element of M is annihilated
by a regular element. Now, in the terminology of [61], the sequence (3.3) ex-
presses that Ex is a basic submodule of the torsion module Fx, and the existence
of such a pure submodule is given by [61, Thm. 1].

(3) Each indecomposable R-module F of finite length has finite endolength,
since it is finite dimensional over k, by the argument from the preceding part.
From [66, Beisp. 2.6 (1)] we obtain that F is a Σ-pure-injective R-module.
Since an object M in a locally noetherian category is pure-injective if and only
if the summation map M (I) → M factors through the canonical embedding
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M (I) → M I for every I (we refer to [51, Thm. 5.4]), we conclude that F is

Σ-pure-injective also in ~H. �

If F is a torsion sheaf like in (3.2), we call the set of those x ∈ X with Fx 6= 0 the
support of F . If the support of F is of the form {x}, we say F is concentrated
at x.

Corollary 3.7. Let F ∈ ~H be a torsion sheaf.

(1) There is a pure-exact sequence

(3.5) 0→ E
⊆−→ F → F/E → 0

such that E is a direct sum of finite length sheaves and F/E is injective.

(2) If F has no non-zero direct summand of finite length, then F is a direct
sum of Prüfer sheaves.

(3) If F is a reduced torsion sheaf and E1, . . . , En are the only indecom-
posable direct summands of F of finite length, then F is pure-injective

and isomorphic to
⊕n

j=1Ej
(Ij) for suitable sets Ij .

(4) If F is indecomposable, then F is either of finite length or a Prüfer
sheaf.

Proof. (1) The direct sum of all pure-exact sequences (3.3) (x ∈ X) is pure-
exact.
(2) This follows from (1) by purity. (Locally, in x, we can also refer to [60,
Thm. 10].)
(3) We consider the pure-exact sequence (3.5). By assumption, E must be of

the form
⊕n

j=1 Ej
(Ij) (indeed, since E is pure in F , its direct summands of

finite length, being pure-injective, are also direct summands of F ). Now E is,
by part (3) of Proposition 3.6, pure-injective, and thus F ≃ E⊕F/E. Since F
is reduced, we conclude F ≃ E.
(4) This follows readily from (2). �

The following basic splitting property will be crucial for our treatment of large
tilting sheaves.

Theorem 3.8. Let T ∈ ~H be a sheaf such that Ext1(T, T ) = 0 holds.

(1) The torsion part tT is a direct sum of Prüfer sheaves and exceptional
sheaves of finite length. Accordingly, it is pure-injective.

(2) The canonical exact sequence 0→ tT → T → T/tT → 0 splits.

Proof. By Lemma 3.3 it suffices to prove part (1). By Lemma 2.1 the assertion
is true in case tT is coherent. If tT does not admit any non-zero summand
of finite length, then we conclude from Corollary 3.7 (2) that tT is a direct
sum of Prüfer sheaves, and then tT is in particular pure-injective. Let now
E be an indecomposable summand of tT of finite length. The composition of
embeddings E → tT → T gives a surjection Ext1(T, T )→ Ext1(E, T ), showing
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that Ext1(E, T ) = 0. Forming the push-out, the projection tT → E yields the
following commutative exact diagram.

0 // tT //

��
��

T //

��

T/tT // 0

0 // E // T ′ // T/tT // 0.

Using Serre duality Ext1(T/tT,E) = D Hom(τ−E, T/tT ) = 0, the lower se-
quence splits, showing that there is an epimorphism T → E. This gives a surjec-
tive map Ext1(E, T ) → Ext1(E,E), showing that Ext1(E,E) = 0. Therefore
E must belong to an exceptional tube of some rank p > 1, and has length < p.
Thus there are only finitely many such E. From Corollary 3.7 and Remark 3.5
we conclude that tT is a direct sum of copies of these finitely many exceptionals
of finite length and of Prüfer sheaves. This proves the theorem. �

Given a tilting sheaf T ∈ ~H, we will often write

T = T+ ⊕ T0
with T0 = tT the torsion and T+ ≃ T/tT the torsionfree part of T . We will
say that T has a large torsion part if tT is large in the sense that there is no
coherent sheaf E such that Add(tT ) = Add(E).

4. Tilting sheaves induced by resolving classes

In this section we introduce the notion of a resolving class, and we employ it to
construct the torsionfree Lukas tilting sheaf L and the tilting sheaves T(B,V ).
We further classify all tilting sheaves with large torsion part, and we establish
a bijection between resolving classes and tilting classes of finite type.

4.1. Let ~H be a locally coherent Grothendieck category with H = fp( ~H). Let

T be a tilting object of finite type in ~H, that is,

B := Gen(T ) = T⊥1 = S ⊥1

for some S ⊆ H, which we choose to be the largest class with this property

S = ⊥1B ∩H.
Applying Ext1(S,−) to the sequence

(4.1) 0→ X → E(X)→ E(X)/X → 0

where X ∈ ~H is arbitrary and E(X) is its injective envelope, we see that

(o) S consists of objects S with pd ~H(S) ≤ 1.

We list further properties of S that can be verified by the reader:

(i) S is closed under extensions;
(ii) S is closed under direct summands;

(iii) S′ ∈ S whenever 0→ S′ → S → S′′ → 0 is exact with S, S′′ ∈ S .
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Definition 4.2. Let ~H be a locally coherent Grothendieck category. We call

a class S ⊆ H = fp( ~H) resolving if it satisfies (i), (ii), (iii), and generates ~H.

Remark 4.3. A generating system S ⊆ H is resolving whenever it is closed

under extensions and subobjects. In case ~H = QcohX the converse also holds
true; we refer to Corollary 4.17 below.

Theorem 4.4. Let ~H be locally coherent and S a resolving class such that

pd ~H(S) ≤ 1 for all S ∈ S . Then there is a tilting object T in ~H with T⊥1 =

S ⊥1 .

Proof. The class B = S ⊥1 is pretorsion, that is, it is closed under direct
sums (recall that S ⊆ H consists of finitely presented objects) and epimorphic
images (here we need the assumption on the projective dimension). Further,
it is special preenveloping as (⊥1B,B) is a complete cotorsion pair, see [58,
Sec. 1.3 and Cor. 2.15]. By assumption, S contains a system of generators

(Gi, i ∈ I) for ~H. Set G =
⊕

i∈I Gi, and take a special B-preenvelope of G,
i.e. a short exact sequence

(4.2) 0→ G→ T0 → T1 → 0

where T0 ∈ B and T1 ∈ ⊥1B. Since B is pretorsion, also T1 ∈ B, and T = T0⊕T1
satisfies Gen(T ) ⊆ B. We claim that T is the desired tilting object. Indeed,

for every X ∈ ~H there is a natural isomorphism

(4.3) Ext1
(⊕

i∈I
Gi, X

)
≃
∏

i∈I
Ext1(Gi, X).

(This we get from the natural isomorphism Hom(
⊕

i∈I Gi, X) ≃∏
i∈I Hom(Gi, X) by applying Hom(Gi,−) and Hom(

⊕
i∈I Gi,−) to the

exact sequence (4.1).) Since Gi ∈ S for all i ∈ I, we deduce

(4.4) Ext1(G,X) = 0 for all X ∈ B.
Hence G ∈ ⊥1B, and (4.2) shows that T0 and T belong to ⊥1B as well. So

Gen(T ) ⊆ B ⊆ T⊥1 .

Let now X ∈ T⊥1. Since G is a generator, there is an epimorphism G(J) → X
and a commutative exact diagram

0 // G(J) //

��

(T0)(J) //

��

(T1)(J) // 0

0 // X // X ′ // (T1)(J) // 0.

Since X ∈ T1⊥1 and thus by (4.3) also X ∈ (T1
(J))⊥1 , the lower sequence splits.

Therefore we get an epimorphism T0
(J) → X , showing that X ∈ Gen(T ). We

conclude that T is a tilting object with Gen(T ) = B. �
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Let now ~H = QcohX, where X is a weighted noncommutative regular projective
curve over a field k. We exhibit two applications of the theorem. The first one
is quite easy.

Proposition 4.5. Let ~H = QcohX, where X is a weighted noncommutative
regular projective curve. There is a torsionfree large tilting sheaf L, called
Lukas tilting sheaf, such that L⊥1 = (vectX)⊥1 .

Proof. The class S = vectX is resolving. By Theorem 4.4 there is a tilting
sheaf L with (vectX)⊥1 = L⊥1 . We show that L is torsionfree. Assume that
L has a non-zero torsion part T0. By Theorem 3.8 this is a direct summand of
L. Then

(vectX)⊥1 = L⊥1 ⊆ T0⊥1 ∩ (vectX)⊥1 ( (vectX)⊥1 ,

where the last inclusion is proper because there exists a simple sheaf S with
Hom(S, T0) 6= 0 and thus τS ∈ (vectX)⊥1 \T0⊥1 . Thus we get a contradiction.
We conclude that T0 = 0. Clearly, L is then also large. �

We record the following observation for later reference.

Lemma 4.6. L⊥1 contains the class DV of V -divisible sheaves for any ∅ 6= V ⊆
X.

Proof. With the notation of Definition 3.1, we have SV
⊥1 = ⊥0SV and

(vectX)⊥1 = ⊥0 vectX by Serre duality. Let F be a sheaf such that there is a
non-zero morphism to a vector bundle, and consequently also to a line bundle.
Since every non-zero subsheaf of a line bundle is a line bundle again, there is
even an epimorphism from F to a line bundle. This line bundle maps onto a
simple sheaf concentrated at x ∈ V . We conclude that F is not V -divisible. �

The second application is the classification of all tilting sheaves having a large
torsion part. We first introduce some terminology.

4.7. Branch sheaves. Let U = Ux be a tube of rank p > 1. We recall that
an indecomposable sheaf E ∈ U is exceptional (that is, Ext1(E,E) = 0) if and
only if its length is ≤ p− 1; in particular, there are only finitely many such E.
If E is exceptional in U , then we call the collection W of all the subquotients
of E the wing rooted in E. The set of all simple sheaves in W is called the
basis of W . It is of the form S, τ−S, . . . , τ−(r−1)S for an exceptional simple
sheaf S and an integer r with 1 ≤ r ≤ p − 1 which equals the length of the
root E; we call such a set of simples a segment in U , and we say that two
wings (or segments) in U are non-adjacent if the segments of their bases (or
the segments) are disjoint and their union consists of < p simples and is not a
segment [46, Ch. 3].

We remark that the full subcategory addW of H is equivalent to the category

of finite-dimensional representations of the linearly oriented Dynkin quiver ~Ar,
cf. [46, Ch. 3]. By [56, p. 205] any tilting object B in the category addW
has precisely r non-isomorphic indecomposable summands B1, . . . , Br forming
a so-called connected branch B in W : one of the Bi is isomorphic to the root

Documenta Mathematica 22 (2017) 67–134



92 L. Angeleri Hügel and D. Kussin

E, and for every j the wing rooted in Bj contains precisely ℓj indecomposable
summands of B, where ℓj is the length of Bj . In particular, for every j we have
a (full) subbranch of B rooted in Bj ; if Bj is different from the root of W , we
call this subbranch proper.

Following [46, Ch. 3], we call a sheaf B of finite length a branch sheaf if it is
a multiplicity free direct sum of connected branches in pairwise non-adjacent
wings; it then follows that Ext1(B,B) = 0.

Every branch sheaf B decomposes into B =
⊕

x∈XBx; of course Bx 6= 0 only
if x is one of the finitely many exceptional points x1, . . . , xt, and there are only
finitely many isomorphism classes of branch sheaves.
Given a non-empty subset V ⊆ X, we can also write

B = Bi ⊕Be

where Be is supported in X \ V and Bi in V . In such case we will say that Be

is exterior and Bi is interior with respect to V .

We now turn to the main result of this section. It states that any choice
of a non-empty subset V ⊆ X and a branch sheaf B determines a unique
tilting sheaf T with large torsion part, and every such tilting sheaf arises in
this way. More precisely, the set V is the support of the non-coherent (Prüfer)
summands in the torsion part tT of T , while B collects the coherent summands
of tT . Furthermore, the summand Bi of B which is interior with respect to V
determines the rays contributing a Prüfer summand to T .

Theorem 4.8. Let ~H = QcohX, where X is a weighted noncommutative regular
projective curve.

(1) Let ∅ 6= V ⊆ X and B ∈ H0 be a branch sheaf. There is, up to
equivalence, a unique large tilting sheaf T = T+ ⊕ T0 whose whose
torsionfree part T+ is V -divisible, and whose torsion part is given by

(4.5) T0 = B ⊕
⊕

x∈V

⊕

j∈Rx
τ jSx[∞],

where the non-empty sets Rx ⊆ {0, . . . , p(x) − 1)} are uniquely deter-
mined by B, see (4.8).

(2) Every tilting sheaf with large torsion part is, up to equivalence, as
in (1).

Notation. Let ∅ 6= V ⊆ X and B = Bi ⊕ Be be a branch sheaf with interior
and exterior part with respect to V given by Bi and Be, respectively. The large
tilting sheaf from Theorem 4.8 will be denoted by

(4.6) T(B,V ) = T(Bi,V ) ⊕Be.

For the proof we need several preparations. We start by describing the torsion
part of a tilting sheaf.

Lemma 4.9. Let T be a tilting sheaf and x an exceptional point of weight
p = p(x) > 1 such that (tT )x 6= 0. There are two possible cases:
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(1) “Exterior branch”: (tT )x contains no Prüfer sheaf, but at most p − 1
indecomposable summands of finite length, which are arranged in con-
nected branches in pairwise non-adjacent wings.

(2) “Interior branch”: (tT )x contains precisely s Prüfer sheaves, where
1 ≤ s ≤ p, and precisely p − s indecomposable summands of fi-
nite length. The latter lie in wings of the following form: if S[∞],
τ−rS[∞] are summands of T with 2 ≤ r ≤ p, but the Prüfer sheaves
τ−S[∞], . . . , τ−(r−1)S[∞] in between are not, then there is a (unique)
connected branch in the wing W rooted in S[r − 1] that occurs as a
summand of T .
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Figure 4.1. Lemma 4.9 (2) with r = 6, • = a branch B, •̂ =
its root, ∗ = Prüfer summand of T ; ◦ = undercut B> as
in (4.9)

Proof. Given a simple object S ∈ Ux, the corresponding Prüfer sheaf S[∞] is
S[p]-filtered, and thus by [58, Prop. 2.12] we have

(4.7) S[∞] is a summand of T ⇔ ⊥1(T⊥1) contains the ray {S[n] | n ≥ 1}.
If no such ray exists, then (tT )x has at least one indecomposable summand
of finite length, and it is well-known that all such summands are arranged in
branches in pairwise non-adjacent wings, compare [46, Ch. 3].

Assume now that, say, S[∞] and τ−rS[∞] are summands of T , but no Prüfer
sheaf “in between” is a summand, where 2 ≤ r ≤ p (when r = p, there is
precisely one Prüfer summand). We show that S[r− 1] is a summand of T . By
(4.7) this is equivalent to show Ext1(T, S[r−1]) = 0. If this is not the case, then
Hom(τ−S[r − 1], T ) 6= 0, and thus there exists an indecomposable summand
E of T lying on a ray starting in τ−S[r − 1], . . . , τ−(r−2)S[2] or τ−(r−1)S.
But for such an E we have 0 6= D Hom(τ−E, τ−rS[∞]) = Ext1(τ−rS[∞], E),
contradicting the fact that T has no self-extension. Thus S[r − 1] is a direct
summand of T . The latter argument also shows that every indecomposable
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summand of T of finite length and lying on a ray starting in S, τS, . . . , τ−(r−1)S
actually lies in the wing W rooted in S[r − 1].

We claim that the direct sum B of all indecomposable summands of T lying
in W forms a tilting object in addW . We have Ext1(B,B) = 0. Assume that
B is not a tilting object in W . Then there is an indecomposable E ∈ W , not
a direct summand of B, such that Ext1(E ⊕ B,E ⊕ B) = 0. Let E′ be the
indecomposable quotient of S[r − 1] such that E embeds into E′. We have a
short exact sequence 0→ F → S[r−1]→ E′ → 0 with indecomposable F ∈ W .
Let T+ be the torsionfree part of T . Then exactness of 0 = Hom(F, T+) →
Ext1(E′, T+)→ Ext1(S[r − 1], T+) = 0 shows Ext1(E′, T+) = 0, and then also
Ext1(E, T+) = 0. Moreover Ext1(T+, E) = D Hom(τ−E, T+) = 0, and since
E ∈ W , there are no extensions between E and Prüfer summands of T . We
conclude that E ∈ T⊥1∩⊥1(T⊥1) = Add(T ), a contradiction. Thus B is tilting,
and it forms a connected branch.

Doing this with every “gap” between Prüfer sheaves in (tT )x, one sees that
(tT )x contains precisely p− s indecomposable summands of finite length. �

Lemma 4.10. In the preceding lemma, the torsionfree part T+ of T belongs to
W⊥1 for every wing W occurring in (1) or (2), and it is even x-divisible in
case (2).

Proof. The first part of the statement is shown as in the preceding proof. In
case (2) it then remains to check that T+ has no extensions with the simple
objects in Ux which do not belong to the wings defined by the Prüfer summands
of T . Let W be such wing and E such simple object, that is, E 6∈ W , but
τE ∈ W . Assume 0 6= Ext1(E, T+) ≃ D Hom(T+, τE). Since Hom(T+, τW) =
0, repeated application of the almost split property yields an indecomposable
object U on the ray starting in S such that Hom(T+, τU) 6= 0. By Serre duality
Ext1(U, T+) 6= 0, and since U embeds in S[∞], also Ext1(S[∞], T+) 6= 0, a
contradiction. �

As mentioned above, the interior branch sheaves and the Prüfer sheaves oc-
curring in the torsion part of a tilting sheaf are interrelated. In the sit-
uation of Lemma 4.9 (2), we denote by Rx the set of cardinality s of all
j ∈ {0, . . . , p(x) − 1} such that the Prüfer sheaf τ jS[∞] is a direct summand
of T . Each such set defines a unique collection

W = {τ jS[∞] | j ∈ Rx}⊥1 ∩ Ux
of pairwise non-adjacent wings in the exceptional tube Ux, whereas the branch
B, viewed as collection of indecomposable sheaves, is given as

B = Add(T ) ∩ Ux.
In particular, this shows that a tilting sheaf T ′ with a different branch B′ 6= B

in Ux will have T ′⊥1 6= T⊥1 , that is, T and T ′ cannot be equivalent.
Conversely, every non-zero branch sheaf in Ux – which we will often identify
with the set of its indecomposable summands – defines a unique collection W
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of pairwise non-adjacent wings in Ux, and this defines uniquely the set Rx;
namely, if S, τ−S, . . . , τ−(r−1)S is a basis of one of the wings in W , we have

(4.8) Rx = {j = 0, . . . , p(x)− 1 | τ j+1S 6∈ W}.

We now consider a pair (B, V ) given by a branch sheaf B ∈ H and a subset V ⊆
X, and we associate a resolving class to it. For the moment V = ∅ is permitted.
In case V 6= ∅, the corresponding tilting sheaf T given by Theorem 4.4 will have
the properties required by Theorem 4.8.
The resolving class S associated to (B, V ) will consist of all vector bundles, of
the rays given by the sets Rx in (4.8), and of some objects determined by B.
Up to τ -shift, these objects will lie in the wings defined by B, namely, in the
part which lies “under” B, in a sense that we are going to explain below.
Let us fix some notation. Recall that B =

⊕
x∈XBx where each Bx is a direct

sum of connected branches in pairwise non-adjacent wings in Ux. For every x
denote by Wx the collection of all such wings, and for every x ∈ V let Rx be
the associated non-empty subset of {0, . . . , p(x)− 1} defined by (4.8).
In order to determine the part of Wx lying “under” Bx, we will have to distin-
guish two cases. In fact, when Bx is exterior with respect to V , it turns out
that we have to consider τWx rather than Wx.
Given a connected branch C with associated wing WC , let us call the set

(4.9) C> :=

{
C⊥0 ∩WC if C is interior,

C⊥0 ∩ τWC if C is exterior,

the undercut of C. The undercut B> of the branch sheaf B is the union of the
undercuts of all its connected branch components. The undercut is illustrated
in Figure 4.1 above. Another example is shown in Figure 10.1.

Lemma 4.11. Let V ⊆ X and B = Bi ⊕Be be a branch sheaf.

(1) With the notation above, the class

(4.10) S = add
(

vectX ∪ τ−(B>) ∪
⋃

x∈V
{τ jSx[n] | j ∈ Rx, n ∈ N}

)

is resolving.

(2) If T is a tilting sheaf with T⊥1 = S ⊥1 , then S = ⊥1(T⊥1) ∩ H, the
torsionfree part T+ is V -divisible, and the torsion part is given by

T0 = B ⊕
⊕

x∈V

⊕

j∈Rx
τ jSx[∞].

Proof. (1) The class S is clearly closed under subobjects. A simple case by
case analysis shows that S is also closed under extensions. For instance, if
0 → A → E → C → 0 is a short exact sequence with A a vector bundle and
C ∈ S indecomposable of finite length, then E = E+ ⊕ E0, with E+ a vector
bundle and E0 of finite length; it follows that E0 is isomorphic to a subobject
of C, and thus E0 ∈ S , and then E ∈ S . Compare also [10, p. 36 from line
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-19]. Since S contains the system of generators vectX, we conclude that it is
resolving.
(2) By Serre duality, an indecomposable coherent sheaf E ∈ H belongs to
⊥1(T⊥1) if and only if τE ∈ (T⊥1)⊥0 = (S ⊥1)⊥0 = (⊥0τS )⊥0 . We claim that
this is further equivalent to τE ∈ τS , that is, E ∈ S . Indeed, the claim is
shown by arguing inside the abelian category H as in [53, Lem. 1.3], keeping
in mind that τS is closed under subobjects and extensions by part (1).
We thus have S = ⊥1(T⊥1) ∩ H. It follows from (4.7) that T has precisely
the Prüfer summands τ jSx[∞] with x ∈ V and j ∈ Rx. In particular, T+ is
V -divisible by Lemma 4.10. Furthermore,

(4.11) S ⊥1 ∩S = T⊥1 ∩ ⊥1(T⊥1) ∩H = Add(T ) ∩H,
and we now show that this class further coincides with add(B).
Let W be the union of non-adjacent wings associated to B, and let B1 and
B2 be two indecomposable summands of B. Then 0 = Ext1(B1, B2) =
D Hom(B2, τB1). Thus τB1 ∈ B⊥0 . If B1 is either exterior, or interior
with τB1 ∈ W , then τB1 ∈ B>, that is, B1 ∈ τ−(B>) ⊆ S . If, on the
other hand, B1 is interior with τB1 6∈ W , then B1 ∈ S by definition of
Rx. Moreover, we have Ext1(τ−(B>), B1) = D Hom(B1, B

>) = 0, and then
Ext1(τ jSx[n], B1) = D Hom(B1, τ

j+1Sx[n]) = 0, for any x ∈ V and j ∈ Rx,
shows that B1 ∈ S ⊥1 .
Conversely, let E ∈ S ∩S ⊥1 be indecomposable. By (4.11) we have that E is
a summand of T , in particular E is exceptional and belongs to an exceptional
tube. If E is supported in V , then it is a summand of Bi by Lemma 4.9 and
the fact that the connected parts of B form tilting objects in the corresponding
wings. If E is not supported in V , then it belongs to τ−(C>) for a connected
branch component C of Be. Since τ−(C>) = ⊥1C ∩WC where WC is the wing
associated to C, we infer again that E is a summand of Be.
We conclude that T0 is given by B ⊕⊕x∈V

⊕
j∈Rx τ

jSx[∞], as desired. �

We can now complete our classification of tilting sheaves with large torsion
part.

Proof of Theorem 4.8. (1) By the preceding lemma there exists a (large) tilting
sheaf with the claimed properties.
(2) Let now T = T+⊕ T0 be any tilting sheaf with a non-coherent torsion part
T0. From Lemma 4.9 we infer that T0 is of the form B⊕⊕x∈V

⊕
j∈Rx τ

jSx[∞].

It is sufficient to show that the class S from (4.10) satisfies S = ⊥1(T⊥1)∩H,
since this will imply T⊥1 = S ⊥1 , as desired.
By Lemma 4.10 the torsionfree part T+ of T is V -divisible. From Lemma 4.6 we
infer T+ ∈ (vectX)⊥1 . Since also T0 ∈ (vectX)⊥1 by Serre duality, we conclude
Ext1(X,T ) = 0 for any vector bundle X , hence vectX ⊆ ⊥1(T⊥1).
Next, we show τ−(B>) ⊆ ⊥1(T⊥1). If E ∈ τ−(Bi

>), then Ext1(E,B) =
D Hom(B, τE) = 0 by definition of the undercut. Since T+ and the Prüfer
sheaves are V -divisible, we get Ext1(E, T ) = 0 and E ∈ ⊥1(T⊥1). If
E ∈ τ−(Be

>), then it belongs to τ−(C>) = ⊥1C ∩ WC for a connected
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branch component C of Be with associated wing WC . It follows Ext1(E,B) =
D Hom(B, τE) = 0, and Ext1(E, T+) = 0 by Lemma 4.10, so again E ∈
⊥1(T⊥1).
Finally, if E belongs to a ray {τ jSx[n] | n ≥ 1} with x ∈ V and j ∈ Rx, then
E ∈ ⊥1(T⊥1) by (4.7).
Altogether we have shown S ⊆ ⊥1(T⊥1) ∩ H. In order to prove the reverse
inclusion, let E ∈ H be indecomposable with E ∈ ⊥1(T⊥1). By definition of S ,
we can assume that E is of finite length, and further, if concentrated at a point
x ∈ V , that it has the form τ jSx[n] with j 6∈ Rx. This means τ jSx ∈ τ−W
by (4.8), so there is a connected branch component C of Bi with associated
wing WC such that τ jSx ∈ τ−WC . Since C is a summand of T , we have
E ∈ ⊥1C ∩ τ−WC = τ−(C>) ⊆ S .
It remains to check the case when E is concentrated at a point x 6∈ V . No-
tice that Hom(T, τE) ≃ D Ext1(E, T ) = 0 implies Ext1(T, τE) 6= 0 by con-
dition (TS2). But the latter amounts to Ext1(Be, τE) 6= 0, or equivalently,
Hom(E,Be) 6= 0. Let 0 6= f : E → Be. If E is simple, f is a monomor-
phism, and E ∈ S because Be ∈ τ−(Be

>) ⊆ S and S is closed un-
der subjects. If E has length ℓ > 1, we consider the short exact sequence
0 → Ker f → E → Im f → 0 where Im f belongs to S ⊆ ⊥1(T⊥1) and
Ker f ∈ ⊥1(T⊥1). Proceeding by induction on ℓ and using that S is closed
under extensions, we conclude that E ∈ S , which completes the proof. �

Corollary 4.12. Let ~H = QcohX with X a weighted noncommutative regular
projective curve. There is a bijection between the equivalence classes of tilting

sheaves in ~H having a large torsion part, and the set of pairs (B, V ) given by
a branch sheaf B ∈ H and a subset ∅ 6= V ⊆ X. �

Remark 4.13. It is well known that the hereditary torsion pairs in QcohX are
in bijection with the Serre subcategories of cohX. As explained in [7, Sec. 5.2],
this bijection restricts to a bijective correspondence between the hereditary
torsion pairs (T , F) with non-trivial F (or equivalently, such that F generates
QcohX) and the Serre subcategories consisting of finite length objects. More-
over, one easily verifies that the Serre subcategories of addH0 are precisely the
small additive closures of unions of tubes and pairwise non-adjacent wings. In
other words, there is a surjective map from the set of all pairs (B, V ) given by
a branch sheaf B and a subset V ⊆ X, and the Serre subcategories of addH0.
This map is not injective in general, because different branch sheaves can give
rise to the same wings. In the non-weighted case, however, the parametrization
of tilting sheaves reduces to the subsets V ⊆ X, and we obtain a bijection be-
tween tilting sheaves and faithful hereditary torsion pairs in QcohX, in perfect
analogy with the classification of tilting modules over commutative noetherian
rings from [8]. For more details we refer to [7, Sec. 5.2].

A correspondence. Next, we establish an analogue of [5, Thm. 2.2] stating
that the resolving subclasses of H correspond bijectively to tilting classes of
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finite type. As we will see below, in the domestic and in the tubular cases
every tilting class is of finite type.

Theorem 4.14. Let X be a weighted noncommutative regular projective curve

and ~H = QcohX. The assignments Φ: S 7→ S ⊥1 and Ψ: B 7→ ⊥1B∩H define
mutually inverse bijections between

• resolving classes S in H, and
• tilting classes B = T⊥1 with T ∈ ~H tilting of finite type.

For the proof of the Theorem, we need the following observations.

Remark 4.15. In the situation of Lemma 4.9 (2), the right perpendicular cate-
goryW⊥ of a wingW rooted in S[r− 1] coincides with the right perpendicular
category to its basis S, τ−S, . . . , τ−(r−2)S. If B forms a (connected) branch in
W , then also B⊥ = W⊥, and when forming this perpendicular category, the
r rays starting in the simple objects S, τ−S, . . . , τ−(r−2)S, τ−(r−1)S and the
corresponding Prüfer sheaves are turned into a single ray τ−(r−1)S[rn], n ≥ 1,
and a single Prüfer sheaf S[∞].

Lemma 4.16 (Perpendicular Lemma). Let B ∈ H be a branch sheaf. Let T ∈ ~H
be a sheaf such that T ∈ B⊥.

(1) We have B⊥ ≃ QcohX′, where X′ is a noncommutative regular projec-
tive curve with reduced weights 1 ≤ p′i ≤ pi.

(2) T ⊕B is a (large) tilting sheaf in ~H if and only if T is a (large) tilting

sheaf in ~H′ = QcohX′.

Proof. (1) This follows from the preceding remark.
(2) It is clear that T⊕B satisfies (TS1) if and only if so does T . We assume that

T ⊕ B satisfies (TS2). Let X ∈ ~H′ such that Hom(T,X) = 0 = Ext1(T,X).

Since ~H′ = B⊥ we get Hom(T ⊕ B,X) = 0 = Ext1(T ⊕ B,X), and hence
X = 0 follows, and T satisfies (TS2). Conversely, let T satisfy (TS2). Let

X ∈ ~H with Hom(T ⊕ B,X) = 0 = Ext1(T ⊕ B,X). Then in particular

X ∈ B⊥ = ~H′, and also Hom(T,X) = 0 = Ext1(T,X). Then X = 0, so that
T ⊕B satisfies (TS2). �

Proof of Theorem 4.14. Φ(S ) = S ⊥1 defines a map between the named sets
by Theorem 4.4. By the discussion in 4.1 we see that S := Ψ(B) = ⊥1B ∩ H
satisfies conditions (i), (ii) and (iii) for resolving. Notice that S is even closed
under subobjects since QcohX is hereditary. We show that S also generates
~H.

First we show that S contains a non-zero vector bundle. Let S ′ ⊆ H with
B = S ′⊥1 . Then

(4.12) S ′ ⊆ ⊥1(S ′
⊥1) ∩H = S .

We assume that S does not contain any non-zero vector bundle, which we will
lead to a contradiction. Then S ′ ⊆ H0. Let T be tilting with B = T⊥1 . Since a
coherent X lies in ⊥1B if and only if Ext1(X,T ) = 0, we get Hom(T,E) 6= 0 for
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every non-zero vector bundle E. If T is additionally torsionfree, then we infer
Ext1(T, F ) = 0 for all finite length sheaves F . It follows from (TS2) that T is a

generator for ~H, and then also projective. From Serre duality we conclude that
there is no non-zero morphism from a vector bundle to T , which is impossible.
If on the other hand, T has a large torsion part, then by Lemma 4.10 the
torsionfree part T+ is x-divisible for (at least) one point x. But T , and then
also T+, maps epimorphic to some line bundle L′, and L′ maps non-trivially to
a simple sheaf Sx concentrated at x, thus Hom(T+, Sx) 6= 0, contradicting the
x-divisibility. The final case to consider is that the torsion part T0 is a branch

sheaf B. By Lemma 4.16 then T+ is torsionfree tilting in B⊥ = QcohX′ ⊆ ~H.
Since vectX′ = vectX∩B⊥ (the inclusion of the right perpendicular category is
rank-preserving, by [28, Prop. 9.6]), we infer that T+ maps non-trivially to any
non-zero vector bundle over X′, and we get a contradiction by the torsionfree
case treated before. Thus in any case, S contains a non-zero vector bundle.

Since S is closed under subobjects, it contains also a line bundle L′. By [52,
Lem. IV.4.1], [39, Rem. 3.8] there is a suitable product σ of tubular shifts such
that (L′, σ) forms an ample pair, and there is a monomorphism σ−1L′ → L′.
We conclude that S contains the system of generators {σ−nL′ | n ≥ 0} for ~H.

We have thus shown that Φ and Ψ define maps between the named sets. Now,
from (4.12) we infer ΨΦ(S ) ⊇ S . The converse inclusion follows from [53,
Lem. 1.3] as in the proof of Lemma 4.11 (2). Thus ΨΦ(S ) = S . Moreover,
ΦΨ(B) = (⊥1B ∩ H)⊥1 ⊇ (⊥1B)⊥1 ⊇ B. Since B is of finite type, there is

S ′ ⊆ H such that B = S ′⊥1 , and from (4.12) we conclude S ′ ⊆ Ψ(B), hence
ΦΨ(B) = B. This completes the proof of the theorem. �

Corollary 4.17. Let X be a weighted noncommutative regular projective curve

and ~H = QcohX. A generating system S ⊆ H is resolving if and only if it is
closed under extensions and subobjects. �

We further have the following immediate consequence of Theorem 4.4.

Corollary 4.18. Let X be a weighted noncommutative regular projective curve

and ~H = QcohX. If S ′ ⊆ H is a set containing at least one non-zero vector

bundle, then there is a tilting sheaf T ∈ ~H with T⊥1 = S ′⊥1 .

Proof. Let B = S ′⊥1 . Then S := ⊥1B ∩ H satisfies S ⊥1 = B, it is closed
under extensions and subobjects, and we see as in the proof of Theorem 4.14
that it contains a generating system. Thus S is resolving, and the claim follows
from Theorem 4.4. �

Maximal rigid objects in a (large) tube. Let ~U be the direct limit

closure of a tube U in ~H. Recall from Section 3 that ~U is an exact subcategory of
~H, and it is itself a hereditary locally finite Grothendieck category, cf. also [19].

Following [14], we call an object U in ~U rigid if Ext1(U,U) = 0, and maximal

rigid if it is rigid and every indecomposable Y ∈ ~U satisfying Ext1(U ⊕ Y, U ⊕
Y ) = 0 is a direct summand of U . This definition relies on the fact that
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every rigid object U has an indecomposable decomposition. Indeed, up to
multiplicities, U is a finite direct sum of indecomposables, which are either
Prüfer sheaves or exceptional coherent sheaves, cf. Theorem 3.8. U is said
to be of Prüfer type if it has a Prüfer summand. Finally, two maximal rigid
objects are said to be equivalent if they have the same indecomposable direct
summands.
As a consequence of the discussion above, we can recover and refine results
from [14, Sec. 5].

Corollary 4.19. Let ~U be the direct limit closure of a tube U = Ux in ~H. The

following statements are equivalent for an object U ∈ ~U .
(1) U is maximal rigid in ~U .
(2) U is tilting in ~U .
(3) U is of Prüfer type and it coincides, up to multiplicities, with the sum-

mand (tT )x supported at x in the torsion part of some large tilting sheaf

T ∈ ~H.
Moreover, the map U 7→ (TU ,FU ) where FU := ⊥1U ∩ U and TU := ⊥0FU ∩ U
defines a bijective correspondence between equivalence classes of such objects U
and torsion pairs in U whose torsionfree class generates U . If B is the coherent
part of U , which is a branch sheaf, and the set Rx is defined as in (4.8), then
the torsion pair corresponding to U is explicitly given as

FU = add
(
τ−(B>) ∪ {τ jSx[n] | j ∈ Rx, n ∈ N}

)
and TU = gen(τ−B),

and we have

(4.13) FU ∩ FU⊥1 = add(B).

Proof. The implication (3)⇒(1) follows immediately from Lemma 4.9 (2).
For the implication (3)⇒(2) let T = T(B,{x}) = T+ ⊕U be a large tilting sheaf

in ~H. In order to prove that U is tilting in ~U , it suffices to verify condition

(TS2), that is, to show that any X ∈ U⊥ ∩ ~U must be zero. Let E be a direct
summand of X of finite length. Then also E ∈ U⊥. Using Serre duality we
obtain moreover E ∈ T⊥, since T+ is torsionfree and x-divisible. Thus E = 0
since T is tilting. So X does not have any non-zero summand of finite length,

hence it is a direct sum of Prüfer sheaves in ~U by Corollary 3.7. Since U has

a Prüfer summand (which maps onto all Prüfer sheaves in ~U), the condition
Hom(U,X) = 0 implies X = 0, as desired.
We now show that each of (1) or (2) implies (3). Let U be maximal rigid or

tilting in ~U , and assume without loss of generality that there are no multiplic-
ities. Then U = B ⊕ U ′ where U ′ 6= 0 is a direct sum of Prüfer sheaves and
B is of finite length. If B 6= 0, then U ′ defines a collection W = U ′⊥1 ∩ U of
pairwise non-adjacent wings in the exceptional tube U , and we infer as in the
proof of Lemma 4.9 (2) that B is a direct sum of connected branches in W .
In other words, B is a branch sheaf, and U satisfies (3), being for instance the
torsion part of the tilting sheaf T = T(B,{x}) = T+ ⊕ U .
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Moreover, by Lemma 4.11, there is a resolving subcategory S ofH correspond-
ing to (B, {x}). It has the form S = ⊥1(T⊥1)∩H = ⊥1T ∩H, and it gives rise
to a resolving subcategory S ∩U in U , which coincides with FU = ⊥1U ∩U be-
cause T+ is x-divisible. The explicit shape of FU is an immediate consequence
of (4.10). Moreover, we have (S ∩U)⊥1 ∩U = S ⊥1∩U (since Ext1(H+,U) = 0

by Serre duality), and since S ⊥1 = Gen(T ), we get FU⊥1 ∩U = Gen(T )∩U =

gen(B). Thus TU = ⊥0FU ∩ U = τ−FU⊥1 ∩ U = gen(τ−B). By (4.11) we

finally obtain FU ∩ FU⊥1 = S ∩ S ⊥1 ∩ U = Add(T ) ∩ U = add(B), which
proves (4.13).
It follows readily that U 7→ (TU ,FU ) defines a map between the named sets,
and this map is injective since FU , by (4.13), determines the branch part of
U , and therefore U itself. This map is also surjective: if (T ,F) is a torsion
pair in U with F generating, then F is clearly resolving in U , and we can apply

Theorem 4.4 for the hereditary, locally finite Grothendieck category ~U to obtain

a tilting object U in ~U with U⊥1 = F⊥1 . As in the proof of Lemma 4.11 (2)
we get F = ⊥1U ∩ U = FU , from which the claim follows. �

Genus zero. For the rest of this section let X be of genus zero and ~H =
QcohX. We refine the results above with the following notion.

Definition 4.20. Let S be a class of objects in H. We call S strongly
resolving if it is closed under extensions and subobjects, and if it contains a
tilting bundle Tcc.

Remark 4.21. Let S ⊆ H be a strongly resolving class containing a tilting
bundle Tcc. Then S is resolving (this is verified by using that Tcc(−nx) ⊆ Tcc
by (2.8) for all n ≥ 0 and all points x ∈ X, and that the system (Tcc(−nx), n ≥
0) is generating by [38, Prop. 6.2.1]).
So we can apply Theorem 4.4 to obtain a tilting sheaf T generating the class
B = S ⊥1 . More explicitly, any special B-preenvelope

(4.14) 0→ Tcc → T0 → T1 → 0

of Tcc leads to a tilting sheaf of finite type

T = T0 ⊕ T1
with T⊥1 = B and T ∈ Gen(Tcc).
Indeed, the exact sequence Ext1(T1, X) → Ext1(T0, X) → Ext1(Tcc, X) → 0

shows that X ∈ T⊥1 implies X ∈ Tcc
⊥1 = Gen(Tcc), and the claim follows

replacing G by Tcc in the proof of Theorem 4.4.
Notice that the sheaves T0 and T1 are S -filtered in the sense of [58, Def. 2.9],
and the class ⊥1(T⊥1) consists precisely of the direct summands of the S -
filtered objects, see [58, Thm. 2.13 and Cor. 2.15].

Example 4.22. (1) The system S = vectX of all vector bundles is strongly
resolving, and the Lukas tilting sheaf L from Proposition 4.5 with L⊥1 = S ⊥1

is large, torsionfree and satisfies condition (TS3).
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(2) Let T = T(B,V ) where ∅ 6= V ⊆ X and B is a branch sheaf. The class

S = ⊥1(T⊥1) ∩ H is given by (4.10), and it is strongly resolving as vectX ⊆
S ; we even have Tcan ∈ S . By the preceding discussion T⊥1 = S ⊥1 and
T ∈ Gen(Tcan). Sequence (4.14) shows that T satisfies (TS3). In fact, we will
see in Theorem 10.1 that T even satisfies condition (TS3+).

5. Tilting sheaves under perpendicular calculus

Throughout this section, ~H = QcohX with X a weighted noncommutative regu-
lar projective curve over a field k. We use perpendicular calculus (in particular
Lemma 4.16) to reduce some considerations to tilting sheaves TV = T(0,V ) with
trivial branch sheaf B = 0. This will allow us to obtain an explicit description
of the torsionfree part T+ of any tilting sheaf T(B,V ) and an alternate method
to determine the Prüfer summands in the torsion part.

Remark 5.1. The Perpendicular Lemma 4.16 has several applications.

(1) Let B ∈ H be a branch sheaf. Let T ∈ ~H be a sheaf such that tT and
B have disjoint supports and Ext1(B, T ) = 0 holds. Then T ∈ B⊥. (This
follows by applying Hom(B,−) to the canonical exact sequence 0 → tT →
T → T/tT → 0.) Thus we can use Lemma 4.16 to reduce our considerations
to tilting sheaves with trivial exterior branch part Be.

(2) Let X be a noncommutative regular projective curve of weight type
(p1, . . . , pt) (with pi ≥ 2), and assume that X′ arises from X by reduction
of some weights, so that X′ is of weight type (p′1, . . . , p

′
t), with 1 ≤ p′i ≤ pi.

Then the classification of (large) tilting sheaves in QcohX is at least as com-
plicated as the classification in QcohX′. Indeed, if T ′ is a (large) tilting sheaf
in QcohX′, then we can find a branch sheaf B ∈ cohX such that T = T ′ ⊕ B
is (large) tilting in QcohX: namely, we have QcohX′ ≃ E⊥ ⊆ QcohX for a
finite set E of exceptional simple sheaves; we can then take any branch sheaf
B whose components lie in the wings whose bases belong to E ; then B⊥ = E⊥
and T ′ ∈ B⊥. Clearly, if T ′1 and T ′2 are not equivalent, then T ′1⊕B and T ′2⊕B
are also not equivalent.

(3) In particular: if X is a weighted projective line of wild type (in the sense
of [27]), then QcohX contains all large tilting sheaves coming from a suitable
weighted projective line X′ of tubular type.

Let us now assume that V 6= ∅ and Be = 0. Then all the branches of B = Bi

are interrelated with Prüfer summands of T(B,V ) as described in Lemma 4.9 (2).

Let ~H′ = (τ−B)⊥ = QcohX′ and i : ~H′ → ~H the inclusion. If we define, in

analogy of Definition 3.1, the class S ′V and its direct limit closure T ′V = ~S ′V in
~H′, then it is easy to see that we have

~H′/T ′V ≃ S ′V
⊥

= (τ−B)⊥ ∩ (iS ′V )⊥ = SV
⊥ ≃ ~H/TV .
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Lemma 5.2. Let T = T(B,V ) be the tilting sheaf in ~H given by (4.6) with
torsionfree part T+. We assume Be = 0. Then

(5.1) TV := T(0,V ) = T+ ⊕
⊕

x∈V

⊕

j∈Rx
τ jSx[∞]

is a large tilting sheaf in ~H′.

Proof. It is sufficient to show that T(0,V ) lies in the right-perpendicular category

(τ−B)⊥. By the definition of Rx, and since the τ jSx[∞] are injective, this is
true for the direct sum of the Prüfer summands. Since T+ is V -divisible, this
also holds for T+. �

We conclude

Corollary 5.3. T(B,V ) = T(Bi,V ) ⊕ Be and T(0,V ) have the same torsionfree
part. �

We will now deal with TV = T(0,V ). Its torsion part consists of Prüfer sheaves

only. We consider TV as object in ~H′ = QcohX′ = (τ−B)⊥, and we exhibit
the following explicit construction.

Let Λ′ be a finite direct sum of indecomposable vector bundles Fj in ~H′ =

QcohX′ such that Λ′ maps onto each simple sheaf in ~H′. For instance,

• by [39, Prop. 1.1], we can always find special line bundles Fj with this
property (by applying suitable tubular shifts to the structure sheaf L);
or
• in case X is of genus zero, we can take alternatively Λ′ = T ′can, a

canonical configuration in ~H′. (See Remark 5.12.)

We denote by e(j, x) = e(j, x,Λ′) the End(Sx)-dimension of Ext1(τ jSx,Λ
′), by

p′(x) the weight of x in X′, and consider the universal sequence in H′

(5.2) 0→ Λ′ → Λ′(x)→
p′(x)−1⊕

j=0

(τ jSx)e(j,x) → 0

where the τ jSx are the simple sheaves in H′ concentrated at x. Since the
inclusion Sx → Sx[∞] yields a surjection Ext1(Sx[∞],Λ′)→ Ext1(Sx,Λ

′), this

induces a short exact sequence in ~H′ ⊆ ~H

(5.3) ηx : 0→ Λ′ → Λ′x →
p′(x)−1⊕

j=0

(τ jSx[∞])e(j,x) → 0.

Note that τ jSx[∞] are also Prüfer sheaves in ~H. For x ∈ V these short exact
sequences are spliced together via

(5.4) Ext1
(⊕

y∈V
τ jSy[∞],Λ′

)
≃
∏

y∈V
Ext1(τ jSy[∞],Λ′),
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which defines

(5.5) ηV : 0→ Λ′ → Λ′V →
⊕

x∈V

p′(x)−1⊕

j=0

(τ jSx[∞])e(j,x) → 0.

Lemma 5.4. Λ′V is torsionfree and precisely V -divisible.

Proof. That Λ′V is torsionfree and V -divisible can be shown as in the proof
of [55, Prop. 5.2]. Let y ∈ X\V and S ∈ Uy be simple. By applying Hom(S,−)

to sequence (5.5) we get Ext1(S,Λ′V ) ≃ Ext1(S,Λ′) 6= 0. Thus Λ′V is precisely
V -divisible. �

We now adopt the notation from Section 3 and interpret the sequence ηV in
(5.5) in terms of localization theory.

Lemma 5.5. Assume V 6= ∅ and Be = 0. Let π = πV : ~H → ~H/TV be the
canonical quotient functor.

(1) In SV
⊥ ≃ ~H/TV we have πΛ′ ≃ π(Λ′V ).

(2) πΛ′ is a finitely presented projective generator in SV
⊥ ≃ ~H/TV .

(3) The functor X 7→ Hom ~H/TV (πΛ′, X) yields an equivalence

~H/TV ≃ Mod(End ~H/TV (πΛ′)).

In particular, SV
⊥ is locally noetherian.

Proof. (1) This is clear by the exact sequence (5.5).

(2) Let x ∈ V . Then Λ′ and Λ′(nx) become isomorphic in ~H/TV for all n ∈ Z,

which follows from (5.2). We note that every short exact sequence in ~H/TV
is isomorphic to the image of a short exact sequence in ~H under the quotient
functor π. If A ∈ H, then, by [38, 0.4.6], [39], for sufficiently large n > 0 we
have Ext1(Λ′(−nx), A) = 0, which shows that πΛ′ ≃ π(Λ′(−nx)) is projective
with respect to images of coherent objects. Since the class Ker Ext1(πΛ′,−) is
closed under direct limits, it follows that πΛ′ is projective. Since also, again
by [38, 0.4.6], for sufficiently large n > 0 we have Hom(Λ′(−nx), A) 6= 0, we
get Hom(πΛ′, πA) 6= 0 for every A ∈ H, and it follows easily that πΛ′ is a
generator in the quotient category. It is finitely presented because Hom(Λ′,−)
and hence Hom(πΛ′,−) preserve direct limits (we refer to Remark 3.2 and [34,
Lem. 2.5]).
(3) This is a well-known result by Gabriel-Mitchell, we refer to [13, II.1]. For
the last statement, recall that Λ′ is noetherian, and so is End ~H/TV (πΛ′). �

As an additional information on Λ′V we exhibit its minimal injective resolution.
We recall that the sheaf K of rational functions is the injective envelope of the
structure sheaf L.
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Proposition 5.6. Let ∅ 6= V ⊆ X. There is a short exact sequence

(5.6) 0→ Λ′V → Λ′X →
⊕

y∈X\V

p′(y)−1⊕

j=0

(τ jSy[∞])e(j,y) → 0.

This is the minimal injective resolution of Λ′V . Moreover, Λ′X ≃ Kn with n =
rk(Λ′).

Proof. Via the identity (5.4) we have ηV = (ηy)y∈V and ηX = (ηx)x∈X. Thus

inclusion ι :
⊕

y∈V

⊕

j

(τ jSy[∞])e(j,y) →
⊕

x∈X

⊕

j

(τ jSx[∞])e(j,x) induces a map on

the Ext1-spaces, which on the products induces projection onto the components
of V , and thus maps ηX to ηV . Thus there is a pull-back diagram

ηV : 0 // Λ′ // Λ′V //

��

⊕

y∈V

p′(y)−1⊕

j=0

(τ jSy[∞])e(j,y) //

ι
��

0

ηX : 0 // Λ′ // Λ′X //
⊕

x∈X

p′(x)−1⊕

j=0

(τ jSx[∞])e(j,x) // 0

,

that is, ηV = ηX · ι. Now we get sequence (5.6) with the snake lemma. The
sequence (5.5) is, for V = X, the minimal injective resolution of Λ′; this follows
from the construction of Λ′X like in [53, Thm. 4.1]. Therefore Λ′X ≃ Kn with
n = rk(Λ′). From the monomorphisms Λ′ → Λ′V → Λ′X it is then clear that the
sequence (5.6) is the minimal injective resolution of Λ′V . �

Since the sequence (5.6) lies in SV
⊥ = Mod(End ~H/TV (πΛ′)), it is also the

minimal injective resolution of the projective generator πΛ′V .

The main result about the torsionfree part interprets T+ as a projective gen-

erator in the localization of ~H (or ~H′) at V .

Proposition 5.7. Add(T+) = Add(Λ′V ).

Proof. Invoking the uniqueness statement of Theorem 4.8 it is sufficient to show

that Q = Q+ ⊕ Q0 with Q+ = Λ′V and Q0 = T0 =
⊕

x∈V
⊕p′(x)−1

j=0 τ jSx[∞]

is a tilting object in ~H′. From Lemma 5.5 we deduce Ext1(Q+, Q+
(I)) = 0,

and using the sequence (5.6) we see that Ext1(Q,Q(I)) = 0 for each set I. Let

X ∈ ~H′. We conclude that X ∈ Gen(Q) implies X ∈ Q⊥1 . We have to show

that the converse also holds. So, let now X ∈ Q⊥1 . In particular, X ∈ Q0
⊥1 .

The embeddings Sy → Sy[∞]→ Q0 give rise to epimorphisms Ext1(Q0, X)→
Ext1(Sy, X) for all y ∈ V , and hence X is V -divisible. Consider the short

exact sequences 0 → K → Q+
(I) → B → 0 and 0 → B → X → C → 0,

where I = Hom(Q+, X), so that B is the trace of Q+ in X . It is sufficient
to show that C = 0. Since X is V -divisible, the same holds for C. Moreover
Hom(Q+, C) = 0. We show, that C is V -torsionfree. Assume, this is not the
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case. Then there is y ∈ V such that Hom(Sy, C) 6= 0. Since C (and thus
also tC and (tC)y) is y-divisible, we get Sy[∞] ⊆ (tC)y ⊆ C. Since Sy[∞]
is injective, there is a surjection Hom(Q+, Sy[∞]) → Hom(Λ′, Sy[∞]) 6= 0,

and Hom(Q+, C) 6= 0 follows, a contradiction. Thus, C ∈ SV
⊥, and since

Hom(Q+, C) = 0, we get C = 0 by Lemma 5.5. This finishes the proof. �

The following is a reformulation of Theorem 4.8.

Theorem 5.8. Let X be a weighted noncommutative regular projective curve.

The tilting sheaves in ~H having a large torsion part are, up to equivalence, the
sheaves of the form

T(B,V ) = TV ⊕B
with a subset ∅ 6= V ⊆ X, a branch sheaf B = Bi ⊕ Be with interior and
exterior part Bi and Be, respectively, and a tilting sheaf TV in the category

QcohX′ = (Be ⊕ τ−Bi)
⊥ ⊆ ~H, given as the direct sum of the middle term and

the end term of the sequence (5.5). �

Corollary 5.9. Let X be a (non-weighted) noncommutative regular projec-

tive curve. The tilting sheaves in ~H having a large torsion part are, up to
equivalence, the sheaves TV with ∅ 6= V ⊆ X. �

Genus zero. Before we specialize the above construction to the genus zero
case in Remark 5.12 below, we need to explain some notations and concepts,
which will also be used in later sections.

5.10. Numerical invariants. Each noncommutative curve of genus zero X
has a so-called underlying tame bimodule, which is either of dimension type
(2, 2) or (1, 4). In the first case we have ε = 1, in the second ε = 2. We recall
that the structure sheaf L has the property that for every point x ∈ X there is
precisley one simple Sx ∈ Ux with Hom(L, Sx) 6= 0, and End(L) is a skew field.
One then defines κ = [End(L) : k] and for every point x

f(x) =
1

ε
[Hom(L, Sx) : End(L)], e(x) = [Hom(L, Sx) : End(Sx)].

For an exceptional point xi one writes fi = f(xi) and ei = e(xi). We have

deg(Sx) =
p̄

p(x)
f(x).

If k is algebraically closed, then all the numbers ε, κ, e(x), f(x) are equal to
1. We refer to [44], [42] and [38] for details.

5.11. Canonical configuration. Let X again be of genus zero and of
arbitrary weight type. Let L be the structure sheaf, which is of degree 0 and
hence of slope 0. Let S1, . . . , St be the simple exceptional sheaves such that
Hom(L, Si) 6= 0. The exceptional vector bundles Li(j) are defined [44, Sec. 5]
as the middle terms of the add(L)-couniversal sequences

(5.7) 0→ Lεfi → Li(j)→ τ−Si[j]→ 0,
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for i = 1, . . . , t and j = 1, . . . , pi− 1. Similarly, L is defined as the middle term
of the add(L)-couniversal sequence

(5.8) 0→ Lε → L→ S → 0,

where S is a simple sheaf concentrated at a point x0 with p(x0) = 1 and
f(x0) = 1. The vector bundle L is exceptional, has rank ε ∈ {1, 2} and slope
p̄/ε. From (5.8) we deduce that L, like L, satisfies

(5.9) Hom(L, τ jSi) 6= 0 if and only if j ≡ 0 mod pi.

The collection of all vector bundles L, L and the Li(j) yields the canonical
configuration (5.10) (associated with L), which we denote by Tcan. Its endo-
morphism ring is a canonical algebra, cf. [44, Prop. 5.5]. Considered as full
subcategory of H it has the following form:
(5.10)

L1(1) // L1(2) // · · · // L1(p1 − 2) // L1(p1 − 1)

��
❃❃

❃❃
❃❃

❃❃
❃❃

❃

L2(1) // L2(2) // · · · // L2(p2 − 2) // L2(p2 − 1)

&&◆
◆◆

◆◆◆
◆◆

L

CC✝✝✝✝✝✝✝✝✝✝

::✉✉✉✉✉✉

$$❏
❏❏

❏❏
❏

...
...

... L

Lt(1) // Lt(2) // · · · // Lt(pt − 2) // Lt(pt − 1)

88♣♣♣♣♣♣♣♣

By [44, 5.4 and 5.5] there are short exact sequences

0→ Lεfi → Li(1)→ τ−Si → 0(5.11)

0→ Li(j − 1)→ Li(j)→ τ−jSi → 0(5.12)

0→ Lε → L→ S → 0(5.13)

0→ Li(j)→ L
fi → τ−jSi[pi − j]→ 0.(5.14)

Remark 5.12. Let X be of genus zero and consider the tilting sheaf T(B,V )

in ~H = QcohX. Let Λ = Tcan be the canonical configuration (5.10). We
can choose Λ′ from above as the canonical configuration T ′can in the category
~H′ = QcohX′.
Indeed, if a branch sheaf B = Bi ⊕ Be is given, we can assume, by applying
suitable tubular shifts (associated to the exceptional points) to Λ, that we have
Hom(L,Bi) = 0 = Hom(L,Bi) and Hom(L, τBe) = 0 = Hom(L, τBe). Then
those direct summands of Λ lying in (Be⊕ τ−Bi)

⊥ ≃ QcohX′ form a canonical
configuration Λ′ = T ′can in QcohX′, containing L and L; it arises from Λ by
removing some “non-adjacent segments” Li(j), Li(j+1), . . . , Li(j+r−2) from
the inner parts of the arms. (Compare also [46, Thm. 3.1].)

6. The domestic case

In this section let X be a noncommutative curve of genus zero. Assume that X
is of domestic type, that is, the normalized orbifold Euler characteristic χ′orb(X)
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is positive. This means, for the degree of the line bundle τL = L⊗AωA = L(ω)
(with ωA the dualizing sheaf in H = coh(A)) we have

δ(ω) := deg(τL) = −2p̄s2

κε
· χ′orb(X) < 0.

Here, p̄ is the least common multiple of the weights p1, . . . , pt, moreover
κ = dimk End(L) and s = s(H) = [k(H) : k(X)]1/2 the skewness. For ev-
ery indecomposable vector bundle E one has the following slope formula

µ(τE) = µ(E) + δ(ω).

We recall the main features of the domestic case:

(D1) All indecomposable vector bundles are stable and exceptional.
(D2) If E and F are indecomposable vector bundles, then Hom(E,F ) = 0 if

µ(E) > µ(F ).
(D3) If E is an indecomposable vector bundle then µ(τE) < µ(E).
(D4) The collection F of indecomposable vector bundles F such that 0 ≤

µ(F ) < −δ(ω) forms a slice in the sense of [56, 4.2], and Ther :=⊕
F∈F F is a tilting bundle having a tame hereditary algebra as en-

domorphism ring. We refer to [47, Prop. 6.5] (the result there is in a
more general context).

(D5) There are only finitely many Auslander-Reiten orbits of vector bundles.
(From (D3) it follows that F contains precisely one indecomposable
from each Auslander-Reiten orbit, the finiteness follows from (D4).)

Lemma 6.1. Let X be domestic. Let T be a torsionfree tilting sheaf. Then there
is m ∈ Z such that Hom(T,E) = 0 for every indecomposable vector bundle E
with µ(E) < m.

Proof. The simple idea is the following: if T would map non-trivially to vector
bundles of arbitrarily small slopes, then, using line bundle filtrations, T would
be a generator for the class of all vector bundles. But by the tilting property,
torsionfreeness and Serre duality we then get Hom(F, T ) = 0 for all coherent
sheaves F , which is impossible. Filling this idea with details for a formal
proof is quite straightforward in case of a weighted projective line, but slightly
technical in the general case; we postpone these details to the appendix, cf.
Lemma A.8. �

Lemma 6.2. Assume that X is domestic, and that T ∈ ~H is a large tilting object
which is torsionfree. Then there is no non-zero morphism from T to a vector
bundle.

Proof. By the previous lemma, let m be an integer such that Hom(T, F ) = 0
for all vector bundles F with µ(F ) < m. Let F be a set of representatives of in-
decomposable vector bundles F with m+ δ(~ω) ≤ µ(F ) < m. By property (D4)
the bundle Ther =

⊕
F∈F F is tilting and its endomorphism ring is a tame

hereditary algebra H such that Ext1(Ther, T ) = 0. Thus, by Proposition 2.8, T
can be identified with an H-module.
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We assume that there is a vector bundle E with Hom(T,E) 6= 0. Our aim
is to get a contradiction. By the previous lemma we can assume T does not
map non-trivially to any predecessor of E (since they have smaller slopes by
stability). Then every non-zero morphism T → E must be a split epimorphism,
by the almost split property. Thus, T is a tilting H-module having a finite
dimensional indecomposable preprojective module P (corresponding to E) as
a direct summand, and then T is equivalent to a finite dimensional tilting
module T ′ by [10, Thm. 2.7]. In other words, Add(T ) = Add(T ′) in ModH ,

and then also in ~H, where T ′ is a coherent tilting sheaf. Since T is large, this
gives the desired contradiction and proves the lemma. �

Proposition 6.3. Let X be a domestic curve and T ∈ ~H a large tilting sheaf.
Then T ∈ Gen(Tcc) for every tilting bundle Tcc. In particular, T is of finite
type.

Proof. For T = T(B,V ) this was already shown in Remark 4.21. There-
fore we can assume that T is torsionfree. By the preceding lemma we have
Ext1(Tcc, T ) = D Hom(T, τTcc) = 0, that is, T ∈ Gen(Tcc). The last statement
then follows from Proposition 2.8. �

Proposition 6.4. Assume that X is domestic, and that T ∈ ~H is a large tilting
sheaf which is torsionfree. Then T is equivalent to the Lukas tilting sheaf L.

Proof. Since T is torsionfree, T⊥1 contains the class of torsion sheaves ~SX by
Serre duality. Then ⊥1(T⊥1) ∩ cohX ⊆ vectX, and by Lemma 6.2 we even
have equality. Now Proposition 6.3 yields Gen(T ) = Gen(L), compare also
Theorem 4.14. �

The main result of this section summarizes the discussions above:

Theorem 6.5. Let X be a domestic curve.

(1) The large tilting sheaves in ~H are, up to equivalence, the sheaves of the
form

T(B,V ) = T(Bi,V ) ⊕Be

with a subset V ⊆ X, a branch sheaf B = Bi ⊕ Be with interior and
exterior part Bi and Be, respectively, and a tilting sheaf T(Bi,V ) in

the category Be
⊥ = QcohX′; here T(Bi,V ) with V 6= ∅ is given by

Theorems 4.8 and 5.8, and T(Bi,∅) = T(0,∅) = L′ is the Lukas tilting

sheaf in Be
⊥.

(2) There is a bijection between the set of equivalence classes of large tilting

sheaves in ~H and the set of pairs (B, V ) given by a branch sheaf B ∈ H
and a subset V ⊆ X. Moreover, every large tilting object is uniquely
determined (up to equivalence) by its torsion part. �

As a special case we get:
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Corollary 6.6. Let X be a non-weighted noncommutative curve of genus zero.

The large tilting sheaves in ~H are, up to equivalence, the sheaves of the form
TV with ∅ 6= V ⊆ X defined in (5.1), and the Lukas tilting sheaf L. �

For completeness, we record the corresponding classification of resolving classes
(compare Theorem 4.14 and Lemma 4.11).

Corollary 6.7. Let X be a domestic curve. The complete list of the resolving
classes S ⊆ H containing vectX is given by

add
(

vectX ∪ τ−(B>) ∪
⋃

x∈V
{τ jSx[n] | j ∈ Rx, n ∈ N}

)

with V ⊆ X and B a branch sheaf. �

7. Semistability in Euler characteristic zero

Throughout this section let X be a weighted noncommutative projective curve

of orbifold Euler characteristic zero, and ~H = QcohX.
The main feature of the case χ′orb(X) = 0 is that every indecomposable coher-
ent sheaf is semistable, cf. Theorem 2.3. We collect here some basic properties
which essentially follow from semistability and thus hold both in the tubular
and in the elliptic case. Later, in the next two sections, we will have to dis-
tinguish the two cases. For general information on the tubular case we refer
to [45], [41], [53, Ch. 13], [38, Ch. 8] and [39, Sec. 13], on the elliptic case to
[39, Sec. 9].
Let us recall some notation. We write p̄ for the least common multiple of the
weights p1, . . . , pt, that is, p̄ = 1 if X is elliptic, and p̄ > 1 if X is tubular.

Further, the slope of a non-zero object E ∈ H is defined by µ(E) = deg(E)
rk(E) ∈

Q̂ = Q ∪ {∞}, with deg(E) = 1
κε 〈〈L,E〉〉, cf. (2.7).

By semistability we have the following result, similar to Atiyah’s classifica-
tion [12].

Theorem 7.1 ([38, Prop. 8.1.6], [39, Thm. 9.7]). For every α ∈ Q̂ the full
subcategory tα of H formed by the semistable sheaves of slope α is a non-trivial
abelian uniserial category whose connected components form stable tubes; the
tubular family tα is parametrized again by a weighted noncommutative regu-
lar projective curve Xα over k which satisfies χ′orb(Xα) = 0 and is derived-
equivalent to X. �

We can thus write
H =

∨

α∈Q̂

tα.

In particular, t∞ consists of the finite length sheaves.
We will need the following important application of the Riemann-Roch formula
from [39, Thm. 13.8].

Lemma 7.2. If X, Y ∈ H are indecomposable with µ(X) < µ(Y ), then there
exists j with 0 ≤ j ≤ p̄− 1 such that Hom(X, τ jY ) 6= 0. �
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Quasicoherent sheaves having a real slope. For w ∈ R̂ = R ∪ {∞} we
define

pw =
⋃

α<w

tα qw =
⋃

w<β

tβ ,

where α, β ∈ Q̂. Accordingly, H = pw ∨ tw ∨ qw if w is rational, and H =
pw ∨ qw if w is irrational. Moreover, let

Cw = qw
⊥0 = ⊥1qw Bw = ⊥0pw = pw

⊥1

and
M(w) = Bw ∩ Cw.

The sheaves in M(w) are said to have slope w. Clearly, for coherent sheaves
this definition of slope is equivalent to the former one, and for irrational w
there are only non-coherent sheaves in M(w).
For v ≤ w ≤ ∞ we have Cv ⊆ Cw and Bv ⊇ Bw. Moreover,

⋂

w∈R̂

Cw = 0 and
⋃

w∈R̂

Cw = C∞ = ~H,

and ⋂

w∈R̂

Bw = B∞ = ⊥0 vectX and H ∩
⋃

w∈R̂

Bw = H.

We note that for example
⊕

α∈Q̂ Sα with Sα ∈ tα quasisimple is not in
⋃
w∈R̂ Bw. Let X ∈ ~H be a non-zero object. Let v = sup{r ∈ R̂ | X ∈
Br} ∈ R̂ ∪ {−∞} and w = inf{r ∈ R̂ | X ∈ Cr} ∈ R̂. Since X 6= 0 we have
v ≤ w.
In the special case, when w = ∞, a sheaf X ∈ ~H has slope ∞ if and only if
X ∈ ⊥0 vectX = (vectX)⊥1 . (This, as a definition, makes also sense for other
representation types; in the domestic case, we have seen that every large tilting
sheaf has slope ∞.)

Interval categories. The following technique is very useful in the tubular

or elliptic setting. Let α ∈ Q̂. Denote by H〈α〉 the full subcategory of Db(H)
defined by ∨

β>α

tβ [−1] ∨
∨

γ≤α
tγ .

The abelian category H〈α〉 is a HRS-tilt of H in Db(H) with respect to the
split torsion pair (Tα,Fα) in H given by Tα =

∨
β>α tβ and Fα =

∨
γ≤α tγ , see

[29, I. Thm. 3.3] and [48, Prop. 2.2]. By [38, Prop. 8.1.6], [39, Thm. 9.7] we
have H〈α〉 = cohXα for some curve Xα with χ′orb(Xα) = 0 and being derived-
equivalent to X. (If k is algebraically closed, then Xα is isomorphic to X; but
this is not true in general.) The rank function on H〈α〉 defines a linear form

rkα : K0(H) → Z. A sequence η : 0 → E′
u−→ E

v−→ E′′ → 0 with objects
E′, E,E′′ in H ∩H〈α〉 is exact in H if and only if it is exact in H〈α〉; indeed,

both conditions are equivalent to E′
u−→ E

v−→ E′′
η−→ E′[1] being a triangle

in Db(H).
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112 L. Angeleri Hügel and D. Kussin

Lemma 7.3 (Reiten-Ringel). For every w ∈ R̂ the pair (Gen(qw), Cw) is a

torsion pair, which is split in case w ∈ Q̂.

Proof. As in [53, Lem. 1.4] one shows that Gen(qw) is extension-closed; the

same proof works in the locally noetherian category ~H, replacing “finite length”
by “finitely presented”. Then Gen(qw) = ⊥0(qw

⊥0) = ⊥0Cw follows like in [53,
Lem. 1.3], and thus (Gen(qw), Cw) is a torsion pair. For the splitting property

in case w = α ∈ Q̂ we have to show that every short exact sequence η : 0 →
X → Y → Z → 0 with X ∈ Gen(qα) and Z ∈ Cα splits. We may assume that
X is a subobject of Y and Z = Y/X . If Z is finitely presented, this follows
from Serre duality. For general Z ∈ Cα, we consider the set of subobjects U of
Y such that U ∩X = 0 and Y/(X+U) ∈ Cα. Like in [53, Prop. 1.5(b)] one has
a maximal such U , and as in [53, Prop. 1.5(a)] one shows Y = X ⊕ U , so that

η splits. (If one assumes that the inclusion X+U ( Y is proper, then ~H being
locally noetherian allows to find Y ′ with X + U ( Y ′ ⊆ Y with Y ′/(X + U)
finitely presented. Then we proceed like in [53]. We remark that an analogue
of condition (F) therein can be proved along the same lines by exploiting the
fact that an indecomposable E ∈ H belongs to qα if and only if δ(E) > 0,
where δ = − rkα.) �

Let α ∈ Q̂. By ~H〈α〉 we denote the direct limit closure of H〈α〉 in Db( ~H).

We have ~H〈α〉 = QcohXα. If X ∈ ~H has a rational slope α, then clearly

X ∈ ~H∩ ~H〈α〉 where the intersection is formed in Db( ~H) = Db( ~H〈α〉); in ~H〈α〉
then T has slope ∞. Clearly, Cα = ~H〈α〉 ∩ ~H.

Lemma 7.4. Let α ∈ Q̂. For an object T in ~H lying in Cα, the following
conditions are equivalent:

(i) T is a tilting sheaf in ~H;
(ii) T is a tilting complex in Db( ~H);

(iii) T is a tilting sheaf in ~H〈α〉.

Proof. This is shown like in Proposition 2.8. �

Remark 7.5. There is an interesting class of locally coherent categories which

are derived-equivalent to ~H: If w is irrational, then we define H〈w〉 =∨
β>w tβ [−1] ∨ ∨γ<w tγ and ~H〈w〉 similarly as above. It is easy to see that

H〈w〉 is hereditary and does not contain any simple object. Accordingly, ~H〈w〉
is a Grothendieck category (we refer to [7, Sec. 2.4+2.5]) which is locally co-

herent but not locally noetherian. Moreover, ~H〈w〉 is derived-equivalent to ~H,
and in the tubular case it contains a finitely presented tilting object Tcan whose
endomorphism ring is a tubular canonical algebra. It is not difficult to show

that there are only countably many irrational w′ such that the category ~H〈w′〉
(resp. H〈w′〉) is equivalent to ~H〈w〉 (resp. H〈w〉). It would be of interest to get
a better understanding of the “geometric meaning” of these categories.
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Indecomposable quasicoherent sheaves. The following statement re-
flects the importance of the concept of slope in the tubular/elliptic case, also
for quasicoherent sheaves.

Theorem 7.6 (Reiten-Ringel). (1) Hom(M(w′),M(w)) = 0 for w < w′.
(2) Every indecomposable sheaf has a well-defined slope w ∈ R̂.

Proof. (1) This follows like in [53, Thm. 13.1].
(2) We transfer the original proof for modules over a tubular algebra in [53,

Thm. 13.1] to QcohX; we need a slight modification. Let X ∈ ~H be indecom-

posable. Then 0 6= X ∈ ⋃w∈R̂ Cw \
⋂
w∈R̂ Cw. Let w ∈ R̂ be the infimum of all

α ∈ Q̂ such that X ∈ Cα. Since qw =
⋃
w<α qα, we have Hom(qw , X) = 0,

that is, X ∈ Cw.
We now show that X ∈ Bw = ⊥0pw. We observe that

Bw =
⋂

α<w

⊥0tα

and Gen(qα) ⊆ ⊥0tα. Hence, if X 6∈ Bw, then there is a rational β < w
with X 6∈ Gen(qβ). But (Gen(qβ), Cβ) is a split torsion pair, and since X is
indecomposable, we get X ∈ Cβ . Since β < w this gives a contradiction to the
choice of w. �

Remark 7.7. If T is a noetherian tilting object in ~H (that is, T ∈ H (which
exists if and only if p̄ > 1)), then T does not have any slope. In fact, if
T = T1 ⊕ . . . ⊕ Tn with pairwise nonisomorphic indecomposable Ti, then n
coincides with the rank of the Grothendieck group K0(H). If T would have a
slope α, then each summand Ti would be exceptional of slope α, hence lying in
one of the finitely many exceptional tubes of slope α. If such a tube has rank
p > 1, then there are at most p−1 indecomposable summands of T lying in this
tube. If p1, . . . , pt are the weights of X, then n = |K0(H)| = ∑t

i=1(pi−1)+2 >∑t
i=1(pi − 1) ≥ n, giving a contradiction.

Proposition 7.8. Let w ∈ R̂. There is a large tilting sheaf Lw of slope w.

Proof. Applying Theorem 4.4 to the strongly resolving subcategory add(pw),
we get a tilting sheaf T with Gen(T ) = S ⊥1 = pw

⊥1 = Bw. Moreover, by the
tilting property clearly T ∈ ⊥1Bw, which is a subclass of Cw. By the preceding
remark, T is large. �

Let T ∈ ~H be a tilting object of rational slope α. Then in ~H〈α〉 the splitting
property of Theorem 3.8 holds, that is, the canonical exact sequence 0 →
tα(T ) → T → T/tα(T ) → 0 in ~H〈α〉 splits, where tα(T ) denotes the torsion

subsheaf of T in ~H〈α〉.
Definition 7.9. Let T be a tilting sheaf of slope w. We call T a torsionfree

tilting sheaf, if either w is irrational, or if w = α ∈ Q̂ and tα(T ) = 0.

Lemma 7.10. For every w ∈ R̂ the tilting sheaf Lw is torsionfree.
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Proof. For irrational w there is nothing to show. Switching to the category
~H〈α〉 if w = α is rational, we can assume without loss of generality that
w =∞. Then the claim follows from Proposition 4.5. �

We will now treat the elliptic case and the tubular case separately, starting
with the tubular case.

8. The tubular case

Throughout this section let X be a tubular noncommutative curve of genus zero

and ~H = QcohX.

Lemma 8.1. Let α ∈ Q̂. Let T ∈ ~H be a large tilting sheaf with T ∈ Cα and
tα(T ) 6= 0. Then T has slope α.

Proof. Switching to the category ~H〈α〉 = QcohXα, we can assume without
loss of generality that α = ∞. (This will just simplify the notation.) If tT
contains a non-coherent summand, then with Theorem 5.8 we get that T has
slope∞, since T ∈ B∞ follows from 4.6. If, on the other hand, tT only consists
of coherent summands (necessarily only finitely many indecomposables) then
T/tT is a torsionfree tilting sheaf in

QcohX′ = tT⊥ ⊆ ~H,
where X′ is a curve with reduced weights, thus of domestic type. By [28,
Prop. 9.6] the induced inclusion cohX′ ⊆ H is rank-preserving. The torsionfree
sheaf T/tT is equivalent to the Lukas tilting sheaf L′ ∈ QcohX′ by Proposi-

tion 6.4. We show that L′, as object in ~H, has slope ∞. We assume this is

not the case. Then there is β < ∞ with Hom(L′, tβ) 6= 0. Since in ~H every
vector bundle has a line bundle filtration, it follows that there is a line bundle
L with Hom(L′, L) 6= 0. Since non-zero subobjects of line bundles are line bun-
dles, we can assume without loss of generality that there is an epimorphism
f : L′ → L. Let E be an indecomposable vector bundle over X′, considered

as object in ~H. Let x0 ∈ X be a homogeneous point. The support of tT is
disjoint from x0, and thus the associated tubular shift automorphism σ0 fixes
tT . Then E(nx0) ∈ vectX′ for all n > 0: indeed, by definition of the tubular

shift there is an exact sequence 0→ E → E(nx0)→ C → 0 in ~H with C lying
in the tube Ux0 ; then E, C ∈ tT⊥ implies E(nx0) ∈ tT⊥, having the same
rank as E. By [44, (S15)], for n ≫ 0 we have Hom(L,E(nx0)) 6= 0. We get
Hom(L′, E(nx0)) 6= 0, which also holds in the full subcategory QcohX′, and
gives a contradiction since in QcohX′ one has L′ ∈ ⊥0 vectX′. Thus L′ has
slope ∞, and so has T , which is equivalent to L′ ⊕ tT . �

In the tubular case, the tilting bundle Tcc can be chosen such that its indecom-
posable summands have arbitrarily small slopes. This will imply that tilting
sheaves have finite type. The following statement is crucial.

Lemma 8.2. For any large tilting sheaf T ∈ ~H there is α ∈ Q̂ with T ∈ Bα.
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Proof. If T has a non-trivial torsion part, then T has slope ∞ by Lemma 8.1.
Thus we will assume in the following that T is torsionfree.
Let B = Gen(T ) and S = ⊥1B ∩H. Suppose there is no α with T ∈ Bα. We
will lead this to a contradiction.

(1) There are infinitely many and arbitrarily small α with Hom(T, tα) 6= 0.
Indeed, otherwise there would be some α with pα ⊆ S , and then

T ∈ B ⊆ (⊥1B)⊥1 ⊆ S ⊥1 ⊆ pα
⊥1 = Bα,

which is not the case by our assumption.

(2) There is no α such that S ∩ pα = ∅. Indeed, if there were such α, then
Hom(T,X) 6= 0 for all X ∈ pα. So, for any line bundle L in pα, the trace
L′ of T in L would be a non-zero line bundle again. Applying Ext1(T,−) to
the short exact sequence 0 → L′ → L → C → 0 would give Ext1(T, L) = 0,
as T is torsionfree and C has finite length. Then, given a point x ∈ X and
an integer n ≥ 1, we would infer Ext1(T, L(nx)) = 0 from the exact sequence
0 → L → L(nx) → F → 0 with F of finite length. Now, since any line
bundle L in H satisfies L(−nx) ∈ pα for n ≫ 0, we would conclude that
Hom(L, T ) = D Ext1(T, τL) = 0 holds for all line bundles, and using line
bundle filtrations, even for all vector bundles. But this is clearly impossible,
since T 6= 0, as torsionfree object, is a direct limit of vector bundles. This
proves (2).

Thus S ∩ tα 6= ∅ for infinitely many and arbitrarily small α.

(3) Every indecomposable X ∈ S ∩ tα is exceptional. Indeed, let X ∈ S ∩ tα
be indecomposable, and let β < α with Hom(T, tβ) 6= 0. Considering images,
there is an indecomposable B ∈ H with B ∈ Gen(T ) and slope µ(B) < α.
By Lemma 7.2 we have Hom(B, τ jX) 6= 0 for some integer j. If we assume
that X is not exceptional, we can even show Hom(B, τX) 6= 0. Indeed, this
is clear if X lies in a homogeneous tube, which means τX = X , while for X
lying in an exceptional tube of rank p > 1 we know from Lemma 7.2 that B
maps non-trivially into a quasisimple object of the tube, and by the almost
split property it follows inductively that B maps non-trivially into each object
from the tube which has quasilength ≥ p, so in particular into τX . Now we get
Ext1(X,T ) = D Hom(T, τX) 6= 0, which is a contradiction to X ∈ S ⊆ ⊥1B.
This shows (3).

We now fix an indecomposable, exceptional X ∈ S ∩tα lying in a tube of rank
p > 1.

(4) There is an indecomposable Y in the same tube and of the same quasi-
length as X such that Hom(T, Y ) 6= 0. In order to show this, we start with an
arbitrary indecomposable Z of quasi-length p in the same tube. Since τ−Z is
not exceptional, and thus not in S , we have Hom(T, Z) 6= 0. Then, considering
the almost split sequences, we get inductively that T maps non-trivially to an
object of quasi-length ℓ for any ℓ < p: given 0 6= f ∈ Hom(T, Z) where Z
is indecomposable of quasilength ℓ, with 2 ≤ ℓ ≤ p, there is an irreducible
monomorphism ι ending in Z and an irreducible epimorphism π starting in Z,
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and either πf 6= 0, or f factors through ι; in both cases T maps non-trivially
to an object in the tube of quasilength ℓ− 1. This shows (4).

(5) There is an indecomposable coherent direct summand B of T of slope
µ(B) ≤ α. Indeed, since for the fixed X as above Hom(T, τX) = 0, we can as-
sume that the object Y from (4) satisfies Hom(T, Y ) 6= 0 and Hom(T, τY ) = 0.
We conclude Ext1(Y, T ) = D Hom(T, τY ) = 0, thus Y ∈ S . Let B be an
indecomposable summand of the trace of T in Y . Since B ⊆ Y , we conclude
Ext1(B, T ) = 0, hence B ∈ S . Thus B ∈ B ∩ ⊥1B, and by Lemma 2.6, B is a
direct summand of T , of slope µ(B) ≤ α.

Repeating these arguments for slope smaller than µ(B) we get inductively
an infinite sequence of indecomposable coherent sheaves B1, B2, B3, . . . lying
in add(T ), and with slopes µ(B1) > µ(B2) > µ(B3) > . . . . We conclude
Ext1(Bi, Bj) = 0 for all i, j and Hom(Bi, Bj) = 0 for all i < j. So, for all
n, the sequence (Bn, . . . , B2, B1) is exceptional in H. This gives our desired
contradiction, since the length of exceptional sequences in H is bounded by the
(finite!) rank of the Grothendieck group K0(H). �

Proposition 8.3. Let X be tubular. Every tilting sheaf T ∈ ~H is of finite type.

Proof. By Lemma 8.2 there is α ∈ Q̂ with T ∈ Bα = pα
⊥1 . Then

Ext1(pα, T ) = 0, and choosing a tilting bundle Tcc ∈ pα, we get Ext1(Tcc, T ) =
0. Now we can apply Proposition 2.8. �

The proof above also shows that S = ⊥1(T⊥1) ∩ H is a strongly resolving
subcategory of H such that Gen(T ) = S ⊥1 . Now let us start conversely with
a strongly resolving subcategory.

Lemma 8.4. Let α ∈ Q̂ and S ⊆ Cα ∩H be strongly resolving.

(1) There is a tilting sheaf T ∈ ~H with T ∈ Cα and T⊥1 = S ⊥1 . Moreover:
(2) If S ∩ tα 6= ∅, then tα(T ) 6= 0.
(3) If S ∩ tα = ∅, then tα(T ) = 0.

Proof. (1) By Theorem 4.4 there is a tilting sheaf T ∈ ~H with S⊥1 = T⊥1 .
Moreover, there is an exact sequence (4.14) with T = T0 ⊕ T1, and by Re-
mark 4.21 the summands T0 and T1 are S -filtered. Since Cα = ⊥1qα is
closed under filtered direct limits (which follows from [58, Prop. 2.12]), we
get T0, T1 ∈ Cα, thus T is in Cα.
(2) Assume that tα(T ) = 0. Let S ∈ S ∩ tα be indecomposable. Then
Ext1(T, S) = D Hom(τ−S, T ) = 0, that is, S ∈ T⊥1 . For every X ∈ T⊥1 =
S ⊥1 we have Ext1(S,X) = 0, and thus S ∈ ⊥1(T⊥1). Since, by Lemma 2.6,
T⊥1 ∩ ⊥1(T⊥1) = Add(T ) we get S ∈ Add(T ), and then S is a summand of
tα(T ), contradiction. Thus tα(T ) 6= 0.
(3) Assume that tα(T ) 6= 0. By Lemma 8.1 then T has slope α, so Gen(T ) ⊆ Bα,
and we even have equality since S ⊆ pα. So T is torsionfree by Lemma 7.10,
contradiction. �

The main result of this section is the following.
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Theorem 8.5. Let X be tubular. Every large tilting sheaf T has a slope w ∈ R̂.

Proof. Let B = Gen(T ) = T⊥1 and S = ⊥1B ∩ H. Define w = inf{r ∈ R̂ |
T ∈ Cr} ∈ R̂. This is well-defined. We show that T has slope w. By properties
of the infimum we have T ∈ Cw, but T 6∈ Cv for all v < w. We have to show
that T ∈ Bw. By the preceding lemma T is of finite type, in other words,
T⊥1 = S ⊥1 . For every rational number α < w let

Sα = S ∩ Cα.
Since S is strongly resolving by Lemma 8.2, the same holds for Sα. Since
T 6∈ Cα, the set of all rational numbers α < w with S ∩ tα 6= ∅ is not bounded
by a smaller number than w; this follows from Lemma 8.4 and since T is
determined by S . Thus there is a sequence of rational numbers

α1 < α2 < α3 < · · · < w

with limi→∞ αi = w and

(8.1) S ∩ tαi 6= ∅.
By Lemma 8.4 there is a tilting object Ti with Ti

⊥1 = Sαi
⊥1 and Ti ∈ Cαi and

with tαi(Ti) 6= 0. Now, by Lemma 8.1 the tilting object Ti has slope αi. Then
we get Gen(Ti) ⊆ Gen(Lαi ) = Bαi (the largest tilting class of slope αi). Since
Sαi ⊆ S , we get

Bαi ⊇ Sαi
⊥1 ⊇ S ⊥1 ∋ T

for all i, and thus T ∈ ⋂i≥1 Bαi = Bw. �

Theorem 8.6. Let X be a noncommutative curve of genus zero of tubular type.

(1) The sheaves Lw with w ∈ R̂ are, up to equivalence, the unique torsion-
free large tilting sheaves (in the sense of Definition 7.9).

(2) The equivalence classes of large non-torsionfree tilting sheaves are in

bijective correspondence with triples (α,B, V ), where α ∈ Q̂, V ⊆ Xα
and B ∈ add tα is a branch sheaf, and (B, V ) 6= (0, ∅).

Proof. (1) Let T be a torsionfree tilting sheaf of slope w. Then T⊥1 ⊆ Bw =

Lw
⊥1 . Hence we have ⊥1(Lw

⊥1) ∩ H = add(pw) = ⊥1(T⊥1) ∩ H; the last
equality follows, since T generates every sheaf of finite length. Now T⊥1 =
Lw
⊥1 follows from Proposition 8.3.

(2) Every large non-torsionfree tilting sheaf T has a slope α ∈ Q̂. By

Lemma 7.4, T is a large tilting sheaf in ~H〈α〉, having a non-zero torsion part

tα(T ). We now apply Theorems 5.8 and 6.5 to the category ~H〈α〉. The non-
torsionfree tilting sheaves of slope α are given by

• T(B,V ) with ∅ 6= V ⊆ X (here tα(T ) is non-coherent);

• L′ ⊕ B, with 0 6= B ∈ add tα a branch sheaf and L′ ∈ B⊥ = QcohX′α
the Lukas tilting sheaf over the domestic curve X′α (here tα(T ) = B is
coherent).

This finishes the proof. �
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We say that a resolving class S ⊆ H has slope w if pw ⊆ S and S does not
contain any indecomposable of slope β > w.

Corollary 8.7. For a tubular curve X, the complete list of the resolving
classes S in H = cohX having a slope is given by

• addpw with w ∈ R̂; and
• add

(
pα ∪ τ−(B>) ∪ ⋃x∈V {τ jSx[n] | j ∈ Rx, n ∈ N}

)
with α ∈ Q̂,

V ⊆ Xα, B ∈ add tα a branch sheaf, and (B, V ) 6= (0, ∅).
Proof. By Theorem 8.6, the list contains precisely the resolving classes corre-
sponding to the large tilting sheaves under the bijection of Theorem 4.14, and
they all have a slope. Conversely, let S be resolving having a slope w and T a
tilting sheaf such that T⊥1 = S ⊥1 . If w is irrational, then S = addpw.

If, on the other hand, w = α ∈ Q̂, then Add(T ) ∩ H = S ∩ S ⊥1 ⊆
add(pα ∪ tα) ∩ pα

⊥1 ⊆ add tα, that is, all coherent summands of T belong
to the same tubular family, and therefore T cannot be coherent. �

Corollary 8.8 (Property (TS3)). Let Tcan be the canonical tilting bundle.

Let T ∈ ~H be a large tilting sheaf. Then for any homogeneous point x0 and
n≫ 0 there is a short exact sequence

0→ Tcan(−nx0)→ T0 → T1 → 0

with add(T0 ⊕ T1) = add(T ).

Proof. If T has slope w, choose n≫ 0 such that all indecomposable summands
of Tcan(−nx0) have slope smaller than w. �

9. The elliptic case

The tubular case, where all indecomposable coherent sheaves lie in tubes, is
very similar (but weighted) to Atiyah’s classification of indecomposable vec-
tor bundles over elliptic curves [12]. There are even more affinities between
elliptic and tubular curves, see [22]. It is thus natural to expect a similar clas-
sification of large tilting sheaves as in the tubular case. But there are some
technical differences: Since these curves are non-weighted, that is, do not have
exceptional tubes, there is no coherent tilting sheaf. Reduction arguments
using perpendicular calculus as in the proof of Lemma 8.1 are not possible.
Moreover, the Grothendieck groups of elliptic curves are not finitely generated
abelian, hence the (last part of the) proof of the crucial Lemma 8.2 does not
work in the elliptic case. Additionally, we do not know whether in the elliptic
case all tilting sheaves are of finite type. On the other hand, because all tubes
are homogeneous, some arguments are even easier. For instance, in the elliptic
case Lemma 7.2 has the stronger form

(9.1) X, Y ∈ H indecomposable, µ(X) < µ(Y ) ⇒ Hom(X,Y ) 6= 0.

Examples are the “classical” (commutative) elliptic curves over an algebraically
closed field, and the real elliptic curves: the Klein bottle, the annulus, the
Möbius band and the elliptic Witt curves, [39, Ex. 12.2].
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For every rational α and each ~H〈α〉, Corollary 5.9 yields tilting sheaves Tα,V
of slope α with non-zero torsion part supported in ∅ 6= V ⊆ Xα.

Theorem 9.1. Let ~H = QcohX be the category of quasicoherent sheaves over
a noncommutative elliptic curve.

(1) Every tilting sheaf in ~H has a slope w ∈ R̂.

(2) For every w ∈ R̂ there is a tilting sheaf Lw with Lw
⊥1 = Bw which is

torsionfree (in the sense of Definition 7.9).

(3) For every α ∈ Q̂ and every non-empty V ⊆ Xα there is, up to equiva-
lence, precisely one tilting sheaf T of slope α with tα(T ) supported in
V , namely T = Tα,V .

(4) Every tilting sheaf of finite type is equivalent to one listed in (2) or (3).

(5) The resolving subclasses of H are given precisely by addpw with w ∈ R̂,
and add

(
pα ∪

⋃
x∈V tα,x

)
with α ∈ Q̂ and ∅ 6= V ⊆ Xα.

Proof. (1), (2), (3) We show that every tilting sheaf T ∈ ~H has a slope w ∈ R̂.

To this end, let w = inf{r ∈ R̂ | T ∈ Cr} ∈ R̂. We assume first that w
is rational; then without loss of generality w = ∞. If tT 6= 0, then T is
by Corollary 5.9 of the form TV with ∅ 6= V ⊆ X (in particular, we also have
uniqueness in this case). Let now T be torsionfree. Then vectX ⊆ ⊥1T . Indeed,
otherwise one finds a line bundle L′, say of slope α < ∞, such that T maps
onto L′. By (9.1), L′ maps non-trivially to each vector bundle of slope > α.
Since, by torsionfreeness, all simple sheaves lie in Gen(T ), it follows that all
line bundles of slope > α lie in Gen(T ). Let E be an indecomposable vector
bundle of slope > α. Then L′ is a subsheaf of E, and we find a line bundle
L′′ with L′ ⊆ L′′ ⊆ E such that E′ = E/L′′ is torsionfree, thus a line bundle.
Since rk(E′) = rk(E)−1 and µ(E′) ≥ µ(E) > α we see by induction that every
indecomposable vector bundle of slope > α lies in Gen(T ) = T⊥1. By Serre
duality Hom(qβ , T ) = 0 for all rational β with α < β <∞. But then T ∈ Cα,
which gives a contradiction to the choice of w (= ∞). It follows that T has
slope ∞, moreover S := ⊥1(T⊥1) ∩H = vectX.
Let now w be irrational. We have to show T ∈ pw

⊥1 . Otherwise, there is a
rational α < w such that Hom(T, tα) 6= 0. Considering images, we can assume
with loss of generality that there is an epimorphism in this set. Then it is easy
to see that there is x ∈ Xα such that T generates a tube tα,x. Then it follows
like in [53, Rem. 13.3], that T generates all coherent objects E of all rational
slopes β with α < β ≤ ∞. But this means, by Serre duality, that for all those
E we have Hom(E, T ) = 0, and thus T ∈ Cα. This is a contradiction to the
choice of w. We conclude T ∈ pw

⊥1 = Bw, and T has slope w. (We remark
that this argument for irrational w also applies to the torsionfree case when w
is rational.)

Finally, for every w ∈ R̂ there is a torsionfree tilting sheaf Lw. Indeed,

S = addpw generates ~H and is thus resolving. The claim now follows from
Theorem 4.4.
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(4) Let T be tilting of finite type, T⊥1 = S ⊥1 for some S ⊆ H which we
choose as S = ⊥1(T⊥1) ∩ H. By (1), T has a slope w. If T has a non-trivial
torsion part, then T is equivalent to a tilting sheaf in (3) by Corollary 5.9. So
we assume that T is torsionfree. Since a coherent object X is in S if and only
if Ext1(X,T ) = 0, we have pw ⊆ S : indeed, Ext1(tα, T ) = D Hom(T, tα) =
0 for all rational α < w by slope reasons. Furthermore, if X ∈ qw, then
Ext1(T, τX) = 0 as T ∈ Cw = ⊥1qw, so Ext1(X,T ) ≃ D Hom(T, τX) 6= 0, and

X 6∈ S . Finally, in case w ∈ Q̂, it follows as in Lemma 8.4 that S ⊆ Cw ∩ H
satisfies S ∩ tw = ∅. We thus conclude S = addpw, and T is equivalent to
the tilting sheaf Lw from (2).

(5) Using (4), the claim follows from Theorem 4.14 and Lemma 4.11. �

10. Combinatorial descriptions and an example

Let X be a noncommutative curve of genus zero, of arbitrary weight type. In this
section we further investigate the large tilting sheaves T(B,V ) with V 6= ∅. We
already know that they are of finite type and satisfy condition (TS3). We give
an explicit construction for the sequence in (TS3), and we verify the stronger
property (TS3+).
We denote by Λ a canonical tilting bundle Tcan, as in Remark 5.12. By copre-
senting each indecomposable summand of Tcan by summands of T(B,V ) we will
prove the following.

Theorem 10.1. Let X be of genus zero and T = T(B,V ) with V 6= ∅ as in (4.6).
The canonical configuration Tcan = Λ has an add(T )-copresentation as follows:

(10.1) 0→ Tcan → T ′0 ⊕B0 → T ′1 ⊕B1 → 0

with T ′0 ∈ add(Λ′V ) torsionfree, T ′1 ∈ add(
⊕

x∈V
⊕

j∈Rx τ
jSx[∞]) and

B0, B1 ∈ add(B) such that Hom(B1, B0) = 0; moreover, in T ′1 all Prüfer
summands τ jSx[∞] of T occur and add(B0 ⊕B1) = add(B).

As a first preparation we have the following simple fact.

Lemma 10.2. Let B be a connected branch and B′ a proper subbranch of B,
rooted in Z ∈ B. Then one of the following two cases holds.

(1) There is an epimorphism X → Z with X ∈ B \ B′, and then there is
no non-zero morphism from B′ to B \B′.

(2) There is a monomorphism Z → Y with Y ∈ B \ B′, and then there is
no non-zero morphism from B \B′ to B′.

Proof. Since B′ is proper, it is clear that there is either an epimorphism X → Z
or a monomorphism Z → Y with X or Y in B \ B′, respectively. Let W ′ be
the wing rooted in Z. Since B′ forms a tilting object in W ′, it is clear, that
W ′ is disjoint with B \B′. Let U ∈ B′ and V ∈ B \B′. Assume the first case,
and Hom(U, V ) 6= 0. Then V lies on a ray starting in the basis of W ′, but not
inW ′. We then get Hom(X, τV ) 6= 0. By Serre duality we get Ext1(V,X) 6= 0,
which gives a contradiction because of Ext1(B,B) = 0. The second case follows
similarly. �
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10.3. Let T = T(B,V ) be a given large tilting sheaf with V 6= ∅. For the moment
we assume, for notational simplicity, that B is an inner branch sheaf. Let us
explain the strategy we are going to pursue for the proof of the theorem.

Step 1: Initial step. We start with the canonical configuration Λ = Tcan in ~H =

QcohX, which consists of arms between L and L, compare (5.10). By applying
suitable tubular shifts to Λ, we can assume without loss of generality that

Hom(L,B) = 0 = Hom(L,B). We then form ~H′ = QcohX′ = (τ−B)⊥. Then
the subconfiguration Λ′ of indecomposable summands of Λ lying in (τ−B)⊥

forms a canonical configuration Λ′ = T ′can in ~H′, containing L and L, compare
Remark 5.12. For Λ′ we have the copresentation

(10.2) 0→ Λ′ → Λ′V →
⊕

x∈V

p′(x)−1⊕

j=0

(τ jSx[∞])e(j,x) → 0.

from (5.5), which is already of the desired form with respect to the theorem
we want to prove; by construction, it gives an add(T )-copresentation of each
indecomposable summand of Λ′. It remains to compute suitable copresenta-
tions for each indecomposable summand of Λ not in Λ′, and then to take the
direct sum of all of these sequences with (10.2). This will be done inductively
working in each connected branch component, starting with the root of that
component. Let us consider one such component lying in a wing W rooted in,
say, S[r− 1] with 2 ≤ r ≤ p, concentrated at a point x ∈ V . We will call S[∞]
the Prüfer sheaf above W .

Step 2: Induction start with root. Note that S[r] ∈ (τ−B)⊥ ≃ QcohX′ becomes

simple. The basis of W is given by the simple sheaves S, τ−S, . . . , τ−(r−2)S.
This segment of simples corresponds to a segment of direct summands of Λ′

lying in the inner of one arm. We denote this segment by L(1), . . . , L(r − 1),
so that there are epimorphisms

(10.3) L(i) ։ τ−i+1S i = 1, . . . , r − 1.

(We will do this for every branch component, and then we will need, of course,
a shift of indices. In the notation of (5.10) the segment L(1), . . . , L(r − 1) is
Li(j), . . . , Li(j + r − 2) for some arm-index i and some j.) With this “calibra-
tion” the sequence (5.7) becomes

(10.4) 0→ L(0)→ L(r − 1)→ S[r − 1]→ 0

where L(0) is a predecessor of L(1), either still in the inner of the same arm, or
L(0) = Lεf(x); in any case L(0) ∈ add(Λ′). This means that for L(0) we already
have a copresentation. Using Lemma 10.5 below, we will get a copresentation
for L(r − 1), which will be compatible with the statement of our theorem.
We will then proceed in a similar way with the other members of the connected
branch B, going down the branch inductively, as described in the next step.

Step 3: Induction step. We introduce further notation. We define

Wij = S[i]/S[i− j] ∈ W
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for i = 1, . . . , r − 1; j = 1, . . . , i, where S[0] = 0. We call Wij wing objects,
and the pair of indices (i, j) wing pairs. The length of Wij is j; we say that
i is the level and i − j the colevel of Wij . So Wij is uniquely determined by
its level and colevel, which fix the ray and coray Wij belongs to. Applying the
construction of an add(L)-couniversal extension to the short exact sequences
0 → Wjj → Wii → Wi,i−j → 0, and recalling that we have Hom(L,W) = 0,
we deduce from [44, Prop. 5.1] that there are short exact sequences

(10.5) 0→ L(j)→ L(i)→ Wi,i−j → 0

for 1 ≤ j < i. We assume now thatWi,i−j be part ofB. The (direct) neighbours
of smaller length in the same component of the branch might be

Wi,i−j

��
❁❁

❁❁
❁❁

❁❁
❁❁

❁

Wi−ℓ,i−j−ℓ

77♦♦♦♦♦♦

Wi,i−j−s

where Wi−ℓ,i−j−ℓ → Wi,i−j denotes a composition of ℓ irreducible monomor-
phisms and Wi,i−j → Wi,i−j−s a composition of s irreducible epimorphisms.
In this situation we compute an add(T )-copresentation of L(i−ℓ) and L(j+s),
respectively, if add(T )-copresentations of L(j) or L(i), respectively, are already
known. In other words: having already exploited Wi,i−j for computing a suit-
able copresentation of an indecomposable summand of Λ, we will then use its
lower neighbours for computing copresentations for further summands. The
two different kinds of neighbours are reflected by the following two lemmas.
Roughly speaking, the first lemma (treating the epimorphism case) adds the
branch summand Wi,i−j−s to the end term, the second (treating the monomor-
phism case) the branch summand Wi−ℓ,i−j−ℓ to the middle term in the copre-
sentation of Λ.

Lemma 10.4. Let (i, i − j) and (i, i − j − s) be wing pairs and assume that
Wi,i−j and Wi,i−j−s are summands of B. Assume there is an exact sequence

0→ L(i)→ G ⊕B0 → P ⊕B1 → 0

such that

(i) B0, B1 ∈ add(B) are disjoint with the subbranch rooted in Wi,i−j−s;
(ii) Hom(B1, B0) = 0;

(iii) G is torsionfree and x-divisible;
(iv) P is a direct sum of copies of the Prüfer sheaf S[∞] above the wing W.

Then there is an exact sequence

0→ L(j + s)→ G ⊕B0 → P ⊕Wi,i−j−s ⊕B1 → 0

with Hom(Wi,i−j−s, B0) = 0.
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Proof. The sequence

0→ L(j + s)→ L(i)→Wi,i−j−s → 0

together with the given sequence yields the exact commutative diagram

0

��

0

��

0 // L(j + s) // L(i)

��

// Wi,i−j−s

��

// 0

0 // L(j + s) // G ⊕B0

��

// C

��

// 0

P ⊕B1

��

P ⊕B1

��

0 0

The right column splits, since Wi,i−j−s and B1 as summands of the branch B

are Ext-orthogonal, and since Ext1(P,Wi,i−j−s) = D Hom(τ−Wi,i−j−s, P ) = 0.
Because of (i) we get Hom(Wi,i−j−s, B0) = 0 from Lemma 10.2. �

Lemma 10.5. Let (i, i− j) and (i− ℓ, i− j − ℓ) be wing pairs such that Wi,i−j
and Wi−ℓ,i−j−ℓ are summands of B (the case ℓ = 0 is permitted). Assume
there is an exact sequence

0→ L(j)→ G ⊕B0 → P ⊕B1 → 0

such that B0, B1 ∈ add(B) are disjoint from the subbranch rooted in
Wi−ℓ,i−j−ℓ, Hom(B1, B0) = 0, G is torsionfree and x-divisible, and P is a
direct sum of copies of the Prüfer sheaf above the wing W. Then there is an
exact sequence

0→ L(i− ℓ)→ G ⊕B0 ⊕Wi−ℓ,i−j−ℓ → P ⊕B1 → 0,

and Hom(B1,Wi−ℓ,i−j−ℓ) = 0.

Proof. There is the push-out diagram

0

��

0

��

0 // L(j) //

��

G ⊕B0
//

��

P ⊕B1
// 0

0 // L(i− ℓ) //

��

E //

��

P ⊕B1
// 0

Wi−ℓ,i−j−ℓ

��

Wi−ℓ,i−j−ℓ

��

0 0

Now, since G is x-divisible and Wi−ℓ,i−j−ℓ and B0 as summands of
the branch B are Ext-orthogonal, the middle column splits. Moreover,
Hom(B1,Wi−ℓ,i−j−ℓ) = 0 follows again from Lemma 10.2. �
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10.6. Let now B be an exterior branch part, the inner branch parts already
treated. We proceed similarly to the inner case. We briefly explain the
differences. By applying suitable tubular shifts to Λ, we can assume with-
out loss of generality that Hom(L, τB) = 0 = Hom(L, τB). We then form
~H′ = QcohX′ = B⊥. Then the subconfiguration Λ′ of indecomposable sum-

mands of Λ lying in B⊥ forms a canonical configuration Λ′ = T ′can in ~H′,
containing L and L. Note that τS[r] ∈ B⊥ ≃ QcohX′ becomes simple. The
basis of a wing W corresponding to a connected component of B is given by
the simple sheaves (concentrated at x) S, τ−S, . . . , τ−(r−2)S. This segment of
simples corresponds to a segment of direct summands of Λ′ lying in the inner
of one arm. We denote this segment by L(1), . . . , L(r − 1), so that there are
epimorphisms

(10.6) L(i) ։ τ−i+2S i = 1, . . . , r − 1.

This yields a short exact sequence

(10.7) 0→ L(1)→ L(r)→ S[r − 1]→ 0

where L(r) is either in the inner of the same arm, or L(r) = L
f(x)

. (We refer to
the diagram in [44, p. 536].) Thus the desired copresentation of L(r) is already
given. Then, for L(1) and for the induction step we have modified versions of
Lemma 10.4 and 10.5, just taking into account the different notation (10.6).

Proof of Theorem 10.1. Let Λ be a given canonical configuration, considered
as full subcategory of H. As usual we write B = Bi ⊕ Be with respect to V .
We can assume that the canonical configuration Λ′ in (τ−Bi⊕Be)

⊥ ≃ QcohX′

is a subconfiguration of Λ, containing L and L. Recall that B decomposes into
B =

⊕t
i=1Bxi over the exceptional points x1, . . . , xt, and each Bxi (in case it

is nonzero) is a direct sum of finitely many connected branches in non-adjacent
wings. Then

Λ = Λ′ ⊕
t⊕

i=1

⊕

ℓ

Li(ℓ)

for suitable ℓ, forming finitely many non-adjacent segments in {1, . . . , pi − 1},
corresponding to the connected branches as described above.
Step 1 yields the add(T )-copresentation

(10.8) 0→ Λ′ → T ′0 → T ′1 → 0

of Λ′, given by (10.2). We then have to compute suitable copresentations for
the Li(ℓ). By forming the direct sum we will get the desired copresentation
for Λ. This can be done separately by performing Step 2 and Step 3 for ev-
ery connected branch (using Lemma 10.4 and 10.5 and keeping in mind the
modifications in 10.6).

We still have to show that in this way we obtain add(T )-copresentations of all
indecomposable summands of Λ. It is enough to do this for every single wing
W involved, say W is rooted in S[r − 1], and the corresponding summands of
Λ are given by L(1), . . . , L(r − 1). (So this notation applies to the inner case,
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the exterior is treated similarly.) The kernel of the epimorphism L(r − 1) →
S[r − 1] = Wr−1,r−1 is (a power of) an indecomposable summand of Λ′, and
from Lemma 10.5 (case ℓ = 0) we get an add(T )-copresentation of L(r − 1).
Let Wij be a summand of B, different from the root S[r − 1]. Then Wij has a
unique upper neighbour Z in B. There are two cases:

(a) There is an epimorphism Z → Wij . Then Lemma 10.4 gives a copre-
sentation of L(i− j) where i− j is the colevel of Wij .

(b) There is a monomorphism Wij → Z. Then Lemma 10.5 gives a copre-
sentation of L(i) where i is the level of Wij .

So either the level or the colevel determines the index of the summand of Λ we
can treat with the help of Wij . In both cases the obtained index lies between
1 and r− 2. Assume now that there are two different summands Wij and Wkℓ

of B, which are also different from the root of W , and which yield the same
index under the procedure above. We consider the upper neighbours of U of
Wij and V of Wkℓ. If there are epimorphisms U → Wij and V → Wkℓ, then
we conclude that the colevels of Wij and Wkℓ coincide; similarly if there are
monomorphisms Wij → U and Wkℓ → V , then the levels of both coincide. In
the mixed case, when there is a monomorphism Wij → U and an epimorphism
V → Wkℓ, then the level of Wij is the colevel of Wkℓ. In all these cases it
is easy to see that there are non-zero extensions between one of these objects
and the other or the upper neighbour of the other, which gives a contradiction.
Indeed, if Wij and Wkℓ have the same colevel, they belong to the same ray and

i 6= k, say i < k. Then Ext1(Wkl, U) = D Hom(U, τWkl) 6= 0. The level case is
similar. In the mixed case, let c be the level of Wij = Wcj and the colevel of
Wkℓ = Wk,k−c. Then Wij lies on the coray ending in Wc,1 and τWkℓ = Wk−1,ℓ
lies on the ray starting in Wc,1, so Ext1(Wkl,Wij) = D Hom(Wij , τWkℓ) 6= 0.

It follows that the r − 1 summands of the branch B yield copresentations for
r−1 distinct indecomposable summands of Λ, which are then necessarily given
by L(1), . . . , L(r − 1). �

We now illustrate the procedure, which can be done for each involved excep-
tional tube separately. In the following example we have two wings in the same
tube to consider. (Note that compared with Lemmas 10.4 and 10.5 by a matter
of notation there are unavoidable shifts of indices.)

Example 10.7. In the following we will use the numerical invariants from 5.10
and the short exact sequences from 5.11, which are the building blocks of the
canonical configuration (5.10). Let Λ be a canonical algebra of weight type
given by the sequence (11), the only exceptional point given by x, let V = {x}
and e = e(x), f = f(x), d = ef and ε ∈ {1, 2} be the numerical type of X.
Then Λ is realized as canonical configuration

L→ L(1)→ L(2)→ L(3)→ L(4)→ . . .→ L(9)→ L(10)→ L

in H. Let

B = S[4]⊕ τ−2S[2]⊕ τ−2S ⊕ S ⊕ S′[3]⊕ S′[2]⊕ τ−S′
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be a branch, where we assume that S is simple with Hom(L, τ2S) 6= 0 and
S′ = τ−6S. Then Hom(L(i+ 2), τ−iS) 6= 0 for i = −1, 0, . . . , 8. There are two
connected components of B, lying in the wings rooted in S[4] and S′[3], respec-
tively. The situation is illustrated in Figure 10.1, where the indecomposable
summands of the branch B are denoted by •, the roots of the two wings by
•̂. The two vertical lines indicate the identification by the τ -period. We also
exhibit the undercuts by ◦, and the four Prüfer sheaves belonging to T(B,V ) by
the symbol ∗ over the corresponding ray. We have

Λ′ = L⊕ L(1)⊕ L(6)⊕ L(7)⊕ L ∈ (τ−B)⊥.

There are the universal exact sequences in (τ−B)⊥ = QcohX′ (where the only
weight of X′ is given by p′ = 5)

0→ L→ G → τS[∞]e → 0(10.9)

0→ L→ Gε → τS[∞]εe → 0(10.10)

0→ L(i+ 2)→ Gεfi → τ−(i+1)S[∞]εd → 0 for i = −1, 4, 5.(10.11)

with torsionfree, indecomposable G, Gi; note that G, Gi ∈ (τ−B)⊥, and thus
these objects are x-divisible. Their direct sum gives the short exact sequence

0→ Λ′ → Λ′V → τS[∞](1+ε)e ⊕ S[∞]εd ⊕ τ−5S[∞]εd ⊕ S′[∞]εd → 0

where Λ′V = G1+ε ⊕ Gεf−1 ⊕ Gεf4 ⊕ Gεf5 . This was Step 1.

We now treat the first branch. This corresponds to the segment L(2), L(3),
L(4), L(5) of Λ. Step 2: Applying Lemma 10.5 (to the sequence 0 → L(1) →
L(5)→ S[4]→ 0) gives the exact sequence

(10.12) 0→ L(5)→ Gεf−1 ⊕ S[4]→ S[∞]εd → 0.

Step 3: Applying Lemma 10.4 again yields

(10.13) 0→ L(3)→ Gεf−1 ⊕ S[4]→ τ−2S[2]⊕ S[∞]εd → 0.

Now applying Lemma 10.5 two times yields

(10.14) 0→ L(4)→ Gεf−1 ⊕ S[4]⊕ τ−2S → τ−2S[2]⊕ S[∞]εd → 0

and

(10.15) 0→ L(2)→ Gεf−1 ⊕ S → S[∞]εd → 0.

The second branch corresponds to the segment L(8), L(9), L(10) of Λ. Step 2,
and then Step 3, which is applying Lemma 10.5 two times and then Lemma 10.4,
yields the exact sequences

(10.16) 0→ L(10)→ Gεf5 ⊕ S′[3]→ S′[∞]εd → 0,

then

(10.17) 0→ L(9)→ Gεf5 ⊕ S′[3]⊕ S′[2]→ S′[∞]εd → 0

and finally

(10.18) 0→ L(8)→ Gεf5 ⊕ S′[3]⊕ S′[2]→ τ−S′ ⊕ S′[∞]εd → 0
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Forming the direct sum of all 12 short exact sequences (10.9)–(10.18) we get
the add(T )-copresentation of Λ as in Theorem 10.1.
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Figure 10.1. The branches of Example 10.7

Appendix A. Slope arguments in the domestic case

In this appendix we complement the arguments given in the proof of Lemma 6.1
by more details. Most of them are well-established for weighted projective lines,
see for example [43, Thm. 2.7]. Here we see that in general we have to be careful
with the special line bundles.

Let X be an arbitrary noncommutative curve of genus zero. Recall that a line
bundle L′ is called special if for every exceptional point xi there is precisely
one simple sheaf Si concentrated at xi with Hom(L′, Si) 6= 0. Every autoe-
quivalence σ of H induces an autoequivalence of H0 and thus of H/H0, and is
therefore rank-preserving. Hence, if L′ is a special line bundle, then so is σL′.
For Geigle-Lenzing weighted projective lines [27] it is well-known (see [43, 2.1])
that for each degree ~x we have

Hom(O(~x),O(~ω + ~c)) 6= 0 if Hom(O,O(~x)) = 0.

Since Hom(O(~x),O(~ω + ~c)) = D Ext1(O(~c),O(~x)), when we write L = O and
L replaces O(~c), the following statement is the generalization of this to non-
commutative curves of genus zero (of arbitrary weight type).

Lemma A.1. Let X be a noncommutative curve of genus zero and X be an
indecomposable vector bundle. Then Hom(L,X) 6= 0 or Ext1(L,X) 6= 0 holds.

In the domestic case this is a special case of [47, Prop. 4.1].

Proof. Assume that Hom(L,X) = 0 = Ext1(L,X). We now apply Hom(−, X)
to several of the exact sequences above. Sequence (5.13) gives

0→ Hom(S,X)→ Hom(L,X)→ Hom(Lε, X)→
→ Ext1(S,X)→ Ext1(L,X)→ Ext1(Lε, X)→ 0

and from the assumptions we conclude that all terms are zero. Apply-
ing then Hom(−, X) to (5.14) shows Ext1(Li(j), X) = 0. Similarly, (5.11)
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and (5.12) inductively yield Hom(Li(j), X) = 0. Altogether this gives that
Hom(Tcan, X) = 0 = Ext1(Tcan, X), and since Tcan is a tilting object we get
X = 0, a contradiction. �

Lemma A.2. Let X be domestic. Let L be a special line bundle. Let F be
an indecomposable vector bundle of slope µ(F ) − µ(L) > p̄/ε + δ(ω). Then
Hom(L, F ) 6= 0.

Proof. For every special line bundle L we can form a canonical configuration
like (5.10), see [44]. Then L does not necessarily have degree zero, but still
µ(L)− µ(L) = p̄/ε.
We assume Hom(L, F ) = 0. Then by Lemma A.1 Ext1(L, F ) 6= 0, and by Serre
duality, Hom(F, τL) 6= 0. But by assumption

µ(F ) > p̄/ε+ δ(ω) + µ(L) = µ(L) + δ(ω) = µ(τL),

which contradicts the stability of indecomposable vector bundles in the domes-
tic case (Theorem 2.3). �

Remark A.3. In the domestic case every indecomposable vector bundle is
exceptional. In particular this is true for every line bundle. But there are
domestic cases where not every line bundle is special. Take for example the

domestic symbol

(
2
2

)
. It tells us that there is precisely one exceptional point

x, and this point satisfies p(x) = 2, f(x) = 1 and e(x) = 2. (For the general
definition of a symbol of a genus zero curve we refer to [37].) Let now L be a
special line bundle which maps onto the simple Sx. The kernel then is a line
bundle L′. One verifies that [L′] is a 1-root in K0(X) and that Hom(L′, Sx) 6= 0
and Hom(L′, τSx) 6= 0. Hence L′ is not special.

Lemma A.4. Let X be domestic. Let T be a torsionfree tilting sheaf. Assume
that for every n ∈ Z there is a special line bundle Ln with µ(Ln) < n such that
Hom(T, Ln) 6= 0. If L′ is an arbitrary line bundle, then also Hom(T, L′) 6= 0.

Proof. Let L′ be a line bundle. Choose n ∈ Z such that n < µ(L′)− p̄/ε−δ(ω).
Then µ(L′) − µ(Ln) > p̄/ε + δ(ω), and by Lemma A.2, since Ln is special,
we have Hom(Ln, L

′) 6= 0. Hence there is a monomorphism Ln → L′. Since
Hom(T, Ln) 6= 0 we get Hom(T, L′) 6= 0 as well. �

In order to remove the word “special” from the preceding lemma, we use the
Riemann-Roch formula (see [39])

(A.1)
1

p̄κ
〈〈X,Y 〉〉 = −ε

2
δ(ω) · rk(X) · rk(Y ) +

ε

p̄

∣∣∣∣
rk(X) rk(Y )

deg(X) deg(Y )

∣∣∣∣
where

〈〈X,Y 〉〉 =

p̄−1∑

j=0

〈X, τ−jY 〉

is the average Euler form. In particular, if L′ and L are line bundles with
µ(L) = deg(L) ≥ deg(L′) = µ(L′) then (by δ(ω) < 0) we have 〈〈L′, L〉〉 >
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0. Since, by stability, Ext1(L′, τ−jL) = D Hom(τ−j−1L,L′) = 0, and thus
〈L′, τ−jL〉 = dimk Hom(L′, τ−jL), we obtain Hom(L′, τ−jL) 6= 0 for some
j ∈ {0, . . . , p̄− 1}. It follows that there is a monomorphism L′ → τ−jL, where
µ(τ−jL) = µ(L)− j · δ(ω) ≤ µ(L)− (p̄− 1) · δ(ω).
If L is a special line bundle, then also τnL is special for every integer n, and
has slope µ(τnL) = µ(L)+n ·δ(ω). So, if L′ is a given line bundle, then there is
a special line bundle L of slope µ(L) in the interval [µ(L′), µ(L′)− δ(ω)[. With
the preceding paragraph we obtain j ∈ {0, . . . , p̄ − 1} and a monomorphism
L′ → τ−j(L), for which µ(τ−jL) ≤ µ(L)−(p̄−1) ·δ(ω) < µ(L′)− p̄ ·δ(ω) holds.
To summarize:

Lemma A.5. Let X be domestic. For every line bundle L′ there is a special
line bundle L with a monomorphism L′ → L, so that the distance of slopes

0 ≤ µ(L)− µ(L′) < −p̄ · δ(ω)

is bounded by a constant. �

We then have: if L′ is such that Hom(T, L′) 6= 0, then, since there is a monomor-
phism L′ → L, also Hom(T, L) 6= 0. As a consequence we get: if we find line
bundles L′ of arbitrarily small slope with Hom(T, L′) 6= 0, then we also find
special line bundles L of arbitrarily small slope with Hom(T, L) 6= 0. Therefore
we now have the stronger version of Lemma A.4.

Lemma A.6. Let X be domestic. Let T be a torsionfree tilting sheaf. Assume
that for every n ∈ Z there is a line bundle Ln with µ(Ln) < n such that
Hom(T, Ln) 6= 0. If L′ is an arbitrary line bundle, then also Hom(T, L′) 6=
0. �

Lemma A.7. Let X be domestic. Let T be a torsionfree tilting sheaf. Then there
is n0 ∈ Z such that Hom(T, L′) = 0 for every line bundle L′ with µ(L′) < n0.

Proof. Otherwise we would have Hom(T, L′) 6= 0 for all line bundles L′ by the
preceding lemma. As in the proof of Lemma 8.2, we see that for a line bundle
L′ the condition Hom(T, L′) 6= 0 amounts to L′ ∈ Gen(T ), and since every
vector bundle has a line bundle filtration, we infer that all vector bundles lie
in Gen(T ) = T⊥1. By Serre duality we get that no vector bundle (even no
coherent sheaf) maps to the torsionfree sheaf T , which is a contradiction, since
~H is locally noetherian. �

We conclude with the desired result.

Lemma A.8 (Lemma 6.1). Let X be domestic. Let T be a torsionfree tilting
sheaf. Then there is m ∈ Z such that Hom(T,E) = 0 for every indecomposable
vector bundle E with µ(E) < m.

Proof. Let F be the set of indecomposable vector bundles F with 0 ≤ µ(F ) <
−δ(ω). This is a finite set by (D5), and every indecomposable vector bundle
is of the form τnF for some F ∈ F and some n ∈ Z. For every F ∈ F we
fix a line bundle filtration, which altogether form a finite collection L of line
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bundles. We denote by α = α(F) the maximum of slopes of the objects in
L. Then α(τmF) = α + mδ(ω). With the bound n0 from Lemma A.7, for
all m ∈ Z such that α + mδ(ω) < n0, we get Hom(T, τmL) = 0, and thus
Hom(T, τmF) = 0. It follows that Hom(T,E) = 0 for every indecomposable
vector bundle E with µ(E) < mδ(ω). �
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17. A. A. Bĕılinson, Coherent sheaves on Pn and problems in linear alge-
bra, Funktsional. Anal. i Prilozhen. 12 (1978), no. 3, 68–69. MR 509388
(80c:14010b)

18. A. I. Bondal and M. M. Kapranov, Representable functors, Serre functors,
and reconstructions, Izv. Akad. Nauk SSSR Ser. Mat. 53 (1989), no. 6,
1183–1205, 1337. MR 1039961 (91b:14013)

19. A. B. Buan and H. Krause, Tilting and cotilting for quivers and type An,
J. Pure Appl. Algebra 190 (2004), no. 1-3, 1–21. MR 2043318

20. A. B. Buan, R. Marsh, M. Reineke, I. Reiten, and G. Todorov, Tilting
theory and cluster combinatorics, Adv. Math. 204 (2006), no. 2, 572–618.
MR 2249625 (2007f:16033)

21. H. Chen and C. Xi, Good tilting modules and recollements of derived mod-
ule categories, Proc. Lond. Math. Soc. (3) 104 (2012), no. 5, 959–996.
MR 2928333

22. J. Chen, X.-W. Chen, and Z. Zhou, Monadicity theorem and weighted pro-
jective lines of tubular type, Int. Math. Res. Not. (2015).

23. R. Colpi, Tilting in Grothendieck categories, Forum Math. 11 (1999), no. 6,
735–759. MR 1725595 (2000h:18018)

24. R. Colpi and K. R. Fuller, Tilting objects in abelian categories and qua-
sitilted rings, Trans. Amer. Math. Soc. 359 (2007), no. 2, 741–765 (elec-
tronic). MR 2255195 (2007j:18012)

25. R. Colpi and J. Trlifaj, Tilting modules and tilting torsion theories, J.
Algebra 178 (1995), no. 2, 614–634. MR 1359905 (97e:16003)
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1. Introduction and statement of results

1.1. Milnor fibration and monodromy. The complement M of a degree n
complex hypersurface in Cl, t f “ 0u, and the associated Milnor fibration, f : M Ñ
Cˆ, first analysed by Milnor in his seminal book [15], attracted a lot of attention over

the years. Multiplication by expp 2π
?

´1
n q induces the geometric monodromy action on

the associated Milnor fiber F “ f ´1p1q, h : F Ñ F, and the algebraic monodromy
action, thi : HipF,Qq Ñ HipF,Qqu.
Computing hi is a major problem in the field, when f has a non-isolated singularity at
0. Even for the defining polynomial of a (central) complex hyperplane arrangement
A in Cl and i “ 1, the answer is far from being clear. This case was tackled in the
recent literature by many authors, who used a variety of tools; see for instance [20] for
a brief survey. In this paper, we focus on reflection arrangements, associated to finite
complex reflection groups.
It is well-known that every arrangement complement MA has the homotopy type of a
connected, finite CW-complex with torsion-free homology, whose first integral homol-
ogy group, H1pMA,Zq “ Zn, comes endowed with a natural basis, given by meridian
loops around the hyperplanes.
It is also well-known that, for an arbitrary arrangementA, h1 induces a QrZs-module
decomposition,

(1) H1pFA,Qq “
à

d

pQrts{Φdptqqed pAq,

where Φd is the d-th cyclotomic polynomial, edpAq “ 0 if d ffl n, and e1pAq “ n ´ 1.
See for instance [14, (1.1)].
A pleasant feature of hyperplane arrangements is the rich combinatorial structure en-
coded by the associated intersection lattice, L‚pAq, whose elements are the intersec-
tions of hyperplanes from A, ranked by codimension and ordered by inclusion. In
this context, the open monodromy action problem takes the following more precise
form: are the multiplicities edpAq combinatorial? If so, give a formula involving only
L‚pAq.

1.2. Characteristic and resonance varieties. Our approach to decompo-
sition (1) is topological, based on two types of jump loci, associated to CW-complexes
having the properties recalled for MA, and the interplay between them.
The complex characteristic variety V i

q pMq, sitting inside the character torus TpMq ≔
HompH1pM,Zq,Cˆq “ pCˆqn is the locus of those ρ P TpMq for which
dimC HipM,Cρq ě q, where Cρ denotes the associated rank 1 local system on M.
Note that HompH1pM,Zq,Cq “ H1pM,Cq “ Cn, and denote by exp : H1pM,Cq ։
TpMq the natural exponential map. For an integer d ě 1, let ρd P TpMq be the

exponential of the diagonal cohomology class equal to 2π
?

´1
d , with respect to the

distinguished Z-basis. When M “ MA is an arbitrary arrangement complement and
d ą 1, it is well-known that

(2) edpAq “ dimC H1pMA,Cρd q .
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See for instance [14, §2.3], and also [3, Theorem 2.5 and Corollary 6.4] for more
general results of this type.
The resonance variety R i

qpM, kq over a field k, sitting inside H1pM, kq, is the locus
of those σ P H1pM, kq for which dimk HipH‚pM, kq, σ˚q ě q, where σ˚ denotes the
left multiplication by σ in the cohomology ring. When k is the prime field Fp, denote
by σp P H1pM, Fpq the diagonal cohomology class equal to 1, with respect to the
distinguished Z-basis, and define the modulo p Aomoto-Betti number by

(3) βppMq ≔ dimFp H1pH‚pM, Fpq, σp˚q
When M “ MA is an arrangement complement, we will replace M by A in the
notation.
By a celebrated theorem of Orlik and Solomon [16], the cohomology ring of MA is
combinatorial. More precisely, βppAq may be computed from Lď2pAq, as well as
R1

q pA, kq, for all q and k.

1.3. Modular bounds. It follows from Theorem 11.3 in [19] that

(4) eps pAq ď βppAq, for all s ě 1 ,

when A is an arbitrary arrangement.
Actually, the above modular bound holds for all CW-complexes considered in §1.2,
with the multiplicity replaced by the value from equality (2), and is in general strict,
in the broader context. Our first main result says that the modular bound (4) becomes
an equality, for reflection arrangements and s “ 1.

Theorem 1.1. Let A be a complex reflection arrangement. Then eppAq “ βppAq,
for all primes p. In particular, eppAq is determined by Lď2pAq.

1.4. Aomoto-Betti numbers for reflection arrangements. Reflection
arrangements have a distinguished history, going back as far as Jordan’s work from
1878 on the symmetry group of the famous Hessian configuration. A related open
problem is whether the Hessian arrangement is the only arrangement supporting a
4-net. In Theorem 1.2(2) below, we solve this problem for reflection arrangements.
Finite complex reflection groups have been classified by Shephard and Todd [22] (see
also [2], [17]). Each such group G gives rise to the complex reflection arrangement
ApGq, consisting of the fixed points of all reflections in G. Among them, we have
the monomial arrangements Apm,m, lq in Cl pl ě 2q, with defining polynomials
Π1ďiă jďl pzm

i ´zm
j q pm ě 1q, and full monomial arrangementsApm, 1, lq in Cl pl ě 2q,

defined by z1 . . . zl ¨ Π1ďiă jďl pzm
i ´ zm

j q pm ě 2q. We may now state our second main
result.

Theorem 1.2. For a complex reflection arrangement A of rank at least 3, the fol-
lowing hold.

(1) If p ą 3, then βppAq “ 0.
(2) β2pAq ‰ 0 ô β2pAq “ 2 ô A supports a 4-net ô A is the Hessian

arrangement.
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(3) The only cases when β3pAq ‰ 0 are: Apm, 1, 3q with m ” 1 pmod 3q, where
β3 “ 1; Apm,m, 3q with m ě 2, where β3 “ 1 if m ı 0 pmod 3q and
otherwise β3 “ 2; Apm,m, 4q, where β3 “ 1.

(4) In particular, βppAq ď 2, for all primes p.

We imposed the rank condition since the Aomoto-Betti numbers for arrangements of
rank at most 2 are known (see for instance [14]). Moreover, when A “ Apm,m, 2q
with m ” 0 pmod pq it is easy to see that βppAq “ m ´ 2. Thus, the conclusion of
Theorem 1.2(4) no longer holds, for m ą 4.
The resonance varieties R1

q pA,Cq are quite well-understood, due to work by Falk,
Libgober, Marco-Buzunáriz and Yuzvinsky; see [10], [13]. There are results in pos-
itive characteristic which show a different qualitative behaviour of resonance in this
case; see for instance Falk [9]. The complete picture over Fp largely remains a mys-
tery. Our Theorems 1.2 and 1.1, together with recent vanishing results due to Dimca
and Sticlaru ([6], [7]), verify the strong modular conjecture from [20], for the impor-
tant class of complex reflection arrangements.

1.5. A combinatorial non-triviality test. Dimca, Ibadula and Măcinic
asked in [4] the following natural question: if d ą 1 and edpAq ‰ 0, does this
imply that ρd P exp R1

1 pA,Cq? A positive answer (for all d) would imply that the
non-triviality of h1 is combinatorial, since the converse implication is known, for all
values of d.

Theorem 1.3. If A is a complex reflection arrangement, then the above question
has a positive answer, for 2 ď d ď 4.

We derive Theorem 1.3 and Theorem 1.1 from Theorem 1.2 with the aid of a general
result (proved in Theorem 4.3) that relates combinatorial structures on arrangements
satisfying the key multinet axiom introduced by Falk-Yuzvinsky in [10] to the al-
gebraic monodromy action and the Aomoto-Betti numbers of an arrangement. The
tools from our paper also enable us to give a complete, combinatorial description in
Proposition 4.4 for the monodromy action on H1pFA,Qq, in the case of full monomial
arrangements of rank 3 and 4. Related results may be found in [12] and [20]. By The-
orems 1.1, 1.2 and [6, 7], this complete, combinatorial description holds for arbitrary
complex reflection arrangements.

2. Non-exceptional reflection arrangements

We first compute the Aomoto-Betti numbers of monomial and full monomial arrange-
ments.

2.1. The classification. (cf. [22], [2], [17])
A finite reflection group G decomposes as a product of irreducible factors of the same
kind. At the level of arrangements, ApG ˆ G1q is the product ApGq ˆ ApG1q, and
the corresponding complements satisfy MpG ˆ G1q “ MpGq ˆ MpG1q. (Whenever
convenient, we will abbreviate notation and replaceApGq by G, when speaking about
associated objects.)
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The irreducible reflection arrangements of rank at least 3 comprise the monomial
and full monomial arrangements, Apm,m, lq pm ě 2, l ě 3 or m “ 1, l ě 4q and
Apm, 1, lq pl ě 3q, plus the exceptional arrangementsApG23q ´ApG37q. The Hessian
arrangement is ApG25q. See for instance [17] for the notations.

2.2. Vanishing criteria. Given an arbitrary arrangement A and an r–flat X P
LrpAq, set AX – tH P A|H Ě Xu, and define the multiplicity of X to be equal to
|AX |.
Using the distinguished Z-basis, we identify an element η P H1pMA, Fpq with the
family tηH P FpuHPA. We denote by ZppAq Ď H1pMA, Fpq the kernel of σp˚.
Definition (3) implies that βppAq “ dimFp ZppAq ´ 1. Our computations are based on
the following well-known result (see e.g. [20]).

Lemma 2.1. An element η belongs to ZppAq if and only if, for any X P L2pAq,
" ř

HPAX
ηH “ 0 if |AX | ” 0 (mod p)

ηH “ ηH1 , @ H,H1 P AX if |AX | ı 0 (mod p)

Clearly, βppAq “ 0 if and only if η P ZppAq implies that η is constant. A first useful
vanishing criterion is due to Yuzvinsky.

Lemma 2.2. ([25]) If |A| ı 0 (mod p), then βppAq “ 0.

A second convenient situation is the following.

Lemma 2.3. Assume that A “ A1 ˆA2.

(1) H1pMA,Cρd q “ 0, for all d ą 1.
(2) βppAq “ 0, for all primes p.

Proof. Assuming the contrary, we infer from [18, Proposition 13.1] that ρd P
V 1

1 pMA1 ˆ MA2 q “ t1u ˆ V 1
1 pMA2 q Y V 1

1 pMA1 q ˆ t1u, respectively σp P R1
1 pMA1 ˆ

MA2 , Fpq “ t0u ˆ R1
1 pMA2 , Fpq Y R1

1 pMA1 , Fpq ˆ t0u, in contradiction with the fact
that all coordinates of ρd (respectively σp) are different from 1 (respectively 0). �

By Lemma 2.3(2), we only need to compute βppGq for an irreducible complex reflec-
tion group G.
To state the third vanishing criterion, we need to introduce certain simple graphs,
associated to an arrangement A and an integer k ě 2, with vertex set A. The edges
of ΓkpAq are defined by the condition |AHXH1 | ı 0 pmod kq, for k ą 2, and by
|AHXH1 | is either odd or equal to 2, for k “ 2. The defining property for ΓpkqpAq
is |AHXH1 | “ k. Note that Γp2qpAq is a subgraph of ΓppAq, for all primes p. The
equivalence relation onA associated to the edge paths of ΓkpAq, respectively ΓpkqpAq,
will be denoted by „k, respectively „pkq.

Example 2.4. Let A “ Ap1, 1, lq be the braid arrangement in Cl, with hyperplanes
labeled by the two-element subsets of t1, . . . , lu. For i j ‰ st, the multiplicity of the
2–flat determined by the hyperplanes zi “ z j and zs “ zt is 2 if |ti, j, s, tu| “ 4 and 3 if
|ti, j, s, tu| “ 3. Let p be a prime. It follows from the above definition that ΓppAq is a
complete graph (with full edge set) if p ‰ 3. For p “ 3, i j and st are connected by an
edge of Γ3pAq if and only if |ti, j, s, tu| “ 4. We infer that the graph Γ3pAq is discrete
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(with no edges) when l ď 3, has 3 connected components when l “ 4 (see the picture
of the corresponding graph below), and is connected when l ě 5.

Γ3pAp1, 1, 4qq:

s

12

34
s

13

24

s s

s s

14

23

We obtain the following immediate consequences of Lemma 2.1.

Lemma 2.5. Each of the properties below implies that βppAq “ 0.

(1) The graph ΓppAq is connected.
(2) The graph Γp2qpAq is connected.
(3) For all X P L2pAq, p ffl |AX |.

2.3. Intersection lattices. The Aomoto-Betti numbers for Ap1, 1, lq were
computed in [14]. They verify all statements from Theorems 1.2 and 1.1. Hence,
we may suppose from now on that m ě 2.
We need to describe Lď2pAq. It will be convenient to label the various hyperplanes as

follows. Set ω “ expp 2π
?

´1
m q, pHiq zi “ 0 for all 1 ď i ď l, and pHi jαq zi ´ωαz j “ 0,

for 1 ď i ă j ď l and α P Z{mZ. We go on by listing the 2-flats (identified with the
corresponding subarrangementsAX).

Case I: Apm, 1, lq, l ě 4 :
Ia: {Hi,H j,Hi jαpα P Z{mZq}, with multiplicity m ` 2;
Ib: {Hi jα ,H jkβ ,Hikα`β}, with multiplicity 3;
Ic: {Hi jα ,Hkhβ}, with multiplicity 2;
Id: {Hi,H jkα }, with multiplicity 2.
Case II: Apm,m, lq, l ě 4 : types Ib and Ic, plus {Hi jαpα P Z{mZq}, with multi-

plicity m.
Case III: Apm, 1, 3q : types Ia, Ib and Id.
Case IV: Apm,m, 3q : types Ib and II.

2.4. βp-vanishing. We will use Lemma 2.5 to treat the cases when βppAq “ 0 in
the non-exceptional families. To simplify things, we suppress H from notation and
identify the hyperplanes with their labels, i and i jα.
We claim that, for A “ Apm, 1, lq with l ě 4, Γp2qpAq is connected. Indeed, given
i ă j we may find h ă k with i, j, h, k distinct. Hence, i „p2q hk0 „p2q j and i jα „p2q k,
which proves connectivity. Similar arguments lead to the following conclusions. If
A “ Apm, 1, lq with l “ 3 and p ‰ 3, then ΓppAq is connected; for p “ 3 and
m ı 1 pmod 3q, Γ3pAq is connected. The remaining full monomial Aomoto-Betti
numbers, β3pm, 1, 3q with m ” 1 pmod 3q, will be computed later on.
If A “ Apm,m, lq with l ě 5, then Γp2qpAq is connected. For l “ 3, 4 and p ‰
3, ΓppAq is connected. So, for monomial arrangements, only β3 in ranks 3 and 4
remains to be calculated.
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2.5. The remaining non-exceptional cases. A mod 3 cocycle η P Z3pAq is
a family of elements of F3, ηk and ηi jα , satisfying the equations from Lemma 2.1, for
any X P L2pAq.
Case A “ Apm, 1, 3q with m ” 1pmod 3q.
The equations coming from 2-flats of type Id say that η jkα “ ηi, where i is the third
element of t1, 2, 3u. The equations of type Ib become equivalent to η1 ` η2 ` η3 “ 0,
while type Ia equations say that ηi ` η j ` mηk “ 0, for all i ‰ j ‰ k. We infer that
β3pm, 1, 3q “ 1, as asserted in Theorem 1.2.
Case A “ Apm,m, 4q.
The equations of type Ic say that ηi jα “ ηi j, and η34 “ η12, η24 “ η13, η23 “ η14. Type
Ib equations reduce then to η12 ` η13 ` η14 “ 0, while type II conditions follow from
ηi jα “ ηi j. Again, β3pm,m, 4q “ 1, as claimed.
Case A “ Apm,m, 3q with m ı 0pmod 3q.
The equations of type II say that ηi jα “ ηi j, and the type Ib conditions then reduce to
η12 ` η23 ` η13 “ 0. This shows that β3pm,m, 3q “ 1, as asserted.
Case A “ Apm,m, 3q with m “ 3n.
Set η12α “ aα, η23α “ bα, η13α “ cα. With this notation, the equations of type Ib are
equivalent to the system

(5) aα ` bβ ` cα`β “ 0, @ α, β P Z{mZ,

while the conditions of type II read

(6)
ÿ

aα “
ÿ

bβ “
ÿ

cγ “ 0.

We first solve the system (5), as follows. It implies that aα ` bβ “ aα1 ` bβ1 , if
α`β “ α1`β1, in particular aα´a0 “ bα´b0 – dα, for all α, and dα`dβ “ dα1 `dβ1, if
α`β “ α1 `β1. We infer that dα “ αd1, for all α. Hence aα “ a0 `αd1, bα “ b0 `αd1

and cα “ ´a0 ´b0 ´αd1, which solves the system (5). In particular, its solution space
is 3-dimensional.
Finally, it is an easy matter to check that (5) ñ (6), since m “ 3n. Therefore,
β3p3n, 3n, 3q “ 2, as asserted.
This proves Theorem 1.2 for non-exceptional reflection arrangements.

3. Exceptional reflection arrangements

We finish the proof of Theorem 1.2, by computing the Aomoto-Betti numbers of the
exceptional complex reflection arrangements of rank at least 3, G23 ´ G37.

3.1. The groups G31, G32, G33. Case A “ ApG31q. The hyperplanes of A live

in C4. Their defining equations are as follows (see [11]). Set ω “ expp 2π
?

´1
4 q. The

hyperplanes of A are:

‚ pHiq zi “ 0 p1 ď i ď 4q;
‚ pHi jβq zi ´ ωβz j “ 0 p1 ď i ă j ď 4, β P Z{4Zq;
‚ pHαq z1 `

ř
2ďiď4 ω

αi zi “ 0 pα “ pα2, α3, α4q P pZ{4Zq3, α2 ` α3 ` α4 ”
0 pmod 2qq.
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By Lemma 2.5(2), it is enough to show that Γp2qpG31q is connected. This can be seen
as follows. Clearly, the 2-flat Hk X Hi jβ has multiplicity 2, when i ‰ j ‰ k. This
implies that i „p2q j „p2q khβ, for all 1 ď i ă j ď 4, 1 ď k ă h ď 4 and β P Z{4Z.
Given any Hα, it is not hard to see that the multiplicity of Hα X H12α2 is 2. This proves
connectivity, as claimed.

Case A “ ApG32q. Set ω “ expp 2π
?

´1
3 q. The arrangement A consists of the

following hyperplanes in C4 (see [24]):

‚ pHiq zi “ 0 p1 ď i ď 4q;
‚ pH1αβq z2 ` ωαz3 ` ωβz4 “ 0;
‚ pH2αβq z1 ` ωαz3 ´ ωβz4 “ 0;
‚ pH3αβq z1 ´ ωαz2 ` ωβz4 “ 0;
‚ pH4αβq z1 ` ωαz2 ´ ωβz3 “ 0 (α, β P Z{3Z).

Clearly, the 2-flats Hi X H j pi ‰ jq and Hi X Hiαβ have multiplicity 2. This shows that
Γp2qpG32q is connected and we are done.

Case A “ ApG33q. Here, ω “ expp 2π
?

´1
3 q and the hyperplanes (in C6) are as

follows (see [2, 21]):

‚ pHi jβq zi ´ ωβz j “ 0 p1 ď i ă j ď 4, β P Z{3Zq;
‚ pHαq

ř
1ďiď4 ω

αi zi`z5`z6 “ 0 pα “ pα1, α2, α3, α4q P pZ{3Zq4,
ř
αi “ 0q.

Plainly, i jβ „p2q kh0 „p2q i jβ
1

, for all β, β1 (where i ‰ j ‰ k ‰ h). Like in the Case
G “ G31, it can be checked that Hα X Hi jβ has multiplicity 2, if β “ α j ´ αi. We infer
that Γp2qpG33q is connected, and we are done.

3.2. More vanishing criteria. We will no longer need defining equations to
settle the remaining cases. We will use instead a couple of new vanishing arguments.
For the beginning, let us recall from [17, pp. 224-225] the following very useful prop-
erties of reflection groups and arrangements, derived from a key result of Steinberg
[23]. For any complex reflection group G and any X P LrpApGqq, the fixer subgroup
GX – tg P G | gx “ x, @x P Xu is a reflection group, and ApGqX “ ApGXq is again
a reflection arrangement, of rank r. By the construction of ApGq, the group G acts
on the arrangement ApGq, hence on the intersection lattice L‚pGq. Let us denote by
OX the G-orbit of X P LpGq. Let TypepXq be the isomorphism type of the reflection
group GX . It follows from [17, Lemma 6.88] that the type is constant on each orbit
OX . Moreover, Table C from [17] gives |ApGq| and the orbit partition of L‚pGq for
all exceptional groups, in terms of types of orbits.
This leads to the quick computation of the sets

PpGq :“ tp prime | D X P L2pGq such that |ApGXq| ” 0 pmod pqu

In particular, PpGq Ď t2, 3, 5u, for every exceptional arrangement of rank at least 3.
We infer from Lemma 2.5(3) that βppGq “ 0, if p ą 5. Hence, we may suppose from
now on that p ď 5.
For an arbitrary arrangementA,H P A and a prime p, we define

(7) mppHq “ 1 `
ÿ

p|AX | ´ 1q,
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where the sum is taken over those X P L2pAq such that X Ď H and |AX | ı 0 pmod
pq.
The numbers from (7) may be extracted from Table C in [17], for exceptional reflection
arrangements of rank at least 3. This is based on the following fact, valid for an
arbitrary reflection group G. For X, Y P LpGq, let upX, Yq be the number of Z P LpGq
such that Z P OY and Z Ď X. Clearly, this number depends only on OX and OY .
The values upH, Xq may be found in Table C, for all orbit types corresponding to
H P L1pGq and X P L2pGq.

Lemma 3.1. For an arrangementA and a prime p, the following hold.

(1) If mppHq ą |A|
2 for all H P A, then βppAq “ 0.

(2) If mppHq ą |A|
3 for all H P A and A has no rank 2 flats of multiplicity p ¨ r

with r ą 1, then βppAq “ 0.

Proof. If βppAq ‰ 0, there is a non-constant function η P FAp satisfying all equations
from Lemma 2.1. Fix H P A and set ηH “ α. We claim that |tη “ αu| ě mppHq.
Indeed, if X P L2pAq is contained in H and |AX | ı 0 pmod pq, then η must have
the constant value α on AX . An easy count of all these hyperplanes gives the claimed
inequality.
In Part (1), this implies that η must be constant, a contradiction. In Part (2), we infer
that η has only two distinct values. By adding constant functions and multiplying by
non-zero elements in Fp, we may assume that these values are ηH “ 0 and ηH1 “ 1.
By Lemma 2.1, the flat X “ H X H1 has multiplicity p ¨ r, imposing the conditionř

KPAX
ηK “ 0. Since necessarily r “ 1, we arrive again at a contradiction. �

3.3. Induction on rank. We start with a couple of general considerations. A
subarrangement B Ď A is called line-closed in A (see the first definition from [8,
Definition 1.1]) if BX “ AX , for all X P L2pBq. This property implies that the
restriction map, FAp ÝÑ FBp , sends ZppAq into ZppBq. Clearly, AY is line-closed in
A, for any Y P LpAq.

Lemma 3.2. Let G be a complex reflection group. Assume that 2 ď r ă rankpApGqq
and βppApG1qq “ 0, for all irreducible groups G1 P TypepLrpApGqqq. Then
βppApGqq “ 0.

Proof. Assuming the contrary, there exist η P ZppGq and H1, H2 P ApGq such that
ηH1 ‰ ηH2 . From our assumption on r, we may find H3, . . . , Hr P ApGq such that
X “ H1 X H2 ¨ ¨ ¨ X Hr P LrpGq. Set B “ ApGqX “ ApGXq. We deduce that
βppGXq ‰ 0. If GX is reducible, this contradicts Lemma 2.3. Otherwise, our second
assumption is violated. �

3.4. The rank 3 case. The rank 3 exceptional groups are H3,G24,G25,G26 and
G27. Table C from [17] provides the following information on each group:

‚ PpGq “ t2, 3, 5u; t2, 3u; t2u; t2, 5u; t2, 3, 5u;
‚ |ApGq| = 15; 21; 12; 21; 45.
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By Lemma 2.2 and Lemma 2.5(3), the only primes p which might give βppGq ‰ 0 are
as follows:

3, 5 pH3q; 3 pG24q; 2 pG25q; ´ pG26q; 3, 5 pG27q.
Using Lemma 3.1(1), we obtain β3pH3q “ β3pG24q “ β3pG27q “ β5pG27q “ 0, and
Lemma 3.1(2) gives β5pH3q “ 0. Finally, β2pG25q “ 2, cf. [20]. Thus, Theorem 1.2
is proved in this case. Indeed, the Hessian arrangementApG25q supports a 4-net (see
e.g. [26]). This implies that β2 ‰ 0, by [20]; the other implications from Theorem
1.2(2) are obvious.
Applying Lemma 3.2 for r “ 3 and p “ 5, we also infer that Theorem 1.2(1) holds
for all complex reflection arrangements of rank at least 3. Thus, we only need to show
that β2pGq “ β3pGq “ 0, when G is exceptional of rank at least 4, in order to complete
the proof of Theorem 1.2.

3.5. The remaining cases. The only rank 5 exceptional arrangement is G33, for
which we know from §3.1 that all βp vanish. By the computations from Section 2, the
same thing happens for non-exceptional irreducible arrangements of rank 5. Lemma
3.2, applied for r “ 5, guarantees then that we may reduce our proof to the rank 4
case. Here, the list is G “ F4,G29,H4,G31,G32, and the last two groups were treated
in §3.1.
Case G “ F4. The irreducible rank 3 types are listed in Table C from [17]: B3 and
C3; in both cases, the arrangement ApG1q is Ap2, 1, 3q, for which all βp vanish, cf.
Section 2. We may conclude by resorting to Lemma 3.2 for r “ 3.
Case G “ G29. The list of irreducible rank 3 types is: G1 “ A3, B3,Gp4, 4, 3q. Taking
r “ 3 and p “ 2 in Lemma 3.2, we deduce from Section 2 that β2pG29q “ 0. Since
|ApG29q| “ 40, β3pG29q “ 0, by Lemma 2.2.
Case G “ H4. The irreducible types of L3pGq are: G1 “ A3,H3. Again by Lemma
3.2 and previous computations, β2pH4q “ 0. Finally, β3pH4q “ 0, as follows from
Lemma 3.1(1).
The proof of Theorem 1.2 is complete.

4. Multinets and jump loci

In this section we prove Theorems 1.1 and 1.3. Along the way, we establish a useful
general result that relates combinatorial structures on arrangements satisfying the main
multinet axiom to the algebraic monodromy of its Milnor fibration and its Aomoto-
Betti numbers.

4.1. Multinets and weighted partitions. The work of Falk and Yuzvin-
sky from [10] gives, among other things, a description of the resonance variety of
an arrangement A, R1

1 pA,Cq, in terms of multinets on the associated matroid. A
k´multinet onLď2pAq is a partitionΠwith k ě 3 non-empty blocks,A “

Ů
αPrksAα,

together with a function, m : A Ñ Zą0, satisfying certain axioms. The most impor-
tant is the following:
For any H P Aα and H1 P Aβ with α ‰ β, and every γ P rks,
(8) nX ≔

ÿ

KPAγXAX

mK

Documenta Mathematica 22 (2017) 135–150



Modular Equalities for Reflection Arrangements 145

is independent of γ, where X “ H X H1 P L2pAq.
Let Π be a partition of A with k ě 3 non-empty blocks, as above. Let m : A Ñ Z be
an assignment of arbitrary integer weights to the hyperplanes of A.

Definition 4.1. The pair N “ pΠ,mq is a weighted k-partition if axiom (8) is
satisfied. We will say that N is h-reduced ph ě 1q if mK ” 1pmod hq, for all K P A.

The underlying partition of a k-multinet, together with its positive weight function, is
a weighted k-partition. Moreover, the usual notion of reduced multinet corresponds to
h “ 1.
We will need a result from [20] related to axiom (8). To recollect it, we start with a few
notations. Set HA ≔ H1pMA,Zq and denote by taHuHPA the distinguished Z-basis.
Let S be CP1ztk pointsu and set HS ≔ H1pS ,Zq “ Z ´ spanxcα|α P rksy{

ř
αPrks cα,

where cα is the class of a small loop in S around the point α.
Let YA :

Ź2 H1pMA,Zq Ñ H2pMA,Zq be the cup product. Recalling from [16]
that H‚pMA,Zq has no torsion, we denote by ∇A : H2pMA,Zq Ñ

Ź2 HA the Z-dual
comultiplication map.
The next result improves Theorem 2.4 from [10], in several ways. The hypothesis of
Proposition 4.2 is reduced to the key axiom piiiq from [10, Definition 2.1]. The weight
function m may take arbitrary integer values, while in [10] positivity plays a crucial
role. The conclusion in [10] is that impφbkq˚ Ď H1pMA, kq is an isotropic subspace,
for a characteristic 0 field k (in positive characteristic, an additional condition on m is
needed in [10]), while Proposition 4.2 gives the conclusion over Z. For the reader’s
convenience, we include the proof.

Proposition 4.2 ([20]). Let N “ pΠ,mq be a weighted k-partition. Then
Ź2

φ ˝
∇A “ 0, where φ : HA Ñ HS sends aH to mHcα, for H P Aα. Therefore, YA ˝Ź2

φ˚ “ 0, by taking Z-duals.

Proof. Let hpAq be the Z-form of the holonomy Lie algebra ofA, appearing in Propo-
sition 5.2 from [20]. By definition, this is the graded Z-Lie algebra quotient of the free
Z-Lie algebra generated by HA, L‚pHAq, graded by bracket length, by the graded Lie
ideal generated by imp∇Aq Ď Ź2 HA, where

Ź2 HA is identified with L2pHAq via
the Lie bracket. Let L‚pφq : L‚pHAq Ñ L‚pHS q be the graded Z-Lie algebra map
extending φ. Our claim says that L‚pφq factors through hpAq.
To check this, we recall from [20, (30)] that the defining Lie relations of hpAq are:

ÿ

KPAX

raK , aLs , for X P L2pAq and L P AX .

Thus, we have to show that rřKPAX
φpaKq, φpaLqs “ 0 P L2pHS q.

There are two cases to consider. When X is mono-coloured, i.e., AX Ď Aα for some
α P rks, by construction φpaKq P Z ¨ cα, for all K P AX , and we are done. Other-
wise, X “ H X H1, with H P Aα, H1 P Aβ and α ‰ β. Again by construction,ř

KPAX
φpaKq “

ř
γPrksp

ř
KPAγXAX

mKqcγ, which equals nXp
ř

γPrks cγq, by axiom (8).

This implies that
ř

KPAX
φpaKq “ 0 P L1pHS q, by the definition of HS , which com-

pletes the proof. �
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4.2. Relating weighted partitions to jump loci. We are now ready to
state our result, keeping the previous notation.

Theorem 4.3. Assume that N “ pΠ,mq is a k-reduced weighted k-partition. Then
the following hold, for all divisors p, d of k with p prime and d ą 1.

(1) ρdpAq P exp R1
1 pA,Cq, in particular edpAq ą 0.

(2) βppAq ‰ 0.

Proof. Part (2). Since the weighted partition is k-reduced and p|k, φb k is surjective,
by construction, for k “ Fp and C. It follows from Proposition 4.2 that impφ b
kq˚ Ď H1pMA, kq is a pk ´ 1q-dimensional subspace, isotropic with respect to the cup
product. The linear map sending each cα to 1 P Fp defines an element of H1pS , Fpq,
denoted σppS q. Clearly, φ˚pσppS qq “ σppAq, since N is in particular p-reduced.
By definition (3), βppAq ‰ 0 as claimed, since k ě 3.
Part (1). Note that φ : HA Ñ HS induces homomorphisms φ˚ : TpS q Ñ TpMAq
and φ˚ : H1pS ,Cq ãÑ H1pMA,Cq, compatible with the surjective exponential maps

of S and MA. The map sending each cα to expp 2π
?

´1
k q defines an element of the

character torus, ρkpS q P TpS q. Plainly, φ˚pρkpS qq “ ρkpAq, since N is k-reduced.
We also have pρkqk{d “ ρd, for both S and A, since we assumed that d divides k.
Hence, φ˚pρdpS qq “ ρdpAq P exp φ˚pH1pS ,Cqq Ď exp R1

1 pA,Cq, where the last
inclusion follows from the argument in Part (2). Indeed, we know that φ˚pH1pS ,Cqq
is an isotropic subspace in H1pMA,Cq, of dimension at least 2, and we may simply use
the definition of R1

1 . The conclusion edpAq ą 0 is a direct consequence of equality
(2), since it is well-known that exp R1

1 pA,Cq Ď V 1
1 pMAq; see e.g. [5, Theorem D]

for a more general result. �

4.3. Reduced weighted partitions on complex reflection arrange-
ments. We begin the proof of Theorem 1.3. Let A be a complex reflection ar-
rangement and assume edpAq ą 0, with 2 ď d ď 4. We will show that ρdpAq P
exp R1

1 pA,Cq with the aid of Theorem 4.3(1), which requires the existence of a cer-
tain weighted partition onA.
An easy preliminary remark is that the question from [4] always has a positive answer,
for any arrangement A of rank at most 2. To see this, note first that the assumption
edpAq ‰ 0 is equivalent to ρd P V 1

1 pMAq, by equality (2). When rankpAq ď 2, it
is known that V 1

1 pMAq “ exp R1
1 pA,Cq, so the conclusion follows trivially. Conse-

quently, we may also suppose that the rank is at least 3. On the other hand, edpAq ą 0
and d “ ps together imply, via the modular bound (4), that βppAq ą 0. Therefore,
A must be either the Hessian arrangement, or one of the arrangements from Theorem
1.2(3). To apply Theorem 4.3(1), we need to describe suitable weighted partitions on
these arrangements, in each case.
The Hessian arrangement supports a reduced 4-multinet (actually, a 4-net). The mono-
mial arrangement Apm,m, 3q has a reduced 3-multinet (in fact, a 3-net), as noted in
[10].
A (non-reduced) 3-multinet on the full monomial arrangement Apm, 1, 3q was con-
structed in [10]. It is immediate to check that the weighted partition associated to this
multinet is 3-reduced, when m ” 1pmod 3q.
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The last case is A “ Apm,m, 4q, with hyperplanes pHi jµq zi ´ ωµz j “ 0, where

1 ď i ă j ď 4, µ P Z{mZ and ω “ expp 2π
?

´1
m q. We define a partition Π with three

blocks, tHi jµ ,Hkhν | µ, ν P Z{mZu, and set m ” 1 on A. It is straightforward to verify
axiom (8) by using the description of 2-flats given in §2.3. (Actually, this is a 3-net on
Lď2pAq.)

4.4. Proof of Theorem 1.3 completed. In case A “ ApG25q, d must be
2 or 4. We may take k “ 4 in Theorem 4.3 to obtain the desired conclusion. The
remaining cases, described in Theorem 1.2(3), lead to d “ 3. Taking k “ 3, we
conclude as before. l

4.5. Proof of Theorem 1.1. We may suppose that rankpAq ě 3, since oth-
erwise the conclusion is known (see [14, p. 773]). By the modular bound (4) and
Theorem 1.2, eppAq “ βppAq, when A is not ApG25q or one of the arrangements
listed in Theorem 1.2(3). Moreover, we have to verify the conclusion only for p “ 2
(in case ApG25q) or for p “ 3 (in the remaining cases).
The equality e2pG25q “ β2pG25q “ 2 is well-known (see e.g. [20]). When A is not
Apm,m, 3q with m ” 0 pmod 3q, we know that β3pAq “ 1. In these cases, we may
use the 3-reduced weighted 3-partitions from §4.3, for d “ k “ 3, exactly as in §4.4,
to obtain that e3pAq ą 0. Now we are done, since the modular bound (4) implies that
e3pAq ď 1.
The last case, A “ Apm,m, 3q with m “ 3n and p “ 3, when β3pAq “ 2, requires a
more careful treatment.
The (relabeled) hyperplanes ofA are tH12α , H23β , H13´γ | α, β, γ P Z{mZu. We recall
from §2.3 the two types of 2-flats: tHi jα | α P Z{mZu and tH12α , H23β , H13´γu with
α ` β` γ “ 0.
We have to show that e3pAq ě 2, in order to finish the proof. To this end, we need
two reduced weighted 3-partitions onA. The first one, N , is constructed in [10]. The
blocks of the partition Π are given by tHi jα | α P Z{mZu1ďiă jď3. The blocks of the
second one, N 1, are defined by tHi jα | 1 ď i ă j ď 3, α ” τpmod 3quτPF3 , with α
replaced by ´α when ti, ju “ t1, 3u.
Let us check axiom (8) for N 1. The 2-flats X appearing in axiom (8) clearly coincide
with those AX that contain two hyperplanes with different colours with respect to Π1.
For X “ tHi jα | α P Z{mZu we find that nX “ n. For X “ tH12α , H23β , H13´γu with
α` β` γ “ 0, the condition on colours translates to α ı β ı γpmod 3q, and implies
that nX “ 1. Hence Π1 defines a reduced weighted 3-partition N 1.
Consider the two (surjective) homomorphisms from Proposition 4.2, φ, φ1 : HA Ñ
HS . Clearly, φ˚TpS q “ exp φ˚H1pS ,Cq is a positive dimensional subtorus of TpMAq,
and similarly for φ1. Moreover, φ˚TpS q Ď V 1

1 pMAq, since φ˚H1pS ,Cq Ď H1pMA,Cq
is isotropic of dimension 2, hence contained in R1

1 pA,Cq, and likewise for φ1. There-
fore, we may find two irreducible components of V 1

1 pMAq, W and W 1, such that
φ˚TpS q Ď W and φ1˚TpS q Ď W 1. On the other hand, ρ3pAq P W X W 1, by the
argument from the proof of Theorem 4.3(1).
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In this situation, it follows from a result of Artal Bartolo, Cogolludo and Matei [1,
Proposition 6.9] that ρ3pAq P V 1

2 pMAq, if W ‰ W 1. Hence, e3pAq ě 2, by equality
(2), and we are done.
Suppose then that W “ W 1. We know from [10] that actually W “ φ˚TpS q, since
φ comes from a 3-net. Taking tangent spaces at the origin 1 P TpMAq, we infer that
φ1˚H1pS ,Cq Ď φ˚H1pS ,Cq.
We identify H1pMA,Cq with CA, using the distinguished Z-basis. In this way, the
subspace φ˚H1pS ,Cq (respectively φ1˚H1pS ,Cq) is identified with the subset of those
elements η P CA (respectively η1 P CA) taking the constant values a, b, c (respectively
a1, b1, c1) on the blocks ofΠ (respectivelyΠ1), where a`b`c “ a1 `b1 `c1 “ 0. Now,
it is an easy matter to check that φ˚H1pS ,Cq X φ1˚H1pS ,Cq “ 0. This contradiction
finishes the proof of Theorem 1.1. l

4.6. Full monodromy action. It follows from decomposition (1) that the char-
acteristic polynomial ∆Aptq “ pt ´ 1q|A|´1Π1ăd|nΦdptqed pAq encodes the full mon-
odromy action on H1pFA,Qq.
The approach via modular bounds works only for prime power monodromy multi-
plicities, eps pAq. One way to avoid this inconvenience is to impose restrictions on
multiplicities of 2-flats, like in [20] for instance, to arrive at full monodromy com-
putations. Unfortunately, as we saw in §2.3, arbitrarily high flat multiplicities may
appear for non-exceptional complex reflection arrangements.
Even in this kind of situation, there is hope related to the following well-known van-
ishing criterion (see e.g. [14]): if d ffl |AX | for any X P L2pAq, then edpAq “ 0.
It turns out that this works for full monomial arrangements of small rank. The result
below verifies in particular the strong form of the conjecture from [20].

Proposition 4.4. For A “ Apm, 1, lq, with l “ 3 or 4, ∆Aptq “ pt ´ 1q|A|´1pt2 `
t ` 1q, if l “ 3 and m ” 1pmod 3q, and ∆Aptq “ pt ´ 1q|A|´1, otherwise.

Proof. We have to compute edpAq for all divisors d ą 1 of |A|. If d is prime, this was
done in Theorem 1.1 and Theorem 1.2. It follows from §2.3 that the 2-flats of A have
multiplicities 2, 3 or m`2, |A| “ 3pm`1q for l “ 3 and |A| “ 2p3m`2q for l “ 4. If d
is not prime and edpAq ‰ 0, the vanishing criterion forces m ” ´2 pmod dq. Writing
that |A| ” 0 pmod dq, we obtain for l “ 3 that 3 ” 0 pmod dq, a contradiction,
and 8 ” 0 pmod dq, for l “ 4. In the second case, the modular bound implies that
β2pAq ą 0, contradicting Theorem 1.2(2). �
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Abstract. Little is known about the behaviour of the Oka prop-

erty of a complex manifold with respect to blowing up a submanifold.

A manifold is of Class A if it is the complement of an algebraic

subvariety of codimension at least 2 in an algebraic manifold that

is Zariski-locally isomorphic to Cn. A manifold of Class A is alge-

braically subelliptic and hence Oka, and a manifold of Class A blown

up at finitely many points is of Class A . Our main result is that

a manifold of Class A blown up along an arbitrary algebraic sub-

manifold (not necessarily connected) is algebraically subelliptic. For

algebraic manifolds in general, we prove that strong algebraic dom-

inability, a weakening of algebraic subellipticity, is preserved by an

arbitrary blow-up with a smooth centre. We use the main result to

confirm a prediction of Forster’s famous conjecture that every open

Riemann surface may be properly holomorphically embedded into C2.
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1. Introduction and Results

Modern Oka theory has evolved from Gromov’s seminal work on the Oka prin-

ciple [10]. (The monograph [6] is a comprehensive reference on Oka theory.

See also the surveys [7] and [8].) Oka theory may be viewed as the study of

approximation and interpolation problems for holomorphic maps from Stein

spaces into suitable complex manifolds. The goal, for suitable targets, is to

show that such a problem can be solved as soon as there is no topological ob-

struction to its solution. The suitable targets turn out to be the so-called Oka

manifolds. From another point of view, Oka theory is the study of complex

manifolds that are the targets of many holomorphic maps from Stein spaces,

with the word many interpreted homotopically. The fundamental result in this

direction is that every continuous map from a Stein space to an Oka man-

ifold can be deformed to a holomorphic map. From a third point of view,

Oka theory is seen as an answer to the question: What is a good definition of

anti-hyperbolicity for complex manifolds?

The prototypical examples of Oka manifolds are complex Lie groups and their

homogeneous spaces. Among other known examples are manifolds of the so-

called Class A . A manifold is of Class A if it is the complement of an algebraic

subvariety of codimension at least 2 in an algebraic manifold2 that is Zariski-

locally isomorphic to Cn. (A similar class was introduced in [10, §3.5.D].) The

subclass A0 of algebraic manifolds Zariski-locally isomorphic to Cn contains, for

example, Cn itself, complex projective spaces, all Grassmannians, all compact

rational surfaces, all smooth complete toric varieties, and any vector bundle

over a manifold in A0. (Our definitions of A0 and A are more general than [6,

Definition 6.4.5]; see Remark 3.) For more examples of manifolds of class A0,

see [1, Section 4] (where the term A-covered is used).

A challenging open question in basic Oka theory is whether the Oka property

for, say, projective manifolds is a birational invariant. In other words, how

can you say what it means for a complex manifold to be bimeromorphically

equivalent to an Oka manifold Y without mentioning Y ? We do not know.

Our understanding of the interaction of the Oka property with the operation

of blowing up a submanifold, even just a point, is still very limited. The

following result is due to Gromov ([10, §3.5.D”]; see also [6, Proposition 6.4.7]

and [1, Section 4, Statement (9)]).

Theorem (Gromov). A manifold of Class A blown up at finitely many points

is of Class A and hence Oka.

2An algebraic manifold is a smooth algebraic variety over C, by definition quasi-compact

in the Zariski topology. We take a subvariety to be closed and not necessarily irreducible.
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Forstnerič proved that Cn blown up at each point of a tame discrete set is Oka

[6, Proposition 6.4.11]. It follows that a complex torus of dimension at least 2,

blown up at finitely many points, is Oka [6, Corollary 6.4.12]. We are not aware

of any other previous results about blow-ups of Oka manifolds being Oka.

Our main result is a strengthening of Gromov’s theorem.

Main Theorem. A manifold of Class A blown up along any algebraic sub-

manifold (not necessarily connected) is Oka.

We do not tackle the Oka property directly, but instead verify a geometric

sufficient condition for it to hold, called algebraic subellipticity. (This is how

manifolds of Class A are shown to be Oka.) An algebraic manifold is alge-

braically subelliptic if it has a finite dominating family of algebraic sprays [6,

Definition 5.5.11]. Algebraic subellipticity is a very interesting property for the

following reasons.

• It is (obviously) a purely algebraic property, but . . .

• . . . it has massive analytic consequences (namely the Oka property).

• It satisfies a localisation principle (due to Gromov [10, §3.5.B]; see also

[6, Proposition 6.4.2]), which sometimes offers the only way to the Oka

property, for example here and in [11, Proposition 4.10]. There is no

known holomorphic analogue of this principle.

• It implies several algebraic Oka-type properties [6, Sections 7.8 and

7.10]. For example, if X is an affine algebraic variety and Y is an

algebraically subelliptic manifold, then a holomorphic map X → Y is

approximable by regular maps, uniformly on compact subsets of X , if

and only if it is homotopic to a regular map.

The bulk of this paper is devoted to the proof of the following result.

Theorem 1. Let S be an algebraic subvariety of Cn, n ≥ 2, of codimension at

least 2. The blow-up of Cn \ S along an algebraic submanifold is algebraically

subelliptic.

By localisation of algebraic subellipticity, the following corollary is immediate,

and implies our main theorem.

Corollary 2. The blow-up of a manifold of class A along an algebraic sub-

manifold is algebraically subelliptic.

Remark 3. In Forstnerič’s monograph, the localisation principle for algebraic

subellipticity is proved under the assumption that the algebraic manifold Y

in question is quasi-projective [6, Proposition 6.4.2]. This assumption is only

used to ensure that for every point y ∈ Y and every algebraic subvariety Z

of Y with y /∈ Z, there is an algebraic hypersurface H in Y with Z ⊂ H but
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y /∈ H . By [4, Theorem 4.1], every algebraic manifold has this property, so the

quasi-projectivity assumption is not needed.

Next we present two corollaries of the fact that Cn blown up along an algebraic

submanifold is Oka.

The first result confirms a prediction of the conjecture that every open Rie-

mann surface may be properly holomorphically embedded into C2. This is the

remaining unresolved case of Forster’s famous conjecture [5, p. 183]. Let A be

an open Riemann surface embedded in Cn (such an embedding exists for every

n ≥ 3). If there is an embedding f : A→ C2, then f extends to a holomorphic

map F : Cn → C2, and F−1(f(A)) either is, or (if F−1(f(A)) = Cn) contains, a

hypersurface in Cn containing A that retracts holomorphically onto A. When

A is algebraic, Corollary 4 below confirms that A is indeed a hypersurface

retract.

By [9, proof of Proposition 12 and Remark 13], if A is a connected analytic

submanifold of Cn, every holomorphic vector bundle over A is holomorphically

trivial, the blow-up B of Cn along A is Oka, and every continuous map A →
B is null-homotopic, then A is a holomorphic retract of a smooth analytic

hypersurface in Cn. This result, Theorem 1, and the observation that B is

simply connected yield the following corollary.

Corollary 4. Let A be a connected algebraic submanifold of Cn. If A is a

curve or A is contractible, then A is a holomorphic retract of a smooth analytic

hypersurface in Cn.

As far as we know, there are contractible affine algebraic manifolds A that

are not known to be a hypersurface, for example Ramanujam’s surface R and

products such as R×R and R× Ck. For such A, the corollary is nontrivial.

One of the dozen or more nontrivially equivalent formulations of the Oka prop-

erty says that a complex manifold Y is Oka if for every Stein manifold X with a

subvariety S, a holomorphic map S → Y has a holomorphic extension X → Y

if it has a continuous extension. The second result follows from Theorem 1 and

the universal property of the blow-up; the details are given in Section 3.

Corollary 5. Let A be an algebraic submanifold of Cn, n ≥ 2, A 6= Cn, and
let T be a discrete subset of Cm, m ≥ 1, or a smooth analytic curve in Cm,

m ≥ 2. Let f : T → Cn be holomorphic (an arbitrary map if T is discrete).

Then f extends to a holomorphic map F : Cm → Cn such that F−1(A) is a

hypersurface.

We interpret the corollary to mean that there are many holomorphic maps

Cm → Cn that pull A back to a hypersurface.
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We now turn to a weaker, simpler property for which we can obtain stronger

results. An algebraic manifold X is said to be algebraically dominable at a

point x in X if there is a regular map f : Cn → X such that f(0) = x and

f is a local isomorphism at 0. We say that X is algebraically dominable if it

is algebraically dominable at some point, and that X is strongly algebraically

dominable if it is dominable at every point.

We use the technology of composed sprays and the Quillen-Suslin theorem to

prove the following result.

Proposition 6. An algebraically subelliptic manifold is strongly algebraically

dominable.

The next corollary is then immediate.

Corollary 7. The blow-up of a manifold of class A along an algebraic sub-

manifold is strongly algebraically dominable.

Note that if a projective manifold is algebraically dominable, then it is uni-

rational and hence rationally connected. We do not know any examples of

algebraic manifolds that are dominable but not algebraically subelliptic, but it

seems unlikely that the two properties are equivalent. Strong dominability is

not known to imply the Oka property.

Using Theorem 1 and Proposition 6, we establish the following result.

Proposition 8. The blow-up of Cn, n ≥ 2, along a closed subscheme A is

algebraically dominable at every point over the complement of the singular locus

of A.

A closed subscheme of Cn is nothing but an ideal in the coordinate ring

C[x1, . . . , xn].

Finally, we are able to show that algebraic dominability is preserved by an

arbitrary blow-up with a smooth centre. The analogous result for algebraic

subellipticity is beyond our reach for now.

Theorem 9. Let B be the blow-up of an algebraic manifold X along an al-

gebraic submanifold. If X is algebraically dominable at a point x, then B is

algebraically dominable at every point over x. Hence, if X is algebraically

dominable, so is B, and if X is strongly algebraically dominable, so is B.

Let us mention the related result that if X is uniformly rational (meaning that

X is covered by open sets isomorphic to open subsets of affine space), then so

is B ([10, §3.5.E], [3, Proposition 2.6]).

In the next section we prove Theorem 1. In the final section we prove Corollary

5, Proposition 6, Proposition 8, and Theorem 9.
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2. Proof of Theorem 1

2.1. This section is devoted to the proof of our main result, Theorem 1. We

start by proving the theorem in case S = ∅. Let B be the blow-up of Cn,

n ≥ 2, along an algebraic submanifold A of Cn (not necessarily connected)

with exceptional divisor E ⊂ B. Write π for the projection B → Cn. Without

loss of generality we may assume that each component of A has codimension

at least 2. We will show that B is algebraically subelliptic. By Gromov’s

localisation principle, it suffices to show that B can be covered by Zariski-open

sets U carrying regular sprays Cs × U → B that together dominate at each

point b of B. Now B \E is isomorphic to Cn \A, which, as shown by Gromov

([10, §0.5.B(iii)], [6, Proposition 5.5.14]), is algebraically elliptic (with some

high value of s). Thus we take b ∈ E. The sprays constructed below all have

s = 1.

Let a = π(b) ∈ A. We may take a to be the origin in Cn. Viewing E as the

projectivised normal bundle of A, we can represent b by a vector v ∈ TaCn\TaA.

The kernel of the tangent map dbπ : TbB → TaCn is the subspace Tbπ
−1(a) of

dimension codimaA − 1. The image of dbπ is Cv ⊕ TaA. We first construct

sprays that span the kernel. Then we give a different construction of sprays

that span some vector (that we have not tried to pin down) over a generic

vector in the image. This suffices to prove the theorem.

Let r = codimaA ≥ 2. After a linear change of coordinates, TaA ⊂ TaCn ∼= Cn

is given by the equations x1, . . . , xr = 0. Then, in a Zariski neighbourhood U

of a in Cn, A is the common zero locus of polynomials u1, . . . , ur with uj(x) =

xj + higher order terms. We can take Cn \ U to consist of the components

of A other than the component A0 containing a (call their union A1) and

of the common zeros of u1, . . . , ur other than A0. By removing from U a

subvariety of A0 not containing a, we may assume that dxu1, . . . , dxur are

linearly independent for all x ∈ A ∩ U . We view π−1(U) ⊂ B as the closure in

U × Pr−1 of the set

{(x, λ) ∈ (U \A)× Pr−1 : λ = [u1(x), . . . , ur(x)]}.

In other words, π−1(U) is the graph of the rational map [u1, . . . , ur] : U → Pr−1.

The map π is the projection onto the first factor. Note that π−1(U) is covered

by r affine Zariski-open sets of the same form, one of which is

Y = {(x, λ) ∈ U × Cr−1 : uj(x) = λjur(x), j = 1, . . . , r − 1}.

Note also that ur ◦ π is a defining function for E ∩ Y as a submanifold of

Y . We may assume that b ∈ Y . Let B̃ be the graph of the rational map

[u1, . . . , ur] : Cn → Pr−1 and π̃ : B̃ → Cn be the projection. The projection

π̃−1(Cn \A1)→ π−1(Cn \A1) is an isomorphism over U .
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2.2. To produce the first type of spray, we make use of the complete regular

flows on Cn fixing A pointwise, and therefore restricting to complete flows on

Cn \ A, that appear in Gromov’s proof that Cn \ A is algebraically elliptic.

Define

φ : C× Cn → Cn, φ(t, x) = x+ th(τ(x))ζ,

where τ : Cn → Cn−1 is a surjective linear projection such that τ |A is proper,

ζ 6= 0 is in the kernel of τ , and h : Cn−1 → C is a polynomial which vanishes

on the subvariety τ(A). For a generic choice of h, τ , ζ, and ξ ∈ TbB, we have:

• η = dbπ(ξ) /∈ TaA.

• ζ /∈ Cη + TaA.

• dbur(η) 6= 0.

• (dτ(a)h ◦ daτ)(η) 6= 0.

Extend ξ to a vector field (with the same name) on a small enough neighbour-

hood of b in E ∩ Y that the above properties hold with b replaced by a nearby

y ∈ E ∩ Y and a replaced by π(y).

Define a regular map f : C× Y → Cn \A1 by the formula

f(t, y) = φ(t, π(y)) = th(τ(x))ζ + x.

If y = (x, λ) ∈ E ∩ Y , then uj(f(t, y)) = uj(x) = 0, so there are regular

functions λ1, . . . , λr on C × Y such that uj(f(t, y)) = ur(x)λj(t, y) for j =

1, . . . , r and (t, y) ∈ C × Y . The map f lifts to a rational map F : C × Y →
π̃−1(Cn \A1) ⊂ B̃ with

F (t, y) = (f(t, y), [λ1(t, y), . . . , λr(t, y)]).

We claim that F is regular on C × V for some Zariski neighbourhood V ⊂ Y

of b.

First, it is clear that F is regular on C×(Y \E). Next, for F to be regular on C×
{b}, we require (λ1(t, b), . . . , λr(t, b)) 6= (0, . . . , 0) for all t ∈ C. Differentiating

the identity uj(f(t, y)) = ur(x)λj(t, y) with respect to y at (t, b) and evaluating

the tangent maps at ξ gives

(1) dauj
(
t(dτ(a)h ◦ daτ ◦ dbπ)(ξ)ζ + dbπ(ξ)

)
= λj(t, b)db(ur ◦ π)(ξ).

The common kernel of dau1, . . . , daur is TaA, so our requirement is met if

t(dτ(a)h ◦ daτ ◦ dbπ)(ξ)ζ + η /∈ TaA
for all t ∈ C. This holds since ζ /∈ Cη + TaA and η /∈ TaA. Finally, we show

that F is regular on C× {y} for y ∈ E ∩ Y sufficiently close to b. Otherwise,

there is a sequence ((tν , yν)) with yν ∈ E ∩ Y , yν → b, and λj(tν , yν) = 0

for j = 1, . . . , r. We may assume that tν → ∞, for otherwise the inequality

(λ1(t, b), . . . , λr(t, b)) 6= (0, . . . , 0) for all t ∈ C is contradicted. Now (1) holds

with b replaced by yν and a by π(yν) ∈ A, and t = tν . Letting ν → ∞, we
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conclude that dauj
(
(dτ(a)h ◦ daτ)(η)ζ

)
= 0 for j = 1, . . . , r, that is, (dτ(a)h ◦

daτ)(η)ζ ∈ TaA, which is ruled out by the generic choices made above.

Thus, postcomposing F with the projection onto π−1(Cn \ A1), which is an

isomorphism over U , yields a regular spray G on V ⊂ π−1(U) with values in

π−1(Cn \ A1) ⊂ B. Now
∂f

∂t
(0, b) = 0, so

∂G

∂t
(0, b) must lie in Kerdbπ =

Tbπ
−1(a). Differentiating (1) with respect to t at (0, b) gives

∂λj
∂t

(0, b)daur(η) = (dτ(a)h ◦ daτ)(η)dauj(ζ).

By the choice of u1, . . . , ur, dauj(ζ) = ζj . Hence the derivative at 0 of the

lifting C→ Cr \ {0}, t 7→ (λ1(t, b), . . . , λr(t, b)), is

(dτ(a)h ◦ daτ)(η)

daur(η)
(ζ1, . . . , ζr).

This shows that we can produce r − 1 sprays that span all of Tbπ
−1(a).

2.3. We now turn to a different construction of sprays that span some vector

over a generic vector in the image Cv ⊕ TaA of dbπ.

It is well known that every algebraic subvariety of Cn is a rational hypersurface

retract. Here, we restrict a linear projection L : Cn → Cn−r+1 to A0 and let

W = L−1(L(A0)). (Recall that r = codimaA.) For generic L, the regular

map A0 → L(A0) is biregular at a, the hypersurface W in Cn is smooth at

a, and we have a rational retraction W → L(A0) → A0. Thus, possibly after

shrinking U , there is a hypersurface W in Cn containing A0 and smooth at a,

with a regular retraction ρ : W ∩U → A ∩U . We may assume that any one of

the polynomials u1, . . . , ur, say ur, is a defining function for W . Let V be the

hypersurface (W ∩ U)× Cr−1 in U × Cr−1.

Now V is defined by the equation ur = 0 and Y is defined by the equations

uj = λjur, j = 1, . . . , r − 1. Thus V ∩ Y = E ∩ Y . Since dxu1, . . . , dxur
are linearly independent for all x ∈ A ∩ U , we see that V and Y intersect

transversely over A ∩ U .

It is well known that the Zariski topology of a smooth algebraic variety has a

basis consisting of open sets that are isomorphic to closed affine hypersurfaces

([2, Theorem 5.7], [13, Theorem 2.5]). We need a variant of this fact.

Claim. There is a Zariski neighbourhood Z of b in U × Cr−1 and a regular

embedding γ of (V ∪ Y ) ∩ Z as a closed subvariety of Cm, m = n+ r − 1.

We take the claim for granted for now and prove it in the next subsection. Write

V ′ = V ∩ Z and Y ′ = Y ∩ Z. Because γ(V ′) and γ(Y ′) intersect transversely,

the well-defined map γ(V ′ ∪ Y ′)→ Cn defined on γ(V ′) as ρ ◦ π ◦ γ−1, and on

γ(Y ′) as π◦γ−1, is regular. We extend this map to a regular map φ : Cm → Cn.

Then γ(E ∩ Y ′) ⊂ γ(V ′) ⊂ φ−1(A).
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Let I(A) be the defining ideal of A. Next we show that φ∗I(A) is principal near

γ(b). Let p be a defining polynomial for γ(V ′). Then there are polynomials

q1, . . . , qr such that

uj ◦ φ = p qj, j = 1, . . . , r.

It suffices to show that γ(E∩Y ′)∩{q1, . . . , qr = 0} is empty (so φ−1(A) = γ(V ′)
near γ(E ∩ Y ′)). For this, it is enough to find a tangent vector w ∈ Tγ(b)Cm
such that

qj(γ(b))dγ(b)p(w) + p(γ(b))dγ(b)qj(w) = dγ(b)(uj ◦ φ)(w) 6= 0

for some j ∈ {1, . . . , r}, since then qj(γ(b)) 6= 0. Thus we need dγ(b)φ(w) /∈
TaA. Now dbπ(TbY ) is larger than TaA, so there is w ∈ Tγ(b)γ(Y ′) with

dγ(b)(π ◦ γ−1)(w) /∈ TaA. Since φ = π ◦ γ−1 on γ(Y ′), we have dγ(b)φ(w) =

dγ(b)(π ◦ γ−1)(w).

Take ζ in Tγ(b)Cm (identified with Cm itself) and define a regular map

f : C× Y ′ → Cn, f(t, y) = φ(γ(y) + tζ),

with f(0, ·) = π on Y ′. Since f∗I(A) is principal near (0, b), the rational lifting

F : C × Y ′ → B of f is regular near (0, b). In fact, for generic ζ ∈ Cm, F

is regular on the product of C and some Zariski neighbourhood of b in Y ′.
Namely, let Q be the subvariety of Cm where φ∗I(A) is not principal. We need

the line γ(b) + Cζ to avoid Q, also at infinity in Pm. Since codimQ ≥ 2, this

holds for generic ζ.

Now
∂f

∂t
(0, b) = dγ(b)φ(ζ). Since dγ(b)φ(Tγ(b)γ(V ′)) = TaA, we have

dγ(b)φ(Tγ(b)Cm) = dbπ(TbY ).

Hence we obtain local sprays F such that
∂F

∂t
(0, b) lies over a generic vector in

dbπ(TbY ), as desired.

2.4. We conclude the proof of Theorem 1 in case S = ∅ by proving the claim.

Our argument is based on Jelonek’s proof of [13, Theorem 2.5].

Let V = W ×Cr−1 and Y be the closure of V and Y in Cm, respectively. Then

R = (V ∪ Y ) \U is a subvariety of codimension at least 2 in Cm. Let T be the

union of V and a hypersurface containing Y . Then T is a hypersurface in Cm

with b ∈ T . We will show that b has a Zariski neighbourhood Z in Cm, disjoint

from R, such that T ∩ Z embeds as a closed subvariety of Cm.

After a generic change of coordinates of the form xj 7→ xj+ajxm, j = 1, . . . ,m−
1, xm 7→ xm, T has a defining polynomial of the form

xkm +

k−1∑

j=0

aj(x1, . . . , xm−1)xjm = 0.
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Let p : Cm → Cm−1 be the projection (x1, . . . , xm) 7→ (x1, . . . , xm−1). Then

p(R) is contained in a hypersurface in Cm−1 defined by a polynomial h. Let

H = {x ∈ Cm : xm = 0} and N = {x ∈ Cm : h(x1, . . . , xm−1) = 0}. We may

assume that 0 /∈ T ∪N and b /∈ H ∪N . Let R′ = T ∩ (H ∪N). Then R ⊂ R′

and Z = Cm \R′ is a Zariski neighbourhood of b. Define

F : Cm → Cm, (x1, . . . , xm) 7→ (x1, . . . , xm−1, h(x1, . . . , xm−1)xm).

Clearly, F restricts to an automorphism of Cm \ N . Using the form of the

defining polynomial of T , it is easy to show that

F (T ) ∩N ⊂ H ∩N.
It follows that F (T ) \H = F (T ) \H . Since F (N) ⊂ H , we have

F (T ) \H = F (T \N) \H ⊂ Cm \N.
Hence F (T ) \H is isomorphic to

F−1(F (T \N) \H) = T \ (H ∪N) = T ∩ Z.
Now define

σ : Cm → Cm, (x1, . . . , xm) 7→ (x1xm, . . . , xm−1xm, xm).

Then σ is an automorphism of Cm \ H and σ−1(H) = σ−1(0) = H . Since

0 /∈ T ∪N , we have 0 /∈ F (T ), so

σ−1(F (T )) = σ−1(F (T ) \ {0}) = σ−1(F (T )) \H = σ−1(F (T ) \H).

We conclude that T ∩ Z is isomorphic to the closed subvariety σ−1(F (T )) of

Cm.

2.5. Now let S be an algebraic subvariety of Cn, n ≥ 2, of codimension at least

2, and A be an algebraic submanifold of Cn \S. Let B be the blow-up of Cn \S
along A. We indicate how the proof above can be modified so as to show that

B is algebraically subelliptic.

We include S in Cn \ U . In the definition of the map φ in the construction of

the first type of spray, we replace A by the union of S and the closure of A in

Cn. The map f then takes values in Cn \ (A1 ∪ S) and the construction goes

through.

In the definition of the map f in the construction of the second type of spray,

we replace γ(y) + tζ by a flow that avoids φ−1(S). To obtain such a flow we

need codimφ−1(S) ≥ 2, which must be built into the construction of φ as an

extension. To this end we use the following corollary of a theorem of Jelonek.

Proposition 10. Let m ≥ n, X be an algebraic subvariety of Cm, and f :

X → Cn be a polynomial map. Then there is a polynomial map F : Cm → Cn

extending f such that dimF−1(z) \X ≤ m− n for all z ∈ Cn.
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Proof. Embed Cn as Cn × {0} in Cm. Then f induces a map f̃ : X → Cm,

which extends to a polynomial map F̃ : Cm → Cm such that F̃ |Cm \ X has

finite fibres [12, Theorem 3.9]. Let π : Cm → Cn, (z1, . . . , zm) 7→ (z1, . . . , zn).

Then F = π ◦ F̃ is the desired map. �

3. Other Proofs

Proof of Corollary 5. Let π : B → Cn be the blow-up along A and let f : T →
Cn be holomorphic. First note that f factors through π by a holomorphic map

g : T → B. This is clear if T is discrete, so suppose that T is a smooth analytic

curve. If f(T ) 6⊂ A, then the preimage of A by f , as a complex subspace of T , is

locally principal since dimT = 1, so by the universal property of the blow-up,

f factors through π. If f(T ) ⊂ A, we use the geometric construction of the

blow-up. The pullback by f of the normal bundle of A in Cn is holomorphically

trivial, again since dimT = 1, and a nowhere-vanishing section of the pullback

bundle over T defines g.

Next we need an extension of g : T → B to a continuous map Cm → B. If T

is discrete, this is elementary. For example, take an injection g1 : T → R and a

continuous map g2 : R→ B such that g = g2◦g1, and extend g1 to a continuous

map Cm → R. If T is a smooth analytic curve, since B is simply connected

and T is homotopy equivalent to a disjoint union of bouquets of circles, g is

homotopic to a continuous map g̃ : T → B with a countable image. It is easy

to see that g̃ extends continuously to Cm (for example by factoring g̃ through

R as above), so g does as well.

Since B is Oka, g has a holomorphic extension h : Cm → B. Let F = π ◦ h :

Cm → Cn. Then F is a holomorphic extension of f and F−1(A) = h−1(π−1(A))

is a hypersurface – except that F−1(A) might be empty or all of Cm. To avert

the former, add an extra point or component to T and let f map it into A.

To avert the latter, add an extra point or component to T and let f map it

outside of A. �

Proof of Proposition 6. We refer to [6, Section 6.3] for Gromov’s theory of com-

posed sprays. Let X be an algebraic manifold with a dominating family of

algebraic sprays (Ej , πj , sj), j = 1, . . . ,m ≥ 2 (if m = 1, there is nothing to

prove). The composed spray (E1 ∗E2, π1 ∗π2, s1 ∗ s2) is defined as the pullback

E1 ∗ E2 = {(e1, e2) ∈ E1 × E2 : s1(e1) = π2(e2)}
with

π1 ∗ π2(e1, e2) = π1(e1), s1 ∗ s2(e1, e2) = s2(e2).

Then E1 ∗E2 is a vector bundle over E1, and it has a natural zero-section over

X , but we do not know whether it is a vector bundle, even holomorphically,

over X . Otherwise it is a spray over X in the usual sense. With that same
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proviso, we have a composed spray bundle E = (· · · (E1 ∗E2)∗ · · · )∗Em, which

is dominating over X . Now E is a vector bundle over a vector bundle over . . . a

vector bundle over X , so each fibre of E is a vector bundle over a vector bundle

over . . . an affine space. (Up to this point, the theory of composed sprays is the

same in the algebraic category and the holomorphic category.) We now invoke

the Quillen-Suslin theorem, which states that every algebraic vector bundle

over an affine space is algebraically trivial, and conclude that each fibre of E

is isomorphic to an affine space, which implies that X is strongly algebraically

dominable. �

Proof of Proposition 8. Let A be a closed subscheme of Cn, n ≥ 2. The defining

ideal of A is generated by polynomials h1, . . . , hm with greatest common divisor

h. The blow-up of Cn along A is the same as the blow-up of Cn along the

subscheme defined by the ideal generated by h1/h, . . . , hm/h. Thus we may

assume that A has codimension at least 2. In particular, the singular locus Z

of A has codimension at least 2. By Theorem 1, the blow-up of Cn \ Z along

A\Z is algebraically subelliptic and hence strongly algebraically dominable by

Proposition 6. �

Proof of Theorem 9. Let B be the blow-up of an algebraic manifold X along

an algebraic submanifold A. Suppose that X is algebraically dominable at a

point x and let y ∈ B lie over x. Let f : Cn → X be a regular map that takes

0 to x and is a local isomorphism at 0. Let Ĉn be the blow-up of Cn along the

subscheme f∗A. Then 0 is not a singular point of f∗A. Denote the blow-up

projections by π : B → X and p : Ĉn → Cn. Let F : Ĉn → B be the regular

lifting of f ◦p by π, taking a point z over 0 to y. Then F is a local isomorphism

at z, so it suffices to show that Ĉn is dominable at z, but this follows from

Proposition 8. �
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Normal Form for Infinite Type Hypersurfaces

in C2 with Nonvanishing Levi Form Derivative
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Abstract. In this paper, we study real hypersurfaces M in C2 at
points p ∈M of infinite type. The degeneracy of M at p is assumed to
be the least possible, namely such that the Levi form vanishes to first
order in the CR transversal direction. A new phenomenon, compared
to known normal forms in other cases, is the presence of resonances
as roots of a universal polynomial in the 7-jet of the defining function
of M . The main result is a complete (formal) normal form at points
p with no resonances. Remarkably, our normal form at such infinite
type points resembles closely the Chern-Moser normal form at Levi-
nondegenerate points. For a fixed hypersurface, its normal forms are
parametrized by S1 × R∗, and as a corollary we find that the auto-
morphisms in the stability group of M at p without resonances are
determined by their 1-jets at p. In the last section, as a contrast, we
also give examples of hypersurfaces with arbitrarily high resonances
that possess families of distinct automorphisms whose jets agree up
to the resonant order.
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1. Introduction

Normal forms are known to serve as important tools to study geometric struc-
tures and their equivalence. The seminal paper [CM74] from 1974 by S.-S.
Chern and J. Moser constructing a normal form for Levi nondegenerate hyper-
surfaces in complex spaces became one of the most influential in the subject.
More recently, numerous authors have constructed normal forms for various
classes of real hypersurfaces at points of finite type, see [W82], [S91], [E98a],
[E98b], [EHZ05], [Kol05], [KMZ14], [KZ14a], [KZ14b]. On the other hand, much
less is known for infinite type hypersurfaces, where we are only aware of the
papers [ELZ09] and [KL14] addressing certain restricted classes of hypersurface
that are not generic among infinite type ones.
The present paper is the first one dealing with a natural generic class of infinite
type hypersurfaces in C2, which can be considered as the “most nondegener-
ate” among all such hypersurfaces. Namely, the class of hypersurfaces whose
Levi form vanishes of order 1 at an infinite type point. The new phenome-
non compared to previously known cases of normal forms for CR manifolds,
is the presence of so-called resonances. A resonance here is an integral root
of a certain invariant polynomial, called the characteristic polynomial, whose
coefficients are polynomials in the 7-jet of the defining equation of the hyper-
surface. If a hypersurface has no resonances, we obtain a normal form unique
up to rotations and scaling. If, on the other hand, resonances are present, the
same normalization conditions are obtained for all terms except the resonant
ones (of which there are always at most finitely many).
A further interesting feature of our normal form is that it closely resembles
the Chern-Moser normal form, even though there are no resonances in the
Chern-Moser case. For a comparison, recall the Chern-Moser normal form for a
smooth Levi nondegenerate hypersurface M through 0 in C2: There are formal
holomorphic coordinates (z, w) near 0 ∈ C2 such that M is given locally by

(1.1) Imw = Φ(z, z̄,Rew),

where the (Hermitian) formal power series expansion ϕ(z, z̄, u) of Φ at the
origin is of the form

(1.2) ϕ(z, z̄, u) = |z|2 +
∑

a,b≥0
Nab(u)zaz̄b,

(
Nab(u) = Nba(u), u ∈ R

)
,

satisfying the following normalization conditions

(1.3) Na0(u) = Na1(u) = 0 a ≥ 0,

and

(1.4) N22(u) = N32(u) = N33(u) = 0.

This normal form is unique modulo the action of the stability group of the
sphere ((Imw = |z|2 in these coordinates). Our normal form in Theorem 1.1
below is very similar.
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The Chern-Moser normal form is convergent in the sense that if M is a real-
analytic hypersurface, then the transformation to normal form is holomorphic
(given by a convergent formal transformation) and the resulting equation in
normal form converges to a defining equation for the transformed hypersurface.
However, most known normal forms are formal (not known to be convergent, or
in some cases even known to not be convergent [Kol12]), with the exception of
the very recent [KZ14a], [KZ14b]. The normal form we construct in this paper is
formal. We should point out, however, that there are general results concerning
convergence of formal invertible mappings between real-analytic CR manifolds
(see [BER00], [BMR02]) that apply in the finite type situations treated in the
papers mentioned above. As a consequence, questions about biholomorphic
mappings (such as, e.g., their existence) between real-analytic CR manifolds of
finite type (that are also holomorphically nondegenerate; [BMR02]) can often
be reduced to the analogous questions about formal mappings, and for the latter
it suffices that the manifolds are in formal normal form. For the class of infinite
type hypersurfaces considered in this paper, the corresponding convergence
result for formal mappings between real-analytic hypersurfaces is known as
well ([JL13]; cf. also the unpublished thesis [J07]).
As mentioned, there is a vast literature on normal forms for real hypersurfaces
at points of finite type, but the normal form presented here is (to the best of the
authors’ knowledge) the first systematic result of this kind at points of infinite
type. There is, however, a previous paper by the authors [ELZ09], in which new
invariants are introduced for real hypersurfaces in C2 and a (formal) normal
form is constructed for a certain class of hypersurfaces identified by conditions
on these invariants. The class so identified contains some hypersurfaces of in-
finite type, but is in fact completely disjoint from the class considered in this
paper. The main objective in [ELZ09] was to provide conditions in terms of the
new invariants that would guarantee triviality (or discreteness) of the stability
group of the hypersurface. The normal form in that paper was ad hoc and its
main purpose was a means to prove the result about the stability group. There
are also the results in [KL14], in which a dimension bound was proved by means
of an “abstract” normal form construction (which however does not produce a
normal form at all in the usual sense).

1.1. The main result. We shall now describe our main result more pre-
cisely. Let M ⊂ C2 be a smooth real hypersurface with p ∈ M . After
an affine linear tranformation, we find local holomorphic coordinates (z, w),
vanishing at p, such that the real tangent space to M at 0 is spanned by
Re ∂/∂z, Im∂/∂z,Re∂/∂w, and M is given locally as a graph

(1.5) Imw = ϕ(z, z̄,Rew),

where ϕ(0) = 0 and dϕ(0) = 0. We shall assume the following:

(1) M is of infinite type at p = 0, i.e., for any m, there is a holomorphic
curve Γm : C→ C2 with Γm(0) = 0, which is tangent to M to order m
at 0.
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(2) There is a smooth curve γ : (−ǫ, ǫ) → M with γ(0) = 0 (necessarily
transverse to the complex tangent space of M at 0) such that the Levi
form of M vanishes to first order at 0 along γ, i.e., (L ◦ γ)′(0) 6= 0,
where L is any representative of the Levi form of M .

In view of (1) and (2), we can assume

(1.6) ϕ(z, z̄, u) = zz̄u+O(|(z, z̄, u)|4).

We shall then introduce a monic polynomial P (k, j70ϕ) in k ∈ C and the 7-jet
of ϕ at 0, see Definition 2.8, and the following nonresonant condition:

(3) P (k, j70ϕ) has no integral roots k ≥ 2 (which we call resonances).

The polynomial P (k) = P (k, j70ϕ) turns out to be a CR invariant of M at
p = 0, and is called the characteristic polynomial. We mention here that (3)
holds for j70ϕ in a specific open and dense subset Ω of J7

0 (C×R), the space of
7-jets at 0 of smooth functions in C×R. Indeed, since P is monic in k, the set
Ω is locally determined by finitely many polynomial inequalities (for a finite
set of possible roots k).
Our main result is a formal normal form for the hypersurface M at p = 0. This
normal form is unique, as is the formal transformation to normal form, modulo
the action of the 2-dimensional group S1×R∗, where S1 denotes the unit circle
and R∗ := R\{0}. Since our normal form is formal, we shall formulate our result
for formal hypersurfaces. For our purposes, a formal hypersurface through 0 in
the coordinates (z, w) ∈ C2 is an object associated to a graph equation of the
form (1.5), where ϕ(z, z̄, u) is a formal power series in z, z̄, u such that ϕ(0) = 0.
Clearly, a smooth hypersurface M through p = 0 as above, defines a formal
hypersurface via the Taylor series of the smooth graphing function ϕ in (1.5);
by an abuse of notation, we shall continue to denote the formal hypersurface by
M and the formal graphing power series by ϕ(z, z̄, u). We note that two distinct
smooth hypersurfaces through p = 0 may define the same formal hypersurface;
this happens if and only if the two hypersurfaces are tangent to infinite order at
0. We also note that a smooth hypersurface M satisfies Conditions (1) and (2)
above if and only if its associated formal hypersurface M satisfies the following
conditions:

(1’) M is of infinite type at p = 0; i.e., there is a formal holomorphic curve
Γ: C → C2 with Γ(0) = 0, which is contained in M (formally); see
[BER99].

(2’) There is a formal curve γ : R→M with γ(0) = 0 (necessarily transverse
to the complex tangent space of M at 0) such that the Levi form L of
M satisfies (L ◦ γ)′(0) 6= 0.

Also, note that Condition (3), being nonresonant, is already a condition on the
Taylor series of ϕ.
A formal (holomorphic) transformation, sending 0 to 0, is a transformation of
the form (z′, w′) = (F (z, w), G(z, w)), where F and G are formal power series in
z, w such that F (0) = G(0) = 0. The formal mapping is invertible if its Jacobian
determinant at 0 is not zero. If the formal transformation is invertible, then we
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shall also refer to (z′, w′) as formal (holomorphic) coordinates at 0. We shall
say that a formal transformation (z′, w′) = (F (z, w), G(z, w)) sends one formal
hypersurface M into another M ′ if

(1.7) ImG(z, u+ iϕ) = ϕ′(F (z, u+ iϕ), F (z, u+ iϕ),ReG(z, u+ iϕ)),

where ϕ = ϕ(z, z̄, u), and ϕ, ϕ′ denote the formal graphing power series of M ,
M ′, respectively. Our main result is the following:

Theorem 1.1. Let M be a formal hypersurface through 0 in C2, satisfying
Conditions (1′), (2′), and (3). Then there are formal holomorphic coordinates
(z, w) at 0 such that M is given as a formal graph

(1.8) Imw = ϕ(z, z̄,Rew),

where the formal (Hermitian) power series ϕ(z, z̄, u) is of the form

(1.9) ϕ(z, z̄, u) = u


|z|2 +

∑

a,b≥0
Nab(u)zaz̄b


 , Nab(u) = Nba(u), u ∈ R,

satisfying the following normalization conditions

(1.10) Na0(u) = Na1(u) = 0 a ≥ 0,

and

(1.11)
dN22

du
(u) =

dN32

du
(u) =

dN33

du
(u) = 0.

Moreover, the only invertible formal transformations

(1.12) z′ = F (z, w), w′ = G(z, w)

that preserves the normalization (1.10) and (1.11) are of the form

(1.13) F (z, w) = αz, G(z, w) = sw, α ∈ S1, s ∈ R∗.

More generally, if M only satisfies (1′) and (2′), we can still obtain (1.10) as
well as the non-resonant part of (1.11), i.e.

dk−1N22

duk−1
(0) =

dk−1N32

duk−1
(0) =

dk−1N33

duk−1
(0) = 0

for all non-resonant k ≥ 2.

For a formal hypersurface M through 0 in C2, we shall denote by Aut0(M)
the stability group of M at 0, i.e., the group of invertible formal transforma-
tions that preserve M at 0. An immediate consequence of Theorem 1.1 is the
following:

Corollary 1.2. Let M be a formal hypersurface through 0 in C2, satisfying
Conditions (1′), (2′), and (3). Then, Aut0(M) is a subgroup of S1 × R∗.
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The realization of Aut0(M) as a subgroup of S1 × R∗ goes, of course, via the
correspondence (F,G) 7→ (Fz(0), Gw(0)) in normal coordinates. There is a vast
literature of investigations concerning Aut0(M) for CR manifolds, but most
treat M only at finite type points. Papers that investigate Aut0(M) at infi-
nite type points include [ELZ03], [Kow02], [Kow05], [ELZ09], [JL13], [KoL14],
[KoL15]. The results in Corollary 1.2 are more precise (for the class of manifolds
considered here) than the results contained in these papers.
This paper is organized as follows. In Section 2 (which is broken into four sub-
sections), the setup and normalization procedure is described and subsequently
summarized in Theorem 2.10 (which readily translates into Theorem 1.1). The
last subsection 2.4 there is devoted to proving the CR invariance of the charac-
teristic polynomial and the resonances. In Section 3, an invariant description of
the resonances is given. In the last section, Section 4, some examples are given.

2. Normalization

2.1. Setup. Let M be a formal hypersurface through 0 in C2. It is well known
(see e.g. [BER99]) that there are formal holomorphic coordinates (z, w) at 0
such that M is given by a graphing equation

(2.1) Imw = ϕ(z, z̄,Rew),

where ϕ(z, χ, u) is a formal power series in (z, χ, u), which is Hermitian in
(z, χ), i.e.

(2.2) ϕ(χ̄, z̄, u) = ϕ(z, χ, u)

and further satisfies the normalization

(2.3) ϕ(z, 0, u) = ϕ(0, χ, u) ≡ 0.

We shall assume in this paper that M is of infinite type at 0 (i.e., Condition
(1’) above), which manifests itself in the defining equation (2.1) by ϕ(z, z̄, u)
satisfying

(2.4) ϕ(z, z̄, 0) ≡ 0.

Equation (2.4) implies that the formal powers series ϕ(z, z̄, u) has the following
form

(2.5) ϕ(z, z̄, u) =
∑

a,b≥0
ϕabz

az̄bu+
∑

a,b≥0,c≥2
ϕabcz

az̄buc,

and equation (2.3) implies that

(2.6) ϕ0b = ϕa0 = 0, ϕ0bc = ϕa0c = 0, ∀a, b ≥ 0.

We shall consider the class of infinite type hypersurfaces that also satisfy Con-
dition (2’) above, which here is equivalent to ϕ11 6= 0. It is easy to see that a
linear transformation in the z-variable will make ϕ11 = 1.
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2.2. Preliminary normalization. We shall normalize the defining equation
of M further by making formal transformations of the form

(2.7) z′ = z + f(z, w), w′ = w + g(z, w),

where f(z, w) is a power series without constant term or linear term in z, and
g(z, w) a power series without constant term or linear term in w. Thus, we have
the expansions

(2.8) f(z, w) =
∑

l,k≥0
flkz

lwk, f00 = f10 = 0,

and

(2.9) g(z, w) =
∑

l,k≥0
glkz

lwk, g00 = g01 = 0.

We shall assume that M is initially given in the (z′, w′) coordinates at 0 by

(2.10) Imw′ = ϕ′(z′, z̄′,Rew′),

with expansion

(2.11) ϕ′(z′, z̄′, u′) =
∑

a,b≥0
ϕ′ab(z

′)a(z̄′)bu′ +
∑

a,b≥0,c≥2
ϕ′abc(z

′)a(z̄′)b(u′)c,

satisfying the prenormalization described above, i.e.,

(2.12) ϕ′11 = 1, ϕ′0b = ϕ′a0 = 0, ϕ′0bc = ϕ′a0c = 0, ∀a, b ≥ 0.

We shall now describe how the transformation (2.7) affects the coefficients in
the defining equation. In the new coordinates (z, w), the hypersurface M is
given by the equation (2.1) and we have the basic equation
(2.13)

ϕ+ Im g(z, u+ iϕ) = ϕ′
(
z + f(z, u+ iϕ), z̄ + f(z, u+ iϕ), u+ Re g(z, u+ iϕ)

)
,

where ϕ = ϕ(z, z̄, u). We shall only make transformations (2.7) that preserve
the prenormalization (2.12). (Note that ϕ′11 = 1 is always preserved by the
form of the transformation in (2.7).) It is well known (see [BER99]) that the
prenormalization (2.3) holds in the coordinates (z, w) if and only if a defining
equation ρ(z, z̄, w, w̄) = 0 of M at 0 satisfies ρ(z, 0, w, w) ≡ 0; in our context,
this means that
(2.14)

1

2i
(g(z, w)− ḡ(0, w)) = ϕ′

(
z + f(z, w), f̄(0, w), w + (g(z, w)− ḡ(0, w))/2

)

holds identically, where the notation h̄(z, w) = h(z̄, w̄) is used. We shall return
to this characterization of this prenormalization in Lemma 2.3 below. For now,
we just note some immediate conditions on g(z, w) imposed by (2.14). Setting
w = 0 in this identity, we see that g(z, 0) ≡ 0, i.e.,

(2.15) gl0 = 0, l ≥ 0.
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Next, identifying coefficients of the monomial zlw in (2.14), using ϕ′a0 = 0 and
(2.15), it is not difficult to see that we also have

(2.16) gl1 = 0, l ≥ 0,

since every term in the expansion of the right hand side of (2.14) has at least
two powers of w.
We also expand ϕ(z, z̄, u) as in (2.5); the prenormalization implies that (2.6)
holds, and the form of the transformation (2.7) guarantees that we retain the
identity ϕ11 = 1. We shall now normalize ϕ further. We use the notation

(2.17) ∆ϕab := ϕab − ϕ′ab, ∆ϕabc := ϕ′abc − ϕabc,
Our first lemma is the following, in which we assume that the prenormalization
is preserved.

Lemma 2.1. For a fixed l ≥ 2, the following transformation rule holds, modulo
a non-constant term polynomial in fa0, with a < l, whose coefficients depend
only on the coefficients of ϕ′(z′, z̄′, u′):

(2.18) ∆ϕl1 = −fl0.

Proof. If we identify coefficients of zlz̄u in the expansion of (2.13), then we get
ϕl1 only on the left hand side in view of (2.16). Let us examine the right hand
side. We note that ϕ′(z′, z̄′, ū′) has at least one power of u′, and u+Re g(z, u+
iϕ) has at least one power of u and any term involving g has at least two
powers of u and cannot contribute to a term zlz̄u. A factor z̄ can only come
from z̄ + f(z, u+ iϕ) and f̄ will contribute another power of u. Thus, the only
terms of the form zlz̄u on the right will be from ϕ′a1(z + f(z, 0))az̄u for a ≤ l.
Since ϕ′11 = 1, the conclusion of Lemma 2.1 follows. �

It follows that we may perform an additional initial normalization of the defin-
ing equation of M and require, in addition to the prenormalization above, that
ϕl1 = 0 for l ≥ 2. In what follows, we shall assume that this is part of the
prenormalization, i.e., in addition to (2.12), we also assume

(2.19) ϕ′l1 = 0, l ≥ 2,

and we shall consider only transformations that preserve this form. It follows
from Lemma 2.1 (and the fact that f has no constant term or linear term in
z) that we must impose

(2.20) fl0 = 0, l ≥ 0.

It is not difficult to see that if we require (2.20), then

(2.21) ∆ϕab = 0

for all a, b. For convenience of notation, we shall therefore drop the ′ on ϕ′ab
and simply write ϕab.
We also have the following lemma:
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Lemma 2.2. For fixed l ≥ 3, k ≥ 2, the following transformation rule holds,
modulo a non-constant term polynomial in fa,b−1, f̄a,b−1, gab, ḡ0b, ϕa1b, ϕ̄a1b,
with b < k, whose coefficients depend on the coefficients of ϕ′(z′, z̄′, u′):

(2.22) ∆ϕl1k =
k − 1

2
gl−1,k − fl,k−1 − 2ϕ′l2f̄0,k−1.

Proof. We identify the coefficients of zlz̄uk in the expansion of (2.13). By exam-
ining the expansion of Im g(z, u+iϕ) and using the prenormalization conditions,
we observe that on the left hand side we get

ϕl1k +
k

2
gl−1,k +

∑

2≤c′≤k−1
1≤a′≤l−1

k + 1− c′
2

gl−a′,k+1−c′ϕa′1c′+

+
∑

2≤c′≤k−1
(k + 1− c′)Re g0,k+1−c′ϕl1c′ ,

(2.23)

which is equal to

ϕl1k +
k

2
gl−1,k

modulo a non-constant term polynomial in gab, ḡ0b, ϕa′1c′ , ϕ̄a′1c′ , with a, a′ < l,
b, c′ < k. On the right hand side, we examine the term (with the understanding
that ϕ′ab1 = ϕ′ab = ϕab)

(2.24) ϕ′abc(z + f(z + iϕ))a(z̄ + f(z, u+ iϕ))b(u + Re g(z, u+ iϕ))c

and first observe that if any term from the expansion of ϕ(z, z̄, u) is involved,
then it can only be of the form ϕa1b, which contributes one power of z̄ and b

powers of u. The contribution from z̄ + f(z, u+ iϕ) can then only be through
a factor of the form f̄0b′ , which will contribute at least one power of u. Since
the term u + Re g(z, u + iϕ) always contributes at least a factor of u as well,
we conclude (after some thought) that the term that involves ϕ will be a non-
constant term polynomial in fa,b−1, f̄0,b−1, gab, ḡ0b, ϕa1b, ϕ̄a1b, with b < k. If
ϕ is not involved in the term on the right, then we can only get the single
power z̄ from z̄ + f(z, u+ iϕ). If c ≥ 2 in (2.24), then we of course get the
term ϕ′l1k if c = k and we pick the single term that does not involve f , f̄ , or
Re g. If the latter are involved, we note that u+ Re g(z, u+ iϕ) contributes at
least two powers of u and no term from Re g(z, u+ iϕ) can involve a gab with
b ≥ k − 1. We conclude that any contribution from f or f̄ must be through
a factor of fa,b−1, f̄a,b−1 with b < k. Thus, beside the term ϕ′l1k, the terms
arising from (2.24), with c ≥ 2, will be a non-constant term polynomial in
fa,b−1, f̄0,b−1, gab, ḡ0b, with b < k. Finally, if c = 1 in (2.24), then we get the
contribution

fl,k−1 +
1

2
gl−1,k

from the term with a = b = 1 (recall ϕ11 = 1 and ϕ′ab = ϕab by our
prenormalization) and the contribution 2ϕl2f̄0,k−1 from the term with a =
l, b = 2, but the remaining terms will be a nonconstant term polynomial in
fa,b−1, f̄a,b−1, gab, ḡab, with b < k. This completes the proof. �
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We now return to see what the characterization (2.14) of the prenormalization
(2.12) yields for the coefficients glk:

Lemma 2.3. For each k ≥ 2 there are

(i) a non-constant term polynomial Pk in the variables f0,b−1, f̄0,b−1, and
Re g0b, with b < k, whose coefficients depend only on the coefficients of
ϕ′(z′, z̄′, u′), and

(ii) for each l ≥ 1, a non-constant term polynomial Qlk in fa,b−1, f̄0,b−1,
gab, and ḡ0b, with a ≤ l and b < k, whose coefficients depend only on
the coefficients of ϕ′(z′, z̄′, u′),

with the following property: The transformation (2.7) preserves the prenormal-
ization (2.12) if and only if Im g0k = 0 modulo the value of Pk for every k ≥ 2,
and g1k = f̄0,k−1, glk = 0 both modulo the value of Qlk for every l ≥ 2 and
k ≥ 2.

Proof. To find Pk in (i), we identify coefficients of the monomial wk in (2.14).
On the left hand side, we get Im g0k. On the right hand side, we note that
ϕ′(z′, z̄′, u′) contributes at least one power each of z′, z̄′, u′. It is clear that any
term in the expansion of the right hand side of (2.14) that contributes wk will
have a coefficient that is a product of f0,b−1, f̄0,b−1, and Re g0b, with b < k, and
a coefficient from the expansion of ϕ′(z′, z̄′, u′). This establishes the existence
of Pk in (i).
To find Qlk in (ii), we identify coefficients of the monomial zlwk in (2.14). The
only contribution on the left hand side is glk/2i. Since we are also requiring the
normalization (2.19) and have already established (2.15), (2.16), (2.20), every
contribution to the coefficient of zlwk is a product of fa,b−1, f̄0,b−1, gab, ḡ0b,
with b < k, and a coefficient in the expansion of ϕ′(z′, z̄′, u′), except when
l = 1 in which case there is a coefficient of the form f̄0,k−1; for l ≥ 2, the
analogous term ϕl1f̄0,k−1 vanishes by (2.19).
The conclusion in (ii) now follows. �

Remark 2.4. The conditions on the coefficients glk in Lemma 2.3 above can
also be derived by considering the transformation rules for ∆l0k stemming
from (2.13). For reasons that will become apparent in the next section, it will
be convenient to do so specifically for the coefficients g1k.

Lemma 2.2 suggests an additional prenormalization (ϕ′l1k = 0, l ≥ 3, k ≥ 2),
and this lemma together with Lemma 2.3 leads to an induction scheme that
can be summarized in the following proposition:

Proposition 2.5. In addition to the prenormalization given by (2.12) and
(2.19), the following prenormalization

(2.25) ϕ′l1k = 0, l ≥ 3, k ≥ 2,

can be achieved. Any transformation of the form (2.7) that preserves the prenor-
malization given by (2.12), (2.19), and (2.25), satisfies (2.15), (2.16), (2.20),
and the coefficients

(2.26) fl+1,k−1, Im g0k, glk, k, l ≥ 2,
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are given by non-constant term polynomials, whose coefficients depend only on
the coefficients of ϕ′(z′, z̄′, u′), in the variables

(2.27) f0,k−1, f1,k−1, f2,k−1, Re g0k, g1k, k ≥ 2,

and their complex conjugates.

Proof. The proof is a straightforward induction on k ≥ 2 using Lemmas 2.3
and 2.2, together with the normalizations (2.15), (2.16), (2.20). Details are left
to the reader. �

2.3. Complete normalization. Our aim now is to find a final (complete)
normalization of the defining equation of M at 0 that uniquely determines the
variables in (2.27), and has the property that this normalization is preserved
only when these variables vanish. Proposition 2.5 will then imply that the only
transformation of the form (2.7) that preserves this complete normalization is
the identity mapping.
We shall assume that the prenormalizations in the previous subsection are pre-
served (although as alluded to in that section, we will also study the transforma-
tion rules for ∆ϕ10k). Recall that our prenormalization implies that ϕ′ab = ϕab
and we will drop ′ on ϕ′ab so simplify the notation. The main technical result
in this paper is contained in the following lemma.

Lemma 2.6. The transformation rules are given as follows, modulo non-
constant term polynomials, whose coefficients are given by the coefficients in
the expansion of ϕ′(z′, z̄′, u′), in the variables consisting of fa,b−1, gab and their
complex conjugates, with b < k:

∆ϕ10k =
1

2i
g1k − f0,k−1, ∆ϕ11k = (k − 1)Re g0k − 2Re f1,k−1

∆ϕ21k =

(
k

2
− 1

2

)
g1k + (i(k − 1)− 2ϕ22)f̄0,k−1 − f2,k−1

∆ϕ22k = −6Re (ϕ23f̄0,k−1) + (k − 1)ϕ22Re g0k + 2(k − 1)Im f1,k−1
− 4ϕ22Re f1,k−1,

∆ϕ32k =

(
k − 1

2
ϕ22 +

i

2

(
k

2

)
− ik

2

)
g1k

+

((
k − 1

2

)
+ 3i(k − 1)ϕ22 − 3ϕ33

)
f̄0,k−1 − 4ϕ42f0,k−1

+ (k − 1)ϕ32Re g0k − ϕ32(5Re f1,k−1 + iIm f1,k−1)

− (i(k − 1) + ϕ22)f2,k−1

∆ϕ33k = Re ((k − 1)ϕ23g1k) + 8Re (((k − 1)iϕ23 − ϕ34)f̄0,k−1)

+

(
(k − 1)ϕ33 −

(
k

3

)
+

(
k

2

))
Re g0k + ((k − 1)− 6ϕ33)Re f1,k−1

+ 6(k − 1)ϕ22Im f1,k−1 − 4Re (ϕ23f2,k−1),

where k ≥ 2 and we use the convention
(
a
b

)
= 0 whenever a < b.
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Proof. We begin by inspecting the terms arising from the expansion of the
left-hand side of (2.13):

(2.28)
∑

Im glkz
l(u+ i

∑
ϕabc)

k.

The only term with no ϕabc that is relevant to the transformation rules in
Lemma 2.6 is Im g1kzu

k which contributes to ∆ϕ10k with coefficient 1
2i . Fur-

thermore, factors ϕabc with c ≥ 2 cannot contribute since they make the total
degree in u greater than k. It remains to consider terms with one or several
factors ϕab. In view of the preservation of (2.12) and (2.19), these can only be

(2.29) ϕ11 = 1, ϕ22, ϕ23, ϕ32, ϕ33.

Recall that, by Lemma 2.3, all coefficients of g except Re g0k and g1k are de-
termined by fa,b−1, gab, and their complex conjugates, with b < k.
We next inspect terms with g1k that appear as

(2.30)
1

2i
g1kz(u+ i

∑
ϕabz

az̄bu)k.

The term with single factor ϕ11 contributes as 1
2i ikg1kz

2z̄uk to ∆ϕ21k. The

term with single factor ϕ22 contributes as 1
2i ikϕ22g1kz

3z̄2uk to ∆ϕ32k. The

term with single factor ϕ23 contributes as 1
2i ikϕ23g1kz

3z̄3uk to ∆ϕ33k. The

term with single factor ϕ32 contributes as its conjugate 1
2i ikϕ32ḡ1kz

3z̄3uk to
∆ϕ33k. The factor ϕ33 has no contribution to the identities in the lemma.
Further, the term with the square of ϕ11 contributes as 1

2i i
2
(
k
2

)
g1kz

3z̄2uk to
∆ϕ32k. Other products ϕabϕcd have no contribution. Also terms with more
than 2 factors ϕab have no contribution.
Next consider terms with Re g0k that appear as

(2.31) Im (u+ i
∑

ϕabz
az̄bu)kRe g0k.

The term with single factor ϕ11 contributes as kzz̄ukRe g0k to ∆ϕ11k.
The term with single factor ϕ22 contributes as kϕ22z

2z̄2ukRe g0k to ∆ϕ22k.
The terms with single factors ϕ32 and ϕ23 contribute as Im (ikϕ32z

3z̄2 +
ikϕ23z

2z̄3)ukRe g0k to ∆ϕ32k. The term with single factor ϕ33 contributes as
kϕ33z

3z̄3ukRe g0k to ∆ϕ33k. Next, there is no contribution from terms with
products ϕabϕcd because of the reality of ϕ. Finally, the term with the cube
of ϕ11 contributes as Im (i3

(
k
3

)
z3z̄3uk)Re g0k to ∆ϕ33k. Other terms have no

contribution.
We now inspect the terms on the right-hand side of (2.13) that contribute with
minus. Those containing fl,k−1 and glk arise from the expansion of

(2.32)
−
∑

ϕab(z +
∑

fl,k−1z
l(u+ iϕ)k−1)a

× (z̄ +
∑

f̄l,k−1z̄
l(u− iϕ)k−1)b(u+ Re

∑
glkz

l(u+ iϕ)k),

where the ϕab that occur are technically ϕ′ab but we recall that ϕ′ab = ϕab as a
consequence of (2.20).
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We first collect the terms with g1k that appear as

(2.33) −ϕabzaz̄b
1

2
z(u+ iϕ)kg1k.

For (a, b) = (1, 1) we obtain − 1
2g1k contributing to ∆ϕ21k and − 1

2 ikϕ11g1k =

− ik2 g1k contributing to ∆ϕ32k. For (a, b) = (2, 2) we obtain −ϕ22
1
2g1k con-

tributing to ∆ϕ32k. For (a, b) = (2, 3) we obtain −ϕ23
1
2g1k contributing to

∆ϕ33k. For (a, b) = (3, 2) we obtain its conjugate −ϕ32
1
2 ḡ1k contributing to the

same term. Other terms have no contribution.
We next consider the terms with g0k that appear as

(2.34) −ϕabzaz̄bRe (u+ iϕ)kRe g0k.

For (a, b) = (1, 1) we obtain −Re g0k contributing to ∆ϕ11k and
(
k
2

)
ϕ2
11g0k =(

k
2

)
g0k contributing to ∆ϕ33k. For (a, b) = (2, 2) we obtain −ϕ22Re g0k con-

tributing to ∆ϕ22k. For (a, b) = (3, 2) we obtain −ϕ32Re g0k contributing to
∆ϕ32k. For (a, b) = (3, 3) we obtain −ϕ33Re g0k contributing to ∆ϕ33k.
As our final consideration we deal with the terms involving fl,k−1. We begin
with terms involving f0,k−1 that arise as

(2.35) −ϕab(aza−1z̄bf0,k−1(u + iϕ)k−1 + bzaz̄b−1f̄0,k−1(u− iϕ)k−1)u.

For (a, b) = (1, 1) we obtain −f̄0,k−1 contributing to ∆ϕ10k,
−ϕ11f̄0,k−1(−i)(k − 1)ϕ11 = i(k − 1)f̄0,k−1 contributing to ∆ϕ21k,

−ϕ11f̄0,k−1(−i)2
(
k−1
2

)
ϕ2
11 =

(
k−1
2

)
f̄0,k−1 and −ϕ11f̄0,k−1(−i)(k − 1)ϕ22 =

i(k−1)ϕ22f̄0,k−1 both contributing to ∆ϕ32k, and −ϕ11f̄0,k−1(−i)(k−1)ϕ23 =
i(k−1)ϕ23f̄0,k−1 and its conjugate −ϕ11f0,k−1i(k−1)ϕ32 = −i(k−1)ϕ32f0,k−1
both contributing to ∆ϕ33k.
Next, for (a, b) = (2, 2) we obtain −2ϕ22f̄0,k−1 contributing to ∆ϕ21k,
−2ϕ22(k − 1)(−i)ϕ11f̄0,k−1 = 2i(k − 1)ϕ22f̄0,k−1 contributing to ∆ϕ32k.
For (a, b) = (2, 3) and (a, b) = (3, 2) we obtain −3ϕ23f̄0,k−1 and its conju-
gate −3ϕ32f0,k−1 contributing to ∆ϕ22k, −3ϕ23f̄0,k−1(k − 1)(−iϕ11) = 3(k −
1)iϕ23f̄0,k−1 and its conjugate −3ϕ32f0,k−1(k−1)(iϕ11) = −3(k−1)iϕ32f0,k−1
contributing to ∆ϕ33k.
For (a, b) = (3, 3) we obtain −3ϕ33f̄0,k−1 contributing to ∆ϕ32k.
For (a, b) = (4, 2) we obtain −4ϕ42f0,k−1 also contributing to ∆ϕ32k.
For (a, b) = (3, 4) and (a, b) = (4, 3) we obtain −4ϕ34f̄0,k−1 and its conjugate
−4ϕ43f0,k−1 both contributing to ∆ϕ33k.
Other terms have no contribution.
We next treat terms involving f1,k−1 that arise as

(2.36) −ϕab(af1,k−1(u + iϕ)k−1 + bf̄1,k−1(u− iϕ)k−1)zaz̄bu.

For (a, b) = (1, 1) we obtain −f1,k−1 − f̄1,k−1 = −2Ref1,k−1 contributing to
∆ϕ11k,

−ϕ11(f1,k−1(k − 1)iϕ11 + f̄1,k−1(k − 1)(−iϕ11)) = 2(k − 1)Im f1,k−1
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contributing to ∆ϕ22k, and

−ϕ11(f1,k−1(k − 1)iϕ22 + f̄1,k−1(k − 1)(−iϕ22)) = −2(k − 1)Re (iϕ22f1,k−1)

and

−ϕ11(f1,k−1

(
k − 1

2

)
(iϕ11)2 + f̄1,k−1

(
k − 1

2

)
(−iϕ11)2) = 2

(
k − 1

2

)
Re f1,k−1

both contributing to ∆ϕ33k.
For (a, b) = (2, 2) we obtain −ϕ22(2f1,k−1 + 2f̄1,k−1) = −4ϕ22Re f1,k−1 con-
tributing to ∆ϕ22k and

−ϕ22(2f1,k−1(k − 1)iϕ11 + 2f̄1,k−1(k − 1)(−iϕ11)) = 4(k − 1)ϕ22Im f1,k−1

contributing to ∆ϕ33k.
For (a, b) = (3, 2) we obtain −ϕ32(3f1,k−1 + 2f̄1,k−1) = −ϕ32(5Re f1,k−1 +
iIm f1,k−1) contributing to ∆ϕ32k.
Finally for (a, b) = (3, 3) we obtain −ϕ32(3f1,k−1 + 3f̄1,k−1) = −6ϕ33Re f1,k−1
contributing to ∆ϕ33k.
It remains to deal with terms involving f2,k−1 that arise as

(2.37) −ϕab(af2,k−1z(u+ iϕ)k−1 + bf̄2,k−1z̄(u − iϕ)k−1)zaz̄bu.

For (a, b) = (1, 1) we obtain −f2,k−1 contributing to ∆ϕ21k, and

−f2,k−1(k − 1)(iϕ11) = −i(k − 1)f2,k−1

contributing to ∆ϕ32k.
For (a, b) = (2, 2) we obtain −ϕ22f2,k−1 contributing to ∆ϕ32k.
For (a, b) = (2, 3) we obtain −ϕ232f2,k−1 and for (a, b) = (3, 2) its conjugate
−ϕ322f̄2,k−1 both contributing to ∆ϕ33k. Other terms have no contribution.

�

Extracting real and imaginary parts we obtain from Lemma 2.6 the following
identity, modulo a vector of non-constant term polynomials, whose coefficients
are given by the coefficients in the expansion of ϕ′(z′, z̄′, u′), in the variables
consisting of fa,b−1, gab and their complex conjugates, with b < k:

(2.38)




Re∆ϕ10k

Im∆ϕ10k

∆ϕ11k

Re∆ϕ21k

Im∆ϕ21k

∆ϕ22k

Re∆ϕ32k

Im∆ϕ32k

∆ϕ33k




= A




Re g1k
Im g1k

Re f0,k−1
Im f0,k−1
Re g0k

Re f1,k−1
Im f1,k−1
Re f2,k−1
Im f2,k−1




,

where the matrix A is explicitly given, but a bit too large to write down here.
We have, however, the following lemma:
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Lemma 2.7. The determinant of A is of the form

(2.39) detA =
1

4
(k − 1) detB,

where detB is a polynomial in k of degree 7, whose leading coefficient is 24/3.
Moreover, the coefficients of the polynomial detB depend only on ϕab with
a, b ≤ 4 and a+ b ≤ 7.

Definition 2.8. For a formal hypersurface M ⊂ C2, given by (2.10) at 0 ∈M
in any coordinate system satisfying the prenormalization described in Propo-
sition 2.5, we define its characteristic polynomial P (k, j70ϕ) to be (3/24) detB
(so that P is monic in k). We call an integer k ≥ 2 a resonance for M (at 0) if
P (k, j70ϕ) = 0. Then M is said to be nonresonant if there are no resonances.

Proof of Lemma 2.7. By performing elementary row operations on A (left to
the diligent reader), we can bring A to the form:
and expanding the determinant, we see that we can write detA = 1

4 (k−1) detB,
where

(2.40)

B =




−6Reϕ32 6Imϕ32 −2ϕ22 2(k − 1)
2k2 − 4k + 3 + 2ϕ2

22

−3ϕ33 − 4Reϕ42
4(k − 1)ϕ22 + 4Imϕ42 −3Reϕ32 Imϕ32

4(k − 1)ϕ22 − 4Imϕ42
−2k2 + 4k − 3− 2ϕ2

22

+3ϕ33 − 4Reϕ42
−3Imϕ32 −Reϕ32

−8Reϕ43 + 8ϕ22Reϕ32

+2(k − 1)Imϕ32

8Imϕ43 − 8ϕ22Imϕ32

+2(k − 1)Reϕ32

2k2−4k+6
3

−4ϕ33

6(k − 1)
×ϕ22



.

The statement of the lemma now readily follows. �

Remark 2.9. We note here that it is not necessary to require the full prenormal-
ization given in Proposition 2.5 in order to guarantee that the expression (2.40)
for the matrix B above gives rise to the characteristic polynomial. Indeed, it
is enough to require that ϕ′ just satisfies (2.19), since in this case, (2.20) im-
plies that (2.21) holds; i.e., we must have f(z, 0) = z for any transformation
respecting the prenormalization (2.19), and hence ϕ′ab = ϕab.

If M is in nonresonant, as described in Definition 2.8, then it follows from
(2.38) that we can inductively require the following additional normalization
for k ≥ 2:

(2.41) ϕ10k = ϕ11k = ϕ21k = ϕ22k = ϕ32k = ϕ33k = 0,

which will completely determine the variables (2.27), i.e.,

f0,k−1, f1,k−1, f2,k−1, Re g0k, g1k,

in Proposition 2.5. It follows from (2.38), and a straighforward induction on
k ≥ 2 using also Proposition 2.5, that the only transformation preserving the
complete normalization described above is the identity mapping. More gen-
erally, if M has resonances k, we can still obtain the equations (2.41) for all
non-resonant k. We summarize this result in the following theorem.
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Theorem 2.10. Let M be a formal hypersurface through 0 in C2, satisfying
the assumptions described in Subsection 2.1. Assume furthermore that M is in
general position at 0. Then there are formal holomorphic coordinates (z, w) at
0 such that M is given as a formal graph

(2.42) Imw = ϕ(z, z̄,Re g),

where the formal (Hermitian) power series ϕ(z, z̄, u) is of the form

(2.43) ϕ(z, z̄, u) =
∑

a,b≥0
ϕabz

az̄bu+
∑

a,b≥0
k≥2

ϕabcz
az̄buk

satisfying the following normalization conditions

(2.44) ϕ11 = 1, ϕa0 = ϕl1 = ϕa0k = ϕl+1,1k = 0, a ≥ 0, k, l ≥ 2

and

(2.45) ϕ10k = ϕ11k = ϕ21k = ϕ22k = ϕ32k = ϕ33k = 0, k ≥ 2.

Moreover, the only formal transformation of the form

(2.46) z′ = z + f(z, w), w′ = w + g(z, w),

where f and g are formal holomorphic power series with f(0, 0) = g(0, 0) =
fz(0, 0) = gw(0, 0) = 0, that preserves the normalization (2.44) and (2.45) is
the identity, i.e., f ≡ g ≡ 0.
Furthermore, without assuming M to be in general position, we still obtain its
formal normalization given by all equations (2.44) and those in (2.45) for all
non-resonant k.

Remark 2.11. We note that there is some redundancy in the conditions (2.44)
and (2.45). The reason we present the conditions in this way here is so that the
reader can keep track of which conditions come from the prenormalizations in
Subsection 2.2 (those in (2.44)) and which come from the final normalization
in Subsection 2.3 (those in (2.45)). In Theorem 1.1, we have eliminated this
duplication of conditions, and present the results in a form that closely mimics
the Chern-Moser normal form.

To round out the discussion, we note that a general invertible transformation

(z′, w′) = (F (z′′, w′′), G(z′′, w′′))

preserving the normalization in Theorem 2.10 can be factored as (z, w) =
(αz′′, sw′′) composed with a transformation of the form (2.46); in order to
preserve the real tangent space to M at 0, we need to require s ∈ R∗ := R\{0},
and in order to preserve ϕ11 = 1, we must require |α| = 1. Since the linear
transformation (z, w) = (αz′′, sw′′) preserves the normalization, we conclude
that the group G := S1 × R∗ acts on the space of normal forms and the
isotropy group of M at 0 is a subgroup of G. Moreover, the uniqueness part
of Theorem 2.10 implies the following: Any formal holomorphic transformation
that preserves the normal form in Theorem 2.10 is of the form (z, w) 7→ (αz, sw)
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with (α, s) ∈ S1 × R∗. Theorem 1.1 now follows easily by writing the defining
equation of M in the form

Imw = Rew


|z|2 +

∑

a,b≥0
Nab(Rew)zaz̄b


 ,

and translating the conditions in Theorem 2.10 into conditions on Nab(u).

2.4. CR invariance of the characteristic polynomial and reso-
nances. In this subsection, we address the issue of CR invariance of the char-
acteristic polynomial P (k, j70ϕ) introduced in Definition 2.8. Of course, given
a preliminary normalization as in Proposition 2.5 (or just the weaker normal-
ization given by (2.19), as noted in Remark 2.9), then P (k, j70ϕ) is uniquely
determined, but a priori a different preliminary normalization may result in
a different characteristic polynomial. It follows from the normalization proce-
dure above that any other preliminary normalization can be obtained from
a given one by applying the linear transformations (z, w) 7→ (αz, sw), where
α ∈ S1 and s > 0. Clearly, the coefficients ϕab are unaffected by the trans-
formation (z, w) 7→ (z, sw), so it remains to investigate how transformations
(z, w) 7→ (αz,w) with α = eit transform P (k, j70ϕ). We claim that P (k, j70ϕ)
is invariant under such a transformation, which proves the invariance of the
characteristic polynomial and the resonances.

Proposition 2.12. Let M ⊂ C2 be a formal hypersurface, given by (2.10)
at 0 ∈ M in any coordinate system satisfying the prenormalization described
in Proposition 2.5, and let P (k) = P (k, j70ϕ) denote its characteristic polyno-
mial defined in Definition 2.8. Then, the polynomial P (k) is independent of the
preliminary normalization chosen.

Proof. By definition, P (k) is the monic polynomial (3/24) detB, where B is
given by (2.40). By the remarks preceding the proposition, it suffices to check
that the action (z, w) 7→ (eitz, w), for t ∈ R, on the preliminary normaliza-
tion leaves P (k) unchanged. We observe that this action does not change the
coefficients ϕ22, ϕ33, and changes the coefficients ϕ32, ϕ43, ϕ42 by

(2.47) ϕ32 7→ eitϕ32, ϕ43 7→ eitϕ43, ϕ42 7→ e2itϕ42.

It will be convenient here to work instead directly with the complex system
resulting from Lemma 2.6 rather than the real system in (2.38). We recall that
by reality of ϕ, we have ϕkl = ϕlk. Thus, we shall consider the following system,
given by Lemma 2.6:
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(2.48)




∆ϕ10k

∆ϕ01k

∆ϕ11k

∆ϕ21k

∆ϕ12k

∆ϕ22k

∆ϕ32k

∆ϕ23k

∆ϕ33k




= Ξ




g1k
ḡ1k
f0,k−1
f̄0,k−1
Re g0k
f1,k−1
f̄1,k−1
f2,k−1
f̄2,k−1




,

where the 9× 9 matrix Ξ can be explicitly computed from the right hand side
of the equations in Lemma 2.6.
If we now denote by Ξ(eit) the matrix obtained by making the substitutions
(2.47) (and their complex conjugates) in Ξ, then in view of Lemma 2.7 and
the definition of the characteristic polynomial P (k) it suffices to show that the
rank of Ξ(eit) for fixed k is constant in t. This follows immediately from the
observation, whose simple verification is left to the reader, that

(2.49) Ξ(eit) = D1(eit) ΞD2(e−it)

where D1(λ), D2(λ) are the 9× 9 diagonal matrices with

(2.50)
D1(λ) := D(λ, λ−1, 1, λ, λ−1, 1, λ, λ−1, 1),

D2(λ) := D(λ−1, λ, λ, λ−1, 1, 1, 1, λ−1, λ)

and where D(λ1, . . . , λj) denotes the diagonal j × j matrix whose diagonal
entries are λ1, . . . , λj . We note that detD1(e

it) = detD2(eit) = 1, which means
that in fact det Ξ(eit) is independent of t. We also note that

∆ϕk 7→ D1(eit)−1∆ϕk, Hk 7→ D2(e
it)Hk

are the natural actions of the circle S1 on the coefficient matrices ∆ϕk and Hk

on the left and right in (2.48), respectively, under rotations (z, w) 7→ (eitz, w).
This completes the proof of Proposition 2.12. �

3. Invariant description of resonances

3.1. Formal jet spaces along formal submanifolds. Let S be a formal
submanifold through 0 in Rm of codimension d, i.e. defined by a Rd-valued
formal power series map ρS with rank d at 0. A formal function k-jet along
S is an equivalence class of formal functions in Rm, where two functions are
k-equivalent when they coincide together with their partial derivatives up to
order k along S, i.e. modulo the ideal generated by the components of ρS .
Similarly k-jets of formal transformations along S are defined as equivalence
classes of invertible formal transformations of Rm preserving S.
We denote by JkS(Rm) and JkS(Rm,Rm) the space of all formal function k-jets
along S and that of formal transformation jets respectively. The space JkS(Rm)
has a canonical structure of an R-algebra induced by the algebra structure
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on formal functions with respect to addition and multiplication. Similarly the
space JkS(Rm,Rm) has a canonical group structure with respect to composition.
More invariantly, these jet spaces can be defined for formal functions and maps
of any formal manifold (instead of Rm) with obvious transformation rule with
respect to formal coordinate changes, in particular, also for any smooth mani-
fold at any fixed point.

3.2. Bundle structure on formal jet spaces. We have obvious trunca-
tion maps

(3.1) π : JkS(Rm)→ Jk−1S (Rm), π : JkS(Rm,Rm)→ Jk−1S (Rm,Rm),

and write

Kk
S(Rm) := π−1(0) ⊂ JkS(Rm), Kk

S(Rm,Rm) := π−1(id) ⊂ JkS(Rm,Rm),

for the preimages of the zero and the identity jet respectively. Note that
Kk
S(Rm) is a subalgebra of JkS(Rm), whereas the group operation of JkS(Rm,Rm)

induces a canonical vector space structure on Kk
S(Rm,Rm).

Furthermore, both maps (3.1) define canonical affine bundle structures on their
corresponding jet spaces with Kk

S(Rm) and Kk
S(Rm,Rm) respectively acting

transitively and freely on fibers by means of affine transformations.

3.3. Tangential and normal formal jet spaces. We call a k-jet Λ ⊂
Kk
S(Rm,Rm) tangential if can be represented by a mapH = id+h with h(Rm) ⊂

S. Equivalently, tangential k-jets can be described as those represented by maps
H satisfying the identity

DkH(TRm × . . .× TRm︸ ︷︷ ︸
k times

) ⊂ TS

along S, where DkH : TRm× . . .×TRm → TRm is the total k-th derivative (re-
garded as a map with formal power series coefficients). Tangential k-jets form a
vector subspace T kS (Rm,Rm) of Kk

S(Rm,Rm). We further call its corresponding
quotient space

Nk
S(Rm,Rm) := Kk

S(Rm,Rm)/T kS (Rm,Rm)

the normal k-jet space and write

ν : Kk
S(Rm,Rm)/T kS (Rm,Rm)→ Nk

S(Rm,Rm)

for the canonical projection. In our notation H = (f, g) for S given by w = 0,
tangential and normal k-jets correspond to the components fk and gk respec-
tively.

3.4. Formal holomorphic jet spaces. Denote by

HJkS(C2,C2) ⊂ JkS(C2,C2)

the submanifold of holomorphic jets, i.e. those representable by holomorphic
power series. Then clearly

(3.2) HKk
S(C2,C2) := HJkS(C2,C2) ∩Kk

S(C2,C2)
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becomes a R-vector subspace of Kk
S(C2,C2), which is canonically a C-vector

space.

3.5. Formal jet spaces of real infinite type hypersurfaces. To any
formal infinite type real hypersurface M through 0 in C2, given by a formal
equation Imw = ϕ(z, z̄,Rew), we associate the formal k-jet jkSϕ along the
formal complex submanifold S in M through 0. Similarly, to every formal holo-
morphic (or even real-analytic) transformation H of Cn, we associate its formal
k-jet jkSH along S.

3.6. A universal family of generalized Chern-Moser operators.
The transformation of M defined by ϕ into M ′ defined by ϕ′ via a map H
preserving S, induces a canonical transformation map

(3.3) Ak : JkS(C2,C2)× JkS(R3)→ JkS(R3), (jkSH, j
k
Sϕ)

Ak7−→ jkSϕ
′.

More specifically, we shall consider k-jets jkSH whose (k − 1)-jet truncations
are tangential, i.e. such that

jkSH ∈ π−1(T k−1S (C2,C2)).

In our notation from previous sections, with S given by w = 0, this corresponds
to the k-jets represented by

H = id +

(∑

a

fa,k−1z
awk−1 +

∑

b

fb,kz
bwk,

∑

c

gc,kz
cwk

)
.

The subspace

π−1(T k−1S (C2,C2)) ⊂ JkS(C2,C2)

inherits the canonical affine bundle structure over the space of tangential
T k−1S (C2,C2), on whose fibers Kk

S(C2,C2) acts freely and transitively by
means of affine transformations. Then the vector subspace of tangential k-jets
T kS (C2,C2) ⊂ Kk

S(C2,C2) also acts freely (but of course not transitively) on
the same fibers. Consider the quotient bundle

QkS(C2,C2) := π−1(T k−1S (C2,C2))/T kS (C2,C2)

modulo this action. In our notation, jet classes in QkS(C2,C2) are represented
by maps

H = id +

(∑

a

fa,k−1z
awk−1,

∑

c

gc,kz
cwk

)
.

Furthermore, it follows from the chain rule applied to (formal) coordinate
changes preserving S that the group structure on JkS(C2,C2) induces a canon-
ical C-vector space structure on QkS(C2,C2).
Now, it follows from our calculations in previous sections that the maps Ak in
(3.3) induce canonical maps

(3.4) Ck : QkS(C2,C2)× J1
S(R3)→ Kk

S(R3),
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which are linear in the first argument QkS(C2,C2). More precisely, the maps Ck

are given by

(3.5) Ck(Λ, λ) = Ak(jjSH, j
k
Sϕ)− jkSϕ, Λ = [jkSH ], λ = j1S(ϕ),

where [jkSH ] denotes the equivalence class of a k-jet jkSH ∈ π−1(T k−1S (C2,C2))
in QkS(C2,C2). The maps (3.4) can be regarded as analogues of the components
of the Chern-Moser operator for Levi-nondegenerate hypersurfaces. Note that
while the Chern-Moser operator only depends on the Levi form, (3.4) is the
universal family of linear operators parametrized by 1-jets of defining functions
ϕ of the infinite type (formal) real hypersurface M ⊂ C2.

3.7. Jet interpretation of the normalization conditions. Our initial
prenormalization conditions (2.12) (with c ≤ 1) and (2.19) are readily seen to
be equivalent to

(3.6) j1Sϕ = j1S(zz̄u) mod (zz̄)2,

with (2.15), (2.16), (2.20) implying

j0SH = id, j1SH ∈ T 1
S(C2,C2)

for any transformation H preserving (3.6). To obtain an invariant description
for spaces of partial derivatives in both z and z̄ we need to consider bi-jet spaces

Ja,b0 (S × S)

of (a, b)-equivalence classes of (formal) power series in (z, z̄), where z denotes co-
ordinates on a (formal) complex manifold S, and two series are (a, b)-equivalent
when their partial derivatives coincide at 0 up to order a in z and b in z̄. We
shall also use the partial jet spaces Ja,·(S × S), where only the differentiation
order in z is bounded by a. Using this terminology in our normal form, we con-
sider in our normalization process components of ϕ representing its iterated
jets

j1,·0 jkSϕ ∈ J1,·
0 (S × S), j3,30 jkSϕ ∈ J3,3

0 (S × S).

Invariantly, we are projecting our generalized Chern-Moser operators (3.4) onto
the fiber product

(3.7) J1,·
0 (S × S)×J1,1

0 (S×S) J
3,3
0 (S × S).

3.8. Invariant description of the resonances. Denote by Πk the canon-
ical projection from JkS(R3) onto the fiber product (3.7). Then it follows from
our normal form construction that k is a resonance if and only if the composi-
tion Πk ◦ Ck has a nontrivial kernel in the first component QkS(C2,C2).
In view of Proposition 2.5 and Lemma 2.6, an equivalent characterization can
be obtained as follows: k is a resonance if and only if the projection of Ck to
J3,3
0 (S × S) is not surjective.
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4. Examples

We conclude this paper by giving a few examples.

Example 4.1. Consider a hypersurface M ⊂ C2 of the following form

(4.1) Imw = ϕ(z, z̄,Rew), ϕ(z, z̄, u) = u|z|2 + u2ψ(z, z̄, u),

where ψ(z, z̄, u) is such that ϕ(z, z̄, u) satisfies (2.12) and (2.19), for example,

ψ(z, z̄, u) = θ(|z|2, u)

where θ(x, u) satisfies θx(0, u) = 0. In view of (2.21) all terms involving ϕab in
detB in (2.40) are the same as in the normal form, and hence are 0, and we
compute

detB =
2

3
k(2k + 3)(k − 1)(2k2 − 3k + 2)2.

Since the roots of 2k2− 3k+ 2 are not real, we conclude that M is nonresonant
at 0. Therefore, we can put M into normal form as described in Theorem 1.1,
i.e., eliminate terms of the form |z|4uk, z3z̄2uk, and |z|6uk in ψ(z, z̄, u)). The
stability group of M is a subgroup of S1, unless ψ after normalization vanishes
completely.

Example 4.2. If M is given by an equation of the form

Imw = Rew

(
|z|2 +

C

4
|z|4 +

D

36
|z|6 +O(|z|8)

)
+O((Rew)2),

then the characteristic polynomial (modulo a multiplicative constant making
it monic in k) is given by

(k − 1)
∣∣24(k − 1)2 + 6iC(k − 1) + 3C2 −D + 12

∣∣2×
×
(
48(k − 1)2 + 27C2 − 8D + 96

)
.

(4.2)

The first two factors do not have any integral roots k ≥ 2 provided that C 6=
0. In this case, there is for any integer k ≥ 2 an unique D such that the
characteristic polynomial has exactly that resonance k. If on the other hand,
C = 0, the characteristic polynomial (modulo a multiplicative constant) is
given by

(k − 1)
(
D − 24k2 + 48k − 36

)2 (
D − 6

(
k2 − 2k + 3

))
.

The reader can easily check that the last two factors have no real roots if
D < −12, one root each at k = 1 if D = −12, and two (distinct) roots each,
symmetric about about k = 1 when D > −12. In particular, for C = 0, the
hypersurface M has either zero or two resonances.

We note that if M satisfies Conditions (1’) and (2’) in the introduction, but has
a resonance at k = k0 ≥ 2, then we cannot in general achieve the normalization
(2.45) at k = k0. We can make a choice of the derivatives of f and g in (2.27)
at k = k0, and then proceed with the normalization for k > k0 (until the
next resonance, if it exists). However, the choice of (2.27) at k = k0 will in
general affect the corresponding coefficients (2.45). Therefore, the existence
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of a resonance k = k0 does not necessarily imply that the derivatives (2.27)
at k = k0 of an automorphism of M is not determined by previous ones.
There are, however, known examples of M ⊂ C2 satisfying Conditions (1’) and
(2’), whose stability groups at 0 are not determined by 1-jets (see [Kow02],
[Z02], [KL14]). Such hypersurfaces cannot be in general position (i.e., must
have resonances) at 0 by Corollary 1.2, and the failure of 1-jet determination is
caused by the resonances. We mention two such examples here (of the form in
Example 4.2), where a resonance k = k0 actually corresponds to indeterminacy
of the derivatives (2.27) for k = k0 in automorphisms of M ; more examples can
be found in the list in [KL14].

Example 4.3. For a positive integer m, consider the following Mm ⊂ C2,

(4.3) Imw = iRew
1− qm(2m|z|2)

1 + qm(2m|z|2)
= Rew

(
|z|2 +

(
2m2

3
+

1

3

)
|z|6 + . . .

)
,

where

(4.4) qm(x) = e(i/m) arcsinx.

It is readily checked that Mm satisfies (1’) and (2’) at 0, and comparing with
the formula for the characteristic polynomial in (4.2) (with C = 0), we see that
it is given by

(k − 1)
(
(k − 1)2 − 4m2

) (
(k − 1)2 −m2

)2
.

Its resonances are therefore given by k = m+ 1 and k = 2m+ 1. We note (cf.
[Z02], [KL14]) that the following local 1-parameter family of biholomorphisms
belong to its stability group at 0:

(4.5) Ht(z, w) =

(
z

(1− tw2m)1/2
,

w

(1− tw2m)1/2m

)
, t ∈ R.

We note that the jets j2m0 Ht agree for all t ∈ R, but the derivatives (2.27) for
k = 2m+ 1 depend on the parameter t.

Example 4.4. The following example (corresponding to C 6= 0 in Example 4.2)
illustrates that even a single resonance can be responsible for the presence of
automorphisms not determined by their 1-jets. We let qT (|z|2) be the unique
solution to

uq′T (u) =
tan(qT (u))

1 + T tan(qT (u))
, qT (0) = 0, q′T (0) = 1,

where T ∈ R \ {0}. Then, for any m ∈ N, the hypersurface Mm,T defined by

Imw = Rew tan
(
qT (m|z|2)

m

)

= Rew
(
|z|2 −mT |z|4 +

(
2+m2(9T 2+1)

6

)
|z|6 + . . .

)

also satisfies (1’) and (2’) at 0. It has an infinitesimal CR automorphism given
by

(4.6) X =
1

m

(
1

2
+ iT

)
zwm

∂

∂z
+ wm+1 ∂

∂w
,
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as can be seen from a computation carried out in [KL14, Lemma 10 and 4].
The resonances of its characteristic polynomial, by the observation that the
first two factors of the characteristic polynomial in (4.2) do not have any if
T 6= 0, are the integral roots k ≥ 2 of the polynomial

k2 − 2k + 1−m2;

that is, only k = m + 1 occurs. The infinitesimal CR automorphism (4.6)
illustrates the failure of the conclusion in Corollary 1.2 in this case.
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Abstract. We give a new construction of overconvergent modular
forms of arbitrary weights, defining them in terms of functions on
certain affinoid subsets of Scholze’s infinite-level modular curve. These
affinoid subsets, and a certain canonical coordinate on them, play a
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compact Shimura curves over Q, proving stronger analogues of results
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1. Introduction

Let N ≥ 5 be an integer, and let Y1(N)(C) be the usual analytic modular
curve. A holomorphic modular form f of weight k and level N admits two
rather distinct interpretations, which one might call the algebraic and analytic
points of view:

Algebraic: f is a global section ω(f) of the line bundle ω⊗k = ω⊗kE/Y1(N) on

Y1(N)(C) (extending to X1(N)(C)). Equivalently, f is a rule which assigns
to each test object - an isomorphism class of triples (S,E, η) consisting of
a complex analytic space S, a (generalized) elliptic curve π : E → S with
level N structure, and η an OS-generator of ωE/S := (LieE/S)∗ - an element
f(S,E, η) ∈ O(S) such that f commutes with base change in S and satisfies
f(S,E, aη) = a−kf(S,E, η) for any a ∈ O(S)×. These two interpretations are
easily seen to be equivalent (for simplicity we are ignoring cusps): for any test
object, there is a canonical map s : S → Y1(N) realizing E/S as the pullback
of the universal curve over Y1(N), and one has s∗ω(f) = f(S,E, η)η⊗k.

Analytic: f is a holomorphic function on the upper half-plane h of moderate
growth, satisfying the transformation rule f(az+bcz+d ) = (cz + d)kf(z) for all

γ ∈ Γ1(N).
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Overconvergent Modular Forms and . . . 193

How do we pass between these points of view? The key is that h may be

identified with the universal cover Ỹ1(N) of Y1(N), in the category of complex

analytic spaces, and the pullback of the line bundle ω to Ỹ1(N) is canonically

trivialized. Precisely, Ỹ1(N) consists of pairs (E, β) where E/C is an elliptic
curve and β = {β1, β2} ∈ H1(E(C),Z) is an oriented basis1. This space
admits a left action of Γ1(N) by {β1, β2} 7→ {aβ1 + bβ2, cβ1 + dβ2}. Let

p : Ỹ1(N)→ Y1(N) be the natural projection. Defining the period z(E, β) ∈ C
by
∫
β1
η = z(E, β)

∫
β2
η, where η 6= 0 ∈ H0(E(C),Ω1

E/C) is any nonzero

holomorphic one-form on E, the map

Ỹ1(N)
∼→ h

(E, β) 7→ z(E, β)

is a Γ1(N)-equivariant isomorphism of Riemann surfaces. The pullback p∗ω
is then trivialized by the differential ηcan characterized by

∫
β2
ηcan = 1.

Defining f(z) by p∗ω(f) = f(z)η⊗kcan, a calculation shows that ηcan(γz) =
(cz + d)−1ηcan(z), from which the transformation law of f(z) follows.

In the p-adic setting a priori one only has the algebraic definition valid for in-
tegral weights. Given the importance of non-integral weights, it seems natural
to hope for a direct algebraic definition of modular forms with non-integral
weights. More precisely, given a continuous character κ : Z×p → L× for some
L/Qp finite, one would like to define a “p-adic modular form of weight κ and
level N” as a rule which assigns to each test object an isomorphism class of
triples (R,E, η) consisting of a p-adically separated and complete ring R, a
(generalized) elliptic curve E/SpecR with level N structure, and η a generator
of ωE/R - an element g(R,E, η) ∈ R ⊗Zp L such that g commutes with base

change in R and satisfies g(R,E, rη) = κ(r)−1g(R,E, η) for any r ∈ R×. The
problem with this naive definition is that the expression κ(r) does not make
sense in general. In fact, the only characters for which this is unambiguously de-
fined and functorial in R are the power characters κ : r → rk, k ∈ Z. However,
Andreatta-Iovita-Stevens and Pilloni ([AIS1, Pil]) discovered (independently) a
remarkable fix to this problem, whereby for a given character κ one only allows
“certain elliptic curves” and, more importantly, “certain differentials” in the
definition of test objects. The admissible elliptic curves are those whose Hasse
invariant has suitably small valuation. The admissible η’s are defined using
torsion p-adic Hodge theory and the theory of the canonical subgroup; they
are not permuted by all of R×, but only by a subgroup of elements p-adically
close enough to Z×p so that κ(r) is defined.

Our first goal in this paper is to develop a p-adic analogue of the analytic
picture above. Of course, the most pressing question here is: what are the

1One also requires that β2 generate the Γ1(N)-structure under H1(E(C), Z/NZ) ∼=
E(C)[N ]
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correct analogues of Ỹ1(N), h ⊆ P1
C and z? The following theorem gives a

partial answer.

Theorem 1.1. Given N and p ∤ N as above, let

X∞ ∼ lim←−
n

Xad
K1(N)K(pn)

be the infinite-level perfectoid (compactified) modular curve of tame level N
([Sch4]), with its natural right action of GL2(Qp). There is a natural family
of K0(p)-stable open affinoid perfectoid subsets X∞,w ⊆ X∞ parametrized by
rationals w ∈ Q>0, with X∞,w′ ⊆ X∞,w for w ≤ w′, and there is a canonical

global section z ∈ O(X∞,w) (compatible under changing w) such that γ∗z = az+c
bz+d

for all γ ∈ K0(p). For any κ as above and any w ≫κ 0, the space

Mκ,w(N) :=
{
f ∈ O(X∞,w)⊗Qp L | κ(bz + d) · γ∗f = f ∀γ ∈ K0(p)

}

is well-defined, and the module M †κ(N) = limw→∞Mκ,w(N) is canonically
isomorphic with the modules of overconvergent modular forms of weight κ and
tame level N defined by Andreatta-Iovita-Stevens and Pilloni.

Thus, in our approach, X∞,w plays the role of Ỹ1(N) and the “fundamental
period” z defined below plays the role of z. Key to this theorem is that ω is
trivialized over any X∞,w (by one of the “fake” Hasse invariants constructed
in [Sch4]), which is similar to the fact that ω is trivialized over h. One reason
why the latter is true is because the complex period map is not surjective onto
P1
C. By contrast, the p-adic period morphism πHT : X∞ → P1 constructed in

[Sch4] is surjective, but becomes non-surjective when restricted to any X∞,w.
This is the reason that our description works for overconvergent modular forms
but not for classical modular forms.

The second goal of the paper is to apply our “explicit” point of view to
redefine and analyze the overconvergent Eichler-Shimura map of [AIS2], which
compares overconvergent modular symbols to overconvergent modular forms.
Our perspective gives a short and transparent definition of these maps, and (we
believe) clarifies the ideas involved. We also make use of certain new filtrations
on overconvergent distribution modules to obtain a more “global” point of
view on the Eichler-Shimura maps: after first defining them in the setting of
Coleman families, we glue them into a morphism of coherent sheaves over the
whole eigencurve.

We now describe these results in more detail.

1.1. Perfectoid modular curves and w-ordinarity. Let Yn denote the
modular curve over Qp with Yn(S) parametrizing elliptic curves E/S with a
point P ∈ E(S)[N ] of exact order N together with an isomorphism

αn : (Z/pnZ)2
∼→ E(S)[pn].

Let Xn denote the usual compactification of Yn, and let Yn ⊆ Xn be the
associated adic spaces over Spa(Qp,Zp). These form compatible inverse systems

Documenta Mathematica 22 (2017) 191–262



Overconvergent Modular Forms and . . . 195

(Xn)n≥1, (Yn)n≥1 with compatible actions of GL2(Qp). Fundamental to all
our considerations is Scholze’s construction of the infinite level modular curves
Y∞ ∼ lim←−n Yn, X∞ ∼ lim←−n Xn and the GL2(Qp)-equivariant Hodge-Tate period

map πHT : X∞ → P1 (a morphism of adic spaces over Qp).

Let us say a few more words about πHT. Let C/Qp be a complete alge-
braically closed field extension with ring of integers OC , and let A be an
abelian variety over C of dimension g, with dual A∨. Set ωA = H0(A,Ω1

A/C) ∼=
HomC(LieA,C), a C-vector space of rank g. Then we have a natural linear
map HTA : TpA ⊗Zp C ։ ωA∨ , the Hodge-Tate map of A, which fits into a
short exact sequence

0 −→ (LieA)(1)
HT∨

A∨ (1)−→ Hom(TpA
∨, C(1)) = TpA⊗Zp C

HTA−→ ωA∨ −→ 0

where −(1) denotes a Tate twist. If E/C is an elliptic curve and α : Z2
p
∼→ TpE

is a trivialization, then (E,α) defines a point in Y∞(C,OC) and πHT sends
(E,α) to the line (α⊗ 1)−1(LieE) ⊆ C2.

Our first key definition is a new gauge for the ordinarity of an abelian variety,
defined in terms of the Hodge-Tate map HTA. Let FA = HTA(TpA ⊗Zp OC).
This is an OC-lattice inside ωA∨ .

Definition 1.2. Let w ∈ Q>0.

(1) An abelian variety A/C is w-ordinary if there is a basis b1, . . . , b2g
of TpA such that HTA(bi) ∈ pwFA for all 1 ≤ i ≤ g.

(2) For A/C w-ordinary and 0 < n < w + 1, the pseudocanonical
subgroup Hn of level n is defined to be the kernel of the natural
map

A[pn](C)→ FA ⊗OC OC/pmin(n,w)OC
induced by HTA.

(3) For A/C w-ordinary, a trivialization α : Z2g
p

∼→ TpA is strict if
α(e1), . . . , α(eg) mod p ∈ A[p](C) form a basis for the pseudocanonical
subgroup of level one.

Let u and v be the homogeneous coordinate with respect to the standard basis
e1 = ( 1

0 ) and e2 = ( 0
1 ) of Q2

p. We define z = −v/u, a coordinate function on

P1. For w ∈ Q>0 we let P1
w ⊆ P1 be the locus

P1
w = {z | infa∈pZp |z − a| ≤ |p|w}.

For γ ∈ K0(p) one sees that γ∗z = az+c
bz+d and that P1

w is a K0(p)-stable

affinoid, whereK0(p) is the usual Iwahori subgroup of GL2(Zp). Define X∞,w =

π−1HT(P1
w) and Y∞,w = X∞,w ∩Y∞. These loci are K0(p)-stable. Finally, define

the fundamental period z = π∗HTz ∈ O+
X∞

(X∞,w).

Theorem 1.3. A point (E,α) ∈ Y∞(C,OC) is contained in X∞,w if and only
if E is w-ordinary and α is strict. Furthermore, X∞,w is the preimage of a
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canonical affinoid Xw ⊆ XK0(p), and X∞,w is affinoid perfectoid. The (C,OC)-
points of Yw = Xw ∩ YK0(p) are the pairs (E,H) where E is w-ordinary and
H is the pseudocanonical subgroup of level one, and (Xw)w is a cofinal set of
strict neighbourhoods of the ordinary multiplicative locus in XK0(p).

Taking these infinite-level objects as our basic ingredients, we are able to give
a short definition (Definition 2.18) of sheaves of overconvergent modular forms
ω†κ,w on Xw whose global sections yield the module Mκ,w(N) of Theorem
1.1. This construction also works in families of weights. As a guide to our
constructions so far, we offer the following table of analogies:

C Qp
Y = Y1(N)(C), a complex analytic space Yw ⊂ YK0(p), an adic space

E/C an elliptic curve E/C a w-ordinary elliptic curve

(E, β) , β = {β1, β2} ∈ H1(E(C),Z)
an oriented basis

(E,α), α : Z2
p

∼
→ TpE

a strict trivialization

(E, β) ∈ Ỹ , the universal cover of Y x = (E, α) ∈ Y∞,w(C) ⊂ X∞,w(C)

Γ1(N) � Ỹ
∼
→ h ⊂ P1

/C
πHT : X∞,w ։ P1

w ⊂ P1
/Qp

	 K0(p)

Ỹ = h and h are contractible X∞,w is affinoid perfectoid

z, the coordinate on h z ∈ O+(X∞,w), the fundamental period

z = z(E,β) characterized by z(x) ∈ C characterized by
∫

β1
η = z

∫

β2
η HTE(α(e1)) = z(x)HTE(α(e2))

∫

β2
ηcan = 1 s = HTE(α(e2))

ηcan(γz) =
1

cz+d
ηcan(z) γ∗s = (bz+ d)s

(cz + d)k ∈ O(h) κ(bz+ d) ∈ O(X∞,w)⊗Qp L (w ≥ wλ)

Mk(N) =
{

f ∈ O(h) | f(gz) = (cz + d)kf(z)
}

Mκ,w(N) =

{

f ∈ O(X∞,w)⊗Qp L,

κ(bz+ d)γ∗f = f

}

M†
κ = limw→∞Mκ,w

Table 1.1: Analogies.

As we have already mentioned, sheaves of overconvergent modular forms have
been constructed previously by [AIS1] and [Pil], and their constructions (which
appear slightly different on the surface) are known to give equivalent notions
of overconvergent modular forms. We prove (Theorem 2.33) that our definition
is also equivalent to these previous constructions. As emphasized to us by a
referee, we remark that our definition of the sheaf ω†κ,w is essentially as a line
bundle on X∞,w with a descent datum to Xw. However pro-étale descent of
vector bundles is not effective in general (this follows for example from [KL2,
Example 8.1.6]). In our case we show with relative ease that the resulting sheaf
is indeed a line bundle.

1.2. Modular curves vs. Shimura curves. While we have written this
introduction so far in the setting of modular curves, we have chosen to work
with compact Shimura curves associated with an indefinite quaternion division
algebra B/Q split at (our fixed) p in the body of the paper. There are two
reasons for this. The first reason is that the local p-adic geometry of these
Shimura curves is entirely analogous to the local p-adic geometry of modular
curves, but the global geometry is simpler without the presence of boundary
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divisors, compactifications, and their attendant complications. We believe that
working in a boundaryless setting helps to clarify the point of view adopted in
this paper.

Having said this, many of our ideas extend to the case of modular curves.
In particular, all the definitions and results in §2 have exact analogues for
classical modular curves, and Theorems 1.1 and 1.3 are true as stated. The
techniques we use for Shimura curves work over the open modular curve, and
one may extend over the boundary using “soft” techniques (one does not need
the advanced results of [Sch4, §2]).

The second reason is that our point of view on the overconvergent Eichler-
Shimura map does not immediately generalize to modular curves. While we
believe that the underlying philosophy should adapt, there are certain technical
aspects of the construction (in particular Proposition 4.4) which seem difficult
to adapt. As far as we can tell, this is a purely technical issue with the pro-
étale site as defined in [Sch3]. In work in progress ([DT]), Diao and Tan are
developing a logarithmic version of the pro-étale site, and we believe that our
constructions would work well in that setting.

1.3. The overconvergent Eichler-Shimura map. From now on we work
with Shimura curves attached to an indefinite quaternion division algebraB/Qp
split at p and use the same notation that we previously used for modular curves.

After Coleman’s construction of Coleman families and the globalization of these
to the Coleman-Mazur eigencurve ([Clm, CM]), different constructions of fam-
ilies of finite slope eigenforms and eigencurves for GL2/Q were given by Stevens
([Ste], completed by Belläıche [Bel]) and Emerton ([Eme]). These constructions
give the same eigencurve. Roughly speaking, each approach first constructs a
p-adic Banach/Fréchet space (or many such spaces) of ”overconvergent” objects
interpolating modular forms/cohomology classes, and then creates a geometric
object out of this (these) space(s). All spaces have actions of certain Hecke
algebras and the fact that these give the same eigencurves amounts to saying
that they contain the same finite slope systems of Hecke eigenvalues. However,
not much is known about the direct relation between these spaces. One can
rephrase the problem in the following way: each construction of the eigencurve
remembers the spaces it came from in the form of a coherent sheaf on it, and
one may ask if there are relations between these sheaves.

In [AIS2], Andreatta, Iovita and Stevens study the relationship between over-
convergent modular forms and overconvergent modular symbols. While Cole-
man’s overconvergent modular forms p-adically interpolate modular forms,
Stevens’s overconvergent modular symbols interpolate classical modular sym-
bols, i.e. classes in the singular cohomology groups H1(Y1(N), Symk−2H1),
where H1 is the first relative singular cohomogy of the universal elliptic curve.
Classical Eichler-Shimura theory, which one may view as an elaboration of
Hodge Theory for these particular varieties and coefficient systems, gives a
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Hecke-equivariant isomorphism

H1(Y1(N), Symk−2H1)⊗Z C ∼= Mk ⊕ Sk
where Mk is the space of weight k and level N modular forms and Sk is its
subspace of cusp forms. Faltings ([Fal]) constructed a p-adic Hodge-theoretic
analogue of this isomorphism, replacing singular cohomology with étale coho-
mology. This construction was then adapted to the overconvergent context in
[AIS2].

Let us describe these ideas and our work in more detail. We refer to the main
body of the paper for exact definitions. Recall ([AS, Han1]) the overconvergent
distribution modules Ds

κ where κ is a character of Z×p as above. It may
be interpreted as a local system on XK0(p)(C). The singular cohomology

H1(XK0(p)(C),Ds
κ) is the space of overconvergent modular symbols. Following

[Han2], we construct a filtration on the integral distribution module Ds,◦
κ for

which the corresponding topology is profinite. From this one gets a sheaf on the
pro-étale site of XK0(p) whose cohomology is isomorphic to H1(XK0(p)(C),Ds

κ),
but also carries a Galois action. To compare this to overconvergent modular
forms of weight κ, one introduces a “fattened” version ODs

κ of Ds
κ which has

the explicit description

V 7→ (Dκ⊗̂ÔXK0(p)
(V∞))K0(p)

for V ∈ XK0(p),proét quasi-compact and quasi-separated (qcqs), where V∞ :=

V ×XK0(p)
X∞ and ÔXK0(p)

is the completed structure sheaf on XK0(p),proét.
After restricting to Xw it turns out to be easy to give a morphism to the
completed version ω̂†κ,w: for V ∈ Xw,proét qcqs there is a K0(p)-equivariant
morphism

Dκ⊗̂ÔXw(V∞)→ ÔXw(V∞)⊗Qp L

given on elementary tensors by

µ⊗ f 7→ µ(κ(1 + zx))f.

The formula is heavily inspired by a formula of Stevens for the comparison
map between overconvergent distributions and polynomial distributions (whose
cohomology computes classical modular symbols) which does not seem to be
used a lot in the literature (see the paragraph before Definition 3.2). One then
passes to K0(p)-invariants to obtain the desired morphism of sheaves. This is
our analogue of the maps denoted by δ∨κ (w) in [AIS2]. It induces a map on
cohomology groups over Cp which gives the desired map of spaces using that
H1

proét(Xw,Cp , ω̂†κ,w) ∼= H0(Xw,Cp , ω†κ,w⊗OXw
Ω1
Xw). The strategy is the same as

in [AIS2], except that they work with the so-called Faltings site instead of the
pro-étale site. It is the presence of infinite level Shimura curves in the pro-étale
sites of finite level Shimura curves that accounts for the clean explicit formulas
we obtain: they provide the correct “local coordinates” for the problem at
hand.
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We analyze these maps by carrying out the above constructions in families of
weights (as in [AIS2]). To define Galois actions one needs to work with families
parametrized by certain affine formal schemes instead of the more commonly
used affinoid rigid spaces. Whereas the filtrations defined in [AIS2] only work
when the formal scheme is an open unit disc near the center of weight space, our
filtrations are defined over arbitrary Spf R where R is finite over Zp[[X1, .., Xd]]
for some d. This enables us to glue the morphisms for different families of
weights into a morphism of sheaves over the whole eigencurve.

Denote by C the eigencurve and let CCp be its base change to Cp. It carries

coherent sheaves V, resp. M†, coming from overconvergent modular symbols

resp. forms. We denote by VCp , resp. M†Cp , their base changes to Cp, which

may also be viewed as sheaves of OC⊗̂QpCp-modules on C. In the latter point of
view, one may think of Cp as a (rather primitive) period ring. After gluing, the

overconvergent Eichler-Shimura map is a morphism ES : VCp →M†Cp(−1) of

sheaves.

Theorem 1.4 (Theorem 5.11, Theorem 5.14). Let Csm be the smooth locus of
C.

(1) V and M† are locally free over Csm, and the kernel K and image I
of ES are locally projective sheaves of OCsm⊗̂QpCp-modules (or equiva-

lently locally free sheaves on CsmCp ). The support ofM†Cp(−1)/I on CCp
is Zariski closed of dimension 0.

(2) Let ǫCsm be the character of GQp defined by the composition

GQp
ǫ−→ Z×p

χW−→ O×W −→ (O×Csm⊗̂QpCp)
×

where ǫ is the p-adic cyclotomic character of GQp and χW is the univer-
sal character of Z×p . Then the semilinear action of GQp on the module

K(ǫ−1Csm) is trivial.
(3) The exact sequence

0→ K → VCp → I → 0

is locally split. Zariski generically, the splitting may be taken to be
equivariant with respect to both the Hecke- and GQp -actions, and such
a splitting is unique.

These are stronger analogues of results in [AIS2], where the authors prove
the analogous results for modular curves in some small (unspecified) open
neighbourhood of the set of non-critical classical points.

We believe that our perspective on overconvergent modular forms and the
overconvergent Eichler-Shimura map should generalize to higher-dimensional
Shimura varieties. In particular, it should be reasonably straightforward to
adapt the methods of this paper to (the compact versions of) Hilbert modular
varieties.
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1.4. Notation, conventions and an outline of the paper. Throughout
this text, we let p denote a fixed prime.

For the purposes of this paper, a small Zp-algebra is a ring R which is reduced,
p-torsion-free, and finite as a Zp[[X1, ..., Xd]]-algebra for some (unspecified)
d ≥ 0. Any such R carries a canonical adic profinite topology, and is also
complete for its p-adic topology. For convenience we will fix a choice of ideal
a = aR defining the profinite topology (a “canonical” example of such a choice
is the Jacobson radical). All constructions made using this choice will be easily
verified to not depend upon it.

We will need various completed tensor product constructions, some of which
are non-standard. We will need to take a form of completed tensor product
between small Zp-algebras and various Banach spaces or other Zp-modules.
These will always be denoted by an undecorated completed tensor product
⊗̂. We explain our conventions for the unadorned ⊗̂ in Convention 2.2 and
Definitions 6.3 and 6.6 below. Any adorned ⊗̂A is a standard one, with respect
to the natural topology coming from A.

We will use Huber’s adic spaces as our language for non-archimedean analytic
geometry in this paper. In particular, a “rigid analytic variety” will refer to the
associated adic space, and all open subsets and open covers are open subsets
resp. open covers of the adic space (i.e. we drop the adjective “admissible”
used in rigid analytic geometry). The pro-étale site of [Sch3] is key to our
constructions; we will freely use notation and terminology from that paper.
For perfectoid spaces we use the language of [KL1] for simplicity (e.g. we
speak of perfectoid spaces over Qp), but any perfectoid space appearing is a
perfectoid space is the sense of [Sch1] (i.e. it lives over a perfectoid field).

Let us finish the introduction by briefly outlining the contents of the paper.
In §2 we give our new definitions of sheaves of overconvergent modular forms
in families and prove their basic properties, including a comparison with the
definitions of [AIS1, Pil]. In §3 we recall the basic definitions from the theory
of overconvergent modular symbols and define the filtrations mentioned above.
We make some technical adjustments when defining slope decompositions. In
particular, we do not need the concept of a weak orthonormal basis used in
[AIS2]; all slope decompositions can be defined using standard orthonormal
bases and formal operations. In §4 we define our overconvergent Eichler-
Shimura maps, and §5 glues them over the eigencurve and proves the properties
stated above.

The paper concludes with an appendix, collecting various technical results and
definitions that are needed in the main text; some of these results may be
of independent interest. In §6.1 we define our non-standard completed tensor
products and prove some basic properties. While we only need this ⊗̂ for small
Zp-algebras R, it turns out that the ring structure only serves to obfuscate

the situation. Accordingly, we define ⊗̂ for a class of Zp-module that we call
profinite flat. Throughout the text we will need to consider sheaves of rings
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like OX⊗̂R and ÔX⊗̂R on X where X is a rigid space and R is a small Zp-
algebra. We prove some technical facts about these sheaves of rings and their
modules in §6.2-6.3. Finally §6.4 discusses quotients of rigid spaces by finite
group actions, proving a standard existence result that we were not able to
locate in the literature.
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2. Overconvergent modular forms

2.1. Weights and characters. In section we recall some basic notions
about weights. We may define weight space as the functor from complete
affinoid (Zp,Zp)-algebras (A,A+) to abelian groups given by

(A,A+) 7→ Homcts(Z×p , A
×).

This functor is representable by (Zp[[Z×p ]],Zp[[Z×p ]]). The proof is well known.
The key fact that makes the arguments work in this generality is that A◦/A◦◦ is
a reduced ring of characteristic p, where A◦◦ is the set of topologically nilpotent
elements in A. We define W = Spf(Zp[[Z×p ]]) and let W = Spf(Zp[[Z×p ]])rig

be the associated rigid analytic weight space, with its universal character
χW : Z×p → O(W)×.

We embed Z into W by sending k to the character χk(z) = zk−2.

Definition 2.1. (1) A small weight is a pair U = (RU , χU) where RU is
a small Zp-algebra and χU : Z×p → R×U is a continuous character such
that χU (1 + p) − 1 is topologically nilpotent in RU with respect to the
p-adic topology.

(2) An affinoid weight is a pair U = (SU , χU ) where SU is a reduced Tate
algebra over Qp topologically of finite type and χU : Z×p → S×U is a
continuous character.

(3) A weight is a pair U = (AU , χU) which is either a small weight or an
affinoid weight.
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We shall sometimes abbreviate AU by A when U is clear from context. In either
case, we can make AU [ 1p ] into a uniform Qp-Banach algebra by letting A◦U be

the unit ball and equipping it with the corresponding spectral norm. We will
denote this norm by | · |U . Note then that there exists a smallest integer s ≥ 0

such that |χU (1 + p) − 1|U < p−
1

ps(p−1) . We denote this s by sU . When U is
small, the existence uses that χU(1+p)−1 is p-adically topologically nilpotent.
We will also make the following convention:

Convention 2.2. Let U be a weight and let V be a Banach space over Qp.
We define V ⊗̂AU as follows:

(1) If U is small, then V ⊗̂RU is a mixed completed tensor product in the
sense of the appendix.

(2) If U is affinoid, then V ⊗̂SU := V ⊗̂QpSU .

Remark 2.3. Many (though not all) of the results in this paper involving a
choice of some weight U make equally good sense whether U is small or affinoid.
In our proofs of these results, we typically give either a proof which works
uniformly in both cases, or a proof in the case where U is small, which is
usually more technically demanding.

When U = (RU , χU ) is a small weight the universal property of weight space
gives us a canonical morphism

Spf(RU )→W,

which induces a morphism

Spf(RU )rig →W .

When U = (SU , χU ) is an affinoid weight we get an induced morphism

Spa(SU , S
◦
U )→W .

We make the following definition:

Definition 2.4. (1) A small weight U = (RU , χU) is said to be open if
RU is normal and the induced morphism Spf(RU )rig → W is an open
immersion.

(2) An affinoid weight U = (SU , χU) is said to be open if the induced
morphism Spa(SU , S◦U)→W is an open immersion.

(3) A weight U = (AU , χU ) is said to be open if it is either a small open
weight or an affinoid open weight.

Note that if U is a small weight such that Urig → W is an open immersion,
then the normalization of U is a small open weight.

Let B be any uniform Qp-Banach algebra. Let us say that a function f : Zp →
B is s-analytic for some nonnegative integer s if, for any fixed a ∈ Zp, there
is some ϕf,a ∈ B 〈T 〉 such that ϕf,a(x) = f(psx + a) for all x ∈ Zp. In other
words, f can be expanded in a convergent power series on any ball of radius
p−s. This is naturally a Banach space which we denote by Cs−an(Zp, B).
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Theorem 2.5 (Amice). The polynomials esj(x) = ⌊p−sj⌋!
(
x
j

)
form an or-

thonormal basis of Cs−an(Zp, B) for any uniform Qp-Banach algebra B. Fur-
thermore, we have esj(Zp + psB◦) ⊆ B◦.

Proof. This is well known, see e.g. [Col, Theorem 1.7.8] and its proof. �

We can now prove that characters extend over a bigger domain.

Proposition 2.6. Let U = (AU , χU ) be a weight and let B be any uniform
Qp-Banach algebra. Then for any s ∈ Q>0 such that s ≥ sU , χU extends
canonically to a character

χU : B×s → (A◦U ⊗̂ZpB
◦)× ⊂ (AU ⊗̂B)×,

where B×s := Z×p · (1+ps+1B◦) ⊆ (B◦)× and ps+1B◦ is shorthand for {b ∈ B◦ |
|b| ≤ p−s−1} (where | − | is the spectral norm on B).

Proof. Without loss of generality we may assume that s is an integer (e.g by
replacing s with ⌊s⌋). We may decompose any b ∈ B×s uniquely as b = ω(b) 〈b〉,
with ω(b) ∈ µp−1 and 〈b〉 ∈ 1+pZp+ps+1B◦. We will show that for any s ≥ sU
and b ∈ B×s , the individual terms of the series

f(b) = χU (ω(b))
∞∑

j=0

(χU (1 + p)− 1)j
(

log〈b〉
log(1+p)

j

)

“ = ” χU (ω(b)) · χ(1 + p)
log〈b〉
log 1+p

lie in A◦U ⊗Zp B
◦ and tend to zero p-adically, so this series converges to an

element of A◦U ⊗̂ZpB
◦ and a fortiori to an element of AU ⊗̂B. We claim this

series defines a canonical extension of χU .

Using the well known formula for the p-adic valuation of factorials we see that
vp(⌊p−sj⌋!) ≤ j

ps(p−1) . In particular, writing

χU (ω(b))

∞∑

j=0

(χU (1 + p)− 1)
j

(
x
j

)
= χU(ω(b))

∞∑

j=0

(χU (1 + p)− 1)j

⌊p−sj⌋! esj(x),

our assumption on s implies that |χU(1 + p)− 1|U < p−
1

ps(p−1) , so we see

that this series converges to an element of A◦U ⊗̂ZpB
◦ for any x ∈ B such

that esj(x) ∈ B◦ for all j. By Theorem 2.5 it then suffices to verify that

if b ∈ B×s then x = log〈b〉
log 1+p ∈ Zp + psB◦. But we know that the function

η(b) = log〈b〉
log 1+p defines a homomorphism from 1 + pZp + ps+1B◦ to Zp + psB◦,

so we are done. The character property follows by calculating directly from
the definitions. Finally, to show that this character extends χU , note that for
b ∈ µp−1 × (1 + p)Z≥0 , f(b) becomes a finite sum which equals χU (b) by the
binomial theorem, so f |Z×

p
= χU by continuity. �
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2.2. Shimura curves. We write C for an algebraically closed field containing
Qp, complete with respect to a valuation v : C → R∪ {+∞} with v(p) = 1 (so
v is nontrivial), and we write OC for the valuation subring. Fix an embedding
Cp ⊆ C. We fix a compatible set of pn-th roots of unity in Cp and use this choice
throughout to ignore Tate twists (over any C). We let B denote an indefinite
non-split quaternion algebra over Q, with discriminant d which we assume
is prime to p. We fix a maximal order OB of B as well as an isomorphism
OB⊗ZZp ∼= M2(Zp), and write G for the algebraic group over Z whose functor
of points is

R 7→ (OB ⊗Z R)×,

where R is any ring. We fix once and for all a neat compact open subgroup

Kp ⊆ G(Ẑp) such that Kp =
∏
ℓ 6=pKℓ for compact open subgroups Kℓ ⊆

GL2(Zℓ) and (for simplicity) det(Kp) = (Ẑp)×.

Recall (e.g. from [Buz1, §1]) that a false elliptic curve over a Z[ 1d ]-scheme S is
a pair (A/S, i) where A is an abelian surface over S and i : OB →֒ EndS(A)
is an injective ring homomorphism. We refer to [Buz1] for more information
and definitions regarding false elliptic curves, in particular the definition of
level structures. Let XGL2(Zp) be the moduli space of false elliptic curves with
Kp-level structure as a scheme over Zp. We denote by XGL2(Zp) the Tate
analytification of its generic fibre, viewed as an adic space over Spa(Qp,Zp).
For any compact open subgroup Kp ⊆ GL2(Zp) we use a subscript −Kp to
denote the same objects with a Kp-level structure added. We will mostly use
the standard compact open subgroups K0(pn) or K(pn), for n ≥ 1. Since we
will mostly work with the Shimura curves with K0(p)-level structure, we make
the following convention:

Convention 2.7. We define X := XK0(p), X = XK0(p), et cetera. A Shimura
curve with no level specified has K0(p)-level at p.

The following striking theorem of Scholze is key to all constructions in this
paper.

Theorem 2.8 (Scholze). There exist a perfectoid space X∞ over Spa(Qp,Zp)
such that

X∞ ∼ lim←−
n

XK(pn).

It carries an action of GL2(Qp) and there exists a GL2(Qp)-equivariant mor-
phism

πHT : X∞ → P1

of adic spaces over Spa(Qp,Zp). Let P1 = V1 ∪ V2 denote the standard affinoid

cover. Then V1 = π−1HT(V1) and V2 = π−1HT(V2) are both affinoid perfectoid,
and there exists an N and affinoid opens S1, S2 ⊆ XK(pN ) such that Vi is the
preimage of Si. Moreover we have ω = π∗HTO(1) on X∞, where ω is obtained
by pulling back the usual ω (defined below) from any finite level XK(pn).
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A few remarks are in order. For the definition of ∼ we refer to [SW, Definition
2.4.1]. This theorem is essentially a special case of [Sch4, Theorem IV.1.1]
except for the difference in base field and the target of πHT; there one obtains
a perfectoid space over some algebraically closed complete C/Qp and πHT takes
values in a larger (partial) flag variety. The version here is easily deduced in
the same way; we now sketch the argument. The tower (XK(pn))n embeds into
the tower of Siegel threefolds (over Qp), and the same argument as in the proof
of [Sch4, Theorem IV.1.1] gives the existence of X∞ and a map πHT which
takes values in the partial flag variety F l of GSp4 with respect to the Siegel
parabolic. Using the M2(Zp)-action (see below) one sees that it takes values
in P1 ⊆ F l. Since the first version of this paper, such results have appeared in
the case of general Hodge type Shimura varieties; see [CS, Theorems 2.1.2 and
2.1.3]. Finally, one easily sees that the standard affinoid opens of P1 come by
pullback from standard affinoid opens of P5 via the embeddings P1 ⊆ F l ⊆ P5,
where F l ⊆ P5 is the Plücker embedding.

Let us now discuss some standard constructions and define the sheaf ω men-
tioned in Theorem 2.8. For any false elliptic curve A over some Zp-scheme
S the p-divisible group A[p∞] carries an action OB ⊗Z Zp ∼= M2(Zp). Put
GA = eA[p∞], where e ∈M2(Zp) is an idempotent that we will fix throughout
the text (take e.g. ( 1 0

0 0 )). This is a p-divisible group over S of height 2 and

we have A[p∞] ∼= G⊕2A functorially; we will fix this isomorphism. For all pur-
poses GA behaves exactly like the p-divisible group of an elliptic curve and we
may use it to define ordinarity, supersingularity, level structures et cetera. We
will often just write G instead of GA if the false elliptic curve A is clear from
the context. The line bundle ω is the dual of e(Lie(Auniv/X)), where Auniv

is the universal false elliptic curve. We will also write Guniv = GAuniv . The
same definitions and conventions apply to the adic versions, and to other level
structures.

Next, we specify the right action of GL2(Qp) on (C,OC)-points on both sides
of the Hodge-Tate period map X∞ → P1. First we consider P1: g ∈ GL2(Qp)
acts from the left on C2 (viewed as column vectors) and a line L ⊆ C2 is sent
by g to g∨(L), where g 7→ g∨ is the involution

g =

(
a b
c d

)
7→ g∨ = det(g)g−1 =

(
d −b
−c a

)
.

This defines a right action. A (C,OC)-point of X∞ consists of a false elliptic
curve A/C and an isomorphism α : Z2

p → TpG (and the Kp-level structure
which we ignore). Let g ∈ GL2(Qp) and fix n ∈ Z such that png ∈M2(Zp) but
pn−1g /∈M2(Zp). For m ∈ Z≥0 sufficiently large the kernel of png∨ modulo pm

stabilizes and we denote the corresponding subgroup of G[pm] under α by H .
We define (A,α).g to be (A/H⊕2, β), where β is defined as the composition

Z2
p
png−→ Q2

p
α−→ VpG

(f∨)−1
∗−→ Vp(G/H).
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Here H⊕2 is viewed as a subgroup scheme of A[p∞] via the functorial iso-
morphism A[p∞] ∼= G⊕2, Vp(−) denotes the rational Tate module and (f∨)∗ :
Vp(G/H) → VpG is the map induced from the dual of the natural isogeny
f : G → G/H (note that β is isomorphism onto Tp(G/H)). In particular, if
g ∈ GL2(Zp), then (A,α).g = (A,α · g) where (α · g)(e1) = aα(e1) + cα(e2),
(α · g)(e2) = bα(e1) + dα(e2). Here and everywhere else in the text e1 and e2
are the standard basis vectors ( 1

0 ) and ( 0
1 ) of Z2

p.

2.3. w-ordinary false elliptic curves. Let H be a finite flat group scheme
over OC killed by pn. We let ωH denote the dual of Lie(H). It is a torsion OC -
module and hence isomorphic to

⊕
iOC/aiOC for some finite set of ai ∈ OC .

The degree deg(H) of H is defined to be
∑

i v(ai). The Hodge-Tate map HTH
is the morphism of fppf abelian sheaves H → ωH∨ over OC defined on points
by

f ∈ H = (H∨)∨ 7→ f∗(dt/t) ∈ ωH∨

where we view f as a morphism f : H∨ → µpn , dt/t ∈ ωµpn is the invariant
differential and −∨ denotes the Cartier dual. We will often abuse notation and
use HTH for the map on OC -points, and there one may identify the OC -points
of H with the C-points of its generic fibre.

Now let G be a p-divisible group over OC . Taking the inverse limit over the
Hodge-Tate maps for the G[pn] we obtain a morphism HTG : TpG → ωG∨ ,
which we will often linearize by tensoring the source with OC . Taking this
morphism for G∨ and dualizing it we obtain a morphism Lie(G)→ TpG⊗ZpOC .
Putting these morphisms together we get a sequence

0→ Lie(G)→ TpG⊗Zp OC → ωG∨ → 0

which is in fact a complex with cohomology groups killed by p1/(p−1) ([FGL,
Théorème II.1.1]).

Let A/C be a false elliptic curve. Then A has good reduction and we will
denote its unique model over OC by A. We have the Hodge-Tate sequence of
GA[p∞]:

0→ Lie(GA)→ TpG ⊗Zp OC → ωG∨
A
→ 0.

Here we have dropped the subscript −A in the notation of the Tate module
for simplicity; this should not cause any confusion. We will write HTA for
HTGA[p∞]. The image and kernel of HTA are free OC -modules of rank 1 that

we will denote by FA and F 1
A respectively. Note that p1/(p−1)ωG∨

A
⊆ FA ⊆ ωG∨

A
.

Recall that e1 and e2 are the standard basis vectors of Z2
p and let w be a positive

rational number.

Definition 2.9. Let A/C be a false elliptic curve with model A/OC . Let
w ∈ Q>0.

(1) Let α be a trivialization of TpG. We say that α is w-ordinary if
HTA(α(e1)) ∈ pwFA.

(2) A is called w-ordinary if there is a w-ordinary trivialization of TpG.
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Note that if A is w-ordinary, then it also w′-ordinary for all w′ < w. Note also
that A is ordinary (in the classical sense) if and only if it is ∞-ordinary (i.e.
A-ordinary for all w > 0).

Definition 2.10. Let A/C be a w-ordinary false elliptic curve and assume
that n ∈ Z≥1 is such that n < w + 1. Then the kernel of the morphism

G[pn](C) → FA/p
min(n,w)FA induced by HTA is an étale subgroup scheme Hn

of GA[pn] isomorphic to Z/pnZ which we call the pseudocanonical subgroup of
level n.

We will use the notation Hn to denote the pseudocanonical subgroup of level
n (when it exists) whenever the false elliptic curve A is clear from the context.
When there are multiple false elliptic curves in action we will use the notation
Hn,A. Since Hn is naturally equipped with an inclusion into GA[pn] we may
take its schematic closure inside GA[pn]. This is a finite flat group scheme of
rank pn over OC with generic fibre Hn and we will abuse notation and denote
it by Hn as well.

When n = 1 we will refer to H1 simply as the pseudocanonical subgroup and
drop ”of level 1”. Note that if α : TpG → Z2

p is a w-ordinary trivialization

with n− 1 < w ≤ n then (α−1 mod pn)|Z/pnZ⊕0 trivializes the pseudocanonical
subgroup. We record a simple lemma:

Lemma 2.11. Let A/C be a false elliptic curve and let α be a w-ordinary
trivialization of TpG. Assume that w > n ∈ Z≥1 and let m ≤ n be a positive

integer. Then A/H⊕2m,A is (w − m)-ordinary, and for any m′ ∈ Z with m <

m′ ≤ n, Hm′−m,A/H⊕2
m

= Hm′,A/Hm,A.

Proof. Let g ∈ GL2(Qp) denote the matrix
(
1 0
0 pm

)
. Then (A,α).g =

(A/H⊕2m,A, β) where β is defined by this equality. Let f denote the natural

isogeny G → G/Hm. From the definitions we get a commutative diagram

Z2
p

g∨

��

α // TpG

f∗

��

HTA // FA

(f∨)∗

��
Z2
p

β // Tp(G/Hm)
HT

A/H
⊕2
m// FA/H⊕2

m

and direct computation gives that pm HTA/H⊕2
m

(β(e1)) = (f∨)∗HTA(α(e1)).

Since HTA(α(e1)) ∈ pwFA we see that HTA/H⊕2
m

(β(e1)) ∈ pw−mFA/H⊕2
m

which

proves the first assertion. For the second assertion, observe that by defini-
tion Hm′−m,A/H⊕2

m
and Hm′,A/Hm,A are generated by β(e1) mod pm

′−m and

f(α(e1)) mod pm respectively, and that these are equal. �

Remark 2.12. The commutativity of the diagram in the proof above is also what
essentially proves the GL2(Qp)-equivariance of the Hodge-Tate period map πHT,
and the first assertion may be viewed more transparently as a direct consequence
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of this equivariance for the element g. Note also that the second assertion of
the Lemma mirrors properties of the usual canonical subgroups of higher level.

Next we recall some calculations from Oort-Tate theory which are recorded
in [Far, §6.5 Lemme 9] (we thank an anonymous referee for pointing out this
reference). For the last statement, see Proposition 1.2.8 of [Kas] (for further
reference see Remark 1.2.7 of loc.cit and §3 of [Buz2]; note that these references
treat elliptic curves but the results carry over verbatim).

Lemma 2.13. Let H be a finite flat group scheme over OC of degree p. Then
H is isomorphic to Spec(OC [Y ]/(Y p − aY )) for some a ∈ OC and determined
up to isomorphism by v(a), and the following holds:

(1) ωH = (OC/aOC).dY and hence deg(H) = v(a).
(2) The image of the (linearized) Hodge-Tate map HTH∨ : H∨(C)⊗OC →

ωH is equal to (cOC/aOC).dY , where v(c) = (1 − v(a))/(p− 1).

Moreover, if A/C is a false elliptic curve such that H ⊆ GA[p] and deg(H) >
1/(p+ 1), then H is the canonical subgroup of GA.

We will use these properties freely in this section. Using this we can now show
that the pseudocanonical subgroup coincides with the canonical subgroup for
sufficiently large w (as a qualitative statement this is implicit in [Sch4], cf.
Lemma III.3.8).

Lemma 2.14. Let A/C be a w-ordinary false elliptic curve and assume that
p/(p2 − 1) < w ≤ 1. Then H1 is the canonical subgroup of GA.
Proof. Consider the commutative diagram

0 // H1(C)

HTH1

��

// GA[p](C)

HTGA[p]

��
0 // ωH∨

1
// ωGA[p]∨

with exact rows. We have ωGA[p]∨ = ωG∨
A
/pωG∨

A
. Note that H1 is an Oort-

Tate group scheme and hence isomorphic to Spec(OC [Y ]/(Y p − aY )) for some
a ∈ OC with v(a) = deg(H1) and H∨1 is isomorphic to Spec(OC [Y ]/(Y p− bY ))
with ab = p. Fix a generator s ∈ H1(C). By choosing generators the inclusion
ωH∨

1
→ ωGA[p]∨ may be written as OC/bOC → OC/pOC where the map is

multiplication by a, and HTH∨
1

(s) has valuation v(a)/(p − 1). Since A is w-
ordinary we have aHTH∨

1
(s) = HTA[p](s) ∈ pwωA[p]∨ and hence pv(a)/(p −

1) ≥ w, i.e. deg(H1) ≥ (p − 1)w/p. By our assumption on w we deduce
deg(H1) > 1/(p+ 1) and hence that H1 is the canonical subgroup. �

Remark 2.15. As emphasized by a referee, one may also bound the Hodge
height of GA, at least under stronger assumptions on w (recall that the Hodge
height is the valuation of the Hasse invariant, truncated by 1). For example,
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using [FGL, Théorème II.1.1] and [AIP, Proposition 3.1.2], one sees that if
1
2 + 1

p−1 < w ≤ 1 and p ≥ 5, then the Hodge height of GA is ≤ 1− w + 1
p−1 .

We will now, somewhat overdue, discuss the interpretation of w-ordinarity in
terms of the Hodge-Tate period map. Define a coordinate z on P1 by letting z
correspond to the line spanned by ( xy ) with z = −y/x and for w ∈ Q>0 define
Uw ⊆ P1 to be the locus |z| ≤ |pw|. If w ≤ n, then this locus is K0(pn)-stable.
It is a rational subset of V1. Now define

U∞,w = π−1HT(Uw).

This is a K0(pn)-stable open subspace of X∞. In fact, U∞,w is affinoid perfec-
toid since Uw is a rational subset of V1 ⊆ P1 and therefore U∞,w is a rational
subset of V1 since πHT is adic. The conclusion follows from [Sch1, Theorem
6.3(ii)]. Note that, directly from the definition, the (C,OC)-points of U∞,w are
exactly the pairs (A,α) for which α is w-ordinary.

In this article we will want to vary w in order to capture all weights when
defining overconvergent modular forms. A minor disadvantage of the loci U∞,w
is that they are stable under different compact open subgroups as w varies. We
will instead define related loci that have the advantage that they all stable
under the action of K0(p) (independent of w).

Definition 2.16. Let w ∈ Q>0 and let A be a w-ordinary false elliptic curve
over C. Let α be a trivialisation of TpG. We say that α is strict if (α
mod p)|Z/pZ⊕0 trivializes the pseudocanonical subgroup.

Note that if α is w-ordinary then it is strict. Given (A,α) with A w-ordinary
and α strict, the orbit of (A,α) in X∞ under K0(p) consists exactly of the pairs
(A, β) for which β is strict. We define P1

w ⊆ V1 to be the rational subsets whose
(C,OC)-points correspond to

{z ∈ OC | ∃s ∈ pZp : |z − s| ≤ |pw|}.
One checks directly that if γ ∈ K0(p) and |z|, |s| < 1, then |γ∨z−γ∨s| = |z−s|.
Thus P1

w is stable under K0(p) and moreover P1
w = Uw.K0(p). We then define

X∞,w = π−1HT(P1
w).

By the discussion above these are K0(p)-stable and a (C,OC)-point (A,α) of
X∞ is in X∞,w if and only if A is w-ordinary and α is strict.

Theorem 2.17. Let w ∈ Q>0.

(1) There is a unique affinoid open rigid subspace Xw ⊆ X whose (C,OC)-
points are exactly the pairs (A,H) with A a w-ordinary false elliptic
curves (with Kp-level structure) and H its pseudocanonical subgroup.

(2) Let q : X∞ → X denote the projection map. Then X∞,w = q−1(Xw).
(3) The sets (Xw)w form a cofinal set of open neighbourhoods of the closure

of the ordinary-multiplicative locus in X .
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Proof. Write, for any level Kp ⊆ GL2(Zp), qKp for the projection map
X∞ → X . We prove (1) and (2) together. Indeed, we define Xw := q(X∞,w).
Since q is pro-étale, Xw is open and quasicompact ([Sch3], Lemma 3.10(iv)) and
the characterization of the (C,OC)-points of Xw follows directly from the char-
acterization of the (C,OC)-points of X∞,w. Note that uniqueness is clear since
quasicompact open subsets of quasiseparated rigid analytic varieties (viewed
as adic spaces) are determined by their classical points (cf. [Sch1, Theorem
2.21]). This also finishes the proof (1), except that we need to show that Xw
is affinoid.

By the definition of the inverse limit topology we may find m and a quasicom-
pact open subset W ⊆ XK(pm) such that q−1K(pm)(W ) = X∞,w. We claim that

W = qK(pm)(X∞,w). Indeed, both sets are determined by their (C,OC)-points
and qK(pm) is surjective on (C,OC)-points. Thus it remains to see that if r

is the natural map XK(pm) → X , then r−1(Xw) = W , which we can check on
(C,OC)-points. This follows from the surjectivity of qKp on (C,OC)-points for
arbitrary Kp and the fact that any trivialization that maps down to the pseu-
docanonical subgroup is automatically strict (in the sense that one/any lift to
a trivialization of the whole Tate module is strict). This proves (2). Finally
we finish the proof of (1) by showing that Xw is affinoid. To see this we use
X∞,w = q−1(Xw). Since X∞,w is a rational subset of V1 we may find some large

N and an affinoid S ⊆ XK(pN ) such that X∞,w = q−1K(pN )(S) (this follows from

Theorem 2.8 and the fact that rational subsets come from finite level). Then
Xw is the quotient of S by the finite group K0(p)/K(pN ) and hence affinoid by
Corollary 6.26.

We now prove (3). As a qualitative result it follows by general topology
arguments using the constructible topology, cf. [Sch4, Lemma III.3.8]. Here
we deduce a quantitative version using the Lubin-Katz theory of the canonical
subgroup. For a statement of the results we need phrased in terms of the degree
function see Proposition 1.2.8 of [Kas] (as before this reference treats elliptic
curves but the results carry over verbatim). Without loss of generality we
restrict our attention to w = 1, 2, 3, .... On X1, H1 is the canonical subgroup and
deg(H1) ≥ (p− 1)/p. Let h =

(
p 0
0 1

)
∈ GL2(Qp). Then h(X∞,w) = X∞,w+1 for

all w. Moreover, if (A,α) ∈ XK(p∞),1(C,OC) and (A,α).h = (A/H⊕2, β), then
H is anticanonical and hence of degree (1−deg(H1))/p. Hence deg(G[p]/H) =
1− (1− deg(H1))/p > 1/2 and G[p]/H is the canonical subgroup. Write δn for
the degree of the canonical subgroup of (hn).A. Then we get the recurrence
relation δn+1 = (p− 1)/p+ δn/p and from δ1 ≥ (p− 1)/p we deduce that

δn ≥ δ′n :=
p− 1

p

n−1∑

i=0

1

pi
= 1− 1

pn
.

We have therefore proved that if (A,H) ∈ Xn(C,OC) then deg(H) ≥ δ′n. As
δ′n → 1 as n → ∞, the result follows since the loci {(A,H) | deg(H) ≥ r}
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for r ∈ (0, 1) form a cofinal set of open neighbourhoods of the closure of the
ordinary-multiplicative locus (which is the locus {(A,H) | deg(H) = 1}) . �

2.4. The fundamental period and a non-vanishing section. Recall the
coordinate z on P1 defined earlier. The action of g =

(
a b
c d

)
∈ GL2(Qp) is

z.g = g∨z =
az + c

bz + d
.

Below, whenever we have a matrix g ∈ GL2 we will use a, b, c, d as above
to denote its entries. Note that z defines a function in H0(V1,O+

P1) and by

composing with πHT we obtain a function z ∈ H0(V1,O+
X∞

) which we will
call the fundamental period. We will use the same notation to denote its
restriction to X∞,w for any w > 0; by definition z ∈ H0(X∞,w, pZp + pwO+

X∞
).

Note that if γ =
(
a b
c d

)
∈ K0(p) then

γ∗z =
az + c

bz + d

as functions on X∞,w. Next we wish to trivialize O(1) over S = {z 6=∞} ⊆ P1

by defining a non-vanishing section. Everything we write in this section is
standard but we repeat it since we will need some explicit formulas. The
section we are after is algebraic so we will momentarily work in the realm of
algebraic geometry. Explicitly it is given by the following formula: The line
bundle O(1) has a geometric incarnation with total space (GL2×A1)/B where
B denotes the lower triangular Borel in GL2 and acts on A1 by g.x = d−1x
(this equivariant structure may differ from the canonical one, but it is the one
corresponding to the Hodge-Tate sequence on X∞). Global sections correspond
to functions f : GL2 → A1 satisfying f(gh) = d(h)−1f(g) for g ∈ GL2, h ∈ B.
There is a morphism of equivariant vector bundles

(GL2/B)× A2 → (GL2 × A1)/B,

given by (
g,

(
x
y

))
7→ (g, dx− by) .

Here the left hand side has the GL2-action g.(h, v) = (gh, (g∨)−1v). Then the
global section of (GL2/B)×A2 given by the constant function g 7→ e2 maps to
global section of O(1) given by the function

s : GL2 → A1;

s(g) = −b(g).

Note that s = 0 if and only g ∈ B so s is invertible on S. Let us now return to
the rigid analytic world and let W ⊆ S be an open subset such h∨(W ) ⊆ W
for some h ∈ GL2(C). Then by direct calculation

(sh∨)(g) = d(g)b(h)− b(g)d(h).
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Thus
s ◦ h∨
s

(g) =
d(h)b(g)− b(h)d(g)

b(g)
.

This is a function on W . Taking g = gz =
(
0 −1
1 z

)
we see that

s ◦ h∨
s

(z) = b(h)z + d(h).

We may then pull s back via πHT to get (compatible) non-vanishing sections
s ∈ H0(X∞,w , ω) for all w satisfying

γ∗s
s

= bz + d

for all γ ∈ K0(p). We remark that s is one of the ”fake” Hasse invariants
constructed in [Sch4].

2.5. A perfectoid definition of overconvergent modular forms. We
will give definitions of sheaves of overconvergent modular forms with prescribed
small or affinoid weight. Recall the forgetful morphism q : X∞,w → Xw ⊆ X .

Definition 2.18. Let U be a weight and let w ∈ Q>0 be such that w ≥ 1 + sU .
We define a sheaf ω†U ,w on Xw by

ω†U ,w(U) =
{
f ∈ OX∞,w(q−1(U))⊗̂AU | γ∗f = χU (bz + d)−1f ∀γ ∈ K0(p)

}

where U ⊆ Xw is a qcqs open subset.

We remark that, since bz + d ∈ Z×p (1 + pwO+
X∞,w

), the assumption w ≥ 1 + sU
ensures that χU(bz + d) is well defined (by Proposition 2.6). Define

∆0(p) = {( a bc d ) ∈M2(Zp) ∩GL2(Qp) | c ∈ pZp, d ∈ Z×p }.
This is a submonoid of GL2(Qp) containing K0(p), and it stabilizes X∞,w for

all w. We can form a sheaf F on X∞,w by F(U∞) = OX∞,w(U∞)⊗̂AU for

U∞ ⊆ X∞,w qcqs (not necessarily of the form q−1(U)), and we may equip it
with a ∆0(p)-equivariant structure by the rule

γ ·U − : F(U∞)→ F(γ−1U∞);

γ ·U f = χU (bz + d)γ∗f

for γ ∈ ∆0(p). Then ω†U ,w = (q∗F)K0(p) and we obtain an action of the double

cosets K0(p)γK0(p) for γ ∈ ∆0(p) on ω†U ,w, given by the following standard
formula:

[K0(p)γK0(p)] : ω†U ,w(V )→ ω†U ,w(U);

[K0(p)γK0(p)].f =
∑

i

χU (biz + di)γ
∗
i f

where U ⊆ Xw is qcqs, V ⊆ Xw is the image of U under [K0(p)γK0(p)]
viewed as a correspondence on Xw, and K0(p)γK0(p) =

∐
i γiK0(p) is a coset

decomposition. This gives us the Hecke action at p for ω†U ,w. As in the complex
case, we may also view this action as an action by correspondences. We give
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a few remarks on this for Hecke operators at primes ℓ 6= p below; the action
at p is similar. The statements analogous to Proposition 2.19 that are needed
follow from Proposition 4.7.

For the Hecke actions at ℓ 6= p, let us momentarily introduce the tame level

into our notation, writing ω†U ,w,Kp for the sheaf on Xw,Kp ⊂ XK0(p)Kp . The
construction of Hecke operators is then immediate from the following proposi-
tion.

Proposition 2.19. (1) For any g ∈ G(Apf ) with g : Xw,Kp
∼→ Xw,g−1Kpg

the associated isomorphism of Shimura curves, there is a canonical

isomorphism g∗ω†U ,w,g−1Kpg
∼= ω†U ,w,Kp.

(2) For any inclusion Kp
2 ⊂ Kp

1 of tame levels with π : Xw,Kp
2
→ Xw,Kp

1
the

associated finite étale projection of Shimura curves, there is a canonical
isomorphism

π∗ω
†
U ,w,Kp

2

∼= ω†U ,w,Kp
1
⊗OX

w,K
p
1

π∗OX
w,K

p
2

In particular there is a canonical OX
w,K

p
1

-linear trace map

π∗ω
†
U ,w,Kp

2
→ ω†U ,w,Kp

1

Proof. (1) follows immediately from the definition of the sheaves together with
the fact that g∗z = z; the latter follows from [Sch4, Theorem IV.1.1(iv)].

For (2) we consider the pullback diagram

X∞,w,Kp
2

q2 //

π∞

��

Xw,Kp
2

π

��
X∞,w,Kp

1

q1 // Xw,Kp
1

of adic spaces. Given a rational subset U ⊂ Xw,Kp
1
, we then have

O(q−12 π1U) = O(π−1∞ q−11 U)

∼= O(q−11 U)⊗̂O(U)O(π−1U)

∼= O(q−11 U)⊗O(U) O(π−1U)

where in the final line we use the fact that O(π−1U) is a finite projective
O(U)-Banach module. Applying −⊗̂AU and making use of Lemma 6.7, we get
a canonical isomorphism

O(q−12 π−11 U)⊗̂AU ∼=
(
O(q−11 U)⊗̂AU

)
⊗O(U) O(π−1U).

Since π∗∞z = z, this isomorphism is equivariant for the χU -twisted action of
K0(p). Passing to K0(p)-invariants for the twisted action, the left-hand side

then becomes ω†U ,w,Kp
2
(π−1U) = (π∗ω

†
U ,w,Kp

2
)(U), while the right-hand side

becomes ω†U ,w,Kp
1
(U)⊗O(U) (π∗OX

w,K
p
2

)(U), so (2) follows. �
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We now define our spaces of overconvergent modular forms.

Definition 2.20. Let U be a weight and let w ∈ Q>0 be such that w ≥ 1 + sU .

(1) We define the space of w-overconvergent modular formsM†,wU of weight
U by

M†,wU = H0(Xw, ω†U ,w ⊗OXw
Ω1
Xw).

(2) We define the space of overconvergent modular forms M†U ,w of weight
U by

M†U = lim−→
w

M†,wU .

The spaces M†,wU are Qp-Banach spaces, and M†U is an LB-space. Using the

functoriality of Ω1
X one may define Hecke operators on M†U ,w in the same way

that we did for ω†U ,w.

Remark 2.21. The reason we have formulated the definition in this way is be-
cause it fits naturally with our discussion of the overconvergent Eichler-Shimura
map in §4-5. It would be more fitting with our desire to be “explicit” to consider
the space

H0(Xw , ω†U+2,w)

where U + 2 is the weight (RU , z 7→ χU(z)z2). Note that this shift by 2 is forced
upon us by our convention to associate k ∈ Z with the character z 7→ zk−2.
Since ω is trivialized over X∞,w by s one sees that ω†U+2,w

∼= ω†U ,w ⊗OXw
ω2.

By the Kodaira-Spencer isomorphism Ω1
X ∼= ω2 we then have that ω†U+2,w

∼=
ω†U ,w ⊗OXw

Ω1
Xw . Thus the two definitions give the same spaces. However,

it is well known that the Kodaira-Spencer isomorphism fails to be equivariant
for the natural Hecke actions on both sides. Indeed it is customary in the
theory of modular forms to renormalize the natural Hecke action on ω⊗k by
multiplying Tℓ by ℓ−1 (more precisely one multiplies the action of any double

coset by det−1). The Kodaira-Spencer isomorphism is then Hecke-equivariant.

Thus, by definingM†U ,w the way we have we can use the natural Hecke actions;
there is no need to normalize.

For a discussion of how the normalized Hecke action on ω⊗k corresponds to
the natural Hecke action on ω⊗k−2 ⊗OX Ω1

X , see [FC, p. 257-258].

2.6. Locally projective of rank one. In this subsection we prove that

ω†U ,w is locally projective of rank one as a sheaf of OXw⊗̂AU -modules.

First we prove a general lemma. Let A∞ be a uniform Qp-Banach algebra
equipped with an action of a profinite group G by continuous homomorphisms.
Let A = AG∞. We record the following easy facts:

Proposition 2.22. A is a closed subalgebra of A∞, hence carries an induced
structure of a uniform Qp-Banach algebra, and A◦ = (A◦∞)G.

We then have:
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Lemma 2.23. Keep the above notations and assumptions.

(1) Let M be any profinite flat Zp-module (in particular M could be a
small Zp-algebra). We equip M with the trivial G-action. Then

(A∞⊗̂M)G = A⊗̂M .
(2) Let V be a Banach space over Qp (in particular V could be a reduced

affinoid Qp-algebra topologically of finite type). Equip V with the trivial

G-action. Then (A∞⊗̂QpV )G = A⊗̂QpV .

Proof. To prove (1), we choose a pseudobasis (ei)i∈I of M and follow the
computation in Proposition 6.4 to see that the natural map A◦⊗̂M → A◦∞⊗̂M
is the inclusion ∏

i∈I
A◦ei ⊆

∏

i∈I
A◦∞ei

with the action of G on the right hand side being coordinate-wise. Thus the
natural map A⊗̂M → A∞⊗̂M is the inclusion of bounded sequences in A
indexed by I into bounded sequences in A∞ indexed by I, with the G-action
on the latter being coordinate-wise. The desired statement now follows from
the definition of A as AG∞.
The proof of (2) is similar, using an orthonormal basis instead of a pseudobasis.

�

We record the following fact, which is certainly implicit in [Sch3] (our main
reason for recording it is that some assumption on the sheaf F seems to be
needed).

Lemma 2.24. Let Y be a rigid analytic variety, let G be a profinite group
and assume that Y∞ ∈ Yproét is a Galois G-cover of Y . Let U ∈ Yproét be
quasicompact and quasiseparated and set U∞ := U ×Y Y∞; this is a Galois
G-cover of U . Let F be a sheaf on Yproét that comes via pullback from Yét.
Then F(U) = F(U∞)G.

Proof. Recall that, by the definitions, we may find a system of open normal
subgroups Gj of G such that G ∼= lim←−j G/Gj , and a compatible system of

Galois G/Gj-covers Yj of Y such that Y∞ = lim←−j Yj is a pro-étale presentation.

Pick a pro-étale presentation U = lim←−i Ui; we get U∞ = lim←−i,j Ui ×Y Yj . Note

that U∞ is quasicompact and quasiseparated by [Sch3, Proposition 3.12(v)].
We may then compute

F(U∞)G =

(
lim−→
i,j

F(Ui ×Y Yj)
)G

= lim−→
i,j

(
F(Ui ×Y Yj)G

)

= lim−→
i,j

F(Ui) = F(U).

Here we have used [Sch3, Lemma 3.16] for the first and fourth equality and
that Ui ×Y Yj → Ui is a Galois G/Gj-cover for the third equality. For the
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second equality we use that F(Ui×Y Yj)→ F(Ui′ ×Y Yj′) is injective for large
enough i, since Ui′ ×Y Yj′ → Ui ×Y Yj is an étale cover for large enough i (by
the definition of a pro-étale presentation), and that direct limits commute with
taking invariants if the maps in the direct system are eventually injective. �

Remark 2.25. An elaboration of this argument allows one to deduce the full
“Cartan–Leray spectral sequence”

Epq2 = Hp
cts(G,H

q(U∞,F)) =⇒ Hp+q(U,F)

from the Čech-to-derived functor spectral sequence, under the same assumptions
on U and F (here Hq(U∞,F) is given the discrete topology). This is implicit in
[Sch3] and used repeatedly there (though it should be noted that it is the Čech-to-
derived functor spectral sequence itself that is referred to as the Cartan–Leray
spectral sequence in [Sch3], following SGA 4).

Lemma 2.26. Let Kp ⊆ GL2(Zp) be an open compact subgroup and let U ⊆ XKp
be an open subset. Put U∞ = q−1Kp(U) ⊆ X∞. Then O+

XKp (U) = O+
X∞

(U∞)Kp ,

and hence OXKp (U) = OX∞(U∞)Kp .

Proof. We work on the pro-étale site of XKp . We may assume that U is
quasicompact; the general case follows by gluing. U∞ → U is a perfectoid
object of XKp,proét which is Galois with group Kp, and Lemma 2.24 implies

that (O+
XKp /p

m)(U) = (O+
XKp /p

m)(U∞)Kp for all m. Taking the inverse limit

we get, by definition, that Ô+
XKp (U) = Ô+

XKp (U∞)Kp . By [Sch3, Corollary

6.19] we have ÔXKp (U) = OXKp (U). It then follows from [Sch3, Lemma

4.2(ii),(v)] that Ô+
XKp (U) = O+

XKp (U), which finishes the proof (note that

Ô+
XKp (U∞) = O+

X∞
(U∞) ). �

Now let U ⊆ Xw be any rational subset, Un its preimage in XK(pn) and put

U∞ = q−1(U) ⊆ X∞,w. Note that Un → U is finite étale and so OXK(pn)
(Un) is

a finite projectiveOX (U)-module sinceOX (U) is Noetherian. Suppose that ω|U
is free, and choose a nowhere vanishing section (i.e. generator) ηU ∈ H0(U, ω).
Define tU ∈ OX∞(U∞) by the equality

s = tU · q∗ηU .
Proposition 2.27. We have γ∗tU = (bz + d)tU for any γ ∈ K0(p), and tU is
a unit. Furthermore, for any m ∈ Z≥1 we may choose some large n = n(m)
and elements

t
(n)
U ∈ 1 + pmO+

X∞
(U∞),

sU,n ∈ OXK(pn)
(Un)×,

such that tU = t
(n)
U sU,n.

Proof. Since neither s nor q∗ηU vanish, tU is a unit, and

(bz + d)tUq
∗ηU = (bz + d)s = γ∗s = (γ∗tU )q∗ηU
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since γ∗q∗ηU = q∗ηU , hence γ∗tU = (bz + d)tU . For the second sentence, first
chooseM,N ∈ Z≥0 such that |pM | ≤ |pN tU | ≤ 1 (possible by quasicompactness
of U∞ and invertibility of tU ). Since O+

X∞
(U∞) = (lim−→O

+
XK(pn)

(Un))∧ (p-

adic completion) we may find an n = n(m) and s ∈ O+
XK(pn)

(Un) such that

pN tU −s ∈ pM+mO+
X∞

(U∞). Then we set sU,n = p−Ns and t
(n)
U = tU/sU,n and

these do the job. �

This has several consequences - in particular, since sU,n is fixed by K(pn) and

t
(n)
U is p-adically close to 1, the element χU(t

(n)
U ) ∈ (OX∞(U∞)⊗̂AU )× is well-

defined (for m large enough) and satisfies γ∗(χU (t
(n)
U )) = χU (bz + d)χU (t

(n)
U )

for all γ ∈ K(pn). Recall that

ω†U ,w(U) :=
{
f ∈ OX∞(U∞)⊗̂AU | γ∗f = χU (bz + d)−1f ∀γ ∈ K0(p)

}
.

Thus, given any f ∈ ω†U ,w(U), the element f · χU (t
(n)
U ) ∈ OX∞(U∞)⊗̂AU lies

in (OX∞(U∞)⊗̂AU )K(pn), which is equal to OXK(pn)
(Un)⊗̂AU by Lemma 2.23

and Lemma 2.26.

Furthermore, for any γ ∈ Gn := K0(p)/K(pn), we have

γ∗(f · χU (t
(n)
U )) = χU (bz + d)−1 · f · χU (γ∗t(n)U )

= f · χU (t
(n)
U ) · χU

(
γ∗t(n)U

(bz + d)t
(n)
U

)

= f · χU (t
(n)
U ) · χU

(
sU,n
γ∗sU,n

)

= f · χU (t
(n)
U ) · χU (jU,n(γ))−1

where jU,n is the cocycle

jU,n(γ) : Gn → Z×p ·
(

1 + pmin(w,m)OXK(pn)
(Un)◦

)

γ 7→ γ∗sU,n
sU,n

.

In summary, we find that the map f 7→ f · χU (t
(n)
U ) defines an OX (U)-module

isomorphism of ω†U ,w(U) onto the subspace of functions f0 ∈ OXK(pn)
(Un)⊗̂AU

fixed by the twisted action

γ : OXK(pn)
(Un)⊗̂AU → OXK(pn)

(Un)⊗̂AU
f0 7→ χU (jU,n(γ)) · γ∗f0

of Gn. Since Gn is a finite group, the usual idempotent

en =
1

|Gn|
∑

γ∈Gn
χU (jU,n(γ))−1γ
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in the group algebra (OXK(pn)
(Un)⊗̂AU )[Gn] defines an OX (U)⊗̂AU -module

splitting of the inclusion ω†U ,w(U) ⊆ OXK(pn)
(Un)⊗̂AU . This realizes ω†U ,w(U)

as a direct summand of a finite projective OX (U)⊗̂AU -module, and therefore

ω†U ,w(U) is finite projective over OX (U)⊗̂AU as desired. We may now prove
the main result of this section:

Theorem 2.28. We have ω†U ,w = Loc(ω†U ,w(Xw)) and ω†U ,w(Xw) is a finite

projective OX (Xw)⊗̂AU -module of rank 1. Moreover, ω†U ,w is étale locally free.

Proof. To prove that ω†U ,w = Loc(ω†U ,w(Xw)) and that it is locally projective

of finite rank it suffices, by Theorem 6.20, to prove that ω†U ,w is a coherent

OX ⊗̂AU -module (it is then locally projective by the above). To do this, we
work locally using the U above. We wish to show that for V ⊆ U (without loss
of generality assume V rational) the natural map

(OX (V )⊗̂AU )⊗(OX (U)⊗̂AU ) ω
†
U ,w(U)→ ω†U ,w(V )

is an isomorphism. To see this, note that by applying Lemma 6.7 twice the
natural map

(OX (V )⊗̂AU )⊗(OX (U)⊗̂AU ) (OXK(pn)
(Un)⊗̂AU )→ OXK(pn)

(Vn)⊗̂AU
is an isomorphism (note thatOX (V )⊗OX (U)OXK(pn)

(Un) ∼= OXK(pn)
(Vn)). This

isomorphism matches up the idempotents on both sides, giving us the desired
isomorphism. To prove that the rank is one note that OX (U)→ OXK(pn)

(Un)
is Galois with group Gn and by applying Lemma 6.7 twice we may deduce that
OX (U)⊗̂AU → OXK(pn)

(Un)⊗̂AU is also Galois with group Gn. Moreover, the

twisted action whose invariants give ω†U ,w(U) is a Galois descent datum, so we

see that ω†U ,w(U) is the descent of a rank 1 free module, hence rank 1 projective
as desired. Finally, note that this also proves that ωU ,w becomes trivial over
Un, which gives the final statement of the theorem. �

The techniques of this proof also yield the following result.

Lemma 2.29. Let U = (AU , χU ) be a weight, and let i : AU → AZ be a
surjection such that Z = (AZ , χZ = i ◦ χU ) is also a weight and such that
ker(i) is generated by a regular element x ∈ AU . Then we have a natural exact
sequence of sheaves

0→ ω†U ,w
·x→ ω†U ,w → ω†Z,w → 0

on Xw, and an exact sequence of global sections

0→ H0(Xw, ω†U ,w)
·x→ H0(Xw , ω†U ,w)→ H0(Xw, ω†Z,w)→ 0.

Proof. There is certainly a (not necessarily exact) sequence of sheaves

0→ ω†U ,w
·x→ ω†U ,w → ω†Z,w → 0,
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and we check exactness of this sequence on a basis of suitably small open subsets
U ⊂ Xw as in the proof of Theorem 2.28. By assumption we have a short exact
sequence

0→ AU
·x→ AU → AZ → 0

of AU -modules. Tensoring this sequence over AU with AU ⊗̂OXK(pn)
(Un), we

obtain by the flatness of AU ⊗̂OXK(pn)
(Un) over AU (proved in the same way

as Lemma 6.13(2)) a short exact sequence

0→ AU ⊗̂OXK(pn)
(Un)

·x→ AU ⊗̂OXK(pn)
(Un)→ AZ⊗̂OXK(pn)

(Un)→ 0.

Applying the idempotent en as above gives a short exact sequence

0→ ω†U ,w(U)
·x→ ω†U ,w(U)→ ω†Z,w(U)→ 0

as desired.
Taking cohomology, we note that H1(Xw, ω†U ,w) = 0 by Theorem 2.28 and
Proposition 6.16, and the lemma follows. �

2.7. Comparison with other definitions of overconvergent modu-
lar forms. In this section we take V = (SV , χV) to be an open affinoid weight,
and we will compare our definition of overconvergent modular forms of weight
V with those in the literature (all known to be equivalent). More specifically
we will compare it to that of [Pil], trivially modified to our compact Shimura
curves.

We now recall the definition of the ”Pilloni torsor”. This is the object denoted
by F×n in [Pil] but we will use the notation T (n, v). For any n ≥ 1 and any
v < p−1

pn , T (n, v) is a rigid space equipped with a smooth surjective morphism

pr : T (n, v) → X (v), where X (v) ⊆ X is the locus where the Hodge height is
≤ v. For any point x ∈ X (v)(C,OC ), the (C,OC)-points in the fiber pr−1(x)
consists of the differentials η ∈ ωGA that reduce to an element in the image of
the Hodge-Tate map (H∨n )gen → ωHn , where Hn is the canonical subgroup of G
of level n and (H∨n )gen ⊆ H∨n denotes the subset of generators. The set pr−1(x)

is a torsor for the group Z×p (1 + pn−
pn−1
p−1 Hdg(x)OC), and we think of T (n, v)

as an open subspace of T , where T is the total space of e(0∗Ω1
Auniv/X (v)) (here

0 : X (v)→ Auniv is the zero section; this is a line bundle on X (v)). We remark
that the canonical action of Z×p on T preserves T (n, v) (as should be clear from
the description of the fibres above). This induces an action on functions.

If we fix w = n − pn−1
p−1 v, then X (v) ⊆ Xw; this follows for example from

[AIP, Proposition 3.2.1]. We will compare our construction of w-overconvergent
modular forms over X (v) to the notion defined in [Pil]. For the purpose of the
comparison, a Pilloni form of weight V over a quasi-compact open U ⊆ X (v)
is defined to be an element f ∈ OT (n,v)(pr−1(U))⊗̂QpSV (i.e a function on

pr−1(U)× V ⊆ T (n, v)×W . Here we abuse notation and write V also for the
image of the natural map into W induced by V) such that z.f = χ−1V (z)f for
all z ∈ Z×p .
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Now fix U ⊆ X (v) as used in the previous section, such that we have a nowhere
vanishing ηU ∈ ω(U). We freely use the notation of the previous section with
one exception: we use r instead of the already used letter n. Thus we have

functions t
(r)
U ∈ 1 + pmO+

X∞
(U∞) and sU,r ∈ OXK(pr)

(Ur)
× such that

s = t
(r)
U sU,rηU .

Let TU,r(n, v) = T (n, v) ×U Ur. It is an open subset of TU,r := T ×U Ur. It
inherits commuting actions of Gr := K0(p)/K(pr) and Z×p .

Lemma 2.30. Assume that m ≥ n and r ≥ n. Then sU,rηU trivializes
TU,r(n, v).

Proof. We think of sU,rηU as a section Ur → TU,r and we wish to show that
the image lands inside TU,r(n, v), for which it is enough to argue on geometric
points. Take a (C,OC)-point x̄ and lift it to a (C,OC)-point x of X∞. Then
we see that

(sU,rηU )(x̄) = ((t
(r)
U )−1s)(x).

If x̄ = (A, ᾱ) ∈ YgdK(pr) we put x = (A,α). Then s(A,α) = HTA(α(e2))

by definition and this maps to a generator of H∨n via the canonical map
G[pn] ∼= G[pn]∨ → H∨n , so s(A,α) lies in the fibre of TU,r(n, v) over (A, ᾱ).
This proves that s(x) lies in the fibre of TU,r(n, v) over x̄ for all x. The result

follows since t
(r)
U is small. �

The assumption m ≥ n and r ≥ n will be in force throughout the rest of this
section so that the Lemma applies. Recall what we proved in the process
of proving Theorem 2.28: w-overconvergent modular forms f of weight V
over U identifies, via the map f 7→ f0 := χV(t

(r)
U )f , with functions f0 ∈

OX (pr)(Ur)⊗̂QpSV such that

γ∗f0 = χV(jU,r(γ))−1f0

for all γ ∈ Gr.
Proposition 2.31. (1) The space of Pilloni forms of weight V over U is

isomorphic, via pullback, to the space of functions g on TU,r(n, v) × V
such that z.g = χV(z)−1g for all z ∈ Z×p and γ∗g = g for all γ ∈ Gr.

(2) The space of w-overconvergent modular forms of weight V over U is
isomorphic to the space of functions g0 on TU,r(n, v) × V such that
z.g0 = g0 for all z ∈ Z×p and γ∗g0 = χV(jU,r(γ))−1g0 for all γ ∈ Gr.
The isomorphism is the map f 7→ f0 above composed with pullback from
Ur × V to TU,r(n, v)× V.

Proof. (1) follows from the fact that pr−1(U)×V is the quotient of TU,r(n, v)×V
by Gr . The proof of (2) is a similar descent. �

To identify the two spaces, it remains to go from one kind of function on
TU,r(n,w)×V to the other. The key lies in trivializing the cocycle χV(jU,r(γ)).
Note that sU,rηU , as a nowhere vanishing section of TU,r also canonically defines
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a function on TU,r minus the zero section which we will denote by (sU,rηU )∨.

The same applies to ηU itself and we have (sU,rηU )∨ = s−1U,rη
∨
U . By restriction

we obtain functions on TU,r(n, v).

Lemma 2.32. (sU,rηU )∨ ∈ Z×p .(1 + pwO+
TU,r(TU,r(n, v))).

Proof. This follows directly from Lemma 2.30. �

This implies that we may apply χV to (sU,rηU )∨, and we may therefore define

a OX (v)(U)⊗̂QpSV -module isomorphism

Φ : OTU,r (TU,r(n, v))⊗̂QpSV → OTU,r (TU,r(n, v))⊗̂QpSV

which is simply multiplication by χV((sU,rηU )∨):

Φ(h) = χV((sU,rηU )∨)h.

Theorem 2.33. The image of the space of functions in part (1) of Proposition
2.31 under Φ is the space of functions in part (2) of Proposition 2.31. Moreover,
the induced isomorphism between the space of w-overconvergent modular forms
of weight V over U and the space of Pilloni forms of weight V over U is
independent of all choices and hence the isomorphisms for varying U glue
together to an isomorphism of sheaves over Xw.
Proof. For the first part, the key thing to notice is that

jU,r(γ) =
(sU,rηU )∨

γ∗(sU,rηU )∨

and hence that

χV(jU,r(γ))−1 =
χV(γ∗(sU,rηU )∨)

χV((sU,rηU )∨)
.

The rest is then a straightforward computation. For the second part we
remark that the composite isomorphism from w-overconvergent modular forms
to Pilloni forms is given by

f 7→ χV(t
(r)
U )χV((sU,rηU )∨)−1f

and then descending the right hand side to pr−1(U)×V . Morally, the right hand

side is equal to χV(s∨)−1f (recall that t
(r)
U sU,rηU = s) and hence independent of

the choices made. To turn this into a rigorous argument is straightforward but
tedious and notationally cumbersome. We leave the details to the interested
reader. �

3. Overconvergent modular symbols

We will recall some material on overconvergent modular symbols in the form we
need. Most of these constructions are probably well known with the exception
of certain filtrations defined in [Han2].
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3.1. Basic definitions and the filtrations. Let As be the affinoid ring
over Qp defined by

As = {f : Zp → Qp | f analytic on eachpsZp − coset}.
We let As,◦ denote the subring of powerbounded elements of As. Given a
weight U , consider the module

A
s,◦
U = As,◦⊗̂ZpA

◦
U

where the completion is the p-adic completion. Recall the Amice basis (esj)j≥0
of As,◦ from Theorem 2.5. Using it we may write A

s,◦
U as

A
s,◦
U =

⊕̂
j≥0

A◦Ue
s
j

and hence view elements of As,◦
U as functions Zp → A◦U . For any s ≥ sU and

any d ∈ Z×p , c ∈ pZp, x 7→ χU(cx+d) defines an element of As,◦
U (by calculations

very similar to those in the proof of Proposition 2.6), and we then consider As,◦
U

endowed with the right ∆0(p)-action

(f ·U γ)(x) = χU (cx+ d)f

(
ax+ b

cx+ d

)
;

one checks without too much trouble that f ·U γ ∈ A
s,◦
U . We set D

s,◦
U =

HomA◦
U

(As,◦
U , A◦U) and Ds

U = D
s,◦
U [ 1p ], with the dual left action. It is the

continuous AU [ 1p ]-dual of the AU [ 1p ]-Banach module As
U := A

s,◦
U [ 1p ]. Note that

D
s,◦
U = HomZp(A

s,◦, A◦U ).

The Amice basis gives an orthonormal AU [ 1p ]-basis of As
U and induces an

isomorphism

Ds
U −̃→

∏

j≥0
A◦U

given by
µ 7→ (µ(esj))j≥0.

Proposition 3.1. Let U = (RU , χU ) be a small weight and let s ≥ 1 + sU .

(1) D
s,◦
U admits a decreasing ∆0(p)-stable filtration by sub-RU -modules

D
s,◦
U = Fil0Ds,◦

U ⊃ Fil1Ds,◦
U ⊃ · · · ⊃ FiliDs,◦

U ⊃ · · ·
such that each quotient D

s,◦
U /FilkDs,◦

U is a finite abelian group of ex-

ponent pk, the group K(ps+k) acts trivially on D
s,◦
U /FilkDs,◦

U , and

D
s,◦
U
∼= lim←−kD

s,◦
U /FilkDs,◦

U .

(2) D
s,◦
U , with the topology induced by the submodules (FilkDs,◦

U )k≥0, is a
profinite flat Zp-module.

Proof. We will only recall how the filtrations are constructed and refer to [Han2,

§2.2] for the details (note that (2) is a consequence of (1)). The module FilkDs,◦
U

is defined to be the kernel of the natural map

D
s,◦
U → D

s−1,◦
U /akUD

s−1,◦
U ,
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where we recall that aU is our fixed choice of ideal of definition for the profinite
topology on RU . �

Let k ≥ 2 be an integer and let A be a ring. We let Lk(A) denote the module
of polynomials A[X ]deg≤k−2 with left M2(A)-action

(δ ·k p)(X) = (d+ bX)k−2p

(
c+ aX

d + bX

)
,

and set in particular Lk = Lk(Qp) and L ◦k = Lk(Zp). By direct calculation,
the map

ρk : Ds,◦
k → L ◦k

µ 7→
∫

(1 +Xx)k−2µ(x) =

=

k−2∑

j=0

(
k − 2
j

)
µ(xj)Xj

is ∆0(p)-equivariant.

Definition 3.2. The integration map in weight k, denoted ik, is the ∆0(p)-
equivariant map ik : Ds,◦

U → L ◦k defined by ik = ρk ◦ σk.
3.2. Slope decompositions. We will recall material from [AS] and [Han1] in
order to define slope decompositions on the spaces of overconvergent modular
symbols that we are interested in. We will mildly abuse notation by writing
X(C) for the complex Shimura curve of level K := KpK0(p) (viewed as a
Riemann surface). Any K0(p)-module M defines a local system on X(C)
which we will also denote by M . If M in addition is a ∆0(p)-module then
we get induced Hecke actions as well. The spaces of overconvergent modular
symbols that we are interested in are

H1(X(C),Ds
U )

for open weights U . We will give these spaces slope decompositions using the
methods of [Han1]. Almost everything goes through verbatim and we will
content ourselves with a brief discussion. Throughout this section, h will
denote a non-negative rational number. For definitions and generalities on
slope decompositions that we will use we refer to [JN, §2.2] (we remark that
the notion introduced in [AS, §4] needs slight tweaking for the purpose of
constructing the whole eigencurve, as opposed to just local pieces).

Let us start by recalling the general setup from [Han1, §2.1]. We have
the functorial adelic (co)chain complexes Cad

• (K,−) and C•ad(K,−) whose
(co)homology functorially computes homology and cohomology of local sys-
tems attached to ∆0(p)-modules, respectively. Fix once and for all a choice
of triangulation of X(C). This choice gives us functorial complexes C•(K,−)
and C•(K,−), called Borel-Serre complexes, which are chain homotopic to
Cad
• (K,−) and C•ad(K,−) respectively. We fix such a chain homotopy once

and for all. The key features of the Borel-Serre complexes are that there are
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non-negative integers r(i) such that r(i) = 0 for i < 0 and for i sufficiently
large, and such that for any R[∆0(p)]-module M (where R is any commutative
ring),

Ci(K,M) ∼= M r(i)

functorially as R-modules (and similarly for C•(K,−), with the same integers
r(i)). Therefore the total complex

⊕
i Ci(K,M) inherits properties of M , such

as being Banach if R is a Qp-Banach algebra (and also orthonormalizability).
In this case, we have a canonical and functorial topological duality isomorphism

C•(K,HomR,cts(M,P )) ∼= HomR,cts(C•(K,M), P )

where M and P are Banach R-modules.

We now follow [Han1, §3.1] using the orthonormalizable AU [ 1p ]-module As
U ,

where U = (AU , χU ) is an open weight. Our Up-operator is given by the double
coset K0(p)

(
p 0
0 1

)
K0(p) and the formalism gives us lifts to our Borel-Serre

complexes that we denote by Ũ . We note that Ũ ∈ EndAU [ 1p ]
(C•(K,As

U ))

is compact and we denote its Fredholm determinant by FU (X) ∈ AU [ 1p ][[X ]].

The proof of [Han1, Proposition 3.1.1] goes through for small weights to show
that this definition is independent of s. Thus the existence of a slope ≤ h-
decomposition of C•(K,As

U ) is equivalent to the existence of a slope ≤ h-
factorization of FU (X). If V is another open weight with Vrig ⊆ U rig, then
the relation As

V ∼= As
U⊗̂AU [ 1p ]

AV [ 1p ] implies that the FU glue to a power series

F (X) ∈ OW (W )[[X ]]. Also [Han1, Proposition 3.1.2] goes through in this
more general setting: the slope ≤ h-subcomplex C•(K,As

U )≤h of C•(K,As
U )

is independent of s (if it exists) and if Vrig ⊆ U rig then we have a canonical
isomorphism

C•(K,A
s
U )≤h ⊗AU [ 1p ]

AV [
1

p
] ∼= C•(K,A

s
V)≤h.

We say that (U , h) is a slope datum if C•(K,As
U ) has a slope ≤ h-decomposition

or equivalently if FU has a slope ≤ h-factorization. We have the following
version of [Han1, Proposition 3.1.3]:

Proposition 3.3. Assume that (U , h) is a slope datum and that V = (SV , χV)
is an open affinoid weight with V ⊆ U rig. Then there is a canonical isomorphism

H∗(X(C),As
U )≤h ⊗AU [ 1p ]

SV ∼= H∗(X(C),As
V)≤h

for any s ≥ sU .
Proof. When U is affinoid this is exactly [Han1, Proposition 3.1.3], so assume
without loss of generality that U = (AU , χU ) is small. The same proof will
go through if we can verify that AU [ 1p ] → SV is flat. This is standard. One

proof goes as follows: Consider the adic space Spa(AU , AU ) and pick a rational
subset V in its generic fibre which contains V . Then O(V ) → SV is flat
since it corresponds to an open immersion of affinoids in rigid geometry, and
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AU → O(V ) is flat since it is a rational localization in the theory of adic spaces
when the rings of definition are Noetherian. �

We may then give the analogue of the above proposition for H∗(X(C),Ds
U ) (cf.

[Han1, Proposition 3.1.5]).

Proposition 3.4. Assume that (U , h) is a slope datum. Then C•(K,Ds
U ),

and hence H∗(X(C),Ds
U ), admit slope ≤ h-decompositions. If furthermore

V ⊆ U rig is an open affinoid weight, then there are canonical isomorphisms

C•(K,Ds
U )≤h ⊗AU [ 1p ]

SV ∼= C•(K,Ds
V)≤h

and

H∗(X(C),Ds
U )≤h ⊗AU [ 1p ]

SV ∼= H∗(X(C),Ds
V)≤h.

Proof. Using the duality C•(K,Ds
U ) ∼= HomAU [ 1p ],cts

(C•(K,As
U ), AU [ 1p ]) and

the flatness of AU [ 1p ]→ SV the proof of [Han1, Proposition 3.1.5] goes through

verbatim. �

4. Sheaves on the pro-étale site

In the next two sections we will often consider Shimura curves over Cp as well
as Qp. Any rigid analytic variety we have defined may be base changed from
Qp to Cp, and we will denote this base change by a subscript −Cp , e.g. XCp .
The space XCp may be considered as an object of Xproét using the pro-étale
presentation XCp = lim←−K XK , where K/Qp is finite and XK denotes the base

change of X to K. Note that the slice Xproét/XCp is equivalent to XCp,proét

as sites (use [Sch3, Proposition 3.15] and [Sch1, Proposition 7.4]). We define
X∞ := lim←−K X∞,K (with K as above) where the inverse limit is taken in the

category of perfectoid spaces. Equivalently, we may define it as (the perfectoid
space corresponding to) the perfectoid object lim←−K X∞,K in Xproét; it lives in

Xproét/XCp
∼= XCp,proét. Similar remarks apply to Xw, X∞,w et cetera.

4.1. A handy lemma. Let X be a rigid analytic variety over Spa(Qp,Zp),
G a profinite group, and X∞ a perfectoid space with X∞ → X a pro-étale
G-covering of X , i.e. X∞ ∼ lim←−j Xj where (Xj)j∈J is an inverse system of

rigid analytic varieties finite étale over X equipped with a right action of G,
such that each Xj → X is a finite étale G/Gj -covering for Gj ⊆ G a cofinal
sequence of normal open subgroups. We can and often will view X∞ as an
object in the pro-étale site of X . Let M be a profinite flat Zp-module equipped
with a continuous left G-action. Define a sheaf on the pro-étale site of X by

(M⊗̂OX)(V ) =
(
M⊗̂ÔX(V ×X X∞)

)G
,

where V is a qcqs object in Xproét. Here the right action of G on the tower

(Xi)i induces a left action on ÔX(V∞), and the action indicated is the diagonal
left action g · (m⊗ f) = gm⊗ g∗f .
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Lemma 4.1. Given any presentation M = lim←−iMi, Mi = M/Ii as in Definition

6.3 with each Ii preserved by G, the sheaf M⊗̂OX coincides with the sheaf

Q̂p ⊗Ẑp
lim←−
i

(
ν∗M̃i ⊗Zp O+

X

)
,

where M̃i is the locally constant sheaf on Xét associated with Mi, and we recall
that ν : Xproét → Xét is the canonical morphism of sites.

Proof. We may check this on affinoid perfectoid V ∈ Xproét since these form
a basis of Xproét (and are qcqs). Set V∞ = V ×X X∞, this is also affinoid
perfectoid (see e.g. the proof of [Sch3, Lemma 4.6]). Each Mi is finite abelian
group of p-power exponent. The key observation is then that there is an almost
equality

Mi ⊗Zp Ô+
X(V∞) =a (ν∗M̃i ⊗Zp O+

X)(V∞)

using [Sch3, Lemma 4.10]. Taking G-invariants we see that, since V∞ → V is
a G-cover, (

Mi ⊗Zp Ô+
X(V∞)

)G
=a (ν∗M̃i ⊗Zp O+

X)(V )

by Lemma 2.24. Now take inverse limits and invert p, and use that these
operations commute with taking G-invariants. �

4.2. Sheaves of overconvergent distributions. We introduce certain
pro-étale sheaves that compute overconvergent modular symbols and carry a
Galois action. When L is a locally constant constructible sheaf on the étale
site of a rigid analytic variety, we may pull it back to a sheaf ν∗L on the pro-
étale site. We will often abuse notation and denote ν∗L by L as well; by [Sch3,
Corollary 3.17] there is little harm in this. For the rest of this section we will let

U = (RU , χU ) be a small weight. Note that the K0(p)-modules D
s,◦
U /FilkDs,◦

U
define locally constant constructible sheaves on the étale site Xét.

Definition 4.2. Let U be a small weight and let s ≥ 1 + sU . Set

V
s,◦
U = lim←−

k

H1
ét(XCp ,D

s,◦
U /FilkDs,◦

U )

= lim←−
k

H1
proét(XCp ,D

s,◦
U /FilkDs,◦

U )

and

V
s,◦
U ,OCp

= lim←−
k

(
H1

proét(XCp ,D
s,◦
U /FilkDs,◦

U )⊗Zp OCp

)
.

We also define Vs
U = V

s,◦
U [ 1p ] and Vs

U ,Cp = V
s,◦
U ,OCp

[ 1p ].

These objects carry natural global Galois actions. We have the following
comparison:

Proposition 4.3. There is a canonical Hecke-equivariant isomorphism Vs
U ∼=

H1(X(C),Ds
U ).
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Proof. Artin’s comparison theorem between étale and singular cohomology
gives us canonical Hecke-equivariant isomorphisms

H1
ét(XCp ,D

s,◦
U /FilkDs,◦

U ) ∼= H1(X(C),Ds,◦
U /FilkDs,◦

U )

for all k. Now take inverse limits and invert p. For this to do the job we need
to be able to commute the inverse limit and the H1 on the right hand side. But
we may do this since the relevant higher inverse limits vanish, by finiteness of
D
s,◦
U /FilkDs,◦

U and by applying [Sch3, Lemma 3.18]. �

We now introduce a sheaf on Xproét that computes overconvergent modular
symbols.

Proposition 4.4. Let U be a small weight. There is a canonical Hecke- and
Galois-equivariant isomorphism

Vs
U ,Cp

∼= H1
proét(XCp ,ODs

U )

where ODs
U is the sheaf on Xproét defined by

ODs
U :=

(
lim←−
k

(
(Ds,◦
U /FilkDs,◦

U )⊗Zp O+
XCp

))[1

p

]
.

Proof. By [Sch3, Theorem 5.1]), we have an almost isomorphism

H1
proét(XCp ,D

s,◦
U /FilkDs,◦

U )⊗Zp OCp

a∼= H1
proét(XCp , (D

s,◦
U /FilkDs,◦

U )⊗Zp O+
XCp

)

of OCp -modules. Passing to the inverse limit over k, note that on one hand,

the higher inverse limits of any Hi
proét(XCp ,D

s,◦
U /FilkDs,◦

U )⊗ZpOCp vanish since

Hi
proét(XCp ,D

s,◦
U /FilkDs,◦

U ) is finite (by the finiteness properties of Fil•Ds,◦
U ),

thus Hi
proét(XCp ,D

s,◦
U /FilkDs,◦

U ) ⊗Zp OCp satisfy the Mittag-Leffler condition.
On the other hand the higher inverse limit

Ri lim←−
k

((Ds,◦
U /FilkDs,◦

U )⊗Zp O+
X)

vanishes for i > 0. This follows from [Sch3, Lemma 3.18] upon noting that
(in the notation of Lemma 4.1, with X = XCp , X∞ = X∞,Cp and G = K0(p))
objects of the form V∞ give a basis of XCp,proét satisfying the hypotheses of
that lemma. Thus we may commute the inverse limit with taking cohomology
on the right hand side. Inverting p we get the result. �

Let V = lim←−i Vi → X be a pro-étale presentation of an affinoid perfectoid object

of Xproét, and let V∞ = V ×X X∞. This is still affinoid perfectoid and V∞ → V
is pro-étale. The following is immediate from Lemma 4.1:

Lemma 4.5. Let U be a small weight. The sheaf ODs
U admits the following

explicit description on qcqs V ∈ Xproét:

ODs
U (V ) =

(
D
s,◦
U ⊗̂ÔX (V∞)

)K0(p)

.

Documenta Mathematica 22 (2017) 191–262



228 P. Chojecki, David Hansen and Christian Johansson

We remark that the sheaf V∞ 7→ D
s,◦
U ⊗̂ÔX (V∞) on Xproét/X∞ is ∆0(p)-

equivariant and the induced Hecke action on ODs
U agrees with the natural

action by correspondences.

4.3. Completed sheaves of overconvergent modular forms. Let q :
X∞ → X be the natural projection as before. Recall that for any weight U
and any w ≥ 1 + sU , we have the sheaf ω†U ,w of overconvergent modular forms
of weight U on the analytic site of Xw, whose sections over a rational subset
U ⊆ Xw are given by

ω†U ,w(U) =
{
f ∈ OX∞(U∞)⊗̂AU | γ∗f = χU (bz + d)−1f ∀γ ∈ K0(p)

}
.

We may similarly define a sheaf ω†U ,w,Cp on the analytic site of Xw,Cp by

ω†U ,w,Cp(U) =
{
f ∈ OX∞,Cp

(U∞)⊗̂AU | γ∗f = χU (bz + d)−1f ∀γ ∈ K0(p)
}

with U ⊆ Xw,Cp quasi-compact. We now define completed versions of these
sheaves.

Definition 4.6. We define a sheaf ω̂†U ,w on Xw,proét by

ω̂†U ,w(V ) =
{
f ∈ ÔXw(V∞)⊗̂AU | γ∗f = χU (bz + d)−1f ∀γ ∈ K0(p)

}
,

where V ∈ Xw,proét is qcqs and V∞ = V ×Xw X∞,w. We let ω̂†U ,w,Cp denote the

restriction of ω̂†U ,w to the slice Xw,proét/Xw,Cp ∼= Xw,Cp,proét.
Let us write η for the canonical morphism of sites from the étale site to the
analytic site, and put λ = η ◦ ν.

Proposition 4.7. There are canonical isomorphisms

ω̂†U ,w
∼= λ∗ω†U ,w ⊗OXw ⊗̂AU

(ÔXw⊗̂AU )

and
ω̂†U ,w,Cp

∼= λ∗ω†U ,w,Cp ⊗OXw,Cp
⊗̂AU

(ÔXw,Cp ⊗̂AU ).

This has the following consequences:

(1) We have a canonical isomorphism

ω̂†U ,w
∼= ν∗ω†U ,w ⊗OXw ⊗̂AU

(ÔXw ⊗̂AU )

and similarly for the Cp-sheaves, where we abuse the notation and write

ω†U ,w also for the étale sheaf η∗ω†U ,w ⊗OXw,an⊗̂AU
(OXw,ét⊗̂AU ) (where

we have written out ”an” and ”et” for clarity).

(2) ω†U ,w,Cp is the base change of ω†U ,w from Xw to Xw,Cp (see Lemma 6.21)

and hence ω†U ,w,Cp = Loc(ω†U ,w,Cp(Xw,Cp)).

(3) We have a canonical isomorphism ν∗ω̂
†
U ,w,Cp

∼= ω†U ,w,Cp and

R1ν∗ω̂
†
U ,w,Cp = ω†U ,w,Cp ⊗OXw,Cp

Ω1
Xw,Cp (−1).

Furthermore, Riν∗ω̂
†
U ,w,Cp vanishes for i ≥ 2.
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Proof. The isomorphisms are proven by repeating much of the proof of Theorem
2.28 (including the preliminary lemmas). We focus on the Qp-sheaves; the case
of the Cp-sheaves is identical. Let V ∈ Xw,proét be an affinoid perfectoid with
image U in Xw and assume without loss of generality that U is a rational subset
of Xw and that ω|U is trivial. We use the notation of the proof of Theorem
2.28 freely. Arguing in the same way we obtain isomorphisms

ω̂†U ,w(V ) ∼= (ÔXw (Vn)⊗̂AU )Gn

and

(ν∗ω†U ,w ⊗OXw ⊗̂AU
(ÔXw⊗̂AU ))(V ) ∼=

∼= (ÔXw (Un)⊗̂AU )Gn ⊗ÔXw (U)⊗̂AU
(ÔXw (V )⊗̂AU )

where Vn = Un×U V and Gn acts by the twisted action f0 7→ χU (jU,n(γ))γ∗f0.
Applying Lemma 6.7 twice one obtains a Gn-equivariant isomorphism

ÔXw(Vn)⊗̂AU ∼= (ÔXw(Un)⊗̂AU )⊗ÔXw (U)⊗̂AU
(ÔXw(V )⊗̂AU ).

Taking invariants we obtain we desired isomorphism.

Assertion (1) then follows by transitivity of pullbacks. To prove (2), first

evaluate the isomorphism for ω̂†U ,w on U ⊆ Xw,Cp to see that ω̂†U ,w,Cp restricted

to the analytic site of Xw,Cp is the base change of ω†U ,w, and then restrict the

second isomorphism to the analytic site of Xw,Cp to get the first part (2). The
second then follows from Lemma 6.21.

To prove (3) we apply the projection formula to the isomorphism in (1) to get

Riν∗ω̂
†
U ,w,Cp

∼= ω†U ,w,Cp ⊗(OXw,Cp
⊗̂AU ) R

iν∗(ÔXw,Cp ⊗̂AU ),

and the result then follows from Corollary 6.9. �

Corollary 4.8. The Leray spectral sequence

Hi
ét(Xw,Cp , Rjν∗ω̂†U ,w,Cp)⇒ Hi+j

proét(Xw,Cp , ω̂
†
U ,w,Cp)

induces a canonical Hecke- and Galois-equivariant isomorphism

H1
proét(Xw,Cp , ω̂†U ,w,Cp) ∼= H0(Xw,Cp , ω†U ,w,Cp ⊗OXw,Cp

Ω1
Xw,Cp )(−1)

Proof. By Proposition 4.7 Rjν∗ω̂
†
U ,w,Cp is a locally projective OXw,Cp ⊗̂AU -

module for all j and hence has no higher cohomology by (the étale version
of) Proposition 6.15. Therefore the Leray spectral sequence degenerates at the
E2-page, giving us isomorphisms

H0
ét(Xw,Cp , Rjν∗ω̂†U ,w,Cp) ∼= Hj

proét(Xw,Cp , ω̂
†
U ,w,Cp)

for all j. Now apply Proposition 4.7 again.

For Hecke-equivariance we focus on the Hecke operators away from p; the Hecke
equivariance at p follows by the same arguments but is notationally slightly
different. We will only check compatibility for the trace maps (compatibility
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for pullbacks follow from functoriality), and we put ourselves in the situation
of Proposition 2.19. By the first isomorphisms in Proposition 4.7, the trace
map t of Proposition 2.19(2) induces a trace map

t̂ : fproét,∗ω̂
†
U ,w,Cp,Kp

2
→ ω̂†U ,w,Cp,Kp

1
.

We need to check that the diagram

H1
proét(Xw,Cp,Kp

2
, ω̂†U ,w,Cp,Kp

2
) //

t̂

��

H0(Xw,Cp,Kp
2
, ω†U ,w,Cp,Kp

2
⊗ Ω1)(−1)

��
H1

proét(Xw,Cp,Kp
1
, ω̂†U ,w,Cp,Kp

1
) // H0(Xw,Cp,Kp

1
, ω†U ,w,Cp,Kp

1
⊗ Ω1)(−1)

commutes, where the left hand vertical arrow is induced by t̂ as in Lemma
4.9(2) and the right hand vertical arrow is induced by t in the obvious way.
We do this in two steps. For the first step, we note that Lemma 4.9(3) gives a
commutative diagram

H1
proét(Xw,Cp,Kp

2
, ω̂†U ,w,Cp,Kp

2
) //

t̂

��

H0(Xw,Cp,Kp
2
, R1ν∗ω̂

†
U ,w,Cp,Kp

2
)

R1ν∗ t̂

��
H1

proét(Xw,Cp,Kp
1
, ω̂†U ,w,Cp,Kp

1
) // H0(Xw,Cp,Kp

1
, R1ν∗ω̂

†
U ,w,Cp,Kp

1
).

For the second step, we claim that the diagram

R1ν∗ω̂
†
U ,w,Cp,Kp

2

//

R1ν∗ t̂

��

ω†U ,w,Cp,Kp
2
⊗ Ω1(−1)

t

��
R1ν∗ω̂

†
U ,w,Cp,Kp

1

// ω†U ,w,Cp,Kp
1
⊗ Ω1(−1)

commutes, where the horizontal arrows are the isomorphisms of Proposition
4.7(3); this follows upon combining the first isomorphism of Proposition 4.7,
the pullback-pushforward adjunction of ν, and Lemma 4.10. �

Lemma 4.9. Let f : X → Y be a finite étale morphism of rigid analytic
varieties.

(1) The functor fproét,∗ is exact.
(2) Suppose we are given abelian sheaves F and G on Xproét and Yproét,

respectively, together with a “trace” map t : fproét,∗F → G of abelian
sheaves on Yproét. Then t induces a canonical map t : Hn

proét(X,F)→
Hn

proét(Y,G) together with derived trace maps Riν∗t : fét,∗RiνX,∗F →
RiνY,∗G of abelian sheaves on Yét.

(3) The maps in (2) are compatible with the Grothendieck spectral sequences
for RΓproét = RΓét ◦Rν∗, i.e. the maps t and Riν∗t fit into compatible
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morphisms

Hi
ét(X,R

jνX,∗F) +3

Rjν∗t

��

Hi+j
proét(X,F)

t

��
Hi

ét(Y,R
jνY,∗G) +3 Hi+j

proét(Y,G)

of pro-étale cohomology groups and of the spectral sequences computing
them.

Proof. To prove right-exactness of fproét,∗ we need to check that it preserves
surjections. For this we may work étale locally on Y , so we may pick an étale
cover which splits f and the assertion is then trivial.

For (2) and (3), we argue as follows. By (1), the Leray spectral sequence gives
an isomorphism Hn

proét(X,F) ∼= Hn
proét(Y, fproét,∗F), so composing this with

the evident map Hn
proét(Y, fproét,∗F)→ Hn

proét(Y,G) gives the claimed map on
pro-étale cohomology. On the other hand, a direct calculation gives a natural
isomorphism fét,∗νX,∗ ∼= νY,∗fproét,∗ as functors Sh(Xproét) → Sh(Yét). In-
deed, both functors send a sheaf F to the sheaf associated with the presheaf
U 7→ F(U ×Y X) (where U ×Y X is regarded as an element of Xproét).
Since all these functors preserve injectives, we may pass to total derived func-
tors, getting Rfét,∗RνX,∗ ∼= RνY,∗Rfproét,∗ as functors D+(Sh(Xproét)) →
D+(Sh(Yét)). Since fproét,∗ and fét,∗ are both exact functors, this becomes
fét,∗RνX,∗ ∼= RνY,∗fproét,∗. Applying this to F and composing with the evident
map RνY,∗fproét,∗F → RνY,∗G induced by t gives a map Rν∗t : fét,∗RνX,∗F →
RνY,∗G, and we obtain the maps Riν∗t upon passing to cohomology sheaves.
Finally, (3) follows by applying RΓY,ét to the map Rν∗t, in combination with
the isomorphism RΓX,étRνX,∗ ∼= RΓY,étfét,∗RνX,∗. �

Lemma 4.10. Maintain the setup of the previous lemma, and suppose X and
Y are smooth and are defined over a complete algebraically closed extension

C/Qp. Take F = ÔX and G = ÔY , and let t be the natural ÔY -linear trace map

t̂r : fproét,∗ÔX → ÔY . Then Riν∗t̂r : fét,∗RiνX,∗ÔX → RiνY,∗ÔY coincides
with the composite map

fét,∗R
iνX,∗ÔX ∼= fét,∗Ω

i
X(−i) ∼= ΩiY (−i)⊗OY fét,∗OX

1⊗tr
−→ ΩiY (−i) ∼= RiνY,∗ÔY .

Proof. This follows from a careful reading of the proof of Lemma 3.24 of [Sch2].
Let us give a very brief outline of the argument. One considers a short exact
sequence SX

0→ Ẑp(1)→ lim←−×p
O×X → O×X → 0

as in Lemma 3.24 of [Sch2]. We have also an analogous short exact sequence
SY on Y and a norm map fproét,∗SX → SY on Yproét. To both SX and SY we
can associate commutative diagrams as in [Sch2, Lemma 3.24] and one shows
that they fit together into a commutative cube. Chasing through this cube
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gives us a lemma for i = 1. The general case follows from this as in [Sch2,
Proposition 3.23] by taking exterior products. �

4.4. The overconvergent Eichler-Shimura map. Working with the pro-
étale site of Xw has the advantage of allowing us to define the overconvergent
Eichler-Shimura map at the level of sheaves explicitly, using the cover X∞,w
and the fundamental period z.

Fix a small weight U . The following proposition is the key step in the con-
struction of the overconvergent Eichler-Shimura map.

Proposition 4.11. Let w ≥ 1 + sU and s ≥ 1 + sU . Let V∞ ∈ Xw,proét/X∞,w
be qcqs. We have a map

βU : Ds,◦
U ⊗̂ÔXw(V∞)→ RU ⊗̂ÔXw(V∞)

defined on pure tensors by βU : µ⊗f 7→ µ(χU (1+zx))f . Here we use Proposition

2.6, with B = ÔXw(V∞), to be able to apply χU to 1 + zx for any x ∈ Zp. This
defines a morphism of sheaves on Xw,proét/X∞,w. βU satisfies the equivariance
relation

βU(γ∗h) = χU (bz + d)γ∗βU (h)

for any γ ∈ ∆0(p), V∞ ∈ Xw,proét qcqs and h ∈ D
s,◦
U ⊗̂ÔXw(γ−1V∞). In

particular, pushing forward to Xw,proét and passing to K0(p)-invariants, βU
induces an RU -linear and Hecke equivariant map

δU : ODs
U → ω̂†U ,w

of abelian sheaves on Xw,proét.

Here we are interpreting χU(1 + zx) as an element of A
s,◦
U ⊗̂ÔXw(V∞), and

extending µ by linearity and continuity to an RU ⊗̂ÔXw(V∞)-linear map

A
s,◦
U ⊗̂ÔXw(V∞)→ RU⊗̂ÔXw(V∞).

Proof. First we check that βU is well defined, i.e. that the description on pure
tensors extends by continuity. To do this, note that the description on tensors
define compatible maps

(Ds−1,◦
U /akUD

s−1,◦
U )⊗Zp ÔXw(V∞)→ (RU/a

k
U)⊗Zp ÔXw(V∞)

for all k. By the definition of the filtrations we then get compatible maps

(Ds,◦
U /FilkDs,◦

U )⊗Zp ÔXw(V∞)→ (RU/a
k
U)⊗Zp ÔXw(V∞).
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Taking limits and inverting p we get the desired map. It is then enough to
check equivariance on pure tensors h = µ⊗ f . We compute

βU (γh) = (γ ·U µ)(χU (1 + zx))γ∗f

= µ

(
χU (cx+ d)χU (1 + z

ax+ b

cx+ d
)

)
γ∗f

= µ (χU(cx+ d+ z(ax+ b))) γ∗f

= µ

(
χU (bz + d)χU (1 + x

az + c

bz + d
)

)
γ∗f

= χU (bz + d)µ

(
χU (1 + x

az + c

bz + d
)

)
γ∗f

= χU (bz + d)γ∗ (µ (χU (1 + zx)) f)

= χU (bz + d)γ∗βU (h)

and arrive at the desired conclusion. We leave the Hecke equivariance away
from p to the reader. �

The map δU is our version of the map δ∨k (w) from [AIS2, §4.2]. We may then
define the overconvergent Eichler-Shimura map at the level of spaces in the
same way as in [AIS2]:

Definition 4.12. Let U be a small weight. The weight U overconvergent
Eichler-Shimura map ESU is given as the composite

Vs
U ,Cp

∼=
∼= H1

proét(XCp ,ODs
U )

res→ H1
proét(Xw,Cp ,ODs

U )
δU→ H1

proét(Xw,Cp , ω̂†U ,w,Cp) ∼=
∼= H0(Xw,Cp , ω†U ,w,Cp ⊗ Ω1

Xw,Cp )(−1) =:M†,wU ,Cp(−1)

where the first map is induced by restricting cohomology classes along the
inclusion Xw ⊆ X . ESU is Hecke- and GQp -equivariant by Propositions 4.3,
4.4, 4.11 and Corollary 4.8.

The above definition gives also a map ESκ for any individual point κ ∈ W(Qp),
since any such weight is both small and affinoid. Note also that the construction
of ESU is functorial in U : if we have a morphism U → U ′ compatible with the
characters, then we have a commutative diagram

Vs
U ′,Cp

ESU′//

��

M†,wU ′,Cp
(−1)

��
Vs
U ,Cp

ESU //M†,wU ,Cp(−1)
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where the vertical maps are the natural ones. In particular, when U is a small
open weight and κ ∈ U rig, we have a commutative diagram

Vs
U ,Cp

ESU//

��

M†,wU ,Cp(−1)

��
Vs
κ,Cp

ESκ//M†,wκ,Cp(−1).

4.5. Factorization for weights k ≥ 2. To gain some control of the over-
convergent Eichler-Shimura map we will prove that it factors through the p-adic
Eichler-Shimura map defined by Faltings ([Fal]) for integral weights k ∈ Z≥2.
The key step is to prove this factorization on the level of sheaves, which is
the goal of this section. In our setup, this factorization turns out to be rather
transparent.

Let V ∈ Xproét be qcqs and put V∞ = V ×X X∞. Let k ≥ 2. By Lemma 4.5
we know that

ODs
k(V ) = (Ds

k⊗̂QpÔX (V∞))K0(p).

Let Guniv be the universal p-divisible group over X . We define T to be the
relative Tate module of Guniv viewed as a sheaf on Xproét. Let ω be as before.
We then define variants of those sheaves on Xproét by

T̂ = T ⊗Ẑp
ÔX ;

ω̂ = λ∗ω ⊗OX ÔX .
Let us write V̂k = Symk−2(T ) ⊗Ẑp

ÔX = Symk(T̂ ) and identify L ◦k with

Symk−2(Z2
p) via the isomorphism sending X i to ei1e

k−2−i
2 (0 ≤ i ≤ k − 2).

This identifies the M2(Zp)-action on L ◦k with the standard left action on

Symk−2(Z2
p).

Lemma 4.13. For any V ∈ Xproét qcqs, we have V̂k(V ) ∼= (Lk ⊗Qp

ÔX (V∞))K0(p).

Proof. Follows from Lemma 4.1 upon noting that T (V∞) ∼= L ◦1 functorially in
V and ∆0(p)-equivariantly via the universal trivialization over X∞. �

The above lemma and Lemma 4.5 gives us a map

ODs
k(V )→ V̂k(V )

induced by the integration map

ik : Ds
k → Lk

defined in Definition 3.2.

Let s ∈ H0(X∞,w, ω) be the non-vanishing section defined in §2.4. Recall that

ω̂†k,w(V ) = {f ∈ ÔXw(V∞)|γ∗f = (bz + d)−kf}
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for V ∈ Xw,proét qcqs.

Lemma 4.14. We have

ω̂†k,w
∼= (ω̂⊗k−2)|Xw

via the map

f 7→ f · s⊗k−2

Proof. For V qcqs the map induces an isomorphism between ω̂†k,w(V ) and the

set {η ∈ ω̂⊗k−2(V∞) | γ∗η = η} using the transformation rule for s. By an
argument similar to that in the (first half of the) proof of Lemma 2.26 the latter
is functorially isomorphic to ω̂⊗k−2(V ). �

Recall the linearized Hodge-Tate map

T̂ → ω̂

as a map of sheaves of Xproét. Taking (k − 2)-th symmetric powers we get a
map

V̂k → ω̂⊗k−2.

Restricting to Xw and using Lemma 4.14 we get a map

vk : V̂k → (ω̂⊗k−2)|X∞,w
∼= ω̂†k,w

which we want to describe explicitly:

Lemma 4.15. Let k ≥ 2 and let V∞ ∈ Xw,proét/X∞ be qcqs. Define a map

Lk ⊗Qp ÔXw(V∞)→ ÔXw(V∞)

by X i 7→ zi for 0 ≤ i ≤ k − 2. This is an ÔX -linear and ∆0(p)-equivariant
morphism of sheaves on Xw,proét/X∞. Pushing forward to Xw,proét and taking

K0(p)-invariants we get a map V̂k → ω̂†k,w. Evaluating this on V ∈ Xw,proét
qcqs and putting V∞ = V ×X X∞,w, we obtain a map

(Lk ⊗Qp ÔXw(V∞))K0(p) → ω̂†k,w(V ).

which is equal to vk (using Lemma 4.13).

Proof. We describe the map V̂k → ω̂⊗k−2 and then use the isomorphism of the
previous lemma. Over V∞, the sheaf ω̂⊗k−2 is trivialized by s⊗k−2, so vk is
morphism

Lk ⊗Qp ÔXw(V∞)→ ÔXw(V∞)s⊗k−2.

From the definitions we see that it sends X i to HT(α(e1))i HT(α(e2))k−2−i

where α denotes the trivialization of T over V∞ and HT denotes the Hodge-
Tate map. By definition, s = HT(α(e2)) and over Xw we have the relation
HT(α(e1)) = zHT(α(e2)). Thus X i is sent to zis⊗k−2. Finally observe that
the isomorphism of Lemma 4.14 sends s⊗k−2 to 1. �

We can now prove the factorization theorem at the level of sheaves for our
overconvergent Eichler-Shimura map.
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Proposition 4.16. For k ≥ 2 we have a commutative diagram:

ODs
k

µ 7→ µ((1 + zx)k−2)
//

µ 7→ µ((1 +Xx)k−2)

��

ω̂†k,w

V̂k

X i 7→ zi

55❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧

Proof. It follows from our prior discussion and Lemma 4.15. �

Remark 4.17. This diagram, which is a diagram of sheaves over Xw, may be
viewed as the restriction of the following diagram of sheaves over X :

ODs
k

µ 7→ µ((1 + zx)k−2)s⊗k−2
//

µ 7→ µ((1 +Xx)k−2)

��

ω̂⊗k−2

V̂k
X i 7→ zis⊗k−2

55❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦

using the isomorphism of Lemma 4.14. Note that although z and s do not
extend to X∞, the products zis⊗k−2 do extend to X∞ for all 0 ≤ i ≤ k − 2, so
the formulas in the diagram make sense. This will cause our overconvergent
Eichler-Shimura maps to have very large kernels at classical weights k ≥ 2 (see
§5.2).

5. The overconvergent Eichler-Shimura map over the eigencurve

In this section we prove our main results concerning the overconvergent Eichler-
Shimura map. These results are analogous to the main results of [AIS2].
However, the payoff for working with arbitrary small open weights is that we
may glue our overconvergent Eichler-Shimura maps for different small open
weights into a morphism of coherent sheaves over the eigencurve. This allows
us to work over rather arbitrary regions of weight space and with general slope
cutoffs, as opposed to the rather special open discs inside the analytic part of
weight space used in [AIS2].

5.1. Sheaves on the eigencurve. Let U be a small weight and let s ≥ 1+sU .
Recall we have defined the modules

Vs
U = H1

proét(XCp ,D
s
U);

Vs
U ,Cp

∼= H1
proét(XCp ,ODs

U );

M†,wU = H0(Xw, ω†U ,w ⊗OXw
Ω1
Xw);

M†,wU ,Cp = H0(Xw,Cp , ω†U ,w,Cp ⊗OXw,Cp
Ω1
Xw,Cp ).
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In this subsection we spread the finite-slope pieces of these modules into sheaves
on the whole eigencurve C = CKp , and we glue our Eichler-Shimura maps into
a morphism of sheaves.

Recall the rigid analytic weight space W = Spf(Zp[[Z×p ]])rig, with its universal

character χW : Z×p → O(W)×. If U is an open weight, we write Obd(U rig) for

the ring of bounded functions on U rig. This is a Banach Qp-algebra equal to
AU [ 1p ] as a dense subring, and with a natural map O(W) → O(U rig). Recall

that we have defined the Fredholm determinant

FU (T ) = det(1− ŨT |C•(K,As
U ))

in §3.2. It is an element of O(U rig)bd{{T }}, the ring of entire power series with
coefficients in Obd(Urig){{T }}, and we showed that it glues to a Fredholm
series F (T ) ∈ O(W){{T }} (see e.g. [Han1, Definition 4.1.1] for the definition
of a Fredholm series). Now let V = (SV , χV) be an open affinoid weight.

Arguing as in [Pil, §5.2] we see that M†,wV satisfies Buzzard’s property (Pr)
over SV (i.e. it is a direct summand of an orthonormalizable SV -module, see
the paragraph before Lemma 2.11 of [Buz3]). Since Up is compact we get a
Fredholm determinant

GV (T ) = det(1− UpT |M†,wV )

in O(V){{T }} and these glue to a Fredholm series G(T ) ∈ O(W){{T }}. Let
us set H(T ) = F (T )G(T ), this is also a Fredholm series. Recall ([Han1,
§4.1]) that a Fredholm hypersurface is a closed subvariety of W × A1 cut
out by a Fredholm series. Given a Fredholm series f we write Z (f) for the
corresponding Fredholm hypersurface. Recall that, if h ∈ Q≥0 and W ⊆ W is
open, then f has a slope ≤ h-decomposition in Obd(W ){{T }} if and only if the
natural map ZW,h(f) := Z (f) ∩ (W × B[0, h]) → B[0, h] is finite flat, where
B[0, h] ⊆ A1 is the closed disc around 0 of radius ph. We say that (W,h) is
slope-adapted for f if these equivalent conditions hold. We have the following
key result:

Lemma 5.1. There exists a collection of pairs (Vi, hi), with V ⊆ W open and
affinoid and hi ∈ Q≥0, such that (Vi, hi) is slope-adapted for H for all i and
the (ZVi,hi(H))i form an open (admissible) cover of Z (H). Moreover, for

each i we may find a small open weight Ui such that Vi ⊆ U rig
i and (U rig

i , hi) is
slope-adapted for H.

Proof. See [Han2, Lemmas 2.3.1-2.3.4] (the first part is a theorem of Coleman-
Mazur and Buzzard and is the key step in the ”eigenvariety machine”, cf.
[Buz3, Theorem 4.6]). �

Fix collections Vi, Ui and hi satisfying the conclusions of Lemma. For now, let
h ∈ Q≥0 and let U be any small open weight such that (Urig, h) is slope-adapted
for H , and let V ⊆ U rig be an open affinoid weight. Recall our overconvergent
Eichler-Shimura map

ESU : Vs
U ,Cp →M

†,w
U ,Cp(−1).
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Since (U rig, h) is slope-adapted for H (and hence for F and G) and ESU is
Hecke-equivariant we may take slope ≤ h-parts on both sides to obtain an
RU [ 1p ]-linear map

ESU ,≤h : Vs
U ,Cp,≤h →M

†,w
U ,Cp,≤h(−1)

of finite projective RU [ 1p ]-modules. We may compose with this map the natural

mapM†,wU ,Cp,≤h(−1)→M†,wV,Cp,≤h(−1) and tensor the source with SV to obtain

an SV -linear map

ESV,≤h : Vs
V,Cp,≤h

∼= Vs
U ,Cp,≤h ⊗RU [ 1p ]

SV →M†,wV,Cp,≤h(−1)

where the first isomorphism is that of Proposition 3.4.

Let us now recall the eigencurves for B× of tame level Kp constructed out of
overconvergent modular forms resp. overconvergent modular symbols, using
the perspective of [Han1, §4]. Let Σ0 denote the finite set of primes ℓ for
which Kℓ 6∼= GL2(Zℓ) and let Σ = Σ0 ∪ {p}. We let T denote the abstract
Hecke algebra generated by commuting formal variables Tℓ, Sℓ for ℓ /∈ Σ and
Up. Then T acts on all spaces of modular forms and modular symbols used in
this article. We may construct two eigenvariety data ([Han1, Definition 4.2.1])
DM† = (W ,Z (H),M†,T, ψM†) and DV = (W ,Z (H),V,T, ψV). Here M†
and V are the coherent sheaves on Z (H) obtained by gluing the lim−→w

M†,wVi,≤hi
resp. the lim←−sV

s
Vi,≤hi over the ZVi,hi(H) (see [Han1, Proposition 4.3.1] and

the discussion following it for the construction of V; the construction ofM† is
similar but easier). Given these, [Han1, Theorem 4.2.2] allows us to construct
the eigenvarieties CM† and CV together with coherent sheaves M† on CM†

resp. V on CV (this is a mild abuse of notation; we will have no further reason
to consider the sheaves with the same name over Z (H)). Since the following
proposition is well known we only give a brief sketch of the proof:

Proposition 5.2. There is a canonical isomorphism CM†
∼= CV compatible

with the projection maps down to W and the actions of T.

Proof. This follows by applying [Han1, Theorem 5.1.2] twice (once in each
direction), upon noting that both eigencurves are reduced and equi-dimensional
(of dimension 1; they are ”unmixed” in the terminology of [Han1]). For these
applications one should modify the eigenvariety data, replacing Z (H) in DM†

with the support ofM† and similarly for DV. The relevant very Zariski dense
subsets are then constructed using the control/classicality theorems of Stevens
and Coleman together with the usual Eichler-Shimura isomorphism (see [Han1,
Theorem 3.2.5] for a general version of the control theorem for overconvergent
modular symbols, and see e.g. [Joh, Theorem 4.16] for a proof of Coleman’s
control theorem in the context of the compact Shimura curves used here). �

In light of this we will identify the two eigencurves and simply denote it by C.
It carries two coherent sheaves M† and V which are determined by canonical

Documenta Mathematica 22 (2017) 191–262



Overconvergent Modular Forms and . . . 239

isomorphisms

M†(CVi,hi) ∼= lim−→
w

M†,wVi,≤hi ∼=M
†,w
Vi,≤hi ;

V(CVi,hi) ∼= lim←−
s

Vs
Vi,≤hi

∼= Vs
Vi,≤hi

for all i and sufficiently large w resp. s, where CVi,hi is the preimage of

ZVi,hi(H) in C. We form the sheavesM†Cp :=M†⊗̂QpCp and VCp := V⊗̂QpCp.
They are determined by canonical isomorphisms

M†Cp(CVi,hi) ∼= lim−→
w

M†,wVi,Cp,≤hi ∼=M
†,w
Vi,Cp,≤hi ;

VCp(CVi,hi) ∼= lim←−
s

Vs
Vi,Cp,≤hi

∼= Vs
Vi,Cp,≤hi

for any sufficiently large w resp. s. We may also naturally view these sheaves
as coherent sheaves on the base change CCp of C from Qp to Cp. They are then
determined by the obvious modifications of the above canonical isomorphisms.

With these preparations we may now state the main theorem of this section
which glues the maps ESVi,≤hi :

Theorem 5.3. There exists a canonical Hecke and Galois-equivariant mor-
phism

ES : VCp →M†Cp(−1)

of coherent sheaves of OC⊗̂QpCp-modules on C (or coherent sheaves of OCCp -
modules on CCp), which glues (ESVi,≤hi)i.

Proof. The ESVi,≤hi induce maps over the cover (CVi,hi)i using the canonical
isomorphisms. Checking that they glue is tedious but straightforward, using
the functoriality of the maps ESU in the small open weight U as well as the
naturality of the construction of ESV,≤h for V ⊆ Urig, V open affinoid and U
small open such that (Urig, h) is slope-adapted for H . We leave the remaining
details to the reader. �

The morphism ES is our main object of study in this section. Our main
technique to study it is via specialization to non-critical classical points of
C (recall that a classical point x is non-critical if h < k−1, where h is the slope
and k is the weight of x). Let κ ∈ W(L) with L/Qp finite and let (V , h) be
slope-adapted with V connected and affinoid and κ ∈ V(L). By [Han1, Theorem
3.3.1] there is a second quadrant spectral sequence (with s big enough)

Epq2 = Tor
OW(V)
−p (Hq(K,Ds

V)≤h, L) =⇒ Hp+q(K,Ds
κ)≤h

which degenerates at the E2-page since OW(V) is a Dedekind domain. This
gives us a short exact sequence

0→ V(CV,h)⊗OW(V) L→ H1(K,Ds
κ)≤h → Tor

OW(V)
1 (H2(K,Ds

V)≤h, L)→ 0.
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Now assume that x ∈ C(L′) is a classical non-critical point of weight k = κ
(with L′/L a finite field extension). After localizing the above short exact
sequence at x it becomes an isomorphism

(V(CV,h)⊗OW(V) L)x ∼= (H1(K,Ds
k)≤h)x.

This follows from the fact that x does not occur in H2(K,Ds
V)≤h, which

by [Han1, Proposition 4.5.2] follows from the fact that it does not occur in
H2(K,Ds

k)≤h, which in turn follows from the control theorem. Using the
control theorem again, the right hand side of the isomorphism is canonically
isomorphic to H1

ét(XCp ,Vk)x. From this we deduce that the fiber of V at x is

the largest semisimple quotient of the generalized eigenspace in H1
ét(XCp ,Vk)

associated with x.

By a similar but simpler analysis (using Lemma 2.29) one sees that the fibre of
M† at an arbitrary point x ∈ C(Qp) is equal to the largest semisimple quotient

of the generalized eigenspace in H0(Xw, ω†κ,w ⊗OXw
Ω1
Xw) associated with x

where w is sufficiently large. One may of course apply the control theorem
if x is non-critical and classical to gain a further refinement. Similarly, the
analogous statements apply to the same objects based changed from Qp to Cp.

We will need a few extras fact about C before we proceed to analyze ES.

Lemma 5.4. Let κ ∈ W(Qp) be a weight and let s ≥ sκ. Then H0(K,Ds
κ) = 0.

Proof. Write G1 for the closed subgroup of G of elements of reduced norm one.
Under our fixed isomorphism G(Zp) ∼= GL2(Zp) we have G1(Zp) ∼= SL2(Zp).
To prove the lemma, it suffices to show that H0(Γ,Ds

κ) = 0 for any congruence
subgroup Γ ⊂ G1(Z) contained in K0(p). By the p-adic continuity of the
Γ-action on Ds

κ, we have

H0(Γ,Ds
κ) = H0(Γp,D

s
κ),

where Γp denotes the p-adic closure of Γ in GL2(Zp). By [Rap, Lemma 2.7]
and the Zariski density of Γ in G1 (see e.g. [PR, Theorem 4.10]), Γp contains
an open subgroup of SL2(Zp), and in particular contains a nontrivial element

u =

(
1 a
0 1

)
for some a ∈ Zp, a 6= 0. Note that u acts on µ ∈ Ds

κ by

(u · µ)(f(x)) = µ(f(x + a)); in particular this action does not depend on κ.
Since any element of H0(Γp,D

s
κ) ⊆ Ds

κ = Ds ⊗Qp L (L the residue field of κ)
is fixed by u, it now suffices to show that no nonzero element of Ds is fixed by
u. To see this, note that the Amice transform

µ 7→ Aµ(T ) =

∫
(1 + T )xµ(x) ∈ Qp[[T ]]

defines a Qp-linear injection of Ds (regarded as a ring under convolution)
into a subring of Qp[[T ]] (cf. [Col, §1.8] for more detailed statements). An
easy calculation shows that Au·µ(T ) = (1 + T )aAµ(T ), so if u · µ = µ then
((1 + T )a − 1)·Aµ(T ) = 0, and since Qp[[T ]] is a domain this implies Aµ(T ) = 0
and then µ = 0 as desired. �
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Lemma 5.5. The sheaves M† and V are torsion free.

Proof. We start withM†. This is a local statement so we may work over some
CV,h coming from a slope-adapted (V , h) with V affinoid. Then OC(CV,h) is
finite over OW(V), so it suffices to show torsion freeness over OW (V), which is
clear by definition.

We now prove torsion-freeness for V. Working locally as above it is enough
to show that H1(K,Ds

V)≤h is a torsion-free OW(V)-module, where V ⊆ W is

affinoid and (V , h) is slope-adapted. Let κ ∈ V(Qp) be a weight, cutting out a
maximal ideal mκ and let L := OW(V)/mκ. It is enough to show to that the mκ-

torsion vanishes for all κ. This torsion is equal to Tor
OW(V)
1 (H1(K,Ds

V)≤h, L).
Using the Tor-spectral sequence ([Han1, Theorem 3.3.1]) one sees that this
Tor-group is a subquotient of H0(K,Ds

κ)≤h, which vanishes by the previous
Lemma. �

Next, assume that our tame level is of the form K1(N) for some N with
(N, dp) = 1. Let Cnc ⊂ C denote the set of non-critical classical crystalline
points for which the roots of the pth Hecke polynomial are distinct.2 For each
positive divisor M |N , let CncM−new denote the set of points x in Cnc for which
the tame Artin conductor of the Galois representation ρx associated to x is
exactly Md. Note that the tame Artin conductor is sometimes just called the
tame conductor; see the discussion in [Bel] before Lemma IV.4.3. Let CM−new
denote the Zariski-closure of CncM−new in C. The following lemma was stated
without proof for modular curves in [Han2].

Lemma 5.6. Assume that the tame level is of the form K1(N). For any M |N ,
CM−new is a union of irreducible components of C, and C = ∪M|NCM−new.
Proof. Adapting the proof of [Bel, Lemma IV.4.7], one shows that CncM−new
is an accumulation subset of C: each point x ∈ CncM−new has a neighborhood
basis of affinoids U ⊂ C for which U ∩ CncM−new is Zariski-dense in U . This
property implies that each irreducible component of the Zariski-closure CM−new
has positive dimension. Since C is equidimensional of dimension one, we deduce
from [Con, Corollary 2.2.7] that CM−new is a union of irreducible components
of C. Since Cnc = ∪M|NCncM−new is a Zariski-dense accumulation subset of C,
the remainder of the lemma is clear. �

5.2. Faltings’s Eichler-Shimura map. In this section we adapt Faltings’s
construction ([Fal]) of the p-adic Eichler-Shimura morphism to our setting, and
use it to give a precise description of ESk at weights k ≥ 2. Fix k ∈ Z≥2. Recall
the morphism

V̂k → ω̂⊗k−2

defined in §4.5. It induces a map

H1
proét(XCp , V̂k)→ H1

proét(XCp , ω̂
⊗k−2).

2This last condition is conjecturally automatic.
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Note that we have an exact sequence
(1)

0→ H1
ét(XCp , ω

⊗k−2)→ H1
proét(XCp , ω̂

⊗k−2)→ H0
ét(XCp , ω

⊗k−2 ⊗ Ω1
XCp

)(−1)→ 0

coming from the spectral sequence Hi
ét(XCp , R

jν∗ω̂⊗k−2) ⇒
Hi+j

proét(XCp , ω̂
⊗k−2), which degenerates at the E2-page by an argument

similar to (but simpler than) the proof of Proposition 4.7.

Proposition 5.7. The composite map

H1
proét(XCp , V̂k)→ H1

proét(XCp , ω̂
⊗k−2)→ H0

ét(XCp , ω
⊗k−2 ⊗ Ω1

XCp
)(−1)

is surjective, and the kernel is isomorphic to H0
ét(XCp , ω

⊗k−2 ⊗ Ω1
XCp

)(k) as a

Hecke- and Galois module.

Proof. Recall the Hodge-Tate sequence

0→ ω̂⊗−1(1)→ T̂ → ω̂ → 0

for Guniv. Since the morphism V̂k → ω̂⊗k−2 comes from the map T̂ → ω̂ by
taking (k − 2)-th symmetric powers, we see that its kernel Kerk sits in a short
exact sequence

0→ ω̂⊗2−k(k − 2)→ Kerk → Q→ 0

where Q is simply defined to be the quotient. We get exact sequences

H1
proét(XCp ,Kerk)→ H1

proét(XCp , V̂k)→ H1
proét(XCp , ω̂

⊗k−2);

H1
proét(XCp , ω̂

⊗2−k(k))→ H1
proét(XCp ,Kerk)→ H1

proét(XCp , Q).

We have an isomorphism H1
proét(XCp , V̂j) ∼= H1

ét(XCp , Symj T ) ⊗Zp Cp for all
j ≥ 0. From the Hodge-Tate sequence one deduces that Q carries a filtration
with non-zero graded pieces ω̂⊗i for i = 4−k, 6−k, ..., k−4 (up to twists). Using
this filtration and the sequences (1) with k−2 replaced by i = 4−k, 6−k, ..., k−4
together with the usual Eichler-Shimura isomorphism for quaternionic Shimura

curves one sees that H1
proét(XCp , V̂k) and H1

proét(XCp , Q) do not have any Hecke
eigenvalues in common. Thus, looking at the second exact sequence above,
we see that any generalized Hecke eigenvector in H1

proét(XCp ,Kerk) that is

not killed by the map H1
proét(XCp ,Kerk) → H1

proét(XCp , V̂k) must come from

H1
proét(XCp , ω̂

⊗2−k(k − 2)).

Hence we have an exact sequence

H1
proét(XCp , ω̂

⊗2−k(k − 2))→ H1
proét(XCp , V̂k)→ H1

proét(XCp , ω̂
⊗k−2).

By the exact sequence (1) and looking at Hecke eigenvalues again we get an
exact sequence

H1
proét(XCp , ω̂

⊗2−k(k− 2))→ H1
proét(XCp , V̂k)→ H0

ét(XCp , ω
⊗k−2 ⊗Ω1

XCp
)(−1).

We now apply a similar argument to H1
proét(XCp , ω̂

⊗2−k(k − 2)). Replacing

k − 2 with 2− k in (1) we have the exact sequence

0→ H1
ét(XCp , ω

⊗2−k)→ H1
proét(XCp , ω̂

⊗2−k)→ H0
ét(XCp , ω

⊗2−k ⊗ Ω1
XCp

)(−1)→ 0.
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Arguing with Hecke eigenvalues as above and using Serre duality we get a
sequence
(2)

0→ H1
ét(XCp , ω

⊗2−k(k− 2))→ H1
proét(XCp , V̂k)→ H0

ét(XCp , ω
⊗k−2 ⊗Ω1

XCp
)(−1)→ 0

which is exact in the middle. By Serre duality

H1
ét(XCp , ω

⊗2−k(k − 2)) ∼= H0
ét(XCp , ω

⊗k−2 ⊗ Ω1
XCp

)(k − 2).

Counting dimensions, we see that (2) is a short exact sequence as desired. �

We have a diagram

H1
proét(XCp ,OD

s
k)

ESk //

��

H1
proét(Xw,Cp , ω̂

†
k,w)

∼// H0
ét(Xw,Cp , ω

†
k,w ⊗ Ω1

Xw,Cp
)(−1)

H1
proét(XCp , V̂k)

// H1
proét(XCp , ω̂

⊗k−2) //

OO

H0
ét(XCp , ω

⊗k−2 ⊗ Ω1
XCp

)(−1)

OO

which commutes by Remark 4.17 and the functoriality of the remaining maps.
Note that the right vertical map is injective by analytic continuation. Its image
is, by definition, the space of classical modular forms. We then have:

Proposition 5.8. Let k ≥ 2. The image of ESk is contained in the space of
classical modular forms. Moreover ESk is surjective on slope ≤ h-parts when
h < k − 1.

Proof. The first statement is clear from the diagram. To see the second,
note that both the left and right vertical maps in the diagram above are
isomorphisms on slope ≤ h-parts when h < k − 1 by the control theorems

of Stevens and Coleman. To conclude, use that the map H1(XCp , V̂k) →
H0

ét(XCp , ω
⊗k−2 ⊗ Ω1

XCp
)(−1) is surjective by Proposition 5.7. �

Note that the kernel of ESk is big: it is infinite-dimensional with finite codi-
mension.

5.3. Results. In this section we deduce some properties of our overconvergent
Eichler-Shimura map ES and the sheaves V and M†. The results are very
similar to those of [AIS2, §6], but we are able to prove them in a more global
form. Let us denote by Csm the smooth locus of C. It contains the étale locus
C ét of the weight map, and both these loci are Zariski open. Furthermore C ét
contains the set Cnc of non-critical classical crystalline points for which the
roots of the p-Hecke polynomial are distinct. Let us explicitly record a lemma
in rigid geometry that makes arguments involving Zariski density simpler. We
will (sometimes implicitly) apply it in the remainder of this section.

Lemma 5.9. Let X be a smooth rigid space over a non-archimedean field K,
and assume that (Vn)∞n=1 is an increasing cover of X by affinoids. Assume that
S ⊆ X is a very Zariski dense set of points. Then we may find an increasing
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cover (Un) of X by affinoids such that S ∩ Un is very Zariski dense in Un for
all n.

Proof. We define Un to be the Zariski closure of S ∩ Vn in Vn. By definition
Un is a union of components of Vn, hence affinoid, and it remains to show
that X =

⋃∞
n=1 Un. For this it suffices to show that, for fixed n and a fixed

component C of Vn, there exists m ≥ n such that C ⊆ Um. Fix n and C. C is
a subset of a (global) component D of X , so by Zariski density we pick a point
s ∈ S ∩D. If m ≥ n, let Cm denote the component of Vm such that C ⊆ Cm.
Define, for m ≥ n,

Tm = {x ∈ Vm | ∃k ≥ m : ikm(x) ∈ Ck}
where ikm : Vm → Vk is the inclusion map. Then Tm is a union of components
and we claim that s ∈ Tm for some m. To see this, note that Tm = Vm ∩ Tm+1

for all m ≥ n, so T :=
⋃
m≥n Tm is an open subset of X with open complement.

Hence if s /∈ T , s could not lie on the same component as C. Therefore there is
some m for which s ∈ Tm, and hence some k for which s ∈ Ck, which implies
that C ⊆ Uk by the very Zariski density of S. �

Remark 5.10. Note that Csm may be covered by an increasing union of affi-
noids. To see this note first that this is true for C since it is finite over W×A1,
which is quasi-Stein. If we pick an increasing affinoid cover (Vn) of C, then
Csm =

⋃
n V

sm
n and V sm

n is Zariski dense in Vn, with complement cut out by the
functions fn,1, ..., fn,kn say. We may choose ǫn ∈ pQ tending to 0 such that

{|fn,1|, ..., |fn,kn | < ǫn} ∩ Vm ⊆ {|fm,1|, ..., |fm,km | < 2n−mǫm}
for all m ≤ n, where we use a general fact that the sets ({|gi| ≤ ǫ})ǫ∈pQ define
a cofinal system of neighbourhoods of {|gi| = 0}. Then we claim that the sets

Un = {|fn,1|, ..., |fn,kn | ≥ ǫn}
are affinoid and cover Csm. Indeed, they cover Csm by definition, and they are
affinoid since they are rational subsets of the Vn.

With this we state a simple consequence of Proposition 5.8:

Theorem 5.11. View ES as a morphism of coherent sheaves on CCp . Then
ES is surjective outside a Zariski-closed subset of CCp of dimension 0, and the
support of coker(ES) is disjoint from the set of non-critical points.

Proof. Since coker(ES) is coherent its support is Zariski-closed. Hence the first
statement follows from the second: if the support is not of dimension 0, then
it must contain some component of C and hence non-critical points. To prove
the second statement it suffices to prove that ES is surjective on fibres at non-
critical points. Let x be such a point, with weight k. By the computation of
the fibres in §5.1 and the computation of ES we see that it amounts to the
Eichler-Shimura map ESk restricted to maximal semisimple quotients of the
generalized eigenspaces for x. Since x is non-critical this map is surjective by
Proposition 5.8. �
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Let us raise the following question:

Question: Is the support of cokerES precisely the set of x with weight k ∈ Z≥2
such that ESk fails to be surjective on generalized eigenspaces for x?

Next let us state some results on the structure of V andM† over Csm. For any
n ∈ Z≥1 we let τ(n) denote the number of positive divisors of n.

Theorem 5.12. Assume, for simplicity, that that the tame level Kp is of the
form

∏
ℓ∤disc(B)K1(N) ×∏ℓ|disc(B)O×Bℓ for some N ≥ 3. Let M ∈ Z≥1 be a

divisor of N .

(1) V and M† are locally free on Csm. The rank of V over CsmM−new is

2τ(N/M) and the rank ofM† over CsmM−new is τ(N/M).
(2) Let ℓ be a prime not dividing Np · disc(B). Then V is unramified at

ℓ and the trace of Frobℓ on V over CsmM−new is τ(N/M) · Tℓ, where we
view Tℓ as a global function on C.

(3) Let x ∈ CsmN−new(Qp). Then the fibre of V at x is the Galois represen-
tation attached to x via the theory of pseudorepresentations.

Proof. First we prove (1). By Lemma 5.5 V and M† are torsion free coherent
sheaves over Csm, which is smooth of pure dimension 1. Therefore V and M†
are locally free. To compute the ranks over CsmM−new it suffices to compute the
dimension of the fibres at points in Cnc∩CsmM−new. This is a computation using
Atkin-Lehner theory, the control theorems of Stevens resp. Coleman and the
classical Eichler-Shimura isomorphism (see e.g [Bel, Lemma IV.6.3]).

To prove (2), note that the statements are true after specializing to points in
Cnc (using Stevens’s control theorem and the well known structure of the Galois
representations H1

ét(X ,Vk)). By Zariski density of Cnc∩CsmM−new in CsmM−new we
may then conclude. Note that, to check that it is unramified, one may reduce
to the affinoid case by Lemma 5.9 and Remark 5.10, where it becomes a purely
ring-theoretic statement. Localizing (ring-theoretically), one may then reduce
to the free case, where one can check on matrix coefficients using Zariski density.

Finally, (3) follows from (2). �

Remark 5.13. The assumption on Kp in the above theorem is only to simplify
the exposition. The theorem and the definition of the CM−new may be adapted
to arbitrary tame levels Kp =

∏
ℓ 6=pKℓ with essentially the same proof, except

for the explicit formulas for the ranks.

We remark that the statement that V is unramified at ℓ ∤ Np · disc(B) also
follows from the same fact for the Vs

U (for U small open), which in turn follows
from the construction upon noting that all members of the tower (XKp)Kp are
analytifications of schemes over Q with good reduction at ℓ.

Finally, we prove that ES generically gives us Hodge-Tate filtra-
tions/decompositions on V.

Theorem 5.14. We work over Csm.
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(1) The kernel K and image I of ES are locally projective sheaves of
OCsm⊗̂QpCp-modules, and may also be viewed as locally free sheaves
on CsmCp .

(2) Let ǫCsm be the character of GQp defined by the composition

GQp
ǫ−→ Z×p

χW−→ O×W −→ (O×Csm⊗̂QpCp)
×

where ǫ is the p-adic cyclotomic character of GQp and χW is the univer-

sal character of Z×p . Then the semilinear action of GQp on the module

K(ǫ−1Csm) is trivial.
(3) The exact sequence

0→ K → VCp → I → 0

is locally split. Zariski generically, the splitting may be taken to be
equivariant with respect to both the Hecke- and GQp -actions, and such
a splitting is unique.

Proof. Part (1) is clear since V andM† are locally free on Csm and OCsm⊗̂QpCp
is locally a Dedekind domain. The second statement follows similarly.

For part (2) we use Lemma 5.9 and Remark 5.10 to reduce to the affinoid case
with a very Zariski dense set of points in Cnc. Taking a further cover we may
also assume that K is free (perhaps after making a finite extension, but this
will not effect the rest of the argument). The statement now follows from the
family version of Sen theory ([Se1], [Se2]) , using the fact that the Sen operator
φ of K(ǫ−1Csm) vanishes on points of Cnc and hence on Csm by Zariski density of
Cnc and analyticity of φ. The argument proceeds exactly as the proof of [AIS2,
Theorem 6.1(c)], to which we refer for more details.

Finally we prove part (3), arguing more or less exactly as in the proof of [AIS2,
Theorem 6.1(d)], to which we refer for more details. Once again we may work
over an affinoid U ⊆ Csm with a Zariski dense set of points U ∩ Cnc. We may
without loss of generality assume that K, VCp and I are free (once again, one
might need to make a finite extension, but this does not effect the rest of the
argument and we will ignore it). The short exact sequence is an extension
which defines an element in H1(GQp ,H) where

H := HomOC(U)⊗̂QpCp
(I,K).

Let φ be the Sen operator of H. By work of Sen it is well-known that det(φ)
kills H1(GQp ,H). Specializing at points in U ∩ Cnc one sees that det(φ) does
not vanish identically on any component of U . Thus, localizing with respect to
det(φ), we find a Zariski open subset of U over which the extension is split as
semilinear GQp -representations. Moreover, if we further remove the finite set of
points whose weight is −1 ∈ Z, then I and K have distinct Hodge-Tate weights
fibre-wise (by using part (2) and that I has constant Hodge-Tate weight −1).
Thus there can be no non-zero Galois equivariant homomorphisms between K
and I. Since the Hecke action commutes with the GQp -action, this implies that
the GQp -splitting must be Hecke stable as well. �
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6. Appendix

In this appendix we define a ”mixed” completed tensor product that we will
use in the main text, and prove some basic properties as well as a few technical
results that we need.

6.1. Mixed completed tensor products. Let K be a finite extension of
Qp and let O be its ring of integers, with uniformizer ̟. Our ”mixed completed

tensor products” will be denoted by an unadorned ⊗̂. The base field is assumed
to be implicit in the notation. In the main text we will always take K = Qp
so this should not cause any problem. We starting by making the following
definition:

Definition 6.1. Let M be a topological O-module.

(1) M is called linear-topological if there exists a basis of neighbourhoods
of 0 consisting of O-submodules.

(2) We will say that M is a profinite flat O-module if M is flat over O
(i.e torsion-free), linear-topological and compact.

Let us remark that if M is a profinite flat O-module then the topology on M
is profinite, which justifies this terminology. We also remark that such M are
exactly the O-modules which are projective and pseudocompact in the language
of [SGA3, Exposé VIIB , §0]. Let us recall the following structure theorem for
profinite flat O-modules, specialized from [SGA3, Exposé VIIB, 0.3.8]:

Proposition 6.2. M is a profinite flat O-module if and only if it is isomorphic
to
∏
i∈I O equipped with the product topology, for some set I.

We note that a set of elements (ei)i∈I in M such that M ∼=
∏
i∈I Oei is called

a pseudobasis. In what follows ‘̟-adically complete” always means complete
and separated.

Definition 6.3. Let M be a profinite flat O-module and let X be any O-
module. We define

X⊗̂M := lim←−
i

(X ⊗OM/Ii)

where (Ii) runs through any cofinal set of neighbourhoods of 0 consisting of
Zp-submodules.

By abstract nonsense this is independent of the choice of system of neigh-
bourhoods of 0. Note that if A is an O-algebra and R is a small O-algebra,
then A⊗̂R comes with a natural structure of a ring, as is seen by choosing
the neighbourhoods to be ideals. To compute X⊗̂M in a useful form we fix a
pseudobasis (ei)i∈I and define, for J ⊆ I finite and n ≥ 1 an integer, MJ,n to
be the submodule corresponding to

MJ,n :=
∏

i∈J
̟nOei ×

∏

i/∈J
Oei.

This forms a system of neighbourhoods of 0. Then we have:
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Proposition 6.4. The functor X 7→ X⊗̂M is isomorphic to the functor

X 7→∏
i∈I X̂, where X̂ is the ̟-adic completion of X.

Proof. We compute

X⊗̂M = lim←−
J,n

X ⊗O M/MJ,n

= lim←−
J

(lim←−
n

X ⊗O M/MJ,n)

∼= lim←−
J

(lim←−
n

X ⊗O
∏

i∈J
O/̟n)

= lim←−
J

(∏

i∈J
(lim←−
n

X ⊗O O/̟n)

)

= lim←−
J

(∏

i∈J
X̂

)

=
∏

i∈I
X̂.

�

Corollary 6.5. We have

(1) X 7→ X⊗̂M is exact on ̟-adically complete X.
(2) If 0 → X → Y → Q → 0 is an exact sequence of O-modules where X

is ̟-adically complete and Q is killed by ̟N for some integer N ≥ 0,
then Y is ̟-adically complete and the natural map (X⊗̂M)[1/̟] →
(Y ⊗̂M)[1/̟] is an isomorphism.

Proof. (1) follows from exactness of products in the category of O-modules.
For (2) note that Q is ̟-adically complete and Q⊗̂M is killed by ̟N , so the
second statement will follow from the first and (1). To see that Y is ̟-adically
complete first note that ̟NY ⊆ X (i.e. Q killed by ̟N ) so

̟N+kY ⊆ ̟kX ⊆ ̟kY

for all k ≥ 0 and hence we can compute Ŷ as lim←−k Y/̟
kX . Thus we get exact

sequences

0→ X/̟kX → Y/̟kX → Q→ 0

for all k and hence an exact sequence

0→ X = X̂ → Ŷ → Q

by left exactness of inverse limits. This sits in a natural diagram

0 // X

��

// Y

��

// Q

��

// 0

0 // X // Ŷ // Q
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with exact rows and the snake lemma now implies that the map Y → Ŷ is an
isomorphism as desired. �

In particular we can now define −⊗̂M on K-Banach spaces (this is why we are
calling it a ”mixed” completed tensor product). It is canonically independent
of the choice of unit ball, but we also make a more general definition.

Definition 6.6. Let V be a K-vector space and let V ◦ ⊆ V be an OK-
submodule such that V ◦[1/̟] = V . Then we define

V ⊗̂M := (V ◦⊗̂M)[1/̟]

where the choice of V ◦ is implicit (the choice will in general affect the result).

If V is naturally a Banach space we will always take V ◦ to be an open and
bounded O-submodule, and Corollary 6.5(2) implies that V ⊗̂M is independent
of the choice.
We finish with a lemma needed in the main text.

Lemma 6.7. Let S be a K-Banach algebra and let V be a finite projective S-
module and U a Banach S-module. Let M be a profinite flat OK-module. Then
we have a natural isomorphism V ⊗S (U⊗̂M) ∼= (V ⊗S U)⊗̂M . If V and U in
addition are Banach S-algebras and M is a small OK-algebra, then this is an
isomorphism of rings.

Proof. Pick an open bounded OK -subalgebra S0 of S and pick open bounded
S0-submodules V0 ⊆ V and U0 ⊆ U . Moreover, pick OK-submodules (Ii) of M
that form a basis of neighbourhoods of 0. Then we have natural maps

V0 ⊗S0 (lim←−
i

(U0 ⊗OK M/Ii))→ V0 ⊗S0 U0 ⊗OK M/Ii

for all i which give us a natural map

V0 ⊗S0 (U0⊗̂M)→ (V0 ⊗S0 U0)⊗̂M.

Now invert ̟ to get the desired map. If V and U are Banach S-algebras we
may choose everything so that V0 and U0 are subrings, and if M is a small
OK-algebra we may choose the Ii to be ideals, hence we see that this is a ring
homomorphism. To see that it is an isomorphism note that if V is in addition
free we may choose V0 to be a finite free S0-module. The assertion is then
clear. In general, write V as a direct summand of a finite free S-module. �

6.2. Mixed completed tensor products on rigid-analytic varieties.
Let X be a quasicompact and separated smooth rigid analytic variety over an
algebraically closed and complete extension C of K, of pure dimension n. Here
K is a finite extension of Qp as in the previous subsection and we use the same
notation O = OK , ̟ et cetera. In this subsection we aim to prove:

Proposition 6.8. We have a canonical isomorphism

Riν∗(ÔX⊗̂M) ∼= (Riν∗ÔX)⊗̂M
of sheaves on Xét.
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Here U 7→ (ÔX⊗̂M)(U) = ÔX(U)⊗̂M for U ∈ Xproét qcqs defines a sheaf

on Xproét and the completed tensor product is computed using Ô+
X(U) ⊆

ÔX(U). The former is ̟-adically complete by [Sch3, Lemma 4.2(iii)], so

we have exactness of −⊗̂M and hence a sheaf. We use Im((Riν∗Ô+
X)(U) →

(Riν∗ÔX)(U)) to compute the completed tensor product on the right hand side
and claim that this is a sheaf, but these statements are not obvious and we will
prove them below.

We note the following important corollary to the above proposition.

Corollary 6.9. We have

Riν∗(ÔX⊗̂M) ∼= ΩiX(−i)⊗OX (OX⊗̂M)

as sheaves on Xét.

Proof. This follows from Proposition 6.8, Lemma 6.7 and the canonical iso-

morphism Riν∗(ÔX) ∼= ΩiX(−i) (Proposition 3.23 of [Sch2]) together with the
finite projectivity of the latter sheaf. �

We will need several lemmas before we can prove Proposition 6.8.

Lemma 6.10. The presheaf U 7→ Hi
cts(Z

n
p ,O+

X(U)) on Xét is a sheaf, where

O+
X(U) has its ̟-adic topology and the trivial Znp -action.

Proof. This follows from the computation in [Sch3, Lemma 5.5];

Hi
cts(Z

n
p ,O+

X(U)) is isomorphic to
∧iO+

X(U)n in a way compatible with
completed tensor products. �

Put T n = Spa(C〈X±11 , ..., X±1n 〉,OC〈X±11 , ..., X±1n 〉). We let T̃ n be the inverse

limit over n ≥ 0 of Spa(C〈X±1/p
n

1 , ..., X
±1/pn
n 〉,OC〈X±1/p

n

1 , ..., X
±1/pn
n 〉). This

is an affinoid perfectoid (see [Sch3, Example 4.4]).

Lemma 6.11. Let U ∈ Xét and and assume that there is a map U → T n which
is a composition of rational embeddings and finite étale maps. Pull back the

affinoid perfectoid Znp -cover T̃
n to obtain an affinoid perfectoid Znp -cover Ũ of

U . Then:

(1) There is a canonical injection

Hi
cts(Z

n
p ,O+

X(U))→ Hi(Uproét, Ô+
X)

with cokernel killed by p.

(2) Hi(Uproét, ÔX) ∼= Hi
cts(Z

n
p ,OX(U)).

(3) Hi(Uproét, Ô+
X⊗̂M)a ∼= (Hi(Uproét, Ô+

X)⊗̂M)a (where −a denotes the
associated almost OC-module).

(4) Hi(Uproét, ÔX⊗̂M) ∼= Hi(Uproét, ÔX)⊗̂M .
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Proof. We start with (1). The Cartan–Leray spectral sequence (cf. Remark
2.25) gives us

Hp
cts(Z

n
p , H

q(Ũproét,O+
X/̟

m)) =⇒ Hp+q(Uproét,O+
X/̟

m)

for all m. Since the Hq(Ũproét,O+
X/̟

m) are almost zero for all q ≥ 1 ([Sch3,
Lemma 4.10], see the proof of (i) and (v) ) we conclude that

Hp(Uproét,O+
X/̟

m)a = Hp(Znp , (O+
X/̟

m)(Ũ))a.

Next, note that the inverse system

(Hp(Znp , (O+
X/̟

m)(Ũ))m

has surjective transition maps by the proof of [Sch3, Lemma 5.5]. Since the
inverse system (O+

X/̟
m)m has almost vanishing higher inverse limits on the

pro-étale site (by an easy application of the almost version of [Sch3, Lemma
3.18]) we conclude that there is an almost isomorphism

lim←−H
p(Znp , (O+

X/̟
m)(Ũ)a ∼= Hp(Uproét, Ô+

X)a.

By [Sch3, Lemma 5.5] we have

p∧
(O+

X/̟
m)(U)n ∼= Hp(Znp , (O+

X/̟
m)(U))→ Hp(Znp , (O+

X/̟
m)(Ũ))

with cokernel killed by p, compatibly in m; in fact the proof shows that
the injection is split. It remains to verify that lim←−H

q(Znp , (O+
X/̟

m)(U)) ∼=
Hq
cts(Z

n
p ,O+

X(U)). This is standard; one may e.g. argue as in the proof of

[NSW, Theorem 2.5.7] (note that the relevant lim←−
1 vanishes by the isomorphism

above). This finishes the proof of (1).

For (2), use (1) and invert ̟ - this commutes with taking cohomology by
quasicompactness.

For (3) we view −⊗̂M as the functor of taking self products over some index set

I. We remark that Hi(Uproét, Ô+
X)a is ̟-adically complete by part (1), [Sch3,

Lemma 5.5] and the almost version of Corollary 6.5(3). Thus we are left with

verifying that cohomology for Ô+
X almost commutes with arbitrary products.

Writing
∏
i∈I as lim←−J

∏
i∈J for all J ⊆ I finite we are left with showing that

the relevant higher inverse limits vanish, which is easy using the Mittag-Leffler
condition and [Sch3, Lemma 3.18].

Finally we invert ̟ in (3) to deduce (4). �

Lemma 6.12. The sheaf Riν∗ÔX is equal to the sheaf U 7→ Hi
cts(Z

n
p ,OX(U)),

and (Riν∗ÔX)⊗̂M may be computed using Hi
cts(Z

n
p ,O+

X(U)) ⊆ Riν∗ÔX(U).

Proof. We may work étale locally on X , so assume without loss of generality
that there is a map X → T n which is a composition of rational embeddings

and finite étale maps. By abstract nonsense Riν∗ÔX is the sheafification of the

Documenta Mathematica 22 (2017) 191–262



252 P. Chojecki, David Hansen and Christian Johansson

presheaf U 7→ Hi(Uproét, ÔX). Let us write F for this presheaf. By part (1) of
the previous Lemma there is an exact sequence

0→ Hi
cts(Z

n
p ,O+

X(U))→ Hi(Uproét, Ô+
X)→ Qi(U)→ 0

where Qi(U) is simply defined as the quotient. This is an exact sequence
of presheaves on Xw

et. Moreover Qi(U) is killed by p for all U . Write G for

the presheaf U 7→ Hi
cts(Z

n
p ,O+

X(U)), F+ for U 7→ Hi(Uproét, Ô+
X) and Q for

U 7→ Qi(U). Then the exact sequence above sheafifies to

0→ G → (F+)sh = Riν∗Ô+
X → Qsh → 0

( −sh for sheafification) since G is already a sheaf by Lemma 6.10, and Qsh
is killed by p since Q is. Inverting ̟ we get that Hi

cts(Z
n
p ,O+

X(U))[1/̟] ∼=
Riν∗ÔX(U). For the other assertion of the lemma, note that Im(Riν∗Ô+

X(U)→
Riν∗ÔX(U)) coincides with Hi

cts(Z
n
p ,O+

X(U)) under the identification

Hi
cts(Z

n
p ,O+

X(U))[1/̟] ∼= Riν∗ÔX(U), and is therefore a sheaf (as was
asserted in Proposition 6.8). �

Proof of Proposition 6.8: Lemma 6.12 gives us that

((Riν∗ÔX)⊗̂M)(U) = (Hi
cts(Z

n
p ,O+

X(U))⊗̂M)[1/̟].

On the other hand Riν∗(ÔX⊗̂M) is the sheaf associated with the presheaf

U 7→ Hi(Uproét, ÔX⊗̂M)

by abstract nonsense. Working locally again, assume that there is a map
U → T n as above. We may then compute

Hi(Uproét, ÔX⊗̂M) = Hi(Uproét, ÔX)⊗̂M
= (Im(Hi(Uproét, Ô+

X)→ Hi(Uproét, ÔX))⊗̂M)[1/̟]

= (Hi
cts(Z

n
p ,O+

X(U))⊗̂M)[1/̟]

using Lemma 6.11 (4) and the proof of Lemma 6.12. Therefore U 7→
Hi(Uproét, ÔX⊗̂M) is actually defines sheaf when restricting to the basis of

such U (since U 7→ Hi
cts(Z

n
p ,O+

X(U)) is a sheaf), so it must equal Riν∗(ÔX⊗̂M)
on these U . This gives the desired isomorphism. �

6.3. Analogues of the theorems of Tate and Kiehl. Let X be a qua-
sicompact and quasiseparated rigid analytic variety over some complete non-
archimedean field K of characteristic zero. For simplicity let us work with the
site given by the basis of the topology consisting of quasicompact open subsets
together with finite covers (we will specialize this further eventually). Given a
small Zp-algebra R, we may form the sheaf R(U) = OX(U)⊗̂R on X (U is qc
open). In this section we are going to prove analogues of the theorems of Tate
and Kiehl for OX for R under the assumption that X is affinoid and that K
is discretely valued. The assumption that K is discretely valued makes it easy
to prove various flatness assertions. We suspect that this assumption can be
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dropped with some more work but we will not need the extra generality. We
will however prove a few statements that we need without this assumption on
K. For simplicity we work with the topology on X given by rational subsets
and finite covers. We start with some basic properties.

Lemma 6.13. Let X be affinoid and assume that K is discretely valued.

(1) For every rational U ⊆ X, R(U) is Noetherian.
(2) If V ⊆ U ⊆ X are rational, then the map R(U)→R(V ) is flat.
(3) If U is rational and (Ui)i is a finite rational cover of U , then the natural

map R(U)→∏
iR(Ui) is faithfully flat.

Proof. To prove (1), choose surjections OK〈X1, . . . , Xm〉 ։ OX(U),
Zp[[T1, . . . , Tn]] ։ R and use the image of Zp〈X1, . . . , Xm〉 to compute

OX(U)⊗̂R (this is valid by the open mapping theorem). Then we get a
surjection

OK〈X1, . . . , Xm〉⊗̂Zp[[T1, . . . , Tn]] ։ OX(U)⊗̂R
and by direct computation the left hand side is

(OK〈X1, . . . , Xm〉[[T1, . . . , Tn]])[1/p]

, which is Noetherian (since K is discretely valued), hence the right hand side
is Noetherian.

Next we prove (2). Pick functions f1, . . . , fn, g such that V = {|f1|, . . . , |fn| ≤
|g| 6= 0}. We factor R(U)→R(V ) as

OX(U)⊗̂R→ OX(U)[1/g]⊗OX(U) (OX(U)⊗̂R)→ OX(V )⊗̂R.
The first morphism is flat since OX(U)→ OX(U)[1/g] is, so it suffices to show
that the second morphism is flat. It is obtained from

O◦X(U)[f1/g, . . . , fn/g]⊗O◦
X(U) (O◦X(U)⊗̂R)→ O◦X(V )⊗̂R

by inverting p, so it suffices to show that this map is flat. But the right hand
side is the completion of the left hand side with respect to the ideal generated
by the images of the generators of the maximal ideal of R. Since the ring on
the left hand side is Noetherian (it is finitely generated over O◦X(U)⊗̂R, which
is Noetherian by the same proof as in (1)), we conclude that the map is flat.

For (3) we use a more geometric argument. By part (2) the map

OX(U)⊗̂R→
∏

i

OX(Ui)⊗̂R

is flat. To see that it is faithfully flat, it suffices to show that it induces
a surjection on spectra of maximal ideals, by [Bou, §§I.3.5, Proposition 9].
To simplify notation, put S = OX(U) and Si = OX(Ui). Since we are
only interested in maximal ideals, we will momentarily work with classical
rigid spaces rather than adic spaces in this proof (only). R, S◦ and the
S◦i are formally of finite type over OK , and the unadorned completed tensor
products S◦⊗̂R etc. are completed tensor products over OK in the category
of topological OK-algebras formally of finite type. Recall Berthelot’s generic
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fibre functor (−)rig (see e.g. [dJ, §7]). By [dJ, Proposition 7.2.4(g)] the generic
fibre functor commutes with fibre products, so the morphism
⊔

i

Ui ×SpK Spf(R)rig =
⊔

i

Spf(S◦i ⊗̂R)rig →

→ Spf(S◦⊗̂R)rig = U ×SpK Spf(R)rig

is surjective (it is a finite open cover). By [dJ, Lemma 7.1.9] we deduce that
we have a surjection

⊔

i

MaxSpec(Si⊗̂R) = MaxSpec

(∏

i

Si⊗̂R
)
→ MaxSpec(S⊗̂R),

which is what we wanted to prove. �

Having established this Lemma we now view R as a sheaf of Banach algebras
on X by picking the unit ball of R(U) to be R◦(U) = O◦X(U)⊗̂R. Then
all restriction maps are norm-decreasing, hence continuous, and if we view
R as a profinite flat Zp-module and choose a pseudobasis with index set I,
the Banach space structure on R(U) is the same as the natural Banach space
structure on the set of bounded sequences in OX(U) indexed by I (of course
the multiplication is very different from the pointwise multiplication on the
latter). We will follow [AW, §5] (which in turn follows [FvdP, §4.5]) closely in
the proof of our analogue of Kiehl’s theorem.

Definition 6.14. Let U ⊆ X be rational and let M be a finitely generated
R(U)-module. For every V ⊆ U rational, we define

Loc(M)(V ) := R(V )⊗R(U) M.

This is a presheaf of R-modules of U .

Proposition 6.15 (Tate’s theorem). For every rational U ⊆ X, Ȟi(U,R) = 0
for all i ≥ 1 and all finite rational covers U of U , i.e. the augmented Čech
complex for U is exact. As a consequence, Hi(U,R) = 0 for all i ≥ 1.

Proof. The second statement is a direct consequence of the first by a well known
theorem of Cartan. For the first, pick a pseudobasis (ei)i∈I of R, considered
as a profinite flat Zp-module. For a cover U as above, write C•aug(U,−) for the

augmented Čech complex functor. Then, using the pseudobasis, we have

C•aug(U,R) = C•aug(U,R◦)[1/p] ∼=
(∏

i∈I
C•aug(U,O◦X)

)
[1/p].

Note that the cohomology groups Ȟi(U,O◦X) are bounded p-torsion for i ≥ 1 by
Tate’s theorem and the open mapping theorem, hence by exactness of products
and the above displayed equation so are the cohomology groups Ȟi(U,R◦) for
i ≥ 1. Thus Ȟi(U,R) vanish as desired. �
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Proposition 6.16. Assume that K is discretely valued. Then functor Loc
defines a full exact embedding of abelian categories from the category of finitely
generated R(U)-modules into the category of R-modules on U . Moreover,
Ȟi(U,Loc(M)) = 0 and Hi(U,Loc(M)) = 0 for all i ≥ 1 and all finite rational
covers U of U for all finitely generated R(U)-modules M . If K is not discretely
valued, Loc(M) is still a sheaf with vanishing higher cohomology groups if M
is a finitely generated projective module.

Proof. We start with the sheaf/vanishing assertions. Again, the statement
about derived functor cohomology follows from that of Čech cohomology by
Cartan’s theorem, and the assertion about Čech cohomology implies that
Loc(M) is a sheaf. Pick a cover U. Then by Proposition 6.15 the com-
plex C•aug(U,R) is exact. If M is projective, then it is flat and hence
C•aug(U,R) ⊗R(U) M = C•aug(U,Loc(M)) is exact. If K is discretely valued,
then by the flatness properties of R all terms are flat R(U)-modules and we
may deduce that C•aug(U,R) ⊗R(U) M = C•aug(U,Loc(M)) is exact for arbi-
trary finitely generated M . In either case, it follows that Loc(M) is a sheaf
with vanishing higher Čech cohomology.

Now let K be discretely valued. To see that the functor is fully faithful, note
that Loc(M) is generated by global sections as anR-module. For exactness, one
checks that if f : M → N is a morphism of finitely generated R(U)-modules,
then ker(Loc(f)) = Loc(ker(f)) and similarly for images and cokernels (in
particular, images and cokernels in this sub-abelian category turn out to be
equal to the presheaf images and cokernels). �

Remark 6.17. Propositions 6.15 and 6.16 also hold for the étale site of X,
with the same proofs with obvious modifications.

We may now introduce coherent R-modules.

Definition 6.18. Assume that K is discretely valued. For a cover U of U as
above a sheaf F of R-modules on U is called U-coherent if for every Ui ∈ U

there exists an R(Ui)-module Mi such that F|Ui ∼= Loc(Mi).

F is said to be coherent if it is U-coherent for some U.

The equivalence of this definition and the usual definition is standard, cf. e.g.
[AW, §5.2].

Before proving Kiehl’s theorem we need a simple lemma. Pick f ∈ OX(X)
and consider the standard cover of X consisting of X(f) = {|f | ≤ 1} and
X(1/f) = {|f | ≥ 1}. We denote the intersection by X(f, 1/f). We let s denote
the restriction map OX(X(1/f))→ OX(X(f, 1/f)).

Lemma 6.19. With notation as above:

(1) The image of s is dense.
(2) The image of the restriction map R(X(1/f))→R(X(f, 1/f)) is dense

for the natural Banach algebra structure on the target.
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Proof. Statement (1) is well known, but since there seems to be a little confu-
sion in the literature let us give the one-sentence proof: s is the completion of
the identity map on OX(X)[1/f ] with respect to the group topology generated
by (̟nO◦X(X)[1/f ])n≥0 on the source and the group topology generated by
(̟nO◦X(X)[f, 1/f ])n≥0 on the target.

To prove (2), pick a pseudobasis (ei)i∈I for R. Then the map is the natural
map from bounded I-sequences in OX(X(1/f)) to bounded I-sequences in
OX(X(f, 1/f)), which has dense image since s does. �

We may now follow the proof of Kiehl’s theorem from [AW, §5.3-5.5]. One
firstly establishes an auxiliary lemma ([AW, Lemma 5.3]), which only uses
the Banach algebra structure and vanishing of cohomology (in our setting this
is Proposition 6.15). Using this auxiliary lemma one proves [AW, Theorem
5.4] on surjections of certain maps (upon noting that, in their notation, it is
erroneously asserted in §5.3 that s1 rather than s2 has dense image, see Lemma
6.19). Then Ardakov and Wadsley establish a weak form of Kiehl’s theorem for
the covering {X(f), X(1/f)} ([AW, Corollary 5.4]), using [AW, Theorem 5.4]
and properties of Loc functor, which is Proposition 6.16 in our setting. From
this, [AW, Theorem 5.5] follows as well. Following their arguments, we get

Theorem 6.20 (Kiehl’s Theorem). Assume that K is discretely valued and
let F be a coherent R-module on X. Then there exists a finitely generated
R(X)-module M such that F ∼= Loc(M). Moreover, if F is locally projective
(i.e. there is a cover U such that F(U) is projective for all U ∈ U), then M is
projective.

Proof. For the last part, use that R(X) → ∏
U∈UR(U) is faithfully flat and

that projectivity for finitely presented modules may be checked after a faithfully
flat base extension. �

We record a simple base change lemma.

Lemma 6.21. Assume that K is discretely valued and that C is the completion
of an algebraic closure K of K. Let X/K be an affinoid rigid space and
let M be a finitely generated projective R(X) module. Let XC be the base
change of X to C and let f : XC → X be the natural map, and let RC
be the sheaf U 7→ OXC ⊗̂R on XC. Then we have natural isomorphisms
M ⊗R(X) RC(X) ∼= M ⊗K C and

f−1(Loc(M))⊗f−1R RC ∼= Loc(M ⊗K C).

Proof. The proof of the first assertion is similar to the proof of Lemma 6.7.
Using this, the second assertion follows straight from the definitions upon
noting that f is open, which makes it easy to compute f−1. �

Remark 6.22. When working with affinoid weights in the main part of the
paper we will often need analogues of the results of this section (as well as
Lemma 6.7) when one replaces −⊗̂R by −⊗̂QpS in the definition of R, where S
is a reduced Qp-Banach algebra of topologically of finite type. In this case these
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results are classical results in rigid geometry, or straightforward consequences
of such results.

6.4. Quotients of rigid spaces by finite groups. In this section we show
that if X is a rigid space and G is a finite group acting on X from the right
such that X has a cover by G-stable affinoid open subsets, then the quotient
X/G exists in the category of rigid spaces. If X = Spa(A,A◦) is affinoid, then
the quotient X/G := Spa(AG, (AG)◦) exists in the category of affinoid rigid
spaces by [BGR, §6.3.3 Proposition 2]. The purpose of this section is to show
that this construction glues. In fact, we show that the quotient is a quotient in
Huber’s ambient category V ([Hub, §2]), hence in the category of adic spaces.
This is presumably well known, but we have not been able to find a reference.

We start with some general discussion on quotients. Let X =
(X,OX , (vx)x∈X) ∈ V and let G be a finite group acting on X from the
right. Consider the quotient topological space Y = X/G and let π : X → Y
be the quotient map. We may consider the sheaf of rings OY := (π∗OX)G

on Y . For y ∈ Y we pick x ∈ X such that π(x) = y and let vy denote the
valuation on OY,y given by composing vx with the natural map OY,y → OX,x.
This is independent of the choice of x (and representatives for the valuations
vx). Then we have:

Lemma 6.23. With notation as above, the sheaf OY := (π∗OX)G is a sheaf
of complete topological rings on Y and (Y,OY , (vy)y∈Y ) is in V and is the
categorical quotient of X by G in V .

Proof. We prove that OY is a sheaf of complete topological rings, the rest is
then immediate from the definitions. First, note that OY is a sheaf since invari-
ants are left exact. Second, note that taking invariants preserve completeness
(for example, argue with nets). Finally, taking invariants preserves topological
embeddings, so OY is a sheaf of complete topological rings. �

Now let K be a complete non-archimedean field with ring of integers OK , and
fix an element ̟ ∈ OK with 0 < |̟| < 1. Let B be a K-algebra of topologically
finite type, and assume that B carries a left action over K by a finite group
G. Then A := BG is a K-algebra of topologically finite type and the inclusion
A → B is a finite homomorphism by [BGR, §6.3.3 Proposition 2]. We wish
to show that Y := Spa(A,A◦) is the quotient of X := Spa(B,B◦) in V by
verifying the conditions of Lemma 6.23.

Proposition 6.24. Y = X/G as topological spaces.

Proof. On topological spaces π clearly factors through X/G. π is closed since
it is finite. We know from commutative algebra (the going-up theorem) that
MaxSpec(B) ։ MaxSpec(A) as sets, hence π is surjective on classical points
and is therefore surjective since it is closed and classical points are dense. Since
π is closed and surjective it then suffices to show that the fibers of π are G-
orbits, i.e. that Y = X/G as sets.
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To show this, we first note that π fits into a G-equivariant commutative diagram

X
π //

��

Y

��
Spv(B)

π′
// Spv(A)

with injective vertical arrows; here, following Huber, Spv(R) denotes the set of
all equivalence classes of valuations on a given ring R. It now suffices to show
that the fibers of π′ are G-orbits. To see this, choose any valuation y ∈ Spv(A),
with support p = py = Ker y ∈ Spec(A). By [Bou, §§V.2.2 Theorem 2(i)], G
acts transitively on the set of supports qx ∈ Spec(B) of valuations x ∈ π′−1(y).
Therefore, choosing any q = qx of this form, we need to show that the stabilizer
Gq of q ∈ Spec(B) acts transitively on the set of valuations x ∈ Spv(Frac(B/q))
extending the given valuation y ∈ Spv(Frac(A/p)). By [Bou, §§V.2.2 Theorem
2(ii)], Frac(B/q) is a finite normal extension of Frac(A/p) and Gq surjects onto
Aut(Frac(B/q)/Frac(A/p)), so this follows from [ZS, §VI.7 Corollary 3].

�

Corollary 6.25. Y = (X/G, (π∗OX)G, (vxG)) and is therefore the quotient
of Spa(B,B◦) by G in V .

Proof. We know that Y = X/G on topological spaces and it suffices to verify
that OY = (π∗OX)G since then the equality of the valuations follows directly.
There is a natural map OY → (π∗OX)G and hence it suffices to prove that this
is an isomorphism on rational subsets {|f1|, . . . , |fn| ≤ |h| 6= 0} on Y , i.e. that

B〈f1/h, . . . , fn/h〉G = BG〈f1/h, . . . , fn/h〉.
To prove this, note that we have an exact sequence

0→ BG → B
a 7→(ga−a)g∈G−→

∏

g∈G
B(g)

of finite BG-modules. Note also that BG〈 f1h , . . . ,
fn
h 〉 is flat over BG and that

B〈 f1h , . . . ,
fn
h 〉 = B⊗̂BGBG〈 f1h , . . . ,

fn
h 〉 = B ⊗BG BG〈 f1h , . . . ,

fn
h 〉,

since B is module-finite over BG. Then applying −⊗BG BG〈 f1h , . . . ,
fn
h 〉 to the

exact sequence above gives

0→ BG〈 f1h , . . . ,
fn
h 〉 → B〈 f1h , . . . ,

fn
h 〉

a 7→(ga−a)g∈G−→
∏

g∈G
B〈 f1h , . . . ,

fn
h 〉(g).

Since the kernel of the third arrow here is B〈 f1h , . . . ,
fn
h 〉G, we get

BG〈 f1h , . . . ,
fn
h 〉 = B〈 f1h , . . . ,

fn
h 〉G

as desired. �
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Corollary 6.26. Let X be a rigid space over K with a right action of a finite
group G and assume that there is a cover of X by G-stable affinoids. Then
the quotient X/G of X by G exists in V and is a rigid space. Moreover, the
natural map X → X/G is finite and if X is affinoid then X/G is affinoid.

Proof. Consider (X/G, (π∗OX)G, (vxG)) where π : X → X/G is the quotient
map on topological spaces. If this is a rigid space then the remaining statements
hold by Lemma 6.23 and Corollary 6.25. To see that it is a rigid space
let (Ui)i∈I be a cover of G-stable affinoids. By G-stability π−1(π(Ui)) =
Ui for all i and hence π(Ui) = Ui/G is open for all i. By Corollary 6.25
(Ui/G, (π∗OUi)G, (vxG)) = (X/G, (π∗OX)G, (vxG))|Ui is an affinoid rigid space
for all i, and we are done. �
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Introduction

Limit linear series were introduced by Eisenbud and Harris [EH86] in the early
eighties and have since been used extensively as a very effective tool in dealing
with a variety of problems related to moduli spaces of curves and Jacobians.
This theory is applicable to any curve of compact type, which, by definition,
is a curve whose dual graph has no loops or, equivalently, whose Jacobian is
compact. Shortly after the introduction of limit linear series, Welters pointed
out in [Wel85] that chains of elliptic curves are very well behaved in terms of
their limit linear series. Welters remarked that, even in positive characteristic,
chains of elliptic curves provide straightforward proofs of the basic results in
Brill-Noether theory (see [CT, Section 2] for a proof of the Gieseker-Petri The-
orem using these curves). Since then, chains of elliptic curves have been used
mostly to tackle problems in higher rank Brill-Noether theory — an account
can be found in [Tei11] — and more recently again on the classical theory (see,
for instance, [Pfl]).
In this paper we do the following:

(1) We show that, for a chain of elliptic curves, the Brill-Noether locus is
reducible with components explicitly described and in correspondence with
fillings of a certain Young Tableaux.
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(2) We show that, for a chain of loops, the tropical Brill-Noether locus is
reducible with components corresponding to fillings of a certain Young
Tableaux.

(3) We define effective limit linear series and show they are equivalent, in the
refined case, to the traditional limit linear series.

(4) We establish a comparison between the limit linear series point of view and
the tropical point of view.

Our results on (1) (see Section 1) reduce many algebro-geometric problems
to combinatorial questions and can be used in explicit computations. In fact,
in collaboration with Chan and Pflueger ([CLPT]), we used this approach to
compute the genus of a Brill-noether locus when the dimension of this locus is
one (see also [CLT]). Among the potential applications are the computation
of the Euler-Poincaré characterisitic of the Brill-Noether locus. Some of the
applications may require to extend the description to the space of limit series
themselves and not just its image in the Jacobian. We will be considering this
extension in forthcoming work.
The results in (2) were known only in the case when the tropical Brill-Noether
locus is finite (see [CDPR12]). In Section 2, we show that the result extends to
arbitrary dimension ρ with points in the Brill-Noether locus in the case ρ = 0
being replaced by sub-chains of loops from the original chain for arbitrary ρ.
The concept of effective linear series (Section 3) is a variation of the concept
of limit linear series in [EH86]: instead of successively concentrating all of the
degree in one component, we leave just enough of it behind so that a line bundle
would have a section on each component but still the dimension of the space of
sections on the chosen component is the dimension of the limit linear series. It
is based on the insight that limit linear series should not be thought of as made
up of unrelated pieces on each component of the reducible curve but should
rather be considered as line bundles and sections defined globally. This point of
view is useful in a number of questions. It is currently being used to deal with
the maximal rank conjecture (see [LOTZ]). We expect it will find applications
to a number of other questions related to generation, like the study of kernels
of evaluation maps and their impact on syzygies.
Finally, the comparison between the tropical and the limit linear series ap-
proach shows the equivalence of the two methods and should facilitate more
fruitful conversations among researchers coming from the two different back-
grounds. Our strategy is to show that the orders of vanishing at the nodes
of the effective linear series agree with the tropical orders of vanishing (see
Remark 3.6). The proof of the Brill-Noether theorem is based, in both cases,
in the use of these orders of vanishing, so the proofs in the two set ups run in
parallel. We include both proofs here presented in a way that illustrates the
similarities between them.
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1. Limit linear series on chains of elliptic curves

Limit linear series were introduced by Eisenbud and Harris and they model the
behavior of a linear series when an irreducible curve degenerates to a reducible
nodal curve of compact type. Assume that we have a one dimensional family
of curves in which all fibers but one are irreducible while the special fiber is
a nodal curve. Under good conditions for the total space of the family, each
of the components of the special fiber corresponds to a divisor on the total
space. Given a line bundle on the family, one can modify it by tensoring with
line bundles with support on the central fiber. This will leave the restriction of
the line bundle to the generic fiber unchanged while redistributing the degrees
among the components of the central fiber. Limit linear series isolate the data
of the restrictions of these line bundles when the degree (and therefore the
space of sections) is concentrated on a single component:

Definition 1.1. Let C be a nodal curve of compact type (that is, whose
dual graph has no loops). A limit linear series of degree d and (projective)
dimension r on C consists of the data of a line bundle Li of degree d on each
component Ci of C and a space of sections Vi of H0(Ci, Li) of dimension r+ 1
satisfying the following condition: Assume that Pj1(α) ∈ Cj1(α) is identified to
Pj2(α) ∈ Cj2(α) to form a node Pα of C. Consider the r + 1 distinct orders
of vanishing u0(j1) > · · · > ur(j1) at Pj1 of the sections in Vj1 and the r + 1
distinct orders of vanishing u0(j2) > · · · > ur(j2) at Pj2 of the sections in
Vj2 . Then, ut(j1) + ur−t(j2) ≥ d, t = 0, . . . , r. The series is called refined if
ut(j1) + ur−t(j2) = d, t = 0, . . . , r for all nodes.

As we mentioned above, the definition of limit linear series is inspired by what
would appear as the limit of a linear series when the degree of the limit line
bundle is concentrated successively in the various components. The relationship
among the vanishing on the two components gluing at a node reflect the way
these limit bundles are related to each other: With the notation above, C −
{Pα} is the union of the two connected components Xj1 , Xj2 that contain
Cj1 − {Pj1}, Cj2 − {Pj2}, respectively. Assume that Li is the line bundle on
the family whose restriction to Cji has degree d and whose restriction to any
other component has degree zero. Then, one can check that L2 = L1(−dX2).
If a section σ of L1 vanishes with order k on Xj2 and t is an equation of C
on the family, then td−kσ is a section of Lj2 and vanishes on Xj1 to order
d − k. Therefore, it vanishes at Pj1 to order at least d − k. This is what the
relationship among the orders of vanishing reflects.

Definition 1.2. Let C1, . . . , Cg be elliptic curves, Pi, Qi ∈ Ci such that Pi−Qi
is not a torsion point of Ci. Glue Qi to Pi+1, i = 1, . . . , g − 1 to form a node.
The resulting curve will be called a general chain of elliptic curves (of genus
g).

A general chain of elliptic curves is Brill-Noether general. We describe here
the image in the jacobian of the space of limit linear series of a fixed degree
and dimension on such a curve. We first need to understand what goes on on
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266 A. López, M. Teixidor

a single elliptic component. As the canonical (dualizing) sheaf on an elliptic
curve is trivial, the Riemann-Roch Theorem on elliptic curves is particularly
simple.

Lemma 1.3 (Riemann-Roch Theorem). Given a line bundle L of degree d on
an elliptic curve, then

· If d < 0, then h0(L) = 0.
· If d > 0, then h0(L) = d.
· If d = 0, then h0(L) = 1 if L = O and h0(L) = 0 otherwise.

The next two lemmas have been used repeatedly in Brill-Noether questions for
vector bundles (see, for instance, [Tei05] Lemma 2.2 and [Tei08] Lemma 2.2)
and exploit Lemma 1.3, especially the third point. We include them here for
the convenience of the reader.

Lemma 1.4. Consider an elliptic curve C and two points P,Q ∈ C such that
P −Q is not a torsion point in the group structure of C. Let L be a line bundle
of degree d on C and V a space of sections of L of dimension r + 1 ≤ d. Let
the orders of vanishing of the sections of V at P and Q be, respectively,

u0(P ) > · · · > ur(P ) and u0(Q) > · · · > ur(Q).

Then ut(P ) + ur−t(Q) ≤ d and ut(P ) + ur−t(Q) = d for, at most, one value t.

Proof. Note that, by definition, the dimension of the space of sections of V that
vanish to order ut at P , dimV (−ut(P )P ) = t + 1 and dimV (−ur−t(Q)Q) =
r − t+ 1. Therefore,

dim[V (−ut(P )P ) ∩ V (−ur−t(Q)Q)] ≥ t+ 1 + r + 1− t− dimV = 1.

There is then a section vanishing to order ut(P ) at P and ur−t(Q) at Q. As the
degree of the line bundle is d, this requires that ut(P )+ur−t(Q) ≤ d. Moreover,
if ut(P ) + ur−t(Q) = d, then L = O(ut(P )P + ur−t(Q)Q). If there were
another value t′ such that ut′(P ) + ur−t′(Q) = d, then also L = O(ut′(P )P +
ur−t′(Q)Q). This implies that ut(P ) − ut′(P ) = ur−t′(Q) − ur−t(Q). Hence,
(ut(P )−ut′(P ))(P−Q) ≡ 0 contradicting the assumptions about the generality
of P,Q. �

Lemma 1.5. Given an elliptic curve C, two points P,Q ∈ C such that P −Q
is not a torsion point, and integers d ≥ u0 > · · · > ur ≥ 0.

i. There exists then a one-dimensional family of line bundles L of degree
d on C and, for each of them, a unique space of sections V of L of
dimension r+1 with orders of vanishing at P and Q being, respectively,

d− ur, . . . , d− u0 and u0 − 1, . . . , ur − 1

if and only if ur > 0.
ii. There exists a unique line bundle L of degree d on C and space of

sections V of L of dimension r + 1 with orders of vanishing at P and
Q being, respectively,

d− ur, . . . , d− u0 and u0 − 1, . . . , ut0−1 − 1, ut0, ut0+1 − 1, . . . ur − 1
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if and only if ut0 + 1 < ut0−1 when t0 6= 0 and ur > 0 when t0 6= r.

Proof. i. The condition is necessary by definition, as an order of vanishing
must be at least 0.

Conversely, choose an arbitrary line bundle L of degree d on C.
Then, h0(L(−(d− ut)P − (ut− 1)Q)) = 1. Therefore, there is a unique
section st of L that vanishes at P to order at least d − ut and at Q
to order at least ut − 1. Moreover, unless L = O((d − ut)P + utQ)
or L = O((d − ut + 1)P + (ut − 1)Q), this section vanishes to order
precisely d − ut at P and ut − 1 at Q. For a given value of t, the two
exceptions listed completely determine the line bundle. There is a finite
number of possible values of t and therefore a finite number of possibly
exceptional line bundles L. If the identity occurred for two different
values t, t′ and the same line bundle, P − Q would be a torsion point
against our assumptions.

Assume that we are not in one of the exceptional situations. Then,
the sections si have different orders of vanishing at P and are therefore
independent. Define V the space generated by these sections. Then the
pair (L, V ) is completely determined by these conditions.

ii. The condition imposed on the ut is equivalent to saying that the num-
bers u0− 1, . . . , ut0−1− 1, ut0, ut0+1− 1, . . . , ur − 1 are all different and
non-negative. From the proof of Lemma 1.4, the only line bundle for
which these orders of vanishing are possible is L = O((d−ut0)P+ut0Q).
This line bundle has a space of sections with the given vanishing if and
only if one can find independent sections st, 0 ≤ t ≤ r vanishing at P,Q
with precisely the given orders. In particular, this requires that

h0(L(−(d− ut)P − (ut − 1)Q)) ≥ 1, t 6= t0, and

h0(L(−(d− ut0)P − ut0Q)) ≥ 1.

From the definition of L, these inequalities are in fact equalities.
Therefore, we can choose unique sections of L that vanish at P,Q with
the given orders. From the generality of the pair of points P,Q, only
one section of the line bundle vanishes at P,Q with orders adding up
to d. Hence, the order of vanishing at the two points cannot be larger
than what is specified. As the orders of vanishing at one of the points
are all different, the sections are independent.

�

Denote by ρ(g, d, r) the Brill-Noether number that gives the expected dimension
of the locus of line bundles of degree d which have at least r+1 = k independent
sections. For simplicity of notation, we write k̄ = g − 1− d+ k the dimension
of the adjoint linear series to a linear series of degree d and dimension k. With
this notation, ρ = g−kk̄. Denote by c(k, k̄) the number of rectangular standard
Young tableaux with k = r + 1 columns numbered 0, . . . , r and k̄ = g − d + r
rows numbered 1, . . . , g− d+ r. From the hook length formula, this number is
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given by (assuming k̄ ≤ k)

c(k, k̄) =

=
(kk̄)!

(k + k̄ − 1)((k + k̄ − 2))2 . . . (k)k̄((k − 1))k̄ . . . (k̄))k̄(k̄ − 1))k̄−1 . . . (2)21
.

Theorem 1.6. The image in the Jacobian of the scheme of limit linear series
of degree d and dimension k on a general chain of elliptic curves is reducible
with (

g

ρ

)
c(k, k̄)

components corresponding to the c(k, k̄) fillings of the k × k̄ Young diagram
with g − ρ = kk̄ numbers from the set 1, 2, . . . , g. Each of these components
is birationally equivalent to a product of ρ of the elliptic curves among the
irreducible components in C (the ones whose indices do not appear in the
corresponding tableau).

Proof. (Compare, for instance, with the proof of [Tei04, Thm 1.1] or the proof
of [Tei08, Thm 1.1]). The orders of vanishing at P1 (resp. Qg) of an r + 1-
dimensional space of sections of a line bundle of degree d on the curve C1 (resp.
Cg) are at least (r, r − 1, . . . , 0). From the definition of limit linear series, the
sum of the orders of vanishing at Qi, Pi+1, i = 1, . . . , g − 1 of the sections of a
linear series is at least (r + 1)d. Therefore, the sum of all the vanishing at the
points Pi, Qi, i = 1, . . . , g is at least (g − 1)(r + 1)d+ r(r + 1).
On the other hand, from Lemmas 1.4 and 1.5, the sum of the orders of vanishing
at Pi, Qi is at most (r + 1)(d − 1) for a general choice of line bundle and
(r + 1)(d − 1) + 1 if the line bundle in this component is of the form O((d −
ut(i))Pi + ut(i)Qi). In the latter case, the line bundle is completely determined
by the vanishing at Pi and the choice of one index t(i) which must satisfy the
condition ut(i) + 1 < ut(i)−1. Write α for the number of components where the
line bundle is generic. The sum of the vanishing orders at all Pi, Qi is at most
g(r + 1)(d− 1) + g − α. Putting together the two inequalities, we obtain

(g − 1)(r + 1)d+ r(r + 1) ≤ g(r + 1)(d− 1) + g − α,
which can be written as

α ≤ g − (r + 1)(g − d+ r) = g − (r + 1)k̄ = ρ.

The line bundles on the elliptic curves Ci can take a finite number of val-
ues when they have been chosen to be special and can move on the (one-
dimensional) Jacobian of Ci otherwise. So α gives a bound for the dimension
of the space of limit series. This shows that the dimension of any component
of the scheme of limit linear series is at most ρ. On the other hand, it is known
from the construction of a space of limit linear series that every component
has dimension at least ρ. Therefore, every component has dimension precisely
ρ. Note also that a component of dimension ρ corresponds to the choice of ρ
components Ci of C where the line bundles Li are free to vary and the choice on
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each of the remaining components Cj of an order of vanishing at Pj satisfying
the condition in Lemma 1.5 (ii).
Let us see how this choice can be carried out. A component of dimension ρ of
the space of limit linear series, corresponds to the data above so that all the
inequalities are equalities. We will denote by u0(i) > · · · > ur(i) the orders of
vanishing of the sections at Qi. As the inequalities are equalities, the orders of
vanishing at Pi must be (d− ur(i − 1), . . . , d− u0(i − 1)).
When a line bundle is chosen generically, Lemma 1.5 (i) states that each van-
ishing order at Qi is one less than at Qi−1, while for a special line bundle
one of the vanishing orders stays the same while the rest decrease in one unit,
therefore at a generic point of a component of the set of limit linear series:

(a) The vanishing at P1, Qg is (r, r − 1, . . . , 0).
(b) On ρ of the components Ci, the line bundle is generic and then

(u0(i), . . . , ur(i)) = (u0(i − 1)− 1, . . . , ur(i − 1)− 1).

(c) On g−ρ of the components Ci, there is a t(i) with ut(i)(i−1)+1 < ut(i)−1(i−
1), the line bundle is of the form O((d−ut(i)(i− 1))Pi+ut(i)(i− 1)Qi) and
then

(u0(i), . . . , ur(i)) =

= (u0(i−1)−1, . . . , ut(i)−1(i−1)−1, ut(i)(i−1), ut(i)+1(i−1)−1, . . . , ur(i−1)−1).

In keeping with (a) for P1 and our other conventions, we write

(u0(0), . . . , ur(0)) = (d, d− 1, . . . , d− r).
From this description, we can compute the orders of vanishing at any point Qi
in terms of the values of the t(j) for j ≤ i as follows: condition (a) says that (d−
ur(0), . . . , d−u0(0)) = (r, r− 1, . . . , 0). Hence, us(0) = d− s. As the vanishing
us goes down by a unit on each component us(i) = us(i − 1) − 1 except if
t(i) = s, writing δa,b = 0, a 6= b, δa,b = 1, a = b, βi,s =

∑
{j≤i : Lj special} δt(j),s,

(1) us(i) = d− s− i+ βi,s.

Recall that s is a suitable candidate for t(i) if and only if us(i − 1) + 1 <
us−1(i − 1). From the formula we just obtained, this is equivalent to

(2) βi−1,s < βi−1,s−1.

We now place the g − ρ = kk̄ indices corresponding to the curves with special
line bundle in a k×k̄ Young tableau. An index i is placed in the first empty spot
in column t(i), 0 ≤ t(i) ≤ k− 1 = r. So it ends up in row βi,t(i), Our definition
guarantees that the indices increase going down the columns, Equation (2)
guarantees that they increase moving along the rows to the right. It remains
to check that each column has heigth k̄ and therefore the indices fill the tableau.
This can be shown as follows: uj(0) = d− j, uj(g) = r− j, uj(i) = uj(i− 1)− 1
if i is not in column j while uj(i) = uj(i−1) if i is in column j. Therefore, there
are g − [(d− i)− (r − i)] = k̄ indices in column j ensuring that 1 ≤ t(i) ≤ k̄.
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Note that in this case, the line bundle of the limit linear series on Ci is

(3) Li = O((t(i) + i− βi,t(i))Pi + (d− t(i)− i+ βi,t(i))Qi).

�

In joint work with M. Chan and N. Pflueger [CLPT], we give a full description

of the scheme Gk,α,βd (X, p, q) of limit linear series of degree d and dimension k
on a general chain of elliptic curves with prescribed ramification α, respectively
β at a general point p, respectively q when ρ = 1. In the special case when
ρ = 1, Theorem1.6 follows from the result in [CLPT].

Proposition 1.7. The components corresponding to two different Young
tableaux intersect in the Jacobian if and only if the indices that appear in
both appear in boxes (ti,mi), (tj ,mj) with ti −mi = tj −mj . The dimension
of the intersection of two such components equals the number of indices that
do not appear in either tableau.

Proof. The correspondence between components of the locus of limit linear
series and Young tableaux is defined so that on the elliptic curves Ci whose
indices do not appear in the Young tableau, the line bundle is free to vary. For
a component l0 whose index appears in the Young tableau in column t0 and
row x0, the line bundle is completely determined as given in equation (3). If
the index appears in two tableaux that intersect, the line bundle determined by
the tableaux must be the same. This is equivalent to the condition ti −mi =
tj−mj. Conversely, if these conditions are satisfied whenever an index appears
in both tableaux, then the line bundle determined by each of the tableaux on
that component is the same. For components that appear in only one of the
tableaux, the line bundle is determined by the position of the index on that
tableau while line bundles on components whose indices do not appear in either
tableau are free to vary and therefore contribute 1 to the dimension of the
intersection. �

2. The tropical case

In this section we look at the tropical proof of Brill-Noether presented in
[CDPR12] and make use of their techniques to give a description of the Brill-
Noether locus for tropical chains of loops in terms of Young Tableaux (see
Theorem 2.8 ). This presentation extends the results of [CDPR12] Theorem
1.4 that deals with the case of Brill Noether number zero.

Definition 2.1. A tropical curve is a metric graph. The free abelian group on
the points of a tropical curve Γ is called the set of divisors Div(Γ). A function
on the graph is a continuous piecewise linear function whose slope on each
piece of the subdivision is integral. One can associate to such a function ψ the
divisor that at each point of Γ has weight the sum of the incoming slopes on the
edges of Γ to which the point belongs. Two divisors are said to be equivalent
(written as ≡) if they differ in the divisor of a piecewise linear function. The
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group of equivalence classes of divisors is called the Picard group of Γ and is
graded by degree.

Definition 2.2. Let L1, . . . ,Lg,M1, . . . ,Mg be segments of (real) length
l1, . . . , lg,m1, . . .mg. Identify the two ends of Li with the two ends of Mi

to give points Qi−1, Q′i. Then identify Q′i with Qi to form a connected chain
with g loops. The resulting tropical curve will be called a chain of loops (of
genus g). The chain is said to be general if the lengths are generic (which from
the point of view of Brill-Noether theory means that their quotients do not
equal the quotient of two positive integers less than 2g − 2).

We now state some facts about divisors on tropical curves that are similar to
those on sections of line bundles on elliptic curves.

Lemma 2.3 (Tropical Riemann-Roch on a loop). Given a divisor D of degree d
on a single loop, two points P,Q on the loop and (when d ≥ 0) a non-negative
integer a ≤ d, then

(i) If d ≤ 0, then D is not equivalent to an effective divisor unless D = 0.
(ii) If d > 0, a < d, then D is equivalent to a divisor of the form aP + (d−

a− 1)Q+R where R is some point on the loop.
(iii) If P,Q are general, there is a unique equivalence class of divisors such

that D is equivalent to aP + (d− a)Q and then D is not equivalent to
bP + (d− b)Q for any integer b 6= a.

Proof. The proof of this result can be obtained from an easy computation
(compare also with example 2.1 in [CDPR12]). As the divisor of a function has
degree zero, the first point is clear.
Part (ii) can be proved by directly exhibiting a piecewise linear function giving
the equivalence.
For (iii), if aP + (d− a)Q is equivalent to bP + (d− b)Q, then (if, say, b ≥ a),
then (b − a)P is equivalent to (b − a)Q, which is not true for any pair a, b if
P,Q are general. �

Recall that a divisor D on a tropical curve Γ is said to be of rank r if for every
effective divisor D′ of degree r on Γ, D−D′ is equivalent to an effective divisor.
Consider a chain Γ of g generic loops as in Definition 2.2. Denote by Γi the
ith loop and by Qi−1, Qi the points of intersection with Γi−1,Γi+1 respectively.
Using Lemma 2.3, every divisor is equivalent to a divisor whose support outside
a fixed Qj has at most one point on the interior of each Γi.

Lemma 2.4. Let Γ be a general chain of g loops and D a divisor on Γ of rank
at least r. For every k = 1, . . . , g, t = 0, . . . , r, i = 0, . . . , g there exist
indices ǫk, ǫk,t ∈ {0, 1}, points in the loops xk ∈ Γk − {Qk−1}, xk,t ∈ Γk and
integers ut(i), u0(i) > · · · > ur(i) ≥ 0 such that

D ≡ tQ0 +
∑

k≤i
ǫk,txk,t + ut(i)Qi +

∑

k>i

ǫkxk.
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Proof. Using Lemma 2.3 on each of the loops starting with the last one, one
can successively bring most of the degree to Qg−1, Qg−2, . . . , Q0 leaving behind
at most one point on each loop. So, D is equivalent to

uQ0 +
∑

k≥1
ǫkxk,

where u is chosen as large as possible and xk ∈ Γk − {Qk−1}. As D has rank
at least r, there is an effective divisor equivalent to D − rQ0 and u ≥ r.
Define

(u0(0), u1(0), . . . , ur(0)) = (u, u− 1, . . . , u− r).
With this definition,

u0(0) > · · · > ur(0) ≥ 0

and for each t = 0, . . . , r, D is trivially equivalent to tQ0+ut(0)Q0+
∑
k>0 ǫkxk.

Assume now that we found all of the ut(j), ǫj,t, xj,t, j ≤ i− 1, 0 ≤ t ≤ r . Our
goal is to find ǫi,t, xi,t, ut(i), 0 ≤ t ≤ r such that

(∗) tQ0 +
∑

k≤i
ǫk,txk,t + ut(i)Qi +

∑

k>i

ǫkxk ≡ D

and

u0(i) > · · · > ur(i) ≥ 0.

By the prior step,

D ≡ tQ0 +
∑

k≤i−1
ǫk,txk,t + ut(i− 1)Qi−1 + ǫixi +

∑

k>i

ǫkxk.

Using 2.3 on Γi, there exist δi,t ∈ {0, 1}, xi,t ∈ Γi−{Qi}, αt(i) ∈ Z+ satisfying:

ut(i− 1)Qi−1 + ǫixi ≡ δi,txi,t + αt(i)Qi.

We will choose ǫi,t = δi,t, ut(i) = αt(i) except when ǫi = 1 for a t = t0
ut0(i−1)Qi−1+xi ≡ (ut0(i−1)+1)Qi and ut0(i−1)+1 = ut0−1(i−1). In this
case, we choose ǫi,t0 = 1, xi,t0 = Qi, ut0(i) = ut0(i − 1). With these choices,
condition (*) is satisfied and it remains to check that u0(i) > · · · > ur(i) ≥ 0.

(a) By the genericity of Γi, ut(i − 1)Qi−1 is not equivalent to ut(i − 1)Qi if
ut(i − 1) > 0. Therefore, if ǫi = 0 and ur(i − 1) > 0, then ǫi,t = 1, t =
0, . . . , r and

(u0(i), . . . , ur(i)) = (u0(i− 1)− 1, . . . , ur(i− 1)− 1)

The inequalities among the vanishing orders are then satisfied.
(b) If ǫi = 0 and ur(i − 1) = 0, then ur(i − 1)Qi−1 + ǫixi is identically zero.

Hence, ǫi,r = 0, ǫi,t = 1; t = 0, . . . , r − 1

(u0(i), u1(i), . . . , ur−1(i), ur(i)) =

= (u0(i − 1)− 1, u1(i− 1)− 1, . . . , ur−1(i− 1)− 1, ur(i − 1)).

The inequalities are satisfied if ur−1(i − 1) > 1. As D − (r − 1)Q0 −Qi is
equivalent to an effective divisor, this needs to be the case.
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(c) If ǫi = 1, ut0(i − 1)Qi−1 + xi ≡ (ut0(i − 1) + 1)Qi and ut0(i − 1) + 1 =
ut0−1(i− 1), we have ǫi,t = 1 for all t and

(u0(i), . . . , ur(i)) = (u0(i− 1), . . . , ur(i− 1)), xi,t0 = Qi.

(d) If ǫi = 1, ut0(i − 1)Qi−1 + xi ≡ (ut0(i − 1) + 1)Qi and ut0(i − 1) + 1 <
ut0−1(i− 1), then ǫi,t = 1 for all t 6= t0, ǫi,t0 = 0

(u0(i), . . . , ut0−1(i), ut0(i), ut0+1(i) . . . , ur(i)) =

= (u0(i − 1), . . . , ut0−1(i − 1), ut0(i− 1) + 1, ut0+1(i− 1), . . . , ur(i− 1)).

(e) If ǫi = 1 and ut(i−1)Qi−1+xi is not equivalent to (ut(i−1)+1)Qi for any
t, then (u0(i), . . . , ur(i)) = (u0(i − 1), . . . , ur(i − 1)) and the inequalities
are satisfied.

Note that case (a) can be seen as a special case of (e) when xi = Qi−1 while
case (c) can be seen as a special case of (e) when xi,t0 = Qi. �

Definition 2.5. Let the ut(i) be defined as in Lemma 2.4 , we say that xi is
t0-special if ut0(i − 1)Qi−1 + xi ≡ (ut0(i− 1) + 1)Qi. We then write t(i) = t0.
If xi is t-special for some t, we say that xi is special. If it is not special, we say
it is generic.

For easy future reference, we list the values of the vanishing at Qi depending
on the data on the corresponding loop:

Corollary 2.6. The integers ut(i) defined in Lemma 2.4 satisfy

(a) If ǫi = 0 and ur(i− 1) > 0, then ut(i) = ut(i − 1)− 1, t = 0, . . . , r.
(b) If ǫi = 0 and ur(i−1) = 0, then ut(i) = ut(i−1)−1, t = 0, . . . , r−1, ur(i) =

ur(i− 1).
(c) If xi is t0-special and ut0(i−1)+1 = ut0−1(i−1), then ut(i) = ut(i−1), t =

0, . . . , r.
(d) If ǫi = 1, xi is t0-special and ut0(i − 1) + 1 < ut0−1(i − 1), then ut(i) =

ut(i− 1), t 6= t0, ut0(i) = ut0(i− 1) + 1.
(e) If ǫi = 1 and xi generic, then ut(i) = ut(i − 1), t = 0, . . . , r.

We now show the converse of Lemma 2.4 namely

Lemma 2.7. Let Γ be a general chain of g loops and D a divisor on Γ such
that for every k = 1, . . . , g, t = 0, . . . , r, i = 0, . . . , g there exist indices
ǫk, ǫk,t ∈ {0, 1}, points in the loops xk ∈ Γk − {Qk−1}, xk,t ∈ Γk and integers
ut(i), u0(i) > · · · > ur(i) ≥ 0 such that

D ≡ tQ0 +
∑

k≤i
ǫk,txk,t + ut(i)Qi +

∑

k>i

ǫkxk.

Then D has rank at least r.

Proof. In order to show that D has rank r, it suffices to see that for any divisor
D′ of degree at most r with support at Q0, . . . , Qg, D − D′ is equivalent to
an effective divisor (see Theorem 1.6 in [L]). Write D′ = a0Q0 + · · · + agQg.
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Recall that D is equivalent to a0Q0 + ǫ1,a0x1,a0 +ua0(1)Q1 +
∑

i≥2 ǫixi. Then,

D −D′ is equivalent to

ǫ1,a0x1,a0 + (ua0(1)− a1)Q1 +
∑

i≥2
ǫixi −

∑

j≥2
ajQj .

As u0(1) > u1(1) > · · · > ur(1), ua0(1) − a1 ≥ ua0+a1(1). So, it suffices to
check that

ǫ1,a0x1,a0 + (ua0+a1(1))Q1 +
∑

i≥2
ǫixi −

∑

j≥2
ajQj

is effective. This divisor is equivalent to

ǫ1,a0x1,a0 + ǫ2,a0+a1x2,a0+a1 + (ua0+a1(2)− a2)Q2 +
∑

i≥3
ǫixi −

∑

j≥2
ajQj .

As ua0+a1(2)− a2 ≥ ua0+a1+a2(2), it suffices to check that

(ua0+a1+a2(2))Q2 +
∑

i≥3
ǫixi −

∑

j≥3
ajQj

is effective. Repeating the argument above g − 1 times, it will suffice to show
that

∑

i=1,...,g

ǫi,a0+···+ai−1xi,a0+···+ai−1 + (ua0+a1+···+ag−1(g)− ag)Qg

is effective. As ua0+a1+···+ag−1(g) − ag ≥ ua0+a1+···+ag (g) and by assump-
tion a0 + a1 + · · · + ag ≤ r, then ua0+a1+···+ag (g) ≥ ur(g) ≥ 0 therefore
ua0+a1+···+ag(g) is well defined and greater than or equal to 0. �

Theorem 2.8. The Brill-Noether locus of degree d and rank r = k − 1 on a
general chain of g loops is a union of

(
g

ρ

)
c(k, k̄)

products of ρ loops corresponding to the c(k, k̄) fillings of the k × k̄ Young
diagram with g−ρ = kk̄ numbers from the set 1, 2, . . . , g. The loops appearing
in the product are the ones whose indices do not appear in the corresponding
tableau.

Proof. Recall that D is equivalent to a divisor of the form uQ0 +
∑
ǫixi where

u = ur(0). The orders of vanishing at Q0 were defined as (u0(0), . . . , ur(0)) =
(u− 0, . . . , u− r) . Hence,

∑
t ut(0) = (r + 1)u− (1 + · · ·+ r) .

As the divisor D has degree d and is equivalent to uQ0 +
∑
ǫixi,

u+

g∑

i=1

ǫi = d.

So
∑g

i=1 ǫi = d− u and there are g − d+ u loops Γi where the ǫi = 0. Write α
for the number of loops where ǫi = 1 and xi is generic. There remain d−u−α
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loops where ǫi = 1 and the xi is special. It follows from Corollary 2.6 that
r∑

t=0

ut(g) ≤
r∑

t=0

ut(0)− r(g − d+ u) + d− u− α

= (r + 1)u− (1 + · · ·+ r)− r(g − d+ u) + d− u− α
with equality when(with the notation in Corollary 2.6 ) the loops with ǫi = 0
correspond to case (b) and those with ǫi = 1, xi special correspond to case (d).
On the other hand, as u0(g) > · · · > ur(g), the orders of vanishing at Qg are
at least r, . . . , 0. Hence,

r + · · ·+ 1 ≤
r∑

t=0

ut(g).

The two inequalities together give

r + · · ·+ 1 ≤ (r + 1)u− (1 + · · ·+ r) − r(g − d+ u) + d− u− α,
which gives rise to

α ≤ (r + 1)u− (1 + · · ·+ r)− r(g − d+ u) + d− u− (r + · · ·+ 1) = ρ.

Equality in the above inequality is achieved when the vanishing at both Q0, Qg
are (r, . . . , 0) and on intermediate components the ǫi, xi correspond to choices
(with notations as in Corollary 2.6 ) of type (b),(d), (e). In situation (b), ǫi = 0
and there are no further choices to make. In situation (d), ǫi = 1, there is a
t0 = t(i) such that ut(i)(i− 1) + 1 < ut(i)−1(i− 1). The xi is determined by the
ut(i)(i−1), so the only choice is that of the index t(i). There are no restrictions
on when to make a choice of type (e) and then on how to choose xi. As α gives
the number of loops on which the point is free to vary, optimal choices as in (b),
(d) and (e) give rise to a product of ρ loops. On the other hand, we pointed
out that cases (a) and (c) can be seen as limiting cases of (e). Therefore, our
loci are products of ρ loops.
As ur(g) = 0 and in cases (b), (d), (e) , ur(i) ≥ ur(i − 1) it follows that
ur(i) = 0, i = 0, . . . , g for a generic point on each such loop.
As us(0)−us−1(0) = 1 for all s, and a choice of type (d) requires ut(i)(i−1)+1 <

ut(i)−1(i − 1), we can only choose t(i) in a type (d) choice for the nth time if
each of 0, . . . , t(i) − 1 have already been chosen at least n times. Similarly, a
choice of type (b) can only be made for the nth time if choices of type (d) have
been made at least n times for each of the vanishings 0, . . . , r − 1.
Now construct a Young tableau associated to a component as follows. We
number the columns of the tableau from 0 to r. The component determines ρ
loops where the xi will be generic. These ρ loops can be any of the g loops of
Γ . Assign the indices of the remaining loops successively to one spot of the
tableau. An index i will be placed in the first empty spot in the column t(i)
for a choice of type (d) corresponding to the vanishing ut(i). An index i will be
placed in the first empty spot in the column r if it corresponds to a choice of
type (b). By construction, the filling in the columns increase as you go down.
Our arguments show that the fillings increase as you move right on a row. As in
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the limit linear series case, we need to show that each column has height k̄. Note
that ut(0) = u− t, ut(g) = r− t, u+

∑
ǫi = d. Moreover, ut(i) = ut(i−1)−1 if

ǫi = 0. If ǫi = 1, ut(i) = ut(i− 1) if i is not t-special while ut(i) = ut(i− 1) + 1
if i is t-special. Therefore, r − t = ut(g) = u− t− (g −∑ ǫi) + αt with αt the
height of column t. It follows that αt = k̄ for all t.
Conversely, if we start with a Young tableau, we can construct a component
of the Brill-Noether locus as the product of the loops whose indices do not
appear in the tableau. If i appears in column t0, write t(i) = t0. Denote by
βi,t =

∑
{j≤i } δt(j),t. Before defining the divisor corresponding to a point in

the component, we need to say what we want as the ǫi and the vanishing at the
Qi. Start with (u0(0), . . . , ur(0)) = (r, . . . , 0). If an index i does not appear on
the tableau, take ǫi = 1 and indices

(u0(i), . . . , ur(i)) = (u0(i − 1), . . . , ur(i − 1)).

If t(i) < r, take ǫi = 1 and indices

(u0(i), u1(i), . . . , ut(i)(i), . . . , ur(i)) =

= (u0(i− 1), u1(i− 1), . . . , ut(i)(i − 1) + 1, . . . , ur(i − 1)).

If t(i) = r, take ǫi = 0

(u0(i), u1(i), . . . , ur(i)) = (u0(i−1)−1, u1(i−1)−1, . . . , ur−1(i−1)−1, ur(i−1))

Note that with this construction, ur(i) = 0 for all i.
Then, ut(i)(i) = ut(i)(i − 1) + 1 if t(i) = s < r, us(i) = us(i − 1) − 1 if ǫi = 0
and otherwise us(i) = us(i − 1). Therefore,

(4) us(i) = r − s+
∑

j≤i
δs,t(j) −

∑

j≤i
δr,t(j) = r − s+ βi,s − βi,r

In particular, ut(i)(i) = r − t(i) + βi,t(i) − βi,r. As xi is the unique point such
that ut(i)(i − 1)Qi−1 + xi ≡ (ut(i)(i − 1) + 1)Qi, we have

(5) (r − t(i) + βi,t(i) − βi,r − 1)Qi−1 + xi ≡ (r − t(i) + βi,t(i) − βi,r)Qi.
For the components whose indices do not appear in the tableau, choose a generic
point xi. The generic divisor corresponding to the tableau is then of the form
rQ0 +

∑
ǫixi. �

3. Effective limit linear series

We mentioned that the definition of limit linear series comes from concentrating
all of the degree of a line bundle successively on each of the components of a
curve of compact type. The goal of this section is to show that for refined limit
linear series, one can concentrate most of the degree and all of the sections
on one component while allowing the line bundle to still be effective on the
remaining components:

Proposition 3.1. Assume that C is a curve of compact type with irreducible
components Cj , j = 1, . . . ,M . Let {Lj, Vj ⊂ H0(Cj , Lj), j = 1, . . . ,M} be
the data of a limit linear series of degree d and dimension r on C. Choose a
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component Ci of C. For each Cj , let Pj,1, . . . , Pj,kj be the set of nodes in Cj ,
Xj,1, . . . , Xj,kj the connected components of C − Cj and

u0(j, l) > · · · > ur(j, l) ≥ 0, j = 1, . . . ,M, l = 1, . . . , kj ,

the orders of vanishing of the sections of Vj at Pj,l. If j 6= i, let Xj,l(j,i)be the
connected component of C − Cj whose closure contains Ci.
Define a line bundle on Cj by

Lj,i = Lj(−u0(j, l(j, i))Pj,l(j,i) −
∑

l 6=l(j,i)
ur(j, l)Pj,l)

Lj,j = Lj(−
∑

l=1,...,kj

ur(j, l)Pj,l)

and let Li be the line bundle obtained by gluing the Lj,i. Note that for j = i,
no component Xj,l contains Ci, so the second equation is compatible with the
first with the understanding that l(i, i) does not exist. Then:

i. The line bundle Li has degree d on C.
ii. The restriction of Li to Ci has a space of sections of dimension r + 1

that correspond naturally with the sections in Vi.
iii. The restriction of Li to Cj has one section.

Proof. Note that, because the curve C is of compact type, a line bundle on
C is completely determined by its restriction to each component. So the line
bundle Li on C is well-defined.
By definition, the restriction Lj,i of Li to Cj is the subsheaf of sections of Vj
generated by those sections with the highest order of vanishing at the node
closer to Ci and the lowest order of vanishing at the nodes that are further
away from Ci. On the component Ci, we look at sections with the lowest order
of vanishing at all nodes, as none of the closures of the irreducible components
of C − Ci contains Ci.
We now prove our claims:

i. The degree of a line bundle on a reducible curve is the sum of the
degrees of the restriction to each component:

degLi =
∑

j=1,...,M

degLj,i =
∑

j=1,...,M

(d− u0(j, l(j, i))−
∑

l 6=l(j,i)
ur(j, l)).

This sum is ordered with respect to the components Cj of C. We
can reorder it instead with respect to the nodes Pα of C. Every node
Pα, α = 1, . . . ,M − 1, is the intersection of two irreducible components
Cj1(α), Cj2(α) of C. We choose the indices so that Cj1(α) is on the
same connected component of C − Pα as Ci (possibly Cj1(α) = Ci)
and Cj2(α) is not on the same connected component of C − Pα as Ci.
Then, for Cj1(α), either Cj1(α) = Ci or Pα is a node that is far from Ci
(meaning Pα = Pj1(α),lk , lk 6= l(j1(α), i)). In either case, we are using
the vanishing ur in the definition of Lj,i. For Cj2(α), Pα is a node that
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is close to Ci (meaning Pα = Pj1(α),l(j2(α),i)). We rewrite the equation

for the degree of Li as

degLi = d+
∑

α=1,...,M−1
(d− ur(j1(α), l(j1(α, i))) − u0(j2(α), lk)).

If the limit linear series is generic and therefore refined,
ur(j1(α), l(j1(α), i)) + u0(j2(α), lk) = d. Then degLi = d, as claimed.

ii. The sections of Vi vanish at every node Pi,l with vanishing at least
ur(i, l). Therefore, the space of sections of Li restricted to Ci contains
all the sections in Vi when considered as sections of Li|Ci and Vi is a

space of dimension r + 1 by assumption.
iii. On a component Cj , j 6= i, we are considering sections that vanish at

one of the nodes with highest order of vanishing. There is one such sec-
tion on Vj and it vanishes at all other nodes with at least the minimum
vanishing. So this section survives in the restriction of Li to Cj .

�

The data we introduced in Proposition 3.1 of the line bundles Li defined on
the whole reducible curve C is redundant. As in the case of limit linear series,
we could minimize the data by considering only the restrictions of the Li to Ci
and the corresponding space of sections on the components Ci only. We give
here a definition and we show that effective linear series are equivalent to the
Eisenbud-Harris limit linear series.

Definition 3.2. An effective linear series of degree d and dimension r on a
curve of compact type C with components Ci, i = 1, . . . ,M , and nodes Pα, α =
1, . . . ,M − 1, consists of the following data:

i. A line bundle Li,i of degree di on Ci, i = 1, . . . ,M .
ii. A space of sections Wi of dimension r + 1 of Li,i.

iii. For each node Pα obtained as the intersection of two irreducible com-
ponents Cj1(α), Cj2(α) of C, an integer aα, r ≤ aα ≤ dji(α)

These data should satisfy the conditions:

(a)
∑
i=1,...,M di −

∑
α=1,...,M−1 aα = d.

(b) For a node Pα, consider the orders of vanishing of the sections of Wj1(α)

at the node (resp the orders of vanishing of the sections of Wj2(α))

w0(j1(α), α) > · · · > wr(j1(α), α) w0(j2(α), α) > · · · > wr(j2(α), α)

Then, wt(j1(α), α) + wr−t(j2(α), α) ≥ aα, t = 0, . . . , r.
(c) For each component Cj and every node Pα on Cj , Wj(−aαPα) has at least

one section

The series will be called refined when there is an equality in the last condition
in (b) for all nodes and all t.

Proposition 3.3. The data of a refined limit linear series and of a refined
effective linear series are equivalent.
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Proof. A limit linear series is defined in terms of line bundles on each of the
components of a reducible curve and spaces of sections on these individual
components. In Proposition 3.1, we saw how a limit linear series gives rise to
line bundles on the whole curve and spaces of sections of these line bundles.
Using that construction and with the notations there, we take then Li,i as
defined on that proposition, namely Li,i = Li(−

∑
l=1,...,ki

ur(i, l)Pi,l). This

line bundle has degree di = d−∑l=0,...,ki
ur(i, l).

If Pα is the node formed as the intersection of Cj1(α) and Cj2(α), define

aα = d− ur(j1(α), α) − ur(j2(α), α).

From the conditions on vanishing for a refined limit linear series, ur(j1(α), α)+
u0(j2(α), α) = d. Hence

aα = d− ur(j1(α), α) − ur(j2(α), α) = u0(j2(α), α) − ur(j2(α), α) ≥ r.
Condition (a) for an effective series follows from the definitions.
As all the sections of Vi vanish at Pl with order at least ur(i, l), the space

(6) Wi = Vi(−
∑

l=0,...,ki

ur(i, l)Pi,l).

is a space of sections of Li,i and still has dimension r + 1. Let wt(i, l) be the
order of vanishing of the sections of Wi at Pl, that is

wt(i, l) = ut(i, l)− ur(i, l)
The condition u0(i, l) > · · · > ur(i, l) then implies w0(i, l) > · · · > wr−1(i, l) >
wr(i, l) = 0 which implies the first condition in Definition 3.2 part (b).
As ut(j1(α), α) + ur−t(j2(α), α) = d,

wt(j1(α), α)+wr−t(j2(α), α) =

= ut(j1(α), α) − ur(j1(α), α) + ur−t(j2(α), α) − ur(j2(α), α)

= d− ur(j1(α), α) − ur(j2(α), α) = aα.

which proves the second part of condition (b) for refined series.
Note now that if the irreducible components of C containing the node Pα are
Cj1 , Cj2 with Pα = Pj1,l1 = Pj2,l2 ,

Wj1(−aαPα) ⊇ Vj1(−
∑

m=0,...,kj1

ur(j1,m)Pj1,m − (d− ur(j1, l1)− ur(j2, l2))Pα)

= Vj1(−
∑

m 6=l1
ur(j1,m)Pj1,m − (d− ur(j2, l2))Pα)

⊇ Vj1(−
∑

m 6=l1
ur(j1,m)Pj1,m − u0(j1, l1)Pα),

where we used that u0(j1, l1) + ur(j2, l2) ≥ d. By definition of the orders
of vanishing, this latter space has a section. In particular, this implies that
aα ≤ dji(α).
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Conversely, an effective refined linear series (Li,i,Wi, aα), i = 1, . . . ,M, α =
1, . . . ,M − 1, determines a limit linear series (Li, Vi), i = 1, . . . ,M , as fol-
lows: given a component Cj , let Pj,1, . . . , Pj,kj be the set of nodes in Cj and
Xj,1, . . . , Xj,kj the corresponding connected components of C − Cj .
Define

d′j,l =
∑

Cm∈Xj,l
dm −

∑

Pα∈Xj,l
aα, Lj = Lj,j(

∑

l

d′j,lPj,l).

The condition aα ≤ dji(α) in (iii) guarantees that d′j,l ≥ 0. Then,

degLj = dj +
∑

l

∑

Cm∈Xk,l
dm −

∑

Pα∈Xk,l
aα = dj +

∑

l 6=j
dm −

∑

α

aα = d.

Define

Vj = Wj(
∑

l

d′j,lPj,l).

What we mean here is that we take the same spaces of sections Wj with fixed
points of multiplicities d′j,l at Pj,l. Then using the second part of condition (b)
in 3.2

aα+d′j1,α + d′j2,α
= ut(j1(α), α) + ur−t(j2(α), α)

= aα +
∑

Cm∈Xj1,α
dm −

∑

Pβ∈Xj1,α
aβ +

∑

Cm∈Xj2,α
dm −

∑

Pβ∈Xj2,α
aβ

=
∑

i=1,...,M

di −
∑

β=1,...,M−1
aβ = d

where the last equality comes from condition (a) in 3.2. This concludes the
proof of the fact that (Li, Vi) gives the data of a limit linear series. �

Recall that Young tableaux of dimension (r + 1)(g − d+ r) filled with integers
among 1, . . . , g correspond to generic component of the image in the Jacobian
of the set of limit linear series of degree d and dimension r on a general chain
of elliptic curves. If an index i appears in the tableau on column t0, we write
t0 = t(i). Denote by βi,t =

∑
{j≤i } δt(j),t. In particular, i appears in row

βi,t(i).
From the correspondence between refined limit linear series and refined effective
series, these tableaux correspond also to effective linear series of degree d and
dimension r. We describe the correspondence below.

Lemma 3.4. Let C be a general chain of elliptic curves. Given a Young tableau
of dimension (r + 1)(g − d + r) filled with integers among 1, . . . , g, consider a
general point of the component of the Brill-Noether locus on the chain corre-
sponding to the tableau. This point gives rise to a limit linear series. The line
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bundle L1 defined in 3.1 from this limit linear series is described as follows:

L1
|Ci =





OCi if t(i) = r

OCi(xi) xi + (r + βi,t(i) − t(i)− βi,r − 1)Pi

≡ (r + βi,t(i) − t(i)− βi,r)Qi if t(i) < r

OCi(xi) xi generic if i not in tableau.

Proof. From the correspondence between limit linear series and Tableaux, if an
index is not on the tableau, then Li is a general line bundle of degree d. If i
appears in the tableau, then from equation (3),

Li = OCi((d− ut(i)(i))Pi + ut(i)(i)Qi) =

= O((t(i) + i− βi,t(i))Pi + (d− t(i)− i+ βi,t(i))Qi).

Using equation (1) the orders of vanishing of Vi are written as us(i) = d −
s − i + βi,s. The orders of vanishing vs(i) of the sections at Pi are given by
vs(i) = d− ur−s(i)− 1, s 6= r − t(i); vr−t(i)(i) = d− ut(i)(i)
From the definition in 3.1,

L1,1 = L1(−ur(1)Q1) ,

Li,1 = Li(−(v0(i)Pi − ur(i)Qi)) =

=

{
Li(−(d− ur(i)− 1)Pi − ur(i)Qi), t(i) 6= r,

Li(−(d− ur(i))Pi − ur(i)Qi), t(i) = r.

From Li = O((d− ut(i)(i))Pi + ut(i)(i)Qi), if the index i is on the last column
(t(i) = r), then Li,1 = OCi .
If t(i) < r, substituting the values of Li, ur(i), we obtain

Li,1 = Li(−(d− ur(i)− 1)Pi − ur(i)Qi) =

= O((t(i) + i− βi,t(i))Pi+
+(d− t(i)− i+βi,t(i))Qi)(−(d− (d− r− i+βi,r−1)Pi− (d− r− i+βi,r)Qi)) =

= O((t(i)− βi,t(i) − r + βi,r + 1)Pi + (r − t(i) + βi,t(i) − βi,r)Qi)
As Li,1 is a line bundle of degree 1 on an elliptic curve, we have Li,1 = OCi(xi),
where xi satisfies the condition in the statement.
If the index i does not appear in the tableau, Li is a general line bundle of
degree d therefore Li,1 is a general line bundle of degree 1 on Ci and we can
write Li,1 = OCi(xi) where xi is a generic point of Ci. �

In the previous lemma, we computed the line bundles Li,1. We can similarly
compute the Li,j for other values of j. We can also find the spaces of sectionsWj

of Lj,j. From equation (6), in our situationWi = Vi(−ur(i)Qi−(d−u0(i)−1)Pi)
if t(i) 6= 0 or i is not on the tableau and Wi = Vi(−ur(i)Qi − (d − u0(i))Pi)
if t(i) = 0. It follows that the orders of vanishing of the sections of Wj at Qj
are u0(j) − ur(j), . . . ur−1(j) − ur(j), ur(j) − ur(j) = 0. Using the expression
in equation (1), us(i) = d− s− i+ βi,s, the expression for ws is given by

(7) ws(i) = r − s+ βi,s − βi,r
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Lemma 3.5. Let C be a general chain of loops. Given a Young tableau of
dimension (r+1)(g−d+r) filled with integers among 1, . . . , g, consider a general
point of the component of the Brill-Noether locus on the chain corresponding
to the tableau. This point gives a divisor of the form

rP1 +
∑

k≥1
ǫkxk.





ǫi = 0 if t(i) = r

ǫi = 1 xi + (r + βi,t(i) − t(i)− βr,i − 1)Pi ≡
≡ (rβi,t(i) − t(i)− βi,r)Qi if t(i) < r

ǫi = 1 xi generic if i not in tableau.

Proof. This is a recap of Section 2. In particular, the description of the divisor
follows from equation (5). �

Remark 3.6. The statements of Lemmas 3.4 and 3.5 give a direct analogy
between effective line bundles in the Brill-Noether locus for a chain of elliptic
curves and divisor on tropical chains of loops. We point out also that the
orders of vanishing of these divisors or line bundles agree (see equations (4)
and (7)). As the proof of the Brill-Noether theorem relies on the positivity of
these vanishing, the tropical or limit linear series proofs run in parallel.

Example 3.7. In this example, we exhibit the analogy and correspondence
between the theory of effective limit linear series on a chain of elliptic curves
and the theory of divisors on a tropical chain of loops. We look at the case
when g = 6, d = 6, and r = 2, and therefore ρ = 0.
Let C be a chain of elliptic curves of genus 6 as in Definition 1.2. Let us consider
the example of Eisenbud-Harris limit linear series on this chain associated to
the Young tableau

1 2 4
3 5 6

The data of this limit is summarized in the table in Figure 1: the ith row cor-
responds to the irreducible component Ci, we give the corresponding degree 6
line bundle on Ci followed by the orders of vanishing of the linearly independent
sections at Pi and Qi, respectively.
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s1i s2i s3i
O(6Q1) 0 1 2

6 4 3

O(2P2 + 4Q2)
0 2 3
5 4 2

O(P3 + 5Q3)
1 2 4
5 3 1

O(5P4 +Q4)
1 3 5
4 2 1

O(4P5 + 2Q5)
2 4 5
3 2 0

O(6P6)
3 4 6
2 1 0

Figure 1. Eisenbud-Harris limit linear series

s1i s2i s3i
O(3Q1) 0 1 2

3 1 0

O(2P2 + 2Q2)
0 2 3
3 2 0

O(4Q3)
0 1 3
4 2 0

O(4P4)
0 2 4
3 1 0

O(2P5 + 2Q5)
0 2 3
3 2 0

O(3P6)
0 1 3
2 1 0

Figure 2. Effective limit linear series

Let us now construct the corresponding effective limit linear series on the chain
of elliptic curves C using the results in Section 3:

· for i = 1, j = 1, we have u0(1, 1) = 2, u1(1, 1) = 1, u2(1, 1) =
0 and u0(1, 2) = 6, u1(1, 2) = 4, u2(1, 2) = 3, and then

L1,1 = L1(−u2(1, 1)P1 − u2(1, 2)Q1) = L1(−0P1 − 3Q1) = OC1(3Q1);

· for i = 1, j = 2, we have u0(2, 1) = 3, u1(2, 1) = 2, u2(2, 1) =
0 and u0(2, 2) = 5, u1(2, 2) = 4, u2(2, 2) = 2, and then

L2,1 = L2(−u0(2, 1)P2 − u2(2, 2)Q2) = L2(−3P2 − 2Q2) = OC2(2Q2 − P2);
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· for i = 1, j = 3, we have u0(3, 1) = 4, u1(3, 1) = 2, u2(3, 1) =
1 and u0(3, 2) = 5, u1(3, 2) = 3, u2(3, 2) = 1, and then

L3,1 = L3(−u0(3, 1)P3 − u2(3, 2)Q3) = L3(−4P3 −Q3) = OC3(4Q3 − 3P3).

Similar computations give

· L4,1 = L4(−u0(4, 1)P4 − u2(4, 2)Q4) = L4(−5P4 −Q4) = OC4 ,
· L5,1 = L5(−5P5) = OC5(2Q5 − P5), and
· L6,1 = L6(−6P6) = OC6 .

A complete description of the bundles Lj,i is shown on the following table where
Oi(a, b) denotes OCi(aPi + bQi)

L1,1 L2,1 L3,1 L4,1 L5,1 L6,1

O1(0, 3) O1 O1 O1 O1 O1

O2(−1, 2) O2(2, 2) O2(2,−1) O2(2,−1) O2(2,−1) O2(2,−1)
O3(−3, 4) O3(−3, 4) O3(0, 4) O3 O3 O3

O4 O4 O4 O4(4, 0) O4(3,−2) O4(3,−2)
O5(−1, 2) O5(−1, 2) O5(−1, 2) O5(−1, 2) O5(2, 2) O5(2,−1)
O O O O O6 O6(3, 0)

The data for the effective limit linear series is summarized in Figure 2, following
the same conventions as in the Eisenbud-Harris limit.
Let now Γ be a general chain of 6 loops. The divisor corresponding to the
tableau is of the form

2Q0 + x1 + x2 + x3 + x5

where xi is on the ith loop. The points xi satisfy

2Q0 + x1 ≡ 3Q1, Q1 + x2 ≡ 2Q2, 3Q2 + x3 ≡ 4Q3, Q4 + x5 ≡ 2Q5.

(
1

)
2

(
3
)

1

(
2

)
3

(
4
2

) (
3
)

1

(
3
2

) (
2
1

)

Figure 3. The chain Γ with vanishing orders at the nodes.
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Introduction

The purpose of this note is show that an irreducible rigid differential equation
on an open subset of P1 with regular singularities and rational exponents has,
with reasonable local assumptions relative a prime p, a Frobenius structure
relative to some power of p.
Katz showed that any irreducible rigid local system on an open subset P1

can be built up by repeated tensor product and convolution operations of a
suitable sort from local systems of rank one [8]. One therefore expects that if
the corresponding regular singular differential equation is defined, say, over Q
and has rational exponents, it should have a Frobenius structure for almost all
p. What we show in this paper, in effect, is that if the differential equation
has rational exponents, defines an overconvergent isocrystal for some prime p
and satisfies a few other reasonable local conditions, it will have a Frobenius
structure for that particular p. It is well known that the existence of a Frobenius
structure implies that the equation comes from a convergent isocrystals, and
overconvergence then follows from the other assumptions. We remark that
when the equation is irreducible, this Frobenius structure is unique up to a
scalar multiple, as was shown by Dwork [7].
Katz used the theory of algebraic D-modules in [8]; Berthelot’s theory of arith-
metic D-modules is not a priori applicable here since it relies heavily on the
existence of a Frobenius structure (it is not known how to define “holonomic”
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without one). On the other hand, once an overconvergent isocrystal is known
to have a Frobenius structure, its direct image by specialization is to be a holo-
nomic D†-module to which the methods of [8] could be applied. The present
approach is elementary in that it uses only the cohomological criterion for
rigidity, together with a p-adic analogue (theorem 1 below) in terms of rigid
cohomology. The main point is that if a regular singular differental equation
on an open subset of P1 is rigid and irreducible, and defines an overconvergent
isocrystal, then that isocrystal is p-adically rigid (theorem 2). The existence of
a Frobenius structure follows from this, assuming rational exponents and other
suitable conditions (theorem 3).

Acknowledgements. I would like to thank Francesco Baldassarri for some use-
ful discussions, and Shishir Agrawal for correcting some misprints in an early
manuscript. I am grateful to the referee for pointing out further misprints and
making a number of helpful suggestions.

1 Classical and p-adic Rigidity

Let U be a nonempty Zariski open subset of P1
C, with analytification Uan.

We recall that a local system V on Uan is rigid if any other local system on
Uan with the same local monodromy as V is isomorphic to V . Denote by
j : Uan → P1 the natural inclusion, and set S = P1 \ U . Katz shows that an
irreducible V is rigid if and only if H1(P1, j∗End(V )) = 0, or equivalently if
χ(P1, j∗End(V )) = 2. That this condition is sufficient is relatively easy, and
we will see that it can be extends to the case of p-adic differential equations.

A p-adic analogue of the rigidity condition can be formulated for the category
of overconvergent isocrystals on an open subset P1 over a p-adic base. We will
assume that the reader is familiar with this theory, but it will be useful to recall
a few basic constructions.

Fix a complete discrete valuation ring V of mixed characteristic p, with fraction
field K and residue field k. Let P1

V be the projective line considered as a formal
V-scheme, U ⊂ P1 a nonempty formal affine subscheme with closed fiber Uk.
The complement S = P1 \Uk is then a finite set of points. As usual, Uan ⊂ P1

K

will denote the corresponding affinoid space; it is the same as the tube ]U [=]Uk[
(c.f. [2]). Recall that in this setting, an overconvergent isocrystal on U can be
identified with a locally free module with an overconvergent connection (M,∇)
over the dagger-algebra

A† = lim−→
W

Γ(W,OW ) (1.1)

where W runs over the directed system of strict neighborhoods of Uan, i.e.
a rigid-analytic open neighborhoods W of Uan such that {W,P1 \ Uan} is an
admissible cover of P1. We will usually abbreviate (M,∇) by M .

If s is a point of S and W is a strict neighborhood of Uan, the open set W∩]s[
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is isomorphic to a rigid-analytic annulus, and we denote by Rs the direct limit

Rs = lim−→
W

Γ(W∩]s[,OW ) (1.2)

of the function algebras of these annuli; this is the Robba ring at s. If x is
a local parameter of P1

V at s (i.e. reduces to a local parameter of P1
k at s)

then Rs ≃ R where R is the “standard” Robba ring, i.e. the ring of formal
Laurent series in x converging in some annulus r < |x| <. If s is a point of
S, the natural inclusions W∩]s[→֒ W induce injective ring homomorphisms
Γ(W,OW ) →֒ Γ(W∩]s[,OW ), whence a continuous ring homomorphism A† →֒
Rs for all s ∈ S. If (M,∇) is an overconvergent isocrystal on U , we set

Ms = lim−→
W

Γ(W∩]s[,M)

which, since M is a a coherent OW -module, is a Rs-module of finite presenta-
tion. The connection on the Rs-module Ms induced by ∇ will be denoted ∇s,
and finally the pair (Ms,∇s) will be also denoted by Ms; it is an “overconver-
gent isocrystal on Rs” that represents the mondromy of M about s.
We therefore make the following definition. An overconvergent isocrystal M
on U is p-adically rigid if it has the following property: if N is another over-
convergent isocrystal on U such that Ms ≃ Ns for all s ∈ S, then M ≃ N . As
in the classical case we do not make a definition in the case of curves of higher
genus, or varieties of higher dimension (although for curves of higher genus,
the definition of “weakly rigid” extends in an obvious way).
To formulate a cohomological condition for the p-adic rigidity of an overcon-
vergent isocrystal (M,∇), we recall that for a complex local system V on an
open U ⊆ P1

C, H1(P1
C, j∗V ) is the same as the parabolic cohomology H1

p (U, V ),
i.e. the image of the forget supports map H1

c (U, V ) → H1(U, V ). In fact the
long exact sequences arising from the exact triangles

j!V → j∗V →
⊕

s∈S
(j∗V )s

+1−−→

j∗V → Rj∗V →
⊕

s∈S
(R1j∗V )s[−1]

+1−−→
(1.3)

reduce to exact sequences

0→ H0(U, V )→
⊕

s∈S
(j∗V )s → H1

c (U, j∗V )→ H1(P1, j∗V )→ 0

0→ H1(P1, j∗V )→ H1(U, V )→
⊕

s∈S
(R1j∗V )s → H2(P1, j∗V )→ 0

(1.4)

and an isomorphism

H2
c (U, V ) ≃ H2(P1, j∗V ). (1.5)
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The assertion follows from this, given that H1
c (U, V ) → H1(U, V ) is induced

by the composite j!V → j∗V → Rj∗V . From the definitions and 1.5 we get
equalities

χ(P1, j∗V ) = dimH0(U, V )− dimH1(P1, j∗V ) + dimH2
c (U, V )

= χc(U, V ) +
∑

s∈S
dim Vs.

(1.6)

The p-adic analogue is straightforward, using rigid cohomology (see [2] for the
general definition, and [6] for the case of an affine curve). The first fact we
need is the existence of a six-term exact sequence

0→ H0(U,M)→
⊕

s∈S
H0
DR(Ms)→ H1

c (U,M)→

∂−→ H1(U,M)→
⊕

s∈S
H1
DR(Ms)→ H2

c (U,M)→ 0
(1.7)

for any overconvergent isocrystal M on U [6, 9.5.2]. In 1.7 the “local cohomol-
ogy” Hi

DR(Ms) is just the ordinary de Rham cohomology of Ms = (Ms,∇s).
We then define the parabolic cohomology H1

p (U,M) by

H1
p (U,M) = Im(∂ : H1

c (U,M)→ H1(U,M)). (1.8)

From this we see that 1.7 is the p-adic analogue of the result of gluing together
the exact sequences 1.4 at the term H1(P1, j∗V ).
When H1

p (U,M) has finite dimension, we can define the “parabolic” Euler
characteristic of M by analogy with the first part of 1.6

χp(M) = dimH0(U,M)− dimH1
p (U, V ) + dimH2

c (U,M) (1.9)

and from 1.7 and 1.9 we get the equality

χp(U,M) = χc(M) +
∑

s∈S
dimH0

DR(Ms) (1.10)

analogous to second part of 1.6.
The space H1

p (U,M) will of course have finite dimension if either of H1(U,M)
or H1

c (U,M). The finite-dimensionality of these latter spaces depends on the
behavior of M at the points of S. The next proposition extends slightly the
main result of [6]:

1 Proposition Let M be an overconvergent isocrystal on U . If H1
DR(Ms) has

finite dimension for every s ∈ S, the K-vector spaces H1(U,M), H1
c (U,M) and

H1
p (U,M) have finite dimension and there are canonical duality isomorphisms

Hi(U,M)∨ ≃ H2−i
c (U,M∨)

H1
p (U,M)∨ ≃ H1

p (U,M∨)
(1.11)

for 0 ≤ i ≤ 2.
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Proof. By theorem 9.5 of [6] it suffices to show that for all s ∈ Uk the K-linear
map ∇s : Ms → Ms ⊗ Ω1 is a strict morphism of topological vector spaces.
Since Ms and Ms ⊗ Ω1 are LF-spaces this follows from the next lemma.

In fact this is standard but I do not know a convenient reference:

1 Lemma Suppose u : V → W is a continuous map of LF-spaces such that
Coker(u) has finite dimension. Then u is strict.

Proof. There is a subspace H ⊂ W of finite dimension that is an algebraic
supplement to u(V ). Since H is separated, its topology is the unique separated
topology of a finite-dimensional vector space, and H ⊕ V is an LF-space. The
natural map f : H ⊕ V → W is surjective and therefore open by the open
mapping theorem [10, Prop. 8.8]. Suppose now A ⊂ V is open; then H ⊕
A ⊂ H ⊕ V is open and consequently f(H ⊕ A) = H + u(A) is open. Since
u(V ) ∩ (H + u(A)) = u(A), u(A) is open in u(V ).

The condition that dim(H1
DR(Ms)) < ∞ in proposition 1 is a consequence of

the “NL property” of Christol and Mebkhout. The definition is rather involved
and we refer the reader to [4] and the references therein. The one consequence
of this condition we need is the following: if as before M is an overconvergent
isocrystal of rank d on U and satisfies condition NL at every point of S, then

χc(U,M) = dχc(U)−
∑

s∈S
Irr(Ms) (1.12)

where Irr(Ms) is the irregularity of the isocrystal Ms, defined in [4]. In par-
ticular, χc(U,M) only depends on U , the rank of M and the irregularities
Irr(Ms).
We can now state:

1 Theorem Suppose M is an irreducible overconvergent isocrystal on U ⊂ P1

such that End(M) satisfies condition NL at every point of S. If χp(End(M)) =
2 then M is p-adically rigid.

Proof. The argument is the same as in [8]. Suppose that N is an overconvergent
isocrystal such that Ms ≃ Ns for all s ∈ S; in particular M and N have the
same rank. Since Hom(M,N)s ≃ End(M)s for all s ∈ S, Hom(M,N) satisfies
condition NL at every s. Then it follows from χp(End(M)) = 2 and the index
formula 1.12 that χp(Hom(M,N)) = 2, and therefore

dimH0(P1, Hom(M,N)) + dimH2
c (P1, Hom(M,N)) ≥ 2.

On the other hand Hom(M,N) and Hom(N,M) are dual, so the duality 1.11
yields

dimH0(P1, Hom(M,N)) + dimH0(P1, Hom(N,M)) ≥ 2.

and we conclude that one ofHom(M,N), Hom(N,M) is nonzero. Since M and
N have the same rank and M is irreducible, we conclude that M ≃ N .
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We note that since End(M) is canonically self-dual, the irreducibility of M
implies that either χp(M) = 2 or χp(M) ≤ 0, so that χp(M) = 2 in this case
is equivalent to H1

p (U,End(M)) = 0. As in the classical case we can think of
dimH1

p (U,End(M)) as the number of “accessory parameters” of M (see [8], p.
5). I do not know if there is a converse to theorem 1, as is the case over C; it
would be of interest to settle this question.

2 Comparison Theorems

Suppose M is a module with a connection with regular singularites on, say,
an open subset U of P1

Q, and denote by V the corresponding local system on
UanC . The aim of this section is to show, under a few (necessary) assumptions,
that if V is rigid, the p-adic completion of M is p-adically rigid (one condition,
obviously, is that this p-adic completion defines an overconvergent isocrystal).
We need not, however, restrict ourselves to the case where M is defined over
Q, or over a number field. In fact, the condition that V be rigid is essentially
an algebraic condition on M :

2 Lemma Suppose M is a module with a connection with regular singularities
on some open subset of P1

K , where K is a field of characteristic zero embeddable
into C. If the local system (M ⊗K,ι C)an is rigid for one choice of embedding
ι : K → C, it is rigid for any other choice.

Proof. By Katz’s criterion, it suffices to show that χp((M ⊗K,ιC)an) = 2 if and
only if χp(M) = 2 (with the latter defined, say by algebraic D-module theory),
but this is just a special case of the Riemann-Hilbert correspondence.

IfK is any field of characteristic zero andM is a module with regular connection
on P1

K , we can say that M is rigid if there is an absolutely finitely generated
subfield K0 ⊂ K over which M has a model M0, and an embedding ι : K0 → C
such that ι(M0)an is a rigid local system; this is evidently independent of the
choice of model, and, by the lemma, of ι. We remark that a model over an
absolutely finitely generated subfield always exists.
Now in fact one could give a purely algebraic definition of rigidity, analogous to
the definition for local systems, and with this definition one could prove that
χp(M) = 2 implies that M is rigid. The converse, however, would not be avail-
able without the above comparison lemma, since it requires a transcendental
argument.
Suppose now V is a complete discrete valuation ring of mixed characteristic p,
with fraction field K and residue field k. Let S ⊂ P1

V be a closed subscheme
that finite, flat and integral over V and set U = P1 \ S. The U and S that
appeared in the last section are now Û (the p-adic completion) and Sk. As
before, Uan is the affinoid space associated to Û . Finally we denote by UK ,
SK the fibers of U and S over K. Note that SK can be identified with a finite
subset of the tube ]Sk[, and in fact every point of SK is contained in exactly
one disk ]s[ with s ∈ Sk.
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Suppose now that (M,∇) (as before, usually referred to as M) is a coherent
OU -module with (integrable) connection. We denote by MK the corresponding
module with connection on UK . If the formal horizontal sections of MK have
radius of convergence equal to 1 at every point of UK , then MK defines an
overconvergent isocrystal on Û which we denote by M †. We are interested in
comparing various properties of MK and M †, subject to a number of assump-
tions. The first is purely geometrical:

C1 For all s ∈ Sk, the disk ]s[ contains exactly one point of SK , which is a
K-rational point.

Thus each disk contains at most one singular point of MK . The remaining
conditions refer specifically to M . Recall that a ∈ Zp is p-adic Liouville if for
every positive real r < 1, |a− n| < r|n| has infinitely many solutions n ∈ Z.

C2 M defines an overconvergent isocrystal M † on Û .

C3 MK is regular singular, and the exponents of End(MK) belong to Zp and
are not p-adic Liouville numbers (in particular the exponents of MK itself
do not differ by p-adic Liouville numbers).

In the next theorem and further on we will need a consequence of Christol’s
transfer theorem [3, thm. 1], which can be stated as follows. First, if A is any
n × n matrix A with entries in K, we denote by MA the free R-module Rn
with connection given by

∇(u) = du +Au⊗ dx

x
(2.1)

where x is the parameter of R. Recall finally that for s ∈ Sk, a local parameter
of P1

V at s fixes an identification Rs = R.

3 Lemma Suppose (M,∇) satisfies C2-C3. If s ∈ Sk, M †s is isomorphic as an
isocrystal on R to MA for some n× n matrix A with entries in V.

In fact Christol’s theorem is a purely local statement and we refer the reader
to [5, thm. 3.6] for an explanation of how the lemma follows from [3, thm. 1].

2 Theorem Suppose M satisfies conditions C1-C3. If MK is irreducible as a
module with connection, M † is irreducible as an overconvergent isocrystal. If
in addition MK is rigid, M † is p-adically rigid.

Proof. The first part follows from theorem 2.5 of [5], which asserts that the
differential galois group of MK is isomorphic to the differential galois group (in
the category of overconvergent isocrystals) of M †. Thus if MK corresponds to
an irreducible representation of its differential galois group, so does M †.
If MK is rigid, then χ(UK , j∗End(MK)) = 2, where as before j : UK → P1

K is
the inclusion (and MK is now regarded as a local system on UK). By theorem
1 it suffices to show that χp(End(M †)) = 2.
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By C3, End(M †) satisfies condition NL at every point of Sk, and furthermore
Irrs(End(M †)) = 0 for all s ∈ Sk. Thus

χc(End(M †)) = dχc(U) = χc(End(MK))

where d is the rank of End(MK). One can also deduce this equality from the
comparison theorem of Baldassarri-Chiarellotto [1].
To show that χp(End(M †)) = χp(End(MK)) = 2, it thus suffices to show that
(j∗MK)s and M †s have the same dimension for all s ∈ Sk. Suppose t is a local
parameter of P1

V such that t = 0 defines a point of SK in P1
K , and its reduction in

P1
k. Then (j∗MK)s and M †s are the spaces horizontal sections of the connection

in respectively in the ring of formal Laurent series K((t)), and in the ring of
elements of Rs convergent for 0 < |t| < 1. Since the exponents of End(MK)
are not p-adic Liouville, lemma 3 implies that M †s is isomorphic, as Rs-module
with connection, to a free Rs-module with connection given by the matrix of
1-forms A ⊗K dt/t, where A is a constant matrix. The verification that these
spaces have the same dimension is then straightforward (see [5, Lemma 3.4] for
the case of M †).

3 Frobenius Structure

We now apply theorem 2 to the question of Frobenius structures. To the
assumptions already made we add:

C4 The exponents of MK are rational.

It is known that if M satisfies C1-C3 and has a Frobenius structure, then C4
holds as well.
If q = pf is a power of p, we denote by φ : Û → Û a lifting of the qth-power
Frobenius of Uk. If t is a global parameter on P1

V , we could of course take
φ(t) = tq; the theorem in this section allows more general choices. We denote
by σ : V → V the restriction of φ.
The main theorem of this section follows from the following local-to-global
principle:

4 Lemma SupposeMK is an irreducible module with connection satisfying C3.
If MK is rigid and φ∗M †s ≃ M †s for all s ∈ Sk, M † has a qth-power Frobenius
structure.

Proof. By theorem 2 we know that M † is irreducible and p-adically rigid, and
the assertion follows from the definition.

We denote by N the least common multiple of the denominators of the expo-
nents of MK at all points of Sk.

3 Theorem Suppose M satisfies conditions C1-C4. If MK is irreducible and
rigid, then M † has a qth-power Frobenius structure for any q = pf such that
q ≡ 1 (mod N).

Documenta Mathematica 22 (2017) 287–296



Rigidity and Frobenius Structure 295

We remarked in the introduction that the Frobenius structure is unique up to
scalar multiples.
Proof. Fix an s ∈ Sk and a local parameter x of the Robba ring Rs. By
lemma 3 there is an isomorphism Ms ≃ MA (depending on the choice of x,
i.e. on the identification Rs ≃ R) for some A with rational, p-adically integral
eigenvalues. In view of lemma 4 we must show that φ∗MA ≃MA.
We first remark that MA ≃ MqA for q as above. This is elementary: we
can assume A is in Jordan normal form, since the eigenvalues are rational. We
reduce immediately to the case when A is a single Jordan block with eigenvalue
λ; then qA is similar to a block with eigenvalue qλ, say A′, and it suffices to
show that MA ≃ MA′ . Since q ≡ 1 (mod N) we can write qλ = λ + k with
k ∈ Z, and the map Rn →Rn given by u 7→ xku is the desired isomorphism.
To conclude we show that φ∗MA ≃ MqA. We give two arguments, an elemen-
tary one that needs restrictions on V and a second, less elementary one with
no restrictions.

First method. Let π be a uniformizer of V and let e be its absolute ramification
index. For this proof we assume that e < p − 1 (note that this excludes
p = 2). Before going on we recall that in general, if ∇ and ∇′ are connections
on Rn given by n × n matrices of 1-forms B and B′, then an isomorphism
(Rn,∇) ≃ (Rn,∇′) is a matrix C ∈ GLn(R) such that

dC · C−1 = CBC−1 −B′. (3.1)

In particular if B, B′ are conjugate by a constant matrix, that matrix also
yields an isomorphism (Rn,∇) ≃ (Rn,∇′).
Now

φ∗
(
A⊗ dx

x

)
= A⊗ dφ(x)

φ(x)
= qA⊗ dx

x
+A⊗ dh(x)

h(x)
(3.2)

with h(x) = x−qφ(x). We need a C satisfying 3.1, whereB is the right hand side
of 3.2 and B′ = qA⊗ dx/x. We will find one that commutes with B, in which
case 3.1 reduces to dC ·C−1 = A⊗dh/h. If we denote by R0 the integral Robba
ring, i.e. the subring ofR with coefficients in V , then h(x) ≡ 1 (mod πR0). We
may then define log h(x) by the usual power series, and log h(x) ≡ 1 (mod πR0)
as well. Since e < p− 1 the exponential C(x) = exp(A⊗ log h(x)) converges to
an element of GLn(R0). Since C(x) commutes with A, the change of basis by
C(x) is the desired isomorphism φ∗MA ≃MqA.

Second method. Let t be a global parameter on P1
V . If s ∈ Sk corresponds to t =

a we set x = t−a, which is a local parameter at s. We denote by φx the lifting of
the qth power Frobenius toRs defined by φx(x) = xq. For this particular lifting
it is evident from 3.1 that φ∗xMA ≃MqA, so we must show that φ∗Ms ≃ φ∗xMs.
Because of our choice of x, φx extends to a lifting of Frobenius on all of P1

V ,
namely φx(t) = aσ + (t− a)q. Then there is an isomorphism φ∗M † ≃ φ∗xM † if
overconvergent isocrystals on U ; this is the standard “independence of lifting”
property of overconvergent isocrystals. More specifically it follows from [9,
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Prop. 7.1.6] with Y = Y ′ = P1
k, X = X ′ = U , P = P ′ = P1

V , u1 = φ and
u2 = φx. Restricting the isomorphism φ∗M † ≃ φ∗xM

† to the tube ]s[ yields
φ∗Ms ≃ φ∗xMs.
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Abstract. Soit K le corps des fonctions d’une courbe projective lisse
X sur un corps p-adique ou sur C((t)). On définit les groupes de Tate-
Shafarevich d’un schéma en groupes commutatif en considérant les
classes de cohomologie qui deviennent triviales sur chaque complété
de K provenant d’un point fermé de X . On établit des théorèmes de
dualité arithmétique pour les groupes de Tate-Shafarevich des variétés
abéliennes sur K.

Let K be the function field of a smooth projective curve X over a
p-adic field or over C((t)). We define Tate-Shafarevich groups of a
commutative group scheme via cohomology classes locally trivial at
each completion of K coming from a closed point of X . We prove
arithmetic duality theorems for Tate-Shafarevich groups of abelian
varieties over K.
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0. Introduction

0.1 Contexte et motivations

Depuis les travaux de John Tate dans les années 1960, les théorèmes de
dualité arithmétique pour la cohomologie galoisienne des groupes algébriques
commutatifs sur des corps locaux ou globaux ont joué un rôle central en
arithmétique. Les groupes algébriques concernés sont divers : les groupes finis,
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les tores, les variétés abéliennes. Rappelons brièvement les résultats portant
sur ces dernières.

Dans le cadre local, Tate montre en 1958, dans l’exposé [Tat58], qu’étant
donnée une variété abélienne A sur un corps p-adique k de variété abélienne
duale At, il existe un accouplement canonique H0(k,A) × H1(k,At) →
Br(k) ∼= Q/Z qui met en dualité parfaite le groupe profini H0(k,A) et le
groupe de torsion H1(k,At). Dans le cadre global, en généralisant des tra-
vaux de Cassels pour les courbes elliptiques, il construit pour chaque variété
abélienne A sur un corps de nombres K de variété duale At un accouplement
X

1(K,A) ×X
1(K,At) → Q/Z puis annonce au Congrès International des

Mathématiciens de 1962 ([Tat63]) la non-dégénérescence de ce dernier modulo
divisibles. Ici, X1(K,A) désigne le groupe de Tate-Shafarevich constitué des
classes d’isomorphismes de torseurs sous A triviales dans tous les complétés
de K. Des résultats analogues ont aussi été établis pour les variétés abéliennes
sur Fp((u)) et sur Fp(u) (Remarque I.3.6 et Théorème I.6.13 de [Mil06]).

Par ailleurs, ces dernières années, nous avons été témoins d’un regain d’in-
térêt pour les théorèmes de dualité sur d’autres corps de caractéristique 0 que
les corps p-adiques et les corps de nombres. Citons par exemple les travaux
de Scheiderer et van Hamel ([SvH03]) et Harari et Szamuely ([HSz16]) pour
Qp((u)) et Qp(u), ceux de Colliot-Thélène et Harari ([CTH15]) pour C((t))((u))
et C((t))(u), et ceux de l’auteur ([Izq16a]) pour les corps de la forme k((u)) et
k(u) avec k = Qp((t1))...((td)) ou k = C((t1))...((td)). Cependant, aucun de ces
travaux ne porte sur les variétés abéliennes. En fait, à la connaissance de l’au-
teur, on ne dispose jusqu’à présent que de résultats pour les variétés abéliennes
sur C((u)) et C(u) : cela remonte à des travaux de Ogg dans les années 1960
([Ogg62]). Le but du présent article est donc d’établir des théorèmes de dualité,
analogues à ceux de Tate rappelés ci-dessus, pour les variétés abéliennes sur les
corps de la forme k((u)) et k(u) avec k = Qp ou k = C((t)).

Remarque 0.1. • Il est vrai qu’on peut déjà trouver des résultats similaires
pour les variétés abéliennes sur Qp((t1))...((td)) dans [Koy00], mais l’article
en question contient un grand nombre d’erreurs et soit le théorème principal
soit la principale proposition permettant de le prouver semble erroné (voir
la remarque 3.18).
• La plupart des résultats du présent article peuvent être généralisés aux corps

de la forme k((u)) et k(u) avec k = Qp((t1))...((td)) ou k = C((t1))...((td)) :
en effet, les idées sont les mêmes, mais les preuves sont beaucoup plus tech-
niques. On renvoie le lecteur au chapitre 3 de [Izq16b] pour retrouver lesdites
généralisations.

0.2 Organisation de l’article

Cet article est constitué de 5 sections.
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La première partie permet de faire quelques rappels et d’établir quelques
résultats préliminaires. On y étudie notamment la cohomologie des tores sur
des corps (dits d-locaux) de la forme C((t0))...((td)) ou Qp((t2))...((td)).

La deuxième partie porte sur les variétés abéliennes sur C((t0))((t1)) et sur
C((t0))(t). Voici les principaux résultats obtenus dans cette section, où, pour
B groupe topologique abélien (éventuellement muni de la topologie discrète)
et ℓ un nombre premier, on a noté B{ℓ} la partie de torsion ℓ-primaire de B,
B∧ la limite projective des B/n, BD l’ensemble des morphismes continus de B
dans Q/Z, et B le quotient de B par son sous-groupe divisible maximal :

Théorème 0.2. (théorèmes 2.3, 2.14 et 2.26 et corollaire 2.28)
(i) Soient k = C((t0))((t1)) et A une variété abélienne sur k. Soit At sa variété

abélienne duale. Les groupes H1(k,A) et (H0(k,At)∧)D sont isomorphes mo-
dulo divisibles. Plus précisément, on a une suite exacte :

0→ (Q/Z)m(A) → H1(k,A)→ (H0(k,At)∧)D → 0,

où m(A) est un entier naturel compris entre 0 et 4 dimA dépendant de la
géométrie de A. L’entier m(A) est nul si, et seulement si, la variété abé-
lienne sur C((t0)) apparaissant dans la réduction du modèle de Néron A de
A modulo t1 a très mauvaise réduction. Lorsque la fibre spéciale de A est
connexe, le noyau de H1(k,A) → (H0(k,At)∧)D est un groupe contenant
H1
nr(k,A) := H1(knr/k,A(knr)) qui peut être décrit explicitement : on le

note H1
nrs(k,A).

(ii) Soient k = C((t0)) et K le corps des fonctions d’une courbe projective lisse
géométriquement intègre X sur k. On note X(1) l’ensemble des points fermés
de X. Soit A une variété abélienne sur K, de variété abélienne duale At. Soit
Z l’ensemble des v ∈ X(1) tels que m(A ×K Kv) = 0. On suppose que, pour
toute place v ∈ X(1) \ Z, la fibre spéciale du modèle de Néron de A ×K Kv

est connexe, et on pose :

X
1(K,A) := Ker



H1(K,A)→
∏

v∈X(1)

H1(Kv, A)



 ,

X
1
nrs(A) :=

= Ker



H1(K,A)→
∏

v∈X(1)\Z

H1(Kv, A)/H
1
nrs(Kv, A)×

∏

v∈Z

H1(Kv, A)



 .

On remarquera que X
1(K,A) ⊆X

1
nrs(A). Alors pour chaque nombre pre-

mier ℓ, il existe une dualité parfaite X1(K,A){ℓ} ×X1
nrs(A

t){ℓ} → Q/Z
ainsi qu’un accouplement X

1(K,A){ℓ} ×X
1(K,At){ℓ} → Q/Z dont le

noyau à gauche (resp. à droite) est constitué des éléments de X
1(K,A){ℓ}

(resp. X1(K,At){ℓ}) qui sont divisibles dans X
1
nrs(A) (resp. X1

nrs(A
t)).

Remarque 0.3. L’énoncé précédent est moins général que les énoncés qui se-
ront démontrés dans l’article : il est en fait possible d’affaiblir l’hypothèse de
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connexité des fibres spéciales des modèles de Néron. On remarquera aussi que
l’hypothèse de (ii) ne concerne que les places de mauvaise réduction.

La troisième partie est consacrée à une dualité analogue à celle de (i)
du théorème 0.2 pour les variétés abéliennes sur Qp((t2)). Plus précisément,
elle permet de construire un accouplement entre la cohomologie d’une variété
abélienne et la cohomologie d’un certain faisceau qui lui est associé puis :
• de démontrer que ledit accouplement induit toujours une dualité parfaite

modulo divisibles (corollaire 3.3 et théorème 3.5),
• de déterminer quand c’est un accouplement parfait (sans quotienter par les

sous-groupes divisibles) (théorèmes 3.17 et 3.19),
• de calculer dans certains cas les noyaux à gauche et à droite de l’accouplement

(théorème 3.29).
La quatrième partie est dédiée au deuxième théorème principal de cet

article : il s’agit d’un théorème de dualité globale pour les variétés abéliennes
sur k(X) où k désigne un corps p-adique et X une courbe projective lisse
géométriquement intègre sur k. On l’établit sous deux formes différentes :
• dans le théorème 4.10, on montre une dualité entre les groupes de Tate-

Shafarevich d’une variété abélienne A et les groupes de Tate-Shafaravich
d’un certain faisceau Ã sous des hypothèses assez contraignantes ;
• dans le théorème 4.16 et le corollaire 4.17, on affaiblit substantiellement les

hypothèses du théorème 4.10 en modifiant (comme dans le (ii) du théorème
0.2) le groupe de Tate-Shafarevich de Ã. On remarquera que ces deux résul-
tats tiennent compte des parties p-primaires des groupes de Tate-Shafarevich
pour p la caractéristique résiduelle de k, et que lorsque l’on se restreint aux
parties ℓ-primaires pour ℓ 6= p, on a une très bonne compréhension de ce
qu’est le groupe de Tate-Shafarevich modifié de Ã.

Finalement, dans la cinquième et dernière partie, on s’intéresse à la finitude
du premier groupe de Tate-Shafarevich d’une variété abélienne sur k(X) où
k = C((t0)) ou k = Qp et X est une courbe projective lisse géométriquement
intègre sur k.

0.3 Stratégie de preuve

Expliquons brièvement la stratégie de la preuve du théorème 0.2.

Stratégie de preuve de (i). On adopte les notations du théorème 0.2(i) et on
procède en plusieurs étapes :
A. On construit d’abord un accouplement naturel H1(k,A) × H0(k,At)∧ →
Q/Z. En exploitant ensuite la suite exacte de Kummer 0 → nA → A

·n−→
A→ 0 pour se ramener à des énoncés de dualité connus pour la cohomologie
des modules galoisiens finis sur k, on montre que le morphisme induit φ :
H1(k,A)→ (H0(k,At)∧)D est surjectif.

B. On s’intéresse au noyau du morphisme surjectif φ : H1(k,A) →
(H0(k,At)∧)D. En faisant intervenir le modèle de Néron de A (ou plus pré-
cisément la structure de sa fibre spéciale en tant que groupe algébrique) et
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en exploitant des calculs de caractéristique d’Euler-Poincaré, on estime la

quantité
|nKer(φ)|
|Ker(φ)/n| pour chaque n ≥ 1, où nKer(φ) désigne la n-torsion

de Ker(φ). Des théorèmes de structure pour les groupes abéliens de torsion
dont la n-torsion est finie pour tout n nous permettent ensuite d’établir que
Ker(φ) est un groupe divisible, isomorphe à (Q/Z)m(A) oùm(A) est un entier
naturel explicite compris entre 0 et 4 dimA et dépendant de la géométrie de
A.

C. Lorsque la fibre spéciale du modèle de Néron de A est connexe, on démontre
que A(knr) et At(knr) sont divisibles. Cela nous permet de définir un sous-
groupe explicite H1

nrs(k,A) de H1(k,A) qui s’insère naturellement dans une
suite exacte :

0→ H1
nr(k,A)→ H1

nrs(k,A)→ (H1
nr(k,A

t)∧)D → 0.

En étudiant les compatibilités entre les morphismes de la suite exacte précé-
dente avec le morphisme φ, on montre que H1

nrs(k,A) coïncide avec le noyau
de φ.

Stratégie de preuve de (ii). On adopte les notations du théorème 0.2(ii) et on
fixe un nombre premier ℓ. Pour montrer qu’il y a une dualité parfaite

X1(K,A){ℓ} ×X1
nrs(A

t){ℓ} → Q/Z,

on procède en plusieurs grandes étapes :
A. On commence par considérer un schéma abélien A sur un ouvert V de
X étendant A et on note At le schéma abélien dual. On introduit alors les
groupes :

D1(V,A) = Ker(H1(V,A)→
⊕

v∈X\V
H1(Kv, A)),

D1
nrs(V,At) = Ker

(
H1(V,At)→W

)
,

où

W =
⊕

v∈Z\V
H1(Kv, A

t)⊕
⊕

v∈X\(V ∪Z)

H1(Kv, A
t)/H1

nrs(Kv, A
t)).

On remarquera que la notation H1
nrs(Kv, A

t) fait sens puisque le complété
Kv est isomorphe à C((t0))((t1)). Les groupes D1(V,A) et D1

nrs(V,At) sont
des sous-groupes des groupes de cohomologie étale H1(V,A) et H1(V,At)
respectivement.

B. En utilisant des théorèmes (déjà connus) de dualité pour la cohomologie des
schémas en groupes finis étales sur V , on étudie la dualité pour la cohomologie
étale du schéma abélien A.
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C. Comme cela a déjà été précisé dans l’étape A, les complétés Kv de K (pour
v point fermé de X) sont isomorphes à C((t0))((t1)), et sont donc redevables
du théorème de dualité 0.2(i). En combinant ces résultats de dualité sur
les complétés de K et l’étude de l’étape B (dualité sur V ), on montre que
D1(V,A){ℓ} et D1

nrs(V,At){ℓ} sont duaux l’un de l’autre.
D. On montre que X

1
nrs(A

t) =
⋃
V ′⊆V D

1
nrs(V

′,At) et que, quitte à rétrécir
V , on a X

1(K,A) = D1(V,A). Un passage à la limite (en rétrécissant V )
dans la dualité de l’étape C permet alors d’obtenir une dualité parfaite :

X1(K,A){ℓ} ×X1
nrs(A

t){ℓ} → Q/Z.

E. Pour établir qu’on a un accouplement X
1(K,A){ℓ} ×X

1(K,At){ℓ} →
Q/Z dont le noyau à gauche (resp. à droite) est constitué des éléments de
X

1(K,A){ℓ} (resp. X1(K,At){ℓ}) qui sont divisibles dans X
1
nrs(A) (resp.

X
1
nrs(A

t)), il suffit d’écrire le diagramme suivant :

X1
nrs(A

t){ℓ} × X1(K,A){ℓ}

��

// Q/Z

X1(K,At){ℓ}

OO

× X1
nrs(A){ℓ} // Q/Z,

dans lequel les deux lignes sont des accouplements parfaits de groupes finis
d’après l’étape D et les deux flèches verticales sont induites par les inclusions
X

1(K,A) ⊆ X
1
nrs(A) et X

1(K,At) ⊆ X
1
nrs(A

t), puis de montrer qu’il
commute.

Les stratégies générales de preuve sont similaires dans les troisième et quatrième
sections, où l’on s’intéresse aux variétés abéliennes sur Qp((t)) et Qp(t). Mais
les démonstrations sont techniquement nettement plus délicates.

0.4 Remerciements
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conseils, ainsi que sa lecture soigneuse de ce texte : sans lui, ce travail n’aurait
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0.5 Notations

Corps. Si l est un corps, on notera ls sa clôture séparable. Si de plus l est un
corps de valuation discrète complet, on notera lnr son extension non ramifiée
maximale.
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Groupes abéliens. Pour M un groupe topologique abélien (éventuellement
muni de la topologie discrète), n > 0 un entier et ℓ un nombre premier, on
notera :
• Mtors la partie de torsion de M .
• nM la partie de n-torsion de M .
• M{ℓ} la partie de torsion ℓ-primaire de M .
• Mnon−ℓ =

⊕
p6=ℓM{p} où p décrit les nombres premiers différents de ℓ.

• M/n le quotient de M par nM .
• M (ℓ) := lim←−rM/ℓr le complété pour la topologie ℓ-adique de M .
• M∧ la limite projective des M/nM .
• TℓM la limite projective des ℓrM .
• Mdiv le sous-groupe divisible maximal de M .
• M = M/Mdiv le quotient de M par son sous-groupe divisible maximal.
• MD le groupe des morphismes continus M → Q/Z.
Un groupe abélien de torsion sera dit de type cofini si, pour tout entier naturel
n > 0, sa n-torsion est finie. La partie ℓ-primaire d’un tel groupe est la somme
directe d’un ℓ-groupe abélien fini et d’une puissance finie de Qℓ/Zℓ.

Faisceaux et cohomologie. Sauf indication du contraire, tous les fais-
ceaux sont considérés pour le petit site étale. Soit r ≥ 0. Pour F et G deux
faisceaux fppf sur un schéma X , on note ExtrX(F,G) (ou Extr(F,G) s’il
n’y a pas d’ambigüité) le faisceau associé pour la topologie étale au préfais-
ceau T 7→ ExtrTfppf (F,G). On rappelle qu’avec cette définition, la formule
de Barsotti-Weil garantit que, si A est une variété abélienne sur un corps
k, alors la variété abélienne duale At représente le faisceau Ext1k(A,Gm)
(voir par exemple le théorème III.18.1 de [Oor66]). Par ailleurs, en mimant
les notations pour les groupes abéliens, on pose, pour F un faisceau sur
un schéma X et l un nombre premier, Hr(X,TlF ) = lim←−nH

r(X, lnF ) et
Hr(X,F{l}) = lim−→n

Hr(X, lnF ).

Catégories dérivées. Nous serons amenés quelques fois à considérer des
catégories dérivées bornées. On notera alors −⊗L− le produit tensoriel dérivé.

Corps locaux supérieurs. Les corps 0-locaux sont par définition les corps
finis et le corps C((t)). Pour d ≥ 1, un corps d-local est un corps complet pour
une valuation discrète dont le corps résiduel est (d − 1)-local. On remarquera
que cette définition est plus générale que la définition standard. Lorsque k est
un corps d-local, on notera k0, k1, ..., kd les corps tels que k0 est fini ou C((t)),
kd = k, et pour chaque i le corps ki est le corps résiduel de ki+1. On rappelle
le théorème de dualité sur un corps d-local k :

Théorème 0.4. Pour tout Gal(ks/k)-module fini M d’ordre n non divisible
par Car(k1), le groupe abélien fini Hom(M,µ⊗dn ) est naturellement muni d’une
structure de module galoisien sur k et on a un accouplement parfait de groupes
finis Hr(k,M)×Hd+1−r(k,Hom(M,µ⊗dn ))→ Hd+1(k, µ⊗dn ) ∼= Z/nZ.
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Ce théorème est énoncé et démontré dans [Mil06] (théorème I.2.17)
lorsque k0 6= C((t)). Il se prouve exactement de la même manière dans
ce dernier cas : en effet, il suffit de procéder par récurrence à l’aide du
lemme I.2.18 de [Mil06], l’initialisation étant réduite à la dualité évidente
Hr(k−1,M) × H−r(k−1,Hom(M,Z/nZ)) → H0(k−1,Z/nZ) ∼= Z/nZ pour le
corps “−1-local” k−1 = C.

Groupes de Tate-Shafarevich. Lorsque L est le corps des fonctions d’une
variété projective lisse géométriquement intègre Y sur un corps l et M est un
Gal(Ls/L)-module discret, le r-ième groupe de Tate-Shafarevich de M est, par
définition, le groupe X

r(L,M) = Ker(Hr(L,M) → ∏
v∈Y (1) Hr(Lv,M)), où

Y (1) désigne l’ensemble des points de codimension 1 de Y et Lv le complété de
L par rapport à v pour chaque v ∈ Y (1).

Groupe de Brauer. Lorsque Z est un schéma, on note Br(Z) le groupe
de Brauer cohomologique H2(Z,Gm). Si Z est une l-variété géométriquement
intègre pour un certain corps l, on note Br1(Z) le groupe de Brauer algébrique
Ker(Br(Z)→ Br(Z ×l ls)).

Cadre. Dans toute la suite, d désignera un entier naturel fixé (éventuellement
nul), k un corps d-local et X une courbe projective lisse géométriquement
intègre sur k. On notera K son corps des fonctions. Lorsque k0 est fini,
on supposera que le corps k1 est de caractéristique 0 : autrement dit, ou
bien k0 = C((t)), ou bien d ≥ 1 et k1 est un corps p-adique. Lorsque M est
un Gal(Ks/K)-module discret, on notera parfois Xr(M) au lieu de Xr(K,M).

Cohomologie à support compact. Pour j : U →֒ X une immersion ouverte
et F un faisceau sur U , le r-ième groupe de cohomologie à support compact
est, par définition, le groupe Hr

c (U,F) = Hr(X, j!F). On remarquera que,
contrairement à la définition classique de la cohomologie à support compact,
cette définition ne dépend pas du choix d’une compactification lisse de U (plus
précisément, nous avons choisi X comme compactification lisse de U).

Tores algébriques. On dit qu’un groupe algébrique T sur un corps l est un
tore si T ×l ls est isomorphe à Grm pour un certain r ≥ 0. Lorsque T est un tore,
on note T̂ son module des caractères, c’est-à-dire le Z-module des morphismes
de groupes algébriques de T × ls vers Gm,ls . On rappelle que le foncteur T 7→ T̂
établit une équivalence de catégories entre les tores algébriques sur l et les
Gal(ls/l)-modules qui, en tant que groupes abéliens, sont libres de type fini. Si
T est un tore sur l, on appelle rang de T la dimension d’un sous-tore déployé
maximal : c’est aussi le rang de H0(l, T̂ ). Par ailleurs, on dit qu’un tore T sur
l est quasi-trivial s’il est isomorphe à RL/lGm pour une certaine l-algèbre finie
séparable L.
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1. Préliminaires

1.1 Groupes de torsion de type cofini

Dans cet article, nous étudierons souvent la structure des groupes de cohomo-
logie par des arguments de comptage. Ainsi, les lemmes qui suivent, qui ne
sont que des exercices d’algèbre élémentaire, seront utilisés très souvent sans
référence explicite :

Lemme 1.1. (Théorème 25.1 de [Fuc70])
Soit A un groupe de torsion de type cofini. Pour chaque nombre premier ℓ, il
existe un groupe fini Fℓ et un entier naturel rℓ tels que A{ℓ} ∼= Fℓ⊕ (Qℓ/Zℓ)rℓ .

Esquisse. On peut supposer que A est de torsion ℓ-primaire. On remarque alors
que A = Adiv ⊕ A. Le groupe Adiv est divisible et le groupe A ne possède pas
de sous-groupe divisible non trivial.
Montrons d’abord qu’il existe rℓ tel que Adiv ∼= (Qℓ/Zℓ)rℓ . Pour ce faire, posons
B0 = Adiv et supposons que B0 n’est pas nul. Soit x ∈ ℓB0 \ {0}. Choisissons
une suite (xi) à valeurs dans B0 telle que x1 = x et ℓxi+1 = xi. On définit alors
un morphisme f : Qℓ/Zℓ → B0 en envoyant la classe de 1/ℓi sur xi. On vérifie
aisément que f est injectif, et donc il existe un groupe de torsion de type cofini
divisible de torsion ℓ-primaire B1 tel que B0

∼= Qℓ/Zℓ ⊕B1. Si B1 est non nul,
en répétant l’argument précédent appliqué à B1 (au lieu de B0), on obtient
une décomposition B1

∼= Qℓ/Zℓ ⊕B2. Si B2 est non nul, on peut continuer en
écrivant B2

∼= Qℓ/Zℓ⊕B3. Et ainsi de suite. Le processus doit s’arrêter au bout
d’un nombre fini d’étapes : en effet, sinon, Adiv contiendrait un sous-groupe
isomorphe à (Qℓ/Zℓ)n pour chaque n, ce qui contredirait la finitude de ℓAdiv.
Cela prouve bien qu’il existe rℓ tel que Adiv ∼= (Qℓ/Zℓ)rℓ .
Montrons maintenant que A est fini. Par l’absurde, supposons A infini. Comme
ℓrA est fini pour tout r, le groupe lim←−r ℓrA, muni de la topologie limite pro-

jective, est compact. De plus, A étant infini, pour chaque s, le groupe ℓsA
contient un élément d’ordre ℓs. Pour chaque s, notons Es le sous-ensemble de
lim←−r ℓrA constitué des éléments dont la projection dans ℓsA est d’ordre ℓs. Les

Es forment une suite de fermés emboîtés dans l’espace compact lim←−r ℓrA. Donc⋂
s Es n’est pas vide. Cela implique que A contient un sous-groupe divisible

non trivial : absurde ! On en déduit que A est fini.

�

On en déduit immédiatement que, pour tout entier naturel non nul n, on a :

|nA|
|A/n| =

∏

ℓ

ℓrℓvℓ(n).

Ici, vℓ(n) désigne la valuation ℓ-adique de n.
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Lemme 1.2. Soient A et A′ deux groupes de torsion de type cofini. Si |nA| =
|nA′| pour tout entier naturel n, alors A et A′ sont (non canoniquement) iso-
morphes.

Esquisse. Pour chaque groupe abélien de torsion de type cofini Z, on note
fZ : n 7→ |nZ|. On peut supposer que A et A′ sont de torsion p-primaire pour
un certain nombre premier p. On écrit alors A = F ⊕ (Qp/Zp)s et A′ = F ′ ⊕
(Qp/Zp)s

′

, avec F et F ′ finis et s, s′ ∈ N. On remarque que fA(n) = psvp(n)g(n)

et fA′(n) = ps
′vp(n)g′(n) où g et g′ sont des fonctions bornées à valeurs dans

N∗. Par conséquent, on a s = s′. En remarquant que fF = fF ′ , on voit alors
que l’on peut supposer s = s′ = 0, c’est-à-dire que A et A′ sont finis.
Procédons par récurrence forte sur l’ordre de A. Si |A| = 1, le résultat est
évident. Supposons maintenant que le lemme soit démontré lorsque l’ordre de
A est au plus a pour un certain entier a. Soit A un groupe abélien fini d’ordre
a+ 1. On écrit alors A =

⊕r
i=1(Z/pαiZ)mi et A′ =

⊕r′

i=1(Z/pα
′
iZ)m

′
i , avec :

• r, r′,∈ N,
• m1, ...,mr,m

′
1, ...,m

′
r′ ∈ N∗,

• α1, ..., αr, α
′
1, ..., α

′
r′ ∈ N∗,

• α1 < ... < αr et α′1 < ... < α′r′ .
On remarque que fA(n) = p

∑r
i=1mimin{vp(n),αi} et fA′(n) =

p
∑r′

i=1m
′
imin{vp(n),α′

i}. Si α1 < α′1, alors :

logp fA(pα1) = (

r∑

i=1

mi)α1 = (

r′∑

i=1

m′i)α1 = logp fA′(pα1),

logp fA(pα1+1) = m1α1 + (

r∑

i=2

mi)(α1 + 1) =

= (
r′∑

i=1

m′i)(α1 + 1) = logp fA′(pα1+1),

et donc m1 = 0, ce qui est absurde. Par symétrie, on en déduit que α1 =
α′1. Or, par hypothèse de récurrence, (Z/pα1Z)m1−1 ⊕ ⊕r

i=2(Z/pαiZ)mi ∼=
(Z/pα

′
1Z)m

′
1−1 ⊕⊕r′

i=2(Z/pα
′
iZ)m

′
i , donc A ∼= A′, ce qui achève la récurrence.

�

Rappelons que k est un corps d-local. On a vu dans le théorème 0.4 que les
groupes de cohomologie galoisienne sur k d’un module galoisien fini sont tou-
jours finis. Cela implique le lemme suivant, que nous utiliserons à de nombreuses
reprises :

Lemme 1.3. Soit M un Gal(ks/k)-module discret.
(i) Si M est divisible et Mtors est de torsion de type cofini, alors Hr(k,M) est

de torsion de type cofini pour r > 0.
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(ii) Si M est de torsion de type cofini, alors Hr(k,M) est de torsion de type
cofini pour r ≥ 0.

Démonstration. (i) Soit r > 0. La suite exacte de Kummer :

0→ nM →M →M → 0

induit une suite exacte de cohomolgoie :

0→ Hr−1(k,M)/n→ Hr(k, nM)→ nH
r(k,M)→ 0.

Comme Hr(k, nM) est fini, nHr(k,M) l’est aussi et Hr(k,M) est bien de
torsion de type cofini.

(ii) On écrit la suite exacte de modules galoisiens :

0→Mdiv →M →M/Mdiv → 0.

On obtient donc une suite exacte :

Hr(k,Mdiv)→ Hr(k,M)→ Hr(k,M/Mdiv).

Or Hr(k,M/Mdiv) est fini car M/Mdiv est fini et Hr(k,Mdiv) est de torsion
de type cofini par (i). On en déduit que Hr(k,M) est de torsion de type
cofini.

1.2 Caractéristique d’Euler-Poincaré

On rappelle que k est un corps d-local. Il est en particulier de dimension coho-
mologique d+ 1.

Définition 1.4. Soit F un Gal(ks/k)-module fini. La caractéristique d’Euler-
Poincaré de F est définie par :

χ(k, F ) :=

∞∏

r=0

|Hr(k, F )|(−1)r .

Le produit est fini car le corps k est dimension cohomologique finie.

Proposition 1.5. Soit F un Gal(ks/k)-module fini.
(i) Si k0 est fini et d ≥ 2, alors χ(k, F ) = 1.
(ii) Si k0 = C((t)), alors χ(k, F ) = 1.

Démonstration. (i) Notons κ le corps résiduel de k et procédons par récurrence
sur d.
• Supposons que d = 2. Comme knr est un corps de dimension cohomo-

logique au plus 1 (exemple c de II.3.3 de [Ser94]), la suite spectrale de
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Hochschild-Serre Hr(κ,Hs(knr, F )) ⇒ Hr+s(k, F ) dégénère en une suite
exacte longue :

...→ Hr(κ,H0(knr, F ))→ Hr(k, F )→ Hr−1(κ,H1(knr, F ))→ ...

(voir exercice 5.2.2 de [Wei94]). On a donc :

χ(k, F ) =
χ(κ,H0(knr, F ))

χ(κ,H1(knr, F ))
.

Or, comme Gal(ks/knr) ∼= Ẑ (paragraphe IV.2 de [Ser68]), la proposition
1.7.7(i) de [NSW08] implique que les groupes H0(knr, F ) et H1(knr, F )
ont même ordre. Par conséquent, d’après le théorème I.2.8 de [Mil06], on
a :

χ(κ,H0(knr, F )) = χ(κ,H1(knr, F )),

et donc χ(k, F ) = 1.
• Soit d > 2 et supposons que la proposition soit vraie pour tout corps (d−1)-

local. Comme avant, la suite spectrale Hr(κ,Hs(knr, F )) ⇒ Hr+s(k, F )
dégénère en une suite exacte longue :

...→ Hr(κ,H0(knr, F ))→ Hr(k, F )→ Hr−1(κ,H1(knr, F ))→ ...

On a donc χ(k, F ) = χ(κ,H0(knr ,F ))
χ(κ,H1(knr ,F )) . Par hypothèse de récurrence, on a :

χ(κ,H0(knr, F )) = χ(κ,H1(knr, F )) = 1,

et donc χ(k, F ) = 1.
(ii) L’énoncé est vrai pour d = 0 puisque Gal(C((t))s/C((t))) ∼= Ẑ (exemple b

de XIII.2 de [Ser68]). On procède ensuite par récurrence comme dans (i).

1.3 Tores algébriques

Dans ce paragraphe, nous allons calculer le sous-groupe divisible maximal de
Hr(k, T ) pour T un k-tore et r un entier naturel. Pour ce faire, on commence
par rappeller le lemme d’Ono, qui sera utilisé à de nombreuses reprises :

Lemme 1.6. (Lemme d’Ono – théorème 1.5.1 de [Ono61])
Soient l un corps et T un tore sur l. Il existe un entier naturel non nul m, des
l-tores quasi-triviaux T0 et R et un l-schéma en groupes fini commutatif F tels
que l’on ait une suite exacte :

0→ F → R→ Tm ×l T0 → 0.

Remarque 1.7. Les deux remarques qui suivent seront utilisées à de nom-
breuses reprises dans la suite :
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(i) Si M est un groupe abélien fini, la suite exacte :

0→ nM →M
·n−→M →M/n→ 0

montre que :
|nM |
|M/n| = 1.

(ii) Le lemme du serpent montre que si 0 → M1 → M2 → M3 → 0 est une
suite exacte de groupe abéliens, alors on a une suite exacte :

0→ nM1 → nM2 → nM3 →M1/n→M2/n→M3/n→ 0.

Si de plus nM1, nM2, nM3, M1/n, M2/n et M3/n sont finis, alors :

|nM2|
|M2/n|

=
|nM1|
|M1/n|

· |nM3|
|M3/n|

.

1.3.1 Cas où k0 = C((t))

Nous nous plaçons d’abord dans le cas, plus simple, où k0 = C((t)). Le corps k
étant d-local, cela signifie que k est isomorphe à k0((t1))...((td)).

Lemme 1.8. Pour chaque entier naturel non nul n, l’ordre de H1(k, µn) est
nd+1.

Démonstration. On procède par récurrence sur d. Pour d = 0, comme
C((t))× ∼= Z × C[[t]]× et C[[t]]× est divisible, on a C((t))×/C((t))×n ∼= Z/nZ,
et donc le groupe H1(C((t)), µn) est bien d’ordre n.
Supposons maintenant le lemme prouvé pour un certain d, et considérons un
corps (d+ 1)-local k avec k0 = C((t)). En notant κ le corps résiduel de k, on a
une suite exacte (paragraphe 2 de l’annexe du chapitre II de [Ser94]) :

0→ H1(κ, µn)→ H1(k, µn)→ H0(κ,Z/nZ)→ 0.

Comme κ est d-local, l’hypothèse de récurrence impose que |H1(κ, µn)| = nd+1,
et donc |H1(k, µn)| = n|H1(κ, µn)| = nd+2.

Proposition 1.9. Soient T un tore sur k et ρ son rang. On a alors pour chaque
entier naturel non nul n :

|nT (k)|
|T (k)/n| = n−dρ.

Démonstration. • Le lemme 1.8 implique que :

|nGm(k)|
|Gm(k)/n| =

|H0(k, µn)|
|H1(k, µn)| =

n

|H1(k, µn)| = n−d.

Cela montre que la proposition est vraie pour T = Gm, et donc aussi pour
tout tore quasi-trivial d’après le lemme de Shapiro.
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• On se place maintenant dans le cas général, où T est un tore quelconque.
Soient m un entier naturel non nul et T0 un tore quasi-trivial sur k tels que
l’on ait une suite exacte :

0→ F → R→ Tm ×k T0 → 0

avec F un schéma en groupes fini commutatif sur k et R un tore quasi-trivial
sur k. Notons ρR le rang de R. En passant à la cohomologie et en appliquant
le lemme de Shapiro et le théorème de Hilbert 90, on obtient une suite exacte :

0→ F (k)→ R(k)→ T (k)m × T0(k)→ H1(k, F )→ 0.

Comme F est fini, les groupes F (k) et H1(k, F ) sont finis (théorème 0.4).
En utilisant les deux parties de la remarque 1.7, on déduit alors du lemme
du serpent et de la finitude de F (k) et H1(k, F ) que :

( |nT (k)|
|T (k)/n|

)m
× |nT0(k)|
|T0(k)/n| =

|nR(k)|
|R(k)/n| .

Or nous avons montré que |nT0(k)|
|T0(k)/n| = n−d(ρR−ρm) et |nR(k)|

|R(k)/n| = n−dρR ,
puisque T0 et R sont des tores quasi-triviaux de rangs respectifs ρR − ρm et
ρR. On en déduit que |nT (k)|

|T (k)/n| = n−dρ.

Proposition 1.10. Soit T un tore de rang ρ sur k. On a alors pour chaque
entier naturel non nul n :

|nT (k)|
|T (k)tors/n|

= nρ.

Démonstration. • La propriété est évidente pour T = Gm. Elle est donc aussi
vraie pour tout tore quasi-trivial.
• On se place maintenant dans le cas général. Soient m un entier naturel non

nul et T0 un tore quasi-trivial sur k tels que l’on ait une suite exacte :

0→ F → R→ Tm ×k T0 → 0

avec F un schéma en groupes fini commutatif sur k et R un tore quasi-trivial
sur k. Comme F (ks) est fini, on déduit une suite exacte :

0→ F (ks)tors → R(ks)tors → Tm(ks)tors × T0(ks)tors → 0.

En passant à la cohomologie, on obtient l’exactitude de :

0→ F (k)tors → R(k)tors → T (k)mtors × T0(k)tors → H1(k, F (ks)tors).

Or F (ks)tors est fini. Donc il en est de même du groupe H1(k, F (ks)tors), et
il existe une suite exacte :

0→ F (k)tors → R(k)tors → T (k)mtors × T0(k)tors → Q→ 0,
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où Q est fini. On déduit du lemme du serpent que :

( |nT (k)|
|T (k)tors/n|

)m
× |nT0(k)|
|T0(k)tors/n|

=
|nR(k)|

|R(k)tors/n|
.

Or, en notant ρR le rang de R, nous avons montré que |nT0(k)|
|T0(k)tors/n| = nρR−ρm

et |nR(k)|
|R(k)tors/n| = nρR . On en déduit que |nT (k)|

|T (k)/n| = nρ.

Proposition 1.11. Soit T un tore de rang ρ sur k. Soit r ≥ 1. On note cr,d = 0

si r = 1 et cr,d =
(
d+1
r

)
si r > 1. Il existe un groupe abélien fini F (qui dépend

de r et de T ) tel que :

Hr(k, T ) ∼= F ⊕ (Q/Z)cr,d·ρ.

De plus, si T = Gm (ou si T est quasi-trivial), alors F = 0.

Démonstration. On procède en deux étapes :
(A) Montrons d’abord la proposition pour T = Gm en procédant par double

récurrence sur d et r. Pour d = 0, la proposition est vraie par le théorème de
Hilbert 90 et par dimension cohomologique. Supposons-la donc vraie pour
un certain d ≥ 0, et considérons k un corps (d+ 1)-local.
• Pour r = 1, on a bien H1(k,Gm) = 0 par le théorème de Hilbert 90.
• Pour r = 2, si l’on note κ le corps résiduel de k, on a pour chaque n ≥ 1 la

suite exacte (voir le paragraphe 2 de l’annexe du chapitre II de [Ser94]) :

0→ H2(κ, µn)→ H2(k, µn)→ H1(κ,Z/nZ)→ 0.

Comme H2(κ, µn) = nH
2(κ,Gm), H2(k, µn) = nH

2(k,Gm) et
|H1(κ,Z/nZ)| = nd+1 d’après le lemme 1.8, on obtient que

|nH2(k,Gm)| = nd+1|nH2(κ,Gm)| = nd+1+(d+1
2 ) = n(d+2

2 ). On en dé-

duit que H2(k,Gm) ∼= (Q/Z)(
d+2
2 ) d’après le lemme 1.2.

• Supposons que l’on ait montré que Hr(k,Gm) ∼= (Q/Z)(
d+2
r ) pour un cer-

tain r ≥ 2. On a alors la suite exacte :

0→ Hr+1(κ, µn)→ Hr+1(k, µn)→ Hr(κ,Z/nZ)→ 0.

Par hypothèse de récurrence, les groupes Hr(κ,Gm), Hr(k,Gm) et
Hr−1(κ,Gm) sont divisibles, et donc on a Hr+1(κ, µn) = nH

r+1(κ,Gm),
Hr+1(k, µn) = nH

r+1(k,Gm) et Hr(κ,Z/nZ) ∼= Hr(κ, µn) =

nH
r(κ,Gm). On en déduit, toujours à l’aide de l’hypothèse de ré-

currence, que |nHr+1(k,Gm)| = n(d+1
r+1)+(d+1

r ) = n(d+2
r+1), et donc que

Hr+1(k,Gm) ∼= (Q/Z)(
d+2
r+1).

Cela achève la démonstration de la proposition pour T = Gm. Le lemme de
Shapiro montre alors que la proposition est vraie pour tout tore quasi-trivial.
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(B) On se place maintenant dans le cas général. Soient m un entier naturel
non nul et T0 un tore quasi-trivial sur k tels que l’on ait une suite exacte :

0→ F0 → R→ Tm ×k T0 → 0

avec F0 un schéma en groupes fini commutatif sur k et R un tore quasi-trivial
sur k. Notons ρR le rang de R. En passant à la cohomologie, on obtient une
suite exacte :

Hr(k, F0)→ Hr(k,R)→ Hr(k, T )m ×Hr(k, T0)→ Hr+1(k, F0).

Comme F0 est fini, on déduit du lemme du serpent que :
( |nHr(k, T )|
|Hr(k, T )/n|

)m
× |nH

r(k, T0)|
|Hr(k, T0)/n| =

|nHr(k,R)|
|Hr(k,R)/n| .

Par conséquent, comme le rang de T0 est ρR −mρ :
( |nHr(k, T )|
|Hr(k, T )/n|

)m
= ncr,d(−ρR+mρ)ncr,d·ρR = nmcr,d·ρ,

et on a |nHr(k,T )|
|Hr(k,T )/n| = ncr,d·ρ. On en déduit que Hr(k, T ) ∼= F ⊕ (Q/Z)cr,d·ρ

pour un certain groupe abélien F tel que, pour chaque premier ℓ, la par-
tie ℓ-primaire de F est finie. Soit L une extension finie galoisienne de k dé-
ployant T . Alors, commeHr(L,Gm) est divisible, un argument de restriction-
corestriction montre que tout élément de [L : k]F est divisible. Par consé-
quent, [L : k]F = 0, et F est fini.

Proposition 1.12. Soit T un tore de rang ρ sur k. On a alors pour chaque
entier naturel naturel non nul n :

|nH1(k, T (ks)tors)|
|H1(k, T (ks)tors)/n|

= n(d+1)ρ.

Démonstration. Pour T = Gm, on a H1(k, µn) = nH
1(k,Gm(ks)tors), et donc

H1(k,Gm(ks)tors) ∼= (Q/Z)d+1 d’après le lemme 1.8. La formule est donc vraie
pour les tores quasi-triviaux. En procédant comme dans les propositions pré-
cédentes, on obtient le résultat désiré.

1.3.2 Cas où k1 est un corps p-adique

On suppose maintenant que k0 est un corps fini de caractéristique p (et donc
que k1 est un corps p-adique).

Proposition 1.13. Soit T un k-tore de rang ρ.
(i) Pour chaque entier naturel non nul n non multiple de p :

|nT (k)|
|T (k)/n| = n−dρ.
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(ii) Pour r ∈ N, i ∈ Z, ℓ un nombre premier différent de p et t ∈ N, on a :

|ℓtHr(k, lim−→s ℓ
sT (ks)⊗ Z/ℓsZ(i))|

|Hr(k, lim−→s ℓ
sT (ks)⊗ Z/ℓsZ(i))/ℓt| =

{
ℓt(

d
i+1)ρ si r ∈ {i+ 1, i+ 2}
1 sinon.

(iii) Pour n ≥ 1 non multiple de p et r ≥ 3, on a :

|nH2(k, T )|
|H2(k, T )/n| = ndρ,

|nHr(k, T )|
|Hr(k, T )/n| = 1.

La preuve de la proposition précédente est similaire aux preuves du paragraphe
1.3.1, mais elle est plus technique. C’est pourquoi on ne l’inclut pas ici. Le
lecteur pourra aller voir la fin de la section 1.3 du chapitre 3 de [Izq16b] pour
trouver ladite preuve ainsi que d’autres résultats plus fins.

1.4 Variétés abéliennes

1.4.1 Réduction des variétés abéliennes

Soient l un corps complet de valuation discrète et A une variété abélienne sur
l. Notons A le modèle de Néron de A sur l’anneau de valuation de l et A0 sa
fibre spéciale. Soit A0

0 la composante connexe du neutre dans A0. On rappelle
que A0/A

0
0 est un groupe algébrique fini et qu’il existe une suite exacte :

0→ U ×l T → A0
0 → B → 0,

où U est un groupe abélien unipotent, T un tore et B une variété abélienne.
Dans le cas où l est de caractéristique résiduelle nulle, U est une puissance de
Ga.

Définition 1.14. On dit que A a très mauvaise réduction si T = 0 et
B = 0.

Théorème 1.15. (Théorème de Ogg – Théorème 1 de [Ogg62])
Soient l un corps algébriquement clos de caractéristique 0 et A une variété

abélienne sur l((t)). Soient A le modèle de Néron de A et A0 la fibre spéciale
de A. Soit A0

0 la composante connexe du neutre dans A0. On considère la suite
exacte 0 → U ×l T → A0

0 → B → 0 où U est une puissance de Ga, T est un
tore et B une variété abélienne. Soient r la dimension de T , s la dimension de
U et ǫ = r+ 2s. Alors H1(l((t)), A) ∼= (Q/Z)2 dimA−ǫ. En particulier, le groupe
H1(l((t)), A) ∼= (Q/Z)2 dimA−ǫ est nul si, et seulement si, la variété abélienne
A a très mauvaise réduction.

Définition 1.16. On appellera ǫ l’entier de Ogg de A.
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1.4.2 Variétés abéliennes sur un corps fini

Soit F un corps fini de caractéristique p et de cardinal q. Soient ℓ un nombre
premier différent de p et i un entier relatif. Le but de ce paragraphe est d’établir
la proposition suivante :

Proposition 1.17. Soit A une variété abélienne sur F. On note A{ℓ}(i) le
module galoisien lim−→r ℓ

rA(Fs) ⊗ Z/ℓrZ(i). Alors le groupe H0(F, A{ℓ}(i)) est
fini et H1(F, A{ℓ}(i)) = 0.

Démonstration. Supposons que H0(F, A{ℓ}(i)) soit infini. Comme A(Fs)tors
est un groupe de torsion de type cofini, il en est de même de H0(F, A{ℓ}(i)).
Cela implique que H0(F, A{ℓ}(i)) possède un sous-groupe isomorphe à Qℓ/Zℓ,
et donc que A(Fs) possède un sous-module galoisien isomorphe à Qℓ/Zℓ(−i).
Par conséquent, le module de Tate TℓA(Fs) contient Zℓ(−i) comme module ga-
loisien. Comme le Frobenius géométrique agit sur Zℓ(1) par multiplication par
q−1, on déduit que le Frobenius géométrique sur TℓA(Fs)⊗ZℓQℓ possède une va-
leur propre de module complexe qi. Mais l’accouplement de Weil fournit un iso-
morphisme entre les modules galoisiens TℓA(Fs) et H1(At×F Fs,Zℓ)⊗Zℓ Zℓ(1),
et d’après les conjectures de Weil (théorème IV.1.2 de [FK88]), les valeurs
propres du Frobenius géométrique sur H1(At ×F Fs,Zℓ)⊗Zℓ Zℓ(1)⊗Zℓ Qℓ sont
de module complexe q−1/2 : absurde ! Donc H0(F, A{ℓ}(i)) est fini.
Pour établir la nullité de H1(F, A{ℓ}(i)), il suffit d’utiliser le théorème de dua-
lité sur Gal(Fs/F) ∼= Ẑ (exemple I.1.10 de [Mil06]) :

H1(F, A{ℓ}(i)) ∼= lim−→
s

H1(F, ℓsA⊗ Z/ℓsZ(i))

∼= lim−→
s

H0(F, ℓsAt ⊗ Z/ℓsZ(−i− 1))D

∼= (lim←−
s

ℓsH
0(F, At{ℓ}(−i− 1)))D

et la finitude de H0(F, At{ℓ}(−i− 1)).

Remarque 1.18. Ce résultat sera notamment utile dans la section 3 afin de
déterminer quand il y a un bon théorème de dualité pour les groupes de coho-
mologie d’une variété abélienne sur un corps de la forme Qp((t1))...((td−1)).

2. Variétés abéliennes sur C((t))(u)

2.1 Étude locale

Le but de cette partie est d’établir un théorème de dualité pour les variétés
abéliennes sur C((t0))((t1)) (théorème 2.3). Il s’agit d’un résultat analogue aux
théorèmes de dualité pour les variétés abéliennes sur Qp et sur Fp((t)). En fait,
c’est essentiellement le “dernier” cas de corps local de dimension cohomologique
2 non compris, et il se trouve qu’il pose certaines difficultés supplémentaires
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par rapport aux cas déjà connus.
On se place donc dans le cas où k = C((t0))((t1)) (et alors d = 1). Soient
κ = C((t0)) et A une variété abélienne sur k. Soit At sa variété abélienne duale,
qui, d’après le théorème de Barsotti-Weil, représente le faisceau Ext1k(A,Gm)
(on rappelle que Extrk(A,Gm) est le faisceau sur le petit site étale associé à T 7→
ExtrTfppf (F,G)). Comme de plus Extrk(A,Gm) = 0 pour r 6= 1, le faisceau At

est quasi-isomorphe à RHomk(A,Gm)[1]. On dispose donc d’un accouplement
A ⊗L At → Gm[1] dans la catégorie dérivée, d’où un accouplement (voir le
paragraphe sur les accouplements dans la catégorie dérivée de la section III.0
de [Mil06]) :

Hr(k,A)×H1−r(k,At)→ Br k ∼= H2(k,Q/Z(1)) ∼= Q/Z.

Cet accouplement induit, pour chaque entier naturel n, des morphismes

Hr−1(k,A)/n→ (nH
2−r(k,At))D et nH

r(k,A)→ (H1−r(k,At)/n)D.

Lemme 2.1. Pour chaque entier naturel n et chaque entier r, le mor-
phisme Hr−1(k,A)/n → (nH

2−r(k,At))D est injectif et nH
r(k,A) →

(H1−r(k,At)/n)D est surjectif.

Démonstration. L’accouplement de Weil montre que Hom(nA,Q/Z(1)) = nA
t.

On en déduit que, dans le diagramme commutatif :

0 // Hr−1(k,A)/n

��

// Hr(k, nA) //

��

nH
r(k,A) //

��

0

0 // (nH2−r(k,At))D // H2−r(k, nAt)D // (H1−r(k,At)/n)D // 0,

la flèche verticale centrale est un isomorphisme. Par conséquent,
Hr−1(k,A)/n → (nH

2−r(k,At))D est injectif et nH
r(k,A) →

(H1−r(k,At)/n)D est surjectif.

Notons A le modèle de Néron de A et A0 sa fibre spéciale. On dispose alors
d’une filtration A0 ⊇ A0

0 ⊇ A1
0 de A0, où :

• A0
0 est la composante connexe de l’élément neutre de A0,

• F = A0/A
0
0 est un groupe fini,

• A1
0 est de la forme U×T où U est un groupe additif (c’est-à-dire une puissance

de Ga) et T un tore,
• B = A0

0/A
1
0 est une variété abélienne.

On note ǫ l’entier de Ogg de B.
De même, on note A∗ le modèle de Néron de At et A∗0 sa fibre spéciale. On
dispose alors d’une filtration A∗0 ⊇ A0∗

0 ⊇ A1∗
0 de A∗0, où :

• A0∗
0 est la composante connexe de l’élément neutre de A∗0,

• F ∗ = A∗0/A
0∗
0 est un groupe fini,

• A1∗
0 est de la forme U∗ × T ∗ où U∗ est un groupe additif et T ∗ un tore,

• B∗ = A0∗
0 /A

1∗
0 est une variété abélienne.

On note ǫ∗ l’entier de Ogg de B∗.
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Remarque 2.2. Ainsi, B, B∗ et toutes les variétés indexées par 0 sont définies
sur κ.

Théorème 2.3. On a une suite exacte :

0→ (Q/Z)m(A) → H1(k,A)→ (H0(k,At)∧)D → 0

avec m(A) = 2 · (dim B + dim B∗)− ǫ− ǫ∗.
Remarque 2.4. La multiplication par n sur At est étale puisque k est de
caractéristique 0. Donc, d’après le théorème des fonctions implicites (au sens
du théorème III.9.2 de [Ser92]), le groupe nAt(k) est ouvert dans At(k). De
plus, il est d’indice fini puisque la suite de Kummer 0→ nA

t → At → At → 0
montre que c’est un sous-groupe du groupe fini H1(k, nA

t). On en déduit que
H0(k,At)∧ coïncide avec le complété profini de H0(k,At).

Démonstration. La surjectivité du morphisme H1(k,A) → (H0(k,At)∧)D dé-
coule immédiatement du lemme précédent par passage à la limite inductive.
Nous voulons maintenant calculer son noyau N .
D’après la propriété universelle du modèle de Néron, on a l’égalité A(k) =
A(Ok), ainsi qu’une suite exacte :

0→ D → A(Ok)→ A0(κ)→ 0.

La surjectivité du morphisme de réduction A(Ok)→ A0(κ) découle du lemme
de Hensel puisque A est lisse. De plus, D est un groupe abélien uniquement
divisible (paragraphe 3 de [Lan58]). Le lemme du serpent impose donc que :

|A(k)/n|
|nA(k)| =

|A0(κ)/n|
|nA0(κ)| . (1)

Nous allons maintenant dévisser A0.
• En exploitant la suite exacte 0 → A0

0(κ) → A0(κ) → F (κ), la finitude de
F (κ) et le lemme du serpent grâce aux deux parties de la remarque 1.7, on
obtient que :

|A0(κ)/n|
|nA0(κ)| =

|A0
0(κ)/n|
|nA0

0(κ)| . (2)

• Comme H1(κ, U) = 0 (proposition 1 du paragraphe II.1.1 de [Ser94]) et
H1(κ, T ) = 0 (puisque d’une part H1(κ, T ) est d’exposant fini d’après le
théorème de Hilbert 90 et d’autre part c’est un groupe divisible car κ est de
dimension cohomologique 1), on a une suite exacte :

0→ U(κ)× T (κ)→ A0
0(κ)→ B(κ)→ 0.

Par conséquent :

|A0
0(κ)/n|
|nA0

0(κ)| =
|B(κ)/n|
|nB(κ)| ·

|U(κ)/n|
|nU(κ)| ·

|T (κ)/n|
|nT (κ)| . (3)

Or :
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◦ si m est la dimension de U , on a :

|U(κ)/n|
|nU(κ)| =

|κm/n|
|nκm|

= 1; (4)

◦ la suite exacte de Kummer 0→ nT → T → T → 0 induit une suite exacte :

0→ T (κ)/n→ H1(κ, nT )→ nH
1(κ, T )→ 0;

comme χ(κ, nT ) = 1 et H1(κ, T ) = 0, on a donc :

1 = χ(κ, nT )−1 =
|H1(κ, nT )|
|nT (κ)| =

|T (κ)/n||nH1(κ, T )|
|nT (κ)| =

|T (κ)/n|
|nT (κ)| ; (5)

◦ d’après le théorème de Ogg, on a H1(κ,B) ∼= (Q/Z)2·dim B−ǫ ; de plus, la
suite exacte de Kummer 0→ nB → B → B → 0 induit une suite exacte :

0→ B(κ)/n→ H1(κ, nB)→ nH
1(κ,B)→ 0;

étant donné que χ(κ, nB) = 1, on obtient :

1 = χ(κ, nB)−1 =
|H1(κ, nB)|
|nB(κ)| =

=
|B(κ)/n||nH1(κ,B)|

|nB(κ)| =
|B(κ)/n|
|nB(κ)| · n

2·dim B−ǫ. (6)

On déduit alors de (1), (2), (3), (4), (5) et (6) que :

|A(k)/n|
|nA(k)| =

1

n2·dim B−ǫ . (7)

On montre de même que :

|At(k)/n|
|nAt(k)| =

1

n2·dim B∗−ǫ∗ (8)

On a alors :

χ(k, nA) =
|nA(k)||H2(k, nA)|
|H1(k, nA)|

=
|nA(k)||H2(k, nA)|
|A(k)/n||nH1(k,A)| (d’après la théorie de Kummer)

(7)
= n2·dim B−ǫ |H2(k, nA)|

|nH1(k,A)|

= n2·dim B−ǫ |nAt(k))|
|nH1(k,A)| (par dualité sur k)

(8)
= n2·(dim B+dim B∗)−ǫ−ǫ∗ |At(k)/n|

|nH1(k,A)| .
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Comme χ(k, nA) = 1 (d’après la proposition 1.5), on en déduit l’égalité :

|nH1(k,A)| = n2·(dim B+dim B∗)−ǫ−ǫ∗ |At(k)/n|.

Par conséquent, |nN | = n2·(dim B+dim B∗)−ǫ−ǫ∗ . Cela étant vrai pour tout n,
comme N est de torsion de type cofini, on a N ∼= (Q/Z)2·(dim B+dim B∗)−ǫ−ǫ∗ ,
ce qui achève la preuve avec m(A) = 2 · (dim B + dim B∗)− ǫ− ǫ∗.

Remarque 2.5. Comme A et At sont isogènes (paragraphe 10 de [Mil86]), on
a :

|At(k)/n|
|nAt(k)| =

|A(k)/n|
|nA(k)|

pour tout n. Cela montre que 2 · dim B∗ − ǫ∗ = 2 · dim B − ǫ, et donc m(A) =
2(2 · dim B − ǫ)

Corollaire 2.6. (i) Si A a bonne réduction, alors m(A) = 4 · dim A− 2ǫ. Si
de plus B a bonne réduction, alors m(A) = 4 ·dim A, et il y a donc une suite
exacte de groupes de torsion de type cofini :

0→ (Q/Z)4·dim A → H1(k,A)→ (H0(k,At)∧)D → 0.

(ii) En général, on a un isomorphisme H1(k,A) ∼= (H0(k,At)∧)D.
(iii) Le morphisme H1(k,A) → (H0(k,At)∧)D est un isomorphisme si, et

seulement si, B a très mauvaise réduction.

Démonstration. (i) Si A a bonne réduction, alors dimB = dimA. Si de plus
B a bonne réduction, alors ǫ = 0. Il suffit donc d’appliquer le théorème et la
remarque précédents.

(ii) Notons f le morphisme H1(k,A) → (H0(k,At)∧)D qui apparaît dans
la suite exacte du théorème 2.3. Le morphisme induit g : H1(k,A) →
(H0(k,At)∧)D est surjectif. Montrons qu’il est injectif. Soit x ∈ Ker(g).
Soit y ∈ H1(k,A) un rélèvement de x. Alors f(y) est divisible : pour chaque
n > 0, il existe zn ∈ (H0(k,At)∧)D tel que y = nzn. Soit yn ∈ H1(k,A)
tel que f(yn) = zn. Alors y − nyn ∈ Ker(f). Or d’après le théorème 2.3, le
groupe Ker(f) est divisible. Il existe donc vn ∈ Ker(f) tel que y−nyn = nvn.
Cela étant vrai pour tout n, l’élément y de H1(k,A) est infiniment divisible,
et donc x = 0. Cela prouve que g est un isomorphisme.

(iii) C’est une conséquence immédiate du théorème 2.3.

Dans certains cas, il est possible d’expliciter le noyau de H1(k,A) →
(H0(k,At)∧)D. Pour ce faire, il convient d’établir quelques résultats prélimi-
naires :

Lemme 2.7. Le morphisme naturel H1(Ok,A)→ H1(k,A) est injectif d’image
le sous-groupe H1(knr/k,A(knr)) de H1(k,A).
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Démonstration. Notons g : Spec k → Spec Ok et i : Spec κ → Spec Ok.
Comme A ∼= g∗A (d’après la propriété universelle du modèle de Néron), il
suffit de remarquer que :

H1(Ok,A) ∼= H1(Ok, g∗A) ∼= H1(κ, i∗g∗A) ∼= H1(knr/k,A(knr))

où le deuxième isomorphisme découle de la proposition II.1.1 de [Mil06] et le
troisième de l’exemple II.8.1.9 de [Tam94].

Proposition 2.8. Soit ℓ un nombre premier ne divisant pas |F |.
(i) Les groupes A(knr) et At(knr) sont ℓ-divisibles.
(ii) Il existe un morphisme fonctoriel injectif

(TℓH
1(Ok,A∗))D → (lim←−

r

H1(knr/k, ℓrA
t(knr)))D.

Démonstration.

(i) Montrons d’abord que A(knr) est ℓ-divisible. Dans la suite exacte :

0→ U(κs)× T (κs)→ A0
0(κs)→ B(κs)→ 0,

le groupes U(κs), T (κs) et B(κs) sont divisibles. On en déduit que A0
0(κs) l’est

aussi. Ainsi, dans la suite exacte :

0→ A0
0(κs)→ A0(κs)→ F (κs)→ 0,

le groupe A0
0(κs) est divisible et le groupe F (κs) est ℓ-divisible (puisque ℓ ne

divise pas |F |). On en déduit que A0(κs) est ℓ-divisible. Finalement, on sait que
A(knr) = A(Oknr ) et qu’il existe un morphisme surjectif A(Oknr ) → A0(κs)
à noyau divisible. Comme A0(κs) est ℓ-divisible, cela prouve que A(knr) est
ℓ-divisible.
D’après le paragraphe IX.11.3 de [SGA7], on a |F ∗| = |F |. On en déduit que ℓ
ne divise pas |F ∗| et donc que le groupe At(knr) est ℓ-divisible.

(ii) D’après (i), on a une suite exacte :

0→ ℓrA
t(knr)→ At(knr)→ At(knr)→ 0.

Elle induit une suite exacte en cohomologie :

0→ At(k)/ℓr → H1(knr/k, ℓrA
t(knr))→ ℓrH

1(knr/k,At(knr))→ 0.

Comme ℓrH
1(knr/k,At(knr)) et H1(knr/k, ℓrA

t(knr)) sont finis (puisque ce
sont des sous-quotients de H1(k, ℓrA)), en passant à la limite projective, on
obtient une surjection lim←−rH

1(knr/k, ℓrA
t(knr)) → TℓH

1(knr/k,At(knr)).
En dualisant et en utilisant le lemme 2.7, cela permet de réaliser
(TℓH

1(knr/k,At(knr)))D = (TℓH
1(Ok,A∗))D comme un sous-groupe de

(lim←−rH
1(knr/k, ℓrA

t(knr)))D.

Documenta Mathematica 22 (2017) 297–361



320 Diego Izquierdo

Lemme 2.9. On obtient un isomorphisme :

ιℓ : H0(knr/k,H1(knr, A)){ℓ} → (lim←−
r

H1(knr/k, ℓrA
t(knr)))D

par composition des isomorphismes naturels :

H0(knr/k,H1(knr, A)){ℓ} ∼−→ lim−→
r

H0(knr/k, ℓrH
1(knr, A)) (9)

∼←− lim−→
r

H0(knr/k,H1(knr, ℓrA)) (10)

∼−→ lim−→
r

H0(knr/k, ℓrA
t(knr)D) (11)

∼−→ (lim←−
r

H1(knr/k, ℓrA
t(knr)))D. (12)

Démonstration. Décrivons les quatre isomorphismes précédents.
• L’isomorphisme (9) est évident.
• La suite exacte 0 → ℓrA→ A → A→ 0 induit une suite exacte en cohomo-

logie :
0→ A(knr)/ℓr → H1(knr, ℓrA)→ ℓrH

1(knr, A)→ 0.

Le lemme 2.8(i) montre alors que le morphismeH1(knr, ℓrA)→ ℓrH
1(knr, A)

est un isomorphisme. Cela fournit l’isomorphisme (10).
• Le groupe Gal(ks/knr) est isomorphe à Ẑ. Comme ℓrA

t ∼= Hom(ℓrA,Gm),
l’exemple I.1.10 de [Mil06] montre alors que l’on a un accouplement parfait
de groupes finis :

ℓrA
t(knr)×H1(knr, ℓrA)→ Q/Z.

Cet accouplement induit un isomorphisme :

H1(knr, ℓrA)
∼−→ At(knr)D.

Cela fournit l’isomorphisme (11).
• Le groupe Gal(knr/k) est isomorphe à Ẑ. L’exemple I.1.10 de [Mil06] montre

alors que l’on a un accouplement parfait de groupes finis :

H0(knr/k, ℓrA
t(knr)D)×H1(knr/k, ℓrA

t(knr))→ Q/Z.

Cet accouplement induit un isomorphisme :

H0(knr/k, ℓrA
t(knr)D)

∼−→ H1(knr/k, ℓrA
t(knr))D.

En passant à la limite inductive sur r, on obtient l’isomorphisme (12).

Nous sommes maintenant en mesure d’introduire la définition suivante :
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Définition 2.10. Soit ℓ un nombre premier ne divisant pas |F |. On appelle
ℓ-groupe de cohomologie non ramifiée symétrisé de A le groupe :

H1
nrs(k,A, ℓ) := (ιℓ ◦ Res)−1((TℓH

1(Ok,A∗))D) ⊆ H1(k,A){ℓ}

où Res : H1(k,A) → H0(knr/k,H1(knr, A)) désigne la restriction et ιℓ l’iso-
morphisme du lemme 2.9.

Remarque 2.11. Le ℓ-groupe de cohomologie non ramifiée symétrisé de A
est bien défini quel que soit ℓ lorsque F est trivial, c’est-à-dire lorsque A0 est
connexe.

Proposition 2.12. On a une suite exacte naturelle :

0→ H1(Ok,A){ℓ} → H1
nrs(k,A, ℓ)→ (TℓH

1(Ok,A∗))D → 0.

Démonstration. La suite exacte : 0 → ℓrA(knr) → A(knr) → A(knr) → 0
induit une suite exacte en cohomologie :

0→ H1(knr/k,A(knr))/ℓr → H2(knr, ℓrA(knr))→ ℓrH
2(knr, A(knr))→ 0.

Comme le groupe Gal(knr/k) ∼= Ẑ est de dimension cohomologique 1, le groupe
H2(knr, ℓrA(knr)). Il en est donc de même de H2(knr/k,A(knr)){ℓ} = 0.
Par ailleurs, comme la dimension cohomologique de knr est au plus 1, la suite
spectrale de Hochschild-Serre Hr(knr/k,Hs(knr, A)) ⇒ Hr+s(k,A) dégénère
en une suite exacte :

0→ H1(knr/k,A(knr))→ H1(k,A)→
→ H0(knr/k,H1(knr, A))→ H2(knr/k,A(knr))→ . . .

On en déduit que la restriction :

Res : H1(k,A){ℓ} → H0(knr/k,H1(knr, A)){ℓ}

est surjective et que son noyau est H1(knr/k,A(knr)){ℓ} = H1(Ok,A){ℓ}. Cela
prouve que :

Ker(ιℓ ◦ Res) = H1(Ok,A){ℓ}
Im(ιℓ ◦ Res) = (TℓH

1(Ok,A∗))D.

Remarque 2.13. La suite exacte :

0→ H1(Ok,A){ℓ} → H1
nrs(k,A, ℓ)→ (TℓH

1(Ok,A∗))D → 0

s’identifie à la suite exacte de groupes abstraits :

0→ (Qℓ/Zℓ)m(A)/2 → (Qℓ/Zℓ)m(A) → (Qℓ/Zℓ)m(A)/2 → 0.
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Démonstration. Il suffit de montrer que H1(Ok,A){ℓ} et H1(Ok,A∗){ℓ} sont
isomorphes à (Qℓ/Zℓ)m(At)/2.
On remarque que H1(Ok,A){ℓ} est isomorphe à H1(κ,A0){ℓ}. Or :
• la suite exacte 0 → A0

0 → A0 → F → 0 induit un isomorphisme
H1(κ,A0){ℓ} ∼= H1(κ,A0

0){ℓ} puisque ℓ ne divise pas |F |,
• la suite exacte 0 → U × T → A0

0 → B → 0 induit un isomorphisme
H1(κ,A0

0){ℓ} ∼= H1(κ,B){ℓ} puisque H1(κ, U × T ) = H2(κ, U × T ) = 0.
Ainsi H1(Ok,A){ℓ} est isomorphe à H1(κ,B){ℓ}, qui est isomorphe à
(Qℓ/Zℓ)m(A)/2 d’après le théorème de Ogg.
De même, H1(Ok,A∗){ℓ} s’identifie à (Qℓ/Zℓ)m(At)/2. Mais m(A) = m(At)
d’après la remarque 2.5, et donc H1(Ok,A∗){ℓ} ∼= (Qℓ/Zℓ)m(A)/2.

Théorème 2.14. Pour ℓ premier ne divisant pas |F |, la partie ℓ-primaire du
noyau de H1(k,A)→ (H0(k,At)∧)D est H1

nrs(k,A, ℓ).

Démonstration. Considérons le diagramme suivant :
lim
−→r

H0(knr/k, ℓrH
1(knr, A))

H1(k,A){ℓ}

Res

55❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥

f4

��

lim
−→r

H0(knr/k,H1(knr, ℓrA))

∼=

f1

jj❱❱❱❱❱❱❱❱❱❱❱❱❱❱❱❱❱

∼=f6

��

lim
−→r

H1(k, ℓrA)

f3

44✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐f2

iiii❚❚❚❚❚❚❚❚❚❚❚❚❚❚❚❚

f5

��
(lim
←−r

H1(k, ℓrA
t))D

f7uu❥❥❥❥
❥❥❥

❥❥❥
❥❥❥

❥❥
f8

**❯❯❯
❯❯❯

❯❯❯
❯❯❯

❯❯❯
❯❯

(H0(k,At)(ℓ))D (lim
←−r

H1(knr/k, ℓrA
t(knr)))D

f9tt❤❤❤❤❤
❤❤❤❤

❤❤❤❤
❤❤❤❤

❤

(H0(knr/k, At(knr))(ℓ))D

❚❚❚❚❚❚❚❚❚❚❚❚❚❚❚❚

❚❚❚❚❚❚❚❚❚❚❚❚❚❚❚❚

où le morphisme f6 est obtenu par composition des isomorphismes

lim−→
r

H0(knr/k,H1(knr, ℓrA))
∼−→

∼−→ lim−→
r

H0(knr/k, (ℓrA
t(knr))D)

∼−→ lim−→
r

(H1(knr/k, ℓrA
t(knr)))D

provenant de la dualité pour la cohomologie du groupe profini Gal(ks/knr) ∼=
Gal(knr/k) ∼= Ẑ (voir l’exemple I.1.10 de [Mil06]). On vérifie aisément que ce
diagramme est commutatif.
Soit maintenant x ∈ ℓrH

1(k,A). Comme f2 est surjectif, on peut relever x
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en z ∈ H1(k, ℓrA). On remarque alors que f3(z) = f−11 (Res(x)). Donc, par
définition de ιℓ :

f9(ιℓ(Res(x))) = f9(f6(f−11 (Res(x))) = f9(f6(f3(z)))

= f9(f8(f5(z))) = f7(f5(z)) = f4(x).

On en déduit que x ∈ Ker(f4) si, et seulement si,

ιℓ(Res(x)) ∈ Ker(f9) = (TℓH
1(Ok,A∗))D.

Remarque 2.15. Pour ℓ divisant |F |, le noyau de H1(k,A)→ (H0(k,At)∧)D

ne contient pas forcément H1(Ok,A){ℓ}.
Par exemple, supposons que ℓ divise |F (κ)| et que A a très mauvaise réduction.
Dans ce cas, d’après le théorème 2.3, le morphisme H1(k,A)→ (H0(k,At)∧)D

est injectif. Montrons par contre que H1(Ok,A){ℓ} est non trivial. On sait que
le groupe H1(Ok,A){ℓ} est isomorphe à H1(κ,A0){ℓ}. De plus, la suite exacte
0→ A0

0 → A0 → F → 0 induit une suite exacte de cohomologie :

H1(κ,A0)→ H1(κ, F )→ H2(κ,A0
0).

Comme κ est de dimension cohomologique 1, le groupe H2(κ,A0
0) est trivial

et H1(κ,A0) se surjecte sur H1(κ, F ). De plus, d’après la proposition 1.7.7(i)
de [NSW08], on a |H1(κ, F )| = |F (κ)| et donc ℓ divise |H1(κ, F )|. Cela prouve
que H1(κ,A0){ℓ} est non trivial. Il en est donc de même de H1(Ok,A){ℓ}. On
en déduit dans ce cas que le noyau de H1(k,A) → (H0(k,At)∧)D ne contient
pas H1(Ok,A){ℓ}.
En fait, pour ℓ divisant |F |, il semble difficile de caractériser la partie ℓ-primaire
du noyau de H1(k,A)→ (H0(k,At)∧)D : en particulier, il serait intéressant de
déterminer si elle contient forcément H1(Ok,A){ℓ}div.
Pour alléger les notations dans la section suivante, nous noterons :

H1
nrs(k,A) :=

⊕

ℓ∧|F |=1

H1
nrs(k,A, ℓ).

C’est le groupe de torsion dont la partie ℓ-primaire est H1
nrs(k,A, ℓ) si ℓ ne

divise pas |F |, triviale sinon.

2.2 Étude globale

Supposons maintenant que k = C((t)) (et donc que d = 0). Soient A une
variété abélienne sur K = k(X) et At sa variété abélienne duale. Le but de ce
paragraphe est d’établir un théorème de dualité à la Cassels-Tate pour A : plus
précisément, nous voulons déterminer, sous certaines hypothèses géométriques
et modulo divisibles, le dual du groupe de Tate-Shafarevich X

1(A).
Pour chaque v ∈ X(1), notons :
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• Av le modèle de Néron de A sur Ov,
• Fv le groupe algébrique fini des composantes connexes de la fibre spéciale de
Av,
• Bv la variété abélienne qui apparaît dans la filtration de la fibre spéciale de
Av.

Notons aussi U l’ouvert de bonne réduction de A, de sorte que le modèle de
Néron A de A sur U est un schéma abélien. Soit At le schéma abélien dual.
Fixons maintenant un nombre premier ℓ et faisons l’hypothèse suivante :

(H 2.16)ℓ pour chaque v ∈ X \ U , au moins l’une des deux affirmations
suivantes est vérifiée :
• ℓ ne divise pas |Fv|,
• Bv a très mauvaise réduction.

Remarque 2.17. Étant donnée une variété abélienne A, l’hypothèse précédente
est vérifiée pour presque tout ℓ. Par conséquent, les résultats que nous allons
montrer sont vrais pour presque tout ℓ.

Soit Z l’ensemble des v ∈ X(1) tels que Bv a très mauvaise réduction. Pour
chaque ouvert V de U , on introduit les groupes suivants :

X
1
nr(V,A) :=

Ker



H1(K,A)→
∏

v∈X\V

H1(Kv, A)×
∏

v∈V (1)

H1(Kv, A)/H
1
nr(Kv, A))



 ,

X
1
nrs(V,A

t) :=

Ker



H1(K,At)→
∏

v∈Z\V

H1(Kv, A
t)×

∏

v∈X\(V∪Z)

H1(Kv, A
t)/H1

nrs(Kv, A
t)

×
∏

v∈V (1)

H1(Kv, A
t)/H1

nr(Kv, A
t))



 ,

X
1
nrs(A

t) :=

Ker



H1(K,At)→
∏

v∈Z

H1(Kv, A
t)×

∏

v∈X(1)\Z

H1(Kv, A
t)/H1

nrs(Kv, A
t)



 .

Ici, H1
nr(Kv, A) désigne H1(Ov,Av) = H1(Knr

v /Kv, A(Knr
v )).

Remarque 2.18. • L’intersection Z ∩ U n’est pas forcément vide.
• Bien sûr, le groupe X

1
nrs(A

t) contient :

X
1(At) := Ker


H1(K,At)→

∏

v∈X(1)

H1(Kv, A
t)


 .
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• Pour v ∈ Z ∩ V , on a H1
nr(Kv, A

t) = 0 et pour v ∈ V (1) \ Z, le groupe
H1
nr(Kv, A

t){ℓ} est contenu dans H1
nrs(Kv, A

t){ℓ}. On en déduit que :

X
1
nrs(A

t){ℓ} =
⋃

V⊆U
X

1
nrs(V,A

t){ℓ}.

Fixons V un ouvert non vide de U . On rappelle que l’on a une suite exacte
longue :

...→ Hr
c (V,A)→ Hr(V,A))→

⊕

v∈X\V
Hr(Kv, A)→ ..., (13)

appelée suite exacte de localisation. Elle découle de la suite exacte (4.1) de
[CTH15] et du lemme 2.7 de [HSz05]. Certains des lemmes qui suivent sont
similaires à certains lemmes de la section II.5 de [Mil06].

Lemme 2.19. (i) Pour r > 0, le groupe Hr(V,A) est de torsion de type cofini.
(ii) Le groupe H2

c (V,A) est de torsion de type cofini.

Démonstration. (i) On note g le morphisme Spec K → V . Par propriété uni-
verselle du modèle de Néron, A représente le faisceau g∗A sur V . On peut
alors écrire la suite spectrale de Leray :

Hr(V,Rsg∗A)⇒ Hr+s(K,A). (14)

En calculant les tiges de Rsg∗A grâce au théorème II.6.4.1 de [Tam94], on
prouve aisément que, pour s > 0, le faisceau Rsg∗A est de torsion. En par-
ticulier, le groupe Hr(V,Rsg∗A) est de torsion pour r ≥ 0 et s > 0. Il en
est bien sûr de même de Hr(K,A) pour r > 0. On déduit alors de la suite
spectrale (14) que le groupe Hr(V,A) = Hr(V,R0g∗A) est bien de torsion.
Reste à prouver que nH

r(V,A) est fini pour chaque n ≥ 1. La suite exacte :

0→ nA → A→ A → 0.

montre que nH
r(V,A) est un quotient de Hr(V, nA). Or ce dernier est fini

(proposition 2.1 de [Izq16a]). Donc nH
r(V,A) est fini, et Hr(V,A) est de

torsion de type cofini.
(ii) La suite exacte de localisation (13) s’écrit :

...→
⊕

v∈X(1)\V
H1(Kv, A)→ H2

c (V,A)→ H2(V,A)→ ...

Comme le groupe H2(V,A) et les H1(Kv, A) sont de torsion de type cofini,
on conclut que H2

c (V,A) est de torsion de type cofini.

Lemme 2.20. Il existe des suites exactes :

0→ H0(V,At)⊗Z Qℓ/Zℓ → H1(V,At{ℓ})→ H1(V,At){ℓ} → 0,
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0→ H1
c (V,A)(ℓ) → H2

c (V, TℓA)→ TℓH
2
c (V,A)→ 0.

Ici, H1(V,At{ℓ}) et H2
c (V, TℓA) désignent lim−→n

H1(V, ℓnAt) et lim←−nH
2
c (V, ℓnA)

respectivement.

Démonstration. • Pour chaque entier naturel r, en utilisant la suite de Kum-
mer

0→ ℓrAt → At → At → 0,

on dispose d’une suite exacte :

0→ H0(V,At)/ℓr → H1(V, ℓrAt)→ ℓrH
1(V,At)→ 0.

En prenant la limite inductive, on obtient la suite exacte :

0→ H0(V,At)⊗Z Qℓ/Zℓ → H1(V,At{ℓ})→ H1(V,At){ℓ} → 0.

• Toujours grâce à la suite exacte de Kummer, cette fois-ci appliquée à A, on
dispose d’une suite exacte :

0→ H1
c (V,A)/ℓr → H2

c (V, ℓrA)→ ℓrH
2
c (V,A)→ 0

pour chaque entier naturel r. Le groupeH2
c (V, ℓrA) étant fini (proposition 2.1

de [Izq16a]), en passant à la limite projective, on obtient une suite exacte :

0→ H1
c (V,A)(ℓ) → H2

c (V, TℓA)→ TℓH
2
c (V,A)→ 0.

Lemme 2.21. Il existe un accouplement canonique :

H1(V,At{ℓ})×H2
c (V, TℓA)→ Q/Z

qui est non dégénéré.

Démonstration. La proposition 2.1 de [Izq16a] fournit pour chaque r ≥ 0 un
accouplement parfait de groupes finis :

H1(V, ℓrAt)×H2
c (V, ℓrA)→ Q/Z.

Il suffit alors de passer à la limite pour obtenir un accouplement non dégénéré :

H1(V,At{ℓ})×H2
c (V, TℓA)→ Q/Z.

Remarque 2.22. D’après la proposition 2.1 de [CTH15], le groupe H3
c (V,Gm)

est isomorphe à Q/Z. En utilisant la formule de Barsotti-Weil qui identifie At
à Ext1V (A,Gm) et en se rappelant que le faisceau HomV (A,Gm) est nul, on
obtient un accouplement canonique At ⊗L A → Gm[1], qui induit donc un
accouplement :

H1(V,At)×H1
c (V,A)→ H3

c (V,Gm) ∼= Q/Z. (15)
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Posons maintenant :

D1(V,A) = Im(H1
c (V,A)→ H1(V,A)),

D1
nrs(V,At) = Ker


H1(V,At)→

⊕

v∈Z\V
H1(Kv, A

t) ⊕

⊕
⊕

v∈X\(V ∪Z)

H1(Kv, A
t)/H1

nrs(Kv, A
t))


 .

Ce sont bien sûr des groupes de torsion de type cofini (cf lemme 2.19). On
remarquera que la suite exacte de localisation (13) montre que l’on a aussi :

D1(V,A) = Ker(H1(V,A)→
⊕

v∈X\V
H1(Kv, A)).

Lemme 2.23. (i) La suite suivante est exacte :

0→ H1(V,A)→ H1(K,A)→
∏

v∈V (1)

H1(Knr
v , A).

(ii) L’application naturelle H1(V,A) → H1(K,A) induit un isomorphisme
D1(V,A) ∼= X

1
nr(V,A).

(iii) L’application naturelle H1(V,At)→ H1(K,At) induit un isomorphisme

D1
nrs(V,At) ∼= X

1
nrs(V,A

t).

Démonstration. (i) Soit g : Spec K → V . La suite spectrale de Leray s’écrit :

Hr(V,Rsg∗A)⇒ Hr+s(K,A).

Cela fournit alors une suite exacte courte :

0→ H1(V,A)→ H1(K,A)→ H0(V,R1g∗A).

Soit P un ensemble de points géométriques tels que, pour tout v ∈ V ,
il existe un unique élément de P d’image v. Le faisceau R1g∗A s’injecte
dans

∏
u∈P u∗u

∗R1g∗A, et donc le groupe H0(V,R1g∗A) s’injecte dans∏
u∈P u∗u

∗R1g∗A(V ) =
∏
v∈V (R1g∗A)v =

∏
v∈V (1) H1(Knr

v , A). On obtient
par conséquent une suite exacte :

0→ H1(V,A)→ H1(K,A)→
∏

v∈V (1)

H1(Knr
v , A).

(ii) Cela découle aisément de (i) et de la suite d’inflation-restriction :

0→ H1
nr(Kv, A)→ H1(Kv, A)→ H1(Knr

v , A),

pour v ∈ V (1).
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(iii) Cela découle aisément des suites exactes :

0→ H1(V,At)→ H1(K,At)→
∏

v∈V (1)

H1(Knr
v , At),

0→ H1
nr(Kv, A

t)→ H1(Kv, A
t)→ H1(Knr

v , At).

Afin d’établir un théorème de dualité pour les groupes de Tate-Shafarevich, il
convient donc d’établir un théorème de dualité pour les groupes D1(U,A) et
D1
nrs(V,At) :

Proposition 2.24. Il existe un accouplement canonique :

D1
nrs(V,At){ℓ} ×D1(V,A){ℓ} → Q/Z

qui est non dégénéré.

Il convient d’établir préalablement le lemme suivant :

Lemme 2.25. La suite :
⊕

v∈X(1)\V
H0(Kv, A)(ℓ) → H1

c (V,A)(ℓ) → D1(V,A)(ℓ) → 0

est exacte.

Démonstration. D’après la suite exacte de localisation (suite (13)), nous dis-
posons d’une suite exacte :

⊕

v∈X(1)\V
H0(Kv, A)→ H1

c (U,A)→ D1(U,A)→ 0,

d’où des suites exactes pour tout r :

⊕

v∈X(1)\V
H0(Kv, A)/ℓr → H1

c (U,A)/ℓr → D1(U,A)/ℓr → 0.

En passant à la limite projective on obtient l’exactitude de :

⊕

v∈X(1)\V
H0(Kv, A)(ℓ) → H1

c (V,A)(ℓ) → D1(V,A)(ℓ) → 0.

Démonstration. (De la proposition 2.24)
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• D’après le lemme 2.21, nous disposons d’un isomorphisme :

f : H1(V,At{ℓ}) ∼−→ H2
c (V, TℓA)D.

De plus, l’accouplement (15) de la remarque 2.22 induit pour chaque entier
naturel n un accouplement :

ℓnH
1(V,At)×H1

c (V,A)/ℓn → Q/Z

Par passage à la limite, on obtient donc un accouplement :

H1(V,At){ℓ} ×H1
c (V,A)(ℓ) → Q/Z,

qui induit un morphisme g : H1(V,At){ℓ} → (H1
c (V,A)(ℓ))D. Les mor-

phismes f et g s’insèrent dans un diagramme commutatif à lignes exactes :

0 // H0(V,At)⊗Z Qℓ/Zℓ //

j

��

H1(V,At{ℓ}) //

∼=f

��

H1(V,At){ℓ} //

g

��

0

0 // (TℓH2
c (V,A))D // (H2

c (V, TℓA))D // (H1
c (V,A)(ℓ))D // 0,

(16)
où j est l’unique morphisme qui fait commuter le diagramme. Cela montre
que g est surjectif.

De plus, nous disposons aussi d’un autre diagramme commutatif à lignes
exactes :

0 // D1
nrs(V,At){ℓ}

i

��

// H1(V,At){ℓ}
g
����

// W

h

��
0 // (D1(V,A)(ℓ))D // (H1

c (V,A)(ℓ))D //⊕
v∈X\V (H0(Kv, A)(ℓ))D,

(17)
où :
◦

W =
⊕

v∈Z\V
H1(Kv, A

t){ℓ}⊕

⊕
⊕

v∈X\(V ∪Z)

H1(Kv, A
t){ℓ}/H1

nrs(Kv, A
t){ℓ},

◦ h est induit par le morphisme H1(Kv, A
t) → (H0(Kv, A)∧)D qui a été

étudié dans la section 2.1. On sait que c’est un isomorphisme d’après le
corollaire 2.6(iii), le théorème 2.14 et l’hypothèse (H 2.16)ℓ,
◦ i est l’unique morphisme qui fait commuter le diagramme.
Comme g est surjectif et h est un isomorphisme, i est surjectif. Nous allons
à présent calculer Ker(i).
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• Pour ce faire, remarquons que le groupe (TℓH
2
c (V,A))D est divisible (puisque

TℓH
2
c (V,A) est un Zℓ-module de type fini sans torsion). Il en est donc de

même de Coker(j). Or en utilisant les diagrammes (16) et (17) et le lemme
du serpent, on obtient des isomorphismes :

Ker(i) ∼= Ker(g) ∼= Coker(j).

On en déduit que Ker(i) est divisible.
Mais comme D1(V,A) est de torsion de type cofini, le groupe D1(V,A)(ℓ) est
fini. Cela implique que Ker(i) est forcément le sous-groupe divisible maximal
de D1

nrs(V,At){ℓ}, et on a bien un accouplement non dégénéré :

D1
nrs(V,At){ℓ} ×D1(V,A){ℓ} → Q/Z.

Nous sommes maintenant en mesure d’établir le théorème suivant :

Théorème 2.26. On rappelle que k = C((t)) et que K = k(X) est le corps
des fonctions de la courbe X. On rappelle aussi que A est une variété abélienne
sur K et que V est un ouvert non vide de X contenu dans l’ouvert de bonne
réduction de A. On suppose (H 2.16)ℓ. Alors il existe un accouplement non
dégénéré de groupes finis :

X1
nrs(V,A

t){ℓ} ×X1
nr(V,A){ℓ} → Q/Z.

De plus, X1
nrs(V,A

t) et X1
nr(V,A) sont de torsion de type cofini.

Démonstration. La dualité découle immédiatement de la proposition 2.24 et du
lemme 2.23. La nature des groupes X1

nrs(V,A
t) et X

1
nr(V,A) vient du lemme

2.23 et du fait que D1(V,A) et D1
nrs(V,At) sont de torsion de type cofini.

Corollaire 2.27. On rappelle que k = C((t)) et que K = k(X) est le corps des
fonctions de la courbe X. On suppose (H 2.16)ℓ. Alors il existe un accouplement
non dégénéré de groupes finis :

X1
nrs(A

t){ℓ} ×X1(A){ℓ} → Q/Z.

Démonstration. Pour V ⊆ V ′ deux ouverts de U , on remarque que
X

1
nr(V,A){ℓ} et X

1
nr(V

′, A){ℓ} sont des sous-groupes du groupe de tor-
sion de type cofini X

1
nr(U,A){ℓ} tels que X

1
nr(V,A){ℓ} ⊆ X

1
nr(V

′, A){ℓ}.
Comme toute suite décroissante de sous-groupes d’un groupe de torsion
de type cofini ℓ-primaire est stationnaire (Lemme 3.7 de [HSz16]), on en
déduit qu’il existe un ouvert non vide V0 de U tel que, pour tout ouvert
non vide V de V0, on a X

1
nr(V,A){ℓ} = X

1
nr(V0, A){ℓ}. Cela implique que

X
1
nr(V0, A){ℓ} = X

1(A){ℓ}.
Par ailleurs, on remarque que, pour V ⊆ V ′ deux ouverts non vides de V0,
on a X

1
nr(V,A){ℓ} = X

1
nr(V

′, A){ℓ}, et donc d’après le théorème 2.26, le
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morphisme naturel X1
nrs(V

′, At){ℓ} →X1
nrs(V,A

t){ℓ} est un isomorphisme.
On a alors un diagramme commutatif à lignes exactes :

0 // X1
nrs(V

′, At){ℓ}div //
� _

��

X
1
nrs(V

′, At){ℓ} //
� _

��

X1
nrs(V

′, At){ℓ}
∼=
��

// 0

0 // X1
nrs(V,A

t){ℓ}div // X1
nrs(V,A

t){ℓ} //
X1

nrs(V,A
t){ℓ} // 0

Comme X
1
nrs(A

t){ℓ} =
⋃
V⊆V0

X
1
nrs(V,A

t){ℓ}, en passant à la limite induc-
tive, on obtient que l’injection naturelle X

1
nrs(V0, A

t){ℓ} →֒ X
1
nrs(A

t){ℓ}
induit un isomorphisme X1

nrs(V0, A
t){ℓ} ∼−→ X

1
nrs(A

t){ℓ}/D0 où
D0 = lim−→V

X
1
nrs(V,A

t){ℓ}div. Une limite inductive de groupes divisibles
étant divisible, D0 est un sous-groupe divisible de X

1
nrs(A

t){ℓ}. De plus,
comme le groupe X

1
nrs(V0, A

t){ℓ} est de torsion de type cofini, le groupe
X1

nrs(V0, A
t){ℓ} est fini et donc D0 est forcément le sous-groupe divisible

maximal de X
1
nrs(A

t){ℓ}. Par conséquent, X1
nrs(V0, A

t){ℓ} ∼−→X1
nrs(A

t){ℓ}
et, le théorème 2.26 permet de conclure qu’il existe un accouplement non
dégénéré de groupes finis :

X1
nrs(A

t){ℓ} ×X1(A){ℓ} → Q/Z.

On peut aussi obtenir un énoncé symétrique en A et At :

Corollaire 2.28. On rappelle que k = C((t)) et que K = k(X) est le corps
des fonctions de la courbe X. On suppose (H 2.16)ℓ et on note i : X1(A) →֒
X

1
nrs(A) (resp. it : X1(At) →֒X

1
nrs(A

t)) l’injection canonique. Alors il existe
un accouplement non dégénéré de groupes finis :

X
1(At){ℓ}/(it)−1(X1

nrs(A
t){ℓ}div)×X1(A){ℓ}/i−1(X1

nrs(A){ℓ}div)→ Q/Z.

Démonstration. Grâce au corollaire 2.27, il suffit de montrer que le diagramme :

X1
nrs(A

t){ℓ} × X1(A){ℓ}

i

��

// Q/Z

X1(At){ℓ}

it

OO

× X1
nrs(A){ℓ} // Q/Z

(18)

commute. On définit des accouplements CT et CTt par les diagrammes sui-
vants :

CT : X1(At){ℓ} × X1(A){ℓ}

i

��

// Q/Z

X1(At){ℓ} × X1
nrs(A){ℓ} // Q/Z,
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X1
nrs(A

t){ℓ} × X1(A){ℓ} // Q/Z

CTt : X1(At){ℓ}

it

OO

× X1(A){ℓ} // Q/Z.

Pour établir la commutativité de (18), il suffit de montrer que CT et CTt coïn-
cident. En procédant comme dans le corollaire 2.27, on choisit un ouvert V de
U tel que D1(V,A){ℓ} = X

1(A){ℓ} et D1(V,At){ℓ} = X
1(At){ℓ}. Puis en

procédant comme pour la proposition 2.24, on a des diagrammes commutatifs :

0 // D1(V,A){ℓ}

j

��

// H1(V,A){ℓ}

��

//
⊕

v∈X\V H
1(Kv, A){ℓ}

��
0 // (D1(V,At)(ℓ))D // (H1

c (V,At)(ℓ))D //⊕
v∈X\V (H0(Kv, A

t)(ℓ))D,

0 // D1(V,At){ℓ}

jt

��

// H1(V,At){ℓ}

��

//
⊕

v∈X\V H
1(Kv, A

t){ℓ}

��
0 // (D1(V,A)(ℓ))D // (H1

c (V,A)(ℓ))D //⊕
v∈X\V (H0(Kv, A)(ℓ))D.

On vérifie alors aisément que CT est induit par j et que CTt est induit par jt.
Il suffit donc d’établir le lemme qui suit.

Lemme 2.29. Soient r, s ≥ 0. On a un diagramme commutatif au signe près :

Hr
c (V,A)

��

× Hs(V,At) // Hr+s
c (V,A⊗L At)

Hr(V,A) × Hs
c (V,At)

OO

// Hr+s
c (V,A⊗L At).

(19)

Démonstration. On note j : V → X l’immersion ouverte et on fait les identifi-
cations suivantes :

Hr
c (V,A) = HomD(X)(Z, j!A[r]), Hs

c (V,At) = HomD(X)(Z, j!At[s]),
Hr(V,A) = HomD(V )(Z,A[r]), Hs(V,At) = HomD(V )(Z,At[s]),

Hr+s
c (V,A⊗L At) = HomD(X)(Z, j!(A⊗L At)[r + s]),

où D(U) et D(X) désignent les catégories dérivées de faisceaux étales sur U et
sur X respectivement. La commutativité de (19) revient alors à montrer que,
si α ∈ HomD(X)(Z, j!A[r]) et β ∈ HomD(X)(Z, j!At[s]), alors le diagramme
suivant commute dans D(X) :

Z
α //

β

��

j!A[r]
∼= // (j!A⊗L j!Z)[r]

j!j
∗β

��
j!At[s]

∼= // (j!At ⊗L j!Z)[s]
j!j

∗α // (j!A⊗L j!At)[r + s].
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Mais cette commutativité est évidente, ce qui achève la preuve.

Exemple 2.30. • Les variétés abéliennes ayant bonne réduction partout véri-
fient les hypothèses des corollaires précédents. C’est par exemple le cas des
variétés abéliennes définies sur k.
• Supposons que X = P1

k, c’est-à-dire que K = C((t))(u). La courbe elliptique
d’équation y2 = x3 + u vérifie les hypothèses des corollaires.

3. Dualité locale sur Qp((t))

Le but de cette partie est d’établir un théorème de dualité pour les variétés
abéliennes sur un corps 2-local à corps résiduel p-adique. On fixe donc un
nombre premier p ainsi qu’un corps p-adique k1 de corps résiduel k0 et on pose
k = k1((t)).
Soit A une variété abélienne sur k. Posons (n)Ã = Ext1k(A,Z/nZ(2)) pour
chaque entier naturel n non nul et notons Ã = lim−→n (n)Ã.

Remarque 3.1. En tenant compte de la formule de Barsotti-Weil, il serait plus
naturel de considérer Ext1k(A,Q/Z(2)) au lieu de Ã. Il se trouve en fait que ces
deux faisceaux coïncident (voir l’annexe du chapitre 3 de [Izq16b]).

Comme la multiplication par n sur A est surjective, la multiplication par
n sur le faisceau de n-torsion Homk(A,Z/nZ(2)) est injective, et donc
Homk(A,Z/nZ(2)) est nul. Cela fournit un morphisme naturel dans la caté-
gorie dérivée (n)Ã→ RHomk(A,Z/nZ(2))[1], d’où un morphisme :

A⊗L
(n)Ã→ Z/nZ(2)[1].

Ce morphisme induit alors un accouplement :

Hr(k,A)×H2−r(k, (n)Ã)→ H3(k,Z/nZ(2)) ∼= Z/nZ,

où l’isomorphismeH3(k,Z/nZ(2)) ∼= Z/nZ vient du théorème I.2.17 de [Mil06].
En passant à la limite inductive sur n, on obtient un accouplement :

Hr(k,A)×H2−r(k, Ã)→ H3(k,Q/Z(2)) ∼= Q/Z. (20)

Nous voulons déterminer sous quelles conditions cet accouplement induit un
isomorphisme Hr(k,A) ∼= H2−r(k, Ã)D.

3.1 Dualité modulo divisibles

Lemme 3.2. Soit n ∈ N non nul. On a l’égalité :

(n)Ã = Homk(nA,Z/nZ(2)) = nA
t ⊗ µn

et la multiplication par n sur Ã induit une suite exacte de faisceaux :

0→ (n)Ã→ Ã
·n−→ Ã→ 0.
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Démonstration. La suite exacte courte 0 → nA → A
·n−→ A → 0 induit une

suite exacte :

Homk(A,Z/nZ(2))→ Homk(nA,Z/nZ(2))→ (n)Ã
·n−→ (n)Ã.

Comme Homk(A,Z/nZ(2)) = 0 et nAt = Homk(nA, µn), on en déduit que :

(n)Ã = Homk(nA,Z/nZ(2)) = nA
t ⊗ µn.

Cela impose aussi que Ã = lim−→n n
At ⊗ µn. Comme At(ks)tors est divisible,

cela montre immédiatement que la multiplication par n sur Ã induit une suite
exacte de faisceaux :

0→ (n)Ã→ Ã
·n−→ Ã→ 0.

Cela montre que (n)Ã est la n-torsion de Ã. On notera donc par la suite nÃ au
lieu de (n)Ã.

Remarquons maintenant que l’accouplement (20) induit pour chaque n des
morphismes :

Hr−1(k,A)/n→ (nH
3−r(k, Ã))D et nH

r(k,A)→ (H2−r(k, Ã)/n)D.

Corollaire 3.3. Pour chaque entier naturel n et chaque entier r, le
morphisme Hr−1(k,A)/n → (nH

3−r(k, Ã))D est injectif et le morphisme
nH

r(k,A)→ (H2−r(k, Ã)/n)D est surjectif.

Démonstration. On a un diagramme commutatif à lignes exactes :

0 // Hr−1(k,A)/n

��

// Hr(k, nA) //

��

nH
r(k,A) //

��

0

0 // (nH3−r(k, Ã))D // H3−r(k, nÃ)D // (H2−r(k, Ã)/n)D // 0,

où le morphisme vertical central est un isomorphisme d’après le lemme pré-
cédent et le théorème I.2.17 de [Mil06]. On en déduit que le morphisme
Hr−1(k,A)/n → (nH

3−r(k, Ã))D est injectif et le morphisme nH
r(k,A) →

(H2−r(k, Ã)/n)D est surjectif.

En passant à la limite inductive, on obtient un morphisme surjectif :

Hr(k,A)→ (H2−r(k, Ã)∧)D.

Proposition 3.4. Pour r ≥ 0, il existe des familles d’entiers (βr,ℓ)ℓ et (β∗r,ℓ)ℓ
indexées par les nombres premiers telles que, pour tout n ∈ N∗, on a :

|nHr(k,A)|
|Hr(k,A)/n| =

∏

ℓ

ℓβr,ℓvℓ(n), (21)

|nHr(k, Ã)|
|Hr(k, Ã)/n|

=
∏

ℓ

ℓβ
∗
r,ℓvℓ(n). (22)
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Démonstration. Pour r ≥ 1, la proposition est évidente, puisque les groupes
Hr(k,A) et Hr(k, Ã) sont de torsion de type cofini. Le cas r = 0 découle alors
des formules suivantes (proposition 1.5) :

1 = χ(k, nA)
(⋆)
=

3∏

r=0

( |nHr(k,A)|
|Hr(k,A)/n|

)(−1)r

,

1 = χ(k, nÃ)
(⋆)
=

3∏

r=0

(
|nHr(k, Ã)|
|Hr(k, Ã)/n|

)(−1)r

.

Les égalités marquées avec une étoile découlent des suites exactes de Kummer :

0→ Hr−1(k,A)/n→ Hr(k, nA)→ nH
r(k,A)→ 0; (23)

0→ Hr−1(k, Ã)/n→ Hr(k, nÃ)→ nH
r(k, Ã)→ 0. (24)

Théorème 3.5. Pour r ≥ 1, le noyau du morphisme Hr(k,A) →
(H2−r(k, Ã)∧)D est un groupe de torsion de type cofini divisible.

Démonstration. Soit s ∈ {−1, 0, 1, 2, 3}. On calcule la caractéristique d’Euler-
Poincaré de nA pour chaque n :

1 = χ(k, nA) (25)

=
s−1∏

r=0

(
|nH

r(k, A)|

|Hr(k,A)/n|

)(−1)r

·
3∏

r=s+1

|Hr(k, nA)|
(−1)r · |nH

s(k, A)|(−1)s (26)

=

s−1∏

r=0

(
|nH

r(k, A)|

|Hr(k,A)/n|

)(−1)r

·

2−s∏

r=0

|Hr(k, nÃ)|
(−1)1−r · |nH

s(k,A)|(−1)s (27)

=

s−1∏

r=0

(
|nH

r(k, A)|

|Hr(k,A)/n|

)(−1)r

·

2−s∏

r=0

(
|nH

r(k, Ã)|

|Hr(k, Ã)/n|

)(−1)1−r

·

(
|nH

s(k,A)|

|H2−s(k, Ã)/n|

)(−1)s

(28)

= |nH
s(k,A)|(−1)s |H2−s(k, Ã)/n|(−1)s+1

·
∏

ℓ

ℓ(−1)s+1γs,ℓvℓ(n), (29)

où γs,ℓ =
∑s−1
r=0(−1)r+s+1βr,ℓ +

∑2−s
r=0(−1)s−rβ∗r,ℓ. En effet :

• la ligne (25) vient de la proposition 1.5 ;
• la ligne (26) et (28) viennent des suites exactes de Kummer (23) et (24) ;
• la ligne (27) vient de la dualité sur k, qui donne un isomorphismeHr(k, nA) ∼=
H3−r(kn, Ã)D d’après le théorème I.2.17 de [Mil06] ;
• la ligne (29) vient des équations (21) et (22).
Par conséquent, si s ≥ 1 et si Ns désigne le noyau de Hs(k,A) →
(H2−s(k, Ã)∧)D, on obtient :

|nNs| =
|nHs(k,A)|
|H2−s(k, Ã)/n|

=
∏

ℓ

ℓγs,ℓvℓ(n).

D’après le lemme 1.2, cela prouve que Ns est divisible.
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En reprenant les notations de la preuve précédente, on a alors :

Ns ∼=
⊕

ℓ

(Qℓ/Zℓ)γs,ℓ ,

et nous voulons calculer les γs,ℓ =
∑s−1

r=0(−1)r+s+1βr,ℓ +
∑d−s

r=0(−1)d+s−rβ∗r,ℓ.
Avant de passer à la suite, il est utile d’établir des équations reliant les diffé-
rentes variables que nous avons introduites (βr,ℓ, β∗r,ℓ, γr,ℓ).

Proposition 3.6. Soit ℓ un nombre premier. Les entiers (γr,ℓ)r, (βr,ℓ)r et
(β∗r,ℓ)r vérifient les équations :





γr,ℓ = βr,ℓ ∀r ∈ {−1, 1, 2, 3}∑3
r=0(−1)rβr,ℓ = 0

βr,ℓ = β∗r,ℓ = 0 ∀r ≥ 4

Démonstration. On a vu dans la démonstration du théorème 3.5 que pour
chaque r ∈ {−1, 0, 1, 2, 3} :

1 = |nHr(k,A)|(−1)r |H2−r(k, Ã)/n|(−1)r+1 ·
∏

ℓ

ℓ(−1)
r+1γr,ℓvℓ(n) (30)

(21)
= |Hr(k,A)/n|(−1)r |H2−r(k, Ã)/n|(−1)r+1 ·

∏

ℓ

ℓ(−1)
r+1(γr,ℓ−βr,ℓ)vq(n) (31)

avec γr,ℓ =
∑r−1
s=0(−1)r+s+1βs,ℓ+

∑2−r
s=0(−1)d+r−sβ∗s,ℓ. Or, pour r ∈ {−1, 1, 2, 3}

(resp. t ∈ {−1, 0, 1, 2, 3}), le groupe Hr(k,A) (resp. H2−t(k, Ã)) est de torsion
de type cofini et la fonction :

n 7→ |Hr(k,A)/n| (resp. n 7→ |H2−t(k, Ã)/n|)

est bornée. L’équation (31) montre alors que γr,ℓ = βr,ℓ pour r ∈ {−1, 1, 2, 3}.
De plus, la relation γ3,ℓ = β3,ℓ implique l’égalité

∑3
r=0(−1)rβr,p = 0 puisque

γ3,ℓ =
∑2
r=0(−1)rβr,ℓ.

Nous voulons donc maintenant calculer les βr,ℓ pour r 6= 0, et en particulier,
déterminer quand ils sont nuls.

3.2 Étude hors de p

On fixe à présent un nombre premier ℓ différent de p. On introduit les notations
suivantes :
• A2 désigne le modèle de Néron de A ;
• A1 désigne la fibre spéciale de A2 sur k1 ;
• A0

1 désigne la composante connexe du neutre dans A1 ;
• F1 (resp. U1, T1, B1) est le groupe fini (resp. le groupe additif, le tore, la

variété abélienne) apparaissant dans la filtration de A1 ;
• A1 le modèle de Néron de B1 ;
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• A0 la fibre spéciale de A1 sur k0 ;
• F0 (resp. U0, T0, B0) est le groupe fini (resp. le groupe unipotent abélien, le

tore, la variété abélienne) apparaissant dans la filtration de A0 ;
• ρ1 (resp. ρ0) désigne le rang du tore T1 (resp. T0).
Par ailleurs, si M est un module galoisien sur un corps l, q un nombre pre-
mier différent de la caractéristique de l et i un entier, on notera M{q}(i) =
lim−→r q

rM⊗Z/qrZ(i). En tant que groupe abélien, il est isomorphe à M{q}. Par
abus de notation, quand G est un groupe algébrique abélien sur l, on écrira
G{q}(i) au lieu de G(ls){q}(i).

3.2.1 Étude de β0,ℓ

Proposition 3.7. On a l’égalité β0,ℓ = −ρ1.
Démonstration. Étant donné que A(k) = A2(Ok) et que le noyau du mor-
phisme surjectif A2(Ok)→ A1(k1) est uniquement divisible, on a :

|ℓrA(k)|
|A(k)/ℓr| =

|ℓrA1(k1)|
|A1(k1)/ℓr| . (32)

De plus, on a des suites exactes :

0→ A0
1 → A1 → F1 → 0,

0→ U1 × T1 → A0
1 → B1 → 0,

d’où des suites exactes de cohomologie :

0→ A0
1(k1)→ A1(k1)→ F1(k1), (33)

0→ U1(k1)× T1(k1)→ A0
1(k1)→ B1(k1)→ H1(k1, U1)×H1(k1, T1). (34)

Or :
• F1(k1) est fini,
• H1(k1, U1) est nul,
• H1(k1, T1) est simultanément de torsion de type cofini et d’exposant fini : il

est donc fini.
En exploitant les suites (33) et (33), on obtient alors, pour r ≥ 0 :

|ℓrA1(k1)|
|A1(k1)/ℓr| =

|ℓrA0
1(k1)|

|A0
1(k1)/ℓr| =

|ℓrT1(k1)|
|T1(k1)/ℓr|

|ℓrB1(k1)|
|B1(k1)/ℓr| . (35)

D’après la proposition 1.13, on a :

|ℓrT1(k1)|
|T1(k1)/ℓr| = ℓ−rρ1 . (36)

De plus, d’après le théorème de Mattuck ([Mat55], lemme I.3.3 de [Mil06]),
B1(k1) possède un sous-groupe d’indice fini isomorphe à OdimB1

k1
. On en déduit

que :
|ℓrB1(k1)|
|B1(k1)/ℓr| = 1. (37)
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Par conséquent, en expoitant (32), (35), (36) et (37) :

|ℓrA(k)|
|A(k)/ℓr| = ℓ−rρ1 .

Corollaire 3.8. La quantité ρ1 est invariante par isogénie. En particulier,
cela peut être appliqué aux variétés abéliennes A et At, qui sont isogènes.

3.2.2 Conditions suffisantes pour la nullité des βr,ℓ

Dans ce paragraphe technique, nous cherchons à prouver la nullité de β1,ℓ,
β2,ℓ et β3,ℓ sous certaines hypothèses géométriques portant sur les tores Ti
(théorème 3.15). Nous commençons par quelques lemmes.

Lemme 3.9.
(i) Les parties divisibles des groupes

(lim←−sH
2−r(k1, ℓsAt(knr)(i)))D et de H2−r(k1, A(knr){ℓ}(i)) sont (non cano-

niquement) isomorphes.
(ii) Les parties divisibles des groupes (lim←−sH

1−r(k0, ℓsB1(knr1 )(i)))D et de
Hr(k0, B1(knr1 ){ℓ}(i)) sont (non canoniquement) isomorphes.

Démonstration.
(i) Pour chaque entier naturel s, on a une suite exacte :

0→ ℓsA
t(knr)(i)→ At(knr){ℓ}(i)→ At(knr){ℓ}(i)→ At(knr){ℓ}(i)/ℓs → 0.

En notant Qℓs le groupe ℓsAt(knr){ℓ}(i), on obtient des suites exactes :

0→ ℓsA
t(knr)(i)→ At(knr){ℓ}(i)→ Qℓs → 0, (38)

0→ Qℓs → At(knr){ℓ}(i)→ At(knr){ℓ}(i)/ℓs → 0. (39)

On a alors un diagramme commutatif à colonne exacte dont les flèches
diagonales sont la multiplication par ℓs :
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H1−r(k1, At(knr){ℓ}(i))

��

·ℓs

**❯❯❯
❯❯❯

❯❯❯
❯❯❯

❯❯❯
❯❯

H1−r(k1, Qℓs)

��

// H1−r(k1, At(knr){ℓ}(i))

H2−r(k1, ℓsAt(knr)(i))

��
H2−r(k1, At(knr){ℓ}(i))

��

·ℓs

**❯❯❯
❯❯❯

❯❯❯
❯❯❯

❯❯❯
❯❯

H2−r(k1, Qℓs) // H2−r(k1, At(knr){ℓ}(i)).

(40)

Comme At(knr){ℓ}(i) est un groupe de torsion de type cofini, quand on fait
varier s, le module galoisien At(knr){ℓ}(i)/ℓs ne peut prendre qu’un nombre
fini de valeurs à isomorphisme près. En particulier, il existe une constante
entière Cℓ > 0 telle que, pour tout t ≥ 0 :

|Ht(k1, A
t(knr){ℓ}(i)/ℓs)| < Cℓ.

La suite exacte (39) montre alors que pour tout s ≥ 0 :

|Ker(H1−r(kd−1, Qℓs)→ H1−r(k1, A
t(knr){ℓ}(i)))| < Cℓ,

|Coker(H1−r(kd−1, Qℓs)→ H1−r(k1, A
t(knr){ℓ}(i)))| < Cℓ,

|Ker(H2−r(kd−1, Qℓs)→ H2−r(k1, A
t(knr){ℓ}(i)))| < Cℓ,

|Coker(H2−r(kd−1, Qℓs)→ H2−r(k1, A
t(knr){ℓ}(i)))| < Cℓ.

Le diagramme (40) permet alors de conclure que :
• le sous-groupe Cℓ!ℓsH2−r(k1, At(knr){ℓ}(i)) de
ℓsH

2−r(k1, At(knr){ℓ}(i)) est contenu dans l’image du morphisme
H2−r(k1, ℓsAt(knr)(i))→ ℓsH

2−r(k1, At(knr){ℓ}(i)), et donc :

|Coker(H2−r(k1, ℓsA
t(knr)(i))→ ℓsH

2−r(k1, A
t(knr){ℓ}(i)))|

≤ |ℓsH2−r(k1, A
t(knr){ℓ}(i))/Cℓ!|;

(41)

• tout élément du noyau du morphisme

H1−r(k1, Qℓs)/H
1−r(k1, A

t(knr){ℓ}(i))→ H1−r(k1, A
t(knr){ℓ}(i))/ℓs

est dans la classe d’équivalence d’un élément du noyau de :

H1−r(k1, Qℓs)→ H1−r(k1, A
t(knr){ℓ}(i)),
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et donc :

|Ker(H2−r(k1, ℓsA
t(knr)(i))→ ℓsH

2−r(k1, A
t(knr){ℓ}(i)))|

≤ Cℓ|H1−r(k1, A
t(knr){ℓ}(i))/ℓs|,

(42)

Comme les groupes H1−r(k1, At(knr){ℓ}(i)) et
H2−r(k1, At(knr){ℓ}(i)) sont de torsion de type cofini, les relations (41) et
(42) montrent qu’il existe une contante Dℓ telle que, pour tout s ≥ 0 :

|Coker(H2−r(k1, ℓsA
t(knr)(i))→ ℓsH

2−r(k1, A
t(knr){ℓ}(i)))| ≤ Dℓ, (43)

|Ker(H2−r(k1, ℓsA
t(knr)(i))→ ℓsH

2−r(k1, A
t(knr){ℓ}(i)))| ≤ Dℓ. (44)

On en déduit que les groupes :

Ker(lim←−
s

H2−r(k1, ℓsA
t(knr)(i))→ lim←−

s
ℓsH

2−r(k1, A
t(knr){ℓ}(i))), (45)

Coker(lim←−
s

H2−r(k1, ℓsA
t(knr)(i))→ lim←−

s

ℓsH
2−r(k1, A

t(knr){ℓ}(i))), (46)

sont finis. Comme H2−r(k1, At(knr){ℓ}(i)) est de torsion de type cofini, cela
montre que les parties divisibles des groupes (lim←−sH

2−r(k1, ℓsAt(knr)(i)))D

et deH2−r(k1, At(knr){ℓ}(i)) sont isomorphes. CommeA et At sont isogènes,
les parties divisibles deH2−r(k1, At(knr){ℓ}(i)) et deH2−r(k1, A(knr){ℓ}(i))
sont isomorphes, ce qui achève la preuve.

(ii) La preuve est analogue.

Lemme 3.10. (i) Pour chaque entier naturel r et chaque entier i, les
parties divisibles de groupes de type cofini Hr(k1, H

1(knr, A{ℓ}(i))) et
H2−r(k1, A0

1{ℓ}(1− i)) sont (non canoniquement) isomorphes.
(ii) Pour chaque entier naturel r et chaque entier i, les parties divisibles de

groupes de type cofiniHr(k0, H
1(knr1 , B1{ℓ}(i))) et H1−r(k0, A0

0{ℓ}(−i)) sont
(non canoniquement) isomorphes.

Démonstration. (i) Soit r ≥ 0. Par dualité sur Gal(ks/knr) ∼= Ẑ (exemple
I.1.10 de [Mil06]), on a un isomorphisme :

H1(knr, A{ℓ}(i)) ∼= (lim←−
s

ℓsA
t(knr)(−i))D. (47)

Par dualité sur le corps p-adique k1, on a aussi un isomorphisme :

lim−→
s

Hr(k1, ℓsA
t(knr)(−i)D) ∼= lim−→

s

H2−r(k1, ℓsA
t(knr)(1 − i))D. (48)
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On calcule alors :

Hr(k1, H
1(knr, A{ℓ}(i)))

(47)∼= Hr(k1, (lim←−
s
ℓsA

t(knr)(−i))D)

∼= lim−→
s

Hr(k1, ℓsA
t(knr)(−i)D)

(48)∼= lim−→
s

H2−r(k1, ℓsA
t(knr)(1 − i))D

∼= (lim←−
s

H2−r(k1, ℓsA
t(knr)(1 − i)))D.

(49)

De plus, on sait que :

A(knr){ℓ} ∼= A2(Oknr ){ℓ} ∼= A1{ℓ}, (50)

puisque A(knr) = A2(Oknr ) et le morphisme de réduction A2(Oknr ) →
A1(ks1) est surjectif à noyau uniquement divisible. Par conséquent, en uti-
lisant le lemme 3.9 et les isomorphismes (49) et (50), on montre que :

Hr(k1, H
1(knr, A(ks){ℓ}(i)))div

∼= H2−r(k1, A(knr){ℓ}(1− i))div

∼= H2−r(k1, A1{ℓ}(1− i))div

(51)

On remarque maintenant que l’on a la suite exacte :

0→ A0
1(ks1)→ A1(ks1)→ F1(ks1)→ 0.

Il existe donc un Gal(ks1/k1)-module fini F tel que la suite suivante est
exacte :

0→ A0
1{ℓ}(1− i)→ A1{ℓ}(1− i)→ F{ℓ}(1− i)→ 0.

En passant à la cohomologie, on en déduit que :

H2−r(k1, A1{ℓ}(1− i))div
∼= H2−r(k1, A

0
1{ℓ}(1− i))div (52)

Les isomorphismes (51) et (52) permettent de conclure.
(ii) La preuve est analogue.

Lemme 3.11. (i) Pour chaque entier naturel r et chaque entier i, on a un
isomorphisme Hr(k1, A(knr){ℓ}(i)) ∼= Hr(k1, A1{ℓ}(i)). De plus, les parties
divisibles de Hr(k1, A(knr){ℓ}(i)) et de Hr(k1, A

0
1{ℓ}(i)) sont isomorphes.

(ii) Pour chaque entier naturel r et chaque entier i, on dispose d’un isomor-
phisme Hr(k1, B1(knr1 ){ℓ}(i)) ∼= Hr(k0, A0{ℓ}(i)). De plus, les parties divi-
sibles de Hr(k1, B1(knr1 ){ℓ}(i)) et de Hr(k0, A

0
0{ℓ}(i)). sont isomorphes.
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Démonstration. (i) L’isomorphisme (50) montre que :

Hr(k1, A(knr){ℓ}(i)) ∼= Hr(k1, A1{ℓ}(i)).

De plus, on dispose de la suite exacte :

0→ A0
1 → A1 → F1 → 0,

et donc de la suite exacte :

0→ A0
1(ks1){ℓ}(i)→ A1(ks1){ℓ}(i)→ F1(ks1){ℓ}(i)→ 0.

Comme Hr−1(k1, F1(ks1){ℓ}(i)) et Hr(k1, F1(ks1){ℓ}(i)) sont finis, on en dé-
duit que les parties divisibles de Hr(k1, A(knr){ℓ}(i)) et de Hr(k1, A

0
1{ℓ}(i))

sont isomorphes.
(ii) La preuve est analogue.

Lemme 3.12. Soient r ∈ {0, 1, 2} et i un entier tels que l’une des hypothèses
suivantes est satisfaite :
(1) r = 2 et i = 0 ;
(2) ρ0 = 0 ;
(3) r = 0 et i 6= −1.
Alors Hr(k1, B1{ℓ}(i)) est fini.

Démonstration. La suite spectrale de Hochschild-Serre :

Hs(k0, H
t(knr1 , B1{ℓ}(i)))⇒ Hs+t(k1, B1{ℓ}(i))

dégénère en une suite exacte longue :

· · · → Hr(k0, B1(knr1 ){ℓ}(i)))→ Hr(k1, B1{ℓ}(i))→
→ Hr−1(k0, H

1(knr1 , B1{ℓ}(i)))→ · · · (53)

puisque knr1 est de dimension cohomologique 1. Montrons que les termes
Hr(k0, B1(knr1 ){ℓ}(i))) et Hr−1(k0, H1(knr1 , B1{ℓ}(i))) sont finis.
• La suite exacte 0 → U0 × T0 → A0

0 → B0 → 0 induit une suite exacte de
modules galoisiens :

0→ T0{ℓ}(i)→ A0
0{ℓ}(i)→ B0{ℓ}(i)→ 0

et donc une suite exacte de cohomologie :

Hr(k0, T0{ℓ}(i))→ Hr(k0, A
0
0{ℓ}(i))→ Hr(k0, B0{ℓ}(i)). (54)

Or la proposition 1.13 et les hypothèses (1), (2) et (3) imposent que :

|nHr(k0, T0{ℓ}(i))|
|Hr(k0, T0{ℓ}(i))/n|

= 1.
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Comme Hr(k0, B0{ℓ}(i)) est fini d’après la proposition 1.17, on déduit de la
suite (54) que Hr(k0, A

0
0{ℓ}(i)) est fini. Les parties divisibles des de groupes

de torsion de type cofini Hr(k0, A
0
0{ℓ}(i)) et Hr(k0, B1(knr1 ){ℓ}(i))) étant

isomorphes d’après le lemme 3.11, cela prouve que Hr(k0, B1(knr1 ){ℓ}(i)))
est fini.
• On montre de la même manière que la suite (54) que l’on a une suite exacte :

H2−r(k0, T0{ℓ}(−i))→ H2−r(k0, A
0
0{ℓ}(−i))→ H2−r(k0, B0{ℓ}(−i)).

(55)
Or la proposition 1.13 et les hypothèses (1), (2) et (3) imposent que

|nH2−r(k0, T0{ℓ}(−i)))|
|H2−r(k0, T0{ℓ}(−i)))/n|

= 1.

Comme H2−r(k0, B0{ℓ}(−i)) est fini d’après la proposition 1.17, on dé-
duit de la suite (55) que H2−r(k0, A0

0{ℓ}(−i)) est fini. Les parties divi-
sibles des de groupes de torsion de type cofini H2−r(k0, A0

0{ℓ}(−i)) et
Hr−1(k0, H

1(knr1 , B1{ℓ}(i))) étant isomorphes d’après le lemme 3.10, cela
prouve que Hr−1(k0, H1(knr1 , B1{ℓ}(i))) est fini.

Comme Hr(k0, B1(knr1 ){ℓ}(i))) et Hr−1(k0, H
1(knr1 , B1{ℓ}(i))) sont finis, la

suite exacte (53) montre que Hr(k1, B1{ℓ}(i)) est fini.

On est maintenant en mesure d’établir la proposition qui fournit des conditions
suffisantes pour que les groupes de cohomologie de A{ℓ}(i) soient finis.

Proposition 3.13. Soient r ∈ {2, 3} tel que l’une des hypothèses suivantes est
satisfaite :
(1) r = 3 ;
(2) r = 2 et ρ0 = ρ1 = 0.
Alors Hr(k,A{ℓ}) est fini.

Démonstration. La preuve est similaire à celle du lemme 3.12. La suite spectrale

Hs(k1, H
t(knr, A{ℓ}))⇒ Hs+t(k,A{ℓ})

dégénère en une suite exacte longue :

...→ Hr(k1, A(knr){ℓ}))→ Hr(k,A{ℓ})→ Hr−1(k1, H
1(knr, A{ℓ}))→ ....

(56)
Montrons que les termes Hr(k1, A(knr){ℓ})) et Hr−1(k1, H

1(knr, A{ℓ})) sont
finis.
• La suite exacte 0 → U1 × T1 → A0

1 → B1 → 0 induit une suite exacte de
cohomologie :

Hr(k1, T1{ℓ})→ Hr(k1, A
1
0{ℓ})→ Hr(k1, B1{ℓ}). (57)

Or la proposition 1.13 et les hypothèses (1) et (2) imposent que :

|nHr(k1, T1{ℓ})|
|Hr(k1, T1{ℓ})/n|

= 1.
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Comme Hr(k1, B1{ℓ}) est fini d’après le lemme 3.12, on déduit de la suite
(57) que Hr(k1, A

1
0{ℓ}) est fini. La partie divisible de Hr(k1, A(knr){ℓ}))

étant isomorphe à celle de Hr(k1, A
0
1{ℓ}) d’après le lemme 3.11, cela prouve

que Hr(k1, A(knr){ℓ})) est fini
• La suite exacte 0 → U1 × T1 → A0

1 → B1 → 0 induit une suite exacte de
cohomologie :

H3−r(k1, T1{ℓ}(1))→ H3−r(k1, A
0
1{ℓ}(1))→ H3−r(k1, B1{ℓ}(1)). (58)

Or la proposition 1.13 et les hypothèses (1) et (2) imposent que

|nH3−r(k1, T1{ℓ}(1))|
|H3−r(k1, T1{ℓ}(1))/n| = 1.

Comme H3−r(k1, B1{ℓ}(1)) est fini d’après le lemme 3.12, on déduit
de la suite (58) que H3−r(k1, A0

1{ℓ}(1)) est fini. La partie divisible de
Hr−1(k1, H

1(knr, A{ℓ})) étant isomorphe à celle de H3−r(k1, A0
1{ℓ}(1)), le

groupe Hr−1(k1, H1(knr, A{ℓ})) est bien fini.
On déduit alors de la suite (56) que Hr(k,A{ℓ}(i)) est fini.

Remarque 3.14. De manière tout à fait analogue, on peut montrer que, si
ρ0 = 0, alors H1(k,A){ℓ} est fini.

Nous pouvons à présent établir le théorème suivant qui montre la nullité des
βr,ℓ sous certaines hypothèses.

Théorème 3.15. Soit ℓ 6= p un nombre premier.
(i) On a toujours β3,ℓ = 0.
(ii) Si ρ0 = ρ1 = 0, alors β2,ℓ = 0.
(iii) Si ρ0 = 0, alors β1,ℓ = 0.

Démonstration. (i) C’est un corollaire immédiat de la proposition 3.13 car
H3(k,A){ℓ} ∼= H3(k,A(ks){ℓ}).

(ii) C’est un corollaire immédiat de la proposition 3.13 car H2(k,A){ℓ} ∼=
H2(k,A(ks){ℓ}).

(iii) C’est un corollaire immédiat de la remarque 3.14.

3.2.3 Conditions nécessaires pour la nullité des βr,ℓ

Dans cette section, nous allons donner une réciproque au théorème 3.15(ii).
Pour ce faire, nous aurons besoin du lemme suivant :

Lemme 3.16. Supposons que H1(k0, A
0
0{ℓ}(−1)) soit fini. Alors ρ0 = 0.

Démonstration. La suite 0→ U0×T0 → A0
0 → B0 → 0 induit une suite exacte

de cohomologie :

H0(k0, B0{ℓ}(−1))→ H0(k0, T0{ℓ}(−1))→ H1(k0, A
0
0{ℓ}(−1)).
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En utilisant la proposition 1.17, on déduit que le groupe H0(k0, T0{ℓ}(−1)) est
fini. La proposition 1.13 impose alors que ρ0 = 0.

Théorème 3.17. Soit ℓ 6= p un nombre premier. Les deux assertions suivantes
sont équivalentes :
(i) ρ1 = ρ0 = 0 ;
(ii) β2,ℓ = 0.

Démonstration. Le sens direct n’est autre que le théorème 3.15.
Supposons (ii). Dans ce cas, le groupe H2(k,A){ℓ} ∼= H2(k,A{ℓ}) est fini.
De plus, par dimension cohomologique, le groupe H3(k1, H

0(knr, A(ks){ℓ}) est
nul. Par conséquent, en écrivant la suite exacte :

H2(k,A{ℓ})→ H1(k1, H
1(knr, A(ks){ℓ}))→ H3(k1, H

0(knr, A(ks){ℓ}) = 0

associée à la suite spectrale de Hochschild-Serre, on déduit que le groupe
abélien H1(k1, H

1(knr, A(ks){ℓ})) est fini. Le lemme 3.10 montre alors la
finitude de H1(k1, A

0
1{ℓ}(1)).

Écrivons maintenant la suite :

0→ U1 × T1 → A0
1 → B1 → 0.

Elle induit une suite exacte de modules galoisiens :

0→ T1{ℓ}(1))→ A0
1{ℓ}(1))→ B1{ℓ}(1))→ 0 (59)

et donc une suite de cohomologie :

H1(k1, A
0
1{ℓ}(1))→ H1(k1, B1{ℓ}(1))→ H2(k1, T1{ℓ}(1)).

Comme H2(k1, T1{ℓ}(1)) est fini (proposition 1.13), la finitude de
H1(k1, A

0
1{ℓ}(1)) implique celle de H1(k1, B1{ℓ}(1)).

La suite spectraleHs(k0, H
t(knr1 , B1{ℓ}(1)))⇒ Hs+t(k1, B1{ℓ}(1)) fournit une

suite exacte :

H1(k1, B1{ℓ}(1))→ H0(k0, H
1(knr1 , B1{ℓ}(1)))→

→ H2(k0, H
0(knr1 , B1{ℓ}(1))) = 0

car k1 est de dimension cohomologique 2. La finitude de H1(k1, B1{ℓ}(1))
implique donc celle de H0(k0, H

1(knr1 , B1{ℓ}(1))), et les lemmes 3.10 et 3.16
montrent alors que H1(k0, A

0
0{ℓ}(−1)) est fini puis que ρ0 = 0.

Reste à montrer que ρ1 = 0. Pour ce faire, on remarque que, d’après le lemme
3.12, le groupe H2(k1, B1{ℓ}(1)) est fini car ρ0 = 0. De plus, la suite exacte de
modules galoisiens (59) induit une suite exacte de cohomologie :

H2(k1, T1{ℓ}(1))→ H2(k1, A
0
1{ℓ}(1))→ H2(k1, B1{ℓ}(1)).
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Comme H2(k1, T1{ℓ}(1)) est fini (proposition 1.13), la finitude de
H2(k1, B1{ℓ}(1)) implique celle de H2(k1, A

0
1{ℓ}(1)) et donc celle de

H0(k1, H
1(knr, A(ks){ℓ})) (lemme 3.10).

Écrivons maintenant la suite exacte :

H0(k1, H
1(knr, A(ks){ℓ}))→ H2(k1, H

0(knr, A(ks){ℓ})→ H2(k,A{ℓ})

associée à la suite spectrale de Hochschild-Serre. Comme H2(k,A{ℓ})
est fini, la finitude de H0(k1, H

1(knr, A(ks){ℓ})) implique celle de
H2(k1, H

0(knr, A(ks){ℓ})) et donc aussi celle de H2(k1, A
0
1(ks1){ℓ}) (lemme

3.11). En exploitant encore une fois la suite (59), on obtient une suite exacte :

H1(k1, B1(ks1){ℓ})→ H2(k1, T1(ks1){ℓ})→ H2(k1, A
0
1(ks1){ℓ}).

Comme H1(k1, B1(ks1){ℓ}) est fini car ρ0 = 0 (lemme 3.12), on déduit qu’il en
est de même de H2(k1, T1(ks1){ℓ}). On obtient finalement ρ1 = 0 grâce à la
proposition 1.13.

Remarque 3.18. Dans l’article [Koy00], Y. Koya construit un complexe C
de Gal(ks/k)-modules pour lequel la multiplication par ℓs induit un triangle
distingué

(ℓsA)′ → C → C → (ℓsA)′[1] (60)

avec (ℓsA)′ = Hom(ℓsA, µ
⊗2
ℓs ) quel que soit l’entier naturel s. Son théorème

principal (théorème 1.1) implique que H0(k, C){ℓ} et H1(k, C){ℓ} sont finis
quelle soit la variété abélienne A sur k. De plus, sa preuve repose très fortement
sur la proposition 4.1, qui impose que, pour chaque s ≥ 0, on a |H0(k, C)/ℓs| =
|ℓsH0(k, C)|. Cela montre que la fonction s 7→ |H0(k, C)/ℓs| est bornée. Or on
remarque que :

|ℓsH1(k, C)|
|ℓsH2(k,A)| =

|ℓsH1(k, C)|
|H1(k, (ℓsA)′)|

|H1(k, (ℓsA)′)|
|H2(k, ℓsA)|

|H2(k, ℓsA)|
|ℓsH2(k,A)|

=
|H1(k,A)/ℓs|
|H0(k, C)/ℓs| ,

car |H1(k, (ℓsA)′)| = |H1(k, (ℓsA)′)| par dualité sur k (théorème I.2.17 de
[Mil06]) et car on a des suites exactes induites par (60) et par 0 → ℓsA →
A→ A→ 0 :

0→ H0(k, C)/ℓs → H1(k, (ℓsA)′)→ ℓsH
1(k, C)→ 0,

0→ H1(k,A)/ℓs → H2(k, ℓsA)→ ℓsH
2(k,A)→ 0.

Comme H1(k, C){ℓ} est fini et la fonction s 7→ |H0(k, C)/ℓs| est bornée,
on en déduit que la fonction s 7→ |ℓsH2(k,A)| est aussi bornée, et donc que
H2(k,A){ℓ} est fini, quelle que soit la variété abélienne A. En utilisant 3.17,
cela impose que ρ1 = 0 pour toute variété abélienne A. Mais cela est clairement
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faux : par exemple, la courbe elliptique y2 = x3 + x2 + t vérifie ρ1 = 1. On en
déduit que, parmi le théorème 1.1 et la proposition 4.1 de [Koy00], au moins
l’un des deux énoncés est faux. En particulier, la preuve du théorème 1.1 de
[Koy00] semble erronée et difficile à rattraper.

3.3 Étude en p

Les résultats sont plus imprécis que dans le paragraphe précédent, puisque nous
ne savons pas calculer les parties p-primaires des groupes de cohomologie d’un
tore et puisque le noyau du morphisme de réduction A1(Ok1) → A0(k0) n’est
pas forcément uniquement divisible par p.

Théorème 3.19. On a :

β0,p − β1,p + β2,p − β3,p = 0,

β0,p = −ρ1 − [k1 : Qp](dimT1 + dimB1).

Si dimB1 = 0, alors β1,p = β3,p = 0.

Démonstration. La première égalité été vue dans 3.6. La deuxième peut être
démontrée comme la proposition 3.7, à condition d’utiliser le théorème de struc-
ture de Mattuck (lemme 3.3 de [Mil06]) : pour plus de détails, on pourra consul-
ter la proposition 5.21 de [Izq16b]. Finalement, la preuve de la dernière assertion
est analogue à celle du théorème 3.17 (c’est même plus facile).

Corollaire 3.20. On a dimU1 = dimU∗1 . En particulier, si A a très mauvaise
réduction, alors il en est de même de At.

Remarque 3.21. On pourrait bien sûr remplacer At par n’importe quelle va-
riété abélienne isogène à A.

3.4 Le noyau de H2(k, Ã)→ (H0(k,A)∧)D

Exactement comme dans la section 3.1, on peut montrer que :

Théorème 3.22. Pour chaque r ≥ 0, il existe un morphisme naturel surjec-
tif Hr(k, Ã) → (H2−r(k,A)∧)D dont le noyau est de torsion de type cofini
divisible.

Il se trouve que, dans certains cas, il est possible d’expliciter le noyau de
H2(k, Ã) → (H0(k,A)∧)D. Pour ce faire, il convient de poser Ã = g∗Ã où
g : Spec k → Spec Ok désigne l’immersion ouverte, et d’établir quelques pro-
priétés préliminaires :

Lemme 3.23.
(i) Le morphisme naturel H1(Ok,A2)→ H1(k,A) est injectif d’image le sous-

groupe H1(knr/k,A(knr)) de H1(k,A).
(ii) Le faisceau Ã est de torsion. De plus, pour chaque n ≥ 1, on a l’égalité
nÃ = nA∗2 ⊗ µn, où A∗2 désigne le modèle de Néron de At.
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(iii) On a un isomorphisme H2(Ok, Ã)→ H2(knr/k, Ã(knr)) faisant commu-
ter le diagramme :

H2(Ok, Ã)
Res //

∼=
��

H2(k, Ã)

H2(knr/k, Ã(knr))

Inf

66♥♥♥♥♥♥♥♥♥♥♥♥
.

Démonstration. Les preuves de (i) et (iii) sont analogues à celle de 2.7. Le fait
que Ã est de torsion est évident, et pour montrer que nÃ = nA∗2 ⊗ µn, il suffit
de remarquer que nÃ = nA

t ⊗ µn (lemme 3.2) et donc que :

nÃ = g∗(nÃ) = g∗(nA
t ⊗ µn) = g∗(nA

t)⊗ µn = nA∗2 ⊗ µn.

Proposition 3.24. Soit ℓ un nombre premier ne divisant pas |F1| (mais pou-
vant être éventuellement égal à p).

(i) Les groupes A(knr) et H0(knr, Ã) sont ℓ-divisibles.

(ii) Il existe un morphisme fonctoriel injectif

(TℓH
1(Ok,A2))D → (lim←−

r

H1(knr/k, ℓrA(knr)))D.

Démonstration. (i) On prouve que A(knr) et At(knr) sont ℓ-divisibles exac-
tement de la même manière que dans la proposition 2.8. De plus, comme
nÃ = nA

t ⊗ µn, on remarque que :

H0(knr, Ã) = lim−→
n

H0(knr, nÃ) ∼= lim−→
n

H0(knr, nA
t) = At(knr)tors.

On en déduit que H0(knr, Ã) est ℓ-divisible.
(ii) La preuve est analogue à celle de la proposition 2.8.

Lemme 3.25. On obtient un isomorphisme :

ιℓ : H1(knr/k,H1(knr, Ã)){ℓ} → (lim←−
r

H1(knr/k, ℓrA(knr)))D

par composition des isomorphismes naturels :

H1(knr/k,H1(knr, Ã)){ℓ} ∼−→ lim−→
r

H1(knr/k, ℓrH
1(knr, Ã)) (61)

∼←− lim−→
r

H1(knr/k,H1(knr, ℓrÃ)) (62)

∼−→ lim−→
r

H1(knr/k, (ℓrA(knr)(−1))D) (63)

∼−→ (lim←−
r

H1(knr/k, ℓrA(knr)))D. (64)
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Démonstration. Décrivons les quatre isomorphismes précédents.
• L’isomorphisme (61) est évident.
• La suite exacte 0 → ℓrÃ→ Ã → Ã→ 0 induit une suite exacte en cohomo-

logie :
0→ Ã(knr)/ℓr → H1(knr, ℓr Ã)→ ℓrH

1(knr, Ã)→ 0.

Le lemme 3.24(i) montre alors que le morphisme H1(knr, ℓrÃ) →
ℓrH

1(knr, Ã) est un isomorphisme. Cela fournit l’isomorphisme (62).
• Le groupe Gal(ks/knr) est isomorphe à Ẑ. Comme ℓrÃ ∼= Hom(ℓrA, µ

⊗2
ℓr ),

l’exemple I.1.10 de [Mil06] montre alors que l’on a un accouplement parfait
de groupes finis :

ℓrA(knr)(−1)×H1(knr, ℓr Ã)→ Q/Z.

Cet accouplement induit un isomorphisme :

H1(knr, ℓr Ã)
∼−→ (ℓrA(knr)(−1))D.

Cela fournit l’isomorphisme (63).
• La dualité de Tate sur le corps p-adique k1 montre que l’on a un accouplement

parfait de groupes finis :

H1(k1, (ℓrA(knr)(−1))D)×H1(k1, ℓrA(knr))→ Q/Z.

Cet accouplement induit un isomorphisme :

H1(k1, (ℓrA(knr)(−1))D)
∼−→ (H1(k1, ℓrA(knr)))D.

En passant à la limite inductive sur r, on obtient l’isomorphisme (64).

Comme dans 2.10, nous sommes maintenant en mesure d’introduire la définition
suivante :

Définition 3.26. Soit ℓ un nombre premier ne divisant pas |F1| (mais éven-
tuellement égal à p). On appelle ℓ-groupe de cohomologie non ramifiée
symétrisé de Ã le groupe :

H2
nrs(k, Ã, ℓ) := (ιℓ ◦ ϕ)−1((TℓH

1(Ok,A2))D) ⊆ H2(k, Ã){ℓ}

où ϕ : H2(k, Ã) → H1(knr/k,H1(knr, Ã)) désigne le morphisme induit par la
suite spectrale Hr(knr/k,Hs(knr, Ã))⇒ Hr+s(k, Ã). Comme dans la proposi-
tion 2.12, on peut alors établir une suite exacte :

0→ H2(Ok, Ã)

δ(H0(Ok, R1g∗Ã))
{ℓ} → H2

nrs(k, Ã, ℓ)→ (TℓH
1(Ok,A2))D → 0 (65)

où δ : H0(Ok, R1g∗Ã)→ H2(Ok, Ã) est le morphisme de bord provenant de la
suite spectrale Hr(Ok, Rsg∗Ã)⇒ Hr+s(k, Ã).
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Dans la suite, on notera H2
nr(k, Ã) := Im(H2(Ok, Ã) → H2(k, Ã))). On dira

que c’est la cohomologie non ramifiée de Ã.

Proposition 3.27. Soit ℓ un nombre premier différent de p et ne divisant pas
|F1|. Alors H2

nrs(k, Ã, ℓ) = H2
nr(k, Ã){ℓ}.

Démonstration. En utilisant le lemme 3.23 et en remarquant que le morphisme
de réduction A(knr) = A2(Oknr ) → A1(ks1) est surjectif à noyau uniquement
divisible, on a :

H1(Ok,A2){ℓ} ∼= H1(knr/k,A(knr)){ℓ} ∼= H1(k1, A1){ℓ}. (66)

De plus, la suite exacte 0 → A0
1 → A1 → F1 → 0 induit une suite exacte de

cohomologie :

F1(k1)→ H1(k1, A
0
1)→ H1(k1, A1)→ H1(k1, F1),

et comme ℓ ne divise pas |F1|, on obtient l’identification :

H1(k1, A1){ℓ} ∼= H1(k1, A
0
1){ℓ}. (67)

En exploitant maintenant la suite exacte 0 → U1 × T1 → A0
1 → B1 → 0

et en remarquant que H1(k1, T1){ℓ} et H1(k1, B1){ℓ} sont finis, on voit que
H1(k1, A

0
1){ℓ} est fini. Les isomorphismes (66) et (67) montrent alors la finitude

de H1(Ok,A2){ℓ} et donc la nullité de TℓH1(Ok,A2). Par conséquent, d’après
la suite exacte (65) :

H2
nrs(k, Ã, ℓ) = H2

nr(k, Ã){ℓ}.

Remarque 3.28. Ainsi, il est vraiment nécessaire de parler du groupe de co-
homologie non ramifié symétrisé uniquement dans le cas ℓ = p. Mais il est
quand même utile d’introduire ce groupe quel que soit ℓ pour deux raisons :
d’une part, dans le théorème qui suit, c’est avec le groupe de cohomologie non
ramifié symétrisé qu’on identifie naturellement le noyau du morphisme de la
dualité locale ; d’autre part, cela permet de donner des énoncés vrais pour tout
ℓ.

Théorème 3.29. Pour ℓ premier ne divisant pas |F1| (éventuellement égal à p),
la partie ℓ-primaire du noyau de H2(k, Ã)→ (H0(k,A)∧)D est H2

nrs(k, Ã, ℓ).

Démonstration. La preuve est analogue à celle du théorème 2.14.

Pour alléger les notations dans la section suivante, nous noterons :

H2
nrs(k, Ã) :=

⊕

ℓ∧|F1|=1

H2
nrs(k, Ã, ℓ).

C’est le groupe de torsion dont la partie ℓ-primaire est H2
nrs(k, Ã, ℓ) si ℓ ne

divise pas |F1|, triviale sinon.
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4. Variétés abéliennes sur Qp(u)

4.1 Approche sans les groupes de cohomologie non ramifiée sy-
métrisés

Dans cette section, on se donne un nombre premier p et k désigne un corps
p-adique. On rappelle que K = k(X) est le corps des fonctions d’une courbe
projective lisse géométriquement intègre X . Soient A une variété abélienne sur
K et Ã = lim−→n

Ext1K(A,Z/nZ(2)) = lim−→n n
At ⊗ µn. Le but de ce paragraphe

est d’établir, sous de bonnes hypothèses géométriques sur A, des théorèmes de
dualité entre certains groupes de Tate-Shafarevich de A et Ã (théorème 4.10).
Pour chaque v ∈ X(1), on adopte des notations analogues à celles de la
section 3.2 pour la variété abélienne Av = A ×K Kv sur le corps 2-local
Kv. Ainsi, on introduit les schémas en groupes Av,2, Av,1, Fv,1, Uv,1, Tv,1, Bv,1,
Av,1, Av,0, Fv,0, Uv,0, Tv,0, Bv,0.
On se donne un entier r0 ∈ {0, 1, 2} et un nombre premier ℓ différent de p et
on fait l’hypothèse suivante :

(H 4.1) • si r0 = 1, alors les tores Tv,0, Tv,1 sont anisotropes pour toute
place v ∈ X(1) ;

• si r0 = 2, alors le tore Tv,0 est anisotrope pour toute place
v ∈ X(1).

Remarque 4.2. Ces hypothèses sont assez restrictives puisqu’elles portent sur
toutes les places v ∈ X(1) et pas uniquement sur les places de mauvaise réduc-
tion (voir remarque 4.11). Dans le paragraphe suivant, on pourra s’affranchir
de ces hypothèses grâce aux groupes de cohomologie non ramifiée symétrisés.

Soit maintenant U un ouvert non vide de X sur lequel A a bonne réduction,
de sorte que le modèle de Néron A de A sur U est un schéma abélien. Soit
Ã = lim−→n

Ext1U (A,Z/nZ(2)). On montre comme dans le lemme 3.2 que :

nÃ = Ext1U (A,Z/nZ(2)) = HomU (nA,Q/Z(2)) = nAt ⊗ µn
pour chaque n > 0 et que Ã est divisible.

Certains des lemmes qui suivent sont faciles et similaires à certains lemmes de
la section II.5 de [Mil06] ou à certains lemme de la section 2.2.

Lemme 4.3. (i) Pour r > 0, le groupe Hr(U,A) est de torsion de type cofini.
(ii) Pour r > 1, le groupe Hr

c (U,A) est de torsion de type cofini.

Démonstration. La preuve est tout à fait analogue à celle de 2.19.

Remarque 4.4. Pour tout r ≥ 0, les groupes Hr(U, Ã) et Hr
c (U, Ã) sont de

torsion de type cofini. En effet, ce sont des groupes de torsion car Ã est un
faisceau de torsion, et pour voir qu’ils sont de type cofini, il suffit de procéder
comme dans la preuve de 2.19 en utilisant la suite :

0→ nÃ → Ã → Ã → 0
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et la finitude de Hr(U, nÃ) (proposition 2.1 de [Izq16a]).

Fixons à partir de maintenant un nombre premier p.

Lemme 4.5. Pour r ≥ 0, il existe des suites exactes :

0→ Hr(U,A)⊗Z (Q/Z){ℓ} → Hr+1(U,A{ℓ})→ Hr+1(U,A){ℓ} → 0,

0→ Hr
c (U, Ã)(ℓ) → Hr+1

c (U, TℓÃ)→ TℓH
r+1
c (U, Ã)→ 0.

Ici, Hr+1(U,A{ℓ}) et Hr+1
c (U, TℓÃ) désignent lim−→n

Hr+1(U, ℓnA) et

lim←−nH
2
c (U, ℓnÃ) respectivement.

Démonstration. La preuve est identique à celle de 2.20.

Lemme 4.6. Pour chaque r ≥ 0, il existe un accouplement canonique :

Hr(U,A{ℓ})×H4−r
c (U, TℓÃ)→ Q/Z

qui est non dégénéré.

Démonstration. La preuve est analogue à celle de 2.21.

On sait que HomU (A,Z/nZ(2)) = 0. On dispose donc d’un accouplement dans
la catégorie dérivée :

A⊗L
nÃ → Z/nZ(2)[1].

Comme de plus H4
c (U,Q/Z(4)) ∼= Q/Z (lemme 1.3 de [Izq16a]), on obtient pour

chaque n > 0, un accouplement :

Hr(U, nÃ)×H3−r
c (U,A)→ H4

c (U,Z/nZ(2))→ H4
c (U,Q/Z(2)) ∼= Q/Z.

En passant à la limite inductive sur n, on obtient un accouplement :

Hr(U, Ã)×H3−r
c (U,A)→ Q/Z. (68)

Posons maintenant, pour chaque r ≥ 0 :

Dr(U, Ã) = Im(Hr
c (U, Ã)→ Hr(K, Ã)).

Ce groupe est de torsion de type cofini d’après la remarque 4.4. Pour l’étudier,
il sera utile d’avoir une suite exacte de localisation pour Ã. Pour ce faire, on
remarque que la proposition 3.1 de [HSz16] fournit une suite exacte :

...→ Hr
c (V, Ã)→ Hr(V, Ã)→

⊕

v∈X\V
Hr(Kh

v , Ã)→ ..., (69)

où Kh
v désigne l’hensélisé de K en v. De plus, d’après le lemme 2.7 de [HSz05],

comme Ã est la limite inductive des nAt⊗µn qui sont des schémas en groupes
finis étales sur K, on a :

Hr(Kh
v , Ã) ∼= Hr(Kv, Ã). (70)
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En combinant (69) et (70), on obtient la suite exacte souhaitée :

...→ Hr
c (V, Ã)→ Hr(V, Ã)→

⊕

v∈X\V
Hr(Kv, Ã)→ .... (71)

Lemme 4.7. Soit r ≥ 0. Il existe V0 un ouvert non vide de U tel que, pour tout
ouvert V de V0, le morphisme Hr(V, Ã)→ Hr(K, Ã) induit un isomorphisme :

Dr(V, Ã){ℓ} ∼= X
r(K, Ã){ℓ}.

Démonstration. On remarque que, si V ⊆ V ′ sont des ouverts non vides dans
U , alors le morphisme Hr

c (V, Ã) → Hr(K, Ã) se factorise par Hr
c (V ′, Ã) et

donc Dr(V, Ã) ⊆ Dr(V ′, Ã). Comme Dr(U, Ã) est de torsion de type cofini, le
lemme 3.7 de [HSz16] montre qu’il existe V0 un ouvert non vide de U tel que,
pour tout V contenu dans V0, on a :

Dr(V, Ã){ℓ} = Dr(V0, Ã){ℓ}.

Par ailleurs, la suite exacte de localisation (71) montre que, pour chaque ouvert
non vide V de V0, on a :

Dr(V, Ã) ⊆ Ker(Hr(K, Ã)→
∏

v∈X\V
Hr(Kv, Ã)).

On en déduit que, pour chaque ouvert non vide V de V0, on a :

Dr(V, Ã){ℓ} ∼= X
r(K, Ã){ℓ}.

Afin d’établir un théorème de dualité pour le groupe de Tate-Shafarevich, il
convient donc d’établir un théorème de dualité pour le groupe Dr(U, Ã) :

Proposition 4.8. On suppose (H 4.1). On pose

D3−r0
sh (U,A) = Ker(H3−r0(U,A)→

∏

v∈X(1)

H3−r0(Kv, A)).

Il existe alors un accouplement canonique :

Dr0(U, Ã){ℓ} ×D3−r0
sh (U,A){ℓ} → Q/Z

qui est non dégénéré.

Il convient d’établir préalablement le lemme suivant :

Lemme 4.9. La suite :
⊕

v∈X(1)

Hr0−1(Kv, Ã)(ℓ) → Hr0
c (U, Ã)(ℓ) → Dr0(U, Ã)(ℓ) → 0

est exacte.
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Démonstration. On a Ã = lim−→n n
Ã, et donc, en utilisant la proposition 2.3 de

[Izq16a], on a une suite exacte :
⊕

v∈X(1)

Hr0−1(Kv, Ã)→ Hr0
c (U, Ã)→ Dr0(U, Ã)→ 0.

Cela étant établi, la preuve est analogue à celle du lemme 2.25.

Démonstration. (De la proposition 4.8)
D’après le lemme 4.6, nous disposons d’un isomorphisme

f : H3−r0(U,A{ℓ})→ (Hr0+1
c (U, TℓÃ))D.

De plus, l’accouplement (68) induit un accouplement :

H3−r0(U,A){ℓ} ×Hr0
c (U, Ã)(ℓ) → Q/Z,

et donc un morphisme g : H3−r0(U,A){ℓ} → (Hr0
c (U, Ã)(ℓ))D. Ainsi on obtient

un diagramme commutatif à lignes exactes :

0 // H2−r0(U,A)⊗Z Qℓ/Zℓ //

j

��

H3−r0(U,A{ℓ}) //

f ∼=
��

H3−r0(U,A){ℓ} //

g

��

0

0 // (TℓHr0+1
c (U, Ã))D // (Hr0+1

c (U, TℓÃ))D // (Hr0
c (U, Ã)(ℓ))D // 0

(72)
où j est l’unique morphisme qui fait commuter le diagramme. Cela montre que
g est surjectif.

De plus, nous disposons aussi d’un autre diagramme diagramme commutatif à
lignes exactes :

0 // D3−r0
sh (U,A){ℓ}

i

��

// H3−r0(U,A){ℓ}
g
����

// ∏
v∈X(1) H3−r0(Kv, A){ℓ}

h

��
0 // (Dr0(U, Ã)(ℓ))D // (Hr0

c (U, Ã)(ℓ))D // ∏
v∈X(1)(Hr0−1(Kv, Ã)(ℓ))D

(73)
D’après le théorème 3.15, l’hypothèse (H 4.1) montre que h est un isomor-
phisme. Du coup, en procédant exactement comme dans la proposition 2.24 et
à l’aide des diagrammes (72) et (73), on montre que l’on a un accouplement
non dégénéré :

Dr0(U, Ã){ℓ} ×D3−r0
sh (U,A){ℓ} → Q/Z.

Nous sommes maintenant en mesure de conclure :
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Théorème 4.10. On rappelle que k est un corps p-adique de caractéristique ré-
siduelle p et que K = k(X) est le corps des fonctions de la courbe X. Soit A une
variété abélienne sur K. On suppose (H 4.1). Alors il existe un accouplement
non dégénéré de groupes de torsion :

Xr0(K, Ã)non−p ×X3−r0(K,A)non−p → Q/Z.

De plus, Xr0(K, Ã) et X3−r0(K,A) sont de torsion de type cofini.

Démonstration. D’après le lemme 4.7 et la proposition 4.8, pour chaque ouvert
non vide V de V0, on a un isomorphisme :

D3−r0
sh (V,A){ℓ} ∼= (Xr0(K, Ã){ℓ})D.

Il suffit alors de passer à la limite sur U .

Remarque 4.11. • Les hypothèses de (H 4.1) concernent toutes les places de
X(1). On ne peut pas restreindre ces hypothèses aux places de mauvaise
réduction de A puisqu’on ne sait pas si l’ouvert V0 du lemme 4.7 peut être
choisi égal à U . Ce problème vient en particulier du fait que le corps K est
de dimension cohomologique 3 et que, même si v ∈ X(1) est une place de
bonne réduction, le groupe H1(Ov,A) peut être non nul !
• Même si le théorème est une dualité modulo divisibles, dans la preuve, on a

besoin d’une dualité locale qui n’est pas modulo divisibles. C’est pourquoi
nous sommes amenés à faire les hypothèses (H 4.1).

Remarque 4.12. Toute variété abélienne sur K vérifie les hypothèses du théo-
rème lorsque r0 = 0. Dans ce cas, le théorème affirme que la partie divisible de
X

3(K,A) est p-primaire.

Exemple 4.13. Dans le cas où K = k(u), si on se donne f(u) ∈ K×, la courbe
elliptique d’équation y2 = x3 + f(u) vérifie les hypothèses du théorème pour
r0 ∈ {1, 2}.

4.2 Approche avec les groupes de cohomologie non ramifiée sy-
métrisés

Soient ℓ un nombre premier (éventuellement égal à p) et U un ouvert non vide
de X sur lequel A a bonne réduction. Faisons l’hypothèse suivante :

(H 4.14)ℓ • si ℓ 6= p, pour chaque v ∈ X \ U , au moins l’une des deux
affirmations suivantes est vérifiée :
◦ ℓ ne divise pas |Fv,1|,
◦ le tore Tv,0 est anisotrope.

• si ℓ = p, pour chaque v ∈ X \ U , au moins l’une des deux
affirmations suivantes est vérifiée :
◦ ℓ ne divise pas |Fv,1|,
◦ la variété abélienne Bv,1 est triviale.
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Remarque 4.15. Cette hypothèse est nettement mois forte que l’hypothèse de
la section précédente. Elle ne concerne que les places de mauvaise réduction et
est vérifiée pour presque tout ℓ.

On note Z l’ensemble suivant :
• si ℓ 6= p, alors Z désigne l’ensemble des v ∈ X(1) tels que le tore Tv,0 est

anisotrope,
• si ℓ = p, alors Z désigne l’ensemble des v ∈ X(1) tels que la variété abélienne
Bv,1 est triviale.

On introduit le groupe suivant :

X
2
nrs(Ã) := Ker


H2(K, Ã)→

∏

v∈Z
H2(Kv, Ã)×

∏

v∈X(1)\Z
H2(Kv, Ã)/H2

nrs(Kv, Ã)


.

Si ℓ est différent de p, le groupe X
2
nrs(Ã){ℓ} coïncide avec la partie ℓ-primaire

de :

X
2
nr(Ã) := Ker


H2(K, Ã)→

∏

v∈Z
H2(Kv, Ã)×

∏

v∈X(1)\Z
H2(Kv, Ã)/H2

nr(Kv, Ã)


.

En procédant de manière similaire à la section 2.2 et en utilisant les théorèmes
3.15, 3.19 et 3.29, on peut établir le théorème et le corollaire suivants :

Théorème 4.16. On rappelle que k est un corps p-adique de caractéristique ré-
siduelle p et que K = k(X) est le corps des fonctions de la courbe X. Soit A une
variété abélienne sur K. On suppose (H 4.14)ℓ. Alors il existe un accouplement
non dégénéré de groupes finis :

X2
nrs(Ã){ℓ} ×X1(A){ℓ} → Q/Z.

Corollaire 4.17. On rappelle que k est un corps p-adique de caractéristique
résiduelle p et que K = k(X) est le corps des fonctions de la courbe X. Soit A
une variété abélienne sur K. On suppose (H 4.14)ℓ et on note ĩ : X2(Ã) →֒
X

2
nrs(Ã) l’injection canonique. Alors il existe un accouplement non dégénéré

à gauche de groupes finis :

X
2(Ã){ℓ}/ĩ−1(X2

nrs(Ã){ℓ}div)×X1(A){ℓ} → Q/Z.

Question : Quel est le noyau à droite dans l’accouplement précédent ?

5. Quelques remarques sur la finitude des
groupes de Tate-Shafarevich

Le but de cette section est de donner, pour k = C((t)) ou k = Qp, des exemples
de variétés abéliennes sur K pour lesquelles on peut déterminer si le premier
groupe de Tate-Shafarevich est fini ou pas. Pour ce faire, nous allons utili-
ser le théorème 3.1 de [Tat66], dont nous rappelons l’énoncé (adapté à notre
situation) :
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Théorème 5.1. (théorème 3.1 de [Tat66])
On rappelle que X est une courbe projective lisse géométriquement intègre sur
k de corps des fonctions K. Soit Y une surface régulière sur k munie d’un
morphisme propre f : Y → X à fibres de dimension 1. On suppose que les
fibres géométriques de f sont connexes, et que la fibre générique est lisse. Si f
admet une section, Br X est un sous-groupe de Br Y et on a un isomorphisme
X

1(K, J) ∼= Br Y/Br X où J désigne la jacobienne de la fibre générique de f .

5.1 Cas où k = C((t))

On se place dans le cas où k = C((t)). On rappelle que la courbe projective lisse
géométriquement intègre X sur k de corps des fonctions K a été fixée depuis
le début de l’article.

5.1.1 Cas où Y est un produit

Soient C une courbe projective lisse sur k telle que C(k) 6= ∅ et Y = C ×k X .
On note JC (resp. JX) la jacobienne de C (resp. X) sur k. D’après le théorème
5.1, le groupe X

1(K, JC ×kK) est égal à Br Y/Br X . Par ailleurs, nous savons
que Br1 Y = H1(k,Pic Yk) car Br k = 0. D’après la proposition 1.7 de [SZ14],
le morphisme naturel H1(k,Pic Ck) × H1(k,Pic Xk) → H1(k,Pic Yk) a un
noyau et un conoyau finis. Écrivons la suite exacte de modules galoisiens :

0→ JC(k)→ Pic Ck → Z→ 0.

0→ JX(k)→ Pic Xk → Z→ 0.

On en déduit une suite exacte de cohomologie :

Z→ H1(k, JC)→ H1(k,Pic Ck)→ 0.

Z→ H1(k, JX)→ H1(k,Pic Xk)→ 0.

Les noyaux des morphismes surjectifs H1(k, JC) → H1(k,Pic Ck) et
H1(k, JX)→ H1(k,Pic Xk) sont donc finis. On en déduit que les parties divi-
sibles de Br1 Y/Br X ∼= H1(k,Pic Yk)/H1(k,Pic Xk) et H1(k, JC) sont égales.
Par conséquent, d’après le théorème de Ogg (théorème 1.15), si JC n’a pas
réduction purement additive, alors X

1(K, JC ×k K)div 6= 0. La réciproque est
vraie par exemple si X est de genre 0, puisque dans ce cas, la partie divisible
de Br Yk est nulle d’après la section 2.9 de [SZ14].

5.1.2 Cas où Y est de dimension de Kodaira −∞
Soit Y une surface projective lisse sur k de dimension de Kodaira −∞. Le cas
où Y est une fibration en coniques sur une courbe est inintéressant, puisque la
jacobienne de la fibre générique est triviale.
Supposons donc que Y est une surface de del Pezzo (cf section 24 de [Man86])
vérifiant les hypothèses du théorème 5.1. On note J la jacobienne de la fibre
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générique de Y → X . Soit L une extension finie de k telle que Y ×k L est
rationnelle. Alors, par un argument de restriction-corestriction, Br Y est fini,
et donc X

1(K, J)div = 0.
Remarquons finalement qu’il existe bien des surfaces de del Pezzo Y vérifiant les
hypothèses du théorème 5.1. Par exemple, il suffit de choisir Y0/C l’éclatement
de P2

C en les points base d’un pinceau de cubiques et Y = Y0 ×C k puisque,
dans ce cas, Y est une surface jacobienne sur P1

k.

5.1.3 Cas où Y est de dimension de Kodaira 0

Dans ce paragraphe, nous allons étudier le cas où Y est une surface projective
lisse minimale sur k de dimension de Kodaira 0. La classification de telles
surfaces montre que Y est un twist d’une surface abélienne, une surface
bielliptique, une surface K3 ou une surface d’Enriques.

Surfaces abéliennes. Supposons que X soit une courbe elliptique et
soit Y le produit de X par une courbe elliptique E. Dans ce cas, Y est
une surface abélienne fibrée au-dessus de X . Si E n’a pas réduction pu-
rement additive, alors, d’après l’étude menée dans le paragraphe 5.1.1,
X

1(K,E ×k K)div 6= 0. Le cas où E a réduction purement additive est plus
difficile, puisque Br1 Y/Br X est fini et il faut donc s’intéresser au groupe de
Brauer transcendant Im(Br Y → Br(Y ×k k)).

Surfaces bielliptiques. Soit Y = (E1 ×k E2)/G une surface bielliptique,
avec E1 et E2 deux courbes elliptiques et G un sous-groupe fini de E1 agissant
sur E2 de sorte que E2/G ∼= P1

k. Le morphisme π : Y → E1/G est alors une
fibration elliptique isotriviale, de fibre E2. On prend X = E1/G et on suppose
que la fibration a une section. Comme le genre géométrique de Y est nul, la
dualité de Serre montre queH2(Xk,OXk) = 0, et donc que le groupe Br(Y ×kk)
est fini. De plus, comme Alb Y = E1/G = X , on a une suite exacte :

0→ Pic Xk → Pic Yk → N → 0

où N désigne un groupe abélien de type fini. On déduit que Br1 Y/Br X =
H1(k,Pic Yk)/H1(k,Pic Xk) est fini. Cela montre que Br Y/Br X est fini, et
il en est donc de même de X

1(K, J) où J désigne la jacobienne de la fibre
générique de π.

Surfaces K3. Supposons que X = P1
k. Soient Y0 une surface K3 sur C telle

que Y = Y0 ×C k est une surface elliptique sur X avec une section. On note
Y = Y ×k k et ρ = rg(NS(Y0)) = rg(NS(Y )). Comme la variété d’Albanese
de Y est triviale, le groupe Br1 Y est fini. Concernant le groupe de Brauer
transcendant de Y , comme Br Y0 ∼= Br Y , on a Br Y = Im(Br Y → Br Y ). Or
(Br Y )div ∼= (Q/Z)22−ρ. Étant donné que ρ ≤ 20, on a Im(Br Y → Br Y )div 6=
0. Le théorème 5.1 permet alors de conclure que X

1(K, J)div 6= 0 où J est
la jacobienne de la fibre générique de Y → X . On remarquera que dans cette
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situation, la non nullité de X
1(K, J)div n’est pas expliquée par le groupe de

Brauer algébrique de Y .
Reste à rappeler qu’il existe bel et bien des surfaces K3 sur C qui sont des
surfaces jacobiennes :
• toutes les surfaces K3 avec ρ ≥ 13 sont jacobiennes (lemme 12.22 de [SS10]) ;
• pour ρ < 13, dans la section 3.2 de [HS11], Hulek et Schütt construisent

une famille de surfaces K3 qui sont des surfaces jacobiennes et qui vérifient
ρ ≥ 10 ;
• d’après [CD89], la surface jacobienne d’une surface K3 elliptique est une

surface K3 de même rang de Picard, et toute surface K3 avec ρ ≥ 5 est
elliptique.

Surfaces d’Enriques. Si Y est une surface d’Enriques, c’est toujours une
surface elliptique, mais elle ne possède jamais de section, ce qui ne permet
donc pas d’appliquer le théorème 5.1.

Remarque 5.2. Si Y est une surface projective lisse sur k de dimension de Ko-
daira 1, alors Y est automatiquement une surface elliptique, mais pas forcément
jacobienne. Si Y est de type général, alors Y n’est pas une surface elliptique.

5.2 Cas où k = Qp

Soient p et ℓ des nombres premiers distincts. On se place dans le cas où k un
corps p-adique. Soient C une courbe projective lisse sur k telle que C(k) 6= ∅
et Y = C ×k X . On note JC (resp. JX) la jacobienne de C (resp. X) sur
k. Comme dans le paragraphe précédent, on montre que la partie divisible
de (Br1 Y/Br X){ℓ} est toujours triviale. En particulier, si X est de genre
0, alors X

1(K, JC ×k K){ℓ}div = 0 (et ce résultat reste vrai si C(k) = ∅
par un argument de restriction-corestriction). Par contre, si JC 6= 0, alors
X

1(K, JC ×k K){p}div 6= 0.

Question : Si X est de genre 0, est-ce que toute jacobienne J sur K vérifie
X

1(K, J){ℓ}div = 0 ?
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Abstract. We show that the reduced motive of a smooth affine
quadric is invertible as an object of the triangulated category of mo-
tives DM(k,Z[1/e]) (where k is a perfect field of exponential charac-
teristic e). We also establish a motivic version of the conjectures of
Po Hu on products of certain affine Pfister quadrics. Both of these
results are obtained by studying a novel conservative functor on (a
subcategory of) DM(k,Z[1/e]), the construction of which constitutes
the main part of this work.
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1 Introduction

For a perfect field k, Voevodsky has constructed a triangulated category DM(k)
containing the classical category Chow(k) of Chow motives [20]. Like Chow(k),
DM(k) is a tensor category. We denote the tensor product by ⊗ = ⊗DM(k)

and the unit by 1 = 1DM(k). As in any tensor category, we have the notion of
invertible objects : an object E ∈ DM(k) is called invertible if there exists an
object F ∈ DM(k) and an isomorphism E ⊗ F ≈ 1. The set of isomorphism
classes of invertible objects forms an abelian group under ⊗ and is called the
Picard group. We denote it Pic(DM(k)).
Po Hu [12] was the first to construct interesting elements in Pic(DM(k)),
related to certain low-dimensional quadrics. In this direction we prove the
following result (see Theorem 33 in Section 5).

Theorem. Let k be a perfect field of exponential characteristic e not two,
φ(t1, . . . , tn) a non-degenerate quadratic form over k and a ∈ k×. Write Xa

φ

for the affine quadric defined by the equation φ(t1, . . . , tn) = a.
Then the reduced motive M̃(Xa

φ) ∈ DM(k,Z[1/e]) is invertible.
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This result has a number of predecessors. Work of Voevodsky can be used to
show that reduced versions of the Rost motives [19] are invertible. As observed
by Hu-Kriz [13, Proposition 5.5], the reduced Rost motives are reduced motives
of affine Pfister quadrics. They go further and explore analogies with the Hopf
invariant one problem. In [12] this culminates in certain conjectures about
smash products of affine Pfister quadrics implying their invertibility. Moreover
the conjectures are proven in low dimensions.

The best method the author knows of attacking the study of Picard groups of
tensor categories (to the extent that it even deserves the name “method”) is
to construct “realisation functors” F : DM(k) → C. If F is a tensor functor,
it induces a homomorphism Pic(DM(k)) → Pic(C). If F is sufficiently nice,
and C sufficiently simple, one may hope to compute Pic(C) and relate it to
Pic(DM(k)). We mention in passing that a good test for the “niceness” of F
seems to be conservativity (i.e. the property that F detects isomorphisms).
This will be illustrated later.

There are well known realisation functors out of DM(k), but none of them
seem helpful to our problem. If k ⊂ C there is the Hodge realisation, but this
factors through the natural functor DM(k) → DM(C) and hence provides
no interesting information about quadrics (which over C are distinguished by
only their dimension). There is also étale realisation, but this factors through
DM(k) → DMet(k). In DMet(k) our problem turns out to be very simple
and not indicative of the complexity encountered in DM(k) (i.e. in the Nis-
nevich topology). What we propose in this work is to construct purpose-built
realisation functors DM(k) → C into big but easy to understand categories.
(Actually we do not quite achieve this; limitations will be explained later.) To
motivate our constructions, we explain two analogous but simpler problems
obtained by replacing DM(k) by another category.

First let G be a finite group. There exists the stable G-equivariant homotopy
category SH(G) [15]. Its objects (called genuine G-spectra) are roughly pointed
G-spaces, where maps inducing weak equivalences on all fixed point sets have
been turned into isomorphisms, and all representation spheres are invertible
objects. If H ≤ G is a subgroup, the set of cosets G/H can naturally be turned
into a pointed G-space (adding a base point ∗ with trivial action). We denote
the associated spectrum by Σ∞G/H+. The objects Σ∞G/H+ generate SH(G).
There is a functor, called geometric fixed points functor, and denoted Φ = ΦG :
SH(G)→ SH (where SH = SH({e}) is the classical stable homotopy category)
which turns out to be very useful. It is a tensor functor with the property
that ΦG(Σ∞G/G+) = S (the sphere spectrum), whereas ΦG(Σ∞G/H+) = 0
for any proper subgroup H < G. There are also natural functors SH(G) →
SH(H) (treating G-spaces as H-spaces) allowing us to construct the more
general geometric fixed points functors ΦH : SH(G) → SH(H) → SH. As it
turns out the collection {ΦH}H (with H ranging over all subgroups of G) is as
nice as one may ask (in particular conservative). Consequently these functors
were used in [10] to study Pic(SH(G)).

We now come to a second, more algebraic, example. Let R be a (commutative
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unital) ring. Suppose we want to study Pic(D(R)), the Picard group of the
derived category of R-modules. Let m be a maximal ideal of R. Recalling that
D(R) can be identified with a subcategory of K(P (R)), the homotopy category
of chain complexes of projective R-modules, it is easy to construct a functor
Φm : D(R) → D(R/m) with the propetry that Φm(R[0]) = R/m[0]. (This
is just ⊗LRR/m.) It turns out that the collection {Φm}m (where m ranges
over all maximal ideals) is as nice as one needs (at least when restricted to
subcategories of sufficiently small objects in D(R)). Moreover the categories
D(R/m) are easy to understand. Consequently, these functors have implicitly
been used by Fausk in his study of the Picard group of derived categories [9].
Our construction for DMgm(k) uses a conglomerate of these ideas. The tech-
nical notion of weight structures is the glue that holds our constructions to-
gether. We proceed roughly as follows. Recall that DMgm(k) is generated
as a triangulated category by the Chow motives. Let S be the triangulated
subcategory generated by those Chow motives not affording a (non-vanishing)
Tate summand. The basic idea is to consider the (Verdier Quotient) func-
tor ϕk0 : DMgm(k) → DMgm(k)/S. The right hand side does not seem
initially easier to understand, but it is at least clear that it is generated by
the images of Tate motives. Using weight structure theory one obtains a
functor t : DMgm(k)/S → Kb(Tate), where Tate is the category of (pure)
Tate motives, and Kb means bounded chain homotopy category.1 Combined
with base change to arbitrary fields, we thus obtain a collection of functors
Φl : DMgm(k) → DMgm(l) → DMgm(l)/S → Kb(Tate). We not that if
T ∈ Tate is a Tate motive then Φk(T ) = T . If instead M ∈ Chow affords no
(non-zero) Tate summands, then Φk(M) = 0. This is rather similar to the geo-
metric fixed points functor ΦG from stable equivariant homotopy theory. Since
the general Φl are obtained from Φk by base change, just as ΦH is obtained
from the ΦG construction by base change (restriction to a subgroup), we will
call the functors Φl “generalized geometric fixed points functors.”
A natural question is when these functors have good properties. For our pur-
poses we definitely need tensor functors, which is to say we need S to be a
tensor ideal. This is just not true in general. However, if instead of looking
at the full DMgm(k) we look at the subcategory DQMgm(k) generated by
the (products of) smooth projective quadrics, and use coefficients modulo two,
then we can show that S is a tensor ideal. Moreover, using more properties of
weight structures, we prove the collection of generalized fixed points functors to
be conservative and Pic-injective (i.e. inducing an injection on Picard groups;
see Theorem 31 in Section 5):

Theorem. Let k be a perfect field of exponential characteristic e not two, and
Φl : DQMgm(k,F2)→ Tate(F2) the functors constructed above.
Then {Φl}l, as l ranges over finitely generated extensions of k, forms a con-
servative, Pic-injective family of tensor triangulated functors.

1Actually for this to be true we need to consider DM
gm(k,F) where F is a field. This is

not really a problem.
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It is then not hard to use general properties of base change and change
of coefficients for DM to build a conservative and Pic-injective family
for DQMgm(k,Z[1/e]). It turns out that one additional functor Ψ :
DQM(k,Z[1/e]) → Tate(Z[1/e]) suffices. (It is related to geometric base
change.)
In more detail, the paper is organised as follows. In Section 2 we introduce our
notations regarding Chow motives and collect some results. The main idea is
to use the absence of degree one zero-cycles in a variety to conclude that it is
free of Tate summands in a strong sense. This observation is what will allow
us in a later section to establish that our “geometric fixed points functors” Φl

are tensor.
In Section 3 we review in some detail the categories DM(k,A) (triangulated
motives over the perfect field k with coefficients in the commutative ring A)
and their behaviour under change of coefficients and base. All the material is
well known, but sometimes hard to source. We then construct a convenient
conservative and Pic-injective collection on DM(k,A). The targets are always
DM(k′, A′) with either k simplified (e.g. k′ separably closed) or A simplified
(e.g. A′ a field).
Section 4 constitutes the technical heart of our work. We first rapidly review
Bondarko’s theory of weight structures. After that we carry out the programme
outlined above, of constructing a conservative and Pic-injective family of func-
tors {Φl}l : DQMgm(k,F2)→ Kb(Tate(F2)).
The remaining sections contain applications. In Section 5 we prove that all
affine quadrics have invertible motives. This is rather satisfying, since affine
quadrics are fairly natural “generalised spheres.” Also the result has been
known in the étale topology for a long time. Compare the beginning of this
introduction for a history of this problem.
Section 6 contains the second set of applications. In [12, Conjecture 1.4] Po
Hu has stated certain conjectures about the motivic spectra of affine Pfister
quadrics, namely certain formulas they should satisfy under smash product.
We establish the analogues (or “images”) of these formulas in DM(k) by an
easy computation involving our fixed points functors.
The list of applications of our methods does not end here, but the amount of
material we want to stuff into one article does. As directions of future work,
let us mention the following possibilities. The structure of Pic(DQM(k)) can
be investigated. One may replace the set of projective quadrics by projective
homogeneous varieties for a fixed group G. Also using (almost) the same meth-
ods, it is possible to study DATM(k), the subcategory of DM(k) generated
by M(Spec(l)){i} for l/k finite separable and i ∈ Z, i.e. Artin-Tate motives.
This will be treated in forthcoming work.
We also note that our results for DM have applications to the study of the
stable motivic homotopy category SH(k). In forthcoming work [1] we show
that if k is a field of finite 2-étale cohomological dimension, then the functor
SH(k) → DM(k) is conservative and Pic-injective, when restricted to com-
pact spectra. Consequently the suspension spectral of affine quadrics are also
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invertible, and the Hu conjectures hold for spectra (over such fields).
Whenever we talk about quadrics or quadratic forms, we shall assume that the
base field has characteristic different from two. This will be restated with the
most important theorems.
Our results are stated over perfect base fields, because this is when DM(k)
is best understood. However actually everything goes through over arbitrary
base fields, using [7].
Throughout this text, we will omit brackets around the arguments of functors
whenever convenient. For example MX means the same thing as M(X).
The author wishes to thank Fabien Morel for suggesting this topic of inves-
tigation and for providing many helpful insights, and Mikhail Bondarko for
comments on a draft of this paper. He also wishes to thank an anonymous
referee for many helpful comments and suggestions.

2 Some Results about Chow Motives

We begin with some notation. We take for granted the notion of an additive
category. An additive category C is called Karoubi-closed if every idempotent
endomorphism of an object of C corresponds to a direct sum decomposition.
By a tensor category we mean an additive category provided with a suitably
compatible symmetric monoidal structure [8, Section 1]. In particular this
means that the monoidal operation is bi-additive. We shall always denote the
monoidal operation by ⊗ = ⊗C and call it tensor product. The tensor unit is
generically denoted 1 = 1C .
Now our conventions regarding Chow motives. By SmProj(k) we denote the
category of smooth projective varieties over the field k. It is a symmetric
monoidal category using cartesian product as monoidal product. We shall as-
sume understood the existence and functoriality properties of the Chow ring
A∗(X). Grading is by codimension and the equivalence relation we use is ratio-
nal equivalence. Lower index means grading by dimension. For convenience if
F is any coefficient ring, we put A∗(X,F) = A∗(X)⊗Z F. It is then possible to
construct a Karoubi-closed tensor category Chow(k,F) together with a covari-
ant symmetric monoidal functor M = MF : SmProj(k) → Chow(k,F) which
has the following properties. The unit object is 1Chow(k,F) = 1 = M(Spec(k)).
There exists an object 1{1} such that M(P1) ≈ 1 ⊕ 1{1}. We call 1{1} the
Lefschetz motive. It is invertible. For any n ∈ Z and M ∈ Chow(k,F) we write
M{n} := M ⊗ 1{1}⊗n. For any X,Y ∈ SmProj(k) and i, j ∈ Z we have

HomChow(k,F)(M(X){i},M(Y ){j}) = AdimX+i−j(X × Y ).

In particular we have Hom(MX,1{i}) = Ai(X,F) and Hom(1{i},MX) =
Ai(X,F). Composition is by the usual push-pull convolution.
In the remainder of this section we collect some results about Chow motives
which we will need throughout the article. None of them are hard, so probably
most of this is well known.
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Recall first that if l/k is a field extension then the functor SmProj(k) →
SmProj(l), X 7→ Xl induces a functor Chow(k,F) → Chow(l,F) called base
change and denoted M 7→ Ml. We need to know something about this in the
inseparable case.

Lemma 1. Let l/k be a purely inseparable extension of fields of characteristic p
and F a coefficient ring in which (the image of) p is invertible. Then the base
change Chow(k,F)→ Chow(l,F) is fully faithful.

Proof. It suffices to prove that for X ∈ SmProj(k) we have A∗(X,F) =
A∗(Xl,F). By the definition of rational equivalence as in [11, Section 1.6]
it is enough to show that Z∗(X,F)→ Z∗(Xl,F) is an isomorphism for all X .

Let Z ⊂ X be a reduced closed subscheme and |Zl| the reduced closed sub-
scheme underlying Zl. Then the image of [Z] under Z∗(X,F) → Z∗(Xl,F) is
n[|Zl|], where n is the multiplicity of Zl. This is easily seen to be a power of p,
whence Z∗(X,F)→ Z∗(Xl,F) is injective. It is also surjective since Xl → X is
a homeomerphism on underlying spaces. This concludes the proof.

We now investigate “Tate summands”. Denote by Tate(k,F) ⊂ Chow(k,F)
the smallest (strictly) full Karoubi-closed additive subcategory containing 1{i}
for all i. This is independent up to equivalence of k and we will just write
Tate(F) if no confusion can arise. (It is a tensor category.)

We say M ∈ Chow(k,F) is Tate-free if whenever M ≈ T ⊕ M ′ with T ∈
Tate(k,F), then T ≈ 0. The next proposition holds in much greater generality,
but this version is all we need.

Proposition 2. Let F be a finite ring and M ∈ Chow(k,F). Then there exist
T ∈ Tate(F) and M ′ ∈ Chow(k,F) with M ′ Tate-free and M ≈ T ⊕M ′.

Proof. Splitting off Tate summands inductively, the only problem which could
occur is that M might afford arbitrarily large Tate summands. The impossi-
bility of this follows (for example) from the finiteness of étale cohomology of
complete varieties [17, Corollary VI.2.8].

Lemma 3. Let F be a field. Then if M,N ∈ Chow(k,F) are Tate-free so is
M ⊕N .

Proof. A motive with F-coefficients is Tate-free if and only if it affords no
summand of the form 1{n} for any n.

Let i : 1{n} →M ⊕N and p : M ⊕N → 1{n} be inclusion of and projection
to a summand, for M,N arbitrary. Write i = (iM , iN)T and p = (pM , pN).
Then id = pi = pM iM + pN iN . Since Hom(1{n},1{n}) = F 6= 0 we must have
pM iM 6= 0 or pN iN 6= 0. Suppose the former holds. Then since F is a field
we may replace iM by a multiple ciM such that pM (ciM ) = 1. Thus 1{n} is a
summand of M . Similarly in the other case. This establishes the contrapositive
of the lemma.
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Lemma 4. Let F be a field. Then any morphism in Tate(k,F) factoring through
a Tate-free object is zero.

Proof. Since F is a field any Tate motive is a sum of 1{n} for various n, so
it suffices to consider a morphism 1{n} → 1{m} factoring through a Tate-
free object. Since Hom(1{n},1{m}) = 0 for n 6= m we may assume n = m.
Consider a ∈ Hom(1{n},M) and b ∈ Hom(M,1{n}). If ba 6= 0 then there
exists c ∈ F such that (cb)a = id. It follows that (cb), a present 1{n} as a
summand of M . This establishes the contrapositive.

We need tools to recognise Tate-free motives. To do so, we introduce some more
notation. For X ∈ SmProj(k) there exists the degree map deg : A0(X,F) →
F (corresponding to pushforward along the structure map Hom(1,MX) →
Hom(1,1)). Write IF(X) = deg(A0(X,F)) for the image of the degree map.
This is the ideal inside F generated by the degrees of closed points. The utility
of this notion is as follows.

Lemma 5. Let F be a field and suppose IF(X) 6= F. Then MX is Tate-free.

Proof. As before MX is Tate-free if and only if it affords no summand 1{N} for
any N . Given i ∈ Hom(1{N},MX) = AN (X,F) and p ∈ Hom(MX,1{N}) =
AN (X,F), the composite pi ∈ Hom(1{N},1{N}) = F is obtained by push-pull
convolution. In this case it is just deg(p∩ i) and so is contained in IF(X). Thus
pi 6= 1 and (p, i) is not a presentation of 1{N} as a summand of X .

Lemma 6. Let X,Y ∈ SmProj(k). Then IF(X × Y ) ⊂ IF(X) ∩ IF(Y ).

Proof. We recall that IF(X×Y ) is just the ideal generated by degrees of closed
points. So let z ∈ X × Y be a closed point. Then z → X × Y corresponds to
morphisms z → X and z → Y . It follows that deg(z) ∈ IF(X) and similarly
deg(z) ∈ IF(Y ). This implies the result.

Suppose S ⊂ SmProj(k) is a set of smooth projective varieties. We write

〈S〉⊗,TChow(k,F) for the smallest strictly full, additive, Karoubi-closed, tensor sub-

category of Chow(k,F) containing all Tate motives and also MX for each

X ∈ S. Assuming F is a field, this means that a general object of 〈S〉⊗,TChow(k,F)

is (isomorphic to) a summand of

T ⊕M(X
(1)
1 × · · · ×X(1)

n1
){i1} ⊕ · · · ⊕M(X

(m)
1 × · · · ×X(m)

nm ){im},

with T ∈ Tate(F) and X
(j)
i ∈ S, ir ∈ Z.

The following proposition (or rather its failure to generalise) is the basic reason
why in the construction of fixed point functors we will need to restrict to
subcategories.

Proposition 7. Let F be a finite field and S ⊂ SmProj(k) be such that
IF(X) = 0 for all X ∈ S (i.e. such that all closed points of X have degree
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divisible by the characteristic of F). Then any object M ∈ 〈S〉⊗,TChow(k,F) can be

written as T ⊕M ′, where T ∈ Tate(F) and M ′ is (isomorphic to) a summand
of

M(X
(1)
1 × · · · ×X(1)

n1
){i1} ⊕ · · · ⊕M(X

(m)
1 × · · · ×X(m)

nm ){im},

for some X
(j)
i ∈ S, ir ∈ Z. Moreover any such M ′ is Tate-free.

Proof. By Lemma 6 we know that IF(X
(j)
1 × . . .X

(j)
nj ) = 0 and thus by Lemmas

5 and 3 we conclude that any M ′ as displayed is indeed Tate-free. So it suffices
to establish the first part.
By definition we may write

M ⊕M ′′ ≈ T ⊕M(X
(1)
1 ⊗ · · · ⊗X(1)

n1
){i1} ⊕ · · · ⊕M(X

(m)
1 ⊗ · · · ⊗X(m)

nm ){im},

with T ∈ Tate(F) and X
(j)
i ∈ S. Using Proposition 2 we write M ⊕M ′′ ≈

M ′ ⊕ M ′′′ ⊕ T ′, where M ′,M ′′ are maximal Tate-free summands in M,M ′′

respectively and T ′ is Tate. Writing out the inverse isomorphisms M ′⊕M ′′′⊕
T ′ ⇆ T ⊕M(X

(1)
1 . . . ) ⊕ . . . in matrix form and using Lemma 4 we conclude

that T ′ ≈ T via the induced map. The Lemma below yields that M ′ ⊕M ′′ ≈
M(X

(1)
1 . . . )⊕ . . . . This finishes the proof.

Lemma 8. Let C be an additive category and let U, T,X, T ′ ∈ C be four objects.
Suppose we are given an isomorphism φ : U ⊕ T → X ⊕ T ′ such that the
component T → T ′ is also an isomorphism. Then there is an isomorphism
φ̃ : U → X.

Proof. Let us write

φ =

(
α a
b f

)
ψ =

(
β a′

b′ g

)
,

where ψ is the inverse of φ. By assumption f is an isomorphism. Writing out
φψ = idX⊕T and ψφ = idU⊕T ′ one obtains

bβ = −fb′ βa = −a′f αβ + ab′ = idU βα+ a′b = idX .

Put α̃ = α − af−1b : U → X . Then the above relations imply that α̃ is an
isomorphism with inverse β.

3 Review of Voevodsky Motives

In this section we collect some facts about DM(k,A) that we will need for the
applications. Most of this is well-known, but in some cases we were unable to
locate adequate references. We will assume throughout that k is a perfect field,
and re-state this assumption with each theorem.
Fix a ring A. We follow the construction of DM(k,A) and DMeff(k,A) in [5].
Write Sm(k) for the symmetric monoidal category of smooth schemes over k
(monoidal operation being cartesian product) and Cor(k) for the symmetric
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monoidal category with same objects as Sm(k) but morphisms given by finite
correspondences. There is a natural monoidal functor Sm(k)→ Cor(k). Write
Shvtr(k,A) for the abelian category of Nisnevich sheaves of A-modules on
Cor(k), i.e. (additive) presheaves Cor(k)op → A-Mod such that the restriction
Sm(k)op → Cor(k) → A-Mod is a sheaf in the Nisnevich topology. There is a
functor Atr• : Sm(k)→ Shvtr(k,A) sending X ∈ Sm(k) to the presheaf with
transfers it represents (which turns out to be a sheaf). The category Shvtr(k,A)
carries a right exact tensor structure making Atr a monoidal functor.
The category DMeff(k,A) is then the A1-local derived category of Shvtr(k,A)
[5, Example 3.15]. We write LA1 : D(Shvtr(k,A)) → DMeff(k,A) ⊂
D(Shvtr(k,A)) for the localisation functor and denote the composite

Sm(k)
Atr−−→ Shvtr(k,A) → DMeff(k,A) by M eff

A or M eff if no confusion

can arise. The category DMeff(k,A) is compactly generated, and the subcat-
egory of compact objects DMeff,gm(k,A) is the thick subcategory generated
by M eff

A (X) for X ∈ Sm(k) [5, Example 5.5]. The category DMeff(k,A)

carries a symmetric monoidal structure making M eff
A : Sm(k) → DMeff(k,A)

a monoidal functor [5, Example 2.4].
If X ∈ Sm(k) then we write M̃ effX for the homotopy fibre of M effX →
M effSpec(k) = 1. This is the reduced (effective) motive of X . If (X, x) is
a pointed scheme then there is a canonical isomorphism M effX ≃ M̃ effX ⊕
M effx = M̃ effX ⊕1. In this situation we will write M eff(X, x) for M̃ effX , with
this direct sum decomposition understood.
Throughout this text, we write Gm for the pointed scheme (A1 \ 0, 1).
The next step is to stabilise DMeff(k,A) by inverting M effGm in the monoidal
structure. Here we depart slightly from the notation of [5] and write
Sp(Shvtr(k,A)) for the abelian category of symmetric spectra in Shvtr(k,A)
[5, Section 6]. This is in keeping with the notation in [6, Section 5.3]. Then
DM(k,A) is the Ω−A1-local derived category of Sp(Shvtr(k,A)) [5, Example
6.25]. There is an adjunction Σ∞ : Shvtr(k,A) ⇆ Sp(Shvtr(k,A)) extending
to an adjunction

Σ∞ : DMeff(k,A) ⇆ DM(k,A) : Ω∞.

We write M = MA : Sm(k) → DM(k,A) for the evident composite, and call
MX for X ∈ Sm(k) the motive of X . Similarly for the reduced motive M̃X .
As before, DM(k,A) is a compactly generated tensor triangulated category.
The subcategory DMgm(k,A) of compact objects is the thick triangulated
subcategory generated by the objects of the form MX ⊗ (MGm)⊗i for X ∈
Sm(k) and i ∈ Z.
So far all of this is very formal and the base k did not really enter. Since k is
perfect, we have Voevodsky’s remarkable results at hand. Firstly, a bounded
above complex in D(Shvtr(k,A)) is A1-local if and only if its homology sheaves
are [16, Proposition 14.8]. Moreover a model for LA1 is given by the A1-chain
complex C∗ [16, Corollary 14.9].
Next there is the cancellation theorem: for E,F ∈ DMeff(k,A) we have
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Hom(E ⊗MGm, F ⊗MGm) = Hom(E,F ) [21, Corollary 4.10]. (Voevodsky
only states this for E,F bounded above, but the general case follows using
compact generation and taking limits: Let C1 ⊂ DMeff(k,A) be the class of
objects F such that Hom(MX [i], F ) = Hom(MX [i] ⊗MGm, F ⊗MGm) for
all X ∈ Sm(k). Then C1 is closed under cones (by the five lemma), shifts, iso-
morphisms and arbitrary sums (because the MX are compact) and contains all
bounded above complexes, hence C1 = DMeff(k,A). Next let C2 ⊂ DMeff(k,A)
be the class of objects E such that Hom(E,F ) = Hom(E ⊗MGm, F ⊗MGm)
for all F ∈ DMeff(k,A). Then C2 is closed under shifts, cones (by the
five lemma) isomorphisms and arbitrary sums, and contains DMgm(k,A)
(since C1 = DMeff(k,A)) and hence C2 = DMeff(k,A).) This implies that
Σ∞ : DMeff(k,A)→ DM(k,A) is fully faithful. Indeed if E ∈ D(Shvtr(k,A))
is A1-local then Σ∞E ∈ D(Sp(Shvtr(k,A))) is an Ω-spectrum by cancellation
(i.e. E ≃ RHom(MGm, E ⊗MGm)).
Finally there are the homotopy t-structures: the category DMeff(k,A) has
a non-degenerate t-structure with heart the category of homotopy invariant
sheaves with transfers, and DM(k,A) affords a non-degenerate t-structure with
heart the category of homotopy modules with transfers. The functor Ω∞ is t-
exact and hence Σ∞ is right-t-exact.
We will now discuss functoriality of DM(k,A) in k and A. The tool to do this
is [5, Proposition 3.11], which implies that if f∗ : Shvtr(k,A) → Shvtr(l, B)
is a functor which preserves colimits, coverings, and multiplication by A1 and
Gm, then there are induced adjunctions

Lf∗ : DMeff(k,A) ⇆ DMeff(l, B) : Rf∗

Lf∗ : DM(k,A) ⇆ DM(l, B) : Rf∗.

Here Lf∗ commutes with Σ∞ and Rf∗ commutes with Ω∞. If the functor f∗

we started with was monoidal then so is the extended functor Lf∗.
We now specialise to base change. For this, let f : Spec(l) → Spec(k) be an
extension of (perfect) fields. Then f∗ : Shvtr(k,A) → Shvtr(l, A) satisfies the
requirements outlined above and so we get Lf∗ : DM(k,A) ⇆ DM(l, A) :
Rf∗, and similarly for DMeff. If f is finite separable then f# : Sm(l) →
Sm(k) induces f# : Shvtr(l, A) → Shvtr(k,A) and then Lf# : DM(l, A) ⇆

DM(k,A) : Rf∗. See also [5, Example 6.25] again. In this situation we have
Rf∗ = f∗ = Lf∗.
The following result is surely well-known, but we could not find a reference, so
include the easy proof.

Proposition 9. Let f : Spec(l)→ Spec(k) be an algebraic (separable) exten-
sion of the perfect field k. Then Lf∗ : DM(k,A)→ DM(l, A) is t-exact.
Suppose that A is a ring such that for each finite subextension l/l′/k, the (image
of the) integer [l′ : k] is a unit in A.
Then Lf∗ : DM(k,A)→ DM(l, A) is conservative and t-exact.

Thus we shall write Lf∗ = f∗ also in this situation.
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Proof. Since f∗ : Shvtr(k,A) → Shvtr(l, A) preserves homotopy invariant
sheaves, it follows that Lf∗ : D(Sp(Shvtr(k,A))) → D(Sp(Shvtr(k,A))) pre-
serves A1-local objects. Since f∗ : Shvtr(k,A)→ Shvtr(l, A) preserves contrac-
tions, Lf∗ : D(Sp(Shvtr(k,A))) → D(Sp(Shvtr(l, A))) preserves A1 − Ω-local
objects. Thus t-exactness of Lf∗ : D(Sp(Shvtr(k,A))) → D(Sp(Shvtr(l, A)))
implies t-exactness of Lf∗ : DM(k,A)→ DM(l, A).

It thus remains to show: if F ∈ Shvtr(k,A) and f∗F = 0, then F = 0. Let X ∈
Sm(k), x ∈ F (X). It suffices to show that x = 0. By [17, Proposition II.2.2
and Lemma II.3.3] we have 0 = f∗x ∈ F (X⊗k l) = coliml/l′/k F (X⊗k l′), where
the colimit is over finite subextensions. Thus there exists a finite subextension
l/l′/k with (l′/k)∗(x) = 0. But then by a transfer argument one finds that
[l′ : k]x = 0, whence x = 0 since [l′ : k] is a unit in A by assumption.

Next we consider change of coefficients. The construction and basic properties
must be well known, but again we could not find convenient references. Let
α : A→ B be a ring homomorphism. There is a natural adjoint functor pair

α# : Shvtr(k,A) ⇄ Shvtr(k,B) : α∗.

Here α#F is the sheaf associated to X 7→ F (X) ⊗A B and α∗F (X) = F (X),
viewed as an A-module. In particular α# is monoidal and preserves colimits,
so [5, Proposition 3.11] applies to give us adjunctions

Lα# : DMeff(k,A)→ DMeff(k,B) : Rα#

Lα# : DM(k,A)→ DM(k,B) : Rα#.

In order to manipulate these functors efficiently, we need a standard result.

Lemma 10. Any object E ∈ DM(k,A) is a filtered homotopy colimit of objects
of the form E′ ⊗G⊗im with E′ ∈ DMeff(k,A) bounded above and i ∈ Z.

Proof. Let DMeff(k,A) be a model for DM(k,A). Then we may alternatively
model DM(k,A) via SptΣ(DMeff(k,A),MGm), i.e. via (symmetric) MGm-
spectra in DMeff(k,A).

Let E ∈ DM(k,A) = Ho(SptΣ(DMeff(k,A),MGm)) have fibrant replacement
(E1, E2, . . . ). Then E ≃ hocolimi(Ei)≥−i ⊗G⊗−im , as one sees immediately by
computing the homotopy sheaves on both sides.

In order to use this, recall that any left adjoint functor of triangulated categories
(assumed to have all countable coproducts) commutes with filtered homotopy
colimits (by filtered we always mean ω-filtered, i.e. with a countable indexing
set) and if it additionally preserves a compact generating set, then its right
adjoint also commutes with filtered homotopy colimits. Thus essentially all our
functors commute with filtered homotopy colimits. In particularRα∗ commutes
with filtered homotopy colimits.
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Lemma 11. Let k be perfect and α : A → B a ring homomorphism. Then
the functors Rα∗ commute with Σ∞. In fact for E ∈ DMeff(k,B) we have
Rα∗(E ⊗Gm) ≃ Rα∗(E)⊗Gm.

Of course Lα# always commutes with Σ∞, for formal reasons.

Proof. Let E ∈ DMeff(k,B). Then Σ∞E ≃ (E,E ⊗Gm, E ⊗G⊗2m , . . . ). (Here
by E ⊗ Gm we mean the derived tensor product in DMeff, in particular this
notation implies an A1-local object.) By the cancellation theorem, this is an
Ω-spectrum. It follows that Rα∗Σ∞E = (Rα∗E,Rα∗(E⊗Gm), . . . ). It is thus
enough to show that Rα∗(E ⊗Gm) ≃ Rα∗(E)⊗Gm.
Since Lα# is symmetric monoidal Rα∗ is lax symmetric monoidal and there

is a natural comparison map. Since DMeff(k,B) is generated as a localising
subcategory by MX for X ∈ Sm(k) and ⊗, Rα∗ commute with arbitrary sums,
we may assume E = MX . In this case a fibrant model of E ⊗Gm is given by
C∗Btr(X+ ∧Gm). Resolving B freely as an A-module, it follows that Rα∗E ∈
DMeff(k,A)⊗Gm. A calculation using adjunction and the cancellation theorem
allows us to conclude by the Yoneda lemma.

Proposition 12. Let k be perfect, α : A → B be flat, E ∈ DMgm(k,A) and
F ∈ DM(k,A). Then

Hom(E,F )⊗A B ≈ Hom(Lα#E,Lα#F ).

Proof. By Lemma 10 (and twisting E), we may assume that F ∈ DMeff(k,A)
and is bounded above. Then by the cancellation theorem we may assume that
E ∈ DMgm,eff(k,A) as well.
There is a natural map from the left hand side to the right hand side. Using the
5-lemma and the fact that DMgm,eff(k,A) is generated by MX for X ∈ Sm(k),
we may reduce to E = MX (shifting F if necessary). In this case Hom(MX,F )
is given by the hypercohomology H0(X,F •). Since ⊗AB is exact it commutes
with hypercohomology and preserves A1-invariance of cohomology sheaves, so
we have H0(X,F •)⊗A B = H0(X,F • ⊗A B) = H0(X, (Lα#F )•).

Proposition 13. Let k be perfect, A a ring, a ∈ A a non zero divisor and
α : A → A/(a) the natural map. Then for E ∈ DM(k,A) there is a natural
distinguished triangle

E
·a−→ E → Rα∗Lα#E.

This triangle yields the typical Bockstein sequences one expects for reduction
of coefficients.

Proof. By Lemmas 10 and 11 we may assume that E ∈ DMeff(k,A) and is
bounded above.
In this case Rα∗Lα#E is computed by resolving E by a complex of repre-
sentable sheaves C• and then C•/(a) is a model for Rα∗Lα#E. (Note that
since C• has homotopy invariant cohomology, so does α#C

• = C•/(a), by
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considering the (ordinary) Bockstein sequence. Hence we may apply α∗ imme-
diately to α#C

• instead of having to A1-localise first.) Since a is not a zero
divisor the sequence 0 → C• → C• → C•/(a) → 0 is exact and yields the
desired triangle.

With this preparation out of the way, we can prove our conservativity and
Pic-injectivity theorem. Recall that HomDM(k,A)(1,1[i]) = A if i = 0 and = 0
else.

Theorem 14. Let k be a perfect field and A a PID of characteristic zero. Let
f : Spec(ks)→ Spec(k) be a separable closure.

The collection of functors {f∗} ∪ {Lαπ#}π is conservative. If A has primes
of arbitrary large characteristic, the collection is also Pic-injective (both on
DM(k,A)). Here απ : A→ A/(π) runs through the primes of A.

We could prove essentially the same theorem with A replaced by a Dedekind
domain (of characteristic zero) with only slightly more work.

Proof. We first show conservativity. Let E ∈ DM(k,A) with Lαπ#E = 0 for
all π and f∗E = 0. We must show that E = 0. Let T ∈ DMgm(k,A). It suffices
to prove that Hom(T,E) = 0. Now by Proposition 13 we have the triangle

E
π−→ E → Rα∗πLαπ#E = 0. Thus multiplication by π is an isomorphism on

Hom(T,E). Let K = Frac(A). Since π was arbitrary it follows that Hom(T,E)
is a K-vector space. Since K ⊗A K 6= 0 we concude that Hom(T,E) = 0
provided that Hom(T,E)⊗AK = 0. Let α0 : A→ K be the (flat) localisation.
By proposition 12 we know that Hom(T,E) ⊗A K = Hom(Lα0#T, Lα0#E),
so it suffices to show that Lα0#E = 0. But K is of characteristic zero, so by
proposition 9 it is enough to show that f∗Lα0#E = 0. Since Lα0# and f∗

“commute”, this follows from the assumption that f∗E = 0.

Now we prove Pic-injectivity. Let E ∈ DM(k,A) be such that f∗E ≈ 1ks and
Lαπ#E ≈ 1A/(π). As a first step, I claim that there exists a finite extension
k ⊂ l ⊂ ks such that g∗E ≈ 1l, where g : Spec(l)→ Spec(k). As in the proof
of Proposition 9 we find that Hom(1ks , f

∗E) = colimk⊂l⊂ks Hom(1l, (l/k)∗E),
where the colimit is over finite subextensions. Hence there exist l and an
element t ∈ Hom(1l, g

∗E) such that (ks/l)∗(t) is an isomorphism. The com-
mutative diagram

Hom(1l, g
∗E) −−−−→ Hom(1ks , f

∗E) ≈ A
y

y

Hom(1l,A/(π), Lαπ#g
∗E)

≈−−−−→ Hom(1ks,A/(π), Lαπ#f
∗E) ≈ A/(π)

shows that Lαπ#(t) is an isomorphism. Thus by the first part (conservativity),
t is an isomorphism.
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Now we consider Hom(1k, E). From the Bockstein triangles and the assumption
Lαπ# ≈ 1A/(π) we get the exact sequences

Hom(1A/(π), Lαπ#E[−1]) = 0→ Hom(1k, E)
π−→ Hom(1k, E)

→ Hom(1A/(π), Lαπ#E) ≈ A/(π)→ Hom(1k, E[1])

It follows that Hom(1k, E) is a torsion-free A-module (hence abelian group).
Thus by transfer it follows that Hom(1k, E)→ Hom(1l, g

∗E) ≈ A is injective.
Let us denote the image by I ⊂ A. This is a free A-module (of rank zero or
one).

Since Hom(1l, g
∗(E)[1]) = 0 it follows by transfer that Hom(1k, E[1]) is [l : k]-

torsion. Choosing π of sufficiently large characteristic, we find that A/(π) →
Hom(1k, E[1]) is the zero map. Thus I = Hom(1k, E) 6= 0, i.e. I ≈ A. It
follows that Hom(1k, E) → Hom(1A/(π), Lαπ#E) ≈ A/(π) is surjective for
each π.

Consider the commutative diagram

Hom(1k, E) −−−−→ Hom(1l, g
∗E) ≈ A

(∗)
y (∗∗)

y

Hom(1A/(π), Lαπ#E)
≈−−−−→ Hom(1l,A/(π), Lαπ#g

∗E) ≈ A/(π)

The map (**) is the natural surjection and (*) is surjective as we just proved.
It follows that I + (π) = A for each π and so I = A. Thus there exists
t′ ∈ Hom(1k, E) with g∗(t′) = t an isomorphism. Considering the diagram
again one finds that Lαπ#(t′) is also an isomorphism. Thus t′ is an isomorphism
(by the first part, again) and we are done.

We need two more auxiliary results. For the first, let f : Spec(l) → Spec(k)
be a Galois extension with group G. If M ∈ DMgm(k,A) then the A-
module Hom(1, f∗M) ≈ Hom(M(Spec(l)),M) has a natural action by G (com-
ing from automorphisms of Spec(l)). We denote this action by κM : G →
Aut(Hom(1, f∗M)).

Proposition 15. Let f : Spec(l) → Spec(k) be (finite) Galois and [l : k]
invertible in A. Then the above construction yields an injective homomorphism

κ : Ker(f∗ : Pic(DMgm(k,A))→ Pic(DMgm(l, A)))→ Hom(Gal(l/k), A×).

Proof. Suppose that M ∈ Pic(DMgm(k,A)), f∗M ≃ 1 and let us show that
M ≃ 1 if and only if the action is trivial. Necessity is clear, we show sufficiency.

Independent of the assumptions on [l : k] and M I claim we have the fol-
lowing: if t : 1L → f∗M is any morphism, then f∗(tr(t)) : 1L → f∗M
is the sum of the conjugates under the G-action. Indeed the action on
HomL(1L, f

∗M) ≈ Homk(1L,M) comes from premultiplication by elements
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of Homk(1L,1L), whereas transfer comes from premultiplication with the ad-
junction morphism. Thus to prove the claim we may assume that M = 1 and
t = id, in which case the result follows from [16, Exercise 1.11].
Thus reinstating our assumptions, let t : 1L → f∗M be an isomorphism and as-
sume that the G-action is trivial. Then tr(t/[l : k]) : 1→M is an isomorphism
since f∗(tr(t/[l : k])) = t is, by Proposition 9.
Finally we have to prove that κ is a homomorphism, i.e. that κM⊗N = κMκN .
For this let us denote the adjunction isomorphism HomDM(k,A)(M(l), T ) →
HomDM(l,A)(1, f

∗T ) generically by ad. One checks that given f ∈
Hom(M(l),M), g ∈ Hom(M(l), N) then ad(f)⊗ad(g) = ad((f ⊗ g)◦α), where
α : M(l) → M(l) ⊗M(l) is the map corresponding to l ⊗ l → l, a ⊗ b → ab.
Next observe that α is G-equivariant if G acts diagonally on M(l)⊗M(l). The
result follows.

For the statement of the next result, we need DM(l, A) even if l is not perfect.
It is explained in the next section what we mean by that. Under our assump-
tions on A, it is equivalent to DM(lp, A), where lp is the perfect closure of
l.

Lemma 16. Let k be a perfect field, X/k a smooth variety, A a ring in which
the exponential characteristic of k is invertible, and M ∈ DM(k,A).
If for all n ∈ Z and all x ∈ X (not necessarily closed) we have
that HomDM(x,A)(1{n},Mx) = 0, then also for all n ∈ Z we have
HomDM(k,A)(MX{n},M) = 0.

Proof. We will prove the result by induction on dimX . Thus in order to prove
it for X we may assume that HomDM(k,A)(MX ′{n′},M) = 0 for every smooth,
locally closed X ′ ⊂ X with dimX ′ < dimX , and every n′ ∈ Z (because the
residue fields of X ′ form a subset of those of X). If dimX = 0 then X is a
disjoint union of spectra of fields, and the result is clear.
To prove the general case, we may assume that X is connected. Let n ∈ Z
and α ∈ Hom(MX{n},M). It suffices to show that α = 0. By considering the
generic point and using continuity [7, Example 2.6(2)] we conclude that there
exists a non-empty open subvariety U ⊂ X such that α|U = 0. Let Z = X \U .
If Z is empty there is nothing to do. Otherwise there exists a non-empty,
smooth, connected open subvariety U1 ⊂ Z, since k is perfect.
Let Z ′ = Z \ U1, U

′ = U ∪ U1 = X \ Z ′. Then U ′ is smooth open in X and
we have X \ U ′ = Z ′, which is strictly smaller than Z. We shall prove that
α|U ′ = 0. By repeating this argument with U replaced by U ′ (i.e. Noetherian
induction on Z) it will follow that α = 0.
Note that U1 = U ′ \ U is closed in U ′, say of codimension c. Thus we get the
distinguished Gysin triangle

MU{n} →MU ′{n} →MU1{n− c}.
Now Hom(MU1{n − c},M) = 0 by the induction on dimension. Thus
Hom(MU ′{n},M) → Hom(MU{n},M) is injective. But (α|U ′)|U = α|U = 0
by assumption, so α|U ′ = 0.
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4 Weight Structures and the Geometric Fixed Points Functors

In this section, we will use Bondarko’s theory of weight structures to construct
“generalised geometric fixed points functors” and prove that they have good
properties. We shall fix a coefficient ring F on which an integer e is invertible,
and only work with fields of exponential characteristic e.
We shall have to deal with DM(k,F) for k an imperfect field. There is now
a fairly complete theory of DM(X,F) for Noetherian schemes over a field of
exponential characteristic e (assumed invertible in F) [7]. It satisfies the six
functors formalism, in particular continuity. We recall that if k is an imperfect
field with perfect closure kp, then the pullback DM(k,F) → DM(kp,F) is an
equivalence of categories [7, Proposition 8.1 (d)]. This means that essentially
all properties known over perfect fields hold over imperfect fields as well. We
also mention that all of the categories DM(X,F) afford DG-enhancements.
(This is well known if k is a perfect field and hence holds for k any field by
the previous remark, and this is all we need. But it is actually clear that the
constructions in [7] all yield DG categories.)
We shall work extensively in this section with weight structures [2], which we
now review rapidly. Recall that given a category C and a full subcategory
D ⊂ C, we call D Karoubi-closed in C if D is closed under retracts [2, p. 11]. In
other words whenever X ∈ C and idX factorises through an object of D, then
X ∈ D. For example, if C is Karoubi-closed itself, then D is Karoubi-closed in
C if and only if D is a Karoubi-closed category, and strictly full in C.
Similarly, given a category C and a full subcategory D ⊂ C, by the Karoubi-
closure of D in C we mean the full subcategory of C spanned by all the objects
which are retracts of objects of D. For example, if D ⊂ C is strictly full and D
is a Karoubi-closed category, then D is Karoubi-closed in C.

Definition. Let C be a triangulated category and Cw≥0, Cw≤0 ⊂ C two classes
of objects. We call this a weight structure if the following hold:

(i) Cw≥0, Cw≤0 are additive and Karoubi-closed in C.

(ii) Cw≥0 ⊂ Cw≥0[1], Cw≤0[1] ⊂ Cw≤0

(iii) For X ∈ Cw≥0, Y ∈ Cw≤0 we have Hom(X,Y [1]) = 0.

(iv) For each X ∈ C there is a distinguished triangle

B[−1]→ X → A

with B ∈ Cw≥0 and A ∈ Cw≤0.

These axioms look quite similar to those of a t-structure, but in practice weight
structures behave rather differently. We call a decomposition as in (iv) a weight
decomposition. It is usually far from being unique. We put Cw≥n = Cw≥0[−n]
and Cw≤n = Cw≤0[−n]. We also write Cw>n = Cw≥n+1 etc. The intersection
Cw=0 := Cw≥0 ∩ Cw≤0 is called the heart of the weight structure.
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A weight structure is called non-degenerate if ∩nCw≥n = 0 = ∩nCw≤n. It is
called bounded if ∪nCw≥n = C = ∪nCw≤n
A functor F : C → D between categories with weight structures is called w-
exact if F (Cw≤0) ⊂ Dw≤0 and F (Cw≥0) ⊂ Dw≥0. It is called w-conservative if
given X ∈ C with F (X) ∈ Dw≤0 we have X ∈ Cw≤0, and similarly for w ≥ 0.
Note that a w-conservative functor on a non-degenerate weight structure is
conservative.

In the following proposition we summarise properties of weight structures we
use.

Proposition 17. (1) Cw≤0 and Cw≥0 are extension-stable: if A→ B → C is
a distinguished triangle and A,C ∈ Cw≤0 (respectively A,C ∈ Cw≥0) then
B ∈ Cw≤0 (respectively B ∈ Cw≥0).
Moreover X ∈ Cw≥0 if and only if Hom(X,Y ) = 0 for all Y ∈ Cw<0, and
similarly X ∈ Cw≤0 if and only if Hom(Y,X) = 0 for all Y ∈ Cw>0.

(2) Bounded weight structures are non-degenerate.

(3) If C admits a DG-enhancement and the weight structure is bounded, then
there exists a w-exact, w-conservative triangulated functor

t : C → Kb(Cw=0)

called the weight complex. Its restriction to Cw=0 is the natural inclusion.

(4) If the weight structure is bounded and Cw=0 is Karoubi-closed then so is C.

(5) If H ⊂ C is a negative subcategory of a triangulated category (i.e. for
X,Y ∈ H we have Hom(X,Y [n]) = 0 for n > 0) generating it as a
thick subcategory, then there exists a unique weight structure on C with
H ⊂ Cw=0. Moreover Cw≤0 is the smallest extension-stable Karoubi-closed
subcategory of C containing ∪n≥0H [n], and similarly for Cw≥0. The weight
structure is bounded and Cw=0 is the Karoubi-closure of H in C.

(6) If D ⊂ C is a triangulated subcategory such that Dw≤0 := D ∩ Cw≤0 and
Dw≥0 := D ∩ Cw≥0 define a weight structure on D (we say the weight
structure restricts to D) then the Verdier quotient C/D affords a weight
structure with (C/D)w≤0 the Karoubi-closure of the image of Cw≤0 in C/D,
and similarly for (C/D)w≥0, (C/D)w=0.

The natural “quotient” functor Q : C → C/D is w-exact. If X,Y ∈ Cw=0

then

Hom(QX,QY ) = Hom(X,Y )/ΣZ∈Dw=0 Hom(Z, Y ) ◦Hom(X,Z).

The weight structure on C/D is bounded if the one on C is.
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Proof. (1) [2, Proposition 1.3.3 (1-3)]. (2) [2, Proposition 1.3.6 (3) and com-
ment after proof]. (3) [2, Proposition 3.3.1 (I), (IV) and Section 6.3]. (4) [2,
Lemma 5.2.1]. (5) [2, Theorem 4.3.2 (II) and its proof], [4, Remark 2.1.2].
(6) [2, Proposition 8.1.1]. Weight exactness holds by definition of the weight
structure on C/D.

We shall call a triangulated category with a fixed weight structure a w-category.

Lemma 18. Let C be a w-category with heart H, and H ′ ⊂ H an additive
subcategory. Let C′ be the thick triangulated subcategory generated by H ′ inside
C.
Then the weight structure of C restricts to C′. In particular, if X ∈ C′ then
we may choose a weight decomposition A → X → X ′ (i.e. A ∈ Cw≥0 and
X ′ ∈ Cw<0) with A,X ′ ∈ C′.

Proof. This is just Proposition 17 (5) which says that C′, being negatively
generated by H ′, carries a natural unique weight structure. By the description
provided we find C′w≤0 ⊂ Cw≤0, C′w≥0 ⊂ Cw≥0. Hence a weight decomposition
in C′ is also a weight decomposition in C. The rest follows from the definitions.
(It follows from the orthogonality characterisation that C′w≤0 = Cw≤0∩C′, but
we do not need this.)

Lemma 19. Let F : C → D be a triangulated functor of w-categories, and
assume that the weight structure on C is bounded. Then F is w-exact if and
only if F (Cw=0) ⊂ Dw=0.

Proof. Necessity is clear, we show sufficiency. We find by induction that the
thick subcategory of C generated by Cw=0 contains Cw≤n∩Cw≥−n for all n, and
hence all of C by boundedness. It follows that the weight structure on C is the
one described in Proposition 17 (5), i.e. Cw≥0, Cw≤0 are obtained as extension
closures of

⋃
n≥0 Cw=n,

⋃
n≤0 Cw=n. The result follows since Dw≥0,Dw≤0 are

extension-stable.

Lemma 20. Let C be a w-category which is also a tensor category. Assume that
1C ∈ Cw=0 and that tensoring is weight-bi-exact, i.e. that Cw≤0⊗Cw≤0 ⊂ Cw≤0
and similarly for Cw≥0.
Then the weight complex functor is tensor whenever C affords a tensor DG-
enhancement and Pic-injective whenever additionally the weight structure is
bounded.
If moreover C is rigid then the dualisation D : Cop → C is w-exact (i.e.
D(Cw≥0) ⊂ Cw≤0 and vice versa).

Proof. If D is a negative DG tensor category, then H0(D) is tensor in a natural
way and the weight complex functor t manifestly respects the tensor structure.
If C is a tensor DG category with the property that Hn(Hom(X,Y )) = 0 for
all X,Y ∈ D and n > 0 then the good truncation τ≤0D is tensor in a natural
way, and the quasi-equivalence τ≤0D → D is a tensor equivalence.
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Hence the weight complex functor is tensor as soon as there is any tensor DG
enhancement of Cw=0. Moreover by Proposition 17 (3) if the weight structure
is bounded then t is w-conservative. Since it induces an isomorphism on hearts
it is a fortiori Pic-injective. This proves the first part.
For the second part, let X ∈ C. The category C being rigid means that there
exists an object DX such that ⊗DX is both right and left adjoint to ⊗X .
If X ∈ Cw≥0 and Y ∈ Cw>0 then Hom(Y,DX) = Hom(Y ⊗X,1) = 0 because
Y ⊗X ∈ Cw>0 whereas 1 ∈ Cw=0. It follows that DX ∈ Cw≤0 by Proposition
17 (1). The case of X ∈ Cw≤0 is similar.

We point out that for any field k, the category DMgm(k,F) carries a canonical
weight structure [3]. (Note that the perfectness assumption in that article can
be dispensed with by passing to the equivalent category DMgm(kp,F).) It
is bounded and DMgm(k,F) is also a rigid tensor category with the tensor
structure satisfying the assumptions of Lemma 20. The base change functors
f∗ : DMgm(l,F) → DMgm(l′,F) for f : Spec(l′) → Spec(l) are w-exact by
Lemma 19. The heart of the weight structure is Chow(kp,F) which contains
Chow(k,F) as a full subcategory by Lemma 1.
In the remainder of this section we will be dealing with the following situation.
The coefficient ring F is a finite field of characteristic p (necessarily p 6= e,
where e is the exponential characteristic of the ground field k). For every
extension l/k we are given a set Sl ⊂ SmProj(l) such that for all closed points

x ∈ X ∈ Sl we have p|deg(x). Recall the categories 〈Sl〉⊗,TChow(l,F) of Section 2.

We will assume that they are stable by base change, i.e. that for X ∈ Sl and
l′/l another extension we have MXl′ ∈ 〈Sl′〉⊗,TChow(l′,F).

We write D〈S〉TM(l,F) for the thick triangulated subcategory of DM(l,F)

generated by 〈Sl〉⊗,TChow(l,F) ⊂ Chow(l,F) ⊂ DM(l,F)w=0. It is tensor. The

categories D〈S〉TM(l,F) are also stable by base change in the sense that
if f : Spec(l′) → Spec(l) is a field extension then f∗(D〈S〉TM(l,F)) ⊂
D〈S〉TM(l′,F). By Proposition 17 (5) the weight structure on DMgm(l,F)

restricts to D〈S〉TM(l,F), and the heart is 〈Sl〉⊗,TChow(l,F).

We write 〈Sl〉⊗Chow(l,F) for the Karoubi-closed tensor subcategory of Chow(l,F)

generated by Tate twists of motives of varieties in Sl (i.e. this is 〈Sl〉⊗,TChow(l,F)

“without the Tate motives”). By Proposition 7 this subcategory consists of
Tate-free objects. Let 〈Sl〉tri ⊂ D〈S〉TM(l,F) be the thick triangulated sub-
category generated by 〈Sl〉⊗Chow(l,F). As before, the weight structure restricts to

〈Sl〉tri. We write ϕl0 : D〈S〉TM(l,F) → D〈S〉TM(l,F)/〈S〉tri for the Verdier
quotient.

Proposition 21. The category D〈S〉TM(l,F)/〈S〉tri carries natural weight
and tensor structures, and ϕl0 is a w-exact tensor functor. The composite

Tate(F)→ D〈S〉TM(l,F)→ D〈S〉TM(l,F)/〈S〉tri

is a full embedding with essential image
(
D〈S〉TM(l,F)/〈S〉tri

)w=0
.
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Proof. The existence of the weight structure and weight exactness is Propo-

sition 17 (6). This also says that
(
D〈S〉TM(l,F)/〈S〉tri

)w=0
is gener-

ated as a Karoubi-closed subcategory by ϕl0
(
D〈S〉TM(l,F)w=0

)
. If M ∈

D〈S〉TM(l,F)w=0 = 〈Sl〉⊗,TChow(l,F) then we may write M ≈ M ′ ⊕ T with T

a Tate and M ′ ∈ 〈Sl〉⊗Chow(l,F), by Proposition 7. Thus ϕl0(M) ≈ ϕl0(T )

and so ϕl0 : Tate(F) →
(
D〈S〉TM(l,F)/〈S〉tri

)w=0
is essentially surjective

up to (relative) Karoubi-closing. We shall show it is fully faithful whence
its essential image is (absolutely) Karoubi-closed and so ϕl0 : Tate(F) →(
D〈S〉TM(l,F)/〈S〉tri

)w=0
will be an equivalence. But by the description in

Proposition 17 (6) it suffices to prove that any morphism between Tate objects
factoring through 〈Sl〉⊗Chow(l,F) is zero. This follows from Lemma 4.

For the existence of the tensor structure we need 〈S〉tri ⊗ D〈S〉TM(l,F) ⊂
〈S〉tri; then ϕl0 is automatically tensor. Considering generators, it suffices

to show that 〈Sl〉⊗Chow(l,F) ⊗ 〈Sl〉
⊗,T
Chow(l,F) ⊂ 〈Sl〉⊗Chow(l,F). This follows from

Proposition 7.

Let l/k be any extension. We write Φl : D〈S〉TM(k,F) → Kb(Tate(F)) for
the composite

Φl : D〈S〉TM(k,F)→ D〈S〉TM(l,F)→ D〈S〉TM(l,F)/〈Sl〉tri
t−→ Kb

((
D〈S〉TM(l,F)/〈S〉tri

)w=0
)
≈ Kb(Tate(F))

of base change, the Verdier quotient functor ϕl0, and the weight complex t. It
is a w-exact triangulated tensor functor. We can now state the main theorem
of this section.

Theorem 22. Let k be a ground field of exponential characteristic e, F a finite
field of characteristic p 6= e. Suppose given for each field extension l/k a set
Sl ⊂ SmProj(l) and a function ex = exl : Sl → N. Assume that the following
hold (for all fields l/k):

(1) For x ∈ X ∈ Sl closed, p|deg(x).

(2) If l′/l is a field extension and X ∈ Sl has no rational point over l′, then
Xl′ is isomorphic to an object of Sl′ and ex(Xl′) ≤ ex(X).

(3) If l′/l is a field extension and X ∈ Sl has a rational point over l′, then
MXl′ is a summand of a motive of the form

T ⊕M(X
(1)
1 ⊗ · · · ⊗X(1)

n1
){i1} ⊕ · · · ⊕M(X

(m)
1 ⊗ · · · ⊗X(m)

nm ){im},

with T ∈ Tate(F), X
(j)
i ∈ Sl′ and ex(X

(j)
i ) < ex(X) for all i, j.

Then the family {Φl}l, as l runs through finitely generated extensions of k, is
w-conservative (so in particular conservative) and Pic-injective.
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We note that (2) and (3) imply that 〈Sl〉⊗,TChow(l,F) are stable by base change,

i.e. we are in the situation we have been discussing. Also (1) implies that none
of the X ∈ Sl have rational points over l. The somewhat obscure functions exl
are necessary to make an induction step in the proof work. We will always use
ex = dim in applications.

Before proving the result we explain how to compute Φl in the case that k is
perfect (but l need not be).

Proposition 23. Assume in addition that k is perfect. Let l/k be a field
extension.

There exists an essentially unique additive functor Φl0 : 〈Sl〉⊗,TChow(l,F) →
Tate(l,F) such that Φl0|Tate(l,F) = id and Φl0(M) = 0 if M is Tate-free. It
is tensor and the following diagram commutes (up to natural isomorphism; the
lower horizontal arrow is base change of Chow motives):

D〈S〉TM(k,F)
Φl−−−−→ Kb(Tate(F))

t

y Φl0

x

Kb
(
〈Sk〉⊗,TChow(k,F)

)
−−−−→ Kb

(
〈Sl〉⊗,TChow(l,F)

)

Proof. Certainly Φl0 is essentially unique, using e.g. Proposition 7. The functor
t◦ϕl0 satisfies the required properties, so Φl0 exists. It is tensor by construction.

To establish the commutativity claim, consider the diagram

D〈S〉TM(k,F)
t−−−−→ Kb

(
〈Sk〉⊗,TChow(k,F)

)

y
y

D〈S〉TM(l,F)
t−−−−→ Kb

(
〈Sl〉⊗,TChow(k,F)

)

ϕl0

y Φl0

y

D〈S〉TM(l,F)/〈Sl〉tri t−−−−→ Kb(Tate(F)).

It suffices to prove that the two squares commute (up to natural isomorphism).
This is most readily seen using DG-enhancements: let D(r) be a functorial

negative DG-enhancement of 〈Sr〉⊗,TChow(r,F) ⊂ D〈S〉TM(r,F), for fields r/k.

(In other words D(r) is a DG-category with the same objects as 〈Sr〉⊗,TChow(r,F)

and mapping complexes concentrated in non-positive degrees, such that these
mapping complexes compute morphisms in D〈S〉TM(r,F). Finally we ask
that when varying r, the assignment r 7→ D(r) is a (pseudo-)functor and
H∗(D(r)) → D〈S〉TM(r,F) is a (pseudo-)natural transformation.) Then it
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suffices to establish strict commutativity of the diagram

D(k) −−−−→ D(k)0y
y

D(l) −−−−→ D(l)0 ≈ 〈Sl〉⊗,TChow(l,F)y Φl0

y

D(l)/〈Sl〉tri −−−−→ (D(l)/〈Sl〉tri)0 ≈ Tate(F),

where D0 for a negative DG-category means zero-truncation. (Indeed the pre-
vious diagram is obtained by passing to Ho(Pre-Tr(•)).) The upper square
commutes by definition and the lower square commutes if and only if it com-
mutes on degree zero morphisms, which is true essentially by definition of
Φl0.

We establish Theorem 22 through a series of lemmas.

Lemma 24. Let C be a w-category, X ∈ Cw≤0. Suppose given weight decom-
positions A → X → X ′ and B[1] → X ′ → X ′′ (i.e. A,B ∈ Cw≥0, X ′ ∈ Cw<0

and X ′′ ∈ Cw<−1).
Then A,B ∈ Cw=0 and for T ∈ Cw=0 there is a natural exact sequence

Hom(T,B)→ Hom(T,A)→ Hom(T,X)→ 0.

Proof. We have A,B ∈ Cw=0 by (the dual of) [2, Proposition 1.3.3 (6)]. There
is an exact sequence

Hom(T,X ′[−1])→ Hom(T,A)→ Hom(T,X)→ Hom(T,X ′) = 0

where the last term is zero because T ∈ Cw≥0, X ′ ∈ Cw<0. In particu-
lar Hom(T,A) → Hom(T,X) is surjective. Applying the same reasoning to
Hom(T,X ′[−1]) we find that Hom(T,B) → Hom(T,X ′[−1]) is surjective and
hence

Hom(T,B)→ Hom(T,A)→ Hom(T,X)→ 0

is exact. This concludes the proof.

Corollary 25. Let X ∈ D〈S〉TM(k,F)w≤0 have a weight decomposition T →
X → X ′ with T ∈ Tate(F) (and X ′ ∈ D〈S〉TM(k,F)w<0). Suppose that

ϕk(X) ∈
(
D〈S〉TM(k,F)/〈Sk〉tri

)w<0
.

Then for T ′ ∈ Tate(F) we have Hom(T ′, X) = 0.

Proof. Let B[1]→ X ′ → X ′′ be a further weight decomposition. Naturality in
the above lemma yields the following commutative diagram with exact rows
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Hom(T ′, B)
γ−→ Hom(T ′, T ) −→ Hom(T ′, X) −→ 0

α

y β

y
y

Hom(ϕk(T ′), ϕk(B))
δ−→ Hom(ϕk(T ′), ϕk(T )) −→ Hom(ϕk(T ′), ϕk(X)) −→ 0.

Since ϕk is weight exact we have Hom(ϕk(T ′), ϕk(X)) = 0 and so δ is surjective.
The construction of ϕk (in particular Proposition 21) implies that α is surjective
and β is an isomorphism. It follows that γ is surjective, whence Hom(T ′, X) =
0. This concludes the proof.

The main work in proving our theorem is the following lemma. We let
ϕl : D〈S〉TM(k,F)→ D〈S〉TM(l,F)/〈Sl〉tri be the composite of ϕl0 and base
change.

Lemma 26. Let X ∈ D〈S〉TM(k,F)w≤0 and suppose that for all l/k

finitely generated, ϕl(X) ∈
(
D〈S〉TM(l,F)/〈Sl〉tri

)w<0
. Then X ∈

D〈S〉TM(k,F)w<0.

Proof. We begin by pointing out that Lemma 16 also applies if k is not perfect.
Indeed if kp/k is the perfect closure then Xkp is homeomorphic to X , so has
the same set of points, and the residue field extensions of Xkp → X are purely
inseparable, so induce equivalences on DM(?,F). Thus the Lemma holds over
k if and only if it holds over kp.
Let R be the set of finite multi-subsets of N (i.e. the set of finite non-
increasing sequences in N). It is well-ordered lexicographically and so can be
used for induction. We extend ex to a function exl : D〈S〉TM(l,F) → R.
First, for X1, . . . , Xn ∈ Sl put ex(X1, . . . , Xn) = {{ex(X1), . . . , ex(Xn)}}.
Next, if Y ∈ D〈S〉TM(l,F) then there exist X1, . . . , Xn ∈ Sl such that
Y ∈ 〈Tate(F), X1, . . . , Xn〉tri, i.e. Y is in the thick tensor triangulated sub-
category generated by the MXi and the Tate motives. We let ex(Y ) be
the minimum of ex(X1, . . . , Xn) such that this holds. We shall abuse no-
tation and write ex(Y ) = ex(X1, . . . , Xn) to additionally mean that Y ∈
〈Tate(F), X1, . . . , Xn〉tri.
Let us observe that if ex(Y ) = ex(X1, . . . , Xn) and l′/l is an extension in
which one of the Xi acquires a rational point, then ex(Yl′) < ex(Yl), using
assumptions (2) and (3).
We shall prove the result by induction on ex(X). Note that is suffices to

prove that there is a weight decomposition A
α−→ X → X ′ (i.e. A ∈

D〈S〉TM(k,F)w=0 and X ′ ∈ D〈S〉TM(k,F)w<0) with α = 0 (because then
X ′ ≈ X⊕A[1] and so X ∈ D〈S〉TM(k,F)w<0, the latter being Karoubi-closed
by definition).
If ex(X) = ∅ then X must must be Tate. By Lemma 18 we may choose a

weight decomposition T
α−→ X → X ′ with T ∈ Tate(F). By the corollary above
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(applied to T ′ = T ) we find that α = 0. This finishes the base case of our
induction.

Suppose now ex(X) = ex(X1, . . . , Xn) > ∅. If l/k is any extension such
that one of the X1, . . . , Xn acquires a rational point over l, then we may
assume the lemma proved over l by induction, so Xl ∈ D〈S〉TM(l,F)w<0.

Let A
α−→ X → X ′ be a weight decomposition; as before way may choose

A ∈ 〈{X1, . . . , Xn}〉⊗,TChow(k,F). Write A ≈ T ⊕ A′ as in Proposition 7. I claim

that α|A′ = 0. It is enough to show that if Y is a product of the Xi then
Hom(MY {n}, X) = 0 for all n. By Lemma 16, it is enough to show that
for all n ∈ Z and p ∈ Y we have that HomDM(p,F)(1{n}, Xp) = 0. But ev-
ery variety has a rational point after base change to any one of its points, so
Xp ∈ D〈S〉TM(p,F)w<0 by induction. This proves the claim.

We thus have a weight decomposition T ⊕A′ (α,0)T−−−−→ X → X ′. Let Y be a cone
on α : T → X . We find that X ′ ≈ Y ⊕A′[1] and hence Y ∈ D〈S〉TM(k,F)w<0.

Thus T
α−→ X → Y is a weight decomposition. Using the corollary again we

get Hom(T,X) = 0 and so α = 0. This finishes the induction step.

The rest of Theorem 22 is relatively easy to establish now. We begin with the
following.

Lemma 27. Let C,D be w-categories with bi-w-exact tensor structures. Suppose
that C is rigid and its weight structure is bounded.

Let φ : C → D be a w-exact tensor functor such that whenever X ∈ Cw≤0 and
φ(X) ∈ Dw<0 then X ∈ Cw<0.

Then φ is w-conservative.

Proof. Let X ∈ C. If φ(X) ∈ Dw≤0 then also X ∈ Cw≤0. Indeed since the
weight structure on C is bounded we have X ∈ Cw≤N for some N . If N > 0
then the assumptions imply that X ∈ Cw≤N−1, and so on.

Suppose now instead that φ(X) ∈ Dw≥0. We need to show that X ∈ Cw≥0.
But X ∈ Cw≥0 if and only if DX ∈ Cw≤0 by Lemma 20 (use that X ≈ D(DX)),
and φ commutes with taking duals (since C is rigid). Thus φ(DX) = Dφ(X) ∈
Dw≤0, so DX ∈ Cw≤0 and we are done.

It follows from Lemmas 26 and 27 that {ϕl}l is a w-conservative family. But
all our weight structures are bounded so the weight complex functors are w-
conservative, and thus {Φl}l is also a w-conservative family.

Finally for Pic-injectivity, let X ∈ D〈S〉TM(k,F) be invertible with Φl(X) ≈
1 for all l. Since 1 ∈ Kb(Tate(F))w=0, w-conservativity implies that X ∈
D〈S〉TM(k,F)w=0 = 〈Sk〉⊗,TChow(k,F). Write X ≈ T ⊕X ′, with T Tate and X ′

Tate-free. Then 1 ≈ Φk(X) = T and so T ≈ 1. It follows that Φl(X) =
1⊕Φl(X ′) ∈ Tate(F). For this to be invertible we need Φl(X ′) = 0. Since this
is true for all l, conservativity implies that X ′ = 0. This finishes the proof of
Theorem 22.
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5 Application 1: Invertibililty of Affine Quadrics

We now begin to reap in the benefits of the work of the previous sections. First
we construct the conservative and Pic-injective collection of functors we shall
use in the remainder of this work. After that we study invertibility of affine
quadrics.
We will be dealing with quadratic forms. If l is a field and φ is a non-degenerate
quadratic form over l, we write Yφ = Proj(φ = 0) for the projective quadric.
This does not really make sense if dimφ = 1 in which case we put Yφ = ∅ by
convention. Given a ∈ l× we put Y aφ = Proj(φ = aZ2) and Xa

φ = Spec(φ = a).
All of these varieties are smooth.
Fix a perfect field k of exponential characteristic e 6= 2 and coefficient ring A
containing 1/e. We denote by QM(k,A) the Karoubi-closed tensor subcategory
of Chow(k,A) generated by the (motives of) smooth projective quadrics over
k, and the Tate motives.
By [16, Property (14.5.6)] the category Chow(k,A) embeds into DMgm(k,A).
We write DQMgm(k,A) for the thick triangulated subcategory of DMgm(k,A)
generated by QM(k,A). This is a tensor category.
We write QM(k) = QM(k,Z[1/e]) and DQMgm(k) = DQMgm(k,Z[1/e]). As
promised, these categories contain the motives of all (smooth) affine quadrics.

Lemma 28. If φ is a non-degenerate quadratic form over the perfect field k
of characteristic not two, and a ∈ k×, then the affine quadric Xa

φ satisfies
M(Xa

φ) ∈ DQMgm(k,A).

Proof. We have Xa
φ = Y aφ \ Yφ and M(Y aφ ),M(Yφ),1{1} ∈ DQMgm(k,A), so

the result follows from the Gysin triangle.

We recall the following result.

Lemma 29 ((Rost)). Let φ be an isotropic non-degenerate quadratic form.
Then there exists a non-degenerate form ψ such that

M(Yφ) ≈ 1⊕M(Yψ){1} ⊕ 1{dimYφ}.

Moreover for a ∈ k× the natural “inclusion” M(Yφ)→M(Y aφ )
is given by



id 0 0
0 0 0
0 s{1} i{1}



 : 1⊕ 1{dimYφ}⊕M(Yψ){1} → 1⊕ 1{dimYφ +1}⊕M(Y aψ ){1},

where i : M(Yψ) → M(Y aψ ) is the natural “inclusion” and s : 1{dimY aψ } →
M(Y aψ ) is the fundamental class (dual of the structure map).

Proof. This is a result about Chow motives.
It is basically [19, Proposition 2]. Rost starts with φ = H ⊥ ψ, but this is
equivalent to φ having a rational point.
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For the explicit form of the “inclusion”, note first that all matrix entries shown
as zero have to be so for dimensional reasons. The entries “id” and “i{1}”
follow from naturality of Rost’s construction. For the final entry, we can argue
as follows. Note that Z = CH0(Y aψ ) = Hom(1{dimY aψ + 1},MY aψ {1}) ≈
Hom(1{dimY aψ +1},MYφ) = CH1(Yφ). The induced map we are interested in
corresponds under this identification to the cycle class of the closed subvariety
Yφ ⊂ Y aφ . So up to verifying a sign (which is irrelevant for all our applications),
it is enough to show that this class is a generator, which one sees for example
by considering the embedding into ambient projective space.

Lemma 30. For a field extension l/k let Sl be the set of anisotropic projective
smooth quadrics over l, and let exl : Sl → N be the dimension function ex(X) =
dimX. Then Theorem 22 applies, with F = F2.

We note that D〈S〉TM(k,F2) = DQMgm(k,F2), in the notation of the Theo-
rem.

Proof. Points on an anisotropic quadric have degree divisible by two by
Springer’s theorem [14, Chapter 7, Theorem 2.3], hence condition (1) holds.
Condition (2) is satisfied essentially by definition. Finally condition (3) follows
from Lemma 29.

It follows from Lemma 29 that motives of quadrics are geometrically Tate. Let
f : Spec(ks) → Spec(k) be a separable closure. It follows that the weight
complex functor t : DQMgm(ks) → Kb(Chow(ks,Z[1/e])) takes values in
Kb(Tate(Z[1/e])). We write Ψ for the composite

Ψ : DQMgm(k)
f∗

−→ DQMgm(ks)
t−→ Kb(Tate(Z[1/e])).

Let g : Spec(l) → Spec(k) be any field extension and α : Z[1/e] → F2 be
the natural surjection. Via Lemma 30 and Theorem 22 we obtain functors
Φl : DQMgm(k,F2) → Kb(Tate(F2)). We abuse notation and denote the

composite with change of coefficients DQMgm(k)
Lα#−−−→ DQMgm(k,F2) →

Kb(Tate(F2)) also by Φl.

Theorem 31. The functors Ψ,Φl are tensor triangulated. Together (as l
ranges over all finitely generated extensions of k) they are conservative and
Pic-injective.

Proof. The functors are composites of tensor triangulated functors, so are ten-
sor triangulated.
By Theorem 14 the collection f∗, {Lαp#}p (where p ranges over all primes) is
conservative and Pic-injective. Since all weight complex functors are conserva-
tive and Pic-injective by Lemma 20, the collection tf∗, {tLαp#}p is conservative
and Pic-injective. We have tf∗ = Ψ. By Theorem 22 we may replace tLα2# in
our collection by {Φl}l.
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It remains to deal with Lαp# at odd p. Let M ∈ DQMgm(k,Z[1/e]). By
repeated application of Lemma 29 we can find an extension L/k (which we
may assume Galois) of degree a power of 2, such that ML is in the triangu-
lated subcategory generated by the Tate motives. In particular t(Lαp#ML) ≈
Lαp#Ψ(M) (as complexes of Tate motives). Since [L : k] is a power of two,
base change along L/k is conservative in odd characteristic by Proposition 9.
Thus if Ψ(M) ≃ 0 then also Lαp#M ≃ 0 and our collection is conservative.
We need to work a bit harder for Pic-injectivity. Let M ∈ DQMgm(k,Z[1/e])
be invertible with Φl(M) ≃ 1[0] for all l/k and Ψ(M) ≃ 1[0]. Then we know
that Lα2#(M) ≃ 1 by Theorem 22. We also have t(ML) = Ψ(M) ≃ 1, so
ML ≃ 1 by Lemma 20. Consider the mod 2 Bockstein sequence

Hom(1, Lα2#M [−1]) = 0→ Hom(1,M)
2−→ Hom(1,M)→

→ Hom(1, Lα2#M)→ Hom(1,M [1])
2−→ Hom(1,M [1])→

→ Hom(1, Lα2#M [1]) = 0.

The extremal terms are zero because Lα2#M ≃ 1, and for the same rea-
son we have that Hom(1, Lα2#M) ≈ F2. Thus Hom(1,M) has no 2-torsion,
whereas Hom(1,M [1]) has no 2-cotorsion. The composite M → ML → M
of base change and transfer is multiplication by [L : k] = 2N . We conclude
that Hom(1,M) injects into HomL(1L,ML) ≈ Z[1/e] and that the kernel of
Hom(1,M [1]) → HomL(1L,ML[1]) = 0 (i.e. the whole group) is contained in
the 2N -torsion. But multiplication by 2 is surjective on Hom(1,M [1]), whence
so is multiplication by 2N , and we conclude that Hom(1,M [1]) = 0. Con-
sequently we have Hom(1,M) ≈ Z[1/e] (since it is an ideal of Z[1/e] with a
non-vanishing quotient, i.e. F2).
We shall now apply Proposition 15. As we have seen ML ≃ 1, so we obtain a
G = Gal(L/k)-action on Hom(1,ML) ≈ Z[1/e], i.e. a group homomorphism
κM : G → Z[1/e]×. Since e is prime we have Z[1/e]× = {±1} × {ek|k ∈ Z}
and since G is finite the image of κM must be contained in {±1}. Note that
if κM = 1 then M ≃ 1 and we are done. Indeed it suffices by Theorem 14
to show that Lαp#M ≃ 1 for odd p. Since (Lαp#M)L ≃ 1, by Proposition
15 this happens if and only if an appropriate Galois action is trivial, but this
action is just the reduction G

κM−−→ Z[1/e]× → (Z/p)×. So assume now that
κM is non-trivial.

Let β : Z[1/e]→ Z[1/(2e)] be the natural map. Note that κM : G→ {±1} has
a kernel index 2, i.e. corresponds to a quadratic subextension k ⊂ k2 ⊂ L. I
claim that Lβ#M ≃ Lβ#M̃Spec(k2). Indeed this follows from Proposition 15
applied to A = Z[1/(2e)], where f∗ becomes conservative, and the observation
that κM̃Spec(k2)

= κM .

In particular we must have Hom(1, Lβ#M̃Spec(k2)) ≈ Hom(1,M) ⊗Z[1/e]

Z[1/(2e)] = Z[1/(2e)], by Proposition 12 and our previous computation. But
one may compute easily that Hom(1, Lβ#M̃Spec(k2)) = 0. This contradiction
concludes the proof.
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Note that if A is a PID, then Pic(Kb(Tate(A))) = Z ⊕ Z. Consequently we
have the following corollary.

Corollary 32. The abelian group Pic(DQMgm(k,Z[1/e])) is torsion-free
(where k is a perfect field of exponential characteristic e 6= 2).

As the proof of the theorem shows, this is completely false with Z[1/(2e)]
coefficients (or in the étale topology), where we have Pic = Z ⊕ Z ⊕ F where
F is an F2-vector space.
We can now prove that affine quadrics are invertible.

Theorem 33. Let k be a perfect field of characteristic not two, φ a non-
degenerate quadratic form over k and a ∈ k×. Then M̃(Xa

φ) is invertible in
DMgm(k,Z[1/e]).

Proof. We have M̃Xa
φ ∈ DQMgm(k) by Lemma 28 and so we can use Theo-

rem 31. Since the category DQMgm(k) is generated by rigid objects (Chow
motives) it is rigid and so conservative tensor functors detect invertibility, by
standard arguments. We thus need to show that Ψ(M̃Xa

φ) is invertible and

that for each l/k, Φl(M̃Xa
φ) is invertible.

Let d+2 = dimφ. Let us put V aφ = D(MXa
φ){d+1} and Ṽ aφ = D(M̃Xa

φ){d+1}.
Then M̃Xa

φ is invertible if and only if Ṽ aφ is. From the closed inclusion i : Yφ →
Y aφ with complement Xa

φ we get the dual Gysin triangle

MYφ
i−→MY aφ → V aφ .

It follows that t(V aφ ) = [MYφ
i−→ ṀY aφ ]. Here the dot is used to indicate the

term of degree zero in the chain complex. Dualising the defining triangle of
M̃Xa

φ we obtain

1{d+ 1} s−→ V aφ → Ṽ aφ ,

where s is the fundamental class (dual of the structure map). Hence we finally
obtain

t(Ṽ aφ ) = [MYφ ⊕ 1{d+ 1} (i,s)−−−→ ṀY aφ ] =: C(φ).

The functor Ψ is computed by first applying geometric base change, so φ be-
comes completely split. In particular it has to be isotropic. An induction on
dimension using Lemma 34 below shows that we may reduce to dim φ = 1 or
2, i.e. {x2 = 1} or {xy = 1} (recall that completely split quadrics are charac-
terised by their dimension, so we can choose any non-degenerate model quadric
of the correct dimension). But M̃({x2 = 1}) = 1 and M̃({xy = 1}) = M̃(Gm)
are both invertible.
Dealing with Φl is a bit harder.
The expression C(φ) ∈ Kb(QM(k)) makes sense even if k is not perfect. Using
Proposition 23 it suffices to prove: if l/k is any field extension, then Φl0C(φl) is
invertible. We drop the subscript zero from now on. We may as well prove: if k
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is any field and φ is any non-degenerate quadratic form over k, then Φk(C(φ))
is invertible. By Lemma 34 below, if φ ≈ ψ ⊥ H then C(φ) ≃ C(ψ){1}. We
may thus assume that either φ is anisotropic, or φ = H, or φ is of dimension
one.
If φ = H then Yφ ≈ Spec(k × k), Y aφ ≈ P1 and the result follows easily. If φ is
of dimension one then MYφ = 0 and either MY aφ = 1 ⊕ 1 or MY aφ = M(k′),
where k′/k is a quadratic extension. Again the result follows easily.
So we may assume that φ is anisotropic. There are three cases. If φ ⊥ 〈−a〉 is
also anisotropic, then none of MYφ,MY aφ afford Tate summands, by Proposi-

tion 7. Thus Φk(C(φ)) = 1{d+ 1}[1] is invertible.
If φ ⊥ 〈−a〉 is isotropic, then φ ⊥ 〈−a〉 = ψ ⊥ H. Suppose that ψ has
dimension greater than one. Then by (the contrapositive of) Lemma 35 below,
ψ is anisotropic. It follows that MY aφ ≈ 1⊕ 1{d+ 1}⊕MY aψ and Φk(C(φ)) =

[1{d+ 1} → 1̇⊕ 1{d+ 1}]. The component 1{d+ 1} → 1{d+ 1}] comes from
the fundamental class of Ma

ψ and so is an isomorphism. Thus Φk(C(φ)) ≃ 1 is
invertible.
Finally it might be that ψ has dimension one. Then Y aφ ≈ P1 whereas MYφ
affords no Tate summands, and the result follows as in the case of dimension
greater than one. This concludes the proof.

Lemma 34. Notation as in the theorem. If φ = ψ ⊥ H then C(φ) ≃ C(ψ){1}.

Proof. Using the explicit form for the inclusion MYφ →MY aφ from Lemma 29
we find that

C(φ) = [(1⊕ 1{d} ⊕MYψ{1})⊕ 1{d+ 1} α−→ 1̇⊕ 1{d+ 1} ⊕MY aψ {1}],

where α is given by the matrix




id 0 0 0
0 0 0 f
0 s{1} i{1} 0


 .

Here f comes from the fundamental class and so is an isomorphism. It follows
that C(φ) ≈ C(ψ){1} ⊕ cone(id

1

)[−1]⊕ cone(id
1{d+1})[−1] ≃ C(ψ){1}. This

is the desired result.

Lemma 35. If φ ⊥ 〈a〉 ≈ ψ ⊥ H ⊥ H, then φ is isotropic.

Proof. Let X = Y〈a〉⊥φ. Then Yφ = X ∩ {X0 = 0}. Since 〈a〉 ⊥ φ ≈ ψ ⊥
H ⊥ H, we find that YH⊥H ⊂ X . Then Yφ ∩ YH⊥H = YH⊥H ∩ {X0 = 0}
(intersecting inside X). Now we know that after a linear change of coordinates
(X0 : · · · : Xr) 7→ (T0 : · · · : Tr) the subvariety YH⊥H of X is given by the
equations T0T1 + T2T3 = 0, Ti = 0 for i > 3. Thus Yφ ∩ YH⊥H is obtained by
adding a further linear constraint in the T0, T1, T2, T3. It is easy to see that
there must be a rational, non-zero solution, so Yφ has a rational point. This
was to be shown.
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6 Application 2: Po Hu’s Conjectures for Motives

In this final section we prove a version for motives of Po Hu’s conjectures [12,
Conjecture 1.4]. We retain notation from the previous section.
For a = (a1, . . . , an) ∈ (k×)n, b ∈ k× let us put

U ba = Xb
〈〈a1,...,an〉〉,

where 〈〈a1, . . . , an〉〉 is the n-fold Pfister quadric associated with the symbol a.
We use notation such as a, a′ = (a1, . . . , an, a

′) ∈ (k×)n+1 for concatenation of
tuples.

Theorem 36. Let k be a perfect field of characteristic not two, and a ∈
(k×)n, b ∈ k×.
In DMgm(k) there is an isomorphism

M̃(U1
a,b)⊗ M̃(U ba)[1] ≈ M̃(U1

a ){2n}. (6.1)

To prove this, we have to recall some facts about Rost motives. If a ∈ (k×)n,
then there is the associated Rost motive Ra ∈ QM(k). Recall that one has
H1
et(k,F2) = k×/2, and hence cup product yields a natural map ∂ = ∂k :

(k×)n → Hn
et(k,Z/2). The Rost motives have the remarkable property that Ra

is irreducible if and only if ∂(a) 6= 0. In fact there are canonical maps

1{2n−1 − 1} → Ra → 1 (6.2)

(which we call structure maps) and if ∂(a) = 0 then this is a splitting distin-
guished triangle. The same statements hold true with F2 coefficients. These
results follow from the work of a number of people, see [18] for an overview.
The relationship between Rost motives and U ba is encapsulated in the following
proposition.

Proposition 37. For a ∈ (k×)n, b ∈ k× there is a distinguished triangle

M̃(U ba)→ Ra,b → Ra{2n−1} ⊕ 1.
Here Ra,b → 1 is the structure map, and the composite

1{2n − 1} → Ra,b → Ra{2n−1}
is the {2n−1} twist of the structure map 1{2n−1 − 1} → Ra.

Proof. This is essentially [13, proof of Proposition 5.5].
We know that U := U ba is the complement of X := Y〈〈a〉〉 in Y := Y b〈〈a〉〉. By the

work of Rost [19, Theorem 17 and Proposition 19], if we put Rn := Ra,b and
Rn−1 = Ra, then

M(Y ) = Rn ⊕
2n−1−1⊕

k=1

Rn−1{k} := Rn ⊕R′,

M(X) =

2n−1−1⊕

k=0

Rn−1{k} := Rn−1 ⊕R′
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and the natural map M(X)→M(Y ) is the identity on R′.
The localisation triangle M c(X) = M(X) → M c(Y ) = M(Y ) → M c(U) fits
into the following commutative diagram of (distinguished) triangles:

R′ R′
y

y

M(X) −−−−→ M(Y ) −−−−→ M c(U)
y

y

Rn−1 Rn

An application of the octahedral axiom yields a distinguished triangle Rn−1 →
Rn →M c(U). Noting that DM c(U) = M(U){−(2n − 1)}, DRn = Rn{−(2n −
1)} and DRn−1 = Rn−1{−(2n−1 − 1}, by dualising and twisting the triangle,
we find a distinguished triangle M(U) → Rn → Rn−1{2n−1}. Adding in the
copy of 1 implied in M̃(U), we get the claimed triangle with the correct map
Rn → 1.
To see the second claim about the differential, the important point is that in
the triangle Rn−1 → Rn → M c(U) the map Rn−1 → Rn is induced from the
inclusion M(X)→M(Y ) by passing to the appropriate summands. It follows
that Rn−1 → Rn → 1 is the structure map of Rn−1 → 1. The desired result
now follows by dualising.

Proof of Theorem 36. By Lemma 28, we have M̃(U ba) ∈ DQMgm(k), etc. We
also know by Theorem 33 that both sides of equation (6.1) are invertible. Hence
if F : DQMgm(k) → C is a Pic-injective functor, it suffices to prove that
F (LHS) ≈ F (RHS).
Of course we use the Pic-injective collection from Theorem 31.
¿From Proposition 37 we know that

t(M̃(U ba) = [Ṙa,b → Ra{2n} ⊕ 1],

and we also know certain things about the differential. To compute Ψ, we
have to consider geometric base change, where the triangle (6.2) is splitting
distinguished. One obtains

Ψ(M̃(U ba)) = [1̇⊕ 1{2n − 1} → 1{2n−1} ⊕ 1{2n − 1} ⊕ 1]

and from the information about the differential given in proposition 37 we
deduce that Ψ(M̃(U ba) ≃ 1{2n−1}[−1]. Thus Ψ(LHS) ≈ Ψ(RHS) reads

1{2n}[−1]⊗ 1{2n−1}[−1][1] ≈ 1{2n−1}[−1]{2n},

which is certainly true.
Now let l/k be an arbitrary field extension. We need to prove Φl(LHS) ≈
Φl(RHS). This involves Ra, Ra,b, Ra,1 and Ra,b,1. Depending on l these may
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Table 1: Terms needed to compute Φl.
∂l(a, b) 6= 0 ∂l(a, b) = 0 but ∂l(a) 6= 0

Φl(U1
a,b) [1̇⊕ 1{2n+1 − 1} → 1] [1̇⊕ 1{2n+1 − 1} → . . .

· · · → 1{2n} ⊕ 1{2n+1 − 1} ⊕ 1]
Φl(U ba) [0̇→ 1] [1̇⊕ 1{2n − 1} → 1]

Φl(U1
a ) [1̇⊕ 1{2n − 1} → 1] [1̇⊕ 1{2n − 1} → 1]

Table 2: Terms needed to compute Φl, simplified form.
∂l(a, b) 6= 0 ∂l(a, b) = 0 but ∂l(a) 6= 0

Φl(U1
a,b) 1{2n+1 − 1} 1{2n}[−1]

Φl(U ba) 1[−1] 1{2n − 1}
Φl(U1

a ) 1{2n − 1} 1{2n − 1}

or may not split into Tate motives, so may or may not survive Φ. We see that
Ra,1 and Ra,b,1 always split (because ∂l(1) = 0), and that Ra,b splits whenever
Ra splits (because ∂(a, b) = ∂(a) ∪ ∂(b)).

If Ra splits then everything is split and Φl is just mod two reduction of Ψ,
so we know the equation is satisfied. Thus there are just two cases and three
things in each to compute, which we gather in Table 1.

The differentials can again be figured out using Proposition 37. Using these
one can simplify the expressions. We have gathered the results in Table 2.

To complete the proof, we check that Φl(LHS) ≈ Φl(RHS) in both cases. This
is easy.
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Abstract. We prove several results concerning the existence of po-
tentially crystalline lifts of prescribed Hodge–Tate weights and inertial
types of a given representation r : GK → GLn(Fp), where K/Qp is
a finite extension. Some of these results are proved by purely local
methods, and are expected to be useful in the application of auto-
morphy lifting theorems. The proofs of the other results are global,
making use of automorphy lifting theorems.

1. Introduction

Let p be a prime, let K/Qp be a finite extension, and let r : GK → GLn(Fp) be
a continuous representation. For many reasons, it is a natural and important
question to study the lifts of r to de Rham representations r : GK → GLn(Zp);
for example, the de Rham lifts of fixed Hodge and inertial types are param-
eterised by a universal (framed) deformation ring thanks to [Kis08], and the
study of these deformation rings is an important step in proving automorphy
lifting theorems, going back to Wiles’ proof of Fermat’s Last Theorem, which
made use of Ramakrishna’s work on flat deformations [Ram02].
It is therefore slightly vexing that (as far as we are aware) it is currently an
open problem to prove that for a general choice of r, a single such lift r ex-
ists (equivalently, to show for each r that at least one of Kisin’s deformation
rings is nonzero). Some results in this direction can be found in the Ph.D.
thesis of Alain Muller [Mul13]. This note sheds little further light on this
question, but rather investigates the question of congruences between de Rham

1The first author was partially supported by a Leverhulme Prize, EPSRC grant
EP/L025485/1, Marie Curie Career Integration Grant 303605, and by ERC Starting Grant
306326. The second author was partially supported by a Sloan Fellowship and an NSERC
grant The third author was partially supported by NSF grants DMS-0901360 and DMS-
1406926 The fourth author was partially supported by NSF grant DMS-0901049 and NSF
CAREER grant DMS-1054032
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representations of different Hodge and inertial types; that is, in many of our
results we suppose the existence of a single lift, and see what other lifts (of
differing Hodge and inertial types) we can produce from this. The existence
of congruences between representations of differing such types is conjecturally
governed by the (generalised) Breuil–Mézard conjecture (at least for regular
Hodge types; see [EG14]). This conjecture is almost completely open beyond
the case of GL2 /Qp, so it is of interest to prove unconditional results.
We prove several such results in this paper, by a variety of different methods.
Some of our results make use of the notion of a potentially diagonalisable Galois
representation, which was introduced in [BLGGT14], and is very important in
automorphy lifting theorems. It is expected ([EG14, Conj. A.3]) that every r
admits a potentially diagonalisable lift of regular weight2, but this is at present
known only if n ≤ 3 or r is semisimple; see for example [CEG+16, Lem. 2.2],
and the proof of [Mul13, Prop. 2.5.7] for the case n = 3. It seems plausible
that these arguments could be extended to cover other small dimensions, but
the case of general n seems to be surprisingly difficult.
We recall that an n-dimensional de Rham representation of GK is said to have
Hodge type 0 if for any continuous embedding K →֒ Qp the corresponding
Hodge–Tate weights are 0, 1, . . . , n−1; while if K/Qp is unramified, a crystalline
representation of GK is said to be Fontaine–Laffaille if for each continuous
embedding K →֒ Qp the corresponding Hodge–Tate weights are all contained
in an interval of the form [i, i + p − 2]. We remark that we will normalise
Hodge–Tate weights so that the cyclotomic character ε has Hodge–Tate weight
−1.
Our first result is the following theorem, which will be used in forthcoming
work of Arias de Reyna and Dieulefait.

Theorem A. (Cor. 2.3.4) Suppose that K/Qp is unramified, and fix an integer
n ≥ 1. Then there is a finite extension K ′/K, depending only on n and K,
with the following property: if r : GK → GLn(Fp) has a Fontaine–Laffaille lift,

then it also has a potentially diagonalisable lift r : GK → GLn(Zp) of Hodge
type 0 with the property that r|GK′ is crystalline.

In fact this is a special case of a result (Cor. 2.1.11) that holds for a more general
class of representations r that we call peu ramifiée, and with no assumption
that the finite extension K/Qp is unramified. We expect that this result should
even be true without the assumption that r is peu ramifiée, but we do not know
how to prove this; indeed, as mentioned above, we do not know how to produce
a single de Rham lift in general!
To explain why this result is reasonable, and to give some indication of the
proof, we focus on the case that K = Qp and n = 2. Assume for simplicity
in the following discussion that p > 2. One way to see that we should expect
the result to be true (at least if we remove “potentially diagonalisable” from
the statement) is that it is then the local Galois analogue of the well-known

2Recall that a de Rham representation of GK is said to have regular weight if for any
continuous embedding K →֒ Qp, the corresponding Hodge–Tate weights are all distinct.
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statement that every modular eigenform of level prime to p is congruent to one
of weight 2 and bounded level at p. Indeed, via the mechanism of modularity
lifting theorems and potential modularity, it is possible to turn this analogy
into a proof. (See Theorem C below. Since all potentially Barsotti–Tate rep-
resentations are known to be potentially diagonalisable, this literally proves
Theorem A in this case, but this deduction cannot be made if n > 2.)
Since these global methods are (at least at present) unable to handle the case
n > 2, a local approach is needed, which we again motivate via the case K = Qp
and n = 2. The possible r : GQp → GL2(Fp) are well-understood; they are ei-
ther irreducible representations, in which case they are induced from characters
of the unramified quadratic extension Qp2 of Qp, or they are reducible, and are
extensions of unramified twists of powers of the mod p cyclotomic character ω.
In the first case, the representations are induced from characters of GQp2

which

become unramified after restriction to any totally ramified extension of degree
p2− 1, and it is straightforward to produce the required lifts by considering in-
ductions of potentially crystalline characters of GQp2

which become crystalline

over such an extension; see Lemma 2.1.12. Such representations are automat-
ically potentially diagonalisable, as after restriction to some finite extension
they are even a direct sum of crystalline characters.
This leaves the case that r is reducible. After twisting, we may assume that r
is an extension of an unramified twist of ω−i by the trivial character, for some
0 ≤ i ≤ p − 2. Then the natural way to lift to characteristic zero and Hodge
type 0 is to try to lift to an extension of an unramified twist of ε−1ω̃1−i by the
trivial character, where ω̃ is the Teichmüller lift of ω; this is promising because
any such extension is at least potentially semistable, and becomes semistable
over Qp(ζp) (which is in particular independent of the specific reducible r under
consideration), and if it is potentially crystalline, then it is also potentially
diagonalisable (as it is known that any successive extension of characters which
is potentially crystalline is also potentially diagonalisable).
The problem of producing such lifts is one of Galois cohomology, and Tate’s
duality theorems show that when i 6= 1 there is no obstruction to lifting.3 It
is also easy to check that in this case the lifts are automatically potentially
crystalline. However, when i = 1 the situation is more complicated. Then
one can check that très ramifiée extensions of ω−1 by the trivial character do
not lift to extensions of a non-trivial unramified twist of ε−1 by the trivial
character, but only lift to semistable non-crystalline extensions of ε−1 by the
trivial character. However, this is the only obstruction to carrying out the
strategy in this case; and in fact, since très ramifiée representations do not
have Fontaine–Laffaille lifts, the result also follows in the case i = 1.
We prove Theorem A by a generalisation of this strategy: we write r as an
extension of irreducible representations, lift the irreducible representations as

3This is true even for the ramified self-extensions of the trivial character in the case i = 0,
which are not Fontaine–Laffaille, although they are peu ramifiée in the sense of this paper
(Definition 2.1.3).
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inductions of crystalline characters, and then lift the extension classes. How-
ever, the issues that arose in the previous paragraph in the case i = 1 are more
complicated in general. To address this, we make use of the following observa-
tion: in the case considered in the previous paragraphs (that is, K = Qp, n = 2,
and r has a trivial subrepresentation), if r is not très ramifiée then it admits
“many” reducible crystalline lifts; indeed, it can be lifted as an extension by
the trivial character of any unramified twist of ε−i that lifts the corresponding
character mod p.
This freedom to twist by unramified characters is in marked contrast to the
behaviour in the très ramifiée case, and can be exploited in the Galois coho-
mology calculations used to produce the potentially crystalline lifts of Hodge
type 0. Motivated by these observations, we introduce a generalisation (Defini-
tion 2.1.3) of the classical notion of peu ramifiée representations, and we prove
by direct Galois cohomology arguments that the peu ramifiée condition allows
great flexibility in the production of lifts to varying reducible representations
(see Theorem 2.1.8 and Corollary 2.1.11).
Conversely, every representation that admits enough lifts of the sort promised
by Theorem 2.1.8 must in fact be peu ramifiée (see Proposition 2.2.4 for a
precise statement); such a representation is said to admit “highly twisted lifts.”
We show that representations that admit Fontaine–Laffaille lifts also admit
highly twisted lifts (Proposition 2.3.1), and so deduce that Corollary 2.1.11
applies whenever the residual representation is Fontaine–Laffaille. Theorem A
follows.
Using roughly the same purely local methods, we additionally prove the fol-
lowing.

Theorem B. (Cor. 2.1.13) Suppose that r : GK → GLn(Fp) is peu ramifiée.
Then r has a crystalline lift of some Serre weight (in the sense of Section 1.2.4).

In contrast to these relatively concrete local arguments, in Section 3 we
use global methods, and in particular the potential automorphy machinery
of [BLGGT14]. Our first result is the following, which takes as input a po-
tentially crystalline lift that could have highly ramified inertial type, or highly
spread out Hodge–Tate weights, and produces a crystalline lift of small Hodge–
Tate weights.

Theorem C. (Thm. 3.1.2) Suppose that p ∤ 2n, and that r : GK → GLn(Fp)
has a potentially diagonalisable lift of some regular weight. Then the following
hold.

(1) There exists a finite extension K ′/K (depending only on n and K, and
not on r) such that r has a lift r : GK → GLn(Zp) of Hodge type 0 that
becomes crystalline over K ′.

(2) r has a crystalline lift of some Serre weight.

The first part of this result should be contrasted with Theorem A above, while
the second part should be contrasted with Theorem B. For instance, we re-
mark that it follows from Theorem A (or more precisely, from its more general
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statement for peu ramifiée representations) that every peu ramifiée representa-
tion r admits a potentially diagonalisable lift of some regular weight, whereas
this latter condition on r is an input to Theorem C.
If K/Qp is unramified and r admits a lift of extended FL weight (see Sec-
tion 1.2.4 for this terminology), we also show the following “weak Breuil–
Mézard result”.

Theorem D. (Thm. 3.1.5) Suppose that p 6= n, that K/Qp is unramified, and

that r : GK → GLn(Fp) has a crystalline lift of some extended FL weight F . If
F is a Jordan–Hölder factor of σ(λ, τ) for some λ, τ , then r has a potentially
crystalline lift of type (λ, τ).

Since there is no restriction on λ or τ , this result seems to be well beyond
anything that can currently be proved directly using integral p-adic Hodge
theory.
If we knew that all potentially crystalline lifts were potentially diagonalisable,
then the special case of Theorem A in which the given Fontaine–Laffaille lift is
regular would be an easy consequence of part (1) of Theorem C (note that the
existence of a regular Fontaine–Laffaille lift implies that p > n). However, we
do not know how to prove that general potentially crystalline representations
are potentially diagonalisable (and we do not have any strong evidence that it
should be true).

1.1. Acknowledgements. We would like to thank Luis Dieulefait for asking
a question which led to us writing this paper, as well as Alain Muller for
valuable discussions.

1.2. Notation and conventions. Fix a prime p, and let K/Qp be a finite
extension with ring of integers OK . Write GK for the absolute Galois group
of K, IK for the inertia subgroup of GK , and FrobK ∈ GK for a choice of
geometric Frobenius. All representations of GK are assumed without further
comment to be continuous. Write vK for the p-adic valuation on K taking
the value 1 on a uniformiser of K, as well as for the unique extension of this
valuation to any algebraic extension of K.

1.2.1. Inertial types. An inertial type is a representation τ : IK → GLn(Qp)
with open kernel which extends to the Weil group WK . We say that a de Rham
representation r : GK → GLn(Qp) has inertial type τ if the restriction to IK
of the Weil–Deligne representation WD(r) associated to r is equivalent to τ .
Given an inertial type τ , there is a (not necessarily unique) finite-dimensional
smooth irreducible Qp-representation σ(τ) of GLn(OK) associated to τ by the
“inertial local Langlands correspondence”, which we normalise as in [EG14,
Conj. 4.1.3]. (Note that there is an unfortunate difference in conventions be-
tween this and that of [EG14, Thm. 4.1.5], but it is this normalisation that is
used in the remainder of [EG14].) We can and do suppose that σ(τ) is defined
over Zp.
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1.2.2. Hodge–Tate weights and Hodge types. If W is a de Rham representation
of GK over Qp, and κ : K →֒ Qp, then we will write HTκ(W ) for the multiset
of Hodge–Tate weights of W with respect to κ. By definition, the multiset

HTκ(W ) contains i with multiplicity dimQp
(W ⊗κ,K K̂(i))GK . Thus for exam-

ple if ε denotes the p-adic cyclotomic character of GK , then HTκ(ε) = {−1}
for all κ.
We say that W has regular Hodge–Tate weights if for each κ, the elements of
HTκ(W ) are pairwise distinct. Let Zn+ denote the set of tuples (λ1, . . . , λn) of
integers with λ1 ≥ λ2 ≥ · · · ≥ λn. Then if W has regular Hodge–Tate weights,

there is a unique λ = (λκ,i) ∈ (Zn+)HomQp (K,Qp) such that for each κ : K →֒ Qp,

HTκ(W ) = {λκ,1 + n− 1, λκ,2 + n− 2, . . . , λκ,n},
and we say that W is regular of Hodge type λ.

1.2.3. Representations of GLn and Serre weights. For any λ ∈ Zn+, view λ as
a dominant weight (with respect to the upper triangular Borel subgroup) of
the algebraic group GLn in the usual way, and let M ′λ be the algebraic OK-
representation of GLn given by

M ′λ := IndGLn
Bn

(w0λ)/OK

where Bn is the Borel subgroup of upper-triangular matrices of GLn, and w0

is the longest element of the Weyl group (see [Jan03] for more details of these
notions, and note that M ′λ has highest weight λ). Write Mλ for the OK-
representation of GLn(OK) obtained by evaluating M ′λ on OK . For any λ ∈
(Zn+)HomQp (K,Qp) we write Lλ for the Zp-representation of GLn(OK) defined by

Lλ := ⊗κ:K →֒Qp
Mλκ ⊗OK,κ Zp.

Let k be the residue field of K. We call isomorphism classes of irreducible Fp-
representations of GLn(k) Serre weights ; they can be parameterised as follows.
We say that an element (ai) of Zn+ is p-restricted if p − 1 ≥ ai − ai+1 for all

1 ≤ i ≤ n−1, and we write X
(n)
1 for the set of p-restricted elements. Given any

a ∈ X(n)
1 , we define the k-representation Pa of GLn(k) to be the representation

obtained by evaluating IndGLn
Bn

(w0a)/k on k, and let Na be the irreducible
sub-k-representation of Pa generated by the highest weight vector (that this
is indeed irreducible follows from the analogous result for the algebraic group
GLn, cf. II.2.2–II.2.6 in [Jan03], and the appendix to [Her09]).

If a = (aκ,i) ∈ (X
(n)
1 )Hom(k,Fp), write aκ for the component of a indexed by

κ ∈ Hom(k,Fp). If a ∈ (X
(n)
1 )Hom(k,Fp) then we define an irreducible Fp-

representation Fa of GLn(k) by

Fa := ⊗κ∈Hom(k,Fp)
Naκ ⊗k,κ Fp.

The representations Fa are irreducible, and every Serre weight is (isomorphic
to one) of the form Fa for some a. The choice of a is not unique: one has
Fa ∼= Fa′ if and only if there exist integers xκ such that aκ,i − a′κ,i = xκ for all
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κ, i and, for any labeling κj of the elements of Hom(k,Fp) such that κpj = κj+1

we have
∑f−1
j=0 p

jxκj ≡ 0 (mod pf − 1), where f = [k : Fp]. In this case we

write a ∼ a′.
We remark that if K/Qp is unramified and a ∈ (X

(n)
1 )Hom(k,Fp) satisfies aκ,1 −

aκ,n ≤ p − (n − 1) for each κ, then La ⊗Zp
Fp ∼= Fa as representations of

GLn(OK). The reason is that Pb = Nb whenever b ∈ Zn+ satisfies b1 − bn ≤
p− (n− 1) (cf. [Jan03, II.5.6]).

1.2.4. Potentially crystalline representations. An element λ ∈ (Zn+)HomQp (K,Qp)

is said to be a lift of an element a ∈ (X
(n)
1 )Hom(k,Fp) if for each κ ∈ Hom(k,Fp)

there exists κκ ∈ HomQp(K,Qp) lifting κ such that λκκ = aκ, and λκ′ = 0 for

all other κ′ 6= κκ in HomQp(K,Qp) lifting κ. If λ is a lift of a, then Fa is a

Jordan–Hölder factor of Lλ ⊗ Fp.
Given a pair (λ, τ), we say that a potentially crystalline representation W
of GK over Qp has type (λ, τ) if it is regular of Hodge type λ, and has inertial

type τ . Write σ(λ, τ) for Lλ ⊗Zp
σ(τ), a Zp-representation of GLn(OK), and

write σ(λ, τ) for the semisimplification of σ(λ, τ) ⊗Zp
Fp. Then the action

of GLn(OK) on σ(λ, τ) factors through GLn(k), so that the Jordan–Hölder
factors of σ(λ, τ) are Serre weights.
If r : GK → GLn(Fp) has a crystalline lift W of type (λ, 1) (that is, W is

crystalline of Hodge type λ), and λ is a lift of some a ∈ (X
(n)
1 )Hom(k,Fp), then

we say that r has a crystalline lift of Serre weight Fa. This terminology is
sensible because the existence of a crystalline lift of Hodge type λ for some lift
λ of a does not depend on the choice of the element a in its equivalence class
under the equivalence relation ∼ (cf. [GHS15, Lem. 7.1.1]).
If furthermore K/Qp is unramified, and aκ,1 − aκ,n ≤ p− 1− n for all κ, then
we say that a (or Fa) is an FL weight, and that r has a crystalline lift of FL
weight Fa. If instead aκ,1 − aκ,n ≤ p − n for all κ, then we say that a (or
Fa) is an extended FL weight, and that r has a crystalline lift of extended FL
weight Fa.

1.2.5. Potential diagonalisability. Following [BLGGT14], we say that a poten-
tially crystalline representation r : GK → GLn(Zp) with distinct Hodge–Tate
weights is potentially diagonalisable if for some finite extension K ′/K, r|GK′

is crystalline, and the corresponding Qp point of the corresponding crystalline
deformation ring lies on the same irreducible component as some direct sum of
crystalline characters. (For example, it follows from the main theorem of [GL14]
that any crystalline representation of extended FL weight is potentially diago-
nalisable.)

2. Local existence of lifts in the residually Fontaine–Laffaille
case
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2.1. Peu ramifiée representations. Recall that for any discrete GK-
module X , the space H1

ur(GK , X) of unramified classes in H1(GK , X) is the
kernel of the restriction map H1(GK , X) → H1(IK , X); by the inflation-
restriction sequence, this is the same as the image of the inflation map
H1(GK/IK , X

IK ) →֒ H1(GK , X). We will make use of the following well-
known fact.

Lemma 2.1.1. Suppose that X is a discrete GK-module that is moreover a
finite-dimensional vector space over a field F. Then

dimFH
1
ur(GK , X) = dimFH

0(GK , X).

Proof. We have

dimFH
1(GK/IK , X

IK ) = dimFH
0(GK/IK , X

IK ) = dimFH
0(GK , X),

the first equality coming from the fact that Hi(GK/IK , X
IK ) for i = 0, 1 are,

respectively, the invariants and co-invariants of XIK under FrobK − 1. �

Definition 2.1.2. Suppose that K/Qp is a finite extension and F is a field

of characteristic p. Consider a representation r : GK → GLn(F), let V be
the underlying F[GK ]-module of r, and suppose that 0 = U0 ⊂ U1 ⊂ · · · ⊂
U ℓ = V is an increasing filtration on V by F[GK ]-submodules. Write V i :=
U i/U i−1. We say that r is peu ramifiée with respect to the filtration {U i} if
for all 1 ≤ i ≤ ℓ the class in H1(GK ,HomF(V i, U i−1)) defined by U i (regarded
as an extension of V i by U i−1) is annihilated under Tate local duality by
H1

ur(GK ,HomF(U i−1, V i(1))).

Since group cohomology is compatible with base change for field extensions, so
is Definition 2.1.2: that is, if F′/F is any field extension, then r is peu ramifiée
with respect to some filtration {U i} if and only if r ⊗F F′ is peu ramifiée with
respect to the filtration {U i ⊗F F′}.
Definition 2.1.2 is most interesting in the case where the filtration {U i} is
saturated, i.e., where the graded pieces V i are irreducible. (For instance, any r
will trivially be peu ramifiée with respect to the one-step filtration 0 = U0 ⊂
U1 = V .) This motivates the following further definition.

Definition 2.1.3. We say that r is peu ramifiée if there exists a saturated
filtration {U i} with respect to which r is peu ramifiée as in Definition 2.1.2.

Examples 2.1.4.

(1) If n = 2 and r ∼=
(
χω ∗
0 χ

)
for some character χ, then Definition 2.1.3

coincides with the usual definition of peu ramifiée. (Recall that ω
denotes the mod p cyclotomic character.) Indeed, the duality pair-
ing H1(GK ,Fp(1)) ×H1(GK ,Fp) → Qp/Zp can be identified (via the
Kummer and Artin maps) with the evaluation map

K×/(K×)p ×Hom(K×,Fp)→ Fp →֒ Qp/Zp,
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from which it is immediate that the classes in H1(GK ,Fp(1)) that are
annihilated by H1

ur(GK ,Fp) are precisely those which are identified
with O×K/(O×K)p by the Kummer map.

(2) If r is semisimple then trivially r is peu ramifiée.
(3) If there are no nontrivial GK-maps U i−1 → V i(1) for any i (e.g. if one

has V j 6∼= V i(1) for all j < i) then r is necessarily peu ramifiée because

by Lemma 2.1.1 we have H1
ur(GK ,HomF(U i−1, V i(1))) = 0.

(4) Suppose K/Qp is unramified. We will prove in Section 2.3 that
Fontaine–Laffaille representations are peu ramifiée, so that all of the
main results in this section will apply to Fontaine–Laffaille representa-
tions.

Example 2.1.5. If r is peu ramifiée, it is natural to ask whether r is peu ramifiée
with respect to every (saturated) filtration on r. This is not the case. Suppose,
for instance, that K does not contain the p-th roots of unity (so ω 6= 1) and

r ∼=



ω ∗1 ∗2

1 0
1




where the class of the cocycle ∗1 is nontrivial and peu ramifiée, and the cocycle
∗2 is très ramifiée. For the filtration on r in which U i is the span of the first
i vectors giving rise to the above matrix representation (so that the action
of GQp on U i is given by the upper-left i × i block), the representation r is
peu ramifiée. This is clear at the first two steps in the filtration, and for the
third step one notes (as in Example 2.1.4(3)) that there are no nontrivial maps
U2 → V 3(1).
On the other hand, if one defines a new filtration on r by replacing U2 with
the span of the first and third basis vectors giving rise to the above matrix
representation, then r is not peu ramifiée with respect to the new filtration,
because the new U2 is très ramifiée.

Remark 2.1.6. One consequence of the preceding example is that the collection
of peu ramifiée representations is not closed under taking arbitrary subquo-
tients. On the other hand, if r is peu ramifiée with respect to the filtration
{U i}, then for any a ≤ b it is not difficult to check that U b/Ua is peu ramifiée
with respect to the induced filtration {Ua+i/Ua}0≤i≤b−a.
Using the preceding example one can similarly see that the collection of peu
ramifiée representations is not closed under contragredients.

Remark 2.1.7. In some sense we are making an arbitrary choice by demanding
that we first lift U1, then to U2, then to U3, and so forth. One could equally
well lift in other orders, and as Example 2.1.5 shows, this can make a difference.
However, since Definition 2.1.2 will suffice for our purposes, we do not elaborate
further on this point.

We say that a Zp-lift of an Fp[GK ]-module V is a Zp[GK ]-module V that is free

as a Zp-module, together with a Fp[GK ]-isomorphism V ⊗Zp
Fp ∼= V . We have
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introduced the notion of a peu ramifiée representation (Definition 2.1.2) in order
to prove the following result, to the effect that peu ramifiée representations have
many Zp-lifts.

Theorem 2.1.8. Suppose that K/Qp is a finite extension. Consider a repre-

sentation r : GK → GLn(Fp) that is peu ramifiée with respect to the increasing

filtration {U i}, so that r may be written as

r =



V 1 . . . ∗

. . .
...

V ℓ


 ,

where the V i := U i/U i−1 are the graded pieces of the filtration.
For each i, suppose that we are given a Zp-representation Vi of GK lifting V i.
Then there exist unramified characters ψ1, . . . , ψℓ with trivial reduction such
that r may be lifted to a representation r of the form

r =



V1 ⊗ ψ1 . . . ∗

. . .
...

Vℓ ⊗ ψℓ


 .

More precisely, r is equipped with an increasing filtration {Ui} by Zp-direct
summands such that Ui/Ui−1 ∼= Vi⊗ψi and r⊗Zp

Fp ∼= r induces Ui⊗Zp
Fp ∼= U i,

for each 1 ≤ i ≤ ℓ.
In fact, there are infinitely many choices of characters (ψ1, . . . , ψℓ) for which
this is true, in the strong sense that for any 1 ≤ i ≤ ℓ, if (ψ1, . . . , ψi−1) can
be extended to an ℓ-tuple of characters for which such a lift exists, then there
are infinitely many choices of ψi such that (ψ1, . . . , ψi) can also be extended to
such an ℓ-tuple.

Proof. We proceed by induction on ℓ, the case ℓ = 1 being trivial. From the
induction hypothesis, we can find ψ1, . . . , ψℓ−1 so that U := U ℓ−1 can be lifted
to some

U :=



V1 ⊗ ψ1 . . . ∗

. . .
...

Vℓ−1 ⊗ ψℓ−1


 .

as in the statement of the theorem. It suffices to prove that for each such choice
of ψ1, . . . , ψℓ−1, there exist infinitely many choices of ψℓ for which r lifts to an
extension of Vℓ ⊗ ψℓ by U as in the statement of the theorem.
Choose the field E/Qp large enough so that U and Vℓ are realisable over OE ,
and so that r is realisable over the residue field of E. Suppose that F/E is a
finite extension with ramification degree e(F/E) > (dimV ℓ)(dimU), write O
for the integers of F and F for its residue field, and let ψ : GK → O× be an
unramified character such that 0 < vE(ψ(FrobK) − 1) < 1/(dimV ℓ)(dimU).
In the remainder of this argument, when we write U and Vℓ we will mean
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their (chosen) realisations over O, and similarly U and V ℓ will mean their
realisations over F obtained by reduction from U and Vℓ.
Extensions of Vℓ⊗ψ by U correspond to elements of H1(GK ,HomO(Vℓ⊗ψ,U)),
while r corresponds to an element c of Ext1F[GK ](V ℓ, U), which we identify with

H1(GK ,HomF(V ℓ, U)). By hypothesis (together with the remark about base
change immediately following Definition 2.1.2) the class c is annihilated by
H1

ur(GK ,HomF(U, V ℓ(1))) under Tate local duality. Taking the cohomology of
the exact sequence

0→ HomO(Vℓ ⊗O ψ,U)
̟→ HomO(Vℓ ⊗O ψ,U)→ HomF(V ℓ, U),

we have in particular an exact sequence

H1(GK ,HomO(Vℓ ⊗O ψ,U))→ H1(GK ,HomF(V ℓ, U))
δ→

δ→ H2(GK ,HomO(Vℓ ⊗O ψ,U)),

so it is enough to check that that c ∈ ker(δ) except for finitely many choices of
ψ.
From Tate duality, we have the dual map

H0(GK ,HomO(U, Vℓ(1)⊗O ψ)⊗ F/O)
δ∨→ H1(GK ,HomF(U, V ℓ(1)).

As ker(δ)⊥ = im(δ∨), it is enough to show that im(δ∨) is contained in
H1

ur(GK ,HomF(U, V ℓ(1))) except, again, for possibly finitely many choices of
ψ. Letting X = HomO(U, Vℓ(1)), we first claim that (X ⊗O O(ψ))GK = 0 for
all but finitely many choices of ψ. Indeed, if

(X ⊗O O(ψ))GK = HomO[GK ](U, Vℓ(1)⊗O ψ) 6= 0

then we must have W ∼= Z(1)⊗Oψ for some Jordan–Hölder factor W of U and
Z of Vℓ. This can happen for only finitely many choices of ψ (by determinant
considerations applied to each of the finitely many pairs W,Z). Now we are
done by the following proposition. �

Proposition 2.1.9. Let F/Qp be a finite extension with ring of integers O and
residue field F. Let X be an O[GK ]-module that is free of finite rank as an O-
module. Suppose that there is a field lying E lying between F and Qp such that
X is realisable over OE and with ramification index e(F/E) > rankO(X). Let
ψ : GK → O× be an unramified character such that 0 < vE(ψ(FrobK) − 1) <
1/ rankO(X).
Assume further that (X ⊗O O(ψ))GK = 0. Then the image of

δ∨ : H0(GK , (X ⊗O O(ψ)) ⊗O F/O)→ H1(GK , X ⊗O F)

is equal to the subspace of unramified classes, and in particular depends only
on X ⊗O F, and not on X, F , or ψ.

Proof. The statement is unchanged upon replacing E with the maximal un-
ramified extension Eur of E contained in F . We are therefore reduced to the
case where F/E is totally ramified (so that in particular F is also the residue
field of E).
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Let XOE be a realisation of X over OE . Write X = XOE ⊗OE F = X⊗O F and
Xψ = XOE ⊗OE O(ψ). The inclusion ι : XOE →֒ Xψ sending x 7→ x ⊗ 1 is a

map of OE-modules inducing an isomorphism of F[GK ]-modules X ∼= Xψ⊗OF.
Moreover for any g ∈ GK and x ∈ XOE we have g · ι(x) = ψ(g)(ι(g · x)), so
that the map ι is at least IK-linear.

Define α = ψ(FrobK)−1−1 and write N = FrobK−1, which acts on X
IK

with

kernel ker(N) = X
GK

. We have an isomorphism

H1(GK/IK , X
IK

) ∼= X
IK
/NX

IK

induced by evaluation at FrobK . Note that any class in this quotient space
has a representative in ∪∞i=0 ker(N i), as can be seen for example by writing

X
IK

= Y ⊕ Z with N nilpotent on Y and invertible on Z. Hence to see
that the image of δ∨ contains all unramified classes, it suffices to exhibit for
f ∈ ∪∞i=0 ker(N i) an element ef ∈ (Xψ ⊗O F/O)GK such that δ∨(ef ) = [f ] in

H1(GK/IK , X
IK

).

Suppose then that f ∈ ∪∞i=0 ker(N i) is nonzero. Let i ≥ 0 be the largest integer

such that N if 6= 0, and let f i := f . For each 0 ≤ j ≤ i let fj ∈ XOE be a lift

of N i−jf i, and define

f∗ =
i∑

j=0

αj · ι(fj) ∈ Xψ.

Since f j ∈ X
IK

, it follows that for g ∈ IK we have g(fj) ≡ fj (mod ̟EXOE )
with ̟E ∈ OE a uniformiser, and so also g(f∗) ≡ f∗ (mod ̟EXψ).
Now let us compute (FrobK − 1)(f∗). Noting that (FrobK − 1)fj ≡ fj−1
(mod ̟EXOE ), with f−1 := 0, and recalling that (1 + α)(FrobK · ι(x)) =
ι(FrobK · x), we have

(1 + α)(FrobK(f∗)− f∗) =

i∑

j=0

αjι(FrobK(fj))− (1 + α)

i∑

j=0

αjι(fj)

=

i∑

j=0

αjι((FrobK − 1)fj)−
i∑

j=0

αj+1ι(fj)

≡
i∑

j=0

αjι(fj−1)−
i∑

j=0

αj+1ι(fj) (mod ̟EXψ)

≡ −αi+1ι(fi) (mod ̟EXψ).

Note that N i+1f i = 0 and N if i 6= 0, so that i + 1 ≤ dimFX
IK ≤ rankOX .

Therefore vE(αi+1) < 1, and we deduce that g(f∗) ≡ f∗ (mod αi+1Xψ) for all
g ∈ GK , or in other words f∗ ⊗ α−i−1 ∈ (Xψ ⊗ F/O)GK .

Furthermore, if cf := δ∨(f∗ ⊗ α−i−1) ∈ H1(GK , X), then cf (g) is by def-

inition the image in X of α−i−1(g(f∗) − f∗). So on the one hand cf is

unramified (because vE(αi+1) < vE(̟E) = 1), while on the other hand

Documenta Mathematica 22 (2017) 397–422



Potentially Crystalline Lifts of . . . 409

cf (FrobK) = −f i. Thus we can take ef := −f∗ ⊗ α−i−1, and we have shown

that H1(GK/IK , X
IK

) ⊂ im δ∨.

On the other hand, since XGK
ψ is assumed to be trivial, we have that (Xψ ⊗

F/O)GK is of finite length; so if ̟F is a uniformiser of F , then

dim(im δ∨) = dim((Xψ ⊗ F/O)GK/̟F )

= dim((Xψ ⊗ F/O)GK [̟F ]) = dimX
GK

= dim(kerN).

On the other hand dim(kerN) = dim(cokerN) = dimH1(GK/IK , X
IK

), and
the result follows. �

Theorem 2.1.8 implies the following result on the existence of certain potentially
crystalline Galois representations.

Proposition 2.1.10. Suppose that K/Qp is a finite extension. Consider a

representation r : GK → GLn(Fp) that is peu ramifiée with respect to the

increasing filtration {U i}, so that r may be written as

r =



V 1 . . . ∗

. . .
...
V ℓ


 ,

where the V i := U i/U i−1 are the graded pieces of the filtration.
For each i, suppose that we are given a Zp-representation Vi of GK lifting V i
such that:

• each Vi is potentially crystalline, and
• for each 1 ≤ i < ℓ and each κ : K →֒ Qp, every element of HTκ(Vi+1)

is strictly greater than every element of HTκ(Vi).

Then r may be lifted to a potentially crystalline representation r of the form

r =



V1 ⊗ ψ1 . . . ∗

. . .
...

Vℓ ⊗ ψℓ


 ,

where each ψi is an unramified character with trivial reduction, and if K ′/K
is a finite extension such that each Vi|GK′ is crystalline, then r|GK′ is also
crystalline.
In fact, there are infinitely many choices of characters (ψ1, . . . , ψℓ) for which
this is true, in the strong sense that for any 1 ≤ i ≤ ℓ, if (ψ1, . . . , ψi−1) can
be extended to an ℓ-tuple of characters for which such a lift exists, then there
are infinitely many choices of ψi such that (ψ1, . . . , ψi) can also be extended to
such an ℓ-tuple.

Proof. This follows from Theorem 2.1.8 along with standard facts about ex-
tensions of de Rham representations. Indeed, by [Nek93, Prop. 1.28(2)] and
our assumption on the Hodge–Tate weights of the Vi, the representation r|GK′

is semistable for any r as in Theorem 2.1.8 and any K ′ as above. Then by
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repeated application of the third part of [Nek93, Prop. 1.24(2)], as well as
[Nek93, Prop. 1.26], this semistable representation is guaranteed to be crys-
talline as long as there is no GK′-equivariant surjection (Vj ⊗V ∗i )(ψjψ

−1
i ) ։ ε

for any j < i. Once ψ1, . . . , ψi−1 have been determined, this can be arranged
by avoiding finitely many possibilities for ψi. �

We give two sample applications of Proposition 2.1.10. The following Corollary
will be used in forthcoming work of Arias de Reyna and Dieulefait (in the special
case where r is Fontaine–Laffaille and the Hodge type λ is 0).

Corollary 2.1.11. Fix an integer n ≥ 1. Then there is a finite extension
K ′/K, depending only on n, with the following property: if r : GK → GLn(Fp)
is peu ramifiée and λ = (λκ,i) ∈ (Zn+)HomQp (K,Qp), then r has a potentially

diagonalisable lift r : GK → GLn(Zp) that is regular of Hodge type λ, with the
property that r|GK′ is crystalline.

Proof. Write r as in Proposition 2.1.10 with V i irreducible for all i, and set
di = dimFp

U i. By Proposition 2.1.10 and [BLGGT14, Lem. 1.4.3], it is enough

to show that there is a finite extension K ′/K depending only on n, with the
property that we may lift each V i to a potentially crystalline representation Vi,
such that for all i, κ the set HTκ(Vi) is equal to {λκ,n−j + j : j ∈ [di−1, di −
1]}, with the additional property that Vi|GK′ is isomorphic to a direct sum of
crystalline characters. This is immediate from Lemma 2.1.12 below. �

Lemma 2.1.12. Let d ≥ 1 be an integer. Let Kd be the unramified extension
of K of degree d, and define L to be any totally ramified extension of Kd of
degree |k×d |, where kd is the residue field of Kd. Let r : GK → GLd(Fp) be an
irreducible representation. Then for any collection of multisets of d integers
{hκ,1, . . . , hκ,d}, one for each continuous embedding κ : K →֒ Qp, there is a

lift of r to a representation r : GK → GLd(Zp), such that r|GL is isomorphic
to a direct sum of crystalline characters, and for each κ we have HTκ(r) =
{hκ,1, . . . , hκ,d}.

Proof. Since r is irreducible, we can write r ∼= IndGKGKd
ψ, and ψ : GKd → F

×
p is

a character. Choose a crystalline character χ : GKd → Q
×
p with the property

that for each continuous embedding κ : K →֒ Qp we have

⋃

κ̃|K=κ

HTκ̃(χ) = {hκ,1, . . . , hκ,d},

where the union is taken as multisets. (That such a character exists is well-

known; see e.g. [Ser79, §2.3, Cor. 2].) If we let θ : GKd → Z
×
p be the Teichmüller

lift of ψχ−1, then we may take r := IndGKGKd
χθ, which has the correct Hodge–

Tate weights by [GHS15, Cor. 7.1.3]. (Note that gθ|GL is unramified for any
g ∈ GK .) �
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As a second application of Proposition 2.1.10, we show that each peu ramifié
representation has a crystalline lift of some Serre weight.

Corollary 2.1.13. Suppose that K/Qp is a finite extension, and that r :

GK → GLn(Fp) is peu ramifiée. Then r has a crystalline lift of some Serre
weight.

Proof. When r is irreducible, this is straightforward from [GHS15, Thm B.1.1].
(One only has to note that when r is irreducible, an obvious lift of r in the
terminology of [GHS15, §7] is always an unramified twist of a true lift of r.)
In the general case, suppose that r is peu ramifiée with respect to the filtration
{U i}, and as usual set V i := U i/U i−1. By the previous paragraph, for each V i
we are able to choose a crystalline lift Vi of some Serre weight. By an argument
as in the fourth paragraph of the proof of [GHS15, Thm B.1.1] it is possible to
arrange that every element of HTκ(Vi+1) is strictly greater than every element
of HTκ(Vi), and that ⊕iVi is a crystalline lift of ⊕iV i of some Serre weight.
(This is just a matter of replacing each Vi with a twist by a suitably-chosen
crystalline character of trivial reduction.) Now the Corollary follows directly
from Proposition 2.1.10 (with K ′ = K). �

2.2. Highly twisted lifts. In this section we give a criterion (Proposi-
tion 2.2.4) for checking that a representation is peu ramifiée, which we will
apply to show in Section 2.3 that Fontaine–Laffaille representations are peu
ramifiée.

Definition 2.2.1. Suppose that K/Qp is a finite extension. Consider a rep-

resentation r : GK → GLn(Fp), let V be the underlying Fp[GK ]-module of r,

and suppose that 0 = U0 ⊂ U1 ⊂ · · · ⊂ U ℓ = V is an increasing filtration on
V by Fp[GK ]-submodules. Denote V i := U i/U i−1 for 1 ≤ i ≤ ℓ, the graded
pieces of the filtration.
We say that r admits highly twisted lifts with respect to the filtration {U i}
if there exist Zp-lifts Vi of the V i, and a family of Zp-lifts V (ψ1, . . . , ψℓ) of V

indexed by a nonempty set Ψ of ℓ-tuples of unramified characters ψi : GK → Z
×
p

with trivial reduction modulo mZp
, having the following additional properties:

• Each V (ψ1, . . . , ψℓ) is equipped with an increasing filtration
{U(ψ1, . . . , ψℓ)i} by Zp[GK ]-submodules that are Zp-direct summands.

• We have U(ψ1, . . . , ψℓ)i/U(ψ1, . . . , ψℓ)i−1 ∼= Vi ⊗ψi for each 1 ≤ i ≤ ℓ.
• The isomorphism V (ψ1, . . . , ψℓ) ⊗Zp

Fp ∼= V induces isomorphisms

U(ψ1, . . . , ψℓ)i ⊗Zp
Fp ∼= U i for each 1 ≤ i ≤ ℓ.

• U(ψ1, . . . , ψℓ)i depends up to isomorphism only on ψ1, . . . , ψi (that is,
it does not depend on ψi+1, . . . , ψℓ).

• For each (ψ1, . . . , ψi) that extends to an element of Ψ and for each
ǫ > 0, there exists ψi+1 such that (ψ1, . . . , ψi+1) extends to an element
of Ψ, with the further property that 0 < vQp(ψi+1(FrobK)− 1) < ǫ.
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If moreover the set Ψ can be taken to be the set of all ℓ-tuples of unramified

characters ψi : GK → Z
×
p with trivial reduction modulo mZp

, we say that r

admits universally twisted lifts with respect to the filtration {U i}.
As with Definition 2.1.2, the preceding definition is most interesting in the case
where the filtration {U i} is saturated, and so we make the following further
definition.

Definition 2.2.2. We say that r admits highly (resp. universally) twisted lifts
if it admits highly (resp. universally) twisted lifts as in Definition 2.2.1 with
respect to some saturated filtration.

Remark 2.2.3. It is natural to ask whether, if r admits highly (resp. universally)
twisted lifts with respect to some saturated filtration as in Definition 2.2.2, it
admits highly (resp. universally) twisted lifts with respect to any such filtration.
Proposition 2.2.4 below, in combination with Example 2.1.5, gives a negative
answer to this question in the highly twisted case.
In fact, Example 2.1.5 also shows that the above question has a negative answer
in the universally twisted case. Suppose for simplicity that K/Qp is unramified
and that p > 2. Then r in Example 2.1.5 admits universally twisted lifts for
the first filtration considered there. To see this, we first note that the first

block U2 =

(
ω ∗1

1

)
admits universally twisted lifts for V1 = ε and V2 = 1

by Proposition 2.3.1 below, because U2 is Fontaine–Laffaille. Since there is
no nontrivial map U2 → V 3(1), one easily checks that r̄ admits universally
twisted lifts for this filtration. However, r does not admit universally twisted
lifts for the second filtration considered in Example 2.1.5. This is because the

first block U
′
2 =

(
ω ∗2

1

)
does not admit universally twisted lifts (e.g. by

Proposition 2.2.4).

Proposition 2.2.4. Let K/Qp be a finite extension, and let {U i} be an in-

creasing filtration on the representation r : GK → GLn(Fp). Then r is peu

ramifiée with respect to {U i} if and only if it admits highly twisted lifts with
respect to {U i}.
Proof. An inspection of the proof of Theorem 2.1.8 already gives the “only if”
implication (for any choice of Vi’s lifting V i).
For the other direction, we assume that r admits highly twisted lifts with re-
spect to the filtration {U i} and some Zp-lifts Vi of the V i. We proceed by
induction on ℓ, the length of the filtration. By the induction hypothesis we
may assume that for all i < ℓ the class in H1(GK ,HomF(V i, U i−1)) defined by
U i is annihilated under Tate local duality by H1

ur(GK ,HomF(U i−1, V i(1))), and
it remains to prove this for i = ℓ. Choose any (ψ1, . . . , ψℓ−1) that extends to an
element of the set Ψ (as in Definition 2.2.1 for r), and let U := U(ψ1, . . . , ψℓ)ℓ−1
(where ψℓ is any character such that (ψ1, . . . , ψℓ) ∈ Ψ); note that this is inde-
pendent of ψℓ.
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Let S be the set of characters ψ : GK → Z
×
p such that (HomZp

(U, Vℓ(1)) ⊗Zp

Zp(ψ))GK 6= 0. As in the proof of Theorem 2.1.8 we see that S is finite. Let
E/Qp be a finite extension such that U and Vℓ are realisable over OE . It
follows from the highly twisted lift condition on r that there exists ψℓ having
the following properties:

(i) (ψ1, . . . , ψℓ) ∈ Ψ,
(ii) ψℓ 6∈ S, and

(iii) 0 < vE(ψℓ(FrobK)− 1) < 1/(dimU ℓ−1)(dim V ℓ).

Let F/E be a finite extension over which ψℓ and V (ψ1, . . . , ψℓ) are both real-
isable. Write O for the ring of integers of F , and F for its residue field. For
the remainder of this proof, when we write U , Vℓ, ψℓ we will mean their chosen
realisations over F , and similarly for U , V ℓ over F (obtained by reduction).
Set X = HomO(U, Vℓ(1)). As in the proof of Theorem 2.1.8, write δ for the
connection map

H1(GK ,HomF(V ℓ, U))
δ→ H2(GK ,HomO(Vℓ ⊗O ψℓ, U)).

The existence of the lift V (ψ1, . . . , ψℓ) (i.e. the property (i) of ψℓ) shows that the
class c ∈ H1(GK ,HomF(V ℓ, U)) defining r lies in ker(δ). On the other hand,
the properties (ii) and (iii) of ψℓ mean that Proposition 2.1.9 applies (with ψℓ
playing the role of ψ) to show that the dual map δ∨ has imageH1

ur(GK , X⊗OF).
Since c ∈ ker(δ) it is annihilated under Tate local duality by this image, and
we deduce that r is peu ramifiée. �

Corollary 2.2.5. Suppose that r admits highly twisted lifts with respect to the
filtration {U i}. Then r satisfies the definition of admitting highly twisted lifts
with respect to the filtration {U i} for any lifts Vi of the V i.

Proof. This is immediate from Proposition 2.2.4 along with the first sentence
of its proof. �

Remark 2.2.6. The above corollary fails if we replace ‘highly twisted’ with
‘universally twisted’. For instance, consider Example 2.1.4(1) with K/Qp un-
ramified, the extension class ∗ peu ramifiée, and χ = 1. It admits universally
twisted lifts if we set V1 = ε and V2 = 1. (This will follow from Proposi-
tion 2.3.1 below.) But it does not admit universally twisted lifts for V1 = εp

and V2 = 1.

Remark 2.2.7. We do not know whether there exist representations that admit
highly twisted lifts but not universally twisted lifts.

2.3. Fontaine–Laffaille representations. In this section we will prove
that representations which admit a Fontaine–Laffaille lift also admit univer-
sally twisted lifts, and so by Proposition 2.2.4 are peu ramifiée. We begin
by recalling the formulation of unipotent Fontaine–Laffaille theory in [DFG04,
§1.1.2]. Throughout this section let K/Qp be a finite unramified extension with
integer ring OK , and write Frobp for the absolute geometric Frobenius on K.
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Let O be the ring of integers in E, a finite extension of Qp with residue field F.
We assume that E is sufficiently large as to contain the image of some (hence
any) continuous embedding of K into an algebraic closure of E. Fix an integer

0 ≤ h ≤ p−1, and letMFhO denote the category of finitely generatedOK⊗ZpO-
modules M together with

• a decreasing filtration FilsM by OK ⊗ZpO-submodules which are OK-

direct summands with Fil0M = M and Filh+1M = {0};
• and Frob−1p ⊗1-linear maps Φs : FilsM →M with Φs|Fils+1M = pΦs+1

and
∑

s Φs(FilsM) = M .

We say that an object M of MFp−1O is étale if Filp−1M = M , and define

MFp−1,uO to be the full subcategory of MFp−1O consisting of objects with no
nonzero étale quotients. Such objects are said to be unipotent. Note that
MFp−2O is a subcategory of MFp−1,uO .

In the following paragraphs, letMFO denote eitherMFhO (for 0 ≤ h ≤ p− 2)

or MFp−1,uO (for h = p − 1). Let RepO(GK) denote the category of finitely
generated O-modules with a continuous GK-action. There is an exact, fully
faithful, covariant functor of O-linear categories TK : MFO → RepO(GK).
This is the functor denoted V in [DFG04, §1.1.2]. The essential image of TK is
closed under taking subquotients. If M is an object of MFO, then the length
of M as an O-module is [K : Qp] times the length of TK(M) as an O-module.
Let MFF denote the full subcategory of MFO consisting of objects killed
by the maximal ideal of O and let RepF(GK) denote the category of finite
F-modules with a continuous GK-action. Then TK restricts to a functor
MFF → RepF(GK). If M is an object of MFF and κ is a continuous em-
bedding K →֒ Qp, we let FLκ(M) denote the multiset of integers i such

that gr iM ⊗OK⊗ZpO,κ⊗1 O 6= {0} and i is counted with multiplicity equal
to the F-dimension of this space. If M is a p-torsion free object ofMFO then
TK(M)⊗Zp Qp is crystalline and for every continuous embedding κ : K →֒ Qp
we have

HTκ(TK(M)⊗Zp Qp) = FLκ(M ⊗O F).

Moreover, if Λ is a GK-invariant lattice in a crystalline representation V of GK
with all its Hodge–Tate numbers in the range [0, h], having (when h = p − 1)
no nontrivial quotient isomorphic to a twist of an unramified representation by
ε−(p−1), then Λ is in the essential image of TK . If some twist of r : GK →
GLn(F) lies in the essential image of TK on MFp−2O , we say that r admits a
Fontaine–Laffaille lift, while if some twist of r lies in the essential image of TK
onMFp−1,uO we say that it admits a unipotent extended Fontaine–Laffaille lift.
The proof of the following result is essentially the same as that of [BLGGT14,
Lem. 1.4.2]. (We remark that [BLGGT14, §1.4] uses the formulation of
Fontaine–Laffaille theory as [CHT08, §2.4.1], which in fact is equivalent to

that of [DFG04, §1.1.2] (at least on MFp−2O ), although this equivalence is not
needed for the following argument.)
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Proposition 2.3.1. Let K/Qp be unramified. Consider a representation r :

GK → GLn(Fp) with an increasing filtration {U i} such that U0 = 0 and U ℓ =
r, so that r may be written as

r =



V 1 . . . ∗

. . .
...
V ℓ


 ,

where the V i = U i/U i−1 are the graded pieces of the filtration.
Suppose that r admits a Fontaine–Laffaille (resp. unipotent extended Fontaine–
Laffaille) lift. Then r admits universally twisted lifts with respect to the filtra-
tion {U i}; indeed, it admits universally twisted Fontaine–Laffaille (resp. unipo-
tent extended Fontaine–Laffaille) lifts. In either case r is peu ramifiée.

Remark 2.3.2. By duality, the same result holds when r admits a nilpotent
extended Fontaine–Laffaille lift, i.e., if some twist of r lies in the essential image
of TK on MFp−1,nO , the full subcategory of MFp−1O whose objects admit no

nonzero subobject M with Fil1M = 0. We refer the reader to [GL14] for a
further discussion of nilpotent Fontaine–Laffaille theory.
Similar arguments (which we omit to keep the paper at a reasonable length) can
be used to show that the same result holds when r is finite flat (for arbitrary
K/Qp; in this case the argument uses Kisin modules).

Proof of Proposition 2.3.1. Since the truth of this proposition for r evidently
implies its truth for any twist of r (using the fact that every character of GK
admits a crystalline lift), we reduce to the case that r lies in the essential image

of TK on MFp−2O (or on MFp−1,uO , in the unipotent extended case).

The case that each V i is one-dimensional is essentially found in [BLGGT14,
Lem. 1.4.2] and, as previously remarked, we will follow the proof of that result
closely. We can and do suppose that r is defined over some finite field F, and
we fix a finite extension E of Qp with ring of integers O and residue field F.

Let V be the underlying F-vector space of r, and let M denote the object
of MFF corresponding to V , which exists by our assumption that r has a
(possibly unipotent extended) Fontaine–Laffaille lift. Then we have a filtration

M = M ℓ ⊃M ℓ−1 ⊃ · · · ⊃M1 ⊃M0 = (0)

by MFF-subobjects such that M i corresponds to U i and so M i/M i−1 corre-
sponds to V i. Then we claim that we can find an object M of MFO which is
p-torsion free together with a filtration by MFO-subobjects

M = Mℓ ⊃Mℓ−1 ⊃ · · · ⊃M1 ⊃M0 = (0)

and an isomorphism

M ⊗O F ∼= M

under which Mi ⊗O F maps isomorphically to M i for all i.
Write di := dim V i. We note first that M has an F-basis ei,κ for i = 1, . . . , n

and κ ∈ HomQp(K,Qp) such that

Documenta Mathematica 22 (2017) 397–422



416 T. Gee, F. Herzig, T. Liu, D. Savitt

• the residue field k of K acts on ei,κ via κ;

• M j is spanned over F by the ei,κ for i ≤ d1 + · · ·+ dj ;

• and for each j, s there is a subset Ωj,s ⊂ {1, . . . , n} × HomQp(K,Qp)
such that M j ∩ FilsM is spanned over F by the ei,κ for (i, κ) ∈ Ωj,s.

(Such a basis is easily constructed recursively in j. The case j = 1 is trivial,
and it is straightforward to extend a basis of this kind for M j−1 to one for M j .)
We put Ωs := Ωℓ,s.
Then we define M to be the free O-module with basis ei,κ for i = 1, . . . , n and

κ ∈ HomQp(K,Qp).

• We let OK act on ei,κ via κ;
• we define Mj to be the O-submodule generated by the ei,κ with i ≤
d1 + · · ·+ dj ;

• and we define FilsM to be the O-submodule spanned by the ei,κ for
(i, κ) ∈ Ωs.

We define Φs : FilsM →M by reverse induction on s. If we have defined Φs+1

we define Φs as follows:

• If (i, κ) ∈ Ωs+1 then Φsei,κ = pΦs+1ei,κ.

• If (i, κ) ∈ Ωs − Ωs+1 then Φsei,κ is chosen to be any lift of Φ
s
ei,κ in∑

i′≤d1+···+dj O·ei′,κ◦Frobp , where j is minimal such that i ≤ d1 + · · ·+
dj .

It follows from Nakayama’s lemma that M is an object of MFhO. When h =
p−1, suppose that M →M ′ is a nontrivial étale quotient of M . We can without
loss of generality replace M ′ with M ′⊗O F; but then the map M →M ′ would
factor through M , contradicting the assumption that M is an object of MFO
(and not just MFp−1O ). It follows that M is also an object of MFO. In the
same way we see that {Mi} is an increasing filtration of subobjects of M in
MFO.
It is immediate that M verifies the desired property that Mi ⊗O F maps iso-
morphically to M i under the isomorphism M ⊗O F ∼= M .
Set Vi := TK(Mi/Mi−1)⊗O Zp. We claim that for this choice of Vi, the condi-
tions of Definition 2.2.1 are satisfied. Since Fontaine–Laffaille theory is compat-
ible in an obvious fashion with extension of scalars from E to a finite extension
of E, we can and do suppose that the characters ψi are valued in O×. Then the
objects of MFO corresponding to the desired lifts V (ψ1, . . . , ψℓ) are obtained
from M by rescaling the maps Φs. More precisely, if we let M(ψ1, . . . , ψℓ) be
defined from M by rescaling Φsei,κ by ψj(FrobK) for (i, κ) ∈ Ωj,s \ Ωj−1,s,
then one can take V (ψ1, . . . , ψℓ) = TK(M(ψ1, . . . , ψℓ)) ⊗O Zp. (To establish
the second bullet point in Definition 2.2.1, note from [DFG04, p. 670] that
TK is compatible with tensor products, and use (1) of loc. cit. to compute the
Fontaine–Laffaille module corresponding to each ψi.) �

Documenta Mathematica 22 (2017) 397–422



Potentially Crystalline Lifts of . . . 417

Corollary 2.3.3. Suppose that r admits a (possibly unipotent extended)
Fontaine–Laffaille lift. Then the conclusions of Theorem 2.1.8 and Propo-
sition 2.1.10 hold for r with respect to any separated, exhaustive increasing
filtration {U i} on r.
Corollary 2.3.4. Suppose that r admits a (possibly unipotent extended)
Fontaine–Laffaille lift. Then the conclusion of Corollary 2.1.11 holds for r.

The following result will be used in [GHS15].

Corollary 2.3.5. Suppose that r : GQp → GLn(Fp) admits a (possibly unipo-
tent extended) Fontaine–Laffaille lift. Suppose also that

r =



χ1 . . . ∗

. . .
...
χn


 .

Suppose that h1 > · · · > hn are integers such that χi|IQp = ωhi . Then r has a
crystalline lift of the form

r =



χ1 . . . ∗

. . .
...
χn


 ,

where χi|IQp = εhi .

Proof. This is immediate from Corollary 2.3.3, taking the Vi to be appropriate
unramified twists of εhi . �

3. de Rham lifts by global methods

3.1. Potential automorphy and globalisation. In this section, we make
use of (global) potential automorphy techniques to produce potentially crys-
talline lifts. Ultimately, these results rely on those of [BLGGT14], but the
actual global results we need are those of [EG14, App. A].
The key idea is as follows: by the methods of [BLGGT14] and [Cal12], we
can often realise r : GK → GLn(Fp) as the restriction to a decomposition
group of ρ, the reduction mod p of the p-adic Galois representation associated
to an automorphic representation on some unitary group. Then the existence
of congruences between automorphic representations of different weights and
types produces lifts of r of the corresponding Hodge and inertial types.
To keep this paper from becoming longer than necessary, and to avoid obscuring
the relatively simple arguments that we need to make, we will not recall the
precise definitions of the spaces of automorphic forms that we work with; the
details may be found in [EG14] (and the papers referenced therein). Suppose
from now until the end of Lemma 3.1.1 that:

• p ∤ 2n, and
• r has a potentially diagonalisable lift of some type (λr , τr).
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Then in particular Conjecture A.3 of [EG14] holds for r, so that by [EG14,
Cor. A.7], there is a CM field F with maximal totally real field F+, and an
irreducible representation ρ : GF+ → Gn(Fp) (where Gn is the algebraic group
defined in [CHT08, §2.1]) which is automorphic in the sense of [EG14, Def.
5.3.1], and which globalises r in the sense that for each place v | p of F+ we
have that v splits in F and that there is a place ṽ of F lying over v such that
Fṽ ∼= K and ρ|GFṽ ∼= r. The above data will remain fixed throughout this
section.
Suppose that for each place v | p of F+ we fix a representation of GLn(OK)
on a finite Zp-module Wv. Via the isomorphisms ιṽ of [EG14, §5.2], we can
regard W := ⊗Zp,v|pWv as a representation of G(OF+,p), where G is a certain

unitary group. Then there is a space of algebraic modular forms S(U,W ), as
in [EG14, §5.2]. (In fact, [EG14] works with coefficients in the ring of integers
of some finite extension of Qp, rather than with Zp-coefficients, but this makes
no difference for the arguments we are making here.)
In particular, for any (λv, τv)v|p a space of automorphic forms Sλ,τ (U,Zp) is
defined in [EG14, §5.2] for certain sufficiently small compact open subgroups
U ⊂ G(A∞F+) which are hyperspecial at p, corresponding to taking each Wv

to be σ(λv , τv). Examining the proof of [EG14, Cor. A.7], we see that in fact
we have Sλr ,τr(U,Zp)m 6= 0, where m is as in [EG14, Def. 5.3.1], and in a
mild abuse of notation we write (λr,v, τr,v) = (λr, τr) for all v | p. (This says
that there is an automorphic representation π of weight λr and type τr, whose
associated p-adic Galois representation ρπ lifts ρ; this representation ρπ is the
representation ρ constructed in [EG14, Lem. A.5].)

Lemma 3.1.1. Keep the notation and assumptions of the preceding discussion.
(1) If for some choice of (λv, τv)v|p we have Sλ,τ (U,Zp)m 6= 0, then for each
v | p, r has a potentially crystalline lift of type (λv, τv).
(2) Sλ,τ (U,Zp)m 6= 0 if and only if there are Serre weights Fv of GLn(k) such
that

• S(U,⊗Fp,v|pFv)m 6= 0, and

• for all v | p, Fv is a Jordan–Hölder factor of σ(λv, τv).

Proof. (1) is immediate from [EG14, Prop. 5.3.2]. (We remind the reader that
Sλ,τ (U,Zp) is torsion-free.) In the case that τ is trivial, (2) is [BLGG15, Lem.
2.1.6], and the proof goes over unchanged to the general case. �

Theorem 3.1.2. Suppose that p ∤ 2n, and that r has a potentially diagonalisable
lift of some regular weight. Then the following hold.

(1) There exists a finite extension K ′/K (depending only on n and K, and
not on r) such that r has a lift r : GK → GLn(Zp) of Hodge type 0 that
becomes crystalline over K ′.

(2) The representation r has a crystalline lift of some Serre weight.

Proof. We begin with the proof of (2), since the argument is much shorter.
Let r be the given potentially diagonalisable lift, and as above, write (λr , τr)
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for the type of r. By Lemma 3.1.1(2), there are Jordan–Hölder factors Fav of
σ(λr, τr) (possibly varying with v) such that S(U,⊗Fp,v|pFav )m 6= 0. Let λv be

a lift of av for each v, and let τv be trivial for each v. Applying Lemma 3.1.1(2)
again, we see that Sλ,1(U,Zp)m 6= 0. By Lemma 3.1.1(1), r has a crystalline
lift of Hodge type λv for each v | p; any such lift will do.
Turn now to (1). As in the previous part we get S(U, V )m 6= 0 for some
irreducible representation V = ⊗v|pVv of G(OF+ ⊗ Zp) over Fp. Let T ⊂
B ⊂ GLn denote the subgroups of diagonal and upper-triangular matrices, as
algebraic groups over Z. Consider Vv as a representation of GLn(OFṽ ) =: Kv

via ιṽ. Let Iv ⊂ Kv denote the preimage of B(kṽ) ⊂ GLn(kṽ). Then we can

choose a character χv : Iv → F
×
p such that Vv|Iv ։ χv.

Let q := #k. We claim that for any s ≥ 1 such that qs−1 ≥ n, we can find

a (smooth) lift χv = χ1,v ⊗ · · · ⊗ χn,v : T (OFṽ ) → Z
×
p of χv|T (OFṽ ) = χ1,v ⊗

· · · ⊗ χn,v such that the {χi,v}ni=1 are pairwise distinct and χi,v|1+̟sṽOFṽ = 1

for all i. Indeed, recalling that Fṽ ∼= K, write O×Fṽ/(1 + ̟s
ṽOFṽ ) ∼= k× × H

(via the Teichmüller splitting), where H is abelian of order qs−1. Then each

χi,v|k× lifts uniquely to Z
×
p , whereas χi,v|H = 1 and can be lifted arbitrarily

to Z
×
p . Hence it is enough to note that # Hom(H,Z

×
p ) = #H = qs−1 ≥ n, and

this proves the claim. For the rest of the proof, we fix such a choice of s and
χv.
Now, [Roc98, §3] (applied with a standard Chevalley basis such that Uα,0 =
Uα∩GLn(OFṽ ) for all roots α) provides a pair (Jχv , ρχv ) consisting of a compact
open subgroup Jχv ⊂ Iv that contains T (OFṽ) and a smooth character ρχv :

Jχv → Z
×
p such that ρχv |T (OFṽ ) = χv. By construction, ρχv is the restriction

of χv to Jχv , so by Frobenius reciprocity we get a Kv-equivariant map Vv →֒
IndKvJχv (ρχv ).

In particular, S
(
U,⊗v|p

(
IndKvJχv ρχv

))
m
6= 0. Using Deligne–Serre lifting we

get an automorphic representation π of G(AF+) with associated Galois rep-
resentation ρπ lifting ρ|GF : GF → GLn(Fp) such that (i) π∞ ∼= 1 and (ii)

HomKv (IndKvJχv ρ
−1
χv , πv) 6= 0 (again via ιṽ) for any v | p. Applying [Roc98,

Thm 7.7] (noting there are no restrictions on p, cf. [CHT08, Lem. 3.1.6]), we

deduce that πv is a subquotient of Ind
G(Fṽ)
B(Fṽ)

(χ̃−1v ) for some χ̃v : T (Fṽ) → Q
×
p

extending χv. (Note that Jχv = Jχ−1
v

.) Since the characters {χi,v}ni=1 are
pairwise distinct, the Bernstein–Zelevinsky irreducibility criterion implies that

πv ∼= Ind
G(Fṽ)
B(Fṽ)

(χ̃−1v ).

It follows that rec(πv) has N = 0 and on inertia is of the form χ−11,v ⊕ · · ·⊕χ−1n,v
via the local Artin map, where rec denotes the local Langlands correspondence,
normalised as in [EG14] (i.e., as in [HT01]). Using Lemma 3.1.4 below there
exists a finite extension K ′/K depending only on n and K such that rec(πv)|IK′

is trivial. Applying local-global compatibility at p to ρπ, we deduce that for
any v | p, the representation ρπ|GFṽ provides a desired lift of ρ|GFṽ ∼= r. �
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Remark 3.1.3. The argument in the proof above shows that if χi,v : O×Fv → Q
×
p

are pairwise distinct smooth characters of O×Fv (or equivalently of IFv ), then

IndKvJχv ρχv is a Kv-type corresponding to ⊕ni=1χi,v under the inertial Langlands

correspondence, i.e. [EG14, Conj. 4.1.3] holds with σ(⊕ni=1χi,v)
∼= IndKvJχv ρ

−1
χv .

Lemma 3.1.4. Suppose K/Qp is a finite extension and s ≥ 1. Then there exists
a finite extension L/K such that any smooth character χ : WK → C× that is
trivial on the ramification subgroup GsK satisfies χ|IL = 1.

Proof. By local class field theory there exists a finite extension Ms/K
nr that

is independent of χ such that χ|GMs = 1. (We can take Ms/K abelian such

that Kab/M has Galois group 1 + ̟s
KOK , with ̟K a uniformiser of K.)

Then we choose L/K finite such that Ms is contained in L ·Knr = Lnr. This
implies χ|IL = 1. In fact, this argument shows that we can take L/K of degree
qs−1(q − 1), where q = #k. �

Our final result may be viewed as a “weak Breuil–Mézard”-type statement.

Theorem 3.1.5. Suppose that p 6= n, that K/Qp is unramified, and that r has
a crystalline lift of weight F for some extended FL weight F . If F is a Jordan–
Hölder factor of σ(λ, τ) for some λ, τ , then r has a potentially crystalline lift
of type (λ, τ).

Proof. Choose a ∈ (X
(n)
1 )Hom(k,Fp) such that F ∼= Fa. The conditions that

p 6= n and r has a crystalline lift of weight Fa with a an extended FL weight
imply that p > n; so either p ∤ 2n, as we have assumed throughout this section,
or else p = 2 and n = 1.
First suppose that p ∤ 2n. By the main result of [GL14] any crystalline repre-
sentation of extended FL weight is potentially diagonalisable. Let λ′ be the lift
of a (uniquely defined, as K/Qp is unramified). Since aκ,1−aκ,n ≤ p−(n−1) for

each κ, Fa = La⊗Zp
Fp (see §1.2.3). By hypothesis, we can apply the construc-

tions from the paragraphs preceding Lemma 3.1.1 with λr = λ′ and τr = 1 to
deduce that Sλ′,1(U,Zp)m 6= 0. By Lemma 3.1.1(2), S(U,⊗Fp,v|pFa)m 6= 0.

Applying Lemma 3.1.1(2) with (λv, τv) = (λ, τ) for each v, we see that
Sλ,τ (U,Zp)m 6= 0, and the result follows from Lemma 3.1.1(1).
On the other hand, the case n = 1 is an easy consequence of local class field
theory: σ(τ)∨ is obtained from τ by local class field theory, so that the locally
algebraic characters of K× extending σ(λ, τ) correspond to de Rham characters
of type (λ, τ), while r|IK corresponds to Fa. �
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(4) 31 (1998), no. 3, 361–413.

[Ser79] Jean-Pierre Serre, Groupes algébriques associés aux modules de
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Abstract. Using a homological invariant together with an obstruc-
tion class in a certain Ext2-group, we classify objects in triangulated
categories that have projective resolutions of length two. This invari-
ant gives strong classification results for actions of the circle group
on C∗-algebras, C∗-algebras over finite unique path spaces, and graph
C∗-algebras with finitely many ideals.
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1. Introduction

The C∗-algebra classification program aims at classifying certain C∗-algebras
up to isomorphism by suitable invariants. Such a classification usually has two
steps. First, an isomorphism between the invariants is lifted to an equivalence
in a suitable equivariant KK-theory; then the latter is lifted to an isomorphism.
These two steps are quite different in nature. The first is mainly algebraic
topology, the second mainly analysis. This article deals with the first step of
getting equivariant KK-equivalences from isomorphisms on suitable invariants.
The invariants used previously are homological functors – variants of K-theory.
There are, however, many situations where there is no known homological in-
variant that is sufficiently fine to detect KK-equivalence. This article introduces
a more complex invariant with two layers: the primary invariant is a homolog-
ical functor as usual; the secondary is a certain obstruction class, which lives

1Supported by the DFG grant “Classification of non-simple purely infinite C*-algebras.”
The first author was partially supported by the Danish National Research Foundation through
the Centre for Symmetry and Deformation (DNRF92).

Documenta Mathematica 22 (2017) 423–454



424 Rasmus Bentmann, Ralf Meyer

in an Ext2-group constructed from the primary invariant. We took this idea
from Wolbert [40]. It goes back further to Bousfield [5].
Our two-layer invariants are complete invariants up to KK-equivalence in sev-
eral new cases and shed light on previous classification results for non-simple
Cuntz–Krieger algebras and graph algebras. We explain how to classify arbi-
trary objects in the bootstrap class in KKT, where T is the circle group, and
in KK(X) for a finite unique path space X (see Definition 4.2). The latter
result is far more general than previous ones in [4,27]. Furthermore, we deduce
a classification theorem up to stable isomorphism for purely infinite graph
C∗-algebras with finitely many ideals; this contains the class of real-rank-zero
Cuntz–Krieger algebras classified by Restorff [33]. Our approach has the addi-
tional advantage that the resulting classification result is strong, that is, every
isomorphism on the level of invariants lifts to an isomorphism of C∗-algebras;
this also leads to a classification theorem up to actual isomorphism for the class
of unital graph C∗-algebras as above.
Our method is based on homological algebra in triangulated categories, see [22,
26]. This starts with a homological invariant on a triangulated category, which
defines a homological ideal as its kernel on morphisms. The general theory gives
projective resolutions, derived functors, and a Universal Coefficient Theorem
for objects with a projective resolution of length 1. This implies that a certain
universal homological invariant F – in practice, this is often the one we started
from – is a complete invariant up to isomorphism in the triangulated category.
Here we extend this method to also classify objects with a projective resolution
of length 2: we find that objects x in the triangulated category with given
invariant F (x) are in bijection with the group Ext2(F (x), F (x)[−1]). Thus
F (x) together with a class in Ext2(F (x), F (x)[−1]) is a complete invariant.
We make this more concrete by examining the example of the triangulated
category KKT of C∗-algebras with a circle action. Our theorem classifies objects
of the (T-equivariant) bootstrap class in KKT up to KKT-equivalence. Here the
homological invariant is T-equivariant K-theory KT

∗ . This is a functor from KKT

to the category of Z/2-graded, countable modules over the commutative ring
R = Z[x, x−1], the representation ring of T. Generic R-modules have projective
resolutions of length two, not one. Hence there is no Universal Coefficient
Theorem in this case. Let M be a countable Z/2-graded R-module. We show

(1) there is a T-C∗-algebra A in the bootstrap class with KT
∗(A) ∼=M ;

(2) for such A, there is an invariant δ(A) ∈ Ext2
R(M,M)− such that

δ(A1) ∼= δ(A2) if and only if there is a KKT-equivalence A1 → A2 in-
ducing the identity map on M = KT

∗(Ai); here Ext2
R(M,M)− denotes

the odd part of the Z/2-graded group Ext2
R(M,M).

In particular, if Ext2R(M,M)− = 0 then M lifts uniquely to a T-C∗-algebra A
in the bootstrap class.
The above result does not yet finish the classification of T-C∗-algebras A in
the bootstrap class because there may be isomorphisms A1 → A2 that in-
duce a non-identity isomorphism M → M on M = KT

∗(A1) = KT
∗(A2). The
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complete invariant takes values in a category of pairs (M, δ), where M is a
countable, Z/2-graded R-module and δ ∈ Ext2

R(M,M)− and where a mor-
phism (M1, δ1) → (M2, δ2) is a grading-preserving R-module homomorphism
f : M1 → M2 with δ2f = fδ1 in Ext2

R(M1,M2)−. We show that isomorphism
classes in the bootstrap class in KKT are in bijection with isomorphism classes
in this category of pairs.
Many purely infinite C∗-algebras carry a gauge action by T by construc-
tion. As examples of our classification, we consider Cuntz–Krieger algebras
and some C∗-algebras constructed by Nekrashevych in [29]. In these cases,
Ext2

R(M,M)− = 0, so that there is no obstruction class.
The above classification result is very efficient for counting isomorphism classes
of objects in the bootstrap class with a given Z/2-graded R-module M as its
equivariant K-theory. It may be hard, however, to compute the obstruction
class in Ext2

R(M,M)− for a given T-C∗-algebra A with KT
∗(A) ∼= M . At the

moment, we have no examples of non-equivalent T-C∗-algebras that are distin-
guished only by the obstruction class. The authors intend to provide adequate
methods for computing obstruction classes in future work.
Our next application concerns the bootstrap class in KK(X) for a finite topo-
logical T0-space X , see [25]. Kirchberg’s Classification Theorem says that an
equivalence in KK(X) between two strongly purely infinite, stable, separable,
nuclear C∗-algebras with primitive ideal space X lifts to a ∗-isomorphism, so
classification up to KK(X)-equivalence already implies classification theorems
up to isomorphism for suitable C∗-algebras. Previous classification results in
KK(X) in [4,27] only apply to very special X because projective resolutions of
length 1 are rare.
Invariants with enough projective resolutions of length 2 are more common.
If X is a unique path space, then the K-theories of the ideals corresponding
to minimal neighbourhoods of points in X give an invariant with this property.
This invariant is much smaller than filtrated K-theory. Since any object of the
bootstrap class has a projective resolution of length 2, our new classification
method applies to arbitrary objects in the bootstrap class of KK(X) for a
unique path space X .
Even if X is not a unique path space, our classification theorem applies to
objects in the bootstrap class in KK(X) that have projective resolutions of
length 2. We show that this is the case for graph C∗-algebras with finitely many
ideals. Furthermore, we compute the obstruction class of a graph algebra from
the Pimsner–Voiculescu type sequences that compute the K-theory groups of
its ideals. Hence our complete invariant may be computed effectively in this
case. We get a strong classification functor up to stable isomorphism for purely
infinite graph C∗-algebras with finitely many ideals; strong classification means
that every isomorphism on the invariants lifts to a stable isomorphism. This is
the first strong classification result – even for the class of purely infinite Cuntz–
Krieger algebras – without the assumption of a specific ideal structure. The
invariant and its computation are described in more detail in Section 5.
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Our abstract setup should also work in many other situations. One of them
is connective K-theory, regarded as an invariant on connective E-theory. We
refer to Andreas Thom’s thesis [39] for details. See [9] for applications of
connective K-theory to C∗-algebras. Another instance is Kasparov’s KK-theory
for C∗-algebras over a zero-dimensional compact metrisable space X . Here
the K-theory of the total algebra has a natural module structure over the
ring of locally constant functions C(X,Z). This ring has global dimension 2
by [13, Examples 2.5(b)].
For C∗-algebras over the unit interval and filtrated K-theory as the invariant,
the relevant Abelian category has dimension 2 once again. So far, we cannot
treat this example, however, because there are not enough projective objects
in this case.

1.1. Outline. The structure of this article is as follows. Section 2 develops
the general theory of obstruction classes. Section 3 applies it to circle actions
on C∗-algebras, Section 4 to C∗-algebras over unique path spaces, and Section 5
to graph C∗-algebras; this includes a return to general triangulated categories
in order to compute obstruction classes for objects of a specific type.

1.2. Notation. We use ␣ to denote the place for the input object of a functor.
For example, T(␣, B) denotes the contravariant hom-functor represented by an
object B in a category T, and ␣ ⊗ V denotes the functor given by tensoring
with the object V . We write ∈∈ for objects of a category.

1.3. Acknowledgement. We thank James Gabe and Rune Johansen for
pointing out the references [13] and [6], respectively; Eusebio Gardella and
N. Christopher Phillips for discussions on circle actions with the Rokhlin prop-
erty, and Gunnar Restorff and Efren Ruiz for discussions on the classification
of graph C∗-algebras and for remarks on an earlier version of the paper. We are
grateful to the referee for carefully reading the manuscript and making many
helpful suggestions improving the paper.

2. Lifting two-dimensional objects

Throughout the article, we use the language of homological algebra in triangu-
lated categories introduced in [26]. We recall what this means in the setting of
KKG to help readers with an operator algebraic background. We write standing
assumptions in italics below to make them easy to spot.
Let T be a triangulated category with countable coproducts, also called direct
sums. For instance, let G be a compact Lie group. The G-equivariant Kas-
parov category KKG has C∗-algebras with continuous G-actions as objects and
KKG0 (A,B) as arrows from A to B. A triangulated category structure on KKG

is introduced in [23]. Countable direct sums in the C∗-algebraic sense are co-
products in KKG.
To do homological algebra in T, we assume a stable homological ideal I in T

that is compatible with countable direct sums. Any such ideal is of the form

(2.1) I(A,B) = {ϕ ∈ T(A,B) | F (ϕ) = 0} for all A,B ∈∈ T
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for some stable homological functor F to a stable Abelian category A. “Stabil-
ity” means that A carries a suspension automorphism and that F intertwines
the suspensions in T and A up to natural isomorphism.
If T = KKG, we choose F and I as follows. The representation ring R of G is
naturally isomorphic to KKG0 (C,C). The G-equivariant K-theory

KG∗ (A) = K∗(A⋊G) ∼= KKG∗ (C, A)

is a Z/2-graded module over R by Kasparov’s intersection product. It is count-
able if A is separable because it is the K-theory of a separable C∗-algebra. Let A
be the category of countable, Z/2-graded R-modules, with the suspension au-
tomorphism shifting the grading. Let F := KG∗ : T → A be the equivariant
K-theory functor. Let I be the kernel of F on morphisms as in (2.1). This is a
stable homological ideal by definition. Its compatibility with countable direct
sums follows from the “continuity” of topological K-theory.
We return to a general stable homological ideal I in a triangulated category T.
An object P ∈∈ T is I-projective if the map T(P, f) : T(P,A) → T(P,B) is 0
for all f ∈ I(A,B) and A,B ∈∈ T. For instance, C with the trivial G-action
is a projective object in KKG for the ideal defined above because F (A) =
KKG∗ (C, A).
We assume that T has enough I-projective objects. That is, for any A ∈∈ T,
there are an I-projective object P and an arrow π : P → A such that
F (π) : F (P ) → F (A) is surjective. The last property depends only on I, not
on F : If

P
π−→ A

γ−→ C
ι−→ P [1]

is an exact triangle containing π, then F (π) is surjective if and only if γ ∈ I

if and only if F (ι) is injective. We also call the maps π and ι as above I-epic
and I-monic, respectively. If there are enough projective objects, then any
object A has an I-projective resolution, that is, there is a chain complex

· · · → Pn
dn−→ Pn−1

dn−1−−−→ Pn−2 → · · · → P0 → A→ 0

in the additive category T such that all Pn, n ∈ N, are I-projective and such
that F maps it to an exact chain complex in A. The length of this complex is
a measure of the complexity of the object A of T. We shall classify objects of
increasing complexity, where this length is 0, 1 and 2. It seems, however, that
this cannot be continued for objects that only admit projective resolutions of
length 3.
The ideal I does not determine the functor F with (2.1) uniquely. But among
the functors F defining I, there is a “universal” choice. We assume that F is the
universal I-exact stable homological functor. For the ideal in KKG considered
above, the functor F (A) := KKG∗ (C, A) is indeed universal, see [26, Theorem
72]; this theorem also asserts that I has enough projective objects.
When I has enough projective objects and F : T → A is the universal I-exact
stable homological functor, then the following happens by [26, Theorem 57].
First the category A has enough projective objects; secondly, the adjoint func-
tor F⊢ of F is defined on all projective objects of A; and, thirdly, F ◦F⊢(A) ∼= A
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for all projective objects A of A. Let 〈PI〉 ⊆ T denote the localising subcat-
egory generated by the I-projective objects in T. [22, Theorem 3.22] implies
that Â ∈∈ 〈PI〉 if and only if T(Â, B) = 0 for all objects B ∈∈ T with idB ∈ I

(such objects are also called I-contractible).
In the example of KKG, the adjoint functor F⊢ maps the free R-module R to C
with trivial G-action because

KKG∗ (C, A) ∼= KG∗ (A) ∼= A
(
R,KG∗ (A)

)
.

The functor F⊢ automatically commutes with countable direct sums. So its
value on R determines what it does on all countable projective R-modules. An
object B of KKG is I-contractible if and only if KG∗ (B) = 0. By [22, Theorem
3.22], we have KKG∗ (A,B) = 0 for all I-contractible B if and only if A belongs
to 〈C〉, the localising subcategory of KKG generated by C. We denote this
subcategory by BG because it is the correct analogue of the bootstrap class
in KKG for nice enough compact groups G, that is, if G is a connected compact
Lie group with torsion-free π1(G). (For general compact Lie groups, we should
allow more generators to define the equivariant bootstrap class, see [10, Section
3.1].) From now on, we will develop some general theory in the abstract setting
of triangulated categories. In Section 3, we shall return to the particular case
of KKG, for nice enough groups G such as G = T.

Definition 2.2. A lifting of A ∈∈ A is a pair (Â, α) consisting of Â ∈∈ T with

T(Â, B) = 0 for all I-contractible B ∈∈ T and an isomorphism α : F (Â)
∼=−→ A.

An equivalence between two liftings (Â1, α1), (Â2, α2) is an isomorphism ϕ ∈
T(Â1, Â2) with α1 = α2 ◦F (ϕ). We often drop α from the notation and call Â
a lifting of A.

If A ∈∈ A is projective, then F⊢(A) with the canonical isomorphism
F
(
F⊢(A)

) ∼= A is a natural lifting of A.

Proposition 2.3. Let A ∈∈ A have cohomological dimension 1. Then A has
a lifting, and any two liftings are equivalent.

Proof. Let

0→ P1
∂−→ P0 → A→ 0

be a projective resolution in A. Then F⊢(∂) : F⊢(P1) → F⊢(P0) is an arrow
in T with F

(
F⊢(∂)

) ∼= ∂. Let Â be the cone of F⊢(∂). Since ∂ is monic,
F⊢(∂) is I-monic. Hence F

(
F⊢(P1)

)
 F

(
F⊢(P0)

)
։ F (Â) is a short exact

sequence, proving that F (Â) ∼= A. If B is I-contractible, then T(F⊢(Pj), B) ∼=
T
(
Pj , F (B)

)
= 0 and hence T(Â, B) = 0 by the long exact sequence for T(␣, B).

Hence Â is a lifting of A.
Let Â1 and Â2 be liftings of A. This includes a choice of isomorphisms F (Â1) ∼=
A and F (Â2) ∼= A. The Universal Coefficient Theorem [26, Theorem 66] applies
to T(Â1, Â2). Hence there is f ∈ T(Â1, Â2) that lifts the identity map on A

when we identify F (Â1) ∼= A and F (Â2) ∼= A. Since f is an I-equivalence,
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its cone B is I-contractible. Thus T∗(Âi, B) = 0 for i = 1, 2, and this implies
T∗(B,B) = 0 and hence B = 0 by the long exact sequence. Thus f is invertible.

�

The equivalence between two liftings in Proposition 2.3 is not canonical, and
the lifting is not natural, unlike for projective objects. The Universal Coeffi-
cient Theorem [26, Theorem 66] only shows that any arrow A1 → A2 in A

between objects of cohomological dimension 1 lifts to an arrow in T. But this
lifting is only unique up to Ext1(A1, A2[−1]). With parity assumptions as in
Section 2.1, there is a canonical lifting for any arrow A1 → A2 between objects
of cohomological dimension 1: lift its even and odd parts separately (the cor-
responding Ext1-terms in the Universal Coefficient Theorem vanish) and then
take the direct sum. This shows that the UCT short exact sequence splits
under parity assumptions. This splitting is not natural, however.
Proposition 2.3 implies that isomorphism classes of objects in A of cohomo-
logical dimension 1 correspond bijectively to isomorphism classes of objects A
in 〈PI〉 with F (A) of cohomological dimension 1. This is used in [4,20,27] and
other classification results. It may, however, be very hard to find computable
invariants F for which all objects in its image have cohomological dimension 1.

Lemma 2.4. Any A ∈∈ A of cohomological dimension 2 has a lifting in T.

Proof. Let

(2.5) 0→ P2
∂2−→ P1

∂1−→ P0
∂0−→ A→ 0

be an exact chain complex in A with projective P0, P1 and P2. Let

ΩA := ∂1(P1) ∼= coker∂2,

so that we get short exact sequences

P2  P1 ։ ΩA, ΩA P0 ։ A.

Since ΩA has a projective resolution of length 1, it has a lifting D ∈∈ T by
Proposition 2.3. Let P̂0 := F⊢(P0) be the canonical lifting of P0.
The Universal Coefficient Theorem [26, Theorem 66] gives a short exact se-
quence

(2.6) Ext1(ΩA[1], P0)  T(D, P̂0) ։ Hom(ΩA,P0).

Hence the inclusion map ΩA →֒ P0 lifts to some f ∈ T(D, P̂0), which is I-monic.
The mapping cone Â of f belongs to 〈PI〉 by construction, and has F (Â) ∼=
P0/ΩA ∼= A by the short exact sequence (2.5), so it is a lifting of A. �

[27, Theorem 4.10] shows that liftings of objects of cohomological dimension
two cannot be unique in general. We may, however, classify liftings up to
equivalence:

Theorem 2.7. Let A ∈∈ A have cohomological dimension 2. The set of equiv-
alence classes of liftings of A is in bijection with Ext2(A,A[−1]).
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Proof. Fix a length-two projective resolution of A as in (2.5) and a lifting Â
of A, which exists by Lemma 2.4. Let P̂0 := F⊢(P0). The map P0 → A in A is
adjoint to a map P̂0 → Â in T. We may complete this to an exact triangle

(2.8) D
ϕ−→ P̂0 → Â→ D[1].

Since P0 → A is surjective, the map P̂0 → Â is I-epic. Hence F maps (2.8) to
a short exact sequence F (D)  P0 ։ A. Thus D is a lifting of ΩA := ker ∂0

∼=
coker∂2. Since ΩA has cohomological dimension 1, its lifting D is unique up to
isomorphism by Proposition 2.3. The exact triangle (2.8) shows that Â is the
cone of ϕ. So any other lifting Â′ must be the cone of some arrow ϕ′ : D → P̂0

that induces the inclusion map F (D) → P0. Conversely, if ϕ′ : D → P̂0 lifts
the inclusion map ΩA → P0, then its cone is a lifting of A by the proof of
Lemma 2.4.
Let Â and Â′ be the liftings associated to ϕ and ϕ′. We claim that an isomor-
phism α : Â → Â′ that induces the identity map on F (Â′) ∼= A ∼= F (Â) may
be embedded in a morphism of triangles

(2.9)
D P̂0 Â

D P̂0 Â′.

ϕ

ϕ′

π0

π′0

ααψ

The assumption that α induces the identity map on A means that the right
square commutes. Then by the third axiom of triangulated categories (see [28,
§1.1]), there is an arrow ψ : D → D that gives a triangle morphism. The
arrow ψ induces the identity map on F (D) = ΩA because the map F (ϕ) =
F (ϕ′) : F (D) → P0 is injective. Thus ϕ′ ◦ ψ = ϕ for some ψ : D → D that
induces the identity map on F (D).
Conversely, let ϕ′ ◦ ψ = ϕ for some ψ : D → D that induces the identity map
on F (D). This means that the left square in (2.9) commutes. We may embed
this square in a triangle morphism to construct α : Â → Â′. Since ψ induces
the identity map on F (D), it is invertible. Hence α is also invertible by the
Five Lemma for exact triangles. Summing up, Â and Â′ are equivalent liftings
if and only if there is ψ : D → D with ϕ′ ◦ ψ = ϕ and F (ψ) = idΩA.
By the Universal Coefficient Theorem, the possible choices for ψ − idD and
ϕ′ − ϕ lie in Ext1(ΩA,ΩA[−1]) and Ext1(ΩA,P0[−1]), respectively. The short
exact sequence ΩA P0 ։ A induces a long exact sequence

· · · → Ext1(ΩA,ΩA[−1]) j−→ Ext1(ΩA,P0[−1]) p−→ Ext1(ΩA,A[−1])→ 0

because Ext2(ΩA, ␣) = 0. We claim that the two liftings Â and Â′ are equiva-
lent if and only if ϕ′ − ϕ belongs to the image of the map j.
If Â and Â′ are equivalent, we can write ϕ′ ◦ ψ = ϕ as above. Then ϕ′ − ϕ =
ϕ′ ◦ (idD − ψ). Since idD − ψ belongs to Ext1(ΩA,ΩA[−1]) ⊆ T(D,D), the
naturality of the Universal Coefficient Theorem allows to compute the element
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ϕ′◦(idD−ψ) in Ext1(ΩA,P0[−1]) ⊆ T(D, P̂0) as the Ext-product of (idD−ψ) ∈
Ext1(ΩA,ΩA[−1]) with the induced homomorphism F (ϕ′) ∈ Hom(ΩA,P0).
Since F (ϕ′) is the inclusion map ΩA →֒ P0, it takes idD − ψ to j(idD − ψ). In
particular, ϕ′ − ϕ belongs to the image of j.
Conversely, if ϕ′ − ϕ = j(α) for some α ∈ Ext1(ΩA,ΩA[−1]), we may write
ϕ′ − ϕ = j(idD − ψ) by setting ψ = idD − α ∈ Ext1(ΩA,ΩA[−1]) ⊆ T(D,D).
Since F (α) = 0 we have F (ψ) = idΩA. Moreover, ϕ′ ◦ ψ = ϕ holds because
ϕ′ − ϕ = j(idD − ψ) = ϕ′ ◦ (idD − ψ) = ϕ′ − ϕ′ ◦ ψ. Hence Â and Â′ are
equivalent. It follows that Â and Â′ are equivalent if and only if p(ϕ′) = p)ϕ)
in Ext1(ΩA,A[−1]), and any element in Ext1(ΩA,A[−1]) is of the form p(ϕ′)
for some ϕ′. Since P0 is projective, another long exact sequence implies

Ext1(ΩA,A[−1]) ∼= Ext2(A,A[−1]).

Thus Â and Â′ are equivalent if and only if ϕ′ − ϕ is mapped to 0 in
Ext2(A,A[−1]), and any element in Ext2(A,A[−1]) comes from some ϕ′.
We claim that the map sending Â′ to the image of ϕ′ − ϕ in Ext2(A,A[−1]) is
a bijection from the set of equivalence classes of liftings of A to Ext2(A,A[−1]).
Indeed, if Â′1 and Â′2 are two arbitrary liftings, they are cones of maps
ϕ′1, ϕ

′
2 : D → P̂0 both inducing the inclusion map ΩA→ P0 on F . The liftings

Â′1 and Â′2 are equivalent if and only if the map

(2.10) T(D, P̂0) ⊇ Ext1(ΩA,P0[−1])→ Ext1(ΩA,A[−1])→ Ext2(A,A[−1])

sends ϕ′1−ϕ′2 to 0. Since (2.10) is a group homomorphism, this happens if and
only if ϕ′1 − ϕ and ϕ′2 − ϕ have the same image in Ext2(A,A[−1]). �

Corollary 2.11. If A ∈∈ A has cohomological dimension 2
and Ext2(A,A[−1]) = 0, then A has a unique lifting up to equivalence.

Our construction actually shows that the set of equivalence classes of liftings
carries a free and transitive action of the Abelian group Ext2(A,A[−1]). Once
we pick a single element, we thus get a bijection to Ext2(A,A[−1]); but this
bijection depends on the choice of one lifting, namely, the one corresponding
to 0 ∈ Ext2(A,A[−1]). For two liftings Â1 and Â2 associated to classes δ1, δ2 ∈
Ext2(A,A[−1]), the difference δ2 − δ1 ∈ Ext2(A,A[−1]) is canonically defined.
It is called the relative obstruction class δ(Â2, Â1).
We discuss another approach to the relative obstruction class, which relates
it to the boundary map on the second page of the ABC spectral sequence
for T(Â1, Â2) associated to the ideal I. This cohomological spectral sequence,
named after Adams, Brinkmann and Christensen, is discussed in great detail
in [22, Section 4]. Its E2-term is

Ep,q2 = Extp(A,A[q])

for p ≥ 0, q ∈ Z. By assumption, Ep,q2 = 0 for p 6= 0, 1, 2. Hence Ep,qk = 0 for
p 6= 0, 1, 2 and k ≥ 3 as well. Since the boundary map dk on Ek has bidegree
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(k, 1−k), we get dk = 0 for k ≥ 3, and the only part of d2 that may be non-zero
is d0,q

2 : E0,q
2 → E2,q−1

2 . Hence

E0,q
∞ = ker(d0,q

2 : E0,q
2 → E2,q−1

2 ),

E1,q
∞ = E1,q

2 ,

E2,q
∞ = coker(d0,q+1

2 : E0,q+1
2 → E2,q

2 ).

As a consequence, ϕ ∈ Hom(A,A) lifts to T(Â1, Â2) if and only if d0,0
2 (ϕ) = 0.

In particular, Â1 and Â2 are equivalent liftings if and only if idA ∈ Hom(A,A)
lifts to T(Â1, Â2), if and only if

d0,0
2 (idA) ∈ E2,−1

2 = Ext2(A,A[−1])
vanishes. Thus both conditions d0,0

2 (idA) = 0 and δ(Â1, Â2) = 0 are necessary
and sufficient for an equivalence of liftings. This suggests the following lemma:

Lemma 2.12. d0,0
2 (idA) = δ(Â1, Â2) = −δ(Â2, Â1).

Proof. The cohomological spectral sequence for T(Â1, Â2) in [22, Section 4] is
constructed using a phantom tower for Â1. We implicitly already constructed
such a phantom tower when lifting A to Â1. In the notation above, it looks as
follows (where circled arrows denote maps of degree −1):

(2.13)

Â1 D P̂2 0 · · ·

P̂0 P̂1 P̂2 0 · · ·

ι0 ι1

∂̂1 ∂̂2

∂̂0 π1

ϕ1 ∂̂2

(The conventions about the degrees of the maps in the phantom tower are
different in [22].) Here P̂j and ∂̂j are the unique liftings of the projective
objects Pj and the boundary maps ∂j in (2.5) for j = 0, 1, 2, and ϕ1 is the
map with cone Â1 that was called ϕ in the arguments above. The triangles
involving ιn are I-exact, and the other triangles commute. This together with
the I-projectivity of the objects P̂n means that (2.13) is a phantom tower.
The relevant cohomological spectral sequence is constructed by applying the
cohomological functor T(␣, Â2) to the phantom tower for Â1 in (2.13). The
boundary map d2 := d0,0

2 on the second page maps E0,0
2 to E2,−1

2 , where

E0,0
2 := {x ∈ T0(P̂0, Â2) | ∂̂∗1 (x) = 0} ∼= Hom(A,A),

E2,−1
2 := T−1(P̂2, Â2)

/
∂̂∗2
(
T−1(P̂1, Â2)

) ∼= Ext2(A,A[−1]).
We describe how d2 acts on idA ∈ Hom(A,A) (see [22, Section 4.1]). By [26,
Theorem 59] and projectivity of P0, there is a unique element ∂̂′0 ∈ T0(P̂0, Â2)
such that F (∂̂′0) = ∂0 : P0 → A. We have ∂̂′0 ◦ ∂̂1 = 0 because F (∂̂′0 ◦ ∂̂1) = 0.
The isomorphism Hom(A,A)→ E0,0

2 above maps idA to ∂̂′0 ∈ T0(P̂0, Â2). Since
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∂̂′0 ◦ ϕ1 ◦ π1 = ∂̂′0 ◦ ∂̂1 = 0, there is ρ ∈ T−1(P̂2, Â2) with ι∗1(ρ) = ∂̂′0 ◦ ϕ1. The
image of ρ in E2,−1

2 is d2(idA).
The UCT exact sequence for T∗(D, Â2) is the long exact sequence associated
to the triangle P̂2P̂1D in (2.13). This exact sequence shows that ι∗1 is an
isomorphism from E2,−1

2 , the cokernel of ∂̂∗2 , onto

Ext1(ΩA,A[−1]) ⊆ T0(D, Â2).

The map d2 is constructed so that ι∗1
(
d2(idA)

)
= ∂̂′0 ◦ ϕ1.

Embed ∂̂′0 in an exact triangle

D
ϕ2−→ P̂0

∂̂′
0−→ Â2 → D[1]

as in (2.8). Then ∂̂′0 ◦ ϕ2 = 0 and hence ι∗1
(
d2(idA)

)
= ∂̂′0 ◦ (ϕ1 − ϕ2).

The map ϕ2−ϕ1 induces the zero map F (D)→ F (P̂0) and hence corresponds
to an element x in Ext1(ΩA,P0[−1]) by the UCT sequence. By definition, the
obstruction class δ(Â2, Â1) is the image of x under the map

Ext1(ΩA,P0[−1])→ Ext1(ΩA,A[−1]) ∼= Ext2(A,A[−1]),
where the first map is induced by the projection P0 → A. By the naturality
of the UCT sequence, this maps x to ∂̂′0 ◦ (ϕ2 − ϕ1). Comparing this with our
computation of d2(idA) shows that δ(Â2, Â1) = −d2(idA). �

Our description of equivalence classes of liftings is not yet a classification of
objects in 〈PI〉 up to isomorphism. Two objects Â1, Â2 ∈ 〈PI〉 are isomorphic
if and only if there is an isomorphism F (Â1) → F (Â2) that lifts to T(Â1, Â2).
If F (Â1) = F (Â2) and δ(Â1, Â2) 6= 0, then the identity map F (Â1) → F (Â2)
does not lift; but there may be another isomorphism F (Â1) ∼= F (Â2) that lifts
to T(Â1, Â2). This seems hard to decide given only F (Âi) and δ(Â1, Â2) 6= 0.
The parity assumptions that we are about to make remedy this situation.

2.1. Parity assumptions. We are going to impose an extra assumption on A

that provides a canonical lifting for each object of A of cohomological dimen-
sion 2. This allows us to understand the action of automorphisms on obstruc-
tion classes and to classify objects of 〈PI〉 with length-2-projective resolutions
up to isomorphism.

Definition 2.14. A stable Abelian category is called paired if A = A+ × A−
with A+[−1] = A− and A−[−1] = A+; that is, any object of A is a direct sum
of objects of even and odd parity, and the suspension automorphism on A shifts
parity.

Example 2.15. Let A be the category of countable, Z/2-graded modules over
a ring R. Then A is paired, with A± being the subcategories of countable
R-modules concentrated in even or odd degree, respectively.
Let T = KKG for a compact group G and I is the kernel on morphisms of
the functor KG∗ as in (2.1). Then A is the category of countable, Z/2-graded
modules over the representation ring of G. Hence A is paired in this example.
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Assume that A is paired. Since the two subcategories A± are orthogonal, we
have Ext2(A+, A−) = 0 and Ext2(A−, A+) = 0 for A+ ∈ A+, A− ∈ A−. Now
write A ∈∈ A as A ∼= A+ ⊕ A− with A± ∈ A±. Then Ext2(A+, A+[−1]) =
0 because A+[−1] ∈ A− and Ext2(A−, A−[−1]) = 0 because A−[−1] ∈ A+.
Corollary 2.11 shows that there are unique liftings Â+ and Â− for A+ and A−
(up to equivalence). We call Â0 := Â+⊕Â− ∈∈ T the canonical lifting of A and
let δ(Â) := δ(Â, Â0) for any other lifting. This defines a canonical obstruction
class in Ext2(A,A[−1]) for all liftings Â of A. A simple computation as in
[40, Proposition 9] shows that, for f ∈ Hom(A,B), the element d0,0

2 (f) ∈
Ext2(A,B[−1]) is given by the formula

(2.16) d0,0
2 (f) = δ(B̂)f − fδ(Â).

To see this, let α : F (Â0)→ A and β : F (B̂0)→ B be isomorphisms. Then f ′ :=
β−1fα ∈ Hom

(
F (Â0), F (B̂0)

)
can be lifted componentwise, so that d0,0

2 (f ′) =
0. Thus

d0,0
2 (f) = d0,0

2 (βf ′α−1) = d0,0
2 (β)f ′α−1 + βf ′d0,0

2 (α−1)

= d0,0
2 (β)β−1f + fαd0,0

2 (α−1) = δ(B̂, B̂0)f + fδ(Â0, Â) = δ(B̂)f − fδ(Â).

Definition 2.17. Let Aδ denote the additive category of pairs (A, δ) with
A ∈∈ A and δ ∈ Ext2(A,A[−1]); morphisms from (A, δ) to (A′, δ′) in Aδ
are morphisms f from A to A′ in A which satisfy the compatibility condition
δ′f = fδ.

There is an additive functor

Fδ : T→ Aδ, Â 7→
(
F (Â), δ(Â)

)
.

The following classification result generalises [5, Theorem 9.1] and [40, Theorem
11].

Theorem 2.18. Assume that A is paired and has global dimension 2. Then
the functor Fδ is full and induces a bijection between isomorphism classes
of objects Â in 〈PI〉 and isomorphism classes of objects in the category Aδ.
Furthermore, every lift of an isomorphism in Aδ is an isomorphism in T.

Proof. The last claim in the theorem follows from a standard argument: if Â1

and Â2 belong to 〈PI〉 and if f ∈ T(Â1, Â2) is an I-equivalence, then the
mapping cone Cf of f is both I-contractible and in 〈PI〉; hence T(Cf , B) = 0
for all I-contractible B ∈∈ T and in particular T(Cf , Cf ) = 0, so that Cf ∼= 0,
that is, f is invertible.
Theorem 2.7 shows that every class in Ext2(A,A[−1]) appears as δ(Â) for
some lifting Â of A. Hence Fδ is essentially surjective. Since a morphism
f ∈ Hom(A,B) lifts to a morphism Â → B̂ if (and only if) d0,0

2 (f) = 0,
(2.16) shows that the functor Fδ is full. Hence Fδ distinguishes isomorphism
classes. �
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3. Kasparov theory for circle actions

Let G be a connected compact Lie group with torsion-free fundamental group.
We will soon specialise to the circle group G = T, but some results hold more
generally. As in Section 2, let T := KKG be the G-equivariant Kasparov
theory. Let A be the category of countable, Z/2-graded R-modules, where R
is the representation ring of G, and let F := KG∗ : T → A be the equivariant
K-theory functor. Let I be the kernel of F on morphisms. We have already seen
that C with the trivial action is I-projective, and we identified the localising
subcategory generated by the projective objects with 〈C〉 = BG. The following
result is implicit in [24].

Proposition 3.1. Let G be a connected compact Lie group such that π1(G) is
torsion-free. Let T be a maximal torus in G. A G-C∗-algebra A belongs to BG
if and only if A⋊G belongs to the usual bootstrap class B in KK, if and only
if A⋊ T belongs to B.

Proof. IfA ∈∈ BG, then A⋊G ∈∈ 〈C⋊G〉 = 〈C∗(G)〉 = 〈C〉 = B because C∗(G)
is a direct sum of matrix algebras; similarly, A⋊ T ∈∈ B. Conversely, assume
that A⋊T ∈ B ⊆ KK. The assumptions on G imply that H2(G,T) = 0. Hence
[24, Proposition 3.3] says that any G-C∗-algebra A belongs to the localising
subcategory of T generated by A⋊T equipped with the trivialG-action. Taking
the trivial G-action is a triangulated functor t : KK→ KKG, so A ∈∈ 〈t(A⋊T )〉
and A⋊ T ∈∈ B = 〈C〉 give A ∈∈ 〈t(C)〉 = BG as asserted.
There is a Morita–Rieffel equivalence A⋊T ∼

(
A⊗C(G/T )

)
⋊G. [24, Proposi-

tion 2.1] says that C(G/T ) is KKG-equivalent to Cw, where w is the size of the
Weyl group of G. Hence A⋊T is KK-equivalent to (A⋊G)w. Thus A⋊T ∈∈ B
if and only if A⋊G ∈∈ B. �

Let n be the rank of the maximal torus in G and let W be the Weyl group
of G. Then R ∼= Z[x1, . . . , xn, x

−1
1 , . . . , x−1

n ]W , where the action of W comes
from the canonical action on T . Even more, we have

R ∼= Z[x1, . . . , xn, x
−1
1 , . . . , x−1

l ]

for some l with 0 ≤ l ≤ n; see for instance [38]. This ring has cohomological
dimension n+1 because Z has cohomological dimension 1 and each independent
variable adds 1 to the length of resolutions (see [35, Theorem 3.2.3 and Corollary
3.2.4]).
The cohomological dimension of R is 2 if and only if n = 1. The two groups G
with n = 1 are the circle group T and SU(2). (The group SO(3) has torsion in π1

and therefore is not covered by Proposition 3.1.) If n = 1, then Theorem 2.7
applies to all objects of A. That is, any M ∈∈ A has a lifting, and equivalence
classes of liftings are in bijection with Ext2

A(M,M [−1]); this is the even part
of Ext2

R(M,M [−1]) with its usual Z/2-grading, so that we may also denote it
by Ext2

R(M,M)−. The category A is even, so that the results of Section 2.1
apply as well. That is, there is a canonical lifting of any M ∈∈ A, namely,
the direct sum M̂+ ⊕ M̂−, where M̂+ and M̂− are the unique liftings of the
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even and odd parts ofM , respectively. Every object A ∈∈ BG has an invariant
(M, δ) ∈∈ Aδ with M := KG∗ (A) and δ ∈ Ext2

R(M,M)−; Theorem 2.18 says
that A1, A2 ∈∈ BG corresponding to (M1, δ1) and (M2, δ2) in Aδ are isomorphic
if and only if there is a grading preserving R-module isomorphism f : M1 →M2

with fδ1 = δ2f in Ext2
R(M1,M2)−.

If n = 2, then Theorem 2.7 still applies, among others, to objects of A that are
free as Abelian groups. Groups G for which this happens are T2, T × SU(2),
SU(2) × SU(2), SU(3), Spin(5), and the simply connected compact Lie group
with Dynkin diagram of type G2. For even higher rank, we know no useful
sufficient criterion for an R-module to have a projective resolution of length 2.
We now consider some natural examples of circle actions on C∗-algebras. Thus
G = T and R = Z[x, x−1] from now on.

Example 3.2. Consider the Cuntz algebra On for n < ∞ with its usual gauge
action, defined by multiplying each generator by z ∈ T. Then On⋊T is Morita–
Rieffel equivalent to the fixed-point algebra OT

n. This is the UHF-algebra of
type n∞. It belongs to the bootstrap class, so that On ∈ BT by Proposition 3.1.
And it has K-theory Z[1/n] concentrated in degree 0. The generator of the
representation ring x acts on this by multiplication by n. Thus

M := KT
∗(On) ∼= Z[x, x−1]/(x− n),

where (x−n) means the principal ideal generated by x−n. This is concentrated
in degree 0 and has a length-1-projective resolution

(3.3) 0→ Z[x, x−1] x−n−−−→ Z[x, x−1] ։ KT
∗(On).

Either of these two facts shows that Ext2
Z[x,x−1](M,M)− = 0. Hence On is the

unique object of BT with KT
∗(A) ∼= Z[x, x−1]/(x− n).

Similarly, C(S1) with the translation action is the unique object of BT up to
KKT -equivalence with KT

i (A) ∼= Z for i = 0, 1 and x acting trivially.

3.1. Cuntz–Krieger algebras. Now consider the Cuntz–Krieger alge-
bra OA with its usual gauge action; it is defined by an n × n-matrix A with
entries in {0, 1} or more generally in the non-negative integers, such that no
row or column vanishes identically. The crossed product OA ⋊ T is Morita–
Rieffel equivalent to the fixed-point algebra OT

A by [30, Theorem 3.2.2 and
Lemma 4.1.1]. The fixed-point algebra is an AF-algebra, and its K0-group is
isomorphic to the direct limit of the iteration sequence

Zn At

−−→ Zn At

−−→ Zn At

−−→ Zn At

−−→ · · · ;
the action of the generator x is induced by multiplication with At (see [8, Proof
of Proposition 3.1]). In particular, given two Cuntz–Krieger algebras OA
and OB, for degree reasons we have Ext2

Z[x,x−1]

(
KT
∗(OA),KT

∗(OB)
)−

= 0. Al-
ternatively, we may write down a projective resolution of KT

∗(OA) of length 1
as in (3.3). Hence every grading-preserving Z[x, x−1]-module isomorphism
KT
∗(OA) → KT

∗(OB) lifts to a KKT-equivalence. We get the following char-
acterisation of KKT-equivalence for Cuntz–Krieger algebras:
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Theorem 3.4. Let A and B be finite square matrices with non-negative integral
entries such that no row or column vanishes identically. The following are
equivalent:

• The gauge actions on OA and OB are KKT-equivalent.
• The Z[x, x−1]-modules KT

∗(OA) and KT
∗(OB) are isomorphic.

• The matrices A and B are shift equivalent over the integers.

Proof. The equivalence of the first two statements follows from the argument
above. For the equivalence of the second and third statement, see [21, Theo-
rem 7.5.7]. �

[6, Example 2.13] gives two irreducible non-negative 4 × 4-matrices A and B
that are shift equivalent over the integers but not over the non-negative integers.
Then the gauge actions on the purely infinite simple Cuntz–Krieger algebrasOA
and OB are KKT-equivalent by the previous theorem; but the ordered Z[x, x−1]-
modules K0(OT

A) and K0(OT
B) are not isomorphic by [21, Theorem 7.5.8]. Hence

the shift automorphisms on the gauge fixed-point algebras OT
A and OT

B cannot
be stably conjugate. By Takai duality, the gauge actions on OA and OB cannot
be stably conjugate. We cannot expect a Kirchberg–Phillips type classification
result for circle actions unless the fixed-point algebra is also purely infinite
and simple. For the most useful gauge actions, the fixed-point algebra is AF,
however. So we cannot expect isomorphisms in KKT to lift to ∗-isomorphisms.

Remark 3.5. It was already observed in [36, Proposition 10.4] that the
KKT-equivalence class of an object in the T-equivariant bootstrap class with
equivariant K-theory concentrated in one degree is determined by its equivari-
ant K-theory. [36, §10] contains some more results establishing KKG-equiva-
lence in special cases for Hodgkin–Lie groups G.

3.2. Computing Ext2. We now describe Ext∗R(V,W ) for two general
R-modules V and W , where R = Z[x, x−1]. We view an R-module V as
an Abelian group with an automorphism xV , namely, the action of the
generator x ∈ R.
The ring R has a very short R-bimodule resolution

0→ R⊗R x⊗1−1⊗x−−−−−−→ R⊗R mult−−−→ R→ 0.

This remains exact when we apply the functor ␣ ⊗R V for a left R-module V .
This gives a short exact sequence of R-modules

0→ R⊗ V x⊗1−1⊗xV−−−−−−−→ R⊗ V mult−−−→ V → 0

for any R-module V . Given another R-module W , the long exact cohomology
sequence for this short exact sequence becomes

0→ HomR(V,W )→ HomR(R⊗ V,W )→ HomR(R ⊗ V,W )

→ Ext1
R(V,W )→ Ext1

R(R ⊗ V,W )→ Ext1
R(R⊗ V,W )

→ Ext2
R(V,W )→ Ext2

R(R⊗ V,W )→ Ext2
R(R ⊗ V,W )→ 0.
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This simplifies considerably because

ExtnR(R⊗ V,W ) ∼= ExtnZ(V,W )

by adjoint associativity. Thus we get a long exact sequence

(3.6) 0→ HomR(V,W )→ HomZ(V,W )→ HomZ(V,W )

→ Ext1
R(V,W )→ Ext1

Z(V,W )→ Ext1
Z(V,W )→ Ext2

R(V,W )→ 0.

Here the maps HomZ(V,W ) → HomZ(V,W ) and Ext1
Z(V,W ) → Ext1

Z(V,W )
are f 7→ (xW )∗f − (xV )∗f , using the automorphisms xV and xW of V and W .
Hence

(3.7) Ext2
R(V,W ) ∼= coker

(
(xW )∗ − (xV )∗

)
: Ext1

Z(V,W )→ Ext1
Z(V,W ).

Remark 3.8. We may view this cokernel as the first Hochschild cohomology
for R with coefficients in Ext1

Z(V,W ) with the induced R-bimodule structure.
The kernel of this map is the zeroth Hochschild cohomology. The above long
exact sequence is equivalent to a spectral sequence

HHp
(
R,ExtqZ(V,W )

)
⇒ Extp+q

R (V,W ).

Eusebio Gardella shows in [14, 15] that for circle actions on unital Kirchberg
algebras A with the Rokhlin property, such that A satisfies the Universal Co-
efficient Theorem and has finitely generated K-theory groups, the action of
the generator of R on equivariant K-theory is the identity (this is analogous
to the situation of finite group actions with the Rokhlin property, see [31]),
and equivariant K-theory together with the unit class is a complete invariant.
Moreover, K0(A) ∼= K1(A) ∼= K0(AT) ⊕ K1(AT), and every pair (G0, G1) of
finitely generated Abelian groups with any unit class in G0 may be realised as(
K0(AT),K1(AT)

)
. Another classification result for Rokhlin actions of finite

groups on Kirchberg algebras was proved by Masaki Izumi [16].
If x acts identically on V and W , then Ext2

R(V,W ) ∼= Ext1
Z(V,W ) by (3.7).

Therefore, there must be a unique obstruction class in Ext1
Z

(
K∗(AT),K∗+1(AT)

)

that comes from a Rokhlin action on a unital Kirchberg algebra. We do not
know, however, which obstruction class this is.

3.3. Nekrashevych’s C∗-algebras of self-similar groups. Nekra-
shevych [29] constructs purely infinite simple C∗-algebras with a gauge action
of T from self-similar groups. He proves that the conjugacy class of this gauge
action essentially determines the underlying self-similar group and hence is a
very fine invariant. This is, however, far from true for the KKT-equivalence
class.
We consider only the particular case considered in [29, Theorem 4.8] to use
Nekrashevych’s K-theory computation. The self-similar group G in question is
the iterated monodromy group of a post-critically finite, hyperbolic, rational
function f on Ĉ. Let n be the (mapping) degree of this rational function, that
is, each non-critical point has precisely n preimages. The function f has at

Documenta Mathematica 22 (2017) 423–454



Classify up to Equivariant KK-Equivalence 439

most finitely many attracting cycles; let their lengths be ℓ1, . . . , ℓc, listed with
repetitions. Thus f has c attracting cycles.
It is asserted in [29, Theorem 4.8] that the K-theory of the gauge fixed-point
algebra OT

G of the C∗-algebra OG associated to f is Z[1/n] in even degrees and
Zk−1 in odd degrees, where k =

∑c
i=1 ℓi. We can be more precise: the proof of

[29, Theorem 4.8] also gives the T-equivariant K-theory of OG.
First, OT

G is Morita–Rieffel equivalent to the crossed product in this case, so
that the K-theory ofOT

G is isomorphic to the T-equivariant K-theory and carries
a Z[x, x−1]-module structure. The action of x on this module is given by
multiplication by n on the even part, as for the Cuntz algebra On. Thus
KT

0 (OG) ∼= R/(x− n) has a projective resolution of length 1.
The odd part is the quotient of H = Zℓ1⊕· · ·⊕Zℓc by the diagonally embedded
copy of Z. We may view H as the space of functions from the union of the
attracting cycles of f to Z. The generator x acts like f on these functions, that
is, it is a cyclic permutation in each copy of Zℓi . Thus we get the quotient of
the module

V :=
c⊕

i=1

Z[xi, x−1
i ]/(xℓi

i − 1)

by the copy of Z generated by Ni := 1 + xi + · · ·+ xℓi−1
i in each component.

Lemma 3.9. Ext2
R

(
KT
∗(OG),KT

∗+1(OG)
)
= 0.

Proof. Let K∗ := KT
∗(OG). Since K1 is free as an Abelian group,

Ext1
Z(K1,K0) = 0 and hence Ext2

R(K1,K0) = 0 by the long exact sequence
(3.6). Since K0 has a projective R-module resolution of length 1 by (3.3),
Ext2

R(K0,K1) = 0 as well. �

Since OT
G is the C∗-algebra of an amenable groupoid, it belongs to the bootstrap

class. Hence so does the Morita–Rieffel equivalent C∗-algebra OG ⋊ T. So our
classification results apply by Proposition 3.1. Lemma 3.9 shows that, up to
circle-equivariant KK-equivalence, the C∗-algebra OG is classified completely
by the Z/2-graded Z[x, x−1]-module KT

∗(OG). This module only remembers the
degree n of f and the multiset of lengths ℓi, so it is a rather coarse invariant.
It would be very interesting to refine our invariant to detect the conjugacy class
of the gauge action because this determines the action of f on its Julia set
up to topological conjugacy by Nekrashevych’s main result ([29, Section 4.2]).
Unfortunately, we know no useful refinements for our invariant. Both for OG
and for Cuntz–Krieger algebras, the fixed-point algebra of the gauge action has
a unique trace. For Cuntz–Krieger algebras, the order structure on KT

0 gives
a finer invariant (see Section 3.1), but for OG, the group KT

0 (OG) ∼= Z[1/n]
carries no interesting order structure (an order on Z[1/n] is determined by its
restrictions to the subgroups Z · 1/nk ∼= Z, k ∈ N).
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4. Kasparov theory for C∗-algebras over unique path spaces

Let X be a finite T0-space. In this section, we consider Kirchberg’s ideal-related
KK-theory T := KK(X), following [25,27]. Let ixC ∈∈ T denote the C∗-algebra
of complex numbers C equipped with the continuous map Prim(C)→ X taking
the unique element of Prim(C) to x ∈ X . The bootstrap class B(X) in T is
the localising subcategory generated by the collection {ixC | x ∈ X} of one-
dimensional C∗-algebras over X (see [25, Definition 4.11]).
We apply the homological machinery from [26] to the family of functors repre-
sented by the objects ixC, respectively. Let A(Ux) be the distinguished ideal
of A corresponding to the smallest open neighbourhood Ux of x in X . The
adjointness relations in [25, Proposition 3.13] specialise to

(4.1) KK∗(X ; ixC, A) ∼= KK∗
(
C, A(Ux)

) ∼= K∗
(
A(Ux)

)
.

To make this relation plausible, observe that a ∗-homomorphism over X
from ixC to A is just a ∗-homomorphism from C to A such that the distin-
guished ideal C(Ux) = C is mapped into the distinguished ideal A(Ux).
For x ∈ X , consider the stable homological functor

Fx : T→ AbZ/2
c , A 7→ KK∗(X ; ixC, A)

and the homological ideal Ix := kerFx. Since

KK∗(X ; ixC, A) ∼= Hom
Ab

Z/2
c

(
Z[0], Fx(A)

)
,

the adjoint functor F⊢x takes the free rank-one Abelian group in even degree
to the object ixC. [26, Theorem 57] implies that Fx is the universal Ix-exact
functor and that Ix has enough projective objects.
Now we consider the homological ideal I :=

⋂
x∈X Ix. [25, Theorem 4.17] gives

KK∗(X ;A,B) = 0 for all I-contractible B if and only if A belongs to B(X). By
[26, Proposition 55], the ideal I has enough projective objects. An argument as
in [27, Section 4.3] shows that the universal I-exact stable homological functor
is

XK := KK∗(X ;R, ␣): T→Mod
(
KK∗(X ;R,R)op

)
c
,

where R :=
⊕

x∈X ixC and Mod
(
KK∗(X ;R,R)op

)
c
denotes the category of

countable Z/2-graded right modules over the Z/2-graded ring KK∗(X ;R,R).
Partially order X by x � y if and only if x ∈ {y}, if and only if y ∈ Ux.
Equation (4.1) implies

KK∗(X ; ixC, iyC) ∼=
{
Z[0] if x � y,
0 otherwise,

for all x, y ∈ X . The proof of (4.1) shows that the generator of
KK0(X ; ixC, iyC) = Z for x � y is the class iyx of the identity map on C,
viewed as a ∗-homomorphism over X from ixC to iyC. Since izy ◦ iyx = izx,
the Z/2-graded ring KK∗(X ;R,R)op is isomorphic to the integral incidence
algebra Z[X ] of the poset (X,�) in even degree and vanishes in odd degree;
here we use the convention that Z[X ] is the free Abelian group generated by
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elements fx�y for all pairs (x, y) with x � y; the multiplication is defined by
fx�yfy�z = fx�z. An early reference for the incidence algebra is [37, §3].
We write x → y for x, y ∈ X if x ≻ y and there is no z ∈ X with x ≻ z ≻ y.
Then x ≻ y if and only if there is a path x = x0 → x1 → · · · → xℓ = y with
some x1, . . . , xℓ−1 ∈ X .

Definition 4.2. A finite T0-space X is called a unique path space if the path
x = x0 → x1 → · · · → xℓ = y is unique for all x, y ∈ X with x ≻ y.
If X is a unique path space, then Z[X ] is the integral path algebra of the quiver
(X,→), where paths are concatenated such that arrows point to the left.
There is a canonical family of orthogonal idempotent elements ex ∈ Z[X ] for
x ∈ X with

∑
x∈X ex = 1. Viewing Z[X ]-bimodules as modules over the

ring Z[X ] ⊗Z Z[Xop], we see that Px⊗y := Z[X ]ex ⊗ eyZ[X ] is a projective
Z[X ]-bimodule (corresponding to the idempotent ex⊗ey). There are canonical
Z[X ]-bimodule maps

ψx : Px⊗x → Z[X ], a⊗ b 7→ a · b,
ϕx,y : Px⊗y → Px⊗x ⊕ Py⊗y, a⊗ b 7→ (a⊗ fx�yb,−afx�y ⊗ b),

for x, y ∈ X with x � y.
Lemma 4.3. Let X be a unique path space. The sequence

0→
⊕

y→x

Px⊗y

⊕
ϕx,y−−−−−→

⊕

x∈X

Px⊗x

⊕
ψx−−−−→ Z[X ]→ 0

is a length-one projective bimodule resolution.

Proof. We clearly have a complex of bimodule maps. The underlying Abelian
groups of the three modules are free. To verify exactness, we choose the follow-
ing canonical bases. A basis for Z[X ] is given by paths p = (x0 ← · · · ← xk),
k ≥ 0, in X . The standard basis for Px⊗x consists of pairs of paths p1, p2 with
p1 beginning and p2 ending at x. Thus pairs of composable paths give a basis
for

⊕
x Px⊗x. We write such a pair as a single path pl = (x0 ← · · · ← xl ←

· · · ← xk) with a distinguished time l ∈ {0, . . . , k}, namely, the place where
to cut the path into two; so pl ∈ Pxl⊗xl

. Similarly, a basis for
⊕

y→x Px⊗y is
given by paths pl,l+1 = (x1 ← · · · ← xl ← xl+1 ← · · · ← xk) with two consec-
utive distinguished times xl and xl+1, and pl,l+1 ∈ Pxl⊗xl+1

. In this picture,
ψ :=

⊕
ψx simply forgets the distinguished time of a basis vector. Hence it is

surjective. The map ϕ :=
⊕
ϕx,y takes a path pl,l+1 with two distinguished

times to the linear combination pl − pl+1 of paths with only one distinguished
time. This map does not change the underlying path. So it suffices to check
injectivity of ϕ on elements of the form

∑k−1
l=0 nlpl,l+1 with a fixed path p of

length k. Applying ϕ yields n0p0 +
(∑k−1

l=1 (nl − nl−1)pl
)
− nk−1pk. If this

sum vanishes, then n0 = 0, and then n1 = 0, and so on. So ϕ is injective.
Finally, we show exactness in the middle. The kernel of ψ is generated by ele-
ments of the form

∑k
l=0 nlpl with

∑k
l=0 nl = 0. We rewrite such an element as
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∑k−1
l=0

(∑l
j=1 nj

)
(pl−pl+1) using −

∑k−1
l=0 nl = nk. This shows that it belongs

to the image of ϕ. �

Proposition 4.4. If X is a unique path space, then KK∗(X ;R,R)op has
cohomological dimension at most 2.

In fact, it is easy to see that the cohomological dimension of KK∗(X ;R,R)op

is equal to 2 unless the space X is discrete (in which case it is 1).

Proof. Tensoring the above short exact bimodule sequence over Z[X ] with a
left Z[X ]-module V gives the short exact sequence

0→
⊕

y→x

Px⊗y ⊗ V →
⊕

x∈X

Px⊗x ⊗ V → V → 0.

We have Px⊗y ⊗Z[X] V ∼= Z[X ]ex ⊗Z Vy , where Vy := ey · V is the entry group
of the module V at y. It follows that ExtnZ[X](Px⊗y ⊗ V,W ) ∼= ExtnZ(Vy,Wx).
Hence the long exact cohomology sequence for the functor HomZ[X](␣,W ) ap-
plied to the above short exact sequence is of the form

0→ HomZ[X](V,W )→
⊕

x∈X

HomZ(Vx,Wx)→
⊕

y→x

HomZ(Vy ,Wx)

→ Ext1
Z[X](V,W )→

⊕

x∈X

Ext1
Z(Vx,Wx)→

⊕

y→x

Ext1
Z(Vy ,Wx)

→ Ext2
Z[X](V,W )→ 0,

and ExtnZ[X] vanishes for n ≥ 3 because ExtnZ vanishes for n ≥ 2. �

The maps
⊕

x∈X ExtnZ(Vx,Wx) →
⊕

y→x Ext
n
Z(Vy ,Wx) in the exact sequence

above are the sum of the maps

ExtnZ(Vx,Wx)⊕ ExtnZ(Vy,Wy)

(
(iW )∗,−(iV )∗

)
−−−−−−−−−−→ ExtnZ(Vy ,Wx),

induced by the arrows i : y → x in X . This gives a scheme for computing
the groups ExtnZ[X](V,W ). As in Section 3.2, the above long exact sequence is
equivalent to a spectral sequence

HHp
(
Z[X ],ExtqZ(V,W )

)
⇒ Extp+q

Z[X](V,W ).

Definition 4.5. A C∗-algebra over X is called a Kirchberg X-algebra if it is
separable, tight (see [25, Definition 5.1]), O∞-absorbing and nuclear.

Combining Theorem 2.18 and Proposition 4.4 with Kirchberg’s Classification
Theorem in [18], we get the following purely algebraic complete classification
of Kirchberg X-algebras in the bootstrap class B(X):

Corollary 4.6. Let X be a unique path space. Then the functor XKδ in-
duces a bijection between the sets of ∗-isomorphism classes over X of stable
Kirchberg X-algebras in the bootstrap class B(X) and of isomorphism classes

in the category Mod
(
Z[X ]

)Z/2

c
δ. Every isomorphism in Mod

(
Z[X ]

)Z/2

c
δ lifts to

a ∗-isomorphism over X.
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Example 4.7. If X = • is the one-point space, then Z[X ] is simply the ring of
integers, which has global dimension 1. Hence, in this case, the functor XKδ
reduces to plain Z/2-graded K-theory. A Kirchberg X-algebra is just a (simple)
Kirchberg algebra. Corollary 4.6 reduces to the Kirchberg–Phillips Classifica-
tion Theorem.

Example 4.8. Let X = • → • be the two-point Sierpiński space. Stable Kirch-
berg X-algebras in B(X) are essentially the same as stable extensions of UCT
Kirchberg algebras. Rørdam [34] classified these by their six-term exact se-
quences in K-theory. Moreover, every six-term exact sequence of countable
Abelian groups arises as the K-theory sequence of a stable KirchbergX-algebra
in B(X). The relation between Rørdam’s invariant and ours becomes apparent

by the following direct computation: given two objects G1
ϕ−→ G2 andH1

ψ−→ H2

in Mod
(
Z[X ]

)
, there are natural isomorphisms

Ext2
Z[X](G1

ϕ−→ G2, H1
ψ−→ H2) ∼= Ext2

Z[X]

(
ker(ϕ)→ 0, 0→ coker(ψ)

)

∼= Ext1
Z[X]

(
0→ ker(ϕ), 0→ coker(ψ)

) ∼= Ext1
Z

(
ker(ϕ), coker(ψ)

)
.

The group Ext1
Z

(
ker(ϕ), coker(ψ)

)
is in natural bijection to the set of equiva-

lence classes of exact sequences of the form

H1
ψ−→ H2 → E → G1

ϕ−→ G2.

In fact, our invariant factors through Rørdam’s; it remembers isomorphism
classes but forgets certain morphisms.

Example 4.9. Let X be totally ordered (for two points, this is Example 4.8).
Then filtrated K-theory is a complete invariant for objects in B(X) by the main
result of [27]. Since totally ordered spaces are unique path spaces, we now have
two seemingly different complete invariants for objects in B(X). Both invariants
must contain exactly the same information. The authors, however, do not
understand the relationship between these two invariants. If, for instance, X =
• → • → •, then the issue is to relate elements in Ext2

Z[X](G1 → G2 →
G3, H1 → H2 → H3) to commuting diagrams of the form

0

0 0 0

H1

H2

H3 G1

G2

G3K

L

M

with certain exactness conditions.
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5. Graph C∗-algebras

If the finite T0-space X is not a unique path space, then we may still classify
those objects A of B(X) for which XK(A) has a projective resolution of length 2.
We are going to show that graph C∗-algebras with finitely many ideals have
this property. Even better, we may compute their obstruction classes in terms
of the Pimsner–Voiculescu type sequence that computes their K-theory.

5.1. A computation of obstruction classes. First we prove a general re-
sult in the abstract setting of a triangulated category T with a universal I-exact
stable homological functor F : T → A; we also impose the parity assumptions
of Section 2.1. For certain objects in T that are constructed from a length-2
projective resolution in A, we compute the obstruction class explicitly. Let

(5.1) 0→M1
∂2−→ Q1

∂1−→ Q0
ε−→M0 → 0

be an exact chain complex in A+ with projective objects M1, Q1 and Q0. The
adjoint functor F⊢ on projective objects of A gives objects M̂1, Q̂1 and Q̂0 of T
lifting M1, Q1 and Q0, and maps ∂̂2 ∈ T(M̂1, Q̂1) and ∂̂1 ∈ T(Q̂1, Q̂0) lifting
∂2 and ∂1. Embed ∂̂1 into an exact triangle

Q̂1
∂̂1−→ Q̂0

p−→ A
r−→ Q̂1[1].

The long exact sequence for F applied to this triangle has the form

· · · → Q1
∂1−→ Q0

F (p)−−−→ F (A)
F (r)−−−→ Q1[1]

∂1[1]−−−→ Q0[1]→ · · ·

Since the cokernel M0 ∈∈ A+ of ∂1 and the kernel M1[1] ∈∈ A− of ∂1[1] have
different parity, we get

F (A) ∼=M0 ⊕M1[1].

This has the following projective resolution of length 2:

(5.2) 0→M1
∂2−→ Q1

∂1−→ Q0 ⊕M1[1]
(ε,idM1[1])−−−−−−−→M0 ⊕M1[1]→ 0.

Theorem 5.3. The obstruction class of A is the class of the 2-step exten-
sion (5.1) in Ext2

A(M0,M1), which we embed as a direct summand into

Ext2
A(F (A), F (A)[−1]) ∼= Ext2

A(M0,M0[−1])⊕ Ext2
A(M0,M1)

⊕ Ext2
A(M1[1],M0[−1])⊕ Ext2

A(M1[1],M1).

Let

(5.4) 0→M ′1
∂′

2−→ Q′1
∂′

1−→ Q′0
ε′

−→M ′0 → 0

be another exact chain complex in A with even projective objects M ′1, Q′1
and Q′0, and let A′ be the cone of the lifting ∂̂′1 of ∂1. Then A ∼= A′ if and
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only if there is a commutative diagram

(5.5)
M1 Q1 ⊕Q′0 Q0 ⊕Q′0 M0

M ′1 Q0 ⊕Q′1 Q0 ⊕Q′0 M ′0

(∂2, 0) (∂1, idQ′
0
) (ε, 0)

(0, ∂′2) (idQ0 , ∂
′
1) (0, ε′)

ϕ1
∼= ϕ2

∼= ϕ3
∼= ϕ4

∼=

in A, where the maps ϕi for i = 1, 2, 3, 4 are isomorphisms.

Proof. We first compute the obstruction class of A. For this, we compare A
to the canonical lifting of F (A). The latter is the direct sum of the canonical
lifting of M0 with M̂1[1]. To lift M0 canonically, we first embed ∂̂2 : M̂1 → Q̂1

in an exact triangle

M̂1
∂̂2−→ Q̂1

u−→ D
v−→ M̂1[1].

Then F (D) ∼= coker ∂2
∼= ker ε. The UCT gives T0(D, Q̂0) ∼= A(ker ε,Q0) for

parity reasons. Hence there is a unique x ∈ T0(D, Q̂0) for which F (x) is the
inclusion of ker ε into Q0. The cone of x is the canonical lifting of M0. Since
direct sums of exact triangles remain exact, the canonical lifting of F (A) is the
cone of the map (x, 0): D → Q̂0 ⊕ M̂1[1].
The map ∂̂2 ◦ ∂̂1 = 0 is part of an exact triangle

M̂1
0−→ Q̂0

i1−→ Q̂0 ⊕ M̂1[1]
p2−→ M̂1[1],

where i1 is the inclusion of the first summand and p2 the projection onto the
second summand. The octahedral axiom applied to ∂̂1 and ∂̂2 gives maps
x̄ : D → Q̂0, y : D → M̂1[1] and t : M̂1[1]→ A such that the diagram

M̂1 Q̂1 D M̂1[1]

M̂1 Q̂0 Q̂0 ⊕ M̂1[1] M̂1[1]

0 A A 0

M̂1[1] Q̂1[1] D[1] M̂1[2]

∂̂2 u v

0 i1 p2

∂̂2[1] u[1] v[1]

∂̂1

p

r u[1] ◦ r

( x̄v )

( pt )

commutes and has exact rows and columns.
We claim that x̄ = x. Recall that F (u) is surjective. So F (x̄) is determined
by its composition with F (u), which is equal to F (∂̂1) = ∂1 by the commuting
diagram. Hence F (x̄) = F (x), which gives x̄ = x by the uniqueness of x. The
exactness of the third column means that A is the cone of the map (x, v) : D →
Q̂0 ⊕ M̂1[1]. The canonical lifting of F (A) is the cone of the map (x, 0): D →
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Q̂0 ⊕ M̂1[1]. Hence the obstruction class of A is the image of (x, v) − (x, 0) =
(0, v) under the map from Ext1

A

(
F (D), Q0[−1] ⊕M1

)
⊆ T(D, Q̂0 ⊕ M̂1[1]) to

Ext2
A

(
F (A), F (A)[−1]

)
constructed in the proof of Theorem 2.7.

We may describe the element in Ext1
A

(
F (D), Q0[−1] ⊕M1

)
induced by (0, v)

because v also appears in the first row: it is represented by the extension

0→ Q0[−1]⊕M1

(idQ0[−1],∂2)−−−−−−−−→ Q0[−1]⊕Q1
(0,u)−−−→ F (D)→ 0.

The next step is to push forward along the map

(ε[−1], idM1) : Q0[−1]⊕M1 →M0[−1]⊕M1
∼= F (A)[−1].

The resulting element in Ext1
A

(
F (D), F (A)[−1]

)
is represented by the extension

0→M0[−1]⊕M1

(idM0[−1],∂2)−−−−−−−−→M0[−1]⊕Q1
(0,u)−−−→ F (D)→ 0.

To get the obstruction class for A in Ext2
A

(
F (A), F (A)[−1]

)
, we need to splice

the extension above with the extension

0→ F (D)
(ι,0)−−−→ Q0 ⊕M1[1]

(ε,idM1[1])−−−−−−−→M0 ⊕M1[1]→ 0,

where ι : F (D)→ Q0 denotes the inclusion map F (D) ∼= ker ε ⊆ Q0. Up to the
identification stated in the theorem, this yields indeed the class of the 2-step
extension (5.1).
Now we establish the isomorphism criterion. First assume that there are invert-
ible maps ϕi as in (5.5). Since the cone of the identity map is the zero object
and since cones are additive for direct sums, the cone of ∂̂1 ⊕ idQ̂′

0
is again A,

and the cone of ∂̂′1 ⊕ idQ̂0
is again A′. Since the maps ∂̂1 ⊕ idQ̂′

0
and ∂̂′1 ⊕ idQ̂0

are isomorphic by (5.5), they have isomorphic cones. Thus A ∼= A′.
Conversely, assume that A ∼= A′. Then F (A) ∼= F (A′), so that we get isomor-
phisms ϕ1 : M1 → M ′1 and ϕ4 : M0 → M ′0. To simplify notation, we assume
without loss of generality that ϕ1 and ϕ4 are identity maps. Then the iso-
morphism A ∼= A′ is an equivalence of liftings, so that A and A′ have the
same obstruction class in Ext2

A

(
F (A), F (A)[−1]

)
. By our computation of the

obstruction class, this means that the 2-step extensions (5.1) and (5.4) (with
M ′i =Mi) have the same class in Ext2

A(M0,M1). The classes in Ext2
A(M0,M1)

are not changed by adding idQ′
0
: Q′0 → Q′0 in (5.1) and idQ0 : Q0 → Q0 in (5.4).

Thus the two rows in (5.5) have the same class in Ext2
A(M0,M1).

Since Q0 and Q′0 are projective, there are maps ψ : Q0 → Q′0 and ψ′ : Q′0 → Q0

with ε′ ◦ ψ = ε : Q0 →M and ε ◦ ψ′ = ε′ : Q′0 →M . Then

ϕ3 :=
(
idQ0 0
ψ idQ′

0

)
◦
(
idQ0 −ψ′
0 idQ′

0

)
: Q0 ⊕Q′0 → Q0 ⊕Q′0

is an isomorphism with (0, ε′) ◦ ϕ3 = (ε, 0). Hence ϕ3 makes the third square
in (5.5) commute.
Let K be the kernel of (ε, 0): Q0 ⊕Q′0 →M0. This is isomorphic to the kernel
of (0, ε′) via ϕ3. Since Q0 ⊕ Q′0 is projective, composition with the class of
the extension K  Q0 ⊕ Q′0 ։ M0 gives an isomorphism Ext2

A(M0,M1) ∼=
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Ext1
A(K,M1). Hence the equality of the obstruction classes shows that the

extensions M1  Q1 ⊕ Q′0 ։ K and M1  Q0 ⊕ Q′1 ։ K that we get
from the two rows in (5.5) and the isomorphism ϕ3 have the same class in
Ext1

A(K,M1). Equality in Ext1A(K,M1) means that the extensions really are
isomorphic in the strongest possible sense, that is, there is an isomorphism
ϕ2 : Q1 ⊕ Q′0 → Q0 ⊕ Q′1 that induces an isomorphism of extensions. This
means that it makes the remaining two squares in (5.5) commute. Thus A ∼= A′

implies that there are isomorphisms ϕi making (5.5) commute. �

Remark 5.6. The same argument works if the objects in (5.1) all belong to A−.
If the objects in (5.1) belong to A, then we may split (5.1) into its even and
odd parts. Thus the obvious adaptation of Theorem 5.3 still holds without any
parity assumptions on the objects Mj and Qj .

Remark 5.7. There are several variants of the criterion (5.5). Since (5.1)
and (5.4) are exact, isomorphisms ϕ2 and ϕ3 making the middle square in (5.5)
commute give ϕ1 and ϕ4 making all squares in (5.5) commute. Furthermore,
if ϕi are isomorphisms for i = 1, 4 and for i = 2 or i = 3, then the remaining
one is an isomorphism as well by the Five Lemma.
If there are maps ϕi making (5.5) commute, and such that ϕ1 and ϕ4 are
invertible, then it already follows that A ∼= A′. This is because ϕ1 and ϕ4

induce an isomorphism F (A) ∼= F (A′), and (5.5) shows that the obstruction
classes also agree, no matter whether ϕ2 or ϕ3 are invertible.

5.2. Crossed products for C∗-algebras over topological spaces. In
this subsection, we generalise some basic results about crossed products to
C∗-algebras over topological spaces. Let G be a locally compact group. Let X
be a second countable topological space.

Definition 5.8. A G-C∗-algebra over X is a C∗-algebra over X whose un-
derlying C∗-algebra is a G-C∗-algebra such that all distinguished ideals are
G-invariant.

If (A,α) is a G-C∗-algebra over X then the crossed product A ⋊α G is a
C∗-algebra over X via (A ⋊α G)(U) := A(U) ⋊α|A(U)

G for all U ∈ O(X).

If G is Abelian, then (A⋊α G, α̂) is a Ĝ-C∗-algebra over X .

Proposition 5.9 (Takai Duality). Let G be Abelian. Let (A,α) be
a G-C∗-algebra over X. Then there is a natural isomorphism of G-C∗-algebras
over X from

(
(A⋊αG)⋊α̂ Ĝ, ˆ̂α

)
to
(
A⊗K(L2G), α⊗adλ

)
. In particular, there

is a natural KK(X)-equivalence between (A⋊α G)⋊α̂ Ĝ and A.

Proof. We have only added X-equivariance to the classical statement. This fol-
lows immediately from the naturality of the classical version (see [7, Theorem 6
in Appendix C of Chapter 2]). �
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In the following, we assume for convenience that X is finite and A belongs to
the category KK(X)loc defined in [25, Definition 4.8]. It should be possible to re-
move these assumptions by carefully checking the naturality of the homotopies
implementing the respective equivalences.

Proposition 5.10 (Green Imprimitivity). Let H be a closed subgroup of G
and let (A,α) be an H-C∗-algebra over X. Assume that X is finite
and A ∈∈ KK(X)loc. There is a natural KK(X)-equivalence between A ⋊α H
and IndGH(A,α)⋊Indα G.

Proof. By naturality, the imprimitivity bimodule constructed in [11, Theorem
4.1] induces a KK(X)-element which is a pointwise KK-equivalence. By [25,
Proposition 4.9], it is a KK(X)-equivalence. �

Proposition 5.11 (Connes–Thom Isomorphism). Let (A,α) be an
R-C∗-algebra over X. Assume that X is finite and A ∈∈ KK(X)loc.
Then A⋊α R is naturally KK(X)-equivalent to A[−1].

Proof. We adopt the approach from [20, Proposition 8.3]. Let Ã denote the
C∗-algebra A over X with the trivial R-action. Then C0(R, A) and C0(R, Ã)
with the diagonal actions are naturally ∗-isomorphic as R-C∗-algebras, where
the action on R is given by translation; explicitly, the isomorphism takes a
function f ∈ C0(R, Ã) to the function t 7→ αt

(
f(t)

)
in C0(R, A). By [17,

Theorem 5.9] we may fix a KKR-equivalence between C[−1] and C0(R), where
C0(R) carries the translation action. In combination, this gives a natural KKR-
equivalence between A[−1] and Ã[−1], and consequently also between A and
Ã. Taking crossed products gives a natural KK-equivalence between A ⋊α R
and A[−1]. As in the previous proof, the naturality of the constructed cycle
and [25, Proposition 4.9] show that this is a KK(X)-equivalence. �

Proposition 5.12 (Pimsner–Voiculescu Triangle). Let (A,α) be a
Z-C∗-algebra over X. Assume that X is finite and A ∈∈ KK(X)loc. Then
there is a natural exact triangle in KK(X) of the form

A[−1]⋊α Z→ A
α1−id−−−−→ A→ A⋊α Z.

Proof. We abbreviate α = α1 and let Tα =
{
f : C([0, 1] , A) | f(1) = α

(
f(0)

)}

be the mapping torus of α. The extension

A[−1]  Tα
ev0

։ A

has a completely positive X-equivariant section taking a ∈ A to the affine
function (1− t) · a+ t · α(a). We get a natural exact triangle in KK(X) of the
form

(5.13) A[−1]→ A[−1]→ Tα → A.

The R-C∗-algebra Tα is naturally ∗-isomorphic over X to IndRZ(A,α). By
Green’s imprimitivity theorem and the Connes–Thom isomorphism, we have
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natural KK(X)-equivalences

A⋊α Z ≃ IndRZ(A,α)⋊Indα R ≃ Tα ⋊R ≃ Tα[−1].
Plugging this into (5.13) and rotating as appropriate gives an exact triangle of
the desired form. The formula for the map from A to A is a consequence of the
naturality of the boundary map in the KK-theoretic six-term sequence applied
to the morphisms of extensions

A[−1] Tα A

A[−1] C
(
[0, 1] , A

)
A⊕A,

(idA, α)

A[−1] C0

(
[0, 1) , A

)
A

A[−1] C
(
[0, 1] , A

)
A⊕A

A[−1] C0

(
(0, 1] , A

)
A,

ι0

ι1

together with the elementary fact that the extensions C[−1]  C0

(
[0, 1)

)
։ C

and C[−1]  C0

(
(0, 1]

)
։ C correspond to the classes −idC[−1] and idC[−1] in

KK1(C,C[−1]) ∼= KK0(C[−1],C[−1]), respectively. �

Corollary 5.14 (Dual Pimsner–Voiculescu Triangle). Let (A,α) be a
T-C∗-algebra over X. Assume that X is finite and A ⋊α T ∈∈ KK(X)loc.
Then there is a natural exact triangle in KK(X) of the form

A[−1]→ A⋊α T α̂1−id−−−−→ A⋊α T→ A.

Proof. This follows from the Pimsner–Voiculescu Triangle and Takai Duality.
�

5.3. Application to graph algebras. Let A = C∗(E) be the C∗-algebra
of a countable graph E. We assume that A has only finitely many ideals
or, equivalently, that its primitive ideal space is finite; this is necessary for our
machinery to work. We set X = Prim(A). The gauge action γ : T y A turns A
into a T-C∗-algebra overX . Corollary 5.14 provides the following natural exact
triangle in KK(X):

A[−1]→ A⋊γ T
id−γ̂−1

1−−−−−→ A⋊γ T→ A.

We have composed with the automorphism γ̂−1
1 to replace γ̂1 − id by id− γ̂−1

1

to prepare for computations below.
The C∗-algebra A ⋊γ T is AF. Hence the odd part of XK(A ⋊γ T) vanishes.
Applying the functor XK to the dual Pimsner–Voiculescu triangle, we get the
following dual Pimsner–Voiculescu exact sequence:

(5.15) 0→ XK1(A)→ XK0(A⋊γT)
id−(γ̂−1

1 )∗−−−−−−−→ XK0(A⋊γT)→ XK0(A)→ 0.

The module XK(A⋊γ T) is usually not projective, so we cannot directly apply
Theorem 5.3. For this purpose, we replace A⋊γ T by a suitable C∗-subalgebra.
This construction is based on the ingredients of the computation of the K-theory
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of graph C∗-algebras in [32, Section 3] and [2, Section 6]; we shall use the
notation and a number of results proved in these articles.
We may identify C∗(E) ⋊γ T with the C∗-algebra of the so-called skew-
product graph E ×1 Z. This becomes an isomorphism of C∗-algebras over X
via the canonical definitions

(
C∗(E) ⋊γ T

)
(U) :=

(
C∗(E)(U)

)
⋊γ T and

C∗(E ×1 Z)(U) := JHU×Z,BU×Z where (HU , BU ) is the admissible pair such
that C∗(E)(U) = JHU ,BU .
We let N denote the set {n ∈ Z | n ≤ 0} and N∗ = N \ {0}. We let Q̂0 = Q̂1

be the C∗-subalgebra of C∗(E ×1 Z) associated to the subgraph E ×1 N , the
restriction of the graph E ×1 Z to the subset of vertices E × N . This is a
C∗-algebra over X via C∗(E ×1 N)(U) = JHU×N,BU×N∗ , and the inclusion
map C∗(E ×1 N) →֒ C∗(E ×1 Z) is a ∗-homomorphism over X . The dual
action on A⋊γ T corresponds to the shift automorphism β on C∗(E ×1 Z). Its
inverse preserves the subalgebra Q̂0 = C∗(E ×1 N). This is why we need γ̂−1

1

in (5.15).

Lemma 5.16. The module XK(Q̂0) is projective and concentrated in even de-
gree.

Proof. The C∗-algebra Q̂0 is an AF-algebra because the graph E ×1 N has no
cycles. We claim that all distinguished subquotients of Q̂0 have free K0-groups
and vanishing K1-groups. Since ideals and quotients of AF-algebras are again
AF and since AF-algebras have vanishing K1-groups, it suffices to show that
the K0-group of every distinguished quotient of C∗(E ×1 N) is free. By [2,
Corollary 3.5], the quotient of C∗(E ×1 N) by the ideal JHU×1N,BU×1N∗ is
isomorphic to the C∗-algebra of the graph

(
(E×1N)/(H×1N)

)
\β(B×1N

∗);
its K-theory is free by [2, Lemma 6.2] and continuity of K-theory. Now it
follows from [3, Lemma 4.10] that the module XK(Q̂0) is projective. �

We write s : Q̂1 → Q̂0 for the restricted morphism 1− β−1 and form an exact
triangle

Cs → Q̂1
s−→ Q̂0 → Cs[1],

where Cs denotes the generalised mapping cone of s. By the third axiom of
triangulated categories (weak functoriality of the generalised mapping cone;
see [28, §1.1]), there is a morphism f : Cs → A[−1] such that the diagram

(5.17)
Cs Q̂1 Q̂0 Cs[1]

A[−1] A⋊γ T A⋊γ T A

s

id− γ̂−1
f f [1]

commutes. As in [32, Lemma 3.3], it follows that the morphism
f∗ : K∗

(
Cs(Y )

)
→ K∗

(
A(Y )

)
induced by f is bijective for every closed

subset Y ⊆ X . Hence f is a KK(X)-equivalence by [25, Proposition 4.15] and
the Five Lemma.
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Lemma 5.18. The module ker
(
XK(s)

)
is projective.

Proof. This module is concentrated in even degree and isomorphic to
XK1

(
C∗(E)

)
. Since C∗(E) has vanishing exponential maps and all its subquo-

tients have free K1-groups, it follows as in [3, Lemma 4.10] that this module is
projective. �

Since the map f in (5.17) is a KK(X)-equivalence, we get an exact triangle

A[−1]→ Q̂1 → Q̂0 → A.

Lemmas 5.16 and 5.18 show that Theorem 5.3 applies. The obstruction class
is the image of the top row in (5.17) under the functor XK. The vertical maps
in this diagram show that XK applied to the bottom row also represents the
same class in Ext2. The bottom row is exactly the dual Pimsner–Voiculescu
sequence (5.15), as asserted. Combining these computations with Kirchberg’s
Classification Theorem gives the following theorem:

Theorem 5.19. Let A1 and A2 be purely infinite graph C∗-algebras such that

Prim(A1) ∼= Prim(A2) ∼= X

is finite. Then any isomorphism XKδ(A1) ∼= XKδ(A2) lifts to a sta-
ble isomorphism between A1 and A2. The obstruction classes δ(Ai)
in Ext2

(
XK(Ai),XK(Ai)[−1]

)
are determined by the dual Pimsner–Voiculescu

sequences (5.15) for the gauge actions γ : T y Ai.

Proof. By [19, Corollary 9.4], a purely infinite, separable, nuclear C∗-algebra
with real rank zero absorbs the infinite Cuntz algebra O∞ tensorially. Hence
Kirchberg’s Classification Theorem applies. It gives the result together with
Theorem 5.3. �

Roughly speaking, stable, purely infinite graph C∗-algebras with finitely many
ideals are strongly classified by their dual Pimsner–Voiculescu sequence in XK
(up to the correct notion of equivalence). These algebras always have real rank
zero.

Corollary 5.20. Let A1 and A2 be unital, purely infinite graph C∗-algebras
such that Prim(A1) ∼= Prim(A2) ∼= X. Then any isomorphism XKδ(A1) ∼=
XKδ(A2) taking the unit class in K0(A1) to the unit class in K0(A2) lifts to a
∗-isomorphism between A1 and A2.

Proof. This follows from [12, Theorem 3.3] and our strong classification theo-
rem up to stable isomorphism. Here we use that, when A has real rank zero,
the group K0(A) can be naturally recovered from the module XK0(A) as a
certain cokernel, see [1, Lemma 8.3]. �
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Abstract. We show that a cubic fourfold F that is apolar to a
Veronese surface has the property that its variety of power sums
V SP (F, 10) is singular along a K3 surface of genus 20 which is the
variety of power sums of a sextic curve. This relates constructions of
Mukai and Iliev and Ranestad. We also prove that these cubics form
a divisor in the moduli space of cubic fourfolds and that this divisor
is not a Noether-Lefschetz divisor. We use this result to prove that
there is no nontrivial Hodge correspondence between a very general
cubic and its V SP .

2010 Mathematics Subject Classification: 14J70. Secondary 14M15,
14N99 .

1. Introduction

For a hypersurface F ⊂ Pn = P(V ∗) defined by a homogeneous polynomial
f ∈ SdV of degree d in n+ 1 variables, we define the variety of sums of powers
as the Zariski closure

V SP (F, s) = {{[l1], . . . , [ls]} ∈ Hilbs(P̌n) | ∃λi ∈ C : f = λ1ld1 + . . .+ λslds},(1)

in the Hilbert scheme Hilbs(P̌n), of the set of power sums presenting f (see
[20]). The minimal s such that V SP (F, s) is nonempty is called the rank of
F . We will study these power sums using apolarity. Concretely, we can see the
defining equation f as the equation of a hyperplane Hf in the dual space SdV ∗,
and more generally, we get for each k ≤ d a subspace Ikf := [Hf : Symd−kV ∗] ⊂
SkV ∗.

1K.R. partially supported by RCN project no 239015 “Special Geometries”.
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456 Kristian Ranestad, Claire Voisin

Definition 1.1. We say that a subscheme Z ⊂ P̌n is apolar to f (or to
F = V (f)) if IZ ⊂ If , or, equivalently, IdZ ⊂ Idf = Hf . We use the term

symmetrically, and also say that f is apolar to Z if IdZ ⊂ Idf = Hf .

The relation between apolarity and power sums is given by the following duality
lemma (see [15]):

Lemma 1.2. Let l1, . . . , ls ∈ V be linear forms. Then f = λ1l
d
1 + . . .+ λsl

d
s for

some λi ∈ C∗ if and only if Z = {[l1], . . . , [ls]} ⊂ P(V ) is apolar to F = V (f).

In the case F ⊂ P5 is a general cubic hypersurface, the rank of F is 10 and
the variety of 10-power sums of F is 4-dimensional. In the paper [15], Iliev
and the first author exhibited cubic fourfolds FIR(S) associated to K3 surfaces
S of degree 14 obtained as the transverse intersection G(2, 6) ∩ PS of the

Grassmannian G(2, 6) with a codimension 6 linear space PS of P(
∧2

V6) = P14

(see Section 2 for the precise construction). On the other hand Beauville and
Donagi, in [3], associate to such a K3 surface S the Pfaffian cubic FBD(S) which

is the intersection of the Pfaffian cubic in P(
∧2 V ∗6 ) with the P5 ⊂ P(

∧2 V ∗6 )
orthogonal to PS . The following result is proved in [15].

Theorem 1.3. For general S as above, the variety V SP (FIR(S), 10) is iso-
morphic to the family of secant lines to S, i.e. to Hilb2(S).

Combining this result with those of Beauville and Donagi [3], we conclude that
V SP (FIR(S), 10) is isomorphic to the Fano variety of lines in the Pfaffian cubic
fourfold FBD(S). Theorem 1.3 also says that V SP (FIR(S), 10) is a smooth
hyperkähler fourfold. A deformation argument ([15, proof of Theorem 3.17]),
may therefore be applied to prove

Corollary 1.4. For a general cubic fourfold F , the variety V SP (F, 10) is a
smooth and irreducible hyperkähler fourfold.

Remark 1.5. Note that the statement of [15, Theorem 3.17] is incorrect, and
was corrected in [16].

Recall from [3] that the Hodge structure on H4(F,Q), for F a smooth cubic
fourfold, is up to a shift isomorphic to the Hodge structure on H2 of its variety
of lines, the isomorphism being induced by the incidence correspondence. The
construction of Iliev and Ranestad provides for general F a second hyperkähler
fourfold V SP (F, 10) associated to F . A natural question is whether there is also
an isomorphism of Hodge structures of bidegree (−1,−1) between H4(F,Q)
and H2(V SP (F, 10),Q). Note that Theorem 1.3 above combined with the
results of Beauville and Donagi does not imply this statement even for the
particular cubic fourfolds of the type FIR(S), because the Hodge structures
on degree 4 cohomology of the cubics FIR(S) and FBD(S) could be unrelated.
Another way of stating our question is whether the two hyperkähler fourfolds
associated to F , namely its variety of lines and V SP (F, 10), are “isogenous”
in the Hodge theoretic sense.
We prove in this paper that such a Hodge correspondence does not exist for
general F .
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Theorem 1.6. For a very general cubic fourfold F , there is no nontrivial mor-
phism of Hodge structures

α : H4(F,Q)prim → H2(V SP (F, 10),Q).

In particular, there is no correspondence Γ ∈ CH3(F ×V SP (F, 10)), such that
[Γ]∗ : H4(F,Q)prim → H2(V SP (F, 10),Q) is non zero.

This theorem cannot be proved locally (in the usual topology), because the two
variations of Hodge structures have the same shape and we have no description
of the periods of V SP (F, 10): it is even not clear how its holomorphic 2-form
is constructed. In fact, by the general theory of the period map, there exists
locally near a general point of the moduli space of cubic fourfolds and up to a
local change of holomorphic coordinates, an isomorphism between the complex
variations of Hodge structure on H4(F,C)prim and H2(V SP (F, 10),C)prim.
Indeed, by the work of Beauville and Donagi, we know that the variation
of Hodge structure on H4(F,C)prim is isomorphic (with a shift of degree)
to the variation of Hodge structure on H2

prim of the corresponding family of

varieties of lines, hence in particular this is (up to a shift of degree) a com-
plete variation of polarized Hodge structures of weight 2 with Hodge numbers
h2,0 = 1, h1,1prim = 20. The same is true for the variation of Hodge structure

on H2(V SP (F, 10),C)prim once one knows that the family of V SP ’s is locally
universal at the general point, which is equivalent to saying that the defor-
mations of V SP (F, 10) induced by the deformations of F have 20 parameters,
this last fact being easy to prove. Hence both complex variations of Hodge
structures are given (locally near a general point in the usual topology) by an
open holomorphic embedding into a quadric in P21, and thus they are locally
isomorphic since a quadric is a homogeneous space.
Notice that if we consider plane sextic curves instead of cubic fourfolds, then
we are faced with an analogous situation, namely we can associate naturally
to a plane sextic curve C two K3 surfaces, the first one being the double cover
of P2 ramified along C, and the other one being the variety of power sums
V SP (C, 10), which has been proved by Mukai [19] to be a smooth K3 surface
for general C (see also [10]).
Theorem 1.6 will be obtained as a consequence of the following construction
which relates the Mukai construction for plane sextic curves to the Iliev-
Ranestad construction for cubic fourfolds. This involves the introduction of
the closed algebraic subset of the moduli space of the cubic F parameterizing
cubic fourfolds apolar to a Veronese surface. This subset, which we will prove
to be a divisor DV−ap, will now be introduced in more detail.
Let W be a 3-dimensional vector space, and V := S2W , which is a 6-
dimensional vector space. There is a natural map

s : S6W → S3V

which is dual to the multiplication map

m : S3(S2W ∗)→ S6W ∗.

Documenta Mathematica 22 (2017) 455–504



458 Kristian Ranestad, Claire Voisin

If a ∈ W , we have

s(a6) = (a2)3.(2)

The map s associates to a plane sextic curve C with equation g ∈ S6W a four
dimensional cubic F with equation f = s(g) ∈ S3V . Note that we recover g
from f using the multiplication morphism m′ : S3V → S6W . Indeed we have

m′(f) = g,(3)

as an immediate consequence of (2).

Lemma 1.7. The cubic polynomials in the image of s are exactly those which
are apolar to the Veronese surface Σ ⊂ P(S2W ).

Proof. Indeed, by definition of apolarity, a cubic hypersurface defined by an
equation f ∈ S3V is apolar to the Veronese surface if and only if the hyperplane
Hf ⊂ S3V ∗ determined by f contains the ideal IΣ(3). Equivalently, 〈f, k〉 = 0,
for k ∈ IΣ(3). But as we have f = s(g), (3) tells that

〈f, k〉 = 〈g,m(k)〉.
By definition of the Veronese embedding, the map

m : S3V ∗ → S6W ∗

is nothing but the restriction map to Σ, so that m(k) = 0 and 〈f, k〉 = 0
for k ∈ IΣ(3). For the converse, note that the map s is injective and that
dimCS

6W = dimCS
3V ∗−dimCIΣ(3), so if 〈f, k〉 = 0 for every k ∈ IΣ(3), then

f is in the image of s. �

It follows that the K3 surface V SP (C, 10) embeds naturally in V SP (F, 10)
and we will prove in Section 5:

Theorem 1.8. The variety V SP (F, 10) is singular along V SP (C, 10). For a
general choice of C, the variety V SP (F, 10) is smooth away from theK3 surface
V SP (C, 10) and has nondegenerate quadratic singularities along V SP (C, 10).

Our strategy for the proof of Theorem 1.6 is the following. We will first prove
that DV−ap is a divisor, and that the divisor DV−ap is not a Noether-Lefschetz
divisor in the moduli space M of cubic fourfolds (Proposition 4.16), which
means that for a general cubic parameterized by this divisor, there is no nonzero
Hodge class in H4(F,Q)prim. Secondly, using Theorem 1.8, we will prove that
DV−ap is a Noether-Lefschetz divisor for the family VSP (F, 10) of varieties
of power sums parameterized by a Zariski open set of M, which has to be
interpreted in the sense that the generic Picard rank of the extension along
DV−ap of the variation of Hodge structure on the degree 2 cohomology of
V SP (F, 10) is at least 2.
Both proofs involve a careful analysis of the variety of power sums V SP (F, 10)
with results that we believe may have independent interest. Indeed, the set
theoretic definition given in (1) of V SP (F, s) as a closure in the Hilbert scheme
does not give a priori any information on its schematic structure. We obtain
in Section 3 the following results in the case of V SP (F, 10) for cubic fourfolds.
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Let U ⊂ Hilb10(P5) be the open set of zero-dimensional subschemes imposing
independent conditions to cubics. There is vector bundle E of rank 46 on U ,
with fiber IZ(3) over the point [Z] ∈ Hilb10(P5).

Theorem 1.9. (i) (cf. Proposition 3.1) For a general choice of F in the com-
plement of explicit divisors in the moduli space of cubic fourfolds, the variety
of power sums V SP (F, 10) is contained in U and is the zero locus of a section
of the vector bundle E∗ on U .
(ii) (cf. Proposition 3.5) For a general cubic fourfold F , the variety V SP (F, 10)
does not intersect the singular locus of Hilb10(P5).
(iii) (cf. Proposition 4.11 and Corollary 4.12) These results remain true for a
general cubic fourfold apolar to a Veronese surface.

In order to prove these results, we were led to introduce new divisors in the mod-
uli space of cubic fourfolds, that is divisors in P(S3V ) invariant under the action
of PGl(6), along which properties stated above fail. Many PGl(6)-invariant
divisors were already known: the discriminant hypersurface parameterizing
singular cubic fourfolds and the infinite sequence of divisors of smooth cubic
fourfolds containing a smooth surface which is not homologous to a complete
intersection, introduced by Brendan Hassett [14]. The latter sequence includes
the Beauville-Donagi hypersurface parameterizing Pfaffian cubics. These are
all Noether-Lefschetz divisors. Concerning the new divisors Drk3, Dcopl and
DV−ap we introduce in this paper (see Section 2), we prove that DV−ap is not
a Noether-Lefschetz divisor, and it is presumably the case that neither Drk3

nor Dcopl are Noether-Lefschetz divisors. We do not know whether the Iliev-
Ranestad divisor DIR parameterizing the Iliev-Ranestad cubics is a Noether-
Lefschetz divisor. As a consequence of Theorem 1.3, the Picard rank of the
variety V SP (F, 10) jumps to 2 along this divisor. Therefore proving that DIR

is not a Noether-Lefschetz divisor could have been another approach to Theo-
rem 1.6.

Acknowledgments. We would like to thank an anonymous referee for nu-
merous suggestions that improved the presentation of our proofs.

1.1. Notation. We give the numerical information of the minimal free reso-
lution of a graded S = C[x0, . . . , xr]-module

0←M ← F0 ← F1 ← . . .← Fn ← 0

with Fi =
⊕

j∈Z βijS(−j) in Macaulay2 notation [18], i. e. in the form

β00 β11 β22 . . . βn,n
β01 β12 β23 . . . βn,n+1

...
...

... . . .
...

β0m β1,m+1 β2,m+2 . . . βn,n+m.

The β0j counts the number of linearly independent generators ofM of degree j+
1, while the βij , for i > 0 counts the homogeneous sets of linearly independent
syzygies of order i.
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2. Some divisors in the moduli space of cubic fourfolds

Let V = C6. We introduce in this section two PGl(V )-invariant divisors
Drk3 and Dcopl in the open set P(S3V )reg of the projective space P(S3V )
parameterizing smooth cubic fourfolds. We also recall the definition of the
Iliev-Ranestad divisor DIR. These divisors are crucial in the proof that the
set DV−ap considered in the introduction is also a divisor (Corollary 4.10 in
Section 4).
The divisor Drk3. This is the set of cubic forms [f ] ∈ P(S3V )reg such that
f has a partial derivative of rank ≤ 3.

Lemma 2.1. The set of cubic forms [f ] ∈ P(S3V )reg such that f has a partial
derivative of rank ≤ 3 is an irreducible divisor in P(S3V )reg.

Proof. If [f ] ∈ Drk3, there exist a point p ∈ P(V ∗) and a plane P(W ) ⊂ P(V ∗)
such that

∂2f

∂p∂w
= 0, ∀w ∈W.(4)

Consider the case where p does not belong to P(W ) and let us compute how
many conditions on f are imposed by (4) for fixed p, W . We may choose
coordinates Xi, i = 0, . . . , 5, such that W is defined by Xi = 0, i = 3, 4, 5
and p is defined by equations Xi = 0, i = 0, . . . , 4. Then f has to satisfy the
conditions

∂2f

∂X5∂Xi
= 0, for any i ∈ {0, 1, 2}.

Equivalently, we have

∂3f

∂X5∂Xi∂Xj
= 0, for any i ∈ {0, 1, 2} and any j ∈ {0, ..., 5}.(5)

The number of coefficients of f annihilated by these conditions is 15. As the
pair (p,W ) has 14 parameters, we conclude that the f satisfying these equations
for some (p, W ) fill-out at most a hypersurface. On the other hand, the map

P(S3V )reg → G(6, S2V ); [f ] 7→ 〈 ∂f
∂X0

, ...,
∂f

∂X5
〉

is generically injective; for general f , the apolar ideal is generated by the
quadrics orthogonal to the partials of f , and according to Macaulays theo-
rem, the apolar ideal defines f up to scalar. The rank 3 locus in P(S2V ) has
codimension 6, so the 6-dimensional subspaces of S2V that intersect the rank
3 locus form a hypersurface section in G(6, S2V ). Therefore the cubic forms
that have a partial of rank 3 form at least a divisor in P(S3V )reg, i.e. they
form exactly a divisor. It is irreducible, because it is dominated by a projective
bundle over the parameter space for (p,W ). Denote this hypersurface by Drk3.
To complete the argument we consider the degenerate situation where p ∈
P(W ). It may be seen as a limit of the above case: We may choose coordinates
Xi, i = 0, . . . , 5, such that W is defined by Xi = 0, i = 3, 4, 5 and pt is defined
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by equations Xi = 0, i = 1, . . . , 4 and X5 = tX0. Thus p0 ∈ P(W ). For any t,
we consider the cubic forms f that satisfy the conditions

∂2f

∂X0∂Xi
− t ∂2f

∂X5∂Xi
= 0, i = 0, 1, 2.

Equivalently, we have

∂3f

∂X0∂Xi∂Xj
− t ∂3f

∂X5∂Xi∂Xj
= 0, i = 0, 1, 2 ∀j.(6)

These are 15 linearly independent conditions on the coefficients of f for any
value of t. In particular, any cubic form f0 satisfying the conditions with t = 0
is a limit of forms f that satisfy the conditions for t 6= 0 as t tends to 0. So also
in the degenerate situation, the forms lie in the irreducible hypersurface Drk3.

�

Note the following other characterization of Drk3:

Lemma 2.2. A cubic form belongs to Drk3 if it has a net (a 3-dimensional
vector space) of partial derivatives which are all singular in a given point p.

Proof. The fact that f has a net of partial derivatives which are singular in
a point p is equivalent to the vanishing ∂p(∂wif) = 0 for three independent
vectors wi. This holds if and only if ∂wi(∂pf) = 0 for i = 1, 2, 3, which in turn
is equivalent to the fact that the partial derivative ∂pf has rank ≤ 3. �

The divisor Dcopl. The subset Dcopl ⊂ P(S3V )reg is the Zariski closure of
the set of forms f which can be written as

f =

10∑

1=1

a3i ,(7)

such that four of the linear forms ai ∈ V are coplanar.

Lemma 2.3. Dcopl is an irreducible divisor in P(S3V )reg.

Proof. The set Dcopl is irreducible, since it is dominated by the irreducible
algebraic set parameterizing the 10 linear forms, four of which are coplanar.
If we count dimensions, we find that this last algebraic set has dimension 56.
However, we observe that a general cubic form g in 3 variables has a two dimen-

sional variety of power sums V SP (E, 4), where E = V (g). If f =
∑i=10

1=1 a3i ,
where a1, . . . , a4 are coplanar, we have

f = g(b1, b2, b3) +

i=10∑

i=5

a3i ,(8)

where the ai’s for i ≤ 4 are linear combinations of the bi’s. As there is a 2-
parameter family of ways of writing g as a sum of four powers of linear forms
in the bi’s, we conclude that there is a 2-parameter family of ways of writing
f as in (7). This proves that Dcopl has codimension at least 1. To show that
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it actually is a divisor, we exhibit an affine subfamily of Dcopl of codimension
one in the space of cubic forms. In fact if we let

b1 = x0 + b′0, b2 = x1 + b′2, b3 = x2 + b′3

and

a5 = x0 − x1 + x3 + x4 + a′5, a6 = x1 + x2 − x3 − x4 − x5 + a′6,

a7 = x2 + x3 − x4 + x5 + a′7, a8 = x3 + a′8, a9 = x4 + a′9, a10 = x5 + a′10,

with b′1, .., b
′
3, a
′
5, ..., a

′
10 ⊂ V , then

f = g(b1, b2, b3) +
i=10∑

i=5

a3i

belongs to Dcopl for every 9-tuple of linear forms b′1, .., b
′
3, a
′
5, ..., a

′
10. The sum-

mands in f that are linear in the b′i and a′j span the tangent space to this family
at the origin, where b′1 = ... = a′10 = 0. This space may thus be shown, with
Macaulay2 [18], to have dimension 54. Therefore the family is a divisor. �

The divisor DIR. This is the divisor constructed by Iliev and Ranestad
in [15]. It parameterizes the cubic fourfolds FIR(S) mentioned in the intro-
duction, associated to K3 surfaces S which are complete intersections of the
Grassmannian G(2, 6) ⊂ P14 with a P8

S . More precisely, these cubic fourfolds

are defined as follows: Dual to P8
S , we get a P5

S ⊂ P̌14. The dual projective

space P̌14 contains the Grassmannian of lines Ǧ(2, 6) and for generic choice of
P5
S , the intersection P5

S ∩ Ǧ(2, 6) is empty. It is then proved in [15] that the

ideal of cubic forms on P̌14 vanishing on Ǧ(2, 6) restricts to a hyperplane in

H0(P5
S ,OP5

S
(3)). This hyperplane in turn determines a cubic fourfold in P̌5

S .

For later use in the paper, we recall and extend a characterization from [15]
of apolar length 10 subschemes to cubic forms [f ] ∈ DIR in terms of quartic
surface scrolls, i.e. rational normal surface scrolls in P5.

Lemma 2.4. Let f be a cubic form of rank 10, such that [f ] ∈ DIR. Then the
general subscheme of length 10 apolar to f is the intersection of two quartic
surface scrolls. In particular f is apolar to a quartic surface scroll.
Conversely, if f is a cubic form of rank 10 apolar to a quartic surface scroll,
then [f ] ∈ DIR.

Proof. The first part is shown in [15]: Let S = G(2, 6)∩P8
S be the K3-surface

section associated to F = V (f), i.e. F = FIR(S) in the notation of loc. cit.
Then S parameterizes quartic surface scrolls apolar to f , and the two scrolls
corresponding to a pair of points on S intersect in a length 10 subscheme apolar
to f (Lemma 2.9 and the proof of Theorem 3.7 loc.cit.).
For the second part, if f is apolar to a quartic surface scroll, then by dimension
count, f has a 2-dimensional family of length 10 apolar subschemes on this
scroll. The general such subscheme Z has a Gale transform in P3 contained in
a smooth quadric surface [11, Corollary 3.3]. Furthermore, the two rulings in
the quadric surface correspond to two quartic surface scrolls that contain Z, see
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[11, Example 3.4], where an analogous case is explained. Therefore f is apolar
to a 2-dimensional family of quartic surface scrolls. Now, the family of quartic
surface scrolls in P5 is irreducible of dimension 29, and each scroll is apolar to
a 27-dimensional space of cubic forms, so there is an irreducible 54-dimensional
family of cubic forms apolar to some quartic surface scroll. This family must
coincide with the divisor DIR since it contains it. �

3. Apolarity and syzygies

In this section we first show that for a general cubic fourfold F ⊂ P(V ∗), the
variety V SP (F, 10) is defined as the zero locus, inside the Hilbert scheme, of a
section of a vector bundle. In fact the variety V SP (F, 10) is then entirely con-
tained in the set U ⊂ Hilb10(P(V )) of zero-dimensional subschemes imposing
independent conditions on cubics (Proposition 3.1), and Z is apolar to F for
every [Z] ∈ V SP (F, 10). Furthermore, after defining the cactus rank of a cubic
fourfold F (Definition 3.2), we note that any scheme of minimal length apolar
to F , is locally Gorenstein, and show, as a consequence, that V SP (F, 10) does
not meet the singular locus of Hilb10(P(V )) for a general F (Proposition 3.5).
We also show that if F is general, then the cactus rank coincides with the
rank and V SP (F, 10) contains all schemes of length 10 that are apolar to F
(Corollary 3.6).
In the second part of this section we give a criterion (Lemma 3.18) for a cubic
form f to have cactus rank 10 in terms of a syzygy variety of its apolar ideal
If . When a cubic fourfold F ⊂ P(V ∗) has cactus rank 10, then the union
of the apolar subschemes of length 10 forms a hypersurface V10(F ) in P(V ).
We will show (Lemma 3.21) that V10(F ) is a syzygy variety of If , and analyze
its singular locus. At the end of this section we show (Proposition 3.5) that
V SP (F, 10) does not meet the singular locus of Hilb10(P(V )) for a general F .
The results of this section that are used later, are formulated in two lemmas
and two propositions. Lemmas 3.18 and 3.21 will be used in Section 4 to prove
that a general [f ] ∈ DV−ap is apolar to finitely many Veronese surfaces, from
which we will deduce that DV−ap is a divisor. Propositions 3.1 and 3.5 are
applied in Section 4 to show that for a general [f ] ∈ DV−ap, the length 10
subscheme Z is apolar to f for every [Z] ∈ V SP (F, 10) and is a smooth point
in Hilb10(P(V )).

3.1. Apolar subschemes of length 10.

Proposition 3.1. Let F ⊂ P(V ∗) be a cubic fourfold defined by a general
form f ∈ Sym3V . Then any length 10 subscheme [Z] ∈ V SP (F, 10) imposes
independent conditions to cubics, i.e. h1(IZ(3)) = 0, and is apolar to f , that
is IZ(3) ⊂ Hf .
Furthermore, if there is a codimension 1 component of the set of smooth cubic
fourfolds not satisfying this conclusion, it must be one of the two divisors Drk3

and Dcopl introduced in the previous section.
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Note that the second statement follows from the first using Lemma 1.2 and
the fact that the condition IZ(3) ⊂ Hf is a closed condition on the open
set U ⊂ Hilb10(P(V )) of zero-dimensional subschemes imposing independent
conditions to cubics.
The proof of Proposition 3.1 is postponed until later in this section. The propo-
sition will be crucial in the study of the schematic structure of V SP (F, 10),
for f satisfying the above conditions. To see this, we first consider finite sub-
schemes of minimal length apolar to f . A form f of rank 10 may be apolar to
subschemes of length less than 10. This motivates the notion of cactus rank of
f :

Definition 3.2. The cactus rank of a form f or equivalently of the hypersurface
F = V (f) ⊂ Pn is the minimal length of a 0-dimensional subscheme Z of P̌n

which is apolar to f (resp. F ).

Remark 3.3.

(1) Buczyńska and Buczyński showed in [4, Proposition 2.2, Lemma 2.3]
that a finite subscheme Z, that is apolar to f and has length equal to
its cactus rank, is locally Gorenstein.

(2) Casnati, Jelisiejew and Notari have shown that any local Gorenstein
scheme of length at most 13 is smoothable (cf. [8, Theorem A]).

Since the smooth apolar schemes form an open set in its component of the
Hilbert scheme, we get:

Lemma 3.4. If F is a general cubic fourfold of rank 10, then the cactus rank
of F is also 10.

Proof. Since Gorenstein schemes of length ≤ 9 are smoothable, cubic forms f
of cactus rank ≤ 9 lie in the closure of forms of rank ≤ 9. But the closure of
the set of forms of rank ≤ 9 is a proper subset of the set of cubic forms, so the
general form of rank 10 must also have cactus rank 10. �

The Proposition 3.1 provides a criterion for V SP (F, 10) to avoid the singular
locus of Hilb10P(V ).

Proposition 3.5. Let V = C6, and let F be a fourfold defined by a cubic form
f ∈ Sym3V with no partial derivative of rank ≤ 3. If f has cactus rank 10
and Z is apolar to f for every [Z] ∈ V SP (F, 10), then V SP (F, 10) does not
intersect the singular locus of Hilb10(P(V )).

Proof. Let [Z] ∈ V SP (F, 10), then, by Remark 3.3, the scheme Z is locally
Gorenstein. Consider the morphism qf : P(V ) → P(Q∗f ) defined by the space

of quadrics Qf that are apolar to F . Then the linear span of the image qf (Z)
has, by Lemma 3.9, dimension 2 or 3. Since f has no partial of rank ≤ 3, the
morphism qf is, by Lemma 3.8, an embedding, so the scheme Z is embeddable
in P3. By [17] and [9, Corollary 2.6], the corresponding point [Z] is smooth in
the Hilbert scheme. �
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By Remark 3.3, the open set UG ⊂ U ⊂ Hilb10(P5) of length 10 locally Goren-
stein subschemes that impose independent conditions to cubics is contained in
the irreducible component of the smooth subschemes.

Corollary 3.6. Let F = V (f) be a general cubic fourfold. Then V SP (F, 10)
is the zero locus of a section σf of the vector bundle E on UG of rank 46 with
fiber IZ(3)∗. In particular, V SP (F, 10) admits a natural smooth and connected
scheme structure and contains all subschemes of length 10 that are apolar to
F .

Proof. Indeed, let σf be the section of E given by Z 7→ f∗|IZ(3), where f∗

denotes the linear form on Sym3V ∗ corresponding to f . Then σf vanishes
on V SP (F, 10) by Proposition 3.1. The set UG is irreducible and the set of
sections σf clearly has no basepoints. By Proposition 3.5, the general section
vanishes only in the smooth locus of UG, so the zero locus of σf is smooth and
connected for general F . �

The proof of Proposition 3.1 will need a few preparatory lemmas.
For a cubic form f ∈ S3V such that F = V (f) is not a cone, let P (f) ⊂ P(S2V )
be the space of partial derivatives of f and Qf = P (f)⊥ ⊂ S2V ∗. Then P (f)
is 6-dimensional and hence dimQf = 15. Note that Qf = [Hf : V ∗], where
Hf ⊂ S3V ∗ is the hyperplane defined by f∗; indeed we may identify the space
of partials P (f) with the image V ∗(f) ⊂ S2V , so if q ∈ S2V ∗, then q ·V ∗(f) = 0
if and only if q(P (f)) = 0.
Consider now a subscheme Z ⊂ P5 of length 10. Since Z imposes at most 10
conditions on quadrics, the space IZ(2) of quadrics in the ideal has dimension
at least 11, with equality for an open set of schemes Z. Likewise, the ideal
is generated in degree 2, for an open set of length 10 schemes Z: If Z is the
intersection of a rational normal quintic curve and a quadric, then IZ(2) has
dimension 11 and generate the ideal IZ . Therefore this is the case also for a
general Z.
Thus, in particular, if F is a general cubic fourfold and [Z] ∈ V SP (F, 10) is
general, then IZ(2) has dimension 11 and generate the ideal IZ . Furthermore,
by Lemma 1.2, IZ(2) ⊂ Qf . It follows that the rank of the evaluation map

Qf → H0(OZ(2))

is at most 4 for a general [Z] ∈ V SP (F, 10), and by semicontinuity of the rank,
the same remains true for any [Z] ∈ V SP (F, 10). Therefore

Lemma 3.7. Let f ∈ S3V be a cubic form such that F = V (f) is not a cone,
and let [Z] ∈ V SP (F, 10), then dim IZ(2) ∩Qf ≥ 11.

The linear system of quadrics Qf gives a rational map

qf : P(V ) 99K P(Q∗f ),

defined as the composition of the Veronese map P(V ) → P(S2V ) and the
projection from the subspace P (f) ⊂ P(S2V ).
The following lemma is an immediate consequence of this description.
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Lemma 3.8.

(1) qf is a morphism if and only if f has no partials of rank ≤ 1.
(2) qf is an embedding if and only if f has no partials of rank ≤ 2.
(3) qf is an embedding and the image Xf := qf (P(V )) contains no sub-

scheme of length 3 contained in a line if and only if f has no partial
derivative of rank ≤ 3, i.e. f /∈ Drk3.

This lemma allows us to find possible schemes Z such that dim IZ(2)∩Qf ≥ 11.

Lemma 3.9. Let f be a cubic form with no partial derivative of rank ≤ 3, let
Xf = qf (P(V )), as above, and let P ⊂ P(Q∗f ) be a P3.
If XP := P ∩Xf contains a curve, then XP is the image by qf of a line and a
residual finite subscheme.
In particular, if F = V (f), [Z] ∈ V SP (F, 10) and Zf = qf (Z), then the linear
span of Zf is a P2 or a P3, and if IZ(2) ∩ Qf is contained in the ideal of a
curve, this curve is a line.

Proof. Indeed, by Lemma 3.8 (3), qf is an embedding and the image Xf has no
trisecant line. Since it is a linear projection of the second Veronese embedding,
every curve in the image has even degree. Consider now a 3-space P ⊂ P(Q∗f )
and the intersection XP = P ∩Xf . Since every surface in P contains a line or
has a trisecant line, XP cannot contain a surface. Furthermore, the only curves
in P of even degree with no trisecant lines are the conics and the complete in-
tersections of two quadric surfaces (e.g. [2]). But a complete intersection of
two quadric surfaces is not the second Veronese embedding of a curve. There-
fore, if XP contains a curve, XP is the union of a conic and a residual finite
subscheme.
If [Z] ∈ V SP (F, 10), then dim IZ(2)∩Qf ≥ 11 by Lemma 3.7, so the span 〈Zf 〉
is at most a P3. On the other hand, Zf must span at least a plane, since Xf

has no trisecant line, so that 3 ≥ dim 〈Zf 〉 ≥ 2. The linear span 〈Zf 〉 intersects
Xf in the zero locus of IZ(2)∩Qf , so the last claim in the lemma now follows
from the first. �

Notice that the span 〈Zf 〉, whether Z is apolar to f or not, has dimension 2
(resp. 3) if and only if IZ(2) ∩Qf has dimension 12 (resp. 11).

Lemma 3.10. Let V = C6, and let f ∈ Sym3V be a cubic form with no partial
derivative of rank ≤ 3. Let Z ⊂ P(V ) be a subscheme of length 10, and assume
that IZ(3) has codimension at most 9 in Sym3V ∗. Let Γ ⊂ P(V ) be the zero
locus of the space of quadrics IZ(2) ∩Qf .

(1) If dim IZ(2) ∩Qf = 12, then Γ is a line.
(2) If dim IZ(2) ∩ Qf = 11, then Γ is the union of a line and a residual

finite subscheme.

Proof. Let Z ⊂ P(V ) be a subscheme of length 10 and assume that IZ(3)
has codimension at most 9 in Sym3V ∗. Notice first that dim IZ(2) ≥ 12. In
fact, the subscheme Z does not impose independent conditions on cubics, i.e.
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h1(IZ(3)) > 0. The multiplication by a general linear form h defines an exact
sequence of sheaves

0→ IZ(2)→ IZ(3)→ OH(3)→ 0,

where H = {h = 0}. Since h1(OH(3)) = 0, h1(IZ(3)) > 0 implies that
h1(IZ(2)) > 0, and hence that dim IZ(2) ≥ 12.
Now, assume furthermore that dim IZ(2)∩Qf ≥ 11. Let Γ ⊂ P(V ) be the zero
locus of the space of quadrics IZ(2)∩Qf . Then, qf (Γ) is contained in a P3, so
by Lemma 3.9, Γ is either a line and a residual finite subscheme, or Γ is finite.
Assume first that Γ is finite. Then Z spans at least a P4 in P(V ), since any
finite intersection of quadrics in a P3 has length at most 8. Let Z0 be a maximal
length subscheme of Z that spans a P3 in P(V ). The length of Z0 is then at
most 8, and at least 4 since it spans P3.
The residual scheme Z1 = Z \ Z0 therefore has length at least 2 and at most
6. Let H = {h = 0} be a general hyperplane that contains Z0. Then multipli-
cation by h defines a sequence of sheaves of ideals

0→ IZ1(2)→ IZ(3)→ IH,Z0(3)→ 0,

which is exact. Since h1(IZ(3)) > 0, either h1(IH,Z0(3)) > 0 or h1(IZ1(2)) > 0.
We claim h1(IZ1 (2)) = 0. Since Γ is a finite intersection of quadrics, the
subscheme Z1 contains no subscheme of length 3 contained in a line, and no
subscheme of length 5 contained in a plane. By the maximality of Z0, it has
at most a subscheme of length 5 in a P3.
Therefore Z1 either has minimal length in its span, in which case the claim
follows, or it has length d in a Pd−2 with d = 4, 5 or 6. If Z1 has length
4 in a plane it is a complete intersection of two curves of degree 2, so again
h1(IZ1 (2)) = 0. If Z1 has length 5 and spans a P3 or length 6 and spans a P4,
it contains a subscheme Z2 of length 3 or 4 in a plane P2. The residual scheme
Z1,2 to Z2 in Z1 has length 1, 2 or 3. Multiplication by a general linear form h
that contains the plane P2 defines an exact sequence of sheaves

0→ IZ1,2(1)→ IZ1(2)→ IH,Z2(2)→ 0.

Now, h1(IZ1,2 (1)) = h1(IH,Z2(2)) = 0, so we infer h1(IZ1(2)) = 0.

We may therefore assume h1(IH,Z0(3)) > 0. If P = 〈Z0〉, then, by further
restriction, also h1(IP,Z0(3)) > 0. If Z0 has length 4 or 5, we may argue as for
Z1 above that h1(IZ0 (2)) = 0 and hence also h1(IZ0(3)) = 0. So we may assume
that Z0 has length at least 6. Since Z0 is contained in a finite intersection of
quadrics, a general net of these quadrics defines a complete intersection Y
in P that contains Z0. Then Y has length 8, and contains a subscheme of
length at most 2 residual scheme to Z0. If Z0 = Y , then h1(IH,Z0 (3)) = 0, a
contradiction. If Z0 has length 7 it is residual to a point p in Y . Let X be
a cubic surface that contains Z0 but not Y . Then multiplication by the form
defining X defines two exact sequences

0→ Ip → IY (3)→ IX,Z0(3)→ 0
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and
0→ OP → IP,Z0(3)→ IX,Z0(3)→ 0.

From the first we deduce that h1(IX,Z0 (3)) = 0, and so by the second
h1(IP,Z0(3)) = 0, a contradiction.
If Z0 has degree 6, it contains a subscheme Z2 of length 3 or 4 in a plane P2.
The residual scheme Z0,2 to Z2 in Z0 has length 2 or 3. Multiplication by the
linear form h that defines the plane P2 defines an exact sequence of sheaves

0→ IP,Z0,2(2)→ IP,Z0(3)→ IP2,Z2(3)→ 0.

Now, h1(IP,Z0,2(2)) = h1(IP2,Z2(3)) = 0, so we infer h1(IP,Z0(3)) = 0, a
contradiction.
Therefore Γ contains a line ∆. Let Z∆ = Z ∩ ∆. The line ∆ is mapped to
a conic qf (∆). If dim IZ(2) ∩ Qf = 12, then Zf = qf (Z) spans only a plane,
and the image qf (Γ) has a subscheme of length 3 in a line, unless Z is entirely
contained in ∆, i.e. Z∆ = Z and Γ = ∆. �

Proof of Proposition 3.1. Let [Z] ∈ V SP (F, 10). We assume, for contradiction,
that Z does not impose independent conditions on cubics. Assuming f is
regular and has no partial derivative of rank ≤ 3, we already proved that
12 ≥ dim IZ(2) ∩ Qf ≥ 11. By Lemma 3.10, we conclude in both cases that
there is a line ∆ such that IZ(2) ⊂ I∆(2), so that

IZ(2) ∩Qf ⊂ I∆(2) ∩Qf .
Note also that, under the same assumptions on f , the image qf (∆) is a conic
curve in a plane that does not have any residual intersection with Xf =
qf (P(V )). Thus dim I∆(2)∩Qf = 12 and the zero locus of Qf,∆ := I∆(2)∩Qf
is ∆.
Since [Z] ∈ V SP (F, 10), there exists a flat family of subschemes

(Zt)t∈B, Zt ⊂ P5, lengthZt = 10,

where B is a smooth curve, such that Z0 = Z for some point 0 ∈ B and
for general t ∈ B, Zt is apolar to f and imposes 10 independent conditions
to quadrics. The subspace Jt := IZt(2) ⊂ Qf is thus of codimension 4. Let
J ⊂ Qf ∩ IZ(2) be the specialization of Jt at t = 0. Then dim J = 11 and
J ⊂ Qf,∆ = I∆(2) ∩Qf so that J is a hyperplane in Qf,∆.
On the other hand, note that by semicontinuity of the rank, we have for any
k ≥ 0

codim (SkV ∗ · J ⊂ Sk+2V ∗) ≥ codim (SkV ∗ · Jt ⊂ Sk+2V ∗)

≥ codim (IZt(k + 2) ⊂ Sk+2V ∗) = 10.

The contradiction that concludes the proof of Proposition 3.1 is derived from
the following statement:

Lemma 3.11. Assume f is general. Then for any line ∆ ⊂ P5, and for any
hyperplane J ⊂ Qf,∆ := I∆(2) ∩Qf , we have

codim (S3V ∗ · J ⊂ S5V ∗) ≤ 9.
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Furthermore, the locus of smooth cubic fourfolds not satisfying this condition
has codimension > 1 away from the union of Drk3 and Dcopl.

�

Proof of Lemma 3.11. The proof has two parts, that both depend on the fol-
lowing property of the zero locus Γ ⊇ ∆ of J .
Let τ0 : X0 → P5 be the blow-up of P5 along ∆. Then J provides a space
J ′ of sections of L0 := τ∗0 (OP5(2))(−E∆) on X0, where E∆ is the exceptional
divisor of τ0.

Sublemma 3.12. Assume f is regular and has no partial derivative of rank
≤ 3. Let J ⊂ I∆(2) ∩ Qf be a hyperplane with zero locus Γ ⊇ ∆. Let H ⊂ P5

be a hyperplane that does not contain ∆. Then the subscheme of H ∩ Γ that
has support on ∆ has length at most 2.

Proof. Since f has no partial derivative of rank ≤ 3, the line ∆ is the zero
locus of Qf,∆, i.e. Qf,∆ generates I∆(2) at any point of ∆. Let E∆,x be the
fiber over x = H ∩ ∆ in E∆. Then E∆,x

∼= P3 and L0|E∆,x
∼= OP3(1). The

restriction of the sections J ′ generates at least a hyperplane of sections in this
line bundle, so their zero locus on E∆,x is at most a point. So J restricted to
H , defines a scheme at x that is the intersection of quadrics and is contained
in a line, so it has length at most 2. �

Now, we first deal with the case where the zero locus of J ⊂ I∆(2) ⊂ S2V ∗ has
a finite subscheme of length at most 3 residual to ∆. In this case, we have the
following:

Sublemma 3.13. Assume f is regular and has no partial derivative of rank
≤ 3. Let J ⊂ I∆(2) ∩ Qf be as above, with zero locus Γ ⊇ ∆. Assume the
scheme γ residual to ∆ in Γ is finite of length at most 3. Then

S3V ∗ · J = IΓ(5).(9)

In particular, codim (S3V ∗ · J ⊂ S5V ∗) ≤ 9.

Proof. Let τ0 : X0 → P5 be the blow-up of P5 along ∆, and let, in the
notation as above, γ′ be the zero-locus of J ′ supported over γ. As in the proof
of Sublemma 3.12, γ′ intersects the fiber in E∆ over any point of ∆ in at most
a point. Via the blowup map τ0, the subscheme γ′ is therefore isomorphic to
the subscheme γ, and hence finite of length at most 3.
Furthermore, we have

H0(X0, τ
∗
0 (OP5(2))(−E∆)⊗ Iγ′) = H0(X0, L0 ⊗ Iγ′) ∼= H0(P5, IΓ(2)),

H0(X0, τ
∗
0O(5)(−E∆)⊗ Iγ′) ∼= H0(P5, IΓ(5)).

It follows from the last equality that (9) is equivalent to the fact that

H0(X0, τ
∗
0O(3)) · J ′ = H0(X0, τ

∗
0O(5)(−E∆)⊗ Iγ′)).
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Assume first that γ′ is curvilinear. It follows that by successively blowing-up
at most three points x1, x2, x3 starting from x1 ∈ X0, we get a variety

τ : X → P5, τ1 : X → X0,

with three exceptional divisors Ei corresponding to the xi’s and one exceptional
divisor τ∗1E∆ over E∆. The Ei are the pullbacks to X of the exceptional divisor
of the blow up at xi such that the pull-backs J ′′ of the J ′ gives rise to a base-
point free linear system of sections of

L := τ∗O(2)(−τ∗1E∆ −
∑

i

Ei)(10)

on X . Furthermore, we have

J ′′ ⊂ H0(X,L) ∼= H0(P5, IΓ(2)),

H0(X, τ∗O(5)(−τ∗1E∆ −
∑

i

Ei)) ∼= H0(P5, IΓ(5)).

We are thus reduced to prove that the base-point free linear system

J ′′ ⊂ H0(X, τ∗O(2)(−τ∗1E∆ −
∑

i

Ei))

generates H0(X, τ∗O(5)(−τ∗1E∆−
∑
i Ei)). This is done by a Koszul resolution

argument. The Koszul resolution of the surjective evaluation map

J ′′ ⊗OX(−L)→ OX ,
gives us an exact complex with terms

∧i
J ′′ ⊗OX(−iL), 0 ≤ i ≤ 5. We twist

this complex by

L′ := τ∗O(5)(−τ∗1E∆ −
∑

i

Ei)(11)

and the result then follows from the vanishing

Hi(X, (−i− 1)L+ L′) = 0, i = 1, . . . , 5.(12)

For i = 5, we have by (10), (11)

−6L+ L′ = τ∗O(−7)(5
∑

i

Ei + 5τ∗1E∆),

while

KX = τ∗O(−6)(4
∑

i

Ei + 3τ∗1E∆).

Thus

H5(X,−6L+ L′) = H0(X, τ∗O(1)(−
∑

i

Ei − 2τ∗1E∆))∗,

and the right hand side is 0.
For i = 4, we have similarly

−5L+ L′ = τ∗O(−5)(4
∑

i

Ei + 4τ∗1E∆),
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hence

H4(X,−5L+ L′) = H1(X, τ∗O(−1)(−τ∗1E∆))∗,

and the right hand side is 0 since it is equal to H1(P5, I∆(−1)).
For i = 3, we have

−4L+ L′ = τ∗O(−3)(3
∑

i

Ei + 3τ∗1E∆),

hence

H3(X,−4L+ L′) = H2(X, τ∗O(−3)(
∑

i

Ei))
∗.

Consider the strict transform Y on X of a general cubic fourfold whose pullback
to X0 contains γ. Then τ∗O(−3)(

∑
iEi) is the ideal sheaf of Y . On the other

hand Y is regular so H1(Y,OY ) = 0, and hence H2(X, τ∗O(−3)(
∑

iEi)) = 0.
For i = 2, we claim that

H2(X,−3L+ L′) = H2(X, τ∗O(−1)(2
∑

i

Ei + 2τ∗1E∆) = 0.

Consider the strict transform Y on X of a general hyperplane through ∆ whose
pullback to X0 contains γ. Then Y is smooth and the multiplication by the
form defining Y fits in the exact sequence of sheaves

0→ τ∗O(−1)(2
∑

i

Ei + 2τ∗1E∆)→

→ OX(
∑

i

Ei + τ∗1E∆)→ OY (
∑

i

Ei + τ∗1E∆)→ 0.

But neither of the two invertible sheaves of exceptional divisors on the right
have nonvanishing higher cohomology, so the claim follows.
For i = 1, we get

H1(X,−2L+ L′) = H1(X, τ∗O(1)(
∑

i

Ei + τ∗1E∆) = 0,

since

H1(X, τ∗O(1)) = H1(X,E1) = H1(X,E2) = H1(X,E3) = H1(X, τ∗1E∆) = 0.

When γ is not curvilinear, and thus consists of one point with noncurvilinear
schematic structure of length 3, the argument is simpler: Such a scheme γ is the
first order neighborhood of a point in a plane. The image qf (Γ) = qf (γ)∪qf (∆)
spans a P3 and has by assumption no subscheme of length three contained in
a line. But qf (∆) is a conic curve, while qf (γ) spans a plane that intersects
this conic. Therefore there are lines that intersect the conic and qf (γ) in a
subscheme of length 2, a contradiction. �

To conclude the proof of Lemma 3.11, we now show

Sublemma 3.14. Consider the cubic fourfolds F = V (f) in the open dense
subset

P(S3V )reg \ (Drk3 ∪Dcopl),
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where Dcopl is the divisor introduced in Section 2. The subset of such fourfolds
for which there exist a line ∆ ⊂ P(V ∗), and a hyperplane J ⊂ I∆(2) ∩ Qf ,
such that the zero locus Γ of J has a subscheme residual to ∆ of length ≥ 4,
has codimension ≥ 2.

Proof. Note first that the scheme Γ imposes at most 4 conditions to Qf , since
J ⊂ Qf ∩ IΓ(2) has codimension 4 in Qf . Therefore qf (Γ) is contained in the
intersection of Xf with a P3, so, by Lemma 3.9, the residual subscheme to ∆
in Γ is finite. If it has length ≥ 4, we can replace Γ by a subscheme Γ′ which is
the union of ∆ and a residual scheme γ′ of finite length 4. And, by Lemma 3.8
(3), we may assume qf (Γ′) spans a P3. Note that Γ′, like Γ, is contained in an
intersection of quadrics that is finite residual to the line ∆, so its intersection
with a plane is either the line ∆ or the union of the line ∆ and one residual
point, or it is a scheme of finite length ≤ 4. Furthermore, the residual scheme
γ′ is not contained in another line ∆′, since otherwise the union of these two
lines would be contained in Γ. It follows that Γ′ imposes the maximal number
of conditions to the quadrics, namely 7. Hence

dim (IΓ′(2)) = 14,(13)

and J ⊂ IΓ′(2) has dimension 11. Since qf (Γ′) spans a P3, the intersection
Qf ∩ IΓ′(2) has dimension 11, so it equals J . Now, Qf = P (f)⊥, so one
concludes that

dim (P (f) ∩ IΓ′ (2)⊥) = 3,(14)

where we recall that P (f) is the space of partial derivatives of f . The proof of
Sublemma 3.14 is done by a dimension count, using (14). We note that as we
assumed that f has no partial derivative of rank ≤ 3, it has no net of partial
derivatives singular at a given point by Lemma 2.2. Thus, if f satisfies (14),
the space IΓ′(2)⊥ is not contained in the space of quadrics singular at a given
point. In particular, Γ′ must span P(V ). This is equivalent to the vanishing
H1(IΓ′(1)) = 0, which we assume from now on.
Equation (14) determines a 3-dimensional subspace W ⊂ V ∗, by

W (f) = {∂uf, u ∈W} = P (f) ∩ IΓ′(2)⊥.

Given W and Γ′, we define JΓ′,W ⊂ S3V to be the linear space of cubic forms

JΓ′,W := {f ∈ S3V |W (f) ⊂ IΓ′(2)⊥ = QΓ′} = (W · IΓ′ (2))⊥.

The space JΓ′,W contains the space JΓ′ := IΓ′(3)⊥ (which is generated by the
cone over the third Veronese embedding of Γ′) and the space S3(W⊥).
Consider the subscheme

Γ′W := P(W⊥) ∩ Γ′ ⊂ P(V ).

and assume first that Γ′W = ∅. In this case, we claim that

JΓ′,W = S3(W⊥)⊕ JΓ′ ,(15)
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so that dim JΓ′,W = 18. Assuming the claim, we now observe that elements

f ∈ JΓ′,W = S3(W⊥)⊕ JΓ′

fill-in, when the pair (Γ′,W ) deforms, staying in general position, the divisor
Dcopl of Section 2. Indeed, the general Γ′ is the disjoint union of a line ∆ =
P(U) and 4 points x1, . . . , x4. Then JΓ′ = S3U + 〈x31, . . . , x34〉 and thus f ∈
S3(W⊥) ⊕ JΓ′ belongs to S3(W⊥) + S3U + 〈x31, . . . , x34〉. The component of
f lying in S3(W⊥) is the sum of 4 cubes of coplanar linear forms, and the
component of f lying in S3U is the sum of 2 cubes. Thus f is the sum of 10
cubes of linear forms, 4 of which are coplanar.
In order to prove formula (15), we dualize it and note that it is equivalent to
the equality

W · IΓ′(2) = (W · S2V ∗) ∩ IΓ′(3).(16)

The right hand side is equal to IΓ′∪P(W⊥)(3). As Γ′ ∩P(W⊥) = ∅, the Koszul
resolution of the ideal sheaf IP(W⊥) remains exact after tensoring by IΓ′ , which
gives the following resolution of IΓ′∪P(W⊥):

0→
3∧
W ⊗ IΓ′(−3)→

2∧
W ⊗ IΓ′(−2)→ W ⊗ IΓ′(−1)→ IΓ′∪P(W⊥) → 0.

Twisting with O(3) and applying the vanishings H1(IΓ′(1)) = 0 and H2(IΓ′) =
0, we get the desired equality W · IΓ′(2) = IΓ′∪P(W⊥)(3).
To conclude the proof of Sublemma 3.14, it only remains to prove the following
claim:

Claim 3.15. The set of cubic fourfolds in the open set P55
reg \ Drk3 :=

P(S3V )reg \Drk3 satisfying (14) for a pair (W,Γ′) with Γ′W = Γ′∩P(W⊥) 6= ∅
has codimension ≥ 2.

�

Proof of Claim 3.15. Recall, from above, that Γ′ contains a line ∆ and spans
P5. Also, since qf (Γ′) spans a P3 and contains no subscheme of length 3 in a
line, every component of Γ′ that is not supported on ∆ is curvilinear. Consider
the intersection Γ′W = Γ′ ∩P(W⊥).
If Γ′W contains ∆, then, since it is the intersection of quadrics and is finite
residual to ∆, the residual scheme to ∆ in Γ′W is at most a point.
If Γ′W intersects ∆ only in a point x, then Γ′W ∪∆ spans at most a P3, so Γ′

has a scheme of length at least 2 residual to Γ′W ∪∆. By Sublemma 3.12, the
scheme Γ′W has a component of length at most 2 supported on x and a residual
closed point x′.
If Γ′W does not intersect the line ∆, then Γ′W is curvilinear and has length at
most 3.
We observe that in each of the listed situations, if X,Y ∈ W are generically
chosen, and P3

X,Y ⊇ P(W⊥) is defined by X and Y , we have

Γ′ ∩P3
X,Y = Γ′ ∩P(W⊥) = Γ′W .
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We want to estimate the dimension of JΓ′,W = (W · IΓ′(2))⊥, or equivalently
of W · IΓ′(2), since

dim JΓ′,W = 56− dim (W · IΓ′(2)).

We consider the exact sequence

0→ 〈X,Y 〉 · IΓ′(2)→W · IΓ′(2)→W · IΓ′(2)|P3
X,Y
→ 0.

and observe that dimW · IΓ′ (2)|P3
X,Y

= dim IΓ′(2)|P3
X,Y

. Therefore

dim (W · IΓ′(2)) = dim (〈X,Y 〉 · IΓ′(2)) + dim IΓ′(2)|P3
X,Y

.(17)

Furthermore, consider the space of linear forms [IΓ′ (2) : 〈X,Y 〉] ⊂ V. Mul-
tiplication by the matrix (X,−Y ) and (Y,X)t respectively defines an exact
sequence

0→ [IΓ′(2) : 〈X,Y 〉]→ IΓ′(2)⊕ IΓ′ (2)→ 〈X,Y 〉 · IΓ′(2)→ 0.

From this sequence, and the fact (13) that dim IΓ′(2) = 14, we get

dim (〈X,Y 〉 · IΓ′ (2)) = 2 dim IΓ′(2)− dim [IΓ′(2) : 〈X,Y 〉] =

= 28− dim [IΓ′ (2) : 〈X,Y 〉].
Putting this equality together with the equation (17) we get:

dim JΓ′,W = 28 + dim [IΓ′(2) : 〈X,Y 〉]− dim IΓ′(2)|P3
X,Y

.

We make now a case-by-case analysis. Recall that if the scheme Γ′W has finite
length, this length is ≤ 3 and if it contains the line ∆, it contains at most one
reduced residual point.

(1) If Γ′W = [l] is a reduced point on ∆ = P(U), which is not the
support of an embedded point, then dim [IΓ′(2) : 〈X,Y 〉] = 0 and

dim IΓ′(2)|P3
X,Y

= 9, so we get dim JΓ′,W = 19. The parameter space

for such (W,Γ)′s has dimension 7 + 28 = 35, so the subset of P55
reg

satisfying equation (14) with this condition on (W,Γ) has dimension
≤ 35 + 18 = 53.

(2) If Γ′W = [l] is a reduced point on ∆ = P(U), the support of an embed-
ded point, then dim [IΓ′(2) : 〈X,Y 〉] = 1 and dim IΓ′ (2)|P3

X,Y
= 9. Thus

dim JΓ′,W = 20. As Γ′ has an embedded point on ∆, the parameter
space for Γ′ has dimension 27, so the parameter space for such (W,Γ)′s
has dimension 7+27 = 34. Thus the subset of P55

reg satisfying equation
(14) with this condition on (W,Γ) has dimension ≤ 34 + 19 = 53.

(3) If Γ′W = [l] is a reduced point not in ∆, then dim [IΓ′ (2) : 〈X,Y 〉] = 1

and dim IΓ′(2)|P3
X,Y

= 9, so we get dim JΓ′,W = 20. The parameter

space for such (W,Γ)′s has dimension 6+28 = 34, so the subset of P55
reg

satisfying equation (14) with this condition on (W,Γ) has dimension
≤ 34 + 19 = 53.
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(4) If Γ′W is a subscheme of length 2 that intersects ∆ in one point, which
is not the support of an embedded point, then dim [IΓ′(2) : 〈X,Y 〉] = 1

and dim IΓ′(2)|P3
X,Y

= 8, so we get dim JΓ′,W = 21. The parameter

space for such (W,Γ)′s has dimension 4+28 = 32, so the subset of P55
reg

satisfying equation (14) with this condition on (W,Γ) has dimension
≤ 32 + 20 = 52.

(5) If Γ′W is a subscheme of length 2 that intersects ∆ in one point, which
is the support of an embedded point, then dim [IΓ′(2) : 〈X,Y 〉] = 2

and dim IΓ′(2)|P3
X,Y

= 8, so we get dim JΓ′,W = 22. The parameter

space for such (W,Γ)′s has dimension 3+27 = 30, so the subset of P55
reg

satisfying equation (14) with this condition on (W,Γ) has dimension
≤ 30 + 21 = 51.

(6) If Γ′W = z2 is a subscheme of length 2 that does not intersect ∆,
then dim [IΓ′(2) : 〈X,Y 〉] = 2 and dim IΓ′(2)|P3

X,Y
= 8, so we get

dim JΓ′,W = 22. The parameter space for such (W,Γ)′s has dimension
3 + 28 = 31, so the subset of P55

reg satisfying equation (14) with this
condition on (W,Γ) has dimension ≤ 31 + 21 = 52.

(7) If Γ′W = ∆, then dim [IΓ′(2) : 〈X,Y 〉] = 2 and dim IΓ′(2)|P3
X,Y

= 7,

so we get dim JΓ′,W = 23. The parameter space for such (W,Γ)′s has
dimension 3 + 28 = 31, so the subset of P55

reg satisfying equation (14)
with this condition on (W,Γ) has dimension ≤ 31 + 22 = 53.

(8) If Γ′W is a subscheme of length 3 that does not intersect ∆, then

dim [IΓ′ (2) : 〈X,Y 〉] = 3

and dim IΓ′(2)|P3
X,Y

= 7, so we get dim JΓ′,W = 24. The parame-

ter space for such (W,Γ)′s has dimension 28, so the subset of P55
reg

satisfying equation (14) with this condition on (W,Γ) has dimension
≤ 23 + 28 = 51.

(9) If Γ′W is a subscheme of length 3 that intersects ∆ in a point [l], which
is the support of an embedded point, then dim [IΓ′ (2) : 〈X,Y 〉] = 3 and

dim IΓ′(2)|P3
X,Y

= 7, so we get dim JΓ′,W = 24. The parameter space

for such (W,Γ)′s has dimension 27, so the subset of P55
reg satisfying

equation (14) with this condition on (W,Γ) has dimension ≤ 27 + 23 =
50.

(10) If Γ′W is a subscheme of length 3 that intersects ∆ in a point [l], which
is not the support of an embedded point, then dim [IΓ′(2) : 〈X,Y 〉] = 2

and dim IΓ′(2)|P3
X,Y

= 7, so we get dim JΓ′,W = 23. The parameter

space for such (W,Γ)′s has dimension 1+28 = 29, so the subset of P55
reg

satisfying equation (14) with this condition on (W,Γ) has dimension
≤ 22 + 29 = 51.

(11) If Γ′W is the union of the line ∆ and an embedded point, then
dim [IΓ′(2) : 〈X,Y 〉] = 3 and dim IΓ′(2)|P3

X,Y
= 6, so we get
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dim JΓ′,W = 25. The parameter space for such (W,Γ)′s has dimension
28, so the subset of P55

reg satisfying equation (14) with this condition
on (W,Γ) has dimension ≤ 24 + 28 = 52.

This proves the claim.
�

The proof of Lemma 3.11, hence also of Proposition 3.1, is finished. �

3.2. Syzygies. Recall that the cactus rank of a cubic fourfold F = V (f) is
the minimal length of an apolar subscheme (Definition 3.2). We consider the
syzygies of the ideal If , and give below a partial characterization of cubic
fourfolds of cactus rank < 10, which we will use to prove Proposition 4.1 in the
next section.
For a cubic fourfold F ⊂ P(V ∗), let V10(F ) ⊂ P(V ) be the union of subschemes
of length 10 which are apolar to F . We shall show, in Lemma 3.21, that when
F is general and of cactus rank 10, then V10(F ) is a hypersurface of degree 9.
As suggested to us by Hans Christian von Bothmer, to find the equation of
V10(F ), when it is a hypersurface, we study the syzygies of the apolar ideal If
and compare it with syzygies of the ideal of subschemes of length 9 and 10.
We are interested in the graded Betti numbers for the minimal free resolution
of the ideal If for a general f , and for the ideal of a general set of 9 and 10
points.

Example 3.16. The Betti numbers in the following examples have been com-
puted with Macaulay2 [18].

(1) Let f ∈ C[x0, ..., x5] be the cubic form

f = 2x21x2 − 2x0x
2
2 − 2x21x3 − 2x23x4 − x0x1x5 + 2x1x2x5

+ x22x5 + x2x3x5 + 3x1x4x5 + x24x5 + 3x0x
2
5 + x3x

2
5

Then the resolution of If has Betti numbers:

1 − − − − − −
− 15 35 21 − − −
− − − 21 35 15 −
− − − − − − 1

.

(2) Let Z6 be the 6 coordinate points in P5, then the resolution of the ideal
of the 9 points

Z9 = Z6 ∪ {(1 : 1 : 1 : 1 : 0 : 0), (0 : 0 : 1 : −1 : −1 : 1), (1 : −1 : 0 : 0 : 1 : 1)}
in P5 has Betti numbers

1 − − − − −
− 12 25 15 − −
− − − 6 10 3

,
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(3) The resolution of the ideal of the 10 points Z9∪{(0 : 1 : −1 : −1 : 0 : 1)}
in P5 has Betti numbers

1 − − − − −
− 11 20 5 − −
− − − 16 15 4

.

Remark 3.17. The graded Betti numbers in the three resolutions of Example
3.16 are clearly minimal for apolar ideals of cubic forms and for ideals of 9
(resp. 10) points in P5. By semicontinuity we conclude that the Betti numbers
are the same as in these examples for a general cubic form, and for the ideal of
9 (resp. 10) general points in P5.

Lemma 3.18. If f is a cubic form with no partials of rank ≤ 3, then f has
cactus rank ≥ 9. If furthermore the minimal free resolution of the apolar ideal
If has Betti numbers

1 − − − − − −
− 15 35 21 − − −
− − − 21 35 15 −
− − − − − − 1

and f has cactus rank 9, then the (35 × 21)-matrix M2 of linear second order
syzygies has generic rank at most 20. In other words, if f has no partial
derivative of rank ≤ 3, the apolar ideal If has Betti numbers as above and the
matrix M2 has generic rank 21, then f has cactus rank 10.

Proof. Since f has no partial derivatives of rank ≤ 3, the map qf : P(V )→ Xf

is a smooth embedding and Xf has no trisecant lines, by Lemma 3.8. Let Z
be an apolar subscheme of length at most 8. Since IZ(2) ⊂ Qf = If (2) and
Qf ⊂ S2V has codimension 6, the rank of the restriction mapQf → H0(OZ(2))
is at most 2. Hence Zf = qf (Z) is contained in a line, and Xf would have a
trisecant line, a contradiction. Therefore f has cactus rank at least 9.
Assume next, f has cactus rank 9 computed by an apolar subscheme Z ⊂ P(V )
that consists of 9 general points. We consider the Gale transform of Z (cf. [11]).
The Gale transform Z ′ of Z is a set of 9 points in a plane, and Z ′ is general
since Z is general. In particular we may assume that Z ′ lies on a unique smooth
cubic curve. By [11, Corollary 3.2], the set of 9 points Z itself lies on this curve
reembedded as an elliptic sextic curve EZ in P(V ). The Betti numbers of the
minimal free resolution of the ideal of EZ are

1 − − − −
− 9 16 9 −
− − − − 1

.

Since IEZ ⊂ IZ and IZ ⊂ If , by assumption, we get that IEZ ⊂ If , i.e. the
elliptic sextic curve EZ is apolar to f . The inclusion of the resolution of IEZ
in the resolution of If displays a third order syzygy of the ideal IEZ that is a
third order syzygy for the linear strand of the resolution of the ideal If . In the
resolution of If the matrix M2 therefore has generic rank at most 20.
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It remains to consider any cubic form f of cactus rank 9 and no partials of rank
at most 3. Let Z be a length 9 subscheme apolar to f . Now, by Remark 3.3,
the scheme Z is locally Gorenstein and the limit of smooth schemes of length
9, the form f is likewise a limit of forms of cactus rank 9 with a smooth apolar
scheme of length 9. Therefore, by the previous argument, the matrix M2 in
the resolution of If is the limit of matrices of generic rank at most 20, so M2

also has generic rank at most 20.
�

We analyze further the syzygies of elliptic normal sextic curves, to find the
locus in P(V ) where the matrix M2 in the resolution of If drops rank.
First, an elliptic normal sextic curve E lies in a smooth Veronese surface: any of
the four linear systems |D| of degree 3 on E such that |2D| is the linear system
of hyperplane sections of E ⊂ P(V ), is the linear system of conic sections of E
in a smooth Veronese surface in P(V ).

Lemma 3.19. Let E be an elliptic normal sextic curve in P5 and let

p ∈ P(V ) \ E.
Then the ideal of E ∪{p} has a unique second order linear syzygy that vanishes
at p.
If, in addition, p is not contained in the secant variety of any of the four
Veronese surfaces containing E, then the syzygy has rank 5 and no ideal strictly
contained in the ideal of E ∪ {p} has this syzygy.
If p ∈ Σ \ E, where Σ is a Veronese surface that contains E, then the second
order linear syzygy that vanishes at p is a syzygy for IΣ, but no ideal strictly
contained in IΣ.

Proof. Let p be in P(V ) \ E. The minimal free resolution of IE is symmetric
with Betti numbers

1 − − − −
− 9 16 9 −
− − − − 1

.

The third order syzygy is therefore nonzero at the point p outside E, and
defines a unique second order syzygy that vanishes at p.
This syzygy is a syzygy among at most 5 first order linear syzygies that also
vanishes at p, and finally, these first order syzygies are linear syzygies among
quadrics in the ideal of E that vanish at p. Therefore the ideal of IE∪{p} has
a second order linear syzygy vanishing at p.
The secant variety of E is the intersection of a pencil of determinental cubic
hypersurfaces that are singular along E (see [12] Theorem 1.3, Lemma 2.9).
In fact, these hypersurfaces are defined by determinants of (3 × 3)-matrices
with linear entries that have rank one along E. Since E is smooth, all the
linear entries are nonzero. Four of the cubic hypersurfaces are secant varieties
of Veronese surfaces that contain E. If p is not on any of these four hyper-
surfaces, then p is not on the secant variety of E, and there is a unique cubic
determinental hypersurface Y that is singular along E and contains p. We may

Documenta Mathematica 22 (2017) 455–504



Variety of Power Sums and Divisors . . . 479

assume that this hypersurface is defined by the determinant of the (3 × 3)-

matrix A =



a0 a1 a2
a3 a4 a5
a6 a7 a8


 with linear entries ai. Since p is not on any of the

four secant varieties of a Veronese surface containing E, the matrix A is not
symmetric, so p is in a unique plane in each of the two nets of planes in Y .
In particular we may assume that p = V (a0, a1, a2, a4, a7). Then the ideal of
E ∪ {p} is generated by all the (2× 2)-minors of A except a3a8− a6a5, i.e. the
quadrics

IE∪{p} =(a1a3 − a0a4, a2a3 − a0a5, a2a4 − a1a5, a1a6 − a0a7, a2a6 − a0a8,
a4a6 − a3a7, a2a7 − a1a8, a5a7 − a4a8).

These quadrics have the following matrices of first and second order linear
syzygies that vanish at p:

S1 =




−a2 0 a7 0 0
a1 0 a0 a7 0
−a0 0 0 0 −a7

0 −a2 −a4 0 0
0 a1 0 −a4 0
0 0 a1 a2 0
0 −a0 0 0 a4
0 0 0 a0 −a1




and S2 =




−a7
a4
−a2
a1
a0



,

i.e.

IE∪{p},2 · S1 = S1 · S2 = 0.

The rows of the matrix S1 have no constant syzygies, so there are no ideal
properly contained in IE∪{p} with the second order linear syzygy, S2, among
its quadrics.
Now, if the matrix above is symmetric, i.e. a1 = a3, a2 = a6, a5 = a7, it has
rank one along a Veronese surface Σ. Therefore, for each point p ∈ Σ, there
is an inclusion IΣ ⊂ IE∪{p}. The quadrics in IE∪{p} in the non-symmetric
case reduces to the quadrics in IΣ. If p = V (a0, a1, a2, a4, a7) ∈ Σ, the above
displayed second order syzygy remains a second order linear syzygy among the
quadrics in IΣ, and as in the non-symmetric case, no proper ideal contained in
IΣ has this second order linear syzygy.

�

Assume now that Z is a set of 10 points that is apolar to a cubic fourfold F of
rank 10, and that a subset Z0 ⊂ Z of 9 points lies in an elliptic normal sextic
curve E. By Lemma 3.19, the ideal of E ∪ Z, and hence also IZ , has a second
order syzygy that vanishes in the point p = Z \ Z0 so the matrix M2 in the
resolution of If has rank at most 20 at p.
Furthermore, assume that the set Z0 ⊂ E of 9 points in P(V ) is the base locus
of a pencil of elliptic sextic curves {Eλ} on a Veronese surface, and that the
point p is not contained in the secant variety of this Veronese surface. Then,
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for a general curve Eλ in the pencil, the second order linear syzygy for the
ideal of Eλ ∪ Z determines the curve. Therefore there is a pencil of second
order syzygies for IZ that vanishes at p = Z \Z0. Hence, we conclude that the
matrix M2 in the resolution of If has rank at most 19 at p.
Let F be a cubic fourfold defined by a form f of rank 10 and consider the
incidence

IV SP = {(p, [Z])|p ∈ Z} ⊂ P(V )× V SP (F, 10).

Then, by definition, V10(F ) ⊂ P(V ) is the image of IV SP under the first
projection IV SP → P(V ).

Corollary 3.20. Let f be a cubic form of rank 10 with no partial derivatives
of rank ≤ 3 and Betti numbers

1 − − − − − −
− 15 35 21 − − −
− − − 21 35 15 −
− − − − − − 1

for the apolar ideal If . Assume that there exist a set Z of 10 points apolar to
f , and that a subset Z0 ⊂ Z of 9 points lie on an elliptic sextic curve EZ0 ,
while the point p = Z \ Z0 does not lie on the secant variety of any Veronese
surface that contains EZ0 . Then the (35×21)-matrix M2 of linear second order
syzygies has rank at most 20 along V10(F ). Furthermore, M2 has rank at most
19 at every point p ∈ Z ⊂ P(V ) such that the subscheme Z0 is contained in a
pencil of elliptic sextic curves on a Veronese surface.

Proof. The first condition on Z0 and Z is clearly an open condition in
V SP (F, 10), so M2 has rank at most 20 along a Zariski open set of V10(F ),
hence everywhere along V10(F ). Similarly the second condition on Z0 and Z is
open among sets of points Z such that the subset Z0 is contained in a pencil of
elliptic sextic curves on a Veronese surface, so the second part of the Corollary
follows.

�

Lemma 3.21. (von Bothmer [5]) Let f be a cubic form whose apolar ideal If
has a minimal free resolution with Betti numbers

1 − − − − − −
− 15 35 21 − − −
− − − 21 35 15 −
− − − − − − 1

.

Then the (35× 21)-matrix M2 of linear second order syzygies has rank at most
20 either on all of P(V ) or on a hypersurface YF . In the second case, V10(F )
is equal to YF and has degree 9 if M2 has rank 20 at a general point of YF .

Proof. Consider the linear strand of the resolution of If with Betti numbers

1 − − − −
− 15 35 21 −
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evaluated at a general point. The first map has kernel of dimension 14. There-
fore the corank of the third map ϕM2 is at least 14. If the linear strand is exact
at a general point, then the rank of the third map drops along a hypersurface.
We compute the degree of this hypersurface by restricting the linear strand to
a general line L ⊂ P(V ). This restriction of the linear strand is a complex

0← OL ← 15OL(−2)← 35OL(−3)← 21OL(−4)← 0

that is exact, except at 35OL(−3). The kernel of the first map is a vector
bundle E1 of rank 14 and first Chern class c1(E1) = −30 on L. Therefore, the
second map factors into a surjective map E1 ← 35OL(−3) with kernel a vector
bundle E2 of rank 21 with first Chern class c1(E2) = 35 · (−3)− (−30) = −75
on L. The third map of the linear strand, defined by the restriction of ϕM2 to
L, factors through a vector bundle map E2 ← 21OL(−4) between two bundles
of rank 21. The determinant of this bundle map, since it is assumed to be
nonzero, defines a divisor whose class is the difference of the first Chern classes
of the two bundles, i.e. of degree −75 + 21 · (−4) = 9 on L. So ϕM2 either has
rank at most 20 on all of P(V ) or it has rank at most 20 on a hypersurface of
degree 9.
For the last statement, we already proved in Corollary 3.20 that the hyper-
surface V10(F ) ⊂ P(V ) is contained in the determinental hypersurface YF of
points where M2 has rank at most 20. On the other hand, one can exhibit F
for which YF is irreducible (cf. Proposition 4.1). Hence for such an F , V10(F )
must be equal to YF , which implies the same result for any F . �

Remark 3.22. The general cubic fourfold F in the divisor DIR has rank 10,
while V10(F ) is a Pfaffian cubic hypersurface (cf. [15, Lemma 3.9 and Proposi-
tion 3.15]). In this case the (35× 21)-matrix M2 has rank 18 at a general point
of V10(F ).

Lemma 3.23. Let f ∈ S3V be a cubic form whose apolar ideal If has a minimal
free resolution with Betti numbers

1 − − − − − −
− 15 35 21 − − −
− − − 21 35 15 −
− − − − − − 1

.

If the (35 × 21)-matrix M2 of linear second order syzygies has rank 21 at a
general point and rank 20 at some point, then V10(F ) is singular along the set
of points [l] ∈ P(V ) for which f − l3 has rank 9 and the matrix M2 has rank
at most 19, in particular at the points [l] for which f − l3 is apolar to a pencil
of elliptic normal sextic curves on a Veronese surface.

Proof. Indeed, by Lemma 3.21, the (35 × 21)-matrix M2 has rank at most 20
along the determinantal hypersurface V10(F ) = YF . Since it has rank 20 at
some point, it must have rank 20 at a general point of V10(F ), while V10(F )
is singular where the rank is at most 19. The lemma therefore follows from
Corollary 3.20. �
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Remark 3.24. We have computed with Macaulay2 [18] for certain cubic forms
f , that V10(F ) is a hypersurface of degree 9 whose singular locus is a surface
of degree 140 that coincides with the locus where M2 has rank at most 19.
Therefore we conjecture that this holds for a general f .

Lemma 3.25. Let f be a cubic form of rank 9 and assume that there is a 9-tuple
of points apolar to f that is a divisor D on an elliptic sextic curve and that 2D
is not a cubic hypersurface divisor on the curve. Then there are exactly two
subschemes of length 9 that are apolar to f .

Proof. Let D = {p1, ..., p9} be a set of points on an elliptic sextic curve E
apolar to f . Then the Gale transform of the points D are 9 points D′ ⊂ P2.
The Gale transform (cf. [11]) reembeds E as a cubic curve E′ through the
points D′ in P2, such that the lines in the plane intersect E′ in divisors H3

equivalent to D−H6, where H6 is a hyperplane divisor on E in P5. Since 2D
is not equivalent to 3H6, the cubic divisor in the plane 3H3 = 3D − 3H6 =
D + (2D − 3H6) is not equivalent to D. Therefore D′ lies on a unique cubic
curve in the plane, and likewise E is the unique elliptic sextic curve in P5

through D. The curve E is apolar to f , and we claim that any 9-tuple of
points apolar to f lies on this curve.
By Terracini’s Lemma, (cf. [21], [24]), the tangent space to the 8-th secant
variety of the 3-uple embedding W3 ⊂ P55 of P5 at the point [f ] is the span of
the tangent spaces of any 9 points in W3 whose span contains [f ]. The tangent
space to the 8-th secant variety at [f ] is therefore defined by the linear space
of cubic hypersurfaces that are singular at p1, ..., p9. The curve E is contained
in four Veronese surfaces, corresponding to the four square roots of the hyper-
plane line bundle of degree 6. The secant varieties of these Veronese surfaces
generate a pencil of cubic hypersurfaces singular along the elliptic curve. Their
intersection is precisely the union of secant lines to E, so there are no other
cubics singular along E, and E is the common singular locus of this pencil.
We will show that these hypersurfaces are precisely the cubic hypersurfaces
singular at p1, ..., p9. Since the divisor 2D is not linearly equivalent to a cu-
bic hypersurface divisor, a cubic hypersurface singular in D must contain the
curve E. Furthermore, on any smooth intersection S of three quadrics contain-
ing the curve, the curve E has trivial normal bundle. Therefore, the residual of
a cubic hypersurface section of S that contains E, meets the curve in a divisor
equivalent to a cubic section. Hence, a cubic that is singular along D, must
contain the doubling of the curve in the three quadrics. Varying the complete
intersection surface S, we may conclude that the cubic must be singular along
the curve.
Summing up we see that tangent space of the 8-th secant variety of W3 at the
point [f ] has codimension 2 in P55 and that any 9-tuple of points on W3 whose
span contains [f ] is contained in the reembedding E′′ of E in W3.
The curve E′′ in W3 is an elliptic normal curve of degree 18. By [7, Proposition
5.2], and its proof, when 2D is not equivalent to 3H6 there is unique divisor
D′′ of degree 9 on E′′, distinct from D, whose span in the 3-uple embedding
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contains [f ]. In fact, D′′ is a divisor equivalent to 3H6 − D. Therefore f is
apolar to exactly two subschemes of length 9 supported on E. �

Lemma 3.26. Let F be a fourfold defined by a cubic form f , that has no partials
of rank ≤ 3 and whose apolar ideal If has a minimal free resolution with Betti
numbers

1 − − − − − −
− 15 35 21 − − −
− − − 21 35 15 −
− − − − − − 1

.

Assume that the (35×21)-matrixM2 of linear second order syzygies has rank 21
at a general point, and that there is a 10-tuple of points Z ⊂ P(V ) apolar to f
and a point [l] ∈ Z at which M2 has rank 20, such that the 9 points Z0 = Z \ [l]
form a divisor D on an elliptic sextic curve EZ0 . Assume furthermore that the
divisor 2D is not equivalent to a cubic hypersurface divisor on EZ0 , and that [l]
is not contained in the secant variety of any Veronese surface containing EZ0 .
Then the projection IV SP → V10(F ) is generically 2 : 1.

Proof. Note that the cubic form f has rank 10 and that f − cl3 has rank 9 for
some c ∈ C. In fact, since M2 has rank 20 at [l], the ideal If has a unique second
order linear syzygy vanishing at [l]. By Lemma 3.19, this syzygy determines
uniquely the curve EZ0 . In particular, there is a unique c such that f − cl3
has rank 9. By Lemma 3.25, there are exactly two points in the fiber of the
projection

IV SP → V10(F ) ([l], [Z]) 7→ [l]

over [l]. Since the conditions on Z are open, the lemma follows. �

4. The divisor of cubic fourfolds apolar to a Veronese

In the first part of this section we show (Corollary 4.5) that for a general cubic
fourfold F apolar to a Veronese surface Σ, i.e. in the set DV−ap, the variety
V SP (F, 10) is singular along a K3 surface, and then (Corollary 4.7) that the
hypersurface V10(F ) introduced and studied in the previous section is singular
along Σ. Subsequently, we show (Corollary 4.9) that the general F in DV−ap
is apolar to finitely many Veronese surfaces, by exhibiting an F in DV−ap such
that the singular locus of V10(F ) cannot contain a one-dimensional family of
Veronese surfaces. Next, we extend results in Section 3 to show (Corollary 4.10
and Propositions 4.11 and 4.13) that DV−ap is a divisor different from Drk3

and Dcopl, and that the fourfold V SP (F, 10) does not meet the singular locus
of the Hilbert scheme for a general F in DV−ap (Corollary 4.12). In the final
part of the section we show (Proposition 4.16) that DV−ap is not a Noether
Lefschetz divisor in the moduli space of smooth cubic fourfolds.
The Propositions 4.11 and 4.16 and Corollaries 4.9 and 4.12 are applied in
Section 5 to show that for a general [f ] ∈ DV−ap, the fourfold V SP (F, 10) is
smooth outside a surface along which it has quadratic singularities.
By a direct calculation in an example we now prove:
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Proposition 4.1. Let F be a general cubic fourfold apolar to a Veronese sur-
face Σ.
(i) F has cactus rank 10. Hence no length 9 subscheme of P(V ) is apolar to
F .
(ii) F is nonsingular and the form f defining F has no partial derivatives of
rank ≤ 3.
(iii) The minimal free resolution of the apolar ideal If has Betti numbers

1 − − − − − −
− 15 35 21 − − −
− − − 21 35 15 −
− − − − − − 1

,

and the matrix M2 of linear second order syzygies of If has rank 20 at a general
point of Σ.
(iv) YF = V10(F ) is an irreducible fourfold singular in codimension at least 2.

Proof. We find with Macaulay2 [18] a cubic form apolar to a Veronese surface
Σ, and compute the resolution of its annihilator (apolar ideal). Let Σ be the
Veronese surface defined by the (2× 2)-minors of



x0 x1 x2
x1 x3 x4
x2 x4 x5




So the ideal of Σ is generated by

〈x0x3 − x21, x0x5 − x22, x3x5 − x24, x0x4 − x1x2, x1x4 − x2x3, x1x5 − x2x4.〉

By differentiation one may check that each of these quadratic forms annihilates
the following cubic form:

f =y20y1 + y1y
2
2 − 2y1y2y3 − y2y23 − y21y4 + 2y0y2y4 − 2y0y3y4 − 2y1y3y4

+ 2y0y1y5 + y24y5 + y3y
2
5 .

So f is apolar to the Veronese surface Σ. The apolar ideal of the cubic form f
has Betti numbers

1 − − − − − −
− 15 35 21 − − −
− − − 21 35 15 −
− − − − − − 1

.

Its 35× 21-matrix M2 of second order linear syzygies restricted to the plane

x0 = x3 = x4 − x5 = 0,

has rank 20 along a curve of degree 9. Reduced modulo 5 the defining form for
this curve is

Documenta Mathematica 22 (2017) 455–504



Variety of Power Sums and Divisors . . . 485

x91 − 2x81x2 + 2x71x
2
2 − x61x32 + x51x

4
2 + x41x

5
2 + 2x31x

6
2 − 2x21x

7
2 + 2x92 − 2x81x4

+ x71x2x4 − 2x61x
2
2x4 + 2x51x

3
2x4 − x41x42x4 − x31x52x4 − x21x62x4 + x1x

7
2x4

− 2x82x4 + 2x71x
2
4 + 2x61x2x

2
4 − 2x51x

2
2x

2
4 − x41x32x24 − 2x21x

5
2x

2
4 − x1x62x24 − x61x34

− 2x41x
2
2x

3
4 − 2x31x

3
2x

3
4 + 2x1x

5
2x

3
4 − x62x34 + x51x

4
4 − 2x41x2x

4
4 − 2x31x

2
2x

4
4

− x1x42x44 + 2x41x
5
4 − x31x2x54 − 2x1x

3
2x

5
4 + x42x

5
4 − 2x31x

6
4 + 2x21x2x

6
4 − 2x32x

6
4

+ 2x21x
7
4 + 2x1x2x

7
4 + x1x

8
4 − 2x2x

8
4 − x94

It is nonsingular, which proves (iv). In particular the generic rank of the matrix
M2 is 21 for f . Therefore, by Lemma 3.18, the cactus rank of f is 10, which
proves (i).
A direct computation shows that F = V (f) is nonsingular, that f has no
partials of rank 3, and that the matrix M2 for the apolar ideal of f has rank
20 at the point V (x0, x1, x2, x3, x4) ∈ Σ, hence at a general point on Σ, which
proves (ii) and (iii), respectively. �

Let W be a vector space of rank 3, and V = S2W , and recall the linear map
(cf. (2))

s : S6W → S3V s.t. s(a6) = (a2)3(18)

For g ∈ S6W , we consider the cubic form f = s(g) ∈ S3V . Let C = V (g) ⊂
P(W ∗) and F = V (f) ⊂ P(V ∗). Formula (18) shows that there is a natural
embedding

φ : V SP (C, 10)→ V SP (F, 10).

Indeed, if g =
∑

i a
6
i , then f = s(g) =

∑
i(a

2
i )

3. For distinct [ai] ∈ P(W ), the
morphism φ sends the length 10 subscheme {[ai]|i = 1, ..., 10} to the length 10
subscheme {[a2i ]|i = 1, ..., 10} of P(V ). More generally, φ associates to a length
10 apolar subscheme Z of g in P(W ) the length 10 apolar subscheme to f in
P(V ) which is the image of Z under the Veronese embedding.

Remark 4.2. When g is general sextic ternary form and C = V (g), then g has
rank 10. Mukai showed in [19] that V SP (C, 10) is a smooth K3 surface. We
shall often use the notation Sg := φ(V SP (C, 10)).

Lemma 4.3. If g is a general sextic ternary form and f = s(g), then
V SP (F, 10) is a fourfold and the projection IV SP → V10(F ) is generically
2 : 1, where F = V (f).

Proof. We may assume that f = s(g) is a general cubic form apolar to a
Veronese surface. By Remark 4.2, the sextic form g has rank 10, and by
Proposition 4.1, f = s(g) has cactus rank 10, hence also rank 10, and V10(F )
is a fourfold. We first claim that the projection IV SP → V10(F ) is generically
finite, and hence that V SP (F, 10) is also a fourfold. For this let Σ be the
Veronese surface that is the image of the quadratic embedding of P(W ) in
P(V ) = P(S2W ), and let Z ⊂ Σ be a general 10-tuple of points on Σ that is
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apolar to F . Note that [Z] ∈ Sg = φ(V SP (C, 10)). We may assume that a
subset Z0 ⊂ Z of 9 points lie on a unique elliptic sextic curve EZ0 in Σ. Then
p = Z \Z0 lies on V10(F ), and IΣ has a unique linear second order syzygy that
vanishes at p. By Proposition 4.1 (iii), this syzygy is the unique second order
syzygy for If that vanishes at p, and, by Lemma 3.19, every apolar subscheme
Z ′ to F that contains p must be contained in Σ. Thus [Z ′] ∈ φ(V SP (C, 10)).
But, by Remark 4.2, the variety V SP (C, 10) is a surface, so, since p is a general
point, there are finitely many apolar schemes to C of length 10 that contain
the point p. Therefore the projection IV SP → V10(F ) also has a finite fiber
over p ∈ V10(F ), and the projection is generically finite.
By Proposition 4.1 (iv), the variety V10(F ) is an integral hypersurface of degree
9. Consider a one parameter family of cubic fourfolds {Ft}t∈C that contains F
and the total family

I = {(p, Z, t)|p ∈ Z, [Z] ∈ V SP (Ft, 10)} ⊂ P(V )×Hilb10P(V )×C.

After possibly shrinking the parameterspace, we may assume that I is irre-
ducible and flat over an open subset ∆ ⊂ C. For t ∈ ∆ the fiber in I over
t is IV SPt , and the variety V10(Ft) ⊂ P(V ) is the image of the projection of
this fiber into the first factor. For general t the variety V10(Ft) is an integral
hypersurface of degree 9 by Lemma 3.21, while the projection IV SPt → V10(Ft)
is generically 2 : 1 by Lemma 3.26. Since V10(F ) is a hypersurface of degree 9,
the generically finite map IV SP → V10(F ) is also 2 : 1.

�

To show that V SP (F, 10) is singular along Sg = φ(V SP (C, 10)), we use the
following general criterion for singularities of the variety of power sums of a
hypersurface:

Lemma 4.4. Assume that k is the rank of a general hypersurface F ′ of degree
d in P(V ∗). Let F ⊂ P(V ∗) be a hypersurface of degree d and rank k and
assume that dimV SP (F, k) = dimV SP (F ′, k). Let [Z] ∈ Hilbk(P(V )) be
an apolar subscheme to F such that Z = {[l1], . . . , [lk]} consists of k distinct
points. Then V SP (F, k) is singular at [Z], if there is a hypersurface of degree
d in P(V ) which is singular along Z.

Proof. Consider the universal family

VSP = {([Z], [f ])|[Z] ∈ V SP (F, k)} ⊂ Hilbk(P(V ))×P(SdV ).

The fiber of the second projection over a point [f ] ∈ P(SdV ) is V SP (F, k),
where F = V (f). The fiber over a point [Z] ∈ Hilbk(P(V )) of the first projec-
tion is a linear space, the linear span 〈ρd(Z)〉 of the image ρd(Z) in P(SdV ) un-
der the d−uple Veronese embedding ρd. Now, consider a point ([Z], [f ]) ∈ VSP
where Z is a smooth subscheme apolar to f and f has rank k. Then Z be-
longs to the set of subschemes that impose independent conditions to poly-
nomials of degree d, which is open in the Hilbert scheme, and 〈ρd(Z)〉 is a
Pk−1. Since Hilbk(P(V )) is smooth of dimension kn near Z, we conclude that
VSP is smooth of dimension kn + k − 1 at ([Z], [f ]). Since F has rank k,
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the second projection VSP → P(SdV ) is dominant. Furthermore, since the
dimension of the fiber V SP (F, k) of the second projection VSP → P(SdV ) is
equal to the dimension of a general fiber, the variety V SP (F, k) is singular at
a point [Z] if the rank of the second projection at the point ([Z], [f ]) is less
than dim(P(SdV )). If Z = {[l1], . . . , [lk]}, then this rank is the dimension of

the span TZ = 〈[ld−1i yj ]|1 ≤ i ≤ k, 0 ≤ j ≤ n〉 where 〈y0, . . . , yn〉 = V . In fact,

from the expansion of (li + yj)
d, we see that ld−1i yj defines a tangent direction

at the point [ldi ], so TZ is the span of the tangent spaces to the d-uple embed-
ding ρd(P(V )) at the points [ldi ] (this is a special case of Terracini’s Lemma,
cf. [21], [24]). Hence V SP (F, k) is singular at [Z] if these tangent spaces do
not span P(SdV ).
But hyperplanes in P(SdV ) correspond to hypersurfaces of degree d in P(V ),
and a hyperplane contains the tangent space at [ldi ] if and only if the cor-
responding hypersurface is singular at [li]. Therefore V SP (F, k) is singular
at [Z] if there is a hypersurface in P(V ) of degree d singular in the points
[l1], . . . , [lk]. �

Corollary 4.5. If g is a general sextic ternary form and f = s(g) (cf. 18),
then V SP (F, 10) is singular along Sg = φ(V SP (C, 10), where F = V (f) and
C = V (g).

Proof. First, we may assume that f = s(g) is a general cubic form apolar to
a Veronese surface Σ. By Remark 4.2, the sextic form g has rank 10, and
by Proposition 4.1, f = s(g) has cactus rank 10, hence also rank 10, and by
Lemma 4.3, V SP (F, 10) is a fourfold.
Let Z ⊂ Σ be a general 10-tuple of points on Σ that is apolar to F . Note
that [Z] ∈ Sg = φ(V SP (C, 10)). Now, since g has rank 10, the points in Z
impose independent conditions to S3V ∗. According to Lemma 4.4, the variety
V SP (F, 10) is singular at [Z] if there exists a cubic fourfold singular along Z.
This condition is satisfied in our situation since Z is contained in the Veronese
surface Σ ⊂ P(V ). In fact, the Veronese surface is the singular locus of the
discriminant cubic hypersurface parameterizing singular conics in P(W ∗). �

The next lemma is used to prove that if F is a general cubic fourfold apolar to a
Veronese surface Σ, then the hypersurface V10(F ) is singular along Σ (Corollary
4.7).

Lemma 4.6. Let C be a plane curve defined by a general sextic form g, and let

IV SP = {([l], [Z])|[l] ∈ Z} ⊂ P2 × V SP (C, 10)

be the natural incidence variety. Then the projection onto the first factor is
2 : 1.

Proof. We may assume that g has rank 10. Let p = [l] ∈ Z ⊂ P2 be a point
in a general apolar subscheme of length 10. Then Z0 = Z − p has length nine
and is contained in a unique smooth cubic curve EZ0 . In fact, in the pencil
g−λl6, there is a unique form g1 of rank 9: The (10× 10)-catalecticant matrix
of µg−λl6 has nonvanishing determinant with a zero of multiplicity 9 at µ = 0,
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and hence one more zero. The corank of the catalecticant matrix is the rank
of the space of cubic forms apolar to µg − λl6, so the simple zero correspond
to a unique sextic form g1 in the pencil g− λl6 that is apolar to a cubic curve,
i.e. apolar to the scheme Z0 and the cubic curve EZ0 . By genericity, we may
assume that 2Z0 is not equivalent to 6HL as divisors on EZ0 , where HL is a
divisor defined by a line in P2. We apply now Lemma 3.25 to the cubic form
s(g1), and conclude that p is contained in exactly two subschemes of length 10
that are apolar to g1. �

Corollary 4.7. Let F be a cubic fourfold of cactus rank 10 that is apolar to
a Veronese surface Σ. If the matrix M2 of linear second order syzygies of the
apolar ideal If has rank 20 at a general point of V10(F ), then this hypersurface
is singular along Σ.

Proof. Let F = V (f) and f = s(g), then, by Corollary 4.5, the variety
V SP (F, 10) is singular along the K3 surface Sg = φ(V SP (C, 10)), where
C = V (g), and V10(F ) ⊂ P(V ) is a hypersurface of degree 9, by Lemma
3.21. Now, assume that {gt}t∈C is a general one parameter family of ternary
sextic forms such that g = g0. Let gt be a general member of the family.
Then, by Proposition 4.1 and Remark 4.2, the sextic form gt and the cubic
form ft = s(gt) both have rank 10. Any length 9 subscheme of a general apolar
scheme of length 10 of gt is contained in an elliptic normal sextic curve E on
Σ, and as a divisor on E satisfies the condition of Lemma 3.25. The projection
IV SPt → V SP (Ft, 10) and its restriction over Sgt are both finite and of degree
10.
Consider the other projection IV SPt → V10(Ft). By Lemma 4.3, it is generically
2 : 1 and V10(Ft) is an irreducible hypersurface of degree 9. On the other hand,
by Proposition 4.1 (iii) the Veronese surface Σ is contained in V10(Ft). Let
p ∈ Σ be a general point. As in the proof of Corollary 4.5, if (p, [Z]) ∈ IV SPt ,
then Z ⊂ Σ. Therefore we may conclude, by Lemma 4.6, that the projection
IV SPt → V10(Ft) is 2 : 1 over p, and hence generically over Σ.
An analytic neighborhood in V SP (Ft, 10) of a general point in Sgt is therefore
isomorphic to a suitable neighborhood in V10(Ft) of any of the corresponding
points in Σ. Therefore V10(Ft) is singular along Σ if and only if V SP (Ft, 10)
is singular along Sgt .
Thus, for an open neighborhood 0 ∈ ∆ ⊂ C, there is a family {V10(Ft)|t ∈ ∆}
of hypersurfaces of degree 9 whose general member is singular along Σ. To see
that V10(F ) is singular along Σ, we study this family.
Let

I = {(p, Z, t)|p ∈ Z, [Z] ∈ V SP (Ft, 10)} ⊂ P(V )×Hilb10P(V )×∆,

be the closure of the natural incidence, and let VSP∆(10) ⊂ P(V )×∆ be the
image of the projection I → P(V )×∆. Then I and VSP∆(10) are fivefolds, and
thus the fibers of VSP∆(10)→ ∆ are all fourfolds. The fiber at t ∈ ∆ therefore
contains the fourfold V10(Ft) as a component. Since V10(Ft) is singular along
Σ for a general t, the same holds for t = 0 and the lemma follows. �
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Remark 4.8. In computations we have found forms f apolar to a Veronese
surface Σ, such that V10(F ) is singular along the union of Σ and a surface of
degree 140, the locus of points where the matrix M2 of second order linear
syzygies has rank at most 19. As noted in Proposition 4.1 (iii), the matrix M2

has rank 20 generically on Σ.

Corollary 4.9. Let F be a general cubic fourfold apolar to a Veronese surface.
Then F is apolar to finitely many Veronese surfaces.

Proof. The union of a 1−dimensional family of Veronese surfaces is a threefold.
So, if f is apolar to a 1−dimensional family of Veronese surfaces, then, by
Lemma 3.21 and Corollary 4.7, the degree 9 determinantal hypersurface V10(f)
would be singular along a threefold, contradicting Proposition 4.1. �

Corollary 4.10. The set DV−ap of cubic forms that are apolar to some
Veronese surface is an irreducible hypersurface in P(S3V ).

Proof. The map g 7→ f = s(g) induces a rational map

smod : S6W//Gl(W ) 99K S3V//Gl(V ).

The image of smod is the locus of cubic fourfolds apolar to a Veronese surface, so
DV−ap is irreducible. That it is a divisor, follows from a dimension count: Plane
sextics have 28 − 9 = 19 parameters, while cubic fourfolds have 56 − 36 = 20
parameters, so it suffices to show that smod has generically finite fiber. The
fiber of smod over a point parameterizing a cubic fourfold F may be identified
with the set of Veronese surfaces which are apolar to F . The result thus follows
from Corollary 4.9. �

Proposition 4.11. A general cubic fourfold F which is apolar to a Veronese
surface satisfies the conclusion of Proposition 3.1, namely, any element [Z] ∈
V SP (F, 10) corresponds to a length 10 subscheme Z which imposes independent
conditions on cubics and is apolar to F .

Proof. By Proposition 3.1, the divisorial part of the set of cubic fourfolds not
satisfying this conclusion is contained in the union of the irreducible divisors
Drk3 and Dcopl introduced in Section 2. As we know that the set of cubics
apolar to a Veronese surface is an irreducible divisor which is different from
Drk3 by Proposition 4.1 (ii), the result follows from the following Proposition
4.13. �

Corollary 4.12. For a general cubic fourfold F which is apolar to a Veronese
surface, V SP (F, 10) does not meet Sing(Hilb10(P(V )).

Proof. This follows from Proposition 4.1(ii) which guarantees that the form
f that defines F has no partial derivative of rank ≤ 3, Proposition 4.11 and
Proposition 3.5. �

Proposition 4.13. The divisors Dcopl and DV−ap are distinct.
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Proof. We shall distinguishDcopl andDV−ap by proving that their intersections

DV−ap ∩DIR and Dcopl ∩DIR

with DIR are distinct.
Recall from Section 2 that DIR denotes the set of cubic fourfolds FIR(S)
associated to a K3 surface section S = P8

S ∩ G(2, 6) ⊂ P14. The dual

space P5
S := (P8

S)⊥ ⊂ P̌14 intersects the Pfaffian cubic hypersurface, the

secant variety of Ǧ(2, 6) ⊂ P̌14, in a Pfaffian cubic fourfold FBD(S). Fur-
thermore, by [15, Lemma 3.9 and Proposition 3.15], there is an identification
V10(FIR(S)) = FBD(S).

Lemma 4.14. Let FBD(S) ⊂ P5
S be a Pfaffian cubic fourfold with no rank 2

points, i.e. P5
S ∩ Ǧ(2, 6) = ∅, and let S = P8

S ∩ G(2, 6) be the corresponding
linear section of G(2, 6). Then FIR(S) has cactus rank 10, and S is birational to
a component of the Hilbert scheme of rational quartic surface scrolls in FBD(S)
that are apolar to FIR(S).

Proof. If FBD(S) has no rank 2 points, then P8
S = (P5

S)⊥ defines the apolar
ideal If of a cubic fourfold FIR(S) = V (f), and this fourfold has cactus rank
10, (cf. [15, 3.5 and Lemma 3.6]). By [15, Lemma 2.9], each secant line to S
defines a pair of rational quartic surface scroll in FBD(S) that intersect along
scheme of length 10 apolar to FIR. The two scrolls correspond to the points of
intersection on the variety S. �

If a cubic fourfold F of cactus rank 10 is apolar to a Veronese surface, then, by
Corollary 4.7, V10(F ) must contain this Veronese surface. So the proposition
follows by finding a cubic fourfold F = FIR(S) ∈ Dcopl ∩ DIR, such that the
Pfaffian cubic FBD(S) contains no Veronese surface.
We first consider Pfaffian cubic fourfolds that contain a plane. For a smooth
cubic fourfold F , let A(F ) := H4(F,Z)∩H2,2(F ), the lattice of integral middle
Hodge classes.

Lemma 4.15. If F is a general smooth Pfaffian cubic fourfold that contains a
plane P intersecting a rational quartic surface S4 in F along a conic section,
then A(F ) does not contain the class of a Veronese surface. Furthermore the
Pfaffian cubic fourfolds that contain such a plane form a divisor in the variety
of Pfaffian cubic fourfolds.

Proof. We may assume that A(F ) has rank 3, generated by the classes of
h2, [S4] and [P ] (cf. [6, Example 3.1 and Theorem 3.]). The intersection matrix
is

h2 [S4] [P ]
h2 3 4 1

[S4] 4 10 0
[P ] 1 0 3

The class of a Veronese surface Σ in F would have intersections

h2 · [Σ] = 4, [Σ]2 = 12
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and −1 ≤ [Σ] · P ≤ 3, since Σ has degree 4 and [Σ] · P = −1 when Σ ∩ P is a
conic. If Σ ⊂ F , then [Σ] = aH2 + b[S4] + c[P ] with integral a, b, c. Computing
intersection numbers we get

3[Σ]2 − ([Σ] · [h2])2 = 14b2 + 8c2 − 8bc = 20.

Since 4 divides the right hand side, b in the left hand side must be even, which
again means that 8 must divide the right hand side, a contradiction. For the
last statement, see [1, Section 2]. �

We now exhibit a cubic form f in Dcopl that is apolar to a rational quartic
surface scroll and has both rank and cactus rank 10. By Lemma 2.4, it belongs
to Dcopl ∩DIR.
The cubic form

f = −7x30 + 9x20x1 − 12x0x
2
1 + x31 − 12x20x2 + 6x0x1x2 + 3x20x3

− 3x21x3 − 6x0x2x3 − 6x1x2x3 + 3x0x
2
3 − 3x2x

2
3 + x33 − 6x0x1x4 − 3x21x4

− 6x0x2x4 − 6x1x3x4 − 3x0x
2
4 − 3x20x5 − 6x0x1x5 + 6x22x5

− 6x0x3x5 + 6x2x4x5 + 3x1x
2
5 − x35

is apolar to the two quartic surface scrolls S4 and S′4 defined by the 2-minors
of (

x0 x1 x3 x4
x1 x2 x4 x5

)
and

(
x3 x4 x0 + x1 + x5 x1 − x2 + x4
x4 x5 x1 − x3 + x4 x0 + x2 − x3

)

respectively, so f belongs to DIR. The intersection S4 ∩ S′4 of the two scrolls
is the union of the six points Z6 defined by the 2-minors of

(
x0 x1 x3 x4 x0 + x1 + x5 x1 − x2 + x4
x1 x2 x4 x5 x1 − x3 + x4 x0 + x2 − x3

)

and the four points

V (x0x2 − x21, x20 + x0x1 + 2x1x2), x3, x4, x5)

in the plane V (x3, x4, x5), so f belongs also to Dcopl and has rank at most 10.
The resolution of the apolar ideal If has Betti numbers

1 − − − − − −
− 15 35 21 − − −
− − − 21 35 15 −
− − − − − − 1

.

and the matrix 35× 21-matrix M2 of second order linear syzygies of If has
no syzygies. So we conclude that f has cactus rank 10 by Lemma 3.18 and
hence also rank 10. Let F = V (f). Then F = FIR(S) for some K3 surface S,
and FBD(S) is the corresponding Pfaffian cubic that contains the two quartic
scrolls S4 and S′4. Since each scroll intersects the plane P = V (x3, x4, x5) in
a conic section, the plane P is contained in FBD(S) and A(FBD(S)) contains
the rank three lattice generated by h2, [S4] and [P ] with intersection matrix as
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in the proof of Lemma 4.15. By Lemma 4.15, the Pfaffian cubic fourfolds F
that contain a plane that intersect a quartic scroll in a conic form a family of
codimension one in the divisor of Pfaffian cubic fourfolds. But DIR∩Dcopl is a
divisor in DIR, so the corresponding set of Pfaffian cubics also has codimension
one in the divisor of Pfaffian cubic fourfolds. Therefore the Pfaffians cubic
fourfold FBD(S) corresponding to a general cubic fourfold FIR(S) ∈ DIR∩Dcopl

is general in the sense of Lemma 4.15, and does not contain the class of a
Veronese surface.
This concludes the proof of Proposition 4.13. �

We conclude this section with the following result concerning the divisor
DV−ap.

Proposition 4.16. The divisor DV−ap is not a Noether-Lefschetz divisor.

Here by a Noether-Lefschetz divisor (or component of the Hodge loci, see [22]),
we mean a divisor D along which a locally constant nonzero primitive rational
cohomology class in H4(Fb,Q), b ∈ D, remains a Hodge class. Equivalently,
as the Hodge conjecture is satisfied by cubic fourfolds, the cubic fourfolds Fb
parameterized by such a divisor carry a codimension 2 cycle whose cohomology
class is not proportional to the class h2, h = c1(OFb(1)). Hodge theory shows
that in the case of cubic fourfolds, the Hodge loci are hypersurfaces in the
moduli space, as a consequence of the equality h3,1(F ) = 1 (see [22]).

Proof of Proposition 4.16. First of all, we recall that in the moduli stack
M of smooth cubic fourfolds (or in the local universal family of deforma-
tions), Noether-Lefschetz divisors have a smooth normalization. More pre-
cisely, each local branch Mα near a cubic fourfold [F ] is defined by a class
α ∈ H4(F,Q)prim, where Mα is the “locus of points t ∈ M where the class
αt ∈ H4(Ft,Q)prim deduced from α by parallel transport is a Hodge class”,
and the statement is that Mα is smooth. We refer to [22] for various local
descriptions of these Hodge loci and their local study. The smoothness follows
from [22, Corollary 3.3], and from the following fact:

Lemma 4.17. Let F be a nonsingular cubic fourfold, and 0 6= α ∈
H2(F,Ω2

F )prim. Then the cup-product-contraction map

yα : H1(F, TF )→ H3(F,ΩF )

is surjective.

This lemma can be proved directly using Griffiths’ description of the in-
finitesimal variations of Hodge structures of hypersurfaces, or by using the
Beauville-Donagi isomorphism between the variation of Hodge structures on
H4(F,Q)prim and the variation of Hodge structures on H2(L(F ),Q)prim,
where L(F ) is the Fano variety of lines of F , together with general proper-
ties of the period map for hyper-Kähler manifolds.
The universal family of deformations of the cubic Fermat hypersurface
FFermat = V (fFermat) in P5 can be obtained as follows: in S3V we choose a

Documenta Mathematica 22 (2017) 455–504



Variety of Power Sums and Divisors . . . 493

linear subspace T which is transverse to the tangent space at the point fFermat
to the orbit of fFermat under Gl(V ), and we restrict the universal hypersurface
in S3V × P5 to T × P5, where T is embedded in an affine way in S3V , by
t 7→ fFermat + t. Since the differential at (Id, 0) of the map

Gl(V )× T → S3V,

(γ, t) 7→ γ(fFermat) + t,

is an isomorphism, it is a local isomorphism in the analytic topology, hence
there is a neighborhood U ′ of fFermat in S3V and a holomorphic retraction
π : U ′ → U ⊂ T with the property that π(g) is the unique point of intersection
of U ′ ∩Og with T (where Og is the orbit of g ∈ U under Gl(V )).
It is well-known (see [23, Remark 6.16]) that the tangent space to the orbit of
fFermat at fFermat is the degree 3 part of the Jacobian ideal of fFermat, gener-

ated by the partial derivatives of fFermat. If we write fFermat =
∑i=5

i=0X
3
i , the

Jacobian ideal JfFermat is generated by the X2
i , so there is a natural such com-

plementary subspace T ; the vector subspace of S3V generated by the XiXjXk

for i, j, k all distinct.
As the map smod : S6W//Gl(W ) 99K S3V//Gl(V ) is induced by the linear map
s : S6W → S3V , the divisor DV−ap ⊂ S3V//Gl(V ) comes from a divisor DU

in U ⊂ T ⊂ S3V (U is a analytic open set which will be the basis of a universal
family of deformations of FFermat), where DU is obtained as the image of the
composition of the linear map s : S6W → S3V with π : U ′ → U ⊂ T , where it
is defined.
The following proposition implies that DV−ap is not a Noether-Lefschetz divi-
sor, thus concluding the proof of the proposition. �

Proposition 4.18. The local branches of the divisor DU at the origin are
singular.

Remark 4.19. We cannot identify here DU with an open set of DV−ap. Indeed,
DU is a divisor in the universal family of deformations of FFermat, and its image
DV−ap in S3V//Gl(V ) is obtained by taking the quotient of DU by the group
of automorphisms of FFermat, which is nontrivial. If DV−ap is a Noether-
Lefschetz divisor, then the divisor DU in the universal family of deformations
must have smooth local branches. The criterion, that a Noether-Lefschetz
divisor has smooth local branches can be applied only in the universal family
of deformations, which is itself smooth.

Proof of Proposition 4.18. We wish to exploit the following observation:

Lemma 4.20. For a generic sextic polynomial g ∈ S6W which is the sum of six
6-th powers of elements of W , f = s(g) is (conjugate to) the Fermat polynomial

gF =
∑i=5
i=0X

3
i .

Proof. This follows immediately from formula (2), which says that if g =∑i=5
1=0 a

6
i then f =

∑i=5
i=0(a2i )

3. On the other hand, for a generic choice of
the ai’s, the a2i provide a basis Xi, i = 0, ..., 5 of V = S2W . �
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We fix a0, . . . , a5 providing a basis Xi = a2i , i = 0, ..., 5 of V . For any b• =
(b0, . . . , b5) ∈W 6 and b ∈ W , we consider the curve in S6W parameterized by
the coordinate t, of the form

t 7→ gb•,b,t :=

i=5∑

i=0

b6i + tb6 ∈ S6W.

At t = 0, the corresponding curve t 7→ s(gb•,b,t) ∈ S3V passes through

s(
∑i=5

i=0 b
6
i ), which is equal to

∑i=5
i=0(b2i )

3 ∈ S3V . The later polynomial is
not equal for generic b• to the Fermat polynomial fFermat =

∑
iX

3
i but it

is canonically conjugate to it, namely, let γb• ∈ Gl(V ) be determined by

γb•(b2i ) = Xi, i = 0, . . . , 5.

Then we have

γb•(s(

i=5∑

i=0

b6i )) = fFermat,

and may conclude that the curve

t 7→ fb•,b,t := γb•(s(gb•,b,t)) ∈ S3V, t ∈ C

passes through fFermat at t = 0. By definition, its image in S3V//Gl(V ) is
contained in Im smod. Furthermore, for small t, fb•,b,t belongs to the small
open set where the holomorphic retraction π : U → T is defined, so that
π(fb•,b,t) ∈ DU for any such (b•, t). Thus there must be one branch D′U of DU

such that π(fb•,b,t)) ∈ D′U for any (b•, t), since the parameter space for the
family fb•,b,t is smooth hence in particular normal. Let us now prove that D′U
is not smooth at the point fFermat. The derivative at 0 with respect to t of
the holomorphic map

t 7→ π(fb•,t) ∈ T
is obtained by applying the projection

p : S3V → T ∼= S3V/JfFermat

to γb•(s(b6)) = γb•((b2)3). The above reasoning shows that all these elements
lie in the Zariski tangent space TD′

U ,0
at the point 0 (parameterizing the Fer-

mat equation). The proof that D′U is not smooth is thus concluded with the
following lemma:

Lemma 4.21. The set S of elements p(γb•((b2)3)) ∈ T generates T as a vector
space.

Proof. Choose two independent elements Y0, Y1 of W . Then the three elements
Y 2
0 , Y

2
1 , (Y0+Y1)2 are independent in S2W . For a generic choice of a3, a4, a5 ∈

W , the set

Y 2
0 , Y

2
1 , (Y0 + Y1)2, a23, a

2
4, a

2
5

forms a basis of V . We choose

b• = (Y0, Y1, Y0 + Y1, a3, a4, a5).
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Then

γb•(Y 2
0 ) = X0, γb•(Y 2

1 ) = X1,(19)

γb•((Y0 + Y1)2) = X2, γb•(a2i ) = Xi, i = 3, 4, 5.

Choose now for b a generic linear combination of Y0 and Y1. Then we can write
b2 = αY 2

0 + βY 2
1 + γ(Y0 + Y1)2, with the coefficients α, β, γ all nonzero. It

follows that

(b2)3 = 6αβγ(Y0)2(Y1)2(Y0 + Y1)2 + P ((Y0)2, (Y1)2, (Y0 + Y1)2)

where the cubic polynomial P contains all monomials in (Y0)2, (Y1)2, (Y2)2

containing at least one quadratic power of one of the variables. Applying the
transformation γb• of (19) and the projection p, we get

p(γb•((b2)3)) = 6αβγX0X1X2

since all the monomials in the Xj containing at least a quadratic power of the
variables are in J3

fFermat
. We thus proved that the set S contains X0X1X2,

and the same proof would show that S contains XiXjXk for arbitrary distinct
indices i, j, k. Thus S generates T as a vector space.

�

The proof of Proposition 4.18 is finished. �

5. Local structure of V SP for a cubic fourfold apolar to a
Veronese surface

Let W be a 3-dimensional vector space, and let g ∈ S6W , f = s(g) ∈ S3(S2W )
be as in the previous section, i.e. C = V (g) is a plane sextic curve, and
F = V (f) is a cubic fourfold. Our goal in this section is to prove the following
theorem (from which Theorem 1.8 of the introduction immediately follows):

Theorem 5.1. Assume that g is a general ternary sextic form, and let f = s(g).
(i) The variety V SP (F, 10) is smooth of dimension 4 away from the K3 surface
Sg = V SP (C, 10). In particular, there is only one Veronese surface apolar to
f , so we may denote by Sf the surface Sg.
(ii) The singularities of V SP (F, 10) are quadratic nondegenerate in the normal
direction to Sf at any point of Sf .

Proof of Theorem 5.1, (i). We know, by Corollary 4.10, that the set of cubics
apolar to a Veronese surface is a divisor DV−ap in the space parameterizing all
cubics. Let

VSPV−ap := {([Z], [f ]) ∈ Hilb10(P5)×DV−ap, IZ(3) ⊂ Hf}(20)

be the universal family of V SP ’s of cubics apolar to a Veronese surface, with
projection

pr2 : VSPV−ap → P(S3V ).

We consider the dense open D0
V−ap ⊂ DV−ap defined as the set of points [f ] in

the smooth locus of DV−ap such that f = s(g) for a ternary sextic form g of
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rank 10 for which Sg is integral, and Corollary 4.12 and Propositions 4.11 and
4.1, (i) are satisfied.
We prove the following:

Lemma 5.2. Let [f ] ∈ D0
V−ap. Then there is only one Veronese surface that

is apolar to f , thus determining a unique curve C defined by a ternary sextic
form g such that Sg = V SP (C, 10) ⊂ V SP (F, 10). In this case we denote by
Sf this surface Sg.
Furthermore, denoting by VSPV−ap,0 the restriction to D0

V−ap of the family
VSPV−ap, VSPV−ap,0 is nonsingular away from the family S ⊂ VSPV−ap,0 of
surfaces Sf .

Proof. We identify f , as before, with a hyperplane Hf in S3V ∗. Let

K ⊂ Hom(Hf , S
3V ∗/Hf) = TP(S3V ),f)

be the tangent space of DV−ap at [f ], with f = s(g) for some g ∈
H0(P2,OP2(6)) and some Veronese embedding Σ ⊂ P(V ) of P2. We denote
again by h ∈ S3V ∗ the discriminant cubic form, such that V (h) is singular
along Σ. Notice that h ∈ Hf , since f is apolar to Σ.
First of all, we claim that K⊥ is generated by h. As K is a hyperplane, it
suffices to show that h belongs to K⊥, i.e. that γ(h) = 0 for every γ ∈ K.
Let [Z] be a general point in Sg ⊂ V SP (F, 10). Then Z is contained in a
unique Veronese surface Σ apolar to f = s(g), and VSPV−ap contains a family

SU = {[Z ′], [f ′]) ∈ U |[Z ′] ∈ Sg′ ⊂ V SP (F ′, 10);

f ′ = s(g′), F ′ = V (f ′)} ⊂ VSPV−ap
of surfaces in a neighborhood U of the point ([Z], [f ]). Since Sg is integral,
we may assume that SU is smooth at ([Z], [f ]). On the other hand, the im-
age pr2(SU ) ⊂ P(S3V ) is dense in DV−ap. Now, let TVSPV−ap,([Z],[f ]) be the
Zariski tangent space to VSPV−ap at ([Z], [f ]). It contains the tangent space
TSU ,([Z],[f ]), so since pr2(SU ) is dense in DV−ap, the tangent space K to DV−ap
at [f ] is the image of the linear map

pr2∗ : TVSPV−ap,([Z],[f ]) → TP(S3V ),f .

So to prove the claim it suffices to prove that the discriminant cubic form h
belongs to the orthogonal of

Im (pr2∗ : TVSPV−ap,([Z],[f ]) → TP(S3V ),f ).

Since g has rank 10, we may assume that the scheme Z consists of ten
distinct points that impose independent conditions on cubics, so we can
identify THilb10(P(V )),[Z] with H0(TP5|Z), and furthermore H0(TP5|Z) with
HomOP(V )

(IZ ,OZ). We have then the following description of the tangent

space of VSP at ([Z], [f ]) :

T([Z],[f ]) := {(u, γ) ∈ HomOP(V )
(IZ ,OZ)×Hom(Hf , S

3V ∗/Hf),(21)

γ|IZ(3) = p ◦ du : IZ(3)→ S3V ∗/Hf},
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where du : IZ(3)→ H0(OZ(3)) is the map induced by u ∈ HomOP(V )
(IZ ,OZ)

on global sections, and p : H0(OZ(3)) → S3V ∗/Hf is deduced from the
quotient map S3V ∗ → S3V ∗/H , using the fact that the restriction map
S3V ∗ → H0(OZ(3)) is surjective and that its kernel IZ(3) is contained in
Hf . We just have to prove that for γ satisfying the equation (21), we have

γ(h) = 0.(22)

But as h ∈ IZ(3), we get γ(h) = du(h) modulo Hf , and since h is singular
along Z, du(h) = 0, which proves (22). The claim is thus proved.
Note that the claim proves in particular that for [f ] ∈ D0

V−ap, there is a unique
Veronese surface apolar to f since it says that the cubic h is determined by
K = TD0

V−ap,[f ]
and on the other hand it determines Σ, because Σ is the singular

locus of V (h).
The proof of the smoothness of VSPV−ap,0 away from S will now use the fact
that the discriminant cubic with equation h is smooth away from Σ. The
argument goes as follows: Let [f ] ∈ D0

V−ap, [Z] ∈ V SP (F, 10), [Z] 6∈ Sf and

K = TD0
V−ap,[f ]

. Recall that the conclusion of Corollary 4.12 holds, so that [Z]

is a smooth point of Hilb10(P(V )). Furthermore, Proposition 4.11 also holds,
so Z is apolar to f and imposes independent conditions on cubics. Hence
IZ(3) ⊂ Hf , and this property gives us the local equations for V SP (F, 10)
inside Hilb10(P(V ))reg. Differentiating these equations, the Zariski tangent
space to VSPV−ap at ([Z], [f ]) is thus given as before by

TVSPV−ap,([Z],[f ]) := {(u, α) ∈ HomOP(V )
(IZ ,OZ)×K,(23)

α|IZ(3) = p ◦ du : IZ(3)→ S3V ∗/Hf},
where K is the hyperplane in Hom(Hf , S

3V ∗/Hf) of linear forms vanishing on
h. The variety VSPV−ap is smooth at ([Z], [f ]) if the restriction map

ρK : K → Hom(IZ (3), S3V ∗/Hf)

is surjective, since this implies that the linear equations in (23) defining the
Zariski tangent space to VSPV−ap at ([Z], [f ]), which are nothing but the
differentials of the equations defining VSPV−ap, are linearly independent.
1) If h does not vanish identically on Z, then the hyperplane

K ⊂ Hom(Hf , S
3V ∗/Hf )

does not contain the kernel of the surjective map

Hom(Hf , S
3V ∗/Hf )→ Hom(IZ(3), S3V ∗/Hf )

so the restriction map ρK is surjective.
2) If h vanishes on Z, the image of the map K → Hom(IZ(3), S3V ∗/Hf) is
the set of linear forms on IZ(3) vanishing on h ∈ IZ(3). Therefore, the linear
equations in (23), parameterized by HomOP(V )

(IZ ,OZ), are linearly dependent
only if the map

HomOP(V )
(IZ ,OZ)→ C, u 7→ du(h) mod Hf
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is the zero map. But the map

u 7→ du(h) ∈ H0(OZ(3))(24)

is H0(OZ)-linear. So if its image is contained in Hf/IZ(3), it provides a sub-
H0(OZ)-module of H0(OZ(3)) which is the ideal of a subscheme of Z apolar
to f . By Proposition 4.1, (i), this implies that this ideal is equal to 0, that is,
the map (24) is 0.
In conclusion, if VSPV−ap is singular at ([Z], [f ]), then Z is contained in the
singular locus of h, hence in Σ. In other words, [Z] belongs to Sf .

�

Lemma 5.2 implies (i) by a Sard type argument and this concludes the proof
of Theorem 5.1, (i).

�

Proof of Theorem 5.1, (ii). We first prove the following result:

Lemma 5.3. For general g and f = s(g), the embedding dimension of
V SP (F, 10) is 5 at any point of Sf .

Proof. We know that the universal family VSP is smooth and that the hyper-
surface VSPV−ap contains the family of surfaces S which has generically smooth
fibers. If Sf is smooth, the corank of the map pr2∗ : TVSP,([Z],[f ]) → TP(S3V ),[f ]

is 1 everywhere along Sf . This implies that the embedding dimension of
V SP (F, 10) is 5 at any point of Sf . �

This lemma shows that for general g and f = s(g), the variety V SP (F, 10) has
locally hypersurface singularities along Sf , and our goal now is to show that
the Hessian of the local defining equation, which is a homogeneous quadratic
polynomial on the normal bundle NSf , is everywhere nondegenerate. Here the
bundle NSf is defined as the quotient of TV SP (F,10)|Sf by its subbundle TSf .
The bundle NSf is thus locally free of rank 3 by Lemma 5.3.
We first have the following:

Lemma 5.4. The determinant of NSf is trivial.

Proof. We recall that by Proposition 4.11, V SP (F, 10) is defined as the follow-
ing set:

V SP (F, 10) = {[Z] ∈ Hilb10(P(V )), IZ(3) ⊂ Hf}.(25)

The variety V SP (F, 10) is contained in the smooth part of Hilb10(P(V )) and
defined according to (25) as the 0-locus of a section σ of the bundle F with
fiber Iz(3)∗ over the point [Z] ∈ Hilb10(P(V )). More precisely, since we as-
sumed that [f ] ∈ D0

V−ap, the conclusion of Proposition 4.11 holds and thus

V SP (F, 10) is contained in the open set of Hilb10(P(V )) where F is locally
free. In particular, VSP → P(S3V ) is flat over a neighborhood of [f ]. For a
general f ∈ S3V , we know by [15] that V SP (F, 10) is a smooth Hyper-Kähler
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manifold, hence in particular has trivial canonical bundle. This means that the
line bundle

det (THilb10(P5)|V SP (F,10))⊗ (detF)−1

has trivial restriction to V SP (F, 10), which implies that it has trivial restriction
to V SP (F, 10) when f is a general cubic apolar to a Veronese surface, since
VSP → P(S3V ) is flat at [f ].
On the other hand, the proof of Lemma 5.3 shows that the cokernel of the
differential dσ along Sf is the trivial line bundle with fiber Hom (Ch, S3V ∗/Hf )
at any point [Z] of Sf .
The exact sequence

0→ TV SP (F,10)|Sf → THilb10(P5)|Sf → F|Sf → Cokerdσ → 0

thus implies the triviality of det TV SP (F,10)|Sf , hence the triviality of detNSf
since detTSf is trivial. �

Using the fact that the cokernel of the map dσ is the trivial line bundle on
Sf , we conclude that the Hessian of σ is a section of S2N∗Sf . Here we use

the following notion of Hessian for a section σ of a vector bundle E of rank
r on a smooth variety Y , at a point y where dσ is not of maximal rank.
The Hessian is then intrinsically an element of (Coker dσy) ⊗ S2ΩY,y,σ, where
ΩY,y,σ = (Ker dσy)∗. (Note that dσy : TY,y → Ey is not intrisically defined but
Ker dσy and Cokerdσy are.) This Hessian is related to the usual Hessian as
follows: In an adequate local trivialization of E near y, σ is given by a r-tuple
(σ1, . . . , σr) of functions on Y , and we can assume that if k is the rank of dσ
at y, then dσ1, . . . , dσk are independent at the point y, while dσk+1, . . . , dσr
vanish at y. Let Y ′ be the smooth codimension k submanifold of Y defined by
σi, i ≤ k. Then ΩY,y,σ = ΩY ′,y and the restriction σ|Y ′ has zero differential
at y. Then the Hessian of σ at y is the (r − k)-tuple of quadratic forms
(Hess(σk+1|Y ′), . . . ,Hess(σr|Y ′)). If furthermore we know that the vanishing
locus of σ has ordinary quadratic singularities along a submanifold Z ⊂ Y ,
then near y, we have Z ⊂ Y ′ and the Hessians Hess(σi|Y ′) ∈ S2ΩY ′,y appearing

above in fact belong to S2N∗Z/Y ′ . In our case, Z is Sf and what we denoted

by NSf is naturally isomorphic to NZ/Y ′ .

As the determinant of NSf is trivial, the Hessian of σ as a section of S2N∗Sf is

a nondegenerate quadric everywhere along Sf if and only if it is nondegenerate
generically along Sf . The last property can be shown as follows: Recall that f is
a generic cubic apolar to a Veronese surface and [Z] ∈ Sf . The pair ([Z], [f ]) can
be constructed starting from a general subscheme of length 10 of the Veronese
surface Σ, and taking for Hf a general hyperplane of S3V ∗ containing IZ(3).
Take for Z a reduced subscheme consisting of ten distinct points x1, . . . , x10
in general position on Σ. Then the hyperplane Hf is determined by a linear
form p : S3V ∗ → S3V ∗/Hf . This form is the composite of the projection map
S3V ∗ → S3V ∗/IZ(3) and a linear form

p′ : H0(OZ(3))→ C.
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After trivialization of OZ(3) we may write

p′ =
∑

i

pievxi

for some scalars pi which can be chosen arbitrarily. Recalling that the cokernel
of dσ is generated by Hom (Ch, S3V ∗/Hf), it is clear that the Hessian Hess(σ)
at the point [Z] is obtained by restricting the sum

∑
i pid

2hxi to

NSf ,[Z] ⊂ H0(NΣ/P5|Z) = ⊕iNΣ/P5,xi.

Here we use the same trivialization of OZ(3) as above to see the Hessian d2hxi
of h at xi as an element of S2N∗Σ/P5,xi

. Since h has nondegenerate quadratic

singularities along Σ, each of the quadrics d2hxi is nondegenerate. We now
have:

Lemma 5.5. The 3-dimensional vector space NSf ,[Z] is the orthogonal com-

plement of the subspace Im (H0(Σ, NΣ/P5) → ⊕iNΣ/P5,xi) with respect to the

quadratic form
∑

i pid
2hxi .

Proof. Indeed, the space NSf ,[Z] is equal to the kernel of the composite map

H0(NΣ/P5|Z)→ Hom (IΣ(3), H0(OZ(3))
p′→ Hom (IΣ(3), S3V ∗/Hf ),

where H0(NΣ/P5|Z) ∼= ⊕iNΣ/P5,xi and p′ =
∑
i pievxi .

Let now u ∈ H0(Σ, NΣ/P5), u|Z = (ui) and v = (vi) ∈ H0(NΣ/P5|Z). Then

(
∑

i

pid
2hxi)(u|Z , v|Z) =

∑

i

pid
2hxi(ui, vi).

The section u ∈ H0(Σ, NΣ/P5) lifts to a section U ∈ H0(P5, TP5). Let

dU : S3V ∗ → S3V ∗ be the induced map on cubic forms. Then the degree
3 polynomial dU (h) belongs to IΣ(3). Furthermore we have

d2hxi(ui, vi) = d(dU (h))(vi)

for any i. It follows that
∑

i

pid
2hxi(ui, vi) =

∑

i

pid(dU (h))(vi).

If now (vi) belongs to NSf ,[Z], we find that
∑

i pid(dU (h))(vi) = 0 and thus
∑

i

pid
2hxi(ui, vi) = 0.

Hence we proved that Im (H0(Σ, NΣ/P5)→ ⊕iNΣ/P5,xi) is perpendicular with

respect to
∑
i pid

2hxi to the space NSf ,[Z]. As the space H0(Σ, NΣ/P5) is of

dimension 27, the map H0(Σ, NΣ/P5) → ⊕iNΣ/P5,xi is injective of maximal
rank 27 for a general choice of the xi’s. As the space NSf ,[Z] is of dimension 3,
we conclude that

Im (H0(Σ, NΣ/P5)→ ⊕iNΣ/P5,xi)
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is the orthogonal complement with respect to
∑

i pid
2hxi of the space NSf ,[Z],

since the quadratic form
∑
i pid

2hxi on the 30-dimensional vector space
⊕iNΣ/P5,xi is nondegenerate. �

It follows that the quadratic form Hess(σ), that is the restriction of
∑

i pid
2hxi

to NSf ,[Z], is nondegenerate if and only if the quadratic form
∑
i pid

2hxi has a

nondegenerate restriction to Im (H0(Σ, NΣ/P5)→ ⊕iNΣ/P5,xi). The last prop-
erty may be achieved because the points xi being general, the map

H0(Σ, NΣ/P5)→ ⊕1≤i≤9NΣ/P5,xi

is injective (hence an isomorphism). Hence any combination
∑

1≤i≤9 pid
2hxi

with pi 6= 0 for any i ≤ 9 has a nondegenerate restriction to
Im (H0(Σ, NΣ/P5) → ⊕iNΣ/P5,xi) and thus a general combination∑

1≤i≤10 pid
2hxi has a nondegenerate restriction to

Im (H0(Σ, NΣ/P5)→ ⊕iNΣ/P5,xi).

In conclusion, we proved that, for general g and f = s(g), at a general point
[Z] ∈ Sf = Sg ⊂ V SP (F, 10), the Hessian of the local defining equation of
V SP (F, 10) has rank 3, and as explained above, this implies that it is every-
where nondegenerate in the normal direction to Sf . �

6. Proof of Theorem 1.6

We first recall the statement of the result:

Theorem 6.1. Let F be a very general cubic fourfold. Then there
is no nonzero morphism of Hodge structures between H4(F,Q)prim and
H2(V SP (F, 10),Q)prim.

Proof. Let B be the Zariski open set of P(H0(P5,OP5(3))) parameterizing
smooth cubics. We have the universal family π : X → B of cubic hypersurfaces,
where the morphism π is smooth and projective. We also have the family
π′ : VSP → B which is projective overB but is not smooth. By Proposition 4.1
the general cubic fourfold apolar to a Veronese surface is smooth, so the base
B contains the divisor DV−ap parameterizing smooth cubic fourfolds apolar
to a Veronese surface. We proved in Theorem 5.1 that for [f ] in an open

subset D0
V−ap, the fiber V SP (F, 10) = π′−1([f ]) has only ordinary quadratic

singularities along the surface Sf which is a smooth K3 surface. Let [f ] be a
point of D0

V−ap and let B0 be a Zariski open set of B containing [f ] and such

that DV−ap ∩ B0 ⊂ D0
V−ap. Let B′ → B0 be the double cover ramified along

D0
V−ap. Since D0

V−ap is contained in the smooth locus of DV−ap (cf. Lemma

5.2), the double cover, B′, is smooth, and the pulled-back family

π̃′ : VSP ′ → B′

is smooth except along the family of surfaces S → D0
V−ap, which has codi-

mension 3 in VSP ′, and along which VSP ′ has quadratic nondegenerate sin-
gularities. The family VSP ′ → B′ can be modified after passing to a degree 2
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étale cover of B′ to a family of smooth complex projective manifolds by a small
resolution: For this we first blow-up VSP ′ along S to get VSP ′′ → B′. The
exceptional divisor E of the blow-up is a bundle over S with fibers smooth two-

dimensional quadrics. There is an étale double cover S̃ → S parameterizing
the rulings in the fibers of E → S. As a K3 surface is simply connected, this

double cover comes from a double cover D̃0
V−ap → D0

V−ap. We may assume this

étale double cover is induced by an étale double cover B̃0 → B0. Performing

this base change, the pulled-back family ṼSP ′′ → B̃0 has the property that

the inverse image Ẽ of E admits two morphisms to a P1-bundle over S̃. We

choose one of them, and as is well-known, we can contract Ẽ to S̃ along this

morphism. The resulting family φ : ṼSP → B̃0 is smooth proper over B̃0.
We now have two families

φ : ṼSP → B̃, ψ : X̃ → B̃

of smooth proper complex manifolds, where X̃ := X ×B B̃0. The fibers of
both families are projective, and in particular Kähler, although it is not clear if
both morphisms are projective. We thus get two associated variations of Hodge

structures on B̃, one of weight 2 on the primitive cohomology of degree 2 of the
fibers of the first family with associated local system H2, the other of weight
4 on the primitive cohomology of degree 4 of the fibers of the second family

with associated local system H4. The locus of points b ∈ B̃ where there is

a nonzero morphism of Hodge structures H4(X̃b,Q)prim → H2(ṼSP b,Q)prim
is the Hodge locus for the induced variation of Hodge structure on the local
system Hom (H4, H2). The Hodge locus is a countable union of closed algebraic

subsets of the base B̃ (cf. [22]). In order to prove Theorem 6.1, it thus suffices

to prove that there is a point of B̃ where there is no nonzero morphism of

Hodge structures between H4(X̃b,Q)prim and H2(ṼSP b,Q)prim.
By Proposition 4.16, the divisor DV−ap is not a Noether-Lefschetz locus for
the family X → B. This means that there exists a point b ∈ DV−ap, that
we may assume to be in D0

V−ap, such that there is no nonzero Hodge class in

H4(Xb,Q)prim. This fact implies that the Hodge structure on H4(Xb,Q)prim
is simple. Indeed, since h3,1(Xb) = 1, any proper sub-Hodge structure has h3,1-
number 0 or its orthogonal complement for the intersection pairing satisfies this
property. In both cases, the existence of a proper sub-Hodge structure implies
the existence of a nonzero Hodge class. Note also that it has h2,2-number equal
to 20.
On the other hand, we claim that the transcendental part of H2(ṼSP b,Q)prim
has h1,1-number ≤ 19. Here the transcendental part is defined as the minimal
sub-Hodge structure containing the H2,0-component.

The claim follows from the fact that ṼSP b is hyper-Kähler, being a fiber of a
family of Kähler manifolds whose general member is hyper-Kähler, and on the
other hand it is the blow-up of VSPb along the K3 surface Sb. It thus con-
tains the exceptional divisor Eb over Sb and the morphism of Hodge structures
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H2(ṼSP b,Q) → H2(Eb,Q) does not vanish on H2,0(ṼSP b) because a sym-
plectic form on a fourfold cannot vanish on a divisor. On the other hand, this

morphism sends H2(ṼSP b,Q)tr to H2(Eb,Q)tr which is equal to H2(Sb,Q)tr.
The induced morphism

H2(ṼSP b,Q)tr → H2(Sb,Q)tr

must be injective by the same simplicity argument as above, and thus

h1,1(ṼSP b,Q)prim ≤ h1,1(Sb)prim ≤ 19.

As the Hodge structure on H4(Xb,Q)prim is simple with h2,2-number equal to
20, any morphism of Hodge structures between H4(Xb,Q)prim and a weight 2
Hodge structure with h1,1-number ≤ 19 is identically 0, which concludes the
proof of Theorem 1.6.

�
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Abstract. We study (weak) log abelian varieties with constant de-
generation in the log flat topology. If the base is a log point, we further
study the endomorphism algebras of log abelian varieties. In partic-
ular, we prove the dual short exact sequence for isogenies, Poincaré
complete reducibility theorem for log abelian varieties, and the semi-
simplicity of the endomorphism algebras of log abelian varieties.
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1 Introduction

As stated in [KKN08a], degenerating abelian varieties can not preserve group
structure, properness, and smoothness at the same time. Log abelian variety is
a construction aimed to make the impossible possible in the world of log geom-
etry. The idea dates back to Kato’s construction of log Tate curve in [Kat89,
Sec. 2.2], in which he also conjectured the existence of a general theory of log
abelian varieties. The theory finally comes true in [KKN08b] and [KKN08a].
Log abelian varieties are defined as certain sheaves in the classical étale topol-
ogy in [KKN08a], however the log flat topology is needed for studying some
problems, for example finite group subobjects of log abelian varieties, l-adic re-
alisations of log abelian varieties, logarithmic Dieudonné theory of log abelian
varieties and so on. In section 2, we prove that various classical étale sheaves
from [KKN08a] are also sheaves for the log flat topology, in particular we prove
that (weak) log abelian varieties with constant degeneration are sheaves for the
log flat topology, see Theorem 2.1. We compute the first direct image sheaves
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of étale locally finite rank free constant sheaves, for changing to the log flat site
from the classical étale site, in Lemma 2.4. This lemma can be considered as a
supplement or generalisation of [Kat91, Thm. 4.1]. We also reformulate some
results from [KKN08a, §2, §3 and §7] in the context of the log flat topology.
In section 3, we focus on the case that the base is a log point. In this case,
a log abelian variety is automatically a log abelian variety with constant de-
generation. And only in this case, log abelian variety is the counterpart of
abelian variety. While for general base, log abelian variety corresponds to
abelian scheme. Now one may wonder if various results for abelian variety also
hold for log abelian variety. We study isogenies and general homomorphisms
between log abelian varieties over a log point. More precisely, we give several
equivalent characterisations of isogeny in Proposition 3.3, and prove the dual
short exact sequence in Theorem 3.1, Poincaré complete reducibility theorem
for log abelian varieties in Theorem 3.2, and the finiteness of homomorphism
group of log abelian varieties in Theorem 3.4, Corollary 3.3, Corollary 3.4, and
Corollary 3.5.
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2 Log abelian varieties with constant degeneration in the log
flat topology

When dealing with finite subgroup schemes of abelian varieties, one needs to
work with the flat topology. Similarly, the log flat topology is needed in the
study of log finite group subobjects of log abelian varieties. However, log
abelian varieties in [KKN08a] are defined in the classical étale topology. In
this section, we are going to reformulate some results from [KKN08a, §2, §3
and §7], which are formulated in the context of classical étale topology, in the
context of log flat topology.
Throughout this section, let S be any fs log scheme with its underlying scheme
locally noetherian, and (fs/S) be the category of fs log schemes over S. The log
schemes in this section will always be fs log schemes unless otherwise stated.
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Let Scl
Ét

(resp. Scl
fl , resp. Slog

Ét
, resp. Slog

fl ) be the classical étale site (resp.

classical flat site, resp. log étale site, resp. log flat site)1 associated to the

category (fs/S), and let δ = m ◦ εfl : Slog
fl

εfl−→ Scl
fl

m−→ Scl
Ét

be the canonical

map of sites. For any inclusion F ⊂ G of sheaves on Slog
fl , we denote by G/F

the quotient sheaf in the category of sheaves on Slog
fl by convention, unless

otherwise stated.
We start with the following lemma, which relates the Hom sheaves in the
classical étale topology to the Hom sheaves in the log flat topology. Although
this lemma is somehow trivial, we still formulate it due to its extensive use in
this paper.

Lemma 2.1. Let F,G be two sheaves on Scl
Ét

which are also sheaves on Slog
fl .

Then we have HomScl
Ét

(F,G) = HomSlog
fl

(F,G), in particular HomScl
Ét

(F,G) is

a sheaf on Slog
fl .

Proof. This is clear.

Now we recall some definitions from [KKN08a]. Let G be a commutative group
scheme over the underlying scheme of S which is an extension of an abelian
scheme B by a torus T . Let X be the character group of T which is a locally
constant sheaf of finite generated free Z-modules for the classical étale topology.
The sheaf Gm,log on Scl

Ét
is defined by

Gm,log(U) = Γ(U,Mgp
U ),

the sheaf Tlog on Scl
Ét

is defined by

Tlog := HomScl
Ét

(X,Gm,log),

and the sheaf Glog is defined as the push-out of Tlog ← T → G in the category
of sheaves on Scl

Ét
, see [KKN08a, 2.1].

Proposition 2.1. The sheaves Gm,log, X, Tlog and Glog on Scl
Ét

are also
sheaves for the log flat topology. Moreover, Tlog can be alternatively defined
as

HomSlog
fl

(X,Gm,log),

and Glog can be alternatively defined as the push-out of Tlog ← T → G in the

category of sheaves on Slog
fl .

Proof. The statement for Gm,log is just [Kat91, Thm. 3.2], see also [Niz08,

Cor. 2.22]. Being representable by a group scheme, X is a sheaf on Slog
fl

1Here we are following the terminology from [Kat91]. Note that in [KKN15] Scl
Ét

is called

the strict étale site, while Slog

Ét
and Slog

fl are called the Kummer log étale site and the Kummer

log flat site respectively.
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by [Kat91, Thm. 3.1] and [KKN15, Thm. 5.2]. It follows then Tlog =

HomScl
Ét

(X,Gm,log) = HomSlog
fl

(X,Gm,log) is also a sheaf on Slog
fl . By its defini-

tion Glog fits into a short exact sequence 0→ Tlog → Glog → B → 0 of sheaves
on Scl

Ét
. Consider the following commutative diagram

0 // Tlog //

=

��

Glog
//

��

B //

=

��

0

0 // Tlog // δ∗δ∗Glog
// B // R1δ∗Tlog

with exact rows in the category of sheaves on Scl
Ét

, where the vertical maps come

from the adjunction (δ∗, δ∗). The sheaf R1δ∗Tlog is zero by Kato’s logarithmic
Hilbert 90, see [Kat91, Cor. 5.2] or [Niz08, Thm. 3.20]. It follows that the
canonical map Glog → δ∗δ∗Glog is an isomorphism, whence Glog is a sheaf on

Slog
fl . Since Glog, as a push-out of Tlog ← T → G in the category of sheaves on

Scl
Ét

, is already a sheaf on Slog
fl , it coincides with the push-out of Tlog ← T → G

in the category of sheaves on Slog
fl .

Proposition 2.2. We have canonical isomorphisms

HomSlog
fl

(X,Gm,log/Gm) ∼= Tlog/T ∼= Glog/G.

Proof. By Proposition 2.1, Glog is the push-out of Tlog ← T → G in the

category of sheaves on Slog
fl , so we get a commutative diagram

0 // T //

��

G //

��

B // 0

0 // Tlog // Glog
// B // 0

with exact rows. Then the isomorphism Tlog/T ∼= Glog/G follows. Applying
the functor HomSlog

fl
(X,−) to the short exact sequence

0→ Gm → Gm,log → Gm,log/Gm → 0,

we get a long exact sequence

0→ T → Tlog → HomSlog
fl

(X,Gm,log/Gm)→ ExtSlog
fl

(X,Gm)

of sheaves on Slog
fl . Since X is classical étale locally represented by a finite rank

free abelian group, the sheaf ExtSlog
fl

(X,Gm) is zero. It follows that the sheaf

HomSlog
fl

(X,Gm,log/Gm) is canonically isomorphic to Tlog/T .
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It is obvious that the association of Glog to G is functorial in G. Hence we have
a natural map HomSlog

fl
(G,G′) → HomSlog

fl
(Glog, G

′
log), where G′ is another

commutative group scheme which is an extension of an abelian scheme by a
torus over the underlying scheme of S. The following proposition describes
some properties of this map.

Proposition 2.3. (1) The association of Glog to G is functorial in G.

(2) The canonical map HomSlog
fl

(G,G′) → HomSlog
fl

(Glog, G
′
log) is an isomor-

phism.

(3) For a group scheme H of multiplicative type with character group XH over
the underlying scheme of S, let Hlog denote HomSlog

fl
(XH ,Gm,log). Let

0 → H ′ → H → H ′′ → 0 be a short exact sequence of group schemes of
multiplicative type over the underlying scheme of S such that their charac-
ter groups are étale locally finite rank constant sheaves, then the sequences

0→ H ′log → Hlog → H ′′log → 0

and

0→ HomSlog
fl

(XH′ ,Gm,log/Gm)→ HomSlog
fl

(XH ,Gm,log/Gm)

→ HomSlog
fl

(XH′′ ,Gm,log/Gm)→ 0

are both exact.

(4) If G→ G′ is injective, so is Glog → G′log.

(5) If G→ G′ is surjective, so is Glog → G′log.

(6) Let 0 → G′ → G → G′′ → 0 be a short exact sequence of semi-abelian
schemes over the underlying scheme of S, such that G′ (resp. G, resp.
G′′) is an extension of an abelian scheme B′ (resp. B, resp. B′′) by
a torus T ′ (resp. T , resp. T ′′). Then we have a short exact sequence
0→ G′log → Glog → G′′log → 0.

Proof. Part (1) is clear. The isomorphism of part (2) follows from [KKN08a,
Prop. 2.5].
We prove part (3). Since we have a long exact sequence

0→ H ′log → Hlog → H ′′log → ExtSlog
fl

(XH′ ,Gm,log),

it suffices to show ExtSlog
fl

(XH′ ,Gm,log) = 0. Since ExtSlog
fl

(Z,Gm,log) = 0,

we are further reduced to show ExtSlog
fl

(Z/nZ,Gm,log) = 0 for any positive

integer n. The short exact sequence 0 → Z n−→ Z → Z/nZ → 0 gives rise

to a long exact sequence 0 → HomSlog
fl

(Z/nZ,Gm,log) → Gm,log
n−→ Gm,log →
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ExtSlog
fl

(Z/nZ,Gm,log) → 0. Since Gm,log
n−→ Gm,log is surjective, the sheaf

ExtSlog
fl

(Z/nZ,Gm,log) must be zero. The other short exact sequence is proved

similarly.

We prove part (4). Since G → G′ is injective, then the corresponding map
T → T ′ on the torus parts is also injective and the corresponding map X ′ → X
on the character groups is surjective. It follows that the induced map

Glog/G = HomSlog
fl

(X,Gm,log/Gm)→ HomSlog
fl

(X ′,Gm,log/Gm) = G′log/G
′

is injective. Hence Glog → G′log is injective.

Now we prove part (5). Let f denote the map G→ G′. Consider the torus and
abelian variety decomposition of f

0 // T //

ft
��

G //

f

��

B //

fab
��

0

0 // T ′ // G′ // B′ // 0.

We first show that ft is surjective. Assume that the underlying scheme of S is
a point. The snake lemma gives an exact sequence Ker(fab)→ Coker(ft)→ 0.
Since Coker(ft) is a torus and the reduced neutral component of Ker(fab) is
an abelian variety by [Bri15, Lem. 3.3.7], we must have Coker(ft) = 0. Hence
ft is surjective. In the general case, ft is fiberwise surjective, hence it is also
set-theoretically surjective. The fibers of ft over S are all flat, hence ft is
flat by the fiberwise criterion of flatness, see [Gro66, Cor. 11.3.11]. Then ft
is faithfully flat, hence it is surjective. Then we get a short exact sequence
0 → X ′ → X → X/X ′ → 0 of étale locally constant sheaves. Applying the
functor HomSlog

fl
(−,Gm,log/Gm) to this short exact sequence, we get a long

exact sequence

→ Glog/G→ G′log/G
′ → ExtSlog

fl
(X/X ′,Gm,log/Gm).

Let Ztor be the torsion part of X/X ′, and let n be a positive integer such that
nZtor = 0. Since the multiplication-by-n map on Gm,log/Gm is an isomor-
phism, we get that the sheaf ExtSlog

fl
(Ztor,Gm,log/Gm) is zero. The torsion-free

nature of (X/X ′)/Ztor implies ExtSlog
fl

((X/X ′)/Ztor,Gm,log/Gm) = 0, hence

ExtSlog
fl

(X/X ′,Gm,log/Gm) = 0. It follows that Glog/G → G′log/G
′ is surjec-

tive, hence Glog → G′log is surjective.
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At last, we prove part (6). Consider the following commutative diagram

0

��

0

��

0

��

0 // G′ //

��

G′log //

��

HomSlog
fl

(X ′, Ḡm,log) //

��

0

0 // G //

��

Glog
//

��

HomSlog
fl

(X, Ḡm,log) //

��

0

0 // G′′ //

��

G′′log //

��

HomSlog
fl

(X ′′, Ḡm,log) //

��

0

0 0 0

with the first column and all rows exact, where Ḡm,log denotes Gm,log/Gm.
The maps G′ → G → G′′ induce T ′ → T → T ′′, furthermore X ′ ← X ← X ′′,
lastly the third column of the diagram. Although 0 → X ′′ → X → X ′ → 0 is
not necessarily exact, it gives two exact sequences 0→ Z → X → X ′ → 0 and
0→ X ′′ → Z → Z/X ′′ → 0, where Z := Ker(X → X ′) is étale locally a finite
rank free constant sheaf and Z/X ′′ is étale locally a finite torsion constant
sheaf. By part (3), we get two short exact sequences

0→ HomSlog
fl

(X ′, Ḡm,log)→ HomSlog
fl

(X, Ḡm,log)→ HomSlog
fl

(Z, Ḡm,log)→ 0

and

0→HomSlog
fl

(Z/X ′′, Ḡm,log)→ HomSlog
fl

(Z, Ḡm,log)

→HomSlog
fl

(X ′′, Ḡm,log)→ 0.

But HomSlog
fl

(Z/X ′′, Ḡm,log) = 0, it follows that the third column of the dia-

gram is exact. So is the middle column.

Recall that in [KKN08a, Def. 2.2], a log 1-motive M over Scl
Ét

is defined as

a two-term complex [Y
u−→ Glog] in the category of sheaves on Scl

Ét
, with the

degree −1 term Y an étale locally constant sheaf of finitely generated free
abelian groups and the degree 0 term Glog as above. Since both Y and Glog

are sheaves on Slog
fl , M can also be defined as a two-term complex [Y

u−→ Glog]

in the category of sheaves on Slog
fl . Parallel to [KKN08a, 2.3], we have a natural

pairing

<,>: X × Y → X × (Glog/G) = X ×HomSlog
fl

(X,Gm,log/Gm)→ Gm,log/Gm.
(2.1)
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It is clear that our pairing is induced from the one of [KKN08a, 2.3].
By our convention, Tlog/T denotes the quotient in the category of sheaves on

Slog
fl . For the quotient of T ⊂ Tlog in the category of sheaves on Scl

Ét
, we use

the notation (Tlog/T )Scl
Ét

. Now we assume that the pairing (2.1) is admissible

(see [KKN08a, 7.1] for the definition of admissibility), in other words the log
1-motive M is admissible. Recall that in [KKN08a, 3.1], the subgroup sheaf
HomScl

Ét
(X, (Gm,log/Gm)Scl

Ét
)(Y ) of the sheaf HomScl

Ét
(X, (Gm,log/Gm)Scl

Ét
) on

Scl
Ét

is defined by

HomScl
Ét

(X, (Gm,log/Gm)Scl
Ét

)(Y )(U) :=

{ϕ ∈ HomScl
Ét

(X, (Gm,log/Gm)Scl
Ét

)(U) | for every u ∈ U and x ∈ Xū,

there exist yu,x, y
′
u,x ∈ Yū such that < x, yu,x > |ϕū(x)| < x, y′u,x >}.

Here, ū denotes a classical étale geometric point above u, and for a, b ∈
(Mgp

U /O×U )ū, a|b means a−1b ∈ (MU/O×U )ū.
It is natural to define the analogue of HomScl

Ét
(X, (Gm,log/Gm)Scl

Ét
)(Y ) in the

log flat topology. We need the following lemma first.

Lemma 2.2. Let δ : Slog
fl → Scl

Ét
be the canonical map between these two sites.

(1) δ∗(Gm,log/Gm) = (Gm,log/Gm)Scl
Ét
⊗Z Q.

(2) Let H be a commutative group scheme over the underlying scheme of S
with connected fibres. Then HomSlog

fl
(H,Gm,log/Gm) = 0.

Proof. We denote the sheaf Gm,log/Gm on Slog
fl by Ḡm,log. For any positive

integer n, we have the following commutative diagram

0

��

0

��

0 // Z/n(1) // Gm
n

//

��

Gm //

��

0

0 // Z/n(1) // Gm,log
n

//

��

Gm,log //

��

0

Ḡm,log
n
∼=

//

��

Ḡm,log

��

0 0

with exact rows and columns, where Z/n(1) denotes the group scheme of n-th
roots of unity. Applying the functor εfl∗ to the above diagram, we get a new
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commutative diagram

0 // Z/n(1) // Gm
n

//
� _

��

Gm� _

��

0 // Z/n(1) // Gm,log
n

//

α

��

Gm,log

γ

��

εfl∗Ḡm,log
n

∼=
//

β

��

εfl∗Ḡm,log

δ

��

Gm
n

//
� _

��

Gm //
� _

��

R1εfl∗Z/n(1)
η

// R1εfl∗Gm
n

//

��

R1εfl∗Gm

Gm,log
n

// Gm,log
θ

// R1εfl∗Z/n(1) // R1εfl∗Gm,log

with exact rows and columns. Since the map Gm
n−→ Gm is surjective and

R1εfl∗Gm,log = 0, we get a new commutative diagram

G ⊗Z Z/n

θ̄∼=
��

0 // G n
// G� _

1
n γ

��

ξ
//

ω

77♦♦♦♦♦♦♦♦♦♦♦♦♦
R1εfl∗Z/n(1) //

� _

η

��

0

0 // G ᾱ
// εfl∗Ḡm,log

β
// R1εfl∗Gm // 0

with exact rows, where G denotes (Gm,log/Gm)Scl
fl

, ᾱ (resp. θ̄) is the canonical

map induced by α (resp. θ), ω is the canonical projection map and ξ is the
unique map guaranteed by nβ ◦ ( 1

nγ) = δ ◦ (n( 1
nγ)) = δ ◦ γ = 0. Taking colimit

of the above diagram with respect to n, we get a commutative diagram

0 // G // G ⊗Z Q

��

// G ⊗Z Q/Z //

��

0

0 // G ᾱ
// εfl∗Ḡm,log

β
// R1εfl∗Gm // 0

with exact rows. Since the map G ⊗Z Q/Z → R1εfl∗Gm is an isomorphism
by Kato’s theorem [Kat91, Thm. 4.1] (see also [Niz08, Thm. 3.12]), we get
G ⊗Z Q ∼= εfl∗(Gm,log/Gm). Then

δ∗(Gm,log/Gm) = m∗εfl∗(Gm,log/Gm) = m∗(G ⊗Z Q)

= (Gm,log/Gm)Scl
Ét
⊗Z Q,
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where the last equality follows from the following fact: for any U ∈ (fs/S), the
sheaf Mgp

U /O×U on the small étale site of U is constructible. This proves part
(1).
Now we prove part (2) which corresponds to [KKN08a, Lem. 6.1.1]. We have

HomSlog
fl

(H, Ḡm,log) = HomScl
Ét

(H, δ∗Ḡm,log)

= HomScl
Ét

(H, (Gm,log/Gm)Scl
Ét
⊗Z Q).

By the same argument of the proof of [KKN08a, Lem. 6.1.1], we have

HomScl
Ét

(H, (Gm,log/Gm)Scl
Ét
⊗Z Q) = 0.

Hence part (2) is proved.

Now we define the analogue of HomSlog

Ét

(X, (Gm,log/Gm)Scl
Ét

)(Y ). It is the sub-

group sheaf HomSlog
fl

(X,Gm,log/Gm)(Y ) of the sheaf HomSlog
fl

(X,Gm,log/Gm)

on Slog
fl given by

HomSlog
fl

(X,Gm,log/Gm)(Y )(U) :=

{ϕ ∈ HomSlog
fl

(X,Gm,log/Gm)(U) | after pushing forward to U cl
Ét

,

for every u ∈ U and x ∈ Xū, there exist yu,x, y
′
u,x ∈ Yū such that

< x, yu,x > |ϕū(x)| < x, y′u,x >}.

Here ū still denotes a classical étale geometric point above u. Let F :=
δ∗(Gm,log/Gm) = (Gm,log/Gm)Scl

Ét
⊗Z Q with δ the canonical map U log

fl → U cl
Ét

.

For a, b ∈ (Mgp
U /O×U )ū⊗ZQ, a|b means a−1b = α⊗Z r for some α ∈ (MU/O×U )ū

and r ∈ Q.

Remark 2.1. In [KKN08a, 7.1], admissibility and non-degeneracy are defined
for pairings into (Gm,log/Gm)Scl

Ét
in the classical étale site on (fs/S). We can

define admissibility and non-degeneracy for pairings into Gm,log/Gm on the log
flat site in the same way. Since both X and Y are classical étale locally constant
sheaves of finite rank free abelian groups, the definitions of admissibility and
non-degeneracy are independent of the choice of the topology.

The next lemma compares the sheaf HomScl
Ét

(X, (Gm,log/Gm)Scl
Ét

)(Y ) on Scl
Ét

with the sheaf HomSlog
fl

(X,Gm,log/Gm)(Y ) on Slog
fl .

Lemma 2.3. Let X,Y be two free abelian groups of finite rank, <,>: X×Y →
(Gm,log/Gm)Scl

Ét
an admissible pairing on Scl

Ét
. Let

Qcl := HomScl
Ét

(X, (Gm,log/Gm)Scl
Ét

)(Y ), Q := HomSlog
fl

(X,Gm,log/Gm)(Y ),

and δ : Slog
fl → Scl

Ét
the canonical map between these two sites. Then we have

Q = δ∗Qcl and δ∗Q = Qcl ⊗Z Q.
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Proof. Denote Gm,log/Gm by Ḡm,log. We have

δ∗(Gm,log/Gm)Scl
Ét

= Ḡm,log,

and
δ∗(Ḡm,log) = (Gm,log/Gm)Scl

Ét
⊗Z Q

by part (1) of Lemma 2.2, hence

δ∗HomScl
Ét

(X, (Gm,log/Gm)Scl
Ét

) = HomSlog
fl

(X, Ḡm,log),

and
δ∗HomSlog

fl
(X, Ḡm,log) = HomScl

Ét
(X, (Gm,log/Gm)Scl

Ét
)⊗Z Q.

Then by the definition ofQ andQcl, we getQ = δ∗Qcl and δ∗Q = Qcl⊗ZQ.

Recall that in [KKN08a, 3.2, Thm. 7.3], G
(Y )
log ⊂ Glog (resp. T

(Y )
log ⊂ Tlog) on

Scl
Ét

is defined to be the inverse image of HomScl
Ét

(X, (Gm,log/Gm)Scl
Ét

)(Y ) under

the map
Glog → (Glog/G)Scl

Ét

∼= HomScl
Ét

(X, (Gm,log/Gm)Scl
Ét

)

(resp. Tlog → (Tlog/T )Scl
Ét

∼= HomScl
Ét

(X, (Gm,log/Gm)Scl
Ét

)).

We could also consider the inverse image sheaf of HomSlog
fl

(X,Gm,log/Gm)(Y )

under the map

Glog → Glog/G ∼= HomSlog
fl

(X,Gm,log/Gm)

(resp. Tlog → Tlog/T ∼= HomSlog
fl

(X,Gm,log/Gm)).

The following proposition states that these two constructions coincide.

Proposition 2.4. (1) The sheaf G
(Y )
log on Scl

Ét
is also a sheaf on Slog

fl .

(2) The sheaf G
(Y )
log fits into a canonical short exact sequence

0→ G→ G
(Y )
log → HomSlog

fl
(X,Gm,log/Gm)(Y ) → 0 (2.2)

of sheaves on Slog
fl .

(3) The association of G
(Y )
log to a log 1-motive M = [Y → Glog] is functorial.

Proof. Let T (resp. B) be the torus (resp. abelian scheme) part of G, then we

have a short exact sequence 0 → T
(Y )
log → G

(Y )
log → B → 0 of sheaves on Scl

Ét
.

To show that G
(Y )
log on Scl

Ét
is a sheaf on Slog

fl , it suffices to show that T
(Y )
log is

so. By [KKN08a, 7.7], locally on Scl
Ét

the sheaf T
(Y )
log is a union of representable

sheaves. Hence it is also a sheaf on Slog
fl . So part (1) is proven.
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By the definition of G
(Y )
log , we have a pullback diagram

0 // G // G
(Y )
log

//
� _

��

HomScl
Ét

(X, (Gm,log/Gm)Scl
Ét

)(Y ) //

� _

��

0

0 // G // Glog
// HomScl

Ét
(X, (Gm,log/Gm)Scl

Ét
) // 0

in the category of sheaves on Scl
Ét

. Since G, G
(Y )
log and Glog are all sheaves on

Slog
fl , applying the functor δ∗ to the above commutative diagram, we get the

following commutative diagram

0 // G // G
(Y )
log

//
� _

��

δ∗HomScl
Ét

(X, (Gm,log/Gm)Scl
Ét

)(Y ) //

� _

��

0

0 // G // Glog
// δ∗HomScl

Ét
(X, (Gm,log/Gm)Scl

Ét
) // 0.

Since we have canonical isomorphisms

δ∗HomScl
Ét

(X, (Gm,log/Gm)Scl
Ét

) ∼= HomSlog
fl

(X,Gm,log/Gm)

and

δ∗HomScl
Ét

(X, (Gm,log/Gm)Scl
Ét

)(Y ) ∼= HomSlog
fl

(X,Gm,log/Gm)(Y ),

part (2) follows.
Now we prove part (3). It is enough to prove that for a given homomorphism

(f−1, f0) : M = [Y → Glog] → M ′ = [Y ′ → G′log], the composition G
(Y )
log →֒

Glog
f0−→ G′log factors through G

′(Y ′)
log →֒ G′log. Let X and X ′ be the character

groups of the torus parts of G and G′ respectively, let fl : X ′ → X be the map
induced from f0, and let

f̃d : HomScl
Ét

(X, (Gm,log/Gm)Scl
Ét

)→ HomScl
Ét

(X ′, (Gm,log/Gm)Scl
Ét

)

be the map induced from fl. By the definition of G
(Y )
log and G

′(Y ′)
log , we are

reduced to show the composition

HomScl
Ét

(X, (Gm,log/Gm)Scl
Ét

)(Y ) →֒ HomScl
Ét

(X, (Gm,log/Gm)Scl
Ét

)
f̃d−→

HomScl
Ét

(X ′, (Gm,log/Gm)Scl
Ét

)

factors through

HomScl
Ét

(X ′, (Gm,log/Gm)Scl
Ét

)(Y
′) →֒ HomScl

Ét
(X ′, (Gm,log/Gm)Scl

Ét
).
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Let <,>: X × Y → (Gm,log/Gm)Scl
Ét

(resp. <,>′: X ′ × Y ′ → (Gm,log/Gm)Scl
Ét

)

be the pairing associated to M (resp. M ′), then we have

< fl(x
′), y >=< x′, f−1(y) >′

for any x′ ∈ X ′, y ∈ Y . For any U ∈ (fs/S),

ϕ ∈ HomScl
Ét

(X, (Gm,log/Gm)Scl
Ét

)(Y )(U),

we need to show

ψ := ϕ ◦ fl ∈ HomScl
Ét

(X ′, (Gm,log/Gm)Scl
Ét

)(Y
′)(U).

For every u ∈ U and every x′ ∈ X ′ū, there exist yu,x′,1, yu,x′,2 ∈ Yū such that
< fl(x

′), yu,x′,1 > |ϕū(fl(x
′)) | < fl(x

′), yu,x′,2 >. The relation can be rewritten
as

< x′, f−1(yu,x′,1) >′ |ψū(x′) | < x′, f−1(yu,x′,2) >′,

which implies that ψ ∈ HomScl
Ét

(X ′, (Gm,log/Gm)Scl
Ét

)(Y
′)(U). This finishes the

proof of part (3).

Remark 2.2. Clearly, the image of u : Y → Glog is contained in G
(Y )
log .

We further assume that the pairing (2.1) is non-degenerate (see [KKN08a,
7.1] and Remark 2.1 for the definition of non-degenerate pairings), then the
two maps X → HomSlog

fl
(Y,Gm,log/Gm) and Y → HomSlog

fl
(X,Gm,log/Gm)

associated to the pairing are both injective. Recall that in [KKN08a, Def.
3.3. (1)] (resp. [KKN15, 1.7]) a log abelian variety with constant degeneration
(resp. weak log abelian variety with constant degeneration) over S is defined
to be a sheaf of abelian groups on Scl

Ét
which is isomorphic to the quotient sheaf

(G
(Y )
log /Y )Scl

Ét
for a pointwise polarisable (resp. non-degenerate) log 1-motive

M = [Y
u−→ Glog]. Here a log 1-motive is said to be non-degenerate if its

associated pairing (2.1) is non-degenerate. Since the polarisability implies the
non-degeneracy, a log abelian variety with constant degeneration over S is in
particular a weak log abelian variety with constant degeneration over S.

Theorem 2.1. Let A be a weak log abelian variety with constant degeneration

over S. Suppose A = (G
(Y )
log /Y )Scl

Ét
for a non-degenerate log 1-motive M =

[Y
u−→ Glog]. Then

(1) A is a sheaf on Slog
fl ;

(2) A = G
(Y )
log /Y , in other words A fits into a canonical short exact sequence

0→ Y → G
(Y )
log → A→ 0 (2.3)

in the category of sheaves of abelian groups on Slog
fl ;
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(3) A fits into a canonical short exact sequence

0→ G→ A→ HomSlog
fl

(X,Gm,log/Gm)(Y )/Y → 0 (2.4)

in the category of sheaves of abelian groups on Slog
fl .

Proof. Part (2) follows from part (1). Since the log 1-motive M is non-
degenerate, the map Y → HomSlog

fl
(X,Gm,log/Gm)(Y ) is injective. Then the

short exact sequence in part (3) is induced from the short exact sequences (2.2)
and (2.3). We are left with part (1). The proof of part (1) is similar to that
for the log étale case in [KKN15, §5].
Consider the short exact sequence 0→ Y → Ã→ A→ 0 of [KKN15, 5.3]. Note

that Ã is nothing but G
(Y )
log in our situation, however we stick to the notation

Ã for the sake of coherence with [KKN15, 5.3]. The argument showing that Ã
is a log étale sheaf, also shows that Ã is a log flat sheaf, since representable
functors are sheaves for the log flat topology by [KKN15, Thm. 5.2]. We have

the canonical map δ := m ◦ εfl : Slog
fl

εfl−→ Scl
fl

m−→ Scl
Ét

of sites. Applying δ∗ and

δ∗ to 0→ Y → Ã→ A→ 0, we get a commutative diagram

0 // Y //

=

��

Ã //

=

��

A //

��

0

0 // Y // Ã // δ∗δ∗A // R1δ∗Y

with exact rows, where the vertical maps are the ones given by the adjunction
(δ∗, δ∗). To prove that A is a sheaf for the log flat topology, it is enough to
show that the canonical map A→ δ∗δ∗A is an isomorphism. This follows from
the above commutative diagram with the help of the lemma below.

Lemma 2.4. The sheaf R1δ∗Y is zero.

Proof. Since Y is étale locally isomorphic to a finite rank free abelian group,
we are reduced to the case Y = Z. Note that Y is a smooth group scheme over
S. The proof here is the same as the proof of [Kat91, Thm. 4.1] (see also the
proof of [Niz08, Thm. 3.12]) except the very last part where the condition G
being affine is used. The reason why the proof there can be generalised to our
case lies in the fact that Y is étale over S.
Now we start from [Kat91, the second half of page 22] or [Niz08, the second
last paragraph of page 524], since these two parallel parts are the very parts
needed to be modified. Let B be a strict local ring, B̂ its completion, and
let α ∈ H1((SpecB)logfl ,Z) such that it vanishes in H1((SpecB̂)logfl ,Z). By
fpqc descent, α is a class of a representable Z-torsor over SpecB such that its
structure morphism is étale. Since B is a strict local ring, the torsor admits
a section by [Gro67, Prop. 18.8.1], so α is zero. It follows that [Kat91, Thm.
4.1] also holds for the case G = Z, so R1εfl∗Z = 0. The Leray spectral sequence
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gives a short exact sequence 0 → R1m∗Z → R1δ∗Z → m∗R1εfl∗Z. The sheaf
R1m∗Z = 0 by [Gro68, Thm. 11.7], it follows that R1δ∗Z = 0.

Remark 2.3. Lemma 2.4 can be viewed as a generalisation of Kato’s theorem
(see [Kat91, Thm. 4.1] or [Niz08, Thm. 3.12]) to étale locally constant finitely
generated torsion-free group schemes.

Now we give a reformulation of [KKN08a, Thm. 7.4] in the context of the log
flat topology.

Theorem 2.2. Let [Y → Glog] be a log 1-motive over S of type (X,Y ) (see
[KKN08a, Def. 2.2]) such that the induced paring X × Y → Gm,log/Gm is

non-degenerate, and let [X → G∗log] be its dual. Let A = G
(Y )
log /Y . Then we

have:

(1) ExtSlog
fl

(A,Z) ∼= HomSlog
fl

(Y,Z);

(2) the sheaf δ∗ExtSlog
fl

(A,Gm) fits into an exact sequence

0→ G∗ → δ∗ExtSlog
fl

(A,Gm)→ HomScl
Ét

(A,R1δ∗Gm);

(3) ExtSlog
fl

(A,Gm,log) ∼= (G∗log/X)Scl
Ét

∼= G∗log/X;

(4) HomSlog
fl

(A,Z) = HomSlog
fl

(A,Gm) = HomSlog
fl

(A,Gm,log) = 0.

Proof. By Proposition 2.1 and Theorem 2.1, the sheaves Z, Gm,log and A on

Scl
Ét

are also sheaves on Slog
fl . Then part (4) follows from [KKN08a, Thm. 7.4

(4)] with the help of Lemma 2.1.
Before going to the rest of the proof, we first introduce two spectral sequences.
Let F1 (resp. F2) be a sheaf on Scl

Ét
(resp. Slog

fl ), then we have

δ∗HomSlog
fl

(δ∗F1, F2) = HomScl
Ét

(F1, δ∗F2).

Let θ be the functor sending F2 to δ∗HomSlog
fl

(δ∗F1, F2) = HomScl
Ét

(F1, δ∗F2),

then we get two Grothendieck spectral sequences

Ep,q2 = Rpδ∗R
qHomSlog

fl
(δ∗F1,−)⇒ Rp+qθ (2.5)

and
Ep,q2 = RpHomScl

Ét
(F1,−)Rqδ∗ ⇒ Rp+qθ. (2.6)

These two spectral sequences give two exact sequences

0→ R1δ∗HomSlog
fl

(δ∗F1, F2)→ R1θ(F2)→ δ∗ExtSlog
fl

(δ∗F1, F2)

→ R2δ∗HomSlog
fl

(δ∗F1, F2)
(2.7)

and
0→ ExtScl

Ét
(F1, δ∗F2)→ R1θ(F2)→ HomScl

Ét
(F1, R

1δ∗F2). (2.8)
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Let F1 = A, and let F2 be Z, Gm or Gm,log, part (4) together with Theorem
2.1 and exact sequence (2.7) imply

R1θ(A) ∼= δ∗ExtSlog
fl

(A,F2),

so we get an exact sequence

0→ ExtScl
Ét

(A, δ∗F2)→ δ∗ExtSlog
fl

(A,F2)→ HomScl
Ét

(A,R1δ∗F2).

Since ExtScl
Ét

(A,Gm) ∼= G∗ by [KKN08a, Thm. 7.4 (2)], the case F2 = Gm gives

part (2). Since R1δZ = 0 by Lemma 2.4 and ExtScl
Ét

(A,Z) ∼= HomSlog
fl

(Y,Z) by

[KKN08a, Thm. 7.4 (1)], the case F2 = Z gives part (1). The sheaf R1δ∗Gm,log
equals zero by Kato’s logarithmic Hilbert 90 [Kat91, Cor. 5.2]. And we have
ExtScl

Ét
(A,Gm,log) ∼= (G∗log/X)Scl

Ét
by [KKN08a, Thm. 7.4 (3)]. Then part (3)

follows from the case F2 = Gm,log.

Let A be a weak log abelian variety with constant degeneration over S, and
let M = [Y → Glog] be the log 1-motive of type (X,Y ) defining A. Then the
paring <,>: X × Y → Gm,log/Gm associated to M is non-degenerate. Let
M∗ = [X → G∗log] be the dual log 1-motive of M , then the pairing associated
to M∗ is the same (up to switching the positions of X and Y ) as the paring
associated to M , hence it is automatically non-degenerate. If A is further a log
abelian variety with constant degeneration, i.e. the log 1-motive M is pointwise
polarisable, then M∗ is also pointwise polarisable.

Definition 2.1. Let A be a weak log abelian variety with constant degener-
ation (resp. log abelian variety with constant degeneration) over S. The dual
weak log abelian variety with constant degeneration (resp. dual log abelian
variety with constant degeneration) of A is the weak log abelian variety with
constant degeneration (resp. log abelian variety with constant degeneration)

G
∗(X)
log /X associated to the log 1-motive M∗ = [X → G∗log]. We denote the

dual of A by A∗.

Let WLAVCD
S (resp. LAVCD

S ) denote the category of weak log abelian varieties
with constant degeneration (resp. log abelian varieties with constant degener-
ation) over S. Then we have the following proposition.

Proposition 2.5. The association of A∗ to A gives rise to a contravariant
functor

(−)∗ : WLAVCD
S →WLAVCD

S

which restricts to a contravariant functor

(−)∗ : LAVCD
S → LAVCD

S .

Moreover the functor is a duality functor, i.e. there is a natural isomorphism
from the identity functor to (−)∗∗.
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Proof. This follows from [KKN15, 1.7], [KKN08a, Thm. 3.4], and the corre-
sponding duality theory of log 1-motives over S.

Remark 2.4. Given an abelian scheme A over the underlying scheme of S,
the dual abelian scheme A∗ can also be interpreted as ExtScl

fl
(A,Gm). One

may wonder if something similar happens in the case of (weak) log abelian
varieties with constant degeneration. Note that in the log world, Gm,log plays
the role of Gm in the non-log world. Part (3) of Theorem 2.2 indicates that

ExtSlog
fl

(A,Gm,log) ∼= G∗log/X is not A∗ = G
∗(X)
log /X but closely related to it.

The following is a partial reformulation of [KKN08a, Thm. 7.3].

Theorem 2.3. Let X and Y be two finitely generated free Z-modules, and let
<,>: X × Y → Gm,log/Gm be a non-degenerate pairing on Slog

fl .

Let G be a commutative group scheme over the underlying scheme of S which
is an extension of an abelian scheme B by a torus T over S. Assume that

X is the character group of T . Let T
(Y )
log = HomSlog

fl
(X,Gm,log)(Y ) ⊂ Tlog =

HomSlog
fl

(X,Gm,log) (resp. G
(Y )
log ⊂ Glog) be the inverse image of

HomSlog
fl

(X,Gm,log/Gm)(Y ) ⊂ HomSlog
fl

(X,Gm,log/Gm) ∼= Tlog/T ∼= Glog/G.

(1) Let H be a commutative group scheme over the underlying scheme of S.
Then we have

HomSlog
fl

(G
(Y )
log , H) ∼= HomSlog

fl
(B,H), HomSlog

fl
(G

(Y )
log /G,H) = 0.

If further H satisfies the condition R1δ∗H = 0, we also have

ExtSlog
fl

(G
(Y )
log , H) ∼= ExtSlog

fl
(B,H)

and

ExtSlog
fl

(G
(Y )
log /G,H) ∼= HomSlog

fl
(T,H).

In particular, since R1δ∗Z = 0, we have

ExtSlog
fl

(G
(Y )
log ,Z) ∼= ExtSlog

fl
(B,Z) = 0

and

ExtSlog
fl

(G
(Y )
log /G,Z) ∼= HomSlog

fl
(T,Z) = 0.

(2) We have HomSlog
fl

(T
(Y )
log ,Gm,log) ∼= X,HomSlog

fl
(T

(Y )
log /T,Gm,log) = 0,

ExtSlog
fl

(T
(Y )
log /T,Gm,log) = 0, and δ∗ExtSlog

fl
(T

(Y )
log ,Gm,log) ⊂ R2δ∗X.
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(3) Let G′ be another commutative group scheme over S which is an extension
of an abelian scheme B′ by a torus T ′ over S. Let X ′ be the character
group of T ′. Then we have

HomSlog
fl

(G,G′)
∼=−→ HomSlog

fl
(G

(Y )
log , G

′
log)

and

HomSlog
fl

(X ′, X)⊗Z Q
∼=−→ HomSlog

fl
(G

(Y )
log /G,G

′
log/G

′).

Our proof of Theorem 2.3 follows the structure of the proof [KKN08a, 7.17-7.21]
of [KKN08a, Thm. 7.3]. Firstly we state a lemma which almost corresponds
to [KKN08a, 7.17].

Lemma 2.5. Let the notation be as in Theorem 2.3. Then the following hold.

(1) HomSlog
fl

(T
(Y )
log , H) = 0;

(2) If R1δ∗H = 0, then ExtSlog
fl

(T
(Y )
log , H) = 0;

(3) δ∗ExtSlog
fl

(T
(Y )
log ,Gm,log) ⊂ R2δ∗X.

Proof. Part (1) follows from the corresponding result in the classical étale topol-
ogy of [KKN08a, 7.17], with the help of Lemma 2.1.
We use the exact sequences (2.7) and (2.8) from the proof of Theorem 2.2 to

investigate the sheaves ExtSlog
fl

(T
(Y )
log , H) and ExtSlog

fl
(T

(Y )
log ,Gm,log). If R1δ∗H =

0, then the vanishing of HomSlog
fl

(T
(Y )
log , H) and ExtScl

Ét
(T

(Y )
log , H) implies part

(2) via (2.7) and (2.8). We have

ExtScl
Ét

(T
(Y )
log ,Gm,log) = 0

by [KKN08a, 7.17] and R1δ∗Gm,log = 0 by Kato’s logarithmic Hilbert 90. We
also have

HomSlog
fl

(T
(Y )
log ,Gm,log) = HomScl

Ét
(T

(Y )
log ,Gm,log) ∼= X

by [KKN08a, Thm. 7.3 (2)]. Then the inclusion of part (3) follows from (2.7)
and (2.8).

Remark 2.5. In the proof of part (3) of Lemma 2.5, since

ExtScl
Ét

(T
(Y )
log ,Gm,log) = R1δ∗Gm,log = 0,

we must have R1δ∗X = 0 by the exact sequences (2.7) and (2.8). This gives
rise to an alternative proof of Lemma 2.4.
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Proof of Theorem 2.3: Firstly we prove part (1). The isomorphism

HomSlog
fl

(G
(Y )
log , H) ∼= HomSlog

fl
(B,H)

comes from the corresponding isomorphism of [KKN08a, Thm. 7.3 (1)] for the
classical étale topology with the help of Lemma 2.1. The short exact sequence

0→ T → T
(Y )
log → G

(Y )
log /G→ 0 gives rise to a long exact sequence

0→ HomSlog
fl

(G
(Y )
log /G,H)→ HomSlog

fl
(T

(Y )
log , H)→ HomSlog

fl
(T,H)

→ ExtSlog
fl

(G
(Y )
log /G,H)→ ExtSlog

fl
(T

(Y )
log , H).

Since we have HomSlog
fl

(T
(Y )
log , H) = 0 by part (1) of Lemma 2.5, it follows that

HomSlog
fl

(G
(Y )
log /G,H) = 0. Assuming R1δ∗H = 0, we get ExtSlog

fl
(T

(Y )
log , H) = 0

by part (2) of Lemma 2.5. Hence we have

ExtSlog
fl

(G
(Y )
log , H) ∼= ExtSlog

fl
(B,H), ExtSlog

fl
(G

(Y )
log /G,H) ∼= HomSlog

fl
(T,H).

Next we prove part (2). The exact sequence 0 → T → T
(Y )
log → T

(Y )
log /T → 0

gives rise to a long exact sequence

0→ HomSlog
fl

(T
(Y )
log /T,Gm,log)→ HomSlog

fl
(T

(Y )
log ,Gm,log)

α−→ HomSlog
fl

(T,Gm,log)→ ExtSlog
fl

(T
(Y )
log /T,Gm,log).

Since the mapHomScl
Ét

(T
(Y )
log ,Gm,log)→ HomScl

Ét
(T,Gm,log) is canonically iden-

tical to the identity map 1X : X → X by [KKN08a, 7.20], so is the map

α. Hence we have HomSlog
fl

(T
(Y )
log /T,Gm,log) = 0. Since R1δ∗Gm,log = 0

and ExtScl
Ét

((T
(Y )
log /T )Scl

Ét
,Gm,log) = 0 by [KKN08a, Thm. 7.3 (2)], we get

ExtSlog
fl

(T
(Y )
log /T,Gm,log) = 0 by the exact sequences (2.7) and (2.8). The inclu-

sion δ∗ExtSlog
fl

(T
(Y )
log ,Gm,log) ⊂ R2δ∗X is just part (3) of Lemma 2.5. The iso-

morphism HomSlog
fl

(T
(Y )
log ,Gm,log) ∼= X has been proved in the proof of Lemma

2.5.
At last, we show part (3). The isomorphism

HomSlog
fl

(G,G′)
∼=−→ HomSlog

fl
(G

(Y )
log , G

′
log)

comes from the corresponding isomorphism of [KKN08a, Thm. 7.3 (3)] with
the help of Lemma 2.1. The short exact sequence

0→ T → T
(Y )
log → G

(Y )
log /G→ 0
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gives an exact sequence

0→HomSlog
fl

(G
(Y )
log /G,G

′
log/G

′)→ HomSlog
fl

(T
(Y )
log , G

′
log/G

′)

→HomSlog
fl

(T,G′log/G
′).

The sheaf HomSlog
fl

(T,G′log/G
′) is zero by part (2) of Lemma 2.2, hence we are

reduced to compute HomSlog
fl

(T
(Y )
log , G

′
log/G

′). We have

δ∗HomSlog
fl

(T
(Y )
log , G

′
log/G

′) = HomScl
Ét

(T
(Y )
log , δ∗(G

′
log/G

′))

= HomScl
Ét

(T
(Y )
log , (G

′
log/G

′)Scl
Ét
⊗Z Q)

where the second equality comes from part (1) of Lemma 2.2. By [KKN08a,
Thm. 7.3 (3)],

HomScl
Ét

(X ′, X)
∼=−→HomScl

Ét
((G

(Y )
log /G)Scl

Ét
, (G′log/G

′)Scl
Ét

)

∼=−→HomScl
Ét

(T
(Y )
log , (G

′
log/G

′)Scl
Ét

).

It follows that

HomSlog
fl

(T
(Y )
log , G

′
log/G

′) ∼= HomScl
Ét

(X ′, X)⊗Z Q = HomSlog
fl

(X ′, X)⊗Z Q.

Since weak log abelian varieties with constant degeneration are defined in terms
of log 1-motives, it is natural to try to relate every aspect of weak log abelian va-
rieties with constant degeneration to the corresponding aspect of log 1-motives.
In particular, we are keen on the relation on the homomorphisms. The following
theorem is a combination of [KKN08a, Thm. 3.4] and [KKN15, 1.7].

Theorem 2.4. The functor [Y → Glog] 7→ (G
(Y )
log /Y )Scl

Ét
= G

(Y )
log /Y induces an

equivalence from the category of non-degenerate log 1-motives (resp. pointwise
polarisable log 1-motives) over S to that of weak log abelian varieties with con-
stant degeneration (resp. log abelian varieties with constant degeneration) over
S.

Proof. See [KKN08a, §8].

Let f : A → A′ be a homomorphism between two weak log abelian varieties
with constant degeneration over S, and let M = [Y → Glog],M ′ = [Y ′ → G′log]
be the log 1-motives defining A and A′ respectively. By Theorem 2.4, f comes
from a homomorphism from M to M ′, and we denote it by (f−1, f0). The
proof of [KKN08a, Thm. 8.1] actually shows that f0 comes from a unique
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homomorphism from G to G′, and we denote it by fc by convention 2. The
homomorphism fc can also be obtained from the following diagram

0 // G //

fc

��
✤

✤

✤ A //

f

��

Q/Y //

fd

��
✤
✤
✤

0

0 // G′ // A′ // Q′/Y ′ // 0

with exact rows, together with the vanishing of HomSlog
fl

(G,Q′/Y ′) (see

Lemma 2.6 below). Here the exact rows come from part (3) of Theorem
2.1, and Q (resp. Q′) denotes the sheaf HomSlog

fl
(X,Gm,log/Gm)(Y ) (resp.

HomSlog
fl

(X ′,Gm,log/Gm)(Y
′)). Furthermore the diagram gives a homomor-

phism Q/Y → Q′/Y ′ which we denote by fd
3. The procedure of getting f

from (f−1, f0) also gives a homomorphism Ã := G
(Y )
log → G

′(Y ′)
log =: Ã′, which we

denote by f̃ . The homomorphism f̃ induces a homomorphism Q → Q′ which
we denote by f̃d

4.

Lemma 2.6. We have HomSlog
fl

(G,Q′/Y ′) = 0.

Proof. As before, let δ : Slog
fl → Scl

Ét
be the canonical map between these

two sites. By part (3) of Lemma 2.2, we have a canonical isomorphism
δ∗Q′ ∼= Q′cl ⊗Z Q with Q′cl := HomScl

Ét
(X ′, (Gm,log/Gm)Scl

Ét
)(Y

′). We also have

δ∗(Q′/Y ′) = (δ∗Q′/Y ′)Scl
Ét

by Lemma 2.4. Hence

HomSlog
fl

(G,Q′/Y ′) = HomScl
Ét

(G, δ∗(Q′/Y ′))
= HomScl

Ét
(G, (δ∗Q′/Y ′)Scl

Ét
)

= HomScl
Ét

(G, ((Q′cl ⊗Z Q)/Y ′)Scl
Ét

).

The group HomScl
Ét

(G, (Q′cl ⊗Z Q/Y ′)Scl
Ét

) equals zero by the same reason as in

[KKN08a, 9.2]. Hence HomSlog
fl

(G,Q′/Y ′) vanishes.

For practical reason, we state the following proposition, which is nothing else
than a tedious summary of various maps constructed out of f : A→ A′.

Proposition 2.6. Let f : A → A′ be a homomorphism of weak log abelian
varieties with constant degeneration over S. Then f induces the following four

2Here the subscript c stands for connected.
3Here the subscript d stands for discrete.
4Here the symbol˜for f̃ (resp. f̃d) stands for the lifting of f (resp. fd) to the “universal

coverings”, and Ã (resp. Q) could be thought of as the “universal covering” of A (resp.
Q/Y ).
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commutative diagrams

0 // Y //

f−1

��

G
(Y )
log

//

f̃
��

A //

f

��

0

0 // Y ′ // G
′(Y ′)
log

// A′ // 0

(2.9)

0 // G //

fc

��

A //

f

��

Q/Y //

fd

��

0

0 // G′ // A′ // Q′/Y ′ // 0

(2.10)

0 // G //

fc

��

G
(Y )
log

//

f̃
��

Q //

f̃d

��

0

0 // G′ // G
′(Y ′)
log

// Q′ // 0

(2.11)

0 // Y //

f−1

��

Q //

f̃d
��

Q/Y //

fd

��

0

0 // Y ′ // Q′ // Q′/Y ′ // 0

(2.12)

with exact rows.

3 Isogeny

In this section we study log abelian varieties over a log point. Note that in this
case, log abelian varieties are necessarily log abelian varieties with constant
degeneration by [KKN08a, Thm. 4.6 (2)].

Let k be a field, and S = (Spec k,MS) an fs log point with log structure induced
by a chart P → k, where P is a sharp fs monoid such that P → (MS/O×S )x̄
is an isomorphism. Here x denotes the underlying point of S and x̄ denotes a
geometric point above x. Let (fs/S) be the category of fs log schemes over S,
and log schemes in this section will always be fs log schemes unless otherwise
stated. Let Slog

fl (resp. Scl
fl ) be the log flat (resp. classical flat) site on (fs/S),

and let Slog

Ét
(resp. Scl

Ét
) be the log étale (resp. classical étale) site on (fs/S).

3.1 Isogeny

Firstly we show a few properties of the category (fin/S)r. See Definition A.1
in the Appendix for the categories (fin/S)f , (fin/S)r, (fin/S)d and (fin/S)c.
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Lemma 3.1. Let F1 ∈ (fin/S)c and let F2 be a subobject of F1 in (fin/S)r.
Then we have F2 ∈ (fin/S)c. In other words, the category (fin/S)c is closed
under subobjects in (fin/S)r.

Proof. If the field k is of characteristic zero, then F2 is a log flat locally constant
sheaf of finite abelian groups. Hence it corresponds to a πlog

1 (S)-module by

Theorem A.2. Here πlog
1 (S) denotes the logarithmic fundamental group of S

with respect to some log geometric point of S, see [Ill02, §4] for its definition.
We have a short exact sequence

1→ I log(S)→ πlog
1 (S)

forg−−→ π1(S)→ 1

from [Ill02, (4.7.1)], where forg is the map to the classical étale fundamental
group of S induced by the canonical map from the log étale site to the classical
étale site, and the kernel I log(S) of forg is called the log inertia group of S.
Since F1 ∈ (fin/S)c, the action of I log(S) on F1 is trivial. It follows that
the action of I log(S) on the subobject F2 of F1 is also trivial. Hence we get
F2 ∈ (fin/S)c.
Now we are left with the case that the field k is of positive characteristic.
Let 0 → F ◦i → Fi → F et

i → 0 be the connected-étale short exact sequence
of Fi, see Lemma A.1. It is obvious that we have F ◦1 , F

et
1 ∈ (fin/S)c. We

have F et
2 ∈ (fin/S)r and F ◦2 ∈ (fin/S)c by Proposition A.2. The inclusion

i : F2 →֒ F1 gives a commutative diagram

0 // F ◦2 //
� _

i◦

��

F2
//

� _

i

��

F et
2

//
� _

iet

��

0

0 // F ◦1 // F1
// F et

1
// 0

with exact rows and injective vertical homomorphisms. Then we have F et
2 ∈

(fin/S)c by applying the same argument as in the characteristic zero case to
F et
2 ⊂ F et

1 . Let E be the pullback of the extension F1 along iet : F et
2 →֒ F et

1 ,
then we have a commutative diagram

0 // F ◦2 //
� _

i◦

��

F2
//

� _

��

F et
2

// 0

0 // F ◦1 // E //
� _

��

F et
2

//
� _

iet

��

0

0 // F ◦1 // F1
// F et

1
// 0

with exact rows. Note that E lies in (fin/S)c, and E is also the pushout of
F2 along i◦ : F ◦2 →֒ F ◦1 . Now we make use of Kato’s classification theorem
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Theorem A.3. Note that the functor Φ of Theorem A.3 is compatible with
pushout along the second argument, hence we have a commutative diagram

ExtScl
fl

(F et
2 , F

◦
2 ) × HomScl

fl
(F et

2 (1), F ◦2 )⊗ P gp ≃→ ExtSlog
fl

(F et
2 , F

◦
2 )

↓i◦∗ ↓i◦∗ ↓i◦∗
ExtScl

fl
(F et

2 , F
◦
1 ) × HomScl

fl
(F et

2 (1), F ◦1 )⊗ P gp ≃→ ExtSlog
fl

(F et
2 , F

◦
1 )

with rows equivalences of categories. Let [E] ∈ ExtSlog
fl

(F et
2 , F

◦
1 ) (resp.

[F2] ∈ ExtSlog
fl

(F et
2 , F

◦
2 )) denote the class represented by E (resp. F2). With

the help of the above commutative diagram, [E] ∈ ExtScl
fl

(F et
2 , F

◦
1 ) implies

[F2] ∈ ExtScl
fl

(F et
2 , F

◦
2 ).

Proposition 3.1. (1) The category (fin/S)f is abelian.

(2) The category (fin/S)r is a weak Serre subcategory of (fin/S)f .

(3) The category (fin/S)c is closed under subobjects and quotient objects in
(fin/S)r, but not closed under extensions in (fin/S)r.

Proof. We first show part (1). Let f : F → F ′ be in (fin/S)f , and U → S
a log flat cover such that both FU and F ′U lie in (fin/U)c. Since S is a log
point, we may shrink U such that its underlying scheme is affine (in particular
quasi-compact). For each positive integer n, let Sn := S ×SpecZ[P ] SpecZ[P 1/n]

endowed with the log structure associated to P 1/n → OSn . By [Kat91, Prop.
2.7 (2)] or [Niz08, Cor. 2.16]5, there exists a log flat cover V → U and some
positive integer n0 such that W := V ×S Sn0 → Sn0 is classically flat. Since
both FW and F ′W are represented by classical finite flat group schemes, so are
FSn0

and F ′Sn0
by classical flat descent theory. Note that the underlying scheme

of Sn0 is artinian. Since the category of commutative finite flat group schemes
over an artinian base is abelian, part (1) follows.

To show part (2), we need to check that (fin/S)r is closed under kernels, cok-
ernels and extensions. The closedness under kernels is trivial. The closedness
under extensions is given by Proposition A.1. We are left to show the closed-
ness under cokernels. It suffices to show that, for any short exact sequence
0 → F1 → F2 → F3 → 0 with F1, F2 ∈ (fin/S)r, we must have F3 ∈ (fin/S)r.
Let 0 → F ◦i → Fi → F et

i → 0 be the connected-étale short exact sequence of

5The proof of [Kat91, Prop. 2.7] hasn’t been given in the very preprint. One may refer to
[Niz08, Cor. 2.16] for the proof, however the statement might have missed the quasi-compact
assumption. Nevertheless the proof works under the quasi-compact assumption.
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Fi, then we have the following commutative diagram

0

��

0

��

0

��

0 // F ◦1 //

��

F1
//

��

F et
1

//

��

0

0 // F ◦2 //

��

F2
//

��

F et
2

//

��

0

0 // F ◦3 //

��

F3
//

��

F et
3

//

��

0

0 0 0

with exact rows and columns. Both F ◦1 and F ◦2 lie in (fin/S)c, so is F ◦3 . Hence
F3 ∈ (fin/S)r by Proposition A.2.

Now we show part (3). The closedness under subobjects is just Lemma 3.1.
The closedness under quotient objects can be proven by a similar argument as
in the proof of Lemma 3.1. The non-closedness is clear by Kato’s classification
theorem Theorem A.3.

Lemma 3.2. Let M = [Y → Glog],M ′ = [Y ′ → G′log] be two non-degenerate
log 1-motives over S, (f−1, f0) : M → M ′ a homomorphism of log 1-motives,
and fc : G → G′ the map induced by f0. Let X (resp. X ′) be the character
group of the torus part T (resp. T ′) of G (resp. G′), Q (resp. Q′) the sheaf
HomSlog

fl
(X,Gm,log/Gm)(Y ) (resp. HomSlog

fl
(X ′,Gm,log/Gm)(Y

′)), fl : X ′ → X

the map induced by fc, and f̃d : Q → Q′ the map induced by fl. If fc is an

isogeny, then the map f̃ : G
(Y )
log → G

′(Y ′)
log induced by (f−1, f0) is surjective with

kernel Ker(fc), and the map f̃d is bijective.

Proof. Since fc is an isogeny, the map fl is injective and of finite cokernel. We
consider the following commutative diagram

0 // G //

fc

��

G
(Y )
log

//

f̃
��

Q //

f̃d

��

0

0 // G′ // G
′(Y ′)
log

// Q′ // 0

with exact rows. To show the surjectivity of f̃ , it is enough to show the sur-
jectivity of f̃d.

Documenta Mathematica 22 (2017) 505–550



530 Heer Zhao

The induced map Tlog → T ′log is surjective by Proposition 2.3 (5). Furthermore
we have the surjectivity of the map

HomSlog
fl

(X,Gm,log/Gm)→ HomSlog
fl

(X ′,Gm,log/Gm).

Thus for any ϕ′ ∈ Q′, there exists some ϕ ∈ HomSlog
fl

(X,Gm,log/Gm) mapped

to ϕ′, i.e. ϕ′ = ϕ ◦ fl. In order to show the surjectivity of f̃d, it suffices
to show that ϕ ∈ Q. Let n be a positive integer killing X/fl(X

′), and let
<,>: X × Y → Gm,log/Gm and <,>′: X ′ × Y ′ → Gm,log/Gm be the pairings
associated to M and M ′ respectively. Given any U ∈ (fs/S), u ∈ U, x ∈ Xū,
there exists x′ ∈ X ′ū such that nx = fl(x

′). By the definition of Q′, there exist
y′u,x′,1, y

′
u,x′,2 ∈ Y ′ū such that

< x′, y′u,x′,1 >
′ |ϕ′(x′) | < x′, y′u,x′,2 >

′ . (3.1)

The map fl being injective with finite cokernel, together with the non-
degeneracy of M and M ′, forces f−1 to be injective with finite cokernel. If nec-
essary we enlarge n such that it also kills the cokernel of f−1. Then there exist
yu,x′,1, yu,x′,2 ∈ Yū such that ny′u,x′,1 = f−1(yu,x′,1) and ny′u,x′,2 = f−1(yu,x′,2).
Raising the relation (3.1) to n-th power, we get a new relation

< x′, f−1(yu,x′,1) >′ |ϕ′(x′)n | < x′, f−1(yu,x′,2) >′ . (3.2)

Since < fl(−),− >=< −, f−1(−) >′, the relation (3.2) can be rewritten as

< x, yu,x′,1 >
n |ϕ(x)n

2 | < x, yu,x′,2 >
n . (3.3)

By [KKN15, 18.10], there exist y1, y2 ∈ Yū such that

< x, yn1 > | < x, yu,x′,1 > and < x, yu,x′,2 > | < x, yn2 > .

Therefore relation (3.3) gives another relation

< x, y1 >
n2 |ϕ(x)n

2 | < x, y2 >
n2

. (3.4)

Removing the exponents from (3.4), we get < x, y1 > |ϕ(x) | < x, y2 >, hence
ϕ ∈ Q.
The injectivity of f̃d follows from the injectivity of

HomSlog
fl

(X,Gm,log/Gm)→ HomSlog
fl

(X ′,Gm,log/Gm).

The identification Ker(fc) = Ker(f̃) follows from the injectivity of f̃d.

Proposition 3.2. Let A be a log abelian variety over S, and F ∈ (fin/S)r be
a subsheaf of A. Then:

(1) F is an extension of objects of (fin/S)c.
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(2) F ∈ (fin/S)d.

(3) The quotient A/F is also a log abelian variety over S.

Proof. Let n be a positive integer such that nF = 0, then we have F ⊂ A[n] :=

Ker(A
×n−−→ A). Since the map G

nG−−→ G is an isogeny, we get a short exact
sequence 0 → G[n] → A[n] → (Q/Y )[n] → 0 by diagram (2.10), where Q
denotes the sheaf Hom(X,Gm,log/Gm)(Y ). Since the map Q ×n−−→ Q is an
isomorphism, we get (Q/Y )[n] ∼= Y/nY by diagram (2.12). We also have
A[n] ∈ (fin/S)r by [KKN15, Prop. 18.1 (1) and (2)]. Now let F ′ be the kernel
of the composition F →֒ A[n]→ (Q/Y )[n] ∼= Y/nY , and F ′′ the image of F in
Y/nY , then we have a commutative diagram

0 // F ′ //
� _

��

F //
� _

��

F ′′ //
� _

��

0

0 // G[n] // A[n] // Y/nY // 0

with exact rows and injective vertical homomorphisms. As a kernel of a homo-
morphism between two representable objects, F ′ ∈ (fin/S)r; as a subobject of
Y/nY which is a classical finite étale group scheme, F ′′ ∈ (fin/S)c. Applying
Lemma 3.1 to the inclusion F ′ ⊂ G[n], we conclude F ′ ∈ (fin/S)c, hence part
(1) is proven. Part (2) follows from part (1) and Proposition A.1.
Now we show part (3). It suffices to find a polarisable log 1-motive such that

A/F is isomorphic to its associated quotient. Consider the pullback E of G
(Y )
log

along F ⊂ A
0 // Y // E //

� _

��

F //
� _

��

0

0 // Y // G
(Y )
log

// A // 0,

and let Etor be the torsion subsheaf of E, Y ′ := E/Etor. Since the sheaf

G
(Y )
log /G = HomSlog

fl
(X,Gm,log/Gm)(Y )

is torsion-free, Etor maps into G. So we get Etor = F ′ and Y ′/Y = F ′′ ⊂ Y/nY ,
and Y ′ is étale locally constant. Let G′ = G/Etor = G/F ′, the inclusion

E →֒ G
(Y )
log →֒ Glog gives a homomorphism Y ′ → Glog/F

′ = G′log by taking the

quotient by F ′. In this way, we get a log 1-motive M ′ := [Y ′
u′

−→ G′log] together

with a homomorphism (f−1, f0) : M := [Y
u−→ Glog]→M ′. By the construction

of the homomorphism (f−1, f0), it is clear that the multiplication by n map nM
on M factors through (f−1, f0). Let (g−1, g0) : M ′ →M be the homomorphism
such that nM = (g−1, g0) ◦ (f−1, f0), let (h−1, h0) : M → M∗ = [X → G∗log]
be a polarisation of M , then (g∗−1 ◦ h−1 ◦ g−1, g∗0 ◦ h0 ◦ g0) gives rise to a
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polarisation of M ′, where (g∗−1, g
∗
0) : M∗ → M ′∗ = [X ′ → G′∗log] is the dual of

(g−1, g0). By [KKN08a, Thm. 3.4], the homomorphism (f−1, f0) gives rise to a
homomorphism f : A→ A′ of log abelian varieties with constant degeneration,
where A′ is the associated log abelian variety of M ′. By the diagram (2.9) and
Lemma 3.2, it is easy to see that A′ = A/F .

Definition 3.1. Let A,A′ be two log abelian varieties over S. An isogeny
from A to A′ is a homomorphism f from A to A′ such that f is surjective for
the log flat topology and Ker(f) ∈ (fin/S)r.

Remark 3.1. Let f : A → A′ be an isogeny between two log abelian varieties
over S. By Proposition 3.2 (2), we have Ker(f) ∈ (fin/S)d. Hence we can
replace the condition Ker(f) ∈ (fin/S)r by the a priori stronger condition
Ker(f) ∈ (fin/S)d in the definition of isogeny. We can also replace the condition
Ker(f) ∈ (fin/S)r by the a priori weaker condition Ker(f) ∈ (fin/S)f , since
Ker(f) is automatically representable as the kernel of f |A[n] : A[n]→ A′[n] for
n big enough. Here we have used the fact A[n], A′[n] ∈ (fin/S)r, see [KKN15,
Prop. 18.1].

Example 3.1. By Proposition 3.2, a subsheaf F ∈ (fin/S)r of a log abelian
variety A over S gives an isogeny A→ A/F of log abelian varieties.

Isogenies between abelian varieties can be defined by several equivalent con-
ditions, some of which concern the dimension. Here we show the same thing
happens for log abelian varieties over S.
Recall that the dimension of a log abelian variety is defined to be the dimension
of its semi-abelian part, see [KKN08a, 4.4].

Proposition 3.3. Let f : A→ A′ be a homomorphism of log abelian varieties

over S. Let M = [Y
u−→ Glog] (resp. M ′ = [Y ′

u′

−→ G′log]) be the log 1-motive
defining A (resp. A′), and f−1 and fc the homomorphisms induced by f as in
Proposition 2.6. Consider the following conditions:

(1) f is an isogeny;

(2) f is surjective for the log flat topology and dimA = dimA′;

(3) Ker(f) ∈ (fin/S)r and dimA = dimA′;

(4) fc is an isogeny and f−1 is injective of finite cokernel.

Then we have (2)⇐ (1)⇔ (3)⇔ (4).

Proof. If f is an isogeny, we have Ker(f) ∈ (fin/S)r and A′ = A/Ker(f). By
the construction of A/Ker(f) as a log abelian variety in the proof of part (3) of
Proposition 3.2, we have that fc is an isogeny of semi-abelian varieties, hence
dimG = dimG′. This shows that (1) implies both (2) and (3).
Now we show that (3) implies (1). The condition Ker(f) ∈ (fin/S)r implies
that Ker(fc) is a finite group scheme. Since dimG = dimA = dimA′ = dimG′,
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fc is an isogeny. Let f̃ : G
(Y )
log → G

′(Y ′)
log be the homomorphism induced by f as

in Proposition 2.6. By Lemma 3.2, f̃ is surjective. Then the surjectivity of f
follows from the surjectivity of f̃ . Hence f is an isogeny.

At last, we show the equivalence between (3) and (4). Assuming (3), we must
have that fc is an isogeny. Let f̃d : Q→ Q′ be the homomorphism induced by
f as in Proposition 2.6. Then f̃d is bijective by Lemma 3.2. Applying snake
lemma to diagrams (2.10) and (2.12), we get Ker(f−1) = 0 and a short exact
sequence 0 → Ker(fc) → Ker(f) → Coker(f−1) → 0. Hence (3) implies (4).
Conversely, assuming (4), we have that f̃d is bijective by Lemma 3.2. Again
applying snake lemma to diagrams (2.10) and (2.12), we have a short exact
sequence 0→ Ker(fc)→ Ker(f)→ Coker(f−1)→ 0. Hence Ker(f) ∈ (fin/S)r
by part (2) of Proposition 3.1, so we get (3).

Remark 3.2. One might wonder if (2) implies (1) in Proposition 3.3. Note that
the corresponding statement for abelian varieties holds. It is easy to see that
the implication follows from the surjectivity of fc. Unfortunately, it is not clear
to the author how to deduce the surjectivity of fc from the surjectivity of f .

Example 3.2. Let A be a log abelian variety over S. Let M = [Y → Glog]
be the log 1-motive defining A, M∗ = [X → G∗log] the dual of M and
(λ−1, λ0) : M → M∗ a polarisation, see [KKN08a, Def. 2.8] for the defini-
tion of polarisation. Then the map λ : A → A∗ induced by (λ−1, λ0) is an
isogeny. One calls λ a polarisation of the log abelian variety A.

Proposition 3.4. Let A be a log abelian variety over S, let g be the dimension
of A, and let n be a positive integer.

(1) The multiplication-by-n map nA : A→ A is an isogeny.

(2) The rank of A[n] := Ker(nA) is n2g.

(3) A[n] ∈ (fin/S)d.

(4) Let (nA)∗ be the dual of the map nA, then (nA)∗ = nA∗.

(5) If n is coprime to the characteristic of k, then Kummer étale locally on S,
A[n] is isomorphic to (Z/nZ)2g.

Proof. By [KKN15, Prop. 18.1], we have A[n] ∈ (fin/S)r, hence part (1) is a
corollary of Proposition 3.3. For part (2) and part (5), we refer to [KKN15,
Prop. 18.1]. Part (3) follows from part (1) and Remark 3.1. We are left with
part (4). Let M = [Y → Glog] be the log 1-motive defining A, then nA is the
map induced by the map nM . Since the dual of nM is the map nM∗ , where
M∗ denote the dual of M , the dual of nA is nothing but nA∗ .
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3.2 The dual short exact sequence

Recall that for an isogeny f : A → A′ between two abelian varieties over a
field, we have that the dual f∗ of f is an isogeny with kernel (Ker(f))∗. In this
subsection we show that the same thing holds for log abelian varieties over S.
Let f : A→ A′ be an isogeny between two log abelian varieties over S, and let

F be the kernel of f , then we get a short exact sequence 0→ F → A
f−→ A′ → 0.

Applying the functor HomSlog
fl

(−,Gm,log) to this short exact sequence, we get

a long exact sequence

→HomSlog
fl

(A,Gm,log)→ HomSlog
fl

(F,Gm,log)→ ExtSlog
fl

(A′,Gm,log)

→ExtSlog
fl

(A,Gm,log).
(3.5)

By Theorem 2.2 (4), HomSlog
fl

(A,Gm,log) = 0. By Theorem 2.2 (3), the map

ExtSlog
fl

(A′,Gm,log) → ExtSlog
fl

(A,Gm,log) is just the map G′∗log/X
′ → G∗log/X .

The torsion-free nature of Gm,log/Gm implies HomSlog
fl

(F,Gm,log/Gm) = 0,

hence we have HomSlog
fl

(F,Gm,log) = F ∗, where F ∗ = HomSlog
fl

(F,Gm) is the

Cartier dual of F (see Definition A.1). We have A∗ = G
∗(X)
log /X and A′∗ =

G
′∗(X′)
log /X ′. And the map X ′ → G′∗log having its image in G

′∗(X′)
log gives a short

exact sequence
0→ A′∗ → G′∗log/X

′ →R→ 0,

where R denotes the quotient sheaf

HomSlog
fl

(Y ′,Gm,log/Gm)/HomSlog
fl

(Y ′,Gm,log/Gm)(X
′).

Putting all these ingredients together, we get a commutative diagram

0

��

A′∗
f∗

//
� _

��

A∗� _

��

0 // F ∗ // G′∗log/X
′ //

��

G∗log/X

R

��

0

(3.6)

with exact rows and columns.

Lemma 3.3. The sheaf R is torsion-free.
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Proof. We consider the following short exact sequence

0→ Q′∗ → HomSlog
fl

(Y ′,Gm,log/Gm)→ R→ 0,

where Q′∗ denotes HomSlog
fl

(Y ′,Gm,log/Gm)(X
′). To show R is torsion-free, it

is enough to show that any section ϕ ∈ HomSlog
fl

(Y ′,Gm,log/Gm), satisfying

ϕn ∈ Q′∗, actually lies in Q′∗. For any U ∈ (fs/S), u ∈ U, y′ ∈ Y ′ū, there exist
x′u,y′,1, x

′
u,y′,2 ∈ X ′ū such that < x′u,y′,1, y

′ >′ |ϕn(y′) | < x′u,y′,2, y
′ >′. By

[KKN15, 18.10], there exist x1, x2 ∈ X ′ū such that

< x1, y
′ >′n | < x′u,y′,1, y

′ >′, < x′u,y′,2, y
′ >′ | < x2, y

′ >′n .

Then we get a relation < x1, y
′ >′n |ϕn(y′) | < x2, y

′ >′n. Removing the
exponents, we further get < x1, y

′ >′ |ϕ(y′) | < x2, y
′ >′, which shows that

ϕ ∈ Q′∗.

Theorem 3.1. We have a canonical short exact sequence

0→ F ∗ → A′∗
f∗

−→ A∗ → 0,

in other words, f∗ is an isogeny with kernel the Cartier dual of F .

Proof. Since F ∈ (fin/S)d by Proposition 3.2 (2), F ∗ ∈ (fin/S)d. The sheafR is
torsion-free by Lemma 3.3, hence we have HomSlog

fl
(F ∗,R) = 0. It follows that

the map F ∗ →֒ G′∗log/X
′ in the diagram (3.6) factors through A′∗. Furthermore,

F ∗ is actually the kernel of f∗. Since dimA′∗ = dimA∗, f∗ is an isogeny by
Proposition 3.3.

3.3 The Poincaré complete reducibility theorem

The Poincaré complete reducibility theorem for abelian varieties plays a very
important role in the theory of abelian varieties. In this subsection, we formu-
late a Poincaré complete reducibility theorem for log abelian varieties admitting
a polarisation over S.

Lemma 3.4. Let M = [Y → Glog] be a log 1-motive over S with a polarisation
(λ−1, λ0) : M = [Y → Glog] → [X → G∗log] = M∗, and let A be the log abelian
variety associated to M . Let M1 = [Y1 → G1log] be another log 1-motive with
rankZY1 = rankZX1, where X1 is the character group of the torus part of G1.
Let (i−1, i0) : M1 → M be a homomorphism of log 1-motives and ic : G1 → G
the homomorphism corresponding to i0, and let γ−1 := i∗−1 ◦ λ−1 ◦ i−1, γ0 :=
i∗0 ◦ λ0 ◦ i0. Suppose that i−1 is injective and ic has finite kernel, then we have
the following.

(1) The map (γ−1, γ0) : M1 = [Y1 → G1log] → [X1 → G∗1log] = M∗1 is a
polarisation.
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(2) Let A1 be the log abelian variety associated to M1 and i : A1 → A the map
induced by (i−1, i0), then we have Ker(i) ∈ (fin/S)r.

Proof. To prove part (1), we need to verify the conditions (a), (b), (c) and (d)
of [KKN08a, Def. 2.8]. We have the following commutative diagram

Y1
i−1

//

��

Y
λ−1

//

��

X
i∗−1

//

��

X1

��

G1log
i0

// Glog
λ0

// G∗log
i∗0

// G∗1log.

We also have the following commutative diagram

0 // T1 //

it
��

G1
//

ic
��

B1
//

iab
��

0

0 // T //

λt

��

G //

λc

��

B //

λab

��

0

0 // T ∗ //

i∗t
��

G∗ //

i∗c
��

B∗ //

i∗ab
��

0

0 // T ∗1 // G∗1 // B∗1 // 0

with exact rows, where the rows are the torus and abelian variety decomposition
exact sequences of semi-abelian varieties. By the construction of the duality
theory of log 1-motives, we have that i∗−1 (resp. i∗t ) is induced by it (resp.
i−1). Then condition (d) follows. Let <,>: X × Y → Gm,log/Gm (resp.
<,>1: X1× Y1 → Gm,log/Gm) be the pairing associated to M (resp. M1). For
y ∈ Y1s̄\{0}, where s denotes the only point of S, we have i−1(y) 6= 0 by the
injectivity of i−1. Hence we have

< γ−1(y), y >1s̄=< λ−1 ◦ i−1(y), i−1(y) >s̄∈ (MS,s̄/O×S,s̄)\{1}

which gives condition (c). For condition (b), it suffices to show the injectivity
of γ−1 because of rankZY1 = rankZX1. But this already follows from condition
(c). At last we show condition (a). Since ic has finite kernel, iab must have
finite kernel by diagram chasing. Hence iab is a finite morphism. We want to
show γab = i∗ab ◦λab ◦ iab is a polarisation of B1. Without loss of generality, we
may assume λab = ϕL for an ample line bundle L on B, where ϕL is defined by
ϕL(b) := t∗bL⊗L−1 for b ∈ B. Then we have γab = i∗ab◦ϕL◦iab = ϕi∗

ab
L. Clearly

i∗abL is ample, so γab is a polarisation on B1. This finishes the verification of
condition (a). Hence (γ−1, γ0) is a polarisation of M1.

Now we prove part (2). By Proposition 2.6, the homomorphism i induces the
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following two commutative diagrams

0 // G1
//

ic

��

A1
//

i

��

Q1/Y1 //

id

��

0

0 // G // A // Q/Y // 0

and

0 // Y1 //

i−1

��

Q1
//

ĩd

��

Q1/Y1 //

id

��

0

0 // Y // Q // Q/Y // 0

with exact rows. Since ic has finite kernel, it has finite kernel too. Hence ĩd
is injective by part (3) Proposition 2.3. Applying snake lemma to the above
two diagrams, we get exact sequences 0 → Ker(ic) → Ker(i) → Ker(id) →
Coker(ic) and 0→ Ker(id)

α−→ Y/Y1.

Claim. The map α maps Ker(id) onto the torsion part (Y/Y1)tor of Y/Y1.

Proof of CLAIM. First we show (Y/Y1)tor ⊂ Im(α). Let y ∈ Y be such that
the quotient class ȳ represented by y lies in (Y/Y1)tor. We have ny = i−1(y1)

for some n ∈ N and y1 ∈ Y1. The map Q1
×n−−→ Q1 is bijective by Lemma

3.2, hence there exists ϕ1 ∈ Q1 such that ϕn1 =< −, y1 >1. It follows then

ĩd(ϕ1)n =< −, y >n. Since the map Q ×n−−→ Q is bijective by Lemma 3.2, we
get ĩd(ϕ1) =< −, y >. Whence ȳ = α(ϕ̄1), where ϕ̄1 denotes the quotient class
of ϕ1 in Q1/Y1.
Now we show the converse inclusion. It suffices to show, for ϕ1 ∈ Q1 with
ĩd(ϕ1) =< −, y > for some y ∈ Y , ȳ ∈ (Y/Y1)tor. Since γ−1 = i∗−1 ◦ λ−1 ◦ i−1
is of finite cokernel by part (1), there exists some positive integer m such that
mi∗−1 ◦ λ−1(y) = i∗−1 ◦ λ−1 ◦ i−1(y1) for some y1 ∈ Y1. Let w := my − i−1(y1),
and we have i∗−1 ◦ λ−1(w) = 0. Hence

< λ−1(w), w > =< λ−1(w),my > − < λ−1(w), i−1(y1) >

= ĩd(ϕ1)(λ−1(w))m− < i∗−1 ◦ λ−1(w), y1 >1

= ϕ1(i∗−1 ◦ λ−1(w))m− < 0, y1 >1

= 0.

Since (λ−1, λ0) is a polarisation, we must have w = 0. This shows ȳ ∈
(Y/Y1)tor.

By the above claim, we get an exact sequence

0→ Ker(ic)→ Ker(i)→ (Y/Y1)tor → Coker(ic).
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Let F be the kernel of (Y/Y1)tor → Coker(ic). We have F ∈ (fin/S)c. Then the
short exact sequence 0→ Ker(ic)→ Ker(i)→ F → 0 forces Ker(i) ∈ (fin/S)r
by Proposition A.1.

Proposition 3.5. Let f : A→ A′ be a homomorphism of log abelian varieties
over S. Then there exists a log abelian subvariety j : A1 →֒ A such that f |A1 =
0, and A1 possesses the following universal property: for any homomorphism
g : A2 → A of log abelian varieties over S such that f ◦g = 0, g factors through
A1 uniquely. In other words, A1 is the kernel of f in the category of log abelian
varieties over S.

Proof. Let M = [Y → Glog] (resp. M ′ = [Y ′ → G′log]) be the log 1-motive
defining A (resp. A′), and let (f−1, f0) : M → M ′ be the homomorphism
defining f .
We first construct the log 1-motive defining A1. The homomorphism f induces
a homomorphism fc : G → G′. Let G1 be the reduced neutral component of
Ker(fc), then G1 is a semi-abelian variety by [Bri15, Rem. 5.4.7. (iii)]. Let jc
be the inclusion G1 ⊂ G, and let j0 : G1log → Glog be the map induced by jc.
We consider the following commutative diagram

0 // G1
//

jc

��

G1log
//

j0

��

HomSlog
fl

(X1, Ḡm,log) //

j̄0

��

0

0 // G //

fc

��

Glog
//

f0

��

HomSlog
fl

(X, Ḡm,log) //

f̄0

��

0

0 // G′ // G′log // HomSlog
fl

(X ′, Ḡm,log) // 0

with exact rows, where X1 (resp. X , resp. X ′) is the character group of the
torus part T1 (resp. T , resp. T ′) of G1 (resp. G, resp. G′). By part (3) of
Proposition 2.3, we have

Ker(f̄0) = HomSlog
fl

(Coker(fl), Ḡm,log),

where fl : X ′ → X is the map induced by the torus part ft : T → T ′ of fc.
The above diagram gives rise to another commutative diagram

0 // G1
//

� _

jc

��

G1log
//

j0

��

HomSlog
fl

(X1, Ḡm,log) //

j̄0

��

0

0 // Ker(fc) // Ker(f0)
α

// HomSlog
fl

(Coker(fl), Ḡm,log)

with exact rows. Since the map Coker(fl)→ X1 induced by G1 → G→ G′ is an
isomorphism up to torsion, the map j̄0 in the above diagram is an isomorphism.
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Then we have that α is surjective. By the snake lemma, we get that G1log is
canonically embedded into Ker(f0) with finite cokernel Ker(fc)/G1.
Now let Y1 be the pullback of G1log along Ker(f−1) →֒ Ker(f0), then rankZY1 =
rankZKer(f−1). Let j−1 be the canonical inclusion Y1 ⊂ Y , we get a log 1-
motive M1 := [Y1 → G1log] together with a canonical map (j−1, j0) : M1 →M .
In order to apply Lemma 3.4, we need to show rankZY1 = rankZX1. Without
loss of generality, we may assume that both M and M ′ admit a polarisation,
in particular we have homomorphisms h : Y → X and h′ : Y ′ → X ′ which are
both injective with finite cokernel. Consider the following diagram

Coker(f∗−1) × Ker(f−1)

↑d ↓a
X × Y

<,>−−−→ Gm,log/Gm
↑f∗

−1 ↓f−1 =

X ′ × Y ′
<,>′

−−−→ Gm,log/Gm
↑c ↓b

Ker(f∗−1) × Coker(f−1)

in which the parings <,> and <,>′ are compatible with the maps f∗−1 and
f−1, we have the following relations

(1) the composition Ker(f−1)
a−→ Y

h−→ X
d−→ Coker(f∗−1) is injective, whence

rankZKer(f−1) ≤ rankZCoker(f∗−1);

(2) the composition Ker(f∗−1)⊗Q
cQ−→ X ′⊗Q

h′−1
Q−−−→ Y ′⊗Q

bQ−→ Coker(f−1)⊗Q
is injective, whence rankZKer(f∗−1) ≤ rankZCoker(f−1);

(3) rankZX = rankZY , rankZX
′ = rankZY

′;

(4) rankZKer(f−1)− rankZCoker(f−1) = rankZY − rankZY
′;

(5) rankZCoker(f∗−1)− rankZKer(f∗−1) = rankZX − rankZX
′.

The relations (3), (4) and (5) are trivial. For y ∈ Ker(f−1) such that d◦h(y) =
0, we have h(y) = f∗−1(x′) for some x′ ∈ X ′, hence

0 =< x′, f−1(y) >′=< f∗−1(x′), y >=< h(y), y > .

This implies y = 0, hence relation (1). Relation (2) can be shown by a
similar argument. Now these five relations together force rankZKer(f−1) =
rankZCoker(f∗−1), so we get rankZY1 = rankZX1.
Applying Lemma 3.4 to M1 (if necessary we take base change to k̄ in order
to get a polarisation on M), we have that M1 defines a log abelian variety A1

and (j−1, j0) gives a homomorphism j : A1 → A. We leave the proof of the
injectivity of j to Lemma 3.5.
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Now we are left with checking the universal property. Let

(g−1, g0) : M2 = [Y2 → G2log]→M

be the homomorphism defining g. By the equivalence of categories from Theo-
rem 2.4, we have that f◦g = 0 implies f−1◦g−1 = f0◦g0 = fc◦gc = 0. Hence the
map gc factors through the map jc uniquely, further the map g0 factors through
j0 uniquely. The equality f−1◦g−1 = 0 implies that g−1(Y2) ⊂ Ker(f−1). Since
Y1 is defined as the pullback of G1log along Ker(f−1) →֒ Ker(f0), the homo-
morphism Y2 → Ker(f−1) factors through Y1 uniquely. It follows that (g−1, g0)
factors through (j−1, j0) uniquely, and g factors through j uniquely.

Lemma 3.5. The homomorphism j : A1 → A in the proof of Proposition 3.5 is
injective.

Proof. Let the notation be as in the proof of Proposition 3.5. We have the
following commutative diagram

Y1
� �

//
� _

��

Ker(f−1)
� �

//
� _

��

Y
f−1

//
� _

��

Y ′� _

��

G1log
� �

// Ker(f0) �
�

// Glog
f0

// G′1log.

Since the left square is a pullback diagram, we have that the canonical map
G1log/Y1 → Ker(f0)/Ker(f−1) is injective. By diagram chasing, the canonical
map Ker(f0)/Ker(f−1) → Glog/Y is also injective. Hence the canonical map
G1log/Y1 → Glog/Y is injective. Then the injectivity of j follows.

Lemma 3.6. Let i : A1 →֒ A be an inclusion of log abelian varieties over S. Let
(i−1, i0) : M1 = [Y1 → G1log] → [Y → Glog] = M be the homomorphism of log
1-motives defining i, and let ic : G1 → G be the homomorphism of semi-abelian
varieties induced by i0. Then i−1, i0 and ic are all injective.

Proof. The injectivity of ic follows from the injectivity of i by diagram (2.10).
The injectivity of i0 follows from the injectivity of ic by part (4) of Proposition
2.3. The injectivity of i−1 follows from that of i0 by diagram (2.9).

Theorem 3.2 (Poincaré complete reducibility theorem). Let A be a log abelian
variety over S with a polarisation λ : A→ A∗, and A1 a log abelian subvariety
of A. Then there is another log abelian subvariety A2 such that A1 × A2 is
isogenous to A.

Proof. Let M = [Y → Glog] and M1 = [Y1 → G1log] be the log 1-motives
defining A and A1 respectively. Let i be the inclusion A1 ⊂ A, let i∗ be the
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dual of i, and let f = i∗ ◦ λ. Let (f−1, f0) : M → M∗1 be the homomorphism
defining f . By Proposition 2.6, we have a commutative diagram

0 // G //

λc

��

fc

��

A //

λ

��

f

��

Q/Y //

λd

��
fd

��

0

0 // G∗ //

i∗c

��

A∗ //

i∗

��

Q∗/X //

i∗d
��

0

0 // G∗1 // A∗1 // Q∗1/X1
// 0

with exact rows.
Firstly we study the homomorphism fc via λc and i∗c . By Example 3.2, λ is an
isogeny, hence Ker(λ) ∈ (fin/S)r and dimG = dimG∗ by Proposition 3.3. So
λc is an isogeny. The construction of i∗c gives a commutative diagram

0 // T ∗ //

i∗t
��

G∗ //

i∗c
��

B∗ //

i∗ab
��

0

0 // T ∗1 // G∗1 // B∗1 // 0

with exact rows, where the map T ∗ → T ∗1 is induced by i−1 : Y1 → Y and the
map B∗ → B∗1 is induced by the abelian variety part iab of ic. The injectivity
of i implies that ic and i−1 are both injective by Lemma 3.6. It follows that i∗t
is surjective. The injectivity of ic implies that iab : B1 → B has finite kernel.
Hence i∗ab : B∗ → B∗1 is surjective, and so is i∗c . Then the surjectivity of fc
follows.
Let j : A2 →֒ A be the kernel of f in the category of log abelian varieties
guaranteed by Proposition 3.5. The proof of Proposition 3.5 tells us that the
log abelian subvariety A2 could come from a log 1-motive M2 = [Y2 → G2log]
and a homomorphism (j−1, j0) : M2 →M , such that both j−1 and j0 are injec-
tive, and the semi-abelian variety G2 underlying G2log is the reduced neutral
component of Ker(fc).
Let Y ′ := Y1 × Y2, G′ := G1 ×G2, then we have a natural log 1-motive M ′ =
[Y ′ → G′log] and a homomorphism (α−1, α0) : M ′ →M , where α−1 is the map
Y1 × Y2 → Y, (y1, y2) 7→ y1 + y2, and α0 is the map induced by αc : G1 ×G2 →
G, (g1, g2) 7→ g1 + g2. We claim that α−1 is injective and of finite cokernel.
Note that (γ−1, γ0) := (i∗−1 ◦ λ−1 ◦ i−1, i∗0 ◦ λ0 ◦ i0) is a polarisation on M1 by
Lemma 3.4. For y ∈ Y1s̄ ∩ Y2s̄, γ−1(y) = f−1(y) = 0, hence 0 =< 0, y >1s̄=<
γ−1(y), y >1s̄ implies y = 0, and Ker(α−1) = Y1∩Y2 = 0. Hence α−1 has finite
cokernel due to rank reason. We also claim that the map αc is an isogeny. Let
γc : G1 → G∗1 be the homomorphism corresponding to γ0, γab the abelian part
of γc, and γt the torus part of γc. Since (γ−1, γ0) is a polarisation, γab is a
polarisation and γ−1 is injective and of finite cokernel. It follows that both γab
and γt are isogenies. Whence γc = i∗c ◦ λc ◦ ic is also an isogeny. Hence for any
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g ∈ G, there exists g1 ∈ G1 such that i∗c ◦λc ◦ ic(g1) = i∗c ◦λc(g), it follows then
g − ic(g1) ∈ Ker(fc). Since Ker(fc)/G2 is a finite group scheme, the map αc

is an isogeny. Note that (α−1, α0) induces a homomorphism α : A1 × A2 → A
of log abelian varieties. By the equivalence (1) ⇔ (4) of Proposition 3.3, we
deduce that α is an isogeny.

Remark 3.3. Since abelian varieties over a field are always projective, they
carry an ample line bundle, hence they are always polarisable. For log abelian
varieties over a log point, they admit a polarisation after base change to the
algebraic closure of the base field by definition. However it is not clear to the
author if they actually carry a polarisation over the base log point. But he
does think, over a log point, log abelian variety admitting a polarisation serves
as the right counterpart of abelian variety for at least two reasons. Firstly, the
canonical 1-parameter log abelian variety degeneration ([Zha14]) of an abelian
variety transports a polarisation of the generic fibre to the special fibre. In
other words the special fibre (which is a log abelian variety over a log point) as
the degeneration of the generic fibre (which is an abelian variety over a trivial
log point) is necessarily polarisable. Secondly, a polarisation is needed in the
proof of Poincaré complete reducibility theorem (see Theorem 3.2), and we
know that Poincaré complete reducibility theorem for abelian varieties plays a
very important role in the theory of abelian varieties.

Definition 3.2. Let A be a log abelian variety over S, a log abelian subvariety
ofA is a subsheaf of A which is also a log abelian variety. The log abelian variety
A is simple if it has no non-zero proper log abelian subvariety. In other words,
if A1 is a log abelian variety properly contained in A, then A1 is zero.

Lemma 3.7. Let f : A→ A′ be a non-zero homomorphism between log abelian
varieties.

(1) If both A and A′ are simple, then f is an isogeny.

(2) If f is an isogeny, then there exists an isogeny g : A′ → A and a positive
integer n such that g ◦ f = nA.

Proof. We prove part (1) first. Let A1 be the kernel of f in the category of
log abelian varieties, see Proposition 3.5 for the construction of A1. Since A is
simple, A1 has to be zero. Let F be the kernel of f in the category of sheaves
of abelian groups, then F lies in (fin/S)r by part (2) of Lemma 3.4. Then A/F
gives rise to a log abelian subvariety of A′ by part (3) of Proposition 3.2. We
must have A′ = A/F by the simplicity of A′. It follows that f is an isogeny.
This shows part (1).

Now we show part (2). Let n be a positive integer which kills F . Then there
exists an epimorphism g : A′ → A such that g ◦ f = nA. The kernel-cokernel
exact sequence gives a short exact sequence 0→ F → A[n]→ Ker(g)→ 0. We
get Ker(g) ∈ (fin/S)r by part (2) of Proposition 3.1. Hence g is an isogeny.
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Corollary 3.1. Let A be a log abelian variety over S admitting a polarisation.
Then A is isogenous to a product An1

1 × · · · × Anrr , where the Ai’s are simple
log abelian varieties and not isogenous to each other. The isogeny type of the
Ai and the integers ni’s are uniquely determined.

Proof. If A is simple, there is nothing to prove. Otherwise, by Theorem 3.2,
there exists nonzero log abelian subvarieties A′ and A′′ of A such that A is
isogeneous to A′ ×A′′. By Lemma 3.4 and Lemma 3.6, both A′ and A′′ admit
polarisations. Hence applying Theorem 3.2 repeatedly, we have that A is isoge-
nous to a product An1

1 × · · · ×Anrr for some simple log abelian varieties Ai and
some positive integers ni. By part (1) of Lemma 3.7, such a decomposition is
unique up to isogeny.

Definition 3.3. Let A,A′ be two log abelian varieties over S, we abbreviate
HomSlog

fl
(A,A′) = HomScl

Ét
(A,A′) as Hom(A,A′). We define Hom0(A,A′) as

Hom(A,A′)⊗ZQ, and End0(A) as End(A)⊗ZQ = Hom(A,A)⊗ZQ. We define
the category LAV0

S of log abelian varieties up to isogeny over S, by localising
the category LAVS of log abelian varieties over S at the class of isogenies.

Corollary 3.2. Let A be a log abelian variety over S admitting a polarisation.
If A is simple, the ring End0(A) is a division ring. In general, if A is isogenous
to An1

1 × · · · × Anrr with Ai simple and not isogenous to each other, and Di =
End0(Ai), then End0(A) = Mn1(D1)× · · · ×Mnr (Dr).

Proof. For A simple, let f be a nonzero endomorphism of A. Then f is an
isogeny by part (1) of Lemma 3.7. By part (2) of Lemma 3.7, f is invertible in
the ring End0(A). Hence the ring End0(A) is a division ring. By part (1) of
Lemma 3.7, we have Hom0(A,A′) = 0 for two non-isogenous simple log abelian
varieties. Hence the second part follows.

Lemma 3.8. The abelian group Hom(A,A′) is torsion-free.

Proof. Let f ∈ Hom(A,A′) such that nf = 0 for some positive integer n. Since
0 = nf = f ◦ nA and nA is surjective, f must be zero. Hence Hom(A,A′) is
torsion-free.

Definition 3.4. (1) Let f : A → A′ be an isogeny between two log abelian
varieties over S. The degree deg(f) of f is defined to be the rank of the
finite log group object Ker(f). By convention, if f is not an isogeny, we
let deg(f) = 0.

(2) Let f−1 : Y → Y ′ be a monomorphism with finite cokernel between two
étale locally finite rank free constant sheaf, the degree deg(f−1) of f−1 is
defined to be the determinant of f−1. By convention, if f is not injective
of finite cokernel, we let deg(f) = 0.

(3) Let fc : G → G′ be an isogeny between semi-abelian varieties, the degree
deg(fc) of fc is defined to be the rank of the finite group scheme Ker(fc).
By convention, if fc is not an isogeny, we let deg(fc) = 0.
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Lemma 3.9. Let f : A → A be a homomorphism between two log abelian
varieties over S. Let f−1 : Y → Y and fc : G → G be the homomorphisms
induced by f as in Proposition 2.6, and let ft : T → T and fab : B → B
be the homomorphisms induced by fc on torus parts and abelian variety parts
respectively. Then:

(1) deg(f) = deg(f−1)deg(ft)deg(fab);

(2) let g : A → A be another homomorphism, and let h = f + g, then h−1 =
f−1 + g−1, ht = ft + gt and hab = fab + gab.

Proof. Part (2) is obvious. We only need to show part (1).
If f is not an isogeny, then deg(f−1)deg(ft)deg(fab) = 0 = deg(f) by Proposi-
tion 3.3. Now we suppose that f is an isogeny, so are fc, ft and fab. Also we
have f−1 is injective and of finite cokernel. By diagram (2.10), we get a short
exact sequence

0→ Ker(fc)→ Ker(f)→ Ker(fd)→ 0.

Similarly, we have another short exact sequence

0→ Ker(ft)→ Ker(fc)→ Ker(fab)→ 0.

By diagram (2.12), we get Ker(fd) ∼= Coker(f−1). Then

deg(f) = deg(f−1)deg(ft)deg(fab).

Theorem 3.3. The function f 7→ deg(f) on End(A) extends to a homogeneous
polynomial function of degree 2g on End0(A), where g is the dimension of A.

Proof. Since for any f ∈ End(A) and n ∈ Z,

deg(nf) = deg(nA) · deg(f) = n2g · deg(f),

it suffices to show that for f, g ∈ End(A), the function P (n) = deg(nf + g) is
a polynomial function. By Lemma 3.9, we are reduced to show the functions
deg(nft+gt), deg(nfab+gab) and deg(nf−1+g−1) are all polynomial functions.
The case for deg(nfab + gab) is a standard result for abelian varieties, see
[Mum70, §19, Thm. 2]. And deg(nf−1 + g−1) as a determinant function is
clearly a polynomial function. The case for deg(nft +gt) is reduced to the case
for deg(nf−1 + g−1) by taking the character groups of the tori.

Definition 3.5. Let l be a prime number which is coprime to the characteristic
of k. The l-adic Tate module of A is defined to be

Tl(A)s̄(két) = lim←−
n

A[ln]s̄(két),

where s̄(két) denotes a log geometric point of S for the log étale topology. Here
we use the notation s̄(két) for the sake of coherence with [KKN15, 18.9], and
the log étale topology is called the Kummer étale topology there.

Documenta Mathematica 22 (2017) 505–550



Log Abelian Varieties over a Log Point 545

Let πlog
1 be the log fundamental group of S. By Proposition 3.4, we have

Tl(A)s̄(két) is a free Zl-module of rank 2g endowed with a continuous πlog
1 -

action. Any homomorphism f : A→ A′ induces a homomorphism

Tl(f) : Tl(A)s̄(két) → Tl(A
′)s̄(két)

which is πlog
1 -equivariant. It follows that we have a functor

Tl : LAVS −→ (πlog
1 ,Zl)−Mod

from the category of log abelian varieties over the log point S to the category of
finite rank Zl-modules with continuous πlog

1 -action. In particular, the functor
Tl gives rise to a homomorphism

Hom(A,A′)→ Hom(πlog
1 ,Zl)−Mod(Tl(A)s̄(két), Tl(A

′)s̄(két)).

The latter is clearly a Zl-submodule of HomZl(Tl(A)s̄(két), Tl(A
′)s̄(két)) which

is of finite Zl-rank. Moreover, we have the following canonical homomorphism

Tl : Hom(A,A′)⊗Z Zl → HomZl(Tl(A)s̄(két), Tl(A
′)s̄(két)).

We are going to use this map to investigate the finiteness of Hom(A,A′).

Theorem 3.4. For A,A′ two log abelian varieties over S admitting a polari-
sation, Hom(A,A′) is a finitely generated free abelian group, and the canonical
map

Tl : Hom(A,A′)⊗Z Zl → HomZl(Tl(A)s̄(két), Tl(A
′)s̄(két))

is injective, where l is a prime number different from the characteristic of k.

Proof. We have already proven the degree function on End0(A) is a homo-
geneous polynomial function of degree 2g in Theorem 3.3. Now the proof of
[Mum70, §19, Thm. 3] works verbatim here.

Corollary 3.3. Let A,A′ be two log abelian varieties over S. Then the canon-
ical map

Tl : Hom(A,A′)⊗Z Zl → HomZl(Tl(A)s̄(két), Tl(A
′)s̄(két))

is injective.

Proof. This follows from Theorem 3.4.

Corollary 3.4. Let A,A′ be two log abelian varieties over S. Then we have
Hom(A,A′) ∼= Zr with r ≤ 4dimA · dimA′.

Corollary 3.5. Let A be a log abelian variety over S admitting a polarisation.
Then End0(A) is a finite-dimensional semisimple algebra over Q.

Proof. This follows from Corollary 3.2 and Corollary 3.4.
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A Appendix: Log finite flat group schemes

Since the theory of log finite flat group schemes is not well-known, we collect
some results about them in this appendix. These results are all due to Kato,
and the main references are [Kat92] and [MS].
Let S be an fs log scheme. We recall several kinds of finite group objects on
Slog
fl defined by Kato.

Definition A.1. The category (fin/S)c is the full subcategory of the category

of sheaves of finite abelian groups over Slog
fl consisting of objects which are

representable by a classical finite flat group scheme over S. Here classical
means the log structure of the representing log scheme is the one induced from
S.
The category (fin/S)f is the full subcategory of the category of sheaves of

finite abelian groups over Slog
fl consisting of objects which are representable by

a classical finite flat group scheme over a log flat cover of S. For F ∈ (fin/S)f ,
let U → S be a log flat cover of S such that FU := F ×S U ∈ (fin/S)c, then
the rank of F is defined to be the rank of FU over U .
The category (fin/S)r is the full subcategory of (fin/S)f consisting of objects
which are representable by a log scheme over S.
Let F ∈ (fin/S)f , the Cartier dual of F is the sheaf F ∗ := HomSlog

fl
(F,Gm).

By the definition of (fin/S)f , it is clear that F ∗ ∈ (fin/S)f .
The category (fin/S)d is the full subcategory of (fin/S)r consisting of objects
whose Cartier duals also lie in (fin/S)r.

A.1 Logarithmic fundamental group

We have the following well-known theorem.

Theorem A.1. Let S̊ be a locally noetherian connected scheme. Let finet
S̊
denote

the category of finite étale group schemes over S̊, LC(S̊Ét) (resp. LC(S̊fl)) the
category of locally constant sheaves of finite abelian groups for the étale (resp.
flat) topology, and π1(S̊)−fMod the category of finite abelian groups endowed
with a continuous π1(S̊)-action.

(1) By the theory of fundamental group, there are equivalences of categories:

finet
S̊

∼=−→ LC(S̊Ét)
∼=−→ π1(S̊)−fMod.

(2) By flat descent, we further have an equivalence

LC(S̊Ét)
∼=−→ LC(S̊fl).

For the theory of logarithmic fundamental group, we have the following ana-
logue of Theorem A.1 which is due to Kato.
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Theorem A.2. Let S be an fs log scheme with underlying scheme locally noethe-
rian and connected. Let πlog

1 (S) be the logarithmic fundamental group of S, see
[Ill02, 4.6] for its definition. Let finket

S be the subcategory of (fin/S)r consisting

of objects which are Kummer log étale over S, LC(Slog

Ét
) (resp. LC(Slog

fl )) the

category of locally constant sheaves of finite abelian groups on Slog

Ét
(resp. Slog

fl ),

and πlog
1 (S)−fMod the category of finite abelian groups endowed with a contin-

uous πlog
1 (S)-action. Then we have the following equivalences of categories:

(1)

finket
S

∼=−→ LC(Slog

Ét
)
∼=−→ πlog

1 (S)−fMod;

(2)

LC(Slog

Ét
)
∼=−→ LC(Slog

fl ).

Proof. For part (1), see [Ill02, §4]. For part (2), see [MS, Thm. 1.4.5. (2)].

A.2 Structure of log finite flat group schemes

Proposition A.1. Suppose that the underlying scheme of S is locally noethe-
rian. Then the category (fin/S)f (resp. (fin/S)r, resp. (fin/S)d) is closed

under extensions in the category of sheaves of abelian groups on Slog
fl .

Proof. See [Kat92, Prop. 2.3].

Lemma A.1. Assume that the underlying scheme of S is the spectrum of a
henselian local ring. Let F ∈ (fin/S)f , then there is a unique short exact
sequence

0→ F ◦ → F → F et → 0 (A.1)

in (fin/S)f , such that over any log flat cover S′ → S with FS′ ∈ (fin/S′)c, this
sequence restricts to the classical connected-étale sequence.

Proof. See [Kat92, 2.6], or [MS, Lem. 2.1.6].

Lemma A.2. Let the assumption be as in Lemma A.1. Assume further that F
lies in (fin/S)r and its underlying scheme is connected. Then F actually lies
in (fin/S)c.

Proof. See [MS, Prop. 2.1.7], see also [Kat92, Lem. 2.8] for the noetherian
strict henselian case.

Proposition A.2. Let the notation and the assumption be as in Lemma A.1.
We further assume that the underlying scheme is noetherian.

(1) The sheaf F et lies in finket
S , in particular it lies in (fin/S)r.

(2) The sheaf F lies in (fin/S)r if and only if F ◦ lies in (fin/S)c.
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Proof. Part (1) follows from Theorem A.2.
Suppose that F ◦ ∈ (fin/S)c, then F as an F ◦-torsor over F et is representable
by [Kat91, Thm. 9.1]. Hence F ∈ (fin/S)r. This proves one direction of part
(2).
Conversely suppose that F ∈ (fin/S)r, we want to show that F ◦ ∈ (fin/S)c.
As the kernel of F → F et, F ◦ is representable, hence lies in (fin/S)r. We claim
that the underlying scheme of F ◦ is connected. Taking a covering U → S
in Slog

fl such that the underlying scheme of U is finite over that of S, and
F ◦U ∈ (fin/U)c. Since the underlying scheme of F ◦U is connected, so is that of
F ◦. Now Lemma A.2 applies, and we get F ◦ ∈ (fin/S)c.

Remark A.1. The proof of Proposition A.2 is the same as the proof of the
strict henselian case in [Kat92, Prop. 2.7]. However there is a small condition
missing in the proof in [Kat92, Prop. 2.7], so we give a complete proof here.

Let S be an fs log scheme with underlying scheme SpecR, where R is a noethe-
rian henselian local ring with residue characteristic p > 0. Let x be the closed
point of S, and suppose that S admits a global chart P → OS which induces
an isomorphism P → (MS/O×S )x̄. Here P is an fs monoid, and x̄ is a classical
geometric point over x. By Proposition A.2, any F ∈ (fin/S)r is an extension
of F et ∈ finket

S by F ◦ ∈ (fin/S)c. By Theorem A.2, F et can be understood
by the theory of logarithmic fundamental group. Let S′ be a Galois cover of
S with Galois group G := πlog

1 (S)/πlog
1 (S′), such that F et ×S S′ ∈ (fin/S′)c.

Then one can recover F from F ×S S′ and the G-action on F ×S S′ induced
from the G-action on F et ×S S′.
In order to understand F , we may assume F et ∈ (fin/S)c after replacing S by
S′. Hence to understand the category (fin/S)r, we are reduced to understand
the extensions of a classical finite étale group scheme by a classical connected
finite flat group scheme on Slog

fl . This is done by Kato’s classification theorem
of logarithmic finite flat group schemes as follows.

Theorem A.3. Let S be as above. Let G be a classical finite étale group
scheme over S, H a classical finite flat group scheme over S. We denote by
ExtSlog

fl
(G,H) (resp. ExtScl

fl
(G,H)) the category of extensions of G by H on

Slog
fl (resp. Scl

fl ), and HomScl
fl

(G(1), H)⊗P gp the discrete category associated to

the group HomScl
fl

(G(1), H) ⊗ P gp. Then we have an equivalence of categories

Φ : ExtScl
fl

(G,H)× HomScl
fl

(G(1), H)⊗ P gp ∼=−→ ExtSlog
fl

(G,H).

Proof. See [MS, Thm. 2.3.1]. See also [Kat92, Thm. 3.3] for the strict henselian
case.
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Abstract. We show that two flat commutative Hopf algebroids are
Morita equivalent if and only if they are weakly equivalent and if and only
if there exists a principal bibundle connecting them. This gives a positive
answer to a conjecture due to Hovey and Strickland. We also prove that
principal (left) bundles lead to a bicategory together with a 2-functor from
flat Hopf algebroids to trivial principal bundles. This turns out to be the
universal solution for 2-functors which send weak equivalences to invert-
ible 1-cells. Our approach can be seen as an algebraic counterpart to Lie
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1. Introduction

1.1. Aims and objectives. The two fundamental concepts around which this ar-
ticle is orbiting are those of weak equivalence and Morita equivalence. Recall from,
e.g., [MoeMr, §5] that two Lie groupoids G and G ′ are called weakly equivalent if
there exist weak equivalences φ : H → G and φ′ : H → G ′ for some third Lie
groupoid H (see again op. cit. for the precise definition of a weak equivalence φ).
For instance, the groupoids associated to two atlases of a manifold (or two transverse
atlases of a foliated manifold) are weakly equivalent; each groupoid associated to a
principal bundle of a Lie group G and base manifoldM is weakly equivalent to the
unit Lie groupoid U (M).
As a definition of Morita equivalence of two (Lie) groupoids might serve reversing the
(classical) Morita theorem, that is, the requirement that their categories of representa-
tions (quasi-coherent G -sheaves of k-modules) are equivalent as symmetric monoidal
categories. This leads to a quite general idea of equivalence which can be applied
to any mathematical object that allows for the notion of “representation”, or, more
generally, (co)modules.
That the two notions of weak equivalence and Morita equivalence are essentially the
same and also imply the presence of a principal bibundle (in an appropriate sense)
is a well-known fact for (Lie) groupoids (in fact, the terminology varies and often
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coincides, which adds somewhat to the confusion), see [MuReWi, Hae, Mr1]. Note,
however, that in the first of these references the respective concept of principal bun-
dle slightly differs from the latter two. Taking Lie groupoids as objects, one con-
structs, together with the isomorphism classes of principal bundles (as morphisms,
sometimes called Hilsum-Skandalis maps) and equipped with the tensor product, a
category, sometimes called the Morita category. Moreover, there is a functor from the
category of Lie groupoids to this Morita category which transforms weak equivalences
to isomorphisms that establishes a universal solution for functors having this property.
Roughly speaking, commutative Hopf algebroids can be seen as presheaves of
groupoids on affine schemes: the datum of a flat Hopf algebroid is equivalent to the
datum of a certain stack with a specific presentation [Na, FCh]. In this perspective,
one can establish an equivalence between (right) comodules over a Hopf algebroid
and quasi-coherent sheaves with a groupoid action [Ho, Thm. 2.2].
Hopf algebroids were introduced in algebraic topology (see, e.g., [Ra]) as a
cogroupoid kind of object, which motivates the following definitions taken from
[HoSt, Def. 6.1] resp. [Ho]. For the necessary ingredients and notation used therein
we refer to the main text.

Definition 1.1. Let (A,H) and (B,K) be two flat Hopf algebroids.

(i ) A morphism (A,H)→ (B,K) is said to be a weak equivalence if and only if
the respective induction functor ComodH → ComodK establishes an equiv-
alence of categories. The Hopf algebroids (A,H) and (B,K) are said to be
weakly equivalent if there is a diagram

(C,J)

(A,H)

55❧❧❧❧❧❧
(B,K)

hh❘❘❘❘❘❘

of weak equivalences of Hopf algebroids.
(ii ) Two flat Hopf algebroids are said to be Morita equivalent if their categories

of (right) comodules are equivalent as symmetric monoidal categories.

For instance, the existence of a weak equivalence implies Morita equivalence since
induction functors are always symmetric monoidal functors.
In the context of Hopf algebras, the second part in the above definition appeared in
[Sch3, Def. 3.2.3] baptised monoidal Morita-Takeuchi equivalence therein but also
before in [Sch2, Def. 5.6], where such a property was called monoidal co-Morita
equivalence. Let us also mention that a Morita theory for certain cocommutative Hopf
algebroids (so-called étale Hopf algebroids) was developped in [Mr2] using a different
notion of bundles (called principal bimodules). Furthermore, the idea of describing
Morita theory in the language of bicategories was explained, for example, in [La] for
various contexts, such as rings, C∗-algebras, von Neumann algebras, Lie groupoids,
symplectic groupoids, and Poisson manifolds.

1.2. Main results. Transferring the above statements from Lie groupoids to the
case of commutative Hopf algebroids will be the main task (and result) of this article,
summarised as follows:
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Theorem A. Let (A,H) and (B,K) be two flat Hopf algebroids. The following are
equivalent:

(1) (A,H) and (B,K) are Morita equivalent.
(2) There is a principal bibundle connecting (A,H) and (B,K).
(3) (A,H) and (B,K) are weakly equivalent.

One might be tempted to think that these results can be obtained by simply dualis-
ing the usual techniques in the groupoid case (which we recall in §2, Theorem 2.9)
but things turn out to be more intricate: one of the main obstacles in mimicking the
groupoid case is the construction of orbit spaces which correspond to quotients of
affine schemes, which is a subtle concept with its own challenges. In contrast to that,
our arguments make large use of cotensor products of comodule algebras in corre-
spondence to these quotients of affine schemes, which might seem technical at first
sight but proves useful in this context.
The subsequent picture shows all implications between (1), (2), and (3) in the above
theorem that we will explore in the main text:

(1)

Proposition 7.9

��
(2)

Theorem 7.1

CK

ks
Proposition 7.2

+3 (3)

trivial

em

Figure 1. Paths in the proof of Theorem A

In particular, the step (1) ⇒ (3) in the above Theorem A was conjectured in [HoSt,
Conj. 6.3]: more precisely, Hovey and Strickland conjectured that in case the category
of H-comodules is equivalent to the one of comodules over K , then the two Hopf
algebroids (A,H) and (B,K) are connected by a chain of weak equivalences, and we
show that this chain can be taken to be of length 2.
By a chain of weak equivalences of length n ≥ 2 we mean a zig-zag of weak equiva-
lences in the sense of [Hi, Def. 7.9.1], up to the equivalence transformations given in
[Hi, §14.4]. The key here is Proposition 6.3, which shows that any zig-zag of weak
equivalences of the form • • //oo • can be completed to a diagram of weak
equivalences having the form

◦

•

??⑦
⑦

⑦
•

__❅
❅
❅

•

__❅❅❅❅❅
??⑦⑦⑦⑦⑦

which is commutative up to a 2-isomorphism (a property dual to condition (BF3) in
[Pr, p. 254]).
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In this way, any chain of weak equivalences (in the above sense) between two flat
Hopf algebroids (A,H) and (B,K) can be transformed to one of the form

Zk+2 : (D1,I1 ) (D2 ,I2 ) ·················· (Dk ,Ik ) (Dk+1 ,Ik+1 )

(A,H )

;;✇✇✇
(C1 ,J1)

::ttt
dd❏❏❏

(C2 ,J2)

dd❏❏❏
·················· (Ck−1 ,Jk−1)

88qqqq
(Ck ,Jk )

88qqqq
dd■■■

(B,K )

ee❑❑❑❑

of length 2(k+1), which, in turn, can be completed to the following isosceles triangle

(Ck1 ,Jk1 )

(C(k−1)1 ,J(k−1)1)

77♦♦♦♦♦
(C(k−1)2 ,J(k−1)2)

gg❖❖❖❖❖

(C11 ,J11) ... (C1k ,J1k)

(D1 ,I1 )

99tttt
(D2,I2 )

ggPPPPP
(Dk ,Ik )

77♦♦♦♦♦
(Dk+1 ,Ik+1 )

ff▼▼▼▼▼

(A,H )

;;①①①①
(C1 ,J1 )

dd❏❏❏❏
77♦♦♦♦♦

... (Ck ,Jk)

gg❖❖❖❖❖
88qqqqq

(B,K )

ee❏❏❏❏

of (k+2) vertices on each side. Such a triangle is obtained by constructing k(k + 1)/2
new flat Hopf algebroids being essentially two-sided translation Hopf algebroids built
from trivial principal bundles.
The notion of (quantum) principal bundle that appears as a crucial ingredient in Theo-
rem A is a relatively straightforward extension of the corresponding concept for Hopf
algebras as introduced in [BrzMa], see also [Brz]. In [Sch3, §3.2.4], again in the realm
of Hopf algebras, these objects were called bi-Galois objects and the corresponding
implications (1) ⇔ (2) of Theorem A were shown. As a matter of fact, in many
examples constructing bi-Galois objects or principal bundles has turned out to be a
practicable way to establish monoidal equivalences between comodule categories; as
a concrete illustration, see, for example, [Mas, Bi]. Analogous objects in sheaf theory
are known under the name of (bi)torsors, see [DemGa].
In fact, we gather flat Hopf algebroids and principal bundles along with their mor-
phisms in a bicategory. More precisely, in Proposition 6.5 we prove that the data
given by

• flat Hopf algebroids (as 0-cells),
• left principal bundles (as 1-cells),
• as well as morphisms of left principal bundles (as 2-cells)

define a bicategory, denoted by PBℓ. The bicategories of analogously constructed
right resp. two-sided principal bundles (or bibundles) are denoted by PBr and PBb,
respectively. As in classical situations, for two 0-cells (A,H) and (B,K), the category
PBℓ(H ,K) turns out to be a groupoid. This leads to the structure of a bigroupoid on
the bicategory PBb, and hence to a categorical group (or bigroup) structure on each
category PBb(H ,H), see, for instance, [No].
Applying Theorem A above to a single flat Hopf algebroid yields the following result:

Theorem B. Let (A,H) be a flat Hopf algebroid and denote by U (H) its associ-
ated principal unit bibundle. Then the category

(

Aut⊗(A,H), ◦, idComodH

)

of symmetric
monoidal auto-equivalences of right H-comodules with morphisms given by natural
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tensor transformations forms a categorical group, and the functors
(

Aut⊗(A,H), ◦, idComodH

)

−→
(

PBb(H ,H), �H ,U (H)
)

, F 7−→ F (H)
(

PBb(H ,H), �H ,U (H)
)

−→
(

Aut⊗(A,H), ◦, idComodH

)

, (P, α, β) 7−→ −�H P

establish a monoidal equivalence of categorical groups.

Moreover, it turns out that there is a 2-functor

P : 2-HAlgd −→ PBℓ co

from the 2-category of flat Hopf algebroids to the conjugate of PBℓ, which sends any 1-
cell φ : (A,H)→ (B,K) to its associated trivial left principal bundle P(φ) = H ⊗φ B,
that is, the pull-back of the unit bundle U (H). A 1-cell φ in 2-HAlgd is a weak
equivalence if and only if P(φ) is an invertible 1-cell in PBℓ co, i.e., is part of an
internal equivalence. We then present the pair (PBℓ,P) as the universal solution with
respect to this property:

Theorem C. Let F : 2-HAlgd→ B be a 2-functor which sends weak equivalences
to invertible 1-cells. Then, up to isomorphism (of 2-functors), there is a unique 2-
functor F̃ such that the diagram

2-HAlgd

F ))❘❘❘
❘❘❘

❘❘❘
❘❘❘

❘❘

P // PBℓ co

F̃

��
B

commutes up to an isomorphism of 2-functors.

We finally want to mention that this universality leads to a kind of calculus of fractions
in the 2-category 2-HAlgd with respect to weak equivalences in a sense “dual” to the
approach in [Pr].

Acknowledgements. It is a pleasure to thank Alessandro Ardizzoni, Federica
Galluzzi, and Fabio Gavarini for stimulating discussions and useful comments. We
are also grateful to the referee for careful reading and useful comments.

2. Abstract groupoids and principal bisets revisited

In this section we expose some basic results on abstract groupoids which are going
to serve as a sort of motivation for the forthcoming sections dealing with flat Hopf
algebroids. The exposition we follow here is parallel to [MoeMr] dealing with Lie
groupoids, as well as to [Kao].

2.1. Principal bisets and orbit sets. A groupoid (or abstract groupoid) is
a small category where each morphism is an isomorphism. That is, a pair of sets
G := (G1,G0) with a diagram G1

s //
t // G0
ιoo , where s and t are the source resp. the

target of a given arrow, and where ι assigns to each object its identity arrow; together
with an associative and unital multiplication G2 := G1 s×t G1 → G1 as well as a map
G1 → G1, which associates to each arrow its inverse.
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Recall that for a groupoid G one can define its set of orbits as follows: for any a ∈ G0,
one considers either the set

Oa = t
(

s−1(a)
)

,

or Oa = s
(

t−1(a)
)

. An equivalence relation on G0 is now defined by setting a ∼ b if
and only if Oa = Ob. The set of orbits of G is the quotient set G0/ ∼, which is often
denoted by G0/G . In other words this is the set of all connected components of G .
A more general situation arises when a groupoid acts on a set, which we will refer to
as groupoid-set. Specifically, recall that a left G -action of a groupoid G on a set X
consists of two maps α : X → G0 (the structure map) and λ : G1 s×α X → X, (g, x) 7→
gx (the action map), satisfying

α(gx) = t(g), ια(x) x = x, g′(gx) = (g′g)x.

The pair (X, α) is called a left G -set. In this way, one can define the left translation
groupoid G X X with G1 s×α X as set of arrows and X as set of objects. This is the
so-called semi-direct product groupoid, see [MoeMr, p. 163]. The orbit set X/G of
the left G -set (X, α) is by definition the orbit set of the translation groupoid G X X.
For a given object x ∈ X, the equivalence class, that is, the orbit of x, will be denoted
by OrbG (x).
Morphisms between left G -sets (or G -equivariant maps) are defined in the obvious
way, and the category so-obtained is denoted by G -Sets and called left groupoid-sets.
The category Sets-G of right groupoid-sets is similarly defined. These categories are
in fact symmetric monoidal categories, and one can observe that G -Sets is isomorphic
to Sets-G . Explicitly, the tensor product of two objects (X, α) and (X′, α′) in G -Sets

is given by the object

(X, α) ×
G0

(X′, α′) :=
(

X α×α′ X′, αα′
)

,

where αα′ : X α×α′ X′ → G0, (x, x′) 7→ α(x) = α′(x′). The identity object is the left
G -set (G0, 1G0

) with the action G1 s×α G0 → G0, (g, a) 7→ g. a = t(g). The isomorphism
of categories between left G -sets and right G -sets is obviously constructed by using
the inverse map G1 → G1, g 7→ g−1. Moreover, the forgetful functor O : G -Sets →

Sets/G0
, where the latter denotes the category of objects over G0 (the comma category),

admits a left adjoint functor G1 s×• − : Sets/G0
→ G -Sets, which is defined on objects

as follows. If (M, γ) is an object in Sets/G0
, then (G1 s×γ M, t ◦ pr1) is a left G -set with

action given by the multiplication on the first component.
Consider a left G -set (X, α) and let x ∈ X. Then clearly the pair (OrbG (x), αx), where
αx is the restriction of α, inherits from (X, α) the structure of a left G -set with G -
equivariant monomorphism τx : (OrbG (x), αx) →֒ (X, α), the canonical injection. It
turns out that the disjoint union

(2.1) (X, α) =
⊎

x∈ rep(X/G )

(OrbG (x), αx),

where rep(X/G ) is a set of representatives of the equivalence classes, coincides with
the coproduct of the discrete system {(OrbG (x), αx), τx}x ∈ rep(X/G ) in the category of left
G -sets.
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Let G and H be two groupoids and (X, α, β) a triple consisting of a set X and two maps
α : X → G0 and β : X → H0. The following definitions are abstract formulations of
those given in [MoeMr] for topological and Lie groupoids.

Definition 2.1. The triple (X, α, β) is said to be an (G ,H )-biset if there is a left
G -action λ : G1 s×α X → X and right H -action ρ : X β×t H1 → X such that

(i ) For any x ∈ X, h ∈ H1, and g ∈ G1 with α(x) = s(g) as well as β(x) = t(h),
we have

β(gx) = β(x) and α(xh) = α(x).

(ii ) For any x ∈ X, h ∈ H1, and g ∈ G1 with α(x) = s(g) as well as β(x) = t(h),
we have g(xh) = (gx)h.

Given a (G ,H )-biset (X, α, β), we denote by (Xop, β, α) the so-called opposite biset
of (X, α, β), that is, the (H ,G )-biset whose underlying set is X and whose actions
are interchanged: hxop = (xh−1)op and xopg = (g−1x)op, whenever the action between
parentheses is permitted.

Remark 2.2. For a left resp. right G -set (X, α) and (Y, ϑ) over the same groupoid G ,
the fibred product Y ϑ×α X carries a left G -action given by g(x, y) := (xg−1, gy), and
one can consider its orbit space, i.e., the orbit of the left translation groupoid G X
(

Y ϑ×α X
)

, denoted by Y ⊗G X in [MoeMr, p. 166]. This product can be termed as the
tensor product over the groupoid G . The universal property of this tensor product is
summarised in the following coequaliser:

(2.2) Y ϑ×t G1 s×α X
ρ×1X //

1Y×λ
// Y ϑ×α X // // Y ⊗G X.

Obviously, there are natural isomorphisms G ⊗G X � X and Y ⊗G G � Y in the cat-
egories of left G -sets and that of right G -sets, respectively. Moreover, taking another
two groupoids H and K and assuming Y to be (the underlying set) of an (H ,G )-
biset along ς : Y → H0, and X that of a (G ,K )-biset along β : X → K0. Then
Y ⊗G X inherits, in a canonical way, the structure of an (H ,K )-biset along the maps
ς : Y ⊗G X →H0, y ⊗G x 7→ ς(y) and β : Y ⊗G X → K0, y ⊗G x 7→ β(x).

The two-sided translation groupoid associated to a given (G ,H )-biset (X, α, β) is
defined to be the groupoid G X X Y H whose set of objects is X and whose set of
arrows is given by

G1 s×α X β×s H1 =
{

(g, x, h) ∈ G1 × X ×H1 | s(h) = β(x), s(g) = α(x)
}

.

Its structure maps are as follows. Source and target read as

s(g, x, h) = x, t(g, x, h) = gxh−1 and ιx = (ια(x), x, ιβ(x)),

whereas multiplication and inverse are given by

(g, x, h)(g′, x′, h′) = (gg′, x′, hh′), (g, x, h)−1 = (g−1, gxh−1, h−1).

Documenta Mathematica 22 (2017) 551–609



Morita Theory for Hopf Algebroids via Principal Bibundles 559

Associated to a given (G ,H )-biset (X, α, β), there are two canonical morphisms of
groupoids:

Σ : G X X YH −→H ,
(

(g, x, h), y
)

7−→
(

h, β(y)
)

,(2.3)

Θ : G X X YH −→ G ,
(

(g, x, h), y
)

7−→
(

g, α(y)
)

.(2.4)

The following concept (and its analogue notion of principal bibundles for flat Hopf
algebroids in Definition 4.1) will be the crucial ingredient when it comes to defining
equivalences:

Definition 2.3. Let (X, α, β) be a (G ,H )-biset. We say that (X, α, β) is a left prin-
cipal (G ,H )-biset (or left principal (G ,H )-bundle) if it satisfies the following con-
ditions:

(P-1) β : X →H0 is surjective;
(P-2) the canonical map

(2.5) ∇l : G1 s×α X −→ X β×β X, (g, x) 7−→ (gx, x)

is bijective.

Condition (P-2) allows us to define δl := pr1 ◦ (∇l)−1 : X β×β X → G1. This map clearly
satisfies:

s
(

δl(x, x′)
)

= α(x′)(2.6)

δl(x, x′)x′ = x, for any x, x′ ∈ X with β(x) = β(x′);(2.7)

δl(gx, x) = g, for g ∈ G1, x ∈ X with s(g) = α(x).(2.8)

Equation (2.8) shows that the action is in fact free, that is, gx = x only when g =
ια(x). Left principal bisets can now be characterised as follows: a (G ,H )-biset is left
principal if and only if H0 is, up to a bijection, the left orbit set X/G and the left action
is free.
Right principal bisets are defined in an obvious manner and the corresponding map
from above will be denoted by δr. The following result will turn out to be useful in the
sequel.

Lemma 2.4. Let (Y, ς, ϑ) be a right principal (H ,G )-biset and let (X, α) be any left
G -set. Then there is a natural isomorphism

Y ς×ς

(

Y ⊗G X
)

−→ Y ϑ×α X, (y, y′ ⊗G x) 7−→
(

y, δr(y, y′)x
)

whose inverse is

Y ϑ×α X −→ Y ς×ς
(

Y ⊗G X
)

, (y, x) 7−→ (y, y ⊗G x).

Proof. Straightforward. �

A (G ,H )-biset (X, α, β) is said to be a principal biset (or principal (G ,H )-bibundle)
if it is simultaneously a left and a right principal biset. Thus both α and β are surjective
and the canonical maps

(2.9) ∇l : G1 s×α X → X β×β X, (g, x) 7→ (gx, x); ∇r : X β×t H1 → X α×α X, (x, h) 7→ (x, xh)

are both bijective. It is clear that (G1, t, s) with the canonical action is a principal
(G ,G )-set, and that the pull-back of any principal groupoid-set is also a principal
groupoid-set.
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2.2. Natural isomorphisms and functors between groupoid-sets. Let
(X, α, β) be a triple consisting of a left G -set (X, α) and a map β : X → K0 such that
β(gx) = β(x), for every (g, x) ∈ G1 s×α X. Triples like that form a category (of left G -
sets over K0), which we denote by G -Sets/K0

. Clearly, when K0 is the object set of a
groupoid K , then the category of (G ,K )-bisets is a full subcategory of G -Sets/K0

.
In particular, if K = (K0,K0) is a trivial groupoid, then both categories coincide.
For a functor Φ : G -Sets → H -Sets (which we always assume to transform the
empty set to the empty set and which most of the times we just denote by Φ(X) for
the image of a left G -set (X, α)), we want to next discuss conditions under which Φ
descends to a functor from G -Sets/K0

to H -Sets/K0
.

Lemma 2.5. Let Φ and (X, α, β) be as above.

(i ) Assume that Φ preserves monomorphisms and coproducts. Then there is a
functor Φ′ which makes the following diagram commutative:

G -Sets
Φ // H -Sets

G -Sets/K0

Φ′ //❴❴❴❴❴❴

OO

H -Sets/K0
,

OO

where the vertical functors are the forgetful ones.
(ii ) Assume that Φ(G0) = H0. Then, for any left G -set (X, α), the structure map

of the left H -set Φ(X) = Φ(X, α) is given by Φ(α).

Proof. Part (i): for an object (X, α, β) ∈ G -Sets/K0
, using the decomposition (or strat-

ification) of equation (2.1), we obtain a map:

(2.10) βΦ : Φ(X) =
⊎

x ∈ rep(X/G )
Φ
(

OrbG (x)
) // X

β // K0.

The triple (XΦ, αΦ, βΦ), whereΦ(X, α) := (XΦ, αΦ), is easily shown to be an object in the
category H -Sets/K0

since Φ preserves monomorphisms. This gives the construction
of Φ′ on the objects class; the compatibility of Φ′ with the arrows of G -Sets/K0

is
immediate.
Part (ii): we set as before Φ(X, α) = (XΦ, αΦ), the associated left H -set. Since the
map α : (X, α) → (G0, 1G0) is a left G -equivariant, its image Φ(α) gives the structure
map of the left H -set (XΦ, αΦ), that is, we have αΦ = Φ(α). �

Consider now an object (X, α, β) in G -Sets/K0
and a functor as in Lemma 2.5. We then

get two functors: the first one is Φ◦ (X β×• −) : Sets/K0
→H -Sets/K0

and the second
Φ(X, α) βΦ×• − : Sets/K0

→ H -Sets/K0
. The subsequent technical lemma shows a

natural isomorphism between these two functors.

Lemma 2.6. Let Φ : G -Sets → H -Sets be as in Lemma 2.5. Then, for any object
(X, α, β) in the category G -Sets/K0

, there is a natural isomorphism

Υ : Φ
(

X β×γ M, α ◦ pr1

)

�
(

Φ(X) βΦ×γ M, αΦ ◦ pr1

)
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for every (M, γ) in Sets/K0
. Furthermore if there is a morphism f : (X, α, β) →

(X′, α′, β′) in the category G -Sets/K0
, then there is a commutative diagram:

Φ
(

X β×γ M, α ◦ pr1

) Υ //

Φ( f×1M )

��

(

Φ(X) βΦ×γ M, αΦ ◦ pr1

)

Φ( f )×1M

��
Φ
(

X′ β′×γ M, α′ ◦ pr1

) Υ′ // (Φ(X′) β′Φ×γ M, α′Φ ◦ pr1

)

.

An important consequence of the previous lemma is:

Proposition 2.7. Let Φ : G -Sets → H -Sets be an equivalence of categories.
Then we have

(i ) For any (G ,K )-biset (X, α, β) the triple (XΦ, αΦ, βΦ) is an (H ,K )-biset,
where XΦ denotes the underlying set of Φ(X).

(ii ) There is a natural isomorphism Φ � Φ(G1) ⊗G − : G -Sets→H -Sets.

Proof. Part (i): let (X, α, β) be a (G ,K )-biset. Using Lemma 2.6, we have a commu-
tative diagram

(

Φ(X) βΦ×t K1, α
Φ ◦ pr1

)

Υ−1

++❲❲❲❲
❲❲❲❲

❲❲❲❲
//❴❴❴❴❴❴❴❴❴❴❴❴❴❴ Φ(X)

Φ
(

X β×t K1, α ◦ pr 1

)

Φ(̺)
55❦❦❦❦❦❦❦❦❦❦

The horizontal map leads to a well-defined right K -action on the set (XΦ, βΦ). More-
over, since each stratum in the stratification (2.1) of the left G -set (X, α) is invariant
under the right K -action, the triple (XΦ, αΦ, βΦ) fulfils the conditions of Definition 2.1
for the groupoids H and K . Thus, (XΦ, αΦ, βΦ) is actually an (H ,K )-biset.
Part (ii): by the previous part, the image of (G1, t) under Φ is an (H ,G )-biset since
(G1, t, s) is a (G ,G )-biset. Now, using Remark 2.2, we know that the functorΦ(G1)⊗G

− : G -Sets → H -Sets is well-defined. The claimed natural isomorphism is then
derived from the commutative diagram

Φ(G1) sΦ×t G1 s×α X
//
//

Υ−1

��

Φ(G1) sΦ×α X // //

Υ−1

��

Φ(G1) ⊗G X

�

��
Φ
(

G1 s×t G1 s×α X
) //

// Φ
(

G1 s×α X
) // // Φ

(

G ⊗G X
)

� Φ(X)

as Φ preserves coequalisers. �

2.3. Monoidal equivalence between groupoid-sets versus principal
bisets. Let φ : H → G be a morphism of groupoids. Then the induced morphism
φ∗ : G -Sets→H -Sets which sends any left G -set (X, α) to the left H -set

φ∗(X, α) := (H0 φ0
×α X, α ◦ pr 2 = φ0 ◦ pr1)

with action hx = φ1(h)x, is clearly a symmetric monoidal functor. The morphism φ is
said to be a weak equivalence if the functor between the underlying categories induces
an equivalence of categories, i.e., if φ is a full, faithful, and essentially surjective
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functor. In this way, it is clear that any weak equivalence induces an equivalence of
categories between the categories of left groupoid-sets.
Next, we want to discuss the converse, meaning that any monoidal symmetric equiva-
lence between G -Sets and H -Sets can be reconstructed (although in a noncanonical
way) from some weak equivalence.
Recall that two groupoids G and H are said to be weakly equivalent if there is a third
groupoid K and a diagram

K

ww♥♥♥
♥♥♥

''❖❖
❖❖❖

❖

H G

of weak equivalences. One can choose an inverse of one of the morphisms in this di-
agram in order to construct a weak equivalence connecting H and G . This is almost
impossible in the case of topological and/or Lie groupoids and also for flat Hopf al-
gebroids as we will see in the forthcoming sections. However, we have the following
lemma analogous to the case of Lie groupoids [MoeMr], and we will later show in
§5.2 its analogue for flat Hopf algebroids.

Lemma 2.8. [Kao, Proposition 2.13] Let G and H be two groupoids and let (X, α, β)
be a principal (G ,H )-biset. Then the canonical morphisms of groupoids

G X X YH
Θ

tt❥❥❥❥
❥❥❥

❥ Σ

**❯❯❯
❯❯❯

❯❯

G H

are weak equivalences, where Θ and Σ are as in (2.3) resp. (2.4). In particular, G and
H are weakly equivalent.

The main motivation behind Theorem A in the Introduction is the following charac-
terisation of weak equivalences between groupoids and principal bisets (see [MoeMr,
Corollary 3.11] for the implication (iii) ⇒ (ii), where groupoid-sets are replaced by
sheaves of étale spaces).

Theorem 2.9. Let G and H be two groupoids. Then the following are equivalent:

(i ) G and H are weakly equivalent.
(ii ) There is a symmetric monoidal equivalence of the categories G -Sets and

H -Sets.
(iii ) There is a principal (H ,G )-biset.

Proof. The proof of (i) ⇒ (ii) is immediate. The implication (iii) ⇒ (i) follows from
Lemma 2.8.
As for the implication (ii)⇒ (iii), let Φ : G -Sets→H -Sets be such an equivalence
of categories and denote by Ψ its inverse functor. We set (P, ς, ϑ) as the image of the
principal (G ,G )-biset (G1, t, s) by the functor Φ from which we know by Proposition
2.7(i) that it is an (H ,G )-biset. Now using the monoidal properties of Φ, we have
from one hand that ς = Φ(t) by Lemma 2.5(i), which is a surjective map, and from the
other hand we have a chain of isomorphisms

P ϑ×t G1 � Φ
(

G1 s×t G1

)

−→ Φ
(

G1 t×t G1

)

� P ς×ς P,
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which turns out to be the canonical map ∇r for P. Therefore, (P, ς, ϑ) is a right princi-
pal (H ,G )-biset.
Similarly, if we denote by (Q, µ, ν) the image of the principal (H ,H )-biset (H1, t, s)
under the functor Ψ, we get a right principal (G ,H )-biset. To conclude, one needs
to check that there is an isomorphism (Pop, ϑ, ς) → (Q, µ, ν) of (G ,H )-bisets, where
(Pop, ϑ, ς) is the biset opposite to (P, ς, ϑ).
To this end, we first apply Lemma 2.4 to (P, ς, ϑ) and (Q, µ) in order to obtain the
isomorphism

γ : P ς×ς

(

P ⊗G Q
)

−→ P ϑ×µ Q, (p, p′ ⊗G q) 7−→
(

p, δr(p, p′)q
)

.

Second, we use the isomorphism χ : H1 → P ⊗G Q of (H ,H )-bisets given by
the natural isomorphism of Proposition 2.7(ii) applied to Φ, in order to construct the
desired isomorphism

Pop −→ Q, p 7−→ pr2

(

γ(p, χ(ις(p))
)

of (G ,H )-bisets. �

3. Hopf algebroids and comodule algebras

All algebras are considered to be commutative k-algebras, where k is a commutative
ground ring. The k-module of all algebra maps from R to C will be denoted by R(C) :=
Algk
(

R,C
)

.

3.1. Hopf algebroids. Recall from, e.g., [Ra] that a commutative Hopf algebroid
is a pair (A,H) of two commutative k-algebras together with a diagram A

s //
t // Hεoo

of algebra maps, a structure (sHt,∆, ε) of an A-coring with underlying A-bimodule
AHA = sHt, along with an isomorphism S : sHt → tHs of A-corings that fulfils
S 2 = id, where the codomain is the opposite A-coring of sHt. The map S is called
the antipode ofH . All the previous maps are asked to be compatible in the following
way:

ε ◦ s = idA, ε ◦ t = idA,(3.1)

∆(1H) = 1H ⊗A 1H , ε(1H) = 1A,(3.2)

∆(uv) = u(1)v(1) ⊗A u(2)v(2), ε(uv) = ε(u)ε(v),(3.3)

t(ε(u)) = S (u(1))u(2), s(ε(u)) = u(1)S (u(2)),(3.4)

S (uv) = S (u)S (v), S (1H) = 1H ,(3.5)

for every a ∈ A, u, v ∈ H , where we used Sweedler’s notation for the comultiplication.
As all Hopf algebroids in this article are commutative and flat over the base ring, they
are also faithfully flat since both the source and target are (left) split morphisms of
modules over the base ring.

A morphism φ : (A,H) → (B,K) of Hopf algebroids consists of a pair φ = (φ0, φ1)
of algebra maps φ0 : A → B and φ1 : H → K that are compatible with the structure
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maps of bothH andK in a canonical way. That is, the equalities

φ1 ◦ s = s ◦ φ0, φ1 ◦ t = t ◦ φ0,(3.6)

∆ ◦ φ1 = χ ◦ (φ1 ⊗A φ1) ◦ ∆, ε ◦ φ1 = φ0 ◦ ε,(3.7)

S ◦ φ1 = φ1 ◦S ,(3.8)

hold, where χ is the obvious map χ : K ⊗A K → K ⊗B K , and where no distinction
between the structure maps ofH and K was made.

Example 3.1 (Scalar extension Hopf algebroid). For a Hopf algebroid (A,H) and
an algebra map φ0 : A → B, we can consider the so-called scalar extension Hopf
algebroid (B, B ⊗A H ⊗A B) in a canonical way such that (φ0, φ1) : (A,H) → (B, B ⊗A

H ⊗A B), where φ1(u) = 1B ⊗A u ⊗A 1B, becomes a morphism of Hopf algebroids. In
this way, any morphism φ : (A,H) → (B,K) of Hopf algebroids factors through the
following morphism

(3.9) Φ : (B, B⊗A H ⊗A B)→ (B,K), b ⊗A u ⊗A b′ 7→ s(b)φ1(u)t(b′)

of Hopf algebroids.

Remark 3.2. Notice that the scalar extension Hopf algebroid (B, B ⊗A H ⊗A B) is not
necessarily flat. This happens, for instance, if φ0 is a flat extension or if B is Landweber
exact over (A,H) in the sense of [HoSt, Def. 2.1, Corollary 2.3], which means that
either the extension A → H ⊗A B, a 7→ s(a) ⊗A 1B or A → B ⊗A H , a 7→ 1B ⊗A t(a) is
flat, see also Remark 5.2. Another important situation is whenH is assumed to be flat
as an A ⊗ A-module (i.e., the extension s ⊗ t is flat). This happens, for instance, when
H is geometrically transitive Hopf algebroid in the sense of Deligne and Bruguières
[De, Br], see also [Kao].

3.2. Comodules, bicomodules and cotensor product. This section gath-
ers some standard material on comodules over commutative Hopf algebroids which
will be needed in the sequel, see, e.g., again [Ra] for more information.
A right H-comodule over a Hopf algebroid (A,H) is a pair (M, ρHM), where M is an
A-module and ρHM : M → M ⊗A sH , m 7→ m(0) ⊗A m(1) is an A-linear map, written in the
usual Sweedler notation, and which satisfies the usual coassociativity and counitary
properties. Here, the A-module structure on M ⊗A sH with respect to which the coac-
tion is A-linear is defined by (m ⊗A u) ◭ a := m ⊗A ut(a). When the context is clear, we
shall also drop sub- and superscripts on ρHM that are sometimes needed to distinguish
various coactions.
Morphisms of right H-comodules are defined in an obvious way, and the category
of right H-comodules will be denoted by ComodH , whereas a morphism between
two right H-comodules M and N will be denoted as ComodH (M,N). The category
ComodH is symmetric monoidal, where the coaction on the tensor product is given
by the codiagonal coaction, that is,

(3.10) ρHM⊗AN : M ⊗A N → (M ⊗A N) ⊗A sH , m ⊗A n 7→ (m(0) ⊗A n(0)) ⊗A m(1)n(1).

The identity object is given by (A, t) and the symmetry is given by the natural trans-
formation obtained from the tensor flip.
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Remark 3.3. There are situations where the tensor product M ⊗A N of the underlying
modules of two right H-comodules can be endowed with more than one comodule
structure. For distinction, we will from now on denote by M ⊗A N the tensor product
in ComodH endowed then with the coaction of equation (3.10).

To each rightH-comodule (M, ρ) one can define the k-vector space of coinvariants:

McoinvH =
{

m ∈ M | ρ(m) = m ⊗A 1H
}

.

This, in fact, establishes a functor which is naturally isomorphic to the functor
ComodH

(

A,−
)

, that is, we have a natural isomorphism of k-vector spaces:

ComodH
(

A, M
)

� McoinvH .

Analogously, one can define the category HComod of left comodules, and both cate-
gories are isomorphic via the antipode. Explicitly, one can endow a leftH-comodule
(M, λHM) with a rightH-comodule structure, denoted by Mo,

(3.11) ρHMo : Mo → Mo ⊗A sH , m 7→ m(0) ⊗A S (m(−1)),

and referred to as the opposite comodule of M. Since we always have S 2 = id for
commutative Hopf algebroids, this correspondence obviously establishes an isomor-
phism of symmetric monoidal categories.
For an arbitrary algebra R and a right comodule (N, ρ) whose underlying module is
also an (A,R)-bimodule such that ρ is left R-linear, i.e., ρHM(rn) = rn(0) ⊗A n(1), for
r ∈ R, n ∈ N, one can define a functor

(3.12) − ⊗RN : ModR → ComodH , X 7→ (X ⊗R N, X ⊗R ρ).

For two Hopf algebroids (A,H) and (B,K), the category of (H ,K)-bicomodules has
triples (P, λHP , ρ

K

P ) as objects, where P = APB is an (A, B)-bimodule such that (P, λHP ) is
a left comodule with a right B-linear coaction λHP , while (P, ρKP ) is right comodule with
a left A-linear coaction ρKP , and both coactions are compatible in the sense that

(3.13) (H ⊗A ρ
K

P ) ◦ λHP = (λHP ⊗B K) ◦ ρKP .

In other words, λHP is a morphism of rightK-comodules, and ρKP of leftH-comodules,
where the codomains of both maps are comodules according to the functor of equa-
tion (3.12). Morphisms of bicomodules are defined in a canonical way; denote by
HBicomodK the category of (H ,K)-bicomodules.
Next, we recall the definition of the cotensor product. Let (M, ρ) be a right H-
comodule and (N, λ) a leftH-comodule. The cotensor product bifunctor is defined as
the equaliser

0 // M �H N // M ⊗A N
ρ⊗AN //
M⊗Aλ

// M ⊗A H ⊗A N,

which is a bifunctor from the product category ComodH × HComod to ModA. If we
further assume that (N, ρ, λ) is also an (H ,K)-bicomodule, the cotensor product lands
in the category of right K-comodules since our Hopf algebroids are flat. This way, it
is possible to define the bifunctor

(3.14) − �H − : JBicomodH × HBicomodK → JBicomodK .
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One easily checks thatH �H N � N and A�H N � NcoinvH for every rightH-comodule
N.
The associativity of the cotensor products is not always guaranteed unless one makes
more assumptions on the comodules involved. For example, since all our Hopf alge-
broids are assumed to be flat, if M is a flat A-module along with a flat B-module N′,
one has

M �H (N �K N′) ≃ (M �H N)�K N′.

Compare, for example, [BrzWi, §§22.5–22.6] for more situations in which this asso-
ciativity holds true.

Given a morphism φ = (φ0, φ1) : (A,H) → (B,K) of Hopf algebroids, there is a
functor

(3.15) φ∗ := − ⊗φ B : ComodH −→ ComodK ,

called the induction functor, which is defined on objects by sending any right comod-
ule (M, ρHM) to a right comodule (M⊗φ B, ρKM⊗φB) with underlying B-module M ⊗A B and
coaction

ρKM⊗φB : M ⊗φ B→ (M ⊗φ B) ⊗B K , m ⊗A b 7→ (m(0) ⊗A 1B) ⊗B φ1(m(1))t(b).

The image of H with the induction functor is, in fact, an (H ,K)-bicomodule. In a
similar way, we have the induction functor

∗φ := B ⊗φ − : HComod→ KComod,

between left comodules, and B ⊗φ H is now an (K ,H)-bicomodule. The induction
functor has a right adjoint given by

(3.16) − �K (B ⊗φ H) : ComodK → ComodH ,

called the coinduction functor.

3.3. Comodule algebras. Parallel to subsection 2.1, we next want to give the
analogue notion of groupoid-sets in the Hopf algebroids context. To this end, recall
first that a left H-comodule algebra for a Hopf algebroid (A,H) is a commutative
monoid in the symmetric monoidal categoryHComod. That is, a pair (R, σ) consisting
of a commutative A-algebraσ : A→ R which is also a leftH-comodule with coaction
λHR : R→ H ⊗A R, satisfying for all x, y ∈ R

(3.17) λHR (xy) = x(−1)y(−1) ⊗A x(0)y(0) and λHR (1R) = 1H ⊗A 1R.

In others words, the coaction λHR is an A-algebra map, where H ⊗A R is seen as an
A-algebra via A→ H⊗A R, a 7→ s(a)⊗A 1R. A morphism of leftH-comodule algebras
is an A-algebra map which is also a left H-comodule morphism. RightH-comodule
algebras are analogously defined.
Note that for a leftH-comodule algebra (R, σ) the k-vector subspace

RcoinvH = {x ∈ R | λHR (x) = 1H ⊗A x}

ofH-coinvariant elements is a k-subalgebra of R that does not necessarily contain the
image σ(A), unless one makes more assumptions; for instance, if the source and the
target maps are equal. A trivial example of a comodule algebra is the base algebra A
of a Hopf algebroid (A,H) itself.
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Assume now that γ : B→ R is another algebra map such that λHR is right B-linear, that
is,

λHR (x γ(b)) = x(−1) ⊗A x(0)γ(b),

for every x ∈ R and b ∈ B. One can easily see that γ(B) ⊆ RcoinvH . In this situation, the
canonical map

(3.18) canH ,R : R ⊗B R→ H ⊗A R, x ⊗B y 7→ x(−1) ⊗A x(0)y

is a B-algebra map, where H ⊗A R is a B-algebra via γ in the second factor. The
canonical map is also leftH-colinear, when R ⊗B R is seen as a left comodule via the
coaction λHR ⊗B R.
We have the following well-known properties:

Lemma 3.4. Assume that R carries a leftH-comodule algebra structure with under-
lying algebra map σ : A→ R and that γ : B→ R is a morphism of algebras.

(i ) The pair (R,H ⊗A R) is a Hopf algebroid with the following structure maps:

s := λHR , t := 1H ⊗A −,

ε(u ⊗A r) := εH(u)r, ∆(u ⊗A r) := (u(1) ⊗A 1R) ⊗R (u(2) ⊗A r),
S (u ⊗A r) := SH (u)r(−1) ⊗A r(0).

(ii ) The map (σ,− ⊗A 1R) : (A,H) → (R,H ⊗A R) is a morphism of Hopf alge-
broids.

(iii ) If λHR is right B-linear, where R is seen as an (A, B)-bimodule, then the canon-
ical map of Eq. (3.18) is a morphism of Hopf algebroids as well as a mor-
phism of leftH-comodules.

(iv ) If R is an (H ,K)-bicomodule, then the canonical map

canH ,R : (R⊗BR, ρK
R⊗B R

)→ (H ⊗A R,H ⊗A ρ
K

R )

is also a morphism of right K-comodules.

Proof. These are routine computations. �

In analogy to groupoid terminology as in §2.1, the Hopf algebroid (R,H ⊗A R) of
Lemma 3.4 is termed the left translation Hopf algebroid of (A,H) along σ. Symmet-
rically, one can define a right translation Hopf algebroid of (A,H) by employing right
comodule algebras.

Remark 3.5. In subsection 2.1, we discussed the notion of orbit set of a given
left G -set over a groupoid G . In the Hopf algebroid context, the analogous no-
tion is given as follows: for a Hopf algebroid (A,H) and any commutative algebra
C, one can consider its underlying presheaf of groupoids, canonically defined by
C → (H (C), A(C)) = (Algk(H ,C),Algk(A,C)) is the groupoid H(C) // // A(C)oo

defined by reversing the structure maps of (A,H). This leads then to the orbit presheaf
C 7→ O(C) := A(C)/H (C). Clearly, there is a morphism O → Alg

k
(AcoinvH ,−) of

presheaves, where AcoinvH is the coinvariant subalgebra of A, that is, the set of elements
a ∈ A such that s(a) = t(a). Thus, AcoinvH can be thought of as the coordinate ring
of the orbit space. In case of a general left H-comodule algebra (R, α) and for any
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commutative algebra C, the groupoid H (C) acts on R(C) via (g, x) 7→ gx given by
the algebra map

gx : R→ C, r 7→ g(r(−1))x(r(0)).

This determines the presheaf OR : C 7→ R(C)/H (C) of orbits together with a mor-
phism of presheaves OR → Alg

k

(

RcoinvH ,−
)

. So as before, RcoinvH is the coordinate ring
of the orbit space. On the other hand, one can easily check that RcoinvH = Rcoinv(H⊗AR) ,
where (R,H ⊗A R) is the left translation Hopf algebroid as above.

3.4. The coinvariant subalgebra for the tensor product of co-
module algebras. For any two left H-comodule algebras (R, α) and (S , σ),
the comodule tensor product S⊗AR is an A-algebra by means of the algebra map
A→ S ⊗A R, a 7→ σ(a)⊗A 1R = 1R⊗Aα(a). This algebra clearly admits the structure of a
leftH-comodule algebra the coinvariant subalgebra of it can be described as follows:

Lemma 3.6. For any two left H-comodule algebras (R, α) and (S , σ), we have an
isomorphism

(S⊗AR)coinvH � S o
�H R

of algebras, where (S o, σ) is the opposite rightH-comodule algebra of (S , σ).

Proof. For an element s ⊗A r ∈ (S⊗AR)coinvH , the equality

(3.19) 1H ⊗A s ⊗A r = s(−1)r(−1) ⊗A s(0) ⊗A r(0)

holds inH ⊗A S ⊗A R. Applying (idH ⊗mH ⊗ idR) ◦ τ12 ◦ (S ⊗ idS ⊗ λ
R
H

) to both sides,
where τ12 denotes the tensor flip and mH the multiplication inH , we obtain

s ⊗A r(−1) ⊗A r(0) = s(0) ⊗A S (s(−1)r(−2))r(−1) ⊗A r(0)

= s(0) ⊗A S
(

s(−1)
)

t
(

ε(r(−1))
)

⊗A r(0)

= s(0) ⊗A S
(

s(−1)
)

⊗A r,

which shows that s ⊗A r ∈ S o
�H R. The converse is similarly deduced. �

Remark 3.7. Taking Remarks 2.2 and 3.5 into account, Lemma 3.6 describes the ana-
logue of the tensor product over groupoids in the Hopf algebroid context. That is, the
cotensor product of (left and right)H-comodule algebras should be thought of as the
orbit space of their tensor product as comodule algebras.

3.5. Bicomodule algebras and two-sided translation Hopf alge-
broids. In what follows, we give the construction for Hopf algebroids analogous to
the two-sided translation groupoid as expounded in §2, and show some corresponding
results.
For two Hopf algebroids (A,H) and (B,K), consider an (H ,K)-bicomodule P such
that (P, α) is a left H-comodule algebra and (P, β) is a right K-comodule algebra.
We then say that the triple (P, α, β) is an (H ,K)-bicomodule algebra. A morphism
of (H ,K)-bicomodule algebras is a map which is simultaneously a morphism of left
H-comodule algebras and right K-comodule algebras.

Lemma and Definition 3.8. Let (P, α, β) be an (H ,K)-bicomodule algebra. Then
(P,H⊗A P⊗BK) with tensor product defined byH X P Y K := sH⊗A P⊗B sK carries
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a canonical structure of a flat Hopf algebroid the structure maps of which are given
by:

(i ) the source and target are given by

(3.20) s(p) := 1H ⊗A p ⊗B 1K , t(p) := S (p(−1)) ⊗A p(0) ⊗B p(1);

(ii ) the comultiplication and counit are as follows:

∆(u ⊗A p ⊗B w) :=
(

u(1) ⊗A p ⊗B w(1)
)

⊗P

(

u(2) ⊗A 1P ⊗B w(2)
)

,

ε(u ⊗A p ⊗B w) := α
(

ε(u)
)

pβ
(

ε(w)
)

;

(iii ) whereas the antipode is defined as:

S
(

u ⊗A p ⊗B w
)

:= S (up(−1)) ⊗A p(0) ⊗B p(1)S (w).

Furthermore, there is a diagram

(P,H X P Y K)

(A,H)

α=(α, α1) 55❧❧❧❧❧❧❧❧❧
(B,K)

β=(β, β1)ii❘❘❘❘❘❘❘❘❘

of Hopf algebroids, where α1 and β1 are the maps h 7→ h ⊗A 1P ⊗B 1K and k 7→
1H ⊗A 1P ⊗B k, respectively. This Hopf algebroid will be termed two-sided translation
Hopf algebroid.

Proof. The fact that s : P → sH ⊗A P ⊗B sK is a flat extension is clear since sH and
sK are flat; hence sH ⊗A P ⊗B sK will give a flat Hopf algebroid over P. Using the
source map (3.20), the comultiplication ∆ and the counit ε are obviously left P-linear;
the right P-linearity follows from

ε
(

(u ⊗A p′ ⊗B w)t(p)
)

= ε
(

uS (p(−1)) ⊗A p′p(0) ⊗B p(1)w
) (3.4)
= ε(u ⊗A p′ ⊗B w)p

as well as

∆
(

(u ⊗A p′ ⊗B w) t(p)
)

= ∆
(

uS (p(−1)) ⊗A p′p(0) ⊗B p(1)w
)

=
(

u(1)S (p(−1)) ⊗A p′p(0) ⊗B w(1) p(1)
)

⊗P

(

u(2)S (p(−2)) ⊗A 1P ⊗B w(2) p(2)
)

= (u(1) ⊗A p′ ⊗B w(1)) t(p(0)) ⊗P

(

u(2)S (p(−1)) ⊗A 1P ⊗B w(2) p(1)
)

=
(

u(1) ⊗A p′ ⊗B w(1)
)

⊗P

(

u(2)S (p(−1)) ⊗A p(0) ⊗B w(2) p(1)
)

=
(

u(1) ⊗A p′ ⊗B w(1)
)

⊗P (u(2) ⊗A 1P ⊗B w(2)) t(p).

In order to define a Hopf algebroid, we need these maps to satisfy Eqs. (3.2)–(3.5),
which are either clear from definitions or follow by computations similar to the sub-
sequent one proving (3.4): we have

S (u(1) ⊗A p ⊗B w(1))(u(2) ⊗A 1P ⊗B w(2))

= S (u(1))S (p(−1))u(2) ⊗A p(0) ⊗B p(1)S (w(1))w(2)

= t(ε(u))S (p(−1)) ⊗A p(0) ⊗B p(1)t(ε(w))

= S
(

s(ε(u))p(−1)
)

⊗A p(0) ⊗B p(1)t(b)

= t
(

α(ε(u)) p β(ε(w))
)

= t
(

ε(u ⊗A p ⊗B w)
)

.
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The last statement is easily checked as well. �

Finally note that for a morphism f : (P, α, β) → (P′, α′, β′) of (H ,K)-bicomodule
algebras, Lemma 3.8 leads to a commutative diagram

(3.21) (P,H X P Y K)

(f,H⊗Af⊗BK)

��

(A,H)

α❧❧❧❧❧❧

66❧❧❧❧❧❧

α′
❘❘❘

❘❘

))❘❘
❘❘❘

(B,K)

β❘❘❘❘❘❘

hh❘❘❘❘❘❘

β′❧
❧❧❧

❧

vv❧❧❧
❧❧

(P′,H X P′ Y K)

of flat Hopf algebroids.

Example 3.9. Let (A,H) be a Hopf algebroid, C any algebra, and h : H → C an
algebra morphism. Using φ := h ◦ s : A → C and ψ := h ◦ t : A → C, construct the
scalar extension Hopf algebroids (C,Hφ := C⊗φH⊗φC) resp. (C,Hψ := C⊗ψH⊗ψC),
where we used the notation ⊗φ resp. ⊗ψ to distinguish between the two A-module
structures on C given by either φ or ψ. From [HoSt, Lemma 6.4] we deduce that
(C,Hφ) � (C,Hψ) as Hopf algebroids; indeed, this isomorphism is explicitly given
by:

C ⊗φ H ⊗φ C → C ⊗ψ H ⊗ψ C, c ⊗φ u ⊗φ c′ 7→ c h(u(1)) ⊗ψ u(2) ⊗ψ h
(

S (u(3))
)

c′,

with inverse d ⊗ψ v ⊗ψ d′ 7→ d h
(

S (v(1))
)

⊗φ v(2) ⊗φ h(v(3))d′.
Now, assume that C is of the form C := B ⊗φ H ⊗ψ B′ for some extensions

B A
φoo ψ // B′ along with the obvious algebra map h : H → C as well as

φ : A → C and ψ : A → C. We can consider (C,φ,ψ) as an (Hφ,Hψ)-bicomodule
algebra in a canonical way; this, in fact, is the bicomodule algebra arising from the
cotensor product algebra Pco

�H P by considering, respectively, P := H ⊗φ B and
P′ := H ⊗ψ B′ as (H ,Hφ)- and (H ,Hψ)-bicomodule algebras with obvious coactions.
Let (C,Hφ X C Y Hψ) be the associated two-sided translation Hopf algebroid. Then
one can show that there is an isomorphism

(C,Hφ) � (C,Hφ X C Y Hψ) � (C,Hψ)

of Hopf algebroids as can be seen by adapting the proof of Proposition 5.3 below.

4. Principal bibundles in the Hopf algebroid context

4.1. General definitions. In this section, we will introduce one of the main
notions in this article. Similar concepts in the framework of Hopf algebras appeared
under the name quantum principal bundle in [BrzMa, Brz] or bi-Galois extension in
[Sch2, Sch3]. In analogy to Definition 2.3, we define principal bundles in the Hopf
algebroid context as follows.

Definition 4.1. A left principal (H ,K)-bundle (P, α, β) for two Hopf algebroids
(A,H) and (B,K) is an (H ,K)-bicomodule algebra as in §3.3, that is, P is equipped
with a left H-comodule algebra and a right K-comodule algebra structures with re-
spect to the algebra maps α : A→ P resp. β : B→ P such that
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(i ) β is a faithfully flat extension;
(ii ) the canonical map

canH , P : P ⊗B P→ H ⊗A P, p ⊗B p′ 7→ p(−1) ⊗A p(0) p′

is bijective.

At times, when the context is clear and hence (we think that) no confusion can arise,
the subscripts in the notation can of the canonical map are dropped.
Maps between principal bundles are defined as follows:

Definition 4.2. A morphism of left principal (H ,K)-bundles (P, α, β) and
(P′, α′, β′) is a map f : P → P′ that is a morphism of (H ,K)-bicomodule alge-
bras, i.e., simultaneously a morphism of A-algebras, B-algebras, and a morphism of
(H ,K)-bicomodules. We will also call such a morphism an equivariant morphism.
An isomorphism of left principal bundles is a bijective morphism of left principal bun-
dles. The category of left principal (H ,K)-bundles will be denoted by PBℓ(H ,K).

Let us denote the inverse of canH , P by a sort of Sweedler type notation,

can−1
H , P : H ⊗A P→ P ⊗B P, u ⊗A p 7→ u+ ⊗B u−p.

where

(4.1) τP := can−1
H , P(− ⊗A 1P) : H → P ⊗B P, u 7→ u+ ⊗B u−

denotes the translation map. The following lemma summarises the properties of this
map and its compatibility with the Hopf algebroid structure:

Lemma 4.3. Let (P, α, β) be a left principal (H ,K)-bundle. One has for all a, a′ ∈ A,
u, v ∈ H , and p ∈ P:

(uv)+ ⊗B (uv)− = u+v+ ⊗B v−u−,(4.2)

u+(−1) ⊗A u+(0) ⊗B u− = u(1) ⊗A u(2)+ ⊗B u(2)−,(4.3)

u+u− = α(ε(u)),(4.4)

p(−1)+ ⊗B p(−1)−p(0) = p ⊗B 1P,(4.5)

u+(−1) ⊗A u+(0)u− = u ⊗A 1P,(4.6)

(s(a)t(a′))+ ⊗B (s(a)t(a′))− = α(a) ⊗B α(a′).(4.7)

Furthermore,

u+(0) ⊗B u−(0) ⊗B u+(1)u−(1) = u+ ⊗B u− ⊗B 1K ∈ P ⊗B P ⊗B K ,(4.8)

S (u) ⊗A 1P = u−(−1) ⊗A u−(0)u+,(4.9)

S (u)+ ⊗B S (u)− = u− ⊗B u+,(4.10)

u(1)+ ⊗B u(1)− ⊗A S (u(2)) = u+ ⊗B u−(0) ⊗A u−(−1).(4.11)

Proof. The first six equations are proved along the lines of the proof of [Sch1,
Prop. 3.7], where the special case in which P := H is treated. Eq. (4.8) is obtained
by the fact that the canonical map (and hence its inverse) is a morphism of right K-
comodules, as follows from Lemma 3.4 (iv). Eq. (4.9) is proven as follows: since P is
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a leftH-comodule algebra and the coaction is A-linear, one has

S (u) ⊗A 1P = S (u(1))s(ε(u(2))) ⊗A 1P = S (u(1))
(

α(ε(u(2)))
)

(−1) ⊗A

(

α(ε(u(2)))
)

(0)

(4.4)
= S (u(1))(u(2)+u(2)−)(−1) ⊗A (u(2)+u(2)−)(0)

(4.3)
= S (u(1))u(2)u(3)−(−1) ⊗A u(3)+u(3)−(0)

(3.4)
= t(ε(u(1)))u(2)−(−1) ⊗A u(2)+u(2)−(0)

(4.7)
= u−(−1) ⊗A u−(0)u+.

Eq. (4.10) now follows by simply applying the inverse of the canonical map to both
sides, using (4.5). Finally, Eq. (4.11) is seen by applying (4.3) to the element S (u),
using (4.10) and the fact that the antipode is an anti-coring morphism. �

Right principal bundles use the right K-comodule algebra structure of P and the
canonical map:

canP,K : P ⊗A P→ P ⊗B K , p′ ⊗A p 7→ p′p(0) ⊗B p(1).

In this way, P is said to be a right principal (H ,K)-bundle if α is a faithfully flat
extension and the canonical map canP,K is bijective. The triple (P, α, β) is said to
principal (H ,K)-bibundle provided P is both left and right principal.
Since we will explicitly use principal bibundles, we also need the notation and the
properties for the right translation map. The inverse of canP,K is denoted by

P ⊗B K → P ⊗A P, p ⊗B v 7→ pv− ⊗A v+,

which fulfils the relations

(vw)+ ⊗A (vw)− = v+w+ ⊗A w−v−,(4.12)

v−v+ = β(ε(v)),(4.13)

p(0) p(1)
− ⊗A p(1)

+ = 1P ⊗A p,(4.14)

v−v+(0) ⊗B v+(1) = 1P ⊗B v,(4.15)

v− ⊗A v+(0) ⊗A v+(1) = v(1)
− ⊗A v(1)

+ ⊗A v(2),(4.16)

(s(b)t(b′))− ⊗A (s(b)t(b′))+ = β(b) ⊗A β(b′).(4.17)

With a similar argumentation that lead to (4.8), we have the identity

(4.18) v−(−1)v
+

(−1) ⊗A v−(0) ⊗A v+(0) = 1H ⊗A v− ⊗A v+ ∈ H ⊗A P ⊗A P.

Analogously, one obtains

S (v)− ⊗A S (v)+ = v+ ⊗A v−,

v(2)
− ⊗A v(2)

+ ⊗B S (v(1)) = v− ⊗A v+(0) ⊗B v+(1) ∈ P ⊗A P ⊗B K ,

1P ⊗B S (v) = v+v−(0) ⊗B v−(1).

In a similar way, one can define a morphism between right principal (H ,K)-bundles.
The obtained category will be denoted by PBr(H ,K). Morphisms of principal bibun-
dles are simultaneously morphisms of left and right principal bundles. The category
obtained this way will be denoted by PBb(H ,K).

Remark 4.4.
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(i ) For a morphism f : (P, α, β)→ (P′, α′, β′) in PBℓ(H ,K), we have a commu-
tative diagram:

(4.19) H
τP //

τP′ ((❘❘
❘❘❘

❘❘❘
❘❘❘

❘❘ P ⊗B P

f⊗Bf

��
P′ ⊗B P′,

where τ is the corresponding translation map.
(ii ) The definition above is left-right symmetric: if HPK is a left principal

(H ,K)-bundle, then the opposite bicomodule KPco
H is a right principal

(K ,H)-bundle with respect to the canonical map

Pco ⊗B Pco → Pco ⊗A H , p′ ⊗B p 7→ p′p(0) ⊗A S (p(−1)).

Using (4.10), one immediately verifies that

Pco ⊗A H → Pco ⊗B Pco, p ⊗A h 7→ ph+ ⊗B h−

defines the inverse of this map. If we denote by αco : A → Pco and βco : B→
Pco, respectively, the corresponding algebra maps, then the correspondence
(P, α, β) → (Pco, βco, αco) establishes an isomorphism of categories between
PBℓ(H ,K) and PBr(K ,H). The bundle (Pco, βco, αco) so constructed is called
the opposite bundle of (P, α, β).

(iii ) Since PB is faithfully flat, we know by the faithfully flat descent theory (see,
for instance [KaoGo, Theorem 3.10]) that the subalgebra ofH-coinvariants
is PcoinvH = β(B) as β is injective. Moreover, since α : A → P is a right
H-colinear map, we have the following commutative diagram

AcoinvH
αcoinvH //

_�

��

PcoinvH � B� _

β

��
A

α // P

of algebras. On the other hand, the category of relative left comodules, that
is, the category of left (H ⊗A P)-comodule is (monoidally) equivalent to the
category of B-modules, where (P,H ⊗A P) is the translation Hopf algebroid
along α. Conversely, given an (H ,K)-bicomodule algebra (P, α, β) such
that the functor −⊗B P : ModB → ComodH⊗AP establishes an equivalence of
categories, (P, α, β) carries the structure of a left principal (H ,K)-bundle.

(iv ) For the trivial Hopf algebroid (B,K) := (B, B), a left principal (H , B)-bundle
is a leftH-comodule algebra (P, α) with a faithfully flat extension β : B→ P
whoseH-coaction is a B-linear map and where canH , P : P ⊗B P → H ⊗A P
is bijective.

Example 4.5 (Unit bundles). The underlyingH-bicomodule of any flat Hopf algebroid
(A,H) is a left principal (H ,H)-bundle. More precisely, H is an H-bicomodule
via the algebra maps s, t : A → H and both ring extensions are faithfully flat by
assumption. So, we only need to check (ii) in Definition 4.1. In this case we have

canH ,H : H ⊗A H → H ⊗A H , u ⊗A v 7→ u(1) ⊗A u(2)v,
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where the domain tensor product is defined byHt in both factors, while the codomain
tensor product is the standard one from the coproduct ofH . The inverse of canH ,H is,
as for Hopf algebras,

can−1
H ,H

: H ⊗A H → H ⊗A H , u ⊗A v 7→ u(1) ⊗A S (u(2))v.

This bundle is refereed to as the unit principal bundle and will be denoted by U (H).
Note that U (H) is both a left and a right principal (H ,H)-bundle, and therefore a
principal bibundle.

Example 4.6 (Induced or pull-back bundles). For a morphism ψ = (ψ0, ψ1) : (B,K)→
(C,J) of Hopf algebroids and a left principal (H ,K)-bundle (P, α, β), consider P⊗B C
with the obvious algebra extensions α̃ : A → P ⊗B C and β̃ : C → P ⊗B C. It is clear
that β̃ is a faithfully flat extension and that P ⊗B C is an (H ,J)-bicomodule: its left
coaction is λHP⊗BC := λHP ⊗B C and its right coaction is defined by the composition

ρJP⊗BC : P ⊗B C
ρKP ⊗A B

// P ⊗B K ⊗B C
P⊗Bψ1⊗BC // P ⊗B J ⊗B C

P⊗BξJ // (P ⊗B C) ⊗C J ,

where ξJ : J ⊗B C → C ⊗C J , w ⊗B c 7→ 1C ⊗C wt(c). Explicitly, one obtains

ρJP⊗BC(p ⊗B c) = (p(0) ⊗B 1C) ⊗C ψ1(p(1))t(c),

and both coactions are algebra maps. Thus, P ⊗B C is both a leftH-comodule algebra
and a right J-comodule algebra. The canonical map canH , P⊗BC is bijective since, up
to canonical isomorphisms, it is of the form canH , P ⊗B C. Hence, (P ⊗B C, α̃, β̃) is a
left principal (H ,J)-bundle, called the induced bundle of P or pull-back bundle of P,
and denoted ψ∗(P) or ψ∗

(

(P, α, β)
)

. Of course, this establishes a functor PBℓ(H ,K)→
PBℓ(H ,J).

Example 4.7 (Restricted principal bundles). For a left principal (H ,K)-bundle
(P, α, β) and an algebra map τ : B → R, consider the scalar extension Hopf algebroid
(R,KR) := (R,R⊗BK⊗BR), along with the obvious algebra maps αR : A→ P→ PR and
βR : R→ PR, where PR := P⊗B R. It is clear that PR admits the structure of an (H ,KR)-
bicomodule with coactions, up to natural isomorphisms, defined by λHPR

:= λHP ⊗B R and
ρ
KR
PR

:= ρKP ⊗B R. These are clearly algebra maps which convert (PR, λ
H

PR
) and (PR, ρ

KR
PR

)
into comodule algebras. The canonical maps are, up to natural isomorphism, given by

canH , PR
:= canH , P ⊗B R, canPR ,KR

:= R ⊗B canP,K ⊗B R.

Obviously, βR is a faithfully flat extension, hence (PR, αR, βR) is again a left principal
(H ,KR)-bundle, and we have that (PR)coinvH ≃ R. We refer to this construction as the
restricted principal bundle of (P, α, β) with respect to τ. Again, this yields a functor
PBℓ(H ,K)→ PBℓ(H ,KR).

Remark 4.8.

(i ) If we assume that (P, α, β) in Example 4.7 is only an (H ,K)-bicomodule
algebra, then it is possible to compute the coinvariant subalgebra (PR)coinvH

of the restricted (H ,KR)-bicomodule algebra (PR, αR, βR) by means of the
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coinvariant subalgebra PcoinvH provided that τ is a flat extension. One then
has the following chain of algebra isomorphisms:

(PR)coinvH � A�H (P ⊗B R) � (A�H P) ⊗B R � PcoinvH ⊗B R.

(ii ) For a left principal (H ,K)-bundle (P, α, β) and a morphism ψ = (ψ0, ψ1) :
(B,K) → (C,J) of Hopf algebroids, one can consider the induced left
principal (H ,J)-bundle ψ∗((P, α, β)) on the one hand, and the restricted
left principal (C,KC)-bundle (PC, αC , βC) on the other hand. However, us-
ing the canonical morphismΨ of Hopf algebroids associated to ψ as defined
in Eq. (3.9), the bundle (PC, αC, βC) induced by Ψ coincides with ψ∗(P), i.e.,

ψ∗
(

(P, α, β)
)

= Ψ∗
(

(PC, αC, βC)
)

.

Example 4.9 (Trivial Bundles). An example of an induced principal bundle is the
following, which although rather basic will reveal important in subsequent sections;
cf. also Example 3.9. For any morphism (φ0, φ1) : (A,H) → (B,K) of Hopf alge-
broids, consider
(4.20)
P := H ⊗φ B := H ⊗A B = H ⊗k B/span{t(a)u ⊗ b − u ⊗ φ0(a)b | u ∈ H , b ∈ B, a ∈ A},

as a left principal (H ,K)-bundle by pulling back the unit bundle U (H). More pre-
cisely, consider the following algebra maps:

α : A→ P, a 7→ s(a) ⊗A 1B, and β : B→ P, b 7→ 1H ⊗A b.

Obviously, PB is a faithfully flat module, that is, β is a faithfully flat extension. The
algebra P is an (H ,K)-bicomodule with left coaction λHP := ∆H ⊗A B along with the
right coaction

ρKP : P→ P ⊗B K , u ⊗A b 7→ (u(1) ⊗A 1B) ⊗B φ1(u(2))t(b).

Both left and right coactions are easily seen to be morphisms of algebras. The canon-
ical map is defined as

canH , P : P ⊗B P→ H ⊗A P, (u ⊗A b) ⊗B (v ⊗A b′) 7→ u(1) ⊗A (u(2)v ⊗A bb′),

which by Example 4.5 is clearly bijective, and the corresponding translation map
reads:

τP : H → P ⊗B P, u 7→ (u(1) ⊗A 1B) ⊗B (S (u(2)) ⊗A 1B).

The fact that the subalgebra ofH-coinvariant elements is isomorphic to B, see Remark
4.4 (ii), can be deduced directly in this case: from the isomorphisms

A�H (H ⊗A B) � (A�HH) ⊗A B � B

one obtains that PcoinvH � A HP � B via β. The second canonical map is in this case
given by

(4.21) canP,K : P⊗A P→ P⊗BK , (u⊗A b)⊗A (v⊗A b′) 7→ (uv(1)⊗A b)⊗B φ1(v(2))t(b
′).

This example motivates the following definition.
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Definition 4.10. We say that a left principal (H ,K)-bundle P is trivial if it is
isomorphic to an induced bundle of the unit bundle U (H) as defined in Example 4.5,
i.e., if there is an isomorphism

P � φ∗(U (H)) := H ⊗φ B

of principal bundles with respect to some Hopf algebroid morphism φ : (A,H) →
(B,K).

Sufficient and necessary conditions under which a left principal bundle is trivial are
given in the subsequent proposition.

Proposition 4.11. Let (P, α, β) be a left principal (H ,K)-bundle. The following
are equivalent:

(i ) (P, α, β) is a trivial principal bundle;
(ii ) β splits as an algebra map, that is, there is an algebra map γ : P → B such

that γ ◦ β = idB.

Proof. Proving (i) ⇒ (ii) is immediate from the definitions. To prove (ii) ⇒ (i), we
first need to construct a Hopf algebroid morphism (φ1, φ0) : (A,H) → (B,K). Here,
the algebra map φ0 : A→ B will be defined as the composition φ0 = γ ◦ α, whereas φ1

is given by
φ1 : H → K , u 7→ s(γ(u+(0)))u+(1)t(γ(u−)),

using the notation in (4.1) for the translation map; a routine computation shows that
φ = (φ0, φ1) is a morphism of Hopf algebroids, indeed. Consider then the trivial left
principal (H ,K)-bundleH ⊗φ B = H ⊗A B as in (4.20). Let us check that

f : H ⊗A B→ P, u ⊗A b 7→ u+β(γ(u−))β(b),

is a bijection whose inverse will be

g : P→ H ⊗A B, p 7→ p(−1) ⊗A γ(p(0)).

For any p ∈ P, we have

f (g(p)) = f
(

p(−1) ⊗A γ(p(0))
)

= p(−1)+β(γ(p(−1)−))β(γ(p(0)))

= p(−1)+β
(

γ(p(−1)−p(0))
)

(4.5)
= pβ(γ(1P)) = p.

On the other hand, for any u ⊗A b ∈ H ⊗A B, one computes

g( f (u ⊗A b)) = g
(

u+β
(

γ(u−)β(b)
)

= u+(−1) ⊗A γ(u+(0))γ(u−)b

= u+(−1) ⊗A γ
(

u+(0)u−
)

b
(4.6)
= u ⊗A γ(1P)b = u ⊗A b.

Thus, f and g are mutually inverse. It is also clear that g is both an A-algebra and B-
algebra map, as well as an (H ,K)-bicomodule map. Therefore, g is an isomorphism
of left principal (H ,K)-bundles. �
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The following lemma is an analogue of the respective statement for Lie groupoids in
[MoeMr, p. 165]. However, the proof given in this context here is direct and does not
rely on local triviality of bundles.

Lemma 4.12. Any morphism between left principal (H ,K)-bundles is an isomor-
phism. In particular, the category of left principal bundles PBℓ(H ,K) is a groupoid.

Proof. Let f : (P, α, β) → (P′, α′, β′) be a morphism between two left principal
(H ,K)-bundles. By definition both β and β′ are faithfully flat extensions; hence,
it suffices to check that either f ⊗B P′ or P ⊗B f is an isomorphism as f is an A-algebra
and B-algebra map. To this end, consider the following chain

P ⊗B P′
� // (P ⊗B P) ⊗P P′

can⊗PP′// (H ⊗A P) ⊗P P′
� // H ⊗A P′

can−1
// P′ ⊗B P′

of isomorphisms, where we have used the fact that canH , P is right P-linear, is explicitly
given by

p⊗B p′ 7−→ (p⊗B 1)⊗P p′ 7−→ p(−1)⊗A p(0)⊗P p′ 7−→ p(−1)⊗A f(p(0))p′ 7−→ p(−1)+⊗B p(−1)−f(p(0))p′

which by equation (4.5) is exactly the map p ⊗B p′ 7→ f(p) ⊗B p′ as f is a comodule
morphism. Therefore, f ⊗B P′ is an isomorphism and so is f. �

4.2. Comments on local triviality of principal bundles. In the Lie
groupoid context, it is well-known that any left principal bundle is locally trivial
[MoeMr, p. 165]. Thus, the study of principal bundles in this context can be done
locally. In the Hopf algebroid framework, the notion of “local triviality” is not so
clear. The perhaps right way to treat local triviality in this context might be to con-
sider the site of all affine schemes over Spec(k) with a certain Grothendieck topology
τ, and say that a left principal bundle (P, α, β) is locally trivial if there is a τ-cover
Spec(B′) → Spec(B) such that the pull-back bundle P ⊗B B′ is a trivial left principal
(H ,KB′)-bundle. However, as we will see below, when τ is the Zariski topology, any
locally trivial left principal bundle is also globally trivial. Also, the local triviality for
the fpqc (faithfully flat quasi-compact) topology is tautologically true since for any
left principal bundle (P, α, β), the map β : B → P is by definition a faithfully flat
extension.
Moreover, the naive approach to local triviality by localisation apparently does not
yield anything new: let (P, α, β) be a left principal (H ,K)-bundle. Denote by Y :=
Spec(B) the underlying topological space of the locally ringed space associated to B,
and byΩ(B) its subspace of maximal ideals. Take a prime ideal y ∈ Y and consider the
localisation By at this point (the stalk) with τy : B → By as the canonical localisation
algebra map. Using the notation βy : By → Py := P ⊗B By and αy : A → P → Py,
we obtain the restricted left principal (H ,Ky)-bundle (Py, αy, βy) with respect to τy as
defined in Example 4.7. In this way, any left principal (H ,K)-bundle (P, α, β) can be
restricted to a “local principal bundle” (Py, αy, βy) for every y ∈ Y . One can say that
(P, α, β) is locally trivial if and only if (Py, αy, βy) is trivial for every y ∈ Y . Hence, by
Proposition 4.11, this happens if and only if βy : By → Py splits as an algebra map for
every y ∈ Y ; if and only if βm : Bm → Pm splits as an algebra map for everym ∈ Ω(B);
if and only if β : B → P splits as an algebra map, see [Bo, p. 111f.]. In this sense, P
would be locally trivial if and only if it is globally so.
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In a different direction, assume that there exists for any y ∈ Y an element f < y such
that β f : B f → P f splits as an algebra map, which by Proposition 4.11 means that
the restricted left principal bundle (P f , α f , β f ) is trivial on the open neighbourhood
Y f := Spec(B f ) of y in Y : there is a section σ f : Y f → Spec(P f ) → Spec(P), that
is, aβ f ◦ σ f = idY f , where aβ f : Spec(P f ) → Y f is the associate continuous map of
β f : B f → P f . Again, one sees that a left bundle (P, α, β) with this assumption is in
fact a (globally) trivial bundle. Indeed, take a maximal ideal m ∈ Ω(B): under the
assumptions made, there is an h < m such that βh : Bh → Ph splits as an algebra map;
write σh : Ph → Bh for this splitting. Then one can easily check that

Pm = P ⊗B Bm � P ⊗B Bh ⊗Bh
Bm = Ph ⊗Bh

Bm

σh⊗BBh // Bh ⊗Bh
Bm � Bm

is an algebra map which splits βm. Thus, βm splits for every m ∈ Ω(B), and so does β.
Therefore, (P, α, β) is a trivial bundle.
Now assume that the topology τ is the Zariski one. Then, for a locally trivial left
principal bundle (P, α, β) there exists an extension B→ B′ :=

∏

1≤i≤n B fi
for some set

{ fi}1≤i≤n of elements in B such that B =
∑

1≤i≤n B fi and such that P ⊗B B′ is a trivial
bundle. For any maximal ideal m ∈ Ω(B), there must be some f j < m for which the
bundle (P f j

, α f j
, β f j

) is trivial. We then conclude, as above, that (P, α, β) must be also
trivial.
On the other hand, it seems that the local triviality property of a given left principal
(H ,K)-bundle (P, α, β) is already contained in our condition of faithfully flatness of
β. More specifically, since β is a flat extension, βy is also a flat extension for every
y ∈ Y . Therefore, also By → Pz is a flat extension for every y ∈ Y and z ∈ (aβ)−1(y),
where aβ : Spec(P) =: X → Spec(B) = Y is the associated continuous map of β.
In other words, Y is flat over X [Ha, p. 254]; hence, as mentioned in [Pf, Def. 1.2],
this appears to be a good substitute for local triviality, see [Pa, Sec. 3] for a deeper
discussion of this point.

4.3. Natural comodule transformations. In this subsection, we explore
the Hopf algebroid analogue of natural transformations for groupoid-sets as in Lemma
2.4.
Let (P, α, β) be a left principal (H ,K)-bundle. As mentioned before, one can define a
functor

−�H P : ComodH → ComodK

since our Hopf algebroids are all assumed to be flat. We will give some natural trans-
formations involving this functor, which will be useful in the sequel.

Lemma 4.13. One has the following natural transformations:

(i ) for any rightH-comodule M, the map

(4.22) ζM : (M �H P) ⊗B P→ M ⊗A P, (m�H p) ⊗B p′ 7→ m ⊗A pp′

is an isomorphism of rightK-comodules, where the coaction of the left hand
side is the codiagonal one. The inverse of ζM is given by

ζ̄M : m ⊗A p 7→ (m(0) �H m(1)+) ⊗B m(1)−p;

Documenta Mathematica 22 (2017) 551–609



Morita Theory for Hopf Algebroids via Principal Bibundles 579

(ii ) for any rightH-comodule M, the map

(4.23) ηM : M → (M �H P)�K Pco, m 7→ (m(0) �H m(1)+)�K m(1)−

defines a morphism of rightH-comodules.

Proof. To prove (i), we proceed as follows: that (4.22) is a morphism of comodules
follows from the fact that P is a comodule algebra. Moreover, from (4.3) one deduces
that the inverse is well-defined and using the flatness of P over B along with (4.4) and
(4.5), one checks that the given maps are mutually inverse: for example,

ζ̄M ◦ ζM

(

(m�H p) ⊗B p′
)

= (m(0) �H m(1)+) ⊗B m(1)−pp′ =

= (m�H p(−1)+) ⊗B p(−1)−p(0) p
′ (4.5)
= (m�H p) ⊗B p′,

where in the second step we used that m�H p lies in M �H P.
As for (ii), since P is flat over B, the inclusion (M �H P) ⊗B P →֒ M ⊗A P ⊗B P is the
kernel of the map M ⊗A P ⊗B P→ M ⊗A H ⊗A P ⊗B K ⊗B P given by

m ⊗A p ⊗B q 7−→
m(0) ⊗A m(1) ⊗A p(0) ⊗B p(1) ⊗B q − m(0) ⊗A m(1) ⊗A p ⊗B S (q(1)) ⊗B q(0)

−m ⊗A p(−1) ⊗A p(0) ⊗B p(1) ⊗B q + m ⊗A p(−1) ⊗A p(0) ⊗B S (q(1)) ⊗B q(0).

Composing this map with M → M⊗A P⊗B P, m 7→ m(0)⊗A m(1)+⊗B m(1)−, and applying
(4.3) shows that (4.23) is well-defined on the given cotensor products; that it is also a
morphism of comodules follows from (4.11). �

5. Principal bibundles versus weak equivalences

Parallel to Lemma 2.8, we will investigate in this subsection how weak equivalences
arise from principal bundles. We first analyse the particular case of trivial bundles and
then the general case.
As recalled in Definition 1.1, a morphism φ : (A,H)→ (B,K) of flat Hopf algebroids
is said to be a weak equivalence if and only if the induced functor φ∗ : ComodH →

ComodK of Eq. (3.15) establishes an equivalence of categories (which is, in fact, a
monoidal symmetric equivalence).
Let us consider the trivial bundle P = H ⊗φ B associated to a given morphism φ. One
can easily check that the opposite bundle is Pco = B ⊗φ H as defined in Remark 4.4
(ii). The associated functors are, up to natural isomorphisms,

φ∗ � −�H P and ∗φ � −�K Pco.

Moreover, as mentioned before, −�K Pco is a right adjoint to −�H P.

5.1. The case of trivial principal bibundles. Part of the following propo-
sition was shown in [HoSt, Theorem 6.2] by using a different approach, see also [Ho,
Theorem D & 5.5]. In Theorem 7.1 below we give a more general result.

Proposition 5.1. Let φ = (φ0, φ1) : (A,H) → (B,K) be a morphism of flat Hopf
algebroids, and consider the associated trivial bundle P = H ⊗φ B. The following are
equivalent:

(i ) P is a principal (H ,K)-bibundle.
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(ii ) The canonical morphism

Φ : B ⊗AH ⊗A B→ K , b ⊗A u ⊗A b′ 7→ s(b)φ1(u)t(b′)

of Hopf B-algebroids is an isomorphism, and α is a faithfully flat extension.
(iii ) The morphism φ is a weak equivalence.

Proof. To prove (i) ⇒ (ii), we only need to check that Φ is bijective. By assumption,
canP,K is bijective, and denote the translation map here as

τ : K → P ⊗A P, k 7→ (uk ⊗φ bk) ⊗A (vk ⊗φ ck),

which means that for every k ∈ K

1P ⊗B k = (1H ⊗φ 1B) ⊗A k =
(

ukvk
(1) ⊗A bk) ⊗B φ1(v

k
(2))t(c

k),

Applying the counit ofH we obtain

k = s(bk)φ1

(

s(ε(uk))vk)t(ck).

Define now the map

Λ : K → B ⊗A H ⊗A B, k 7→ φ0(ε(uk))bk ⊗A vk ⊗A ck.

Using the previous equality, we easily get that Φ ◦ Λ = id. In the opposite direction,
we have

Λ ◦ Φ(b ⊗A u ⊗A b′) = b ⊗A u ⊗A b′

since k = s(b)φ1(u)t(b′) is uniquely determined by the equation

1P ⊗B k =
(

1H ⊗φ b
)

⊗B φ1(u)t(b′).

In order to prove (ii) ⇒ (iii), we already know by definition that φ∗ = −�H P is a
symmetric monoidal functor. We need to establish natural isomorphisms

(5.1) (−�H P) ◦ (−�K Pco) � idComodK , (−�K Pco) ◦ (−�H P) � idComodH .

First recall that we have a commutative diagram

0 // Pco
�H P

�
��

// Pco ⊗A P

0 // B ⊗A H ⊗A B
B⊗A∆⊗A B // B ⊗A H ⊗A H ⊗A B.

Hence, the canonical injection Pco
�H P →֒ Pco ⊗A P splits in the category of B-

bimodules. For a right K-comodule N, we then have a chain of isomorphisms
(

N �K Pco
)

�H P � N �K
(

Pco
�H P
)

� N �K K � N

of right K-comodules, where we used the fact that Φ is an isomorphism of K-
bicomodules. Clearly, the resulting isomorphism is natural and this gives the first
natural isomorphism in (5.1). To establish the second one, we will use the faithfully
flatness of PA, that is, of α. For a rightH-comodule M define by means of Eq. (4.23)
the following morphism

θM : M →
(

M �H P
)

�K Pco, m 7→
(

m(0) �H (m(1) ⊗φ 1B)
)

�K (1B ⊗φ S (m(2)))

of rightH-comodules. Using the natural isomorphisms ζ of (4.22), one can show that
θM ⊗A P is an isomorphism, and hence that θ is a natural isomorphism. Therefore, φ∗
is an equivalence of categories.
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The step (iii) ⇒ (i) is seen as follows: by Example 4.9, P is a left principal (H ,K)-
bundle. To check that P is also a right principal (H ,K)-bundle, we need to verify that
the canonical map canP,K of Eq. (4.21) is bijective as well as that α is a faithfully flat
extension. Since φ∗ is an equivalence of categories, there is a natural isomorphism

− ⊗A φ∗(H) � φ∗ ◦ (− ⊗A H),

where −⊗AH : ComodH → ComodH is the composition of the forgetful functor with
the functor defined as in (3.12), and where P = φ∗(H) is an A-module via the algebra
map α : A → P, a 7→ s(a) ⊗A 1B. Hence, such a natural isomorphism directly implies
that α is a faithfully flat extension.
Let us then prove that canP,K is bijective. Since the counit of the adjunction φ∗ ⊣
(

− �K ∗φ(H)
)

is a natural isomorphism (see §3.2), we denote by

ξ
K

: K → B ⊗A H ⊗A B, k 7→ bk ⊗A uk ⊗A ck

its inverse at K , with the help of which we can write

k = s(bk)φ1(u
k)t(ck)

for every k ∈ K . Define moreover

Ψ : P ⊗B K � H ⊗A K → P ⊗A P, u ⊗A k 7→
(

uS (vk
(1)) ⊗φ bk) ⊗A

(

vk
(2) ⊗φ ck)

and compute

Ψ ◦ canP,K

(

(u ⊗A b) ⊗A (v ⊗A b′)
)

= Ψ
(

(uv(1) ⊗A b) ⊗B φ1(v(2))t(b
′)
)

= Ψ
(

uv(1) ⊗A s(b)φ1(v(2))t(b
′)
)

= Ψ
(

uv(1) ⊗A Φ
(

b ⊗A v(2) ⊗A b′
))

= uv(1)S (v(2)) ⊗A b ⊗A v(3) ⊗A b′

=
(

us(ε(v(1))) ⊗A b
)

⊗A

(

v(2) ⊗A b′
)

=
(

u ⊗A b
)

⊗A

(

v ⊗A b′
)

,

which shows that Ψ ◦ canP,K = id. The opposite direction is verified as follows:

canP,K ◦ Ψ(u ⊗A k) = canP,K

(

(

uS (vk
(1)) ⊗A bk) ⊗A

(

vk
(2) ⊗A ck)

)

=
(

uS (vk
(1))v

k
(2) ⊗A bk) ⊗B

(

φ1(v
k
(3))t(c

k)
)

=
(

u ⊗A φ0(ε(vk
(1))b

k) ⊗B

(

φ1(v
k
(2))t(c

k)
)

= u ⊗A

(

s
(

φ0(ε(vk
(1))b

k)φ1(v
k
(2))t(c

k)
)

= u ⊗A

(

s(bk)φ1(v
k)t(ck)

)

= u ⊗A k,

which gives the desired equality. �

Remark 5.2. The statement that α is a flat extension is equivalent to saying that B
is Landweber exact over (A,H) in the sense of [HoSt, Def. 2.1], see Lemma 2.2 in
op. cit. This, as mentioned before, implies in particular that (B, B ⊗A H ⊗A B) is a flat
Hopf algebroid.
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5.2. The case of general principal bibundles. Let now (P, α, β) be an
(H ,K)-bicomodule algebra. Consider the two-sided translation Hopf algebroid
(P,H X P Y K) as in Lemma 3.8. Recall that the tensor product H ⊗A P ⊗B K

is defined by using the module structures sH , APB , and sK , and also that there is a
diagram of Hopf algebroids

(P,H X P Y K)

(A,H)

α
55❧❧❧❧❧❧❧❧❧

(B,K)

β
ii❘❘❘❘❘❘❘❘❘

where β and α are the maps as in Lemma 3.8. On the other hand, one can consider
the extended Hopf algebroids (P, P⊗AH ⊗A P) and (P, P⊗AK ⊗A P), together with the
morphisms of Hopf algebroids:

(5.2) P⊗BK⊗B P→ H X P Y K , p′⊗Bw⊗B p 7→ s(p′)β1(w)t(p) = S
(

p(−1)
)

⊗A p(0) p
′⊗B p(1)w,

(5.3) P⊗AH⊗A P→ H X P Y K , p′⊗A u⊗A p 7→ s(p′)α1(u)t(p) = uS
(

p(−1)
)

⊗A p(0) p
′⊗B p(1),

where s and t are the source and the target maps ofH X P Y K given in Lemma 3.8.
The following proposition shows that principal bundles lead to weak equivalences.

Proposition 5.3. We have the following implications:

(i ) If (P, α, β) is a left principal (H ,K)-bundle, then β is a weak equivalence.
(ii ) If (P, α, β) is a right principal (H ,K)-bundle, then α is a weak equivalence.

(iii ) If (P, α, β) is a principal (H ,K)-bibundle, then β and α are weak equiva-
lences. In this case, (A,H) and (B,K) are weakly equivalent, see Definition
1.1.

Proof. Part (iii) is clearly derived from (i) and (ii). We only prove (i) since (ii) is
obtained mutatis mutandum. Using Proposition 5.1, we need to check that the map
B→ K ⊗B P is faithfully flat, which is clear from the assumptions, and that the map in
Eq. (5.2) is bijective. Denote this map by β̃ and by β̃

′
what is going to be its inverse,

given by

β̃
′

: H X P Y K → P ⊗B K ⊗B P, u ⊗A p ⊗B w 7→ pu+ ⊗B S (u−(1))w ⊗B u−(0).

We compute from one hand

β̃ ◦ β̃
′
(u ⊗A p ⊗B w) = β̃(pu+ ⊗B S (u−(1))w ⊗B u−(0))

= S (u−(−1)) ⊗A u−(0)u+p ⊗B u−(1)S (u−(2))w

= S (u−(−1)) ⊗A u−(0)u+p ⊗B w
(4.9)
= u ⊗A p ⊗B w.

From the other hand, to check that also β̃
′
◦ β̃ = id, we first deduce from Eq. (4.5)

(5.4) p(0) ⊗B p(1) ⊗B p(2) ⊗B 1B = p(−1)+(0) ⊗B p(−1)+(1) ⊗B p(1) ⊗B p(−1)−p(0),
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which we use to see that

β̃
′
◦ β̃(p′ ⊗B w ⊗B p) = β̃

′
(S (p(−1)) ⊗B p(0) p

′ ⊗B p(1)w)
(4.10)
= p(0) p(−1)−p′ ⊗B S (p(−1)+(1))p(1)w ⊗B p(−1)+(0)

(5.4)
= p′ ⊗B t(ε(p(1)))w ⊗B p(0)

(3.4)
= p′ ⊗B w ⊗B p,

and this concludes the proof. �

Corollary 5.4. Let f : (P, α, β)→ (P′, α′, β′) be a morphism in PBℓ(H ,K). Then
the associated morphism

(f,H ⊗A f ⊗B K) : (P,H X P Y K)→ (P′,H X P′ Y K)

between the two-sided translation Hopf algebroids (see §3.5) is an isomorphism of
Hopf algebroids and therefore a weak equivalence.

Proof. This directly follows from Lemma 4.12. That this morphism is a weak equiv-
alence can also be deduced from Proposition 5.3 (i) and the commutative diagram
(3.21). �

Remark 5.5. As mentioned in §4.2, in the Lie groupoid context it is well-known
that any morphism between principal bundles is an isomorphism [MoeMr, p. 165],
and hence induces an isomorphism between the associated two-sided translation
groupoids. Corollary 5.4 states an analogous result for the associated two-sided Hopf
algebroids attached to flat Hopf algebroids. As a consequence, any two-stage zigzag
of weak equivalences, as described in the isosceles triangle in the Introduction, is
unique up to an isomorphism.

6. The bicategory of principal bundles as a universal solution

In this section, we introduce the cotensor product of two principal bundles in the Hopf
algebroid context, which is the analogue of the tensor product of principal bundles
in the framework of Lie groupoids [MoeMr, p. 166], where it is defined as the orbit
space of the fibred product of the underlying bundles, see also Remark 2.2 for abstract
groupoids. In the case of Hopf algebroids, the cotensor product leads to the orbit space
(which is the coinvariant subalgebra as mentioned in §3.4) of the tensor product of the
underlying comodule algebras. With this product, principal bundles can be shown
to form a bicategory. It turns out that trivial bundles constitute a 2-functor from the
canonical 2-category of flat Hopf algebroids to this bicategory, which yields a certain
universal solution (or a calculus of fractions with respect to weak equivalences).

6.1. The cotensor product of principal bundles. Consider three flat
Hopf algebroids (A,H), (B,K), and (C,J), and let (P, α, β) be a left principal (H ,K)-
bundle and (Q, σ, θ) a left principal (K ,J)-bundle. Recall from (3.14) that P�K Q
carries the structure of an (H ,J)-bicomodule. Moreover, it is clear from the defini-
tion of a comodule algebra that this is simultaneously an A-algebra and C-algebra via
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the following commutative diagram

(6.1) A
α //

α̃
44

✼

❇
▲

❯ ❪ ❞

P
−⊗B1Q // P ⊗B Q

P�K Q

66♥♥♥♥♥♥♥♥

0

88qqqqqqqq
Q

1P⊗B−

OO

C.θ̃

PP

❫❳
❖

❇
✸

✯

✩

θ

OO

This structure converts the triple (P�K Q, α̃, θ̃) into an (H ,J)-bicomodule algebra. In
the subsequent lemma we show that this gives in particular a left principal bundle:

Lemma 6.1.

(i ) The correspondence

PBℓ(H ,K) × PBℓ(K ,J) −→ PBℓ(H ,J),
(

(P, α, β), (Q, σ, θ)
)

7−→ (P�K Q, α̃, θ̃),

(F,G) 7−→ F �K G

gives a well-defined functor.
(ii ) The canonical algebra extension P�K Q →֒ P ⊗B Q is faithfully flat.

Proof. Part (i): as we have seen before, the obvious algebra map θ′ : C → Q→ P⊗B Q
factors through

C
θ̃ //

θ′ ""❋
❋❋

❋❋
❋❋

❋❋
P�K Q

_�

��
P ⊗B Q,

and θ′ is a faithfully flat extension since β and θ are so. The faithfully flatness of the
map θ̃ : C → P�K Q is seen as follows: one has a chain of C-module isomorphisms
(6.2)

(P�K Q) ⊗C Q
� // P�K (Q ⊗C Q)

�

P�K can // P�K (K ⊗B Q)
� // P ⊗B Q

(p�K q) ⊗C q′ ✤ // p�K (q ⊗C q′) ✤ // p�K (q(−1) ⊗B q(0)q′)
✤ // p ⊗B qq′,

hence (P�K Q)⊗C Q is also faithfully flat over C, and since by assumption Q is so over
C, we deduce that P�K Q is faithfully flat over C. For better distinction, let us denote
the involved translation maps as

τP : H → P ⊗B P, u 7→ u+ ⊗B u−, τQ : K → Q ⊗C Q, w 7→ w[+] ⊗C w[−].

The canonical map that turns the cotensor product into a bundle is given as

can : (P�K Q) ⊗C (P�K Q)→ H ⊗A (P�K Q),

(p�K q) ⊗C (p′ �K q′) 7→ p(−1) ⊗A (p(0) p
′
�K qq′),
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and what is going to be its inverse is defined by

˜can : H ⊗A (P�K Q)→ (P�K Q) ⊗C (P�K Q),

u ⊗A (p�K q) 7→ (u+(0) �K u+(1)[+]) ⊗C (pu− �K qu+(1)[−]),

which are well-defined maps by the A-linearity of the coaction as well as using (4.7).
We then compute

( ˜can ◦ can)
(

(p�K q) ⊗C (p′ �K q′)
)

= ˜can
(

p(−1) ⊗A (p(0) p′ �K qq′)
)

= (p(−1)+(0) �K p(−1)+(1)[+]) ⊗C (p(0) p(−1)−p′ �K qq′p(−1)+(1)[−])

(4.5)
= (p(0) �K p(1)[+]) ⊗C (p′ �K qq′p(1)[−])

= (p�K q(−1)[+]) ⊗C (p′ �K q′q(0)q(−1)[−])

(4.5)
= (p�K q) ⊗C (p′ �K q′),

where we used the definition of the cotensor product in the fourth step. The oppo-
site verification is left to the reader. To prove part (ii), consider the isomorphism of
Eq. (6.2). It is clear that this is an isomorphism of left P�K Q-modules; since Q is a
faithfully flat C-module, (P�K Q)⊗C Q � P⊗B Q is a faithfully flat P�K Q-module as
well. �

Remark 6.2. Of course, the construction of the functor in Lemma 6.1 can be adapted
mutatis mutandum for right principal bundles as well as for principal bibundles.

An example of the cotensor product construction above arises from the following
proposition,

Proposition 6.3. Let (A,H) and (Ci,Ji), i = 1, 2, be flat Hopf algebroids. Then
any diagram of weak equivalences

(C1,J1) (C2,J2)

(A,H)
θ1

gg❖❖❖❖❖❖❖ θ2

77♦♦♦♦♦♦♦

can be completed to the following diagram

(6.3)
(

Pco
1 �H P2,J1 X

(

Pco
1 �H P2

)

Y J2
)

(C1,J1)

ζ1
33❤❤❤❤❤❤❤❤❤❤❤❤❤

(C2,J2),

ζ2
kk❱❱❱❱❱❱❱❱❱❱❱❱❱

(A,H)
θ1

kk❲❲❲❲❲❲❲❲❲❲❲❲❲❲❲❲ θ2

33❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣

of weak equivalences, where Pi = H ⊗θi
Ci, i = 1, 2, are the respective associated

trivial bundles.

Proof. Since θi is a weak equivalence, Pi is a principal (H ,Ji)-bibundle by Proposi-
tion 5.1. Therefore, by Lemma 6.1 (and its right hand side version, see Remark 6.2),
the cotensor product Pco

1 �H P2 is a principal (J1,J2)-bibundle as well and the proof
is completed using Proposition 5.3 (iii). �
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Example 6.4. A particular situation of Proposition 6.3 is the one considered in Exam-
ple 3.9: let φ : B → A ← B′ : ψ be a diagram of commutative algebras. Assume that
α : A → P := H ⊗φ B, a 7→ s(a) ⊗A 1B, and α′ : A → P′ := H ⊗ψ B′ are faithfully flat
extensions. This, in particular, means that B and B′ are Landweber exact. Consider
the algebra C := B⊗AH⊗A B′ along with the scalar extension Hopf algebroids (C,Hφ)
and (C,Hψ), where φ : A → C ← A : ψ are the obvious maps constructed from φ

resp. ψ as in Example 3.9. Now (B,Hφ)
α

←− (A,H)
α′

−→ (B′,Hψ) is a diagram of weak
equivalences by Proposition 5.1. Applying Proposition 6.3, we get a diagram

(B,Hφ) −→ (C,H φ) � (C,H φ X C Y H ψ) � (C,H φ)←− (B′,Hψ)

of weak equivalences, where the middle isomorphisms are as in Example 3.9. This, in
fact, is part of the proof given in [HoSt, Theorem 6.5].

6.2. The bicategory of principal bundles. In particular, the constructions
in the preceding subsection allow for the main observation in this section:

Proposition 6.5. The data given by
• flat Hopf algebroids (as 0-cells),
• left principal bundles (as 1-cells),
• as well as morphisms of left principal bundles (as 2-cells)

define a bicategory.

Proof. The unit 0-cells in this bicategory are the unit bundles of the form U (H)
as in Example 4.5. The multiplication of two principal bundles (i.e., their cotensor
product) and of their morphisms is given as in Lemma 6.1. The associativity of the
cotensor product is not obvious in this case as it does not follow directly from the
flatness of the involved Hopf algebroids: let (A,H), (B,K), (C,J), and (D,I) be flat
Hopf algebroids, as well as (P, α, β), (Q, σ, θ), and (S , γ, δ) be left principal (H ,K)-,
(K ,J)-, resp. (J ,I)-bundles. First of all, we have the following diagram

P�K (Q�J S ) �
� // P ⊗B (Q�J S )� x

**❱❱❱❱
❱❱❱❱

P ⊗B Q ⊗C S ,

(P�K Q)�J S �
� // (P�K Q) ⊗C S

&
�

44❤❤❤❤❤❤❤❤

where the upper injections result from definitions and the flatness of P over B. The
second map of the lower injections follows from the fact that, as in Lemma 6.1 (ii), the
injection P�K Q →֒ P ⊗B Q is faithfully flat. Using the universal property of kernels,
we deduce the desired natural isomorphism

(P�K Q)�J S
≃
−→ P�K (Q�J S ).

The remaining axioms to be verified in a bicategory are left to the reader. �

We denote this bicategory by PBℓ and refer to it as the bicategory of (left) principal
bundles. The category of 1- and 2-cells from (A,H) to (B,K) then is the category
PBℓ(H ,K), see §4.1.
Similarly, we can introduce the bicategory of right principal bundles PBr and also
the bicategory of principal bibundles PBb as mentioned in Remark 6.2. On the other
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hand, by Remark 4.4 (ii) there is an isomorphism PBℓ
� (PBr)o of bicategories, using

Bénabou’s terminology [Be, §3]: for a bicategory B, denote by Bo its transpose
bicategory, obtained from B by reversing 1-cells. On the other hand, its conjugate
bicategory Bco is obtained by reversing 2-cells. We will call a morphism between two
bicategories in the sense of [Be, §4] a 2-functor.

6.3. Invertible 1-cells. Recall that an internal equivalence between two 0-cells
(A,H) and (B,K) in PBℓ is given by two 1-cells (P, α, β) and (Q, σ, θ) in PBℓ(H ,K)
resp. PBℓ(K ,H), such that

P�K Q � U (H), Q�H P � U (K),

holds as 1-cells, respectively, in PBb(H ,H) and PBb(K ,K). Here we are implicitly
assuming the triangle property, that is, we assume the following diagrams

(6.4) Q�HH
� // Q�H

(

P�K Q
)

� w

**❚❚❚
❚❚❚

❚❚❚

�

��

Q

�

88qqqqqqq

� &&▼▼
▼▼

▼▼
▼ Q ⊗A P ⊗B Q

K �K Q
� // (Q�H P

)

�K Q
'
�

44❥❥❥❥❥❥❥❥❥

and

(6.5) P�K K
� // P�K

(

Q�H P
)

� w

**❚❚❚
❚❚❚

❚❚❚

�

��

P

�

88qqqqqqq

� &&▼▼
▼▼

▼▼
▼ P ⊗B Q ⊗A P

H �H P
� // (P�K Q

)

�H P
'
�

44❥❥❥❥❥❥❥❥❥

to be commutative. In this case, we also say that (A,H) and (B,K) are internally
equivalent in PBℓ. Internal equivalences are, up to 2-isomorphisms, uniquely deter-
mined. More precisely, given a 1-cell P in PBℓ, if we assume that there exists Q and
Q′ in PBℓ such that

Q�H P � U (K), P�K Q � U (H),

and
Q′ �H P � U (K), P�K Q′ � U (H),

then we have Q � Q′ as 1-cells. As in the general case, this is an easy consequence
of the associativity of the cotensor product in PBℓ. Such a P is called an invertible left
principal bundle.
Examples of invertible left principal bundles are typically obtained by bibundles:

Proposition 6.6. Let (P, α, β) be a left principal (H ,K)-bundle and let (Q, σ, γ)
be a right principal (K ,H)-bundle.

(i ) The translation map τ : H → P ⊗B P factors through the map

τ′ : H → P�K Pco.

Analogously, the translation map ν : K → Q ⊗A Q factors through

ν′ : K → Q�H Qco.
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(ii ) Assume moreover that (P, α, β) is a principal (H ,K)-bibundle. Then
(Pco, β, α) is a principal (K ,H)-bibundle and the translation maps induce
isomorphisms

U (H)
≃
−→ P�K Pco, U (K)

≃
−→ Pco

�H P

of principal (H ,H)-bibundles resp. of principal (K ,K)-bibundles. Further-
more, (P, α, β) is an invertible 1-cell in PBℓ(H ,K).

Proof. Part (i): to show that the image of the map τ : u 7→ u+ ⊗B u− lands for every
u ∈ H in the cotensor product P�K Pco, we need to show that

u+(0) ⊗B u+(1) ⊗B u− = u+ ⊗B S (u−(1)) ⊗B u−(0) ∈ P ⊗B K ⊗B P,

where we used the coopposite comodule structure given in (3.11). This is done by
applying the map

P ⊗B P ⊗B K → P ⊗B K ⊗B P, p′ ⊗B p ⊗B w 7→ p′ ⊗B wS (p(1)) ⊗B p(0)

to both sides of Eq. (4.8). The situation for right bundles is proven mutatis mutandum.
Part (ii): by Lemma 6.1 the cotensor product carries the structure of a principal bundle.
It is furthermore clear that τ′ is compatible with the source and target maps of H .
The fact that τ′ is left H-colinear follows directly from (4.3). To show that this map
is also right H-colinear one uses (3.11) along with (4.11). To prove that τ′ is an
isomorphism then follows from Lemma 4.12 as it is, by Eq. (4.2), a morphism of
principal (bi)bundles. To check the last statement, one only needs to show the triangle
property (6.4) (notice that here there is, in fact, only one diagram). Using the notation
of §4.1, the commutativity of (6.4) reads in this case:

p(0) ⊗B p(1)
− ⊗A p(1)

+ = p(−1)+ ⊗B p(−1)− ⊗A p(0) ∈ P ⊗B P ⊗A P,

for every p ∈ P. To verify this, one first applies the map P⊗B can−1
P,K to both terms and

then uses Eq. (4.5) in order to obtain the same element p(0) ⊗B 1P ⊗B p(1) in P ⊗B P ⊗B

K . �

Proposition 6.7.

(i ) Let (P, α, β) be a left principal (H ,K)-bundle. Assume moreover that
(P, α, β) is an invertible 1-cell in PBℓ with inverse (Q, θ, σ) ∈ PBℓ(K ,H).
Then (P, α, β) is a principal (H ,K)-bibundle and (Q, θ, σ) is a principal
(K ,H)-bibundle. Furthermore, we have an isomorphism

Q � Pco

of principal bundles.
(ii ) Let φ : (A,H)→ (B,K) be a morphism of flat Hopf algebroids. Then φ is a

weak equivalence if and only if the trivial bundle P = H⊗φ B is an invertible
1-cell in PBℓ(H ,K).

Proof. For better orientation, we recall here that the algebra diagrams defining P and
Q are

A
α // P B

βoo , A
σ // Q B,

θoo
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where β and σ are faithfully flat, and also that the canonical maps canH , P and canK ,Q
are bijective.
Part (i): by assumption, we have the following 2-isomorphisms

χ : H
≃
−→ P�K Q, u 7−→ pu

�K qu, and ζ : K
≃
−→ Q�H P, w 7−→ qw

�H pw,

where χ is, in particular, a morphism of H-bicomodules and ζ is a morphism of K-
bicomodules. The triangle properties then say that we have, up to a canonical isomor-
phism,

(6.6)
χ(p(−1))�H p(0) = p(0) �K ζ(p(1)) ∈ P ⊗B Q ⊗A P,
ζ(q(−1))�K q(0) = q(0) �H χ(q(1)) ∈ Q ⊗B P ⊗A Q,

for all p ∈ P, q ∈ Q. On the other hand, we also have an isomorphism

(6.7) P ⊗B Q
� // (P�K Q) ⊗A Q

χ−1⊗AQ // H ⊗A Q

of (H ,K)-bicomodules, where the first isomorphism is the natural transformation of
Eq. (4.22). Using this isomorphism, we can easily check that α is a faithful extension.
Indeed, take a morphism f such that f ⊗A P = 0; then f ⊗A H ⊗A Q = 0 which yields
f = 0 since AH and AQ are faithfully flat. Now for a monomorphism i : X → X′ of
A-modules, we obtain, using again the isomorphism (6.7), that ker(i ⊗A P) ⊗B Q = 0,
which by the bijectivity of the canonical map canK ,Q implies that ker(i⊗A P) = 0 since
BK and AQ are faithfully flat. This shows that α is a faithfully flat extension.
We still need to check that the canonical map can : P ⊗A P→ P ⊗B K is bijective. To
this end, we define what is going to be its inverse as

˜can : P ⊗B K → P ⊗A P, p ⊗B w 7→ pg(qw) ⊗A pw,

where g is simultaneously the A-algebra and B-algebra map given explicitly by

g : Q→ P, q 7→ β
(

ε
(

ζ−1(q(0) �H q(1)+)
))

q(1)−.

This map satisfies

(6.8) pug(qu) = α
(

ε(u)
)

, g(qw)pw = β
(

ε(w)
)

,

for every u ∈ H ,w ∈ K , which is seen as follows: as for the second one, we have for
w ∈ K

g(qw)pw = β
(

ε
(

ζ−1(qw
(0) �H qw

(1)+)
))

qw
(1)−pw

= β
(

ε
(

ζ−1(qw
�H pw

(−1)+)
))

pw
(−1)−pw

(0)

(4.6)
= β

(

ε
(

ζ−1(qw
�H pw)

))

= β
(

ε(w)
)

.

As for the first equation in (6.8), by the rightH-colinearity of χ and Eq. (4.3)

pu⊗B (qu
(0) �H qu

(1)+)⊗B qu
(1)− = pu+(−1) ⊗B (qu+(−1) �H u+(0))⊗B u− ∈ P⊗B

(

Q�H P
)

⊗B P,

holds for any u ∈ H , an equation which can be seen in P ⊗B Q ⊗A P ⊗B P since PB is
flat. Therefore,

pug(qu) = pu+(−1)β
(

εζ−1(qu+(−1) �H u+(0)
))

u−.
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On the other hand, by the first equality of Eq. (6.6),

(pu+(−1) �K qu+(−1) )�H u+(0)⊗B u− =
(

χ(u+(−1))�H u+(0)
)

⊗B u− =
(

u+(0) �K ζ(u+(1))
)

⊗B u−,

which implies that

pu+(−1) ⊗B (qu+(−1) �H u+(0)) ⊗B u− = u+(0) ⊗B ζ(u+(1)) ⊗B u−,

from which, in turn, we obtain that

pug(qu) = pu+ (−1)β
(

εζ−1(qu+(−1) �H u+(0)
))

u− = u+(0)β
(

ε(u+(1))
)

u− = u+u−
(4.4)
= α(ε(u)),

as claimed. Using Eqs. (6.8), we now compute from one hand,

can ◦ ˜can(p ⊗B w) = can(p g(qw) ⊗A pw)

= p g(qw)pw
(0) ⊗B pw

(1)

= p g(qw(1))pw(1) ⊗B w(2)

= p β(ε(w(1))) ⊗B w(2)

= p ⊗B w,

and from the other side,

˜can ◦ can(p′ ⊗A p) = ˜can(p′p(0) ⊗B p(1))

= p′p(0)g(qp(1)) ⊗A pp(1)

(6.6)
= p′pp(−1) g(qp(−1)) ⊗A p(0)

= p′α
(

ε(p(−1))
)

⊗A p(0)

= p′ ⊗A p,

which gives the desired bijection, and so (P, α, β) is a principal bibundle. Similarly,
one checks that (Q, θ, σ) is so as well.
To complete the proof of the first part, we also need to check that Q is the opposite
bundle of P. For this, we use the following chain of isomorphisms of k-modules

P ⊗A P � K ⊗B P � (Q�H P) ⊗B P � Q ⊗A P,

where the last isomorphism is given by Eq. (4.22), which leads to an isomorphism
P � Q of A-modules since P is faithfully flat over A (alternatively, one can try to
check that g : P→ Q is a bundle map and hence an isomorphism by Lemma 4.12). In
the same way, using the faithfully flatness of P over B, one shows that this is also an
isomorphism of B-modules, and thus that Q is the opposite bundle of P.
To prove (ii), assume first that φ is a weak equivalence. Then P is a right principal
(H ,K)-bundle by Proposition 5.1, along with the fact that −�H P defines an equiva-
lence of categories with inverse −�K Pco. From this it is clear that P�K Pco ≃ U (H)
and Pco

�H P ≃ U (K), see Example 4.5 for notation. To prove the converse, using
Proposition 5.1 again, we only have to show that P = H ⊗φ B is a bibundle, which is
a direct consequence of (i). �

Recall that a bigroupoid (see, e.g., [No]) is a bicategory in which every 1-cell and
every 2-cell has an inverse (not necessarily in the strict sense for 1-cells).
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Corollary 6.8. For two 0-cells (A,H) and (B,K) (that is, flat Hopf algebroids),
the full subcategory of invertible 1-cells in PBℓ(H ,K) coincides with the full sub-
category PBb(H ,K) of principal bibundles. In particular, the bicategory PBℓ is a
bigroupoid.

The last statement follows from Lemma 4.12

6.4. The 2-functor P and principal bundles as universal solution.
It is well-known that groupoids, functors, and natural transformations form a 2-
category. Adapting this to Hopf algebroids, one can construct a 2-category as ob-
served in [Na, §3.1]. Here, 0-cells are Hopf algebroids (or even flat ones), 1-cells are
morphisms of Hopf algebroids, and for two 1-cells (ζ0, ζ1), (θ0, θ1) : (A,H)→ (B,K),
a 2-cell c : (ζ0, ζ1) → (θ0, θ1) is defined to be an algebra map c : H → B that makes
the diagrams

(6.9) H
c // B

A

ζ0

??⑦⑦⑦⑦⑦⑦⑦⑦
s

OO H
c // B

A

θ0

??⑦⑦⑦⑦⑦⑦⑦⑦
t

OO H
∆ //

∆

��

H ⊗A H

mK (ζ1⊗Atc)

��
H ⊗AH mK (sc⊗Aθ1)

// K

commutative, where mK denotes the multiplication inK . The identity 2-cell for (ζ0, ζ1)
is given by 1ζ := ζ0 ◦ε. The tensor product (or vertical composition) of 2-cells is given
as

c′ ◦ c : (ζ0, ζ1)
c // (θ0, θ1)

c′ // (ξ0, ξ1),

which yields a map

(6.10) c′ ◦ c : H → B, u 7→ c(u(1))c
′(u(2)).

We denote by 2-HAlgd the 2-category whose 0-cells are flat Hopf algebroids. Exam-
ples of 2-cells in this 2-category are described by the following lemma:

Lemma 6.9. Let φ : (A,H) → (B,K) be a morphism of flat Hopf algebroids. As
in Example 4.9, consider its associated trivial left principal (H ,K)-bundle (P :=
H ⊗φ B, α, β) together with the diagram

(P,H X P Y K)

(A,H)

α=(α, α1) 55❧❧❧❧❧❧❧❧❧

φ
// (B,K)

β=(β, β1)ii❘❘❘❘❘❘❘❘❘

of Hopf algebroids, where the top is the two-sided translation Hopf algebroid defined
in Lemma 3.8. Then there is a 2-isomorphism α � β ◦ φ, that is, the above diagram is
commutative up to an isomorphism.

Proof. Consider the following two algebra maps

c : H → P, u 7→ u ⊗φ 1B, and c′ : H → P, u 7→ S (u) ⊗φ 1B.
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Let us check that c : α → β ◦ φ and c′ : β ◦ φ → α are 2-cells in 2-HAlgd. To this
end, we need to show the commutativity of the diagrams in Eq. (6.9), corresponding
to c and c′. By definition, it is clear that the triangles

H
c // P

A

α

??⑦⑦⑦⑦⑦⑦⑦⑦
s

OO H
c // P

A

βφ0

??⑦⑦⑦⑦⑦⑦⑦⑦
t

OO H
c′ // P

A

βφ0

??⑦⑦⑦⑦⑦⑦⑦⑦
s

OO H
c′ // P

A

α

??⑦⑦⑦⑦⑦⑦⑦⑦
t

OO

commute. We only show the rectangle in (6.9) for c′ since an analogous proof works
for c. Thus, we want to show that mHXPYK ◦

(

(β1 ◦ φ1) ⊗A (t ◦ c′)
)

◦ ∆ = mHXPYK ◦
(

(s ◦
c′) ⊗A α1

)

◦ ∆, where the target and source t, s are those of H X P Y K . Taking into
account the structure maps of Lemma 3.8, we compute for u ∈ H

mHXPYK ◦
(

(β1 ◦ φ1) ⊗A (t ◦ c′)
)

◦ ∆(u)

=
(

1H ⊗A 1P ⊗B φ1(u(1))
)

t
(

S (u(2)) ⊗φ 1B

)

=
(

1H ⊗A 1P ⊗B φ1(u(1))
)(

u(4) ⊗A (S (u(3)) ⊗φ 1B) ⊗B φ1(S (u(2)))
)

= u(4) ⊗A (S (u(3)) ⊗φ 1B) ⊗B φ1(u(1))φ1(S (u(2)))

= u(3) ⊗A (S (u(2)) ⊗φ 1B) ⊗B s(φ0(ε(u(1))))

= u(3) ⊗A

(

S (u(2)) ⊗φ φ0(ε(u(1)))
)

⊗B 1K
= u(2) ⊗A

(

S (u(1)) ⊗φ 1B

)

⊗B 1K
= mHXPYK ◦

(

(s ◦ c′) ⊗A α1
)

◦ ∆(u).

Finally, using the vertical composition as defined in (6.10), one can easily check that
c ◦ c′ = (βφ0) ◦ ε and that c′ ◦ c = α ◦ ε. Therefore c ◦ c′ = 1β◦φ and c′ ◦ c = 1α, and this
completes the proof. �

For a non necessarily trivial bundle, one has the following property:

Lemma 6.10. Let (P, α, β) be a 1-cell in PBℓ(H ,K), and denote by (P,H X P Y K)
the two-sided translation Hopf algebroid, together with the diagram

(P,H X P Y K)

(A,H)

α=(α, α1) 55❧❧❧❧❧❧❧❧❧
(B,K)

β=(β, β1)ii❘❘❘❘❘❘❘❘❘

of flat Hopf algebroids. Consider the trivial bundles α∗
(

U (H)
)

= H ⊗α P and
β∗
(

U (K)
)

= K ⊗β P. Then the map

h : (P, α, β) −→
(

α∗
(

U (H)
)

�HXPYK β
∗(U (K)

)co
, α̃, β̃
)

,

p 7−→
(

p(−1) ⊗α p(0)
)

�HXPYK

(

1P ⊗β p(1)
)

defines an isomorphism of left principal (H ,K)-bundles.

Proof. Recall that a generic element of the form (u⊗α p)⊗P (p′ ⊗β w) ∈ α∗
(

U (H)
)

⊗P

β∗
(

U (K)
)co belongs to the cotensor product α∗

(

U (H)
)

�HXPYK β
∗(U (K)

)co if and
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only if
(6.11)
(u(1)⊗α p)⊗P

(

u(2)⊗A 1P⊗B 1K
)

⊗P (p′⊗β w) = (u⊗α 1P)⊗P

(

1H ⊗A pp′⊗B w(1)
)

⊗P (1P⊗β w(2))

holds true in α∗
(

U (H)
)

⊗P (H X P Y K) ⊗P β
∗(U (K)

)co. Hence, in order to check
that h is well-defined, one needs to show this equality for h(p), for all p ∈ P. The left
hand side in (6.11) for h(p) reads as

(p(−2) ⊗α 1P) ⊗P

(

p(−1) ⊗A 1P ⊗B 1K
)

⊗P (p(0) ⊗β p(1)),

while the right hand side becomes

(p(−1) ⊗α 1P) ⊗P

(

1H ⊗A p(0) ⊗B p(1)
)

⊗P (1P ⊗β p(2)).

Using the expression of the target map ofH X P Y K given in Lemma 3.8, we have
that

(p(−2) ⊗α 1P) ⊗P

(

p(−1) ⊗A 1P ⊗B 1K
)

⊗P (p(0) ⊗β p(1))

= (p(−2) ⊗α 1P) ⊗P

(

p(−1) ⊗A 1P ⊗B 1K
)

t(p(0)) ⊗P (1P ⊗β p(1))

= (p(−3) ⊗α 1P) ⊗P

(

p(−2)S (p(−1)) ⊗A p(0) ⊗B p(1)
)

⊗P (1P ⊗β p(2))
(3.4)
= (p(−2) ⊗α 1P) ⊗P

(

s(ε(p(−1))) ⊗A p(0) ⊗B p(1)
)

⊗P (1P ⊗β p(2))

= (p(−1) ⊗α 1P) ⊗P

(

1H ⊗A p(0) ⊗B p(1)
)

⊗P (1P ⊗β p(2)),

which shows that h is a well-defined map. Recall now that the algebra maps α̃ and β̃
are given by

α̃(a) = (s(a) ⊗α 1P)�HXPYK (1P ⊗β 1K); β̃(b) = (1H ⊗α 1P)�HXPYK (1P ⊗β t(b)).

Clearly, h is simultaneously an A-algebra and a B-algebra map, and the fact that h is
an (H ,K)-bicomodule map is also clear from the definitions. Thus, h is a morphism
of left principal bundles, and so an isomorphism by Lemma 4.12. �

Next we give a further property of the Diagram (6.3) that appeared in Proposition 6.3.

Lemma 6.11. Let θi : (A,H) → (Ci,Ji), i = 1, 2, be two weak equivalences. Then
the diagram of weak equivalences (6.3) constructed in Proposition 6.3 is commutative
up to a 2-isomorphism.

Proof. Denote by Pi := H ⊗θi
Ci, i = 1, 2 the respective associated trivial bibundles

of θi. Up to a canonical isomorphism, the bundle Q := Pco

1 �H P2 is of the form
Q = C1 ⊗A H ⊗A C2. So, considering the obvious algebra map c : H → Q, u 7→
1 ⊗A u ⊗A 1 and writing φ := ζ1 ◦ θ1 and ψ := ζ2 ◦ θ2, one can use the definition of
the maps ζ i in Lemma 3.8 to show that the diagrams in (6.9) are commutative, and
that hence c : φ → ψ is a 1-cell in 2-HAlgd. Its inverse is c−1 : H → Q which sends
u 7→ 1 ⊗A S (u) ⊗A 1. �

Denote by PBℓ co the conjugate bicategory of PBℓ, defined by reversing 2-cells.

Proposition 6.12. There is a 2-functor

P : 2-HAlgd −→ PBℓ co,
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which sends any 1-cell φ : (A,H) → (B,K) to its associated trivial left principal
bundle P = H ⊗φ B. Moreover, a 1-cell φ in 2-HAlgd is a weak equivalence if and
only if P(φ) is an invertible 1-cell in PBℓ co.

Proof. Let c : φ→ ψ be a 2-cell in 2-HAlgd. Then its image by P is given by

P(c) : H ⊗ψ B→ H ⊗φ B, u ⊗ψ b 7→ u(1) ⊗φ c(u(2))b,

which is easily shown to be a morphism of left principal bundles. The remaining
axioms which P is required to fulfil are also easily shown and therefore left to the
reader. Nevertheless, notice that for two composable 1-cells φ : (A,H)→ (B,K) and
φ′ : (B,K)→ (C,J) one has

P(φ′ ◦ φ) � P(φ)�K P(φ′),

that is, P is contravariant. The last statement is a direct consequence of Proposition
6.7 (ii). �

The following theorem is Theorem C in the Introduction and is our second main result:

Theorem 6.13. Let F : 2-HAlgd → B be a 2-functor which sends weak equiva-
lences to invertible 1-cells. Then, up to isomorphism (of 2-functors), there is a unique
2-functor F̃ such that the following diagram

(6.12) 2-HAlgd

F ))❘❘❘
❘❘❘

❘❘❘
❘❘❘

❘❘

P // PBℓ co

F̃

��
B

commutes up to an isomorphism of 2-functors.

Proof. For two 0-cells (A,H) and (B,K) and a 1-cell (P, α, β) in PBℓ co(H ,K), from
Proposition 5.3 one obtains that β : (B,K)→ (P,H X P Y K) is a weak equivalence.
Then, by assumption, F (β) is an invertible 1-cell in B

(

F (A,H),F (B,K)
)

; denote
by F (β)−1 ∈ B

(

F (B,K),F (A,H)
)

its inverse. Define furthermore

F̃ (P, α, β) := F (β)−1 ◦F (α),

which gives a 1-cell in B
(

F (A,H),F (B,K)
)

. In particular, the image of the unit
bundle (U (H), s, t) then is, by using Lemma 6.9, of the form

F̃
(

U (H)
)

� F (id(A,H)) = 1F (A,H),

the identity 1-cell of the monoidal category B
(

F (A,H),F (A,H)
)

. Now, the im-
age of a 2-cell f : (P′, α′, β′) → (P, α, β) in PBℓ co(H ,K) by F̃ is going to be a
2-isomorphism: define

F̃ (f) : F̃ (P′, α′, β′) = F (β′)−1 ◦F (α′) −→ F (β)−1 ◦F (α) = F̃ (P, α, β)

as the unique isomorphism in B
(

F (A,H),F (B,K)
)

satisfying

F (β′) ◦ F̃ (f) = 1F (α′) = 1F (f)◦F (α)

since from Diagram (3.21) follows that f◦α = α′ and f◦β = β′ as 2-cells in 2-HAlgd,
where, by abuse of notation, we did not distinguish between the vertical and horizontal
composition in B.
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The fact that F̃ is compatible with both vertical and horizontal compositions of PBℓ co

is shown as follows: first, as seen above, F̃
(

U (H)
)

� 1F (A,H) for every 0-cell (A,H).
Second, for (P, α, β) ∈ PBℓ(H ,K) and (Q, σ, θ) ∈ PBℓ(K ,J) consider their product

(P�K Q, α̃, θ̃) ∈ PBℓ(H X P Y K ,K X Q Y J),

where α̃ and θ̃ are as in Diagram (6.1). Consider the morphismσ : (B,K)→ (Q,K X
Q Y J) of Hopf algebroids as in Lemma 3.8. From the trivial bundles σ∗(U (K)) ∈
PBℓ(K ,K X Q Y J) and β∗(U (K)) ∈ PBℓ(K ,H X P Y K) we can construct their
product β∗(U (K))co

�K σ
∗(U (K)), which belongs to PBℓ(H X P Y K ,K X Q Y

J). On the other hand, an easy verification shows that (P ⊗B K ⊗B Q, γ, δ) is also a
principal bundle in PBℓ(H X P Y K ,K X Q Y J), where

γ : P→ P ⊗B K ⊗B Q, p 7→ p ⊗B 1K ⊗B 1Q;
δ : Q → P ⊗B K ⊗B Q, q 7→ 1P ⊗B 1K ⊗B q,

and using the canonical bicomodule structure given by the coaction

P ⊗B K ⊗B Q→ (H X P Y K) ⊗P (P ⊗B K ⊗B Q),

p ⊗B w ⊗B q 7→ (1H ⊗A p ⊗B w(1)) ⊗P (1P ⊗B w(2) ⊗B q)

as well as
P ⊗B K ⊗B Q→ (P ⊗B K ⊗B Q) ⊗Q (K X Q Y J),

p ⊗B w ⊗B q 7→ (p ⊗B w(1) ⊗B 1Q) ⊗Q (w(2)S (q(−1)) ⊗B q(0) ⊗C q(1)).

Taking into account the canonical isomorphism

β∗(U (K))co
�K σ

∗(U (K)) =
(

P ⊗β K
)

�K

(

K ⊗σ Q
)

� P ⊗B K ⊗B Q

of bicomodule algebras, we can then identify both principal bundles. The two-sided
translation Hopf algebroids associated to (P�K Q, α̃, θ̃) resp. (P ⊗B K ⊗B Q, γ, δ) are
now related via the morphism

µ :
(

P�K Q, H X (P�K Q) Y J
)

→
(

P ⊗B K ⊗B Q, (H X P Y K) X (P ⊗B K ⊗B Q) Y (K X Q Y J)
)

of Hopf algebroids, sending

(p′ �K q′, u ⊗A (p�K q) ⊗B j) 7→
(

p′(0) ⊗B p′(1) ⊗B q′, α̃(u) ⊗P (p(0) ⊗B p(1) ⊗B q) ⊗Q θ̃( j)
)

,

where α̃ and θ̃ are the associated maps to α̃ and θ̃ as in Lemma 3.8, and from which
we deduce the following commutative diagram:

(

P�K Q, HX(P�K Q)YJ

)

µ
��

(

P⊗BK⊗BQ, (HXPYK )X(P⊗BK⊗BQ)Y(KXQYJ)

)

(P,HXPYK )

γ
44❤❤❤❤❤❤❤❤❤❤❤❤

(Q,KXQYJ)

δ
jj❱❱❱❱❱❱❱❱❱❱❱❱

(A,H )

α̃

..

α

88rrrrrr
(B,K )

β

kk❲❲❲❲❲❲❲❲❲❲❲❲❲❲❲❲ σ

33❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣
(C,J).

θ

ff▼▼▼▼▼▼▼

θ̃

pp
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Applying the functor F to this diagram and taking into account that β, δ, θ, and θ̃ are
weak equivalences by Proposition 5.3 (while α and σ are not necessarily so since P
and Q are just left bundles), we obtain the equality

F (θ̃)−1 ◦F (α̃) = F (θ)−1 ◦F (σ) ◦F (β)−1 ◦F (α),

which means that

F̃ (Q, σ, θ) ◦ F̃ (P, α, β) = F̃ (P�K Q, α̃, θ̃),

that is, F̃ is contravariant (in the proof of Proposition 6.12 we saw that P is also con-
travariant, hence F̃ ◦P is covariant). To show that F̃ is unique up to isomorphism,
one uses Lemma 6.10. Finally, to check that the Diagram (6.12) is commutative up to
2-isomorphism, one makes use of Lemma 6.9. �

7. Principal bibundles andMorita equivalences of categories of comodules

In this section, which contains one of our main results (Theorem A in the Introduc-
tion), we explore the relationship between bibundles and Morita theory motivated by
Theorem 2.9. We remind the reader that, as in Definition 1.1, two flat Hopf algebroids
are said to be Morita equivalent if their categories of (right) comodules are equivalent
as symmetric monoidal categories.

7.1. Principal bibundles versus monoidal equivalence. The result we
want to prove first and which will be part of the main theorem reads as follows:

Theorem 7.1. Let (A,H) and (B,K) be two flat Hopf algebroids and (P, α, β) be a
principal (H ,K)-bibundle. Then the functor

−�H P : ComodH −→ ComodK

induces a symmetric monoidal equivalence of categories.

Proof. Let us first check that the functor is symmetric monoidal: by Remark 4.4 (ii),
there is an algebra isomorphism

A�H P ≃ Pcoinv ≃ B

as β is injective. Second, for two rightH-comodules M and N define the map

δ : (M �H P)⊗B (N �H P)→ (M⊗A N)�H P, (m�H p)⊗B (n�H p′) 7→ (m⊗A n)�H pp′,

which is a morphism of right K-comodules, where the tensor products are those of
comodules as explained in Remark 3.3. In order to show that δ is an isomorphism,
we proceed similarly as before and show that δ ⊗B idP is an isomorphism since P is
faithfully flat over B. Now a straightforward verification proves that the composition

ζM⊗AN ◦ (δ ⊗B idP) :
(

(M �H P) ⊗B (N �H P)
)

⊗B P→ (M ⊗A N) ⊗A P,

using the natural transformation ζ from (4.22), coincides with the following chain

(

(M �H P) ⊗B (N �H P)
)

⊗B P
id⊗BζN
−−−→ (M �H P) ⊗B (N ⊗A P)

≃
−→
(

(M �H P) ⊗B N
)

⊗A P

ζN⊗AidN
−−−→ (M ⊗A P) ⊗A N

≃
−→ (M ⊗A N) ⊗A P
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of isomorphisms, where the last step simply uses the tensor flip and the associativity
of the tensor product. Clearly, δ is a natural transformation and compatible with the
symmetry of the tensor product of comodules.
Now we check that −�H P is an equivalence of categories, using the natural transfor-
mation

ηM : M → (M �H P)�K Pco, m 7→ (m(0) �H m(1)+)�K m(1)−

for any rightH-comodule M from (4.23). As above, one shows that ηM ⊗A P is an iso-
morphism by using the natural transformation ζ− from (4.22). Explicitly, the inverse
of ηM ⊗A P is given by

(

(M �H P)�K Pco
)

⊗A P
ζM �H P // (M �H P) ⊗B P

ζM // M ⊗A P,

where the first ζ corresponds to the left principal bundle Pco while the second one
corresponds to P. One therefore has a natural isomorphism

(−�K Pco) ◦ (−�H P)
≃
−→ idComodH .

Analogously, one obtains a natural isomorphism (−�H P) ◦ (−�K Pco) → idComodK ,

which concludes the proof. �

The converse of Theorem 7.1 will be investigated in the next section; however, we
give here a partial answer when two Hopf algebroids are weakly equivalent.

Proposition 7.2. Two flat Hopf algebroids (A,H) and (B,K) are weakly equiva-
lent if and only if there is a principal bibundle connecting them.

Proof. The implication (⇐) directly follows from part (iii) of Proposition 5.3. As for
the opposite direction (⇒), assume that there is a diagram

(C,J)

(A,H)

ϕ 77♣♣♣♣♣♣♣
(B,K)

ω
ff◆◆◆◆◆◆◆

of flat Hopf algebroids, where ϕ and ω are weak equivalences. Denote the associated
trivial bundles by P := K ⊗ω C and Q := C ⊗ϕ H . As shown in Proposition 5.1 and
explained in Remark 6.2, P ∈ PBb(K ,J) and Q ∈ PBb(J ,H) are trivial bibundles,
and we can form the bundle P�J Q, which is an object in PBb(K ,H), or equivalently
(P�J Q)co ∈ PBb(H ,K), and this finishes the proof. �

7.2. Symmetric monoidal equivalence versus principal bibundles.
Starting with two Morita equivalent flat Hopf algebroids, the aim of this subsection is
to extract from these data a principal bibundle. To this end, let us first recall some ba-
sic facts on monoidal functors, restricting ourselves to the case of monoidal categories
of comodules over flat Hopf algebroids.
Let (A,H) and (B,K) be two flat Hopf algebroids, and assume that there is a symmet-
ric monoidal equivalence

F : ComodH −→ ComodK
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with inverseG in what follows. In particular, this means that there is a natural isomor-
phism

(7.1) φ1
−,− : F (−⊗A−) −→ F (−)⊗BF (−), φ0 : B

�

−→ F (A),

where the latter is an algebra isomorphism, and the notation −⊗A− stands for the ten-
sor product of comodules as was explained in Remark 3.3. Both φ1 and φ0 should
be compatible in a coherent way with the associativity, the commutativity (i.e., the
symmetries), and the unitary property of the tensor products of both ComodH and
ComodK . Notice that, in this case, there also exists a symmetric monoidal equiva-
lence between left comodules.
The inverse natural transformation of φ will be denoted by ψ. It is known that the
functor G is also a symmetric monoidal functor; its associated natural isomorphism
can be computed from that of F by using the natural transformation defining the
equivalence.
Now, let M ∈ T BicomodH , where T is any commutative algebra, i.e., M is a (T, A)-
bimodule and rightH-comodule with left T -linear coaction. Then, we have an algebra
map

λl : T → ComodH (M, M), t 7→ {m 7→ tm},

which is used to get a new algebra map

A
λl // ComodH (M, M)

F // ComodK
(

F (M),F (M)
)

,

from which we obtain that F (M) is a (T, B)-bimodule and that its right coaction ρK
F (M)

is left T -linear, that is, F (M) ∈ T BicomodK . Moreover, F is restricted to the functor

F : T BicomodH → T BicomodK .

Following [BrzWi, §23 & §39.3], since F is right exact and commutes with inductive
limits, there is a natural isomorphism over (right) modules ModT

(7.2) Υ−,M : F (− ⊗T M) −→ − ⊗T F (M),

which is natural on M as well, and where the functor − ⊗T M : ModT → ComodH is
defined as in (3.12). Furthermore,Υ defines morphisms of rightK-comodules. Notice
that ΥT,M : F (M)→ T ⊗T F (M) is just the canonical map sending x 7→ 1T ⊗T x.
For instance, in case M := H with left A-action given by the source s, we obtain an
algebra map

λs : A→ ComodH (H ,H), a 7→ {u 7→ s(a)u}.

The composition

A
λs // ComodH (H ,H)

F // ComodK
(

F (H),F (H)
)

induces on F (H) an (A, B)-bimodule structure with a left A-linear right coaction ρK
F (H).

In fact, F (H) becomes an (H ,K)-bicomodule with these actions as follows. The
structure of a leftH-comodule is given by

(7.3) λH
F (H) : F (H)

F (∆) // F (H ⊗AH)
�

Υ // H ⊗A F (H),
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using the natural isomorphism of Eq. (7.2), which can be shown to be a morphism of
right K-comodules. Similar arguments hold true for G. Furthermore, we have natural
isomorphisms

(7.4) F � −�H F (H), G � −�K G(K).

SinceH is a monoid in ComodH , it follows thatF (H) is a monoid in ComodK . Thus,
F (H) is a right K-comodule algebra with respect to the underlying algebra map

(7.5) β : B
φ0

� F (A)
F (t)
−→ F (H).

Explicitly, the multiplication in F (H) is given by

(7.6) mF (H) : F (H) ⊗B F (H)
ψH ,H // F (H ⊗AH)

F (mH ) // F (H).

Note that F (H) is commutative since φ is so (preserves the symmetries) as well as
H .
Next, we want to endow F (H) with the structure of a leftH-comodule algebra using
the left comodule structure of Eq. (7.3). The A-algebra structure on F (H) is given by
the linear map

(7.7) α : A→ F (H), a 7→ F (λs(a))(1F (H)) = a.1F (H),

where 1F (H) is just the identity element of the rightK-comodule algebra F (H), which
can be identified with F (t) ◦ φ0(1B) = F (t)(1F (A)). We have:

Lemma 7.3. The map α of Eq. (7.7) is an algebra map. That is, there exists a map
which makes the diagram

F (H)⊗F (H) //

��

F (H)⊗AF (H) //❴❴❴❴❴❴ F (H)

F (H)⊗BF (H)
ψ // F (H⊗AH)

F (mH )

66❧❧❧❧❧❧❧❧❧❧❧❧❧❧

commutative.

Proof. It is clear that α(1A) = 1F (H) since F (λs(1A)) = idF (H). Now, for a, a′ ∈ A
compute

mF (H)

(

α(a) ⊗B α(a′)
)

= F (mH) ◦ ψH ,H
(

F (λs(a))(1F (H)) ⊗B F (λs(a′))(1F (H))
)

= F (mH) ◦ ψH ,H ◦
(

F (λs(a)) ⊗B F (λs(a′))
) (

1F (H) ⊗B 1F (H)

)

= F (mH) ◦ F
(

λs(a) ⊗A λs(a′)
)

◦ ψH ,H
(

1F (H) ⊗B 1F (H)

)

= F
(

mH ◦ (λs(a) ⊗A λs(a′))
)

◦ ψH ,H
(

1F (H) ⊗B 1F (H)

)

= F
(

λs(aa′) ◦mH

)

◦ ψH ,H
(

1F (H) ⊗B 1F (H)

)

= F (λs(aa′)) ◦ F (mH) ◦ ψH ,H
(

1F (H) ⊗B 1F (H)

)

= F (λs(aa′)) ◦mF (H)

(

1F (H) ⊗B 1F (H)

)

= F (λs(aa′))
(

1F (H)

)

= α(aa′).

As the last statement is obvious, this finishes the proof. �
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In order to show that the coaction (7.3) is an algebra map with respect to α, we need
to introduce the following natural transformations:

(7.8)
ΩX,Y :

(

X ⊗A F (H)
)

⊗B
(

Y ⊗A F (H)
)

−→ (X ⊗A Y) ⊗A F (H),
(x ⊗A p) ⊗B (y ⊗A q) 7−→ (x ⊗A y) ⊗A pq,

(7.9)
∇X,Y :

(

X ⊗A H
)

⊗A
(

Y ⊗A H
)

−→ (X ⊗A Y) ⊗A H ,

(x ⊗A u) ⊗A (y ⊗A v) 7−→ (x ⊗A y) ⊗A uv,

where X and Y are A-modules and where we used the multiplication in F (H). Using
a functor similar to the one in (3.12), one sees that Ω defines morphisms of right
K-comodules since the right K-coaction of F (H) is left A-linear (with respect to
the A-action given by α). Analogously, ∇ defines morphisms of right H-comodules.
These natural transformations are compatible in the following way:

Proposition 7.4. The diagram

F
(

(X⊗AH )⊗A(Y⊗AH )
) F (∇) // F ((X⊗AY)⊗AH )

Υ

��

F (X⊗AH )⊗BF (Y⊗AH )

Υ⊗BΥ ))❚❚❚
❚❚❚

❚❚❚
❚❚

ψ
55❥❥❥❥❥❥❥❥❥❥❥❥

(

X⊗AF (H )
)

⊗B
(

Y⊗AF (H )
) Ω // (X⊗AY)⊗AF (H )

of right K-comodules commutes.

Proof. First, notice that both Υ◦F (∇)◦ψ andΩ◦(Υ⊗BΥ) are natural transformations
on (X, Y). Now, up to the canonical isomorphisms A ⊗A H � H and A ⊗A F (H) �
F (H), we see that the diagram commutes for X := A and Y := A as this is just the
definition of the multiplication mF (H) defined in (7.6). Using the naturality of both
paths in the diagram, one can also show that the diagram commutes when X and Y are
free A-modules of finite rank. Since the involved functors commute with direct sums,
the same holds true when X and Y are free A-modules. Lastly, since all involved
functors are right exact, one can use free representations of any A-module to complete
the proof. �

Proposition 7.5. The pair (F (H), α) is a leftH-comodule algebra with respect to
the coaction (7.3).

Proof. We need to check that the map λ = Υ ◦ F (∆) in (7.3) is an algebra map. First,
we prove unitality, that is, λ(1F (H)) = λ(α(1A)) = 1H ⊗A 1F (H): this follows from the
commutative diagram

F (A)
F (t) //

F (t)

��

F (A)

F (∆)

��
F (H )

F (t⊗AH ) //

Υ

��

F (H⊗AH )

Υ

��
A⊗AF (H )

t⊗AF (H ) // H⊗AF (H ),
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where the left hand side Υ is just the canonical map y 7→ 1A ⊗A y.
Now we proceed to check that λ is multiplicative. To this end, we show that the
diagram

F (H )⊗F (H )

��

// F (H )⊗AF (H )
m // F (H )

F (∆)

��

F (H )⊗BF (H )

F (∆)⊗BF (∆)

��

ψ // F (H⊗AH )

F (∆⊗A∆)

��

F (ρ)
❘❘❘

❘❘❘

))❘❘❘
❘❘❘

F (m)❢❢❢❢❢❢❢❢❢❢❢❢❢

22❢❢❢❢❢❢❢❢❢❢❢❢❢

F
(

(H⊗AH )⊗AH
)

Υ

��

F (m⊗AH) // F (H⊗AH )

Υ

��

F (H⊗AH )⊗BF (H⊗AH )

Υ⊗BΥ

��

ψ // F
(

(H⊗AH )⊗A(H⊗AH )
)

F (∇)❧❧❧❧❧❧

66❧❧❧❧❧❧

(

H⊗AF (H )
)

⊗B
(

H⊗AF (H )
) Ω // (H⊗AH )⊗AF (H )

m⊗AF (H) // H⊗AF (H )

is commutative, which follows from Lemma 7.3, Proposition 7.4, as well as from the
very definitions of all involved maps and natural transformations. �

Our next aim is to show that F (H) is a principal left (H ,K)-bundle with respect to α
and β. As a start, the subsequent lemma concerns the faithfully flatness.

Lemma 7.6. Assume that there is a symmetric monoidal equivalence

F : ComodH → ComodK

with inverse G. Then, for every right H-comodule M whose underlying A-module is
faithfully flat, F (M) is a faithfully flat B-module.

Proof. One can easily check that there is a natural isomorphism

OK(−) ⊗B F (M)
�

−→ F
(

G(−) ⊗A M
)

,

where OK : ComodK → ModB denotes the forgetful functor. Hence, OK(−) ⊗B F (M)
is a faithful and exact functor. Using the fact that F (M) carries the structure of a left
K-comodule (in fact its opposite comodule), we see that − ⊗B F (M) is a faithful and
exact functor. �

With the help of this lemma we can state:

Proposition 7.7. The triple (F (H), α, β) forms a left principal (H ,K)-bundle.

Proof. From Proposition 7.5 follows that (F (H), α) is a left H-comodule algebra.
Therefore, (F (H), α, β) is an (H ,K)-bicomodule algebra since (F (H), β) is a right
K-comodule algebra.
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As Ht is faithfully flat, F (H)B is, using Lemma 7.6, also faithfully flat and therefore
β is a faithfully flat extension. To complete the proof, we need to check that the
canonical map

canH ,F (H) : F (H) ⊗B F (H)
λ⊗BF (H) // H ⊗A F (H) ⊗B F (H)

H⊗A m // H ⊗A F (H)

is bijective. To this end, using Eqs. (7.3) and (7.6) to express the coaction and the
multiplication in F (H), we write down the map canH ,F (H) in the diagram

F (H)⊗BF (H)

ψ

��

F (∆)⊗BF (H) // F (H⊗AH)⊗BF (H)
Υ⊗BF (H) //

ψ

��

H⊗AF (H)⊗BF (H)

H⊗Aψ

��
F (H⊗AH)

F (∆⊗AH) //

F (canH ,H ) ..

F
(

(H⊗AH)⊗AH
)

=F
(

H⊗A(H⊗AH)
) Υ //

F (H⊗A m)

��

H⊗AF (H⊗AH)

H⊗AF (m)

��
F (H⊗AH)

Υ // H⊗AF (H).

Once shown that this diagram is commutative, it follows that the canonical map for
F (H) is bijective as canH ,F (H) = Υ◦F (canH ,H )◦ψ, where canH ,H is bijective being the
canonical map of the unit bundle U (H). To check that the above diagram is commu-
tative, one only needs to show the commutativity of the rectangle in the upper right.
This, in fact, forms part of the well-known properties of the natural transformation
Υ; for the sake of completeness, we explain how this works: to start with, denote by
T ,S : ModA → ComodK the functors

T (X) = F (X ⊗A H) ⊗B F (H), S(X) = F
(

X ⊗A (H ⊗A H)
)

.

Clearly, ψ(−⊗AH),H : T → S is a natural transformation. Since T and S commute
with direct limits, we have for every A-module X:

(X ⊗A ψ(A⊗AH),H ) ◦ ΥTX = Υ
S

X ◦ ψ(X⊗AH),H .

Using this equality for X := A, we deduce the claim sinceΥTX = Υ
F

X⊗
BF (H) holds. �

Corollary 7.8. Let (D,I) be another flat Hopf algebroid. Then the functor F
restricts to a functor

F : PBℓ(I,H) −→ PBℓ(I,K).

Proof. By Proposition 7.7, the triple (F (H), α, β) defines a principal left (H ,K)-
bundle; the cotensor product (R�H F (H), δ̃, β̃), where (R, δ, ω) is a principal left
(I,H)-bundle, yields as in Lemma 6.1 a principal left (I,K)-bundle. Then, the first
natural isomorphism of Eq. (7.4) leads to R�H F (H) � F (R), which is an isomor-
phism of (I,K)-bicomodules, and this proves the claim. �

The following proposition (mentioned in Figure 1 in the Introduction) shows that two
Morita equivalent Hopf algebroids are connected by a principal bibundle.
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Proposition 7.9. Let (A,H) and (B,K) be two flat Hopf algebroids. Assume that
there is a symmetric monoidal equivalence of categories F : ComodH → ComodK
with inverse G. Then (F (H), α, β) is a principal (H ,K)-bibundle whose opposite
bundle is G(K).

Proof. Set P := F (H) and Q := G(K). From Proposition 7.7 follows that (P, α, β) is
a left principal (H ,K)-bundle. Interchanging F with G, we also obtain that (G, σ, θ)
is a left principal (K ,H)-bundle, where θ : A � G(B) → G(K), and σ is constructed
in the same way as was α.
On the other hand, using the equivalences F and G together with the natural transfor-
mations

F � −�H P, G � −�K Q,

of Eq. (7.4), we obtain the isomorphisms

P�K Q � U (H), Q�H P � U (K)

of H and K-bicomodules, respectively, which fulfil the triangle properties (6.4) and
(6.5). This implies that (P, α, β) is an invertible 1-cell in the category PBℓ(H ,K) of
principal left bundles. Now, conclude the proof by making use of Proposition 6.7
(i). �

To sum up, we can state the main theorem of this article motivated by Theorem 2.9 in
the groupoid case:

Theorem 7.10. Let (A,H) and (B,K) be two flat Hopf algebroids. The following
are equivalent:

(a) (A,H) and (B,K) are Morita equivalent.
(b) There is a principal bibundle connecting (A,H) and (B,K).
(c) (A,H) and (B,K) are weakly equivalent.

Proof. The implication (a) ⇒ (b) is Proposition 7.9, whereas the implication (b) ⇒
(c) is contained in Proposition 7.2. Finally, the step (c)⇒ (a) is obvious from the very
definitions. �

Remark 7.11. As mentioned in Figure 1 in the Introduction, Theorem 7.1 also states
the implication (b)⇒ (a), whereas Proposition 7.2 moreover yields (c)⇒ (b).

7.3. The categorical group of monoidal symmetric auto-
equivalences. In this subsection, we combine the results of Theorems 7.10
and 7.1 by taking a single flat Hopf algebroid. More precisely, we show that all
symmetric monoidal auto-equivalences of the category of right H-comodules form
a categorical group with morphisms given by natural tensor transformations, and
conclude that this group is equivalent to the categorical group of principal bibundles.
Denote by Aut⊗(A,H) the category of monoidal symmetric auto-equivalences of the
category of (right) comodules ComodH over a flat Hopf algebroid (A,H). Morphisms
in this category are natural tensor transformations, that is, natural transformations
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θ : F → F ′ such that the diagrams
(7.10)

F
(

X ⊗A Y
)

ΘX⊗AY //

�φ1,F

��

F ′
(

X ⊗A Y
)

φ1,F ′
�

��
F (X) ⊗B F (Y)

ΘX⊗
BΘY // F ′(X) ⊗B F ′(Y)

F (A)
ΘA // F ′(A)

B

�

φ0,F

<<①①①①①①①①①φ0,F ′

�

bb❊❊❊❊❊❊❊❊

commute. Note that this gives a sets-category (in the sense that homomorphisms be-
tween two objects form a set) as ComodH is a Grothendieck category and the involved
functors preserve inductive limits. The category Aut⊗(A,H) is itself a monoidal cat-
egory with multiplication given by the composition of functors and identity object
given by the identity equivalence idComodH

. On the other hand, as in Subsection 6.1, we
are interested in the monoidal category

(

PBb(H ,H), �H ,U (H)
)

. Both categories are
in fact categorical groups (more precisely, a 2-group and a bigroup) and are equivalent
as such.

Proposition 7.12. Let (A,H) and (B,K) be two flat Hopf algebroids, F ,F ′ :
ComodH → ComodK two symmetric monoidal equivalences, and Θ : F → F ′ a
natural tensor transformation. Then ΘH : F (H) → F ′(H) is a morphism of prin-
cipal (H ,K)-bibundles. In particular, Θ is a natural isomorphism and consequently
(

Aut⊗(A,H), ◦, idComodH

)

is a categorical group.

Proof. By definition, ΘH is a morphism of right K-comodule algebras. Let us check
that it is also a morphism of leftH-comodule algebras. Recall that the respective left
comodule algebra structure of both F (H) and F ′(H) is given as in Proposition 7.5.
That ΘH is leftH-colinear follows from the following diagram:

F
(

H ⊗A H
) F(∆) //

ΘH⊗AH

��

F (H)

ΘH

��

H ⊗A F (H)
λ

44

�

ΥF 44❤❤❤❤❤❤❤❤❤❤

H⊗AΘH

��

F ′(H ⊗A H)
F ′(∆) // F ′(H)

H ⊗A F ′(H)
λ

44

�

ΥF ′ 44❤❤❤❤❤❤❤❤❤❤

where the left hand square is commutative by the universal property of the natural
isomorphism Υ. The A-algebra structure of F (H) is given by the algebra map αF (H) :
A → F (H), a 7→ F (λs(a))(1F (H)), and similarly for F ′(H), see Eq. (7.7). Thus, for
any a ∈ A, we have

ΘH ◦ α
F (H)(a) = ΘH ◦F (λs(a))(1F (H)) =

=F ′(λs(a)) ◦ ΘH(1F (H)) = F ′(λs(a))(1F ′(H)) = αF
′(H)(a)

since ΘH is a B-algebra map. Therefore,ΘH is an A-algebra map as it is multiplicative,
and this finishes the proof of the first statement. Now, by Lemma 4.12, ΘH is an
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isomorphism and this suffices to show that Θ is a natural isomorphism: using the
natural isomorphisms given in Eqs. (7.2) and (7.4), one can see that the diagram

F
Θ //

�

��

F ′

�

��
−�H F (H)

−�H ΘH

// −�H F ′(H)

of natural transformations commutes, which means that Θ is a natural isomorphism.
�

The following is Theorem B in the Introduction:

Theorem 7.13. The functors
(

Aut⊗(A,H), ◦, idComodH

)

−→
(

PBb(H ,H), �H ,U (H)
)

, F 7−→ F (H)
(

PBb(H ,H), �H ,U (H)
)

−→
(

Aut⊗(A,H), ◦, idComodH

)

, (P, α, β) 7−→ −�H P

establish a monoidal equivalence of categorical groups.

Proof. This essentially follows from Proposition 7.12, Theorems 7.10 and 7.1, in com-
bination with Corollary 6.8. �

Appendix A. Some observations on coinvariant subalgebras

As our guideline was to mimic the theory of principal bundles in the Lie groupoid
context, we include for sake of completeness two results dealing with coinvariant sub-
algebras. They correspond to the statement that for any G -equivariant submersion
Q → P, where P is a principal G -bundle and Q a G -manifold, Q/G is a manifold as
well and the canonical projection Q→ Q/G yields a principal G -bundle, see [MoeMr,
Lemma 2.8].

Proposition A.1. Let (Q, σ) be a left H-comodule algebra, F : P → Q be anH-
colinear injective map of A-rings, and (P, α, β) a trivial left principal (H ,K)-bundle
of the form P := H ⊗φ B. Consider the algebra Q ⊗P B, defined by using the splitting
of β in the second factor and F in the first one. Then

(i ) there is an algebra isomorphism

T := QcoinvH � Q ⊗P B,

and the canonical monomorphism τ : QcoinvH →֒ Q splits as an algebra map;
(ii ) the triple (Q, σ, τ) is a left principal (H , T )-bundle.

Proof. Denote by

γ : P := H ⊗φ B→ B, u ⊗φ b 7→ φ0(ε(u))b,

the splitting of β, see Example 4.9. To prove (i), define first

ω : Q ⊗P B→ Q, q ⊗P b 7→ q(0)F
(

S (q(−1)) ⊗φ b
)

,

which via the map (q ⊗B b, q′) 7→ ω(q ⊗B b)q′ yields a left (Q ⊗P B)-action on Q. One
can easily check that ω is well-defined and has

κ : Q→ Q ⊗P B, q 7→ q(0) ⊗P φ0

(

ε(q(−1))
)
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as a splitting, that is, κ ◦ ω = idQ⊗P B. Since the image of ω lands in QcoinvH , we can
use this splitting to establish an isomorphism QcoinvH � Q ⊗P B of algebras, which also
shows that τ is a split monomorphism.
To prove (ii), we already know by part (i) that τ splits, so in order to prove that τ is
faithfully flat, we only need to check that τ is flat or, equivalently, that this is true for
ω. To this end, we will check that there is a natural isomorphism

− ⊗Q⊗PB Q → − ⊗A Ht,

where we consider Q ⊗P B as an A-algebra via the map φ0 in the second factor. This
will be sufficient sinceHt is flat. Let X be a (Q ⊗P B)-module and consider the map

ϑ : X ⊗Q⊗P B Q→ X ⊗A Ht, x ⊗Q⊗P B q 7→
(

x(q(0) ⊗P 1B)
)

⊗A q(−1),

which is well-defined as the following consideration shows: from one hand, we have

ϑ
(

(x(q ⊗P b)) ⊗ q′
)

= (x(qq′(0) ⊗P b)) ⊗A q′(−1).

On the other hand,

ϑ
(

(x ⊗ ω(q ⊗P b)q′
)

= ϑ
(

x ⊗
(

q(0)F(S (q(−1)) ⊗φ b)
)

q′
)

= x
(

[

q(0)F
(

S (q(−1)) ⊗φ b
)

q′(0)
]

⊗P 1B

)

⊗A q′(−1)

= x
(

(q(0)q
′
(0)) ⊗P γ(S (q(−1)) ⊗φ b)

)

⊗A q′(−1)

= x
(

(q(0)q
′
(0)) ⊗P φ0

(

ε(q(−1))
)

b
)

⊗A q′(−1)

= x
(

(q(0)q
′
(0)) ⊗P γα

(

ε(q(−1))
)

b
)

⊗A q′(−1)

= x
(

(q(0)q
′
(0)F
(

s(ε(q(−1))) ⊗φ 1B

)

) ⊗P b
)

⊗A q′(−1)

= x
(

(q(0)q
′
(0)σ(ε(q(−1)))) ⊗P b

)

⊗A q′(−1)

= x
(

(qq′(0) ⊗P b)
)

⊗A q′(−1)

= ϑ
(

(x(q ⊗P b)) ⊗ q′
)

,

which shows the well-definedness of ϑ. The inverse of ϑ is now given by

ϑ−1 : X ⊗AHt → X ⊗Q⊗P B Q, x ⊗A u 7→ x ⊗Q⊗PB F(u ⊗φ 1B),

and the fact that ϑ is a natural transformation is easily checked from the definition. Let
us finally check that the canonical map can : Q ⊗T Q → H ⊗A Q is bijective; define

can−1 : H ⊗A Q→ Q ⊗T Q, u ⊗A q 7→ F
(

u(1) ⊗φ 1B

)

⊗T F
(

S (u(2)) ⊗φ 1B

)

q,

and we leave it to the reader to check that this is the desired inverse, indeed. �

In case that P is no longer trivial, we can make the following statement:

Proposition A.2. Let (Q, σ), and F : P→ Q be as in Proposition A.1 and (P, α, β)
any left principal (H ,K)-bundle. Then the canonical map

can : Q ⊗T Q→ H ⊗A Q, q ⊗T q′ 7→ q(−1) ⊗A q(0)q
′

is bijective, where τ : QcoinvH =: T → Q is the canonical monomorphism.
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Proof. Define a map

˜can : H ⊗A Q→ Q ⊗T Q, u ⊗A q 7→ F(u+) ⊗T F(u−)q,

and we will explicitly compute that can ◦ ˜can = idH⊗A Q along with ˜can ◦ can = idQ⊗T Q.
Since F is anH-colinear morphism of algebras, one sees that

(can◦ ˜can)(u⊗A q) = (F(u+))(−1)⊗A (F(u+))(0)F(u−)q = u+(−1)⊗A F(u+(0)u−)q = u⊗A q,

using (4.6). On the other hand,

( ˜can ◦ can)(q ⊗T q′) = F(q(−1)+) ⊗T F(q(−1)−)q(0)q
′

= F(q(−1)+)F(q(−1)−)q(0) ⊗T q′

= F(α(ε(q(−1))))q(0) ⊗T q′ = q ⊗T q′,

using (4.4) in the third step, and where the second step is justified by the fact that an
element of the form q(−1)+⊗B F(q(−1)−)q(0) ∈ P⊗B Q actually lies in P⊗BT = P⊗B QcoinvH ,
which we show now:

(idP ⊗B λ)(q(−1)+ ⊗B F(q(−1)−)q(0)) = q(−2)+ ⊗B q(−2)−(−1)q(−1) ⊗A F(q(−2)−(0))q(0)

= q(−3)+ ⊗B S (q(−2))q(−1) ⊗A F(q(−3)−)q(0)

= q(−2)+ ⊗B t(ε(q(−1))) ⊗A F(q(−2)−)q(0)

= q(−1)+ ⊗B 1H ⊗A F(q(−1)−)q(0),

where we used theH-colinearity of F together with (4.11) and (4.4). �

Remark A.3. If one were able to show that τ is a faithfully flat extension, then the
triple (Q, σ, τ) became a left principal (H , T )-bundle.
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Abstract. We give a new proof for the existence of Klyachko models
for unitary representations of GLn(F ) over a non-archimedean local
field F . Our methods are purely local and are based on studying
distinction within the class of ladder representations introduced by
Lapid and Mı́nguez. We classify those ladder representations that
are distinguished with respect to Klyachko models. We prove the
hereditary property of these models for induced representations from
arbitrary finite length representations. Finally, in the other direction
and in the context of admissible representations induced from ladder,
we study the relation between distinction of the parabolic induction
with respect to the symplectic groups and distinction of the inducing
data.
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1. Introduction

Let G be a totally disconnected locally compact group andH a closed subgroup.
A smooth, complex valued representation (π, V ) of G is called H-distinguished
if there exists a non-zero linear form ℓ on V such that ℓ(π(h)v) = ℓ(v) for all
h ∈ H and v ∈ V .
If π is irreducible, then such a linear form realizes π in a space of functions on
G, to wit,

π ≃ {g 7→ ℓ(π(g−1)v) : v ∈ π} ⊆ C∞(G/H).

The class of H-distinguished representations plays an important role in the
harmonic analysis of the homogeneous space G/H (see [Ber88] for instance).
Furthermore, distinguished representations are crucial for the global theory of
period integrals of automorphic forms, have applications to the study of special
values of L-functions and to the description of the image of functorial lifts in
the Langlands program.
This paper continues the study of [OS08a] of distinguished representations of
GLn over a non-archimedean local field F with respect to Klyachko subgroups.
A Klyachko model is an induced representation IndGH2k,r

(ψ) of G = GLn(F ).

Here, n = 2k+ r, H2k,r is the subgroup of G consisting of matrices of the form(
h X
0 u

)
where h ∈ Sp2k(F ), X ∈M2k×r(F ), u is an upper-triangular unipotent

matrix, and ψ is the character of H2k,r trivially extending a non-degenerate
character on the upper-triangular unipotent matrices in GLr(F ). For a fixed n,
as k varies, these models ‘interpolate’ between the well known Whittaker model
(the case k = 0) and, if n is even, the symplectic model (the case k = n/2).
When F is a finite field, they were introduced by Klyachko in [Kly83]. Together
they form a complete model in that case ([IS91]), that is, they satisfy

⊕⌊n/2⌋k=0 IndGH2k,r
(ψ) = ⊕π∈Ĝπ.

Klyachko models over non-archimedean local fields were first studied in [HR90]
where it was observed, among other things, that some irreducible represen-
tations do not imbed into a Klyachko model. In [OS08b] it is proved that

the sum ⊕⌊n/2⌋k=0 IndGH2k,r
(ψ) is multiplicity free. We shall say that an irre-

ducible representation π admits a Klyachko model if it can be embedded into

⊕⌊n/2⌋k=0 IndGH2k,r
(ψ).

The main result in [OS08a] prescribes a Klyachko model for any irreducible
representation in the unitary dual of GLn(F ) based on Tadić classification.
This was achieved by first prescribing a Klyachko model to any Speh represen-
tation. For a general unitary representation, a hereditary property of Klyachko
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models for representations parabolically induced from the Speh representations
is applied.
Recently, Lapid and Mı́nguez introduced a class of irreducible representations
of GLn over a non-archimedean local field [LM14]. Inspired by their presen-
tation in the Zelevinsky classification scheme, they called them ladder repre-
sentations. (See §10.1.1 for the definition). The class of ladder representations
contains the Speh representations, the building blocks of the unitary dual (see
Tadić classification of the unitary dual of GLn(F ) [Tad86]). Thus any ir-
reducible unitarizable representation of GLn(F ) is a product of some ladder
representations.
In [OS09] we found a connection between the Klyachko model and a partition
naturally obtained from the Langlands parameter of a representation. Inspired
by this relation, we hope to extend our study of Klyachko models to the entire
admissible dual. The present paper provides a collection of results regard-
ing distinction of representations of finite length with respect to the Klyachko
groups. In particular, in Theorem 1.3 below we classify the distinguished ladder
representations in the context of Klyachko models over a non-archimedean local
field F of characteristic different than 2. The special case, when G = GL2n(F )
and H = Sp2n(F ) is described in Theorem 1.2 below. These results, together
with the hereditary property established in Thereom 1.1 below, recovers, using
only local methods, our recipe for the Klyachko model of any representation in
the unitary dual of a general linear group.
To help understand the motivation for our results and techniques, we mention
two general strategies that one could employ to approach the problem of clas-
sifying distinguished admissible representations in the context of a reductive
p-adic group. The first strategy is based on Langlands classification, the second
based on the notion of imprimitive representations.
We start with the strategy based on the Langlands classification and the no-
tion of standard modules. The smooth dual of G was classified by Langlands in
terms of tempered representations of Levi subgroups: Every irreducible smooth
representation of G is the unique irreducible quotient of a unique standard
module. Clearly, every non-zero H-invariant linear form on an irreducible rep-
resentation produces such a linear form on its standard module. A possible
strategy for classifying H-distinguished representations is based on the Lang-
lands classification:

(1) Classify all H-distinguished standard modules;
(2) Determine if an H-invariant linear form on the standard module de-

scends to one on the irreducible quotient.

To implement the first part of this strategy one can use the geometric lemma
of Bernstein and Zelevinsky to analyze distinction of induced representations.
We refer to [FLO12] and [Gur15] for cases where a complete classification of
distinguished standard modules was achieved.
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Implementing the second step turns out to be subtler. An H-invariant lin-
ear form on a standard module will induce such a linear form on some ir-
reducible component. To determine whether the irreducible quotient admits
an H-invariant linear form is equivalent to determining whether one of the
H-invariant linear forms on the standard module descends to the irreducible
quotient. This problem can be approached by studying the distinction prop-
erties of the maximal proper submodule. However, in general, not enough is
known about its structure.
The second strategy is based on the concept of imprimitive representations. An
irreducible representation of G is called imprimitive if it is not parabolically
induced from any proper parabolic subgroup. Any irreducible representation
is induced from an imprimitive one. Thus an approach to the classification
problem of H-distinction on the smooth dual of G could be:

(1) Classify all H-distinguished imprimitive representations
(2) Determine the relation between H-distinction and parabolic induction.

We now focus on the case where G = GLn(F ) or a product of general linear
groups. In this case, the second step might be more accessible. We further
propose to carry this step in two stages:

• Hereditary property: Showing that H-distinction is compatible
with parabolic induction
• Purity lemma: Showing that an H-distinguished representation that

is induced from a parabolic subgroup, must be induced from a distin-
guished representation of the Levi subgroup of that parabolic.

The second strategy is problematic even for GLn as the classification of im-
primitive representations is an open problem. Nevertheless, within the class
of ladder representations, the imprimitive representations are easy to describe
and one of the contributions of this work is to pursue this second approach for
the problem of distinction with respect to Klyachko models. Moreover, since
the maximal proper subrepresentation of the standard module associated to a
ladder representation has a particularly simple description we can implement
the steps in the first strategy for these representations. This makes distinction
problems for the class of irreducible representations parabolically induced from
the ladder representations more accessible.

1.1. Main results. To simplify our exposition we omit from the introduction,
the results whose formulation will require heavy notation. The interested reader
should look in the body of the paper for further results of interest.
We state our main results in the form of Theorem 1.1, Theorem 1.2 and The-
orem 1.3. Additionally we will formulate a conditional Theorem 1.4.
Theorem 1.1 concerns the distinction of representations of finite length with
respect to Klyachko subgroups while Theorem 1.2 (resp. Theorem 1.3) pro-
vides a classification of the distinguished ladder representations with respect
to the symplectic (resp. general Klyachko) subgroup. Theorem 1.4, conditional
on a certain combinatorial assumption (Hypothesis 8.5), provides a complete
classification of representations induced from ladder representations that are
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distinguished with respect to the symplectic group. Furthermore, assuming
Hypothesis 8.5, we provide a necessary consition for a standard module to be
distinguished by the symplectic group.
For the sake of notational simplification let us say that a smooth finite length
representation π of GLn(F ) is Sp-distinguished if n is even and π is Spn(F )-
distinguished.
We also require some of the notation and beautiful results of Zelevinsky [Zel80].
We recall that for an irreducible cuspidal representation ρ of GLn(F ) and
integers a ≤ b one considers the segment

∆ = ∆ρ = [νaρ, νbρ] = {νiρ : i = a, . . . , b},
where ν(g) = | det(g)| for g ∈ GLn(F ). We set b(∆) = a for the beginning,
e(∆) = b for the end and ℓ(∆) = b − a + 1 for the length of ∆. To ∆ one
associates a representation Z(∆) and a representation L(∆) as follows: Z(∆)
is the unique irreducible subrepresentation while L(∆) is the unique irreducible
quotient of the Bernstein-Zelevinsky product νaρ× · · · × νbρ. We remark that
the L(∆)’s are the essentially square integrable representations.
To a multi-set m = {∆1, . . . ,∆t} (a set with possible repetitions) of segments
of irreducible cuspidal representations one associates an irreducible representa-
tion Z(m) and an irreducible representation L(m) as follows (see §6.1): Z(m) is
the unique irreducible submodule of the product Z(∆1)×Z(∆2)× · · ·×Z(∆t)
where we have arranged the segments ∆ ∈ m in a standard form (see §6.1.6).
Analogously, the representation L(m) is the unique irreducible quotient of the
standard module λ(m) = L(∆1)×L(∆2)× · · · ×L(∆t). The Zelevinsky classi-
fication implies that the map m 7→ Z(m) is a bijection between the set of such
multi-sets of segments and the disjoint union of admissible duals of GLn(F )
for all n, while the Langlands classification implies that the map m 7→ L(m) is
a bijection between these sets.

Theorem 1.1. (1) A necessary condition for Sp-distinction (see
Proposition 7.5): If Z(m) is Sp-distinguished then ℓ(∆) is even for all
∆ ∈ m.

(2) Hereditary property for Klyachko models (see Proposition
13.3): Let πi be representations of finite length and ni = 2ki + ri
be such that πi is (H2ki,ri , ψ)-distinguished for i = 1, . . . , t. Then
π = π1×· · ·×πt is (H2k,r, ψ)-distinguished where k = k1 + · · ·+kt and
r = r1 + · · ·+ rt.

(3) Reduction to cuspidal lines (see Proposition 13.4): Let πi be rep-
resentations of finite length, i = 1, . . . , t, such that their cuspidal sup-
ports, Supp(πi) and Supp(πj) are totally disjoint for all i 6= j (see
§2.3.3). Then π = π1 × · · · × πt admits a Klyachko model if and only
if πi admits a Klyachko model for all i = 1, . . . , t.

The Zelevinsky classification implies that any irreducible representation π of
GLn(F ) can be written as a product π = π1 × · · · × πt where the cuspidal
support Supp(πi) is contained in a cuspidal line and those cuspidal lines are

Documenta Mathematica 22 (2017) 611–657



616 Arnab Mitra, Omer Offen, Eitan Sayag

disjoint for i 6= j. This is sometimes called a decomposition of π into a product
of irreducible rigid representations. Now, using Theorem 1.1 (3), the study
of distinction with respect to the Klyachko groups is reduced to the study of
distinction within the class of rigid irreducible representations.
We say that a rigid irreducible representation π = L(m) is a ladder represen-
tation if the multi-set of segments m = {∆1, . . . ,∆t} satisfies the conditions
b(∆1) > · · · > b(∆t) and e(∆1) > · · · > e(∆t).
The next theorems provide the classification of distinguished ladder represen-
tations in terms of Langlands classification. We begin with Sp-distinguished
representations since the result is easier to formulate.

Theorem 1.2. Sp-distinguished ladder representations (see Theorem
10.3): Let L(m) be a ladder representation with m = {∆1, . . . ,∆t}. Then
L(m) is Sp-distinguished if and only if, t is even and ∆2i−1 = ν∆2i for all
i = 1, . . . , t/2.

The condition on m in Theorem 1.2 is equivalent to the existence of a multi-set
of segments n such that m = n + νn. We call such m a multi-set of Speh type
(see §8.0.7).
For the next theorem we need the notion of right-alignment (see §14.2). For

segments ∆ = [νaρ, νbρ] and ∆′ = [νa
′

ρ, νb
′

ρ] we say that ∆′ is right-aligned
with ∆ and write ∆′ ⊢ ∆ if a ≥ a′+1 and b = b′+1. When ρ is a representation
of GLd(F ) we label this relation by the integer r = d(a − a′ − 1) and write
∆′ ⊢r ∆.
Our description of ladder representations distinguished with respect to Kly-
achko groups will be given in two steps. We will say that a ladder representation
π = L(m) is a proper ladder if for all i = 1, . . . , t−1 we have e(∆i+1) ≥ b(∆i)−1.
The proper ladder representations are imprimitive and every ladder represen-
tation is a product of proper ladders in an essentially unique way. This decom-
position into proper ladders is explicit in terms of the underlying multi-set of
segments associated to the ladder representation.

Theorem 1.3. Ladder representations distinguished with respect
to Klyachko groups (see Proposition 14.5 and Theorem 14.7):

(1) Let L(m) be a proper ladder representation of GLn(F ) with m =
{∆1, . . . ,∆t} and let n = 2k + r.
• If t is even then the representation L(m) is (H2k,r, ψ)-distinguished
if and only if ∆t−2i ⊢ri ∆t−2i−1 for some ri (i = 0, . . . , t/2 − 1)
and r = r0 + · · ·+ rt/2−1.
• If t is odd, let s be such that L(∆1) is an irreducible representation
of GLs(F ). The representation L(m) is (H2k,r, ψ)-distinguished if
and only if ∆t−2i ⊢ri ∆t−2i−1 for some ri (i = 0, . . . , (t − 3)/2)
and r = r0 + · · ·+ r(t−3)/2 + s.

(2) Let π = π1 × · · · × πt be the decomposition of the ladder representation
π into proper ladder representations πi, i = 1, . . . , t. Then π admits
a Klyachko model if and only if the proper ladder representations πi
admit Klyachko models for all i = 1, . . . , t.
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Our last main result contains in its formulation a certain combinatorial prop-
erty of multi-sets of segments that we call Hypothesis 8.5 (see §8). Roughly
speaking, it says that the restrictions imposed by the geometric lemma on Sp-
distinction of a standard module λ(m) imply that m is of Speh type. For more
details see §1.2.

Theorem 1.4. (1) On Sp-distinguished standard modules (see
Proposition 9.1): Suppose λ(m) is rigid and Sp-distinguished. Assume
further that m satisfies Hypothesis 8.5. Then m is of Speh type. In
particular, if L(m) is Sp-distinguished and m satisfies Hypothesis 8.5
then m is of Speh type.

(2) Distinction for irreducible products of ladder represen-
tations (see Proposition 12.5): Assume Hypothesis 8.6 holds true
for all multisegement. Let π1, . . . , πk be ladder representations such
that π = π1 × · · · × πk is an irreducible representation. If π is Sp-
distinguished then πi is Sp-distinguished for all i = 1, . . . , k.

(3) Purity of symplectic distinction within ladder class (see
Corollary 12.6): Let π1 and π2 be ladder representations such that
π = π1 × π2 is irreducible. If π is Sp-distinguished then π1 and π2 are
Sp-distinguished.

We emphasize that Theorem 1.4 (3) is unconditional. We further show in
Proposition 8.7 that Hypothesis 8.5 is satisfied by multi-sets that are in fact
sets. This yields the following unconditional result.

Theorem 1.5. (see Corollary 9.2): Let λ(m) = L(∆1) × · · · × L(∆t) be a
standard module such that ∆i 6= ∆j for all i 6= j. If λ(m) is Sp-distinguished
then m is of Speh type.

1.2. Proofs and methods. Let us now elaborate a bit on the techniques
used in the proofs. The filtration of the geometric lemma allows us to study Sp-
distinction of induced representations from the parabolic subgroup P in terms
of the geometry of P -orbits on the symmetric space GL2n(F )/ Sp2n(F ). In
particular we show that an induced Sp-distinguished representation admits a P -
orbit which is relevant. Analyzing the relevant orbits together with the Jacquet
module calculations of segment representations allows us to prove Theorem
1.1 (1). For Theorem 1.1 (2), we combine the theory of derivatives with a
meromorphic continuation technique of Blanc and Delorme. The first is used
to reduce the problem to the case of Sp-distinction and the second to construct
Sp-invariant linear forms on families of induced representations.
A key ingredient for the proof of Theorems 1.2 and 1.4 is the necessary condi-
tion for a standard module to be Sp-distinguished provided by the geometric
lemma. This allows us to reduce the problem to a purely combinatorial one
on multi-sets of segments. We address it under a technical hypothesis that we
can prove only for certain multi-sets (in particular, whenever they are sets).
The hypothesis can be interpreted as a statement that certain orbits, of the
natural action of a parabolic subgroup P of GL2n(F ) on GL2n(F )/ Sp2n(F ), do

Documenta Mathematica 22 (2017) 611–657



618 Arnab Mitra, Omer Offen, Eitan Sayag

not contribute a non-trivial Sp2n(F )-invariant linear form. Explicitly, assum-
ing the hypothesis we show that if a representation, irreducibly induced from
ladder representations, is Sp-distinguished then each ladder representation in
the inducing data also admits a symplectic model.
This partial result along with the description of the maximal proper subrepre-
sentation of the standard module associated to a ladder representation allows
us to finish the proof of Theorem 1.2.
The proof of Theorem 1.3 is obtained by using the explicit knowledge of the
structure of a Jacquet module of a ladder representation and the classification
of Sp-distinguished ladders given by Theorem 1.2.
To prove Theorem 1.4 (2) we apply a recent irreducibility result from [LM],
as well as the invariance of the class of ladder representations with respect
to the Zelevinsky involution, to construct an inductive set-up in the context
of representations irreducibly induced from ladder representations. We hope
that the techniques developed in doing so will be useful more generally. Most
notably, when we attempt to study distinction by other closed subgroups of
GLn(F ) for representations that are irreducibly induced from ladders.

1.3. Related works. We mention here a few works where the results or the
tools used have some intersection with the present work.
The present work began as an attempt to extend the distinction results of
[OS07] and [OS08a] from the unitary dual of GLn(F ) to the admissible dual of
GLn(F ).
We emphasize that in [OS07] and [OS08a] obtaining a model for a Speh repre-
sentation, in particular the classification of Speh representations admitting a
symplectic model, was based on the global theory of period integrals of Eisen-
stein series and their residues obtained in [Off06a] and [Off06b]. A novel aspect
of this work is that our method of proof is purely local, and therefore, indepen-
dently provides a local proof for the results of the aforementioned works. The
methods employed here are very different from those works and are, in fact,
closer in spirit to the techniques of [HR90], or to that of [Mit14] which studies
admissible representations distinguished with respect to a symplectic group in
small rank cases.
The focus on distinction problems within the class of ladder representations
was made in [FLO12] and later in [Gur15] and Theorem 1.2 of the introduction
could be considered as an analogue to their results. A study parallel to our
study of the distinction problem for standard modules can be found in these
two references.
In [GOSS12] the existence of Klyachko models is proved for unitary represen-
tations of GLn(R) and GLn(C). The methods there are parallel to those in the
works of the second and third author in the non-archimedean case. In particu-
lar, the proof of existence of those models for Speh representations was based
on the theory of periods of automorphic forms. Recently, in [GSS15] a local
construction of these invariant functionals is provided, based on tools from the
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theory of distributions and D-modules. Some of the results of the present work
can be considered as a non-archimedean analogue of the main result of [GSS15].

1.4. Structure of the paper. Let us now delineate the contents of this
paper. A large part of it (§2-12) concerns symplectic models.
After setting up the general notation for this work in §2, we recall some well
known results concerning GL2n(F )/ Sp2n(F ) in §3, especially the structure of
orbits of the natural action of a parabolic subgroup of GL2n(F ). Our main
tool for studying Sp-distinction of induced representations is an application of
the geometric lemma of Bernstein and Zelevinsky. This is recalled in §4.
In §5.1 we obtain some immediate consequences for Sp-distinction of certain
induced representations. They come from contributions to the open and to the
closed orbits of the aforementioned action. In §5.2 we reduce the classification
of Sp-distinguished irreducible representations to those supported in a single
cuspidal line viz. the rigid representations.
In order to study distinction for rigid representations, we recall in §6 the seg-
ment notation of Zelevinsky and the classification of the admissible dual. In
§7 we provide a necessary condition for an irreducible representation to be
Sp-distinguished in terms of the Zelevinsky classification (see Proposition 7.5).
We then turn to the study of distinction of standard modules. A necessary
condition for a standard module (and for an irreducible representation) to be
Sp-distinguished is reduced in §9 to a combinatorial problem. This problem is
formulated in §8 as Hypothesis 8.5.
§8 is written in a way completely independent from the rest of the paper, is
accessible to any mathematician, and presents a problem with applications to
the study of Sp-distinction.
Our partial results suffice in order to obtain a complete classification of Sp-
distinguished ladder representations. This is Theorem 10.3.
In §12 we obtain our results on Sp-distinction for the class of representations
irreducibly induced from ladder. These are conditional on Hypothesis 8.5.
Again these results require some purely combinatorial lemmas that we prove
in §11.
In §13 we turn to the study of Klyachko models in general. We prove the
hereditary property with respect to parabolic induction (Proposition 13.3) and
reduce the problem to rigid representations (Proposition 13.4). Finally the
classification of ladder representation with a given Klyachko model is obtained
in §14.

1.5. Acknowledgments. The authors are grateful to Erez Lapid for sharing
with them his insights on ladder representations and irreducibility results.

2. Notation and preliminaries

We set the general notation in this section. More particular notation is defined
in the section where it first occurs.

2.1. Generalities. Let G be a totally disconnected, locally compact group.
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2.1.1. Let δG be the modulus function of G with the convention that δG(g)dg
is a right-invariant Haar measure if dg is a left-invariant Haar measure on G.

2.1.2. Let H be a closed subgroup of G and σ a smooth, complex-valued repre-
sentation of H . We denote by IndGH(σ) the normalized induced representation.
It is the representation of G by right translations on the space of functions f
from G to the space of σ satisfying

f(hg) = (δ
1/2
H δ

−1/2
G )(h)σ(h)f(g), h ∈ H, g ∈ G

and f is right invariant by some open subgroup of G. The representation of G
on the subspace of functions with compact support modulo H is denoted by
indGH(σ).

2.1.3. This paper is concerned with distinguished representations in the fol-
lowing sense.

Definition 2.1. Let π be a smooth, complex-valued representation of G and
H a closed subgroup of G.

• We say that π is H-distinguished if there exists a non-zero H-invariant
linear form ℓ on the space of π, i.e., ℓ(π(h)v) = ℓ(v) for all h ∈ H and
v in the space of π. We denote by HomH(π, 1) the space of H-invariant
linear forms on π.

• More generally, for a character χ of H we say that π is (H,χ)-
distinguished if the space HomH(π, χ) of H-equivariant linear forms
on π is non-zero.

By Frobenius reciprocity we have a natural linear isomorphism

(1) HomH(π, χδ
1/2
H δ

−1/2
G ) ≃ HomG(π, IndGH(χ)).

2.1.4. We state the following simple observation.

Lemma 2.2. Let π and σ be smooth, complex-valued representations of G so
that σ is a quotient of π, H is a closed subgroup of G and χ is a character of
H. If σ is (H,χ)-distinguished then π is (H,χ)-distinguished.

Proof. Note that composition with the projection π → σ defines an imbedding
HomH(σ, χ) →֒ HomH(π, χ). The lemma follows. �

The lemma allows us to reduce some distinction questions to induced repre-
sentations (e.g. using the Langlands classification). Its converse need not be
true.

2.1.5. We record here another simple observation related to the converse prob-
lem, distinction of subquotients of a distinguished representation.

Lemma 2.3. Let π be a smooth, complex-valued representation of G, H a closed
subgroup of G and χ a character of H. Let 0 = π0 ⊆ π1 ⊆ · · · ⊆ πk = π be
a filtration of π by sub-representations. If π is (H,χ)-distinguished, then there
exists i ∈ {1, . . . , k} such that πi/πi−1 is (H,χ)-distinguished.
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In particular, if π is of finite length and (H,χ)-distinguished then there exists
an irreducible subquotient σ of π that is (H,χ)-distinguished.

Proof. If 0 6= ℓ ∈ HomH(π, χ) then there exists i ∈ {1, . . . , k} minimal such
that ℓ|πi 6= 0. Thus, ℓ defines a non-zero element of HomH(πi/πi−1, χ). Since a
finite length representation has such a finite filtration with irreducible quotients
the rest of the lemma follows. �

2.1.6. Let Π(G) be the category of complex valued, smooth, admissible repre-
sentations ofG of finite length and Irr(G) the class of irreducible representations
in Π(G).
Let π∨ denote the contragredient of a representation π ∈ Π(G). Then (π∨)∨ ≃
π and π ∈ Irr(G) if and only if π∨ ∈ Irr(G).

2.2. Notation for GLn(F ). Let F be a non-archimedean local field of char-
acteristic different than two. For n ∈ N, let Gn = GLn(F ). By convention, let
G0 be the trivial group.

2.2.1. Fix n and letG = Gn. LetB = T⋉N be the standard Borel subgroup of
G consisting of uppertriangular matrices with its standard Levi decomposition.
Here T is the subgroup of diagonal matrices and N = Nn is the unipotent
radical of B.

2.2.2. A parabolic subgroup of G that contains B is called standard. Stan-
dard parabolic subgroups of G are in bijection with compositions of n. For a
composition α = (n1, . . . , nk) of n let Pα = Mα⋉Uα be the standard parabolic
subgroup of G consisting of block uppertriangular matrices with standard Levi
subgroup

Mα = {diag(g1, . . . , gk) : gi ∈ Gni , i = 1, . . . , k} ≃ Gn1 × · · · ×Gnk
and unipotent radical Uα.

2.2.3. The Weyl group NG(T )/T of G is isomorphic to the permutation group
Sn of n elements. We identify it with the subgroup W = WG of permutation
matrices in G. Let wn = (δi,n+1−j) ∈ W be the longest Weyl element. By
the Bruhat decompositon W is a complete set of representatives for the double
coset space B\G/B.

2.2.4. More generally, for a composition α = (n1, . . . , nk) of n, WMα = W ∩
Mα ≃ Sn1 × · · · ×Snk is the Weyl group of Mα. If P = M ⋉U and Q = L⋉V
are standard parabolic subgroups of G with their standard Levi decompositions
then w 7→ PwQ defines a bijection

WM\W/WL ≃ P\G/Q.
Furthermore, every double coset in WM\W/WL contains a unique element of
minimal length. Denote by MWL the set of elements w ∈ W that are of
minimal length in WMwWL. Then MWL is a complete set of representatives
for P\G/Q.
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For every w ∈ MWL the group

P (w) = M(w) ⋉ U(w) = M ∩ wQw−1

is a standard parabolic subgroup of M with its standard Levi decomposition,
where

M(w) = M ∩ wLw−1 and U(w) = M ∩ wV w−1.
2.3. Representations of GLn(F ). We recall some well known facts and set
the notation for representations of Gn. Let Π be the disjoint union of Π(Gn)
for all n ∈ Z≥0. Let Irr be the subset of irreducible representations in Π and
Cusp be the subset of cuspidal representations in Irr.

2.3.1. Parabolic induction. Set G = Gn. Let P = M ⋉ U and Q = L ⋉ V be
standard parabolic subgroups of G with their standard Levi decompositions.
Assume further that Q is a subgroup of P . The functor iM,L : Π(L)→ Π(M) of
normalized parabolic induction is defined as follows. As noted above M ∩Q =
L⋉ (M ∩V ) is a standard parabolic subgroup of M . For ρ ∈ Π(L) we consider
ρ as a representation of M ∩Q trivial on its unipotent radical M ∩ V and set

iM,L(ρ) = indMM∩Q(ρ).

The functor iM,L is exact and we have

iM,L(ρ)∨ ≃ iM,L(ρ∨).

Let α = (n1, . . . , nk) be a composition of n. Assume that M = Mα and let
ρi ∈ Π(Gni ), i = 1, . . . , k. Then ρ = ρ1 ⊗ · · · ⊗ ρk ∈ Π(M). Set

ρ1 × · · · × ρk = iG,M(ρ).

2.3.2. Jacquet module. The functor iM,L admits a left adjoint, namely, the
normalized Jacquet functor rL,M : Π(M) → Π(L). For σ ∈ Π(M), rL,M (σ) is
the representation of L on the space of V ∩M -coinvariants of σ induced by the

action δ
−1/2
Q∩Mσ. It is also an exact functor and for σ ∈ Π(M) and ρ ∈ Π(L) we

have the natural linear isomorphism (Frobenius reciprocity):

(2) HomM (σ, iM,L(ρ)) ≃ HomL(rL,M (σ), ρ).

Let βi be the composition of ni, i = 1, . . . , k so that L = M(β1,...,βk). For
representations πi ∈ Π(Gni ), i = 1, . . . , k we have

(3) rL,M (π1 ⊗ · · · ⊗ πk) = rMβ1
,Gn1

(π1)⊗ · · · ⊗ rMβk
,Gnk

(πk).

2.3.3. The cuspidal support. For every π ∈ Irr there exist ρ1, . . . , ρk ∈ Cusp,
unique up to rearrangement, so that π is isomorphic to a subrepresentation of
ρ1 × · · · × ρk. Let Supp(π) = {ρi : i = 1, . . . , k} be the support of π.2

For σ1, . . . , σk ∈ Irr let Supp(σ1 ⊗ · · · ⊗ σk) = ∪ki=1Supp(σi). For any standard
Levi subgroup M of G and π ∈ Π(M) let {π1, . . . , πt} be the set of irreducible
components (subquotients) of π and set

Supp(π) = ∪ti=1Supp(πi).

2The support is often considered as a multi-set. Only the underlying set is relevant to us.
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As a simple consequence of the geometric lemma of Bernstein and Zelevinsky
[BZ77, §2.12] and exactness we have

(4) Supp(rM,G(π)) ⊆ Supp(π), π ∈ Π(G).

2.3.4. Generic representations. Let ψ be a non-trivial character of F . We
further denote by ψ = ψn the character of Nn defined by

ψ(u) = ψ(

n−1∑

i=1

ui,i+1), u = (ui,j) ∈ Nn.

Definition 2.4. A representation π ∈ Π(Gn) is called generic if it is (Nn, ψ)-
distinguished.

3. Non-degenerate skew-symmetric matrices and parabolic orbits

We recall here the analysis of double cosets and related data that are relevant
to the study of induced representations of G2n that are distinguished by the
symplectic group.

3.1. The symmetric space. Fix n ∈ N and let G = G2n.

3.1.1. Let
H = Hn = Sp2n(F ) = {g ∈ G : tgJg = J}

where

J = Jn =

(
wn

−wn

)
.

Note that H = Gθ is the group of fixed points in G of the involution θ defined
by

θ(g) = J tg−1J−1.

3.1.2. For π ∈ Π(Gn), since n will not always be specified, we adopt through-
out the following convention. We say that π is Sp-distinguished if n is even
and π is Spn(F )-distinguished. If in addition π ∈ Irr we say that π admits a
symplectic model (see (1)).
By a result of Gelfand and Kazhdan, [GK75], we have πθ ≃ π∨ for every π ∈ Irr.
We therefore have

Lemma 3.1. A representation π ∈ Irr is Sp-distinguished if and only if π∨ is
Sp-distinguished. �

3.1.3. Consider the symmetric space

X = {x ∈ G : xθ(x) = I2n}
with the G-action

g · x = gxθ(g)−1.

Note that XJ is the space of skew-symmetric matrices in G and

(g · x)J = g(xJ)tg.

Therefore X is a homogeneous G-space. The map (g 7→ g ·I2n) : G→ X defines
an isomorphism G/H ≃ X of G-spaces.
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3.1.4. For a subgroup Q of G and a Q-invariant subspace Y of X we denote
by Q\Y the set of Q-orbits in Y . For x ∈ X let Qx = {g ∈ Q : g · x = x} be
the stabilizer in Q of x.
Applications of the geometric lemma to the study of H-distinguished induced
representations ofG require the study of orbits inX by the group from which we
induce. Since parabolic induction is central to the classification of Irr we recall
next the study of orbits in X under a standard parabolic subgroup P = M⋉U .
Of particular interest for these applications are choices of orbit representatives
x for which we can provide explicit description of the stabilizer Mx and the

restriction to Mx of δ
1/2
P δ−1Px .

We refer to [Off06a, §3] and [Off06b, §3.1] for proofs of the results presented in
§3.2 and §3.3.

3.2. Borel orbits in X. We begin with the Borel orbits.

3.2.1. Note that both B and T are θ stable. In particular θ defines an invo-
lution on W that we continue to denote by θ. We have

θ(w) = w2nww
−1
2n , w ∈W.

It also follows that the map (B · x 7→ BxB) : B\X → B\G/B is well defined.
By the Bruhat decomposition this defines a map from B\X to W . Since
θ(BxB) = (BxB)−1 it follows that every w in the image of this map satisfies
wθ(w) = e (the identity element of W ). We refer to such permutations as
twisted involutions.

3.2.2. Let
[w2n] = {ww2nw

−1 : w ∈W}
be the W -conjugacy class of the longest Weyl element. It is the set of involu-
tions without fixed points in W .
Note that the set of twisted involutions in W is precisely [w2n]w2n. In fact we
have (see [Off06a, Proposition 3.2 and Corollary 3.3]):

Lemma 3.2. The map (B · x 7→ B · x ∩ T ) : B\X → T \(X ∩ NG(T )) and the
natural map from T \(X ∩NG(T )) to [w2n]w2n are both bijective. �

3.2.3. Fix a Borel orbit B · x ∈ B\X . We may and do assume that x ∈
X ∩NG(T ) and let w ∈ [w2n] be such that x ∈ Tww2n. Below is a description

of Tx and of the restriction to Tx of δ
1/2
B δ−1Bx (see §3.1.4 for notation). Note first

that

TI2n = T ∩H = {diag(a1, . . . , an, a
−1
n , . . . , a−11 ) : ai ∈ F ∗, i = 1, . . . , n}

and
(δ
−1/2
B δBI2n )(diag(a1, . . . , an, a

−1
n , . . . , a−11 )) = |a1|F · · · |an|F .

We summarize the relevant results.

Lemma 3.3. For every orbit in B\X there exists a unique τ ∈ [w2n] and a
representative x ∈ NG(T ) such that

(1) Tx = {diag(a1, . . . , a2n) ∈ T : aτ(i) = a−1i , i = 1, . . . , n}
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(2) (δ
−1/2
B δBx)(t) =

∏
i<τ(i) |ai|F for every t = diag(a1, . . . , a2n) ∈ Tx. �

3.3. P -orbits in X. Let α = (n1, . . . , nk) be a composition of 2n and let
P = Pα = M ⋉ U . Note that θ(P ) = P(nk,...,n1) and θ(M) = w2nMw−12n =
M(nk,...,n1).

3.3.1. The P -orbits in X are in bijection with certain twisted involutions.

Lemma 3.4. The map (P · x 7→ Pxθ(P )) : P\X → P\G/θ(P ) ≃ MWθ(M)

defines a bijection
P\X ≃ MWθ(M) ∩ [w2n]w2n.

�

3.3.2. Let
ıM : MWθ(M) ∩ [w2n]w2n → P\X

denote the bijection of Lemma 3.4. Recall that for w ∈ MWθ(M)

M(w) = M ∩ wθ(M)w−1

is a standard parabolic subgroup of M .

Lemma 3.5. For every w ∈ MWθ(M) ∩ [w2n]w2n we have that ıM (w) ∩M(w)w
is a single M(w)-orbit. In particular, it is not empty. �

3.3.3. Admissible orbits.

Definition 3.6. We say that w ∈ MWθ(M) ∩ [w2n]w2n (or the corresponding
P -orbit ıM (w)) is M -admissible if M(w) = M , i.e., if ww2n ∈ NG(M).

Thus, w ∈ MWθ(M) ∩ [w2n]w2n is M -admissible if and only if the intersection
ıM (w) ∩NG(M)w2n is not empty. In particular ıM restricts to a bijection

(MWθ(M) ∩ [w2n]w2n ∩NG(M)w2n) ≃ (M − admissible orbits in X).

The P -orbits in X are studied in terms of certain L-admissible orbits for Levi
subgroups L of M . More precisely, to the P -orbit ıM (w) we associate a certain
M(w)-admissible orbit. We therefore begin by describing the relevant data for
M -admissible orbits.
Let

S2[α] = {τ ∈ Sk : τ2 = e, nτ(i) = ni, i = 1, . . . , k and ni is even if τ(i) = i}.
The admissibleM -orbits are in bijection with S2[α]. Before we state the general
results we provide examples of prototypes of admissible orbits.

3.3.4. Assume that k = s + 2t, ni = nk+1−i, i = 1, . . . , t and ni is even for
i = t+ 1, . . . , t+ s, i.e., α is of the form

α = (n1, . . . , nt, 2m1, . . . , 2ms, nt, . . . , n1).

Let

x = diag(IN , J(m1,...,ms)J
−1
m , IN ) =




wN
J(m1,...,ms)

−wN


J−1n ∈ X
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where

J(m1,...,ms) = diag(Jm1 , . . . , Jms), N = n1+ · · ·+nt and m = m1+ · · ·+ms.

Note that xJn is a skew-symmetric matrix in NG(M) and therefore P · x is
M -admissible.
For every d ∈ N consider the involution g 7→ g∗ on Gd defined by g∗ =
wd

tg−1w−1d . We have

Mx = {diag(g1, . . . , gt, h1, . . . , hs, g
∗
t , . . . , g

∗
1) :

: g1, . . . , gt ∈ Gni , h1, . . . , hs ∈ Hmj}
and

(δ
−1/2
P δPx)(diag(g1, . . . , gt, h1, . . . , hs, g

∗
t , . . . , g

∗
1)) =

t∏

i=1

|det gi|F .

3.3.5. We now return to the general setting where α is any composition of 2n.

Lemma 3.7. There is a bijection between the M -admissible P -orbits in X and
S2[α] that satisfies the following properties. Let w ∈ MWθ(M) ∩ [w2n]w2n ∩
NG(M)w2n and let τ ∈ S2[α] correspond to ıM (w). Then, there exists x =
xM,w ∈ X ∩Mw such that:

(1) Mx = {diag(g1, . . . , gk) : gτ(i) = g∗i if τ(i) 6= i and gi ∈ Hni/2 if τ(i) =
i}

(2) (δ
−1/2
P δPx)(diag(g1, . . . , gk)) =

∏
i<τ(i) |det gi|F . �

3.3.6. Every τ ∈ Sk defines a unique wτ ∈ W such that for every g =
diag(g1, . . . , gk) ∈M we have

wτgw
−1
τ = diag(gτ−1(1), . . . , gτ−1(k)).

Remark 3.8. In fact, the relation between w and τ in the above lemma is
characterized by diag(wn1 , . . . , wnk)wτw2n = w.

3.3.7. General orbits. Fix w ∈ MWθ(M) ∩ [w2n]w2n and let L = M(w) be the
standard Levi subgroup of M we associated with w. Let β = (β1, . . . , βk) be
such that L = Mβ where βi = (mi,1, . . . ,mi,ki) is a composition of ni. On the
set of indices

I = {(i, j) : i = 1, . . . , k, j = 1, . . . , ki}
we consider the lexicographic order (i, j) ≺ (i′, j′) if either i < i′ or i = i′ and
j < j′. We further consider the partial order (i, j)≪ (i′, j′) if i < i′.
Recall that by Lemmas 3.4 and 3.5, X ∩ Lw is an L-orbit. Note that w is
L-admissible. Furthermore, for x ∈ X ∩ Lw we have Mx = Lx and Px = Qx
where Q = Pβ is the standard parabolic subgroup of G with Levi subgroup L.
We may therefore apply Lemma 3.7 with M replaced by L.
We consider S2[β] as a set of involutions on I, by identifying (I,≺) with the
linearly ordered set {1, 2, . . . , |I|}. Let τ ∈ S2[β] be the involution associated
with ıL(w). Since w ∈ MWθ(M) there are more restrictions on τ , it must satisfy

(5) τ(i, j + 1)≪ τ(i, j), i = 1, . . . , k, j = 1, . . . , ki − 1.

Documenta Mathematica 22 (2017) 611–657



Klyachko Models for Ladder Representations 627

This implies in particular that for every i there is at most one j such that
τ(i, j) = (i, j).

4. The geometric lemma

We recall here a special case of the geometric lemma [BZ77, Theorem 5.2] (see
also [BD08, Proposition 1.17]).
As in the previous section, fix n ∈ N and let G = G2n and H = Hn. Let
α = (n1, . . . , nk) be a composition of 2n and let P = Pα = M ⋉ U . Consider
the functor ResH ◦iG,M from Π(M) to the category of smooth representations
of H where ResH stands for restriction to H .

4.1. The H-filtration. For every σ ∈ Π(M) we recall here the existence
of an H-filtration on ResH ◦iG,M(σ) parameterized by P\X and explicate the
factors of the filtration.

4.1.1. By [BZ76, §1.5] (see also [BD08, Lemma 3.1]) there is a linear ordering

MWθ(M) ∩ [w2n]w2n = {w1, . . . , wm} so that

Xi = ∪ij=1ıM (wi)

is open in X for all i = 1, . . . ,m.

4.1.2. The orbit of the identity ιM (I2n) = P · I2n is closed in X and we may
assume that wm = I2n. Furthermore, if ni is even for all i = 1, . . . , k then the
orbit P · xM where

xM = J(n1/2,...,nk/2)J
−1
n

is open in X and we may assume that ıM (w1) = P · xM . Furthermore, in this
case, w1 is M -admissible.

4.1.3. Let σ ∈ Π(M) and let V be the representation space of iG,M(σ). Set

Vi = {ϕ ∈ V : Supp(ϕ) ⊆ Xi}, i = 1, . . . ,m

then V0 := 0 ⊆ V1 ⊆ · · · ⊆ Vm = V is a filtration of ResH(iG,M (σ)). For
every i choose (by Lemma 3.5) xi ∈ ıM (wi) ∩M(wi)wi and ηi ∈ G such that
ηi · I2n = xi.
For a subgroup A of a group B, b ∈ B and a representation ρ of A we denote by
ρb the representation of b−1Ab on the space of ρ defined by ρb(b−1ab) = ρ(a).
By [Off06b, Proposition 3] we have

Lemma 4.1. For every i = 1, . . . ,m we have the isomorphism of representations
of H

Vi/Vi−1 ≃ indH
H∩η−1

i Pxiηi
(δ
−1/2
Pxi

(ResPxi (δ
1/2
P σ))ηi).

�

4.1.4. Relevant orbits.

Definition 4.2. We say that wi ∈ MWθ(M)∩ [w2n]w2n (or ıM (wi)) is relevant
for σ if

HomH(Vi/Vi−1, 1) 6= 0.
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4.1.5. The following makes this property more explicit. By [Off06b, Corollary
1] we have

Lemma 4.3. Fix i and let w = wi, x = xi, η = ηi, L = M(wi) and Q the
standard parabolic subgroup of G with Levi subgroup L. Then

HomH(indHH∩η−1Pxη(δ
−1/2
Px

(ResPx(δ
1/2
P σ))η), 1) ≃ HomLx(rL,M (σ), δ

−1/2
Q δQx).

�

4.1.6. Combining Lemmas 4.1 and 4.3 we have

Corollary 4.4. Let w ∈ MWθ(M) ∩ [w2n]w2n. With the above notation w is
relevant for σ if and only if

HomLx(rL,M (σ), δ
−1/2
Q δQx) 6= 0.

�

4.1.7. Finally, by choosing the orbit representative x as in Lemma 3.7 (where

M is replaced by L) we explicate the condition HomLx(ρ, δ
−1/2
Q δQx) 6= 0 for

certain pure tensor representations ρ ∈ Π(L).
For a representation π ∈ Π(Gr), let π∗ ∈ Π(Gr) be the representation on the
space of π defined by π∗(g) = π(g∗). By a result of Gelfand and Kazhdan
([GK75]) we have π∗ ≃ π∨ for all π ∈ Irr. In the notation of §3.3.7 let

ρ = ⊗ı∈(I,≺)ρı
and let τ ∈ S2[β] be the involution on I associated to w by Lemma 3.7 applied
with L replacing M . Assume that ρı ∈ Irr(Gnı) whenever τ(ı) 6= ı. Then by
Lemma 3.7 we have

(6) HomLx(ρ, δ
−1/2
Q δQx) 6= 0 if and only if for all ı ∈ I we have

ρı ≃ νρτ(ı) whenever ı ≺ τ(ı) and ρı is Hnı − distinguished if τ(ı) = ı.

4.1.8. Combining Corollary 4.4, (6) and Lemma 2.3 we have

Corollary 4.5. Let w ∈ MWθ(M) ∩ [w2n]w2n. With the above notation, if w
is relevant for σ then there exists an irreducible component ρ = ⊗ı∈(I,≺)ρı ∈
Irr(L) of rL,M (σ) such that

ρı ≃ νρτ(ı) whenever ı ≺ τ(ı) and ρı is Hnı-distinguished if τ(ı) = ı.

�

5. First applications of the geometric lemma to Sp-distinction

In this section we apply the contribution of the open and closed orbits of the
filtration defined in §4 in order to show that certain induced representations
are Sp-distinguished. We further apply §4 to reduce the study of Sp-distinction
on Irr to representations supported on a single cuspidal line.

5.1. Distinction and relevant orbits.
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5.1.1. The variant of the geometric lemma discussed in §4 is often applied
to show that certain induced representations are not distinguished. This is
based on the following simple observation, which is an immediate consequence
of Lemma 2.3 (applied with G = H).

Lemma 5.1. Let M be a standard Levi subgroup of G. If σ ∈ Π(M) is such that
iG,M (σ) is H-distinguished then there exists a P -orbit in X that is relevant to
σ. �

The reverse implication need not be true. However, there are two cases in
which the geometric lemma indicates distinction.

5.1.2. Assume that ni is even for all i. Then the open P -orbit inX is ıM (w1) =
P · xM (see §4.1.2) and

MxM = {diag(h1, . . . , hk) : hi ∈ Hni/2, i = 1, . . . , k}.
Let σi ∈ Π(Gni) be Hni/2-distinguished and 0 6= ℓi ∈ HomHni/2

(σi, 1) for all

i = 1, . . . , k. Let σ = σ1 ⊗ · · · ⊗ σk and ℓ = ℓ1⊗ · · · ⊗ ℓk ∈ HomMxM
(σ, 1). The

integral

(7) ℓ̃(ϕ) =

∫

(H∩η−1
M MxM

ηM )\H
ϕ(ηMh) dh

where ηM ∈ G is such that ηM · I2n = xM , defines a non-zero linear form
ℓ̃ ∈ HomH(V1, 1). It does not necessarily extend to an H-invariant linear form
on iG,M(σ), but it lies in a holomorphic family of linear forms that do extend
meromorphically.
Note that GxM = GθxM is the fixed point group of the involution θxM (g) =
xMθ(g)x−1M and that M = P ∩ θxM (P ). For λ = (λ1, . . . , λk) ∈ Ck let σ[λ] be
the representation on the space of σ defined by

σ[λ](diag(g1, . . . , gk)) = |det g1|λ1

F · · · |det gk|λkF σ(diag(g1, . . . , gk)).

The representations iG,M (σ[λ]) can all be realized in the same space V and
then the H-filtration {Vi}ni=1 is independent of λ. The following follows from
[BD08, Theorem 2.8].

Lemma 5.2. With the above notation and assumptions, there is a non-
zero meromorphic function (λ 7→ ℓλ) : Ck → V∗ that satisfies ℓλ ∈
HomH(iG,M (σ[λ]), 1) whenever holomorphic at λ.

5.1.3. Hereditary property of Sp-distinction. This implies the hereditary prop-
erty of Sp-distinction.

Corollary 5.3. Assume that ni is even for all i = 1, . . . , k. Let σi ∈ Π(Gni )
be Hni/2-distinguished for all i = 1, . . . , k. Then σ1×· · ·×σk is H-distinguished.

Proof. This is immediate from Lemma 5.2 by taking a leading term at λ = 0
of ℓλ at a complex line through zero in a generic direction. �
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5.1.4. Distinction by the closed orbit. When a closed orbit is relevant, the geo-
metric lemma directly implies distinction.

Lemma 5.4. Let σ1, . . . , σt ∈ Irr, ρ1, . . . , ρs ∈ Π and assume that ρi is Sp-
distinguished for i = 1, . . . , s (allow the case s = 0). Then

νσ1 × · · · × νσk × ρ1 × · · · × ρs × σk × · · · × σ1

is Sp-distinguished.

Proof. It follows from Corollary 5.3 that ρ = ρ1 × · · · × ρs is Sp-distinguished.
Let G = G2n and M its standard Levi subgroup so that

σ = νσ1 ⊗ · · · ⊗ νσk ⊗ ρ⊗ σk × · · · ⊗ σ1

is a representation of M . Then iG,M (σ) ∈ Π(G). Let P be the standard
parabolic subgroup with Levi subgroup M . Then the closed orbit P · I2n is
relevant to σ by (6). By §4.1.2, HomH(V/Vm−1, 1) 6= 0 and therefore by Lemma
2.2 (applied with G = H), iG,M(σ) is Sp-distinguished.

�

5.2. Reduction to cuspidal Z-lines. Let ν = |det|F on Gn for any n ∈ N.

5.2.1. For ρ ∈ cusp let ρZ = {νnρ : n ∈ Z} be the Z-line through ρ. Denote
by < the order on ρZ induced by the standard order on Z (so that ρ < νρ).

Definition 5.5. A representation π ∈ Π is called rigid if Supp(π) ⊆ ρZ for
some ρ ∈ Cusp.

5.2.2. Every element of Irr has a unique decomposition as a product of rigid
representations supported on disjoint cuspidal lines. Indeed, by [Zel80, Propo-
sition 8.6] we have

Lemma 5.6. For every π ∈ Irr there exist ρ1, . . . , ρk ∈ Cusp, so that ρZi ∩ρZj = ∅
for all i 6= j, and π1, . . . , πk ∈ Irr so that Supp(πi) ⊆ ρZi and π = π1 × · · · ×
πk. �

5.2.3. Another application of the geometric lemma will allow us to reduce the
question of Sp-distinction of irreducible representations to those supported on
a single cuspidal line. Indeed, if π = π1 × · · · × πk is a decomposition as in
Lemma 5.6 then

(8) HomSp(π, 1) ≃ HomSp(π1, 1)⊗ · · · ⊗HomSp(πk, 1).

Here, we write HomSp(π, 1) = HomSp2n(F )(π, 1) for any π ∈ Π(G2n).
In fact, we prove (8) for a slightly more general setting for which we need to
introduce some more terminology.
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5.2.4. Consider the graph E with Cusp as the set of vertices and an edge
between ρ and νρ for every ρ ∈ Cusp.
For every finite subset V ⊆ Cusp let EV be the induced graph on the set of
vertices V and mV the set of connected components of EV . Every connected
component ∆ ∈ mV is of the form ∆ = {νiρ : i = a, . . . , b} for some ρ ∈ Cusp
and integers a ≤ b.
Definition 5.7. We say that finite subsets V, V ′ ⊆ Cusp are totally disjoint
if either V and V ′ are contained in disjoint cuspidal Z-lines or they satisfy
the following property. For every ∆ ∈ mV and ∆′ ∈ mV ′ we have that either
νρ < ρ′ for all ρ ∈ ∆ and ρ′ ∈ ∆′ or νρ′ < ρ for all ρ ∈ ∆ and ρ′ ∈ ∆′.
(Equivalently, ∆ ∪∆′ is not connected in EV ∪V ′ .)

As a consequence of [Zel80, Proposition 8.5] we have

Lemma 5.8. If π1, . . . , πk ∈ Irr are such that Supp(πi) and Supp(πj) are totally
disjoint for all i 6= j then π1 × · · · × πk ∈ Irr. �

5.2.5. We now show that (8) holds for totally disjoint decompositions as in
Lemma 5.8. The following is a small generalization of [Mit14, Lemma 3.4].

Lemma 5.9. Let π1, . . . , πk ∈ Π be such that Supp(πi) and Supp(πj) are totally
disjoint for all i 6= j. Then π = π1 × · · · × πk is Sp-distinguished if and only
if πi is Sp-distinguished for all i = 1, . . . , k. In particular, if π ∈ Irr then (8)
holds.

Proof. The ‘only if’ part follows from Corollary 5.3. We prove the ‘if’ part. Let
σ = π1⊗· · ·⊗πk, n be such that π1×· · ·×πk ∈ Π(Gn) and α the composition of
n such that σ ∈ Π(Mα). Set G = Gn and M = Mα. Assume that π1× · · ·×πk
is Sp-distinguished.
By Lemma 5.1, σ admits a relevant orbit, let w ∈ MWθ(M) ∩ [w2n]w2n be
relevant to σ. Apply the notation of §3.3.7. By Corollary 4.5, there exists an
irreducible component ρ of rL,M (σ) that satisfies (6). Then ρ = ⊗ı∈(I,≺)ρı
where ρi,1 ⊗ · · · ⊗ ρi,ki is an irreducible component of rMβi

,Gni
(πi) for all i =

1, . . . , k (see (3)). In particular, Supp(ρi,j) ⊆ Supp(rMβi
,Gni

(πi)) ⊆ Supp(πi)

for all i (see (4)).
Assume that there exists ı ∈ I such that ı ≺ τ(ı) and let ı = (i, j) and
τ(ı) = (i′, j′). Then ρı ≃ νρτ(ı) and by (5), i 6= i′. In particular, there
exists ρ′ ∈ Supp(ρτ(ı)) ⊆ Supp(πi′ ) such that νρ′ ∈ Supp(ρı) ⊆ Supp(πi).
This contradicts the total disjointness of Supp(πi) and Supp(πi′ ). Therefore,
τ is the trivial involution. Now (5) implies that w is M -admissible and πi is
Sp-distinguished for all i = 1, . . . , k as required.
The isomorphism (8) now follows from [HR90, Theorem 2.4.2] (local multiplic-
ity one for symplectic models). �

6. Representations of GLn(F )

Before we continue with further applications of the geometric lemma to Sp-
distinction, we need to introduce the segment notation of Zelevinsky, and the
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Langlands and Zelevinsky classifications of Irr. We refer to [Zel80] for the
results stated in this section.

6.1. Segment representations. By a segment of cuspidal representations
we mean a set

[a, b](ρ) = {νiρ : i = a, a+ 1, . . . , b}
where ρ ∈ Cusp and a ≤ b are integers. By convention, the empty set is also
considered a segment.

6.1.1. For a segment ∆ = [a, b](ρ) as above, the representation νaρ× νa+1ρ×
· · · × νbρ has a unique irreducible subrepresentation that we denote by Z(∆)
and a unique irreducible quotient that we denote by L(∆).

6.1.2. We remark that ∆ 7→ L(∆) is a bijection between the set of segments
of cuspidal representations and the subset of essentially square-integrable rep-
resentations in Irr.

6.1.3. Also, Z(∆) is the unique irreducible quotient and L(∆) is the unique
irreducible subrepresentation of νbρ× · · · × νa+1ρ× νaρ. By convention, if the
segment ∆ is empty, then both L(∆) and Z(∆) are taken to be the trivial
representation of the trivial group.

6.1.4. We denote by b(∆) = νaρ the beginning, e(∆) = νbρ the end and
ℓ(∆) = |∆| = b− a+ 1 the length of ∆. Let ν∆ = [a+ 1, b+ 1](ρ).

6.1.5. Let ∆ and ∆′ be segments of cuspidal representations. We say that ∆
precedes ∆′ and write ∆ ≺ ∆′ if both ∆ and ∆′ are contained in some Z-line
ρZ ⊆ Cusp, b(∆) < b(∆′), e(∆) < e(∆′) and e(∆) ≥ b(∆′)− 1.
The segments ∆ and ∆′ are called linked if either ∆ ≺ ∆′ or ∆′ ≺ ∆. Equiv-
alently, ∆ and ∆′ are linked if and only if neither of them is contained in the
other and their union is a segment.

6.1.6. For our conventions regarding multi-sets see §8.0.1. Let O be the
set of multi-sets of segments of cuspidal representatons. An order m =
{∆1, . . . ,∆t} ∈ O on a multi-set m is of standard form if ∆i 6≺ ∆j for all
i < j.
Every m ∈ O admits at least one standard order. Indeed, if for example
e(∆1) ≥ · · · ≥ e(∆t) then {∆1, . . . ,∆t} is in standard form.

6.1.7. The Zelevinsky classification. Let m = {∆1, . . . ,∆t} ∈ O be ordered in
standard form. The representation

ζ(m) = Z(∆1)× · · · × Z(∆t)

is independent of the choice of order of standard form. It has a unique irre-
ducible submodule that we denote by Z(m).
The Zelevinsky classification says that the map (m 7→ Z(m)) : O → Irr is a
bijection.
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6.1.8. The representation

ζ̃(m) = Z(∆t)× · · · × Z(∆1).

is also independent of the choice of standard order on m and Z(m) is the unique

irreducible quotient of ζ̃(m).

6.1.9. The Langlands classification. Let m = {∆1, . . . ,∆t} ∈ O be ordered in
standard form. The representation

λ(m) = L(∆1)× · · · × L(∆t)

is independent of the choice of order of standard form. It has a unique irre-
ducible quotient that we denote by L(m).
The Langlands classification says that the map (m 7→ L(m)) : O → Irr is a
bijection.

6.1.10. The Zelevinsky involution. It follows from §6.1.7 and §6.1.9 that for
any m ∈ O there exists a unique mt ∈ O such that Z(m) = L(mt).
The function m 7→ mt is an involution on O. For π = Z(m) ∈ Irr let πt = L(m).
Then π 7→ πt is the corresponding involution on Irr.

6.1.11. For m ∈ O let Supp(m) = {ρ ∈ Cusp : ρ ∈ ∆ for some ∆ ∈ m} be the
support of m. (Note that Supp(m) = Supp(Z(m)) = Supp(L(m)).)
A multi-set m ∈ O is called rigid if Supp(m) ⊆ ρZ for some ρ ∈ Cusp. Let

Oρ = {m ∈ O : Supp(m) ⊆ ρZ}

be the set of rigid multi-sets supported on ρZ.

6.1.12. Lemma 5.9 reduces the study of Sp-distinguished representations in
Irr to those supported on a cuspidal Z-line.
From now on fix ρ ∈ Cusp once and for all. We will study Sp-distinction of
certain rigid representations supported on ρZ.

7. A necessary condition for Sp-distinction of Z(m)

In this section we show that if m ∈ Oρ is such that Z(m) is Sp-distinguished
then all segments in m are of even length.
The main tool is the geometric lemma of §4. We also apply a result of Heumos
and Rallis that we first recall.

7.1. Results of Heumos and Rallis.

7.1.1. The following disjointness of models is [HR90, Theorem 3.2.2].

Lemma 7.1. If π ∈ Irr is generic then it is not Sp-distinguished. �
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7.1.2. We also recall [HR90, Theorem 11.1] that provides first examples of
irreducible, Sp-distinguished representations that are not necessarily one di-
mensional.

Lemma 7.2. Let ∆ be a segment in Cusp. Then L({∆, ν∆}) is Sp-
distinguished.

For the convenience of the reader, and since the proof below will be generalized
in the sequel, we recall here the argument given by Heumos and Rallis.
Recall that L({∆, ν∆}) lies in an exact sequence

0→ π → λ({∆, ν∆}) = νL(∆)× L(∆)→ L({∆, ν∆})→ 0

where π ∈ Irr is generic. The representation νL(∆)×L(∆) is Sp-distinguished
by Lemma 5.4, whereas π is not Sp-distinguished by Lemma 7.1. Therefore,
L({∆, ν∆}) is Sp-distinguished.

Remark 7.3. Representations of the form L({∆, ν∆, . . . , νn−1∆}) are often re-
ferred to as Speh representations. In [OS07], Lemma 7.2 is generalized, showing
that the Speh representation L({∆, ν∆, . . . , νn−1∆}) is Sp-distinguished if and
only if n is even. This characterization of Sp-distinguished Speh representa-
tions was based on a global argument involving the period integrals of certain
Eisenstein series. In this paper we provide a local proof of a generalization.
Since Lemmas 7.1 and 7.2 will be applied in the sequel, we emphasize that their
proofs in [HR90] are purely local.

7.2. On Sp-distinction of Z(m).

7.2.1. Let ∆ = [a, b](ρ) be a segment in ρZ. A special case of Remark 7.3 says

that Z(∆) = L({νaρ}, {νa+1ρ}, . . . , {νbρ}) is Sp-distinguished if and only if
ℓ(∆) is even. For the sake of completeness of our local proof, we now provide a
proof of the easy part of this equivalence. A local proof of the other implication
will be a part of Corollary 10.5.

Lemma 7.4. If the representation Z(∆) is Sp-distinguished then ℓ(∆) is even.

Proof. Assume that Z(∆) is Sp-distinguished. By Lemma 2.2, νbρ× · · · × νaρ
is also Sp-distinguished.
Let d be such that ρ ∈ Π(Gd), G = Gd(b−a+1) and M = M(d,...,d) the standard

Levi subgroup of G so that σ = νbρ⊗ · · · ⊗ νaρ ∈ Π(M). By Lemma 5.1, there
exists an orbit, relevant to σ.
Since ρ is cuspidal, it follows from (3) that rL,M (σ) = 0 for every proper Levi
subgroup L of M . It therefore follows from Corollary 4.4 that an orbit relevant
to σ is M -admissible.
Since all elements of Cusp are generic, it now follows from Lemma 7.1 and (6)
(for L = M) that there exists, in particular, an involution on ∆ without fixed
points. Therefore ℓ(∆) is even. �
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7.2.2. This can be generalized to products of Z(∆)’s, but we first need to
explicate their Jacquet modules. We start with the Jacquet module of Z(∆)
itself.
Let ∆ = [a, b](ρ) be a segment in Cusp. Recall the description of the Jacquet
module of Z(∆) following [Zel80, §3.4]. Suppose that ρ ∈ Π(Gd) and let n =
(b − a + 1)d so that Z(∆) ∈ Π(Gn). Let M = Mα for a composition α =
(n1, . . . , nk) of n. Then rM,Gn(Z(∆)) = 0 unless d|ni, i = 1, . . . , k in which
case

rM,Gn(Z(∆)) = Z(∆1)⊗ · · · ⊗ Z(∆k)

where ∆i = [ai, bi](ρ), a1 = a, ai+1 = bi+1, i = 1, . . . , k−1 and d(bi−ai+1) =
ni, i = 1, . . . , k.

7.2.3. Suppose that β is a refinement of a composition α of n and let M = Mα

and L = Mβ. For the parts of the compositions and the ordered index set I

we apply the notation of §3.3.7.
Let ∆1, . . . ,∆k be segments of cuspidal representations so that σ = Z(∆1) ⊗
· · ·⊗Z(∆k) is an irreducible representation of M . It follows from (3) and §7.2.2
that, whenever non-zero,

rL,M (σ) = ⊗
ı∈(I,≺)

Z(∆ı)

where rMβi
,Gni

(Z(∆i)) = Z(∆i,1)⊗ · · · ⊗ Z(∆i,ki) is prescribed by §7.2.2.

7.2.4.

Proposition 7.5. Let m ∈ Oρ. If ζ̃(m) is Sp-distinguished then Z(∆) is Sp-
distinguished and, in particular, ℓ(∆) is even for all ∆ ∈ m.
In particular, if Z(m) is Sp-distinguished then ℓ(∆) is even for all ∆ ∈ m.

Proof. Fix an order m = {∆1, . . . ,∆k} so that b(∆1) ≤ · · · ≤ b(∆k) and note
that {∆k, . . . ,∆1} is a standard order on m, i.e., that

ζ̃(m) ≃ Z(∆1)× · · · × Z(∆k).

Let σ = Z(∆1)⊗· · ·⊗Z(∆k), G = Gn and M = Mα a standard Levi subgroup

of G such that Z(∆1) × · · · × Z(∆k) = iG,M (σ). Assume that ζ̃(m) is Sp-
distinguished. By Lemma 5.1 there exists w ∈ MWθ(M) ∩ [w2n]w2n that is
relevant to σ.
We show that Z(∆i) is Sp-distinguished for all i. Assume, by contradiction,
the contrary and use the notation of §3.3.7. It follows from Corollary 4.5 that
τ is not the trivial involution. Let ı ∈ I be minimal such that τ(ı) 6= ı. Then
ı ≺ τ(ı) and it follows from (5) that ı = (i, 1) for some 1 ≤ i ≤ k. But then the
condition ∆ı = ν∆τ(ı) (from Corollary 4.5) contradicts our choice of order on
m and §7.2.3.
It therefore follows that Z(∆i) is Sp-distinguished and from Lemma 7.4 that
ℓ(∆i) is even for i = 1, . . . , k. The last part of the proposition follows from
Lemma 2.2. �
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Applications of the geometric lemma to the study of Sp-distinction of represen-
tations of the form λ(m), m ∈ O (standard modules) lead to certain combinato-
rial problems that we are only able to solve in special cases. In the next section
we formulate these problems and present the proofs for our partial results. The
section is written in such a way that it is independent of the rest of the paper
and elementary. The problem we raise is accessible to every mathematician.

8. Multi-sets of segments

We formulate an elementary problem on multi-sets of segments of integers that
has applications to representation theory. We are only able to provide a partial
solution.

8.0.1. By a multi-set f of elements in a set X we mean a function f : X → Z≥0
of finite support. The support of f is also referred to as the set underlying f .
If f takes value in {0, 1} then we identify f with its support and say that it is
a set. For example, for x ∈ X the set of one element {x} is the characteristic
function of x.
Denote by |f | = ∑

x∈X f(x) the size of the multi-set f . By abuse of notation,
we sometimes write f = {x1, . . . , xt} where t = |f | and x ∈ X equals xi for
exactly f(x) indices i. We refer to the presentation {x1, . . . , xt} as an order on
f .
We write x ∈ f if x is in the support of f .

8.0.2. By a segment of integers we mean a set [a, b] = {a, a+ 1, . . . , b} where
a ≤ b are integers. By convention, the empty set is a segment. Let Sgm denote
the set of all segments of integers. Consider the operation

ν[a, b] = [a+ 1, b+ 1], [a, b] ∈ Sgm

and define the following relation on Sgm. For [a, b], [a′, b′] ∈ Sgm we say that
[a, b] precedes [a′, b′] and write [a, b] ≺ [a′, b′] if a < a′, b < b′ and b ≥ a′ − 1.
By a decomposition of [a, b] ∈ Sgm we mean a k-tuple of segments

([a1, b1], . . . , [ak, bk]) ∈ Sgmk, k ∈ N, such that b1 = b, ak = a and bi+1 = ai−1,
i = 1, . . . , k − 1. The decomposition is called trivial if k = 1.

8.0.3. Let OZ be the set of multi-sets of segments of integers. We say that
a multi-set m = {∆1, . . . ,∆k} is ordered in standard form if ∆i 6≺ ∆j for all
i < j.
Given an ordered multi-set m = {∆1 . . . ,∆k} ∈ OZ, by a decomposition of m
we mean a decomposition of ∆i for all i = 1, . . . , k. The decomposition is called
trivial if the decomposition of each ∆i is trivial.
It will be convenient to index a decomposition of an ordered multi-set as follows.
If (∆i,1, . . . ,∆i,ki) is the decomposition of ∆i, i = 1, . . . , k let (I,≺) be the
linearly ordered set

I = {(i, j) : i = 1, . . . , k, j = 1, . . . , ki}
with the lexicographic order (i, j) ≺ (i′, j′) if either i < i′ or i = i′ and
j < j′. We further consider the partial order (i, j) ≪ (i′, j′) if i < i′. Thus, a
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decomposition of an ordered multi-set m = {∆1, . . . ,∆k} ∈ OZ produces a new
ordered multi-set {∆ı : ı ∈ (I,≺)}.

8.0.4. Relevant decompositions.

Definition 8.1. Let m = {∆1, . . . ,∆k} ∈ OZ be an ordered multi-set. We say
that an ordered decomposition {∆ı : ı ∈ (I,≺)} (of the order {∆1, . . . ,∆k} of
m) is relevant to {∆1, . . . ,∆k} if there exists an involution τ on I satisfying
the following properties:

(1) τ(i, j + 1)≪ τ(i, j), i = 1, . . . , k, j = 1, . . . , ki − 1;
(2) τ(ı) 6= ı, ı ∈ I;
(3) ∆ı = ν∆τ(ı) whenever ı ≺ τ(ı).

8.0.5. The involutions τ in the above definition must satisfy the following
property.

Lemma 8.2. Let τ be an involution on I satisfying conditions (1) and (2) of
Definition 8.1. Then, there exist i1 > · · · > ik1 > 1 such that τ(1, j) = (ij , kij ),
j = 1, . . . , k1.

Proof. Let τ(1, j) = (ij , rj). The inequalities i1 > · · · > ik1 > 1 are immediate
from conditions (1) and (2) of Definition 8.1. If rj < kij then, again by the same
condition, τ(ij , rj + 1)≪ (1, j) which is impossible. Therefore rj = kij . �

8.0.6. Distinguished multi-set.

Definition 8.3. A multi-set m ∈ OZ is called distinguished if every standard
order of m admits a relevant decomposition.

8.0.7. Speh type. For m = {∆1, . . . ,∆k} ∈ OZ and n ∈ Z let νnm =
{νn∆1, . . . , ν

n∆k}. It is easy to see that the following conditions are equivalent
for m ∈ OZ:

• m is of the form n + νn for some n ∈ OZ;
• the trivial decomposition of m is relevant to some standard order of m;
• the trivial decomposition of m is relevant to any standard order of m.

Definition 8.4. We say that m ∈ OZ is of Speh type if it satisfies the above
equivalent conditions.

8.0.8. The main hypothesis. Consider the following property of a multi-set m ∈
OZ.

Hypothesis 8.5. If m is distinguished then m is of Speh type.

Unfortunately, we do not have enough information to determine whether Hy-
pothesis 8.5 is satisfied for all m ∈ OZ. We therefore cautiously refrain from
stating it as a conjecture. We will prove that it holds in some special cases and
in particular when m is a set.
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8.0.9. In fact, for some of the representation theoretic applications we have
in mind it suffices to consider a slightly weaker property. For [a, b] ∈ Sgm let
[a, b]∨ = [−b,−a] and for m ∈ OZ let m∨ ∈ OZ be defined by m∨(∆) = m(∆∨),
∆ ∈ Sgm.
Consider the following property of a multi-set m ∈ OZ.

Hypothesis 8.6. If m and m∨ are both distinguished then m is of Speh type.

8.0.10. In order to prove that a given multi-set m satisfies the Hypothesis 8.5
it is enough to show that if m is distinguished then the trivial decomposition
is relevant to some standard order. In particular, it is enough to show that for
some standard order, no non-trivial decomposition is relevant. We can only
prove Hypothesis 8.5 for some special cases by proving this stronger version.
For this purpose we define a certain standard order on multi-sets.

8.0.11. For ∆ = [a, b] let b(∆) = a be the beginning and e(∆) = b the end of
∆.
For m ∈ OZ let c1 > · · · > cs be such that we have the identity of sets
{c1, . . . , cs} = {e(∆) : ∆ ∈ m}. Let m[i] ∈ OZ be defined by

m[i](∆) =

{
m(∆) e(∆) = ci

0 otherwise

for i = 1, . . . , s so that

m = m[1] + · · ·+ m[s]

and all segments in the support of m[i] end at ci.
Note that any linear order on m that extends the relation, ∆ < ∆′ whenever
∆ ∈ m[i] and ∆′ ∈ m[j] for all 1 ≤ i < j ≤ s, is in standard form.

8.0.12. In order to fix such an order, we need to linearly order each m[i]. We
make a particular such choice recursively.
Let m[1] be ordered by m[1] = {∆1, . . . ,∆k} where b(∆1) ≤ · · · ≤ b(∆k) and set
m[1]′ = m[1]. Suppose that m[1], . . . ,m[i] are ordered and that m[1]′, . . . ,m[i]′

are defined for some i < s. We order m[i + 1] and define m[i + 1]′ as follows.
Set m[i+ 1] = {∆1, . . . ,∆k,∆

′
1, . . . ,∆

′
m} where b(∆1) ≤ · · · ≤ b(∆k), b(∆′1) ≥

· · · ≥ b(∆′m) and min(m[i + 1], ν−1m[i]′) = {∆′1, . . . ,∆′m} and let m[i + 1]′ =
{∆1, . . . ,∆k}. Here min is the minimum of two Z≥0-valued functions (see
§8.0.1).

8.0.13. We now prove that Hypothesis 8.5 holds for sets.

Proposition 8.7. Let m ∈ OZ be a set. Then, no non-trivial decomposition
is relevant to the order on m defined in §8.0.12. In particular, Hypothesis 8.5
holds for m.

Proof. We prove the statement by induction on |m|. If |m| ≤ 2 then it follows
from Lemma 8.2 that conditions (1) and (2) of Definition 8.1 cannot be satisfied
by any non-trivial decomposition of m and the proposition is therefore true.
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Let m = {∆1, . . . ,∆k} and assume by contradiction that there exists a non-
trivial decomposition {∆ı : ı ∈ I} that is relevant to {∆1, . . . ,∆k}. Let τ
be the involution on I satisfying properties (1), (2), (3) of Definition 8.1 and
let i1 > · · · > ik1 > 1 be given by Lemma 8.2 so that τ(1, j) = (ij , kij ),
j = 1, . . . , k1.
By the property of the order chosen e(∆1) ≥ e(∆ik1

) ≥ · · · ≥ e(∆i1). The

condition (3) of Definition 8.1 implies that e(∆i1) ≥ e(∆1) − 1 and b(∆i1 ) >
· · · > b(∆ik1

) = b(∆1)− 1. Since the equality e(∆ik1
) = e(∆1) contradicts the

order chosen on m[1] we must have e(∆ik1
) = e(∆1) − 1, i.e., ∆ik1

= ν−1∆1

and in the notation of §8.0.11, c2 = c1 − 1 and ∆ij ∈ m[2] for all j = 1, . . . , k1.
Since m is a set, we get that ∆ik1

6∈ m[2]′. Taking the order chosen on m[2]
into consideration, now implies that k1 = 1 = ki1 .
Again since m is a set, it is easy to see that the order defined on
m − {∆1} − {∆i1} by §8.0.12 is that inherited from m, i.e., the order
{∆2, . . . ,∆i1−1,∆i1+1, . . . ,∆k}. Furthermore, τ |I\{(1,1),(i1,1)} shows that
{∆ı : ı ∈ I \ {(1, 1), (i1, 1)}} is a non-trivial decomposition relevant to
{∆2, . . . ,∆i1−1,∆i1+1, . . . ,∆k}. This contradicts the induction hypothesis. �

8.0.14. The same proof gives another family of multi-sets satisfying Hypoth-
esis 8.5.

Proposition 8.8. Let m ∈ OZ and set m = m[1] + · · · + m[s] as in §8.0.11.
Assume that |m[i]| ≤ 2 for all i = 1, . . . , s. Then, no non-trivial decomposition
is relevant to the order on m defined in §8.0.12. In particular, Hypothesis 8.5
holds for m.

Proof. The first three paragraphs of the proof of Proposition 8.7 hold for any
multi-set and we apply the conclusions and the notation in this case. Since
|m[2]| ≤ 2 we conclude that k1 ≤ 2. Furthermore, if k1 = 2 then ∆i2 = ν−1∆1,
∆i1 = ν−1∆1,1 and m[2] = {∆i2 ,∆i1}. But this shows that ∆i2 6∈ m[2]′ and
contradicts the order on m[2].
We therefore have k1 = 1 = ki1 . Let n = m− {∆1}− {∆i1}. Again, it is easily
observed that the order on n defined in §8.0.12 is the one inherited by m and
the proposition follows by induction as in the last paragraphs of the proof of
Proposition 8.7. �

9. On Sp-distinction of standard modules

The bijection [a, b] 7→ [a, b](ρ) from segments of integers to segments in ρZ

induces a bijection on multi-sets from OZ to Oρ. We refer to this bijection as
ρ-labeling and to its inverse as unlabeling.
In this section we show that if m ∈ Oρ is such that λ(m) is Sp-distinguished then
the unlabeling of m is distinguished in the sense of Definition 8.3. The results
and hypotheses of §8 therefore become relevant to the study of Sp-distinction
of standard modules.
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From now on we adopt the following convention. We say that a multi-set
m ∈ Oρ satisfies a property defined on multi-sets in OZ if its unlabeling satisfies
this property.

9.0.1. Let ∆ = [a, b](ρ) be a segment in ρZ and δ = L(∆). We first recall the
description of the Jacquet module of δ following [Zel80, §9.5].
Suppose that ρ is a representation of Gd and let n = (b − a + 1)d so that
δ ∈ Π(Gn). Let M = Mα for a composition α = (n1, . . . , nk) of n. Then
rM,Gn(δ) = 0 unless d|ni, i = 1, . . . , k in which case

rM,Gn(δ) = δ1 ⊗ · · · ⊗ δk
where δi = L(∆i), ∆i = [ai, bi](ρ), b1 = b, bi+1 = ai − 1, i = 1, . . . , k − 1 and
d(bi − ai + 1) = ni, i = 1, . . . , k.

9.0.2. Suppose that β is a refinement of a composition α of n and let M = Mα

and L = Mβ. For the parts of the compositions and the ordered index set I

we apply the notation of §3.3.7.
Let δ = δ1 ⊗ · · · ⊗ δk be an irreducible, essentially square-integrable represen-
tation of M (i.e., δi = L(∆i) for some segment of cuspidal representations,
i = 1, . . . , k). It follows from (3) that, whenever non-zero,

rL,M (δ) = ⊗
ı∈(I,≺)

δı

where rMβi
,Gni

(δi) = δi,1 ⊗ · · · ⊗ δi,ki is prescribed by §9.0.1.

9.0.3. Let M and δ be as above and w ∈ MWθ(M) ∩ [w2n]w2n. Recall that δi
is generic i = 1, . . . , k. In the notation of §3.3.7 it follows from (6), Lemma 7.1
and §9.0.2 that

w is relevant for δ if and only if τ(ı) 6= ı

for all ı ∈ I and δı ≃ νδτ(ı) whenever ı ≺ τ(ı).
(9)

9.0.4. The following is an immediate consequence.

Proposition 9.1. Let m ∈ Oρ satisfy Hypothesis 8.5. If λ(m) is Sp-
distinguished then m is of Speh type. In particular, if L(m) is Sp-distinguished
then m is of Speh type.

Proof. If λ(m) is Sp-distinguished then for any standard order on m =
{∆1, . . . ,∆k}, the induced representation L(∆1) × · · · × L(∆k) is Sp-
distinguished. Therefore, by Lemma 5.1, L(∆1)⊗· · ·⊗L(∆k) admits a relevant
orbit. Combining the condition 5 with (9), §9.0.3 says that m is distinguished
in the sense of Definition 8.3. Hypothesis 8.5 therefore implies that m is of
Speh type.
The last part of the proposition follows from Lemma 2.2. �
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9.0.5. Combining Proposition 9.1 with Propositions 8.7 and 8.8 we obtain

Corollary 9.2. Let m ∈ Oρ either be a set or, in the notation of §8.0.11,
satisfy |m[i]| ≤ 2 for all i. If λ(m) is Sp-distinguished then m is of Speh type.
In particular, if L(m) is Sp-distinguished then m is of Speh type. �

9.0.6. We also point out the weaker consequence of Hypothesis 8.6.

Proposition 9.3. Let m ∈ Oρ satisfy Hypothesis 8.6. If L(m) is Sp-
distinguished then m is of Speh type.

Proof. If L(m) is Sp-distinguished then L(m∨) is Sp-distinguished by Lemma
3.1. Therefore, by Lemma 2.2, both λ(m) and λ(m∨) are Sp-distinguished.
It now follows, as in the proof of Proposition 9.1, that both m and m∨ are
distinguished in the sense of Definition 8.3. Hypothesis 8.6 therefore implies
that m is of Speh type. �

9.0.7. We end this section by providing an example which demonstrates that
the necessary condition for distinction obtained by combining Propositions 7.5
and 9.3 is not sufficient.

Example 9.4. Let π = L(m) = Z(mt) where

m = {[ν4, ν4], [ν3, ν3], [ν3, ν3], [ν2, ν2], [ν, ν2], [1, ν]}.
Using the combinatorial algorithm of Mœglin and Waldspurger ([MW86]), it is
easy to see that

mt = {[ν2, ν3], [ν, ν4], [1, ν]}.
We will now show that π is not Sp-distinguished. Assume the contrary, if
possible. Let π1 = Z([ν2, ν3], [1, ν]) and π2 = Z([ν, ν4]). The representation

π = Z(mt) is the unique irreducible quotient of ζ̃(mt) and so it is also the
unique irreducible quotient of π1 × π2. Thus, by Lemma 2.2, π1 × π2 is Sp-
distinguished. Apply the notation of §3.3.7 with k = 2 for an orbit that is
relevant to π1 ⊗ π2 (by Lemma 5.1). Since k = 2, note that k2 ≤ 2.
From Corollary 4.5 and (3) it follows that there exist irreducible components
σ1 of rMβ1

,Gn1
(π1) and σ2 of rMβ2

,Gn2
(π2) such that writing

σi = σi,1 ⊗ · · · ⊗ σi,ki , i = 1, 2, σi,j ∈ Irr, j = 1, . . . , ki

we have σı = νστ(ı) whenever ı ≺ τ(ı) and σı is Sp-distinguished if τ(ı) = ı.

Also it follows from §7.2.2 that ν4 ∈ Supp(σ2,k2). Since ν5 /∈ Supp(π1), we
deduce that τ(2, k2) = (2, k2). By (5) it follows that k2 = k1 = 1, and so
τ(1, 1) = (1, 1). In other words, Z([ν2, ν3], [1, ν]) is Sp-distinguished. Using
the algorithm of Mœglin and Waldspurger again we get that

Z([ν2, ν3], [1, ν]) ∼= L([ν3, ν3], [ν, ν2], [1, 1]).

By Corollary 9.2 we obtain a contradiction.

10. The Sp-distinguished ladder representations

We classify Sp-distinguished representations in the class of ladder representa-
tions introduced by Lapid and Mı́nguez in [LM14].
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10.1. Distinction of ladder representations-the L aspect. We clas-
sify Sp-distinction in the class of ladder representations defined below.

10.1.1. Ladder representations.

Definition 10.1. Let ρ ∈ Cusp. The set {∆1, . . . ,∆k} ∈ Oρ is called a ladder
if

b(∆1) > · · · > b(∆k) and e(∆1) > · · · > e(∆k).

A representation π ∈ Irr is called a ladder representation if π = L(m) where
m ∈ Oρ is a ladder .

Whenever we say that m = {∆1, . . . ,∆k} ∈ Oρ is a ladder, we implicitly assume
that m is already ordered as in the definition above.

10.1.2. The following property allows us to show that certain ladder repre-
sentations are Sp-distinguished. By convention, let L([a, a− 1](ρ)) be the triv-
ial representation of the trivial group and let L([a, b](ρ)) = 0 if b < a − 1.
Let m = {∆1, . . . ,∆k} ∈ Oρ be a ladder, with ∆i = [ai, bi](ρ) and for every
i = 1, . . . , k − 1 let

Ki = L(∆1)× · · · × L(∆i−1)× L([ai+1, bi](ρ))× L([ai, bi+1](ρ))×
×L(∆i+2)× · · · × L(∆k).

(Thus, Ki = 0 if ai > bi+1 + 1.) By [LM14, Theorem 1] we have

Theorem 10.2. With the above notation let K be the kernel of the projection

λ(m)→ L(m). Then K =
∑k−1

i=1 Ki. �

10.1.3. The following is the characterization of Sp-distinguished ladder repre-
sentations.

Theorem 10.3. Let m = {∆1, . . . ,∆k} ∈ Oρ be a ladder. Then the following
conditions are equivalent

(1) L(m) is Sp-distinguished;
(2) k is even and ∆2i−1 = ν∆2i for all i = 1, . . . , k/2;
(3) m is of Speh type.

Proof. The equivalence of the last two conditions is obvious. If L(m) is Sp-
distinguished then m is of Speh type by Corollary 9.2.
Assume now that k = 2m is even and ∆2i−1 = ν∆2i for all i = 1, . . . ,m. Let
πi = L(∆2i−1,∆2i), i = 1, . . . ,m and π = π1 × · · · × πm. Note that π is a
quotient of λ(m). It follows from Lemma 7.2 that πi is Sp-distinguished for all
i = 1, . . . ,m. Therefore, by Corollary 5.3, π is Sp-distinguished and by Lemma
2.2, λ(m) is Sp-distinguished.
Apply the notation of §10.1.2. In order to show that L(m) is Sp-distinguished it
is enough to show that K is not Sp-distinguished (by Lemma 2.3). By Theorem
10.2 it is enough to show that Ki is not Sp-distinguished for all i = 1, . . . , 2m−1.
Note that

mi = {∆1, . . . ,∆i−1, [ai+1, bi](ρ), [ai, bi+1](ρ),∆i+2, . . . ,∆k} ∈ Oρ
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is ordered by strictly decreasing end points and is therefore, in particular, a
set and in standard form. Thus Ki ≃ λ(mi). By Corollary 9.2, it is enough to
show that mi is not of Speh type for all i = 1, . . . , 2m− 1.
Assume by contradiction that mi is of Speh type. Let ∆′j = ∆j for j 6= i, i+ 1,

∆′i = [ai+1, bi](ρ) and ∆′i+1 = [ai, bi+1](ρ). Since mi = {∆′1, . . . ,∆′2m} is ordered
by strictly decreasing end points we clearly must have ∆′2j−1 = ν∆′2j for all
j = 1, . . . ,m. If i is odd this implies that ai+1 = ai + 1 contradicting the
inequality ai > ai+1. If i is even this implies that ai−1 = ai+1 +1 contradicting
the fact that ai−1 > ai > ai+1 are integers. The theorem follows. �

10.2. Distinction of ladder representations-the Z aspect. The class
of ladder representations is closed under Zelevinsky involution. We now rein-
terpret the classification above in order to characterize the ladders m ∈ Oρ so
that Z(m) is Sp-distinguished.

10.2.1. Recall that in [MW86], Mœglin and Waldspurger describe a combina-
torial algorithm to compute mt for m ∈ Oρ. This algorithm takes a particularly
simple form if m is a ladder, as described in [LM14, §3.2]. In particular, Lapid
and Mı́nguez observe that m ∈ Oρ is a ladder if and only if mt is a ladder.
Thus, Z(m) is a ladder representation for a ladder m ∈ Oρ and every ladder
representation is of this form for some ladder m.
In §11.0.3 we give a recursive characterization of the Mœglin and Waldspurger
algorithm for ladders based on [LM14, §3.2].

10.2.2. The following is another elementary observation that follows from
§11.0.3. We omit the simple proof.

Lemma 10.4. Let m ∈ Oρ be a ladder and let mt = {∆1, . . . ,∆k} be ordered as
a ladder. Then m is of Speh type if and only if ℓ(∆i) is even for all i = 1, . . . , k
and ℓ(∆i ∩ ∆i+1) is odd for all 1 ≤ i ≤ k − 1 such that ∆i ∪ ∆i+1 is a
segment. �

10.2.3. Combining Lemma 10.4 and Theorem 10.3 we obtain another classifi-
cation of Sp-distinguished ladder representations.

Corollary 10.5. Let ρ ∈ Cusp and m = {∆1, . . . ,∆k} ∈ Oρ be a ladder.
Then Z(m) is Sp-distinguished if and only if we have

(1) ℓ(∆i) is even for all i = 1, . . . , k and
(2) ℓ(∆i ∩ ∆i+1) is odd for all 1 ≤ i ≤ k − 1 such that ∆i ∪ ∆i+1 is a

segment.

�

Remark 10.6. In [OS08b], we obtained a classification of the Sp-distinguished
unitary dual in terms of Tadic’s classification ([Tad86]). Recall (see Remark
7.3) that a Speh representation L({∆, ν∆, . . . , νn−1∆}) is Sp-distinguished if
and only if it is even (i.e. n is even). Any unitary representation is a product of
Speh representations and it was already proved in [OS07] that a product of even
Speh representations is Sp-distinguished. The disjointness of Klyachko models
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obtained in [OS08b], together with a prescribed model for any irreducible unitary
representation [OS08a, Theorem 3.7] imply that if an irreducible product of Speh
representations is Sp-distinguished then all Speh representations in the product
are even. Based on our current results, we can reprove this implication without
reference to Klyachko models as follows. If ∆ ⊆ ρZ for ρ ∈ Cusp and ℓ = ℓ(∆)
then it is well known that L({∆, ν∆, . . . , νn−1∆}) = Z({∆′, ν∆, . . . , νℓ−1∆′})
for some segment ∆′ ⊆ ρZ with ℓ(∆′) = n. If Z(m) = π1 × · · · × πk ∈ Irr is
Sp-distinguished and πi = Z(mi) is a Speh representation for all i = 1, . . . , k,
then m = m1 + · · ·+ mk and it follows from Proposition 7.5 and the results of
§5.2 that all segments in m are of even length, i.e., that all πi’s are even Speh
representations.

10.2.4. Our next goal is to study the Sp-distinguished representations in the
class of representations in Irr that are induced from ladder representations.
We only obtain a classification of this class conditional to Hypothesis 8.5. Our
proof is based on certain combinatorial statements concerning the multi-sets
in Oρ that are obtained as sums of ladders in the above context. It is more
convenient, to formulate these technical results by unlabeling. We therefore,
now use the convention that m ∈ OZ satisfies a property on Oρ if its ρ-labeling
satisfies this property. The next section collects the required results on multi-
sets in OZ.

11. On sums of ladders of Speh type

11.0.1. For segments ∆, ∆′ ∈ Sgm, write ∆ ≤b ∆′ if either b(∆) < b(∆′) or
b(∆) = b(∆′) and e(∆) ≤ e(∆′). Thus, ≤b is a linear order on Sgm.

11.0.2. Let ℓ ∈ N and m ∈ OZ be such that ℓ(∆) = ℓ for all ∆ ∈ m. If ∆ ∈ m

is minimal with respect to ≤b then we can express m as a linear combination

m =

N∑

n=0

an{νn∆}

with a0 ∈ N and an ∈ Z≥0 for all n = 1, . . . , N for some large enough N ∈ N.

Lemma 11.1. With the above assumptions and notation, if m is of Speh type
then

(10)

N∑

n=0

(−1)N−nan = 0.

Proof. Note that

m =

N−1∑

n=0

bn({νn∆}+ {νn+1∆}) + bN{νN∆}

where b0 = a0 and bn =
∑n

i=0(−1)n−iai. If m is of Speh type, then it follows
that bn ≥ 0 for all n and that, as required, bN = 0. �
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11.0.3. As observed by Mœglin and Waldspurger the Zelevinsky involution
πt = L(mt) of a rigid representation π = L(m) ∈ Irr where m ∈ Oρ is ‘blind’ to
the cuspidal line ρZ where it is supported. Indeed, the Moeglin-Waldspurger al-
gorithm defines an involution on OZ that gives m 7→ mt via ρ-labeling. We now
explicate a recursive characterization of the Moeglin-Waldspurger algorithm of
the Zelevinsky involution for ladders based on [LM14, §3.2].

For ∆ = [a, b] ∈ Sgm we have {∆}t =
∑b

c=a{c} = {{b}, . . . , {a}}.
Let m = {∆1, . . . ,∆k,∆k+1} be a ladder and let m′ = {∆1, . . . ,∆k}. Write
∆i = [ai, bi]. Let (m′)t = {∆′1, . . . ,∆′s} be ordered as a ladder.
If bk+1 + 1 < ak then mt = (m′)t + {∆k+1}t and therefore

m = {∆′1, . . . ,∆′s, {bk+1}, . . . , {ak+1}}

is ordered as a ladder. Otherwise, let c = s− (bk+1 − ak + 2). Then c ≥ 0 and

(11) mt = {∆′1, . . . ,∆′c,+∆′c+1, . . . ,
+∆′s, {ak − 2}, . . . , {ak+1}}

where +[a, b] = [a− 1, b].
In other words, in order to obtain the ladder mt from (m′)t one has to perform
the following steps. If ∆k+1 6≺ ∆k then add to m′ at the tail of the ladder, the
ladder {∆k+1}t, i.e., the ℓ(∆k+1) length one segments consisting of elements of
∆k+1 in decreasing order. Otherwise, bk+1 − ak + 2 ≥ 1. Starting with (m′)t,
replace ∆ by +∆ for each of the last bk+1 − ak + 2 segments of (m′)t and then
add at the tail of the resulting ladder, the ak − ak+1 − 1 length one segments
consisting of elements of [ak+1, ak − 2] in decreasing order.

11.0.4. Let m1, . . . ,mk ∈ OZ be ladders and let ∆0 be minimal in m = m1 +

· · · + mk with respect to ≤b. Let m
†
i = mi if ∆0 6∈ mi and m

†
i = mi − {∆0}

otherwise.

Lemma 11.2. With the above notation, suppose that the ladder (m†i )
t is of Speh

type for all i = 1, . . . , k and that ℓ(∆0) is even. If n = mt1 + · · ·+mtk is of Speh
type then mti is of Speh type for all i = 1, . . . , k.

Proof. If mi = m†i then mti is of Speh type. If mi 6= m†i , let ∆i be the minimal

segment in m
†
i with respect to ≤b. If ∆0 6≺ ∆i then it follows from §11.0.3 that

mti = (m†i )
t + {∆0}t. Since ℓ(∆0) is even it follows that mti is of Speh type. If

∆0 ≺ ∆i, then ∆0 ∪∆i is a segment and by Lemma 10.4 (applied once with

m = mti and once with m = (m†i )
t), mti is of Speh type if and only if ℓ(∆0 ∩∆i)

is odd.
Let A = {1 ≤ i ≤ k : mti is not of Speh type} and n = n1 + n2 where n1 =∑

i∈Amti. Assume by contradiction, that n is of Speh type and n1 6= 0 (i.e.
A 6= ∅).
Let i ∈ A and ci = si − (e(∆0) − b(∆i) + 2) where si =

∣∣∣(m†i )t
∣∣∣. Note that

by the above remarks, si − ci = e(∆0) − b(∆i) + 2 = ℓ(∆0 ∩ ∆i) + 1 ≥ 1 is
odd. Since (mi)

t is of Speh type, si is even, hence ci is also odd. Furthermore,
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di = b(∆i)− b(∆0)− 1 is odd and by (11) mti ordered as a ladder has the form

(12) mti = {ν∆′1,∆
′
1, . . . , ν∆′(ci−1)/2,∆

′
(ci−1)/2, ν∆′(ci+1)/2,

+∆′(ci+1)/2,

ν∆′′1 ,∆
′′
1 , . . . , ν∆′′(si−ci−1)/2,∆

′′
(si−ci−1)/2, {x0 + di − 1}, . . . , {x0 + 1}, {x0}}

where ℓ(∆′′i ) > 1 for i = 1, . . . , (si − ci − 1)/2 and x0 = b(∆0). Note further
that b(+∆′(ci+1)/2)) = e(∆0) is independent of i ∈ A. Thus, we may decompose

mti = ai + {νΓi,
+Γi}+ bi + {x0}

where ai and bi are of Speh type, b(∆) > e(∆0)+2 for all ∆ ∈ ai, b(∆) < e(∆0)
for all ∆ ∈ bi and Γi ∈ Sgm is such that b(+Γi) = e(∆0) and therefore also
b(νΓi) = e(∆0) + 2. In particular, b(∆) 6= e(∆0) + 1 for all ∆ ∈ mti.
For ℓ ∈ N and a multi-set a ∈ OZ let a(ℓ) = δ(ℓ) · a where δ(ℓ) is the character-
istic function of all segments of length ℓ. Clearly, a is of Speh type if and only
if a(ℓ) is of Speh type for all ℓ ∈ N.
Fix i0 ∈ A and let ℓ = ℓ(+Γi0) > 1, B = {i ∈ A : ℓ = ℓ(+Γi)} and C = {i ∈ A :
ℓ = ℓ(νΓi)}. Since ℓ(+Γi) = ℓ(νΓi) + 1, B and C are disjoint. We have

mti(ℓ) =





ai(ℓ) + {+Γi}+ bi(ℓ) i ∈ B
ai(ℓ) + {νΓi}+ bi(ℓ) i ∈ C
ai(ℓ) + bi(ℓ) i ∈ A \ (B ∪C).

Set ∆ = +Γi0 and note further that for i ∈ B we have +Γi = ∆ and for i ∈ C
we have νΓi = ν2∆. It follows that

n(ℓ) = n1(ℓ) + n2(ℓ) = (|B| {∆}+ |C| {ν2∆}) +
∑

i∈A
(ai(ℓ) + bi(ℓ)) + n2(ℓ).

By assumption n(ℓ) and
∑
i∈A(ai(ℓ) + bi(ℓ)) + n2(ℓ) are both of Speh type and

therefore, by Lemma 11.1, each of them satisfies the linear condition (10). It
follows that |B| {∆} + |C| {ν2∆} satisfies the same linear condition, i.e., that
|B|+ |C| = 0. But since i0 ∈ B this is a contradiction. �

12. On distinction of representations induced from ladder

We now study distinction in the class of representations in Irr that are in-
duced from ladder representations. For a product of more than two ladder
representations, our results are only conditional on Hypothesis 8.6.

12.0.1. We recall [LM, Lemma 5.17]. It reduces the reducibility of a product
of ladder representations to induction from a maximal parabolic.

Lemma 12.1. Let π1, . . . , πk be ladder representations and let π = π1×· · ·×πk.
Then π ∈ Irr if and only if πi × πj ∈ Irr for all i < j. �
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12.0.2. For a maximal parabolic, the following criterion is a combination of
[LM, Proposition 5.21 and Lemma 5.22].

Definition 12.2. Let m = {∆1, . . . ,∆t} and n = {∆′1, . . . ,∆′s} be ladders
in Oρ. We say that the condition NC(m, n) is satisfied if there exist k ≥ 0,
1 ≤ i ≤ t and 1 ≤ j ≤ s such that i + k ≤ t, j + k ≤ s and the following
properties are satisfied:

(1) ∆i+l ≺ ∆′j+l for all l = 0, . . . , k;

(2) ν−1∆i−1 6≺ ∆′j if i > 1;

(3) ν−1∆i+k 6≺ ∆′j+k+1 if j + k + 1 ≤ s.
Proposition 12.3. In the above notation Z(m) × Z(n) ∈ Irr if and only if
neither NC(m, n) nor NC(n,m) hold.

The main result of this section requires some preparation.

12.0.3. For segments ∆, ∆′ ∈ Oρ, write ∆ ≤b ∆′ if either b(∆) < b(∆′) or
b(∆) = b(∆′) and e(∆) ≤ e(∆′). Thus, ≤b is a linear order on Oρ.
Lemma 12.4. Let m1, . . . ,mk ∈ Oρ be ladders such that Z(m1)× · · ·×Z(mk) ∈
Irr. Let ∆0 be a minimal segment in m1 + · · ·+ mk with respect to ≤b and let

m
†
i =

{
mi − {∆0} ∆0 ∈ mi

mi otherwise.

Then Z(m†1)× · · · × Z(m†k) ∈ Irr.

Proof. By Lemma 12.1, it is enough to prove the lemma for the case k = 2. Note

that if ∆0 /∈ mi, i = 1, 2, then mi = m
†
i and we have nothing to prove. Thus we

assume that ∆0 belongs to at least one of the two multi-sets. By the symmetry
of the irreducibility criterion of Proposition 12.3, we may assume without loss

of generality that ∆0 ∈ m1. Write m
†
1 = {∆1, . . . ,∆t} and m

†
2 = {∆′1, . . . ,∆′s}

ordered as ladders. Note that m1 = {∆1, . . . ,∆t,∆0} is ordered as a ladder.

Assume by contradiction that Z(m†1)× Z(m†2) reduces. It follows from Propo-

sition 12.3 that either NC(m†1,m
†
2) or NC(m†2,m

†
1) is satisfied.

We separate into two cases and show that in each case this implies that either
NC(m1,m2) or NC(m2,m1) holds. Since this is a contradiction to Proposition
12.3 the lemma will follow.
Consider first the case that ∆0 6∈ m2 (i.e., m2 = m

†
2) and NC(m†1,m

†
2) holds.

Let i, j, k be the indices satisfying (1)-(3) of Definition 12.2 for (m†1,m
†
2). Then

the same indices i, j, k show that NC(m1,m2) holds.

Next consider the case ∆0 ∈ m2 or NC(m†1,m
†
2) doesn’t hold. If ∆0 6∈ m2 then

by assumption NC(m†2,m
†
1) holds. If ∆0 ∈ m2 then by symmetry between m1

and m2, without loss of generality, we may also assume that NC(m†2,m
†
1) holds.

If the indices i, j, k satisfy (1)-(3) of Definition 12.2 for (m†2,m
†
1) then for the

same indices (1) and (2) are automatic for (m2,m1), while (3) is automatic
unless j + k = t in which case (3) reads ν−1∆′i+k 6≺ ∆0. By the minimality
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of ∆0 and since ∆0 6∈ m
†
2 it follows that ν−1∆′ 6≺ ∆0 for all ∆′ ∈ m

†
2 and in

particular for ∆′ = ∆′i+k. It therefore follows that NC(m2,m1) holds. �

12.0.4. Define an operation m 7→ m′ on Oρ as follows. For m ∈ Oρ, let ∆0 be
minimal in m with respect to ≤b and m′ = m−m(∆0){∆0}.
Proposition 12.5. Let Ω ⊆ Oρ be a subset closed under the operation m 7→ m′

and such that Hypothesis 8.6 holds for mt for all m ∈ Ω. Let π1, . . . , πk be
ladder representations such that π = π1 × · · · × πk ∈ Irr. Let m ∈ Oρ be such
that π = Z(m) and assume that m ∈ Ω. If π is Sp-distinguished then πi is
Sp-distinguished for all i = 1, . . . , k.

Proof. Let m1, . . . ,mk be ladders such that πi = Z(mi), i = 1, . . . , k. Since π
is irreducible, we have m = m1 + · · ·+ mk.
The proof is by induction on |m|. For m = 0 there is nothing to prove. Let ∆0

be the minimal segment in m with respect to ≤b. Let n0 = m(∆0){∆0} so that

m = m′ + n0 and let m
†
i = min{mi,m′}, i = 1, . . . , k. Note that

m†i =

{
m′i ∆0 ∈ mi

mi otherwise

and m′ = m
†
1 + · · · + m

†
k. By the definition of m, π is the unique irreducible

quotient of ζ̃(m). Since no segment in m′ precedes ∆0 we have ζ̃(m) = ζ(n0)×
ζ̃(m′) and therefore π is also the unique irreducible quotient of Z(n0)×Z(m′).
Thus, by Lemma 2.2, Z(n0) × Z(m′) is Sp-distinguished. Apply the notation
of §3.3.7 with k = 2 for an orbit that is relevant to Z(n0)⊗ Z(m′) (by Lemma
5.1).
It follows from Corollary 4.5 and (3) that there exist irreducible components
σ1 of rMβ1

,Gn1
(Z(n0)) and σ2 of rMβ2

,Gn2
(Z(m′)) such that writing

σi = σi,1 ⊗ · · · ⊗ σi,ki , i = 1, 2, σi,j ∈ Irr, j = 1, . . . , ki

we have σı = νστ(ı) whenever ı ≺ τ(ı) and σı is Sp-distinguished if τ(ı) = ı.
By [Zel80, Theorem 4.2] we have

Z(n0) =

m(∆0)−times︷ ︸︸ ︷
Z(∆0)× · · · × Z(∆0) .

In particular, it follows from the geometric lemma of Bernstein and Zelevin-
sky [BZ77, §2.12] and §7.2.3 that σ1,1 = Z(∆) for some segment satisfying
b(∆) = b(∆0). If τ(1, 1) 6= (1, 1) then, by (5) and the fact that k = 2,
we must have τ(1, 1) = (2, k2) and therefore ν−1σ1,1 = σ2,k2 . But since
Supp(σ(2,k2)) ⊆ Supp(σ2) ⊆ Supp(Z(m′)) (see (4)) we have ν−1b(∆0) ∈
Supp(ν−1σ(1,1)) \ Supp(σ(2,k2)) which is a contradiction. It follows that
τ(1, 1) = (1, 1) and since k = 2, τ must be trivial.
In other words, both Z(n0) and Z(m′) are Sp-distinguished. It follows from

Proposition 7.5 that ℓ(∆0) is even. Let π′i = Z(m†i ), i = 1, . . . , k. It follows
from Lemma 12.4 that π′ = π′1 × · · · × π′k ∈ Irr and therefore π′ = Z(m′).
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By the assumption on Ω and the induction hypothesis, π′i = L((m†i )
t) is Sp-

distinguished for all i = 1, . . . , k. By Theorem 10.3, (m†i )
t is of Speh type for

i = 1, . . . , k. Since π = L(mt) is Sp-distinguished and mt satisfies Hypothesis
8.6, by Proposition 9.3, mt is of Speh type. It now follows from Lemma 11.2
that mti is of Speh type and therefore, again by Theorem 10.3, that πi = L(mti)
is Sp-distinguished for all i = 1, . . . , k. �

12.0.5. Let Ωk be the set of all m ∈ Oρ that are obtained as sums of at most
k ladders, i.e. m = m1 + · · ·+ mk where mi is either zero or a ladder, and such
that Z(m1)× · · · × Z(mk) ∈ Irr.
Since both ladder representations and Irr are closed under Zelevinsky involution
and in the Grothendick group it is multiplicative, it follows that Ωk is closed
under Zelevinsky involution. It further follow from Lemma 12.4 that Ωk is
closed under the operation m 7→ m′ defined in §12.0.4.
For a product of two ladder representations this gives the following uncondi-
tional result.

Corollary 12.6. Let π1 and π2 be ladder representations such that π = π1 ×
π2 ∈ Irr. If π is Sp-distinguished then π1 and π2 are Sp-distinguished.

Proof. Note that |m[i]| ≤ 2 for all i and all m ∈ Ω2. Since, as remarked above,
Ω2 is closed under Zelevinsky involution, it follows from Proposition 8.8 that
mt satisfies Hypothesis 8.5 for all m ∈ Ω2. Since we also observed above that Ω2

is closed under the operation m 7→ m′ defined in §12.0.4, the statement follows
from Proposition 12.5. �

12.0.6. We conclude this section with an example of a family of imprimitive,
Sp-distinguished representations that are not ladders.

Definition 12.7. Let F denote a set of irreducible representations of the form
Z(m) such that the multi-set m = {∆1,∆2,∆3} satisfies the following properties

(1) ℓ(∆i) is even for all i,
(2) ∆1 ⊆ ν∆2 and ∆1 ⊆ ν−1∆2,
(3) ℓ(∆3 ∩∆1) and ℓ(∆3 ∩∆2) are both odd.

Note that (2) implies that ∆1 ⊆ ∆2 which in particular implies that none of
these representations are ladders. Further note that F consists of only rigid
representations and π ∈ F if and only if π∨ ∈ F . The conditions on the length
of the segments in m imply that the pairs {∆1,∆3} and {∆2,∆3} are linked.
A simple example of a representation in F is Z([ν3, ν4], [ν, ν6], [1, ν3]).
The next lemma shows that indeed any representation in F has the desired
properties. Before we proceed, recall that an elementary operation on an arbi-
trary multi-set m is to choose a pair of linked segments in it and replace the pair
by their union and their intersection. By [Zel80, Theorem 7.1] any irreducible
subquotient of ζ(m) is of the form Z(n) where n is a multi-set obtained from
m by a sequence of elementary operations on it.

Lemma 12.8. Let π ∈ F . Then π is Sp-distinguished and imprimitive.
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Proof. Let m = {∆1,∆2,∆3} be a multi-set satisfying the conditions (1), (2)
and (3) of Definition 12.7 and π = Z(m). By Corollary 10.5, Z(∆i) is Sp-
distinguished, i = 1, 2, 3 and therefore by Corollary 5.3,

I(m) = Z(∆1)× Z(∆2)× Z(∆3)

is Sp-distinguished.
Applying [Zel80, Theorem 1.9] to ζ(m) we get that π occurs as a subquotient
of I(m). We now analyze the other possible irreducible subquotients of I(m)
using [Zel80, Theorem 1.9 and Theorem 7.1]. Since ∆1 ⊆ ∆2, any elementary
operation on m is performed on either {∆1,∆3} or on {∆2,∆3}. The result
will respectively contain either ∆1 ∩∆3 or ∆2 ∪∆3, which are of odd length.
Since the first is contained in and the second contains all three segments any
further sequence of operations will result in a multi-set containing one of them.
Thus by Proposition 7.5 none of these subquotients are Sp-distinguished. The
Sp-distinction of π now follows from Lemma 2.3.
Next we show that π is imprimitive. Assume, if possible, that it is not so.
Then there exists indices i, j, k such that {i, j, k} = {1, 2, 3} and π ∼= Z(∆i)×
Z(∆j ,∆k). By considering the multi-set m∨ instead of m if required, assume
further that ∆3 ≺ ∆2 and hence ∆3 ≺ ∆1. Note that Z(∆1,∆2) × Z(∆3) ∼=
I(m) which is reducible by [Zel80, Theorem 4.2]. Thus π ∼= Z(∆i,∆3)×Z(∆j)
where {i, j} = {1, 2}. It follows from Proposition 12.3 and condition (2) of
Definition 12.7 that this product is reducible which is a contradiction. �

13. On distinction by Klyachko subgroups

We continue the study of Klyachko models for representations of GLn(F ), fol-
lowing [HR90], [OS08a] and [OS08b]. Over finite fields Klyachko models were
introduced in [Kly83]. In that case, it is a disjoint family of models and their di-
rect sum contains every irreducible representation with multiplicity one [IS91].
Over a non-archimedean local field, Heumos and Rallis observed that some
(non-unitary) representations do not admit a Klyachko model. The second
and the third authors showed that the direct sum of all Klyachko models is
multiplicity free and prescribed a model to any representation in the unitary
dual.
In this section, we reduce the study of Klyachko models on the admissible dual
to rigid representations and prove that models behave well with respect to
parabolic induction.

13.1. The Klyachko model setting.

13.1.1. Let G = Gn. For a decomposition n = 2k + r let

H2k,r = {
(
h X
0 u

)
: h ∈ Sp2k(F ), X ∈M2k×r(F ), u ∈ Nr}

and ψ = ψ2k,r be defined by

ψ(

(
h X
0 u

)
) = ψ(u).
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(See §2.3.4 for the definition of Nr and its character ψ.)
For any π ∈ Π, being (H2k,r , ψ)-distinguished is independent of the choice of
non-trivial character ψ of F . Indeed, for any other character ψ′ 6= 1 there is a
diagonal matrix a ∈ G normalizing H2k,r such that ψ′2k,r(h) = ψ2k,r(aha

−1),
h ∈ H2k,r .

13.1.2. Let τ be the involution on G defined by gτ = w−1tg−1w where w =(
0 Ir
I2k 0

)
and let

H ′r,2k = Hτ
2k,r = {

(
u X
0 h

)
: h ∈ Sp2k(F ), X ∈Mr×2k(F ), u ∈ Nr}.

In [HR90], [OS08a] and [OS08b] we studied distinction by (H ′r,2k, ψ). Clearly,

π ∈ Π is (H2k,r , ψ)-distinguished if and only if πτ is (H ′r,2k, ψ)-distinguished.

If π ∈ Irr then πτ ≃ π∨, by [GK75], and we get a natural isomorphism

(13) HomH2k,r
(π, ψ) ≃ HomH′

r,2k
(π∨, ψ).

In particular, π is (H2k,r , ψ)-distinguished if and only if π∨ is (H ′r,2k, ψ)-

distinguished. More generally, if π1, . . . , πt ∈ Irr then (π1 × · · · × πt)
τ ≃

π∨t × · · · × π∨1 and therefore

(14) HomH2k,r
(π1 × · · · × πt, ψ) ≃ HomH′

r,2k
(π∨t × · · · × π∨1 , ψ).

In particular, π1×· · ·×πt is (H2k,r , ψ)-distinguished if and only if π∨t ×· · ·×π∨1
is (H ′r,2k, ψ)-distinguished.

Remark 13.1. We remark that the proof of [OS08a, Theorem 3.7] applied
[OS08a, Lemma 3.1], where (13) was mistakenly formulated for any represen-
tation π. The isomorphism (14) suffices to fill the gap. In any case, we provide
in the sequel an independent generalization of [OS08a, Theorem 3.7].

13.1.3. Let π ∈ Irr ∩ Π(Gn). If π is (H2k,r, ψ)-distinguished for some decom-

position n = 2k + r then by (1) it imbeds in IndGnH2k,r
(ψ) and we say that it

admits a Klyachko model.
By the uniqueness and disjointness of Klyachko models, [OS08b, Theorem 1],
both the imbedding (up to a constant multiple) and the decomposition n =
2k+r are uniquely determined by π. (Indeed, in the main result on distributions
[OS08b, Proposition 1] implying [OS08b, Theorem 1] H2k,r and H ′r,2k are in

symmetry.) In that case we denote by

r(π) = r

the Klyachko type of π.

13.1.4. The main tool in our study of Klyachko models is the theory of deriva-
tives of representations of Gn developed in [GK75], [BZ76], [BZ77] and [Zel80].
It allows a reduction of many of the problems concerned with Klyachko models
to the study of Sp-distinction and generic representations.
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For π ∈ Π(Gn) and any r = 0, 1, . . . , n we denote by π(r) the r-th derivative of
π as defined in [BZ77, §3.5 and §4.3]. It is a functor from Π(Gn) to Π(Gn−r).
As a consequence of [BZ77, Lemma 4.7(a)] we have

Lemma 13.2. Let π ∈ Π(Gn). Then, Supp(π(r)) ⊆ Supp(π) for all 0 ≤ r ≤
n. �

13.1.5. As observed in [OS08a, (3.2)], it follows from [Zel80, Proposition 3.7]
that for n = 2k + r and π ∈ Π(Gn) there is a natural linear isomorphism

(15) HomH2k,r
(π, ψ) ≃ HomSp2k(F )(π

(r), 1).

This is the reason that we prefer H2k,r to H ′r,2k.

Note that, in particular, π is generic if and only if π(n) 6= 0.

13.2. Hereditary property of Klyachko models. As we observe below,
Klyachko models behave well with respect to parabolic induction.

Proposition 13.3. Let πi ∈ Π(Gni ) and ni = 2ki + ri be such that πi is
(H2ki,ri , ψ)-distinguished for i = 1, . . . , t. Then π = π1× · · · × πt is (H2k,r , ψ)-
distinguished where k = k1 + · · ·+ kt and r = r1 + · · ·+ rt.

Proof. Induction on t reduces the statement to the case t = 2 that we now
assume. Let πs = νsπ1 × π2 for s ∈ C, so that π = π0. Recall that by

the Leibnitz rule, [BZ77, Lemma 4.5], π
(r)
s admits a filtration with factors

(νsπ1)(i) × π
(r−i)
2 ≃ νsπ

(i)
1 × π

(r−i)
2 , i = 0, . . . , r. Note, that there exists a

small enough punctured neighborhood U of s = 0, so that for i 6= j the central

characters of the (finitely many) irreducible components of νsπ
(i)
1 × π

(r−i)
2 and

of νsπ
(j)
1 × π

(r−j)
2 are disjoint. It follows that for s ∈ U we have,

π(r)
s ≃ ⊕ri=0(νsπ

(i)
1 × π

(r−i)
2 ).

In fact, when realizing all πs in the representation space of π, this direct sum
decomposition is independent of s ∈ U . It follows, that there is a meromorphic

map Ps : π
(r)
s → νsπ

(r1)
1 × π(r2)

2 , that is surjective for s ∈ U .

By (15), π
(ri)
i is Sp2ki(F )-distinguished, i = 1, 2 and therefore, by Lemma

5.2, there exists a non-zero, meromorphic family of linear forms ℓs such
that in a possibly smaller punctured neighborhood U0 of s = 0 we have

ℓs ∈ HomSp2k(F )(ν
sπ

(r1)
1 × π(r2)

2 , 1). Therefore, ℓs ◦ Ps ∈ HomSp2k(F )(π
(r)
s , 1) is

non-zero for s ∈ U0. As in Corollary 5.3, a leading term argument implies that

π(r) = π
(r)
0 is Sp2k(F )-distinguished and therefore, by (15), π is (H2k,r , ψ)-

distinguished.
�

13.3. Reduction to cuspidal lines. We reduce the study of (H2k,r , ψ)-
distinguished representations in Π to rigid representations, in fact, more gen-
erally to totally disjoint supports (Definition 5.7).
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Proposition 13.4. Let πi ∈ Π, i = 1, . . . , t be such that Supp(πi) and Supp(πj)
are totally disjoint for all i 6= j. Then π = π1×· · ·×πt admits a Klyachko model
if and only if πi admits a Klyachko model for all i = 1, . . . , t. More precisely,
π is (H2k,r, ψ)-distinguished if and only if πi is (H2ki,ri , ψ)-distinguished, i =
1, . . . , t for some decomposition r = r1 + · · ·+ rt.

Proof. The ‘if’ part is immediate from Proposition 13.3. Assume that π ∈
Π(Gn), n = 2k+ r and π is (H2k,r, ψ)-distinguished. By (15), π(r) is Sp2k(F )-
distinguished. Therefore, by the Leibnitz rule, [BZ77, Lemma 4.5], and Lemma

2.3, there exists a decomposition r = r1 + · · ·+ rt such that π
(r1)
1 ×· · ·×π(rt)

t is

Sp2k(F )-distinguished. Since, by Lemma 13.2, Supp(π
(ri)
i ) ⊆ Supp(πi) it now

follows from Lemma 5.9 that π
(ri)
i is Sp-distinguished for all i = 1, . . . , t. The

lemma now follows from (15). �

14. Klyachko models for ladder representations

We classify all ladder representations that admit, any given, Klyachko model.

14.1. Klyachko models for proper ladders.

14.1.1. Proper ladders.

Definition 14.1. A ladder, m = {∆1, . . . ,∆k} ∈ Oρ is called a proper ladder
if ∆i+1 ≺ ∆i, i = 1, . . . , k − 1. If m is a proper ladder then L(m) is called a
proper ladder representation.

In fact, if m ∈ Oρ is a proper ladder then mt is also a proper ladder, hence
Z(m) is a proper ladder representation, but this fact will not be used in the
sequel.

14.1.2. Note that if m ∈ Oρ is a ladder then it can be decomposed uniquely
(up to order) as a sum m = m1 + · · · + mt where mi is a proper ladder for
all i = 1, . . . , t and ∆ 6≺ ∆′ for all i 6= j, ∆ ∈ mi and ∆′ ∈ mj . Therefore,
Supp(L(mi)) and Supp(L(mj)) are totally disjoint for all i 6= j and, by Lemma
5.8,

L(m) = L(m1)× · · · × L(mt).

In other words, any ladder representation is a product of proper ladder repre-
sentations uniquely determined up to order.

14.1.3. Right aligned segments. We define the following relation on segments
of cuspidal representations.

Definition 14.2. For segments ∆ = [a, b](ρ) and ∆′ = [a′, b′](ρ) we say that
∆′ is right-aligned with ∆ and write ∆′ ⊢ ∆ if

• a ≥ a′ + 1 and
• b = b′ + 1.

We label this relation by the integer r = d(a − a′ − 1) where ρ ∈ Π(Gd) and
write ∆′ ⊢r ∆.
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Note, in particular, that ∆′ ⊢0 ∆ means that ∆ = ν∆′.

Example 14.3. Let ∆ = [4, 7](ρ) and ∆′ = [0, 6](ρ) be segments. Then

4
◦

5
◦

6
◦

7
◦

0
◦

1
◦

2
◦

3
◦

4
◦

5
◦

6
◦

illustrates the relation ∆′ ⊢3d ∆ if ρ ∈ Π(Gd).

14.1.4. Before characterizing the proper ladder representations admitting Kly-
achko models we need the following technical result.

Lemma 14.4. Let d be such that ρ ∈ Π(Gd) and m = {∆1, . . . ,∆t} ∈ Oρ a
proper ladder. Write ∆i = [ai, bi](ρ). Suppose that c1 > · · · > ct are integers
such that ai − 1 ≤ ci ≤ bi, i = 1, . . . , t and let m1 = {[c1 + 1, b1](ρ), . . . , [ct +
1, bt](ρ)} and m2 = {[a1, c1](ρ), . . . , [at, ct](ρ)} be the associated ladders. If either
m1 = 0 or L(m1) is Sp-distinguished and either m2 = 0 or L(m2) is generic
then ct−2i + 1 = ct−2i−1 = at−2i−1 − 1 and ∆t−2i ⊢ri ∆t−2i−1 where ri =
d(at−2i−1 − at−2i − 1) for all i = 0, . . . , ⌊t/2⌋ − 1. Moreover, if t is odd then
c1 = b1.

Proof. If t = 1 then the lemma follows from the fact that if m1 6= 0 then L(m1)
is generic, and Lemma 7.1.
Assume that t > 1. Suppose that 1 < i ≤ t is such that ci = bi (in particular,
[ai, ci](ρ) is not empty). Then, since m is a proper ladder, we have ai−1 − 1 ≤
bi = ci < ci−1 and therefore [ai−1, ci−1](ρ) is non-empty. But then [ai, ci](ρ) ≺
[ai−1, ci−1](ρ) are both in m2. By [Zel80, Theorem 9.7] this contradicts the
assumption that L(m2) is generic. Therefore, ci < bi for all i > 1.
By the assumption that L(m1) is Sp-distinguished and Theorem 10.3, m1 is of
Speh type. That is, c1 < b1 if and only if t is even and either way,

[ct−2i−1 + 1, bt−2i−1](ρ) = ν[ct−2i + 1, bt−2i](ρ), i = 0, . . . , ⌊t/2⌋ − 1.

To complete the proof it is only left to show that ct−2i−1 = at−2i−1 − 1 for
all i = 0, . . . , ⌊t/2⌋ − 1. But if ct−2i−1 ≥ at−2i−1 then ct−2i = ct−2i−1 − 1 ≥
at−2i−1 − 1, i.e., [at−2i, ct−2i](ρ) ≺ [at−2i−1, ct−2i−1](ρ) in m2 which, again by
[Zel80, Theorem 9.7], is a contradiction. The lemma follows. �

14.1.5. We now determine the proper ladder representations that admit any
particular Klyachko model.

Proposition 14.5. Let m = {∆1, . . . ,∆t} ∈ Oρ be a proper ladder, so that
L(m) ∈ Π(Gn) and let n = 2k+r. If t is odd, let s be such that L(∆1) ∈ Π(Gs),
otherwise, set s = 0. Then L(m) is (H2k,r, ψ)-distinguished if and only if
∆t−2i ⊢ri ∆t−2i−1 for some ri, i = 0, . . . , ⌊t/2⌋−1 and r = r0+· · ·+r⌊t/2⌋−1+s.
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Proof. Let π = L(m) and note that Ind
M(2k,r)

Sp2k(F )×Nr(1⊗ψ) = Ind
P(2k,r)

H2k,r
(ψ)|M(2k,r)

.

By (1), (2) and transitivity of induction we have

(16) HomH2k,r
(π, ψ) ≃ HomGn(π, IndGnH2k,r

(ψ)) ≃

≃ HomM(2k,r)
(rM(2k,r) ,Gn(π), Ind

M(2k,r)

Sp2k(F )×Nr(1⊗ ψ)) ≃
≃ HomSp2k(F )×Nr(rM(2k,r),Gn(π), 1⊗ ψ).

Assume first that π is (H2k,r, ψ)-distinguished. By (16) and Lemma 2.3 there
is an irreducible component σ1 ⊗ σ2 of rM(2k,r) ,Gn(π), (where σ1 ∈ Π(G2k) and

σ2 ∈ Π(Gr)) so that σ1 is Sp-distinguished and σ2 is generic.
If ∆i = [ai, bi](ρ) then it follows from [KL12, Theorem 2.1] that there exist
c1 > · · · > ct such that σ1 = L(m1) and σ2 = L(m2) where m1 = {[c1 +
1, b1](ρ), . . . , [ct + 1, bt](ρ)} and m2 = {[a1, c1](ρ), . . . , [at, ct](ρ)}. The ‘only if’
part of the proposition therefore follows from Lemma 14.4.
Assume that ∆t−2i ⊢ri ∆t−2i−1, i = 0, . . . , ⌊t/2⌋ − 1 and r = r0 + · · · +
r⌊t/2⌋−1 + s. Let ct−2i + 1 = ct−2i−1 = at−2i−1 − 1, i = 0, . . . , ⌊t/2⌋ − 1.
If t is odd, further let c1 = b1. Let σ1 = L(m1) and σ2 = L(m2) where
m1 = {[c1 + 1, b1](ρ), . . . , [ct + 1, bt](ρ)} and m2 = {[a1, c1](ρ), . . . , [at, ct](ρ)}.
Note that ∆ 6≺ ∆′ for any two segments in the ladder m2 and therefore σ2
is generic by [Zel80, Theorem 9.7]. It is also clear from the above definitions
that m1 is of Speh type and therefore σ1 is Sp-distinguished by Theorem 10.3.
By [KL12, Corollary 2.2], σ1 ⊗ σ2 is a direct summand (and in particular a
quotient) of rM(2k,r),Gn(π). Therefore (16) and Lemma 2.2 complete the proof
of the proposition. �

Remark 14.6. If π is a proper ladder representation then Proposition 14.5
provides a recipe for computing r(π) and in particular, directly implies the
uniqueness of r(π). The same is true more generally for ladder representations.

14.2. Klyachko models of ladder representations.

Theorem 14.7. Let π be a ladder representation and assume that π = π1×· · ·×
πt is the unique decomposition of π as a product of proper ladder representations
(see §14.1.2). Then π admits a Klyachko model if and only if πi admits a
Klyachko model for all i = 1, . . . , t. Furthermore, in that case r(π) = r(π1) +
· · ·+ r(πt).

Proof. This is immediate from Proposition 13.4 and §14.1.2. �

Remark 14.8. Based on (13), the classification of ladder representations that
are (H ′r,2k, ψ)-distinguished is obtained by ‘reflecting all segments along the
origin of their Z-line’.

References

[BD08] Philippe Blanc and Patrick Delorme, Vecteurs distributions H-
invariants de représentations induites, pour un espace symétrique

Documenta Mathematica 22 (2017) 611–657



656 Arnab Mitra, Omer Offen, Eitan Sayag
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Abstract. The so-called Atiyah conjecture states that the
N (G)-dimensions of the L2-homology modules of finite free G-CW-
complexes belong to a certain set of rational numbers, depending on
the finite subgroups of G. In this article we extend this conjecture
to a statement for the center-valued dimensions. We show that the
conjecture is equivalent to a precise description of the structure as a
semisimple Artinian ring of the division closureD(Q[G]) of Q[G] in the
ring of affiliated operators. We prove the conjecture for all groups in
Linnell’s class C, containing in particular free-by-elementary amenable
groups.

The center-valued Atiyah conjecture states that the center-valued L2-
Betti numbers of finite free G-CW-complexes are contained in a cer-
tain discrete subset of the center of C[G], the one generated as an
additive group by the center-valued traces of all projections in C[H ],
where H runs through the finite subgroups of G.

Finally, we use the approximation theorem of Knebusch [15] for the
center-valued L2-Betti numbers to extend the result to many groups
which are residually in C, in particular for finite extensions of products
of free groups and of pure braid groups.
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1 Introduction

In [3], Atiyah introduced L2-Betti numbers for manifolds with cocompact
free G-action for a discrete group G (later generalized to finite free G-CW-
complexes). There, he asked [3, p. 72] about the possible values these can
assume. This question was later popularized in precise form as the so-called
“strong Atiyah conjecture”. One easily sees that the possible values depend on
G. For a finite subgroup of order n in G, a free cocompact G-manifold with
L2-Betti number 1/n can be constructed. For certain groups G which contain
finite subgroups of arbitrarily large order, with quite some effort manifolds M
with π1(M) = G and with transcendental L2-Betti numbers have been con-
structed [4, 12, 26]. In the following, we will therefore concentrate on G with a
bound on the orders of finite subgroups.
The L2-Betti numbers are defined using the L2-chain complex. The chain
groups there are of the form l2(G)d, and the differentials are given by convolu-
tion multiplication with a matrix over Z[G]. The strong Atiyah conjecture for
free finite G-CW-complexes is equivalent to the following (with K = Z):

1.1 Definition. Let G be a group with a bound on the orders of finite sub-
groups and let lcm(G) ∈ N (the positive integers) denote the least common
multiple of these orders. Let K ⊂ C be a subring.
We say that G satisfies the strong Atiyah conjecture over K, or K[G] satisfies
the strong Atiyah conjecture if for every n ∈ N and every A ∈Mn(K[G])

dimG(ker(A)) := trG(prkerA) ∈ 1

lcm(G)
Z.

Here, as before, we consider A : l2(G)n → l2(G)n as a bounded operator, act-
ing by left convolution multiplication — the continuous extension of the left
multiplication action on the group ring to l2(G). trG is the canonical trace
on Mn(N (G)), i.e. the extension (using the matrix trace) of trG : N (G) → C;
a 7→ 〈aδe, δe〉l2(G), where N (G), the weak closure of C[G] ⊂ B(ℓ2(G)) is the
group von Neumann algebra.
If G contains arbitrarily large finite subgroups, we set lcm(G) := +∞.

A projection P will always be a self adjoint idempotent, so P = P 2 = P ∗, where
∗ indicates the involution on N (G). If E is an idempotent, then E is similar
to a projection P and then trG(E) = trG(P ). Also a central idempotent is
always a projection. Note that if G is an infinite group, then the set {trG(P )},
where P runs through the projectors in Mn(N (G)), n ∈ N consists of all non-
negative real numbers. The strong Atiyah conjecture predicts, on the other
hand, that the L2-Betti numbers take values in the subgroup of R generated
by traces of projectors defined already over Q[H ] for the finite subgroups H
of G: the projector pH = (

∑
h∈H h)/ |H | satisfies trG(pH) = 1/ |H |. And by

the Chinese remainder theorem, the additive subgroup of R generated by the
|H |−1 is exactly 1

lcm(G)Z.
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We now turn to the center-valued refinements of the above statements. The
center-valued L2-Betti numbers are obtained by replacing the canonical (com-
plex-valued) trace trG by the center-valued trace truG (see Definition 2.1), taking
values in the center of N (G). Note that by general theory [14, Chapter 8], as
every finite von Neumann algebra has a unique normalized center-valued trace,
this is a powerful invariant: two finitely generated projective Hilbert N (G)-
modules are isomorphic if and only if their center-valued dimensions coincide.
The center of a ring R will be denoted Z(R).

1.2 Definition. Let G be a group with lcm(G) <∞, let K be a subring of C,
let F be the field of fractions of K, and assume that F is closed under complex
conjugation. Let LK(G) be the additive subgroup of Z(N (G)) generated by
truG(P ) ∈ Z(C[G]) ⊂ Z(N (G)) where P runs through projections P ∈ F [H ]
with H ≤ G a finite subgroup.
We say thatG satisfies the center-valued Atiyah conjecture over K, or K[G] sat-
isfies the center-valued conjecture if for every n ∈ N and every A ∈ Mn(K[G])
we have dimu

G(ker(A)) := truG(prkerA) ∈ LK(G).

Observe that G satisfies the center-valued Atiyah conjecture over K if and
only if G satisfies the center-valued conjecture over its field of fractions F .
Indeed the “only if” is obvious. On the other hand if A ∈ Mn(F [G]), then
(“clearing denominators”) there exists 0 6= k ∈ K such that kA ∈ Mn(K[G]),
and kerA = ker kA, which verifies the “if” part.

1.3 Proposition. If a group G satisfies the center-vlaued Atiyah conjecture
over K of Definition 1.2, then G also satisfies the (classical) strong Atiyah
conjecture over K of Definition 1.1.

Proof. By the universal property of the center-valued trace [14, Chapter 8],
trG = trG ◦ truG. We therefore only have to check that trG(a) ∈ 1

lcm(G)Z for all

a ∈ LK(G). By the definition of LK(G), we just have to show that trG(P ) ∈
1

lcm(G)Z for each projector P ∈ F [H ], where H ≤ G is an arbitrary finite

subgroup. This is of course well known to be true, it follows e.g. from the fact
that finite groups satisfy the strong Atiyah conjecture over K.

1.4 Proposition (compare Corollary 3.5). If lcm(G) < ∞ then LK(G) ⊂
Z(N (G)) is discrete. In particular, the center-valued Atiyah conjecture predicts
a “quantization” of the center-valued L2-Betti numbers.

1.5 Remark. As for the ordinary strong Atiyah conjecture, the center-valued
Atiyah conjecture over Z[G] is equivalent to the statement that the center-
valued L2-Betti numbers for finite free G-CW-complexes take values in LZ(G).
The center-valued L2-Betti numbers have been introduced and used in [21].

The strong Atiyah conjecture has many applications. Most interesting are
those for a torsion-free group G, i.e. if lcm(G) = 1. This is exemplified by the
following surprising result of Linnell [17]. We first recall the notion of “the”
division closure of K[G].
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1.6 Definition. Let G be a discrete group and let K ⊂ C be a subring.
Let U(G) denote the ring of unbounded operators on l2(G) affiliated to N (G)
(algebraically, U(G) is the Ore localization of N (G) at the set of all non-zero-
divisors).
Define the division closure D(K[G]) to be the smallest subring of U(G) con-
taining K[G] which is closed under taking inverses in U(G).

1.7 Theorem. Let G be a discrete group with lcm(G) = 1 and let K be a
subring of C. Then K[G] satisfies the strong Atiyah conjecture if and only if
D(K[G]) is a skew field.

The appealing feature of this theorem is that it provides a canonical over-ring,
namely D(K[G]) of K[G] which should be a skew field, provided G is torsion
free. Observe that this implies in particular that K[G] has no non-trivial zero-
divisors. For more information on this, see [23, Remark 4.11].
Part of the motivation for the work at hand was the question of how to gener-
alize Theorem 1.7 if lcm(G) > 1. It turns out that one expects that D(K[G])
is semisimple Artinian. In the situation at hand this means that D(K[G]) is a
finite direct sum of matrix rings over skew fields. This is proved in many cases
e.g. in [17].
The present paper gives a very precise (conjectural) description of D(K[G]),
and if it is satisfied we call D(K[G]) Atiyah-expected Artinian: the lattice of
finite subgroups and their K-linear representations give a precise prediction into
which matrix summandsD(K[G]) decomposes and the size of the corresponding
matrices. The precise formula is a bit cumbersome, so we don’t give it here
but refer to Definition 3.6.
One of our main theorems is the precise generalization of Theorem 1.7.

1.8 Theorem. Let G be a discrete group with lcm(G) < ∞ and let K be a
subfield of C closed under complex conjugation. Then K[G] satisfies the center-
valued Atiyah conjecture if and only if D(K[G]) is Atiyah-expected Artinian.

Indeed, we show in Theorem 3.7 that these two properties are also equivalent
to the property that K0(D(K[G])) is generated by the images of K0(K[H ]) as
H runs over the finite subgroups of G.

1.9 Definition. Given a discrete group G with lcm(G) < ∞, let ∆+(G)
denote the maximal finite normal subgroup, and let ∆(G) denote the finite
conjugacy center, i.e. the set of those elements of G which have only a finite
number of conjugates.
Indeed, by [25, §1], ∆(G) is a normal subgroup of G. Recall that the product of
two normal subgroups is a normal subgroup, therefore, as lcm(G) <∞, ∆+(G)
makes sense. Note that ∆+(G) ⊂ ∆(G), indeed, using [25, Lemma 19.3] it is
exactly the subset of all elements of finite order in ∆(G).

In the special case ∆+(G) = {1}, we have that D(K[G]) is Atiyah-expected
Artinian if and only if it is an lcm(G) × lcm(G)-matrix ring over a skew field,
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and by Theorem 3.7 this is equivalent to the center-valued Atiyah conjecture
(which in this case is implied by the usual Atiyah conjecture, as the relevant
part of Z(N (G)) is C[∆+(G)]). This special case (and slightly more general
situations) have already been covered in [20], but without the use of the center-
valued trace. It turns out that the general case requires this more refined
dimension function. However, much of our arguments for Theorem 3.7 follow
closely the arguments of [20].
In [20], a variant of the division closure, namely the ring E(K[G]) is introduced
and used (compare Definition 2.2). It is closed under adding central idempo-
tents in U(G) which generated the same submodules as elements already in the
ring. We expect that this actually coincides with D(K[G]).

1.10 Theorem. If lcm(G) < ∞, K is a subfield of C which is closed under
complex conjugation and K[G] satisfies the center-valued Atiyah conjecture,
then E(K[G]) = D(K[G]).

As the second main result of the paper we establish the center-valued Atiyah
conjecture for certain classes of groups (namely almost all for which the original
Atiyah conjecture is known). The algebraic closure of Q will be denoted Q.

1.11 Theorem. Let K be a subfield of C which is closed under complex con-
jugation. The center-valued Atiyah conjecture over K is true for the following
groups G:

1. all groups G which belong to Linnell’s class of groups C of Definition 2.7,
in particular all free by elementary amenable groups G.

2. if K is contained in Q, all elementary amenable extensions of

• pure braid groups

• right-angled Artin groups

• primitive link groups

• virtually cocompact special groups, where a “cocompact special
groups” is a fundamental group of a compact special cube complex
—this class of groups contains Gromov hyperbolic groups which act
cocompactly and properly on CAT(0) cube complexes, fundamen-
tal groups of compact hyperbolic 3-manifolds with empty or toroidal
boundary, and Coxeter groups without a Euclidean triangle Coxeter
subgroup,

• or of products of the above.

1.12 Question. Missing in the above list are congruence subgroups of SLn(Z)
and finite extensions thereof. Note that the usual Atiyah conjecture for these
groups, as long as they are torsion free, is proved in [11]. For torsion-free
groups, the center-valued Atiyah conjecture is not stronger than the usual
Atiyah conjecture. However, it would be interesting to generalize the work of
[11] to certain extensions which are not torsion free, and then (or along the
way) to deal with the center-valued Atiyah conjecture for these.
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Recall that the center-valued Atiyah conjecture for a group G only makes an
assertion when lcm(G) < ∞. For the proof of 1 of Theorem 1.11 we closely
follow the method of [17], making use of the equivalent algebraic formulations
of the Atiyah conjecture of Theorem 3.7. Indeed, we show that the conjecture
is stable under extensions by torsion-free elementary amenable groups. We
actually show (and use) slightly more refined stability properties.

For 2 of Theorem 1.11 we use the approximation theorem for the center-valued
L2-Betti numbers, [15, Theorem 3.2]. Because of the discreteness of the possible
center-valued L2-Betti numbers, the Atiyah conjecture for a suitable sequence
of quotients implies the Atiyah conjecture for the group itself. We follow here
the general idea as already applied in [29] and for more general coefficient rings
in [9]. That this idea can be used for the class of groups listed in 2 was shown
for the pure braid groups in [19], for primitive link groups in [8] and for right-
angled Coxeter and Artin groups in [18], and for cocompact special groups by
Schreve in [30] (who uses fundamentally the geometric insights of Haglund-Wise
[13], and develops further the methods of [18]). Agol [1] shows in breakthrough
work that Gromov hyperbolic cocompact CAT(0) cube groups are virtually
cocompact special; with Bergeron-Wise’ construction of a cocompact action of
a hyperbolic 3-manifold group on a CAT(0) cube complex [5] this implies that
hyperbolic 3-manifold groups are virtually cocompact special.

2 Preliminaries on rings associated to groups

U(G), D(K[G]) and traces on these

2.1 Definition. Let G be a discrete group. The center-valued trace is the
uniquely defined C-linear map

truG : N (G)→ Z(N (G))

such that for a, b ∈ N (G) and c ∈ Z(N (G)), we have

• truG(ab) = truG(ba);

• truG(c) = c;

• truG(a) ∈ (Z(N (G)))+ if a ∈ (N (G))+.

The trace can be extended to Md(N (G)) by taking truG := truG⊗ trMd(C) (by
abuse of notation), with trMd(C) the non-normalized trace on Md(C).

If P ∈Md(N (G)) is a projector with image the (Hilbert N (G)-module) V , set
dimu

G(V ) := truG(P ).

That a unique such trace exists is established e.g. in [14, Chapter 8].
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Later, we want to apply the trace also for the division closure. Recall that we
have (by definition) the following diagram of inclusions of rings

K[G] −−−−→ N (G)
y

y

D(K[G]) −−−−→ U(G).

Given a finitely presented K[G]-module M , represented by A ∈ Mk×l(K[G]),

i.e. with exact sequence K[G]l
A−→ K[G]k → M → 0, the induced modules

M⊗K[G]N (G), M⊗K[G]U(G), M⊗K[G]D(K[G]) are also finitely presented with
the same presenting matrix A. The standard theory of Hilbert N (G)-modules
gives a center-valued dimension for each finitely presented N (G)-module, in
particular for M ⊗K[G]N (G), and dimu

G(M ⊗K[G]N (G)) = k − dimu
G(ker(A))

in the above situation (compare [21]). In [27], this dimension is extended to
finitely presented U(G)-modules, of course in such a way that the value is
unchanged if we induce up from N (G) to U(G). More precisely, [27] describes
the extension of dimensions based on arbitrary C-valued traces on N (G), this
implies easily the corresponding extension for dimu

G.

The central idempotent division closure E(K[G])

2.2 Definition. Let R be a subring of the ring S and let C = {e ∈ S | e is a
central idempotent of S and eS = rS for some r ∈ R}. Then we define

C(R,S) =
∑

e∈C
eR,

a subring of S. In the case S = U(G), we write C(R) for C(R,U(G)). For each
ordinal α, define Eα(R,S) as follows:

• E0(R,S) = R;

• Eα+1(R,S) = D(C(Eα(R,S), S), S);

• Eα(R,S) =
⋃
β<α Eβ(R,S) if α is a limit ordinal.

Then E(R,S) =
⋃
α Eα(R,S). Also in the case R = K[G] where G is a group

and K is a subfield of C, we write E(K[G]) for E(K[G],U(G)).

2.3 Conjecture. Let G be a discrete group and K ⊂ C a subfield. Then
D(K[G]) = E(K[G]), at least if lcm(G) <∞.

We cite some properties of E(K[G]) from [20] which will be useful later. Indeed,
we generalize from the canonical trace to the center-valued trace, but the proofs
literally also cover this more general situation.
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2.4 Lemma. (cf. [20, Lemma 2.4]) The following additive subgroups of
Z(N (G)) coincide:

〈dimu
G(xU(G)n) | x ∈Mn(K[G]), n ∈ N〉

= 〈dimu
G(xU(G)n) | x ∈ Mn(E(K[G])), n ∈ N〉

This has as an immediate corollary that E(K[G]) = D(K[G]) if K[G] satisfies
the center-valued Atiyah conjecture:

Proof of Theorem 1.10. Let e ∈ E(K[G]) be a central idempotent of U(G).
Then all the spectral projections of e lie in Z(N (G)), therefore e is af-
filiated to Z(N (G)). Being an idempotent, even e ∈ Z(N (G)). There-
fore, on the one hand, truG(e) = e while, on the other hand by Lemma 2.4,
truG(e) = dimu

G(eU(G)) ∈ LK(G), in particular e ∈ Z(K[∆+]) ⊂ K[∆+].

2.5 Remark. The proof just given didn’t need the full force of the center-
valued Atiyah conjecture, only the statement that dimu

G(xU(G)n) ∈ Z(N (G))
is supported only on elements of finite order, i.e. lies in Z(K[∆+]).

Approximation of the center-valued trace

The following is a special case of [15, Theorem 3.2] which will be used in the
next section.

2.6 Theorem. Let G be a discrete group with a sequence G = G0 ≥ G1 ≥ · · ·
of normal subgroups with

⋂
i∈NGi = {1}.

Let A ∈ Md(Q[G]) and g ∈ ∆(G). Let A[i] ∈ Md(Q[G/Gi]) be the image of A
under the map induced by the projection pri : G→ G/Gi.

Assume that all G/Gi satisfy the determinant bound property [9, Definition
3.1], e.g. are elementary amenable (or more generally belong to the class G of
groups introduced in [9, Definition 1.8] and corrected in the errata to [28] at
arXiv:math/9807032, or are sofic, compare [10] and [15, Theorem 4.1]). Then

lim
i→∞
〈dimu

N (G/Gi)(ker(A[i])), pri(g)〉l2(G/Gi) = 〈dimu
G ker(A), g〉l2(G).

Linnell’s class C

2.7 Definition. Let C denote the smallest class of groups which

1. contains all free groups,

2. is closed under directed unions,

3. satisfies G ∈ C whenever H✁G , H ∈ C and G/H is elementary amenable.
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3 Reformulation of the center-valued Atiyah conjecture

Let G be a group with lcm(G) <∞. We shall assume that K is a subfield of C
which is closed under complex conjugation. Many of the arguments given below
don’t require this assumption; however if K is a subfield closed under complex
conjugation and e is a central idempotent in K[G], then e is a projection
[6, Lemma 9.2(i)]. Furthermore if G is a finite group and A ∈Mn(K[G]), then
prkerA ∈Mn(K[G]) (use [6, Proposition 9.3]); it is here where we are using the
property that K is closed under complex conjugation.

Recall that ∆+ is the (finite) normal subgroup consisting of all elements of
finite order and having only finitely many conjugates.

3.1 Lemma. Let K ⊂ C be a subfield which contains all |∆+|-th roots of 1, and
let cG denote the number of finite conjugacy classes of elements of finite order in
G, i.e. the dimension of Z(N (G))∩Z (K[∆+]). There is a finite set of primitive
central projections {U1, . . . , U cG} of Z(N (G)) ∩ Z(K[∆+]) ⊂ Z(K[G]), given
by

U i :=
∑

k s.t. ∃g∈G:guig−1=uk

uk,

where ui are the primitive central idempotents of the semisimple Artinian ring
K[∆+]. Furthermore ui = ni

|∆+|
∑

s∈G χi(s
−1)s, with ni the dimensions of the

irreducible representations (over C) of ∆+ and χi the corresponding characters
(extended by 0 to all of G). Moreover the U j form an orthogonal basis of the
vector space Z(N (G)) ∩ Z(C[∆+]).

Proof. By Maschke’s theorem of standard representation theory, the algebra
K[∆+] is semisimple Artinian, compare [16, XVIII, Theorem 1.2]. Therefore
it has finitely many primitive central idempotents ui.

Any algebra automorphism must permute the ui, in particular the conjugation
action of G. An element of Z(K[∆+]) belongs to the center of K[G] (and then
also of N (G)) if and only if it is invariant under conjugation by elements of
G. It follows immediately that the U i are the primitive central idempotents
of Z(N (G)) ∩ Z(K[∆+]), and furthermore they form an orthogonal basis for
Z(N (G)) ∩ Z(C[∆+]).

The formula for the ui is also standard, [16, XVIII, Proposition 4.4 and Theo-
rem 11.4].

3.2 Lemma. Let K be a subfield of C and let L/K be a finite Galois extension
of K with Galois group F . Let G be a finite group, let {e1, . . . , en} denote
the primitive central idempotents of K[G], and let {u1, . . . , um} denote the
primitive central idempotents of L[G]. Then F acts as automorphisms on L[G]
according to the rule θ

∑
g∈G agg =

∑
g∈G θ(ag)g for θ ∈ F . The ui form an

orthogonal set and 〈ui, 1〉 = 〈θui, 1〉 for all i. For each i, define Ni = {j ∈ N |
eiuj = uj}. Then F acts transitively on {uj | j ∈ Ni} and ei =

∑
j∈Ni uj.
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Proof. This is well-known, and follows from Galois descent. Note that uiej is
a central idempotent in L[G] and ui = uiej + (1 − ej)ui. It follows for all i, j,
either uiej = 0 or uiej = ui, because ui is primitive. It follows easily that
ei =

∑
j∈Ni uj. Also F acts on {uj | j ∈ Ni}, and the sum of the uj in an

orbit is fixed by F and is therefore in K[G]. Since ei is primitive, it follows
that this orbit must be the whole of Ni. Finally if e =

∑
g∈G egg ∈ L[G] is an

idempotent, then e1 ∈ Q (by the character formula of Lemma 3.1) and we see
that 〈ui, 1〉 = 〈θui, 1〉 for all i.

3.3 Lemma. Let K ⊂ C be a subfield, let ω be a primitive |∆+|-root of 1 and set
L = K(ω). Let F denote the Galois group of L over K, and let U1, . . . , U cL[G]

be the primitive central projections of Z(N (G)) ∩ Z(L[∆+]) ⊂ Z(L[G]) as de-
scribed above in Lemma 3.1. There is a finite set of primitive central projections
{P 1, . . . , PCK[G]} of Z(N (G)) ∩ Z(K[∆+]) ⊂ Z(K[G]), given by

P i :=
∑

k s.t. ∃g∈G:gpig−1=pk

pk,

where pi are the primitive central idempotents of the semisimple Artinian ring
K[∆+]. Set Ni = {j ∈ N | P iU j = U j}. Then

P i =
∑

j∈Ni
U j

and F acts transitively on {U j | j ∈ Ni}.

Proof. This follows from Lemmas 3.1 and 3.2.

3.4 Lemma. Let H be a finite subgroup of G which contains ∆+. For an irre-
ducible projection Q ∈ K[H ] (in the sense that if Q = Q1 +Q2 with projections
in Q1, Q2 ∈ K[H ] satisfying Q1Q2 = 0 then either Q1 = 0 or Q2 = 0) we have
truG(Q) ∈ Z(N (G))∩Z(K[∆+]) ⊂ Z(N (G)). More precisely, using the central
projections P i of Lemma 3.3 we have

truG(Q) =
dimC(Q · C[H ]) · |∆+|
|H | · dimC(P i · C[∆+])

P i =
dimN (G)(Q · l2(G))

dimN (G)(P i · l2(G))
P i (1)

where P i is characterized by the property QP i = Q.

Proof. Let ω be a primitive |∆+|-th root of 1, let L = K(ω) and let F denote
the Galois group of L/K. The center-valued trace is obtained by orthogonal
projection from l2(G) to the subspace of l2(∆) spanned by functions which are
constant on G-conjugacy classes, using the standard embedding of N (G) into
l2(G). For Q, which is supported on group elements of finite order, therefore
truG(Q) ∈ C[∆+]. Let U1, . . . , U cG and P 1, . . . , PCK[G] be the primitive central
projections as described in Lemma 3.3. Using the standard inner product on
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C[H ] we obtain, using that (U1, . . . , U cG) is an orthogonal basis of Z(N (G))∩
Z(L[H ]) = Z(N (G)) ∩ Z(L[∆+])

truG(Q) =
∑

j

〈Q,U j〉
〈U j , U j〉U

j. (2)

Moreover, we have for each j that QP j+Q(1−P j) = Q and QP jQ(1−P j) = 0,
the latter because P j is central. Since Q is irreducible, we get either QP j = Q
or QP j = 0. If QP i = Q we have Q

∑
j∈Ni U

j = Q and QU j = 0 for j /∈ Ni.
Also if j1, j2 ∈ Ni, then θ(QU j1) = QU j2 for some θ ∈ F and we see that
〈QU j1 , 1〉 = 〈QU j2 , 1〉, consequently 〈Q,U j〉 is independent of j for j ∈ Ni.
Similarly 〈U j , U j〉 is independent of j for j ∈ Ni. Thus 〈Q,P i〉 = |Ni|〈Q,U j〉,
〈P i, P i〉 = |Ni|〈U j , U j〉 for j ∈ Ni, hence

〈Q,U j〉
〈U j , U j〉 =

〈Q,P i〉
〈P i, P i〉 .

Substitute this in equation (2) together with

〈Q,P j〉 = 〈QP j , 1〉 = 〈Q, 1〉 =
dimC(Q · C[H ])

|H |

〈P j , P j〉 = 〈P j , 1〉 =
dimC(P j · C[∆+])

|∆+| .

These formulas follow from the character formula for projections or are directly
obtained as follows: for a projection P ∈ C[E] and a finite group E we have
〈P, 1〉l2(E) = 〈Ph, h〉l2(E) for all h ∈ E, therefore dimC(P · C[E]) = tr(P ) =∑

h∈E〈Ph, h〉 = |E| · 〈P, 1〉.
Note, finally, that dimC(Q·C[H])

|H| = dimN (H)(Q · l2(H)) = dimN (G)(Q · l2(G)) by

the induction rule for von Neumann dimensions.

3.5 Corollary. The additive subgroup LK(G) of Z(N (G)) of Definition 1.2
is discrete.

Proof. Recall that F denotes the relevant subfield of C in the setup of Definition
1.2, namely F is the field of fractions of K. Given a finite subgroup H of G
and a projection P ∈ F [H ], truG(P ) is a positive integral linear combination
of truG(Qα) where Qα ∈ F [H ] are irreducible projections, corresponding to the
decomposition of im(P ) into irreducible F [H ]-modules.
It therefore suffices to check that the additive subgroup of Z(N (G)) generated
by truG(Q) is discrete, where Q runs through the irreducible projections in
F [H ] and H runs through the finite subgroups of G. Increasing the field and
increasing the finite subgroup has the only potential effect that an irreducible
projection breaks up as a sum of new irreducible projections and therefore
the subgroup generated by their center-valued traces increases. Therefore we
may assume that these subgroups contain ∆+ and that F = C. By Lemma
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3.4, these are all integer multiples of lcm(G)−1P i with the orthogonal basis
(P 1, . . . , P cG), therefore span a discrete subgroup of Z(N (G)).

3.6 Definition. Assume that G is a discrete group with lcm(G) < ∞ and
that K is a subfield of C which is closed under complex conjugation.
We say that D(K[G]) is Atiyah-expected Artinian if it is a semisimple Artinian
ring such that its primitive central idempotents are the central idempotents
P 1, . . . , PCK[G] ∈ K[Z(K[∆+])] of Lemma 3.3, and if each direct summand
P jD(K[G])P j is an Lj × Lj matrix ring over a skew field.
Here, Lj is determined as follows: consider all irreducible sub-projections Qα ∈
K[Hα] of P j (i.e. those satisfying QαP

j = Qα), where Hα runs through all
finite subgroups of G containing ∆+. By Lemma 3.4, truG(Qα) = qαP

j for
some rational number qα. Because there are only finitely many isomorphism
classes of finite subgroups of G, formula (1) shows that the collection of these
rational numbers is finite. Lj is the smallest integer such that each qα is an
integer multiple of 1

Lj
. Explicitly,

Lj =
dimC(P j · C[∆+]) lcm(G)

gcd
(

dimC(P j · C[∆+]) lcm(G), dimC(Qα · C[Hα]) lcm(G)
|Hα| |∆+| | α

) ∈ Z.

Proof. We have to show that the two descriptions of Lj coincide, using Equation
(1), i.e. we have to find the smallest common denominator of all these fractions.
We expand the denominators to the common value lcm(G) · dimC(P j ·C[∆+]),
then we have to divide this by the greatest common divisor of this number and
of all the new numerators.

3.7 Theorem. Let G be a discrete group, with lcm(G) < ∞ and let K ⊂ C
be a subfield closed under complex conjugation. The following statements are
equivalent.

1. D(K[G]) is Atiyah-expected Artinian as in Definition 3.6.

2. φ :
⊕

E≤G : |E|<∞K0(K[E]) → K0(D(K[G])) is surjective and D(K[G])
is semisimple Artinian.

3. φ :
⊕

E≤G ; |E|<∞G0(K[E])→ G0(D(K[G])) is surjective.

4. KG satisfies the center-valued Atiyah conjecture.

Recall here that, for a ring R, K0(R) is the Grothendieck group of finitely
generated projective R-modules, whereas G0(R) is the Grothendieck group of
arbitrary finitely generated R-modules.

Proof of Theorem 3.7. 1 =⇒ 2: We use the notation of Definition 3.6. Us-
ing the row projectors of matrix rings, there are projections x1, . . . , xCK[G]

∈
D(K[G]) which represent a Z-basis of the free abelian group K0(D(K[G])),
and [P i] = Li[xi] in K0(D(K[G])). We have to show that each xi is an inte-
ger linear combination of images of elements of K0(K[Hα]) with Hα finite. If
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Qα ∈ K[Hα] is an irreducible sub-projection of P i, then φ([Qα]) is a multiple of
[xi] in K0(D(K[G])), namely (comparing the center-valued dimensions which
are defined for finitely generated projective D(K[G])-modules by the discussion
of Section 2) φ([Qα]) = qα[P i] if truG(Qα) = qαP

i. By the Chinese remainder
theorem and the definition of Li as the smallest integers such that all the qα
are integer multiples of L−1i , also [xi] = L−1i [P i] belongs to the image of φ.
2 =⇒ 3: For a semisimple Artinian ring every finitely generated module is
projective, therefore G0 = K0 under the assumptions we make.
3 =⇒ 4: Let M be a finitely presented K[G]-module with presentation

K[G]l
A−→ K[G]n → M → 0, A ∈ Mn×l(K[G]). Then M ⊗K[G] D(K[G]) is

finitely generated, therefore by the assumption stably isomorphic to an inte-
ger linear combination

⊕
aixiD(K[G]) with xi projectors defined over finite

subgroups E of G — note that G0(K[E]) = K0(K[E]) for any finite group
E, as K[E] is semisimple Artinian. Inducing further to U(G) and using that
the dimension function extends to finitely presented U(G)-modules (which is
additive, so that we can leave out the stabilization summands), we read off
that

dimu
G(M) = dimu

G(
⊕

aixiU(G)) =
∑

ai dimu
G(xiU(G)) ∈ LK(G)

by definition of LK(G). Finally, by additivity of the von Neumann dimension
dimu

G(ker(A)) = n− dimu
G(M) ∈ LK(G).

4 =⇒ 1: Here, we follow closely the argument of the proof of [20, Proposition
2.14]. Our assumption implies by Theorem 1.10 that E(K[G]) = D(K[G]).
Because the center-valued Atiyah conjecture implies that the ordinary L2-Betti
numbers are contained in a finitely generated subgroup of Q (generated by
trG(P j)/Lj), by [20, Theorem 2.7] D(K[G]) is a semisimple Artinian ring.
The P j are central idempotents in D(K[G]). We have to show that they
are primitive central idempotents, and that each is the sum of exactly Lj
orthogonal sub-idempotents which are themselves irreducible. The structure
theory of rings then implies that each P jD(K[G])P j is simple Artinian and an
Lj × Lj-matrix ring over a skew field.
Fix, as in Definition 3.6, the (finite) collection of sub-projections Qα of P j ,
where the Qα are irreducible projections supported on K[Hα] and Hα runs
through the (isomorphism classes of) finite extensions of ∆+(G) inside G. Then
truG(Qα) = nα

Lj
P j with integers nα, and by definition of Lj we have gcdα(nα) =

1. Set d := lcmα(nα).
Consider now P jU(G)d. Because

dimu
G(P jU(G)d) = dP j = dimu

G(QαU(G)Ljd/nα)

by [22, Theorem 9.13(1)] then P jU(G)d ∼= QαU(G)Ljd/nα , so we find Ljd/nα
mutually orthogonal projections in Md(U(G)) corresponding to the copies of
Qα. Because the center-valued trace of each of those equals nα

Lj
P j = truG(Qα),

by [7, Exercise 13.15A], there exist Ljd/nα similarities (i.e. self-adjoint uni-
taries) ui ∈ U(G) with u1 = 1 such that these projections can be written
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as uiP
′
αui (where P ′α is the diagonal matrix with first entry Pα and all other

entries 0).
Then, exactly as in the proof of [20, Proposition 2.14] we can replace the ui
by ũi ∈Md(D(K[G])) which are invertible and such that we still have a direct
sum decomposition

P jD(K[G])d =

Ljd/nα⊕

i=1

ũiP
′
αD(K[G])d. (3)

This uses the Kaplansky density theorem, the quantization of the center-valued
trace and [20, Lemma 2.12].
Let us now take a central idempotent ǫ in D(K[G]) which is a sub-projection
of P j (i.e. ǫP j = ǫ). We have to show that ǫ = 0 or ǫ = P j . To do this,
we compute truG(ǫ). Note that all the modules ǫũiP

′
αU(G)d are isomorphic,

therefore by Equation (3)

d truG(ǫ) = dimu
G(ǫU(G)d) =

Ljd

nα
dimu

G(ǫP ′αU(G)d). (4)

By Lemma 2.4 and the assumption 4, Lj ·dimu
G(ǫP ′αU(G)d) is an integer multiple

of P j . Therefore, rearranging Equation (4)

nα truG(ǫ) ∈ ZP j .

As this holds for all α, even

ǫ = truG(ǫ) = lcmα(nα) truG(ǫ) ∈ ZP j .

So we can indeed conclude that P j is a primitive central idempotent and there-
fore P jD(K[G]) is an l × l matrix ring over a skew field. It follows that
P jD(K[G])nαd is the direct sum of nαdl copies of an irreducible submodule.
On the other hand, P jD(K[G])nαd is the direct sum of Ljd isomorphic sum-
mands for every α. As lcmα(nα) = 1 we conclude that Lj | l. On the other
hand, by the assumption 4 and Lemma 2.4, the center-valued dimension of the
irreducible submodule (which is generated by one projector as P jD(K[G]) is
Artinian) is an integer multiple of L−1j P j and therefore Lj | l. It follows that
l = Lj as claimed.

4 Special cases and inheritance properties of the center-valued
Atiyah conjecture

Throughout this section, we assume that K is a subfield of C which is closed
under complex conjugation.

4.1 Lemma. The center-valued Atiyah conjecture is true for finitely generated
virtually free groups.
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Proof. This follows from the proof of [17, Proposition 5.1(i) and Lemma 5.2(ii)]
(in which C can be replaced by any subfield of C) and Theorem 3.72.

4.2 Lemma. If G is a directed union of groups Gi and the center-valued Atiyah
conjecture over K is true for all groups Gi, then it is also true for G.

Proof. By [17, Lemma 5.3], D(K[G]) is the directed union of the D(K[Gi]).
Any matrix A over D(K[G]) is therefore already a matrix over D(K[Gi]) for
some i, with dimu

Gi(ker(A)) ∈ LK(Gi). Composition with the center-valued
trace for G gives (by the induction formula for von Neumann dimensions)
dimu

G(ker(A)) ∈ truG(LK(Gi)) ⊂ LK(G).

4.3 Proposition. Assume that we have an extension 1→ H → G
π−→ E → 1

where E is elementary amenable and for each finite subgroup F ≤ E, π−1(F ) ≤
G satisfies the center-valued Atiyah conjecture over K . Then also K[G] satis-
fies the center-valued Atiyah conjecture.

Proof. By transfinite induction, the statement is a formal consequence of the
same assertion where E is finitely generated virtually abelian, as explained
e.g. in the proof of [29, Proposition 3.1] or in [17].
If E is finitely generated virtually abelian then in the proof of [17, Lemma 5.3]
it is shown that

⊕

F≤E finite

G0(D(K[π−1(F )]))→ G0(D(K[G]))

is onto, using Moody’s induction theorem [24, Theorem 1]. Since by assumption⊕
U≤π−1(F ) finiteG0(K[U ]) → G0(D(K[π−1(F )])) is onto for each such F and

the composition of surjective maps is surjective we conclude that

⊕

F∈F(G)

G0(K[F ])→ G0(D(K[G]))

is onto and 3 of Theorem 3.7 is established.

4.4 Proposition. Let K be a subfield of Q which is closed under complex
conjugation. Assume that G is a group with a sequence G ≥ G1 ≥ · · · of
normal subgroups such that

⋂
i∈NGi = {1}. Assume moreover that for each

i ∈ N and each finite subgroup F ≤ G/Gi there is a finite subgroup F ′ ≤ G
which is mapped isomorphically to F by the projection G→ G/Gi.
Finally, assume that each G/Gi satisfies the determinant bound conjecture and
the center-valued Atiyah conjecture over K. Then K[G] satisfies the center-
valued Atiyah conjecture.

Proof. As the statement is empty if lcm(G) =∞, we assume that lcm(G) <∞.
We first show that, if i is large enough, πi induces an isomorphism πi : ∆+(G)→
∆+(G/Gi). Dropping finitely many terms in the sequence we can then assume
that this is the case for all i ∈ N. To prove the assertion, choose a finite
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subgroup M of G with maximal order (possible since lcm(G) <∞). Note that
the product ∆+M is also a finite subgroup, therefore by maximality equal to
M , consequently ∆+ ≤ M . Then choose finitely many g1, . . . , gn ∈ G such
that ∆+(G) =

⋂n
k=1M

gk (where Mg denotes the conjugate gMg−1), which is
possible by the descending chain condition for finite sets.
Finally, choose r > 0 such that πr : G → G/Gr is injective when restricted to⋃n
k=1M

gk , which is possible because
⋂
iGi = {1}.

Because πr is surjective, πr(∆
+(G)) is a finite normal subgroup of G/Gi and

therefore πr(∆
+(G)) ≤ ∆+(G/Gr). On the other hand, πr(M) is a finite sub-

group with maximal order in G/Gr (because πr|M is injective and every finite
subgroup of G/Gr is an isomorphic image of a finite subgroup of G), therefore
∆+(G/Gr) ≤ πr(M), by normality even ∆+(G/Gr) ≤

⋂n
k=1 πr(M)πr(g). As⋂n

k=1M
g = ∆+(G) and by injectivity of πr on

⋃n
k=1M

g we finally get

∆+(G/Gr) ≤
n⋂

k=1

πr(M)πr(g) = πr(∆
+(G)) ≤ ∆+(G/Gr).

This implies the statement for all i ≥ r.
Secondly, given g ∈ G of infinite order, for all sufficiently large i, the restriction
of πi to {1, g, g2, . . . , glcm(G)} is injective and therefore, as by assumption the
orders of finite subgroups of G/Gi are bounded by lcm(G), πi(g) also has
infinite order.
Fix now A ∈ Md(K[G]) and denote by Qi the projection onto the kernel of
A[i] := pi(A). Recall that

truG(Qi) = dimu
G(ker(A)) =

∑

g∈G
〈dimu

G(ker(A)), g〉l2(G)g,

and we denote by 〈dimu
G(ker(A)), g〉 the coefficient of g in dimu

G(ker(A)), and
correspondingly for truG(Qi).
The center-valued Atiyah conjecture for K[G/Gi] implies in particular that
truG(Qi) is contained in K[∆+(G/Gi)], therefore supported only on elements of
finite order. Consequently, if g ∈ G has infinite order, then 〈truG(Qi), pri(g)〉 =
0 for sufficiently large i and, by Theorem 2.6, 〈dimu

G(ker(A)), g〉 = 0. This
implies that dimu

G(ker(A)) is supported on elements of finite order, i.e. is con-
tained in Z(N (G)) ∩K[∆+(G)].
As explained above, we can use πi to identify ∆+(G) and ∆+(G/Gi) and
consider truG(Qi) as an element of K[∆+(G)]. By Theorem 2.6, for each g ∈
∆+(G),

〈dimu
G(ker(A)), g〉 = lim

i→∞
〈truG(Qi), g〉.

Since all the (finitely many) coefficients converge, we even have

lim
i→∞

truG(Qi) = dimu
G(ker(A)) ∈ Z(N (G)) ∩K[∆+(G)].

Because the sets of isomorphism classes of finite subgroups of G/Gi and of G
are identified by πi, we get exactly the same relevant irreducible projections
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defined over finite subgroups and the same central idempotents in the formulas
of Lemma 3.1 and Lemma 3.4 for LK(G) and LK(G/Gi). Consequently, πi
identifies LK(G) and LK(G/Gi). Finally, observe that by assumption about
the Atiyah conjecture for G/Gi we have truG(Qi) ∈ LK(G). As the latter is a
discrete subset of Z(N (G)), we finally observe that dimu

G(ker(A)) ∈ LK(G),
i.e. K[G] satisfies the center-valued Atiyah conjecture.

4.5 Theorem. The center-valued Atiyah conjecture is true for all groups G ∈
C.

Proof. In the proof of [17, Lemma 4.9] it is shown that the assertion follows
(by transfinite induction) directly from Lemma 4.1, Lemma 4.2 and Proposition
4.3.

4.6 Corollary. Let K be a subfield of Q which is closed under complex con-
jugation. Then the center-valued Atiyah conjecture is true for all elementary
amenable extensions of pure braid groups, of right-angled Artin groups, of prim-
itive link groups, of cocompact special groups, or of products of such.

Proof. Each of the groups in the list has a sequence of normal subgroups with
trivial intersection and with elementary amenable quotients such that in addi-
tion the condition of Proposition 4.4 is met. This is shown for the extensions
of pure braid groups in [19], for primitive link groups in [8] and for right-angled
Coxeter and Artin groups in [18], and combining [30] with [18] it also follows
for special cocompact groups. Combining Theorem 4.5 and Proposition 4.4,
the assertion follows.
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Abstract. Consider the abelian category Ck of commutative group
schemes of finite type over a field k. By results of Serre and Oort, Ck
has homological dimension 1 (resp. 2) if k is algebraically closed of
characteristic 0 (resp. positive). In this article, we explore the abelian
category of commutative algebraic groups up to isogeny, defined as the
quotient of Ck by the full subcategory Fk of finite k-group schemes.
We show that Ck/Fk has homological dimension 1, and we determine
its projective or injective objects. We also obtain structure results for
Ck/Fk, which take a simpler form in positive characteristics.
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1 Introduction

There has been much recent progress on the structure of algebraic groups over
an arbitrary field; in particular, on the classification of pseudo-reductive groups
(see [CGP15, CP15]). Yet commutative algebraic groups over an imperfect field
remain somewhat mysterious, e.g., extensions with unipotent quotients are
largely unknown; see [To13] for interesting results, examples, and questions.
In this article, we explore the category of commutative algebraic groups up to
isogeny, in which the problems raised by imperfect fields become tractable; this
yields rather simple and uniform structure results.
More specifically, denote by Ck the category with objects the group schemes of
finite type over the ground field k, and with morphisms, the homomorphisms
of k-group schemes (all group schemes under consideration will be assumed
commutative). By a result of Grothendieck (see [SGA3, VIA, Thm. 5.4.2]),
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Ck is an abelian category. We define the category of ‘algebraic groups up to
isogeny’ as the quotient category of Ck by the Serre subcategory of finite group
schemes; then Ck/Fk is obtained from Ck by inverting all isogenies, i.e., all
morphisms with finite kernel and cokernel.

It will be easier to deal with the full subcategory Ck of Ck/Fk with objects
the smooth connected algebraic groups, since these categories turn out to be
equivalent, and morphisms in Ck admit a simpler description.

As a motivation for considering the ‘isogeny category’ Ck, note that some nat-
ural constructions involving algebraic groups are only exact up to isogeny; for
example, the formations of the maximal torus or of the largest abelian variety
quotient, both of which are not exact in Ck. Also, some structure theorems
for algebraic groups take on a simpler form when reformulated up to isogeny.
A classical example is the Poincaré complete reducibility theorem, which is
equivalent to the semi-simplicity of the isogeny category of abelian varieties,
i.e., the full subcategory Ak of Ck with objects abelian varieties. Likewise, the
isogeny category of tori, T k, is semi-simple.

We gather our main results in the following:

Theorem. (i) The category Ck is artinian and noetherian. Its simple ob-
jects are the additive group Ga,k, the simple tori, and the simple abelian
varieties.

(ii) The product functor T k × Uk → Lk yields an equivalence of categories,
where Uk (resp. Lk) denotes the isogeny category of unipotent (resp. lin-
ear) algebraic groups.

(iii) If char(k) > 0, then the product functor Sk × Uk → Ck yields an equiva-
lence of categories, where Sk denotes the isogeny category of semi-abelian
varieties. If in addition k is locally finite, then the product functor
T k ×Ak → Sk yields an equivalence of categories as well.

(iv) The base change under any purely inseparable field extension k′ of k yields
an equivalence of categories Ck → Ck′ .

(v) The homological dimension of Ck is 1.

We also describe the projective objects of the category Ck (Theorem 5.14) and
its injective objects (Theorem 5.16). Moreover, in characteristic 0, we obtain
a structure result for that category (Proposition 5.13), which turns out to be
more technical than in positive characteristics.

Let us now compare the above statements with known results on Ck and its
full subcategories Ak (resp. Tk, Uk, Lk, Sk) of abelian varieties (resp. tori,
unipotent groups, linear groups, semi-abelian varieties).

About (i) (an easy result, mentioned by Serre in [Se60]): Ck is artinian and not
noetherian. Also, every algebraic group is an iterated extension of ‘elementary’
groups; these are the simple objects of Ck and the simple finite group schemes.
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About (ii): denoting by Mk the full subcategory of Ck with objects the alge-
braic groups of multiplicative type, the product functor Mk × Uk → Lk yields
an equivalence of categories if k is perfect. But over an imperfect field, there
exist non-zero extensions of unipotent groups by tori, and these are only par-
tially understood (see [To13, §9] again; our study of Ck brings no new insight
in these issues).
About (iii): the first assertion follows from recent structure results for algebraic
groups (see [Br17, §5]), together with a lifting property for extensions of such
groups with finite quotients (see [Br15] and [LA15]). The second assertion is a
direct consequence of the Weil-Barsotti isomorphism (see e.g. [Oo66, §III.18]).
About (iv): this is a weak version of a result of Chow on abelian varieties,
which asserts (in categorical language) that base change yields a fully faithful
functor Ak → Ak′ for any primary field extension k′ of k (see [Ch55], and
[Co06, §3] for a modern proof).
About (v), the main result of this article: recall that the homological dimension
of an abelian category D is the smallest integer, hd(D), such that ExtnD(A,B) =
0 for all objects A,B of D and all n > hd(D); these Ext groups are defined as
equivalence classes of Yoneda extensions. In particular, hd(D) = 0 if and only
if D is semi-simple.
It follows from work of Serre (see [Se60, 10.1 Thm. 1] together with [Oo64,
Thm. 3.5]) that hd(Ck) = 1 if k is algebraically closed of characteristic 0. Also,
by a result of Oort (see [Oo66, Thm. 14.1]), hd(Ck) = 2 if k is algebraically
closed of positive characteristic. Building on these results, Milne determined
hd(Ck) when k is perfect (see [Mi70, Thm. 1]); then the homological dimen-
sion can be arbitrarily large. In the approach of Serre and Oort, the desired
vanishing of higher extension groups is obtained by constructing projective
resolutions of elementary groups, in the category of pro-algebraic groups. The
latter category contains Ck as a full subcategory, and has enough projectives.
In contrast, to show that hd(Ck) = 1 over an arbitrary field k, we do not need
to go to a larger category. We rather observe that tori are projective objects in
Ck, and abelian varieties are injective objects there. This yields the vanishing
of all but three extension groups between simple objects of Ck; two of the three
remaining cases are handled directly, and the third one reduces to the known
vanishing of Ext2Ck(Ga,k,Ga,k) when k is perfect.
When k has characteristic 0, the fact that hd(Ck) ≤ 1 follows from a similar
result for the category of Laumon 1-motives up to isogeny (obtained by Mazzari
in [Ma10, Thm. 2.5]). Indeed, Ck is equivalent to a Serre subcategory of the
latter category; moreover, if an abelian category has homological dimension at
most 1, then the same holds for any Serre subcategory (as follows e.g. from
[Oo64, §3]). Likewise, the fact that the category of Deligne 1-motives up to
isogeny has homological dimension at most 1 (due to Orgogozo, see [Or04,
Prop. 3.2.4]) implies the corresponding assertion for the isogeny category of
semi-abelian varieties over an arbitrary field.
Abelian categories of homological dimension 1 are called hereditary. The most
studied hereditary categories consist either of finite-dimensional modules over a
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finite-dimensional hereditary algebra, or of coherent sheaves on a weighted pro-
jective line (see e.g. [Ha01]). Such categories are k-linear and Hom-finite, i.e.,
all groups of morphisms are finite-dimensional vector spaces over the ground
field k. But this seldom holds for the above isogeny categories. More specif-
ically, Ak and T k are both Q-linear and Hom-finite, but not Ck unless k is
a number field. When k has characteristic 0, we may view Ck as a mixture
of k-linear and Q-linear categories. This is already displayed by the full sub-
category Vk with objects the vector extensions of abelian varieties: as shown
in §5.1, Vk has enough projectives, and these are either the unipotent groups
(k-linear objects), or the vector extensions of simple abelian varieties (Q-linear
objects).

In positive characteristic, one may also consider the quotient category of Ck
by the Serre subcategory Ik of infinitesimal group schemes. This yields the
abelian category of ‘algebraic groups up to purely inseparable isogeny’, which
is equivalent to that introduced by Serre in [Se60]; as a consequence, it has
homological dimension 1 if k is algebraically closed. For any arbitrary field k,
the category Ck/Ik is again invariant under purely inseparable field extensions;
its homological properties may be worth investigating.

Notation and conventions. We will use the book [DG70] as a general
reference, especially for affine algebraic groups, and the expository text [Br17]
for some further results.

Throughout this text, we fix the ground field k and an algebraic closure k̄; the
characteristic of k is denoted by char(k). We denote by ks the separable closure
of k in k̄, and by Γk the Galois group of ks over k. We say that k is locally
finite, if it is algebraic over Fp for some prime p.

By an algebraic k-group, we mean a commutative group scheme G of finite type
over k; we denote by G0 the neutral component of G. The group law of G will
be denoted additively: (x, y) 7→ x+ y.

By a k-subgroup of G, we mean a closed k-subgroup scheme. Morphisms are
understood to be homomorphisms of k-group schemes. The (scheme-theoretic)
image of a morphism f : G → H will be denoted by Im(f) or f(G), and the
(scheme-theoretic) pull-back of a k-subgroup H ′ ⊂ H , by G×HH ′ or f−1(H ′).
Recall that an abelian variety over k is a smooth connected proper algebraic
k-group. Also, recall that a k-group scheme G is an affine algebraic k-group if
and only if G is isomorphic to a k-subgroup of the general linear group GLn,k
for some n. We will thus call affine algebraic k-groups linear. We say that an
algebraic k-group G is of multiplicative type if G is isomorphic to a k-subgroup
of some k-torus.

To simplify the notation, we will suppress the mention of the ground field k
whenever this yields no confusion. For example, the category Ck will be denoted
by C, except when we use base change by a field extension.

Given an algebraic group G and two subgroups G1, G2, we denote by G1 +G2

the subgroup of G generated by G1 and G2. Thus, G1 +G2 is the image of the
morphism G1 ×G2 → G, (x1, x2) 7→ x1 + x2.
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An isogeny is a morphism with finite kernel and cokernel. Two algebraic groups
G1, G2 are isogenous if they can be connected by a chain of isogenies.
We say that two subgroups G1, G2 of an algebraic group G are commensurable
if both quotients G1/G1 ∩G2 and G2/G1 ∩G2 are finite; then G1 and G2 are
isogenous.
Given an algebraic group G and a non-zero integer n, the multiplication by n
yields a morphism

nG : G −→ G.

We denote its kernel by G[n], and call it the n-torsion subgroup. We say that
G is divisible if nG is an epimorphism for all n 6= 0; then nG is an isogeny for
all such n. When char(k) = 0, the divisible groups are the connected algebraic
groups; when char(k) = p > 0, they are just the semi-abelian varieties, that is,
the extensions of abelian varieties by tori (see e.g. [Br17, Thm. 5.6.3] for the
latter result).
Still assuming that char(k) = p > 0, we say that an algebraic group G is a
p-group if pnG = 0 for n ≫ 0. Examples of p-groups include the unipotent
groups and the connected finite algebraic groups, also called infinitesimal.

2 Structure of algebraic groups

2.1 Preliminary results

We will use repeatedly the following simple observation:

Lemma 2.1. Let G be a smooth connected algebraic group.

(i) If G′ is a subgroup of G such that G/G′ is finite, then G′ = G.

(ii) Any isogeny f : H → G is an epimorphism.

Proof. (i) The quotient G/G′ is smooth, connected and finite, hence zero.
(ii) This follows from (i) applied to Im(f) ⊂ H .

The following lifting result for finite quotients will also be frequently used:

Lemma 2.2. Let G be an algebraic group, and H a subgroup such that G/H is
finite.

(i) There exists a finite subgroup F ⊂ G such that G = H + F .

(ii) If G/H is infinitesimal (resp. a finite p-group), then F may be chosen
infinitesimal (resp. a finite p-group) as well.

Proof. (i) This is a special case of [Br15, Thm. 1.1].
(ii) Assume G/H infinitesimal. Then the quotient G/(H +F 0) is infinitesimal
(as a quotient of G/H) and étale (as a quotient of F/F 0), hence zero. Thus,
we may replace F with F 0, an infinitesimal subgroup.
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Next, assume that G/H is a finite p-group. Denote by F [p∞] the largest p-
subgroup of F . Then the quotient G/(H + F [p∞]) is a finite p-group and is
killed by the order of F/F [p∞]. Since the latter order is prime to p, we obtain
G/(H + F [p∞]) = 0. Thus, we may replace F with F [p∞].

Next, we recall a version of a theorem of Chevalley:

Theorem 2.3. (i) Every algebraic group G contains a linear subgroup L
such that G/L is an abelian variety. Moreover, L is unique up to com-
mensurability in G, and G/L is unique up to isogeny.

(ii) If G is connected, then there exists a smallest such subgroup, L = L(G),
and this subgroup is connected.

(iii) If in addition G is smooth, then every morphism from G to an abelian
variety factors uniquely through the quotient map G→ G/L(G).

Proof. The assertion (ii) follows from [Ra70, Lem. IX 2.7] (see also [BLR90,
9.2 Thm. 1]).
To prove (i), note that G contains a finite subgroup F such that G/F is con-
nected (as follows from Lemma 2.2). Then we may take for L the pull-back
of a linear subgroup of G/F with quotient an abelian variety. If L′ is another
linear subgroup of G such that G/L′ is an abelian variety, then L+L′ is linear,
as a quotient of L × L′. Moreover, the natural map q : G/L → G/(L + L′) is
the quotient by (L + L′)/L, a linear subgroup of the abelian variety G/L. It
follows that (L + L′)/L is finite; thus, q is an isogeny and L′/L ∩ L′ is finite.
Likewise, q′ : G/L′ → G/(L + L′) is an isogeny and L/L ∩ L′ is finite; this
completes the proof of (i).
Finally, the assertion (iii) is a consequence of [Br17, Thm. 4.3.4].

The structure of linear algebraic groups may be described as follows (see [DG70,
Thm. IV.3.1.1]):

Theorem 2.4. Let G be a linear algebraic group. Then G has a largest subgroup
of multiplicative type, M ; moreover, G/M is unipotent. If k is perfect, then
G = M × U , where U denotes the largest unipotent subgroup of G.

Also, note the following orthogonality relations:

Proposition 2.5. (i) Let M be a group of multiplicative type, and U a
unipotent group. Then HomC(M,U) = 0 = HomC(U,M).

(ii) Let L be a linear algebraic group, and A an abelian variety. Then
HomC(A,L) = 0, and every morphism L → A has finite image. More-
over, HomC(L,A) is n-torsion for some positive integer n.

Proof. (i) This follows from [DG70, Cor. IV.2.2.4].
(ii) The image of a morphism A→ L is proper, smooth, connected and affine,
hence zero. Likewise, the image of a morphism L → A is affine and proper,
hence finite.
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To show the final assertion, we may replace k with any field extension, and
hence assume that k is perfect. Then the reduced neutral component L0

red

is a smooth connected subgroup of L, the quotient L/L0
red is finite, and

HomC(L0
red, A) = 0 by the above argument. As a consequence, we have

HomC(L,A) = HomC(L/L0
red, A) and this group is n-torsion, where n denotes

the order of the finite group scheme L/L0
red (indeed, L/L0

red is n-torsion in view
of [SGA3, VIIA, Prop. 8.5]).

Next, we obtain a key preliminary result. To state it, recall that a unipotent
group G is said to be split if it admits a finite increasing sequence of subgroups
0 = G0 ⊂ G1 ⊂ · · · ⊂ Gn = G such that Gi/Gi−1 ∼= Ga for i = 1, . . . , n.

Proposition 2.6. Let G be an algebraic group.

(i) There exists a finite subgroup F ⊂ G such that G/F is smooth and con-
nected.

(ii) If G is unipotent, then we may choose F such that G/F is split.

Proof. (i) By Lemma 2.2, we have G = G0+F for some finite subgroup F ⊂ G.
Thus, G/F ∼= G0/F ∩G0 is connected; this yields the assertion if char(k) = 0.
If char(k) = p > 0, then we may assume G connected by the above step.
Consider the relative Frobenius morphism FG/k : G → G(p) and its iterates

FnG/k : G → G(pn), where n ≥ 1. Then Ker(FnG/k) is finite for all n; moreover,

G/Ker(FnG/k) is smooth for n ≫ 0 (see [SGA3, VIIA, Prop. 8.3]), and still
connected.
(ii) We argue by induction on the dimension of G. The statement is obvious if
dim(G) = 0. In the case where dim(G) = 1, we may assume that G is smooth
and connected in view of Lemma 2.2 again; then G is a k-form of Ga. By
[Ru70, Thm. 2.1], there exists an exact sequence

0 −→ G −→ G2
a

f−→ Ga −→ 0,

where f ∈ O(G2
a) ∼= k[x, y] satisfies f(x, y) = yp

n − a0 x− a1 xp − · · · − am xp
m

for some integers m,n ≥ 0 and some a0, . . . , am ∈ k with a0 6= 0. Thus, the
projection

p1 : G −→ Ga, (x, y) 7−→ x

lies in an exact sequence

0 −→ αpn −→ G
p1−→ Ga −→ 0,

where αpn denotes the kernel of the endomorphism x 7→ xp
n

of Ga. This yields
the assertion in this case.
If dim(G) ≥ 2, then we may choose a subgroup G1 ⊂ G such that 0 <
dim(G1) < dim(G) (as follows from [DG70, Prop. IV.2.2.5]). By the induc-
tion assumption for G/G1, there exists a subgroup G2 ⊂ G such that G1 ⊂ G2,
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G2/G1 is finite, and G/G2 is split. Next, the induction assumption for G2

yields a finite subgroup F ⊂ G2 such that G2/F is split. Then G/F is split as
well.

Remark 2.7. By Proposition 2.6, every algebraic group G admits an isogeny
u : G→ H , where H is smooth and connected. If k is perfect, then there also
exists an isogeny v : K → G, where K is smooth and connected: just take v to
be the inclusion of the reduced neutral component G0

red. But this fails over any
imperfect field k. Indeed, if such an isogeny v exists, then its image must be
G0

red. On the other hand, by [SGA3, VIA, Ex. 1.3.2], there exists a connected
algebraic group G such that Gred is not a subgroup.

By combining Lemma 2.2, Theorems 2.3 and 2.4, and Proposition 2.6, we obtain
readily:

Proposition 2.8. Every algebraic group G admits a finite increasing sequence
of subgroups 0 = G0 ⊂ G1 ⊂ · · · ⊂ Gn = G such that each subquotient Gi/Gi−1,
i = 1, . . . , n, is finite or isomorphic to Ga, a simple torus, or a simple abelian
variety. Moreover, G is linear if and only if no abelian variety occurs.

2.2 Characteristic zero

In this subsection, we assume that char(k) = 0. Recall that every unipotent
group is isomorphic to the additive group of its Lie algebra via the exponential
map; this yields an equivalence between the category U of unipotent groups and
the category of finite-dimensional k-vector spaces (see [DG70, Prop. IV.2.4.2]).
In particular, every unipotent group is connected.
Next, consider a connected algebraic group G. By Theorem 2.3, there is a
unique exact sequence 0 → L → G → A → 0, where A is an abelian variety,
and L is connected and linear. Moreover, in view of Theorem 2.4, we have
L = T × U , where T is a torus and U is unipotent.
We now extend the latter structure results to possibly non-connected groups:

Theorem 2.9. (i) Every algebraic group G lies in an exact sequence

0 −→M × U −→ G −→ A −→ 0,

where M is of multiplicative type, U is unipotent, and A is an abelian
variety. Moreover, U is the largest unipotent subgroup of G: the unipotent
radical, Ru(G). Also, M is unique up to commensurability in G, and A
is unique up to isogeny.

(ii) The formation of the unipotent radical commutes with base change under
field extensions, and yields an exact functor

Ru : C −→ U ,

right adjoint to the inclusion U → C.
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(iii) The projective objects of C are the unipotent groups.

Proof. (i) Theorem 2.3 yields an exact sequence

0 −→ L −→ G −→ A −→ 0,

where L is linear (possibly non-connected), and A is an abelian variety. By
Theorem 2.4, we have L = M ×U , where M is of multiplicative type and U is
unipotent.
Since M and A have no non-trivial unipotent subgroups, we have U = Ru(G).
Given another exact sequence

0 −→M ′ × U −→ G −→ A′ −→ 0

satisfying the same assumptions, the image of M ′ in A ∼= G/(M × U) is finite
by Proposition 2.5. In other words, the quotient M ′/M ′ ∩ (M × U) is finite.
Likewise, M/M ∩ (M ′ × U) is finite as well. Since we have (M × U) ∩M ′ =
M ∩M ′ = M ∩ (M ′ × U), we see that M,M ′ are commensurable in G. Then
A = G/(M ×U) and A′ = G/(M ′×U) are both quotients of G/(M ∩M ′)×U
by finite subgroups, and hence are isogenous.
(ii) In view of (i), G/Ru(G) is an extension of an abelian variety by a group
of multiplicative type. Since these two classes of algebraic groups are stable
under base change by any field extension k′ of k, it follows that (G/Ru(G))k′

has zero unipotent radical. Thus, Ru(G)k′ = Ru(Gk′ ).
Next, note that every morphism f : G→ H sends Ru(G) to Ru(H). Consider
an exact sequence

0 −→ G1
f−→ G2

g−→ G3 −→ 0

and the induced complex

0 −→ Ru(G1)
Ru(f)−→ Ru(G2)

Ru(g)−→ Ru(G3) −→ 0.

Clearly, Ru(f) is a monomorphism. Also, we have

Ker(Ru(g)) = Ru(G2) ∩Ker(g) = Ru(G2) ∩ Im(f) = Im(Ru(f)).

We now show that Ru(g) is an epimorphism. For this, we may replace G2

with g−1(Ru(G3)), and hence assume that G3 is unipotent. Next, we may
replace G2 with G2/Ru(G2), and hence assume (in view of (i) again) that G2

is an extension of an abelian variety by a group of multiplicative type. Then
Hom(G2, G3) = 0 by Proposition 2.5; this completes the proof of the exactness
assertion.
The assertion about adjointness follows from the fact that every morphism
U → H , where U is unipotent and H arbitrary, factors through a unique
morphism U → Ru(H).
(iii) Consider an epimorphism ϕ : G → H , a unipotent group U , and a mor-
phism ψ : U → H . Then ψ factors through Ru(H). Also, by (ii), ϕ restricts to
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an epimorphism Ru(G)→ Ru(H), which admits a section as unipotent groups
are just vector spaces. Thus, ψ lifts to a morphism U → G. This shows that
U is projective in C.
Conversely, let G be a projective object in C. We claim that the (abstract)
group HomC(G,H) is divisible for any divisible algebraic group H . Indeed, the
exact sequence

0 −→ H [n] −→ H
nH−→ H −→ 0

yields an exact sequence

0 −→ HomC(G,H [n]) −→ HomC(G,H)
×n−→ HomC(G,H) −→ 0,

for any positive integer n.
Next, the exact sequence 0→ L→ G→ A→ 0 yields an exact sequence

0 −→ EndC(A) −→ HomC(G,A) −→ HomC(L,A),

where the abelian group EndC(A) is free of finite rank (see [Mi86, Thm. 12.5]),
and HomC(L,A) is killed by some positive integer (Proposition 2.5). On
the other hand, HomC(G,A) is divisible by the above claim. It follows that
EndC(A) is zero, and hence so is A. Thus, G is linear, and hence G = M × U
as above. Since U is projective, so is M . Choose a torus T containing M ; then
again, the group HomC(M,T ) is finitely generated and divisible, hence zero.
Thus, T = 0 and G = U .

Remark 2.10. With the notation of the above theorem, we have a natural
map

G −→ G/M ×A G/U,
which is a morphism of M × U -torsors over A, and hence an isomorphism.
Moreover, G/M is an extension of an abelian variety by a unipotent group;
such ‘vector extensions’ will be studied in detail in §5.1. Also, G/U is an
extension of an abelian variety by a group of multiplicative type, and hence
of a semi-abelian variety by a finite group. The semi-abelian varieties will be
considered in §5.2.

2.3 Positive characteristics

In this subsection, we assume that char(k) = p > 0. Then the assertions of
Theorem 2.9 are no longer valid. For example, the formation of the unipotent
radical (the largest smooth connected unipotent subgroup) is not exact, and
does not commute with arbitrary field extensions either (see Remark 2.12 (i)
for details). Also, C has no non-zero projective objects, as will be shown in
Corollary 5.15. Yet Theorem 2.9 has a useful analogue, in which the unipotent
radical is replaced by the largest unipotent quotient:

Theorem 2.11. Let G be an algebraic group.
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(i) G has a smallest subgroup H such that U := G/H is unipotent. Moreover,
H is an extension of an abelian variety A by a group of multiplicative type
M . Also, M is unique up to commensurability in G, and A is unique up
to isogeny.

(ii) Every morphism H → U is zero; every morphism U → H has finite
image.

(iii) The formation of U commutes with base change under field extensions,
and yields a functor

U : C −→ U ,
which is left adjoint to the inclusion of U in C. Moreover, every exact
sequence in C

0 −→ G1
f−→ G2

g−→ G3 −→ 0

yields a right exact sequence

0 −→ U(G1)
U(f)−→ U(G2)

U(g)−→ U(G3) −→ 0,

where Ker(U(f)) is a finite p-group.

(iv) There exists a subgroup V ⊂ G such that G = H + V and H ∩ V is a
finite p-group.

Proof. (i) Since the underlying topological space of G is noetherian, we may
choose a subgroup H ⊂ G such that G/H is unipotent, and H is minimal for
this property. Let H ′ ⊂ G be another subgroup such that G/H ′ is unipotent.
Then so is G/H ∩H ′ in view of the exact sequence

0 −→ G/H ∩H ′ −→ G/H ×G/H ′.

By minimality of H , it follows that H ∩H ′ = H , i.e., H ⊂ H ′. Thus, H is the
smallest subgroup with unipotent quotient.
Since the class of unipotent groups is stable under extensions, every unipotent
quotient of H is zero. Also, by the affinization theorem (see [Br17, Thm. 1,
Prop. 5.5.1]), H is an extension of a linear algebraic group L by a semi-abelian
variety S. Then every unipotent quotient of L is zero, and hence L must be
of multiplicative type in view of Theorem 2.4. By [DG70, Cor. IV.1.3.9], the
reduced neutral component L0

red is its maximal torus, T ; the quotient L/T is
a finite group of multiplicative type. Denote by S′ the preimage of T in H ;
then S′ is a semi-abelian variety (extension of T by S) and we have an exact
sequence

0 −→ S′ −→ H −→ L/T −→ 0.

By Lemma 2.2, there exists a finite subgroup F ⊂ H such that H = S′ + F ;
equivalently, the quotient morphism H → L/T restricts to an epimorphism
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F → L/T . Also, by Theorem 2.4 again, F has a largest subgroup of mul-
tiplicative type, MF , and the quotient F/MF is unipotent. Since L/T is of
multiplicative type, it follows that the composition MF → F → L/T is an
epimorphism as well. Thus, we may replace F with MF , and assume that F is
of multiplicative type. Let T ′ be the maximal torus of the semi-abelian variety
S′, and M := T ′ + F . Then M is of multiplicative type; moreover, H/M is a
quotient of S′/T ′, and hence is an abelian variety. The uniqueness assertions
may be checked as in the proof of Theorem 2.9.
(ii) This follows readily from Proposition 2.5.
(iii) The assertion on base change under field extensions follows from the sta-
bility of the classes of unipotent groups, abelian varieties, and groups of mul-
tiplicative type, under such base changes. The adjointness assertion may be
checked as in the proof of Theorem 2.9 (ii).
Next, consider an exact sequence as in the statement. Clearly, U(g) is an epi-
morphism. Also, Ker(U(g))/Im(U(f)) ∼= g−1(H3)/(u(G1) +H2), where Hi de-
notes the kernel of the quotient map Gi → U(Gi). Thus, Ker(U(g))/Im(U(f))
is a quotient of g−1(H3)/u(G1) ∼= H3. As Ker(U(g))/Im(U(f)) is unipotent,
it is trivial by (ii). Finally, Ker(U(f)) ∼= (G1 ∩ u−1(H2))/H1 is isomorphic to
a subgroup of H2/u(H1). Moreover, H2/u(H1) is an extension of an abelian
variety by a group of multiplicative type. Since Ker(U(f)) is unipotent, it is
finite by (ii) again.
(iv) If G is linear, then H = M is the largest subgroup scheme of multiplicative
type of G. By [Br17, Thm. 5.3.1], there exists a subgroup scheme W ⊂ G
such that G = H + W and H ∩ W is finite. Equivalently, the composition
W → G → U is an epimorphism and its kernel is finite. As a consequence,
W is n-torsion for some n ≥ 1, and hence W = V + F where V is a p-group
and F is finite of order prime to p. Thus, G/(H + V ) is a quotient of U and a
quotient of F , hence trivial. So G = H + V , where H ∩ V is a finite p-group.
For an arbitrary algebraic group G, Theorem 2.3 yields an exact sequence

0 −→ L −→ G −→ A −→ 0,

where L is linear and A is an abelian variety. In view of (iii) and the vanishing
of U(A), we obtain an exact sequence

0 −→ F −→ U(L) −→ U(G) −→ 0,

where F is a finite p-group. By the preceding step, there exists a subgroup
V ⊂ L such that the composition V → L → U(L) is an epimorphism with
kernel a finite p-group. Thus, so is the composition V → G→ U(G).

Remarks 2.12. (i) The formation of the unipotent radical does not commute
with purely inseparable field extensions, in view of [SGA3, XVII.C.5]. This
formation is not exact either, as seen e.g. from the exact sequence

0 −→ αp −→ Ga
F−→ Ga −→ 0,
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where F denotes the relative Frobenius endomorphism.
When k is perfect, one may show that every exact sequence

0 −→ G1 −→ G2 −→ G3 −→ 0

in C yields a complex

0 −→ Ru(G1) −→ Ru(G2) −→ Ru(G3) −→ 0

with finite homology groups. But this fails when k is imperfect; more specif-
ically, choose a finite purely inseparable field extension K of k of degree p,
and consider G := RK/k(Gm,K), where RK/k denotes the Weil restriction. By
[CGP15, Prop. A.5.11], G is smooth, connected, and lies in an exact sequence

0 −→ Gm −→ G −→ U −→ 0,

where U is unipotent of dimension p − 1. Moreover, every morphism from
a smooth connected unipotent group to G is constant, as follows from the
adjointness property of the Weil restriction (see [CGP15, (A.5.1)]). In other
terms, Ru(G) = 0.
(ii) The functor U of Theorem 2.11 is not left exact, as seen from the exact
sequence

0 −→ αp −→ E
F−→ E(p) −→ 0,

where E denotes a supersingular elliptic curve, and F its relative Frobenius
morphism. Also, note that the torsion subgroups E[pn], where n ≥ 1, form a
strictly increasing sequence of infinitesimal unipotent groups; in particular, E
has no largest connected unipotent subgroup.

Corollary 2.13. Let G be an algebraic group.

(i) There exists a finite subgroup F ⊂ G such that G/F ∼= S×U , where S is
a semi-abelian variety, and U a split unipotent group. Moreover, S and
U are unique up to isogeny.

(ii) If k is locally finite, then we may choose F so that S ∼= T ×A, where T
is a torus, and A an abelian variety. Moreover, T and A are unique up
to isogeny.

Proof. (i) With the notation of Theorem 2.11, we have isomorphisms

G/H ∩ V ∼= G/V ×G/H ∼= (H/H ∩ V )× U.

Also, H/H ∩ V is an extension of an abelian variety, H/(H ∩ V ) + M , by a
group of multiplicative type, M/M ∩ V . Moreover, U is an extension of a split
unipotent group by a finite group (Proposition 2.6). Thus, we may assume that
G = H . Then G0

red is a semi-abelian variety, as follows from [Br17, Lem. 5.6.1].
Since G/G0

red is finite, applying Lemma 2.2 yields that G is an extension of a
semi-abelian variety by a finite group.
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(ii) By [Br17, Cor. 5.5.5], there exists an abelian subvariety A ⊂ S such that
S = T +A, where T ⊂ S denotes the maximal torus. Then T ∩A is finite, and
S/T ∩ A ∼= T/T ∩ A×A/T ∩A.

This completes the proof of the existence assertions in (i) and (ii). The unique-
ness up to isogeny follows from Proposition 2.5.

3 The isogeny category of algebraic groups

3.1 Definition and first properties

Recall that C denotes the category of commutative algebraic groups, and F the
full subcategory of finite groups. Since F is stable under taking subobjects,
quotients and extensions, we may form the quotient category C/F ; it has the
same objects as C, and its morphisms are defined by

HomC/F (G,H) = lim
→

HomC(G
′, H/H ′),

where the direct limit is taken over all subgroups G′ ⊂ G such that G/G′ is
finite, and all finite subgroups H ′ ⊂ H . The category C/F is abelian, and
comes with an exact functor

Q : C −→ C/F ,

which is the identity on objects and the natural map

HomC(G,H) −→ lim
→

HomC(G
′, H/H ′), f 7−→ f

on morphisms. The quotient functor Q satisfies the following universal prop-
erty: given an exact functor R : C → D, where D is an abelian category, such
that R(F ) = 0 for any finite group F , there exists a unique exact functor
S : C/F → D such that R = S ◦ Q (see [Ga62, Cor. III.1.2, Cor. III.1.3] for
these results).

Alternatively, C/F may be viewed as the localization of C at the multiplicative
system of isogenies (see [GZ67, §I.2] or [SP16, §4.26] for localization of cate-
gories); this is easily checked by arguing as in the proof of [SP16, Lem. 12.9.6].

We now show that C/F is equivalent to a category with somewhat simpler
objects and morphisms:

Lemma 3.1. Let C be the full subcategory of C/F with objects the smooth con-
nected algebraic groups.

(i) The inclusion of C in C/F is an equivalence of categories.

(ii) HomC(G,H) = lim HomC(G,H/H ′), where the direct limit is taken over
all finite subgroups H ′ ⊂ H.
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(iii) Let f ∈ HomC(G,H) be represented by a morphism f : G → H/H ′ in
C. Then f is zero (resp. a monomorphism, an epimorphism, an isomor-
phism) if and only if f is zero (resp. has a finite kernel, is an epimor-
phism, is an isogeny).

Proof. (i) This follows from Proposition 2.6.
(ii) This follows from Lemma 2.1.
(iii) By [Ga62, Lem. III.1.2], f is zero (resp. a monomorphism, an epimorphism)
if and only if Im(f) (resp. Ker(f), Coker(f)) is finite. By Lemma 2.1 again,
the finiteness of Im(f) is equivalent to f = 0, and the finiteness of Coker(f) is
equivalent to f being an epimorphism. As a consequence, f is an isomorphism
if and only if f is an isogeny.

The abelian category C will be called the isogeny category of (commutative)
algebraic groups. Every exact functor R : C → D, where D is an abelian cate-
gory and R(f) is an isomorphism for any isogeny f , factors uniquely through
C (indeed, R must send any finite group to zero).

We may now prove the assertion (i) of the main theorem:

Proposition 3.2. (i) The category C is noetherian and artinian.

(ii) The simple objects of C are Ga, the simple tori, and the simple abelian
varieties.

Proof. (i) Let G be a smooth connected algebraic group, and (Gn)n≥0 an in-
creasing sequence of subobjects of G in C, i.e., each Gn is smooth, connected,
and equipped with a C-morphism

ϕn : Gn −→ G/G′n,

where Ker(ϕn) and G′n are finite; moreover, we have C-morphisms

ψn : Gn −→ Gn+1/G
′′
n+1,

where Ker(ψn) and G′′n+1 are finite. Thus, dim(Gn) ≤ dim(Gn+1) ≤ dim(G).
It follows that dim(Gn) = dim(Gn+1) for n ≫ 0, and hence ψn is an isogeny.
So Gn ∼= Gn+1 in C for n ≫ 0. This shows that C is noetherian. One may
check likewise that C is artinian.
(ii) This follows from Proposition 2.8.

Next, we relate the short exact sequences in C with those in C:

Lemma 3.3. Consider a short exact sequence in C,

ξ : 0 −→ G1
u−→ G2

v−→ G3 −→ 0,

where G1, G2, G3 are smooth and connected. Then ξ splits in C if and only if the
push-out f∗ξ splits in C for some epimorphism with finite kernel f : G1 → H.
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Proof. The exact sequence ξ splits in C if and only if there exists a C-morphism
g : G2 → G1 such that g ◦ u = id in C. Equivalently, there exists a finite
subgroup G′1 ⊂ G1 and a C-morphism g : G2 → G1/G

′
1 such that g ◦ u is the

quotient map f1 : G1 → G1/G
′
1.

If such a pair (G′1, g) exists, then g factors through a C-morphism G2/u(G′1)→
G1/G

′
1, which splits the bottom exact sequence in the push-out diagram

0 −−−−→ G1
u−−−−→ G2

v−−−−→ G3 −−−−→ 0

f1

y f2

y id

y

0 −−−−→ G1/G
′
1

u′

−−−−→ G2/u(G′1)
v′−−−−→ G3 −−−−→ 0.

Replacing G′1 by a larger finite subgroup, we may assume that G1/G
′
1 is smooth

and connected (Lemma 2.2).
Conversely, a splitting of the bottom exact sequence in the above diagram is
given by a C-morphism g′ : G2/u(G′1)→ G1/G

′
1 such that g′ ◦u′ = id in C. Let

g : G2 → G1/G
′
1 denote the composition G2

f2−→ G2/u(G′1)
g′−→ G1/G

′
1. Then

g ◦ u = g′ ◦ f2 ◦ u = g′ ◦ u′ ◦ f1 = f1 as desired.

We may now construct non-split exact sequences in C, thereby showing that
hd(C) ≥ 1:

Examples 3.4. (i) Consider an exact sequence

ξ : 0 −→ Ga −→ G −→ A −→ 0,

where A is an abelian variety. Then ξ, viewed as an extension of A by Ga in
C, is classified by an element η ∈ H1(A,OA) (see [Ro58] or [MM74, §1.9]).
If char(k) = 0, then every epimorphism with finite kernel f : Ga → H may be
identified with the multiplication by some t ∈ k∗, viewed as an endomorphism
of Ga; then the push-out f∗ξ is classified by tη. In view of Lemma 3.3, it follows
that ξ is non-split in C whenever η 6= 0.
In contrast, if char(k) = p > 0, then ξ splits in C. Indeed, the multiplication
map pA yields an isomorphism in C, and pGa = 0 whereas (pGa)∗ξ = p∗Aξ.
(ii) Assume that char(k) = p > 0 and consider the algebraic group W2 of Witt
vectors of length 2. This group comes with an exact sequence

ξ : 0 −→ Ga −→W2 −→ Ga −→ 0,

see e.g. [DG70, §V.1.1.6]. Every epimorphism with finite kernel f : Ga → H
may be identified with a non-zero endomorphism of Ga. In view of [DG70,
Cor. V.1.5.2], it follows that the push-forward f∗ξ is non-split. Thus, ξ does
not split in C.
Proposition 3.5. Consider an exact sequence

0 −→ G1
u1−→ G2

u2−→ · · ·
un−1−→ Gn −→ 0
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in C. Then there exists an exact sequence

0 −→ H1
v1−→ H2

v2−→ · · · vn−1−→ Hn −→ 0

in C, and epimorphisms with finite kernels fi : Gi → Hi (i = 1, 2, . . . , n), such
that the diagram

0 −−−−→ G1
u1−−−−→ G2

u2−−−−→ · · ·
un−1−−−−→ Gn −−−−→ 0

f
1

y f
2

y f
n

y

0 −−−−→ H1
v1−−−−→ H2

v2−−−−→ · · ·
vn−1−−−−→ Hn −−−−→ 0

commutes in C.
Proof. We argue by induction on the length n. If n = 2, then we just have
an isomorphism u : G1 → G2 in C. Then u is represented by an isomorphism
u : G1/G

′
1 → G2/G

′
2 in C, for some finite groups G′1 ⊂ G1 and G′2 ⊂ G2.

If n = 3, then the C-morphism u2 : G2 → G3 is represented by an epimorphism
u2 : G2 → G3/G

′
3 in C, where G′3 is a finite subgroup of G3. We may thus

replace G3 with G3/G
′
3, and assume that u2 is an epimorphism in C.

Next, u1 : G1 → G2 is represented by a morphism u1 : G1 → G2/G
′
2 with

finite kernel, where G′2 is a finite subgroup of G2. We may thus replace G1

(resp. G2, G3) with G1/Ker(u1) (resp. G2/G
′
2, G3/u2(G′2)) and assume that

u1 is a monomorphism in C. Then u2 ◦ u1 has finite image, and hence is zero
since G1 is smooth and connected.
We now have a complex in C

0 −→ G1
u1−→ G2

u2−→ G3 −→ 0,

where u1 is a monomorphism, u2 an epimorphism, and Ker(u2)/Im(u1) is fi-
nite. By Lemma 2.2, we may choose a finite subgroup F ⊂ Ker(u2) such that
Ker(u2) = Im(u1) + F . This yields a commutative diagram in C

0 −−−−→ G1
u1−−−−→ G2

u2−−−−→ G3 −−−−→ 0

q1

y q2

y id

y

0 −−−−→ G1/u
−1
1 (F )

v1−−−−→ G2/F
v2−−−−→ G3 −−−−→ 0,

where q1, q2 denote the quotient maps. Clearly, v1 is a monomorphism, and
v2 an epimorphism. Also, v2 ◦ v1 = 0, since q1 is an epimorphism. Finally, q2
restricts to an epimorphism Ker(u2) → Ker(v2), and hence Ker(v2) = Im(v1).
This completes the proof in the case where n = 3.
For an arbitrary length n ≥ 4, we cut the given exact sequence into two exact
sequences in C

0 −→ G1
u1−→ G2 −→ K −→ 0,

0 −→ K −→ G3
u3−→ · · ·

un−1−→ Gn −→ 0.
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By the induction assumption, there exists a commutative diagram in C

0 −−−−→ K −−−−→ G3
u3−−−−→ · · ·

un−1−−−−→ Gn −−−−→ 0

f

y f
3

y f
n

y

0 −−−−→ L
v−−−−→ H3

v3−−−−→ · · ·
vn−1−−−−→ Hn −−−−→ 0,

where f, f3, . . . , fn are epimorphisms with finite kernels, and the bottom se-
quence comes from an exact sequence in C. Since f is an isomorphism in C, we
have an exact sequence

0 −→ G1
u1−→ G2 −→ L −→ 0

in C, and hence another commutative diagram in C

0 −−−−→ G1
u1−−−−→ G2 −−−−→ L −−−−→ 0

f
1

y f
2

y g

y

0 −−−−→ H1
v1−−−−→ H2 −−−−→ M −−−−→ 0,

where again f1, f2, g are epimorphisms with finite kernels, and the bottom
sequence comes from an exact sequence in C. Let H ′3 := H3/v(F ), and denote
by F the kernel of g : L→M ; then we have a commutative diagram in C

0 −−−−→ L −−−−→ G3
u3−−−−→ G4

u4−−−−→ · · ·
un−1−−−−→ Gn −−−−→ 0

g

y h

y f
4

y f
n

y

0 −−−−→ M −−−−→ H ′3
w−−−−→ H4

v4−−−−→ · · ·
vn−1−−−−→ Hn −−−−→ 0,

satisfying similar properties. By concatenating the two latter diagrams, we
obtain the desired commutative diagram

0 −−−−→ G1
u1−−−−→ G2

u2−−−−→ G3
u3−−−−→ · · ·

un−1−−−−→ Gn −−−−→ 0
y

y
y

y

0 −−−−→ H1
v1−−−−→ H2 −−−−→ H ′3

w−−−−→ · · ·
vn−1−−−−→ Hn −−−−→ 0.

3.2 Divisible groups

Given a divisible algebraic group G and a non-zero integer n, the morphism

nG : G → G factors through an isomorphism G/G[n]
∼=−→ G. We denote the

inverse isomorphism by

un : G
∼=−→ G/G[n].
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By construction, we have a commutative triangle

G

nG

��

q

##●
●●

●●
●●

●●

G
un // G/G[n],

where q denotes the quotient morphism. Since q yields the identity morphism
in C, we see that un yields the inverse of the C-automorphism nG of G. As a
consequence, EndC(G) is a Q-algebra.
More generally, we have the following:

Proposition 3.6. Let G,H be smooth connected algebraic groups, and assume
that H is divisible.

(i) Every extension group ExtnC(G,H) is a Q-vector space.

(ii) The natural map Q : HomC(G,H) → HomC(G,H) is injective and in-
duces an isomorphism

γ : Q⊗Z HomC(G,H) −→ HomC(G,H),
1

n
⊗ f 7−→ Q(un ⊗ f).

(iii) If G is divisible as well, then the natural map

Q1 : Ext1C(G,H)→ Ext1C(G,H)

induces an isomorphism

γ1 : Q⊗Z Ext1C(G,H) −→ Ext1C(G,H).

Proof. (i) Just note that ExtnC(G,H) is a module over the Q-algebra EndC(H).

(ii) Let f ∈ HomC(G,H), and n a positive integer. If γ( 1
n ⊗ f) = 0, then

γ(f) = 0, i.e., f = 0. Thus, f = 0 in view of Lemma 3.1; this shows the
injectivity of γ.
For the surjectivity, consider a C-morphism f : G → H represented by a C-
morphism f : G→ H/H ′, where H ′ is a finite subgroup of H . Then H ′ ⊂ H [n]
for some positive integer n, which we may take to be the order of H ′. Thus,
we may assume that H ′ = H [n]. Then the C-morphism ϕ := u−1n ◦ f : G→ H
satisfies ϕ = nf , i.e., f = γ( 1

n ⊗ ϕ).

(iii) Consider η ∈ Ext1C(G,H) such that γ1( 1
n ⊗η) = 0 for some positive integer

n. Then of course γ1(η) = 0, i.e., η is represented by an exact sequence in C

0 −→ H
u−→ E

v−→ G −→ 0,

which splits in C. By Lemma 3.3 and the divisibility of H , it follows that
the push-out by mH of the above extension splits in C for some m > 0. But
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(mH)∗η = mη (see e.g. [Oo66, Lem. I.3.1]), and hence mη = 0. This shows
the injectivity of γ1.
For the surjectivity, we adapt the proof of Proposition 3.5. Let η ∈ Ext1C(G,H)
be represented by an exact sequence in C

0 −→ H
u−→ E

v−→ G −→ 0.

Since G is divisible, v is represented by a C-morphism v : E → G/G[m] for some
positive integerm. Replacing η with its pull-back u∗mη = (m∗G)−1η = γ1( 1

m⊗η),
we may thus assume that v is represented by a C-epimorphism v : E → G.
Likewise, as H is divisible, u is represented by a C-morphism u : H → E/E[n].
Then η is represented by the exact sequence in C

0 −→ H
u−→ E/E[n]

vn−→ G −→ 0,

where vn : E/E[n] → G/G[n] is the C-epimorphism induced by v. So we may
further assume that u is represented by a C-morphism u : H → E. By Lemma
3.1, we then have v ◦ u = 0; moreover, Ker(u) and Ker(v)/Im(u) are finite.
In view of Lemma 2.2, we have Ker(v) = Im(u) + E′ for some finite subgroup
E′ ⊂ E. This yields a commutative diagram in C

0 −−−−→ H
u−−−−→ E

v−−−−→ G −−−−→ 0
y

y id

y

0 −−−−→ H/u−1(E′)
u1−−−−→ E/E′

v1−−−−→ G −−−−→ 0,

where the bottom sequence is exact, and u−1(E′) is finite.
We may thus choose a positive integer r such that u−1(E′) ⊂ H [r]. Taking
the push-out by the quotient map H/u−1(E′)→ H/H [r] yields a commutative
diagram in C

0 −−−−→ H
u−−−−→ E

v−−−−→ G −−−−→ 0
y

y id

y

0 −−−−→ H/H [r]
u2−−−−→ E/E′ + u(H [r])

v2−−−−→ G −−−−→ 0,

where the bottom sequence is exact again. Thus, rη = (rH)∗η is represented
by an exact sequence in C.

Remarks 3.7. (i) Given two divisible groups G,H , the map

Q1 : Ext1C(G,H) −→ Ext1C(G,H)

is not necessarily injective. Indeed, the group Ext1C(A,Gm) has non-zero torsion
for any non-zero abelian variety A over (say) a separably closed field, as follows
from the Weil-Barsotti isomorphism.
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(ii) We may also consider the natural maps

γn : Q⊗Z ExtnC (G,H) −→ ExtnC(G,H)

for n ≥ 2. But these maps turn out to be zero for any algebraic groups G,H ,
since ExtnC(G,H) = 0 (Lemma 4.11) and ExtnC(G,H) is torsion (Remark 4.12).

As a first application of Proposition 3.6, we obtain:

Proposition 3.8. Assume that char(k) = 0.

(i) The composition of the inclusion U → C with the quotient Q : C → C
identifies U with a full subcategory of C.

(ii) The unipotent radical functor yields an exact functor

Ru : C −→ U ,

which is right adjoint to the inclusion. Moreover, Ru commutes with base
change under field extensions.

(iii) Every unipotent group is a projective object in C.

Proof. (i) Recall that a morphism of unipotent groups is just a linear map of
the associated k-vector spaces. In view of Proposition 3.6, it follows that the
natural map HomC(U, V )→ HomC(U, V ) is an isomorphism for any unipotent
groups U, V .
(ii) The functor Ru : C → U is exact by Theorem 2.9, and sends every finite
group to 0. By the universal property of Q, there exists a unique exact functor
S : C/F → U such that Ru = S ◦ Q. Since Ru commutes with base change
under field extensions (Theorem 2.9 again), so does S by uniqueness. Thus,
composing S with the inclusion C → C/F yields the desired exact functor.
For any unipotent group U and any algebraic group G, the natural map

HomU (U,Ru(G)) −→ HomC(U,G)

is an isomorphism. By Proposition 3.6 again, the natural map

Q : HomC(U,G) −→ HomC(U,G)

is an isomorphism as well. It follows that Ru is right adjoint to the inclusion.
(iii) Let U be a unipotent group. Then the functor on C defined by

G 7−→ HomU(U,Ru(G))

is exact, since the unipotent radical functor is exact and the category U is semi-
simple. Thus, G 7→ HomC(U,G) is exact as well; this yields the assertion.
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3.3 Field extensions

Let k′ be a field extension of k. Then the assignment G 7→ Gk′ := G ⊗k k′
yields the base change functor

⊗kk′ : Ck −→ Ck′ .

Clearly, this functor is exact and faithful; also, note that an algebraic group G
is connected (resp. smooth, finite, linear, unipotent, a torus, an abelian variety,
a semi-abelian variety) if and only if so is Gk′ .

Lemma 3.9. With the above notation, the functor ⊗kk′ yields an exact functor

⊗kk′ : Ck −→ Ck′ .

Proof. As the composite functor Qk′ ◦⊗kk′ : Ck → Ck′ is exact and sends every
finite k-group to 0, it factors through a unique exact functor Ck/Fk → Ck′ .
This yields the existence and exactness of ⊗kk′.

Lemma 3.10. Let k′ be a purely inseparable field extension of k, and G′ a
k′-group.

(i) There exists a smooth k-group G and an epimorphism f : G′ → Gk′ such
that Ker(f) is infinitesimal.

(ii) If G′ ⊂ Hk′ for some k-group H, then there exists a k-subgroup G ⊂ H
such that G′ ⊂ Gk′ and Gk′/G′ is infinitesimal.

Proof. (i) Let n be a positive integer and consider the nth relative Frobenius
morphism

FnG′/k′ : G′ −→ G′(p
n).

Recall that the quotient G′/Ker(FnG′/k′) is smooth for n≫ 0. Since Ker(FnG′/k′ )

is infinitesimal, we may assume that G′ is smooth. Then FnG′/k′ is an epimor-

phism in view of [SGA3, VIIA, Cor. 8.3.1].
Next, note that G′ is defined over some finite subextension k′′ of k′, i.e., there
exists a k′′-subgroup G′′ such that G′ = G′′ ⊗k′′ k′. By transitivity of base
change, we may thus assume that k′ is finite over k. Let q := [k′ : k], then
q = pn, where p = char(k) and n is a positive integer; also, k′q ⊂ k. Consider
again the morphism FnG′/k′ ; then by construction, G′(p

n) ∼= G′ ⊗k′ k′, where k′

is sent to itself via the qth power map. Thus, G′(p
n) ∼= Gk′ , where G denotes

the k-group G′ ⊗k′ k; here k′ is sent to k via the qth power map again. So the
induced map G′ → Gk′ is the desired morphism.
(ii) As above, we may reduce to the case where k′ is finite over k. Then the
statement follows by similar arguments, see [Br17, Lem. 4.3.5] for details.

We now are ready to prove Theorem 1 (iv):
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Theorem 3.11. Let k′ be a purely inseparable field extension of k. Then the
base change functor ⊗kk′ : Ck → Ck′ is an equivalence of categories.

Proof. By Lemma 3.10, every k′-group G′ is isogenous to Gk′ for some smooth
k-group G. It follows that ⊗kk′ is essentially surjective.
Next, let G,H be smooth connected k-groups, and f : G→ H a Ck-morphism,
represented by a Ck-morphism f : G→ H/H ′ for some finite k-subgroup H ′ of
H . If f

k′
: Gk′ → Hk′ is zero in Ck′ , then the image of fk′ : Gk′ → Hk′/H

′
k′ is

finite. By Lemma 2.1, it follows that fk′ = 0. This shows that ⊗kk′ is faithful.
We now check that ⊗kk′ is full. Let again G,H be smooth connected k-groups,
and let f ∈ HomCk′ (Gk′ , Hk′). We show that there exists a finite k-subgroup
H ′ ⊂ H and a k-morphism ϕ : G → H/H ′ such that ϕk′ represents f . For
this, we may replace H with its quotient by any finite k-subgroup.
Choose a representative f : Gk′ → Hk′/H

′′ of f , where H ′′ ⊂ Hk′ is a finite
k′-subgroup. By Lemma 3.10, there exists a k-subgroup I ⊂ H such that
H ′′ ⊂ Ik′ and Ik′/H

′′ is finite; then Ik′ is finite as well, and hence so is I.
We may thus replace H by H/I, and f by its composition with the quotient
morphismHk′/H

′′ → Hk′/Ik′ = (H/I)k′ . Then f is represented by a morphism
f : Gk′ → Hk′ .
Consider the graph Γ(f) ⊂ Gk′ ×k′ Hk′ . By Lemma 3.10 again, there exists a
k-subgroup ∆ ⊂ G × H such that Γ(f) ⊂ ∆k′ and ∆k′/Γ(f) is finite. Then
the intersection ∆k′ ∩ (0 ×Hk′ ) is finite, since Γ(f) ∩ (0 ×Hk′) is zero. Thus,
∆∩ (0×H) is finite as well; equivalently, the k-group H ′ := H ∩ (0× id)−1(∆)
is finite. Denoting by Γ the image of ∆ in G × H/H ′, we have a cartesian
square

∆ −−−−→ G×H
y

y

Γ −−−−→ G×H/H ′,
where the horizontal arrows are closed immersions, and the left (resp. right)
vertical arrow is the quotient by ∆ ∩ (0 × H) (resp. by H ′ acting on H via
addition). So Γ is a k-subgroup of G × H/H ′, and Γ ∩ (0 × H/H ′) is zero;
in other words, the projection π : Γ → G is a closed immersion. Since G is
smooth and connected, and dim(Γ) = dim(∆) = dim Γ(f) = dim(G), it follows
that π is an isomorphism. In other words, Γ is the graph of a k-morphism
ϕ : G→ H/H ′. Since the above cartesian square lies in a push-out diagram,

0 −−−−→ ∆ −−−−→ G×H ϕ−q−−−−→ H/H ′ −−−−→ 0
y

y id

y

0 −−−−→ Γ −−−−→ G×H/H ′ ϕ−id−−−−→ H/H ′ −−−−→ 0,

where q : H → H/H ′ denotes the quotient morphism, it follows that ∆ =
ker(ϕ − q). As Γ(f) ⊂ ∆k′ , we see that ϕk′ = qk′ ◦ f . Thus, f is represented
by ϕk′ ; this completes the proof of the fullness assertion.
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Remarks 3.12. (i) Likewise, the base change functor induces equivalences of
categories Uk → Uk′ , T k → T k′ , Lk → Lk′ , and Ak → Ak′ . For tori, this
follows much more directly from the anti-equivalence of T k with the category
of rational representations of the absolute Galois group, see Proposition 4.1.
(ii) In particular, the category Uk is equivalent to Uki , where ki denotes the
perfect closure of k in k̄. Recall from [DG70, Thm. V.1.4.3, Cor. V.1.4.4]
that the category Uki is anti-equivalent to the category of finitely generated
modules over the Dieudonné ring D = Dki which are killed by some power
of the Verschiebung map V . Moreover, the category Uki is anti-equivalent to
the category of finitely generated modules over the localization D(V ) which are
killed by some power of V ; see [DG70, §V.3.6.7].
By work of Schoeller, Kraft, and Takeuchi (see [Sc72, Kr75, Tak75]), the cat-
egory Uk is anti-equivalent to a category of finitely generated modules over a
certain k-algebra, which generalizes the Dieudonné ring but seems much less
tractable.

4 Tori, abelian varieties, and homological dimension

4.1 Tori

Denote by T (resp. M, FM) the full subcategory of C with objects the tori
(resp. the groups of multiplicative type, the finite groups of multiplicative type).
Then T is stable under taking quotients and extensions, but not subobjets; in
particular, T is an additive subcategory of C, but not an abelian subcategory.
Also, F and FM are stable under taking subobjects, quotients and extensions.
Thus, we may form the quotient abelian category M/FM, as in §3.1. One
may readily check that M/FM is a full subcategory of C/F .
Let T be the full subcategory ofM/FM with objects the tori. Since these are
the smooth connected objects of M, one may check as in Lemma 3.1 that the
inclusion of T inM/FM is an equivalence of categories. The remaining state-
ments of Lemma 3.1 also adapt to this setting; note that we may replace the
direct limits over all finite subgroups with those over all n-torsion subgroups,
since tori are divisible. Also, Proposition 3.6 yields natural isomorphisms

Q⊗Z HomC(T1, T2)
∼=−→ HomT (T1, T2)

for any tori T1, T2.
By assigning with each group of multiplicative type G its character group,

X(G) := Homks(Gks ,Gm,ks),

one obtains an anti-equivalence between M (resp. FM) and the category of
finitely generated (resp. finite) abstract commutative groups equipped with the
discrete topology and a continuous action of the Galois group Γ; see [DG70,
Thm. IV.1.3.6]. Thus, the assignment

XQ : G 7−→ Q⊗Z X(G) =: X(G)Q
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yields a contravariant exact functor fromM to the category RepQ(Γ) of finite-
dimensional Q-vector spaces equipped with a continuous representation of Γ
as above; moreover, every finite group of multiplicative type is sent to 0. This
yields in turn a contravariant exact functor

XQ : T −→ RepQ(Γ).

Proposition 4.1. The functor XQ is an anti-equivalence of categories. In
particular, the category T is semi-simple, and HomT (T1, T2) is a finite-
dimensional Q-vector space for any tori T1, T2.

Proof. Given a finite-dimensional Q-vector space V equipped with a continuous
action of Γ, there exists a finitely generated Γ-stable subgroup M ⊂ V which
spans V ; thus, V ∼= X(T )Q, where T denotes the torus with character group
M . So XQ is essentially surjective.
Given two tori T1, T2, the natural isomorphism

HomM(T1, T2) ∼= HomΓ(X(T2), X(T1))

yields an isomorphism

HomT (T1, T2) ∼= HomΓ(X(T2)Q, X(T1)Q)

in view of Proposition 3.6. It follows that XQ is fully faithful.

Lemma 4.2. (i) Every algebraic group G has a unique maximal torus, T (G).

(ii) Every morphism of algebraic groups u : G→ H sends T (G) to T (H).

(iii) The formation of T (G) commutes with base change under field extensions.

Proof. (i) This follows from the fact that T1 + T2 is a torus for any subtori
T1, T2 ⊂ G.
(ii) Just note that the image of a torus under any morphism is still a torus.
(iii) Consider an algebraic group G, its maximal torus T , and a field extension
k′ of k. If char(k) = 0, then Theorem 2.9 implies that G/T is a an extension
of an abelian variety by a product M ×U , where M is finite and U unipotent.
As a consequence, a similar assertion holds for Gk′/Tk′ ; it follows that Gk′/Tk′

contains no non-zero torus, and hence Tk′ is the maximal torus of Gk′ . On the
other hand, if char(k) > 0, then G/T is a 3-step extension of a unipotent group
by an abelian variety by a finite group, in view of Theorem 2.11. It follows
similarly that Tk′ is the maximal torus of Gk′ .

By Lemma 4.2, the assignment G 7→ T (G) yields a functor

T : C −→ T ,

the functor of maximal tori. This functor is not exact, as seen from the exact
sequence

0 −→ G[n] −→ G
nG−→ G −→ 0,
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where G is a non-zero torus and n a non-zero integer. But T is exact up to
finite groups, as shown by the following;

Lemma 4.3. Every exact sequence in C

0 −→ G1
u−→ G2

v−→ G3 −→ 0

yields a complex in C

0 −→ T (G1)
T (u)−→ T (G2)

T (v)−→ T (G3) −→ 0,

where T (u) is a monomorphism, T (v) an epimorphism, and KerT (v)/ImT (u)
is finite.

Proof. We argue as in the proof of Theorem 2.11 (iii). Clearly, T (u) is a
monomorphism. Also, the group

KerT (v)/ImT (u) = T (G2) ∩ u(G1)/u(T (G1))

is the quotient of a group of multiplicative type by its maximal torus, and hence
is finite.
To show that T (v) is an epimorphism, we may replace G2 with v−1(T (G3)),
and hence assume that G3 is a torus. Next, we may replace G2 with G2/T (G2),
and hence assume that T (G2) is zero. We then have to check that G3 is zero.
If char(k) = 0, then there is an exact sequence

0 −→M × U −→ G2 −→ A −→ 0

as in Theorem 2.9, where M is finite. Thus, every morphism G2 → G3 has
finite image. Since v : G2 → G3 is an epimorphism, it follows that G3 = 0. On
the other hand, if char(k) > 0, then there are exact sequences

0 −→ H −→ G2 −→ U −→ 0, 0 −→M −→ H −→ A −→ 0

as in Theorem 2.11, where M is finite. This implies again that every morphism
G2 → G3 has finite image, and hence that G3 = 0.

Proposition 4.4. (i) The functor of maximal tori yields an exact functor

T : C −→ T ,

right adjoint to the inclusion T → C. Moreover, T commutes with base
change under field extensions.

(ii) Every torus is a projective object in C.

Proof. (i) Composing T with the functor T → T induced by the quotient
functor Q, we obtain an exact functor C → T (Lemma 4.3), which sends every
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finite group to 0. This yields an exact functor T : C → T . The adjointness
assertion follows from the natural isomorphism

HomC(T,G) ∼= HomT (T, T (G))

for any torus T and any algebraic group G, which yields a natural isomorphism

HomC(T,G) ∼= HomT (T, T (G))

by using Lemmas 3.1 and 4.3. Finally, the assertion on field extensions is a
direct consequence of Lemma 4.2.
(ii) This follows by arguing as in the proof of Proposition 3.8 (iii).

4.2 Abelian varieties

Denote by A (resp. P) the full subcategory of C with objects the abelian va-
rieties (resp. the proper groups, i.e., those algebraic groups G such that the
structure map G → Spec(k) is proper). Like the categorye of tori, A is stable
under taking quotients and extensions, but not subobjects; so A is an addi-
tive subcategory of C, but not an abelian subcategory. Also, P is stable under
taking subobjects, quotients and extensions; it also contains the category F of
finite groups. We may thus form the quotient abelian category P/F , which is
a full subcategory of C/F .
Next, let A be the full subcategory of P/F with objects the abelian varieties.
As in §4.1, the inclusion of A in P/F is an equivalence of categories, and the
remaining statements of Lemma 3.1 adapt to this setting. Also, Proposition
3.6 yields natural isomorphisms

Q⊗Z HomC(A1, A2)
∼=−→ HomA(A1, A2)

for any abelian varieties A1, A2. Since the abelian group HomC(A1, A2) is free
of finite rank (see [Mi86, Thm. 12.5]), HomA(A1, A2) is a finite-dimensional Q-
vector space. Moreover, the category A is semi-simple, in view of the Poincaré
complete reducibility theorem (which holds over an arbitrary field, see [Co06,
Cor. 3.20] or [Br17, Cor. 4.2.6]).

Lemma 4.5. (i) Every smooth connected algebraic group G has a largest
abelian variety quotient,

α = αG : G −→ A(G).

Moreover, Ker(α) is linear and connected.

(ii) Every morphism u : G→ H, where H is smooth and connected, induces
a unique morphism A(u) : A(G)→ A(H) such that the square

G
u−−−−→ H

αG

y αH

y

A(G)
A(u)−−−−→ A(H)
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commutes.

(iii) For any field extension k′ of k, the natural morphism A(Gk′ ) → A(G)k′

is an isomorphism if char(k) = 0, and an isogeny if char(k) > 0.

Proof. (i) and (ii) The assertions are direct consequences of Theorem 2.3 (ii).
(iii) By (i), we have an exact sequence

0 −→ L(G) −→ G
α−→ A(G) −→ 0,

where L(G) is linear and connected. This yields an exact sequence

0 −→ L(G)k′ −→ Gk′ −→ A(G)k′ −→ 0.

Thus, L(Gk′) ⊂ L(G)k′ and we obtain an exact sequence

0 −→ L(G)k′/L(Gk′) −→ A(Gk′ ) −→ A(G)k′ −→ 0.

Sinc L(G)k′ is linear, the quotient L(G)k′/L(Gk′) must be finite; this yields
the assertion when char(k) > 0.
When char(k) = 0, we may characterize L(G) as the largest connected linear
subgroup of G. It follows that L(G)k′ ⊂ L(Gk′ ); hence equality holds, and

A(Gk′ )
∼=→ A(G)k′ .

Remarks 4.6. (i) An arbitrary algebraic group G may admit no largest abelian
variety quotient, as shown by the following variant of [Br17, Ex. 4.3.8]: let A
be a non-zero abelian variety, and choose an integer n ≥ 2. Let

G := (A×A[n2])/diag(A[n]),

where A[n] is viewed as a subgroup of A[n2]. Consider the subgroups of G

H1 := (A[n]×A[n2])/diag(A[n]), H2 := diag(A[n2])/diag(A[n]).

Then G/H1, G/H2 are both isomorphic to A. Also, H1 ∩H2 = 0, and G is not
an abelian variety.
(ii) The assignment G 7→ A(G) does not preserve exactness of sequences of
smooth connected algebraic groups. For example, consider an elliptic curve E
equipped with a k-rational point of prime order ℓ ≥ 2. Assume that k contains
a nontrivial ℓth root of unity; this identifies µℓ with the constant group scheme
Z/ℓZ. Consider the quotient

G := (E ×Gm)/diag(µℓ),

with an obvious notation. Then G is a smooth connected algebraic group,
which lies in an exact sequence

0 −→ E −→ G −→ Gm −→ 0.

Moreover, the induced map A(E)→ A(G) is just the quotient map E → E/µℓ.
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We now show that the assignment G 7→ A(G) is exact up to finite groups:

Lemma 4.7. Consider an exact sequence in C

0 −→ G1
u−→ G2

v−→ G3 −→ 0,

where G1, G2, G3 are smooth and connected. Then we have a commutative
diagram in C

0 −−−−→ G1
u−−−−→ G2

v−−−−→ G3 −−−−→ 0

α1

y α2

y α3

y

0 −−−−→ A(G1)
A(u)−−−−→ A(G2)

A(v)−−−−→ A(G3) −−−−→ 0,

where A(v) is an epimorphism, and KerA(u), KerA(v)/ImA(u) are finite.

Proof. Clearly, A(v) is an epimorphism. Let Li := Ker(αi) for i = 1, 2, 3;
then each Li is connected and linear by Theorem 2.3. We have isomor-
phisms KerA(u) ∼= u−1(L2)/L1, ImA(u) ∼= u(G1)/u(G1) ∩L2 and KerA(v) ∼=
v−1(L3)/L2. Since u−1(L2) is linear, KerA(u) is linear as well; it is also proper,
and hence finite. Also, KerA(v)/ImA(u) ∼= v−1(L3)/L2+u(G1) is a quotient of
v−1(L3)/u(G1) ∼= L3. It follows similarly that KerA(v)/ImA(u) is finite.

Next, we obtain a dual version of Proposition 4.4:

Proposition 4.8. (i) The Albanese functor yields an exact functor

A : C −→ A,

which is left adjoint to the inclusion A → C. Moreover, A commutes with
base change under field extensions.

(ii) Every abelian variety is an injective object in C.

Proof. (i) Consider a C-morphism f : G → H and choose a representative by
a C-morphism f : G→ H/H ′, where H ′ is a finite subgroup of H . This yields
an A-morphism

A(f) : A(G) −→ A(H/H ′) = A(H)/αH(H ′),

and hence an A-morphism A(f) : A(G) → A(H). One may readily check that
A(f) depends only on f , in a covariant way. By Proposition 3.5 and Lemma
4.5, the resulting functor A is exact and commutes with base change under
field extensions.
To show the adjointness assertion, consider a smooth connected algebraic group
G and an abelian variety A. Then the map

HomA(A(G), A) −→ HomC(G,A), f 7−→ f ◦ αG
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is an isomorphism by Lemma 4.5 again. In view of Proposition 3.6, it follows
that the analogous map

HomA(A(G), A) −→ HomC(G,A)

is an isomorphism as well.

(ii) This follows formally from (i).

Remarks 4.9. (i) Denote by Â the dual of an abelian variety A. Then the

assignment A 7→ Â yields a contravariant endofunctor of A, which is involutive
and preserves isogenies and finite products. As an easy consequence, we obtain
a contravariant endofunctor of A, which is involutive and exact. Note that each
abelian variety is (non-canonically) A-isomorphic to its dual, via the choice of
a polarization.

(ii) Let k′ be a field extension of k. Then the assignment

A 7−→ Q⊗Z A(k′) =: A(k′)Q

yields a functor from A to the category of Q-vector spaces (possibly of infinite
dimension), which preserves finite products. Moreover, each isogeny

f : A −→ B

yields an isomorphism

A(k′)Q
∼=−→ B(k′)Q,

since this holds for the multiplication maps nA. Thus, the above assignment
yields an exact functor from A to the category of Q-vector spaces.

4.3 Vanishing of extension groups

In this subsection, we prove the assertion (v) of Theorem 1: hd(C) = 1. We
first collect general vanishing results for extension groups in C:

Lemma 4.10. Let G be a smooth connected algebraic group, U a smooth con-
nected unipotent group, A an abelian variety, and T a torus.

(i) ExtnC (T,G) = 0 = ExtnC(G,A) = 0 for all n ≥ 1.

(ii) If char(k) = 0, then ExtnC(U,G) = 0 for all n ≥ 1.

(iii) If char(k) = p > 0 and G is divisible, then ExtnC(U,G) = 0 = ExtnC(G,U)
for all n ≥ 0.

(iv) If G is linear, then ExtnC(G, T ) = 0 for all n ≥ 1. If moreover char(k) = 0,
then ExtnC(G,U) = 0 for all n ≥ 1 as well.
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Proof. (i) Just recall that T is projective in C (Proposition 4.4), and A is
injective in C (Proposition 4.8).
(ii) Likewise, U is projective in C by Proposition 3.8.
(iii) Since U is unipotent, there exists a positive integer m such that pmG = 0.
It follows that both groups ExtmC (U,G) and ExtmC (G,U) are pm-torsion (see
e.g. [Oo66, Lem. I.3.1]). But these groups are also modules over EndC(G), and
hence Q-vector spaces by Proposition 3.6. This yields the assertion.
(iv) By Proposition 2.8 and the long exact sequence for Ext groups, we may
assume that G is unipotent or a torus. In the latter case, both assertions
follows from (i); in the former case, the first assertion follows from (ii) and
(iii), and the second assertion, from the fact that unipotent groups are just
vector spaces.

Next, recall that hd(C) ≥ 1 in view of Examples 3.4. So, to conclude that
hd(C) = 1, it suffices to check the following:

Lemma 4.11. For any smooth connected algebraic groups G,H and any integer
n ≥ 2, we have ExtnC(G,H) = 0.

Proof. Let η ∈ ExtnC(G,H), where n ≥ 3. Then η is represented by an exact
sequence in C

0 −→ H −→ G1 −→ · · · −→ Gn −→ G −→ 0,

which we may cut into two exact sequences in C

0 −→ H −→ G1 −→ G2 −→ K −→ 0,

0 −→ K −→ G3 −→ · · · −→ Gn −→ G −→ 0.

Thus, η can be written as a Yoneda product η1 ∪ η2, where η1 ∈ Ext2C(G,K)

and η2 ∈ Extn−2C (K,H). So it suffices to show the assertion when n = 2.
Using the long exact sequences for Ext groups, we may further reduce to the
case where G,H are simple objects in C, i.e., Ga, simple tori T , or simple
abelian varieties A (Proposition 3.2). In view of Lemma 4.10, it suffices in turn
to check that

(i) Ext2C(A, T ) = 0,

(ii) Ext2C(A,Ga) = 0 when char(k) = 0,

(iii) Ext2C(Ga,Ga) = 0 when char(k) > 0.

For (i), we adapt the argument of [Oo66, Prop. II.12.3]. Let η ∈ Ext2C(A, T ) be
represented by an exact sequence in C

0 −→ T
u−→ G1

v−→ G2
w−→ A −→ 0.
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As above, η = η1 ∪ η2, where η1 denotes the class of the extension

0 −→ T
u−→ G1 −→ K −→ 0,

and η2 that of the extension

0 −→ K −→ G2
w−→ A→ 0.

Also, note that A(w) : A(G2) → A is an epimorphism in A, and hence has
a section, say s. Denoting by H2 the pull-back of s(A) under the Albanese
morphism G2 → A(G2), we have a monomorphism ι : H2 → G2 in C, such that
A(w ◦ ι) : A(H2)→ A is an isomorphism. This yields a commutative diagram
of exact sequences in C

0 −−−−→ T −−−−→ H1 −−−−→ H2 −−−−→ A −−−−→ 0

id

y
y ι

y id

y

0 −−−−→ T
u−−−−→ G1

v−−−−→ G2
w−−−−→ A −−−−→ 0.

Thus, η is represented by the top exact sequence, and hence we may assume
that A(w) is an isomorphism. Then K is linear in view of Theorem 2.3. Thus,
κ1 = 0 by Lemma 4.10 (iv). So η = 0; this completes the proof of (i).
For (ii), we replace T with Ga in the above argument, and use the vanishing
of Ext1C(L,Ga) for L linear (Lemma 4.10 (iv) again).

Finally, for (iii), it suffices to show that Ext2U (Ga,Ga) = 0. Also, we may

assume that k is perfect, in view of Theorem 3.11. Let η ∈ Ext2U (Ga,Ga) be
represented by an exact sequence in U ,

0 −→ Ga −→ G1 −→ G2 −→ Ga −→ 0.

Then Proposition 3.5 yields an exact sequence in U ,

0 −→ Ga −→ H1 −→ H2 −→ Ga −→ 0,

and a commutative diagram in U ,

0 −−−−→ Ga −−−−→ G1 −−−−→ G2 −−−−→ Ga −−−−→ 0
y

y
y

y

0 −−−−→ Ga −−−−→ H1 −−−−→ H2 −−−−→ Ga −−−−→ 0.

where the vertical arrows are isomorphisms in U (here we use the fact that the
quotient of Ga by a finite subgroup is isomorphic to Ga). As Ext2U (Ga,Ga) = 0
(see [DG70, V.1.5.1, V.1.5.2]), the bottom exact sequence is equivalent to the
trivial exact sequence in U , and hence in U . Thus η = 0 as desired.

Remark 4.12. When k is perfect, the groups ExtnC(G,H) are torsion for all
n ≥ 2 and all algebraic groups G,H , in view of [Mi70, Cor., p. 439]. In fact,

Documenta Mathematica 22 (2017) 679–725



Algebraic Groups up to Isogeny 711

this assertion extends to an arbitrary field k: indeed, it clearly holds when G
or H is finite, or more generally m-torsion for some positive integer m. Using
Proposition 2.8, one may thus reduce to the case when G,H are simple objects
of C. Then the assertion is obtained by combining Proposition 3.6, Lemma
4.10, and the proof of Lemma 4.11.

5 Structure of isogeny categories

5.1 Vector extensions of abelian varieties

In this subsection, we assume that char(k) = 0. Recall that a vector extension
of an abelian variety A is an algebraic group G that lies in an extension

ξ : 0 −→ U −→ G −→ A −→ 0,

where U is unipotent. Then U = Ru(G) and A = A(G) are uniquely de-
termined by G; also, the extension ξ has no non-trivial automorphisms, since
HomC(A,U) = 0. Thus, the data of the algebraic group G and the extension ξ
are equivalent.
We denote by V the full subcategory of C with objects the vector extensions
(of all abelian varieties). By Theorems 2.3 and 2.4, the objects of V are those
smooth connected algebraic groups that admit no non-zero subtorus. In view
of Lemmas 4.2 and 4.3, this readily implies:

Lemma 5.1. (i) Let 0 → G1 → G2 → G3 → 0 be an exact sequence in C,
where G2 is connected. Then G2 is an object of V if and only if so are
G3 and G0

1.

(ii) Let f : G → H be an isogeny of connected algebraic groups. Then G is
an object of V if and only if so is H.

(iii) Let k′ be a field extension of k, and G an algebraic k-group. Then G is
an object of Vk if and only if Gk′ is an object of Vk′ .

In particular, V is stable under taking quotients and extensions, but not sub-
objects; like T and A, it is an additive subcategory of C, but not an abelian
subcategory.
Next, recall from [Ro58] or [MM74, §1.9] that every abelian variety A has a
universal vector extension,

ξ(A) : 0 −→ U(A) −→ E(A) −→ A −→ 0,

where U(A) is the additive group of the vector space H1(A,OA)∗; moreover,
dimU(A) = dimA. Also, E(A) is anti-affine, i.e., every morphism from E(A)
to a linear algebraic group is zero (see e.g. [Br17, Prop. 5.5.8]).

Proposition 5.2. (i) The assignments A 7→ E(A), A 7→ U(A) yield addi-
tive functors

E : A −→ V , U : A −→ U ,
which commute with base change under field extensions.
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(ii) For any morphism f : A → B of abelian varieties, the induced mor-
phism U(f) : U(A) → U(B) is the dual of the pull-back morphism
f∗ : H1(B,OB) → H1(A,OA). Moreover, U(f) is zero (resp. an iso-
morphism) if and only if f is zero (resp. an isogeny).

(iii) E is left adjoint to the Albanese functor A : V → A.

Proof. We prove (i) and (ii) simultaneously. Let f : A→ B be a morphism of
abelian varieties. Consider the pull-back diagram of exact sequences

0 −−−−→ U(B) −−−−→ F −−−−→ A −−−−→ 0

id

y
y f

y

0 −−−−→ U(B) −−−−→ E(B) −−−−→ B −−−−→ 0.

The universal property of ξ(A) yields a commutative diagram of exact sequences

0 −−−−→ U(A) −−−−→ E(A) −−−−→ A −−−−→ 0
y

y id

y

0 −−−−→ U(B) −−−−→ F −−−−→ A −−−−→ 0,

and hence another such diagram,

0 −−−−→ U(A) −−−−→ E(A) −−−−→ A −−−−→ 0

U(f)

y E(f)

y f

y

0 −−−−→ U(B) −−−−→ E(B) −−−−→ B −−−−→ 0,

which defines morphisms E(f) and U(f).
Next, let η ∈ H1(B,OB), so that we have a push-out diagram of extensions

0 −−−−→ U(B) −−−−→ E(B) −−−−→ B −−−−→ 0

η

y
y id

y

0 −−−−→ Ga −−−−→ Eη −−−−→ B −−−−→ 0.

By construction, the pull-back of Eη by f is the push-out of ξ(A) by the map
η◦U(f) : U(A)→ Ga. Hence U(f) is the dual of f∗ : H1(B,OB)→ H1(A,OA).
As a consequence, U is a covariant functor, and hence so is E.
Since the formation of the universal vector extension commutes with base
change under field extensions, the functors E and U commute with such base
change as well. Clearly, they are additive; this completes the proof of (i).
To complete the proof of (ii), recall the canonical isomorphism

H1(A,OA) ∼= Lie(Â),
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where the right-hand side denotes the Lie algebra of the dual abelian variety
(see [Mi86, Rem. 9.4]). This isomorphism identifies f∗ with Lie(f̂), where

f̂ : B̂ → Â denotes the dual morphism of f . As a consequence,

U(f) = 0⇔ f∗ = 0⇔ f̂ = 0⇔ f = 0,

where the second equivalence holds since char(k) = 0, and the third one follows
from biduality of abelian varieties. Likewise, U(f) is an isomorphism if and

only if f∗ is an isomorphism; equivalently, f̂ is an isogeny, i.e., f is an isogeny.
(iii) Given a vector extension 0 → U → G → A(G) → 0, we check that the
map

α : HomV(E(A), G) −→ HomA(A,A(G)), u 7−→ A(u)

is an isomorphism.
Consider a morphism u : E(A) → G such that A(u) = 0. Then u factors
through a morphism E(A)→ Ru(G), and hence u = 0 as E(A) is anti-affine.
Next, consider a morphism v : A → A(G). By (i), we have a commutative
square

E(A)
E(v)−−−−→ E(A(G))

y
y

A
v−−−−→ A(G).

Also, the universal property of ξ(A) yields a commutative square

E(A(G))
δ−−−−→ G

y αG

y

A(G)
id−−−−→ A(G).

Thus, w := E(v) ◦ δ ∈ HomV(E(A), G) satisfies α(v) = u.

Denote by V the isogeny category of vector extensions, that is, the full subcat-
egory of C with the same objects as V . Then V is an abelian category in view
of Lemma 5.1. Also, Proposition 3.6 yields natural isomorphisms

Q⊗Z HomC(G1, G2)
∼=→ HomV(G1, G2), Q⊗Z Ext1C(G1, G2)

∼=→ Ext1V(G1, G2)

for any objects G1, G2 of V .

Corollary 5.3. (i) The functors E : A → V, U : A → U yield exact
functors

E : A −→ V , U : A −→ U ,
which commute with base change under field extensions. Moreover, E is
left adjoint to the Albanese functor A : V → A.

Documenta Mathematica 22 (2017) 679–725



714 Michel Brion

(ii) The universal vector extension of any abelian variety is a projective object
of V.

Proof. (i) This follows from Propositions 3.5 and 5.2.
(ii) We have canonical isomorphisms for any object G of V :

HomV(E(A), G) ∼= Q⊗Z HomV(E(A), G) ∼= Q⊗Z HomA(A,A(G)),

where the first isomorphism follows from Proposition 3.6, and the second one
from Proposition 5.2. Using Proposition 3.6 again, this yields a canonical
isomorphism

HomV(E(A), G) ∼= HomA(A,A(G)).

Since the Albanese functor A is exact (Proposition 4.8), it follows that the
functor G 7→ HomV(E(A), G) is exact as well.

Next, let G be an object of V . Form and label the commutative diagram of
exact sequences in C

0 −−−−→ U(A)
ι−−−−→ E(A) −−−−→ A −−−−→ 0

γ

y δ

y id

y

0 −−−−→ U −−−−→ G −−−−→ A −−−−→ 0,

where U = U(G), A = A(G), and γ = γG classifies the bottom extension. This
yields an exact sequence in C

ξ : 0 −→ U(A)
γ−ι−→ U × E(A) −→ G −→ 0.

Proposition 5.4. Keep the above notation.

(i) ξ yields a projective resolution of G in V.

(ii) For any object H of V, we have an exact sequence

0 −→ HomV(G,H)
ϕ−→ HomU (U(G), U(H))×HomA(A(G), A(H))

ψ−→ HomU (U(A(G)), U(H)) −→ Ext1V(G,H) −→ 0,

where ϕ(f) := (U(f), A(f)), and ψ(u, v) := u ◦ γG − γH ◦ U(v).

Proof. (i) This holds as U,U(A) are projective in C (Theorem 2.9), and E(A)
is projective in C (Proposition 5.2).
(ii) In view of (i), this follows readily from the long exact sequence of extension
groups

0→ HomV(G,H)→ HomV(U ×E(A), H)→ HomV(U,H)→ Ext1V(G,H)→ 0

associated with the short exact sequence ξ.
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As a direct consequence of Proposition 5.4, we obtain:

Corollary 5.5. The following conditions are equivalent for an object G of V:

(i) G ∼= E(A) in V for some abelian variety A.

(ii) HomV(G,Ga) = Ext1V(G,Ga) = 0.

As a further consequence, we describe the projective or injective objects of V :

Corollary 5.6. (i) The projective objects of V are the products V ×E(A),
where V is unipotent, and A is an abelian variety.

(ii) The injective objects of V are the abelian varieties.

Proof. Let G be an extension of an abelian variety A by a unipotent group U .

(i) If G is projective in V, then Ext1V(G,Ga) = 0. In view of Proposition 5.4, it
follows that the map HomU (U,Ga)→ HomU(U(A),Ga), u 7→ u◦γ is surjective.
Equivalently, γ is injective; hence so is δ : E(A) → G. Identifying E(A) with
a subgroup of G, it follows that G = U + E(A), and U(A) ⊂ U . We may
choose a complement V ⊂ U to the subspace U(A) ⊂ U ; then G ∼= V × E(A).
Conversely, every such product is projective by Proposition 5.2. This yields
the assertion.

(ii) If G is injective in V , then Ext1V(B,G) = 0 for any abelian variety B. Thus,
we have an exact sequence

0 −→ HomV(B,U) −→ HomV(B,G) −→ HomV(B,A)
∂−→ Ext1V(B,U) −→ 0.

Moreover, Ext1V(B,U) ∼= HomU (U(B), U), as follows e.g. from Proposition 5.4.
Since HomV(B,A) = HomA(B,A) is a finite-dimensional Q-vector space, so is
HomU (U(B), U).

When k is not a number field, i.e., k is an infinite-dimensional Q-vector space,
this forces U = 0, since U(B) 6= 0 for any non-zero abelian variety B. Thus, G
is an abelian variety.

On the other hand, when k is a number field, there are only finitely many
isomorphism classes of abelian varieties that are isogenous to any prescribed
abelian variety (see [MW93] for a quantitative version of this finiteness result).
As a consequence, we may choose a simple abelian variety B, not isogenous to
any simple factor of A. Then HomA(B,A) = 0; as above, this yields U = 0,
i.e., G is an abelian variety.

Conversely, every abelian variety is injective in V by Proposition 4.8.

We now describe the structure of V and V in terms of linear algebra. Let
D be the category with objects the triples (A,U, γ), where A is an abelian
variety, U a unipotent group, and γ : U(A)→ U a morphism; the D-morphisms
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from (A1, U1, γ1) to (A2, U2, γ2) are those pairs of C-morphisms u : U1 → U2,
v : A1 → A2 such that the square

U(A1)
U(v)−−−−→ U(A2)

γ1

y γ2

y

U1
u−−−−→ U2

commutes. We also introduce the ‘isogeny category’ D, by allowing v to be a
C-morphism in the above definition (this makes sense in view of Corollary 5.3).
Next, define a functor

D : V −→ D
by assigning to each objectG the triple (A(G), Ru(G), γ), where γ : U(A(G))→
Ru(G) denotes the classifying map, and to each morphism f : G1 → G2, the
pair (A(f), U(f)). By Corollary 5.3 again, we may define similarly a functor

D : V −→ D.

Proposition 5.7. With the above notation, the functors D and D yield equiv-
alences of categories.

We omit the easy proof.

5.2 Semi-abelian varieties

Recall that a semi-abelian variety is an algebraic group G that lies in an ex-
tension

ξ : 0 −→ T −→ G −→ A −→ 0,

where T is a torus, and A an abelian variety. We now adapt part of the results
of §5.1 to this setting, leaving the (easy) verifications to the motivated reader.
The algebraic groups T = T (G) and A = A(G) are uniquely determined by G,
and the extension ξ has no non-trivial automorphisms. Thus, the data of G and
of the extension ξ are equivalent. Moreover, recall the natural isomorphism

c : Ext1C(A, T )
∼=−→ HomΓ(X(T ), Â(ks)),

which arises from the Weil-Barsotti isomorphism

Ext1Cks (Aks ,Gm,ks)
∼=−→ Â(ks)

together with the pairing

Ext1C(A, T )×X(T ) −→ Ext1Cks (Aks ,Gm,ks)

given by push-out of extensions via characters of T .
Denote by S the full subcategory of C with objects the semi-abelian varieties.
Then the analogue of Lemma 5.1 holds in view e.g. of [Br17, §5.4] (but there
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is no analogue of the universal vector extension in this setting). Thus, the
isogeny category of semi-abelian varieties, S, is an abelian category. As for
vector extensions of abelian varieties, we have natural isomorphisms

Q⊗Z HomC(G1, G2)
∼=→ HomS(G1, G2), Q⊗Z Ext1C(G1, G2)

∼=→ Ext1S(G1, G2)

for any objects G1, G2 of S. This yields a natural isomorphism

Ext1C(A, T )
∼=−→ HomΓ(X(T )Q, Â(ks)Q).

Note that the assignment
A 7−→ Â(ks)Q

yields an exact functor from A to the category of Q-vector spaces equipped
with the discrete topology and a continuous representation of Γ, as follows e.g.
from Remarks 4.9.
Next, we obtain a description of S in terms of linear algebra. Let E be the
category with objects the triples (A,M, c), where A is an abelian variety, M a
finite-dimensional Q-vector space equipped with a continuous action of Γ, and
c : M → Â(ks)Q a Γ-equivariant linear map; the E-morphisms from (A1,M1, c1)
to (A2,M2, c2) are those pairs (u, v), where u : A1 → A2 is a A-morphism and
v : M2 →M1 a Γ-equivariant linear map, such that the square

M2
c2−−−−→ Â2(ks)Q

v

y û

y

M1
c1−−−−→ Â1(ks)Q

commutes. Then one may check that the assignment

G 7−→ (A(G), X(T (G))Q, c(G)Q)

yields an equivalence of categories S → E . Moreover, the sequence

0 −→ HomS(G1, G2)
ϕ−→ HomΓ(M2,M1)×HomA(A1, A2)

ψ−→ HomΓ(M2, Â1(ks)Q) −→ Ext1S(G1, G2) −→ 0

is exact for any semi-abelian varieties G1, G2, where E(Gi) := (Ai,Mi, ci) for
i = 1, 2, ϕ(f) := (XQ ◦ T )(f), A(f)), and ψ(u, v) := c1 ◦ u− v̂ ◦ c2.
Yet there are important differences between the isogeny categories of vector
extensions and semi-abelian varieties. For example, the latter does not have
enough projectives in general:

Proposition 5.8. (i) If k is not locally finite, then the projective objects of
S are the tori.

(ii) If k is locally finite, then the product functor T × A → S yields an
equivalence of categories.
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Proof. (i) Let G be a semi-abelian variety, extension of an abelian variety A

by a torus T . Denote by c : X(T )→ Â(ks) the classifying map, and by

cQ : X(T )Q −→ Â(ks)Q

the corresponding Q-linear map; recall that c and cQ are Γ-equivariant.
If G is projective in C, then Ext1C(G, T

′) = 0 for any torus T ′. Thus, we have
an exact sequence

0 −→ HomC(A, T
′) −→ HomC(G, T

′) −→ HomC(T, T
′)

∂−→ Ext1C(A, T
′) −→ 0.

Moreover, the boundary map ∂ may be identified with the map

HomΓ(X(T ′)Q, X(T )Q) −→ HomΓ(X(T ′)Q, Â(ks)Q). f 7−→ cQ ◦ f.

Since ∂ is surjective, and X(T ′)Q may be chosen arbitrarily among finite-
dimensional Q-vector spaces equipped with a continuous representation of Γ,
the map cQ is surjective as well. In particular, the abelian group Â(ks) has
finite rank. In view of [FJ74, Thm. 9.1], this forces A to be zero, i.e., G is a
torus.
(ii) This follows readily from Proposition 2.5 and Corollary 2.13.

5.3 Product decompositions

In this subsection, we first prove the remaining assertions (ii) and (iii) of The-
orem 1. Then we describe the isogeny category C in characteristic 0, and its
projective or injective objects in arbitrary characteristics.

Proposition 5.9. (i) If k is perfect, then the product functor M×U → L
yields an equivalence of categories.

(ii) For any field k, the product functor T × U → L yields an equivalence of
categories.

Proof. (i) This follows readily from Theorem 2.4 and Proposition 2.5.
(ii) This is a consequence of (i) in view of Theorem 3.11.

Proposition 5.10. If char(k) > 0, then the product functor S × U → C yields
an equivalence of categories.

Proof. Let G be a smooth connected algebraic group. By Corollary 2.13, there
exists a finite subgroup F ⊂ G such that G/F ∼= S × U , where S is a semi-
abelian variety, and U is unipotent. Thus, the product functor Π is essentially
surjective.
Next, let S1, S2 be semi-abelian varieties, and U1, U2 smooth connected unipo-
tent groups. We check that Π induces an isomorphism

HomC(S1, S2)×HomC(U1, U2) −→ HomC(S1×U1, S2×U2), (ϕ, ψ) 7−→ ϕ×ψ.
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Assume that ϕ× ψ = 0. Choose representatives ϕ : S1 → S2/S
′
2 and ψ : U1 →

U2/U
′
2, where S′2, U

′
2 are finite. Then ϕ × ψ : S1 × U1 → (S2 × U2)/(S′2 × U ′2)

has finite image, and hence is zero by Lemma 2.1. So ϕ = ψ = 0.
Let γ ∈ HomC(S1×U1, S2×U2) be represented by γ : S1×U1 → (S2×U2)/F ,
where F is finite. Then F ⊂ S′2 × U ′2 for some finite subgroups S′2 ⊂ S2,
U ′2 ⊂ U2. Thus, we may assume that F = S′2 × U ′2. Then the composite
morphisms

S1 −→ S1 × U1
γ−→ S2/S

′
2 × U2/U

′
2 −→ U2/U

′
2,

U1 −→ S1 × U1
γ−→ S2/S

′
2 × U2/U

′
2 −→ S2/S

′
2

are zero by Lemma 2.1 and Proposition 2.5. Thus, γ = ϕ × ψ for some mor-
phisms ϕ : S1 → S2/S

′
2, ψ : U1 → U2/U

′
2.

Combining Propositions 5.8 (i) and 5.10, we obtain readily:

Corollary 5.11. If k is locally finite, then the product functor

T × A× U −→ C

yields an equivalence of categories.

Remarks 5.12. (i) With the notation of the above corollary, each of the cat-
egories T , A, U admits a description of its own. By Proposition 4.1, T is
equivalent to the category of Q-vector spaces equipped with an automorphism
of finite order. Also, the isomorphism classes of abelian varieties over a fi-
nite field are classified by the Honda-Tate theorem (see [Ho68, Tat66]); their
endomorphism rings are investigated in [Wa69]. Finally, the structure of U
(obtained in [DG70, §V.3.6.7]) has been described in Remark 3.12.
(ii) Combining Lemma 2.2, Theorem 2.4 and Lemma 3.10, one may show that
the product functor M/IM × U/IU → L/I yields an equivalence of cate-
gories. Here I denotes the category of infinitesimal algebraic groups, and IM
(resp. IU) the full subcategory of infinitesimal groups of multiplicative type
(resp. unipotent).

Next, assume that char(k) = 0. Then every algebraic group is isogenous to a
fibered product E×AS, where E is a vector extension of the abelian variety A,
and S is semi-abelian with Albanese variety isomorphic to A (see e.g. Remark
2.10). This motivates the consideration of the fibered product V ×A S: this is
the category with objects the triples (E, S, f), where E is a vector extension
of an abelian variety, S a semi-abelian variety, and f : A(E) → A(S) an A-
isomorphism. The morphisms from (E1, S1, f1) to (E2, S2, f2) are those pairs
of C-morphisms u : E1 → E2, v : S1 → S2 such that the square

A(E1)
A(u)−−−−→ A(E2)

f
1

y f
2

y

A(S1)
A(v)−−−−→ A(S2)
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commutes in A.

Proposition 5.13. If char(k) = 0, then C is equivalent to V ×A S.

The proof is similar to that of Proposition 5.10, and will be omitted. Note that
the descriptions of V and S in terms of linear algebra, obtained in §5.1 and
§5.2, can also be reformulated in terms of fibered products of categories.
Returning to an arbitrary field k, we obtain:

Theorem 5.14. The projective objects of C are:

• the linear algebraic groups, if char(k) = 0.

• the semi-abelian varieties, if k is locally finite.

• the tori, if char(k) > 0 and k is not locally finite.

Proof. Let G be a smooth connected algebraic group. As a consequence of
Theorem 2.9 and Proposition 5.10, we have an exact sequence in C

0 −→ U −→ G −→ S −→ 0,

where U is smooth, connected, and unipotent, and S is a semi-abelian variety.
If G is projective in C, then Ext1C(G, T

′) = 0 for any torus T ′. Since

HomC(U, T ′) = 0 (as a consequence of Proposition 2.5) and Ext1C(U, T
′) = 0 (by

Lemma 4.10), the long exact sequence for Ext groups yields Ext1C(S, T
′) = 0 as

well. By arguing as in the proof of Proposition 5.8, this forces either A(S) to
be zero, or k to be locally finite.
If A(S) = 0, then G is linear, and hence G ∼= T × U in C by Proposition 5.9.
Moreover, tori are projective in C by Proposition 4.4; thus, we may assume
that G is unipotent. If char(k) = 0, then every unipotent group is projective,
as follows e.g. from Lemma 4.10. If char(k) > 0 and G 6= 0, then there exists
an exact sequence

0 −→ H −→ G −→ Ga −→ 0

in C. Since Ext1C(G,Ga) = 0 = Ext2C(H,Ga), it follows that Ext1C(Ga,Ga) = 0.
But this contradicts Example 3.4 (ii), hence G = 0.
On the other hand, if k is locally finite, then G ∼= T ×A×U in C (by Corollary
5.11) and it follows as above that U is zero. Conversely, every semi-abelian
variety is projective in C, by Corollary 5.11 again.

Corollary 5.15. If char(k) > 0, then C has no non-zero projective objects.

Proof. Let G be a projective object of C. By the claim in the proof of Theorem
2.9 (iii), the (abstract) group HomC(G,H) is divisible for any divisible group
H . By arguing as in that proof, it follows that G is linear. Also, for any torus
T , the group HomC(G, T ) is finitely generated and divisible, hence zero.
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Next, we show that G is connected. Indeed, the quotient G/G0 is finite and
étale, hence contained in a torus T . As HomC(G, T ) = 0, this yields the
assertion.
In view of Theorem 2.4, we obtain an exact sequence

0 −→M −→ G −→ U −→ 0,

where M is of multiplicative type, and U is unipotent and connected. We now
show that U is projective in the unipotent category U . Indeed, given an exact
sequence U1 → U2 → 0 in U and a morphism ϕ : U → U2, we may lift the
composition ψ : G → U → U2 to a morphism γ : G → U1. Then γ(M) = 0
(Proposition 2.5) and hence γ factors through a morphism δ : U → U1, which
lifts ϕ.
Let F be an infinitesimal subgroup of U such that U/F is smooth; then U/F
is an object of U , and one easily checks by using Proposition 3.5 that U/F is
projective in U . In view of Proposition 5.10 and Theorem 5.14, it follows that
U/F is zero, hence U is infinitesimal. If U 6= 0 then there exists an epimorphism
U → αp and hence a non-zero morphism U → A for some (supersingular)
abelian variety A. Since HomC(G,A) = 0, this yields a contradiction. Thus,
U = 0, i.e., G is of multiplicative type, hence contained in a torus, hence
zero.

Theorem 5.16. The injective objects of C are the semi-abelian varieties if k is
locally finite, and the abelian varieties otherwise.

Proof. Let G be an injective object of C, and

0 −→ G1 −→ G −→ G2 −→ 0

an exact sequence in C. Since hd(C) = 1, the map Ext1C(H,G)→ Ext1C(H,G2)
is an epimorphism for any object H of C. Thus, every quotient of G is injective.
In particular, so is the largest semi-abelian quotient S (in view of Remark 2.10
and Theorem 2.11).
We now adapt the argument of Corollary 5.6. Recall that S lies in a unique
extension

0 −→ T −→ S −→ A −→ 0,

classified by a Γ-equivariant morphism c : X(T )→ Â(ks). Since S is injective
in C, we have Ext1C(B,S) = 0 for any abelian variety B, and hence the con-

necting homomorphism ∂ : HomC(B,A) −→ Ext1C(B, T ) is surjective. Under
the isomorphisms

HomC(B,A) ∼= Q⊗Z HomC(B,A), Ext1C(B, T ) ∼= Q⊗Z HomΓ(X(T ), B̂(ks))

(Proposition 3.6 and §5.2), the map ∂ is identified with the composition of the
natural map

Q⊗Z HomC(B,A) −→ Q⊗Z HomΓ(Â(ks), B̂(ks))
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with the map

γ : Q⊗Z HomΓ(Â(ks), B̂(ks)) −→ Q⊗Z HomΓ(X(T ), B̂(ks)), u 7−→ u ◦ c.

Next, consider a free abelian groupM of finite rank, equipped with a continuous
action of Γ. Then for any abelian variety B, the tensor product Bks ⊗Z M is
a ks-abelian variety equipped with the diagonal Γ-action, and descends to a
unique k-abelian variety B(M). Replacing B with B(M), it follows that the
corresponding map

∂(M) : Q⊗Z HomΓ
Cks (Bks ⊗Z M,Aks) −→ Q⊗Z HomΓ(X(T )⊗Z M, B̂(ks))

is surjective as well. As Q⊗ZHomCks (Bks , Aks) and Q⊗ZHom(X(T ), B̂(ks)) are
direct sums of continuous, finite-dimensional Γ-modules, and M is arbitrary, it
follows that the natural map

HomCks (Bks , Aks) −→ Hom(X(T ), B̂(ks))

is surjective over the rationals.
In the case where k is not locally finite, recall from [FJ74, Thm. 9.1] that

the group B̂(ks) has infinite rank for any non-zero abelian variety B. Since
HomCks (Bks , Aks) has finite rank, it follows that X(T ) = 0, i.e., S is an abelian
variety. We now distinguish between two subcases.
If char(k) = 0, then G is a vector extension of A, and hence is injective in the
category V . Thus, G = A in view of Corollary 5.6.
If char(k) > 0, then G ∼= A × U in C for some split unipotent group U , which
must be injective in C. If in addition U 6= 0, then it follows that Ga (a quotient
of U) is injective in C as well. But Ext1C(Ga,Ga) 6= 0 in view of Example 3.4,
a contradiction. Thus, G = A again.
Finally, in the case where k is locally finite, we have G ∼= T ×A×U in C with
an obvious notation. As above, we obtain that U = 0; on the other hand, T
and A are injective in C by Corollary 5.11. This completes the proof.

Remark 5.17. The category C has no non-zero injective objects. This result
should be well-known, but we could not find it in the literature; also, it does not
seem to follow from Theorem 5.16, as the relation between injective objects in
C and C is unclear. So we sketch a direct proof: let G be an injective object of
C. For any positive integer n which is prime to char(k), the n-torsion subgroup
G[n] is finite and étale, hence isomorphic to a subgroup of some torus Tn. The
inclusionG[n] ⊂ G extends to a morphism Tn → G, and hence G[n] is contained
in the maximal torus T (G). Likewise, G[n] is isomorphic to a subgroup of an
abelian variety An, and hence is contained in the largest abelian subvariety of
G. Since this abelian variety intersects T (G) along a finite subgroup, it follows
that G[n] = 0 for n≫ 0.
If char(k) = 0, then there is an exact sequence

0 −→ Ru(G) −→ G −→ H −→ 0,
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where H0 is a semi-abelian variety. Since nRu(G) is an isomorphism, we have
G[n] ∼= H [n] for all n; it follows that H is finite. Thus, G = Ru(G) + F for
some finite group F , which embeds into some torus T . As above, it follows
that F = 0, i.e., G is unipotent. If G 6= 0, then Ext1C(A,G) 6= 0 for any abelian
variety A, a contradiction.
If char(k) = p > 0, then there is an exact sequence

0 −→ H −→ G −→ U −→ 0,

where H0 is again a semi-abelian variety, H/H0 is of multiplicative type, and
U is unipotent. Thus, H [n] ∼= G[n] for all n prime to p, and hence H is finite.
It follows as above that H = 0, i.e., G is unipotent. If G 6= 0, then G contains a
copy of αp, which embeds into some abelian variety; this yields a contradiction.

Acknowledgements. I warmly thank Claire Amiot, Brian Conrad, Hélène
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1. Introduction.

In this paper, we are interested in the behaviour near the positive real axis of
the resolvent of a class of continuous Schrödinger operators. We shall prove
a so called “limiting absorption principle”, a very useful result to develop the
scattering theory associated to those Schrödinger operators. It also gives in-
formation on the nature of their essential spectrum, as a byproduct. The main
interest of our study relies on the fact that we include some oscillating contri-
bution in the potential of our Schrödinger operators.
To set up our framework and precisely formulate our results, we need to intro-
duce some notation. Let d ∈ N∗. We denote by 〈·, ·〉 and ‖ · ‖ the right linear
scalar product and the norm in L2(Rd), the space of squared integrable, com-
plex functions on Rd. We also denote by ‖ · ‖ the norm of bounded operators
on L2(Rd). Writing x = (x1; · · · ;xd) the variable in Rd, we set

〈x〉 :=

(
1 +

d∑

j=1

x2j

)1/2

.

Let Qj the multiplication operator in L2(Rd) by xj and Pj the self-adjoint real-
ization of −i∂xj in L2(Rd). We set Q = (Q1; · · · ;Qd)

T and P = (P1; · · · ;Pd)
T ,

where T denotes the transposition. Let

H0 = |P |2 :=
d∑

j=1

P 2
j = PT · P

be the self-adjoint realization of the nonnegative Laplace operator −∆ in
L2(Rd). We consider the Schrödinger operator H = H0 + V (Q), where V (Q)
is the multiplication operator by a real valued function V on Rd satisfying the
following

Assumption 1.1. Let α, β ∈]0; +∞[. Let ρsr, ρlr, ρ
′
lr ∈]0; 1]. Let v ∈

C1(Rd;Rd) with bounded derivative. Let κ ∈ C∞c (R;R) with κ = 1 on [−1; 1]

and 0 ≤ κ ≤ 1. We consider functions Vsr, Ṽsr , Vlr, Vc,Wαβ : Rd −→ R
such that Vc is compactly supported and Vc(Q) is H0-compact, such that the

functions 〈x〉1+ρsrVsr(x), 〈x〉1+ρsr Ṽsr(x), 〈x〉ρlrVlr(x) and the distributions

〈x〉ρ′lrx · ∇Vlr(x) and 〈x〉ρsr (v · ∇Ṽsr)(x) are bounded, and

(1.1) Wαβ(x) = w
(
1− κ(|x|)

)
|x|−β sin(k|x|α)

with real w. Let V = Vsr + v · ∇Ṽsr + Vlr + Vc +Wαβ.
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Under Assumption 1.1, V (Q) is H0-compact. Therefore H is self-adjoint on the
domain D(H0) of H0, which is the Sobolev space H2(Rd) of L2(Rd)-functions
such that their distributional derivative up to second order belong to L2(Rd).
By Weyl’s theorem, the essential spectrum of H is given by the spectrum
of H0, namely [0; +∞[. Let A be the self-adjoint realization of the operator
(P · Q + Q · P )/2 in L2(Rd). By the Mourre commutator method with A as
conjugate operator, one has the following Theorem, which is a consequence of
the much more general Theorem 7.6.8 in [ABG]:

Theorem 1.2. [ABG]. Consider the above operator H with w = 0 (i.e. without
the oscillating part of the potential). Then the point spectrum of H is locally
finite in ]0; +∞[. Furthermore, for any s > 1/2 and any compact interval
I ⊂]0; +∞[, that does not intersect the point spectrum of H,

(1.2) sup
ℜz∈I,
ℑz 6=0

∥∥〈A〉−s(H − z)−1〈A〉−s
∥∥ < +∞ .

Remark 1.3. In [Co, CG], a certain class of potentials that can be written as
the divergence of a short range potential (i.e. a potential like Vsr) were studied.
Theorem 1.2 covers this case.
We point out that the short range conditions (on Vsr and Ṽsr) can be relaxed
to reduce to a Agmon-Hörmander type condition (see Theorem 7.6.10 [ABG]
and Theorem 2.14 in [GM]). “Strongly singular” terms (more singular than
our Vc) are also considered in Section 3 in [GM].

Remark 1.4. When w = 0, H has a good enough regularity w.r.t. A (see
Section 3 and Appendix B for details) thus the Mourre theory based on A
can be applied to get Theorem 1.2. But it actually gives more, not only the
existence of the boundary values of the resolvent of H (which is implied by
(1.2)) but also some Hölder continuity of these boundary values. It is well-
known that all this implies that the same holds true when the weight 〈A〉−s
are replaced by 〈Q〉−s (see Remark 1.12 below for a sketch).
Still for w = 0, under some assumption on the form [Vc, A] (roughly (8.1)
below), it follows from [FH, FHHH1] that H has no positive eigenvalue.

Now, we turn on the oscillating part Wαβ of the potential and ask ourselves,
which result from the above ones is preserved. To formulate our first main
result, we shall need the following

Assumption 1.5. Let α, β > 0 and set βlr = min(β; ρlr). Unless |α−1|+β > 1,
we take α ≥ 1 and we take β and ρlr such that β + βlr > 1 or, equivalently,
β > 1/2 and ρlr > 1 − β. We consider a compact interval I such that I ⊂
]0; k2/4[, if α = 1 and β ∈]1/2; 1], else such that I ⊂]0; +∞[.

Remark 1.6. If β > 1, Wαβ can be considered as short range potential like
Vsr . If α < β ≤ 1, Wαβ satisfies the long range condition required on Vlr . If
α + β > 2 and β ≤ 1 then, for ǫ = α + β − 2, for some short range potentials
V̂sr V̌sr (i.e. satisfying the same requirement as Vsr), for some κ̃ ∈ C∞c (R;R)
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with κ̃ = 1 on [−1/2; 1/2] and with support in [−1; 1], and for x ∈ Rd,

(1.3) w
(
1− κ̃(|x|)

)
|x|−1x · ∇V̌sr(x) = kαWαβ(x) + V̂sr(x) ,

where V̌sr(x) = −(1 − κ(|x|))|x|−1−ǫ cos(k|x|α). In all cases, Theorem 1.2
applies.

Remark 1.7. Our assumptions allow V to contain the function x 7→
|x|−β sin(k|x|α) with β < 2 + α. This function was considered in [BD, DMR,
DR1, DR2, ReT1, ReT2].
Assumption 1.5 excludes the situation where 0 < β ≤ α < 1. A reason for this
is given just after Proposition 2.1 in Section 2.
It turns out that our results do not change if one replaces the sinus function in
Wαβ by a cosinus function.

Let Π be the orthogonal projection onto the pure point spectral subspace of
H . We set Π⊥ = 1 − Π. For any complex number z ∈ C, we denote by ℜz
(resp. ℑz) its real (resp. imaginary) part. Our first main result is the following
limiting absorption principle (LAP).

Theorem 1.8. Suppose Assumptions 1.1 and 1.5 are satisfied. For any s >
1/2,

(1.4) sup
ℜz∈I,
ℑz 6=0

∥∥〈Q〉−s(H − z)−1Π⊥〈Q〉−s
∥∥ < +∞ .

Remark 1.9. In the litterature, the LAP is often proved away from the point
spectrum, as in Theorem 1.2. If I in (1.4) does not intersect the latter, one
can remove Π⊥ in (1.4) and therefore get the usual LAP. But the LAP (1.4)
gives information on the absolutely continuous subspace of H near possible
embedded eigenvalues.
When |α − 1| + β > 1 and I does not intersect the point spectrum of H , the
Mourre theory gives a stronger result than Theorem 1.8 (cf. Theorem 1.2 and
Remark 1.4).

Historically, LAPs for Schrödinger operators were first obtained by pertu-
bation, starting from the LAP for the Laplacian H0. Lavine initiated non-
negative commutator methods in [La1, La2] by adapting Putnam’s idea (see
[CFKS] p. 60). Mourre introduced 1980 in [Mo] a powerful, non pertuba-
tive, local commutator method, nowadays called “Mourre commutator the-
ory” (see [ABG, GGé, GGM, JMP, Sa]). Nevertheless it cannot be applied
to potentials that contain some kind of oscillaroty term (cf. [GJ2]). In
[Co, CG], the LAP was proved pertubatively for a class of oscillatory po-
tentials. This result now follows from Mourre theory (cf. Remark 1.3). In
[BD, DMR, DR1, DR2, ReT1, ReT2], the present situation with Vc = 0 and
a radial long range contribution Vlr was treated using tools of ordinary differ-
ential equations and again a pertubative argument. Theorem 1.8 improves the
results of these papers in two ways. First, we allow a long range (non radial)
part in the potential. Second, the set V of values of (α;β), for which the LAP
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Figure 1. LAP. V = blue ∪ green.

(on some interval) holds true, is here larger. However, in the case α = 1, these
old results provide a LAP also beyond k2/4 in all dimension d, whereas we
are able to do so only in dimension d = 1. For α = β = 1, the LAP at high
enough energy was proved in [MU]. Another proof of this result is sketched in
Remark 1.11 below.
We point out that the discrete version of the present situation is treated in
[Man]. We also signal that the LAP for continuous Schrödinger operators is
studied in [Mar] by Mourre commutator theory but with new conjugate opera-
tors, including the one used in [N]. We also emphasize an alternative approach
to the LAP based on the density of states. It seems however that general long
range pertubations are not treated yet. We refer to [Ben] for details on this
approach.
In Fig. 1, we drew the set V in a (α;β)-plane. It is the union of the blue and
green regions. The papers [BD, DMR, DR1, DR2, ReT1, ReT2] etablished the
LAP in the region above the red and black lines and, along the vertical green
line, above the point A = (1; 2/3). According to Remark 1.6, Theorem 1.2
shows the LAP in the blue region (above the red lines and the blue one). Both
results are obtained without energy restriction. Theorem 1.8 covers the blue
and green regions (the set V), with a energy restriction on the vertical green
line. In [GJ2], the LAP with energy restriction is proved at the pointB = (1; 1).
In the red region (below the red lines), the LAP is still an open question.
Recall that A is the self-adjoint realization of the operator (P · Q + Q · P )/2
in L2(Rd). We are able to get the following improvement of a main result in
[GJ2].
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Theorem 1.10. Let α = β = 1. Under Assumption 1.1 with Ṽsr = Vc = 0,
take a compact interval I ⊂]0; k2/4[. Then, for any s > 1/2,

(1.5) sup
ℜz∈I,
ℑz 6=0

∥∥〈A〉−s(H − z)−1Π⊥〈A〉−s
∥∥ < +∞ .

Proof. In [GJ2], it was further assumed that, for any µ ∈ I, Ker(H − µ) ⊂
D(A). Thanks to Corollary 5.2, this assumption is superfluous. �

Remark 1.11. Note that Assumption 1.5 is satisfied for α = β = 1. In dimen-
sion d = 1, the above result is still true if I ⊂]k2/4; +∞[. A careful inspection
of the proof in [GJ2] shows that Theorem 1.10 holds true in all dimensions if
I ⊂]a; +∞[, for large enough positive a (depending on |w|). If |w| is small
enough, the mentioned proof is even valid on any compact interval I ⊂]0; +∞[.

For nonzero potentials Vc and Ṽsr , we believe that one can adapt the proof in
[GJ2] of Theorem 1.10.

Remark 1.12. It is well known that (1.5) implies (1.4). Let us sketch this briefly.
It suffices to restrict s to ]1/2; 1[. Take θ ∈ C∞c (R;R) such that θ = 1 near I.
Then, the bound (1.4) is valid if (H− z)−1 is replaced by (1− θ(H))(H− z)−1.
The boundedness of the contribution of θ(H)(H − z)−1 to the l.h.s of (1.4)
follows from (1.5) and from the boundedness of 〈Q〉−sθ(H)〈A〉s. To see the
last property, one can write

〈Q〉−sθ(H)〈A〉s = 〈Q〉−sθ(H)〈P 〉s〈Q〉s · 〈Q〉−s〈P 〉−s〈A〉s .
The last factor is bounded by Lemma C.1 in [GJ2]. The boundedness of the
other one is granted by the regularity of H w.r.t. 〈Q〉 (see Section 3) and the
fact that θ(H)〈P 〉 is bounded.

Remark 1.13. It is well known that (1.4) implies the absence of singular con-
tinuous spectrum in I (see [RS4]). On this subject, we refer to [K, Rem] for
more general results.

In Section 3, we show that the Mourre commutator method, with the generator
A of dilations as conjugate operator, cannot be applied to recover Theorem 1.8
in his full range of validity V , neither the classical theory with C1,1 regularity
(cf. [ABG]), nor the improved one with “local” C1+0 regularity (cf. [Sa]).
Indeed the required regularity w.r.t. A is not valid on V . As pointed out in
[GJ2], Theorem 1.10 cannot be proved with these Mourre theories for the same
reason. We expect that the use of known, alternative conjugate operators (cf.
[ABG, N, Mar]) does not cure this regularity problem. However, according to a
new version of the paper [Mar], one would be able to apply the Mourre theory
in a larger region than the blue region mentioned above, this region still being
smaller than V (cf. Section 3).
The given proof of Theorem 1.10 relies on a kind of “energy localised” Put-
nam argument. This method, which is reminiscent of the works [La1, La2] by
Lavine, was introduced in [GJ1] and improved in [Gé, GJ2]. It was originally
called “weighted Mourre theory” but it is closer to Putnam idea (see [CFKS]
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p. 60) and does not make use of differential inequalities as the Mourre theory.
Note that, up to now, the latter gives stronger results than the former. It is
indeed still unknown whether this “localised Putnam theory” is able to prove
continuity properties of the boundary values of the resolvent.
We did not succeed in applying the “localised Putnam theory” formulated in
[GJ2] to prove Theorem 1.8. We believe that, again, the bad regularity of H
w.r.t. A is the source of our difficulties (cf. Section 3). Instead, we follow the
more complicated version presented in [GJ1], which relies on a Putnam type
argument that is localised in Q and H , and use the excellent regularity of H
w.r.t. 〈Q〉 (cf. Section 3).
A byproduct of the proof of Theorem 1.2 is the local finitness (counting mul-
tiplicity) of the pure point spectrum of H in ]0; +∞[. Thus this local finit-
ness holds true if |α − 1| + β > 1. We extend this result to the case where
|α − 1| + β ≤ 1 in the following way: the above local finitness is valid in
]0; +∞[, if α > 1, and in ]0; k2/4[, if α = 1 (cf. Corollary 6.2).
In the papers [FHHH2, FH], polynomial bounds and even exponential bounds
were proven on possible eigenvectors with positive energy. In our framework,
those results fully apply when |α−1|+β > 1. Here we get the same polynomial
bounds under the less restrictive Assumptions 1.1 and 1.5 (cf. Proposition 5.1).
Concerning the exponential bounds, we manage to get them under Assump-
tions 1.1 and 1.5, but for α > 1 (see Proposition 7.1).
In the papers [FHHH2, FH] again, the absence of positive eigenvalue is proven.
In our framework, this result applies when α < β and when β > 1, provided
that the form [(Vc + v · ∇Ṽsr)(Q), iA] is H0-form-lower-bounded with relative
bound < 2 (see (8.1) for details). When α + β > 2 and β ≤ 1, it applies
under the same condition, provided that the oscillating part of the potential
is small enough (i.e. if |w| is small enough). Indeed, in that case, the form

[(Vc + v · ∇Ṽsr + Wαβ)(Q), iA] is H0-form-lower-bounded with relative bound
< 2. Inspired by those papers, we shall derive our second main result, namely

Theorem 1.14. Under Assumptions 1.1 and 1.5 with α > 1 when |α−1|+β ≤
1, we assume further that the form [(Vc + v · ∇Ṽsr)(Q), iA] is H0-form-lower-
bounded with relative bound < 2 (see (8.1) for details). Furthermore, we require
that |w| is small enough if α + β > 2 and β ≤ 1/2. Then H has no positive
eigenvalue.

Proof. The result follows from Propositions 7.1 and 8.2. �

Remark 1.15. Our proof is strongly inspired by the ones in [FHHH2, FH].
Actually, these proofs cover the cases β > 1, α < β, and the case where
α + β > 2, β ≤ 1, and |w| is small enough. In the last case, namely when
α > 1, β > 1/2, ρlr > 1 − β, and α + β ≤ 2, the main new ingredient is an
appropriate control on the oscillatory part of the potential. In particular, in
the latter case, we do not need any smallness on |w|.
Remark 1.16. In the case α = β = 1, assuming (8.1), we can show the absence
of eigenvalue at high energy. This follows from Remark 7.3 and Proposition 8.2.
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Figure 2. No positive eigenvalue in blue ∪ green.

However an embedded eigenvalue does exist for an appropriate choice of V (see
[FH, CFKS, CHM]).

Remark 1.17. Under the assumptions of Theorem 1.14, for any compact interval
I ⊂]0; +∞[, the result of Theorem 1.8, namely (1.4), is valid with Π⊥ replaced
by the identity operator. Indeed, for any compact interval I ′ ⊂]0; +∞[ contain-
ing I in its interior, 1II′(H)Π = 0 by Theorem 1.14. In view of Remark 1.11,
the LAP (1.5) is valid at high energy, when α = β = 1. Thanks to Remark 1.16,
one can also remove Π⊥ in (1.5).

One can find many papers on the absence of positive eigenvalue for Schrödinger
operators: see for instance [Co, K, Si, A, FHHH2, FH, IJ, RS4, CFKS]. They
do not cover the present situation due to the oscillations in the potential. In
Fig. 2, we summarise results on the absence of positive eigenvalue. In the blue
region (above the red and blue lines), the result is granted by [FHHH2, FH],
with a smallness condition below the blue line. Theorem 1.14 covers the blue
and green regions (above the red lines), with a smallness condition below the
black line.
In Assumption 1.5 with |α − 1| + β ≤ 1, the parameter ρlr, that controls the
behaviour at infinity of the long range potential Vlr, stays in a β-dependent
region. One can get rid of this constraint if one chooses a smooth, symbol-like
function as Vlr , as seen in the next

Theorem 1.18. Assume that Assumption 1.1 is satisfied with |α− 1|+ β ≤ 1
and β > 1/2. Assume further that Vlr : Rd −→ R is a smooth function such
that, for some ρlr ∈]0; 1], for all γ ∈ Nd,

sup
x∈Rd

∣∣〈x〉ρlr+|γ|(∂γxVlr)(x)
∣∣ < +∞ .
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Take α = 1. Then the LAP (1.4) holds true on any compact interval I such
that I ⊂]0; k2/4[, if d ≥ 2, and such that I ⊂]0; +∞[\{k2/4}, if d = 1.
Take α > 1. Then the LAP (1.4) holds true on any compact interval I ⊂
]0; +∞[. If, in addition, [(Vc+v ·∇Ṽsr)(Q), iA] is H0-form-lower-bounded with
relative bound < 2 (see (8.1) for details), then H has no positive eigenvalue.
In particular, (1.4) holds true with Π⊥ removed.

Remark 1.19. We expect that our results hold true for a larger class of os-
cillatory potential provided that the “interference” phenomenon exhibited in
Section 2 is preserved. In particular, we do not need that Wαβ is radial.

We point out that there still are interesting, open questions on the Schrödinger
operators studied here. Concerning the LAP, for α = 1, it is expected that
(1.4) is false near k2/4. Note that the Mourre estimate is false there, when
β = 1 (see [GJ2]). The validity of (1.4) beyong k2/4 is still open, even at high
energy when β < 1. Concerning the existence of positive eigenvalue, again for
α = 1, it is known in dimension d = 1 that there is at most one at k2/4 if β = 1
(see [FH]). It is natural to expect that this is still true for d ≥ 2 and β = 1.
We do not know what happens for α = 1 > β.
In Section 2, we analyse the interaction between the oscillations in the potential
Wαβ and the kinetic energy operator H0. In Section 3, we focus on regularity
properties of H w.r.t. A and to 〈Q〉 and discuss the applicability of the Mourre
theory and of the results from the papers [FHHH2, FH]. In Section 4, in some
appropriate energy window, we show the Mourre estimate, which is still a cru-
cial result. We deduce from it polynomial bounds on possible eigenvectors of
H in Section 5. This furnishes the material for the proof of Theorem 1.10. In
Section 6, we show the local finitness of the point spectrum in the mentioned
energy window. In the case α > 1, we show exponential bounds on possi-
ble eigenvectors in Section 7 and prove the absence of positive eigenvalue in
Section 8. Independently of Sections 7 and 8, we prove Theorem 1.8 in Sec-
tion 9. Section 10 is devoted to the proof of Theorem 1.18. Finally, we gathered
well-known results on pseudodifferential calculus in Appendix A, basic facts on
regularity w.r.t. an operator in Appendix B, known results on commutator ex-
pansions and technical results in Appendix C, and an elementary, but lengthy
argument, used in Section 2, in Appendix D.
Aknowledgement: The first author thanks V. Georgescu, S. Golénia, T.
Hargé, I. Herbst, and P. Rejto, for interesting discussions on the subject. Both
authors express many thanks to A. Martin, who allowed them to access to
some result in his work in progress. Both authors are particularly grateful to
the anonymous referee for his constructive and fruitful report.

2. Oscillations.

In this section, we study the oscillations appearing in the considered potential
V . It is convenient to make use of some standard pseudodifferential calculus,
that we recall in Appendix A. As in [GJ2], our results strongly rely on the
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interaction of the oscillations in the potential with localisations in momentum
(i.e. in H0). This interaction is described in the following two propositions.
The oscillating part of the potential V occurs in the potential Wαβ as described
in Assumption 1.1. By (1.1), for some function κ ∈ C∞c (R;R) such that κ = 1
on [−1; 1] and 0 ≤ κ ≤ 1, Wαβ = w(2i)−1(eα+ − eα−), where

(2.1) eα± : Rd −→ C , eα±(x) =
(
1− κ(|x|)

)
e±ik|x|

α

.

Let g0 be the metric defined in (A.2).

Proposition 2.1. [GJ2]. Let α = 1. For any function θ ∈ C∞c (R;C), there
exist smooth symbols a± ∈ S(1; g0), b±, c± ∈ S(〈x〉−1〈ξ〉−1; g0) such that

(2.2) eα±θ(H0) = aw±e
α
± + bw±e

α
± + eα±c

w
±

and, near the support of 1− κ(| · |), a± is given by

a±(x; ξ) = θ
(∣∣ξ ∓ αk|x|α−2x

∣∣2
)

= θ
(∣∣ξ ∓ k|x|−1x

∣∣2
)
.

In particular, if θ has a small enough support in ]0; k2/4[, then, for any ǫ ∈
[0; 1[, the operator θ(H0)〈Q〉ǫ sin(k|Q|)θ(H0) extends to a compact operator on
L2(Rd), and it is bounded if ǫ = 1.

Remark 2.2. In dimension d = 1, the last result in Proposition 2.1 still holds
true if θ has small enough support in ]0; +∞[\{k2/4} (see [GJ2]).

Proof of Proposition 2.1. See Lemma 4.3 and Proposition A.1 in [GJ2]. �

In any dimension d ≥ 1, for 0 < α < 1, the above phenomenon is absent.
A careful inspection of the proof of (2.2) shows that it actually works if
0 < α < 1. But, in constrast to the case α = 1, the principal symbol of
θ(H0)〈Q〉ǫ sin(k|Q|)θ(H0), which is given by

R2d ∋ (x; ξ) 7→ (2i)−1θ
(
|ξ|2
)
(a+ − a−)(x; ξ) ,

is not everywhere vanishing, for any choice of nonzero θ with support in ]0; +∞[.
The conditions “|ξ|2 in the support of θ” and “|ξ∓αk|x|α−2x|2 in the support
of θ” are indeed compatible for large |x|.
In this setting, namely for 0 < α < 1 and d ≥ 1, one can give the following, more
precise picture with the help of an appropriate pseudodifferential calculus. Take
a nonzero, smooth function θ with compact support in ]0; +∞[. For ǫ ∈]0; 1[,
on L2(Rd), the operator

θ(H0)〈Q〉ǫ sin
(
k|Q|α

)
θ(H0)

(
resp. θ(H0) sin

(
k|Q|α

)
θ(H0)

)

is unbounded (resp. is not a compact operator). Indeed, for the function κ
given in (2.1), the multiplication operator

(
1− κ(|Q|)

)
sin
(
k|Q|α

)

is a pseudodifferential operator with symbol in S(1; gα) for the metric gα de-
fined in (A.2). By pseudodifferential calculus for this admissible metric gα, the
symbol of

θ(H0)〈Q〉ǫ
(
1− κ(|Q|)

)
sin
(
k|Q|α

)
θ(H0) ,
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namely

θ
(
|ξ|2
)
#〈x〉ǫ

(
1− κ(|x|)

)
sin
(
k|x|α

)
#θ
(
|ξ|2
)
,

is not a bounded symbol. Thus, the operator is unbounded on L2(Rd), while

θ(H0)〈Q〉ǫκ(|Q|) sin
(
k|Q|α

)
θ(H0)

is compact since its symbol θ(|ξ|2)#〈x〉ǫκ(|x|) sin(k|x|α)#θ(|ξ|2) tends to 0 at
infinity. Still for the metric gα, the symbol of

θ(H0)
(
1− κ(|Q|)

)
sin
(
k|Q|α

)
θ(H0)

is θ(|ξ|2)#(1 − κ(|x|)) sin(k|x|α)#θ(|ξ|2), that does not tend to zero at infin-
ity. Therefore θ(H0)(1 − κ(|Q|)) sin(k|Q|α)θ(H0) is not a compact operator,
whereas so is θ(H0)κ(|Q|) sin(k|Q|α)θ(H0).

Remark 2.3. The difference between the cases α = 1 and 0 < α < 1 sketched
just above explains why we exclude the case β ≤ α < 1 in our results. Recall
that the case 0 < α < β ≤ 1 is covered by Theorem 1.2 (cf. Remark 1.6).

In the case α > 1, one can relax the localisation to get compactness as seen in

Proposition 2.4. Let α > 1. For any real p ≥ 0, there exist ℓ1 ≥ 0 and ℓ2 ≥ 0
such that 〈P 〉−ℓ1〈Q〉p(1− κ(|Q|)) sin(k|Q|α)〈P 〉−ℓ2 extends to a compact oper-
ator on L2(Rd). In particular, so does θ(H0)〈Q〉p(1− κ(|Q|)) sin(k|Q|α)θ(H0),
for any p and any θ ∈ C∞c (R;C).

Proof. The proof is rather elementary and postponed in Appendix D. Appro-
priate ℓ1 and ℓ2 depend on p, α, and on the dimension d. For instance, one can
choose ℓ1 and ℓ2 greater than 1 plus the integer part of (α− 1)−1(p+ d). �

Remark 2.5. Take θ ∈ C∞c (R;C), τ ∈ C∞c (Rd;C) such that τ = 1 near zero,
and α > 1. The smooth function

(x; ξ) 7→
(
1− τ(x)

)
θ
(∣∣ξ ∓ αk|x|α−2x

∣∣2
)
,

does not belong to S(m; g) for any weight m associated to the metric g0. So
we cannot use the proof of Proposition 2.1 in this case.
The proof of Proposition 2.4 shows that the oscillations manage to transform a
decay in 〈P 〉 in one in 〈Q〉. This is not suprising if one is aware of the following,
one dimensional formula (see eq. (VII. 5; 2), p. 245, in [Sc]), pointed out by
V. Georgescu. For any m ∈ N, there exist λ0, · · · , λ2m ∈ C such that

∀x ∈ R , (1 + x2)m eiπx
2

=

2m∑

j=0

λj
dj

dxj
eiπx

2

.

Note that the result of Proposition 2.4 is false for α ≤ 1 by Proposition 2.1 and
the discussion following it.
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3. Regularity issues.

In this section, we focus on the regularity of H w.r.t. the generator of dilations
A and also the multiplication operator 〈Q〉. We explain, in particular, why
neither the Mourre theory with A as conjugate operator nor the results in
[FHHH2, FH] on the absence of positive eigenvalue can be applied to H in
the full framework of Assumption 1.5. Fig. 3 below provides, in the plane of
the parameters (α, β), a region where those external results apply and another
where they do not.
We denote, for k ∈ N, by Hk(Rd) or simply Hk, the Sobolev space of L2(Rd)-
functions such that their distributional derivatives up to order k belong to
L2(Rd). Using the Fourier transform, it can be seen as the domain of the
operator 〈P 〉k. The dual space of Hk can be identified with 〈P 〉−kL2(Rd) and
is denoted byH−k. Recall that A is the self-adjoint realisation of (P ·Q+Q·P )/2
in L2(Rd). It is well known that the propagator R ∋ t 7→ exp(itA), generated
by A, acts on L2(Rd) as

(
exp(itA)f

)
(x) = etd/2f

(
etx
)
.

It preserves all the Sobolev spaces Hk, thus the domain D(H) = D(H0) = H2

of H and H0.
The regularity spaces Ck(A), for k ∈ N∗ ∪{∞}, are defined in Appendix B. By
Theorem B.3, H ∈ C1(A) if and only if the form [H,A], defined onD(H)∩D(A),
extends to a bounded form from H2 to H−2, that is, if and only if there exists
C > 0 such that, for all f, g ∈ H2,

(3.1)
∣∣〈f , [H,A]g〉

∣∣ ≤ C · ‖f‖H2 · ‖g‖H2 .

Before studying the regularity of H w.r.t. A, it is convenient to first show that
H is very regular w.r.t. 〈Q〉. This latter property relies on the fact that V (Q)
commutes with 〈Q〉.
Lemma 3.1. Assume that Assumptions 1.1 and 1.5 are satisfied.

(1) For i, j ∈ {1; · · · ; d}, the operators H0, 〈P 〉, 〈P 〉2, Pi, and PiPj all
belong to C∞(〈Q〉) and D(〈Q〉〈P 〉) = D(〈P 〉〈Q〉).

(2) H ∈ C∞(〈Q〉).
(3) For θ ∈ C∞c (R;C), for i, j ∈ {1; · · · ; d}, the bounded operators θ(H0),

Piθ(H0), PiPjθ(H0), θ(H), Piθ(H), and PiPjθ(H) belong to C∞(〈Q〉),
and we have the inclusion θ(H)D(〈Q〉) ⊂ D(〈P 〉〈Q〉) ∩ D(H0).

Proof. See Appendix C. �

The form [H,A] is defined on D(H) ∩ D(A) by 〈f, [H, iA]g〉 = 〈Hf,Af〉 −
〈Af,Hf〉. Let χc ∈ C∞c (Rd;R) such that χc = 1 on the compact support of
Vc. By statement (1) in Lemma 3.1, the form [H,A] coincides, on D(〈P 〉〈Q〉)∩
D(H0), with the form [H, iA]

′

given by

〈f , [H, iA]
′

g〉 = 〈f , [H0, iA]
′

g〉 + 〈f , [Vsr(Q), iA]
′

g〉 + 〈f , [Vc(Q), iA]
′

g〉
+ 〈f , [Vlr(Q), iA]

′

g〉 + 〈f , [Wαβ(Q), iA]
′

g〉(3.2)

+ 〈f , [(v · ∇Ṽsr)(Q), iA]
′

g〉 ,
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where 〈f , [H0, iA]
′

g〉 = 〈f , 2H0g〉, 〈f , [Vlr , iA]
′

g〉 = −〈f , Q · (∇Vlr)(Q)g〉,

〈f , [Vsr(Q), iA]
′

g〉 = 〈Vsr(Q)Qf , iPg〉 + 〈iPf , Vsr(Q)Qg〉
+ d〈f , Vsr(Q)g〉 ,(3.3)

〈f , [Vc(Q), iA]
′

g〉 = 〈Vc(Q)f , χc(Q)Q · iPg〉
+ 〈χc(Q)Q · iPf , Vc(Q)g〉

+ d〈f , Vc(Q)g〉 ,(3.4)

〈f , [(v · ∇Ṽsr)(Q), iA]
′

g〉 = 〈Ṽsr(Q)f , (P · v(Q))(Q.P + 2−1d)g〉
+ 〈(P · v(Q))(Q.P + 2−1d)f , Ṽsr(Q)g〉(3.5)

〈f , [Wαβ(Q), iA]
′

g〉 = 〈Wαβ(Q)Qf , iPg〉 + 〈iPf , Wαβ(Q)Qg〉
+ d〈f , Wαβ(Q)g〉 .(3.6)

Here 〈Vsr(Q)Qf , iPg〉 means
∑d

j=1〈Vsr(Q)Qjf , iPjg〉.
Thanks to Assumption 1.1, we see that the forms [Vsr(Q), iA], [Vc(Q), iA],

[(v · ∇Ṽsr)(Q), iA]
′

, and [Vlr(Q), iA] are bounded on F and associated to a
compact operator from F to its dual F ′, for F given by H1(Rd), H2(Rd),
H2(Rd) again, and L2(Rd), respectively. In particular, (3.1) holds true with H
replaced by H −Wαβ(Q). This proves that H −Wαβ(Q) ∈ C1(A).

Proposition 3.2. Assume Assumption 1.1 with w 6= 0 and |α − 1| + β < 1.
Then H 6∈ C1(A).

Remark 3.3. The Mourre theory with conjugate operator A requires a C1,1(A)
regularity for H , a regularity that is stronger than the C1(A) regularity (cf.
[ABG], Section 7). Thus this Mourre theory cannot be applied to prove our
Theorem 1.8, by Proposition 3.2.
As mentioned in Remark 1.6, Theorem 1.2 applies if |α − 1|+ β > 1. In fact,
the proof of this theorem relies on the fact that, in that case, H has actually
the C1,1(A) regularity.
According to [Mar], H would have the C1,1(A′) regularity for some other con-
jugate operator A′ if 2α+ β > 3.
Concerning the proof of the absence of positive eigenvalue in [FHHH2, FH], it
is assumed in those papers that (3.1) holds true for H replaced by V . Propo-
sition 3.2 shows that this assumption is not satisfied if |α − 1| + β < 1. In
particular, our Theorem 1.14 is not covered by the results in [FHHH2, FH].
If |α − 1| + β < 1, the form [H,A] is not bounded from H2 to H−2. How-
ever, we shall prove in Proposition 4.6 that, for appropriate function θ, the
form θ(H)[H,A]θ(H) does extend to a bounded one on L2(Rd). This will give
a meaning to the Mourre estimate and we shall prove its validity. Although
H 6∈ C1(A), we shall be able to prove the “virial theorem” (see Proposition 6.1).
Finally, we note that the proof of Theorem 4.15 in [GJ2] (and also the one of
our Theorem 1.10) uses at the very begining that H ∈ C1(A). We did not see
how to modify this proof when H 6∈ C1(A). This explains why we chose to use
the ideas of [GJ1] to prove Theorem 1.8 (see Section 9).
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Proof of Proposition 3.2. Thanks to the considerations preceeding Proposi-
tion 3.2, we know that H −Wαβ(Q) ∈ C1(A). Thus, for w 6= 0, H ∈ C1(A) if
and only if the bound (3.1) holds true with H replaced by Wαβ(Q).
Let w 6= 0 and (α;β) such that 2|α−1|+β < 1. Let ǫ ∈]2|α−1|; 1−β+ |α−1|].
We set, for all x ∈ Rd,

f(x) =
(
1− κ(|x|)

)
· |x||α−1|−2−1(d+ǫ)

and g(x) = −
(
1− κ(|x|)

)
· |x|1−α−2−1(d+ǫ) · cos

(
k|x|α

)
.

Notice that f ∈ H2, f ∈ D(Q · P ) = D(A), and g ∈ H2. Furthermore, there
exists f1 ∈ L2(Rd) such that, for all x ∈ Rd,

x · ∇g(x) = f1(x) + kα
(
1− κ(|x|)

)
|x|1−2−1(d+ǫ) · sin

(
k|x|α

)
.

For n ∈ N∗, let gn : Rd −→ R be defined by gn(x) = κ(n−1|x|)g(x). It
belongs to H2(Rd). By the dominated convergence theorem, the sequence
(gn)n converges to g in H2(Rd). Moreover the following limits exist and we
have

〈iPf , Wαβ(Q)Qg〉 = lim
n→∞

〈iPf , Wαβ(Q)Qgn〉
and 〈f , Wαβ(Q)g〉 = lim

n→∞
〈f , Wαβ(Q)gn〉 .

By the previous computation,

〈Wαβ(Q)Qf , iPgn〉 = 〈Wαβ(Q)f , if1〉 + o(1)

+wkα

∫

Rd
κ(n−1|x|)

(
1− κ(|x|)

)3|x|1−β+|α−1|−(d+ǫ) · sin2
(
k|x|α

)
dx ,

as n→∞. By the monotone convergence theorem, the above integrals tend to

(3.7)

∫

Rd

(
1− κ(|x|)

)3|x|1−β+|α−1|−(d+ǫ) · sin2
(
k|x|α

)
dx ,

as n → ∞. By Lemma C.7, the integral (3.7) is infinite. If (3.1) would hold
true with H replaced by Wαβ(Q), the sequence

(
〈f, [Wαβ(Q), iA]gn〉

)
n

would converge. Therefore the integral (3.7) would be finite, by (3.6). Contra-
diction. Thus H 6∈ C1(A). �

In Fig. 3, we summarised the above results. Note that the results of [FHHH2,
FH] on the absence of positive eigenvalue apply the blue region.
Keeping A as conjugate operator, we could try to apply another version of
Mourre commutator method, namely the one that relies on “local regularity”
(see [Sa]).
Let us recall this type of regularity. Remember that a bounded operator T
belongs to C1(A) if the map t 7→ exp(itA)T exp(−itA) is strongly C1 (cf. Ap-
pendix B). We say that such an operator T belongs to C1,u(A) if the previous
map is norm C1. Let I be an open subset of R. We say that H ∈ C1I(A)

(resp. H ∈ C1,uI (A)) if, for any function ϕ ∈ C∞c (R;C) with support in I,
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Figure 3. H ∈ C1,1(A) in the blue region; H 6∈ C1(A) in the
red region.

ϕ(H) ∈ C1(A) (resp. C1,u(A)). The Mourre theory with “local regularity” re-

quires some C1+0
I (A) regularity, that is stronger than the C1,uI (A), to prove the

LAP inside I. In our situation, we focus on open, relatively compact interval
I ⊂]0; +∞[ and denote by I the closure of I. We first recall a result in [GJ2].

Proposition 3.4. [GJ2]. Assume Assumption 1.1 with w 6= 0, α = β = 1,

and Ṽsr = Vc = 0. Then, for any open interval I ⊂ I ⊂]0; +∞[, H 6∈ C1,uI (A).

Remark 3.5. Note that, in the framework of Proposition 3.4, H ∈ C1(A). This
implies (cf. [GJ2]) that, for any open interval I ⊂ I ⊂]0; +∞[, H ∈ C1I(A).

But, since the C1+0
I (A) regularity is not available, the Mourre theory with

conjugate operator A, that is developped in [Sa], cannot apply.

We believe that Proposition 3.4 still holds true for nonzero Ṽsr and Vc.

Proposition 3.6. Assume Assumption 1.1 with Vc = Ṽsr = 0, w 6= 0, α = 1,
β ∈]1/2; 1[, and ρlr > 1/2. Then, for any open interval I ⊂ I ⊂]0; +∞[,
H 6∈ C1I(A).

Remark 3.7. By Proposition 3.6, the Mourre theory with local regularity w.r.t.
the conjugate operator A cannot be applied to recover Theorem 1.8 in the
region V ∩ {(1;β); 0 < β < 1}.
The proof of Proposition 3.6 below is close to the one of Proposition 3.4 in
[GJ2]. Since H 6∈ C1(A), we need however to be a little bit more careful.

Proof of Proposition 3.6. We proceed by contradiction. Assume that, for some
open interval interval I ⊂ I ⊂]0; +∞[, H ∈ C1I(A). Then, for all ϕ ∈ C∞c (R;C)
with support in I, ϕ(H) ∈ C1(A), by definition. Take such a function ϕ. Since
H0 ∈ C1(A), ϕ(H0) ∈ C1(A). Therefore, the form [ϕ(H) − ϕ(H0), iA] extends
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to a bounded form on L2(Rd). We shall show that, for some bounded opera-
tor B and B′ on L2(Rd), the form B[ϕ(H) − ϕ(H0), iA]B′ coincides, modulo
a bounded form on L2(Rd), with the form associated to a pseudodifferential
operator cw w.r.t. the metric g0 (cf. (A.2)), the symbol of which, c, is not
bounded. By (A.5), cw is not bounded and we arrive at the desired contradic-
tion.
Let f, g be functions in the Schwartz space S (Rd;C) on Rd. We write

〈f , Cg〉 := 〈f , [ϕ(H)− ϕ(H0), iA]g〉
=

〈(
ϕ(H)∗ − ϕ(H0)∗

)
f , iAg

〉
−
〈
Af , i

(
ϕ(H)− ϕ(H0)

)
g
〉
.

Now, we use (C.5) with k = 0 and the resolvent formula to get

〈f , Cg〉 =

∫

C

∂z̄ϕ
C(z)

{〈
(z̄ −H)−1V (Q)(z̄ −H0)−1f , iAg

〉

−
〈
Af , i(z −H)−1V (Q)(z −H0)−1g

〉}
dz ∧ dz̄ .

Recall that V = Vsr + W with W = Vlr + W1β . Using (C.12), we can find a
bounded operator B1 such that

〈f , (C −B1)g〉 =

∫

C

∂z̄ϕ
C(z)

{〈
(z̄ −H)−1W (Q)(z̄ −H0)−1f , iAg

〉

−
〈
Af , i(z −H)−1W (Q)(z −H0)−1g

〉}
dz ∧ dz̄ .

Using again the resolvent formula and (C.12) and the fact that 2βlr > 1, we
can find another bounded operator B2 such that

〈f , (C −B2)g〉 =

∫

C

∂z̄ϕ
C(z)

{〈
(z̄ −H0)−1W (Q)(z̄ −H0)−1f , iAg

〉

−
〈
Af , i(z −H0)−1W (Q)(z −H0)−1g

〉}
dz ∧ dz̄ .(3.8)

Since the form [Vlr(Q), iA] is bounded from H2 to H−2, H1 := H0 +Vlr(Q) has
the C1(A) regularity. Therefore, we can redo the above computation with H
replaced by H1 to see that the contribution of Vlr in (3.8) is actually bounded.
Thus, for some bounded operator B3,

〈f , (C −B3)g〉 =

∫

C

∂z̄ϕ
C(z)

{〈
(z̄ −H0)−1W1β(Q)(z̄ −H0)−1f , iAg

〉

−
〈
Af , i(z −H0)−1W1β(Q)(z −H0)−1g

〉}
dz ∧ dz̄ .

Recall that W1β = w(2i)−1(e+ − e−), where e± = eα± is given by (2.1) with
α = 1. Let χβ : [0; +∞[−→ R be a smooth function such that χβ = 0 near 0
and χβ(t) = t−β when t belongs to the support of 1− κ. Thus, 〈f , (C −B3)g〉
is

= −w
2

∑

σ∈{±1}
σ

∫

C

∂z̄ϕ
C(z)

{〈
eσ(Q)(z̄ −H0)−1f , χβ(|Q|)(z −H0)−1Ag

〉

−
〈
χβ(|Q|)(z̄ −H0)−1Af , eσ(Q)(z −H0)−1g

〉}
dz ∧ dz̄ .
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Now, we use the arguments of the proof of Lemma 5.5 in [GJ2] to find a symbol
b ∈ S(1; g0) such that, for B′ = eik|Q|, for all f, g ∈ S (Rd;C), 〈f , bw(C −
B3)B′g〉 = 〈f , cwg〉, where c is unbounded. Actually, there exist ξ ∈ Rd,
R > 0 and C > 0 such that |c(x; ξ)| ≥ C|x|1−β , for |x| ≥ R. �

4. The Mourre estimate.

In this section, we establish a Mourre estimate for the operator H near ap-
propriate positive energies. In the spirit of [FH], we deduce from it spacial
decaying, polynomial bounds on the possible eigenvectors of H at that ener-
gies. Since H does not have a good regularity w.r.t. the conjugate operator A
(cf. Section 3), the abstract setting of Mourre theory does not help much and
we have to look more precisely at the structure of H . The properties derived
in Section 2 play a key role in the result.
Still working under Assumption 1.1, we shall modify, only in the case α = 1,
Assumption 1.5 by requiring the following

Assumption 4.1. Let α, β > 0. Recall that βlr = min(β; ρlr). Unless |α −
1| + β > 1, we take α ≥ 1 and we take β and ρlr such that β + βlr > 1 or,
equivalently, β > 1/2 and ρlr > 1− β. We consider a compact interval J such
that J ⊂]0; +∞[, except when α = 1 and β ∈]1/2; 1], and, in the latter case,
we consider a small enough, compact interval J such that J ⊂]0; k2/4[.

Remark 4.2. Assumption 4.1 is identical to Assumption 1.5, except for the
change of the name of the interval and for the smallness requirement when
α = 1 and β ∈]1/2; 1]. We actually need to work in a slightly larger interval
J than the interval I considered in Theorem 1.8. In the case α = 1 and
β ∈]1/2; 1], the smallness of J (and thus of the above I) is the one that
matches the smallness required in Proposition 2.1. It depends only on the
distance of the middle point of J to k2/4.

As pointed out in Section 3, the form [H,A] does not extend to a bounded form
from H2 to H−2 for a certain range of the parameters α and β. Thus, given a
function θ ∈ C∞c (R;C), we do not know a priori if the forms θ(H)[H, iA]θ(H)
and θ(H)[H, iA]′θ(H) extend to a bounded one on L2. Recall that [H, iA]′ is
defined in (3.2). Nethertheless these two forms are well defined and coincide
on D(〈Q〉), by Lemma 3.1. By Section 3 again, we know that the difficulty is
concentrate in the contribution of the oscillating potential Wαβ , namely (3.6).
Thanks to the interaction between the oscillations and the kinetic operator, we
are able to show the following

Proposition 4.3. Under Assumptions 1.1 and 4.1, let θ ∈ C∞c (R;R) with

support inside J̊ , the interior of J , the form θ(H)[Wαβ(Q), iA]θ(H) extends
to a bounded form on L2(Rd) that is associated to a compact operator.

Remark 4.4. In dimension d = 1 with α = 1, the result still holds true if the
function θ is supported inside ]0; +∞[\{k2/4}.
Our proof of Proposition 4.3 relies on Propositions 2.1, 2.4, and on the following
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Lemma 4.5. Assume Assumptions 1.1 and 1.5 satisfied. Let θ ∈ C∞c (R;C).
Then 〈Q〉βlr(θ(H)−θ(H0)) and 〈Q〉βlrP (θ(H)−θ(H0)) are bounded on L2(Rd).

Proof. See Lemma C.5. �

Proof of Proposition 4.3. It suffices to study the form θ(H)[Wαβ(Q), iA]′θ(H),
where [Wαβ(Q), iA]′ is defined in (3.6).
Consider first the case where |α − 1| + β > 1. By Remark 1.6, the form
[Wαβ(Q), iA]′ is of one of the types [Vlr(Q), iA]′, (3.3), and (3.5). It is
thus compact from H2 to H−2. Since 〈P 〉2θ(H) is bounded, the form
θ(H)[Wαβ(Q), iA]′θ(H) extends to a bounded one on L2(Rd), that is asso-
ciated to a compact operator on L2(Rd).
We assume now that |α− 1|+ β ≤ 1. Since β > 0, the form θ(H)Wαβ(Q)θ(H)
extends to a bounded form associated to a compact operator. We study the
form (f, g) 7→ 〈Pθ(H)f , Wαβ(Q)Qθ(H)g〉, the remainding term being treated
in a similar way. We write this form as

θ(H)P ·QWαβ(Q)θ(H) =
(
θ(H)− θ(H0)

)
P ·QWαβ(Q)

(
θ(H)− θ(H0)

)

+
(
θ(H)− θ(H0)

)
P ·QWαβ(Q)θ(H0)

+ θ(H0)P ·QWαβ(Q)
(
θ(H)− θ(H0)

)
(4.1)

+ θ(H0)P ·QWαβ(Q)θ(H0) .

Using Lemma 4.5 and the fact that β + βlr − 1 > 0, we see that the first three
terms on the r.h.s. of (4.1) extends to a compact operator. So does also the
last term, by Proposition 2.1 with ǫ = 1 − β, if α = 1, and by Proposition 2.4
with p = 1− β, if α > 1. �

Now, we are in position to prove the Mourre estimate.

Proposition 4.6. Under Assumptions 1.1 and 4.1, let θ ∈ C∞c (R,R) with

support inside the interior J̊ of the interval J . Denote by c > 0 the infimum
of J . Then the form θ(H)[H, iA]θ(H) extends to a bounded one on L2(Rd)
and there exists a compact operator K on L2(Rd) such that

(4.2) θ(H)[H, iA]θ(H) ≥ 2c θ(H)2 + K .

Proof. Let K0 be the operator associated with the form

θ(H)[Vsr(Q), iA]θ(H) + θ(H)[(v · ∇Ṽsr)(Q), iA]
′

θ(H)

+ θ(H)[Vlr(Q), iA]θ(H) + θ(H)[Vc(Q), iA]θ(H)

+ θ(H)[Wαβ(Q), iA]θ(H) .

It is compact by Section 3 and Proposition 4.3. Thus, as forms,

θ(H)[H, iA]θ(H) = θ(H)[H0, iA]θ(H) + K0 .

Since [H0, iA] = 2H0, the form
(
θ(H)− θ(H0)

)
[H0, iA]θ(H) + θ(H0)[H0, iA]

(
θ(H)− θ(H0)

)
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is associated to a compact operator K1, by Lemma 4.5, and

θ(H)[H, iA]θ(H) = θ(H0)[H0, iA]θ(H0) + K0 + K1

≥ 2c θ(H0)2 + K0 + K1

≥ 2c θ(H)2 + K0 + K1 + K3 ,

with compact K3 = 2c(θ(H0)2 − θ(H)2). �

5. Polynomial bounds on possible eigenfunctions with positive
energy.

In this section, we shall show a polynomially decaying bound on the possible
eigenfunctions of H with positive energy. Because of the oscillating behaviour
of the potential Wαβ , the corresponding result in [FH] does not apply (cf.
Section 3) but it turns out that one can adapt the arguments from [FH] to
the present situation. We note further that the abstract results in [Ca, CGH]
cannot be applied here because of the lack of regularity w.r.t. the generator of
dilations (cf. Section 3).

Proposition 5.1. Under Assumptions 1.1 and 4.1, let E ∈ J̊ and ψ ∈ D(H)
such that Hψ = Eψ. Then, for all λ ≥ 0, ψ ∈ D(〈Q〉λ) and ∇ψ ∈ D(〈Q〉λ).

Corollary 5.2. Under Assumptions 1.1 and 4.1, for E ∈ J̊ , Ker(H − E) ⊂
D(A).

Proof. Let ψ ∈ Ker(H − E). By Proposition 5.1, ∇ψ ∈ D(〈Q〉) thus ψ ∈
D(A). �

Proof of Proposition 5.1. We take a function θ ∈ C∞c (R;R) with support

inside J̊ such that θ(E) = 1. By Proposition 4.6, the Mourre estimate (4.2)
holds true.
Now we follow the beginning of the proof of Theorem 2.1 in [FH], making
appropriate adaptations. For λ ≥ 0 and ǫ > 0, we consider the function
F : Rd → R defined by F (x) = λ ln(〈x〉(1 + ǫ〈x〉)−1). For all x ∈ Rd, ∇F (x) =
g(x)x with g(x) = λ〈x〉−2(1 + ǫ〈x〉)−1. Let H(F ) be the operator defined on
the domain D(H(F )) := D(H0) = H2(Rd) by

(5.1) H(F ) = eF (Q)He−F (Q) = H−|∇F |2(Q)+(iP ·∇F (Q)+∇F (Q)·iP ) .

Setting ψF = eF (Q)ψ, one has ψF ∈ D(H0), H(F )ψF = EψF , and
〈ψF , HψF 〉 = 〈ψF , (|∇F |2(Q) + E)ψF 〉.
Note that, since eF does not contain decay in 〈x〉, we a priori need some ar-
gument to give a meaning to 〈ψF , [H, iA]ψF 〉 when β < 1, because of the
contribution of Wαβ in (3.2).
Let χ ∈ C∞c (R;R) with χ = 1 near 0 and, for R ≥ 1, let χR(t) = χ(t/R). To
replace Equation (2.9) in [FH], we claim that

lim
R→+∞

〈χR(〈Q〉)ψF , [H , iA]χR(〈Q〉)ψF 〉 = −4 ·
∥∥g(Q)1/2AψF

∥∥2(5.2)

+
〈
ψF , G(Q)ψF

〉
,
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where G : Rd ∋ x 7→ ((x ·∇)2g)(x)−(x ·∇|∇F |2)(x). Notice that χR(〈Q〉)ψF ∈
D(〈Q〉〈P 〉), so the bracket on the l.h.s. of (5.2) is well defined. Since, for
x ∈ Rd, |g(x)| ≤ λ〈x〉−1 and |G(x)| = O(〈x〉−2), so is the r.h.s. By a direct
computation,

2ℜ
〈
AχR(〈Q〉)ψF , i(H(F )− E)χR(〈Q〉)ψF

〉

= −
〈
χR(〈Q〉)ψF , [H , iA]χR(〈Q〉)ψF

〉
− 4 ·

∥∥g(Q)1/2AχR(〈Q〉)ψF
∥∥2

+
〈
χR(〈Q〉)ψF , G(Q)χR(〈Q〉)ψF

〉
.(5.3)

Note that the commutator [H(F ) , χR(Q)]◦ is well-defined since χR(Q) pre-
serves the domain of H(F ). Furthermore [H(F ) , χR(Q)]◦ = [H0(F ) , χR(Q)]◦,
where H0(F ) = eF (Q)H0e

−F (Q) is a pseudodifferential operator. Notice that
the l.h.s of (5.3) is given by

2ℜ
〈
AχR(Q)ψF , i[H(F ) , χR(Q)]◦ψF

〉
.

Using an explicit expression for the commutator and the fact that the family
of functions x 7→ 〈x〉χ′R(〈x〉) is bounded, uniformly w.r.t. R, and converges
pointwise to 0, as R→ +∞, we apply the the dominated convergence theorem
to see that the l.h.s. of (5.3) tends to 0 and that the last two terms in (5.3)
converge to the r.h.s. of (5.2). Thus the limit in (5.2) exists and (5.2) holds
true.
Next we claim that

lim
R→+∞

〈
χR(〈Q〉)ψF , [H , iA]χR(〈Q〉)ψF

〉
=

〈
θ(H)ψF , [H , iA]θ(H)ψF

〉

+
〈
ψF , (K1B1,ǫ +B2,ǫK2)ψF

〉
,(5.4)

where, on L2(Rd), K1, K2 are ǫ-independent compact operators and B1,ǫ, B2,ǫ

are bounded operators satisfying ‖B1,ǫ‖ + ‖B2,ǫ‖ = O(ǫ0). Notice that, by
Proposition 4.6, the first term on the r.h.s of (5.4) is well defined and equal to

lim
R→+∞

〈
θ(H)χR(〈Q〉)ψF , [H , iA]θ(H)χR(〈Q〉)ψF

〉
.

Writing each χR(〈Q〉)ψF as χR(〈Q〉)ψF = θ(H)χR(Q)+(1−θ(H))χR(〈Q〉)ψF ,
we split 〈χR(〈Q〉)ψF , [H , iA]χR(〈Q〉)ψF 〉 into four terms, one of them tending
to the first term on the r.h.s of (5.4). We focus on the others. Since (1 −
θ(H))ψ = 0,

(
1− θ(H)

)
χR(〈Q〉)ψF = − [θ(H), χR(〈Q〉)]◦ψF

−χR(〈Q〉)[θ(H), eF (Q)]◦ψ ,(5.5)

P
(
1− θ(H)

)
χR(〈Q〉)ψF = −P [θ(H), χR(〈Q〉)]◦ψF

− [P, χR(〈Q〉)][θ(H), eF (Q)]◦ψ

−χR(〈Q〉)P [θ(H), eF (Q)]◦ψ .(5.6)

Lemma 5.3. Recall that βlr = min(β; ρlr) ≤ 1. For intergers 1 ≤ i, j ≤ d, let
τ(P ) = 1, or τ(P ) = Pi, or τ(P ) = PiPj.

Documenta Mathematica 22 (2017) 727–776



Oscillating Potentials 747

(1) For σ ∈ [0; 1], the operators

〈Q〉1−στ(P )
[
θ(H), eF (Q)

]
◦e
−F (Q)〈Q〉σ

are bounded on L2(Rd), uniformly w.r.t. ǫ ∈]0; 1].
(2) For R ≥ 1, the operators

〈Q〉1−βlrτ(P )
[
θ(H), χR(〈Q〉)

]
◦

are bounded on L2(Rd) and their norm are O(R−βlr ).

Proof. For the result (2), see the proof of Lemma C.6.
Let us prove (1). Making use of Helffer-Sjöstrand formula (C.5) and of (C.12),
for H ′ = H , we can show by induction that, for all j ∈ N∗,

(5.7) 〈Q〉1−σ · adj〈Q〉
(
θ(H)

)
· 〈Q〉σ

is bounded on L2(Rd). Note that the function eF can be written as ϕǫ(〈·〉),
where ϕǫ stays in a bounded set in Sλ, when ǫ varies in ]0; 1]. Since θ(H) ∈
C∞(〈Q〉) (cf. Lemma 3.1), we can apply Propositions C.3 with B = θ(H) and
k > λ+ 1. By (5.7), the first terms are all bounded on L2(Rd). Let us focus on
the last one, that contains an integral. Exploiting (C.2) with ℓ = k + 1, (C.3),
(C.7), (5.7), and the fact that ϕǫ(〈·〉) is bounded below by 1/2 for ǫ ∈]0; 1], we
see that the last term is also bounded on L2(Rd). �

Proof of Proposition 5.1 continued. Using Lemma 5.3 and (5.5), we get that

lim
R→+∞

〈
θ(H)χR(〈Q〉)ψF , P ·QWαβ(Q)

(
1− θ(H)

)
χR(〈Q〉)ψF

〉

= −
〈
KψF , Wαβ(Q)〈Q〉βQ〈Q〉−1 · 〈Q〉[θ(H), eF (Q)]◦e

−F (Q)ψF
〉

where K is an ǫ-independent vector of compact operators and the bounded
operator acting on the right ψF is uniformly bounded w.r.t. ǫ. Similarly, using
Lemma 5.3 and (5.6), we see that

lim
R→+∞

〈
θ(H)χR(〈Q〉)ψF , Wαβ(Q)Q · P

(
1− θ(H)

)
χR(〈Q〉)ψF

〉

= −
〈
K ′ψF , Wαβ(Q)〈Q〉βQ〈Q〉−1 · 〈Q〉P [θ(H), eF (Q)]◦e

−F (Q)ψF
〉

with K ′ compact and an uniformly bounded operator acting on the right ψF .
Using again (5.5) and (5.6), we also get

lim
R→+∞

〈(
1− θ(H)

)
χR(〈Q〉)ψF , Wαβ(Q)Q · P

(
1− θ(H)

)
χR(〈Q〉)ψF

〉

=
〈
〈Q〉−β/2[θ(H), eF (Q)]◦e

−F (Q)〈Q〉β/2〈P 〉K ′′ψF ,
Wαβ(Q)〈Q〉βQ〈Q〉−β/2P [θ(H), eF (Q)]◦e

−F (Q)ψF
〉

with compact K ′′ = 〈P 〉−1〈Q〉−β/2 and uniformly bounded operators acting on
the right ψF and on K ′′ψF .
In a similar way, we can treat the last term in the contribution of [Wαβ(Q), iA]′

and the contribution of the forms [H0, iA]′, [Vlr(Q), iA]′, [Vsr(Q), iA]′,
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[Vc(Q), iA]′, and [(v · ∇Ṽsr)(Q), iA]
′

(cf. (3.2), (3.3), (3.4), (3.5)). This ends
the proof of (5.4), yielding, together with (5.2),

〈
θ(H)ψF , [H , iA]θ(H)ψF

〉
= −4 ·

∥∥g(Q)1/2AψF
∥∥2 +

〈
ψF , G(Q)ψF

〉
(5.8)

−
〈
ψF , (K1B1,ǫ +B2,ǫK2)ψF

〉
.

Assume that, for some λ > 0, ψ 6∈ D(〈Q〉λ). We define Ψǫ = ‖ψF ‖−1ψF . As
in [FH], (H0 + 1)Ψǫ and thus Ψǫ both go to 0, weakly in L2(Rd), as ǫ → 0.
Therefore ‖K1Ψǫ‖+‖K2Ψǫ‖ → 0, as ǫ→ 0. Since G(Q)(H0 +1)−1 is compact,
‖G(Q)Ψǫ‖ → 0. Since (1 − θ(H))ψ = 0,

(1− θ(H))Ψǫ =
[
θ(H), eF (Q)

]
◦e
−F (Q)〈Q〉〈Q〉−1(H0 + 1)−1(H0 + 1)Ψǫ .

Since [θ(H), eF (Q)]◦e−F (Q)〈Q〉 is uniformly bounded w.r.t. ǫ, by Lemma 5.3,
and 〈Q〉−1(H0 + 1)−1 is compact, the weak convergence to 0 of (H0 + 1)Ψǫ

implies the norm convergence to 0 of (1−θ(H))Ψǫ. Thus limǫ→0 ‖θ(H)Ψǫ‖ = 1.
Dividing by ‖ψF ‖2 in (5.8) and then taking the “lim infǫ→0”, we get

lim inf
ǫ→0

〈
θ(H)Ψǫ , [H , iA]θ(H)Ψǫ

〉
= −4 · lim inf

ǫ→0

∥∥g(Q)1/2AΨǫ

∥∥2 ≤ 0 .

Now, we apply the Mourre estimate (4.2) to Ψǫ, yielding

lim inf
ǫ→0

〈
θ(H)Ψǫ , [H , iA]θ(H)Ψǫ

〉
≥ 2c lim inf

ǫ→0
‖θ(H)Ψǫ‖2 + 0 = 2c > 0

and a contradiction. Therefore ψ ∈ D(〈Q〉λ), for all λ > 0.
Take λ > 0. Since V (Q) is H0-bounded with relative bound 0, we can find, for
any δ ∈]0; 1[, some Cδ > 0 such that, for all ǫ > 0,

|〈ψF , V (Q)ψF 〉| ≤ δ〈ψF , H0ψF 〉 + C ‖ψF‖2 = δ‖∇ψF ‖2 + C ‖ψF ‖2 .
Using the equality 〈ψF , HψF 〉 = 〈ψF , (|∇F |2(Q)+E)ψF 〉, we can find C′, C′′ >
0 such that, for all ǫ > 0,

(5.9) ‖∇ψF ‖2 ≤ C′‖ψF ‖2 ≤ C′‖〈Q〉λψ‖2 =: (C′′)2 .

Now, ∇ψF = (∇F )(Q)ψF + eF (Q)∇ψ, yielding, for all ǫ > 0,

‖eF (Q)∇ψ‖ ≤ C′′ + ‖ψF‖ ≤ C′′ + ‖〈Q〉λψ‖ .
This shows that ∇ψ belongs to D(〈Q〉λ). �

6. Local finitness of the point spectrum.

In the usual Mourre theory, one easily deduces from a Mourre estimate on
some compact interval J the finitness of the point spectrum in any compact
interval I ⊂ J̊ , the interior of J , thanks to the virial Theorem. In the present
situation, for some values of the parameters α and β, we do not have the
required regularity of H w.r.t. A (cf. Section 3) to apply the abstract virial
Theorem. But, thanks to Corollary 5.2, we are able to get it in a trivial way.

Proposition 6.1. Under Assumptions 1.1 and 4.1, let E ∈ J̊ and ψ ∈ D(H)
such that Hψ = Eψ. Then 〈ψ, [H,A]ψ〉 = 0.
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Proof. Since ψ ∈ D(A) by Corollary 5.2, 〈ψ, [H,A]ψ〉 is well defined and

〈ψ , [H,A]ψ〉 = 〈Hψ , Aψ〉 − 〈Aψ , Hψ〉 = 0 ,

because E is real and A is self-adjoint. �

Now, the Mourre estimate in Proposition 4.6 gives the

Corollary 6.2. Under Assumptions 1.1 and 4.1, for any compact interval
I ⊂ J̊ , the point spectrum of H inside I is finite (counted with multiplicity).

Proof. One can follow the usual proof. See [ABG] p. 295 or [Mo], for instance.
�

Thanks to Corollaries 5.2 and 6.2, we are able to prove the following regularity
result. The precise definition of the mentioned regularity is given in Appen-
dix B.

Corollary 6.3. Under Assumptions 1.1 and 4.1, for any θ ∈ C∞c (R;C) with

support included in J̊ , θ(H)Π ∈ C1(A) and θ(H)Π ∈ C∞(〈Q〉).
Proof. For ψ ∈ D(A), the projector 〈ψ, ·〉ψ belongs to C1(A) since the form,
defined on D(A)2 by

(ϕ1;ϕ2) 7→
〈
ϕ1,
[
〈ψ, ·〉ψ , A

]
ϕ2

〉
= 〈ψ, ϕ1〉〈Aψ,ϕ2〉 − 〈ψ, ϕ2〉 〈ϕ1, Aψ〉 ,

extends to a bounded one. By Corollary 6.2, the point spectrum of H inside
the support of θ is some {λ1; · · · ;λn} and there exist ψ1, · · · , ψn ∈ D(H) such
that Hψj = λjψj , for all j. By Corollary 5.2, ψj ∈ D(A), for all j. Since

(6.1) θ(H) Π =
n∑

j=1

θ(λj) 〈ψj , ·〉ψj ,

θ(H)Π ∈ C1(A).
Similarly, we show θ(H)Π ∈ C∞(〈Q〉) using (6.1) and Proposition 5.1. �

7. Exponential bounds on possible eigenfunctions with positive
energy.

In this section, unless |α− 1|+ β > 1, we impose α > 1. We consider positive
energies and show that, a possible eigenfunction of H , associated to such en-
ergies, must satisfy some exponential bound in the L2-norm. The result and
the proof are almost identical to Theorem 2.1 in [FH] and its proof. We only
change some argument to take into account the influence of our oscillating po-
tential. We try to explain in Remark 7.2 below why we do not treat here the
case α = 1. However, we have some information at high energy in the case
α = β = 1 (see Remark 7.3).

Proposition 7.1. Under Assumptions 1.1 and 1.5 with α > 1 when |α− 1|+
β ≤ 1, let E > 0 and ψ ∈ D(H) such that Hψ = Eψ. Let

r = sup
{
t2 + E ; t ∈ [0; +∞[ and et〈Q〉ψ ∈ L2(Rd)

}
≥ E .

Then r = +∞.
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Proof. We exactly follow the lines of the last part of Theorem 2.1 in [FH], ex-
cept for one important argument and some details. Just after formula (2.35) in
[FH], the authors use the boundedness of (H0 + 1)−1[H, iA](H0 + 1)−1 to show
that the l.h.s. of this formula (2.35) is bounded w.r.t. λ. Here we cannot do so
(the previous form is actually unbounded, by Section 3) but provide another
argument (see (7.4)) to get the same conclusion. For completeness, we recall
the main lines of this last part of the proof of Theorem 2.1 in [FH].
Assume that the result is false. Then r is finite. By Proposition 4.6, the Mourre
estimate (4.2) holds true for any θ ∈ C∞c (R) with small enough support around
r. Let us take such a function θ that is also identically 1 on some open interval
I ′ centered at r. If r = E, let r0 = r = E, else let r0 < r such that r0 ∈ I ′. We
set r0 = t20 +E with t0 ≥ 0. We take t1 > 0 such that r1 := (t0 + t1)2 +E > r
and r1 ∈ I ′. We may assume that t1 ≤ 1.
For λ ≥ 0, let F : Rd −→ R be defined by F (x) = t0〈x〉+λ ln(1+t1λ

−1〈x〉). By
the definition of r, we know that 〈Q〉λet0〈Q〉ψ ∈ L2(Rd) (if r = E i.e. t0 = 0,
this follows from Proposition 5.1). Thus ψ belongs to the domain of the multi-
plication operator eF (Q). We define ψF = eF (Q)ψ and Ψλ = ‖ψF ‖−1ψF . By the
end of the proof of Proposition 5.1, we can show that ∇ψF belongs to the do-
main of 〈Q〉. Thus ψF ∈ D(A), therefore the expectation value 〈ψF , [H, iA]ψF 〉
is well defined, and a direct computation gives

(7.1)
〈
ψF , [H, iA]ψF

〉
= −4 ·

∥∥g(Q)1/2AψF
∥∥2 +

〈
ψF , G(Q)ψF

〉
,

where g is defined by F (x) = g(x)x and G(x) = ((Q.P )2g)(x)−(Q.P |∇F |2)(x).
Uniformly w.r.t. λ ≥ 1, |∇F (x)| = O(〈x〉0) and the matrix norm |(∇ ⊗
∇)F (x)| = O(〈x〉−1). Notice that e(t0+t1)〈Q〉ψ 6∈ L2(Rd). As in [FH], we can
show that λ 7→ Ψλ, λ 7→ ∇Ψλ, and λ 7→ H0Ψλ are bounded for the L2(Rd)-
norm and tend to 0 weakly in L2(Rd), as λ→ +∞. This implies, in particular,
that, for any δ > 0,

(7.2) lim
λ→+∞

∥∥〈Q〉−δΨλ

∥∥ = 0 and lim
λ→+∞

∥∥〈Q〉−δ∇Ψλ

∥∥ = 0 .

Since |G(x)| = O(〈x〉−1) + t1(t0 + t1), uniformly w.r.t. λ ≥ 1, we derive from
(7.1) and (7.2) that

(7.3) lim sup
λ→+∞

〈Ψλ, [H, iA]Ψλ〉 ≤ t1(t0 + t1) .

Now, we claim that

(7.4) sup
λ≥1

∣∣〈Ψλ, [H, iA]Ψλ〉
∣∣ < +∞ .

Thanks to (7.4), we can follow the arguments of [FH] to get the desired con-
tradiction for small enough t1.
We are left with the proof of (7.4). The form 〈P 〉−2[H −Wαβ(Q), iA]〈P 〉−2
extends to a bounded one, by Section 3. Since the family (〈P 〉2Ψλ)λ≥1 is
bounded, so is also (|〈Ψλ, [H −Wαβ(Q), iA]Ψλ〉|))λ≥1.
In the case |α − 1| + β > 1, the form 〈P 〉−2[H, iA]〈P 〉−2 also extends to a
bounded one, by Section 3 and Remark 1.6. Thus we get the bound (7.4).

Documenta Mathematica 22 (2017) 727–776



Oscillating Potentials 751

Now assume that |α − 1| + β ≤ 1 and α > 1. In this case, the form
(f, g) 7→ 〈Wαβ(Q)f, iAg〉 is not bounded from H2 to H−2 (cf. Section 3).
To get the result, we shall use the fact that ψ is localised w.r.t. H at energy
E and “move” this property through the eF (Q) factors appearing in (7.4).
To get the boundedness of (|〈Ψλ, [Wαβ(Q), iA]Ψλ〉|)λ≥1, it suffices to show

(7.5) sup
λ≥1

∣∣〈Wαβ(Q)Ψλ, Q · PΨλ〉
∣∣ < +∞ .

Since V (Q) is H0-compact, there exists some c0 > 0 such that H ≥ −c0. For
m > c0, m+H is invertible with bounded inverse. Recall that H(F ) is defined
in (5.1). Let H0(F ) = eF (Q)H0e

−F (Q). Since |∇F (x)| = O(〈x〉0), uniformly
w.r.t. λ ≥ 1, we can find m > 0 large enough such that, for all λ ≥ 1, m+H(F )
and m + H0(F ) are invertible with uniformly bounded inverse. Moreover, we
see that V (Q)(m+H(F ))−1 and V (Q)(m+H0(F ))−1 are uniformly bounded.
For λ ≥ 1, F stays in a bounded set of the symbol class S(1; g) (see Appen-
dix A for details). Thus, by pseudodifferential calculus, 〈P 〉2(m+H0(F ))−1 is
uniformly bounded. By the resolvent formula, so is also 〈P 〉2(m+H(F ))−1.
Since H0 ∈ C1(〈Q〉) and H ∈ C1(〈Q〉) by Lemma 3.1, since F is smooth,
H0(F ) ∈ C1(〈Q〉) and H(F ) ∈ C1(〈Q〉). Using Propositions C.3 and C.4, we
see that, for ǫ ∈ [0; 1], 〈Q〉ǫ(m+H0(F ))−1〈Q〉−ǫ and 〈Q〉ǫ(m+H(F ))−1〈Q〉−ǫ
are bounded, uniformly w.r.t. λ ≥ 1.
For ℓ ∈ N, we can write ψ = (m+ E)ℓ(m+H)−ℓψ. By a direct computation,

eF (Q)(m+H)−1e−F (Q) = (m+H(F ))−1 .

Thus, for ℓ1, ℓ2 ∈ N,

〈Wαβ(Q)Ψλ, Q · PΨλ〉
= (m+ E)ℓ1+ℓ2

〈
QWαβ(Q)

(
m+H(F )

)−ℓ1
Ψλ , P

(
m+H(F )

)−ℓ2
Ψλ

〉
.(7.6)

In (7.6), we write

(
m+H(F )

)−ℓ1
=
((
m+H0(F )

)−1 −
(
m+H0(F )

)−1
V (Q)

(
m+H(F )

)−1)ℓ1
,

(
m+H(F )

)−ℓ2
=
((
m+H0(F )

)−1
+
(
m+H(F )

)−1
V (Q)

(
m+H0(F )

)−1)ℓ2
,

and expand the products. The expansion contains, up to the factor (m +
E)ℓ1+ℓ2 , terms of the form

(7.7)
〈
QWαβ(Q)

(
m+H0(F )

)−1
V (Q)

(
m+H(F )

)−1
B1Ψλ , B2Ψλ

〉
,

where B1 and B2 are uniformly bounded operators. By Assumption 1.5,
〈Q〉1−β−βlr is bounded. For W = Vsr, W = Vlr , and W = Wαβ , 〈Q〉βlrW (Q)
is bounded. Since, by the resolvent formula,

〈Q〉βlrVc(Q)(m+H(F ))−1

= 〈Q〉βlrχc(Q)Vc(Q)〈P 〉−2〈P 〉2(m+H0(F ))−1

− 〈Q〉βlrχc(Q)Vc(Q)〈P 〉−2〈P 〉2(m+H0(F ))−1V (m+H(F ))−1 ,
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the operator 〈Q〉βlrVc(Q)(m+H(F ))−1 is uniformly bounded. Furthermore,

〈Q〉βlr(m+H0(F ))−1(v · ∇Ṽsr)(Q)(m+ H(F ))−1

= 〈Q〉βlr(m+H0(F ))−1(v(Q) · iP )〈Q〉−βlr · 〈Q〉βlr Ṽsr(Q)(m+H(F ))−1

− 〈Q〉βlr (m+H0(F ))−1〈Q〉−βlr · 〈Q〉βlr Ṽsr(Q) · (v(Q) · iP )(m+H(F ))−1 ,

so it is also uniformly bounded. Therefore all the terms of the form (7.7) are
bounded, uniformly w.r.t. λ ≥ 1. Up to the factor (m+ E)ℓ1+ℓ2 , the previous
expansion contains also terms of the form

(7.8)
〈
QWαβ(Q)B′1Ψλ , P

(
m+H(F )

)−1
V (Q)

(
m+H0(F )

)−1
B′2Ψλ

〉
,

for uniformly bounded operators B′1 and B′2. We note that
〈Q〉βlrP 〈Q〉−βlr〈P 〉−1 is bounded and that 〈Q〉βlr〈P 〉1(m + H(F ))−1〈Q〉−βlr
is uniformly bounded, use again the above arguments to conclude that all the
terms of the form (7.8) are bounded functions of λ. We are left with the term

(m+ E)ℓ1+ℓ2
〈
QWαβ(Q)

(
m+H0(F )

)−ℓ1
Ψλ , P

(
m+H0(F )

)−ℓ2
Ψλ

〉
.

By pseudodifferential calculus,

〈P 〉2ℓ1(m+H0(F ))−ℓ1 and 〈P 〉2ℓ2−1P (m+H0(F ))−ℓ2

are uniformly bounded. Thus, by Proposition 2.4, this last term is bounded, if
we choose ℓ1 and ℓ2 large enough. This proves (7.5) and therefore (7.4). �

Remark 7.2. In the second part of the above proof, we used the assumption
α > 1 to get (7.5). Indeed, we managed to move a ”localisation” (m + H)−ℓ

through the multiplication operator eF (Q), creating in this way the factors
〈P 〉−ℓ1 and 〈P 〉−ℓ2 . Then we applied Proposition 2.4 that only holds true for
α > 1 (see Remark 2.5). In the case α = 1, it is natural to try to move an
appropriate localisation θ(H) through eF (Q) and then use Proposition 2.1. We
do not know how to bound the operator eF (Q)θ(H)e−F (Q) uniformly w.r.t. λ,
when θ is smooth and compactly supported. Formally, eF (Q)θ(H)e−F (Q) =
θ(H(F )) where H(F ) = eF (Q)He−F (Q), but the latter is not self-adjoint (see
(5.1)).

Remark 7.3. In the case α = β = 1, the Mourre estimate is valid at high
energy, say on any compact interval included in some [a; +∞[ with a > 0 (cf.
the proof of Proposition 4.6). Take an energy E > a and ψ ∈ D(H) such that
Hψ = Eψ. The proof of Theorem 2.1 in [FH] works in this situation and yields
the conclusion of Proposition 7.1, namely r = +∞.

8. Eigenfunctions cannot satisfy unlimited exponential bounds.

In this section, we work under Assumption 1.1 with |α − 1| + β > 1 or with
β ≥ 1/2 and |α − 1| + β ≤ 1, but, in contrast to Section 7, we impose some
lower bound on the form [V (Q), iA]. Again, we study the states ψ ∈ D(H)
such that Hψ = Eψ, for some E ∈ R, but also assume that ψ belongs to
the domain of the multiplication operator eγ〈Q〉, for all γ ≥ 0. We shall show
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that such ψ must be zero. Our proof is inspired by the corresponding result in
[FHHH2] (see also Theorem 4.18 in [CFKS]). In fact, when |α − 1| + β > 1,
we just apply [FHHH2]. Our new contribution concerns the case where α > 1,
1 ≥ β ≥ 1/2, and α + β ≤ 2. In that case, that is not covered by the result
in [FHHH2], we still arrive at the same conclusion using an appropriate bound
on the contribution of the oscillating potential Wαβ to the commutator form
[H, iA]. This provides in particular a proof of Theorem 1.14.
Under Assumption 1.1, we demand, unless |α − 1| + β > 1, that β ≥ 1/2.

We require further, as in [FHHH2], that the form [(Vc + v · ∇Ṽsr)(Q), iA] is
H0-form-lower-bounded with relative bound less than 2. Precisely, we demand
that

∃ǫc > 0 , ∃λc > 0 ; ∀ϕ ∈ D(H) ∩ D(A) ,(8.1)

〈ϕ,
[
(Vc + v · ∇Ṽsr)(Q), iA

]
ϕ〉 ≥ (ǫc − 2)〈ϕ,H0ϕ〉 − λc‖ϕ‖2 .

We shall need the following known

Lemma 8.1. Under the previous assumptions,

∀δ ∈]0; 1[ , ∃µδ > 0 ; ∀ϕ ∈ D(H) ∩D(A) ,

〈ϕ,H0ϕ〉 ≥ δ〈ϕ,Hϕ〉 − µδ‖ϕ‖2 .(8.2)

∀ǫ > 0 , ∃λǫ > 0 ; ∀ϕ ∈ D(H) ∩ D(A) ,

〈ϕ, [H −Wαβ(Q), iA]ϕ〉 ≥ (ǫc − ǫ)〈ϕ,H0ϕ〉 − λǫ‖ϕ‖2 .(8.3)

Proof. Since V (Q) is H0-compact, it is H0-bounded with relative bound 0. This
implies (8.2) (see [K]). Recall that the form [Vsr(Q) + Vlr(Q), iA] is compact
from H1 to H−1 (cf . (cf. (3.3), (3.4), (3.5)). Thus it is H0 form bounded
with relative bound 0. Take ǫ > 0. There exists µǫ > 0 such that, for all
ϕ ∈ D(H) ∩ D(A),

∣∣〈ϕ, [Vsr(Q) + Vlr(Q), iA]ϕ〉
∣∣ ≤ ǫ〈ϕ,H0ϕ〉 + µǫ‖ϕ‖2 .

Therefore, for such ϕ, the l.h.s. of (8.3) is

≥ (2− ǫ+ ǫc − 2)〈ϕ,H0ϕ〉 − (λc + µǫ)‖ϕ‖2 ,
by (8.1). This yieds (8.3) with λǫ = λc + µǫ. �

As in Section 7, we shall use a conjugaison by an appropriate eF (Q). For γ > 0,
let F : Rd −→ R be the smooth function defined by F (x) = γ〈x〉. Setting
g(x) = γ〈x〉−1, ∇F (x) = g(x)x and

(8.4)
∣∣∇F (x)

∣∣2 = γ2
(
1 − 〈x〉−2

)
.

A direct computation gives
(
(Q.P )2g

)
(x) = γ〈x〉−1

(
1 − 〈x〉−2

)(
1 − 3〈x〉−2

)
(8.5)

−
(
(Q.P )(|∇F |2)

)
(x) = −2γ2〈x〉−2

(
1 − 〈x〉−2

)
≤ 0 .(8.6)

Proposition 8.2. Assume Assumption 1.1 and (8.1). Unless |α− 1|+ β > 1,
take β ≥ 1/2. Unless α + β ≤ 2 or β ≥ 1/2, take |w| small enough. Let
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ψ ∈ D(H) and E ∈ R such that Hψ = Eψ. Assume further that, for all γ ≥ 0,
ψ belongs to the domain of the multiplication operator eγ〈Q〉. Then ψ = 0.

Remark 8.3. Note that Proposition 8.2 applies under (8.1) and Assumptions 1.1
and 1.5. In particular, the case α = 1 is allowed.

Proof of Proposition 8.2. First of all, we focus on the cases where a result
in [FHHH2] applies. Assume that β > 1 or α < β ≤ 1. We use Remark 1.6
to derive, thanks to (8.3), the following property: for any ǫ > 0, there exists
λǫ > 0, such that, for all ϕ ∈ D(H) ∩ D(A),

(8.7) 〈ϕ, [V, iA]ϕ〉 ≥ (ǫc − ǫ)〈ϕ,H0ϕ〉 − λǫ‖ϕ‖2 .

Therefore [FHHH2] applies.
Assume now that α + β > 2 and β ≤ 1. Again by Remark 1.6, we know that
the form [Wαβ(Q), iA] extends to a bounded one from H2 to H−2. Thus, for
|w| small enough, (8.7) still holds true and [FHHH2] applies.
Now, we treat the last case: |α− 1|+ β ≤ 1 and β ≥ 1/2. We always consider
γ ≥ 1. By assumption, ψ belongs to the domain of the multiplication operator
eF (Q). Setting ψF = eF (Q)ψ, we claim that

(8.8)
∣∣〈ψF , [Wαβ(Q), iA]ψF

〉∣∣ ≤
∥∥g(Q)1/2AψF

∥∥2 + |w|2γ−1‖ψF ‖2 .

¿From the definition of the form [Wαβ(Q), iA], we observe that

∣∣〈ψF , [Wαβ(Q), iA]ψF
〉∣∣ ≤ 2|w| ·

∥∥g(Q)1/2AψF
∥∥ ·
∥∥g(Q)−1/2〈Q〉−βψF

∥∥

≤ 2|w| ·
∥∥g(Q)1/2AψF

∥∥ · γ−1/2 ·
∥∥〈Q〉1/2−βψF

∥∥

≤ 2 ·
∥∥g(Q)1/2AψF

∥∥ · γ−1/2|w| ·
∥∥ψF

∥∥

since we assumed that β ≥ 1/2. Now (8.8) follows from the use of the inequality
2ab ≤ a2 + b2, for a, b ≥ 0.
Now, we essentially follows the argument in the proof of Theorem 4.18 in
[CFKS] and prove the result by contradiction. Assume that ψ 6= 0. Let ψF =
eF (Q)ψ. The formula (7.1) is valid with the new function F . As in the proof
of Proposition 5.1, we also have

(8.9) 〈ψF , HψF 〉 =
〈
ψF ,

(
|∇F |2(Q) + E

)
ψF
〉
.

Combining (7.1) and (8.8), we get, for γ ≥ 1,

〈
ψF , [H −Wαβ(Q), iA]ψF

〉
≤ −3 ·

∥∥g(Q)1/2AψF
∥∥2 + |w|2γ−1‖ψF‖2

+ 〈ψF , G(Q)ψF 〉〈
ψF , [H −Wαβ(Q), iA]ψF

〉
≤ 〈ψF , G(Q)ψF 〉 + |w|2γ−1‖ψF ‖2 ,(8.10)

where G(Q) = (Q.P )2g − (Q.P )(|∇F |2). Next we deduce from (8.3) and (8.2)
in Lemma 8.1, and (8.9), that, for all δ ∈]0; ǫc[, there exist some ρδ, ρ

′
δ > 0 such
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that, for all γ ≥ 1,
〈
ψF , [H −Wαβ(Q), iA]ψF

〉
≥ δ〈ψF , H0ψF 〉 − ρδ‖ψF‖2

≥ 2−1δ
(
〈ψF , HψF 〉 − 2µ1/2

)
− ρδ‖ψF ‖2

≥ 2−1δ〈ψF , (H − E)ψF 〉 − ρ′δ‖ψF ‖2
≥ 2−1δ

〈
ψF , |∇F |2(Q)ψF

〉
− ρ′δ‖ψF ‖2 .(8.11)

In view of (8.4), we introduce the function f : [0; +∞[→ [0; +∞[ given by

(8.12) f(γ) =
〈
ψF ,

(
1 − 〈Q〉−2

)
ψF
〉

= γ−2
〈
ψF , |∇F |2(Q)ψF

〉
.

Since ψ 6= 0, we can find ǫ > 0 such that ‖1I|·|≥2ǫ(Q)ψ‖ > 0. For all γ ≥ 0,
∥∥1I|·|≤ǫ(Q)eγ〈Q〉ψ

∥∥2
∥∥eγ〈Q〉ψ

∥∥2 ≤ e2γ〈ǫ〉
∥∥1I|·|≤ǫ(Q)ψ

∥∥2

e2γ〈2ǫ〉
∥∥1I|·|≥2ǫ(Q)ψ

∥∥2 ≤ e2γ(〈ǫ〉−〈2ǫ〉)
‖ψ‖2

‖1I|·|≥2ǫ(Q)ψ‖2

and

f(γ) ≥
(
1 − 〈ǫ〉−2

)∥∥1I|·|≥ǫ(Q)ψF
∥∥2

≥
(
1 − 〈ǫ〉−2

)
·
(
‖ψF ‖2 −

∥∥1I|·|≤ǫ(Q)eγ〈Q〉ψ
∥∥2
)

≥
(
1 − 〈ǫ〉−2

)
· ‖ψF ‖2 ·

(
1 − Cǫe

2γ(〈ǫ〉−〈2ǫ〉)
)
,

where Cǫ := ‖ψ‖2 · ‖1I|·|≥2ǫ(Q)ψ‖−2. Thus, there exist C > 0 and Γ ≥ 1 such
that, for γ ≥ Γ,

(8.13) f(γ) ≥ C ‖ψF ‖2 ≥ C ‖ψ‖2 > 0 .

We derive from (8.10) and (8.11), thanks to (8.12) and (8.6), that, for all γ ≥ 1,

2−1δγ2f(γ) −
(
ρ′δ + |w|2γ−1

)
‖ψF ‖2

≤
〈
ψF , G(Q)ψF

〉
≤
〈
ψF ,

(
(Q.P )2g

)
(Q)ψF

〉
.

By (8.5), ((Q.P )2g)(x) ≤ γ(1− 〈x〉−2), for all x ∈ Rd, yielding, for all γ ≥ Γ,

2−1δγ2f(γ) −
(
ρ′δ + |w|2γ−1

)
‖ψF ‖2 ≤ γf(γ)

and
(
2−1δγ2 − γ − (ρ′δ + |w|2γ−1)C−1

)
· f(γ) ≤ 0 ,

by (8.13). We get a contradiction for γ large enough. �

9. LAP at suitable energies.

In this section, we prove the limiting absorption principle for H for appropriate
energy regions. As already pointed out in [GJ2] and in Section 3, one cannot
use the usual Mourre theory w.r.t. the generator of dilations A, since the
Hamiltonian is not regular enough w.r.t. A. For the same reason, one cannot
follow the lines in [Gé]. As explained in Remark 3.3, we were not able to apply
the “weighted Mourre theory” developed in [GJ2], which is inspired by [Gé]
and is a kind of “localised” Putnam argument. Instead, we follow the more
complicated path introduced in [GJ1].
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To prepare our result, we need some notation. For δ > 0 and y ∈ Rd, we set

(9.1) gδ(y) =
(
2 − 〈y〉−δ

)
〈y〉−1y .

Let χ ∈ C∞c (R) with χ(t) = 1 if and only if |t| ≤ 1 and suppχ ⊂ [−2; 2]. Let
χ̃ = 1 − χ. For R ≥ 1 and t ∈ R, we set χR(t) = χ(t/R) and χ̃R(t) = χ̃(t/R).
We also set gδ,R(y) = χ̃R(〈y〉)2gδ(y). Recall that we set βlr = min(ρlr, β).
First, we show a kind of weighted Mourre estimate at infinity for the position
operators Q (meaning for large |Q|), which can be seen as an energy localised
(i.e. localised in H) Putnam positivity, that is also localised in |Q| at infinity.
It should be compared with Section 2 in [La1].

Proposition 9.1. Assume Assumption 1.1. Under Assumption 4.1, take any
compact interval I ′ ⊂ J̊ , the interior of J . Let δ be a small enough positive
number (depending only on the potential) and s = (1+δ)/2. There exist c1 > 0
and R1 > 1 such that, for R ≥ R1, there exists a bounded, self-adjoint operator
BR such that, for f ∈ L2(Rd) with EI′(H)f = f , we have the estimate:

〈
f , [H, iBR] f

〉
≥ c1

∥∥χ̃R(〈Q〉)〈Q〉−sf
∥∥2 − O

(
R−γ

)∥∥χ̃R(〈Q〉)〈Q〉−sf
∥∥

−O
(
R−γ−1

)
,(9.2)

with γ = 1− δ > 1/2, if |α− 1|+ β > 1, else γ = β − δ > 1/2. Here

BR = gδ,R(Q) · P + P · gδ,R(Q) .

The ”O” terms in the estimate can be chosen independent of f when f stays
in a bounded set for the norm ‖〈Q〉−s · ‖.

Remark 9.2. In fact, we can give a precise upper bound on δ in Proposition 9.1.
We demand that δ < min(β; ρsr ; ρ

′
lr; 1/2). In the case where α ≥ 1 and α+β ≤

2, we know that β + βlr > 1 and β > 1/2, by Assumption 4.1, and we further
require that δ < min(β + βlr − 1;β − 1/2).
Denoting by c the infimum of J , one can take c1 = δc/2 in (9.2).

Proof. We choose δ according to Remark 9.2. We take f satisfying EI′(H)f =
f and belonging to some fix bounded set for the norm ‖〈Q〉−s · ‖. Let θ ∈
C∞c (R;R) such that θ = 1 on I ′ and supp θ ⊂ J̊ . We have θ(H)f = f . Take
R1 large enough such that, for R ≥ R1, χ̃RVc = 0. In particular,

〈f, [Vc(Q), iBR]f〉 = 2〈Vc(Q)f, gδ,R(Q) · iPf〉+ 2〈gδ,R(Q) · iPf, Vc(Q)f〉
= 0.

The other contributions of the potential are given by

〈f , [Vlr(Q), iBR]f〉 = −〈f , (gδ,R · ∇Vlr)(Q)f〉
〈f , [Vsr(Q), iBR]f〉 = 2ℜ〈iPf , Vsr(Q)gδ,R(Q)f〉 ,
〈f , [Wαβ(Q), iBR]f〉 = 2ℜ〈iPf , Wαβ(Q)gδ,R(Q)f〉 ,
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and

〈f ,
[
(v · ∇Ṽsr)(Q), iBR

]
f〉 = 2ℜ〈iPf , (v · ∇Ṽsr)(Q)gδ,R(Q)f〉

= 2ℜ〈iPf , [v(Q) · iP , Ṽsr(Q)]gδ,R(Q)f〉
= 2ℜ〈(P · v(Q))Pf , Ṽsr(Q)gδ,R(Q)f〉
− 2ℜ〈Ṽsr(Q)Pf , (v(Q) · P )gδ,R(Q)f〉

= 2ℜ〈(v(Q) · P )Pf , Ṽsr(Q)gδ,R(Q)f〉(9.3)

+ 2ℜ〈(∇ · v)(Q)Pf , iṼsr(Q)gδ,R(Q)f〉
− 2ℜ〈Ṽsr(Q)Pf , gδ,R(Q)(v(Q) · P )f〉
+ 2ℜ〈Ṽsr(Q)Pf , i(v · ∇gδ,R)(Q)f〉 .

Note that the term 〈f , (gδ,R · ∇Vlr)(Q)f〉 is O(R−ǫ)‖χ̃R(〈Q〉)〈Q〉−sf‖2, for
ǫ = ρ′lr − δ > 0. We shall evaluate the size of the other terms. To this end, we
shall repeatedly make use of Lemma C.5, of Lemma C.6 and of the fact that
the term ‖〈Q〉−sf‖ stays in a bounded region, for the considered f . Note that
those lemmata follow from the regularity of H w.r.t. 〈Q〉.
Writing

〈(Vsrgδ,R)(Q)f , iPf〉
= 〈(Vsrgδ,R)(Q)f , iPθ(H)f〉
=

〈
〈Q〉s(Vsrgδ)(Q)χ̃R(〈Q〉)〈Q〉−sf ,

[
χ̃R(〈Q〉) , iPθ(H)

]
〈Q〉s · 〈Q〉−sf

〉

+
〈
〈Q〉2s(Vsrgδ)(Q)χ̃R(〈Q〉)〈Q〉−sf , 〈Q〉−siPθ(H)〈Q〉s · χ̃R(〈Q〉)〈Q〉−sf

〉
,

the first term is O(Rδ−1−ρsr )‖χ̃R(〈Q〉)〈Q〉−sf‖ and the second term is at
most of size O(Rδ−ρsr )‖χ̃R(〈Q〉)〈Q〉−sf‖2, by Lemma C.6. Notice that
O(Rδ−1−ρsr ) = O(R−γ) and that δ − ρsr < 0.
Using that

χ̃R(〈Q〉)Pf = χ̃R(〈Q〉)Pθ(H)f

= [χ̃R(〈Q〉) , P θ(H)]〈Q〉s · 〈Q〉−sf(9.4)

+ 〈Q〉s · 〈Q〉−sPθ(H)〈Q〉s · χ̃R(〈Q〉)〈Q〉−sf ,
we see that the second term in (9.3) is

O(Rδ−1−ρsr )‖χ̃R(〈Q〉)〈Q〉−sf‖ + O(Rδ−ρsr )‖χ̃R(〈Q〉)〈Q〉−sf‖2

and the fourth term is even better. For the third term, we use (9.4) twice to
see that it is

O(Rδ−2−ρsr ) + O(Rδ−1−ρsr )‖χ̃R(〈Q〉)〈Q〉−sf‖
+O(Rδ−ρsr )‖χ̃R(〈Q〉)〈Q〉−sf‖2 .

Note that O(Rδ−2−ρsr ) = O(R−γ−1).
To evaluate the contribution of Wαβ , we use Remark 1.6. If 1 < β, then we can
treat this contribution as the one of Vsr . If β ≤ 1 and α < β, then it is treated
as the one of Vlr . If β ≤ 1 and α + β > 2, we follow the above treatment of
the contribution of v · ∇Ṽsr . Thus, we are left with the case α ≥ 1 ≥ β and
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α+β ≤ 2. By Assymption 4.1, β+βlr > 1 and, by Remark 9.2, β+βlr > 1+δ.
Shortening Wαβ(Q) as Wαβ , we write

〈Wαβgδ,R(Q)f , iPf〉
= 〈χ̃R(〈Q〉)2Wαβgδ(Q)θ(H)f , iPθ(H)f〉
= 〈χ̃R/2(〈Q〉)Wαβgδ(Q)θ(H)χ̃R(〈Q〉)f , iPθ(H)χ̃R(〈Q〉)f〉

+ 〈χ̃R/2(〈Q〉)Wαβgδ(Q)θ(H)χ̃R(〈Q〉)f , [χ̃R(〈Q〉), iPθ(H)]f〉
+ 〈χ̃R/2(〈Q〉)Wαβgδ(Q)[χ̃R(〈Q〉), θ(H)]f , iPθ(H)χ̃R(〈Q〉)f〉
+ 〈χ̃R/2(〈Q〉)Wαβgδ(Q)[χ̃R(〈Q〉), θ(H)]f , [χ̃R(〈Q〉), iPθ(H)]f〉 .

The second and third terms are O(Rδ−β)‖χ̃R(〈Q〉)〈Q〉−sf‖ and the last term
is O(Rδ−1−β), by Lemma C.6.
We now focus on the first term. We write

〈χ̃R/2(〈Q〉)Wαβgδ(Q)θ(H)χ̃R(〈Q〉)f , iPθ(H)χ̃R(〈Q〉)f〉(9.5)

= 〈χ̃R/2(〈Q〉)Wαβgδ(Q)θ(H0)χ̃R(〈Q〉)f , iPθ(H0)χ̃R(〈Q〉)f〉
+ 〈χ̃R/2(〈Q〉)Wαβgδ(Q)

(
θ(H)− θ(H0)

)
χ̃R(〈Q〉)f , iPθ(H0)χ̃R(〈Q〉)f〉

+ 〈χ̃R/2(〈Q〉)Wαβgδ(Q)θ(H0)χ̃R(〈Q〉)f , iP
(
θ(H)− θ(H0)

)
χ̃R(〈Q〉)f〉

+ 〈χ̃R/2(〈Q〉)Wαβgδ(Q)
(
θ(H)− θ(H0)

)
χ̃R(〈Q〉)f ,
iP
(
θ(H)− θ(H0)

)
χ̃R(〈Q〉)f〉 .

By Lemma C.5, the second and third terms on the r.h.s. of (9.5) are at most
of size O(Rδ+1−β−βlr )‖χ̃R(〈Q〉)〈Q〉−sf‖2, whereas the fourth one is seen to be
O(Rδ+1−β−2βlr )‖χ̃R(〈Q〉)〈Q〉−sf‖2. We write the first one as

〈χ̃R/2(〈Q〉)Wαβgδ(Q)θ(H0)χ̃R(〈Q〉)f , iPθ(H0)χ̃R(〈Q〉)f〉
= 〈Wαβ

[
χ̃
R/2(〈Q〉)gδ(Q), θ(H0)

]
χ̃R(〈Q〉)f , iPθ(H0)χ̃R(〈Q〉)f〉

+ 〈Wαβθ(H0)gδ(Q)χ̃R(〈Q〉)f , iPθ(H0)χ̃R(〈Q〉)f〉 .

By the above arguments, the first term on the r.h.s is

O(Rδ−β)‖χ̃R(〈Q〉)〈Q〉−sf‖2.

So is also the last term by Propositions 2.1 and 2.4.
We are left with the contribution of H0 in the l.h.s. of (9.2). A direct computa-
tion gives [H0, iBR] = PT · Gδ,R ·P −hδ,R where the entries of the d× d-matrix
valued function Gδ,R on Rd are given by

∂k
(
χ̃R(〈·〉)2(gδ)j

)
(y) .

Here gδ(y) = ((gδ)1(y), · · · , (gδ)d(y))T and T denotes the transposition. The
real valued function hδ,R on Rd is given by

hδ,R(y) =
∑

1≤j,k≤d
∂3kkj

(
χ̃R(〈·〉)2(gδ)j

)
(y) .
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The contribution of hδ,R to (9.2) is seen to be O(Rδ−2) = O(R−γ−1). Since

∂k
(
χ̃R(〈·〉)2(gδ)j

)
(y)

= χ̃R(〈y〉)2∂k
(
(gδ)j

)
(y) + 2(2− 〈y〉−δ)χ̃R(〈y〉)χ̃′R(〈y〉)yjyk〈y〉2 ,

2(2− 〈·〉−δ)χ̃R(〈·〉)χ̃′R(〈·〉) ≥ 0, and the matrix (yjyk〈y〉−2)1≤j,k≤d is nonnega-
tive, 〈

f , PT · Gδ,R · P f
〉
≥
〈
f , PT · χ̃R(〈Q〉)2Gδ(Q) · P f

〉

where the entries of the d × d-matrix valued function Gδ on Rd are given by
∂k((gδ)j)(y). For y ∈ Rd, Gδ(y) is the sum of two nonnegative matrices, namely

Gδ(y) =

(
2− 〈y〉−δ

)

〈y〉
(
δjk −

yjyk
〈y〉2

)
1≤j,k≤d

+
δ

〈y〉1+δ
(yjyk
〈y〉2

)
1≤j,k≤d

≥ δ

〈y〉1+δ
(
δjk −

yjyk
〈y〉2

)
1≤j,k≤d

+
δ

〈y〉1+δ
(yjyk
〈y〉2

)
1≤j,k≤d

≥ δ

〈y〉1+δ Id ,

where Id is the d× d identity matrix. This yields
〈
f , PT · Gδ,R · P f

〉
≥ δ

〈
f , PT · χ̃R(〈Q〉)2〈Q〉−2sP f

〉
.

We write
〈
f , PT · χ̃R(〈Q〉)2〈Q〉−2sP f

〉

=
〈
θ(H)f , PT · χ̃R(〈Q〉)2〈Q〉−2sP θ(H)f

〉

=
〈
f ,
[
θ(H)PT , χ̃R(〈Q〉)〈Q〉−s

]
·
[
χ̃R(〈Q〉)〈Q〉−s, P θ(H)

]
f
〉

+
〈
f ,
[
θ(H)PT , χ̃R(〈Q〉)〈Q〉−s

]
· Pθ(H)χ̃R(〈Q〉)〈Q〉−s f

〉

+
〈
χ̃R(〈Q〉)〈Q〉−sf , θ(H)PT ·

[
χ̃R(〈Q〉)〈Q〉−s, P θ(H)

]
f
〉

+
〈
χ̃R(〈Q〉)〈Q〉−sf , θ(H)H0θ(H) χ̃R(〈Q〉)〈Q〉−sf

〉
.

By Lemma C.6, the first term is O(R−2) = O(R−γ−1), the second and third
ones are O(R−1)‖χ̃R(〈Q〉)〈Q〉−sf‖, thus also O(R−γ)‖χ̃R(〈Q〉)〈Q〉−sf‖. Writ-
ing H0 = H − V in the last term and using the fact that θ(H)V 〈Q〉βlr is
bounded, this last term is

≥ c‖θ(H)χ̃R(〈Q〉)〈Q〉−sf‖2 − O
(
R−βlr

)
‖χ̃R(〈Q〉)〈Q〉−sf‖2 ,

where c is the infimum of J . Now, we write

‖θ(H)χ̃R(〈Q〉)〈Q〉−sf‖2
=

〈[
θ(H), χ̃R(〈Q〉)〈Q〉−s

]
f ,
[
θ(H), χ̃R(〈Q〉)〈Q〉−s

]
f
〉

+
〈[
θ(H), χ̃R(〈Q〉)〈Q〉−s

]
f , χ̃R(〈Q〉)〈Q〉−sf

〉

+
〈
χ̃R(〈Q〉)〈Q〉−sf ,

[
θ(H), χ̃R(〈Q〉)〈Q〉−s

]
f
〉

+ ‖χ̃R(〈Q〉)〈Q〉−sf‖2 .
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By Lemma C.6 again, the first term is O(R−2) = O(R−γ−1), the second and
third ones are O(R−1)‖χ̃R(〈Q〉)〈Q〉−sf‖ = O(R−γ)‖χ̃R(〈Q〉)〈Q〉−sf‖. Gath-
ering all the previous estimates and taking R1 large enough, we get (9.2) with
c1 = δc/2. �

Now we are in position to prove our first main result, namely Theorem 1.8. To
this end, we use the characterization of the LAP in terms of so called “special
sequences”, that was introduced in [GJ1].
Proof of Theorem 1.8. Without loss of generality, the length of I may be as-
sumed small enough. In particular, we can find a compact interval J satisfying
Assumption 4.1 such that I ⊂ J̊ . Since the validity of (1.4) for some s > 1/2
implies the validity of (1.4) for any s′ ≥ s, we may choose s > 1/2 as close

to 1/2 as we want. Let θ ∈ C∞c (R;R) such that θ = 1 on I and supp θ ⊂ J̊ .
By Proposition 4.6, (4.2) holds true. Multiplying each term on both sides by
χ(H)Π⊥, with χθ = χ, and shriking the size of the support of χ so much
that ‖Kχ(H)Π⊥‖ ≤ c, we get (4.2) with 2c replaced by c, θ(H) replaced by
χ(H)Π⊥, and K = 0. This can be done with the requirement that χ = 1 on
a small compact interval. Therefore we may assume that, for I, J , and θ, as
above, we have the following strict, projected Mourre estimate

(9.6) Π⊥θ(H)[H, iA]θ(H)Π⊥ ≥ c θ(H)2Π⊥ .

Recall that θ(H) ∈ C∞(〈Q〉) and θ(H)Π ∈ C∞(〈Q〉), by Lemma 3.1 and by
Corollary 6.3, respectively. Thus θ(H)Π⊥ ∈ C∞(〈Q〉) and we can apply Propo-
sition 3.2 in [GJ2]. Therefore the LAP (1.4) is equivalent to the following
statement:
Take a sequence (fn, zn)n∈N such that, for all n, zn ∈ C, ℜzn ∈ I, ℑzn 6= 0,
fn ∈ D(H), Π⊥fn = fn, θ(H)fn = fn, and (H − zn)fn ∈ D(〈Q〉s). Assume
further that ℑzn → 0, ‖〈Q〉s(H − zn)fn‖ → 0, and that (‖〈Q〉−sfn‖)n∈N con-
verges to some real number η. Then η = 0.
We shall prove this statement. Let us consider such a sequence (fn, zn)n∈N.
Take R ≥ 1. Notice that χR(〈Q〉)fn actually belongs to D(H) ∩D(〈Q〉). Note
also that the operatorA⊥ := Π⊥θ(H)Aθ(H)Π⊥ is well-defined onD(〈Q〉), since
Pθ(H) is bounded and preserves, together with θ(H) and Π⊥, the set D(〈Q〉).
Since H commutes with θ(H)Π⊥, we derive from (9.6) applied to χR(〈Q〉)fn
that

(9.7)
〈
χR(〈Q〉)fn , [H, iA⊥]χR(〈Q〉)fn

〉
≥ c

∥∥θ(H)Π⊥χR(〈Q〉)fn
∥∥2 .

Since θ(H)Π⊥ is smooth w.r.t. 〈Q〉,
θ(H)Π⊥χR(〈Q〉)fn = χR(〈Q〉)fn +

[
θ(H)Π⊥, χR(〈Q〉)

]
〈Q〉s · 〈Q〉−sfn

= χR(〈Q〉)fn + O
(
Rs−1

)
,

thanks to Lemma C.6. The above O(Rs−1) and the following ”O” are all
independent of n. Inserting this information in (9.7), we get
〈
χR(〈Q〉)fn , [H, iA⊥]χR(〈Q〉)fn

〉
≥ c

∥∥χR(〈Q〉)fn
∥∥2

+O
(
Rs−1

)∥∥χR(〈Q〉)fn
∥∥ + O

(
R2s−2) .(9.8)

Documenta Mathematica 22 (2017) 727–776



Oscillating Potentials 761

Now, we need information on the fn for ”large 〈Q〉”. Let I ′ a compact inter-

val such that supp θ ⊂ I ′ ⊂ J̊ . Since fn = θ(H)fn and EI′θ = θ, EI′fn =
EI′(H)θ(H)fn = θ(H)fn = fn. Furthermore, the sequence (‖〈Q〉−sfn‖)n is
bounded since it converges to η, by assumption. Therefore we can apply Propo-
sition 9.1 to f = fn (choosing s close enough to 1/2, requiring in particular that
s < γ), yielding (9.2) with f replaced by fn and with n-independent ”O′s”. As
in [GJ1] (cf. Corollary 3.2), we deduce from this that, for R ≥ R1,

(9.9) lim sup
n

∥∥χ̃R(〈Q〉)〈Q〉−sfn
∥∥ = O

(
R−γ

)
+ O

(
R−(γ+1)/2

)
= O

(
R−γ

)
.

We rewrite the l.h.s of (9.8) as
〈
χR(〈Q〉)fn , [H, iA⊥]χR(〈Q〉)fn

〉

=
〈
fn ,

[
H, iχR(〈Q〉)A⊥χR(〈Q〉)

]
fn
〉

+ 2ℜ
〈[
H,χR(〈Q〉)

]
fn , iA

⊥χR(〈Q〉)fn
〉
.

Since, as form,
[
H,χR(〈Q〉)

]
=
[
H0, χR(〈Q〉)

]
◦ =

= −2∇ ·
(
∇
(
χR(〈·〉)

))
(Q) +

(
∆
(
χR(〈·〉)

))
(Q) ,

and since 〈Q〉−1∇A⊥ is bounded, we obtain, using (9.9),

2ℜ
〈[
H,χR(〈Q〉)

]
fn , iA

⊥χR(〈Q〉)fn
〉

= O
(
Rs−γ

)∥∥χR(〈Q〉)fn
∥∥ .

Therefore (9.8) yields
〈
fn ,

[
H, iχR(〈Q〉)A⊥χR(〈Q〉)

]
fn
〉
≥ c

∥∥χR(〈Q〉)fn
∥∥2 + O

(
R2s−2)

+O
(
Rs−γ

)∥∥χR(〈Q〉)fn
∥∥ .(9.10)

Expanding the commutator as in [GJ1] (cf. Proposition 2.15), we see that

(9.11) lim
n

〈
fn ,

[
H, iχR(〈Q〉)A⊥χR(〈Q〉)

]
fn
〉

= 0 .

Using (9.11) in (9.10), we deduce that

lim sup
n

∥∥χR(〈Q〉)fn
∥∥ = O

(
Rs−γ

)
,

with s− γ < 0. It follows from this and (9.9) that η = 0. �

10. Symbol-like long range potentials.

This section is devoted to the
Proof of Theorem 1.18. Let H1 be the self-adjoint operator H0 + Vlr(Q) on
D(H0). Thanks to the assumption on Vlr , H1 is actually the Weyl quantiza-
tion pw of the symbol p ∈ S(〈ξ〉2, g) defined by p(x; ξ) = |ξ|2 + Vlr(x) (see
Appendix A for details). Now we redo the proofs of Theorems 1.8 and 1.14,
replacing H0 by H1 at some appropriate places. More precisely, we perform
this replacement exactly when the original proofs use the “decay” in 〈Q〉 of
θ(H)− θ(H0).
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First, we claim that the last statement in Proposition 2.1 is valid if H0 is re-
placed by H1. Indeed we can follow the proof of Lemma 4.3 in [GJ2] and arrive
at (4.7) with θ(|ξ|2)θ(|ξ∓kx̂|2) replaced by θ(|ξ|2 +Vlr(x))θ(|ξ∓kx̂|2 +Vlr(x)).
Since the latter also vanishes for small enough support of θ, we conclude as in
[GJ2].
For any ℓ ≥ 0 and any θ ∈ C∞c R;C), 〈P 〉ℓθ(H1) is bounded by pseudodifferen-
tial calculus (cf. Appendix A). Therefore, the last statement in Proposition 2.4
holds true with H0 is replaced by H1.
We can check that the result in Lemma 4.5 holds true with H0 replaced by H1.
Thus, performing the same replacement in (4.1), we get the result of Proposi-
tion 4.3. We derive the Mourre estimate of Proposition 4.6 by the same proof.
Also with the same proofs, we get the results of Proposition 5.1, Corollary 5.2,
Proposition 6.1, Corollary 6.2, and Corollary 6.3.
In the proof of Proposition 7.1, we modify the argument leading to the bound
(7.5). Again, we replace H0 by H1. We notice that H1(F ) = eF (Q)H1e

−F (Q)

is also a pseudodifferential operator in C1(〈Q〉) such that, for ǫ ∈ [0; 1], the
operator 〈Q〉ǫ(m+H1(F ))−1〈Q〉−ǫ is bounded, uniformly w.r.t. λ ≥ 1. Then,
we can follow the end of the proof of Proposition 7.1 with βlr replaced by β,
H0(F ) by H1(F ), and V by V − Vlr .
Next, we redo the proof of Proposition 8.2 without change. In the proof of
Proposition 9.1, we only change the treatment of (9.5) in the following way.
We can check that the results in Lemma C.5 are valid with H0 replaced by H1

and βlr by β. Concerning the first term on the r.h.s of (9.5), we only need to
point out that 〈P 〉ℓθ(H1) is bounded for any ℓ, by pseudodifferential calculus.
We thus obtain the result of Proposition 9.1. Finally, we recover the result of
Theorem 1.8 by the same proof. �

Appendix A. Standard pseudodifferential calculus.

In this appendix, we briefly review some basic facts about pseudodifferential
calculus. We refer to [Hö][Chapters 18.1, 18.4, 18.5, and 18.6] for a traditional
study of the subject but also to [Bea, Bo1, Bo2, BC, Le] for a modern and
powerful version.
Denote by S (M) the Schwartz space on the space M and by F the Fourier
transform on Rd given by

Fu(ξ) := (2π)−d
∫

Rd
e−ix·ξu(x) dx ,

for ξ ∈ Rd and u ∈ S (Rd). For test functions u, v ∈ S (Rd), let Ω(u, v) and
Ω′(u, v) be the functions in S (R2d) defined by

Ω(u, v)(x, ξ) := v(x)Fu(ξ)eix·ξ ,

Ω′(u, v)(x, ξ) := (2π)−d
∫

Rd
u(x− y/2)v(x+ y/2)e−iy·ξ dy ,
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respectively. Given a distribution b ∈ S ′(T ∗Rd), the formal quantities

(2π)−d
∫

R3d

ei(x−y)·ξb(x, ξ)v(x)u(y) dxdydξ ,

(2π)−d
∫

R3d

ei(x−y)·ξb((x+ y)/2, ξ)u(x)u(y) dxdydξ

are defined by the duality brackets 〈b,Ω(u, v)〉 and 〈b,Ω′(u, v)〉, respectively.
They define continuous operators from S (Rd) to S ′(Rd) that we denote by
Op b(x,Dx) and bw(x,Dx) respectively. Sometimes we simply write Op b and
bw, respectively.
Choosing on the phase space T ∗Rd a metric g and a weight function m with
appropriate properties (cf., admissible metric and weight in [Le]), let S(m, g)
be the space of smooth functions on T ∗Rd such that, for all k ∈ N, there exists
ck > 0 so that, for all x∗ = (x, ξ) ∈ T ∗Rd, all (t1, · · · , tk) ∈ (T ∗Rd)k,

(A.1) |a(k)(x∗) · (t1, · · · , tk)| ≤ ckm(x∗)gx∗(t1)1/2 · · · gx∗(tk)1/2 .

Here, a(k) denotes the k-th derivative of the function a. We equip the vector
space S(m, g) with the semi-norms ‖ · ‖ℓ,S(m,g) defined by max0≤k≤ℓ ck, where
the ck are the best constants in (A.1). S(m, g) is a Fréchet space. The space of
operators Op b(x,Dx) (resp. bw(x,Dx)) when b ∈ S(m, g) has nice properties
(cf., [Hö, Le]). Defining x∗ = (x, ξ) ∈ T ∗Rd, we stick here to the following
metrics

(A.2) (g0)x∗ :=
dx2

〈x〉2 +
dξ2

〈ξ〉2 and (gα)x∗ :=
dx2

〈x〉2(1−α) +
dξ2

〈ξ〉2 ,

for 0 < α < 1, and to weights of the form, for p, q ∈ R,

m(x∗) := 〈x〉p〈ξ〉q.(A.3)

The gain of the calculus associated to each metric in (A.2) is given respectively
by

h0(x∗) := 〈x〉−1〈ξ〉−1 and hα(x∗) = 〈x〉1−α〈ξ〉−1.(A.4)

Take weights m1, m2 as in (A.3), let g be g0 or gα, and denote by h the gain of g̃.
For any a ∈ S(m1, g) and b ∈ S(m2, g), there are a symbol a#rb ∈ S(m1m2, g)
and a symbol a#b ∈ S(m1m2, g) such that OpaOp b = Op (a#rb) and awbw =
(a#b)w. The maps (a, b) 7→ a#rb and (a, b) 7→ a#b are continuous and so are
also (a, b) 7→ a#rb− ab ∈ S(m1m2h, g) and (a, b) 7→ a#b− ab ∈ S(m1m2h, g).
If a ∈ S(m1, g), there exists c ∈ S(m1, g) such that aw = Op c. The maps a 7→ c
and a 7→ c− a ∈ S(m1m2h, g) are continuous. If a ∈ S(〈ξ〉m, g) for m ∈ N, aw

and Op a are bounded from Hm(Rd) to L2(Rd) and the corresponding operator
norms are controlled above by some appropriate semi-norm of a in S(〈ξ〉m, g).
In particular, they are bounded on L2(Rd), if a ∈ S(1, g). Futhermore, for
a ∈ S(m, g),

(A.5) Opa is bounded⇐⇒ aw is bounded⇐⇒ a ∈ S(1, g) .
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For a ∈ S(1, g),

(A.6) Opa is compact⇐⇒ aw is compact⇐⇒ lim
|x∗|→∞

a(x∗) = 0 .

Finally, we recall the following result on some smooth functional calculus for
pseudodifferential operators associated to some admissible metric g. This result
is essentially contained in [Bo1] (see [GJ2, Le], for details). We also use it for
g = g0 or g = gα.
For ρ ∈ R, we denote by Sρ the set of smooth functions ϕ : R −→ C such that,
for all k ∈ N, supt∈R〈t〉k−ρ|∂kt ϕ(t)| <∞. If we take a real symbol a ∈ S(m, g),
then the operator aw is self-adjoint on the domain D(aw) = {u ∈ L2(Rdx); awu ∈
L2(Rdx)}. In particular, the operator ϕ(aw) is well defined by the functional
calculus if ϕ is a borelean function on R. We assume that m ≥ 1. A real
symbol a ∈ S(m, g) is said elliptic if (i − a)−1 belongs to S(m−1, g). Recall
that h denotes the gain of the symbolic calculus in S(m, g).

Theorem A.1. Let m ≥ 1 and a ∈ S(m, g) be real and elliptic. Take a function
ϕ ∈ Sρ. Then ϕ(a) ∈ S(mρ, g) and there exists b ∈ S(hmρ, g) such that

(A.7) ϕ
(
aw(x,D)

)
=
(
ϕ(a)

)w
(x,D) + bw(x,D).

Appendix B. Regularity w.r.t. an operator.

For sake of completness, we recall here important facts on the regularity w.r.t.
to a self-adjoint operator. Further details can be found in [ABG, DG, GJ2,
GGM, GGé].
Let H be a complex Hilbert space. The scalar product 〈·, ·〉 in H is right
linear and ‖ · ‖ denotes the corresponding norm and also the norm in B(H ),
the space of bounded operators on H . Let M be a self-adjoint operator in
H . Let T be a closed operator in H . The form [T,M ] is defined on (D(M)∩
D(T ))× (D(M) ∩ D(T )) by

(B.1) 〈f , [T,M ]g〉 := 〈T ∗f , Mg〉 − 〈Mf , Tg〉 .
If T is a bounded operator on H and k ∈ N, we say that T ∈ Ck(M) if, for all
f ∈H , the map R ∋ t 7→ eitMTe−itMf ∈H has the usual Ck regularity. The
following characterization is available.

Proposition B.1. [ABG, p. 250]. Let T ∈ B(H ). Are equivalent:

(1) T ∈ C1(M).
(2) The form [T,M ] defined on D(M)×D(M) extends to a bounded form

on H ×H associated to a bounded operator denoted by ad1
M (T ) :=

[T,M ]◦.
(3) T preserves D(M) and the operator TM − MT , defined on D(M),

extends to a bounded operator on H .

It immediately follows that T ∈ Ck(M) if and only if the iterated commutators

adpM (T ) := [adp−1M (T ),M ]◦ are bounded for p ≤ k.

It turns out that T ∈ Ck(M) if and only if, for a z outside σ(T ), the spectrum
of T , (T − z)−1 ∈ Ck(M). Now, let N be a self-adjoint operator in H . It is
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natural to say that N ∈ Ck(M) if (N − z)−1 ∈ Ck(M) for some z 6∈ σ(N). In
that case, (N − z)−1 ∈ Ck(M), for all z 6∈ R. Lemma 6.2.9 and Theorem 6.2.10
in [ABG] gives the following characterization of this regularity:

Theorem B.2. [ABG, p. 251]. Let M and N be two self-adjoint operators in
the Hilbert space H . For z /∈ σ(N), set R(z) := (N − z)−1. The following
points are equivalent:

(1) N ∈ C1(M).
(2) For one (then for all) z /∈ σ(N), there is a finite c such that

|〈Mf,R(z)f〉 − 〈R(z̄)f,Mf〉| ≤ c‖f‖2, for all f ∈ D(M).(B.2)

(3) a. There is a finite c such that for all f ∈ D(M) ∩ D(N):

(B.3) |〈Mf,Nf〉 − 〈Nf,Mf〉| ≤ c
(
‖Nf‖2 + ‖f‖2

)
.

b. The set {f ∈ D(M); R(z)f ∈ D(M) andR(z̄)f ∈ D(M)} is a core
for M , for some (then for all) z /∈ σ(N).

Note that the condition (3.b) could be uneasy to check, see [GGé]. We mention
[GM][Lemma A.2] to overcome this subtlety. Note that (B.2) yields that the
commutator [M,R(z)] extends to a bounded operator, in the form sense. We
shall denote the extension by [M,R(z)]◦. In the same way, from (B.3), the
commutator [N,M ] extends to a unique element of B

(
D(N),D(N)∗

)
denoted

by [N,M ]◦. Moreover, if N ∈ C1(M) and z /∈ σ(N),
[
M, (N − z)−1

]
◦ = (N − z)−1︸ ︷︷ ︸

H←D(N)∗

[N,M ]◦︸ ︷︷ ︸
D(N)∗←D(N)

(N − z)−1︸ ︷︷ ︸
D(N)←H

.(B.4)

Here we used the Riesz lemma to identify H with its anti-dual H ∗. It turns
out that an easier characterization is available if the domain of N is conserved
under the action of the unitary group generated by M .

Theorem B.3. [ABG, p. 258]. Let M and N be two self-adjoint operators
in the Hilbert space H such that eitMD(N) ⊂ D(N), for all t ∈ R. Then
N ∈ C1(M) if and only if (B.3) holds true.

Appendix C. Commutator expansions.

In this appendix, we recall known results on functional calculus and on com-
mutator expansions. Details can be found in [DG, GJ1, GJ2, Mø]. We then
apply these results to get several facts used in the main part of the text. We
make use of pseudodifferential calculus (cf. Appendix A) and of the regularity
w.r.t. an operator, recalled in Appendix B.
As in Appendix A, we consider, for ρ ∈ R, the set Sρ of functions ϕ ∈ C∞(R;C)
such that

∀k ∈ N, Ck(ϕ) := sup
t∈R
〈t〉−ρ+k|∂kt ϕ(t)| <∞.(C.1)

Equipped with the semi-norms defined by (C.1), Sρ is a Fréchet space. We
recall the following result from [DG] on almost analytic extension.
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Proposition C.1. [DG]. Let ϕ ∈ Sρ with ρ ∈ R. There is a smooth function
ϕC : C→ C, called an almost analytic extension of ϕ, such that, for all l ∈ N,

ϕC|R = ϕ,
∣∣∂z̄ϕC(z)

∣∣ ≤ c1〈Re(z)〉ρ−1−l|Im(z)|l ,(C.2)

suppϕC ⊂ {x+ iy; |y| ≤ c2〈x〉},(C.3)

ϕC(x + iy) = 0, if x 6∈ suppϕ,(C.4)

for constants c1, c2 only depending on the semi-norms (C.1) of ϕ in Sρ.

Next we recall Helffer-Sjöstrand’s functional calculus (cf., [HeS, DG]). As in
Appendix B, we consider a self-adjoint operator M acting in some complex
Hilbert space H . For ρ < 0, k ∈ N, and ϕ ∈ Sρ, the bounded operators
(∂kϕ)(M) can be recovered by

(∂kϕ)(M) =
i(k!)

2π

∫

C

∂z̄ϕ
C(z)(z −M)−1−kdz ∧ dz̄,(C.5)

where the integral exists in the norm topology, by (C.2) with l = 1. For ρ ≥ 0,
we rely on the following approximation:

Proposition C.2. [GJ1]. Let ρ ≥ 0 and ϕ ∈ Sρ. Let χ ∈ C∞c (R) with χ = 1
near 0 and 0 ≤ χ ≤ 1, and, for R > 0, let χR(t) = χ(t/R). For f ∈ D(〈M〉ρ)
and k ∈ N, there exists

(∂kϕ)(M)f = lim
R→+∞

i

2π

∫

C

∂z̄(ϕχR)C(z)(z −M)−1−kf dz ∧ dz̄.(C.6)

The r.h.s. converges for the norm in H . It is independent of the choise of χ.

Notice that, for some c > 0 and s ∈ [0; 1], there exists some C > 0 such that,
for all z = x+ iy ∈ {a+ ib | 0 < |b| ≤ c〈a〉} (like in (C.3)),

∥∥〈M〉s(M − z)−1
∥∥ ≤ C〈x〉s · |y|−1.(C.7)

Observing that the self-adjointness assumption on B is useless, we pick from
[GJ1] the following result in two parts.

Proposition C.3. [BG, DG, GJ1, Mø]. Let k ∈ N∗, ρ < k, ϕ ∈ Sρ, and B be
a bounded operator on H such that B ∈ Ck(M). As forms on D(〈M〉k−1) ×
D(〈M〉k−1),

[ϕ(M), B] =

k−1∑

j=1

1

j!
(∂jϕ)(M)adjM (B)(C.8)

+
i

2π

∫

C

∂z̄ϕ
C(z)(z −M)−kadkM (B)(z −M)−1dz ∧ dz̄.(C.9)

In particular, if ρ ≤ 1, then B ∈ C1(ϕ(M)).

The rest of the previous expansion is estimated in
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Proposition C.4. [BG, GJ1, Mø]. Let B be a bounded operator on H such
that B ∈ Ck(M). Let ϕ ∈ Sρ, with ρ < k. Let Ik(ϕ) be the rest of the
development of order k (C.8) of [ϕ(M), B], namely (C.9). Let s, s′ ≥ 0 such
that s′ < 1, s < k, and ρ+ s+ s′ < k. Then, for ϕ staying in a bounded subset
of Sρ, 〈M〉sIk(ϕ)〈M〉s′ is bounded and there exists a M and ϕ independent

constant C > 0 such that ‖〈M〉sIk(ϕ)〈M〉s′‖ ≤ C‖adkM (B)‖.
Now, we show a serie of results needed in the main text. Most of them are
more or less known. We provide proofs for completeness.
Proof of Lemma 3.1. The assumptions 1.1 and 1.5 are not required for the
proof of (1). We note that (1 + H0)−1 = aw and 〈Q〉 = bw, where a(x, ξ) =
(1 + |ξ|2)−1 and b(x, ξ) = 〈x〉, Since a ∈ S(〈ξ〉−2, g0) and b ∈ S(〈x〉, g0), where
the metric g0 defined in (A.2), the form [(1 + H0)−1, 〈Q〉] is associated to cw

with c ∈ S(h〈ξ〉−2〈x〉, g0) = S(〈ξ〉−3, g0), by pseudodifferential calculus. Since
S(〈ξ〉−3, g0) ⊂ S(1, g0), the form [(1 + H0)−1, 〈Q〉] extends to bounded one
on L2(Rd). Similarly, we can show that the iterated commutators adp〈Q〉((1 +

H0)−1) all extend to bounded operator on L2(Rd). By the comment just after
Proposition B.1, (1+H0)−1 ∈ C∞(〈Q〉) and H0 ∈ C∞(〈Q〉), by definition. Since
〈P 〉 = dw with d(x, ξ) = (1 + |ξ|2)1/2, we can follow the same lines to prove
that 〈P 〉−1 ∈ C∞(〈Q〉) and thus 〈P 〉 ∈ C∞(〈Q〉). Similarly, Pi, PiPj , 〈P 〉2 ∈
C∞(〈Q〉). Since the form [〈P 〉, 〈Q〉] is associated to bounded pseudodifferential
operator, we see that D(〈Q〉〈P 〉) = D(〈P 〉〈Q〉).
By a direct computation, we see that the group eit〈Q〉 (for t ∈ R) preserves
the Sobolev space H2(Rd), which is the domain of H . Furthermore the form
[H, 〈Q〉] cöıncide on D(H) ∩ D(〈Q〉) with [H0, 〈Q〉]. The latter is associated,
by pseudodifferential calculus, to a pseudodifferential operator that is bounded
from H1(Rd) to L2(Rd). By Theorem B.3, H ∈ C1(〈Q〉) and, for z ∈ C \ R,

(C.10)
[
(z −H)−1, 〈Q〉

]
◦ = (z −H)−1

[
H, 〈Q〉

]
◦(z −H)−1 .

On D(〈Q〉)×D(〈Q〉), we can write the form [[(z −H)−1, 〈Q〉]◦] as
[
(z −H)−1, 〈Q〉

] [
H, 〈Q〉

]
◦(z −H)−1 + (z −H)−1

[
H, 〈Q〉

]
◦
[
(z −H)−1, 〈Q〉

]

+ (z −H)−1
[[
H, 〈Q〉

]
◦ , 〈Q〉

]
(z −H)−1 .

Since [[H, 〈Q〉]0, 〈Q〉] = [[H0, 〈Q〉]0, 〈Q〉] is associated to a bounded pseudo-
differential operator, H ∈ C2(〈Q〉) by Proposition B.1. Now we conclude the
proof of (2) by induction, making use of (C.10) and the fact that the form
adp〈Q〉(H) = adp〈Q〉(H0) extends to a bounded one, if p ≥ 2.

Let N = H or H0. For z ∈ C \ R, we have (C.10) with H replaced by
N , thanks to (1) and (2). Using the resolvent equality for the difference
(z −N)−1 − (i−N)−1, we see that

(C.11)
∥∥[(z −N)−1, 〈Q〉

]
◦
∥∥ ≤ C

(
1 +

〈ℜz〉
|ℑz|

)
.

where C only depends on the operator norm of [N, 〈Q〉]◦. Now we use (C.5) with
ϕ = θ to express the form [θ(H), 〈Q〉] and see that it extends to a bounded one,
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thanks to (C.11). This shows that θ(N) ∈ C1(〈Q〉). In a similar way, we can
show by induction that θ(N) ∈ C∞(〈Q〉). The above arguments actually show
that Pi[θ(N), 〈Q〉]◦ is a bounded operator on L2(Rd). So is also [Piθ(N), 〈Q〉]◦
and, since Piθ(N) is bounded, Piθ(N) ∈ C1(〈Q〉). Again we can derive by
induction that Piθ(N) ∈ C∞(〈Q〉). Similarly we can verify that PiPjθ(N) ∈
C∞(〈Q〉).
Note that θ(H)D(〈Q〉) ⊂ D(H) = D(H0). Let z ∈ C \ R. By (2), (z −H)−1

preserves D(〈Q〉) and, on D(〈Q〉),
〈Q〉 (z −H)−1 = (z −H)−1 〈Q〉 +

[
〈Q〉, (z −H)−1

]
◦ .

Thus 〈Q〉 (z −H)−1〈Q〉−1 is bounded and

〈Q〉 (z −H)−1〈Q〉−1 = (z −H)−1 +
[
〈Q〉, (z −H)−1

]
◦ 〈Q〉

−1 .

By (C.10), we see that 〈P 〉〈Q〉 (z −H)−1〈Q〉−1

= 〈P 〉(z −H)−1 + 〈P 〉(z −H)−1
[
〈Q〉, H

]
◦ (z −H)−1〈Q〉−1

is bounded and, for some z-independent C′ > 0,

∥∥〈P 〉〈Q〉 (z −H)−1〈Q〉−1
∥∥ ≤ C′

|ℑz|
(

1 +
〈ℜz〉
|ℑz|

)
.

Therefore, 〈P 〉〈Q〉 θ(H)〈Q〉−1 is bounded, by (C.5) with k = 0. This implies
that θ(H)D(〈Q〉) ⊂ D(〈P 〉〈Q〉). �

Lemma C.5. Assume Assumptions 1.1 and 1.5. For integers 1 ≤ i, j ≤ d, let
the operator τ(P ) be either 1, or Pi, or PiPj. Then, for any θ ∈ C∞c (R;C)
and any σ ≥ 0, 〈Q〉βlr−στ(P )(θ(H) − θ(H0))〈Q〉σ, 〈Q〉−στ(P )θ(H)〈Q〉σ , and
〈Q〉−στ(P )θ(H0)〈Q〉σ are bounded on L2(Rd).

Proof. We first note that, for δ ∈ [−1; 1], the form [H, 〈Q〉δ] = [H0, 〈Q〉δ]
extends to a bounded one from H1(Rd) to L2(Rd). Thus, as in the previous
proof (the one of Lemma 3.1), for H ′ = H and H ′ = H0, there exists C > 0,
such that, z ∈ C \R,

(C.12)
∥∥〈P 〉2〈Q〉−δ (z −H ′)−1〈Q〉δ

∥∥ ≤ C

|ℑz|
(

1 +
〈ℜz〉
|ℑz|

)
.

Since, for δ ∈ [0; 1], we can write

〈Q〉−1−δ(z −H ′)−1〈Q〉1+δ = 〈Q〉−δ(z −H ′)−1〈Q〉δ

+ 〈Q〉−1−δ(z −H ′)−1[H ′, 〈Q〉]◦(z −H ′)−1〈Q〉δ

with [H ′, 〈Q〉]◦ = [H0, 〈Q〉]◦, (C.12) implies (C.12) with δ replaced by δ+1. By
induction, we get (C.12) for all δ ≥ 0. For δ ∈ [−1; 0], we can similarly show
(C.12) with δ replaced by δ − 1 and then, by induction, (C.12) for all δ ≤ 0.
For z ∈ C \ R,

〈Q〉βlr−σVc(Q)(z −H0)−1〈Q〉σ

= 〈Q〉βlrχc(Q) · Vc(Q)〈P 〉−2 · 〈P 〉2〈Q〉−σ(z −H0)−1〈Q〉σ
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and, for W = Wαβ + Vlr + Vsr ,

〈Q〉βlr−σW (Q)(z −H0)−1〈Q〉σ = 〈Q〉βlrW (Q) 〈Q〉−σ(z −H0)−1〈Q〉σ ,
and, using iP · v(Q) = (∇ · v)(Q) + v(Q) · iP ,

〈Q〉βlr−σ(z −H)−1
(
v · ∇Ṽsr

)
(Q)(z −H0)−1〈Q〉σ

= 〈Q〉βlr−σ(z −H)−1
(
v(Q) · iP

)
Ṽsr(Q)(z −H0)−1〈Q〉σ

− 〈Q〉βlr−σ(z −H)−1Ṽsr(Q)
(
v(Q) · iP

)
(z −H0)−1〈Q〉σ

= 〈Q〉βlr−σ(z −H)−1iP 〈Q〉σ−βlr · v(Q)〈Q〉βlr Ṽsr(Q)〈Q〉−σ(z −H0)−1〈Q〉σ

− 〈Q〉βlr−σ(z −H)−1〈Q〉σ−βlr (∇ · v)(Q)〈Q〉βlr Ṽsr(Q)〈Q〉−σ(z −H0)−1〈Q〉σ

− 〈Q〉βlr−σ(z −H)−1〈Q〉σ−βlr 〈Q〉βlr Ṽsr(Q)v(Q) · 〈Q〉−σiP (z −H0)−1〈Q〉σ .
By (C.12) for H ′ = H and δ = σ − βlr, (C.12) for H ′ = H0 and δ = σ, and by
the resolvent formula, we see that the operator

〈P 〉2〈Q〉βlr−σ
(

(z −H)−1 − (z −H0)−1
)
〈Q〉σ

is bounded and its norm is dominated by some z-independent C′ times the
r.h.s. of (C.12) squared. Now, we use (C.5) with k = 0 to get the boundedness
of 〈P 〉2〈Q〉βlr−σ(θ(H)− θ(H0))〈Q〉σ . This shows the desired result for the first
considered operator.
The result for the last two operators follows from (C.12) and (C.5) with k =
0. �

Lemma C.6. Assume Assumptions 1.1 and 1.5 satisfied. Let θ ∈ C∞c (R;C).
Let χ ∈ C∞c (R;R) with χ = 1 near 0 and, for R ≥ 1, let χR(t) = χ(t/R) and
χ̃R(t) = 1− χR(t). Let τ(P ) be either 1, or Pi, or PiPj, for 1 ≤ i, j ≤ d.

(1) For σ ∈ [0; 1[ and ǫ ≥ 0, the operators

〈Q〉σ−ǫ[τ(P )θ(H), χ̃R(〈Q〉)]◦〈Q〉σ and 〈Q〉σ−ǫτ(P )[θ(H), χ̃R(〈Q〉)]◦〈Q〉σ

are bounded on L2(Rd) and their norm are O(R2σ−1−ǫ).
(2) The operators

〈Q〉1−βlr
[
τ(P )θ(H), χR(〈Q〉)

]
◦ and 〈Q〉1−βlrτ(P )

[
θ(H), χR(〈Q〉)

]
◦

are bounded on L2(Rd) and their norm are O(R−βlr ).

Proof. We only prove (1). The proof of (2) is similar since [θ(H), χR(〈Q〉)] =
−[θ(H), χ̃R(〈Q〉)] and [τ(P )θ(H), χR(〈Q〉)] = −[τ(P )θ(H), χ̃R(〈Q〉)].
Note that, on D(〈Q〉σ),

〈Q〉σ−ǫ
[
τ(P )θ(H), χR(〈Q〉)

]
◦〈Q〉

σ = 〈Q〉σ−ǫ
[
τ(P ), χR(〈Q〉)

]
◦θ(H)〈Q〉σ

+ 〈Q〉σ−ǫτ(P )
[
θ(H), χR(〈Q〉)

]
◦〈Q〉

σ ,

where [θ(H), χR(〈Q〉)
]
◦ is explicit and satisfies

∥∥〈Q〉σ−ǫ[θ(H), χR(〈Q〉)
]
◦〈Q〉

σ
∥∥ = O

(
R2σ−1−ǫ) .
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Thus, it suffices to study the second operator in (1).
The form [H,χR(〈Q〉)] = [H0, χR(〈Q〉)] extends to a bounded one fromH1(Rd)
to L2(Rd). Furthermore,

[H, χ̃R(〈Q〉)]◦ = [H0, χ̃R(〈Q〉)]◦ = −χ′R(〈Q〉)〈Q〉−1Q · P + BR ,

with bounded BR such that ‖BR‖ = O(R−2). Using the proofs of Lemma 3.1
and of Lemma C.5, we get, for z ∈ C \ R, the operator

〈Q〉σ−ǫ[(z −H)−1, χ̃R(〈Q〉)]◦〈Q〉σ
= −〈Q〉σ−ǫ(z −H)−1[H, χ̃R(〈Q〉)]◦(z −H)−1〈Q〉σ

is bounded and, there exist C > 0 such that, for all z ∈ C \ R and all R ≥ 1,

∥∥〈Q〉σ−ǫ[(z −H)−1, χ̃R(〈Q〉)]◦〈Q〉σ
∥∥ ≤ R2σ−1−ǫ C

|ℑz|2
(

1 +
〈ℜz〉
|ℑz|

)2
.

Using (C.5) with k = 0, we get the boundedness of 〈Q〉σ−ǫ[θ(H), χ̃R(〈Q〉)]◦〈Q〉σ
and the desired upper bound on its norm. Similarly, we can treat the operators
〈Q〉σ−ǫPi[θ(H), χ̃R(〈Q〉)]◦〈Q〉σ and 〈Q〉σ−ǫPiPj [θ(H), χ̃R(〈Q〉)]◦〈Q〉σ. �

Lemma C.7. Let (α;β) such that |α−1|+β < 1. Let ǫ ∈]2|α−1|; 1−β+|α−1|].
Then the integral (3.7) is infinite.

Proof. Denote by I this integral (3.7). Note that its integrand is nonnegative.
Using spherical coordinates,

I = cd

∫ +∞

0

(
1− κ(r)

)3
r1−β+|α−1|−(d+ǫ)+d−1 sin2

(
krα

)
dr

where cd > 0 is the mesure of the unit sphere in Rd. For n ∈ N, let

an =
1

k

(π
2
− π

4
+ 2nπ

)
and bn = an +

π

2k
.

For r ∈ [a
1/α
n ; b

1/α
n ], sin2

(
krα

)
≥ 1/2. Let N be a large enough integer such

that, for n ≥ N , a
1/α
n lies outside the support of κ(| · |). Thus,

2I

cd
≥

∞∑

n=N

∫ b1/αn

a
1/α
n

r−β+|α−1|−ǫ dr .

The general term in the above serie is bounded below by c·nα−1(1−β+|α−1|−ǫ)−1,
for some c > 0. By assumption, 1 − β + |α − 1| − ǫ ≥ 0, therefore the serie
diverges, showing that I is infinite. �

Appendix D. Strongly oscillating term.

In this section, we focus on the case α > 1 and prove the key result on oscilla-
tions, namely Proposition 2.4. To this end, we recall the following well-known
result.
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Lemma D.1. Schur’s lemma.
Let (n;m) ∈ (N∗)2. Let K : Rn × Rm −→ C be a measurable function such
that, there exists C > 0 such that

sup
x∈Rn

∫

Rm
|K(x; y)| dy ≤ C and sup

y∈Rm

∫

Rn
|K(x; y)| dx ≤ C .

Then the operator A : L2(Rm) −→ L2(Rn), that maps f ∈ L2(Rm) to the
function

x 7→
∫

Rm
K(x; y) · f(y) dy ,

is well-defined, bounded and its operator norm is bounded above by C.

Proof of Proposition 2.4. Recall that, by (2.1), denoting 1− κ by χ,

eα±(Q) =
(

1− κ
(
|Q|
))
e±ik|Q|

α

= χ
(
|Q|
)
e±ik|Q|

α

,

where κ ∈ C∞c (R;R) is identically 1 near 0. Note that, for ǫ, δ > 0, 〈Q〉−ǫ〈P 〉−δ
is compact on L2(Rd;C). By pseudodifferential calculus (or commutator ex-
pansions, cf. [GJ1]), 〈Q〉−ǫ〈P 〉−ℓ〈Q〉ǫ is bounded on L2(Rd;C) for any ℓ ≥ 0.
Thus, the desired result follows from the boundedness on L2(Rd;C) for all
p ≥ 0 of 〈P 〉−ℓ1〈Q〉peα±(Q)〈P 〉−ℓ2 , for appropriate ℓ1 and ℓ2. Given p, we seek

for ℓ1, ℓ2 ≥ 0 and C > 0 such that, for all function f ∈ S (Rd;C), the Schwartz
space on Rd,
∥∥〈P 〉−ℓ1〈Q〉peα±(Q)〈P 〉−ℓ2f

∥∥2

=
〈
〈P 〉−ℓ2f , 〈Q〉peα∓(Q)〈P 〉−2ℓ1〈Q〉peα±(Q)〈P 〉−ℓ2f

〉

is bounded above by C‖f‖2.
Given f ∈ S (Rd;C), we set g = 〈P 〉−ℓ2f ∈ S (Rd;C) and write

f1(x) :=
(
〈Q〉peα∓(Q)〈P 〉−2ℓ1〈Q〉peα±(Q)g

)
(x)

=
(
2π
)−d ∫

R2d

eiϕα,±(x;y;ξ)〈x〉pχ(x)〈ξ〉−2ℓ1 〈y〉pχ(y)g(y) dy dξ ,(D.1)

where ϕα,±(x; y; ξ) = (x − y) · ξ ∓ k(|x|α − |y|α) and the integral converges
absolutely, if ℓ1 > d/2. Take δ ∈]0; 1/2[ and τ ∈ C∞c (R) such that τ(t) = 1
if |t| ≤ 1 − 2δ and τ(t) = 0 if |t| ≥ 1 − δ. On the support of (x; y) 7→
χ(x)χ(y)τ(|x − y| · |x|−1), |x − y| ≤ (1 − δ)|x|. In particular, on this support,
0 does not belong the segment [x; y] and, for all t ∈ [0; 1],

(D.2) (2− δ)|x| ≥ |tx+ (1 − t)y| ≥ |x| − (1− t)|y − x| ≥ δ|x| .
We write f1(x) = f2(x) + f3(x) where f2 (resp. f3) is given by (D.1) with g(y)
replaced by (1−τ(|x−y|·|x|−1))g(y) (resp. τ(|x−y|·|x|−1)g(y)). On the support
of the function (x; y) 7→ χ(x)χ(y)(1−τ(|x−y| · |x|−1)), |x−y| ≥ (1−2δ)|x| > 0
and |x− y| ≥ Cδ|y|, for some (x; y)-independent, positive constant Cδ. Since
(
Lx,y,Dξ−1

)
ei(x−y)·ξ∓ik(|x|

α−|y|α) = 0 for Lx,y,Dξ = |x−y|−2(x−y) ·Dξ ,
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we get, by integration by parts, that, for all n ∈ N,

f2(x) = (2π)−d
∫
eiϕα,±(x;y;ξ)〈x〉pχ(x)〈y〉pχ(y)g(y)

(
1− τ(|x − y|〈x〉−1)

)

·
(
L∗x,y,Dξ

)n(〈ξ〉−2ℓ1
)
dydξ .

Choosing n large enough, we can apply Lemma D.1 to show that the map
f 7→ f2 is bounded on L2(Rd).
On the support of the function (x; y) 7→ χ(x)χ(y)τ(|x−y| · |x|−1), we can write
ϕα,±(x; y; ξ) = (x− y) · (ξ ∓ kwα(x; y)) where

wα(x; y) = α

∫ 1

0

∣∣tx + (1− t)y
∣∣α−2(tx + (1 − t)y

)
dt .

Setting, for j ∈ {0; 1},

λj =

∫ 1

0

∣∣tx + (1 − t)y
∣∣α−2 tj dt ,

λ0 ≥ λ1 > 0 and α−1wα(x; y) = λ1x+(λ0−λ1)y = λ0((λ1/λ0)x+(1−λ1/λ0)y).
By (D.2),

λ0 ≥ λ1 ≥ 2−1
(
δ|x|

)α−2

and |wα(x; y)| ≥ αλ0δ|x|. Furthermore |wα(x; y)| ≤ α((2 − δ)|x|)α−1, thus

2−1δα−1 ≤ α−1|x|1−α · |wα(x; y)| ≤ (2− δ)α−1 ,(D.3)

2−1δα−1(2− δ)1−α ≤ α−1|y|1−α · |wα(x; y)| ≤ δ1−α(2− δ)α−1 .(D.4)

In the integral defining f3, we make the change of variables ξ 7→ η = ξ ∓
kwα(x; y) and obtain

f3(x) = (2π)−d
∫
ei(x−y)·η〈x〉pχ(x)〈y〉pχ(y)g(y)τ(|x − y| · |x|−1)

·
〈
η ± kwα(x; y)

〉−2ℓ1
dydη .(D.5)

We write f3(x) = f4(x) + f5(x) where f4 (resp. f5) is given by (D.5) with g(y)
replaced by τ(|η| · |kwα(x; y)|−1)g(y) (resp. (1−τ(|η| · |kwα(x; y)|−1))g(y)). On
the support of the integrand of f4, |η| ≤ (1 − δ)|kwα(x; y)| which implies that
|η ± kwα(x; y)| ≥ δ|kwα(x; y)|. Take ℓ1 > (α − 1)−1(p + d). By (D.3), (D.4),
and Lemma D.1, the map f 7→ f4 is bounded on L2(Rd).
On the support of the integrand of f5, |η| ≥ (1− 2δ)|kwα(x; y)| > 0. Since

Mη,Dxe
i(x−y)·η = ei(x−y)·η = −Mη,Dye

i(x−y)·η for Mη,Dz = |η|−2η ·Dz ,

we get, by integration by parts, that, for all n ∈ N,

〈g , f4〉 = (2π)−d
∫
ei(x−y)·η

(
−M∗η,DxM∗η,Dy

)n[〈x〉pχ(x)g(x)〈y〉pχ(y)g(y)

· τ(|x − y| · |x|−1)
(
1− τ(|η| · |kwα(x; y)|−1)

)]
dxdydη .
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Choosing the integer n such that n(α− 1) > p+ d, using (D.3) and (D.4), we
can apply Lemma D.1 to get some f -independent constant C0 > 0 such that

∣∣〈g , f4〉
∣∣ ≤ C0 sup

0≤|γ|≤n

(
‖g‖2 + ‖P γg‖2

)
.

Now the r.h.s. is bounded above by C‖f‖2 if ℓ2 is greater than 1 plus the
integer part of (α− 1)−1(p+ d). �
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Abstract. Soit p ≥ 3 un nombre premier. Le but de cet article
est de donner une description des invariants, sous les sous-groupes
de congruence principaux, des extensions entre séries principales
apparaissant dans la correspondance de Langlands p-modulaire de
GL2(Qp). Comme application on décrit les espaces Hecke isotypiques
de la cohomologie de la courbe modulaire sur Q avec un niveau de
ramification arbitraire en p.

Let p > 3 be a prime. The aim of this paper is to give a description of
the invariant space, under principal and Iwahori congruence subgroups
of arbitrary level, of extensions of generic principal series representa-
tions appearing in the p-modular local Langlands correspondence for
GL2(Qp). As an application we describe Hecke isotypical components
of the mod p cohomology of the modular curve over Q with deeply
ramified level at p.

Keywords and Phrases: p-modular Langlands program, local-global
compatibility, Serre weight, extension of principal series, socle filtra-
tion, multiplicity one

Table des matires

1 Introduction 778
1.1 Notations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 783

2 Prliminaires 784
2.1 Structure interne des series principales pour GL2(Qp) . . . . . 784

2.1.1 Les induites paraboliques finies. . . . . . . . . . . . . . . 787
2.2 Induction parabolique et induction compacte . . . . . . . . . . 788

2.2.1 Un dictionnaire . . . . . . . . . . . . . . . . . . . . . . . 791

Documenta Mathematica 22 (2017) 777–823



778 Stefano Morra

3 Divertissement en thorie d’Iwasawa 792

4 Premier dvissage de l’atome 796

4.1 Réalisation de l’atome automorphe . . . . . . . . . . . . . . . . 797
4.2 Restriction aux groupes de congruence . . . . . . . . . . . . . . 799
4.3 Résumé des notations. . . . . . . . . . . . . . . . . . . . . . . . 801

5 Le comportement de ẽn+1 802
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1 Introduction

Depuis ses premières réalisations, la correspondance de Langlands locale p-
adique (cf. [Ber11], [Bre08]) se manifeste comme un phénomène essentielle-
ment nouveau. Non seulement l’espace des vecteurs localement algébriques de
la représentation p-adique automorphe associée à une représentation galoisienne
peut être nul (cf. [Col10] §VI.6, retrouvé par Dospinescu dans [Dos12]), mais on
a besoin d’inclure, à l’intérieur de la correspondance, certaines représentations
automorphes réductibles.
Bien que la correspondance locale pour GL2(Qp) est désormais largement com-
prise grâce aux travaux de plusieurs mathématiciens (cf. [Ber11], [Bre08] pour
des références précises sur la genèse scientifique de la théorie), la situation pour
des autres groupes reste extrêmement délicate, même dans le cas p-modulaire
(travaux de Paskunas, Breuil-Paskunas, Hu, Schraen...). En particulier, la pro-
lifération des représentations p-modulaires des groupes réductifs p-adiques rend
difficile, à l’heure actuelle, la formulation d’une correspondance locale précise.
Néanmoins, les conjectures de Serre généralisées (cf. [BDJ10], [Sch08], [Her09]),
qui décrivent les systèmes locaux dont la cohomologie garde la donnée d’un
paramètre galoisien, fournissent des outils géométriques globaux pour l’étude
des représentations locales qui devraient apparaitre dans une correspondance
de Langlands modulo p.
C’est la stratégie adoptée dans les articles récents [BD14] et [BH15], où des
propriétés locales de certaines représentations p-modulaires viennent transub-
stantiées dans un contexte global. L’aspect important est que ces premières
investigations se consacrent au cas particulier où la représentation galoisienne
est ordinaire, i.e. lorsque son image est contenue dans un sous-groupe de Borel
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de GLn. La représentation locale automorphe est, dans ce cas, réductible (en
général non scindée).

À la lumière de ces nouveaux progrès et de la phénoménologie spécifique de
GL2 (parue dans les travaux de Breuil et Paskunas, cf. [BP13]) cela se manifeste
comme naturel l’étude détaillé de ces représentations modulaires dans le cadre
de la correspondance locale pour GL2(Qp), représentations qui sont souvent
appelées atomes automorphes de longueur 2 (cf. [Col10], §VII.4).
C’est le sujet de cet article, poursuivi dans le sillon des études commencés dans
[Mor11], [Mor13] (où l’auteur traite le cas supersingulier). On tient toutefois à
souligner que, différemment du cas irréductible (où la restriction à GL2(Zp) des
représentations irréductibles est essentiellement unisérielle), le comportement
interne des atomes automorphes de longueur 2 est délicat : on retrouve une
infinité de GL2(Zp) extensions non triviales entre les constituants des deux
séries principales de l’atome ; leur nature dépend de plus de leur position à
l’intérieur de l’atome.
Voyons maintenant plus en détail les résultats et les perspectives de l’étude
effectué dans cet article. Afin de simplifier les énoncés 1, nous nous limitons au
cas générique, bien que certains résultats restent valables dans un cadre plus
général.
Désignons par ω le caractère cyclotomique modulo p et par unλ le caractère
non ramifié de Gal(Qp/Qp) envoyant le Frobenius géométrique sur λ ∈ k×.

Un atome galoisien générique (de dimension 2 pour GQp

def= Gal(Qp/Qp)) est

une représentation galoisienne de la forme
[

δ1 ∗

0 δ2

]
, où δ1

def
= ωr+1unλ pour

un entier r ∈ {1, . . . , p − 3} et δ2
def= unλ−1 . À celle-ci correspond, à travers le

foncteur inverse de Colmez, un générateur linéarie Ar,λ de l’espace

Ext1
GL2(Qp)(Ind

GL2(Qp)

B(Qp) δ1 ⊗ δ2ω
−1, IndGL2(Qp)

B(Qp) δ2 ⊗ δ1ω
−1)

Le résultat principal de cet article, qui fait la suite à [Mor13] (où on traite le cas
irréductible), consiste en une description complète de l’espace des invariants de
Ar,λ selon des sous-groupes de congruence principaux de GL2(Zp). Pour t ≥ 1
désignons parKt le noyau du morphisme de réduction GL2(Zp) ։ GL2(Zp/pt)
et par It+1 le sous groupe de Kt constitué par les éléments de Kt qui sont
triangulaires supérieurs modulo Kt+1.

Theoreme 1.1. Soit 1 ≤ r ≤ p− 3 et n ≥ 0. L’espace des Kn+1-invariants de
Ar,λ est décrit par la suite exacte

0→
(
IndGL2(Qp)

B(Qp) δ2 ⊗ δ1ω
−1

)Kn+1

→
(
Ar,λ

)Kn+1 →

→
(
IndGL2(Qp)

B(Qp) δ1 ⊗ δ2ω
−1

)Kn+1

→ Symr+2k2 ⊗ det−1 → 0.

1. Similement, on utilisera ici des notations légèrement differentes de ceux utilisées dans
le reste de l’article.
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L’espace des In+1-invariants est décrit par la suite exacte

0→
(
IndGL2(Qp)

B(Qp) δ2 ⊗ δ1ω
−1

)In+1

→
(
Ar,λ

)In+1 →

→
(
IndGL2(Qp)

B(Qp) δ1 ⊗ δ2ω
−1

)In+1

→ (ωr+1 ⊗ ω−1)⊕ (ω−1 ⊗ ωr+1)→ 0.

Remarquons qu’on s’attend à ce que le Théorème 1.1 reste valable pour r = 0
et pour p ≥ 3 en utilisant les arguments développés dans cet article 2.

Grâce aux travaux d’Emerton sur la compatibilité locale-globale de la corres-
pondance de Langlands p-modulaire ([Eme]) le Théorème 1.1 permet de décrire
plusieurs composantes isotypiques de la cohomologie mod p des courbes modu-
laires définies sur Q, avec niveau arbitrairement profond en p. Ceci permet de
compléter le travail effectué dans [Mor13]. On obtient :

Theoreme 1.2. Soit p ≥ 3, ρ : GQ → GL2(k) une représentation continue,
impaire et absolument irréductible. Soit Σ0 l’ensemble des diviseurs premiers
du conducteur d’Artin N de ρ, κ ∈ {2, . . . , p + 1} le poids minimal (à torsion
près) associé à ρ par Serre et soit t ≥ 1. Soit Kp ∈ {Kt, It} et supposons que
κ ∈ {3, . . . , p− 1}.
Fixons un niveau admissible KΣ0 ≤

∏
l∈Σ0

GL2(Zℓ) pour ρ et m l’idéal maximal

associé à ρ dans l’algèbre de Hecke spherique, dehors de Σ0 ∪ {p}, de la courbe
modulaire

Y
(
KpKΣ0K

Σ0
)
,

où l’on a posé KΣ0
def

=
∏

l 6∈Σ0∪{p}

GL2(Zℓ) Définissons enfin

d
def

= dimk

( ⊗

ℓ∈Σ0

π(ρ|GQℓ
)
)KΣ0 (1)

où π(ρ|GQℓ
) est la représentation lisse de GL2(Qℓ) associée à ρ|GQℓ

par la
correspondance de Langlands p-modulaire d’ Emerton-Helm ([EH14]).

Alors, si ptN > 4, la composante m-isotypique de la cohomologie mod p de la

2. Ceci est effectivement le cas si n = 1, où l’on peut de plus montrer que le GL2(Zp)-
socle de Ar,λ coincide avec celui de la série principale en sous-objet de Ar,λ, mais la technicité
des preuves dans le cas général on fait désister l’auteur de les poursuivre.
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courbe modulaire de niveau moderé KΣ0K
Σ0 est décrite par

dimk

(
H1
ét(Y (KpKΣ0K

Σ
0 )

Q
, k)[m]

)
=





2d
(
2pt−1(p+ 1)− 4

)

si Kp = Kt et ρ|GQp
est

absolument irréductible ;

2d
(
2(p+ 1)pt−1 − (κ+ 1)

)

si Kp = Kt et ρ|GQp
est

absolument réductible,
non-scindée ;

2d
(
2(2pt−1 − 1)

)
si Kp = It.

La valeur de d se décrit explicitement, à la suite des travaux d’Emerton-Helm
([EH14]), Helm [Hel13] et Nadimpalli [Nad] sur la compatibilité des conducteurs
d’Artin et automorphes modulo ℓ. Par exemple, si pour tout ℓ ∈ Σ0, la semi-
simplifiée

(
ρ|GQℓ

)ss
n’est pas la tordue de 1⊕ ω ou de 1⊕ 1, le sous groupe

K1,Σ0(N)
def
=
{[

a b
c d

]
∈
∏

ℓ∈Σ0

GL2(Zℓ)| c ≡ d− 1 ≡ 0modN
}

est un niveau admissible pour ρ, tel que d = 1.
Décrivons brièvement la technique utilisée pour contrôler les espaces des inva-
riants de l’extension entre deux séries principales. PosonsM def=

(
IndGL2(Qp)

B(Qp) δ2⊗
δ1ω
−1
)
|K . D’après des arguments standard d’algèbre homologique, et grâce à

[BP13], Theorem 20.3, on a

Ext1
GL2(Qp)(Ind

GL2(Qp)

B(Qp) δ1 ⊗ δ2ω
−1, IndGL2(Qp)

B(Qp) δ2 ⊗ δ1ω
−1) →֒ (2)

→֒ lim
←−
n∈N

Ext1
I

((
indIB(Zp)χra

)Kn+1
,M
)
→

→ Ext1
I

((
indIB(Zp)χra

)Kn+1
,M
) ∼= Ext1

K0(pn+1)

(
χra,M

)

où K0(pn+1) est l’image réciproque, dans GL2(Zp) du Borel standard de
GL2(Z/pn+1) et a est le caractère du tore defini par

[
a 0
0 d

]
7→ ad−1. Écrivons

Bn+1 pour l’image de Ar,λ dans Ext1
K0(pn+1)

(
χra,M

)
via (2).

La décomposition de Bruhat-Iwahori montre que M |I = M+ ⊕M− où M±

est un I-module uniseriel. Si A ∼= k[[X ]] désigne l’algèbre d’Iwasawa de l’uni-
potent inférieur U(pZp), on voit que (M−)∨|A ∼= A, ce qui donne en particulier(
M−

)Kn+1 ∼= A/(Xpn

) pour tout n ≥ 1. La description de Bn+1, qui jouera
un rôle crucial dans l’article, est la suivante :

Proposition 1.3. Soit n ≥ 1 et considérons l’extension de k[[K0(pn+1)]]-
modules discrets

0→M+ ⊕M− → Bn+1 → χra→ 0.
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Il existe un rélévement en+1 d’un générateur linéaire de χra qui est fixé par
U(pn+1Zp) modulo soc

(
M+

)
.

De plus, pour tout
[

1 + pa b

pn+1c 1 + pd

]
∈ K0(pn+1), on a

(
g − 1

)
en+1 ∈ M+ ⊕(

M−
)Kn+1 et, plus précisement

(
g − 1

)
en+1 = cr,λ,n

(
bXp−3−r − (a− d)(r + 2)Xp−2−r

)
(3)

modulo soc
(
M+

)
⊕
(
Xp−3−r+(p−2)

)
, où cr,λ,n ∈ k× ne dépend que de en+1 et

où l’on a identifié
(
M−

)Kn+1 avec A/(Xpn

).

Pour passer de la Proposition 1.3 à l’espace des invariants de Ar,λ on utilise de
manière cruciale l’action du tore entier et de l’unipotent supérieur sur l’algèbre
d’IwasawaA (via l’isomorphisme naturel (M−)∨|A ∼= A). Cette action, bien que
compliquée à priori, peut se décrire simplement en termes de l’uniformisante
X , modulo une certaine puissance de l’idéal maximal de A :

Proposition 1.4. Soit m ≥ 1 et soit g =
[

a b
0 d

]
∈ B(Zp). L’action de g sur

l’algèbre d’Iwasawa A est décrite par

g ·Xm ∈ amdr−mXm +
(
Xm+(p−2)

)
.

L’article est organisé de la manière suivante.
La section 2 est consacrée aux préliminaires. On rappelle d’abord la réalisation
des séries principales, soit comme induites paraboliques (cf. §2.1), soit comme
induites compactes (cf. §2.2), en réalisant de manière explicite l’isomorphisme
de Barthel et Livné en termes de certaines bases linéaires naturelles.
Dans §3 on considère l’algèbre d’Iwasawa de l’unipotent inférieur U(pZp) et
on étudie les actions associées à ses structures supplémentaires. On y trouve le
dictionnaire crucial qui permet de déduire les théorèmes principaux de l’article
à partir de la Proposition 1.3.
Le premier dévissage de la structure de l’atome se trouve au §4 ; cela nous per-
met, par des arguments d’algèbre homologique, de nous nous réduire à l’étude
d’une famille de I-modules lisses (Proposition 4.7), ensuite à des représenta-
tions de certains sous-groupes ouverts de I.
La section 5 a pour objectif l’étude des représentations Bn+1 mentionnées dans
la Proposition 1.3. C’est le coeur technique de l’article et les manipulations, les
plus techniques ont été mises en appendice.
Finalement, l’étude des Kn+1-invariants est effectué au §6.
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1.1 Notations

Soit p un nombre premier impair. Étant donné un corps p-adique F , avec
anneau des entiers noté par OF et corps résiduel (fini) kF , nous désignons par
x 7→ x le morphisme de réduction OF ։ kF et par x 7→ [x] le morphisme de
Teichmüller (on convient que [0] def= 0).
Considérons le groupe linéaire général GL2 ; nous écrivons B = TU pour le Bo-
rel des matrices triangulaires supérieures et B = TU pour le Borel opposé. Cet
article est, en une grand partie, consacré à l’étude de certaines représentations
du groupe p-adique G def= GL2(Qp). Nous écrivons Z

def= Z(G) et K def= GL2(Zp)
pour désigner le centre et le sous-groupe compact maximal de G respective-
ment. Nous rappelons que le sous groupe d’Iwahori de K, que l’on désigne par
K0(p), est défini comme l’image inverse du Borel fini B(Fp) par le morphisme
de réduction K → GL2(Fp). Le pro-p-Iwahori, i.e. le pro-p-Sylow de K0(p),
sera désigné par K1(p).
De manière similaire on définit les sous groupes de congruenceK0(pn), K1(pn),
pour n ∈ N : K0(pn) est défini comme l’image inverse de B(Zp/pn) par K →
GL2(Zp/pn) (le morphisme de réduction modulo pn) et K1(pn) en est son
pro-p-Iwahori. Enfin, pour n ≥ 1, nous désignons par U(pn) le groupe des
pnZp-points de U.
Afin d’alléger les notations, on écrit B

def
= B(Qp) et on introduit les éléments

suivants

s
def
=
[

0 1
1 0

]
∈ G, Π

def
=
[

0 1
p 0

]
∈ G.

Soit E un corps p-adique, O son anneau des entiers et k sons corps résiduel
(que l’on suppose fini). Une représentation σ d’un sous-groupe fermé H de G
sera toujours supposée lisse, et réalisée sur des k-espaces linéaires.
Si h ∈ H on écrira parfois σ(h) pour désigner l’automorphisme k-linéaire in-
duit sur l’espace sous-jacent à σ par l’action de h. De manière similaire, une
représentation irréductible de G sera toujours supposée admissible (l’espace des
vecteurs fixés par un sous-groupe ouvert de G est de dimension finie).
Soient H2 ≤ H1 deux sous-groupes fermés de G. Étant donnée une représen-
tation lisse σ de H1, on écrit IndH2

H1
σ pour désigner l’induite lisse de σ, de

H1 à H2, et on désigne par indH2

H1
σ le sous-espace de IndH2

H1
σ constitué par les

fonctions à support compact.
Si v ∈ σ et h ∈ H1 nous écrivons [h, v] pour désigner l’unique élément de
indH1

H2
σ à support en H2h

−1 et qui envoie h−1 sur v.
Nous déduisons en particulier les égalités suivantes :

h′ · [h, v] = [h′h, v], [hk, v] = [h, σ(k)v] (4)

pour tout h, h′ ∈ H1, k ∈ H2.
Les constructions précédentes seront essentiellement utilisées lorsque H1 = B,
H2 = G ou H1 = K0(pn), H2 = K, ou encore H1 = KZ, H2 = G (auquel cas,
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l’induite indGKZσ est constitué par les fonctions à support compact modulo le
centre Z).
Un poids de Serre est une représentation absolument irréductible de K. À iso-
morphisme près, ils admettent la réalisation en termes de l’algèbre symétrique :

σr,t
def
= dett ⊗ Symrk2 (5)

où r ∈ {0, . . . , p− 1} et t ∈ {0, . . . , p− 2} (ceci donne une paramétrisation des
classes d’isomorphisme des poids de Serre par des couples (r, t) ∈ {0, . . . , p −
1} × {0, . . . , p− 2}).
Rappelons que la K-représentation Symrk2 peut s’identifier à k[X,Y ]hr , le sous-
espace linéaire de k[X,Y ] décrit par les polynômes homogènes de degré r, muni
de l’action naturelle de K :

[
a b
c d

]
·Xr−iY i

def= (aX + cY )r−i(bX + dY )i

pour 0 ≤ i ≤ r.
On étend l’action de K sur un poids de Serre au groupe KZ, en imposant que
la matrice scalaire p ∈ Z agisse trivialement.

Un k-caractère du tore T(Fp) sera considéré, par inflation, comme un caractère
lisse de K0(pn) (pour n’importe quel n ∈ N).
On ércit par χs le caractère conjugué de χ, défini par

χs(t) def= χ(sts)

pour tout t ∈ T(Fp).
De manière analogue, si τ est une représentation lisse de K0(p), nous écrivons
τs pour désigner la représentation conjuguée, définie par

τs(h) = τ(ΠhΠ)

avec h ∈ K0(p).
Soit r ∈ {0, . . . , p − 1}. Les caractères suivants de T(Fp) vont jouer un rôle
majeur dans la suite de l’article :

χr

([
a 0
0 d

])
def
= ar, a

([
a 0
0 d

])
def
= ad−1.

On désigne par ω : Q×p → F×p la réduction modulo p du caractère cyclotomique
p-adique.

2 Prliminaires

2.1 Structure interne des series principales pour GL2(Qp)

Le but de cet numéro est de rappeler la structure interne des séries principales
pour GL2(Qp). Bien qu’il s’agit de résultats bien connus et valables dans un
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contexte plus générale (cf. [Mor13] §5 et [Mor], §8 pour une dissertation plus
ample) on a réputé les rappeler ici : cela nous permet de fixer de manière
soigneuse les notations, ce qui sera crucial pour la lecture des paragraphes à
venir.
Nous rappelons ([BL94], [Her11a]) que les séries principales irréductibles pour
GL2(Qp) sont décrites (à torsion près) par l’induite parabolique

πr,µ
def= IndGL2(Qp)

B(Qp) (unµ ⊗ ωrunµ−1)

où µ ∈ k×, unµ est le caractère non-ramifié sur Q×p caractérisé par unµ(p) = µ,
r ∈ {0, . . . , p− 2} et (r, µ) /∈ {(0, 1), (0,−1)}.
Comme B(Zp)\GL2(Zp) est compact, la décomposition d’Iwasawa nous fournit
un isomorphisme K-équivariant :

(
IndGL2(Qp)

B(Qp) (unµ ⊗ ωrunµ−1)
)
|K ∼= indKK0(p∞)χ

s
r
∼= lim
−→
n≥1

(
indKK0(pn+1)χ

s
r

)

où K0(p∞)
def
= B(Zp) et les morphismes de transition au RHS sont obtenus, par

induction (compacte), à partir des morphismes naturels K0(pn)-équivariants

χsr →֒ indK0(pn)
K0(pn+1)χ

s
r

pour n ≥ 1.
De plus, d’après les théorèmes de décomposition de Bruhat-Iwahori et Mackey,
la restriction des fonctions à K0(p) induit une suite exacte K0(p)-équivariante
scindée

0→
(
indKK0(p∞)χ

s
r

)+ → indKK0(p∞)χ
s
r → indK0(p)

K0(p∞)χ
s
r → 0. (6)

Le résultat qui suit est formel :

Lemme 2.1. Soit µ ∈ k
×

et r ∈ {0, . . . , p − 1}. On a un isomorphisme K-
équivariant

(
IndGL2(Qp)

B(Qp) (unµ ⊗ ωrunµ−1)
)
|K ∼= indKK0(p)

(
lim
−→
n≥1

(
indK0(p)

K0(pn+1)χ
s
r

))
.

L’ action de Π sur la série principale indGL2(Qp)

B(Qp) (unµ ⊗ ωrunµ−1) induit un
isomorphisme de k[K0(p)]-modules

(
indK0(p)

K0(p∞)χ
s
r

)s ∼−→
(
indKK0(p∞)χ

s
r

)+
.

Démonstration. Omissis.
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En particulier, les propriétés fines de la représentation πr,λ sont gardées par
les induites finies indK0(p)

K0(pn+1)χ
s
r. Le phénomène crucial, qui dépend de manière

essentielle du fait qu’on considère les Qp-points de GL2, est que ces k[K0(p)]-
modules sont unisériels.
Précisons brièvement cela. Fixons n ≥ 0, ainsi qu’un générateur linéaire e pour
le caractère χsr. Pour une n-uplet (l1, . . . , ln) ∈ {0, . . . , p − 1}n, définissons
l’élément suivant de indK0(p)

K0(pn+1)χ
s
r :

F
(1,n)
l1,...,ln

def=
∑

λ1∈Fp

λl11

[
1 0

p[λ1] 1

]
. . .

∑

λn∈Fp

λlnn

[
1 0

pn[λn] 1

]
[1, e]. (7)

On vérifie aisément (cf. [Mor12], §4 ou encore [Mor11] §5) que l’ensemble

B−n+1
def
=
{
F

(1,n)
l1,...,ln

∈ indK0(p)
K0(pn+1)χ

s
r, (l1, . . . , ln) ∈ {0, . . . , p− 1}n

}

fournit une base linéaire pour l’espace indK0(p)
K0(pn+1)χ

s
r et que T(Fp) opère sur

F
(1,n)
l1,...,ln

par le caractère χsra
l1+···+ln .

De plus, on dispose d’une application injective

B−n+1 →֒ N

F
(1,n)
l1,...,ln

7→
n∑

j=1

pj−1lj

qui permet de munir B−n+1 d’un ordre total �. Notons qu’il s’agit également
de l’ordre antilexicographique � sur l’ensemble {0, . . . , p− 1}n.
Pour une n-uplet (l1, . . . , ln) ∈ {0, . . . , p− 1}n définissons l’espace linéaire

〈
F

(1,n)
≤(l1,...,ln)

〉 def=
〈
F

(1,n)
(l′1,...,l

′
n), (l

′
1, . . . , l

′
n) � (l1, . . . , ln)

〉
.

Le résultat crucial est que la filtration linéaire induite sur indK0(p)
K0(pn+1)χ

s
r par

l’ordre total de B−n+1 est K0(p)-équivariante :

Proposition 2.2. Soit n ∈ N, r ∈ {0, . . . , p− 1}. Le k[K0(p)]-module discret
indK0(p)

K0(pn+1)χ
s
r est unsériel, sa filtration par le K0(p)-socle étant décrite par le

graphe

indK0(p)
K0(pn+1)χ

s
r : χsr ←− χsra←− χsra2 ←− . . .←− χsr.

De plus, pour tout n-uplet (l1, . . . , ln) ∈ {0, . . . , p − 1}n, l’espace linéaire〈
F

(1,n)
≤(l1,...,ln)

〉
est K0(p)-stable, en particulier c’est le k[K0(p)]-sous module de

dimension 1 +
∑n

j=1 p
j−1lj de indK0(p)

K0(pn+1)χ
s
r.

Démonstration. Omissis. Cf. [Mor12] Proposition 4.2 ou [Mor11] Proposition
5.10.

Documenta Mathematica 22 (2017) 777–823



Sur les Atomes Automorphes de Longueur 2 de GL2(Qp) 787

Remarquons que une conséquence triviale de la Proposition 2.2 est que
indK0(p)

K0(p∞)χ
s
r est elle même unisérielle et que les morphismes de transition défi-

nissant la co-limite sont décrits par

indK0(p)
K0(pn+1)χ

s
r →֒ indK0(p)

K0(pn+2)χ
s
r

F
(1,n)
l1,...,ln

7→ F
(1,n+1)
l1,...,ln,0

.

La situation pour le k[K0(p)]-module
(
indKK0(p∞)χ

s
r

)+
est strictement analogue

et se déduit via l’isomorphisme K0(p)-équivariant du Lemme 2.1.
On se limite ici à souligner qu’on a un isomorphisme de k[K0(p)]-modules
discrets (induit par l’action de Π sur πr,λ)

(
indK0(p)

K0(pn+2)χ
s
r

)s ∼−→
(
indKK0(pn+1)χ

s
r

)+

F
(1,n+1)
l0,...,ln

7→ F
(0,n)
l0,...,ln

où
(
indKK0(pn+1)χ

s
r

)+
désigne le noyau de l’application naturelle de restric-

tion indKK0(pn+1)χ
s
r → indK0(p)

K0(pn+1)χ
s
r et pour toute (n + 1)-uplet (l0, . . . , ln) ∈

{0, . . . , p− 1}n+1 on a défini les éléments suivants de
(
indKK0(pn+1)χ

s
r

)+
:

F
(0,n)
l0,...,ln

def=
∑

λ0∈Fp

λl00

[
[λ0] 1
1 0

]
F

(1,n)
l1,...,ln

∈
(
indKK0(pn+1)χ

s
r

)+
.

2.1.1 Les induites paraboliques finies.

On rappelle brièvement des résultats sur la réalisation des séries principales
finies pour GL2(Fp), en invitant le lecteur à se référer à [BP13] pour un cadre
plus général. Les résultats rappelés ici seront utiles au §6, où on détermine
l’espace des Kn+1-invariants de Ar,λ.
Fixons r, i ∈ {0, . . . , p− 2} et considérons l’induite parabolique finie

indGL2(Fp)

B(Fp) χsrdet
i.

On fixe une base {e} pour le caractère χsrdeti et on définit les éléments suivants,
pour 0 ≤ j ≤ p− 1

fj
def=

∑

λ0∈Fp

λj0

[
[λ0] 1
1 0

]
[1, e] ∈ indGL2(Fp)

B(Fp) χsrdet
i.

On voit aisément que fj est un T(Fp)-vecteur propre, de caractère propre
χrdet

ia−j et que pour tout j0 ∈ {0, . . . , p− 1} les sous-espaces linéaires
〈
fj, 0 ≤ j ≤ j0

〉

sont stables sous l’action de B(Fp).

De plus, l’induite parabolique indGL2(Fp)

B(Fp) χsrdet
i est de longueur 2 et sa structure

se décrit de la manière suivante :
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Proposition 2.3. Soient r, i ∈ {0, . . . , p− 2}. Alors
i) si r 6= 0 on a une extension non scindée

0 → Symr
k

2
⊗ deti

→ ind
GL2(Fp)

B(Fp) χ
s
rdeti

→ Symp−1−r
k

2
⊗detr+i

→ 0.

Les familles

{f0, . . . , fr−1, fr + (−1)i+r[1, e]}, {fr, . . . , fp−1}

induisent une base pour le socle et le cosocle respectivement de l’induite
parabolique ; en particulier, les éléments f0, fr + (−1)i+r[1, e] sont des
générateurs pour l’espace de plus haut et plus bas poids de Symrk2⊗deti
respectivement.

iii) Si r = 0 alors indGL2(Fp)

B(Fp) χsrdet
j est semi-simple et

indGL2(Fp)

B(Fp) χsrdet
i ∼−→

(
1⊕ Symp−1k2

)
⊗ deti.

Les familles

{f0 + (−1)i[1, e]}, {f0, f1, . . . , fp−2, fp−1 + (−1)i[1, e]}

fournissent des bases linéaires pour deti et Symp−1k2 ⊗ deti respecti-
vement.

2.2 Induction parabolique et induction compacte

Ce numéro contient des rappels sur la réalisation des séries principales à l’aide
de l’algèbre de Hecke sphérique associée aux poids de Serre pour GL2(Fp). Le
lecteur peut se référer à [Mor13], [Bre03b] §2.1, §2.4-2.7 pour un résumé plus
détaillé des résultats qui suivent, découverts initialement par Barthel et Livné
([BL94]).
Fixons r ∈ {0, . . . , p− 1} et considérons la réalisation usuelle du poids de Serre
σ

def= σr comme la composante homogène de degré r de l’algèbre monoïdale
k[X,Y ].
La décomposition de Cartan pour GL2 nous permet de réaliser le Théorème
de décomposition de Mackey de la manière expressive suivante

(
indGKZσ

)
|K ∼−→

⊕

n∈N

Rn(σ)

où l’on a défini Rn(σ) comme étant la sous K-représentation de indGKZσ en-
gendrée par

[
0 1

pn 0

]
[1, Y r]. Si le poids de Serre σ est clair du contexte, on

écrira simplement Rn.
C’est alors facile de voir que, pour tout n ≥ 0, on a un isomorphisme K-
équivariant naturel (induit par réciprocité de Frobenius)

indKK0(pn+1)σ
(n) ∼→ Rn+1
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où l’on a écrit σ(n) pour désigner la K0(pn+1) représentation obtenue à par-
tir de σ|K0(pn+1) via la conjugaison par l’élément

[
0 1

pn+1 0

]
(qui normalise

K0(pn+1)).
En particulier, on a une filtration évidente

{
Rn+1(i)

}r
i=0

sur chaque Rn+1, in-
duite par la seule filtration K0(pn+1)-équivariante strictement croissante sur
σ(n). De manière plus parlante, Rn+1(i) est le sous k[K]-module de Rn+1 en-
gendré par l’élément

[
0 1

pn 0

]
[1, Xr−iY i].

Un parmi les aspects cruciaux de la théorie des représentations p-modulaires
des groupes réductifs p-adiques déployés est la réalisation des algèbres de Hecke
sphériques en termes de monoïdes commutatifs (cf. [BL94], [Her11b], [Oll15]).
Dans le cas de GL2 on a le résultat suivant

Theoreme 2.4 ([BL94]). L’algèbre de Hecke des endomorphismes de indGKZσ
est commutative, et on a un isomorphisme de k-algèbres

H (σ)
def

= EndG(ind
G
KZσ)

∼−→ k[T ]

pour un opérateur T approprié.

L’opérateur T (pour le poids de Serre σ) est à support sur la double classe
K
[

p 0
0 1

]
KZ et il est défini comme une projection linéaire sur σ. Par transport

de structure on obtient une famille d’opérateurs K-équivariants Tn, définis sur
chaque facteur Rn, qui admettent la description très concrète suivante.
Si n ≥ 1 on a

Tn : Rn → Rn−1 ⊕Rn+1

(8)[
0 1

p
n 0

]
[1, X

r−j
Y

j ] 7→
∑

λn∈Fp

(−λn)j

[
1 0

p
n[λn] 1

] [
0 1

p
n+1 0

]
[1, X

r] +

+δj,r

[
0 1

p
n−1 0

]
[1, Y

r]

pour tout j ∈ {0, . . . , r} (ce qui détermine complètement Tn) ; notons que cela
donne une décomposition évidente Tn = T+

n ⊕ T−n où T±n : Rn → Rn±1.
Pour n = 0, on a de manière analogue

T0 : R0 → R1

[1, Xr−jY j ] 7→
∑

λ0∈Fp

(−λ0)j
[

[λ0] 1
1 0

] [
0 1
p 0

]
[1, Xr] +

+δj,r

[
0 1
p 0

]
[1, Xr].

Si λ ∈ k, on écrit π(r, λ) pour désigner le conoyau de l’endomorphisme T − λ
sur l’induite compacte indGKZσr. Si θ est un Q×p -caractère, on écrit π(r, λ, θ)

def
=

π(r, λ) ⊗ θ.
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On introduit une base linéaire sur les k[K]-modules Rn+1, qui va jouer un rôle
cruciale dans l’étude de la structure interne de π(r, λ).
Pour 1 ≤ j ≤ n, pour une n− j + 1-uplet (lj , . . . , ln) ∈ {0, . . . , p− 1}n−j+1 et
pour ln+1 ∈ {0, . . . , r} définissons l’élément suivant de Rn+1 :

F
(j,n)
lj ,...,ln

(ln+1)
def=
∑

λj ∈Fp

λ
lj
j

[
1 0

pj [λj ] 1

]
· . . . (9)

. . . ·

∑

λn∈Fp

λ
ln
n

[
1 0

p
n

[λn] 1

][
0 1

p
n+1

0

]
[1, X

r−ln+1 Y
ln+1 ].

Afin de ne pas alourdir les notations, on utilise la même écriture pour désigner
l’image de F (1,n)

lj ,...,ln
(ln+1) dans π(r, λ) et on écrit plus simplement F (n)

ln
(ln+1)

lorsque j = n.
Si l’on écrit R−n+1 pour désigner le sous k[K0(p)]-module de Rn+1 engendré par[

0 1

pn+1 0

]
[1, Y r], c’est alors facile de voir que :

Lemme 2.5. Pour n ≥ 1 on a un isomorphisme naturel

Rn+1
∼−→ indKK0(p)R

−
n+1

et la famille

B−n+1,r
def

=
{
F

(1,n)
l1,...,ln

(ln+1), (l1, . . . , ln) ∈ {0, . . . , p− 1}n, 0 ≤ ln+1 ≤ r
}

fournit une base linéaire pour R−n+1.

On a des résultats analogues pour R1 et, de manière similaire à ce qu’on a fait
pour les induites paraboliques, on peut déterminer une base linéaire pour Rn+1

en introduisant les éléments F (0,n)
l0,...,ln

(ln+1) (c’est une conséquence triviale de la
décomposition de Bruhat).
Notons que d’après la définition de l’opérateur T , certains éléments de la forme
F

(j,n)
lj ,...,ln

(ln+1) se simplifient considérablement dans π(r, λ) :

Lemme 2.6. Soit r ∈ {0, . . . , p− 1}, λ ∈ k× et considérons 1 ≤ j ≤ n.
On a l’égalité suivante dans π(r, λ) :

F
(j,n)
0,...,0(0) ≡ λn−j+1

[
0 1
pj 0

]
[1, Xr]− δr,0λn−j

[
0 1

pj−1 0

]
[1, Y r].

Démonstration. Il s’agit d’une récurrence descendante sur j, en utilisant la
description de l’opérateur T donnée ci-dessus : les détails sont laissé au lecteur.
Notons seulement que pour j ≥ 1 on a

δr,0
∑

λj∈Fp

[
1 0

pj [λj ] 1

] [
0 1
pj 0

]
[1, Y r] = 0.
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2.2.1 Un dictionnaire

Les résultats de [BL94], étendus à des groupes réductifs p-adiques déployés par
Herzig [Her11a], permettent de classifier les représentations p-modulaires de
GL2(Qp) à l’aide des systèmes de valeurs propres de Hecke.
De manière plus précise, étant donné une représentation irréductible admissible
(à caractère central) π de GL2(Qp) l’espace HomK(τ, π) est non nul et de
dimension finie pour une choix appropriée d’un poids de Serre τ . L’espace étant
de plus muni d’une action de l’algèbre de Hecke H (τ) (qui est commutative),
on peut le décomposer en une somme directe d’espaces propres généralisés, de
telle sorte que l’on ait une surjection

π(τ, λ) ։ π

où λ ∈ k est la valeur propre associé à l’espace propre choisi (quitte à agrandir
k).
Le résultat crucial est que, sous certaines conditions, on peut réaliser la série
principale πr,µ en termes de conoyaux des opérateurs de Hecke :

Theoreme 2.7 (([BL94], Theorem 34)). Soient λ ∈ k×, r ∈ {0, . . . , p− 1} de
telle sorte que (λ, r) /∈

{
(±1, 0)

}
.

On a un isomorphisme de k[G]-modules discrets

π(r, λ) ∼−→ πr,λ−1 .

Reprenons les notations du numéro précédent. Notons que, pour n ≥ 0,Rn+1(0)
est trivialement isomorphe à l’induite compacte indKK0(pn+1)χ

s
r, l’isomorphisme

étant induit par réciprocité de Frobenius en notant que K0(pn+1) agit sur
l’élément

[
0 1

pn+1 0

]
[1, Xr] par le caractère χsr.

La remarque importante est que l’isomorphisme précédente est préservé lorsque
l’on considère Rn+1(0), l’image de Rn+1(0) dans le quotient π(r, λ).

Lemme 2.8. Soit r ∈ {0, . . . , p−1}, λ ∈ k×, n ∈ N. Soit Rn+1(0) l’image dans
π(r, λ) du k[K]-module Rn+1(0).
Si (r, λ) /∈ {(0,±1)} la composée

indKK0(pn+1)χ
s
r
∼−→ Rn+1(0) ։ Rn+1(0) (10)

[1, e] 7−→
[

0 1
pn+1 0

]
[1, Xr]

est un isomorphisme.
En particulier, l’espace des Kn+1-vecteurs fixes de π(r, λ) est décrit par

(
π(r, λ)

)Kn+1 = Rn+1(0).

Démonstration. Comme
[

0 1
pn+1 0

]
[1, Xr] est Kn+1 fixe et Kn+1 est distin-

gué dans K on déduit que

Rn+1(0) ≤
(
π(r, λ)

)Kn+1

∼= indKK0(pn+1)χ
s
r
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de telle sorte que la deuxième partie de l’énoncé suit, pour des raisons de
longueur, de l’isomorphisme (10).
Montrons que l’épimorphisme naturel (induit par réciprocité de Frobenius)

indKK0(pn+1)χ
s
r −→ Rn+1(0) (11)

[1, e] 7−→
[

0 1
pn+1 0

]
[1, Xr]

est injectif. Supposons dans la suite que n ≥ 1 (le cas n = 0 en est en tout
similaire et laissé au lecteur).
Il suffit de vérifier que le morphisme (11) est injectif sur l’espace des K1(p)-
invariants de indKK0(pn+1)χ

s
r, ce qui revient à montrer que les éléments suivantes

de Rn+1(0)

F
(1,n)
0 (0) =

∑

λ1∈Fp

[
1 0

p[λ1] 1

]
. . .

∑

λn∈Fp

[
1 0

pn[λn] 1

] [
0 1

pn+1 0

]
[1, Xr]

F
(0,n)
0 (0) =

∑

λ0∈Fp

[
[λ0] 1
1 0

]
F

(1,n)
0 (0)

sont linéairement indépendants.
D’après le Lemme 2.6 on a

F
(1,n)
0 (0) ≡ λn

[
0 1
p 0

]
[1, Xr]− λn−1δr,0[1, Xr].

et comme T ([1, Xr]) =
∑

λ0∈Fp

[
[λ0] 1

1 0

] [
0 1
p 0

]
[1, Xr] + δr,0

[
0 1
p 0

]
[1, Xr],

on déduit de manière similaire que

F
(0,n)
0 (0) ≡ λn+1[1, Xr]− λnδr,0

[
0 1
p 0

]
[1, Xr].

Pour des raison des support, on voit que aucune combinaison linéaire non tri-
viale de

[
0 1
p 0

]
[1, Xr] et [1, Xr] est dans l’image de l’opérateur T −λ. On en

déduit que les éléments F (1,n)
0 (0), F (0,n)

0 (0) de π(r, λ) sont linéairement indé-
pendants lorsque r 6= 0 ou bien r = 0 et λ2 6= 1, ce qu’il fallait démontrer.

Nous invitons le lecteur à comparer l’énoncé du Lemme 2.8 avec [BL94], Theo-
rem 30-3).

3 Divertissement en thorie d’Iwasawa

Dans ce numéro on rappelle les relations étroites entre l’algèbre d’Iwasawa A
de U(p) et les représentations p-modulaires de G, selon l’approche introduite
par [Sch15], [Mor], et en fournissant des compléments.
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Nous établissons (Proposition 3.2) un dictionnaire entre les fonctions F (1,n)
l1,...,ln

introduites au §2.1 et certains éléments de A, ce qui nous permettra de simplifier
les manipulations sur les induites lisses qui ont été introduites en §2.1.
Nous nous contentons de donner les résultats dans le cas particulier qui nous
intéresse, sans ambition de les enoncér dans le cadre le plus général possible.
Pour les détails omis dans ce numéro, nous invitons le lecteur à se réferer à
[Sch15], [Mor].
Considérons l’algèbre de groupe complétée A = k[[U(p)]]. Il s’agit d’une k-
algèbre locale noetherienne, complète et regulière, de dimension 1 et nous en
désignons par mA son idéal maximal. L’élément

X
def=
∑

λ∈Fp

λ−1

[
1 0
p[λ] 1

]

fournit un générateur linéaire pour l’espace tangent de A. Rappellons que le
tore fini T(Fp) agit par automorphismes de k-algèbres sur A et X en est un
vecteur propre, dont le caractère propre associé est a.
Soit ψ : K0(p) → k× un caractère lisse. Si K ′p ≤ K0(p) est un sous-groupe
fermé, on considère tacitement ψ comme un caractère lisse de K ′p par restric-
tion. Comme au §2.1 définissons

M
def= indKK0(p∞)ψ

et, exactement comme dans §2.1, nous avons la suite exacte K0(p)-équivariante
scindée :

0→
(
indKK0(p∞)ψ

)+

︸ ︷︷ ︸
def
=M+

→M → indK0(p)
K0(p∞)ψ︸ ︷︷ ︸
def
=M−

→ 0 (12)

(cf. (6)). D’après la dualité de Pontryagin et la décomposition d’Iwahori on a

(
M−

)∨
= k[[K0(p)]] ⊗k[[K0(p∞)]] ψ

−1 ∼→ A (13)

où le dernier isomorphisme est A-linéaire (cf. aussi [Mor], §3.1). En d’autres
termes, l’algèbre d’Iwasawa A est naturellement munie d’une action de K0(p)
par des endomorphismes k-linéaires continus.
On a alors le résultat suivant :

Proposition 3.1. Soit B1
def

= K1(p)∩B(Qp) et munissons A de l’action de B1

induite par l’isomorphisme (13). Pour tout b ∈ B1 et tout N ∈ N on a

(b − 1) ·XN ∈ m
N+(p−2)
A .

En particulier, si mB1 désigne l’idéal maximal de l’algèbre d’Iwasawa k[[B1]] on
a

mB1 ·
(
mA
)N ⊆ (mA)N+(p−2)

pour tout N ∈ N.
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Afin de prouver la Proposition 3.1 on détermine un dictionnaire entre les élé-
ments F (1,n)

l ∈M− et les générateurs des sous-modules de la forme mNA .
Fixons n ∈ N. Définissons

M−n+1
def= (M−)Kn+1 = indK0(p)

K0(pn+1)ψ.

L’algèbre A/(X)p
n

est une algèbre de Frobenius et on a un isomorphisme A-
linéaire :

A/(X)p
n ∼−→ k[[K0(p)]]⊗k[[K0(pn+1)]] ψ =M−n+1 (14)

ce qui permet de considérer les éléments F (1,n)
l1,...,ln

∈M−n+1 (définis au (7)) comme

des éléments de A/(X)p
n

. Pour une n-uplet l def= (l1, . . . , ln) ∈ {0, . . . , p − 1}n
nous définissons :

κl
def
=
( n∏

j=1

(
(−1)

p−2−lj∏

k=0

(p − 2
k

)
(−1)k+1

))−1

=
( n∏

j=1

(−1)lj +1(p − 1 − lj)!
)−1

et No(l) def=
∑n

j=1 p
j−1(p− 1− lj). On a alors le dictionnaire suivant :

Proposition 3.2. Soit n ≥ 1, l = (l1, . . . , ln) ∈ {0, . . . , p− 1}n. Dans l’algèbre
d’Iwasawa A on a :

F
(1,n)
l1,...,ln

∈ κlXNo(l) +
(
mA
)No(l)+(p−1)

.

La preuve de la Proposition 3.2 s’obtien à partir des Lemmes 3.3 et 3.4 sui-
vantes.

Lemme 3.3. Considérons l’algèbre k[Fp] et définissons, pour j ∈ {0, . . . , p−1},
les eléments

fj
def

=
∑

λ∈Fp

λj [λ] ∈ k[Fp].

Posons X
def

= fp−2.
On a les égalités suivantes :

fj =




−
(∏p−2−j

k=0

(
p−2
k

)
(−1)k+1

)−1

Xp−1−j si j < p− 1,

−1 +Xp−1 si j = p− 1.

Démonstration. Pour j = p− 2 l’énoncé est évidènt et le résultat pour 0 ≤ j ≤
p− 3 suit par une récurrence élémentaire qu’on laisse au lecteur.
Le cas j = p− 1 s’en déduit de la rélation fp−1 = f0 − 1.

La Proposition 3.2 suit donc par passage à la limite à partir du lemme suivant :
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Lemme 3.4. Soient 1 ≤ m ≤ n. Pour toute (n − m + 1)-uplet (lm, . . . , ln) ∈
{0, . . . , p− 1}n−m+1 définissons l’élément F (m,n)

lm,...,ln
∈ k[U(pm)/U(pn+1)], ainsi

que les entiers κlm,...,ln , No
m de la manière suivante :

F
(m,n)
lm,...,ln

def

=
∑

λm∈Fp

λlm1

[
1 0

pm[λm] 1

]
. . .

∑

λn∈Fp

λlnn

[
1 0

pn[λn] 1

]

κlm,...,ln
def

= κ0,...,0,lm,...,ln avec (0, . . . , 0, lm, . . . , ln) ∈ {0, . . . , p− 1}n

No
m

def

=
n∑

j=m

pj−m(p− 1− lj).

Soit enfin

Xm
def

=
∑

λ∈Fp

λ−1

[
1 0

pm[λ] 1

]
∈ k[U(pm)/U(pn+1).]

On a alors :

F
(m,n)
lm,...,ln

∈ κ(lm,...,ln)X
No

m(l) +
(
mA
)No

m(l)+(p−1)

Démonstration. La preuve est une récurrence sur n −m, à partir du Lemme
3.3. Supposons donc le résultat en niveau m+ 1.
Le morphisme naturel (induit par l’inclusion U(pm+1) →֒ U(pm)) est alors
décrit par

k[U(pm+1)/U(pn+1)] ι−→ k[U(pm)U(pn+1)]

Xm+1 7−→ Xp
m.

L’hypothèse de récurrence entraîne donc :

ι(F (m+1,n)
lm+1,...,ln

) ≡κ(0,...,0,lm+1,...,ln)X

∑n

j=m+1
pj−m(p − 1 − lj )

m

modulo X

∑
n

j=m+1
pj−m(p − 1 − lj ) + p(p − 1)

m . D’après le Lemme 3.3 et l’action du
tore fini T(Fp) sur Xm on a

F
(m)
lm

=
∑

λm∈Fp

λlmm

[
1 0

pm[λm] 1

]
≡ κ(0,...,0,lm,0,... )X

p−1−lm

modulo Xp−1−lm−(p−1) ce qui permet de conclure.

À la suite des résultats de [Mor12] (Proposition 4.4, 4.5 et 4.7), la Proposition
3.2 nous donne :
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Corollaire 3.5. Soient n,N ∈ N. Munissons A/(X)p
n

de l’action de K0(p)
induite par l’isomorphisme (14). pour tout g ∈ K1(p), b ∈ K1(p) ∩B(Qp) on
a les égalités suivantes dans A/(X)p

n

:

(g − 1) ·XN ∈ (X)N+1 (b − 1) ·XN ∈ (X)N+(p−2).

Démonstration. D’après la Proposition 3.2 il suffit de montrer que

(g − 1) · F (1,n)
l1,...,ln

∈ (X)N+1 (b− 1) · F (1,n)
l1,...,ln

∈ (X)N+(p−2) (15)

où la n-uplet (l1, . . . , ln) ∈ {0, . . . , p − 1}n est définie par la condition N ≡∑n−1
j=0 p

j lj+1 modulo pn. Les relations (15) découlent alors de [Mor12], Propo-
sition 4.4, 4.5 et 4.7 (spécialisées en m = 1, f = 1).
De manière alternative, l’énoncé est un cas particulier de [Mor], Corollary 4.8.

Fin de la preuve de la Proposition 3.1. Comme mNA est un idéal fermé de A et
l’action de K1(p) est continue sur A, le résultat découle du Corollaire 3.5

4 Premier dvissage de l’atome

Cette section est consacrée à l’étude préliminaire des atomes automorphes
(sous-entendu, de longueur 2 pour GL2(Qp)). Après des rappels générales,
on étudie de manière approfondie (cf. §4.1) la réalisation explicite de l’atome
de longueur 2 effectuée par C. Breuil dans [Bre03a]. Au moyen de certaines
manipulations cohomologiques (§4.2) on se ramène au cas d’une extension de
k[K0(pn+1)]-modules lisses, à quotient irréductible ; on en déduit un élément
explicit de l’atome qui va jouer un rôle fondamental dans la suite.

La définition suivante est dûe à Colmez (cf. [Col10]) :

Definition 4.1 (Colmez). Un atome galoisien de dimension 2 sur GQp est
une représentation galoisienne (de GQp sur un k-espace linéaire de dimension
2) qui est absolument indecomposable et qui n’est pas la tordue d’une extension
de ω par la représentation triviale.
Un atome automorphe pour GL2(Qp) est une représentation lisse de GL2(Qp)
telle que la représentation galoisienne qui est lui associée par la correspondance
de Langlands p-modulaire est un atome galoisien.

Les atomes galoisiens et les atomes automorphes qui leur correspondent ont été
étudiés dans [Col10], §VII.3 et VII.4. Dans ce qui suit, nous nous intéressons
au cas où l’atome automorphe est de longueur 2, sans multiplicité.

Definition 4.2. Soit (λ, r) /∈ {(±1, 0), (±1, p − 1)} et posons δ1
def

= unλωr+1,
δ2

def= unλ−1 .
Nous définissons Ar,λ comme étant un générateur linéaire de l’espace

Ext1
GL2(Qp)(Ind

G
Bδ1 ⊗ δ2ω

−1, IndGBδ2 ⊗ δ1ω
−1). (16)
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Notons que le foncteur de Montréal de Colmez induit un isomorphisme linéaire
entre (16) et Ext1

GQp
(δ2, δ1) (cf. [Col10], VII.4.7) ce qui montre que l’espace

d’extensions entre les séries principales ci-dessus est bien de dimension un.

4.1 Ralisation de l’atome automorphe

Soit (λ, r) ∈ k× ×N comme dans la Définition 4.2 et supposons de plus que
0 ≤ r ≤ p − 3. Ce numéro a pour objectif de rappeler la réalisation explicite
des atomes automorphes pour GL2(Qp), effectuée dans [Bre03a].
Dans son article [Bre03a], Breuil achève une description exhaustive de la réduc-
tion de représentations cristallines pour GQp en poids (0, k) avec k−2 ≤ 2p−2.
Cela est effectué à l’aide de la construction d’un réseau explicite à l’intérieur
d’un quotient de indGKZSym

k−2E2, isotypique pour l’action de l’algèbre de
Hecke sphérique.
Rappelons qu’on a un isomorphisme standard :

EndG
(
indGKZSym

k−2E2
) ∼−→ E[T ]

où T est un certain opérateur de Hecke “canonique” (cf. [Bre03a], §2.1.4 et §2.2)
qui induit, par réduction mod mE sur le réseau Symk−2O2, un endomorphisme
G-équivariant de indGKZSym

k−2k2 (et qui sera noté T également pour ne pas
alourdir les notations).
Fixons r ∈ {0, . . . , p− 3} et ap ∈ m. Nous définissons :

Θp+3+r,ap

def= Im
(
indGKZSym

p+1+rO2 → Coker(T − ap)
)
.

On a alors le résultat suivant :

Theoreme 4.3. ([Bre03a], Théorème 3.3.2, Proposition 5.3.4.1) Le O[G]-
module Θp+3+r,ap est un réseau dans Coker(T − ap) et si val(ap) = 1 et

λ
def

= (p+2+r)ap

p modm on a

Θp+3+r,ap ⊗O k ∼= Ar,λ ⊗ ω.

Nous allons maintenant préciser l’énoncé du Théorème 4.3. Posons σp+1+r
def=

Symp+1+rk2, que nous allons identifier avec la composante homogène de degré
p + 1 + r de k[X,Y ] (munie de l’action modulaire usuelle de KZ). Il s’ensuit
de [Bre03a], Lemme 5.1.3 (ii) qu’on a une injection KZ-équivariante :

σr ⊗ ω →֒ σp+1+r.

Afin d’éviter des ambiguïtés, nous désignons par xr−jyj (avec j ∈ {0, . . . , r})
un vecteur propre de σr ⊗ ω pour l’action du tore fini, de caractère propre
χra
−j det.

D’après [Bre03a], Corollaire 5.14 le conoyau de l’opérateur de Hecke T agissant
sur indGKZSym

k−2k2 se dévisse de la manière suivante :
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Proposition 4.4 ([Bre03a], Corollaire 5.1.4). On a une suite exacte de k[G]-
modules :

0→ indGKZσr ⊗ ω
ι−→ indGKZσp+1+r/T −→ indGKZσp−3−r ⊗ ωr+2 → 0

où l’on a écrit indGKZσp+1+r/T
def

= Coker(T ).

C’est important pour la suite d’expliciter l’image du morphisme ι.

Lemme 4.5. Pour j ∈ {0, . . . , r} on a

ι([1, xr−jyj ]) =
(
r + 2
j + 1

)
[1, Xp+r−jY j+1].

De plus, on a [1, Xp+1+r] ≡ 0 dans le quotient indG
KZσp+1+r

T .

Démonstration. Le morphisme ι est obtenu, par induction compacte, à partir
du morphisme suivant de GL2(Fp)-représentations (cf. [Bre03a], Lemme 5.1.3,
ii)) :

σr ⊗ ω →֒ σp+1+r

xr−jyj 7→ Xp+r−jY j+1 −Xr+1−jY p+j .

De plus, d’après [Bre03a], Corollaire 5.1.4, on a
(
r + 2
i

)−1((
r + 1 + p

i

)
Xp+r+1−iY i +

(
r + 1 + p

p− 1 + i

)
Xr+2−iY p−1+i

)
≡ 0

dans indG
KZσp+1+r

T , pour 0 ≤ i ≤ r + 2.
En d’autres termes

(
r + 1
i

)
Xp+r+1−iY i ≡

{
−
(
r+1
i−1

)
Xr+2−iY p−1+i si i > 0

0 si i = 0.

Ceci permet de conclure.

Le résultat suivant, qui est à la base des méthodes développés dans cet article,
permet de réaliser Ar,λ comme un quotient de indGKZσp+1+r/T

Proposition 4.6. Soit r ∈ {0, . . . , p− 3}, λ ∈ k×. On a un diagramme com-
mutatif de k[G]-modules, à lignes exactes :

(17)

0 // indGKZσr ⊗ ω
ι //

����

indGKZσp+1+r/T

����

// indGKZσp−3−r ⊗ ωr+2

����

// 0

0 // π(r, λ, ω) // Ar,λ ⊗ ω // π(p− 3− r, λ−1, ωr+2) // 0

Démonstration. Cela est l’énoncé, ainsi que sa preuve, de [Bre03a], Proposition
5.3.4.1.

Documenta Mathematica 22 (2017) 777–823



Sur les Atomes Automorphes de Longueur 2 de GL2(Qp) 799

4.2 Restriction aux groupes de congruence

L’objectif de cet numéro est de ramener l’étude de la K-restriction de l’atome
Ar,λ|K à celui d’une famille de k[K0(p)]-extensions de modules discrets. En
d’autres termes :

Proposition 4.7. Soit r ∈ {0, . . . , p− 3}. On a un isomorphisme naturel

Ext1
k[K](indK

K0(p∞)χr+2, indK
K0(p∞)χs

r det)
∼

−→ lim
←−
n≥0

Ext1
k[K0(pn+1)]

(χr+2, indK
K0(p∞)χs

r det)

(où les espaces d’extensions sont à caractère central fixé).

Les morphismes partiels

Ext1
k[K](ind

K
K0(p∞)χr+2, indKK0(p∞)χ

s
r det)

Ψn−→
Ψn−→ Ext1

k[K0(pn+1)](χr+2, ind
K
K0(p∞)χ

s
r det)

se décrivent de manière explicite à l’aide de produits fibrés appropriés : si [E]
désigne la classe d’une extension dans Ext1

k[K](ind
K
K0(p∞)χr+2, indKK0(p∞)χ

s
r det)

alors Ψn+1([E]) = [En+1] où l’extension En+1 est déterminé par le diagramme

0 // indKK0(p∞)χ
s
r det // E // indKK0(p∞)χr+2

// 0

0 // indKK0(p∞)χ
s
r det // En+1

?�

OO

//

x

〈1K0(pn+1)〉 //?�

OO

0;

et 1K0(pn+1) ∈ indKK0(p∞)χr+2 désigne la fonction à support sur K0(pn+1).
Rappelons que le foncteur de restriction à K nous donne un morphisme naturel

Ext1
k[G](πp−3−r,λ ⊗ ωr+2, πr,λ−1 ⊗ ω) −→ Ext1

k[K](indK
K0(p∞)χr+2, indK

K0(p∞)χs
r det).

D’après [BP13], Theorem 20.3, ce morphisme est injectif lorsque 3 1 ≤ r ≤ p−3.
Definition 4.8. Soient λ ∈ k× et r ∈ {0, . . . , p − 3}. Nous définissons Bn+1

comme l’image de Ar,λ ⊗ ω|K via le morphisme Ψn+1.

La preuve de la Proposition 4.7 est formelle et occupera le reste de ce numéro.

Lemme 4.9. Soit M un k[K]-module discret, n ∈ N et soit ψ un caractère lisse
de K0(pn+1). On a des isomorphismes canoniques :

Extik[K](ind
K
K0(p∞)ψ,M) ∼−→ Extik[K0(p)](ind

K0(p)
K0(p∞)ψ,M |K0(p))

(18)

Extik[K0(p)](ind
K0(p)
K0(pn+1)ψ,M |K0(p))

∼−→ Extik[K0(pn+1)](ψ,M |K0(pn+1))

pour tout i ≥ 0.

3. Des calculs non publié de l’auteur montrent que cela reste vrai pour 0 ≤ r ≤ p − 3,
p ≥ 3.
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Démonstration. C’est la forme forte de la réciprocité de Frobenius, cf. [Vig96]
I.5.9 (e).

Lemme 4.10. Soit j, n ∈ N et soient ψ, χ des caractères lisses de K0(p∞),
K0(pn+1) respectivement. L’espace

Extjk[K0(pn+1)](χ, (ind
K
K0(p∞)ψ)|K0(pn+1))

est de dimension finie.

Démonstration. D’après [AD14], Theorem 4.1 (cf. aussi [Laz65]), l’algèbre
d’Iwasawa k[[K0(p∞)]] est une k-algèbre semilocale et noethérienne. En par-
ticulier tout k[[K0(p∞)]]-module de type fini admet une résolution libre par des
k[[K0(p∞)]]-modules de type fini. D’après la dualité de Pontryagin, ψ admet
une resolution injective J • par des k[K0(p∞)]-modules admissibles. D’après
[Vig96] I.5.9 (b) et I.5.6 (1) il s’ensuit que indKK0(p∞)J

• est une résolution
injective de indKK0(p∞)ψ constituée par des objets admissibles. Par [Vig96] I.5.9
(d) on conclut que

(
indKK0(p∞)J

•
)
|K0(pn+1) est une résolution injective de(

indKK0(p∞)ψ
)
|K0(pn+1) constituée par des objets admissibles.

Fin de la preuve de la Proposition 4.7. Posons M
def
=
(
indKK0(p∞)χ

s
r det

)
|K0(p).

D’après le Lemme 4.9 il suffit de montrer qu’on a un isomorphisme canonique

ExtiK0(p)

(
indK0(p)

K0(p∞)χr+2,M
) ∼−→ lim

←−
n≥0

Extik[K](ind
K0(p)
K0(pn+1)χr+2,M) (19)

Comme indK0(p)
K0(p∞)χr+2 = lim

−→
n≥0

indK0(p)
K0(pn+1)χr+2 il s’ensuit de [Jen72], Théorème

4.2 que l’on a une suite spectrale :

lim
←−
n≥0

(i)Extjk[K0(p)](ind
K0(p)
K0(pn+1)χr+2,M)⇒ Extj+ik[K0(p)](ind

K0(p)
K0(p∞)χr+2,M)

D’autre part [KS06], Corollary 13.3.16 et Example 13.3.17 (ii) nous donne

lim
←−

(i)Extjk[K0(p)](ind
K0(p)
K0(pn+1)χr+2,M) = 0

pour tout i > 1 et le Lemme 4.10 montre que les conditions de Mittag-Leffler
sont verifiés. D’après [KS06], Exercice 12.8 on conclut que (19) est bien un
isomorphisme.

D’après la description explicite du morphisme Ψn nous avons une description
simple de l’extension Bn+1 à l’intérieur de l’atome Ar,λ ⊗ ω. Plus précisément
définissons, pour n ≥ 1 l’élément

en+1
def=
[

0 1
pn+1 0

]
[1, Xp−1Y r+2] ∈ Ar,λ ⊗ ω.
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Nous avons un diagramme commutatif de K0(pn+1)-modules discrets :

0 // π(r, λ, ω) // Bn+1� _

��

// χr+2� _

��

// 0

0 // π(r, λ, ω) // Ar,λ ⊗ ω // π(p− 3− r, λ−1, ωr+2) // 0

et d’après [Bre03a] Lemme 5.1.3 (ii) on a

Ar,λ ⊗ ω −→ π(p− 3− r, λ−1, ωr+2) (20)

en+1 7−→
[

0 1
pn+1 0

]
[1, xp−3−r]

(on a désigné comme d’habitude par xp−3−r un générateur de l’espace linéaire
de plus haut poids de σp−3−r).
Par conséquent :

Corollaire 4.11. Soit r ∈ {0, . . . , p− 3} et λ ∈ k×. Supposons que

(H) (r, λ) /∈ {(0,±1), (p− 3,±1)}.
Pour tout n ≥ 0 le K0(pn+1)-module lisse Bn+1 est isomorphe à la sous
K0(pn+1)-représentation de Ar,λ ⊗ ω engendrée par en+1 et indKK0(p∞)χ

s
r det.

Démonstration. Cela découle du Lemme 2.8, ainsi que de (20) et de la descrip-
tion du morphisme Ψn.

4.3 Rsum des notations.

Nous fixons ici les notations qui seront utilisés dans les preuves et les énonces
techniques de §5 et 6. Fixons (λ, r) vérifiant l’hypothèse (H). Nous supposons
de plus 4 que r 6= 0. Nous posons d’abord M def= indKK0(p∞)χ

s
r det et

M+ def
= indK0(p)sK0(p)

K0(p∞) χsr det, M−
def
= indK0(p)

K0(p∞)χ
s
r det .

Notons qu’on a M+ =
(
indKK0(p∞)χ

s
r det

)+
(cf. (6)).

Rappelons queM+ (resp.M−) est un k[[K0(p)]]-module discret, qui est unseriel
en restriction à U (resp. U(p)). Pour tout n ≥ 0 posons Mn+1

def= MKn+1 et

M+
n+1

def=
(
M+

)Kn+1 =
(
M+

)U(pn+1)
, M−n+1

def=
(
M−

)Kn+1 =
(
M−

)U(pn+1)
.

Rappelons qu’on a introduit au §2 des bases “naturels” sur π(r, λ, ω), M . En
particulier, le Lemme 2.8 nous permet d’identifier, pour tout l = (l1, . . . , ln) ∈
{0, . . . , p − 1}n, l’élément F (1,n)

l1,...,ln
∈ M−n+1 à l’élément F (1,n)

l1,...,ln
(0) ∈ π(r, λ, ω)

(cf. (7), (9) pour la déscription de F (1,n)
l1,...,ln

, F (1,n)
l1,...,ln

(0)).

4. Des calculs non publiés de l’auteur, montrent que les enoncés des §5, 6 restent valables
pour r = 0, au prix de calculs plus poussés.
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L’élément suivant de l’atome Ar,λ va jouer un rôle clé dans l’étude des Kn+1

invariants :

ẽn+1
def=en+1 + (−1)rλ−1F

(n+1)
r+1 (0)+

+ (−1)r+1(r + 1)
( n∑

j=1

λ−2(n−j+1)F
(j,n)
r,0,...,0(1)

)
. (21)

Pour n ≥ 0 nous posons

F
(1,n)
l1,...,ln

(ẽn+1)
def
=
∑

λ1∈Fp

λl1
1

[
1 0

p1[λ1] 1

]
. . .

∑

λn∈Fp

λln
n

[
1 0

pn[λn] 1

]
ẽn+1

où on a pris (l1, . . . , ln) ∈ {0, . . . , p− 1}n. Notons que les images des éléments
F

(1,n)
l1,...,ln

(ẽn+1) dans π(p − 3 − r, λ−1, ωr+2) s’identifie à F
(1,n)
l1,...,ln

(0) grâce au
Lemme 2.8 et (20).

5 Le comportement de ẽn+1

Soit n ≥ 1. Ce numéro est consacré au résultat clef qui concerne le comporte-
ment de l’élément ẽn+1 à l’intérieur de l’atome automorphe. Rappelons qu’on
a défini au §4.2 un sous K0(pn+1)-module Bn+1 à l’intérieur de Ar,λ⊗ω s’ins-
crivant dans une suite exacte k[K0(pn+1)]-équivariante non-scindée :

0→ π(r, λ, ω)→ Bn+1 → χr+2 → 0.

Le but de ce numéro est de décrire la structure de l’extension Bn+1 (Propo-
sition 5.4), à l’aide de l’élément ẽn+1 ∈ Bn+1 défini en (21). Il s’agit du cœur
technique de l’article et c’est ici que nous avons besoin des calculs sur les vec-
teurs de Witt, ainsi que de la déscription explicite de Ar,λ ⊗ ω effectuée au
§4.1.
Sauf mention explicite, l’on suppose ici que 1 ≤ r ≤ p− 3. Nous commençons
par l’action de U(pn+1Zp).

Lemme 5.1. Soit c ∈ Fp.
Alors

([
1 0

pn+1[c] 0

]
− 1
)
ẽn+1 = c(r + 1)λ−n−1[1, xr ].

Démonstration. D’après le Lemme 4.5 on a les égalités
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([
1 0

pn+1[c] 0

]
− 1
)
en+1 =

=
r+1∑

j=0

cr+1−(j−1)

(
r + 2
j

)[
0 1

pn+1 0

]
[1, Xp+r−(j−1)Y (j−1)+1]

=
r∑

j=0

cr+1−j

(
r + 2
j + 1

)
j + 1
r + 2

[
0 1

pn+1 0

]
[1, xr−jyj ]

=
r∑

j=0

cr+1−j

(
r + 1
j

)[
0 1

pn+1 0

]
[1, xr−jyj].

De manière analogue les relations produites par l’opérateur de Hecke T (cf.
(8)) nous donnent

([
1 0

pn+1[c] 0

]
− 1
)

F
(n+1)
r+1 (0) =

=

r∑

j=0

(
r + 1

j

)
c

r+1−j(−1)r+1
·

·

∑

λn+1∈Fp

(−λn+1)j

[
1 0

pn+1[λn+1] 1

][
0 1

pn+2 0

]
[1, x

r]

=

r∑

j=0

c
r+1−j(−1)r+1

(
r + 1

j

)
·

·

(
λ

[
0 1

pn+1 0

]
[1, x

r−j
y

j ] − δr,j

[
0 1

pn 0

]
[1, y

r]

)

= λ(−1)r+1

( r∑

j=0

c
r+1−j

(
r + 1

j

)[
0 1

pn+1 0

]
[1, x

r−j
y

j ]

)
−

−(r + 1)c(−1)r+1

[
0 1

pn 0

]
[1, y

r].

Pour 1 ≤ m ≤ n, et comme r > 0 on a (cf. Lemme 2.6)
([

1 0
pn+1[c] 0

]
− 1
)

F
(m,n)
r,0,...,0(1) = c

( ∑

λm∈Fp

λr
m

[
1 0

pm[λm] 1

]
F

(m+1,n)
0,...,0 (0)

)
=

= c

( ∑

λm∈Fp

λr
m

[
1 0

pm[λm] 1

] (
λn−m

[
0 1

pm+1 0

]
[1, xr]

))

= cλn−m+1(−1)r

[
0 1

pm 0

]
[1, yr ] − cλn−m(−1)r

[
0 1

pm−1 0

]
[1, yr ].

La conclusion suit maintenant par un calcul élémentaire qu’on laisse au lecteur.
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Le lemme suivant nous permet de contrôler l’action du radical unipotent entier.
Sa preuve, qui demande des manipulations techniques sur les vecteurs de Witt
de Fp, a été mise en appendice.

Lemme 5.2. Soit p ≥ 3 et µ ∈ F×p . On a l’égalité suivante dans Bn+1 :
([

1 [µ]
0 1

]
− 1
)
ẽn+1 ≡ (−1)n+r+1(r + 1)λ−2nµF

(1,n)
r+2,p−1,...,p−1

modulo
(
m
p−3−r+(p−2)
A M−n+1

)
⊕ (σr ⊗ det)K1(p).

De manière similaire, on a

Lemme 5.3. Soit α ∈ Zp et p ≥ 3. Alors on a l’égalité suivante dans Bn+1 :
([

1 0
0 1 + pα

]
− 1
)
ẽn+1 ≡ (−1)n+rα(r + 1)λ−2nF

(1,n)
r+1,p−1,...,p−1

modulo
(
m
p−3−r+(p−2)
A M−n+1

)
⊕ (σr ⊗ det)K1(p).

On peut finalement décrire l’extension Bn+1, c’est-à-dire la sous K0(pn+1)-
représentation engendrée par en+1 et π(r, λ, ω) dans Ar,λ ⊗ ω :

Proposition 5.4. Soit n ≥ 1 et considérons l’extension

0→ π(r, λ, ω)→ Bn+1 → χr+2 → 0.

Soit g
def

=
[

1 + pa b

pn+1c 1 + pd

]
∈ K0(pn+1).

On a alors l’égalité suivante dans Bn+1 :
(

g − 1
)

ẽn+1 ≡

≡ (−1)n+r+1(r + 1)λ−2n

(
bκpn−1−(p−3−r)Xp−3−r + (a − d)κpn−1−(p−2−r)Xp−2−r

)

modulo (
σr ⊗ det

)K1(p) ⊕ (m(p−3−r)+(p−2)
A )M−n+1.

Démonstration. Via le dictionnaire de la Proposition 3.2, il s’agit d’une consé-
quence immédiate des Lemmes 5.1, 5.2, 5.3 et de la décomposition d’Iwahori
de K0(pn+1).

Une remarque. L’énoncé de la Proposition 5.4 ne dépend pas du choix du
rélévement ẽn+1, au sens suivant. Soit x ∈ π(r, λ, ω) et écrivons x = x+ ⊕ x−
selon la décomposition K0(p)-équivariante π(r, λ, ω) ∼= M+ ⊕ M− (cf. 4.3).
Supposons que ẽn+1 + x est fixé par U(pn+1) modulo socK0(p)

(
M+

)
. On dé-

duit de la Proposition 5.1 que x− ∈ M−n+1 et comme la composante χr+2-

isotypique de M−n+1/(m
(p−3−r)+(p−2)
A M−n+1) est de diménsion 1 on conclut que

x− ∈ µX(p−3−r) + (m(p−3−r)+(p−2)
A M−n+1) pour un scalaire non-nul µ ∈ k×.

Comme
(
g − 1

)
·Xp−3−r ∈ m

(p−3−r)+(p−2)
A si g ∈ K1(p2) (cf. Proposition 3.1)

on déduit :
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Corollaire 5.5. Soit n ≥ 1.Considérons l’extension de K0(pn+1)-modules
discrets :

0→ π(r, λ, ω)→ Bn+1 → χr+2 → 0.

et soit en+1 ∈ Bn+1 tel que en+1 /∈ π(r, λ, ω). Supposons de plus que en+1 est
fixé par U(pn+1) modulo socK0(p)

(
M+

)
.

Pour tout g
def

=
[

1 + pa b

pn+1c 1 + pd

]
∈ K0(pn+1) on a

(
g − 1

)
en+1 ≡

≡ (−1)n+r+1(r + 1)λ−2n

(
bκpn−1−(p−3−r)Xp−3−r + (a − d)κpn−1−(p−2−r)Xp−2−r

)

modulo M+ ⊕ (m(p−3−r)+(p−2)
A )M−n+1.

Remarque 5.6. Pour r = 0 on peut modifier la définition de l’élément ẽn+1

de telle sorte que l’enoncé de la proposition 5.4 reste valable. Toutefois, la
technicité des manipulations nécessaires ont suggéré à l’auteur de ne pas inclure
les calculs dans cet article.

6 Espaces invariants et applications

Dans cette section on détermine l’espace des invariants de l’atome Ar,λ ⊗ det
selon certains sous-groupes de congruence de niveau arbitraire en p, dans le
cas générique. Cela permet d’étendre un résultat de Breuil et Paskunas (cf.
[BP13], Theorem 20.3) au cas de niveau arbitraire, et par conséquent, via la
compatibilité locale-globale de la correspondance de Langlands p-adique, déter-
miner les composantes Hecke-isotypiques de la cohomologie mod p des courbes
modulaires (§6.3).
L’outil principale de la preuve du Théorème 6.4 demeure dans le Lemme 6.1,
qui s’obtient comme une conséquence de la Proposition 5.4 à l’aide des moyens
d’algèbre d’Iwasawa introduits au §3.
Sauf mention explicite, on suppose que 1 ≤ r ≤ p− 3 (en particulier p > 3).

Corollaire 6.1. Soit n ≥ 1 et considérons la K0(pn+1)-sous représentation
de Bn+1 déduite de la Proposition 5.4 :

0→M−n+1 ⊕ (σr ⊗ det)K1(p) →
〈
K0(pn+1) · ẽn+1

〉
→ χr+2 → 0.

Soit Hn+1 ∈ {Kn+1, In+1} et x ∈ B(Zp) ∩Hn+1. Alors :

(x− 1) · ẽn+1 = 0

Démonstration. C’est une conséquence des Propositions 3.1 et 5.4, en remar-
quant que tout élément x ∈ B(Zp) ∩Hn+1 peut s’écrire comme x = x′p

n

pour
un élément x′ ∈ B(Zp) ∩H1.

Documenta Mathematica 22 (2017) 777–823



806 Stefano Morra

6.1 Espace des Kn+1-invariants

On calcule ici l’espace des Kn+1-invariants de Ar,λ ⊗ ω dans le cas générique.

La preuve consiste à donner d’abord une borne supérieure à
(
Ar,λ ⊗ ω

)Kn+1

grâce au Corollaire 6.1 ; on détermine ensuite l’espace des invariants de manière
précise via l’énoncé de la Proposition 5.4.
Rappelons la notation Mn+1

def
= indKK0(pn+1)χ

s
r det ∼=

(
π(r, λ, ω)

)Kn+1, ainsi que
la décomposition Mn+1 =M+

n+1 ⊕M−n+1. On commence par un lemme.

Lemme 6.2. Soit M−0
def

= socK0(p)(M−). On a (M−)In+1 = (M−)U(pn+1) =

M−n+1 et
(
M−/M−0

)In+1 =
(
M−/M−0

)U(pn+1)
ainsi que une suite exacte non-

scindée

0→ χsr det→ (M−)In+1 →
(
M−/M−0

)In+1 → χsra det→ 0

Démonstration. Pour un caractère χ de T(Fp)U(p) désignons par Inj(χ) son
enveloppe injective dans la catégorie des T(Fp)U(p)-représentations lisses. On
a alors

(
(Inj(χ))∨

)U(pj+1) ∼= A/(Xpj

)⊗k χ−1.

L’existence de la suite exacte de T(Fp)U(pn+1)-représentations

0→ χsr det→ (M−)U(pn+1) →
(
M−/M−0

)U(pn+1) → χsra det→ 0

suit alors par un calcul de dimension en remarquant que M−, M−/M−0 sont
des enveloppes injectives de χsr det et χ

s
r det a respectivement (cf. [Paš10], Pro-

position 5.9) et que H1(U(pn+1), χsr det) est de dimension un. En particulier :

(
M−/M−0

)U(pn+1) ∼= (Xpn+1−pn

)/(Xpn+1

). (22)

Grâce à la Proposition 3.1 on a

m(In+1∩B(Qp)) · (Xpn+1−pn

)Mn+2 ⊆ m
Bpn

1
· (Xpn+1−pn

)Mn+2

⊆ (Xpn+1−pn+pn(p−2))Mn+2 = 0

(où l’on a écrit m(In+1∩B(Qp)) pour désigner l’ideal maximal de l’algèbre d’Iwa-

sawa de (In+1 ∩B(Qp)), et où l’on a utilisé le fait que (In+1 ∩B(Qp)) ⊆ Bp
n

1 )
ce qui permet de conclure à l’aide de (22) que les éléments de (In+1 ∩B(Qp))

agissent trivialement sur
(
M−/M−0

)U(pn+1)
, i.e. que

(
M−/M−0

)U(pn+1)
=(

M−/M−0
)In+1 .

Pour terminer, notons que (M−)In+1 = (M−)U(pn+1) par un comptage de di-
mension (cf. par exemple [Mor13], Proposition 3.5), ce qui conclut la preuve
du lemme.
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Proposition 6.3. Soit n ≥ 1 et considérons la suite exacte induite par le
foncteur des Kn+1-invariants :

0→ indKK0(pn+1)χ
s
r det −→

(
Ar,λ ⊗ ω

)Kn+1 −→
projn+1

indKK0(pn+1)χr+2.

Alors
longK

(
coker(projn+1)

)
≤ 1.

Démonstration. Le foncteur des Kn+1-invariants nous donne une suite exacte :

0→Mn+1 →
(
Ar,λ ⊗ ω

)Kn+1 −→
projn+1

indKK0(pn+1)χr+2.

Par construction, l’élément projn+1(ẽn+1) est un K-générateur de l’induite
indKK0(pn+1)χr+2, ayant support sur K0(pn+1) et étant χr+2 isotypique pour
l’action du tore entier.
Ainsi, l’élément

F
(0,n)
0,p−1(ẽn+1)

def=
∑

λ0∈Fp

[
[λ0] 1
1 0

]
F

(1,n)
p−1 (ẽn+1) + δr,p−3F

(1,n)
p−1 (ẽn+1)

∈ 〈K · ẽn+1〉 ⊆ Ar,λ ⊗ ω

est envoyé, par la projection
(
Ar,λ ⊗ ω

)Kn+1 −→
projn+1

indKK0(pn+1)χr+2 ։ indKK0(p)χr+2

sur un générateur de

(
socK

(
indKK0(p)χr+2

)
)K1(p)

.

Nous montrons que F (0,n)
0,p−1(ẽn+1) est fixé par Kn+1, ce qui permet de conclure

que

longK

((
Ar,λ ⊗ ω

)Kn+1
)

≥

≥ longK

(
π(r, λ, ω

)Kn+1 ) + longK

(
π(p − 3 − r, λ−1, ωr+2)

)Kn+1
− 1.

Pour g =
[

1 + pn+1a pn+1b

pn+1c 1 + pn+1d

]
∈ Kn+1 un calcul élémentaire nous donne

g · F
(0,n)
0,p−1(ẽn+1) =

∑

λ0∈Fp

[
[λ0] 1

1 0

]
F

(1,n)
p−1

(
g0,λ0

· ẽn+1

)
+ δr,p−3F

(1,n)
p−1

(
g1 · ẽn+1

)

où

g0,λ0
∈

[
1 0

pn+1z 1

]
· (B(Zp) ∩ Kn+1), g1 ∈

[
1 0

pn+1w 1

]
· (B(Zp) ∩ Kn+1)
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avec z ≡ [b + (a− d)λ0 − cλ2
0] et w ≡ [c] modulo p.

On en déduit, utilisant le Corollaire 6.1 et le Lemme 5.1, l’égalité suivante :
(

g − 1
)

· F
(0,n)
0,p−1(ẽn+1) = (−1)nλ−n−1(r + 1)

( ∑

λ0∈Fp

[
[λ0] 1

1 0

]
zxr + δp−3,rcxr

)
.

︸ ︷︷ ︸
∈σr⊗det

où l’on a posé z def= b+ (a− d)λ0 − cλ2
0.

Un calcul simple (sans oublier la torsion par le déterminant dans σr ⊗ det !)
donne au final
(

g − 1
)

· F
(0,n)
0,p−1(ẽn+1) =(−1)nλ−n−1(r + 1)

( r∑

j=0

(−1)
(r

j

)
xr−jyj

(
b
∑

λ0∈Fp

λr−j
0 +

+(a − d)
∑

λ0∈Fp

λr−j+1
0 − c

∑

λ0∈Fp

λr−j+2
0

)
+ δp−3,rcxr

)

=(−1)nλ−n−1(r + 1)
(

(−1)
(r

0

)
xr(−c)

( ∑

λ0∈Fp

λr+2
0

)
+ δp−3,rcxr

)

ce qui permet de conclure que F (0,n)
0,p−1(ẽn+1) est bien fixé par Kn+1.

Dans le cas générique on obtient :

Theoreme 6.4. Supposons r 6= 0. Alors coker
(
projn+1

)
= σr+2.

Démonstration. Supposons au contraire que le morphisme
(
Ar,λ ⊗ ω

)Kn+1 −→
projn+1

indKK0(pn+1)χr+2

est surjectif. Comme l’élément projn+1(F
(1,n)
p−1 (ẽn+1)) est envoyé par la surjec-

tion
indKK0(pn+1)χr+2 ։ indKK0(p)χr+2

sur un générateur de indKK0(pn+1)χr+2 , on déduit qu’il existe un élément
y ∈ π(r, λ, ω) qui est χr+2-isotypique pour l’action du tore fini et de tel que
F

(1,n)
p−1 (ẽn+1) + y ∈ Ar,λ ⊗ ω est fixé par Kn+1. Écrivons y = y+ ⊕ y− selon la

décomposition indKK0(p∞)χr+2 =M+⊕M−. D’après la preuve de la Proposition
6.3, on a

(23)
(

g − 1
)

· F
(1,n)
p−1 (ẽn+1) = (−1)ncλ−n−1(r + 1)xr ∈

(
σr ⊗ det

)K1(p)
= socK1(p)(M+)

pour g def=
[

1 + pn+1a pn+1b
pn+1c 1 + pn+1d

]
∈ Kn+1 et comme l’on a supposé que

F
(1,n)
p−1 (ẽn+1) + y est Kn+1-fixe on déduit que

y− ∈ (M−)Kn+1 , y+ ∈
(

M+

socK1(p)(M+)

)Kn+1

.
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D’après le Lemme 6.2 on déduit que
(

M+

socK1(p)(M+)

)Kn+1 est un T(Fp) ·U(Zp)-

module de longueur pn+1 et cosocle χr det a−1. Comme χr det a−1 6= χr+2 si
p > 3 on en déduit que y+ ∈ (M+)Kn+1 =M+

n+1.
Au final on a y ∈Mn+1, en particulier y est Kn+1-invariant. Or, ceci contredit
le fait que F (1,n)

p−1 (ẽn+1) + y est Kn+1 invariant, en vue de (23).

Remarque 6.5. On s’attend à ce que l’énoncé du Théorème 6.4 reste valable
pour r = 0. Ceci est bien le cas lorsque n = 1, mais on a désisté de traiter
le cas général, qui demande un certain nombre de manipulations techniques
ennuyeuses, et qu’on a préféré de ne pas l’aborder.

6.2 Espace des In-invariants

Avec la même méthode, nous calculons l’espace des In+1-invariants de Ar,λ⊗ω.
D’abord, on donne une première estimation grâce à la proposition suivante.

Proposition 6.6. Soit n ≥ 1 et considérons la suite exacte

0→ π(r, λ, ω)In+1 −→
(
Ar,λ ⊗ det

)In+1 −→
projn+1

π(p− 3− r, λ−1, ωr+2)In+1 .

Alors coker(projn+1)) est un quotient de χr+2 ⊕ χsr+2.

Démonstration. Rappelons que (cf. [Mor13], Proposition 5.3) :
(

indK
K0(p∞)(χr det)

)In+1 ∼= indK0(p)

K0(pn+1)
(χr det) ⊕

(
indK

K0(pn)χr det
)+

= M−n+1 ⊕ M+
n

et de manière similaire
(
indK

K0(p∞)χr+2

)In+1 ∼= ind
K0(p)

K0(pn+1)
χr+2 ⊕

(
indK

K0(pn)χr+2

)+

Considérons F (1,n)
p−2,p−1,...,p−1(ẽn+1) ∈ Ar,λ ⊗ ω. Par construction, son image via

le morphisme projn+1 est un générateur du radical de indK0(p)
K0(pn+1)χr+2.

Montrons maintenant que F
(1,n)
p−2,p−1,...,p−1(ẽn+1) est fixé par In+1. Si g def=[

1 + pn+1a pnb

pn+1c 1 + pn+1d

]
∈ In+1, un calcul élémentaire nous donne

g · F (1,n)
p−2,p−1,...,p−1(ẽn+1) = F

(1,n)
p−2,p−1,...,p−1(g

′ · ẽn+1)

où g′ ∈ [ 1 0

pn+1z 1

] ·(B(Zp)∩In+1), avec z ≡ c modulo p. D’après le Corollaire
6.1 et le Lemme 5.1 on obtient :

(g − 1) · F
(1,n)
p−2,p−1,...,p−1(ẽn+1) =

∑

λ1∈Fp

λp−2
1

[
1 0

p[λ1] 1

] ∑

λ2∈Fp

λp−1
2

[
1 0

p2[λ2] 1

]
. . .

. . .
∑

λn∈Fp

λp−1
n

[
1 0

pn[λn] 1

]
·
(

c(r + 1)λ−n−1xr
)

= (−1)n−1c(r + 1)λ−n−1xr
∑

λ1∈Fp

λp−2
1

= 0.
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Cela montre que l’image de application composée

(
Ar,λ ⊗ det

)In+1 −→
projn+1

π(p− 3− r, λ−1, ωr+2)In+1 ։ indK0(p)
K0(pn+1)χr+2

contient le radical de indK0(p)
K0(pn+1)χr+2 i.e. que le conoyau de l’application com-

posée ci-dessus est de longueur au plus 1.
Par symétrie, en utilisant l’action de l’élément

[
0 1
p 0

]
, on déduit que le co-

noyau de l’application composée

(
Ar,λ ⊗ ω

)In+1 −→
projn+1

π(p− 3− r, λ−1, ωr+2)In+1 ։
(
indKK0(pn)χr+2

)+

est de longueur au plus un, ce qui achève la preuve.

On peut maintenant obtenir le résultat souhaité :

Proposition 6.7. Soit n ≥ 1 et considérons la suite exacte

0→ π(r, λ, ω)In+1 −→
(
Ar,λ ⊗ det

)In+1 −→
projn+1

π(p− 3− r, λ−1, ωr+2)In+1 .

Alors coker(projn+1)) = χr+2 ⊕ χsr+2. En particulier, on a

dim
((
Ar,λ ⊗ ω

)In+1
)
= 4pn − 2.

Démonstration. Pour alléger les notations posons A def= Ar,λ ⊗ ω et M0
def=

socK0(p)M ∼= χsr det⊕χr det. On a une suite exacte

0 → M0 → H0(In+1/Zn+1, A) → H0(In+1/Zn+1, A/M0)
∂
→ H1(In+1/Zn+1, M0)

et le groupe de cohomologieH1(In+1/Zn+1,M0) est de dimension 4, les cocycles

κl : In+1/Zn+1 → χr det[
1 + p

n+1
a p

n
b

p
n+1

c 1 + p
n+1

d

]
7→ cxr

et

κu : In+1/Zn+1 → χsr det[
1 + p

n+1
a p

n
b

p
n+1

c 1 + p
n+1

d

]
7→ b

[
0 1
p 0

]
xr

étant linéairement indépendants (la preuve est très similaire à celle de [Paš10],
Proposition 5.2, et consiste à montrer que l’espace H1(In+1/Zn+1,Fp) est de
dimension 2, une base étant donnée par les cocycles κu et κl).
Reprenons les notations dans la preuve de la proposition 6.6. Considérons les
éléments F (1,n)

p−1 (ẽn+1), F
(0,n−1)
p−1 (ẽn+1)

def=
[

0 1
p 0

]
F

(1,n)
p−1 (ẽn+1).Par construc-

tion leurs images dans π(p − 3 − r, λ−1, ωr+2) fournissent des générateurs de
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indK0(p)
K0(pn+1)χr+2,

(
indKK0(pn)(χr+2)

)+
respectivement. Le calcul dans la preuve

de la proposition 6.6 montre que l’image de F (1,n)
p−1 (ẽn+1) dans A/M0 est fixée

par In+1 et que
∂
(
F

(1,n)
p−1 (ẽn+1) modulo M0) = κl

(à scalaire non-nul près). On en déduit que aucune combinaison linéaire de
F

(1,n)
p−1 (ẽn+1) et F

(0,n−1)
p−1 (ẽn+1) n’est fixée par In+1.

D’autre part, supposons que 2(pn − 1) < longK0(p)(A
In+1/M In+1) ≤ 2pn.

Comme AIn+1 est stable par l’action de
[

0 1
p 0

]
on déduit une suite exacte :

0 → M
+
n+1 ⊕ M

−
n+1 → A

In+1
→ (indK

K0(pn)(χr+2))+
⊕ ind

K0(p)

K0(pn+1)
(χr+2) → 0.

Il existe donc un élément y ∈ M , isotypique pour χr+2 de telle sorte que
F

(1,n)
p−1 (ẽn+1)+y est fixé par In+1. A fortiori son image dans A/M0 est In+1-fixe,

ce qui implique que y ∈ (M/M0)In+1 d’après le fait que (g − 1)F (1,n)
p−1 (ẽn+1) ∈

M+
0 pour tout g ∈ In+1.

Comme y est χr+2 isotypique et χr+2 6= χsra det, χra
−1 det si p > 3, le Lemme

6.2 implique que y ∈M In+1.
On en conclut que les éléments F (1,n)

p−1 (ẽn+1), F
(0,n−1)
p−1 (ẽn+1) sont fixés par

In+1, ce qui contredit le fait que leur images via ∂ est une famille libre de
H1(In+1/Zn+1,M0).

6.3 Application la cohomologie des courbes modulaires

Dans ce numéro, nous cadrons dans un contexte global les résultats sur les
Kn+1-invariants, grâce aux travaux sur la compatibilité de la correspondance
de Langlands éffectués par Emerton [Eme] (cf. égalément [Bre12]).
De manière plus précise, nous décrivons plusieurs espaces isotypiques (sous
l’action d’une algèbre de Hecke) de la cohomologie modulo p des courbes mo-
dulaires définies sur Q et le résultat principal de cette section (Théoreme 6.8)
éténd au cas non-irréductible l’étude globale commencé dans [Mor13].
On suit l’exposition et les arguments de [Mor13], §6 (où on a traité le cas des
atomes supersinguliers) et la dissertation démandant d’un peu de préparation,
on refère le lecteur à [Eme] (cf. aussi [Bre12]).
Soient Af les adèles finis de Q, GQ le groupe de Galois absolu de Q et écrivons
GQℓ

pour son sous-groupe de décomposition en ℓ.
Étant donné un sous-groupe compact-ouvert Kf du groupe adélique GL2(Af )
nous écrivons Y (Kf ) pour désigner la courbe modualire (definie sur Q) de
points complexes

Y (Kf)(C) = GL2(Q)\
(
(C \R)×GL2(Af )/Kf

)
.

et nous en prenons, pour A ∈ {O, k}, ses groupes de cohomologie étale

H1(Kf )A
def= H1

ét(Y (Kf )Q
, A)
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où Y (Kf )Q
est le changement de base de Y (Kf ) à Q.

Si Kp est un sous-groupe ouvert compact de GL2(A
p
f ), nous considérons le

k-module

H1(Kp)k
def= lim
−→
Kp

H1(KpK
p)k

où Kp parcourt les sous-groupes compact ouverts de GL2(Qp) : ce module est
alors muni des actions continues de GQ et de GL2(Qp), commutant entre elles.
Soit Σ0 un ensemble fini de places non-Archimediennes de Q, ne contenant
pas p, et soit Σ def= Σ0 ∪ {p}. Nous nous intéressons aux sous-groupes compacts
ouverts de GL2(A

p
f ) de la forme KΣ0K

Σ
0 , où KΣ0 est un sous-groupe com-

pact ouvert de GΣ0

def=
∏
ℓ∈Σ0

GL2(Qℓ) et KΣ
0

def=
∏
ℓ/∈Σ GL2(Zℓ) ; on écrit par

brevité

H1(KΣ0)k
def= H1(KΣ0K

Σ
0 )k.

Étant donné un sous-groupe ouvert-compact Kp in GL2(Qp) désignons par
T(KpKΣ0K

Σ
0 ) la sous-O-algèbre de

EndO[GQ](H
1(KpKΣ0K

Σ
0 )O)

engendré par les opérateurs de Hecke Tℓ, Sℓ avec ℓ /∈ Σ.
Si K ′p ≤ Kp sont deux sous-groupes ouverts compacts dans GL2(Qp) on a
un morphisme de transition surjectif T(K ′pKΣ0K

Σ
0 ) ։ T(KpKΣ0K

Σ
0 ), qui est

compatible, au sens évident, avec les actions sur les espaces de cohomologie
étale. Nous en déduisons une action GQ ×GL2(Qp)-équivariante de

T(KΣ0 )
def= lim
←−
Kp

T(KpKΣ0K
Σ
0 )

sur sur H1(KΣ0)k ([Eme], (5.1.2)).
Par construction, l’action de T(KΣ0) sur le sous-module H1(KpKΣ0K

Σ
0 )k) se

factorise à travers le morphisme surjectif T(KΣ0) ։ T(KpKΣ0K
Σ
0 ).

Soit ρ : GQ → GL2(k) une représentation Galoisienne continue, absolument
irréductible. En supposant que ρ est modulaire, nous défnissons Σ0 comme
l’ensemble des diviseurs premiers du conducteur d’Artin de ρ ([Ser87], §1.2).
Rappelons que un sous-groupe ouvert compact KΣ0 de GΣ0 est un niveau ad-
missible pour ρ s’il existe un idéal maximal m de T(KΣ0), ayant corps résiduel
k, tel que

Tℓ ≡ tr(ρ(Frobℓ)) modm, Sℓ ≡ ℓ−1det(ρ(Frobℓ)) modm.

Comme ρ est modulaire, la conjecture de Serre montre que un sous-groupe
compact ouvert dans la composante Σ0 de ker

(
GL2(Ẑ) → GL2(Ẑ/(N))

)
est

un niveau admissible pour ρ.
Le résultat suivant étends le Théoreme principal de [Mor13] au cas non-
irréductible :
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Theoreme 6.8. Soit p ≥ 3 et ρ : GQ → GL2(k) une représentation Galoi-
sienne continue, impaire et absolument irréductible.
Soit Σ0 l’ensemble des diviseurs premiers du conducteur d’Artin de ρ et soit
κ ∈ {2, . . . , p+1} le poids minimal, à torsion près, associé à ρ|GQp

(cf. [Ser87],
§2.2).
Soit KΣ0 un niveau admissible pour ρ et m l’idéal maximal de l’algèbre de Hecke
T(KΣ0) associé à ρ.
Définissons

d
def

= dimk

( ⊗

ℓ∈Σ0

π(ρ|GQℓ
)
)KΣ0 (24)

où π(ρ|GQℓ
) est la représentation lisse de GL2(Qℓ) associée à ρ|GQℓ

par la
correspondance de Langlads p-modulaire d’ Emerton-Helm ([EH14]).
Soit enfin Kp ∈ {Kt, It} avec t ≥ 1 et supposons que κ ∈ {3, . . . , p− 1}.
Alors, si ptN > 4 on a :

dimk

(
H1
ét(Y (KtKΣ0K

Σ
0 )

Q
, k)[m]

)
=





2d
(
2pt−1(p+ 1)− 4

)

si Kp = Kt et ρ|GQp
est

absolument irréductible ;

2d
(
2(p+ 1)pt−1 − (κ+ 1)

)

si Kp = Kt et ρ|GQp
est

absolument réductible,
non-scindée ;

2d
(
2(2pt−1 − 1)

)
si Kp = It.

Démonstration. Il nous suffit de traiter le cas où ρ|GQp
est absolument réduc-

tible non scindée (le cas absolument irréductible étant traité dans [Mor13]).
La même preuve de [Mor13], Proposition 6.1 nous permet d’écrire

H1(KpKΣ0K
Σ
0 )k[m] ∼= ρ⊗

(
πp)Kp ⊗

(
πΣ0(ρ)

)KΣ0

où πp est la représentation associé à ρ|GQp
par la correspondance de Langlands

p-modulaire, contenant dans son GL2(Zp)-socle le poids de Serre σκ−2 (à tor-
sion près).
Le résultat découle donc des Théorèmes 6.4 et 6.7.

7 Appendice

On consacre cette appendice à des résultats techniques qui se révèlent néces-
saires afin d’obtenir la Proposition clé 5.4. On étudie d’abord certains poly-
nômes de Witt qui apparaissent naturellement lorsque l’on étudie les actions
supplémentaires de B(Zp) sur l’algèbre d’Iwasawa A = k[[U(p)]] (§7.1).

Documenta Mathematica 22 (2017) 777–823



814 Stefano Morra

Remarquons que, même si le tore fini T(Zp) agit sur A par des automorphismes
de k-algèbres (ce qui permet de simplifier certains arguments concernant l’ac-
tion de ce dernier sur A), l’action de U(Zp) n’est que k-linéaire et les manipu-
lation effectués dans §7.1 restent, par l’instant, incontournables afin de pouvoir
la contrôler.
Ensuite, on utilise au §7.2 les résultats précédents afin d’obtenir des renseigne-
ments cruciaux sur le comportement de l’élément en+1 introduit dans la section
4.3.

7.1 Sur certains polynmes de Witt

Dans ce numéro on a pour objectif l’étude de certains polynômes de Witt qui
apparaissent naturellement dans les manipulations nécessaires à la détermina-
tion de la structure interne des représentations p-modulaires de GL2(Qp). On
utilise ici les notations de [Mor12], §A.1 (en invitant le lecteur à se référer à loc.
cit. pour plus de détails, ou à des références classiques [Ser68], [Bou07] pour le
cadre général).
On note les éléments de W (Fp) ∼= Zp par (λ0, λ1, . . . , λj , . . . ) ou, de manière
plus parlante,

∑∞
j=0 p

j[λj ]. La loi de la somme (resp. du produit, resp. de la
puissance N -ième) est alors déterminé par les polynômes universels

Sn
def=Sn(X0, . . . , Xn, Y0, . . . , Yn) ∈ Z[X0, . . . , Xn, Y0, . . . , Yn]

(resp. Prodn(X0, . . . ,Xn,Y0, . . . ,Yn) ∈ Z[X0, . . . ,Xn,Y0, . . . ,Yn],

resp. PotNn (X0, . . . , Xn) ∈ Z[X0, . . . , Xn] )

définis pour tout n ∈ N (cf. [Mor12], §A.1).
La structure récursive de Sn est décrite par le résultat suivant :

Lemme 7.1. Soit n ≥ 1. Alors

Sn = Xn + Yn − (Sn−1 −Xn−1)X
p−1
n−1 +Rn

où Rn ∈ Z[X0, . . . , Xn−2, Y0, . . . , Yn−1][Xn−1] est un polynôme de degré au plus
p− 2 en Xn−1 et (Sn−1 −Xn−1) ∈ Z[X0, . . . , Xn−2, Y0, . . . , Yn−1].

Démonstration. On a

Sn = 1
pn

(
pnXn + pnYn + pn−1Xp

n−1 + pn−1Y p
n−1 + . . .

. . . + Xpn

0 + Y pn

0 − pn−1Sp
n−1 − . . . − Spn

0

)

= Xn + Yn +
1
pn

(
pn−1Xp

n−1 − pn−1(Sn−1)p + Pn

)

où Pn ∈ Z(p)[X0, . . . , Xn−2, Y0, . . . , Yn−1].
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Or, il existe un élément convenable Qn−1 ∈ Z[X0, . . . , Xn−2, Y0, . . . , Yn−2] de
telle sorte que l’on a :

(Sn−1)p = (Xn−1 + Yn−1 +Qn−1)p

= Xp
n−1 + pXp−1

n−1Yn−1 + pXp−1
n−1Qn−1 + Un−1

pour un un polynôme Un−1 ∈ Z[X0, . . . , Xn−2, Y0, . . . , Yn−1][Xn−1] de degré
au plus p− 2 en Xn−1.
Ainsi

Sn = Xn + Yn +
1
pn

(
pn−1Xp

n+1 − pn−1
(
Xp
n−1 + pXp−1

n−1Yn−1 +

+pXp−1
n−1Qn−1 + Un−1

)
+ Pn

)
=

= Xn + Yn −Xp−1
n−1(Yn−1 +Qn−1) +

1
pn

(−pn−1Un−1 + Pn)

La relation Qn−1 = Sn−1 − Xn−1 − Yn−1 ∈ Z[X0, . . . , Xn−2, Y0, . . . , Yn−2]
montre que Rn

def
= 1

pn (−pn−1Un−1+Pn) ∈ Z[X0, . . . , Xn−2, Y0, . . . , Yn−1][Xn−1]
et que son degré en Xn−1 est au plus p− 2, ce qui permet de conclure.

Le lemme 7.1 nous permet d’utiliser des procédés de récurrence relativement
à certains polynômes de Witt qui apparaissent naturellement dans l’étude des
représentations de GL2(Qp). Plus précisément, on a les corollaires suivantes :

Corollaire 7.2. Soit z
def

=
∑n

j=0 p
j [λj ] ∈ Zp et considérons µ ∈ F×p .

Alors

[µ] + z =
∞∑

j=0

pj [λj + S̃j ]

où S̃0 = µ et pour tout j ≥ 1, S̃j ∈ Fp[λ0, . . . , λj−2, µ][λj−1] est un polynôme
de degré p− 1 en λj−1 et coefficient dominant −S̃j−1.

Démonstration. Immédiate du Lemme 7.1.

Corollaire 7.3. Supposons p ≥ 3. Soit n ≥ m ≥ 0, z =
∑n

j=m p
j [λj ] ∈ Zp,

α =
∑∞

j=0 p
j [αj ] ∈ Zp.

Alors,

z + pαz ≡
n∑

j=m

pj [λj + Q̃j−m] modulo pn+1

où Q̃0 = 0, Q̃1 = α0λm et, pour j ≥ m+ 2

Q̃j−m ∈ Fp[α0, . . . , αj−m−1, λm, . . . , λj−1]

est un polynôme de degré p− 1 en λj−1 et coefficient dominant −Q̃j−m−1.
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Démonstration. On a dans W (Fp)

p · α · z = (0, . . . , 0,Prod0(α0, λm)︸ ︷︷ ︸
positionYm+1

,Prod1(α0, α1, λm, λm+1)︸ ︷︷ ︸
positionYm+2

, . . . )

où Prodj(α0, . . . , αj, λm, . . . , λj+m) est le spécialisé du j-ième polynôme univer-
sel de Witt pour le produit en (α0, . . . , αj , λm, . . . , λj+m).
En particulier pour j ≥ m + 1 on trouve en position Yj un élément de
Fp[α0, . . . , αj−m−1, λm, . . . , λj−1].
Le résultat suit donc du lemme 7.1, en remarquant que (cf. l’appendice A.1
dans [Mor12])

Prodj(X0, . . . , Xj, Y0, . . . , Yj) = Yj

( j∑

i=0

piXpj−i

i

)
+ Q0(X0, . . . , Xj, Y0, . . . , Yj−1)

pour un élément Q0(X0, . . . , Xj , Y0, . . . , Yj−1) ∈ Z[X0, . . . , Xj , Y0, . . . , Yj−1],
ce qui montre que la spécialisation Prodj(α0, . . . , αj, λm, . . . , λj+m) est un po-
lynôme de degré 1 < p− 1 en λj+m et coefficient dominant α0.

Corollaire 7.4. Supposons p ≥ 3. Soit n ≥ m ≥ 1, z =
∑n

j=m p
j [λj ] ∈ Zp et

µ ∈ F×p .
Alors

⌊n+1
m ⌋∑

j=0

zj+1(−1)j [µj ] ≡
n∑

j=m

pj [λj + Ũj ] modulo pn+1

où
i) Ũj = 0 pour j = m, . . . , 2m− 1 ;
ii) Ũ2m = −µλ2

m ;
iii) pour j ≥ 2m+ 1, Ũj ∈ Fp[λm, . . . , λj−1, µ] est un polynôme de degré

p− 1 en λj−1 et coefficient dominant −Ũj−1.

Démonstration. On a (−1)j [µj ] = [(−µ)j ] pour tout j ≥ m. Écrivons

⌊n+1
m ⌋∑

j=0

zj+1(−1)j [µj ] ≡ z +
⌊n+1

m ⌋+1∑

j=2

zj[(−µ)j−1].

︸ ︷︷ ︸
def
= z̃

Si z = (0, . . . , 0, λm, . . . , λn, 0, . . . ) ∈W (Fp) deduit

zj = (0, . . . , 0, Potj0(λm)︸ ︷︷ ︸
positionYjm

, . . . ,Potjk−jm(λm, . . . , λk−jm+m)
︸ ︷︷ ︸

positionYk

, . . .

. . . ,Potjn−jm(λm, . . . , λn−jm+m)
︸ ︷︷ ︸

positionYn

, . . . )

où Potjk est le k-ième polynôme de Witt pour la puissance j-ième. Considérons :
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(0, . . . , 0,

positionY2m︷ ︸︸ ︷
Pot2

0(λm) ,

positionY2m+1︷ ︸︸ ︷
Pot2
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Pot2
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...
. . .

...
...
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...

...
. . .

...
...
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(c’est une famille d’éléments de W (Fp)). Rappelons (cf. l’appendice A.1 de
[Mor12]) que le n-ième polynôme universel de Witt pour la puissance carrée
est de la forme

Pot2
n(X0, . . . , Xn) =

= 1
pn

(( n∑

j=0

Xpn−j

j
pj
)2

−

n−1∑

j=0

pn−1−j
(

Pot2
n−1−j(X0, . . . , Xn−1−j )

)pj+1
)

ce qui donne

Pot2
n(X0, . . . , Xn) = pnX2

n + 2XnQ1(X0, . . . , Xn−1) +Q2(X0, . . . , Xn−1)

pour des polinômes Q1(X0, . . . , Xn−1), Q2(X0, . . . , Xn−1) ∈ Z[X0, . . . , Xn−1].
On déduit que la spécialisation de Pot2

k−2m(X0, . . . , Xk−2m) est de la forme
Pot2

k−2m(λm, . . . , λk−m) ∈ Fp[λm, . . . , λk−m−1][λk−m], qui est un polynôme de
degré au plus 1 en λk−m lorsque k > 2m.
De plus, au dessous de Pot2

k−2m(λm, . . . , λk−m) on retrouve les éléments
Potjk−jm(λm, . . . , λk−jm+m) ∈ Fp[λm, . . . , λk−m−1] (pour j ≥ 3), de telle sorte
que

z̃ = (0, . . . , 0, P2m(λm), P2m+1(λm, λm+1), . . . , Pk(λm, . . . , λk−m)︸ ︷︷ ︸
positionYk

, . . . )

où Pk(λm, . . . , λk−m) ∈ Fp[λm, . . . , λk−m, µ] est un polynôme de degré au plus
1 en λk−m lorsque k > 2m.
Ceci, en vue du lemme 7.1, permet de conclure.

7.2 Manipulation a l’interieur de Ar,λ

On reprends ici les notations et conventions du §4.3 et du §5. En particulier,
on fixe n ≥ 1, p ≥ 3 et 0 ≤ r ≤ p− 3− r.
L’objectif de cette section est d’utiliser les informations sur les polynômes de
Witt détérminées au §7.1 afin de contrôler l’action de B(Zp) sur l’élément
en+1 ∈ B

(n+1)
n+1 défini au §4.3.

Lemme 7.5. Soit µ ∈ F×p . Si p ≥ 5 on a l’égalité suivante dans Bn+1 :

([
1 [µ]
0 1

]
− 1

)
ẽn+1 ≡

≡ (−1)n+r+1(r + 1)λ−2n

(
µF

(1,n)
r+2,p−1,...,p−1 −

1

2
µ

2
δn6=1F

(1,n)

⌈r+4⌉,p−2,p−1...,p−1

)

modulo Vn+1, où l’on a défini Vn+1 comme le sous k[K0(pn+1)]-module suivant
de π(r, λ, ω) :

Vn+1
def

=
〈
F

(1,n)

≤
(
r+2,p−1,...,p−1

)
−p

〉
⊕ 〈[1, xr ]〉

Fp

= m(p−3−r)+pM−n+1 ⊕
(
σr ⊗ det

)K1(p)
.

Documenta Mathematica 22 (2017) 777–823



Sur les Atomes Automorphes de Longueur 2 de GL2(Qp) 819

Si p ≥ 3 on a

([
1 [µ]
0 1

]
− 1
)
ẽn+1 ≡ (−1)n+r+1(r + 1)λ−2nµF

(1,n)
r+2,p−1,...,p−1 mod V∅

où, cette fois,

V∅
def

=
〈
F

(1,n)

≤
(
r+2,p−1,...,p−1

)
−(p−2)

〉
⊕ 〈[1, xr ]〉

Fp

= m(p−3−r)+(p−2)M−n+1 ⊕
(
σr ⊗ det

)K1(p)
.

Démonstration. On commence par remarquer que

([
1 [µ]
0 1

]
− 1
)
en+1 = 0,

([
1 [µ]
0 1

]
− 1
)
F

(n+1)
r+1 (0) = 0

de telle sorte qu’on est intéressé à l’étude des éléments F (m,n)
r,0,...,0(1) pour 1 ≤

m ≤ n. Notons également que si m ∈ {3, . . . , n} on a

F
(m,n)
l′m,...,l

′
n
∈ Vn+1 si (l′m, . . . , l

′
n) 6= (p− 1, . . . , p− 1) (25)

et que F (2,n)
l′2,...,l

′
n
∈ Vn+1 si (l′2, . . . , l

′
n) ≺ (p− 2, p− 1, . . . , p− 1).

Supposons désormais que n ≥ 2. On a

([
1 [µ]
0 1

]
− 1
)

F
(m,n)
r,0,...,0(1) =

=
∑

λm∈Fp

λr
m

[
1 0

pm[λm] 1

]( n−1∑

j=m+1

∑

λj∈Fp

[
1 0

pj [λj + Ũj ] 1

]
·

·

∑

λn∈Fp

Ũn+1

[
1 0

pn[λn + Ũn] 1

][
0 1

pn+1 0

]
[1, xr]

)

où les polynômes Ũj , pour j = m+1, . . . , n+1, sont ceux définis dans l’énoncé
du corollaire 7.4.
Grâce au corollaire 7.4 et la remarque (25) on déduit :

([
1 [µ]
0 1

]
− 1
)

F
(m,n)
r,0,...,0(1) ≡

≡ (−1)n−2m
∑

λm∈Fp

λr
m

[
1 0

pm[λm] 1

]
. . .

. . .
∑

λ2m∈Fp

Ũ2m+1(λ2m)

[
1 0

p2m[λ2m + Ũ2m] 1

]
F

(2m+1,n)
p−1,...,p−1
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modulo Vn+1. Si m ≥ 2 la remarque (25) nous permet d’écrire

(−1)n−2m
∑

λm∈Fp

λr
m

[
1 0

pm[λm] 1

]
. . .

. . .
∑

λ2m∈Fp

Ũ2m+1(λ2m)

[
1 0

p2m[λ2m + Ũ2m] 1

]
F

(2m+1,n)
p−1,...,p−1 ≡

≡ (−1)n−2(m−1)F
(m,n)
r+2,0,...,0,p−1,...,p−1 ≡ 0.

Pour le cas m = 1 il faut s’intéresser au polynôme Ũ3. Cela est déterminé par
la condition

(p[λ1] + p2[λ2] + p3[λ3]) + [−µ](p[λ1] + p2[λ2])2 + p3[λ3][µ2] ≡
≡ p[λ1] + p2[−λ2

1µ+ λ2] + p3[λ3 + Ũ3] modulo p4

et, en rappelant la loi de la somme dans Zp, on trouve

Ũ3(λ2) ≡ −
p−1∑

s=1

(
p
s

)

p
λp−s2 (−µλ2

1)
s − 2µλ2λ1 + λ3

1µ
2

=
(
λp−1

2 (µλ2
1)−

p(p− 1)
2p

λp−2
2 µ2λ4

1

)
+ ∗

où, pour p ≥ 5, l’élément ∗ ∈ Fp[λ2] est un polynôme en λ2 de degré au plus
p− 3 (notons que pour p = 3, on aurait ∗ = −2µλp−2

2 λ1 + λ3
1µ

2).
Encore une fois, d’après (25) on a

([
1 [µ]
0 1

]
− 1
)

F
(1,n)
r,0,...,0(1) ≡

≡ (−1)n−2
∑

λ1∈Fp

λr
1

[
1 0

p[λ1] 1

] ∑

λ2∈Fp

Ũ3

[
1 0

p2[λ2 − λ2
1µ] 1

]
F

(3,n)
p−1,...,p−1 ≡

≡ (−1)n

(
µF

(1,n)
r+2,p−1,...,p−1(0) −

1
2

µ2F
(1,n)

⌈r+4⌉,p−2,...,p−1

)
.

Le cas n = 1 est aisément démontré de manière directe (avec des manipulation
élémentaires).

Lemme 7.6. Soit α ∈ Zp et p ≥ 3. On a l’égalité suivante dans Bn+1 :

([
1 0
0 1 + pα

]
− 1
)
ẽn+1 ≡ (−1)n+rα(r + 1)λ−2nF

(1,n)
r+1,p−1,...,p−1

modulo Vn+1.

Démonstration. C’est analogue à la preuve du lemme précédent et est laissée
au lecteur.
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Proposition 7.7. Soit n ≥ 1 et considérons l’extension

0→ π(r, λ, ω)→ Bn+1 → χr+2 → 0.

Soit g
def

=
[

1 + pa b

pn+1c 1 + pd

]
∈ K0(pn+1).

Pour p ≥ 5 on a l’égalité suivante modulo Vn+1

(
g − 1

)
ẽn+1 ≡ (−1)n+r+1(r + 1)λ−2n

(
bF

(1,n)
r+2,p−1,...,p−1 + (a − d)F (1,n)

r+1,p−1,...,p−1−

−(a − d)δn6=1F
(1,n)

⌈r+3⌉,p−2,p−1,...,p−1
−

1
2

b
2
δn6=1F

(1,n)

⌈r+4⌉,p−2,p−1,...,p−1

)
.

Pour p ≥ 3, et si r > 0 on peut écrire de manière plus expressive en termes
d’algèbres d’Iwasawa :

(
g − 1

)
ẽn+1 ≡

≡ (−1)n+r+1(r + 1)λ−2n

(
bκ

(n)

p−1−(p−3−r)
Xp−3−r + (a − d)κ(n)

p−1−(p−2−r)
Xp−2−r

)

modulo
(
σr ⊗ det

)K1(p) ⊕ (X(p−3−r)+(p−2))M−n+1.

Démonstration. C’est une conséquence immédiate des Lemmes 5.1, 7.5, 7.6 et
de la décomposition d’Iwahori de K0(pn+1).
Remarquons seulement que U(pn+1) agit de manière triviale sur F (1,n)

l1,...,ln
, pour

toute uplet (l1, . . . , ln) et que, pour n ≥ 2,
([

1 0
0 1 + pα

]
− 1
)
· F (1,n)

r+2,p−1,...,p−1 ≡ αF
(1,n)
⌈r+3⌉,p−2,...,p−1

(c’est une manipulation simple en utilisant (25) et le Corollaire 7.3, qu’on laisse
au lecteur).
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Abstract. Let F be a field, Γ a finite group, and Map(Γ, F ) the
Hopf algebra of all set-theoretic maps Γ → F . If E is a finite field
extension of F and Γ is its Galois group, the extension is Galois if and
only if the canonical map E ⊗F E → E ⊗F Map(Γ, F ) resulting from
viewing E as a Map(Γ, F )-comodule is an isomorphism. Similarly, a
finite covering space is regular if and only if the analogous canonical
map is an isomorphism. In this paper, we extend this point of view to
actions of compact quantum groups on unital C∗-algebras. We prove
that such an action is free if and only if the canonical map (obtained
using the underlying Hopf algebra of the compact quantum group) is
an isomorphism. In particular, we are able to express the freeness of a
compact Hausdorff topological group action on a compact Hausdorff
topological space in algebraic terms. As an application, we show that
a field of free actions on unital C∗-algebras yields a global free action.
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Introduction

A compact quantum group [W-SL87, W-SL98] is a unital C∗-algebra H with a
given unital injective ∗-homorphism ∆ (referred to as comultiplication)

(0.1) ∆: H −→ H ⊗
min

H

that is coassociative, i.e. it renders the diagram

(0.2) H
∆ //

∆

��

H ⊗
min
H

∆⊗id
��

H ⊗
min
H

id⊗∆
// H ⊗

min
H ⊗

min
H

commutative, and such that the two-sided cancellation property holds:

(0.3) {(a⊗ 1)∆(b) | a, b ∈ H}cls = H ⊗
min

H = {∆(a)(1 ⊗ b) | a, b ∈ H}cls.

Here ⊗min denotes the spatial tensor product of C∗-algebras and cls denotes
the closed linear span of a subset of a Banach space.

Let A be a unital C∗-algebra and δ : A → A ⊗min H an injective unital
∗-homomorphism. We call δ a coaction (or an action of the compact quan-
tum group (H,∆) on A, cf. [P-P95, Definition 1.4]) iff

(1) (δ ⊗ id) ◦ δ = (id⊗∆) ◦ δ (coassociativity),
(2) {δ(a)(1⊗ h) | a ∈ A, h ∈ H}cls = A⊗min H (counitality).

We shall consider three properties of coactions.

Definition 0.1 ([E-DA00]). The coaction δ : A→ A⊗min H is free iff

{(x⊗ 1)δ(y) | x, y ∈ A}cls = A ⊗
min

H.

Given a compact quantum group (H,∆), we denote by O(H) its dense Hopf
∗-subalgebra spanned by the matrix coefficients of its irreducible unitary rep-
resentations [W-SL98, MV98]. This is Woronowicz’s Peter-Weyl theory in the
case of compact quantum groups. Moreover, denoting by⊗ the purely algebraic
tensor product over the field C of complex numbers, we define the Peter-Weyl
subalgebra of A (cf. [P-P95, S-PM11]) as

(0.4) PH(A) := { a ∈ A | δ(a) ∈ A⊗O(H) }.

Using the coassociativity of the coaction δ, one can check that PH(A) is a
right O(H)-comodule algebra. In particular, PH(H) = O(H). The assignment
A 7→ PH(A) is functorial with respect to equivariant unital ∗-homomorphisms
and comodule algebra maps. We call it the Peter-Weyl functor.
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Definition 0.2. The coaction δ : A → A ⊗min H satisfies the Peter-Weyl-
Galois (PWG) condition iff the canonical map

can : PH(A) ⊗
B
PH(A) −→ PH(A)⊗O(H),

can : x⊗ y 7−→ (x⊗ 1)δ(y),(0.5)

is bijective. Here B := AcoH := {a ∈ A | δ(a) = a ⊗ 1} is the unital
C∗-subalgebra of coaction invariants (fixed-point subalgebra).

Throughout this paper the tensor product over an algebra denotes the purely
algebraic tensor product over that algebra. Note that PH(A)⊗B PH(A) is not
in general an algebra, and even if we lift the canonical map to

(0.6) c̃an : PH(A) ⊗ PH(A) ∋ x⊗ y 7−→ (x⊗ 1)δ(y) ∈ PH(A)⊗O(H),

it is not an algebra homomorphism, and cannot as such be completed into a
continuous map between C*-algebras. However, it can be defined on the level
of Hilbert modules (see [DY13]).

Definition 0.3. The coaction δ : A→ A ⊗min H is strongly monoidal iff for
all left O(H)-comodules V and W the map

β : (PH(A)✷V )⊗
B

(PH(A)✷W ) −→ PH(A)✷(V ⊗W ),

(∑

i

ai ⊗ vi
)
⊗
(∑

j

bj ⊗ wj
)
7−→

∑

i,j

aibj ⊗ (vi ⊗ wj),

is bijective.

In the above definition, we have used the cotensor product

(0.7) PH(A)✷V := {t ∈ PH(A)⊗ V | (δ ⊗ id)(t) = (id⊗ V ∆)(t)},
where V ∆: V → O(H) ⊗ V is the given left coaction of O(H) on V . The
coaction of O(H) on V ⊗W is the diagonal coaction.
The theorem of this paper is:

Theorem 0.4. Let A be a unital C∗-algebra equipped with an action of a
compact quantum group (H,∆) given by δ : A→ A⊗minH. Then the following
are equivalent:

(1) The action of (H,∆) on A is free.
(2) The action of (H,∆) on A satisfies the Peter-Weyl-Galois condition.
(3) The action of (H,∆) on A is strongly monoidal.

Note that of the three equivalent conditions, the first uses functional analysis,
the second is algebraic, and the third is categorical. The difficult implication,
which is the core of the theorem, is (1) =⇒ (2). It proves that, for any free
action, there exists a strong connection, a key technical device for index-pairing
computations (e.g. [HMS03]). In the spirit of Woronowicz’s Peter-Weyl theory,
our result states that the original functional-analysis formulation of free action
is equivalent to the much more algebraic PWG-condition.
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We now proceed to explain our main result in the classical setting. Let G be a
compact Hausdorff topological group acting on a compact Hausdorff topological
space X by a continuous right action X × G → X . It is immediate that the
action is free, i.e. xg = x =⇒ g = e (where e is the identity element of G), if
and only if

X ×G −→ X ×
X/G

X,

(x, g) 7−→ (x, xg),(0.8)

is a homeomorphism. Here X ×X/G X is the subset of X × X consisting of
pairs (x1, x2) such that x1 and x2 are in the same G-orbit.

This is equivalent to the assertion that the ∗-homomorphism

(0.9) C(X ×
X/G

X) −→ C(X ×G)

obtained from the above map (x, g) 7→ (x, xg) is an isomorphism. Here, as
usual, C(Y ) denotes the commutative C∗-algebra of all continuous complex-
valued functions on a compact Hausdorff space Y .

In turn, the assertion that the ∗-homomorphism (0.9) is an isomorphism is
readily proved equivalent to

(0.10) {(x⊗ 1)δ(y) | x, y ∈ C(X)}cls = C(X) ⊗
min

C(G),

where

(0.11) δ : C(X) −→ C(X) ⊗
min

C(G), (δ(f)(g))(x) := f(xg),

is the ∗-homomorphism obtained from the action map X ×G→ X . Hence, in
the case of a compact Hausdorff group acting on a compact Hausdorff space,
freeness in the usual sense agrees with freeness as defined in the setting of a
compact quantum group acting on a unital C∗-algebra. Thus Theorem 0.4
provides the following characterization of free actions in the classical case.

Theorem 0.5. Let G be a compact Hausdorff group acting continuously on a
compact Hausdorff space X. Then the action is free if and only if the canonical
map

(0.12) can : PC(G)(C(X)) ⊗
C(X/G)

PC(G)(C(X)) −→ PC(G)(C(X))⊗O(C(G))

is an isomorphism.

Observe that even in the above special case of a compact Hausdorff group
acting on a compact Hausdorff space, a proof is required for the equivalence
of freeness of the action and the bijectivity of the canonical map (PWG-
condition). Theorem 0.5 brings a new algebraic tool (strong connection) to
the realm of compact Hausdorff principal bundles.
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In this classical setting, the Peter-Weyl algebra PC(G)(C(X)) is the algebra of
continuous global sections of the associated bundle of algebras X ×G O(C(G)):

(0.13) PC(G)(C(X)) = Γ
(
X ×

G
O(C(G))

)
.

Here O(C(G)) is the subalgebra of C(G) spanned by the matrix coefficients of
irreducible unitary representations of G. We view O(C(G)) as a representation
space of G via the formula

(0.14)
(
̺(g)(f)

)
(h) := f(g−1h).

The algebra O(C(G)) is topologized as the direct limit of its finite-dimensional
subspaces. Multiplication and addition of sections is pointwise.

Note that, since O(C(G)) is cosemisimple, it belongs to the category of rep-
resentations of G that are purely algebraic direct sums of finite-dimensional
representations of G. We denote this category by FRep⊕(G). Due to the
cosemisimplicity of O(C(G)), the following formula for the left coaction of
O(C(G)) on V

(0.15) (V ∆(v))(g) := ̺(g−1)(v), where ̺ : G −→ GL(V ) is a representation,

establishes an equivalence of FRep⊕(G) with the category of all left O(C(G))-
comodules. As with the special case V = O(C(G)), all vector spaces in
this category are topologized as the direct limits of their finite-dimensional
subspaces.

Theorem 0.5 unifies continuous free actions of compact Hausdorff groups on
compact Hausdorff spaces and principal actions of affine algebraic groups on
affine schemes [DG70, S-P04]. Thus the main result of our paper might be
viewed as continuing the Atiyah-Hirzebruch program of transferring ideas (e.g.
K-theory) from algebraic geometry to topology [AH59, AH61]. In the same
spirit, our main theorem (Theorem 0.4) unifies the C∗-algebraic concept of
free actions of compact quantum groups [E-DA00] with the Hopf-algebraic
concept of principal coactions [HKMZ11]. Theorem 0.4 implies the existence
of strong connections [H-PM96] for free actions of compact quantum groups on
unital C∗-algebras (connections on compact quantum principal bundles) thus
providing a theoretical foundation for the plethora of concrete constructions
studied over the past two decades within the general framework noncommu-
tative geometry [C-A94]. In this paper, we apply Theorem 0.4 to fields of
C∗-algebras (Corollary 5.3).

The paper is organized as follows. In Section 1, we prove the key part of our
main theorem, that is the equivalence of freeness and the Peter-Weyl-Galois
condition. In Section 2, we consider the general algebraic setting of principal
coactions. Following Ulbrich [U-KH89] and Schauenburg [S-P04], we prove that
the principality of a comodule algebra P over a Hopf algebra H is equivalent to
the exactness and strong monoidality of the cotensor product functor P✷H. In
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particular, this proves the equivalence of the Peter-Weyl-Galois condition and
strong monoidality for actions of compact quantum groups, thus completing
the proof of the main theorem.

Although Theorem 0.5 is a special case of Theorem 0.4, the proof we give of
Theorem 0.5 is not a special case of the proof of Theorem 0.4. Therefore, we
treat Theorem 0.5 separately, and prove it in Section 3. The proof uses the
strong monoidality (i.e. the preservation of tensor products) of the Serre-Swan
equivalence and a general algebraic argument (Corollary 2.4) of Section 2. In
Section 4, we give a vector-bundle interpretation of the aforementioned general
algebraic argument. This provides a much desired translation between the
algebraic and topological settings.

In Section 5, as an application of our main result, we prove that if a unital
C∗-algebra A equipped with an action of a compact quantum group can be
fibred over a compact Hausdorff space X with the PWG-condition valid on
each fibre, then the PWG-condition is valid for the action on A. We end with
an appendix discussing the well-known fact that regularity of a finite covering
is equivalent to bijectivity of the canonical map (0.12).

1. Equivalence of freeness and the Peter-Weyl-Galois condition

The implication “PWG-condition =⇒ freeness” is proved as follows. The
PWG-condition immediately implies that

(1.1) (PH(A)⊗ C)δ(PH(A)) = PH(A)⊗O(H).

As the right-hand side is a dense subspace of A ⊗min H (see [P-P95, Theo-
rem 1.5.1] and [S-PM11, Proposition 2.2]), we obtain the density condition
defining freeness.

For the converse implication “PWG-condition ⇐= freeness” we need some
preparations. If (V, δV ) is a finite-dimensional right H-comodule, we write HV

for the smallest vector subspace of H such that δV (V ) ⊆ V ⊗HV . We write

(1.2) AV := {a ∈ A | δ(a) ∈ A⊗HV }.
Note that in the case (A, δ) = (H,∆), we have AV = HV . Thus HV is a
coalgebra.

One can define a continuous projection map EV from A onto AV as follows
[P-P95, Theorem 1.5.1]. Let us call two finite-dimensional comodules of H
disjoint if the set of morphisms between them only contains the zero map.
Then EV is the unique endomorphism of A which is the identity on AV and
which vanishes on AW for any finite-dimensional comodule W that is disjoint
from V . In the special case of (A, δ) = (H,∆), we use the notation eV instead
of EV . The equivariance property

(1.3) δ ◦ EV = (id⊗ eV ) ◦ δ
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is proved by a straightforward verification. When V is the trivial representa-
tion, we write EV = EB and eV = ϕH , where B := AcoH is the algebra of
coaction invariants and ϕH is the invariant state on H . Then the formula (1.3)
specializes to

(1.4) EB = (id⊗ ϕH) ◦ δ.

The key lemma in the proof of Theorem 0.4 is:

Lemma 1.1 (Theorem 1.2 in [DY13]). Let δ : A→ A⊗minH be a free coaction,
and let V be a finite-dimensional H-comodule. Then AV is finitely generated
projective as a right B-module.

Note that in the classical case X × G → X , we have H = C(G) and
B = C(X/G). The B-module AV is then Γ(X ×G HV ), and thus it is finitely
generated projective.

Define a B-valued inner product on AV by

(1.5) 〈a, b〉B := EB(a∗b).

Lemma 1.2 (Corollary 2.6 in [DY13]). The B-valued inner product (1.5) makes
AV a right Hilbert B-module [L-EC95]. The Hilbert module norm ‖a‖B :=
‖〈a, a〉B‖1/2 is equivalent to the C∗-norm of A restricted to AV .

We will need the following lemma concerning the interior tensor product of
Hilbert modules.

Lemma 1.3 (cf. Proposition 4.5 in [L-EC95]). Let C and D be unital
C∗-algebras, and let (E , 〈 · , · 〉C) be a right Hilbert C-module that is finitely
generated projective as a right C-module. Let (F , 〈 · , · 〉D) be an arbitrary
right Hilbert D-module, and π : C → L(F ) be a unital ∗-homomorphism of C
into the C∗-algebra of adjointable operators on F . Then the algebraic tensor
product E ⊗C F is a right Hilbert D-module with respect to the inner product
given by

〈x⊗ y, z ⊗ w〉 := 〈y, π(〈x, z〉C)w〉D.

Proof. We need to prove that the semi-norm ‖z‖ = ‖〈z, z〉D‖1/2 on E ⊗C F
is in fact a norm with respect to which E ⊗C F is complete. The statement
obviously holds for E = Cn, the n-fold direct sum of the standard right C-
module C. Since E is finitely generated projective, E can be realized as a
direct summand of Cn, so that the conclusion also applies in this case. �

We are now ready to prove the implication “PWG-condition ⇐= freeness”.
By the freeness assumption, the image of can is dense in A⊗H . In particular,
for a given finite-dimensional comodule V and any h ∈ HV , we can find a
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sequence kn ∈ N and elements pn,i and qn,i in PH(A) with 1 ≤ i ≤ kn such
that

(1.6)

kn∑

i=1

(pn,i ⊗ 1)δ(qn,i) −→
n→∞

1⊗ h

in the C∗-norm. Applying id ⊗ eV to this expression, and using (1.3), we see
that we can take qn,i ∈ AV .

Applying δ to the first leg of (1.6) and using coassociativity, we obtain

(1.7)

kn∑

i=1

(δ(pn,i)⊗ 1)(id⊗∆)(δ(qn,i)) −→
n→∞

1⊗ 1⊗ h.

Observe now that, since qn,i ∈ AV , by (1.2) we obtain (id ⊗ ∆)(δ(qn,i)) ∈
AV ⊗HV ⊗HV . Hence the left-hand side of (1.7) belongs to the tensor product
(A⊗minH)⊗HV . As HV is finite dimensional, the restriction of the antipode
S of O(H) to HV is continuous. Therefore, we can apply S to the third leg of
(1.7) to conclude

(1.8)

kn∑

i=1

(δ(pn,i)⊗ 1)(id⊗ (id⊗ S) ◦∆)(δ(qn,i)) −→
n→∞

1⊗ 1⊗ S(h).

Again by the finite dimensionality of HV , multiplying the second and third legs
is a continuous operation, so that

(1.9)

kn∑

i=1

δ(pn,i)(qn,i ⊗ 1) −→
n→∞

1⊗ S(h).

Since S(h) ∈ HV̄ , where V̄ is the contragredient of V , applying id⊗ eV̄ to the
above limit and using the equivariance property (1.3) shows that in the above
limit we can choose pn,i ∈ AV̄ .

Consider now the right B-module map

(1.10) GV : AV̄⊗
B
AV −→ AV̄⊗V ⊗HV̄ , a⊗ b 7−→ δ(a)(b ⊗ 1).

By Lemma 1.1 and Lemma 1.3, the algebraic tensor product on the left-hand
side becomes an interior tensor product of right Hilbert B-modules. The inner
product for AV̄ ⊗B AV is

(1.11) 〈c⊗ d, a⊗ b〉B = EB(d∗EB(c∗a)b).

On the other hand, equipping HV̄ with the Hilbert-space structure 〈h, k〉 =
ϕH(h∗k), the right-hand side is a right Hilbert B-module with inner product

(1.12) 〈b ⊗ h, a⊗ g〉B = ϕH(h∗g)EB(b∗a).
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It follows from these formulas and (1.4) that GV is an isometry between these
Hilbert modules. Hence the range of GV is closed.

From (1.9) and the equivalence of C∗-module and Hilbert C∗-module norms in
Lemma 1.2, we infer that the range of GV contains 1⊗S(h). Therefore, as the
domain of GV is an algebraic tensor product, we can find a finite number of
elements pi, qi ∈ PH(A) such that

(1.13)
∑

i

δ(pi)(qi ⊗ 1) = 1⊗ S(h).

Now applying the map a⊗ g 7→ (1⊗ S−1(g))δ(a) to both sides yields

(1.14)
∑

i

(pi ⊗ 1)δ(qi) = 1⊗ h.

As h was arbitrary in O(H), it follows that can is surjective.

Finally, as the Hopf algebra O(H) is cosemisimple, according to [S-HJ90, Re-
mark 3.9], bijectivity of the canonical map can follows from its surjectivity.
This completes the proof of the implication “PWG-condition ⇐= freeness”.

2. Equivalence of principality and strong monoidality

The framework of principal comodule algebras unifies in one category many al-
gebraically constructed noncommutative examples and classical compact Haus-
dorff principal bundles.

Definition 2.1 ([BH04]). Let H be a Hopf algebra with bijective antipode, and
let ∆P : P → P ⊗H be a coaction making P an H-comodule algebra. We call
P principal if and only if:

(1) P⊗BP ∋ p ⊗ q 7→ can(p ⊗ q) := (p ⊗ 1)∆P(q) ∈ P ⊗ H is bijective,
where B := PcoH := {p ∈ P | ∆P(p) = p⊗ 1};

(2) there exists a left B-linear right H-colinear splitting of the multiplication
map B ⊗ P → P.

Here (1) is the Hopf-Galois condition and (2) is the right equivariant left
projectivity of P .

Alternately, one can approach principality through strong connections:

Definition 2.2 ([BH04]). Let H be a Hopf algebra with bijective antipode S,
and ∆P : P → P ⊗ H be a coaction making P a right H-comodule algebra.
A strong connection ℓ on P is a unital linear map ℓ : H → P ⊗P satisfying:

(1) (id⊗∆P) ◦ ℓ = (ℓ⊗ id) ◦∆;
(2) (P∆⊗ id) ◦ ℓ = (id⊗ ℓ) ◦∆, where P∆ := (S−1 ⊗ id) ◦ flip ◦∆P ;
(3) c̃an ◦ ℓ = 1⊗ id, where c̃an : P ⊗ P ∋ p⊗ q 7→ (p⊗ 1)∆P(q) ∈ P ⊗H.
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One can prove (see [BH] and references therein) that a comodule algebra is
principal if and only if it admits a strong connection.

If ∆M : M →M ⊗C is a coaction making M a right comodule over a coalgebra
C and N is a left C-comodule via a coaction N∆: N → C ⊗N , then we define
their cotensor product as

(2.1) M
C
✷N :=

{
t ∈M ⊗N | (∆M ⊗ id)(t) = (id⊗ N∆)(t)

}
.

In particular, for a right H-comodule algebra P and a left H-comodule V , we
observe that P✷HV is a left P coH- module in a natural way. One of the key
properties of principal comodule algebras is that, for any finite-dimensional
left H-comodule V , the left P coH-module P✷HV is finitely generated projec-
tive [BH04]. Here P plays the role of a principal bundle and P✷HV plays the
role of an associated vector bundle. Therefore, we call P✷HV an associated
module.

Principality can also be characterized by the exactness and strong monoidality
of the cotensor functor. This characterisation uses the notion of coflatness of
a comodule: a right comodule is coflat if and only if cotensoring it with left
comodules preserves exact sequences.

Theorem 2.3. Let H be a Hopf algebra with bijective antipode and P be a right
H-comodule algebra. Then P is principal if and only if P is right H-coflat and
for all left H-comodules V and W the map

β : (P✷V )⊗
B

(P✷W ) −→ P✷(V ⊗W ),

(∑

i

ai ⊗ vi
)
⊗
(∑

j

bj ⊗ wj
)
7−→

∑

i,j

aibj ⊗ (vi ⊗ wj),

is bijective. In other words, P is principal if and only if the cotensor product
functor is exact and strongly monoidal with respect to the above map β.

Proof. The proof relies on putting together [S-HJ90, Theorem I], [S-P98, The-
orem 6.15], [BH04, Theorem 2.5] and [SS05, Theorem 5.6]. First assume that
P is principal. Then P is right equivariantly projective, and it follows from
[BH04, Theorem 2.5] that P is faithfully flat. Now we can apply [S-P98, Theo-
rem 6.15] to conclude that β is bijective. Furthermore, by [S-HJ90, Theorem I],
the faithful flatness of P implies the coflatness of P . Conversely, assume that
cotensoring with P is exact and strongly monoidal with respect to β. Then
substituting H for V and W yields the Hopf-Galois condition. Now [SS05,
Theorem 5.6] implies the equivariant projectivity of P . �

Corollary 2.4. Let A be a unital C∗-algebra equipped with an action of a
compact quantum group (H,∆) given by δ : A→ A⊗minH. Then the following
are equivalent:

• The action of (H,∆) on A satisfies the Peter-Weyl-Galois condition.
• The action of (H,∆) on A is strongly monoidal.
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Proof. The Hopf algebra O(H) always has bijective antipode. It follows from
[W-SL87, Theorem 4.2] and [BH04, Lemma 2.4] that any comodule over this
Hopf algebra is coflat. Hence [SS05, Theorem 5.6] implies that the equivariant
projectivity condition (i.e. Condition (2) of Definition 2.1) is valid for any
O(H)-comodule algebra such that the canonical map is bijective. The corollary
now follows from Theorem 2.3. (As an alternative to [SS05, Theorem 5.6], one
can use the combination of [BB08, Theorem 4] and [BH04, Lemma 2.2].) �

3. The classical case

In this section, we prove our main result in the classical case, i.e. we prove
Theorem 0.5. As in the proof of the general noncommutative case, we rely on
the fact that the module of continuous sections of an associated vector bundle is
finitely generated projective. However, unlike in the proof in Section 1, herein
we first prove strong monoidality, and then conclude the PWG-condition. An
entirely different proof of Theorem 0.5, using local triviality, can be found
in [BH14].

To be consistent with general notation, we should only use C∗-algebras C(G),
C(X), etc., rather than spaces themselves. However, this would make formulas
too cluttered, so that throughout this section we consistently omit writing C( )
in the subscript and the argument of the Peter-Weyl functor.

The implication “PWG-condition =⇒ freeness” is proved as follows. The
PWG-condition immediately implies that

(3.1) (PG(X)⊗ C)δ(PG(X)) = PG(X)⊗O(G).

As the right-hand side is a dense subspace of C(X)⊗min C(G), we obtain the
density condition (0.10). The latter is equivalent to freeness, as explained in
the introduction.

For the converse implication “PWG-condition ⇐= freeness”, we shall use the
Serre-Swan theorem.

Theorem 3.1 ([S-R62]). Let Y be a compact Hausdorff topological space. Then
a C(Y )-module is finitely generated and projective if and only if it is isomorphic
to the module of continuous global sections of a vector bundle over Y .

For a compact Hausdorff topological space Y , we denote by Vect(Y ) the cat-
egory of C vector bundles on Y . An object in Vect(Y ) is a C vector bundle
E with base space Y . The projection of E onto Y is denoted by πE : E → Y .
A section of E is a continuous map

(3.2) s : Y −→ E with πE ◦ s = idY .

A morphism in Vect(Y ) is a vector bundle map, i.e. a continuous map

(3.3) ϕ : E −→ F such that πF ◦ ϕ = πE
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and, for all y ∈ Y , the restriction-corestriction map ϕy : π−1E (y)→ π−1F (y) is a
linear map between finite-dimensional vector spaces.

View the commutative C∗-algebra C(Y ) as a commutative ring with
unit. Denote by FProj(C(Y )) the category of finitely generated projec-
tive C(Y )-modules. An object in the category FProj(C(Y )) is a finitely
generated projective C(Y )-module. A morphism in FProj(C(Y )) is a map of
C(Y )-modules ψ : M → N .

If E is a C vector bundle on Y , then Γ(E) denotes the C(Y )-module consisting
of all continuous sections of E. The module structure is pointwise. According
to the Serre-Swan theorem, the functor Γ

(3.4) Vect(Y ) −→ FProj(C(Y )), E 7−→ Γ(E),

is an equivalence of categories and preserves all the basic properties of the two
categories. In particular, E 7−→ Γ(E) preserves ⊕ and ⊗:

Γ(E ⊕ F ) = Γ(E)⊕ Γ(F ),

Γ(E ⊗ F ) = Γ(E) ⊗
C(Y )

Γ(F ).(3.5)

Let X be a compact Hausdorff space equipped with a continuous free action
of a compact Hausdorff group G. Next, let FRep(G) denote the category of
representations of G on finite-dimensional complex vector spaces. Due to the
freeness asumption, we can define the functor

(3.6) FRep(G) −→ Vect(X/G), V 7−→ X ×
G
V,

preserving ⊕ and ⊗:

X ×
G

(V ⊕W ) = (X ×
G
V ) ⊕ (X ×

G
W ),

X ×
G

(V ⊗W ) = (X ×
G
V ) ⊗ (X ×

G
W ).(3.7)

Combining the functor Γ with the functor X×G yields the functor

(3.8) FRep(G) −→ FProj(C(X/G)), V 7−→ Γ(X ×
G
V ).

Furthermore, note that the C(X/G)-module CG(X,V ) of all continuous
G-equivariant functions from X to V is naturally isomorphic with Γ(X ×G V ).
Here G-equivariance means

(3.9) ∀ x ∈ X, g ∈ G : f(xg) = ̺(g−1)(f(x)), ̺ : G −→ GL(V ).

Hence we can replace the above ⊗-preserving functor with the ⊗-preserving
functor

(3.10) FRep(G) −→ FProj(C(X/G)), V 7−→ CG(X,V ).
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The following elementary observation is key in translating from the topological
to the algebraic setting.

Lemma 3.2. Let X be a compact Hausdorff space equipped with a continu-
ous action of a compact Hausdorff group G, and let V be a finite-dimensional
representation of G. Then the evident identification C(X,V ) = C(X) ⊗ V
determines an equivalence of tensor functors:

CG(X,V ) = PG(X)✷V.

Proof. Let {ei}ni=1 be a basis of V and {ei}ni=1 be the basis of V ∗ dual to {ei}ni=1.
Given f ∈ C(X,V ), we note that

n∑

i=1

(ei ◦ f)⊗ ei ∈ PG(X)✷V

m
n∑

i=1

δ(ei ◦ f)⊗ ei =

n∑

i=1

(ei ◦ f)⊗ V ∆(ei)

m
∀ x ∈ X, g ∈ G : f(xg) = ̺(g−1)(f(x)).(3.11)

The second equivalence is an immediate consquence of the definitions of δ and ̺
(see (0.11) and (0.15)). The first equivalence follows directly from the definition
of cotensor product (see (0.7)) and the fact that

(3.12)
n∑

i=1

(ei ◦ f)⊗ V ∆(ei) ∈ C(X)⊗O(G)⊗ V.

Thus the evident identification yields CG(X,V ) = PG(X)✷V .

Finally, let β be the map defined in Theorem 2.3, and let

diag : CG(X,V ) ⊗
C(X/G)

CG(X,W ) −→ CG(X,V ⊗W ),

diag : f1 ⊗ f2 7−→
(
x 7→ f1(x) ⊗ f2(x)

)
.(3.13)

The commutativity of the diagram

(3.14) CG(X,V ) ⊗
C(X/G)

CG(X,W )
diag //

��

CG(X,V ⊗W )

��
(PG(X)✷V ) ⊗

C(X/G)
(PG(X)✷W )

β // PG(X)✷(V ⊗W )

proves that the identification CG(X,V ) = PG(X)✷V defines an equivalence of
tensor functors. �
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Assume now that the action of G on X is free. Then, by the Serre-Swan
theorem, the functor Γ(X×G ) is strongly monoidal. Since it is equivalent as
a tensor functor to CG(X, ), we conclude from Lemma 3.2 that the cotensor
product functor

(3.15) FRep(G) −→ FProj(C(X/G)), V 7−→ PG(X)✷V,

is also strongly monoidal.

Next, since O(G) is cosemisimple, any O(G)-comodule is a purely algebraic di-
rect sum of finite-dimensional comodules. Furthermore, as the cotensor product
is defined as the kernel of a linear map, it commutes with such direct sums. As
it is also clear that the map β commutes with such direct sums, we infer that
the extended cotensor product functor

(3.16) FRep⊕(G) −→ FProj⊕(C(X/G)), V 7−→ PG(X)✷V,

is strongly monoidal. Here FProj⊕(C(X/G)) is the category of projective mod-
ules over C(X/G) that are purely algebraic direct sums of finitely generated
projective C(X/G)-modules, and FRep⊕(G) is the category of representations
of G defined above (0.15). (One can think of these categories as the ind-
completions in the sense of [AGV72, Expose I, Section 8.2].) Combining this
with Corollary 2.4 allows us to conclude the proof of the implication “PWG-
condition ⇐= freeness”.

4. Vector-bundle interpretation

We now give a vector-bundle interpretation of the proof of the preceding section.
To this end, we need to extend the functor CG(X, ) to the category FRep⊕(G),
which includes the representationO(G). Let V be a purely algebraic direct sum
of finite-dimensional representations of G. We topologize V as the direct limit
of its finite-dimensional subspaces, and denote by C(X,V ) the space of all
continuous maps from X to V . An elementary topological argument shows
that the image of any continuous map from X to V is contained in a finite-
dimensional subspace of V . Therefore, Lemma 3.2 generalizes to:

Corollary 4.1. Let V be an object in the category FRep⊕(G). Then the evi-
dent identification C(X,V ) = C(X)⊗ V determines an equivalence of tensor
functors:

CG(X,V ) = PG(X)✷V.

Taking V = O(G) topologized with the direct limit topology, we immediately
obtain the following presentation of the Peter-Weyl algebra:

(4.17) CG(X,O(G)) = PG(X)✷O(G) = PG(X).

Documenta Mathematica 22 (2017) 825–849



Free Actions of Quantum Groups 839

Assume now that the action of G on X is free. Then X×GO(G) is a vector bun-
dle in the sense that it is a direct sum of ordinary (i.e. with finite-dimensional
fibers) vector bundles, and

(4.18) Γ(X ×G O(G)) = CG(X,O(G)) = PG(X).

Moreover, arguing as for the cotensor product functor, we conclude that the
functor

(4.19) FRep⊕(G) −→ FProj⊕(C(X/G)), V 7−→ CG(X,V ),

is strongly monoidal. Hence, taking advantage of (4.17), we obtain

(4.20) CG(X,O(G)⊗O(G)) = PG(X) ⊗
C(X/G)

PG(X).

Next, denote by O(G)trivial the vector space O(G) with the trivial action of G,
i.e. every g ∈ G is acting by the identity map of O(G). Then, as before, we
obtain

CG(X,O(G) ⊗O(G)trivial) = PG(X) ⊗
C(X/G)

C(X/G)⊗O(G)(4.21)

= PG(X)⊗O(G).

Lemma 4.2. The G-equivariant homeomorphism

W : G×Gtrivial −→ G×G, W ((g, g′)) := (g, gg′),

gives an isomorphism of representations of G

O(G) ⊗O(G)trivial ∼= O(G)⊗O(G).

Here G×Gtrivial and G×G are right G-spaces via the formulas

(g, g′)h := (h−1g, g′) and (g, g′)h := (h−1g, h−1g′),

respectively.

Proof. Since O(G) is a Hopf algebra, the pullback of W restricts and corestricts
to

(4.22) W ∗ : O(G) ⊗O(G) −→ O(G)⊗O(G)trivial.

Taking into account (0.14) and (0.15), we infer that W ∗ is the required inter-
twining operator. �

Combining Lemma 4.2 with (4.20) and (4.21) gives

(4.23) PG(X) ⊗
C(X/G)

PG(X) ∼= PG(X)⊗O(G).

Finally, to see that this isomorphism is indeed the canonical map, we explicitly
put together all identifications used on the way. First, we observe that, since
the isomorphism

(4.24) PG(X) −→ PG(X)✷O(G)
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is given by the coaction δ, the identification (4.17) is implemented by the maps

PG(X)
E //

CG(X,O(G)),
F

oo

(
E(f)(x)

)
(g) := f(xg), F (α)(x) := α(x)(e), E ◦ F = id, F ◦ E = id.(4.25)

We can now easily check that the following composition of isomorphisms

PG(X) ⊗
C(X/G)

PG(X)
E⊗E−→ CG(X,O(G)) ⊗

C(X/G)
CG(X,O(G))

diag−→

CG
(
X,O(G)⊗O(G)

) W∗◦−→ CG
(
X,O(G) ⊗O(G)trivial

) ∑
i(id⊗ ei)⊗ ei−→

CG(X,O(G))⊗O(G)
F⊗id−→ PG(X)⊗O(G)

is the canonical map, as desired.

5. Application: fields of free actions

Let A be a unital C∗-algebra with center Z(A), let X be a compact Hausdorff
space and let θ : C(X) → Z(A) be a unital inclusion. The triple (A,C(X), θ)
is called a unital C(X)-algebra ([K-G88, p. 154]). In the following, we simply
consider C(X) as a subalgebra of A. For x ∈ X , let Jx be the closed two-sided
ideal in A generated by the functions f ∈ C(X) that vanish at x. Then we have
quotient C∗-algebras Ax := A/Jx with natural projection maps πx : A → Ax,
and the triple (X,A, πx) is a field of C∗-algebras. For any a ∈ A, the map
nx : X → R, x 7→ ‖πx(a)‖ is upper semi-continuous [DG83, Theorem 2.4] (see
also [R-MA89, Proposition 1.2]). If the latter map is continuous, the field is
called continuous, but this property will not be necessary to assume for our
purposes.

Lemma 5.1. Let X be a compact Hausdorff space, A a unital C(X)-algebra, and
(H,∆) a compact quantum group acting on A via δ : A→ A⊗min H. Assume
that C(X) ⊆ A coH . Then for each x ∈ X there exists a unique coaction
δx : Ax → Ax ⊗min H such that for all a ∈ A
(5.1) δx(πx(a)) = (πx ⊗ id)(δ(a)).

Proof. Let x ∈ X and f ∈ C(X) with f(x) = 0. As δ(f) = f ⊗ 1 by
assumption, it follows that (πx ⊗ id)(δ(f)) = 0. Hence (πx ⊗ id)(δ(a)) = 0 for
a ∈ Jx, so that δx can be defined by (5.1). It is straightforward to check that
each δx satisfies the coassociativity and counitality conditions.

Finally, to see that δx is injective, assume that δx(πx(a)) = 0. Then

(5.2) (πx ⊗ id)(δ(a)) = 0,

whence (id⊗ ω)(δ(a)) ∈ Jx for all ω ∈ A∗. In particular, if (gα)α is a bounded
positive approximate unit for C0(X \ {x}), then

(5.3) gα(id⊗ ω)(δ(a))
norm−→
α

(id⊗ ω)(δ(a)).

Documenta Mathematica 22 (2017) 825–849



Free Actions of Quantum Groups 841

Hence we obtain

(5.4) (gα ⊗ 1)δ(a)
weakly−→
α

δ(a).

However, as (gα ⊗ 1)δ(a) = δ(gαa) and δ is injective, we find that

(5.5) gαa
weakly−→
α

a.

Consequently, πx(a) = 0, and we conclude that δx is injective. �

Theorem 5.2. Let X be a compact Hausdorff space, A a unital C(X)-algebra,
and (H,∆) a compact quantum group acting on A via δ : A → A ⊗min H.
Assume that C(X) ⊆ A coH . Then, the coaction δ is free if and only if the
coactions δx are free for each x ∈ X.

Proof. First note that A ⊗min H is again a C(X)-algebra in a natural way.
We will denote the quotient (A ⊗min H)/(Jx ⊗min H) by Ax ⊗x H . This
will be a C∗-completion of the algebraic tensor product algebra Ax ⊗ H
(not necessarily the minimal one). We will denote the quotient map at x by
πx ⊗x id : A⊗min H → Ax ⊗x H .

The implication “δ is free =⇒ the coactions δx are free for each x ∈ X” follows
immediately from the commutativity of the diagram

(5.6) A⊗A

πx⊗πx
��

can // A ⊗
min

H

πx⊗
x
id

��
Ax ⊗Ax // Ax ⊗

x
H .

Here the upper horizontal arrow is given by the formula a⊗ a′ 7→ (a⊗ 1)δ(a′),
and the lower horizontal arrow is given by a⊗ a′ 7→ (a⊗ 1)δx(a′).

Assume now that each δx is free. Fix ε > 0, and choose h ∈ O(H). By
Theorem 0.4, for each x ∈ X we can find an element zx ∈ (A ⊗ C)δ(A) such
that (πx ⊗x id)(zx) = 1⊗ h in Ax ⊗x H . Consider the function

(5.7) fx : X ∋ y 7−→ ‖(πy ⊗y id)(zx − 1⊗ h)‖ = ‖(πy ⊗y id)(zx)− 1⊗ h‖ ∈ R.

As the norm on the field y 7→ Ay ⊗y H is upper semi-continuous, the function
y 7→ fx(y) is upper semi-continuous. Since fx(x) = 0, we can find an open
neighborhood Ux of x such that for all y ∈ Ux
(5.8) fx(y) = ‖(πy ⊗y id)(zx)− 1⊗ h‖Ay⊗yH < ε.

Let {fi}i be a partition of unity subordinate to a finite subcover {Uxi}i. An
easy estimate shows that for z :=

∑
i(fi ⊗ 1)zxi and all y ∈ X

(5.9) ‖(πy ⊗y id)(z − 1⊗ h)‖Ay⊗yH < ε.
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Taking the supremum over all y, we conclude by [DG83, Theorem 2.4] and the
compactness of X that ‖z− 1⊗ h‖ < ε. Hence (A⊗C)δ(A) is dense in A⊗H ,
i.e. the coaction δ is free. �

Combining Theorem 0.4 and Theorem 5.2, we obtain:

Corollary 5.3. Let X be a compact Hausdorff space, A a unital C(X)-algebra,
and (H,∆) a compact quantum group acting on A via δ : A → A ⊗min H.
Assume that C(X) ⊆ A coH . Then, the coaction δ satisfies the PWG-condition
if and only if the coactions δx satisfy the PWG-condition for each x ∈ X.

As a particular case we consider:

Definition 5.4 (cf. [DHH15]). Let (H,∆) be a compact quantum group acting
on a unital C∗-algebra A via δ : A→ A⊗minH. We call the unital C∗-algebra

A
δ
⊛H :=

{
f ∈ C

(
[0, 1], A ⊗

min
H
) ∣∣ f(0) ∈ C⊗H, f(1) ∈ δ(A)

}

the equivariant noncommutative join of A and H.

The C∗-algebra A ⊛δ H is obviously a C([0, 1])-algebra with (A ⊛δ H)x =
A ⊗min H for x ∈ (0, 1), (A ⊛δ H)0 = H and (A ⊛δ H)1 ∼= A. The following
lemma shows that A⊛δ H carries a natural action of (H,∆).

Lemma 5.5. The compact quantum group (H,∆) acts on the unital C∗-algebra
A⊛δ H via

δA⊛δH : A
δ
⊛H ∋ f 7−→ (id⊗∆) ◦ f ∈ (A

δ
⊛H) ⊗

min
H.

Proof. We first show that the range of δA⊛δH is contained in (A⊛δ H)⊗min H .
To this end, we take any function f ∈ A⊛δH and identify (A⊛δH)⊗minH as a
subalgebra of C

(
[0, 1], A⊗min H ⊗min H

)
. Since f is uniformly continuous and

PH(A) is dense in A by [P-P95, Theorem 1.5.1] and [S-PM11, Proposition 2.2],
an elementary partition of unity argument shows that f can be approximated
by finite sums of functions of three kinds:

(1) F1 : [0, 1] ∋ t 7→ ξ0(t)(1 ⊗ h) ∈ C ⊗ O(H), where ξ0 ∈ C([0, 1], [0, 1]),
ξ0(1) = 0, and h is a fixed element of O(H);

(2) F2 : [0, 1] ∋ t 7→ ξ(t)(a⊗ h) ∈ PH(A)⊗O(H), where ξ ∈ C([0, 1], [0, 1])
with ξ(0) = 0 = ξ(1), and a and h are respectively fixed elements of
PH(A) and O(H);

(3) F3 : [0, 1] ∋ t 7→ ξ1(t)δ(a) ∈ δ(PH(A)), where ξ1 ∈ C([0, 1], [0, 1]),
ξ1(0) = 0, and a is a fixed element of PH(A).

It is clear that (id ⊗ ∆) ◦ Fi ∈ C([0, 1], A ⊗min H) ⊗ H for all i. As the
rightmost tensor product is algebraic, evaluations commute with id ⊗ ∆,
and δ is coassociative, we infer that (id ⊗ ∆) ◦ Fi ∈ (A ⊛δ H) ⊗ H for
all i (cf. [DHH15, Lemma 5.2]). Furthermore, since δA⊛δH viewed as a map
into C

(
[0, 1], A⊗min H ⊗min H

)
is a ∗-homomorphism, it is continuous, so

that (id⊗∆)◦f ∈ (A⊛δH)⊗minH . Hence δA⊛δH has range in (A⊛δH)⊗minH .
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The injectivity and coassociativity of δA⊛δH are immediate respectively from
the injectivity and coassociativity of ∆. The counitality condition follows from
the same approximation argument as above. �

Corollary 5.6. If the coaction δ : A → A ⊗min H is free, then so is the
coaction δA⊛δH : A⊛δ H → (A⊛δ H)⊗min H.

Proof. The C∗-algebra A ⊛δ H is a unital C([0, 1])-algebra with C([0, 1]) ⊆
(A⊛δ H) coH . With the notation of Lemma 5.1, we have:

(1) ((A⊛δ H)0, δ0) = (H,∆),
(2) ((A⊛δ H)x, δx) = (A⊗min H, id⊗∆) for x ∈ (0, 1),
(3) ((A⊛δ H)1, δ1) ∼= (A, δ).

As each of the above actions is free, we infer from Theorem 5.2 that δA⊛δH

is free. Alternatively, one can use a direct approximation argument as in
Lemma 5.5. �

Appendix: Finite Galois coverings

Let π : X → Y be a covering map of topological spaces. As usual, this means
that given any y ∈ Y there exists an open set U in Y with y ∈ U such that
π−1(U) is a disjoint union of open sets each of which π maps homeomorphically
onto U . A deck transformation is a homeomorphism h : X → X with π◦h = π.

Proposition A.7. Let X and Y be compact Hausdorff topological spaces. Let
π : X → Y be a covering map, and let Γ be the group of deck transformations
of this covering map. Assume that Γ is finite. Then X is a principal Γ-bundle
over Y if and only if the canonical map

can : C(X) ⊗
C(Y )

C(X) −→ C(X)⊗ C(Γ),

can : f1 ⊗ f2 7−→ (f1 ⊗ 1)δ(f2),

is an isomorphism. Here δ is given by (0.11).

Proof. If X is a principal Γ-bundle over Y , then C(Y ) = C(X/Γ) =
C(X)coC(Γ) and, by (0.10), can is surjective. Furthermore, since C(Γ) is
cosemisimple, by the result of H.-J. Schneider [S-HJ90, Theorem I], the sur-
jectivity of can implies its bijectivity.

Assume now that can is bijective. The local triviality assumption in the defi-
nition of a covering map implies that for any continuous function f on X one
has a continuous function Θ(f) on Y given by the formula

(A.10) (Θ(f))(y) :=
1

#π−1(y)

∑

x∈π−1(y)

f(x) .

Note that the fibres are finite due to the compactness of X . Also, one im-
mediately sees that Θ is a unital C(Y )-linear map from C(X) to C(Y ).
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Now it follows from the bijectivity of can and [DHS99, Lemma 1.7] that
C(Y ) = C(X)coC(Γ) = C(X/Γ). Hence the fibres of the covering map
π : X → Y are the orbits of Γ. Finally, the freeness of the action of Γ on
X follows from the surjectivity of can and (0.10). �

If X is connected, then it is always the case that the group of deck transforma-
tions Γ is finite and that the action of Γ on X is free. The issue is then whether
or not the action of Γ on each fiber of π is transitive. Thus we conclude from
Proposition A.7:

Corollary A.8. Let X and Y be connected compact Hausdorff topological
spaces, and let π : X → Y be a covering map. Denote by Γ the group of deck
transformations. Then the action of Γ on each fiber of π is transitive if and
only if the canonical map

can : C(X) ⊗
C(Y )

C(X) −→ C(X)⊗ C(Γ)

is an isomorphism.

Remark A.9. To make the proof of Proposition A.7 more self-contained, let
us unravel the crux of the argument proving [DHS99, Lemma 1.7]. We know
that C(Y ) ⊆ C(X/Γ), and we need to prove the equality. To this end, let us
take any f ∈ C(X/Γ). Then, since can(1⊗ f) = can(f ⊗ 1), it follows from the
bijectivity of can that 1⊗ f = f ⊗ 1 ∈ C(X)⊗C(Y ) C(X). Applying Θ⊗ id to
this equality yields f = Θ(f) ∈ C(Y ).

Remark A.10. An alternative proof of Proposition A.7 is as follows. Consider
the commutative diagram

(A.11) C(X) ⊗
C(Y )

C(X)

��

can // C(X)⊗ C(Γ)

��
C(X×

Y
X) // C(X × Γ)

in which each vertical arrow is the evident map and the lower horizontal arrow
is the ∗-homomorphism resulting from the map of topological spaces

(A.12) X × Γ −→ X ×
Y
X, (x, γ) 7→ (x, xγ).

Note that X is a (locally trivial) principal Γ bundle on Y if and only if this
map of topological spaces is a homeomorphism, and the latter is equivalent to
bijectivity of the lower horizontal arrow.

Hence to prove Proposition A.7, it will suffice to prove that the two vertical
arrows are isomorphisms. The right vertical arrow is an isomorphism because
Γ is a finite group, so C(Γ) is a finite-dimensional vector space over the
complex numbers C.
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For the left vertical arrow, let E be the vector bundle on Y whose fiber at
y ∈ Y is Map(π−1(y),C), i.e. is the set of all set-theoretic maps from π−1(y)
to C. As π−1(y) is a discrete subset of the compact Hausdorff space X , it is
finite. Let S(E) be the algebra consisting of all the continuous sections of E.
Then S(E) = C(X).

Similarly, define

(A.13) π(2) : X×
Y
X −→ Y by π(2) : (x1, x2) 7−→ π(x1) = π(x2).

Let F be the vector bundle on Y whose fiber at y ∈ Y is Map((π(2))−1(y),C),
i.e. is the set of all set-theoretic maps from (π(2))−1(y) to C. Then S(F ) =
C(X ×Y X), where S(F ) is the algebra consisting of all the continuous
sections of F . Since F = E ⊗ E as vector bundles on Y , we conclude
S(F ) = S(E)⊗C(Y ) S(E), which proves bijectivity for the left vertical arrow.

Example A.11. Without connectivity, the group of deck transformations can
be infinite. For example, let Y be the Cantor set and let π : Y × {0, 1} → Y
be the trivial twofold covering. Let U be a subset of Y which is both open and
closed. Define γU : Y × {0, 1} → Y × {0, 1} by

(A.14) γU (y, t) :=





(y, t) for y /∈ U

(y, 1− t) for y ∈ U .

Then γU is a deck transformation and there are infinitely many closed and open
subsets U .

Example A.12. The following example is a threefold covering X of the one-
point union of two circles Y . Here the preimage of the left circle of the base
space is the usual threefold covering of the circle. The preimage of the right
circle of the base space is the disjoint union of the usual twofold covering of
the circle and the onefold covering of the circle.

X

Y

In this example, the group of deck transformations is trivial. Indeed, let γ be a
deck transformation. Consider γ restricted to the preimage of the right circle
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of the base space. This preimage has two connected components. Since γ is a
deck transformation of this preimage, it must map each connected compenent
to itself. This implies that γ has a fixed point. Hence, as X is connected,
γ = id. In particular, this shows that the group of deck transformations need
not act transitively on fibers of a covering map. The canonical map is surjective
but not injective.
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Abstract. Let G denote a linear algebraic group over Q and K and L
two number fields. We establish conditions on the group G, related to the
structure of its Borel groups, under which the existence of a group isomor-
phism G(AK,f ) ∼= G(AL,f ) over the finite adeles implies that K and L
have isomorphic adele rings. Furthermore, if G satisfies these conditions,
K or L is a Galois extension of Q, and G(AK,f ) ∼= G(AL,f ), then K and
L are isomorphic as fields.

We use this result to show that if for two number fields K and L that are
Galois over Q, the finite Hecke algebras for GL(n) (for fixed n ≥ 2) are
isomorphic by an isometry for the L1-norm, then the fields K and L are
isomorphic. This can be viewed as an analogue in the theory of automorphic
representations of the theorem of Neukirch that the absolute Galois group
of a number field determines the field, if it is Galois over Q.

2010 Mathematics Subject Classification: 11F70, 11R56, 14L10, 20C08,
20G35, 22D20
Keywords and Phrases: algebraic groups, adeles, Hecke algebras, arithmetic
equivalence

1. INTRODUCTION

Suppose thatG is a linear algebraic group over Q, andK and L are two number fields
such that the (finite adelic) Hecke algebras for G over K and L are isomorphic. As
we will see, a closely related hypothesis is: suppose that the groups of finite adelic

Part of this work was done when the authors visited the University of Warwick; we are grateful to
Richard Sharp for hosting us. The second author would like to thank Jan Nekovář for interesting discus-
sions. We thank Manfred Lochter for sending us a copy of [21], Dipendra Prasad for pointing us to existing
results on isomorphisms of point groups over rings, and Julia Hartmann, Wilberd van der Kallen, Bart de
Smit, Maarten Solleveld, and the referee for helpful comments on an earlier version of this paper.
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points on G are isomorphic for K and L. What does this imply about the relation-
ship between the fields K and L? Before stating the general result, let us discuss an
example.

Example A. If G = Gr
a × Gs

m for any integers r, s, then for any two distinct
imaginary quadratic fields K and L of discriminant < −8 we have an isomorphism
of topological groups G(AK,f ) ∼= G(AL,f ) while AK 6∼= AL and AK,f 6∼= AL,f

(cf. Section 2). To prove this, one determines separately the abstract structures of the
additive and multiplicative groups of the adele ring AK and sees that they depend on
only a few arithmetic invariants, allowing for a lot of freedom in “exchanging local
factors”. This example illustrates that at least some condition on the rank, unipotent
rank, and action of the torus on the unipotent part will be required to deduce that we
have a ring isomorphism AK

∼= AL.

Let us now state the main technical condition, which we will elaborate on in Section 3.

Definition B. Let G denote a linear algebraic group over Q. We call G fertile for
a field K/Q if G contains a Borel group B which is split over K as B = T ⋉ U
with T 6= {1} and U 6= {0}, and such that over K , the split maximal torus T acts
non-trivially by conjugation on the abelianisation of the maximal unipotent group U .
In Appendix A, it is shown that G being fertile for K is equivalent to G containing
a K-split maximal torus and having a connected component which is not a direct
product of a torus and a unipotent group.

Split tori and unipotent groups are not fertile for any K . On the other hand, for
n ≥ 2, GL(n) is fertile for all K . In general, fertility is slightly stronger than non-
commutativity. Roughly speaking, it says that the group has semisimple elements that
do not commute with certain unipotent elements.

Our first main result is:

Theorem C. LetK andL be two number fields, and letG denote a linear algebraic
group over Q which is fertile for K and L. There is a topological group isomorphism
of finite adelic point groupsG(AK,f ) ∼= G(AL,f ) if and only if there is a topological
ring isomorphism AK

∼= AL.

An isomorphism of adele rings AK
∼= AL implies (but is generally stronger than)

arithmetic equivalence of K and L (Komatsu [20], cf. [18, VI.2]). Recall that K
and L are said to be arithmetically equivalent if they have the same Dedekind zeta
function: ζK = ζL . If K or L is a Galois extension of Q, then this is known to imply
that K and L are isomorphic as fields (Gaßmann [9], cf. [18, III.1]).
The question whether G(R) ∼= G(S) for algebraic groups G and rings R,S implies a
ring isomorphism R ∼= S has been considered before (following seminal work of van
der Waerden and Schreier from 1928 [36]), most notably when G = GLn for n ≥ 3
or when G is a Chevalley group and R and S are integral domains (see, e.g., [6], [31]
and the references therein). The methods employed there make extensive use of root
data and Lie algebras.
By contrast, our proof of Theorem C uses number theory in adele rings and, by not
passing to Lie algebras, applies to a more general class of (not necessarily reductive)
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algebraic groups. First, we prove in general that maximal divisible subgroups D of
G(AK,f ) and maximal unipotent point groups are the same up to conjugacy (Propo-
sition 4.8; note that this does not apply at the archimedean places). The torus T (as
a quotient of the normaliser N of the unipotent point group D by itself) acts on the
abelian group V = [N,D]/[D,D], that decomposes as a sum of one-dimensional
T-modules, on which T acts by multiplication with powers. Now we use a formula of
Siegel, which allows us to express any adele as a linear combination of fixed powers,
to show how this implies that the centre of the endomorphism ring of the T-module V
is a a cartesian power of the finite adele ring. We then use the structure of the maximal
principal ideals in the finite adele ring to find from these data the adele ring itself.

Example D. Consider G = GL(2). Then D =
(
1 AK,f

0 1

) ∼= (AK,f ,+) is (con-

jugate to) a group of strictly upper triangular matrices, N =
(

A∗
K,f AK,f

0 A∗
K,f

)
and

T ∼= (A∗K,f , ·)2 (represented as diagonal matrices) acts on V ∼= D, represented as
upper triangular matrices, by multiplication. Now EndTV ∼= AK,f as (topological)
rings.

By the (finite adelic) Hecke algebra for G over K , we mean the convolution algebra
HG(K) := C∞c (G(AK,f ),R) of locally constant compactly supported real-valued
functions on G(AK,f ). By an L1-isomorphism of Hecke algebras we mean one that
respects the L1-norm. The second main result is the following:

Theorem E. Let K and L be two number fields, and let G denote a linear algebraic
group over Q that is fertile for K and L. There is an L1-isomorphism of Hecke
algebras HG(K) ∼= HG(L) if and only if there is a ring isomorphism AK

∼= AL.

This follows from the previous theorem by using some density results in functional
analysis and a theorem on the reconstruction of an isomorphism of groups from an
isometry ofL1-group algebras due to Wendel [41]. It seems that the analytic condition
of being an isometry for the L1-norm is necessary (cf. [16], which uses the Bernstein
decomposition to show that purely algebraic isomorphisms of Hecke algebras of local
fields cannot distinguish local fields).

Let GK denote the absolute Galois group of a number field K that is Galois over
Q. Neukirch [26] has proven that GK determines K (Uchida [39] later removed the
condition that K is Galois over Q). The set of one-dimensional representations of
GK , i.e., the abelianisation Gab

K , far from determines K (compare [29] or [2]). Sev-
eral years ago, in connection with the results in [8], Jonathan Rosenberg asked the
first author whether, in a suitable sense, two-dimensional irreducible—the “lowest-
dimensional non-abelian”— representations of GK determine K . By the philosophy
of the global Langlands programme, such representations of GK in GL(n,C) should
give rise to automorphic representations, i.e., to certain modules over the Hecke al-
gebra HGL(n)(K). If we consider the analogue of this question in the setting of
HGL(n)(K)-modules instead of n-dimensional Galois representations, our main the-
orem implies a kind of “automorphic anabelian theorem”:
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Corollary F. Suppose that K and L are number fields that are Galois over Q.
There is an L1-algebra isomorphism of Hecke algebras HGL(n)(K) ∼= HGL(n)(L)
for some n ≥ 2 if and only if there is a field isomorphism K ∼= L.

We now present some open problems:

(1) Is it possible to characterise precisely the linear algebraic groups for which
G(AK) ∼= G(AL) implies AK

∼= AL? Is Theorem C true without imposing
that a maximal torus T of G splits overK and L?

(2) What happens if G is not a linear algebraic group, but any algebraic group?
(It follows from Chevalley’s structure theorem that such G have a unique
maximal linear subgroup H ; can we deduce H(AK) ∼= H(AL) from
G(AK) ∼= G(AL))? What happens if there is no linear part, i.e., G is an
abelian variety, e.g., an elliptic curve? For every number field, is there a
sufficiently interesting elliptic curve E/Q such that E(AK) determines all
localisations of K?

(3) What happens over global fields of positive characteristic?
(4) The category of HG(K)-modules does not seem to determine the field K , cf.

[16]. Can the category be enriched in some way so as to determine K? Our
theorem suggests to try and keep track of some analytic information about
HG(K) related to the L1-norm.

The paper has the following structure. In Section 2, we discuss what happens if G
is the additive or multiplicative group or a direct product thereof. In Section 3, we
introduce and discuss the notion of fertility. In Section 4, we prove that maximal
divisibility is equivalent to unipotency in finite-adelic point groups. In Section 5 we
use this to prove Theorem C. In Section 6, we discuss Hecke algebras and prove
Theorem E.

2. ADDITIVE AND MULTIPLICATIVE GROUPS OF ADELES

In this section, we elaborate on Example A from the introduction. We discuss the
group structure of the additive and multiplicative groups of adeles of a number field,
and we recall the notions of local isomorphism of number fields and its relation to
isomorphism of adele rings and to arithmetic equivalence. We introduce local addi-
tive and multiplicative isomorphisms and prove that their existence implies arithmetic
equivalence.

Arithmetic equivalence and local isomorphism.

2.1. Notations/Definitions. If K is a number field with ring of integers OK ,
let MK denote the set of all places of K , MK,f the set of non-archimedean places of
K , and MK,∞ the set of archimedean places. If p ∈ MK,f is a prime ideal, then Kp

denotes the completion of K at p, and OK,p its ring of integers. Let e(p) and f(p)
denote the ramification and residue degrees of p over the rational prime p below p,
respectively. The decomposition type of a rational prime p in a fieldK is the sequence
(f(p))p|p of residue degrees of the prime ideals of K above p, in increasing order,
with multiplicities.
For an archimedean place p of K , we have Kp = R or C and we let OK,p = Kp.
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2.2. Definition. We use the notation
∏′

(Gi, Hi) for the restricted product of the
groups Gi with respect to the subgroupsHi. We denote by

AK =
∏

p∈MK

′
(Kp,OK,p)

the adele ring of K , and by

AK,f =
∏

p∈MK,f

′
(Kp,OK,p)

its ring of finite adeles.

Two number fields K and L are arithmetically equivalent if for all but finitely many
prime numbers p, the decomposition types of p in K and L coincide.
Two number fields K and L are called locally isomorphic if there is a bijection
ϕ : MK,f → ML,f between their sets of prime ideals such that the corresponding
local fields are topologically isomorphic, i.e. Kp

∼= Lϕ(p) for all p ∈MK,f .
The Dedekind zeta function of a number field K is defined as

ζK(s) =
∑

I⊆OK

(# OK/I)−s,

where the sum ranges over the nonzero ideals of OK .

The main properties are summarised in the following proposition (see e.g. [18, III.1
and VI.2]):

2.3. Proposition. Let K and L be number fields. Then:

(i) K and L are locally isomorphic if and only if the adele rings AK and AL are
isomorphic as topological rings, if and only if the rings of finite adeles AK,f

and AL,f are isomorphic as topological rings.
(ii) K and L are arithmetically equivalent if and only if ζK = ζL, if and only if

there is a bijection ϕ : MK,f → ML,f such that the local fields Kp
∼= Lϕ(p)

are isomorphic for all but finitely many p ∈MK,f .
(iii) We have K ∼= L ⇒ AK

∼= AL (as topological rings)⇒ ζK = ζL and none
of the implications can be reversed in general, but if K or L is Galois over
Q, then all implications can be reversed. �

The additive group of adeles.

2.4. Proposition. If H is a number field, then there are topological isomorphisms
of additive groups

(AH,f ,+) ∼= (A
[H:Q]
Q,f ,+)

and

(AH ,+) ∼= (A
[H:Q]
Q ,+).

Proof. If p is a prime of H above the rational prime p, then OH,p is a free Zp-module
of rank e(p)f(p) (cf. [5, 5.3-5.4]). By tensoring with Q, summing over all p | p for
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fixed p, and using that n := [H : Q] =
∑

p|p e(p)f(p), we find that

(AH,f ,+) =
∏

p∈MQ,f

′
(
⊕

p|p
(Hp,+),

⊕

p|p
(OH,p,+))

∼=
∏

p∈MQ,f

′
((Qn

p ,+), (Znp ,+)) ∼= (An
Q,f ,+),

and then the second statement follows from (AH ,+) = (AH,f ,+)× (Rn,+). �

2.5. Corollary. The additive groups (AK ,+) and (AL,+) are isomorphic (as
topological groups) for two number fields K and L if and only if K and L have have
the same degree over Q, if and only if the additive groups (AK,f ,+) and (AL,f ,+)
are isomorphic (as topological groups).

Proof. By Proposition 2.4, we know that [K : Q] = [L : Q] implies that (AK,f ,+) ∼=
(AL,f ,+) and (AK ,+) ∼= (AL,+).
Conversely, a topological isomorphism (AK ,+) ∼= (AL,+) of additive groups in-
duces a homeomorphism between their respective connected components of the iden-
tity, i.e., R[K:Q] ∼= R[L:Q]. It follows that [K : Q] = [L : Q] ([12, Theorem 2.26]).
Finally, let W be a compact open subgroup of (AK,f ,+). Locally at each place p | p,
Wp is a free Zp-module of rank [Kp : Qp], so W is topologically isomorphic to
Ẑ[K:Q]. Hence, for a prime ℓ, we find that W/ℓW is isomorphic to (Z/ℓZ)[K:Q]. The
image ofW under an isomorphism of topological groups (AK,f ,+) ∼= (AL,f ,+) has
the same property, and we find [K : Q] = [L : Q]. �

If, additionally, the isomorphism is “local”, i.e. induced by local additive isomor-
phisms, then we have the following result:

2.6. Proposition. Let K and L be number fields such that there is a bijection
ϕ : MK,f → ML,f with, for almost all places p, isomorphisms of topological groups
Φp : (Kp,+) ∼= (Lϕ(p),+). Then K and L are arithmetically equivalent.

Proof. A compact open subgroup W of Kp is a free Zp-module of rank e(p)f(p).
It follows that for any prime number ℓ 6= p, W/ℓW ∼= {0}, while W/pW ∼=
(F

e(p)f(p)
p ,+). Since the same holds for the image of W under Φp, we con-

clude that for all non-archimedean places p ∈ MK,f , we must have e(p)f(p) =
e(ϕ(p))f(ϕ(p)). At all but finitely many primes p, both K and L are unramified, so
f(p) = f(ϕ(p)) for all but finitely many residue field degrees f(p). This implies that
K and L are arithmetically equivalent. �

The multiplicative group of adeles.

We start by quoting for future reference the following result from [11, Kapitel 15]: let
H denote a number field and p ∈ MH,f . Let πp be a local uniformiser at p and let
Hp = OH,p/p denote the residue field; then the unit group of Hp is

(1) O∗H,p ∼= H
∗
p × (1 + πpOH,p)
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and the one-unit group

(2) 1 + πpOH,p ∼= Z[Hp:Qp]
p × µp∞(Hp)

where µp∞(Hp) is the group of p-th power roots of unity in Hp.

2.7. Proposition. If H is a number field with r1 real and r2 complex places, then
there is a topological group isomorphism

(A∗H , ·) ∼= (R∗)r1 × (C∗)r2 ×
(⊕

Z

Z

)
× Ẑ[H:Q] ×

∏

p∈MH,f

(H
∗
p × µp∞(Hp)).

Proof. We have

A∗H ∼= (R∗)r1 × (C∗)r2 ×A∗H,f and A∗H,f ∼= JH ×
∏

p∈MH,f

O∗H,p,

where JH is the topologically discrete group of fractional ideals ofH , so JH ∼=
⊕

ZZ

with the index running over the set of prime ideals, and the entry of n ∈ JH corre-
sponding to a prime ideal p is given by ordp(n). The result follows from (1) and
(2). �

It remains to determine the exact structure of the p-th power roots of unity, e.g.:

2.8. Example. [2, Lemma 3.1 and Lemma 3.2] If H 6= Q(i) and H 6= Q(
√
−2),

then there is an isomorphism of topological groups
∏

p∈MH,f

(H
∗
p × µp∞(Hp)) ∼=

∏

n≥1
Z/nZ.

Hence we conclude: If K and L are two imaginary quadratic number fields different
from Q(i) and Q(

√
−2), then we have a topological group isomorphism A∗K ∼= A∗L.

Combining Proposition 2.4 and Example 2.8, we obtain the claim made in Example
A in the introduction:

2.9. Corollary. For any two imaginary quadratic number fieldsK and L different
from Q(i) and Q(

√
−2) and for any integers r and s, there are topological group

isomorphisms

(AK,f )r × (A∗K,f )s ∼= (AL,f )r × (A∗L,f )s.

and

(AK)r × (A∗K)s ∼= (AL)r × (A∗L)s. �

On the other hand, we again have a “local” result:

2.10. Proposition. Let K and L be number fields such that there is a bijection
ϕ : MK,f →ML,f with, for almost all places p, group isomorphisms Φp : (K∗p , ·)

∼→
(L∗ϕ(p), ·). Then K and L are arithmetically equivalent.
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Proof. From K∗p ∼= Z× O∗K,p and the isomorphisms (1) and (2), it follows that if we
set W = K∗p/K

∗
p,tors, then for a prime ℓ we obtain

(3) W/ℓW =

{
(Z/pZ)[Kp:Qp]+1 if ℓ = p

Z/ℓZ if ℓ 6= p
.

It follows from K∗p ∼= L∗ϕ(p) that p and q lie above the same rational prime p, and
[Kp : Qp] = [Lϕ(p) : Qp]. For all but finitely many primes, the extensions Kp/Qp

and Lϕ(p)/Qp are unramified. Hence, we find that the bijection ϕ matches the de-
composition types of all but finitely many primes. This implies that K and L are
arithmetically equivalent. �

3. SET-UP FROM ALGEBRAIC GROUPS AND THE NOTION OF FERTILITY

In this section, we set up notations and terminology from the theory of algebraic
groups, and we elaborate on the notion of a group being fertile for a pair of num-
ber fields.

Algebraic groups.

3.1. Background (General references: [3] and [38]). Let G denote a linear (viz.,
affine) algebraic group over Q. We denote the multiplicative group over Q by Gm

and the additive group over Q by Ga. A torus T is a linear algebraic group which
is isomorphic, over Q, to Gr

m, for some integer r, called the rank of T . When T is
an algebraic subgroup of G and moreover a maximal torus inside G, then the rank
of G is r as well. Suppose that a maximal torus splits over a field F/Q, meaning
that there exists an isomorphism T ∼= Gr

m defined over F . All maximal F -split
tori of G are G(F )-conjugate and have the same dimension, called the (F -)rank of
G. A subgroup U of G is unipotent if U(Q) consists of unipotent elements. Every
unipotent subgroup of G/Q splits over Q, meaning that it has a composition series
over Q in which every successive quotient is isomorphic to Ga. Alternatively, it is
isomorphic over Q to a subgroup of a group of strictly upper triangular matrices.
Any connected group G that is not unipotent contains a non-trivial torus. A Borel
subgroup B of G is a maximal connected solvable subgroup of G. If all successive
quotients in the composition series of B over F are isomorphic to Ga or Gm, then B
is conjugate, over F , to a subgroup of an upper triangular matrix group, by the Lie-
Kolchin theorem. Moreover, over F , for some split maximal torus T and maximal
unipotent group U , we can write B ∼= T ⋉ U as a semi-direct product induced by the
adjoint representation ρ : T → Aut(U) (i.e., by the conjugation action of T on U ).
Furthermore, given U , B is the normaliser of U in G, and T ∼= B/U .

3.2. Definition. We call a linear algebraic group G over Q fertile for a number
field K if there exists a Borel K-subgroup B of G which is split over K , meaning
that B ∼=K T ⋉ U for T a K-split maximal torus and U a maximal unipotent group,
such that T 6= {1} acts non-trivially (by conjugation) on the abelianisation Uab of
U 6= {0}.
Appendix A contains an equivalent definition of fertility.
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3.3. Examples.

(i) Tori and unipotent groups are not fertile for any K , and neither are direct
product of such groups.

(ii) The general linear group GL(n) for n ≥ 2 is fertile for any K . Here, T
is the group of diagonal matrices, split over Q, which acts non-trivially on
the group of strictly upper triangular matrices. Similarly, the Borel group of
(non-strictly) upper triangular matrices is fertile.

(iii) Let G = ResFQ(Gm ⋉Ga) denote the “ax + b”-group of a number field F ,
as an algebraic group over Q. This group is fertile for any number field K
that contains F .

Adelic point groups.

3.4. Definition. Let G denote a linear algebraic group over Q and let K a number
field with adele ring AK . As described in Section 3 of [28] (compare [22]) we may
use any of the following equivalent definitions for the group of adelic points ofG over
K (also called the adelic point group), denotedG(AK):

(1) Since AK is a Q-algebra,G(AK) is its scheme theoretic set of points.
(2) Let S be a suitable finite set of places of Q, including the archimedean place,

and let G be a smooth separated group scheme of finite type over the S-
integers ZS , whose generic fibre is G. Then

G(AK) = lim
−→
S′⊃S

∏

p∈S′

G(Kp)×
∏

p/∈S′

G (Op)

where S′ runs over subsets of MK,f that contain divisors of primes in S.
(3) Choose a Q-isomorphism ϕ : G →֒ AN of G onto a closed subvariety of a

suitable affine space AN . For every p ∈MK,f , we defineG(Op) to be the set
of points x ∈ G(Kp) for which ϕ(x) ∈ ON

p . Then G(AK) is the restricted
product

G(AK) =
∏

p∈MK,f

′
(G(Kp), G(Op)))×

∏

p∈MK,∞

G(Kp).

The second and third definitions immediately provide G(AK) with a topology in-
duced from the p-adic topologies. Also, the group law on G induces a topological
group structure on G(AK). The definitions are, up to isomorphism, independent of
the choices of S, G and ϕ.
We define the finite-adelic point group G(AK,f ) completely analogously.

In Section 2, we considered the group of adelic points on Ga and Gm, in the sense of
the above definition, cf. Example A from the introduction.

4. DIVISIBILITY AND UNIPOTENCY

In this section, we show (Proposition 4.8) how to characterise maximal unipotent point
groups inside finite-adelic point groups in a purely group theoretic fashion, using di-
visibility. This is used later to deduce an isomorphism of unipotent point groups from
an isomorphism of ambient point groups. We first prove a series of results, relating
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divisibility and unipotency over local and global fields. Throughout,G will be a linear
algebraic group over Q, K a number field, and p ∈MK,f a finite place of K .

4.1. Definition. If H is a subgroup of a group G, an element h ∈ H is called
divisible in G if for every integer n ∈ Z>0, there exists an element g ∈ G such that
h = gn. The subgroup H ≤ G is called divisible (in G) if all of its elements are
divisible in G.

4.2. Lemma. All divisible elements of G(Kp) are unipotent.

Proof. We fix an embedding G →֒ GLN throughout, and consider elements of G as
matrices. Let v denote a divisible element of G(Kp), and, for each n ∈ Z>0, let
wn ∈ G(Kp) satisfy wnn = v for n ∈ Z>0. The splitting field Ln of the characteristic
polynomial of wn (seen as N × N -matrix) has bounded degree [Ln : K] ≤ N !.
Since by Krasner’s Lemma (e.g., [27, 8.1.6]), there are only finitely many extensions
of Kp of bounded degree, the compositum L of all Ln is a discretely valued field, in
which all the eigenvalues λi of v are n-th powers (namely, of eigenvalues of wn) for
all integers n. Since L is non-archimedean,

⋂

n≥1
Ln = {1},

by discreteness of the absolute value and the structure of O∗H as described in (1) and
(2). We conclude that all eigenvalues of v are 1 and v is unipotent. �

4.3. Remark. The lemma is not true for archimedean places. To give an example
at a real place, the rotation group SO(2,R) ⊆ SL(2,R) is divisible but contains
non-unipotent elements.

4.4. Lemma. LetU be a maximal unipotent algebraic subgroup of an algebraic group
G, both defined over a field F of characteristic zero. Then U(F ) is divisible in G(F ).

Proof. Consider the exponential map

exp: u→ U(F )

from the nilpotent Lie algebra u of U(F ) to U(F ), which is bijective since F has
characteristic zero (cf. [25, Theorem 6.5]). For an integer n ∈ Z>0 and an element
x ∈ u we find (by the Baker-Campbell-Hausdorff formula) that

exp(nx) = exp(x)n,

since multiples of the same x commute. Hence (multiplicative) divisibility in the
unipotent algebraic group corresponds to (additive) divisibility in the nilpotent Lie
algebra u. Since the latter is an F -vector space and any integer n is invertible in F ,
we find the result. �

We will also need the following global version:

4.5. Lemma. The group U(AK,f ) is divisible in G(AK,f ).
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Proof. Let v = (vp)p ∈ U(AK,f ), let n ∈ Z≥0, and for every p ∈ MK,f , let
wp ∈ U(Kp) be such that wnp = vp (which exists by the previous lemma applied
to F = Kp). We claim that wp ∈ U(Op) for all but finitely many p, which shows
that w = (wp)p ∈ U(AK,f ) and proves the lemma. Indeed, it suffices to prove that
wp ∈ GLN (Op) for all but finitely many p. This follows from the Taylor series

wp = n

√
1 + (vp − 1) =

∞∑

k=0

(
1/n

k

)
(vp − 1)k,

which is a finite sum since vp − 1 is nilpotent, by noting that for fixed n, the binomial
coefficients introduce denominators at only finitely many places. �

4.6. Lemma. Any maximal divisible subgroup of G(Kp) is conjugate
to U(Kp) in G(Kp).

Proof. Let D denote a maximal divisible subgroup of G(Kp). By Lemma 4.2, it
consists of unipotent elements. Since unipotency is defined by polynomial equations
in the affine space of N ×N matrices, the Zariski closure of D in GKp

is a unipotent
algebraic subgroup U ′ of GKp

. Moreover, Lemma 4.4 implies that U ′(Kp) consists
of divisible elements, so by maximality of D, we find that U ′ is a maximal unipotent
algebraic subgroup ofGKp

. Theorem 8.2 of Borel-Tits [4] implies that there exists an
element γp ∈ G(Kp) such that γpU ′γ

−1
p = U , for U any chosen maximal unipotent

algebraic subgroup ofG. Hence, γpDγ
−1
p ⊆ U(Kp). Since γ−1p U(Kp)γp is maximal

divisible, the result follows. �

The proof to the following lemma was suggested to us by Maarten Solleveld.

4.7. Lemma. Let B ⊂ G denote a K-split Borel subgroup of G. Then for all but
finitely many p ∈MK,f , we have

G(Kp) = B(Kp)G(Op).

Proof. Since G/B is projective, the space (G/B)(AK,f ) is compact and equals
(G/B)(AK,f ) = G(AK,f )/B(AK,f ) (both follow from [32, p. 258]). The open
compact group

∏
pG(Op) (where the product runs over all finite places of K) of

G(AK,f ) acts on (G/B)(AK,f ) by left multiplication. By compactness, the action
has only finitely many orbits, i.e.,(∏

p

G(Op)

)
\G(AK,f )/B(AK,f ) =

∏

p

(G(Op)\G(Kp)/B(Kp))

is finite. In particular, for all but finitely many finite places p of K ,
G(Op)\G(Kp)/B(Kp) is trivial, so that G(Kp) = B(Kp)G(Op). �

In Appendix B, we provide an alternative cohomological proof that gives some more
information about the set of excluded places. Finally, we prove the main result of this
section:

4.8. Proposition. Suppose that G contains a K-split Borel subgroup. Let U be a
maximal unipotent algebraic subgroup of G. Then any maximal divisible subgroup of
G(AK,f ) is conjugate to U(AK,f ) in G(AK,f ).
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Proof. LetD denote a maximal divisible subgroup ofG(AK,f ) andDp = D∩G(Kp)
its local component for p ∈MK,f . Let γp ∈ G(Kp) be as in Lemma 4.6, i.e., such that
γpDpγ

−1
p = U(Kp). Let B = NG(U) be a Borel subgroup containing U ; since G is

assumed to be fertile, we may choose these such that B is a split Borel K-subgroup
of G. Lemma 4.7 implies that for all but finitely many p, we may replace γp by an
element in G (Op), which we again denote by γp for ease of notation. This way, we
find γ =

∏
p∈MK,f

γp ∈ G(AK,f ) with

D ⊆ γ−1
∏

U(Kp)γ ∩G(AK,f ) = γ−1U(AK,f )γ ⊆ D,

where the last inclusion holds by Lemma 4.5. �

Note that when G is fertile for K , it satisfies the hypotheses of Proposition 4.8.

5. PROOF OF THEOREM C

We now turn to the proof of Theorem C. Let G := G(AK,f ) as a topological group.
We will apply a purely group theoretic construction to G, to end up with the adele
ring AK ; this shows that the isomorphism type of the adele ring is determined by the
topological group G. We first reconstruct some cartesian power of AK,f .
Let D denote a maximal divisible subgroup of G. Consider the normaliser N :=
NGD of D in G. Let V := [N,D]/[D,D] ≤ Dab, and let T := N/D. Note that
T acts naturally on V by conjugation. Since V is locally compact Hausdorff, we can
give EndV, the endomorphisms of the abelian group V, the compact-open topology.

5.1. Proposition. There exists an integer ℓ ≥ 1 such that there is a topological
ring isomorphism

Z(EndTV) ∼= Aℓ
K,f ,

where the left hand side is the centre of the ring of continuous endomorphism of the
T-module V.

Proof. First, we relate the subgroups of G to points groups of algebraic subgroups
of G. From Proposition 4.8, we may assume that D = U(AK,f ) for a fixed max-
imal unipotent algebraic subgroup of G. The normaliser of U in G as an algebraic
group is a Borel group B inside the fertile group G (Theorem of Chevalley, e.g. [3,
11.16]); again, we choose U such that B is split over K . Since taking points and
taking normalisers commute ([24, Proposition 6.3]), we obtain that

N = NGD = NG(AK,f )U(AK,f ) = (NGU)(AK,f ) = B(AK,f ).

and T ∼= T (AK,f ) for T any maximal torus in B, which is K-split by assumption.
Next, we analyse the action of T on V, knowing the action of T on U . The hypothesis
that T splits over K implies that T ∼= Gr

m over K for some r. The adjoint action of
T by conjugation on U maps commutators to commutators, so it factors through the
abelianisation Uab, and we can consider the linear adjoint action ρ : T → Aut(Uab)
over K . Note that Uab ∼= Gk

a for some integer k, so we have an action over K

(4) ρ : T (∼= Gr
m)→ Aut(Gk

a) = GL(k),
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which is diagonalisable over K as a direct sum ρ = ⊕χi of k characters χi ∈
HomK(T,Gm) of algebraic groups. In coordinates t = (t1, . . . , tr) ∈ Gr

m = T ,
any such character is of the form

(5) χ(t) = χ(t1, . . . , tr) = tn1
1 · . . . · tnrr

for some n1, . . . , nr ∈ Z. Since the action of T on V is given by specialisation from
the action of T on a subspace of Uab, we find an isomorphism of T-modules

V ∼=
ℓ⊕

i=1

A
µi
K,f,χi

,

where χi (i = 1, . . . ℓ) are the distinct non-trivial characters that occur in V, µi is
the multiplicity of χi in V, and AK,f,χi is the T-module AK,f where T acts via χi.
Hence,

(6) EndTV =
ℓ∏

i=1

ℓ∏

j=1

Matµj×µi
(
HomT(AK,f,χi ,AK,f,χj )

)
.

The assumption of fertility means precisely that ℓ ≥ 1. To conclude that

Z (EndTV) = Z

(
ℓ∏

i=1

Matµi×µi (AK,f )

)
= Aℓ

K,f ,

as required, we now prove that if χi and χj are non-trivial characters occurring in this
decomposition, then there is a topological ring isomorphism

HomT(AK,f,χi ,AK,f,χj )
∼=
{
AK,f if χi = χj

{0} otherwise .

Indeed, a homomorphism of additive groups f : (AK,f,χi ,+) → (AK,f,χj ,+) is T-
equivariant precisely if f(χi(t)(u)) = χj(t)f(u) for all t ∈ T and u ∈ AK,f . The χ
are specialisations of algebraic characters as in (5), and some powers are non-zero by
the assumption of fertility. If χi 6= χj , this means that

(7) f(tnu) = tmf(u), ∀t ∈ A∗K,f , ∀u ∈ AK,f

for some n,m > 0, n 6= m, which is impossible unless f = 0: indeed, choose
t ∈ Z>0; then the equation says that tnf(u) = tmf(u) for any u, so m = n. So we
must have χi = χj , and we find that

(8) f(tnu) = tnf(u), ∀t ∈ A∗K,f , ∀u ∈ AK,f

for some n > 0.
We now reinterpret a formula of Siegel [37, p. 134] as saying the following: Let R
denote a ring and n a positive integer such that n! is invertible inR. Then any element
of R belongs to the Z-linear span of the n-th powers in R. In particular, we have the
following explicit formula for any z ∈ R:

z =

n−1∑

k=0

(−1)n−k−1
(
n− 1

k

){( z
n!

+ k
)n
− kn

}
.
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Applied to R = AK,f , in which n! is invertible, Siegel’s formula expresses any
element of AK,f as Z-linear combination of n-th powers in AK,f . We conclude from
(8) and additivity of f that

(9) f(tu) = tf(u), ∀t ∈ A∗K,f , ∀u ∈ AK,f .

Hence, f(t) = tf(1) is completely determined by specifying a value for f(1) ∈
AK,f , and

EndT(AK,f,χ)→ AK,f : f 7→ f(1)

is the required ring isomorphism. It is continuous, since evaluation maps (such as this
one) are continuous in the compact-open topology on EndT(AK,f,χ). The inverse
map is α 7→ (x 7→ αx), which is also continuous in the finite-adelic topology on
AK,f . Hence, we find an isomorphism of topological groups, as required. �

5.2. Theorem (Theorem C). Let K and L be two number fields, and let G denote
a linear algebraic group over Q, fertile for K and L. There is a topological group
isomorphism of adelic point groups G(AK,f ) ∼= G(AL,f ) if and only if there is a
topological ring isomorphism AK

∼= AL.

Proof. Using Proposition 5.1, from G = G(AK,f ) we group theoretically construct
Z (EndTV) = Aℓ

K,f . Now consider the maximal ideals in Aℓ
K,f .

For any ring R, let M (R) denote its set of principal maximal ideals. Observe that
M (Rℓ) = M (R)×Z/ℓZ, since a maximal ideal in Rℓ is of the formRℓ1 ×m×Rℓ2
for some maximal ideal m of R and a decomposition ℓ = ℓ1 + ℓ2 + 1. We recall the
description of the principal maximal ideals in an adele ring AK,f as given by Iwasawa
and Lochter ([21, Satz 8.6] and [14, p. 340–342], cf. [18, VI.2.4]):

M (AK,f ) = {mp = ker (AK,f → Kp)}.
Note that AK,f/mp

∼= Kp. Hence the multiset

{Aℓ
K,f/m : m ∈M (Aℓ

K,f )}
contains a copy of the local fieldKp exactly ℓrp times, where rp is the number of local
fields of K isomorphic to Kp. Thus, we have constructed the multiset of local fields

{Kp : p ∈MK,f}
of K , up to isomorphism of local fields.
If K and L are two number fields with G(AK,f ) ∼= G(AL,f ) as topological groups,
then these multisets are in bijection, i.e., there exists a bijection of places ϕ : MK,f →
ML,f such thatKp

∼= Lϕ(p) for all p ∈MK,f . HenceK and L are locally isomorphic
(in the sense of Section 2.1), and we find ring isomorphisms AK,f

∼= AL,f and
AK
∼= AL, by Proposition 2.3.

For the reverse implication AK
∼= AL ⇒ G(AK,f ) ∼= G(AL,f ), we use that a

topological ring isomorphism AK
∼= AL implies the existence of topological iso-

morphisms Φp : Kp
∼= Lϕ(p) of local fields for some bijection of places ϕ : MK,f →

ML,f (again by Proposition 2.3). The fact that all Φp are homeomorphisms implies
in particular that Φp(OK,p) = OL,ϕ(p) for all p. Now G(AK,f ) ∼= G(AL,f ) is im-
mediate from the definition of finite-adelic point groups (with topology) in 3.4(2) or,
equivalently, 3.4(3). This finishes the proof of Theorem C. �
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6. HECKE ALGEBRAS AND PROOF OF THEOREM E

6.1. Definition. Let G denote a linear algebraic group over Q. Because AK,f

is locally compact, G{K} := G(AK,f ) is a locally compact topological group
for the topology described in Definition 3.4, equipped with a (left) invariant Haar
measure µG{K}. The finite (or non-archimedean) real Hecke algebra HG(K) =
C∞c (G{K},R) of G over K is the algebra of all real-valued locally constant com-
pactly supported continuous functions Φ : G{K} → R with the convolution product

Φ1 ∗ Φ2 : g 7→
∫

G{K}
Φ1(gh−1)Φ2(h)dµG{K}(h).

(Replacing R by C yields the finite-adelic complex Hecke algebra; the results in this
section also hold in the complex setting.)

Every element of HG(K) is a finite linear combination of characteristic functions
on double cosets KhK, for h ∈ G{K} and K a compact open subgroup of G{K}.
Alternatively, we may write

HG(K) = lim−→
K

H (G{K}//K),

where H (G{K}//K) is the Hecke algebra of K-biinvariant smooth functions on
G{K} (for example, if K is maximally compact, this is the spherical Hecke algebra).

6.2. Definition. We define the L1-norm on functions on G{K} through

||f ||1 =

∫

G{K}
|f |dµG{K}.

Then let L1(G{K}) denote the group algebra, i.e., the algebra of real-valued L1-
functions on G{K} with respect to the Haar measure µG{K}, under convolution.

6.3. Definition. An isomorphism of Hecke algebras Ψ: HG(K)
∼→HG(L) which

is an isometry for the L1-norms arising from the Haar measures (i.e., which satisfies
||Ψ(f)||1 = ||f ||1 for all f ∈ HG(K)) is called an L1-isomorphism. We will denote
this by

HG(K) ∼=L1 HG(L).

Before we give its proof, let us recall the statement of Theorem E:

6.4. Theorem (Theorem E). Let K and L be two number fields, and let G denote
a linear algebraic group over Q, fertile for K and L. There is an L1-isomorphism
of Hecke algebras HG(K) ∼=L1 HG(L) if and only if there is a ring isomorphism
AK
∼= AL.

Proof. The proof consists of two steps: first we show, using the Stone-Weierstrass the-
orem, that the Hecke algebras are dense in the group algebras, and then we use results
on reconstructing a locally compact group from its group algebra due to Wendel.
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Step 1: HG(K) ∼=L1 HG(L) implies L1(G{K}) ∼=L1 L1(G{L}). By the locally
compact real version of the Stone-Weierstrass theorem [13, 7.37(b)], HG(K) is dense
in C0(G{K}) for the sup-norm, where C0(G{K}) denotes the functions that van-
ish at infinity, i.e., such that |f(x)| < ε outside a compact subset of G{K}. In-
deed, one needs to check the nowhere vanishing and point separation properties of
the algebra. Since HG(K) contains the characteristic function of any compact sub-
set K ⊆ G{K}, the algebra vanishes nowhere, and the point separating property
follows since G{K} is Hausdorff. A fortiori, HG(K) is dense in the compactly sup-
ported functions Cc(G{K}) for the sup-norm, and hence also in the L1-norm. Now
Cc(G{K}) is dense in L1(G{K}), and the claim follows.

Step 2: L1(G{K}) ∼=L1 L1(G{L}) impliesG{K} ∼= G{L}. Indeed, anL1-isometry
HG(K) ∼=L1 HG(L) implies an L1-isometry of group algebras L1(G{K}) ∼=L1

L1(G{L}). Hence the result follows from a theorem due to Wendel [41, Theorem
1], which says that an L1-isometry of group algebras of locally compact topological
groups is always induced by an isomorphism of the topological groups.

Step 3: If G is fertile, G{K} ∼= G{L} implies AK
∼= AL. This is Theorem C. �

6.5. Corollary. If G is a connected linear algebraic group over Q which is fertile
for K and L, where K and L are two numbers fields which are Galois over Q, then
an L1-isomorphism of Hecke algebras HG(K) ∼= HG(L) implies that the fields K
and L are isomorphic.

Proof. Since the hypotheses imply that the fields are arithmetically equivalent, the
result follows from Proposition 2.3.(iii). �

Since GL(n) is fertile if n ≥ 2, we obtain Corollary F.

Variations on Theorem E.

(1) The theorem is also true if the real-valued Hecke algebra is replaced by
the complex-valued Hecke algebra (using the complex versions of Stone-
Weierstrass and Kawada/Wendel).

(2) It seems that the theorem also holds for the full Hecke algebra HG ⊗H ∞
G ,

where H ∞
G is the archimedean Hecke algebra for G, viz., the convolution

algebra of distributions on G(R ⊗Q K) supported on a maximal compact
subgroup of G(R ⊗Q K), but we have not checked the analytic details.

APPENDIX A. AN EQUIVALENT DEFINITION OF FERTILITY

The following was observed by Wilberd van der Kallen:

A.1. Proposition. G is fertile over K if and only if it contains a K-split maximal
torus, and the connected component of the identity G0 is not a direct product of a
torus and a unipotent group.

Proof. Suppose for the entire proof that G contains a K-split maximal torus.
Since Borel groups are connected, the identity componentG0 contains a Borel group,
and since Borel groups are conjugate over K, the condition of fertility in Definition
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3.2 is equivalent to G0 containing a Borel subgroup with non-trivial action of its torus
T on the abelianization Uab of its maximal unipotent subgroup U .
We claim that T acts non-trivially on Uab if and only if T acts non-trivially on U .
Hence, G is not fertile if and only if G0 contains a Borel subgroup in which the torus
acts trivially on the unipotent part. If this happens, we conclude from the short exact
sequence of algebraic groups

1→ Ru(G)→ G0 → S → 1,

where Ru(G) is the unipotent radical of G and S is a reductive group, that S has only
trivial roots. The classification of reductive groups in characteristic zero implies that
S is a torus, so Ru(G) = U , S = T , and G0 is itself a Borel group T × U , which is
what we wanted to prove.
Let us now prove the claim. Since we are in characteristic zero and T is reductive, it is
linearly reductive. Hence, by [7, Corollary A.8.11], T acts trivially on a connected al-
gebraic group if and only if it acts trivially on its Lie algebra. Thus, it suffices to show
that T acts non-trivially on Lie(U) if and only if it acts non-trivially on Lie(Uab).
By linear reductivity, Lie(Uab) is a direct factor of u := Lie(U) as a T -module, so
necessity is clear. For the converse, observe that since T acts via the adjoint repre-
sentation, it preserves the lower central series u0 := u; ui := [u, ui−1] (i ≥ 1) of
u. We will show that if T acts trivially on u/uj−1 for some j ≥ 2, then it acts triv-
ially on u/uj . The result will then follow, since Lie(Uab) = u/u1 and u/uk = u for
sufficiently large k, as u is nilpotent.
To prove our claim, we use that, by assumption, T acts trivially on the subalgebra
uj−2/uj−1 of u/uj−1. The bracket [·, ·] : u× uj−2 → uj−1 factors through to give a
surjective T -equivariant map

[·, ·] : u/uj−1 ⊗ uj−2/uj−1 → uj−1/uj.

Hence, T acts trivially on uj−1/uj . By linear reductivity of T , the short exact se-
quence of T -modules

0→ uj−1/uj → u/uj → u/uj−1 → 0,

splits, and we conclude that T acts trivially on the middle term, too. �

APPENDIX B. ALTERNATIVE PROOF OF LEMMA 4.7

The following is an alternative proof of Lemma 4.7 using cohomological methods and
providing some insight into the set of exceptional places. It was inspired by an answer
by Bhargav Bhatt on mathoverflow.net/a/2231.
Let B ⊂ G denote any inclusion of smooth finite-type separated group schemes over
the ring of S-integers OK,S for a suitable finite set of primes S, so that the generic
fibre of B is B and that of G is G. By [1, Theorem 4.C], the fppf sheaf quotient G /B
is a scheme over OK,S ; choose S such that it contains the (finitely many, cf. [10,
Troisième partie, 9.6.1]) places where the special fibre of G /B is not proper. Since
fppf quotients commute with base change, the generic fibre of G /B is G/B.
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We will show that for p ∈MK,f not contained in S, we haveG(Kp) = B(Kp)G (Op).
It suffices to show that

(10) G(Kp)/B(Kp) = G (Op)/B(Op)

for all p /∈ S. We will prove this by arguing that both sides of (10) equal (G /B)(Op).
First consider the long exact sequence in fppf-cohomology associated to the exact
sequence

1→ B → G → G /B → 1

of smooth group schemes (cf. [33, p. 151-152 and Theorem 6.5.10]), over M = Kp

or M = Op:

1→ B(M)→ G (M)→ (G /B)(M)→ H1(M,B)→ . . .

To rewrite the left hand side of (10), we take M = Kp, so we are dealing with
Gal(Kp/Kp)-cohomology. The short exact sequence

1→ U → B → T → 1,

for U a unipotent group and T a maximalK-split torus, induces a long exact sequence

1→ U(Kp)→ B(Kp)→ T (Kp)→ H1(Kp, U)→ H1(Kp, B)→ H1(Kp, T )

→ . . . .

Since T is split over K , hence split (and a fortiori quasisplit) over Kp, and Kp is a
perfect field, applying [32, Lemma 2.4] yields H1(Kp, T ) = 1. Moreover, since Kp

has characteristic zero, H1(Kp, U) = 1 by [32, Lemma 2.7]. Thus, we find that

H1(Kp, B) = 1.

Hence,
G(Kp)/B(Kp) = (G/B)(Kp).

Since G/B is projective and G /B is proper, the valuative criterion of properness
implies that

(G/B)(Kp) = (G /B)(Op).

For the right hand side of (10), we setM = Op and argue as in Step 3 of [33, Theorem
6.5.12]: H1(Op,B) classifies B-torsors over Op; let T → Spec Op denote such a
torsor. By Lang’s theorem, its special fibre Tp → SpecFp over the finite residue field
Fp has a rational point. Since B smooth, so is T , so we can lift the rational point by
Hensel’s Lemma. Hence, T is also trivial, so H1(Op,B) = 1. We conclude that

(G /B)(Op) = G (Op)/B(Op).
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Abstract.

For an irreducible non-permutation matrix A, the triplet (OA,DA, ρA)
for the Cuntz-Krieger algebra OA, its canonical maximal abelian C∗-
subalgebra DA, and its gauge action ρA is called the Cuntz–Krieger
triplet. We introduce a notion of strong Morita equivalence in the
Cuntz–Krieger triplets, and prove that two Cuntz–Krieger triplets
(OA,DA, ρA) and (OB ,DB, ρB) are strong Morita equivalent if and
only if A and B are strong shift equivalent. We also show that the
generalized gauge actions on the stabilized Cuntz–Krieger algebras are
cocycle conjugate if the underlying matrices are strong shift equiva-
lent. By clarifying K-theoretic behavior of the cocycle conjugacy,
we investigate a relationship between cocycle conjugacy of the gauge
actions on the stabilized Cuntz–Krieger algebras and topological con-
jugacy of the underlying topological Markov shifts.
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1 Introduction and Preliminaries

Let A = [A(i, j)]Ni,j=1 be an irreducible matrix with entries in {0, 1} with
1 < N ∈ N. We assume that A is not any permutation matrix. In [7], J. Cuntz
and W. Krieger have introduced a C∗-algebra OA associated to the topological
Markov shift (XA, σA). The C∗-algebra is called the Cuntz–Krieger algebra,
which is a universal unique purely infinite simple C∗-algebra generated by par-
tial isometries S1, . . . , SN subject to the relations:

N∑

j=1

SjS
∗
j = 1, S∗i Si =

N∑

j=1

A(i, j)SjS
∗
j , i = 1, . . . , N. (1.1)

For t ∈ R/Z = T, the correspondence Si → e2π
√−1tSi, i = 1, . . . , N gives

rise to an automorphism of OA denoted by ρAt . The automorphisms ρAt , t ∈ T
yield an action of T on OA called the gauge action. Cuntz and Krieger in [7]
have shown that the algebra OA has close relationships with the underlying
dynamical system called topological Markov shift. Let us denote by XA the
shift space

XA = {(xn)n∈N ∈ {1, . . . , N}N | A(xn, xn+1) = 1 for all n ∈ N}. (1.2)

Define the shift transformation σA on XA by σA((xn)n∈N) = (xn+1)n∈N, which
is a continuous surjection on XA. The topological dynamical system (XA, σA)
is called the one-sided topological Markov shift for matrix A. The two-sided
topological Markov shift (X̄A, σ̄A) is defined similarly with the shift space

X̄A = {(xn)n∈Z ∈ {1, . . . , N}Z | A(xn, xn+1) = 1 for all n ∈ Z} (1.3)

and the shift homeomorphism σ̄A((xn)n∈Z) = (xn+1)n∈Z on X̄A.
Let us denote by DA the C∗-subalgebra of OA generated by the projec-
tions of the form: Si1 · · ·SinS∗in · · ·S∗i1 , i1, . . . , in = 1, . . . , N . The subalge-
bra DA is canonically isomorphic to the commutative C∗-algebra C(XA) of
the complex valued continuous functions on XA by identifying the projection
Si1 · · ·SinS∗in · · ·S∗i1 with the characteristic function χUi1···in

∈ C(XA) of the
cylinder set Ui1···in for the word i1 · · · in. Let us denote by K the C∗-algebra
K(ℓ2(N)) of compact operators on a separable infinite dimensional Hilbert space
ℓ2(N) and by C its maximal abelian C∗-subalgebra of diagonal operators.
In [25], R. F. Williams proved that the topological Markov shifts (X̄A, σ̄A) and
(X̄B, σ̄B) are topologically conjugate if and only if the matrices A,B are strong
shift equivalent. Two nonnegative matrices A,B are said to be elementary
equivalent if there exist nonnegative rectangular matrices C,D such that A =
CD,B = DC. We write it as A ≈

C,D
B. If there exists a finite sequence

of nonnegative matrices A0, A1, . . . , An such that A = A0, B = An and Ai is
elementary equivalent to Ai+1 for i = 0, 1, 2, . . . , n−1, then A and B are said to
be strong shift equivalent. Hence elementary equivalence generates topological
conjugacy of two-sided topological Markov shifts.
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Let A be an irreducible non-permutation matrix. The triplet (OA,DA, ρA) for
the Cuntz-Krieger algebra OA, its canonical maximal abelian C∗-subalgebra
DA, and its gauge action ρA is called the Cuntz–Krieger triplet for the matrixA.
As pointed out in [11], two elementary equivalence matrices A = CD,B = DC
yield an OA − OB-imprimitivity bimodule via the Cuntz–Krieger algebra OZ
for the matrix Z defined by Z =

[
0 C
D 0

]
.

In the first part of the paper, We will introduce a notion of strong Morita
equivalence in the Cuntz–Krieger triplets, and prove the following theorem.

Theorem 1.1 (Corolary 2.19). The Cuntz–Krieger triplets (OA,DA, ρA) and
(OB ,DB, ρB) are strong Morita equivalent if and only if the matrices A and B
are strong shift equivalent.

It is well-known that two unital C∗-algebras A and B are strong Morita equiv-
alent if and only if their stabilizations A ⊗ K and B ⊗ K are isomorphic by
Brown–Green–Rieffel Theorem [3, Theorem 1.2] (cf. [2], [3], [4]). We will
next study relationships between stabilized Cuntz–Krieger algebras with their
gauge actions and strong shift equivalence for matrices. We must emphasize
that Cuntz and Krieger in [7, Theorem 3.8] and Cuntz in [6, Theorem 2.3]
have shown that the stabilized Cuntz–Krieger triplet (OA⊗K,DA⊗C, ρA⊗ id)
is invariant under topological conjugacy of the two-sided topological Markov
shifts (X̄A, σ̄A). We will investigate stabilizations of generalized gauge actions
from a view point of flow equivalence.
Let us denote by C(XA,Z) the set of Z-valued continuous functions on XA.
For f ∈ C(XA,Z), define a one-parameter unitary group Ut(f), t ∈ T = R/Z
in DA by

Ut(f) = exp(2π
√
−1tf), (1.4)

and an automorphism ρA,ft on OA for each t ∈ T by

ρA,ft (Si) = Ut(f)Si, i = 1, . . . , N. (1.5)

For f ≡ 1, the action ρA,1t is the gauge action denoted by ρAt . Suppose that
A = CD and B = DC for some nonnegative rectangular matrices C,D. Then
there exist homomorphisms ϕ : C(XA,Z) → C(XB,Z) and ψ : C(XB,Z) →
C(XA,Z) such that

(ψ ◦ ϕ)(f) = f ◦ σA, (ϕ ◦ ψ)(g) = g ◦ σB (1.6)

for f ∈ C(XA,Z) and g ∈ C(XB,Z). Let us denote by (HA, HA
+) the ordered

cohomology groups for the one-sided topological Markov shift (XA, σA) which
has appeared in [17] by setting

HA = C(XA,Z)/{η − η ◦ σA | η ∈ C(XA,Z)}

and its positive cone

HA
+ = {[η] ∈ HA | η(x) ≥ 0 for all x ∈ XA}.
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The ordered cohomology group (H̄A, H̄A
+ ) for (X̄A, σ̄A) has been considered by

Y. T. Poon in [19]. The latter ordered group (H̄A, H̄A
+ ) has been proved to be

a complete invariant of flow equivalence of the two-sided topological Markov
shift (X̄A, σ̄A) by M. Boyle and D. Handelman in [1]. The two ordered groups
(H̄A, H̄A

+ ) and (HA, HA
+) are actually isomorphic ([17, Lemma 3.1]).

In [15], the following result has been proved.

Theorem 1.2 ([15, Corollary 4.4]). Suppose that A and B are strong shift
equivalent. Then there exist an isomorphism Φ : OA ⊗K → OB ⊗K satisfying
Φ(DA ⊗ C) = DB ⊗ C and a homomorphism ϕ : C(XA,Z) → C(XB ,Z) of or-
dered groups which induces an isomorphism between (HA, HA

+ ) and (HB, HB
+ )

of ordered groups such that for each function f ∈ C(XA,Z) there exists a uni-

tary one-cocycle vft ∈ U(M(OA ⊗K)) relative to ρA,f ⊗ id satisfying

Φ ◦Ad(vft ) ◦ (ρA,ft ⊗ id) = (ρ
B,ϕ(f)
t ⊗ id) ◦ Φ for t ∈ T.

In the second part of the present paper, we will study K-theoretic behavior
of the above isomorphism Φ : OA ⊗ K → OB ⊗ K. Let us denote by ǫA :
K0(OA) → ZN/(id−At)ZN the isomorphism defined in [6, Proposition 3.1]
satisfying ǫA([1A]) = [(1, 1, . . . , 1)], where 1A is the unit of OA. We will prove
the following theorem.

Theorem 1.3 (Proposition 3.10 and Theorem 4.6). Let A and B be elementary
equivalent matrices, and choose matrices C and D satisfying A = CD and
B = DC. Then there exist an isomorphism Φ : OA ⊗ K → OB ⊗ K satisfying
Φ(DA ⊗ C) = DB ⊗ C and a unitary representation t ∈ T → uft ∈ M(DA ⊗ C)
for each f ∈ C(XA,Z) such that

Φ ◦Ad(uft ) ◦ (ρA,ft ⊗ id) = (ρ
B,ϕ(f)
t ⊗ id) ◦ Φ for f ∈ C(XA,Z), t ∈ T

and the diagram

K0(OA)
Φ∗−−−−→ K0(OB)

ǫA

y
yǫB

ZN/(id−At)ZN ΦCt−−−−→ ZM/(id−Bt)ZM

is commutative, where ΦCt is the isomorphism induced by multiplying by the
matrix Ct.

In the third part of the paper, we will study the converse of the above theorem
for the gauge actions. We will introduce an invariant KSSE

0 (OA) which is
a non-empty subset of K0(OA). The invariant KSSE

0 (OA) is realized as the
subset of ZN/(id− At)ZN consisting of the classes [v] of vectors v ∈ ZN such
that v = Dt

1 · · ·Dt
n−1D

t
n[1, 1, . . . , 1]t for some strong shift equivalences A ≈

C1,D1

· · · ≈
Cn,Dn

DnCn (Proposition 5.7). We will then prove the following theorem.
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Theorem 1.4 (Theorem 5.8). Let A,B be irreducible and non-permutation
matrices. The following two assertions are equivalent.

(i) Two-sided topological Markov shifts (X̄A, σ̄A) and (X̄B, σ̄B) are topologi-
cally conjugate.

(ii) There exist an isomorphism Φ : OA ⊗K → OB ⊗K and a unitary repre-
sentation t ∈ T→ vAt ∈M(DA ⊗ C) such that

Φ(DA ⊗ C) = DB ⊗ C, Φ ◦Ad(vAt ) ◦ (ρAt ⊗ id) = (ρBt ⊗ id) ◦ Φ for t ∈ T,

Φ∗(K
SSE
0 (OA)) = KSSE

0 (OB).

The set KSSE
0 (OA) is always a non-empty subset of K0(OA). If in particular

the condition KSSE
0 (OA) = K0(OA) holds, the matrix A is said to have full

units. In this case, we have the following corollary.

Corollary 1.5 (Corollary 5.12). Suppose that the matrices A and B have full
units. Then the two-sided topological Markov shifts (X̄A, σ̄A) and (X̄B , σ̄B) are
topologically conjugate if and only if there exist an isomorphism Φ : OA⊗K →
OB ⊗K of C∗-algebras and a unitary representation t ∈ T→ vAt ∈M(DA⊗C)
such that

Φ(DA ⊗ C) = DB ⊗ C, Φ ◦Ad(vAt ) ◦ (ρAt ⊗ id) = (ρBt ⊗ id) ◦ Φ.

Throughout the paper, we denote by N the set of positive integers and by
Z+ the set of nonnegative integers, respectively. For the one-sided topological
Markov shift (XA, σA), a word µ = (µ1, . . . , µk) for µi ∈ {1, . . . , N} is said to
be admissible for XA if (µ1, . . . , µk) = (x1, . . . , xk) for some element (xn)n∈N ∈
XA. The length of µ is denoted by |µ| = k. We denote by Bk(XA) the set
of all admissible words of length k. We similarly denote by Bk(X̄A) the set
of admissible words of length k, so that Bk(X̄A) = Bk(XA). The cylinder set
{(xn)n∈N ∈ XA | x1 = µ1, . . . , xk = µk} for µ = (µ1, . . . , µk) ∈ Bk(XA) is
denoted by Uµ.

This paper is a revised version of arXiv:1604.02763v1, in which the given proofs
of the main results were incorrect.

2 Strong Morita equivalence for Cuntz–Krieger triplets

There is a standard method to associate a Cuntz–Krieger algebra from a square
matrix with entries in nonnegative integers as described in [7, Remark 2.16] (see
also [23, Section 4]). Now we suppose that A = [A(i, j)]Ni,j=1 is an N×N matrix
with entries in nonnegative integers. Then the associated graphGA = (VA, EA)
consists of the vertex set VA = {vA1 , . . . , vAN} of N vertices and the edge set
EA = {a1, . . . , aNA}, where there are A(i, j) edges from vAi to vAj . Hence the

total number of edges is
∑N

i,j=1 A(i, j) denoted by NA. For ai ∈ EA, denote by
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t(ai), s(ai) the terminal vertex of ai, the source vertex of ai, respectively. The
graph GA has the NA × NA transition matrix AG = [AG(i, j)]NAi,j=1 of edges
defined by

AG(i, j) =

{
1 if t(ai) = s(aj),

0 otherwise.
(2.1)

The Cuntz–Krieger algebra OA for the matrix A with entries in nonnegative
integers is defined as the Cuntz–Krieger algebra OAG for the matrix AG which
is the universal C∗-algebra generated by partial isometries Sai indexed by edges
ai, i = 1, . . . , NA subject to the relations:

NA∑

j=1

SajS
∗
aj = 1, S∗aiSai =

NA∑

j=1

AG(i, j)SajS
∗
aj for i = 1, . . . , NA. (2.2)

For a word µ = (µ1, . . . , µk), µi ∈ EA, we denote by Sµ the partial isometry
Sµ1 · · ·Sµk .
As in the standard text books [9], [10] of symbolic dynamics, the two-sided
topological Markov shift defined by a square matrix with entries in {0, 1} is
naturally topologically conjugate to a topological Markov shift of the edge shift
defined by the underlying directed graph. In what follows, we consider edge
shifts and hence square matrices with entries in nonnegative integers (cf. [9],
[10], [25], etc.). Such a matrix is simply called a nonnegative square matrix.
For a nonnegative square matrix A, the two-sided shift space X̄A is defined by
the two-sided shift space X̄AG for the matrix AG which consists of the two-sided
bi-infinite sequences of concatenated edges of the directed graph GA.
Let A and B be elementary equivalent matrices, and choose matrices C and
D satisfying A = CD and B = DC. The sizes of the matrices A and B are
denoted by N and M respectively, so that C is an N ×M matrix and D is an

M × N matrix, respectively. We set Z =

[
0 C
D 0

]
as a block matrix, and we

see

Z2 =

[
CD 0

0 DC

]
=

[
A 0
0 B

]
.

For the rectangular matrices C and D, the vertex sets VC and VD are defined
by the disjoint union VA ⊔ VB , and C(i, j) directed edges are defined from the
vertex vAi to vBj , and D(j, i) directed edges are defined from the vertex vBj to

vAi , respectively. The former forms a directed graph written GC = (VC , EC),
and the latter forms a directed graph written GD = (VD, ED), Hene we have
five directed graphs GA = (VA, EA), GB = (VB , EB), GC = (VC , EC), GD =
(VD, ED) andGZ = (VZ , EZ) associated to the nonnegative matricesA,B,C,D
and Z, respectively. In the identity

A(i, j) =

NB∑

k=1

C(i, k)D(k, j) for i, j = 1, . . . , NA,
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the left hand side expresses the number of edges in EA starting with vAi and
ending with vAj , whereas the right hand side expresses the number of pairs of

edges EC and ED starting with vAi through some vertex vBk and ending with
vAj . Hence we may take a bijection, which is denoted by ϕA,CD, from EA to a
subset of EC × ED. The other identity B = DC similarly admits us to take
a bijection, which is denoted by ϕB,DC , from EB to a subset of ED × EC .
Let Sc, Sd, c ∈ EC , d ∈ ED be the generating partial isometries of the Cuntz–
Krieger algebra OZ for the matrix Z, so that

∑
c∈EC ScS

∗
c +

∑
d∈ED SdS

∗
d = 1

and

S∗cSc =
∑

d∈ED
Z(c, d)SdS

∗
d , S∗dSd =

∑

c∈EC
Z(d, c)ScS

∗
c

for c ∈ EC , d ∈ ED. Since ScSd 6= 0 (resp. SdSc 6= 0) if and only if ϕA,CD(a) =
cd (resp. ϕB,DC(b) = dc) for a unique edge a ∈ EA (resp. b ∈ EB), we may
identify cd (resp. dc) with a (resp. b) through the map ϕA,CD (resp. ϕB,DC).
We may then write Scd = Sa (resp. Sdc = Sb) where Scd denotes ScSd (resp.
Sdc denotes SdSc). We define two particular projections PC and PD in DZ by
PC =

∑
c∈EC ScS

∗
c and PD =

∑
d∈ED SdS

∗
d so that PC + PD = 1. It has been

shown in [11] (cf. [15]) that

PCOZPC = OA, PDOZPD = OB, DZPC = DA, DZPD = DB. (2.3)

As in [11, Lemma 3.10], both PC and PD are full projections so that PCOZPD
has a natural structure of OA–OB imprimitivity bimodule that makes OA and
OB strong Morita equivalent (cf. [16], [21], [22]).
Let ρZ , ρA, ρB be the gauge actions of T on OZ ,OA,OB, respectively. Since
ScSd (resp. SdSc) in OZ is identified with Sa in OA (resp. Sb in OB) if
ϕA,CD(a) = cd (resp. ϕB,DC(b) = dc, we have

ρZt |PCOZPC = ρA2t on OA, ρZt |PDOZPD = ρB2t on OB . (2.4)

Let A be an irreducible non-permutation matrix. The triplet (OA,DA, ρA) for
the Cuntz-Krieger algebra OA, its canonical maximal abelian C∗-subalgebra
DA, and its gauge action ρA is called the Cuntz–Krieger triplet for the matrix
A. In this section we will define the notion of strong Morita equivalence in
Cuntz–Krieger triplets. We will then prove that the Cuntz–Krieger triplets
(OA,DA, ρA) and (OB,DB, ρB) are strong Morita equivalent if and only if the
matrices A and B are strong shift equivalent. Let A,B be irreducible non-
permutation matrices.

Definition 2.1. The Cuntz–Krieger triplets (OA,DA, ρA) and (OB,DB , ρB)
are said to be strong Morita equivalent in 1-step if there exist a Cuntz–Krieger
triplet (OZ ,DZ , ρZ) for some nonnegative matrix Z and projections PA, PB ∈
DZ having the following properties:

(1) PA + PB = 1,
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(2) OZ contains both OA and OB as subalgebras, and

PAOZPA = OA and PBOZPB = OB,
(3) DZPA = DA and DZPB = DB,
(4) ρZt |PAOZPA = ρA2t on OA and ρZt |PBOZPB = ρB2t on OB for t ∈ T.

In this case, we say that (OA,DA, ρA) and (OB,DB, ρB) are strong Morita
equivalent in 1-step via (OZ ,DZ , ρZ). If two Cuntz–Krieger triplets
(OA,DA, ρA) and (OB,DB, ρB) are connected through n-chains of strong
Morita equivalences in 1-step, (OA,DA, ρA) and (OB,DB, ρB) are said to be
strong Morita equivalent in n-step, or simply, strong Morita equivalent.
The one-sided topological Markov shifts (XA, σA) and (XB, σB) are said to
be eventually conjugate if there exist a homeomorphism h : XA → XB and a
nonnegative integer K such that

σKB (h(σA(x))) =σKB (h(x)), x ∈ XA,

σKA (h−1(σB(y))) =σKA (h−1(y)), y ∈ XB.

It has been shown that there exists an isomorphism Φ : OA −→ OB satis-
fying Φ(DA) = DB and Φ ◦ ρAt = ρBt ◦ Φ, t ∈ T if and only if the one-sided
topological Markov shifts (XA, σA) and (XB, σB) are eventually conjugate ([15,
Corollary 3.5]). The latter condition implies that their two-sided topological
Markov shifts (X̄A, σ̄A) and (X̄B, σ̄B) are topologically conjugate by [14, The-
orem 5.5] (cf. [14, Theorem 6.7]). Hence an isomorphic Cuntz–Krieger triplets
(OA,DA, ρA) and (OB,DB, ρB) yields a strong shift equivalence between the
underlying matrices A and B.

Proposition 2.2. If A and B are elementary equivalent, then their Cuntz–
Krieger triplets (OA,DA, ρA) and (OB,DB, ρB) are strong Morita equivalent
in 1-steps,

Proof. Let A and B be elementary equivalent matrices, and choose matrices C

and D satisfying A = CD,B = DC. Let Z be the square matrix Z =

[
0 C
D 0

]
.

By the above discussions, there exist projections PC , PD in DZ satisfying PC +
PD = 1 and (2.3) (2.4).

The main purpose of this section is to study the converse implication of Propo-
sition 2.2.
We henceforth assume that (OA,DA, ρA) and (OB ,DB, ρB) are strong Morita
equivalent in 1-step via (OZ ,DZ , ρZ) for some matrix Z. We may take two
projections PA, PB in DZ having the properties (1), (2), (3) and (4) in Definition
2.1. Let us denote by GZ = (VZ , EZ) the directed graph for the matrix Z. The
Cuntz–Krieger algebra OZ is then generated by partial isometries Sγ , γ ∈ EZ
satisfying the relations:

∑

η∈EZ
SηS

∗
η = 1, S∗γSγ =

∑

η∈EZ
ZG(γ, η)SηS

∗
η for γ ∈ EZ (2.5)
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where ZG(γ, η) = 1 if t(γ) = s(η), and 0 otherwise. We have the following
lemmas.

Lemma 2.3. Let Sγ , γ ∈ EZ be the generating partial isometries of OZ satisfy-
ing (2.5). Then we have

(i) PASγPA = PBSγPB = 0.

(ii) Sγ = PASγPB + PBSγPA.

(iii) PASγ = SγPB and PBSγ = SγPA.

Proof. By the equality PA + PB = 1, we have

Sγ = PASγPA + PASγPB + PBSγPA + PBSγPB.

Since PASγPA belongs to PAOZPA which is identified with OA, the condition
(4) of Definition 2.1 gives rise to the equality

ρZt (PASγPA) = ρA2t(PASγPA). (2.6)

As ρZt |DZ = id and PA, PB ∈ DZ , the left hand side for t = 1
2 of (2.6) equals

PAρ
Z
1
2
(Sγ)PA = −PASγPA.

As ρA1 = id, the right hand side for t = 1
2 equals PASγPA. Hence we have

PASγPA = 0 and similarly PBSγPB = 0. Therefore we know (i) and hence (ii).
The assertion (iii) follows from (ii) since PA and PB are mutually orthogonal
projections.

Lemma 2.4.
∑

γ∈EZ
SγPAS

∗
γ = PB ,

∑

γ∈EZ
SγPBS

∗
γ = PA. (2.7)

Proof. By Lemma 2.3, we know SγPA = PBSγ so that

∑

γ∈EZ
SγPAS

∗
γ =

∑

γ∈EZ
PBSγS

∗
γ = PB. (2.8)

Similarly we see that
∑
γ∈EZ SγPBS

∗
γ = PA.

We notice the identities in the following lemma which immediately come from
Lemma 2.3 (iii).

Lemma 2.5. For γ1, γ2 ∈ EZ , we have the following identities.

(i) Sγ1Sγ2PA = PASγ1Sγ2 ∈ OA and Sγ1Sγ2PB = PBSγ1Sγ2 ∈ OB.

(ii) Sγ1PBSγ2 = PASγ1PBSγ2PA ∈ OA and Sγ1PASγ2 = PBSγ1PASγ2PB ∈
OB.
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Lemma 2.6. Let γ1, γ2 ∈ EZ . Then PASγ1 6= 0, PBSγ2 6= 0 and ZG(γ1, γ2) = 1
if and only if PASγ1Sγ2 6= 0.

Proof. Since the identity

PASγ1Sγ2 = PASγ1PBSγ2 = Sγ1Sγ2PA = Z(γ1, γ2)Sγ1Sγ2PA (2.9)

holds, the if part is obvious. It suffices to show the only if part. By the identity
(2.9), we have

(PASγ1Sγ2)∗(PASγ1Sγ2) = (Sγ1Sγ2PA)∗Sγ1Sγ2PA
= PAS

∗
γ2S
∗
γ1Sγ1Sγ2PA

=
∑

η1∈EZ
ZG(γ1, η1)PAS

∗
γ2Sη1S

∗
η1Sγ2PA

= ZG(γ1, γ2)PAS
∗
γ2Sγ2PA

= ZG(γ1, γ2)(PBSγ2)∗(PBSγ2).

The above equalities ensure the only if part.

Lemma 2.7. Let γ1, γ2, η1, η2 ∈ EZ . Then Sγ1Sγ2 6= 0, Sγ2Sη1 6= 0, PASη1Sη2 6=
0 if and only if PASγ1Sγ2Sη1Sη2 6= 0.

Proof. Since PASγ1Sγ2Sη1Sη2 = Sγ1Sγ2PASη1Sη2 , the if part is obvious. It
suffices to show the only if part. We have

(PASγ1Sγ2Sη1Sη2)∗(PASγ1Sγ2Sη1Sη2)

=PAS
∗
η2S
∗
η1S
∗
γ2S
∗
γ1Sγ1Sγ2Sη1Sη2PA

=
∑

ζ1∈EZ
ZG(γ1, ζ1)PAS

∗
η2S
∗
η1S
∗
γ2Sζ1S

∗
ζ1Sγ2Sη1Sη2PA

=ZG(γ1, γ2)
∑

ζ2∈EZ
ZG(γ2, ζ2)PAS

∗
η2S
∗
η1Sζ2S

∗
ζ2Sη1Sη2PA

=ZG(γ1, γ2)ZG(γ2, η1)
∑

ζ3∈EZ
ZG(η1, ζ3)PAS

∗
η2Sζ3S

∗
ζ3Sη2PA

=ZG(γ1, γ2)ZG(γ2, η1)ZG(η1, η2)PAS
∗
η2Sη2PA.

The above equalities ensure the only if part.

Now we are assuming that the Cuntz–Krieger triplets (OA,DA, ρA) and
(OB ,DB, ρB) are strong Morita equivalent in 1-step via (OZ ,DZ , ρZ). Recall
that Bk(XA) denotes the set of admissible words γ1 · · · γk of XZ with length
k. For k = 2, we see

B2(XA) = {γ1γ2 | ZG(γ1, γ2) = 1}.

Let us note that for γ1, γ2 ∈ EZ , the word γ1γ2 belongs to B2(XA) if and only
if Sγ1Sγ2 6= 0.
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We introduce several directed graphs in this situation. Define edge sets
EÃ, EB̃, EC̃ , ED̃ by setting

EÃ = {(A, γ1γ2) ∈ {A} ×B2(XZ) | PASγ1Sγ2 6= 0},
EB̃ = {(B, γ1γ2) ∈ {B} ×B2(XZ) | PBSγ1Sγ2 6= 0},
EC̃ = {(A, γ1) ∈ {A} × EZ | PASγ1 6= 0},
ED̃ = {(B, γ1) ∈ {B} × EZ | PBSγ1 6= 0}

and vertex sets VÃs, VÃt, VB̃s, VB̃t, VC̃s, VC̃t, VD̃s, VD̃t by setting

VÃs = {(A, s(γ1)) ∈ {A} × VZ | (A, γ1γ2) ∈ EÃ},
VÃt = {(A, t(γ2)) ∈ {A} × VZ | (A, γ1γ2) ∈ EÃ},
VB̃s = {(B, s(γ1)) ∈ {B} × VZ | (B, γ1γ2) ∈ EB̃},
VB̃t = {(B, t(γ2)) ∈ {B} × VZ | (B, γ1γ2) ∈ EB̃},
VC̃s = {(A, s(γ1)) ∈ {A} × VZ | (A, γ1) ∈ EC̃},
VC̃t = {(B, t(γ1)) ∈ {A} × VZ | (A, γ1) ∈ EC̃},
VD̃s = {(B, s(γ1)) ∈ {B} × VZ | (B, γ1) ∈ ED̃},
VD̃t = {(A, t(γ1)) ∈ {B} × VZ | (B, γ1) ∈ ED̃}.

Lemma 2.8. Keep the above notation. We have

(i) VÃs = VÃt = VC̃s = VD̃t.

(ii) VB̃s = VB̃t = VD̃s = VC̃t.

Proof. (i) We will first show the equality VÃs = VÃt. Take an arbitrary vertex
(A, s(γ1)) ∈ VÃs and γ2 ∈ EZ with PASγ1Sγ2 6= 0, so that t(γ1) = s(γ2). We
may find η1, η2 ∈ EZ such that Sη1Sη2 6= 0 and t(η2) = s(γ1). By Lemma 2.7,
we have Sη1Sη2Sγ1Sγ2PA 6= 0. Since Sη1Sη2Sγ1Sγ2PA = PASη1Sη2Sγ1Sγ2 , we
have PASη1Sη2 6= 0 so that (A, t(η2)) ∈ VÃt and hence (A, s(γ1) ∈ VÃt. This
shows that the inclusion relation VÃs ⊂ VÃt holds. Similarly we obtain that
VÃt ⊂ VÃs so that VÃs = VÃt.
We will second show the equality VC̃s = VD̃t. Take an arbitrary vertex
(A, s(γ1)) ∈ VC̃s. We see that PASγ1 6= 0 and hence Sγ1PB 6= 0. Now both
matrices A and B are assumed to be irreducible and not any permutations, so
that Z and hence ZG are irreducible and not any permutations. This implies
that

∑
γ′∈EZ S

∗
γ′Sγ′ ≥ 1. Hence we may find γ2 ∈ EZ such that Sγ2Sγ1PB 6= 0

so that t(γ2) = s(γ1). Since Sγ2Sγ1PB = PBSγ2Sγ1 , we have PBSγ2 6= 0. This
implies that (B, γ2) ∈ ED̃ and (A, t(γ2)) ∈ VD̃t. As t(γ2) = s(γ1), we obtain
that (A, s(γ1)) ∈ VD̃t so that VC̃s ⊂ VD̃t. We see VD̃t ⊂ VC̃s similarly so that
VC̃s = VD̃t.
We will finally show that VÃs = VC̃s. Since the condition PASγ1Sγ2 6= 0
implies PASγ1 6= 0, we have VÃs ⊂ VC̃s. Conversely, for (A, s(γ1)) ∈ VC̃s, we
have PASγ1 6= 0 so that Sγ1PB 6= 0. Since PB =

∑
γ′∈EZ Sγ′PAS

∗
γ′ , we may

find γ2 ∈ EZ such that Sγ1Sγ2PA 6= 0. Hence we see that PASγ1Sγ2 6= 0 so that
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(A, s(γ1)) ∈ VÃs. This shows that VÃs = VC̃s. Therefore (i) has been shown.
(ii) is shown similarly.

Let us denote by VÃ and by VB̃ the first four vertex sets and the second four
vertex sets in Lemma 2.8, respectively. Namely we put

VÃ := VÃs = VÃt = VC̃s = VD̃t,

VB̃ := VB̃s = VB̃t = VD̃s = VC̃t.

For an edge (A, γ1γ2) ∈ EÃ, define its source and terminal vertices by

s(A, γ1γ2) = (A, s(γ1)) ∈ VÃs, t(A, γ1γ2) = (A, t(γ2)) ∈ VÃt.

We then have a directed graph (VÃ, EÃ) denoted by GÃ. We have a directed
graph GB̃ = (VB̃ , EB̃) similarly. From an edge (A, γ1) ∈ EC̃ , define its source
and terminal vertices by

s(A, γ1) = (A, s(γ1)) ∈ VC̃s, t(A, γ1) = (A, t(γ1)) ∈ VC̃t.

We have a directed graph GC̃ = (VÃ
EC̃−→ VB̃) and similarly GD̃ = (VB̃

ED̃−→ VÃ).

Let Ã be the vertex transition matrix Ã : VÃ×VÃ −→ Z+ of the directed graph
GÃ which is defined by

Ã((A, u), (A, v)) = |{(A, γ1γ2) ∈ EÃ | s(γ1) = u, t(γ2) = v}|

for (A, u), (A, v) ∈ VÃ. The edge transition matrix ÃG : EÃ ×EÃ −→ {0, 1} of
GÃ is defined by

ÃG(γ1γ2, η1η2) =

{
1 if t(A, γ1γ2) = s(A, η1η2),

0 otherwise

for (A, γ1γ2), (A, η1η2) ∈ EÃ. We similarly have the vertex transition matrices

B̃, C̃, D̃ and the edge transition matrices B̃G, C̃G, D̃G of the directed graphs
GB̃ , GC̃ , GD̃, respectively.

Proposition 2.9. The matrices Ã and B̃ are elementary equivalent such that

Ã = C̃D̃ and B̃ = D̃C̃.

Hence the two-sided topological Markov shifts (X̄Ã, σ̄Ã) and (X̄B̃, σ̄B̃) are topo-
logically conjugate.

Proof. For (A, γ1γ2) with γ1, γ2 ∈ EZ , Lemma 2.6 ensures that (A, γ1) ∈
EC̃ , (B, γ2) ∈ ED̃, Z

G(γ1, γ2) = 1 if and only if (A, γ1γ2) ∈ EÃ. Since

t(A, γ1) = s(B, γ2) if and only if ZG(γ1, γ2) = 1, we know that Ã = C̃D̃,
and B̃ = D̃C̃ similarly.
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A directed graph G = (V,E) with vertex set V and edge set E is said to be
bipartite if V and E may be decomposed into disjoint unions V = V1 ⊔ V2 and
E = E12 ⊔ E21 such that

V1 ={s(γ) ∈ V | γ ∈ E12} = {t(γ) ∈ V | γ ∈ E21},
V2 ={s(γ) ∈ V | γ ∈ E21} = {t(γ) ∈ V | γ ∈ E12}.

Let EZ̃ = EC̃∪ED̃ and VZ̃ = VÃ∪VB̃. It is now obvious that the directed graph

GZ̃ = (VZ̃ , EZ̃) is bipartite. Let us denote by Z̃ and Z̃G the vertex transition
matrix and the edge transition matrix of the directed graph GZ̃ , respectively.
Since GZ̃ is bipartite, by the above proposition, we have

Z̃ =

[
0 C̃

D̃ 0

]
, Z̃2 =

[
Ã 0

0 B̃

]
.

We will study the relationship between the two matrices Z̃ and Z. For γ ∈ EZ ,
denote by S(A,γ), S(B,γ) the partial isometries PASγ , PBSγ , respectively, so that
Sγ = S(A,γ) + S(B,γ).

Lemma 2.10. Let γ1, γ2 ∈ EZ satisfy ZG(γ1, γ2) = 1.

(i) S(B,γ2) 6= 0 implies S(A,γ1) 6= 0.

(ii) S(A,γ2) 6= 0 implies S(B,γ1) 6= 0.

Proof. (i) Since S(A,γ1)S(B,γ2) = PASγ1PBSγ2 = Sγ1Sγ2PA, we have

(S(A,γ1)S(B,γ2))
∗(S(A,γ1)S(B,γ2)) = PAS

∗
γ2S
∗
γ1Sγ1Sγ2PA

=
∑

η1∈EZ
ZG(γ1, η1)PAS

∗
γ2Sη1S

∗
η1Sγ2PA

= ZG(γ1, γ2)S∗(B,γ2)S(B,γ2).

The above equality ensures the assertion. (ii) is shown similarly.

Lemma 2.11. Either of the following two situations occurs:

(1) Both S(A,γ) and S(B,γ) are not zeros for all γ ∈ EZ . In this case we have

C̃G = D̃G = ZG so that Ã = B̃ and Z̃ =

[
0 Z
Z 0

]

(2) For each γ ∈ EZ , either S(A,γ) = 0, S(B,γ) 6= 0 or S(A,γ) 6= 0, S(B,γ) = 0

holds. In this case we have Z̃ = Z.

Proof. Suppose that there exists γ0 ∈ EZ such that both conditions S(A,γ0) 6= 0
and S(B,γ0) 6= 0 hold. Since the directed graph GZ = (VZ , EZ) is irreducible,
for any edge γ ∈ EZ , there exists a finite sequence of edges γ1, . . . , γn in EZ
such that

ZG(γ, γ1) = ZG(γ1, γ2) = · · · = ZG(γn, γ0) = 1.
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By the preceding lemma, any edge η ∈ EZ satisfying ZG(η, γ0) = 1 forces that
S(A,η) 6= 0 and S(B,η) 6= 0. By using this argument repeatedly, we see that
S(A,γ) 6= 0 and S(B,γ) 6= 0. Hence either of the following two cases occurs:

(1) Both S(A,γ) and S(B,γ) are not zeros for all γ ∈ EZ .

(2) For each γ ∈ EZ , either S(A,γ) = 0 or S(B,γ) = 0.

Case (1): We have the following equalities.

S∗γSγ =(S∗(A,γ) + S∗(B,γ))(S(A,γ) + S(B,γ))

=S∗(A,γ)S(A,γ) + S∗(B,γ)S(B,γ)

=
∑

(B,η)∈ED̃

C̃G((A, γ), (B, η))S(B,η)S
∗
(B,η)

+
∑

(A,η)∈EC̃

D̃G((B, γ), (A, η))S(A,η)S
∗
(A,η).

On the other hand, we have

S∗γSγ =
∑

η∈EZ
ZG(γ, η)SηS

∗
η

=
∑

η∈EZ
ZG(γ, η)(PBSηS

∗
ηPB + PASηS

∗
ηPA)

=
∑

η∈EZ
ZG(γ, η)S(B,η)S

∗
(B,η) +

∑

η∈EZ
ZG(γ, η)S(A,η)S

∗
(A,η).

Since both S(A,γ) 6= 0 and S(B,γ) 6= 0 for all γ ∈ EZ , we have

C̃G((A, γ), (B, η)) = ZG(γ, η), D̃G((B, γ), (A, η)) = ZG(γ, η)

for all γ, η ∈ EZ . Hence we have C̃G = D̃G = ZG so that ÃG = B̃G and hence

Ã = B̃. As Z̃ =

[
0 C̃

D̃ 0

]
, we have Z̃G =

[
0 ZG

ZG 0

]
and hence Z̃ =

[
0 Z
Z 0

]
.

Case (2): Suppose that for each γ ∈ EZ , either S(A,γ) 6= 0 or S(B,γ) 6= 0 occurs.
Since the identity

S∗γSγ = S∗(A,γ)S(A,γ) + S∗(B,γ)S(B,γ)

always holds, the situation S(A,γ) 6= 0 or S(B,γ) 6= 0 occurs. Hence in this
case we see that for each γ ∈ EZ , either S(A,γ) = 0, S(B,γ) 6= 0 or S(A,γ) 6=
0, S(B,γ) = 0 occurs. This implies that the edge set EZ is a disjoint union
EZ = EC̃ ⊔ ED̃. As S(A,γ1)S(A,γ2) = 0, S(B,γ1)S(B,γ2) = 0 for all γ1, γ2 ∈ EZ ,

we have Z =

[
0 C̃

D̃ 0

]
so that Z̃ = Z.

We thus see the following lemma and proposition.
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Lemma 2.12. We have a natural identification between the Cuntz–Krieger

triplets (OZ̃ ,DZ̃ , ρZ̃) and (OZ ,DZ , ρZ).

Proof. For γ ∈ EZ , we have that Sγ = PASγ + PBSγ . If PASγ 6= 0,
then (A, γ) ∈ EC̃ . If PBSγ 6= 0, then (B, γ) ∈ ED̃. Hence Sγ belongs to
the C∗-algebra C∗(S(A,γ), S(B,γ′) | (A, γ) ∈ EC̃ , (B, γ′) ∈ ED̃) generated by
S(A,γ), S(B,γ′) with (A, γ) ∈ EC̃ , (B, γ′) ∈ ED̃. Hence we have

C∗(S(A,γ), S(B,γ′) | (A, γ) ∈ EC̃ , (B, γ′) ∈ ED̃) = OZ .

Since EZ̃ = EC̃ ∪ ED̃ and VZ̃ = VC̃ ∪ VD̃, the algebra C∗(S(A,γ), S(B,γ′) |
(A, γ) ∈ EC̃ , (B, γ′) ∈ ED̃) is nothing but OZ̃ , so that OZ̃ is identified with
OZ through the correspondence between S(A,γ) + S(B,γ) ∈ OZ̃ and Sγ ∈ OZ .
We then have

SγS
∗
γ =(S(A,γ) + S(B,γ))(S(A,γ) + S(B,γ))

∗

=(PASγ + PBSγ)(PASγ + PBSγ)∗

=PASγS
∗
γPA + PBSγS

∗
γPA + PASγS

∗
γPB + PBSγS

∗
γPB

=PASγS
∗
γPA + PBSγS

∗
γPB.

Similarly, by a routine calculation, we have the equalities

Sγ1Sγ2 · · ·SγnS∗γn · · ·S∗γ2S∗γ1 =PASγ1PBSγ2 · · ·SγnS∗γn · · ·S∗γ2PBS∗γ1PA
+PBSγ1PASγ2 · · ·SγnS∗γn · · ·S∗γ2PAS∗γ1PB

and

PASγ1Sγ2 · · ·SγnS∗γn · · ·S∗γ2S∗γ1PA =PASγ1PBSγ2 · · ·SγnS∗γn · · ·S∗γ2PBS∗γ1PA,
PBSγ1Sγ2 · · ·SγnS∗γn · · ·S∗γ2S∗γ1PB =PBSγ1PASγ2 · · ·SγnS∗γn · · ·S∗γ2PAS∗γ1PB .

These equalities give us a natural identification between DZ̃ and DZ .
For t ∈ T, we have

ρZt (Sγ) =ρZt (PASγ + PBSγ)

=PAρ
Z
t (Sγ) + PBρ

Z
t (Sγ)

=exp(2π
√
−1t)PASγ + exp(2π

√
−1t)PBSγ

=ρZ̃t (S(A,γ)) + ρZ̃t (S(B,γ))

=ρZ̃t (S(A,γ) + S(B,γ)).

Therefore the Cuntz–Krieger triplets (OZ̃ ,DZ̃ , ρZ̃) and (OZ ,DZ , ρZ) are nat-
urally identified with each other.

Proposition 2.13. Z̃ = Z.
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Proof. By Lemma 2.11, we know that the either of the following two cases
occurs:

(1) Z̃ =

[
0 Z
Z 0

]
, (2) Z̃ = Z.

We assume the first case Z̃ =

[
0 Z
Z 0

]
. Let IZ denote the identity matrix

whose size is the same as that of Z. By the unitary U = 1√
2

[
IZ IZ
IZ −IZ

]
,

we have UZ̃U∗ =

[
Z 0
0 −Z

]
, so that Sp×(Z̃) = Sp×(Z) ∪ (−Sp×(Z)), where

Sp×(Z) denotes the set of non zero spectra of Z. By Lemma 2.12, the Cuntz–

Krieger triplets (OZ̃ ,DZ̃ , ρZ̃) and (OZ ,DZ , ρZ) are isomorphic. Hence, as
we noted in the paragraph before Proposition 2.2, the two-sided topological
Markov shifts (X̄Z̃ , σ̄Z̃) and (X̄Z , σ̄Z) become topologically conjugate, so that

Sp×(Z̃) = Sp×(Z) by a general theory of symbolic dynamics (cf. [10]). This is
a contradiction, and the case (1) does not occur.

We will next study the bipartite graph GÃ from the C∗-algebraic view point.
For (A, γ1γ2) ∈ EÃ, define the partial isometry

S(A,γ1γ2) = PASγ1Sγ2 .

Lemma 2.14. The C∗-subalgebra C∗(S(A,γ1γ2); (A, γ1γ2) ∈ EÃ) of OZ is iso-

morphic to the Cuntz–Krieger algebra OÃ for the matrix Ã.

Proof. We first notice the identity

∑

(A,γ1γ2)∈EÃ

S(A,γ1γ2)S
∗
(A,γ1γ2)

=
∑

γ1,γ2∈EZ
PASγ1Sγ2S

∗
γ2S
∗
γ1PA = PA

holds. We also have

S∗(A,γ1γ2)S(A,γ1γ2)

=PAS
∗
γ2S
∗
γ1Sγ1Sγ2PA

=
∑

ζ1∈EZ
ZG(γ1, ζ1)PAS

∗
γ2Sζ1S

∗
ζ1Sγ2PA

=
∑

η1∈EZ
ZG(γ1, γ2)ZG(γ2, η1)PASη1S

∗
η1PA

=
∑

η1,η2∈EZ
ZG(γ1, γ2)ZG(γ2, η1)ZG(η1, η2)PASη1Sη2S

∗
η2S
∗
η1PA.

For (A, γ1γ2), (A, η1η2) ∈ EÃ, the condition t(A, γ1γ2) = s(A, η1η2) holds if
and only if ZG(γ2, η1) = 1. Hence we know

ZG(γ1, γ2)ZG(γ2, η1)ZG(η1, η2) = ÃG(γ1γ2, η1η2).
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By the above equalities, we have

S∗(A,γ1γ2)S(A,γ1γ2) =
∑

(A,η1η2)∈EÃ

ÃG(γ1γ2, η1η2)S(A,η1η2)S
∗
(A,η1η2)

,

thus proving that the C∗-subalgebra C∗(S(A,γ1γ2); (A, γ1γ2) ∈ EÃ) of OZ is

isomorphic to the Cuntz–Krieger algebra OÃ for the matrix Ã.

Lemma 2.15. The C∗-subalgebra C∗(S(A,γ1γ2); (A, γ1γ2) ∈ EÃ) of OZ is noth-
ing but PAOZPA. Hence the Cuntz–Krieger algebra OÃ is isomorphic to OA.

Proof. Since S(A,γ1γ2) = PASγ1Sγ2PA for (A, γ1γ2) ∈ EÃ, we have
C∗(S(A,γ1γ2); (A, γ1γ2) ∈ EÃ) ⊂ PAOZPA. We will show the converse inclusion
relation. Take an arbitrary fixed X ∈ OZ with PAXPA 6= 0. Let PZ be the
dense ∗-subalgebra of OZ algebraically generated by Sγ , γ ∈ EZ . We may find
Xn ∈ PZ such that ‖X−Xn‖ → 0. Since ‖PAXPA−PAXnPA‖ ≤ ‖X−Xn‖ →
0, it suffices to show that PAXnPA belongs to C∗(S(A,γ1γ2); (A, γ1γ2) ∈ EÃ).
By [7, Lemma 2.2], any element of the subalgebra PZ is a finite linear
combination of elements of the form SµSiS

∗
i S
∗
ν for some admissible words

µ = (µ1, . . . , µm), ν = (ν1, . . . , νn) in XZ . Assume that PASµSiS
∗
i S
∗
νPA 6= 0.

Since PASj = SjPB, we have

PASµ = PASµ1 · · ·Sµm =

{
Sµ1 · · ·SµmPA if m is even,

Sµ1 · · ·SµmPB if m is odd.
(2.10)

The assumption PASµSiS
∗
i S
∗
νPA 6= 0 forces the numbers m,n to be both even,

or both odd.

Case 1: m,n are both even.

We have

PASµSiS
∗
i S
∗
νPA

=PASµ1Sµ2PASµ3Sµ4PA · · ·PASµm−1SµmPASiS
∗
i PA

· S∗νnS∗νn−1
PA · · ·S∗ν4S∗ν3PAS∗ν2S∗ν1PA

=S(A,µ1µ2)S(A,µ3µ4) · · ·S(A,µm−1µm)PASiS
∗
i PAS

∗
(A,νn−1νn)

· · ·S∗(A,ν3ν4)S
∗
(A,ν1ν2)

.

Now we have

PASiS
∗
i PA =

∑

j∈EZ
PASiSjS

∗
jS
∗
i PA =

∑

j∈EZ
S(A,ij)S

∗
(A,ij)

so that PASµSiS
∗
i S
∗
νPA is a finite linear combination of products of the

elements S(A,γ1γ2), S
∗
(A,γ1γ2)

for (A, γ1γ2) ∈ EÃ and hence it belongs to

C∗(S(A,γ1γ2); (A, γ1γ2) ∈ EÃ).

Case 2: m,n are both odd.
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Similarly to Case 1, we have

PASµSiS
∗
i S
∗
νPA

=S(A,µ1µ2) · · ·S(A,µm−2µm−1)S(A,µmi)S
∗
(A,νni)

S∗(A,νn−2νn−1)
· · ·S∗(A,ν1ν2)

so that PASµSiS
∗
i S
∗
νPA belongs to C∗(S(A,γ1γ2); (A, γ1γ2) ∈ EÃ).

Proposition 2.16. The Cuntz–Krieger triplet (OÃ,DÃ, ρÃ) for the matrix Ã
is isomorphic to (OA,DA, ρA).

Proof. By Lemma 2.14 and Lemma 2.15, we know that

OÃ = C∗(S(A,γ1γ2); (A, γ1γ2) ∈ EÃ) = PAOZPA = OA. (2.11)

Under the identification between C∗(S(A,γ1γ2); (A, γ1γ2) ∈ EÃ) and PAOZPA
in Lemma 2.15, the C∗-subalgebra

C∗(S(A,γ1γ2) · · ·S(A,γn−1γn)S
∗
(A,γn−1γn)

· · ·S∗(A,γ1γ2);
(A, γ1γ2), . . . , (A, γn−1γn) ∈ EÃ)

of C∗(S(A,γ1γ2); (A, γ1γ2) ∈ EÃ) generated by the projections

S(A,γ1γ2) · · ·S(A,γn−1γn)S
∗
(A,γn−1γn)

· · ·S∗(A,γ1γ2)

for (A, γ1γ2), . . . , (A, γn−1γn) ∈ EÃ is naturally identified with the C∗-
subalgebra PADZPA of DZ , so that DÃ = DA. By regarding the generating
partial isometry S(A,γ1γ2) for (A, γ1γ2) ∈ EÃ as an element of PAOZPA = OA,
we have

ρÃ2t(S(A,γ1γ2)) =e2π
√−12tS(A,γ1γ2)

=PAe
2π
√−1tSγ1e

2π
√−1tSγ2

=PAρ
Z
t (Sγ1)ρZt (Sγ2)

=ρZt (PASγ1Sγ2).

Since PASγ1Sγ2 ∈ PAOZPA = OA and ρZt |PAOZPA = ρA2t on OA, we have

ρZt (PASγ1Sγ2) = ρA2t(PASγ1Sγ2) = ρA2t(S(A,γ1γ2))

so that ρÃ2t = ρA2t for all t ∈ T and hence ρÃ = ρA.

We thus have

Proposition 2.17. Suppose that the Cuntz–Krieger triplets (OA,DA, ρA) and
(OB ,DB, ρB) are strong Morita equivalent in 1-step. Then the two-sided topo-
logical Markov shifts (X̄A, σ̄A) and (X̄B, σ̄B) are topologically conjugate.
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Proof. Assume that the Cuntz–Krieger triplets (OA,DA, ρA) and (OB,DB , ρB)
are strong Morita equivalent in 1-step. By Proposition 2.9, the matrices Ã, B̃
are elementary equivalent so that their two-sided topological Markov shifts
(X̄Ã, σ̄Ã) and (X̄B̃, σ̄B̃) are topologically conjugate. Proposition 2.16 with [15,
Corollary 3.5] ensures that the ons-sided topological Markov shifts (XÃ, σÃ)
and (XA, σA) are eventually conjugate and hence strongly continuous orbit
equivalent in the sense of [15]. Since the latter property yields topological con-
jugacy of their two-sided topological Markov shifts, the two-sided topological
Markov shifts (X̄Ã, σ̄Ã) and (X̄A, σ̄A) are topologically conjugate. Similarly we
know that the two-sided topological Markov shifts (X̄B̃ , σ̄B̃) and (X̄A, σ̄B) are
topologically conjugate. Therefore we get the assertion.

Now we reach one of the main results of the paper.

Theorem 2.18. Let A,B be irreducible non-permutation matrices. The Cuntz–
Krieger triplets (OA,DA, ρA) and (OB ,DB, ρB) are strong Morita equivalent if
and only if their two-sided topological Markov shifts (X̄A, σ̄A) and (X̄B, σ̄B) are
topologically conjugate.

Proof. The if part comes from Proposition 2.2. The only if part follows from
Proposition 2.17.

By the Williams’s fundamental theorem on topological Markov shifts which
states that two irreducible matrices A and B are strong shift equivalent if and
only if their two-sided topological Markov shifts (X̄A, σ̄A) and (X̄B , σ̄B) are
topologically conjugate ([25]), we obtain the following corollary.

Corollary 2.19. Let A,B be irreducible non-permutation matrices. The
Cuntz–Krieger triplets (OA,DA, ρA) and (OB ,DB, ρB) are strong Morita equiv-
alent if and only if the matrices A and B are strong shift equivalent.

3 Strong shift equivalence and circle actions on OA

It is well-known that two unital C∗-algebras A and B are strong Morita equiv-
alent if and only if their stabilizations A ⊗ K and B ⊗ K are isomorphic by
Brown–Green–Rieffel Theorem [3, Theorem 1.2] (cf. [2], [3], [4], [20]). We will
next study relationships between stabilized Cuntz–Krieger algebras with their
gauge actions and strong shift equivalence matrices. We will investigate stabi-
lizations of generalized gauge actions from a view point of flow equivalence.
Recall that for a function f ∈ C(XA,Z) and t ∈ T, an automorphism

ρA,ft ∈ Aut(OA) is defined by ρA,ft (Si) = Ut(f)Si, i = 1, . . . , N, t ∈ T for
the unitary Ut(f) = exp(2π

√
−1tf) ∈ DA as in (1.5). It is easy to see that the

automorphisms ρA,ft , t ∈ T yield an action of T to OA such that ρA,ft (a) = a
for all a ∈ DA. For f ∈ C(XA,Z) and n ∈ Z+, let us denote by fn the function

fn(x) =
∑n−1
i=0 f(σiA(x)), x ∈ XA. We know that the identity

ρA,ft (Sµ) = Ut(f
n)Sµ (3.1)
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for f ∈ C(XA,Z), µ = (µ1, . . . , µn) ∈ Bn(XA), t ∈ T holds (cf. [15, Lemma
3.1]).

For a C∗-algebra A without unit, let M(A) stand for its multiplier C∗-algebra
defined by

M(A) = {a ∈ A∗∗ | aA ⊂ A, Aa ⊂ A}
where A∗∗ denotes the second dual (A∗)∗ of the C∗-algebra A. An action α
of T to A extends to M(A) and is still denoted by α. For an action α of T
to A, a unitary one-cocycle ut, t ∈ T relative to α is a strongly continuous
map t ∈ T→ ut ∈ U(M(A)) to the unitary group U(M(A)) satisfying ut+s =
usαs(ut), s, t ∈ T. The following proposition has been proved in [15].

Proposition 3.1 ([15, Proposition 4.3]). Let A and B be elementary equivalent
matrices, and choose matrices C and D satisfying A = CD and B = DC. Then
there exist an isomorphism Φ : OA ⊗ K → OB ⊗ K satisfying Φ(DA ⊗ C) =
DB ⊗ C and a homomorphism ϕ : C(XA,Z) → C(XB ,Z) of ordered groups
such that for each function f ∈ C(XA,Z) there exists a unitary one-cocycle

uft ∈ U(M(OA ⊗K)) relative to ρA,f ⊗ id such that

Φ ◦Ad(uft ) ◦ (ρA,ft ⊗ id) = (ρ
B,ϕ(f)
t ⊗ id) ◦ Φ for t ∈ T. (3.2)

In this section, we will first review the proof in [15] of the above proposition to
investigate the K-theoretic behavior of the above isomorphism Φ : OA ⊗ K →
OB ⊗ K. The proof of the above proposition is based on the the proof of [11,
Proposition 4.1], in which Morita equivalence of C∗-algebras has been used (cf.
[2], [3], [4], [5], [8], [12], [16], [18], [24]).
Let A and B be elementary equivalent matrices, and choose matrices C and
D satisfying A = CD and B = DC. As in the previous section, the
equality A(i, j) =

∑NB
k=1 C(i, k)D(k, j) for i, j = 1, . . . , NA forces that the

cardinal numbers of the two sets {a ∈ EA | s(a) = vAi , t(a) = vAj } and

{(c, d) ∈ EC × ED | s(c) = vAi , t(c) = s(d), t(d) = vAj } coincide. Hence
we may take a bijection from EA to the above subset of EC × ED. We fix it
and write it as ϕA,CD. By the other equality B = DC, one may take a bijection

written ϕB,DC from EB to a subset of ED×EC similarly. We set Z =

[
0 C
D 0

]

as a block matrix, and use the same notation as in the previous sections.
For an arbitrary fixed function f ∈ C(XA,Z), we may regard it as an element
of DA and hence of DZ by identifying it with f ⊕ 0 in DA ⊕DB = DZ . As

exp(2π
√
−1t(f ⊕ 0)) = exp(2π

√
−1tf)⊕ PD ∈ U(DZ),

the automorphism ρZ,f⊕0t of OZ for t ∈ T defined by (1.5) satisfies

ρZ,f⊕0t (Sc) = exp(2π
√
−1tf)Sc for c ∈ EC , (3.3)

ρZ,f⊕0t (Sd) = Sd for d ∈ ED. (3.4)
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Fix c ∈ EC and d ∈ ED such that t(c) = s(d), and let a ∈ EA be the unique
edge satisfying ϕA,CD(a) = cd. Let b ∈ EB be the unique edge in EB satisfying
ϕB,DC(b) = dc, in a similar way. The equalities (3.3), (3.4) imply

ρZ,f⊕0t (ScSd) = exp(2π
√
−1tf)ScSd = ρA,ft (Sa),

ρZ,f⊕0t (SdSc) = Sdexp(2π
√
−1tf)Sc = Sdexp(2π

√
−1tf)S∗dSb.

We set ϕ(f) =
∑

d∈ED SdfS
∗
d ∈ DZ . As PDϕ(f)PD = ϕ(f), we see that

ϕ(f) ∈ DB and hence ϕ(f) ∈ C(XB,Z) satisfies
∑

d∈ED
Sdexp(2π

√
−1tf)S∗d = exp(2π

√
−1tϕ(f)) ∈ U(DB).

We similarly set ψ(g) =
∑

c∈EC ScgS
∗
c ∈ C(XA,Z) for g ∈ C(XB ,Z). We thus

see the following lemma.

Lemma 3.2 ([15, Lemma 4.1]). For f ∈ C(XA,Z), g ∈ C(XB ,Z) and t ∈ T,
we have

ρZ,f⊕0t (ScSd) = ρA,ft (Sa), ρZ,f⊕0t (SdSc) = ρ
B,ϕ(f)
t (Sb), (3.5)

ρZ,0⊕gt (SdSc) = ρB,gt (Sb), ρZ,0⊕gt (ScSd) = ρ
A,ψ(g)
t (Sa) (3.6)

where a ∈ EA, b ∈ EB and c ∈ EC , d ∈ ED satisfy ϕA,CD(a) = cd and
ϕB,DC(b) = dc, respectively.

We note that the homomorphisms ϕ : C(XA,Z) → C(XB ,Z) and ψ :
C(XB ,Z)→ C(XA,Z) satisfy the equalities

(ψ ◦ ϕ)(f) = f ◦ σA, (ϕ ◦ ψ)(g) = g ◦ σB
for f ∈ C(XA,Z) and g ∈ C(XB ,Z) ([15, Lemma 4.2]).
By [11, Proposition 4.1], one may find partial isometries vA, vB ∈M(OZ ⊗K)
such that

v∗AvA = v∗BvB = 1⊗ 1, vAv
∗
A = PC ⊗ 1, vBv

∗
B = PD ⊗ 1. (3.7)

Since

Ad(v∗A) : OA ⊗K → OZ ⊗K and Ad(v∗B) : OB ⊗K → OZ ⊗K (3.8)

are isomorphisms satisfying

Ad(v∗A)(DA ⊗ C) = DZ ⊗ C and Ad(v∗B)(DB ⊗ C) = DZ ⊗ C.
By putting

w = vBv
∗
A ∈M(OZ ⊗K), (3.9)

Φ = Ad(w) : OA ⊗K → OB ⊗K, (3.10)

uA,ft = w∗(ρZ,f⊕0t ⊗ id)(w) for f ∈ C(XA,Z), (3.11)

uB,gt = w(ρZ,0⊕gt ⊗ id)(w∗) for g ∈ C(XB ,Z), (3.12)
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they satisfy Φ(DA ⊗ C) = DB ⊗ C and the equalities

Φ ◦Ad(uA,ft ) ◦ (ρA,ft ⊗ id) = (ρ
B,ϕ(f)
t ⊗ id) ◦ Φ for f ∈ C(XA,Z),

Φ ◦ (ρ
A,ψ(g)
t ⊗ id) = Ad(uB,gt ) ◦ (ρB,gt ⊗ id) ◦ Φ for g ∈ C(XB,Z).

The above discussion is a sketch of the proof of Proposition 3.1 given in [15].
In what follows, we will reconstruct partial isometries vA, vB satisfying (3.7)
to investigate the K-theoretic behavior of the map Φ : OA ⊗ K → OB ⊗ K in
the following section. The idea of the reconstruction is due to the proof of [2,
Lemma 2.5] (cf. [11, Proposition 4.1]).
We are assuming that A = CD,B = DC. Keep the notation as in the preceding
section. Put EC = {c1, . . . , cNC} and ED = {d1, . . . , dND} for the matrices C
and D respectively. For k = 1, . . . , ND, take c(k) ∈ EC such that c(k)dk ∈
B2(XZ) so that we have

S∗c(k)Sc(k) ≥ SdkS∗dk .
Similarly for l = 1, . . . , NC , take d(l) ∈ ED such that d(l)cl ∈ B2(XZ) so that
we have

S∗d(l)Sd(l) ≥ SclS∗cl .
Put

U0 = PC , Uk = Sc(k)SdkS
∗
dk for k = 1, . . . , ND, (3.13)

T0 = PD, Tl = Sd(l)SclS
∗
cl

for l = 1, . . . , NC . (3.14)

We then have

ND∑

k=1

U∗kUk =

ND∑

k=1

SdkS
∗
dk
S∗c(k)Sc(k)SdkS

∗
dk

=

ND∑

k=1

SdkS
∗
dk

= PD,

NC∑

k=1

T ∗l Tl =

NC∑

l=1

SclS
∗
cl
S∗d(l)Sd(l)SclS

∗
cl

=

NC∑

l=1

SclS
∗
cl

= PC .

We decompose the set N of natural numbers into disjoint infinite subsets N =
∪∞j=1Nj , and decompose Nj for each j once again into disjoint infinite sets Nj =
∪∞k=0Njk . Let {ei,j}i,j∈N be a set of matrix units which generate the algebra
K = K(ℓ2(N)). Put the projections fj =

∑
i∈Nj ei,i and fjk =

∑
i∈Njk

ei,i, both

of which converge in the strong operator topology on ℓ2(N). Take a partial
isometry sjk,j such that s∗jk,jsjk,j = fj , sjk,js

∗
jk,j

= fjk and put sj,jk = s∗jk,j .
We set for n = 1, 2, . . . ,

un =

ND∑

k=1

Uk ⊗ snk,n, wn = PC ⊗ sn0,n + un,

tn =

NC∑

l=1

Tl ⊗ snl,n, zn = PD ⊗ sn0,n + tn.
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Lemma 3.3. Keep the above notations.

(i) w∗nwn = 1⊗ fn and wnw
∗
n ≤ PC ⊗ fn.

(ii) z∗nzn = 1⊗ fn and znz
∗
n ≤ PD ⊗ fn.

Proof. (i) Since u∗nun = PD ⊗ fn, we have

w∗nwn = PC ⊗ fn + u∗nun = PC ⊗ fn + PD ⊗ fn = 1⊗ fn.

On the other hand, we know that un(PC ⊗ sn,n0) = (PC ⊗ sn,n0)u∗n = 0 so that
we have

wnw
∗
n = PC ⊗ fn0 + unu

∗
n = PC ⊗ fn0 +

ND∑

k=1

Sc(k)SdkS
∗
dkS
∗
c(k) ⊗ fnk .

As fn0 , fnk ≤ fn, we have

wnw
∗
n ≤ PC ⊗ fn.

(ii) is shown similarly.

We will reconstruct and study the isometry vA in (3.7). Let fn,m be a partial
isometry satisfying f∗n,mfn,m = fm, fn,mf

∗
n,m = fn. We put

v1 = w1 = PC ⊗ s10,1 + u1,

v2n = (PC ⊗ fn − v2n−1v∗2n−1)(PC ⊗ fn,n+1) for 1 ≤ n ∈ N,
v2n−1 = wn(1 ⊗ fn − v∗2n−2v2n−2) for 2 ≤ n ∈ N.

Lemma 3.4. Keep the above notation.

(i) v∗2n−2v2n−2 + v∗2n−1v2n−1 = 1⊗ fn.
(ii) v2n−1v∗2n−1 + v2nv

∗
2n = PC ⊗ fn.

Proof. (i) As w∗nwn = 1⊗ fn, we have

v∗2n−2v2n−2 + v∗2n−1v2n−1
=v∗2n−2v2n−2 + (1⊗ fn − v∗2n−2v2n−2)w∗nwn(1⊗ fn − v∗2n−2v2n−2)

=v∗2n−2v2n−2 + 1⊗ fn − v∗2n−2v2n−2
=1⊗ fn.

(ii) We have

v2n−1v
∗
2n−1 + v2nv

∗
2n

=v2n−1v
∗
2n−1 + (PC ⊗ fn − v2n−1v∗2n−1)(PC ⊗ fn)(PC ⊗ fn − v2n−1v∗2n−1)

=v2n−1v
∗
2n−1 + PC ⊗ fn − v2n−1v∗2n−1

=PC ⊗ fn.
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By the above lemma, one may see that the summations
∑∞

n=1 v2n−2 and∑∞
n=1 v2n−1 converge in M(OZ ⊗ K) to certain partial isometries written vev

and vod respectively in the strict topology of the multiplier algebra of OZ ⊗K.
Similarly we obtain a partial isometry vA =

∑∞
n=1 vn in M(OZ ⊗ K) in the

strict topology. Therefore we have the next lemma.

Lemma 3.5. The partial isometries vev , vod and vA defined above satisfy the
following relations:

(i) vA = vod + vev.

(ii) v∗odvod + v∗evvev = 1⊗ 1.

(iii) vodv
∗
od + vevv

∗
ev = PC ⊗ 1.

(iv) v∗AvA = 1⊗ 1 and vAv
∗
A = PC ⊗ 1.

We put

qCod =

∞∑

n=1

v2n−1(PC ⊗ 1)v∗2n−1, qDod =

∞∑

n=1

v2n−1(PD ⊗ 1)v∗2n−1

so that

qCod + qDod = vodv
∗
od and hence qCod + qDod + vevv

∗
ev = PC ⊗ 1.

We will show the following lemma.

Lemma 3.6. vA(ρZ,f⊕0t ⊗ id)(v∗A) = qCod + (Ut(−f)⊗ 1)qDod + vevv
∗
ev.

Proof. We notice that ρZ,f⊕0t (Sc) = Ut(f)Sc for c ∈ EC and ρZ,f⊕0t (Sd) = Sd
for d ∈ ED. As v2n−1v∗2n−1 ∈ DZ ⊗ C, we have (ρZ,f⊕0t ⊗ id)(v2n−1v∗2n−1) =

v2n−1v∗2n−1 and hence (ρZ,f⊕0t ⊗ id)(vev) = vev. We then have

vA(ρZ,f⊕0t ⊗ id)(v∗A) = vod(ρ
Z,f⊕0
t ⊗ id)(v∗od) + vev(ρZ,f⊕0t ⊗ id)(v∗ev)

=

∞∑

n=1

v2n−1(ρZ,f⊕0t ⊗ id)(v∗2n−1) + vevv
∗
ev.

Since

v1(PC ⊗ 1) = PC ⊗ s10,1 and v1(PD ⊗ 1) =

ND∑

k=1

Sc(k)SdkS
∗
dk ⊗ s1k,1,
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we have

(ρZ,f⊕0t ⊗ id)(v∗1) = (PC ⊗ 1)v∗1 + (ρZ,f⊕0t ⊗ id)((PD ⊗ 1)v∗1)

= (PC ⊗ 1)v∗1 +

ND∑

k=1

SdkS
∗
dk
ρZ,f⊕0t (S∗c(k))⊗ s∗1k,1

= (PC ⊗ 1)v∗1 +

ND∑

k=1

SdkS
∗
dk
S∗c(k)Ut(−f)⊗ s∗1k,1

= (PC ⊗ 1)v∗1 + (PD ⊗ 1)v∗1(Ut(−f)⊗ 1),

so that

v1(ρZ,f⊕0t ⊗ id)(v∗1) = v1(PC ⊗ 1)v∗1 + v1(PD ⊗ 1)v∗1(Ut(−f)⊗ 1)

= v1(PC ⊗ 1)v∗1 + (Ut(−f)⊗ 1)v1(PD ⊗ 1)v∗1 .

For 2 ≤ n ∈ N, we have

v2n−1(PC ⊗ 1) = (PC ⊗ sn0,n)(1 ⊗ fn − v∗2n−2v2n−2),

v2n−1(PD ⊗ 1) =

ND∑

k=1

(Sc(k)SdkS
∗
dk ⊗ snk,n)(1⊗ fn − v∗2n−2v2n−2),

and hence

(ρZ,f⊕0t ⊗ id)((PD ⊗ 1)v∗2n−1)

=(1 ⊗ fn − v∗2n−2v2n−2)

ND∑

k=1

SdkS
∗
dkρ

Z,f⊕0
t (S∗c(k))⊗ s∗nk,n

=(1 ⊗ fn − v∗2n−2v2n−2)

ND∑

k=1

SdkS
∗
dkS
∗
c(k)Ut(−f)⊗ s∗nk,n

=(PD ⊗ 1)v∗2n−1(Ut(−f)⊗ 1)

so that

v2n−1(ρZ,f⊕0t ⊗ id)(v∗2n−1)

=v2n−1(PC ⊗ 1)v∗2n−1 + v2n−1(PD ⊗ 1)v∗2n−1(Ut(−f)⊗ 1)

=v2n−1(PC ⊗ 1)v∗2n−1 + (Ut(−f)⊗ 1)v2n−1(PD ⊗ 1)v∗2n−1.

Therefore we have

vod(ρ
Z,f⊕0
t ⊗ id)(v∗od) = qCod + (Ut(−f)⊗ 1)qDod

and hence

vA(ρZ,f⊕0t ⊗ id)(v∗A) = qCod + (Ut(−f)⊗ 1)qDod + vevv
∗
ev.

Documenta Mathematica 22 (2017) 873–915



898 Kengo Matsumoto

By using tn, zn instead of un, wn respectively, we similarly obtain a partial
isometry vB in M(OZ ⊗K) in the strict topology. We then have the following
lemmas.

Lemma 3.7.

(i) The partial isometry vA(ρZ,f⊕0t ⊗ id)(v∗A) for f ∈ C(XA,Z), t ∈ T belongs
to M(DA ⊗ C) and satisfies

vA(ρ
Z,(f1+f2)⊕0
t ⊗ id)(v∗A) = vA(ρZ,f1⊕0t ⊗ id)(v∗A)vA(ρZ,f2⊕0t ⊗ id)(v∗A)

for f1, f2 ∈ C(XA,Z), t ∈ T.

(ii) The partial isometry vB(ρZ,0⊕gt ⊗ id)(v∗B) for g ∈ C(XB ,Z), t ∈ T belongs
to M(DB ⊗ C) and satisfies

vB(ρ
Z,0⊕(g1+g2)
t ⊗ id)(v∗B) = vB(ρZ,0⊕g1t ⊗ id)(v∗B)vB(ρZ,0⊕g2t ⊗ id)(v∗B)

for g1, g2 ∈ C(XB ,Z), t ∈ T.

Proof. (i) Since the projections qCod, q
D
od, vevv

∗
ev all belong to the multiplier alge-

bra M(DA⊗C) of DA⊗C, the preceding lemma ensures that the partial isometry
vA(ρZ,f⊕0⊗ id)(v∗A) belongs to M(DA⊗C). As Ut(f1 +f2) = Ut(f1)Ut(f2), the
desired equality follows.
(ii) is shown similarly.

Lemma 3.8.

(i) (ρZ,0⊕gt ⊗ id)(vA) = vA for g ∈ C(XB ,Z), t ∈ T.

(ii) (ρZ,f⊕0t ⊗ id)(vB) = vB for f ∈ C(XA,Z), t ∈ T.

Proof. (i) Since ρZ,0⊕gt (Sc) = Sc, ρ
Z,0⊕g
t (Sd) = e2π

√−1tgSd, we have

ρZ,0⊕gt (Uk) =ρZ,0⊕gt (Sc(k)SdkS
∗
dk

)

=Sc(k)e
2π
√−1tgSdkS

∗
dke
−2π√−1tg

=Sc(k)SdkS
∗
dk

= Uk.

Hence (ρZ,0⊕gt ⊗ id)(un) = un so that (ρZ,0⊕gt ⊗ id)(wn) = wn. We then have

(ρZ,0⊕gt ⊗ id)(v1) = (ρZ,0⊕gt ⊗ id)(PC ⊗ s10,1 + u1) = PC ⊗ s10,1 + u1 = v1.

Since v2n−1v∗2n−1, v
∗
2n−2v2n−2 ∈ DZ ⊗ C and the restriction of ρZ,0⊕gt ⊗ id to

DZ ⊗ C is the identity, we easily know that

(ρZ,0⊕gt ⊗ id)(v2n) = v2n, (ρZ,0⊕gt ⊗ id)(v2n−1) = v2n−1 for n ∈ N.

We thus have (ρZ,0⊕gt ⊗id)(vn) = vn for all n ∈ N and hence (ρZ,0⊕gt ⊗id)(vA) =
vA.
(ii) is shown similarly.
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We put

w = vBv
∗
A ∈M(OZ ⊗K),

uA,ft = w∗(ρZ,f⊕0t ⊗ id)(w) for f ∈ C(XA,Z),

uB,gt = w(ρZ,0⊕gt ⊗ id)(w∗) for g ∈ C(XB ,Z).

By Lemma 3.8, we have

uA,ft = vAv
∗
B(ρZ,f⊕0t ⊗ id)(vB)(ρZ,f⊕0t ⊗ id)(v∗A) = vA(ρZ,f⊕0t ⊗ id)(v∗A) (3.15)

and similarly uB,gt = vB(ρZ,0⊕gt ⊗ id)(v∗B).

Lemma 3.9.

(i) For each f ∈ C(XA,Z), the unitaries uA,ft , t ∈ T give rise to a unitary

representation of T in M(DA ⊗ C) which satisfies uA,f1+f2t = uA,f1t uA,f2t

for f1, f2 ∈ C(XA,Z).

(ii) For each g ∈ C(XB,Z), the unitaries uB,gt , t ∈ T give rise to a unitary

representation of T in M(DB ⊗ C) which satisfies uB,g1+g2t = uB,g1t uB,g2t

for g1, g2 ∈ C(XB ,Z).

Proof. (i) By Lemma 3.6 and (3.15), we have

uA,ft uA,fs =vA(ρZ,f⊕0t ⊗ id)(v∗A)vA(ρZ,f⊕0s ⊗ id)(v∗A)

=(qCod + (Ut(−f)⊗ 1)qDod + vevv
∗
ev)(qCod + (Us(−f)⊗ 1)qDod + vevv

∗
ev)

=qCod + (Ut+s(−f)⊗ 1)qDod + vevv
∗
ev = uA,ft+s.

The equality uA,f1+f2t = uA,f1t uA,f2t immediately follows from Lemma 3.7. (ii)
is shown similarly.

We thus have

Proposition 3.10. Let A,B be nonnegative irreducible and non-permutation
matrices. Suppose that they are elementary equivalent, and choose matrices
C and D satisfying A = CD, B = DC. Then there exist an isomorphism Φ :
OA⊗K → OB⊗K satisfying Φ(DA⊗C) = DB⊗C, and unitary representations

t ∈ T → uA,ft ∈ M(DA ⊗ C) for each f ∈ C(XA,Z) and t ∈ T → uB,gt ∈
M(DB ⊗ C) for each g ∈ C(XB,Z) such that

Φ ◦Ad(uA,ft ) ◦ (ρA,ft ⊗ id) = (ρ
B,ϕ(f)
t ⊗ id) ◦ Φ for f ∈ C(XA,Z),

Φ ◦ (ρ
A,ψ(g)
t ⊗ id) = Ad(uB,gt ) ◦ (ρB,gt ⊗ id) ◦ Φ for g ∈ C(XB ,Z).

Proof. As in the proof of [15, Proposition 4.3], the map Φ = Ad(w) where
w = vBv

∗
A gives rise to an isomorphism Φ : OA ⊗ K → OB ⊗ K such that

Φ(DA ⊗ C) = DB ⊗ C and

Φ ◦Ad(uA,ft ) ◦ (ρA,ft ⊗ id) = (ρ
B,ϕ(f)
t ⊗ id) ◦ Φ.

The other equality is shown similarly.
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Since both homomorphisms ϕ : C(XA,Z) → C(XB,Z) and ψ : C(XB,Z) →
C(XA,Z) satisfy ϕ(1) = 1, ψ(1) = 1, we have the following corollary.

Corollary 3.11 (cf. [7, Theorem 3.8], [6, Theorem 2.3]). Let A,B be ir-
reducible non-permutation matrices. Suppose that the two-sided topological
Markov shifts (X̄A, σ̄A) and (X̄B, σ̄B) are topologically conjugate. Then there
exist an isomorphism Φ : OA ⊗ K → OB ⊗ K of C∗-algebras satisfying
Φ(DA ⊗ C) = DB ⊗ C, and unitary representations t ∈ T → vAt ∈ M(DA ⊗ C)
and t ∈ T→ vBt ∈M(DB ⊗ C) such that

Φ ◦Ad(vAt ) ◦ (ρAt ⊗ id) = (ρBt ⊗ id) ◦ Φ,
Φ ◦ (ρAt ⊗ id) = Ad(vBt ) ◦ (ρBt ⊗ id) ◦ Φ

where ρAt and ρBt are the gauge actions on OA and OB, respectively.

Remark 3.12. We must emphasize that Cuntz–Krieger in [7, Theorem 3.8]
and Cuntz in [6, Theorem 2.3] have shown that the stabilized Cuntz–Krieger
triplet (OA ⊗ K,DA ⊗ C, ρA ⊗ id) is invariant under topological conjugacy of
the two-sided topological Markov shifts (X̄A, σ̄A). Hence the above corollary
is weaker than their result.

Before ending this section, we will introduce a notion of strong Morita equiva-
lence in the stabilized Cuntz–Krieger triplets. The triplet (OA⊗K,DA⊗C, ρA⊗
id) is called the stabilized Cuntz–Krieger triplet. Two stabilized Cuntz–Krieger
triplets (OA ⊗ K,DA ⊗ C, ρA ⊗ id) and (OB ⊗ K,DB ⊗ C, ρB ⊗ id) are said to
be strong Morita equivalent in 1-step if there exist a stabilized Cuntz–Krieger
triplet (OZ ⊗K,DZ ⊗ C, ρZ ⊗ id) and isomorphisms of C∗-algebras

ΦA : OZ ⊗K −→ OA ⊗ K, ΦB : OZ ⊗K −→ OB ⊗K

satisfying

ΦA(DZ⊗C) = DA ⊗ C, ΦB(DZ ⊗ C) = DB ⊗ C,
ρZt ⊗ id =(Φ−1B ◦ ρBt ⊗ id ◦ ΦB) ◦ (Φ−1A ◦ ρAt ⊗ id ◦ ΦA)

=(Φ−1A ◦ ρAt ⊗ id ◦ ΦA) ◦ (Φ−1B ◦ ρBt ⊗ id ◦ ΦB).

If two stabilized Cuntz–Krieger triplets (OA ⊗K,DA ⊗ C, ρA ⊗ id) and (OB ⊗
K,DB ⊗C, ρB ⊗ id) are connected by n-chains of strong Morita equivalences in
1-step, they are said to be strong Morita equivalent in n-step, or simply strong
Morita equivalent.

Proposition 3.13. Let A and B be irreducible and not any permutation matri-
ces. Suppose that A,B are elementary equivalent. Then the stabilized Cuntz–
Krieger triplets (OA ⊗K,DA ⊗ C, ρA ⊗ id) and (OB ⊗K,DB ⊗ C, ρB ⊗ id) are
strong Morita equivalent in 1-step.
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Proof. Let Z =

[
0 C
D 0

]
. Take isometries vA, vB ∈M(OZ⊗K) satisfying (3.7).

By Lemma 3.8, the following identities hold

(ρZ,0⊕1t ⊗ id)(vA) = vA, (ρZ,1⊕0t ⊗ id)(vB) = vB.

Define ΦA = Ad(vA),ΦB = Ad(vB). As in (3.8), they give rise to isomorphisms

ΦA : OZ ⊗K −→ OA ⊗ K, ΦB : OZ ⊗K −→ OB ⊗K

satisfying

ΦA(DZ ⊗ C) = DA ⊗ C, ΦB(DZ ⊗ C) = DB ⊗ C.

Since we see

ρZ,0⊕1t (Sc) = Sc, ρZ,0⊕1t (Sd) = e2π
√−1tSd,

ρZ,1⊕0t (Sc) = e2π
√−1tSc, ρZ,1⊕0t (Sd) = Sd

for c ∈ C, d ∈ D, we have for x⊗K ∈ OZ ⊗K

((ρAt ⊗ id) ◦ ΦA)(x⊗K) =(ρZ,0⊕1t ⊗ id)(vA(x⊗K)v∗A)

=vA(ρZ,0⊕1t ⊗ id)(x ⊗K)v∗A

=ΦA ◦ (ρZ,0⊕1t ⊗ id)(x ⊗K).

Hence we have (ρAt ⊗ id)◦ΦA = ΦA◦(ρZ,0⊕1t ⊗ id) and similarly (ρBt ⊗ id)◦ΦB =

ΦB ◦ (ρZ,1⊕0t ⊗ id). Since

ρZt ⊗ id = (ρZ,1⊕0t ⊗ id) ◦ (ρZ,0⊕1t ⊗ id) = (ρZ,0⊕1t ⊗ id) ◦ (ρZ,1⊕0t ⊗ id),

we know the assertion.

Therefore we have the following corollary.

Corollary 3.14. If A,B are strong shift equivalent, then the stabilized Cuntz–
Krieger triplets (OA ⊗K,DA ⊗ C, ρA ⊗ id) and (OB ⊗K,DB ⊗ C, ρB ⊗ id) are
strong Morita equivalent.

4 Behavior on K-theory

In this section we will study the behavior of the isomorphism Φ : OA ⊗ K →
OB ⊗K in Proposition 3.10 on their K-groups Φ∗ : K0(OA)→ K0(OB) under
the condition A = CD,B = DC.
Recall that A = [A(i, j)]Ni,j=1 is an N ×N matrix with entries in nonnegative
integers. Then the associated graph GA = (VA, EA) consists of the vertex set
VA = {vA1 , . . . , vAN} of N vertices and edge set EA = {a1, . . . , aNA}, where
there are A(i, j) edges from vAi to vAj . Denote by t(ai), s(ai) the terminal

Documenta Mathematica 22 (2017) 873–915



902 Kengo Matsumoto

vertex of ai, the source vertex of ai, respectively. The graph GA has the
NA×NA transition matrix AG = [AG(i, j)]NAi,j=1 of edges defined by (2.1). The
Cuntz–Krieger algebra OA is defined as the Cuntz–Krieger algebra OAG for the
matrix AG which is the universal C∗-algebra generated by partial isometries
Sai , i = 1, . . . , NA subject to the relations (2.2). We similarly consider the
NB ×NB matrix BG with entries in {0, 1} for the graph GB = (VB , EB) of the
matrix B with vertex set VB = {vB1 , . . . , vBM} and edge set EB = {b1, . . . , bNB},
so that we have the other Cuntz–Krieger algebra OBG for the matrix BG which
is denoted by OB.
Now we are assuming that A = CD and B = DC for some nonnegative rectan-
gular matrices C and D. Both A and B are also assumed to be irreducible and
not any permutations. Since A = CD, the edge set EA is regarded as a subset
of the product EC ×ED of those of EC and ED. As in Section 2, we may take
a bijection ϕA,CD from EA to a subset of EC × ED. For any ai ∈ EA, there
uniquely exist c(ai) ∈ EC and d(ai) ∈ ED such that ϕA,CD(ai) = c(ai)d(ai).
We write it simply as ai = c(ai)d(ai). Similarly, for any edge bl ∈ EB , there
uniquely exist d(bl) ∈ ED and c(bl) ∈ EC such that ϕB,DC(bl) = d(bl)c(bl), sim-

ply written bl = d(bl)c(bl). We define the NA×NB matrix D̂ = [D̂(i, l)]l=1,...,NB
i=1,...,NA

by

D̂(i, l) =

{
1 if d(ai) = d(bl),

0 otherwise.
(4.1)

Lemma 4.1. The matrix D̂t : ZNA → ZNB induces a homomorphism from

ZNA/(id− (AG)
t
)ZNA to ZNB/(id− (BG)

t
)ZNB as abelian groups.

Proof. For i = 1, . . . , NA and l = 1, . . . , NB, we know that both

[AGD̂](i, l) =

NA∑

j=1

AG(i, j)D̂(j, l) and [D̂BG](i, l) =

NB∑

k=1

D̂(i, k)BG(k, l)

are the cardinal number of the set {c ∈ EC | d(ai)cd(bl) ∈ B3(XZ)}. Hence we
have AGD̂ = D̂BG. We then have that D̂t(id− (AG)t)ZNA ⊂ (id− (BG)t)ZNB
so that D̂t induces a desired homomorphism.

We denote by ΦD̂t the above homomorphism from ZNA/(id− (AG)
t
)ZNA to

ZNB/(id− (BG)
t
)ZNB induced by D̂t.

Let us denote by [eNAi ] the class of the vector eNAi = (0, . . . , 0,
i
1, 0, . . . , 0) ∈

ZNA in ZNA/(id− (AG)
t
)ZNA . It was shown in [6] that the correspondence

ǫAG : K0(OAG) → ZNA/(id− (AG)
t
)ZNA defined by ǫAG([SaiS

∗
ai ]) = [eNAi ]

yields an isomorphism of abelian groups. We then have

Proposition 4.2. Suppose that A = CD,B = DC. Let Φ : OA⊗K → OB⊗K
be the isomorphism constructed in the proof of Proposition 3.10 such that Φ =
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Ad(w) with w = vBv
∗
A for the isometry vA as well as vB defined before Lemma

3.5. Then the diagram

K0(OAG)
Φ∗−−−−→ K0(OBG)

ǫ
AG

y
yǫBG

ZNA/(id− (AG)
t
)ZNA

ΦD̂t−−−−→ ZNB/(id− (BG)
t
)ZNB

is commutative.

Proof. We note that K = K(ℓ2(N)) has a countable basis and N is decomposed
such as N = ∪∞j=1Nj where Nj is also a disjoint infinite set such as Nj =
∪∞k=0Njk with disjoint infinite sets Njk for every k = 0, 1, 2, . . . . We write Njk
as Njk = {jk(0), jk(1), jk(2), . . . }. In particular for j = 1, k = 0, we denote by
n̄ = 10(n) for n = 0, 1, 2, . . . so that N10 = {0̄, 1̄, 2̄, . . . }. Let pn̄, n = 0, 1, 2, . . .
be the sequence of projections of rank one in K such that

∑∞
n=0 pn̄ = f10 . By

[6, Proposition 3.1], the group K0(OAG) is generated by the projections of the
form

SaiS
∗
ai ⊗ p0̄, i = 1, . . . , NA.

Denote by 1A the unit ofOAG so that [1A] =
∑NA

i=1[SaiS
∗
ai⊗p0̄] inK0(OAG). Let

Φ = Ad(w) : OAG⊗K → OBG⊗K be the isomorphism constructed in the proof
of Proposition 3.10. Hence Φ∗ : K0(OAG) → K0(OBG) satisfies Φ∗([SaiS

∗
ai ⊗

p0̄]) = [w(SaiS
∗
ai⊗p0̄)∗w∗]. To complete the proof of the proposition, we provide

the following two lemmas.

Let l(i) be the number l = 1, . . . , NC satisfying cl = c(ai) so that d(l(i)) ∈ ED
satisfies Tl(i) = Sd(l(i))Sc(ai)S

∗
c(ai)

in (3.14). We put s1l(i),10 = s1l(i),1s1,10 and
s10,1l(i) = s∗1l(i),10 .

Lemma 4.3. Keep the above notation.

(i) w(SaiS
∗
ai ⊗ p0̄)w∗ = vB(SaiS

∗
ai ⊗ s1,10p0̄s10,1)v∗B .

(ii) vB(SaiS
∗
ai ⊗ s1,10p0̄s10,1)v∗B = Sd(l(i))Sc(ai)Sd(ai)S

∗
d(ai)

S∗c(ai)S
∗
d(l(i)) ⊗

s1l(i),10p0̄s10,1l(i) .

Proof. (i) The unitary w is given by w = vBv
∗
A. We know vA =

∑∞
n=1 vn and

v1 = PC ⊗ s10,1 +
∑ND
k=1 Uk ⊗ s1k,1. As p0̄s1k,1 = 0 for k = 1, . . . , ND, we have

v∗A(SaiS
∗
ai ⊗ p0̄)vA = v∗1(SaiS

∗
ai ⊗ p0̄)v1

= (PC ⊗ s10,1)∗(SaiS
∗
ai ⊗ p0̄)(PC ⊗ s10,1)

= SaiS
∗
ai ⊗ s1,10p0̄s10,1.
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(ii) For cl ∈ EC = {c1, . . . , cNC} and ai ∈ EA, we note that S∗clSai =
S∗clSc(ai)Sd(ai) if cl = c(ai), otherwise zero. Hence we have

vB(SaiS
∗
ai ⊗ s1,10p0̄s10,1)v∗B

=

(
NC∑

l=1

Tl ⊗ s1l,1
)
(
SaiS

∗
ai ⊗ s1,10p0̄s10,1

)
(
NC∑

l′=1

Tl′ ⊗ s1l′ ,1
)∗

=

NC∑

l=1

Sd(l)SclS
∗
cl
SaiS

∗
aiSclS

∗
cl
S∗d(l) ⊗ s1l,1s1,10p0̄s10,1s∗1l,1

=Sd(l(i))Sc(ai)Sd(ai)S
∗
d(ai)

S∗c(ai)S
∗
d(l(i)) ⊗ s1l(i),10p0̄s10,1l(i) .

Lemma 4.4. Sd(ai)S
∗
d(ai)

=
∑NB

l=1 D̂(i, l)SblS
∗
bl
.

Proof. In the algebra OBG , we have
∑NB

l=1 SblS
∗
bl

= 1. As bl = d(bl)c(bl), it im-

plies that
∑NB

l=1 Sd(bl)Sc(bl)S
∗
c(bl)

S∗d(bl) = PD in OZ . By multiplying Sd(ai)S
∗
d(ai)

to the equality we have

NB∑

l=1

Sd(ai)S
∗
d(ai)

Sd(bl)Sc(bl)S
∗
c(bl)

S∗d(bl)Sd(ai)S
∗
d(ai)

= Sd(ai)S
∗
d(ai)

.

Since
Sd(ai)S

∗
d(ai)

Sd(bl) = D̂(i, l)Sd(bl),

we have
NB∑

l=1

D̂(i, l)Sd(bl)Sc(bl)S
∗
c(bl)

S∗d(bl) = Sd(ai)S
∗
d(ai)

.

As Sbl = Sd(bl)Sc(bl), we get the desired equality.

Proof of Proposition 4.2:
By using Lemma 4.3, we have the equalities in K0(OBG):

Φ∗([SaiS
∗
ai ⊗ p0̄]) = [Sd(l(i))Sc(ai)Sd(ai)S

∗
d(ai)

S∗c(ai)S
∗
d(l(i)) ⊗ s1l(i),10p0̄s10,1l(i) ].

Since

[Sd(l(i))Sc(ai)Sd(ai)S
∗
d(ai)

S∗c(ai)S
∗
d(l(i)) ⊗ s1l(i),10p0̄s10,1l(i) ]

=[Sd(ai)S
∗
d(ai)

⊗ f10p0̄f10 ] in K0(OBG),

and f10p0̄f10 = p0̄, we have

Φ∗([SaiS
∗
ai ⊗ p0̄]) = [Sd(ai)S

∗
d(ai)

⊗ p0̄].

As ǫAG([SaiS
∗
ai⊗p0̄]) = [eNAi ] and ǫBG([SblS

∗
bl
⊗p0̄]) = [eNBl ], By using Lemma

4.4, we complete the proof of Proposition 4.2.

Documenta Mathematica 22 (2017) 873–915



Markov Shifts and Cuntz–Krieger Algebras 905

Let SA and RA be the NA ×N matrix and N ×NA matrix defined by

SA(i, j) =

{
1 if t(ai) = vAj ,

0 otherwise,
RA(j, i) =

{
1 if vAj = s(ai),

0 otherwise,

for i = 1, . . . , NA and j = 1, . . . , N, respectively. We then have A = RASA and
AG = SARA. We similarly have the matrices SB, RB for the other matrix B
such that B = RBSB and BG = SBRB . The matrix StA : ZNA → ZN induces

a homomorphism ZNA/(id− (AG)
t
)ZNA → ZN/(id−At)ZN of abelian groups

which is actually an isomorphism since its inverse is given by a homomorphism
induced by RtA. The above isomorphism is denoted by ΦStA . We have an

isomorphism ΦStB : ZNB/(id− (BG)
t
)ZNB → ZM/(id−Bt)ZM in a similar

way.
Now we are assuming that A = CD,B = DC so that AC = CB and hence
CtAt = BtCt. The matrix Ct : ZN → ZM induces a homomorphism from
ZN/(id−At)ZN to ZM/(id−Bt)ZM as abelian groups, which is denoted by
ΦCt . It is actually an isomorphism with ΦDt as its inverse. We notice the
following lemma. The second assertion (ii) is pointed out by Hiroki Matui.
The author thanks him for his advice.

Lemma 4.5. (i) The diagram

ZNA/(id− (AG)
t
)ZNA

ΦD̂t−−−−→ ZNB/(id− (BG)
t
)ZNB

ΦSt
A

y
yΦSt

B

ZN/(id−At)ZN ΦCt−−−−→ ZM/(id−Bt)ZM

is commutative.

(ii) ΦStA([(1, 1, . . . , 1)]) = [(1, 1, . . . , 1)].

Proof. (i) Since ΦD̂ is induced by the matrix D̂t, it suffices to prove the equality

D̂SB = SAC. Let (i, j) be i = 1, . . . , NA and j = 1, . . . ,M so that ai ∈ EA
and vBj ∈ VB . Let k be such that t(ai) = vAk . Hence we have

[SAC](i, j) =

N∑

n=1

SA(i, n)C(n, j) = C(k, j)

which is the number of edges of EC leaving vAk and terminating at vBj . On the
other hand,

[D̂SB](i, j) =

MB∑

l=1

D̂(i, l)SB(l, j).

It is easy to see that the above number is also C(k, j).
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(ii) Since A = RASA, for each k = 1, . . . , NA with ak ∈ EA there exists a

unique i = 1, . . . , N such that s(ak) = vAi . Hence
∑N
i=1 RA(i, k) = 1 so that

we have for each j = 1, . . . , N

N∑

i=1

At(j, i) =
N∑

i=1

NA∑

k=1

RA(i, k)SA(k, j)

=

NA∑

k=1

(
N∑

i=1

RA(i, k)

)
SA(k, j)

=

NA∑

k=1

StA(j, k).

We then see

ΦStA([(1, 1, . . . , 1)]) = [(

NA∑

k=1

SA(k, 1),

NA∑

k=1

SA(k, 2), . . . ,

NA∑

k=1

SA(k,N))]

= [(

N∑

i=1

At(1, i),

N∑

i=1

At(2, i), . . . ,

N∑

i=1

At(N, i))]

= [(1, 1, . . . , 1)] in ZN/(id−At)ZN .

Put

ǫA = ΦStA ◦ ǫAG : K0(OA)→ ZN/(id−At)ZN , (4.2)

which is an isomorphism of groups such that ǫA([1A]) = [(1, 1, . . . , 1)]. We thus
reach the following theorem:

Theorem 4.6. Suppose that two nonnegative irreducible matrices A,B satisfy
A = CD,B = DC for some nonnegative rectangular matrices C,D. Let Φ :
OA ⊗K → OB ⊗K be the isomorphism constructed in the proof of Proposition
3.10 such that Φ = Ad(w) with w = vBv

∗
A for the isometry vA as well as vB

defined before Lemma 3.5. Then the diagram

K0(OA)
Φ∗−−−−→ K0(OB)

ǫA

y
yǫB

ZN/(id−At)ZN ΦCt−−−−→ ZM/(id−Bt)ZM

is commutative, where all maps are isomorphisms of abelian groups.

We write A ≈
C,D

B if A = CD, B = DC. Recall that A,B are said to be strong

shift equivalent in n-step if there exist a finite sequence of square matrices
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A1, . . . , An−1 and two finite sequences of rectangular matrices C1, . . . , Cn and
D1, . . . , Dn such that

A = A0 ≈
C1,D1

A1, A1 ≈
C2,D2

A2, . . . , An−1 ≈
Cn,Dn

An = B.

This situation is written
A ≈
C1,D1

· · · ≈
Cn,Dn

B. (4.3)

R. F. Williams proved that two-sided topological Markov shifts (X̄A, σ̄A) and
(X̄B, σ̄B) are topologically conjugate if and only if A and B are strong shift
equivalent in n-step for some n ([25]). Hence we have the following corollary.

Corollary 4.7. Suppose that two matrices A,B are strong shift equiva-
lent in n-step for some two sequences of rectangular matrices C1, . . . , Cn and
D1, . . . , Dn as in (4.3). Then there exist an isomorphism Φ : OA⊗K → OB⊗K
of C∗-algebras and a unitary representation t ∈ T → vAt ∈ M(DA ⊗ C) such
that

Φ(DA ⊗ C) = DB ⊗ C, Φ ◦Ad(vAt ) ◦ (ρAt ⊗ id) = (ρBt ⊗ id) ◦ Φ,

and the following diagram is commutative

K0(OA)
Φ∗−−−−→ K0(OB)

ǫA

y
yǫB

ZN/(id−At)ZN
Φ(C1C2···Cn)t−−−−−−−−−→ ZM/(id−Bt)ZM .

We note that the inverse of
Φ(C1C2···Cn)t : ZN/(id−At)ZN → ZM/(id−Bt)ZM is given by

Φ(Dn···D2D1)
t : ZM/(id−Bt)ZM → ZN/(id−At)ZN .

5 Converse and Invariant

In this section, we will study the converse of Corollary 3.11 by using Corollary
4.7. We fix a projection p1 of rank one in K.
Proposition 5.1. The following assertions are equivalent.

(i) There exist an isomorphism Φ : OA ⊗K → OB ⊗K of C∗-algebras and a
unitary one-cocycle ut ∈M(OB ⊗K), t ∈ T relative to ρBt ⊗ id such that

Φ(DA ⊗ C) = DB ⊗ C, Φ ◦ (ρAt ⊗ id) = Ad(ut) ◦ (ρBt ⊗ id) ◦ Φ, (5.1)

Φ∗([1A ⊗ p1]) = [1B ⊗ p1] in K0(OB). (5.2)

(ii) There exist an isomorphism ϕ : OA → OB and a unitary one-cocycle
vt ∈ U(OB), t ∈ T relative to ρBt on OB such that

ϕ(DA) = DB and ϕ ◦ ρAt = Ad(vt) ◦ ρBt ◦ ϕ, t ∈ T. (5.3)
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Proof. The implication (ii) =⇒ (i) is obvious by putting Φ = ϕ ⊗ id and
ut = vt ⊗ 1. We will show the implication (i) =⇒ (ii) in the following way.
By [13, Proposition 3.13], the condition Φ∗([1A ⊗ p1]) = [1B ⊗ p1] in K0(OB)
ensures that there exists a partial isometry V ∈ OB⊗K satisfying the following
conditions:

V (DB ⊗ C)V ∗ ⊂ DB ⊗ C, V ∗(DB ⊗ C)V ⊂ DB ⊗ C,
V V ∗ = 1B ⊗ p1, V ∗V = Φ(1A ⊗ p1).

Put Ψ = Ad(V ) ◦ Φ : OA ⊗K → OB ⊗K. It is straightforward to see that

Ψ(OA ⊗ Cp1) = OB ⊗ Cp1, Ψ(DA ⊗ Cp1) = DB ⊗ Cp1,
Ψ(1A ⊗ p1) = 1B ⊗ p1.

It is clear that Ψ∗ = Φ∗ : K0(OA)→ K0(OB). We identify OB⊗Cp1 with OB.
Put the partial isometry vt = V ut(ρ

B
t ⊗ id)(V ∗) ∈ OB ⊗ K. Since vt = (1B ⊗

p1)vt(1B ⊗ p1), by this identification, vt belongs to OB . Define ϕ : OA → OB
by setting ϕ(a) = Ψ(a⊗ p1) for a ∈ OA. It then follows that

ϕ(ρAt (a))⊗ p1 =V Φ(ρAt (a)⊗ p1)V ∗

=V (Ad(ut) ◦ (ρBt ⊗ id) ◦ Φ)(a⊗ p1)V ∗

=V ut(ρ
B
t ⊗ id)(V ∗)(ρBt ⊗ id)Φ(V (a⊗ p1)V ∗)(ρBt ⊗ id)(V )u∗tV

∗

=vt((ρ
B
t ⊗ id) ◦Ψ)(a⊗ p1)v∗t

=(Ad(vt) ◦ (ρBt ◦ ϕ)(a))⊗ p1

so that we have ϕ(ρAt (a)) = (Ad(vt) ◦ ρBt ◦ ϕ)(a). Since we have

(ρBt ⊗ id)(Φ(1A ⊗ p1)) =(Ad(u∗t ) ◦ Φ ◦ (ρAt ⊗ id))(1A ⊗ p1)

=u∗tΦ(1A ⊗ p1)ut = u∗tV
∗V ut,

we have

vtρ
B
t (vs) =V ut(ρ

B
t ⊗ id)(V ∗)(ρBt ⊗ id)(V us(ρ

B
s ⊗ id)(V ∗))

=V ut(ρ
B
t ⊗ id)(V ∗V )(ρBt ⊗ id)(us)(ρ

B
t ◦ ρBs ⊗ id)(V ∗)

=V ut(ρ
B
t ⊗ id)(Φ(1A ⊗ p1))(ρBt ⊗ id)(us)(ρ

B
t+s ⊗ id)(V ∗)

=V utu
∗
tV
∗V ut(ρ

B
t ⊗ id)(us)(ρ

B
t+s ⊗ id)(V ∗)

=V ut(ρ
B
t ⊗ id)(us)(ρ

B
t+s ⊗ id)(V ∗)

=V ut+s(ρ
B
t+s ⊗ id)(V ∗)

=vt+s.

Hence vt, t ∈ T is a unitary one-cocycle relative to ρB.
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Remark 5.2. Let vt in OB be a unitary one-cocycle relative to ρBt satisfying
(5.3). For a ∈ DA, we see that ϕ(ρAt (a)) = Ad(vt)(ρ

B
t (ϕ(a))). As ρAt (a) = a

and ϕ(a) belongs to DB so that we have ϕ(a) = Ad(vt)(ϕ(a)). Hence vt
commutes with any element of DB. This implies that vt belongs to DB and
hence it is fixed by the action ρB. Therefore a unitary one-cocycle vt in OB
relative to ρBt satisfying (5.3) automatically belongs to DB and yields a unitary
representation t ∈ T → vt ∈ DB. Since the unitary ut in (5.1) is given by
ut = vt⊗1 from the unitary vt satisfying (5.3), the unitary one-cocycle ut in the
statement (i) of the above proposition can be taken as a unitary representation
t ∈ T→ ut ∈M(DB ⊗ C) which is fixed by the action ρBt ⊗ id.

Corollary 5.3. If there exist an isomorphism Φ : OA ⊗ K → OB ⊗ K of
C∗-algebras and a unitary one-cocycle ut in M(OB ⊗ K) relative to ρBt ⊗ id
such that

Φ(DA ⊗ C) = DB ⊗ C, Φ ◦ (ρAt ⊗ id) = Ad(ut) ◦ (ρBt ⊗ id) ◦ Φ,
Φ∗([1A ⊗ p1]) = [1B ⊗ p1] in K0(OB),

then two-sided topological Markov shifts (X̄A, σ̄A) and (X̄B, σ̄B) are topologi-
cally conjugate.

Proof. Suppose that there exist an isomorphism Φ : OA ⊗K → OB ⊗K and a
unitary one-cocycle ut in M(OB ⊗ K) relative to ρBt ⊗ id satisfying the above
equalities. Proposition 5.1 tells us that there exist an isomorphism ϕ : OA →
OB and a unitary one-cocycle vt ∈ U(OB), t ∈ T relative to ρBt on OB satisfying
(5.3). Hence the one-sided topological Markov shifts (XA, σA) and (XB, σB)
are strongly continuous orbit equivalent by [14, Theorem 6.7]. It also implies
topological conjugacy of their two-sided topological Markov shifts (X̄A, σ̄A) and
(X̄B, σ̄B) by [14, Theorem 5.5].

Definition 5.4. An isomorphism ξ : OB ⊗ K → OA ⊗ K of C∗-algebras is
said to be induced from strong shift equivalence if there exist a strong shift
equivalence A ≈

C1,D1

· · · ≈
Cn,Dn

B and a unitary one-cocycle ut in M(OA ⊗ K)

relative to ρAt ⊗ id such that

ξ(DB ⊗ C) = DA ⊗ C, ξ ◦ (ρBt ⊗ id) = Ad(ut) ◦ (ρAt ⊗ id) ◦ ξ,
ξ∗ = ǫ−1A ◦ Φ(Dn···D2D1)t ◦ ǫB : K0(OB)→ K0(OA).

In this case, we say that ξ : OB ⊗ K → OA ⊗ K is induced from strong shift
equivalence A ≈

C1,D1

· · · ≈
Cn,Dn

B.

We will define the strong shift equivalence invariant subset KSSE
0 (OA) of

K0(OA) as follows.

Definition 5.5.

KSSE
0 (OA) = {[p] ∈ K0(OA) | there exist a square matrix B and

an isomorphism ξ : OB ⊗K → OA ⊗K induced from

strong shift equivalence such that ξ∗([1B]) = [p] in K0(OA)}.
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We note that the class [1A] in K0(OA) of the unit 1A of OA always belongs to
the set KSSE

0 (OA), because we may take B = A and ξ = id.

Proposition 5.6. Suppose that there exists a topological conjugacy be-
tween (X̄A, σ̄A) and (X̄B , σ̄B). Then there exists an isomorphism η :
K0(OA) → K0(OB) satisfying η(KSSE

0 (OA)) = KSSE
0 (OB). Hence the pair

(K0(OA),KSSE
0 (OA)) is an invariant under topological conjugacy of two-sided

topological Markov shifts.

Proof. Suppose that (X̄A, σ̄A) and (X̄B, σ̄B) are topologically conjugate so
that A ≈

C1,D1

· · · ≈
Cn,Dn

B for some nonnegative rectangular matrices

C1, D1, . . . , Cn, Dn. By Corollary 4.7, the strong shift equivalence induces
an isomorphism ξBA : OA ⊗ K → OB ⊗ K and a unitary one-cocycle ut in
M(OB ⊗K) relative to ρBt ⊗ id such that

ξBA(DA ⊗ C) = DB ⊗ C, ξBA ◦ (ρAt ⊗ id) = Ad(ut) ◦ (ρBt ⊗ id) ◦ ξBA,
ξBA∗ = Φ(C1···Cn)t : K0(OA)→ K0(OB).

Put η = ξBA∗ : K0(OA) → K0(OB). Take an element [p] ∈ KSSE
0 (OA). There

exist a square nonnegative matrix A′ and an isomorphism ξAA′ : OA′ ⊗ K →
OA⊗K of C∗-algebras induced from strong shift equivalence A′ ≈

C′
1,D

′
1

· · · ≈
C′
n′ ,D

′
n′

A such that ξAA′∗([1A′ ]) = [p] in K0(OA). Then the isomorphism ξBA ◦ ξAA′ :
OA′ ⊗K → OB ⊗K is induced from strong shift equivalence

A′ ≈
C′

1,D
′
1

· · · ≈
C′
n′ ,D

′
n′

A ≈
C1,D1

· · · ≈
Cn,Dn

B

such that η([p]) = (ξBA ◦ ξAA′)∗([1A′ ]) in K0(OB) so that η([p]) ∈ KSSE
0 (OB).

Suppose that two matrices A,B are strong shift equivalent in n-step such as
(4.3). The matrix B in (4.3) is given by B = DnCn so that (4.3) is written as

A ≈
C1,D1

· · · ≈
Cn,Dn

DnCn. (5.4)

We set the following sequence SSEn(A), n = 1, 2, . . . of subsets of the group
ZN

SSEn(A)

={v ∈ ZN | v = Dt
1 · · ·Dt

n−1D
t
n[1, 1, . . . , 1]t, A ≈

C1,D1

· · · ≈
Cn,Dn

DnCn},

where [1, 1, . . . , 1]t denotes (the row size of Dn) × 1 matrix whose entries are
all 1’s. We define the sequence KSSE

alg,n(A), n = 1, 2, . . . of subsets of the group

ZN/(id−At)ZN by

KSSE
alg,n(A) = {[v] ∈ ZN/(id−At)ZN | v ∈ SSEn(A)}, n = 1, 2, . . . .
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We then define the subset KSSE
alg (A) of ZN/(id−At)ZN by

KSSE
alg (A) = ∪∞n=1 KSSE

alg,n(A).

By Corollary 4.7, we have the following proposition

Proposition 5.7. Let ǫA : K0(OA) → ZN/(id − At)ZN be the isomorphism
defined in (4.2). Then we have

ǫA(KSSE
0 (OA)) = KSSE

alg (A).

Proof. For [p] ∈ KSSE
0 (OA), there exist a nonnegative square matrix B with a

strong shift equivalence A ≈
C1,D1

· · · ≈
Cn,Dn

B, an isomorphism ξ : OB ⊗ K →
OA ⊗K of C∗-algebras and a unitary one-cocycle ut, t ∈ T relative to ρA ⊗ id
such that

ξ(DB ⊗ C) = DA ⊗ C, ξ ◦ (ρBt ⊗ id) = Ad(ut) ◦ (ρAt ⊗ id) ◦ ξ, (5.5)

ξ∗ = ǫ−1A ◦ Φ(Dn···D2D1)
t ◦ ǫB : K0(OB)→ K0(OA) and ξ∗([1B]) = [p].

(5.6)

Since ǫB([1B]) = [[1, 1, . . . , 1]t] in ZM/(id−Bt)ZM , we have

ǫA([p]) =ǫA ◦ ξ∗([1B]) (5.7)

=Φ(Dn···D2D1)
t ◦ ǫB([1B]) = Φ(Dn···D2D1)

t([1, 1, . . . , 1]t) (5.8)

so that ǫA([p]) ∈ KSSE
alg (A) and hence ǫA(KSSE

0 (OA)) ⊂ KSSE
alg (A).

Conversely, take an arbitrary element [v] ∈ KSSE
alg (A). We may find a strong shift

equivalence A ≈
C1,D1

· · · ≈
Cn,Dn

DnCn such that v = (Dn · · ·D2D1)
t
[1, 1, . . . , 1]t.

Put B = DnCn. By Corollary 4.7, there exist an isomorphism ξ : OB ⊗ K →
OA ⊗K of C∗-algebras and a unitary one-cocycle ut, t ∈ T relative to ρA ⊗ id
satisfying (5.5) and ξ∗ = ǫ−1A ◦ Φ(Dn···D2D1)

t ◦ ǫB : K0(OB) → K0(OA). Put

[p] = ξ∗([1B]) which belongs to KSSE
0 (OA). By the same equalities as (5.7),

(5.8), we get ǫA([p]) = Φ(Dn···D2D1)
t([1, 1, . . . , 1]t) which is the class of [v].

This shows that ǫA(KSSE
0 (OA)) ⊃ KSSE

alg (A).

Theorem 5.8. Let A,B be nonnegative irreducible and non-permutation ma-
trices. The following two assertions are equivalent.

(i) Two-sided topological Markov shifts (X̄A, σ̄A) and (X̄B, σ̄B) are topologi-
cally conjugate.

(ii) There exist an isomorphism Φ : OA ⊗K → OB ⊗K of C∗-algebras and a
unitary one-cocycle ut in M(OB ⊗K) relative to ρBt ⊗ id such that

Φ(DA ⊗ C) = DB ⊗ C, Φ ◦ (ρAt ⊗ id) = Ad(ut) ◦ (ρBt ⊗ id) ◦ Φ,
Φ∗(K

SSE
0 (OA)) = KSSE

0 (OB) in K0(OB).
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Proof. (i) =⇒ (ii): The assertion follows from Corollary 3.11 and Proposition
5.6.
(ii) =⇒ (i): Suppose that there exist an isomorphism Φ : OA ⊗ K → OB ⊗ K
of C∗-algebras and a unitary one-cocycle ut in M(OB ⊗ K) relative to ρBt ⊗
id satisfying the conditions of (ii). Take a projection p1 of rank one in K.
Put the projection p = Φ(1A ⊗ p1) ∈ OB ⊗ K. As [1A] ∈ KSSE

0 (OA) and
Φ∗(KSSE

0 (OA)) = KSSE
0 (OB), the class [p] = Φ∗([1A]) of p in K0(OB) belongs to

KSSE
0 (OB). One may take a nonnegative square matrix B′ and an isomorphism

γ : OB⊗K → OB′⊗K with a unitary one-cocycle u′t in M(OB′⊗K) relative to
ρB

′

t ⊗ id induced from strong shift equivalence B ≈
C1,D1

· · · ≈
Cn,Dn

B′ satisfying

γ(DB ⊗ C) = DB′ ⊗ C, γ ◦ (ρBt ⊗ id) = Ad(u′t) ◦ (ρB
′

t ⊗ id) ◦ γ,
γ∗([p]) = [1B′ ] in K0(OB′).

Then the isomorphism γ ◦ Φ : OA ⊗K → OB′ ⊗K satisfies the conditions

(γ ◦ Φ)(DA ⊗ C) = DB′ ⊗ C,

(γ ◦ Φ) ◦ (ρAt ⊗ id) = Ad(γ(ut)u
′
t) ◦ (ρB

′

t ⊗ id) ◦ (γ ◦ Φ),

(γ ◦ Φ)∗([1A]) = [1B′ ] in K0(OB′).

By Corollary 5.3, the two-sided topological Markov shifts (X̄A, σ̄A) and
(X̄B′ , σ̄B′) are topologically conjugate. Since (X̄B, σ̄B) and (X̄B′ , σ̄B′) are
topologically conjugate, so are (X̄A, σ̄A) and (X̄B, σ̄B).

Remark 5.9. The unitary one-cocycle ut in M(OB ⊗ K) in (ii) of the above
theorem can be taken as a unitary representation t ∈ T → ut ∈ M(OB ⊗ K)
by Corollary 3.11.

Definition 5.10. A nonnegative square matrix A = [A(i, j)]Ni,j=1 is said to

have full strong shift equivalent units in K0-group if KSSE
alg (A) = ZN/(id −

At)ZN . We simply call it that A has full units.

By Proposition 5.7, A has full units if and only if KSSE
0 (OA) = K0(OA). Since

the subset KSSE
0 (OA) ⊂ K0(OA) is invariant under topological conjugacy of

two-sided topological Markov shifts by Proposition 5.6, we have

Proposition 5.11. Suppose that two-sided topological Markov shifts (X̄A, σ̄A)
and (X̄B, σ̄B) are topologically conjugate. Then A has full units if and only if
B has full units.

As a consequence of Theorem 5.8, we have the following corollary.

Corollary 5.12. Suppose that both A and B have full units. Then the fol-
lowing two assertions are equivalent.

(i) Two-sided topological Markov shifts (X̄A, σ̄A) and (X̄B, σ̄B) are topologi-
cally conjugate.
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(ii) There exist an isomorphism Φ : OA⊗K → OB ⊗K of C∗-algebras and a
unitary one-cocycle ut in M(OB ⊗K) relative to ρBt ⊗ id such that

Φ(DA ⊗ C) = DB ⊗ C, Φ ◦ (ρAt ⊗ id) = Ad(ut) ◦ (ρBt ⊗ id) ◦ Φ.

Example 5.13.
1. If K0(OA) = 0, then A has full units.
2. Let A be the 1 × 1 matrix [N ] whose entry is N with 1 < N ∈ N. Then
the matrix A has full units. For any 0 ≤ k ≤ N − 1, let C be the 1 × (k + 1)
matrix [1, . . . , 1, N−k] and D the (k+1)×1matrix (1, 1, . . . , 1)t. Then A = CD
and Dt[1, . . . , 1]t = k + 1. Hence [k + 1] ∈ Z/(1 − N)Z so that KSSE

alg (A) =
Z/(1−N)Z = K0(OA).

There is no known example of irreducible, non permutation matrix A such that
A does not have full units.

Acknowledgments: The author is very grateful to the referee for his careful
reading, valuable advices and useful suggestions in the presentation of the pa-
per. This work was done during staying at the Institut Mittag-Leffler in the
research program Classification of operator algebras: complexity, rigidity and
dynamics, January–April 2016. The author is grateful to the Institut Mittag-
Leffler for its wonderful research environment, hospitality and support. The
author also thanks Hiroki Matui for his advices in Lemma 4.5 and suggestions.

Remark 5.14. After submitting the paper, there were several progress in the
following papers related to this paper:
1. T. M. Carlsen and J. Rout, Diagonal-preserving gauge invariant isomor-
phisms of graph C∗-algebras, preprint, arXiv: 1610.00692 [mathOA].
2. K. Matsumoto, State splitting, strong shift equivalence and stable isomor-
phism of Cuntz–Krieger algebras, preprint, arXiv: 1611.06627 [mathOA].
In the paper 1, the converse implication of [7, Theorem 3.8] was proved, In the
paper 2, strong shift equivalence class of the matrix A was described in terms
of (OA,DA, ρA) and (OAt ,DAt , ρA

t

).
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Abstract. We prove the equality of two non-logarithmic ramifica-
tion filtrations defined by Matsuda and Abbes-Saito of the abelianized
absolute Galois group of a complete discrete valuation field in positive
characteristic. We compute the refined Swan conductor and the char-
acteristic form of a character of the fundamental group of a smooth
separated scheme over a perfect field of positive characteristic by using
sheaves of Witt vectors.
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Introduction

Let K be a complete discrete valuation field with residue field FK and
GK = Gal(Ksep/K) the absolute Galois group of K. In [Se], the definition
of (upper numbering) ramification filtration of GK is given in the case where
FK is perfect. In the general residue field case, Abbes-Saito ([AS1]) have given
definitions of two ramification filtrations of GK geometrically, one is logarith-
mic and the other is non-logarithmic. In Saito’s recent work ([Sa1], [Sa2]) on
characteristic cycle of a constructible sheaf, the non-logarithmic filtration in
equal characteristic plays important roles to give an example of characteristic
cycle.
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Assume that K is of positive characteristic. Let H1(K,Q/Z) be the character
group of GK . In this case, Matsuda ([M]) has defined a non-logarithmic ramifi-
cation filtration ofH1(K,Q/Z) as a non-logarithmic variant of Brylinski-Kato’s
logarithmic filtration ([B], [K1]) using Witt vectors. In this paper, we prove
that the abelianization of Abbes-Saito’s non-logarithmic filtration {GrK}r∈Q≥1

is the same as Matsuda’s filtration {fil′mH
1(K,Q/Z)}m∈Z≥1

by taking dual,
which enable us to compute abelianized Abbes-Saito’s filtration by using Witt
vectors. This is stated as follows and proved in Section 3:

Theorem 0.1. Let m ≥ 1 be an integer and r a rational number such that
m ≤ r < m+ 1. For χ ∈ H1(K,Q/Z), the following are equivalent:

(i) χ ∈ fil′mH
1(K,Q/Z).

(ii) χ(Gm+
K ) = 0.

(iii) χ(Gr+K ) = 0.

For m > 2, Theorem 0.1 has been proved by Abbes-Saito ([AS3]). The proof
goes similarly as the proof by Abbes-Saito (loc. cit.). The proof in this paper
relies on the characteristic form defined by Saito ([Sa1]) even in the exceptional
case where p = 2 and an explicit computation of the characteristic form.
Let X be a smooth separated scheme over a perfect field of positive character-
istic and U = X −D the complement of a divisor D on X with simple normal
crossings. The characteristic form of a character of the abelianized fundamen-
tal group πab

1 (U) is an element of the restriction to a radicial covering of a sub
divisor Z of D of a differential module of X . We compute the characteristic
form using sheaves of Witt vectors. By taking X and D so that the local field at
a generic point of D is K and using the injections defined by the characteristic
form from the graded quotients of {fil′mH

1(K,Q/Z)}m∈Z≥1
and the modules

of characters of the graded quotients of {GrK}r∈Q≥1
, we obtain the proof of

Theorem 0.1.
This paper consists of three sections. In Section 1, we recall Kato and Mat-
suda’s ramification theories in positive characteristic. We give some comple-
ments to these theories to compute the refined Swan conductor ([K1]) and the
characteristic form for a character of the fundamental group of a smooth sep-
arated scheme over a perfect field of positive characteristic in terms of sheaves
of Witt vectors. In Section 2, we recall Abbes-Saito’s non-logarithmic ramifi-
cation theory in positive characteristic in terms of schemes over a perfect field.
We recall the definition of the characteristic form defined by Saito and show
that this characteristic form is computed with sheaves of Witt vectors. Section
3 is devoted to prove Theorem 0.1.
This paper is a refinement of a part of the author’s thesis at University of
Tokyo. The author would like to express her sincere gratitude to her supervisor
Takeshi Saito for suggesting her to refine the computation of characteristic form
using sheaves of Witt vectors, reading the manuscript carefully, and giving a
lot of advice on the manuscript. The research was partially supported by the
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Program for Leading Graduate Schools, MEXT, Japan and JSPS KAKENHI
Grant Number 15J03851.
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1 Kato and Matsuda’s ramification theories and complements

1.1 Local theory: logarithmic case

We recall Kato’s ramification theory ([K1], [K2]) and prove some properties
of graded quotients of some filtrations for the proof of Proposition 1.29 in
Subsection 1.3.
Let K be a complete discrete valuation field of characteristic p > 0. We re-
gard H1

ét(K,Z/nZ) as a subgroup of H1
ét(K,Q/Z) = lim−→n

H1
ét(K,Z/nZ). Let

Ws(K) be the Witt ring of K of length s ≥ 0. By definition, W0(K) = 0 and
W1(K) = K. We write

F : Ws(K)→Ws(K); (as−1, · · · , a0) 7→ (aps−1, · · · , ap0)

for the Frobenius. By the Artin-Schreier-Witt theory, we have the exact se-
quence

0→Ws(Fp)→Ws(K)
F−1−−−→Ws(K)→ H1(K,Z/psZ)→ 0. (1.1)

We define
δs : Ws(K)→ H1(K,Q/Z) (1.2)

to be the composition

Ws(K)→ H1(K,Z/psZ)→ H1(K,Q/Z),

where the first arrow is the fourth morphism in (1.1).
Let OK be the valuation ring of K and FK the residue field of K. We write
GK for the absolute Galois group of K.
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Definition 1.1 ([K1, Definition (3.1)]). Let s ≥ 0 be an integer.

(i) Let a = (as−1, . . . , a0) be an element of Ws(K). We define ordK(a) by
ordK(a) = min0≤i≤s−1{pi ordK(ai)}.

(ii) We define an increasing filtration {filnWs(K)}n∈Z of Ws(K) by

filnWs(K) = {a ∈Ws(K) | ordK(a) ≥ −n}. (1.3)

The filtration {filnWs(K)}n∈Z in Definition 1.1 is first defined by Brylinski ([B,
Proposition 1]) and filnWs(K) is a submodule of Ws(K) for n ∈ Z (loc. cit.).
Let n ≥ 0 be an integer and put s′ = ordp(n). Suppose that s′ < s. Let V
denote the Verschiebung

V : Ws(K)→Ws+1(K); (as−1, · · · , a0) 7→ (0, as−1, · · · , a0).

Since (as−1, . . . , a0) = (as−1, . . . , as′+1, 0, . . . , 0)+V s−s
′−1(as′ , . . . , a0), we have

filnWs(K) = filn−1Ws(K) + V s−s
′−1filnWs′+1(K). (1.4)

Definition 1.2 ([K1, Corollary (2.5), Theorem (3.2) (1)]). Let δs be as in
(1.2).

(i) We define an increasing filtration {filnH
1(K,Z/psZ)}n∈Z≥0

of
H1(K,Z/psZ) by

filnH
1(K,Z/psZ) = δs(filnWs(K)).

(ii) We define an increasing filtration {filnH
1(K,Q/Z)}n∈Z≥0

of H1(K,Q/Z)
by

filnH
1(K,Q/Z) = H1(K,Q/Z){p′}+

⋃

s≥1
δs(filnWs(K)), (1.5)

where H1(K,Q/Z){p′} denotes the prime-to-p part of H1(K,Q/Z).

Definition 1.3 ([K1, Definition (2.2)]). Let χ be an element of H1(K,Q/Z).
We define the Swan conductor sw(χ) of χ by sw(χ) = min{n ∈ Z≥0 | χ ∈
filnH

1(K,Q/Z)}.

We recall the definition of refined Swan conductor of χ ∈ H1(K,Q/Z) given
by Kato ([K2, (3.4.2)]). Let Ω1

K be the differential module of K over Kp ⊂ K.

Definition 1.4. We define an increasing filtration {filnΩ1
K}n∈Z≥0

of Ω1
K by

filnΩ1
K = {(αdπ/π + β)/πn | α ∈ OK , β ∈ Ω1

OK} = m−nΩ1
OK (log), (1.6)

where π is a uniformizer of K and m is the maximal ideal of OK .
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We consider the morphism

−F s−1d : Ws(K)→ Ω1
K ; (as−1, · · · , a0) 7→ −

s−1∑

i=0

ap
i−1
i dai. (1.7)

The morphism −F s−1d (1.7) satisfies −F s−1d(filnWs(K)) ⊂ filnΩ1
K . We put

grn = filn/filn−1 for n ∈ Z≥1. Then, for n ∈ Z≥1, the morphism (1.7) induces

ϕs
(n) : grnWs(K)→ grnΩ1

K .

Let δ
(n)
s : grnWs(K) → grnH

1(K,Q/Z) denote the morphism induced by
δs (1.2) for n ∈ Z≥1. For n ∈ Z≥1, there exists a unique injection
φ(n) : grnH

1(K,Q/Z)→ grnΩ1
K such that the diagram

grnWs(K)
ϕ(n)
s //

δ(n)
s ((PP

PPP
PPP

PPP
P

grnΩ1
K

grnH
1(K,Q/Z)

φ(n)

77♦♦♦♦♦♦♦♦♦♦♦

(1.8)

is commutative for any s ∈ Z≥0 by [M, Remark 3.2.12], or [AS3, §10] for more
detail. We note that grnΩ1

K ≃ m−nΩ1
OK (log) ⊗OK FK is a vector space over

FK .

Definition 1.5 ([K2, (3.4.2)], [M, Remark 3.2.12], see also [AS3, Définition
10.16]). Let χ be an element of H1(K,Q/Z). We put n = sw(χ). If n ≥ 1,
then we define the refined Swan conductor rsw(χ) of χ to be the image of χ by
φ(n) in (1.8).

In the rest of this subsection, we prove some properties of graded quotients of
filtrations.
For q ∈ R, let [q] denote the integer n such that q − 1 < n ≤ q.

Lemma 1.6. Let m and r ≥ 0 be integers.

(i) [m/pr] = [(m − 1)/pr] + 1 if m ∈ prZ and [m/pr] = [(m − 1)/pr] if
m /∈ prZ.

(ii) [[m/pr]/p] = [m/pr+1] = [[m/p]/pr].

Proof. (i) We put m = prq + a, where q, a ∈ Z and 0 ≤ a < pr. Then
[m/pr] = q. Further [(m− 1)/pr] = q + [(a− 1)/pr]. Since [(a− 1)/pr] = −1 if
a = 0 and [(a− 1)/pr] = 0 if 0 < a < pr, the assertion holds.
(ii) We put m = pr+1q′ + a′, where q′, a′ ∈ Z and 0 ≤ a′ < pr+1. Then
[m/pr] = pq′ + [a′/pr] and 0 ≤ [a′/pr] < p. Further [m/p] = prq′ + [a′/p] and
0 ≤ [a′/p] < pr. Hence we have [[m/pr]/p] = q′ = [m/pr+1] and [[m/p]/pr] =
q′ = [m/pr+1].
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Lemma 1.7. Let a be an element of Ws(K).

(i) ordK(F (a)) = p · ordK(a).

(ii) ordK((F − 1)(a)) = p · ordK(a) if ordK(a) < 0 and ordK((F − 1)(a)) ≥ 0
if ordK(a) ≥ 0.

(iii) For an integer n ≥ 0, we have F−1(filnWs(K)) = (F−1)−1(filnWs(K)) =
fil[n/p]Ws(K).

Proof. (i) We put a = (as−1, . . . , a0). Since F (a) = (aps−1, . . . , a
p
0), the assertion

holds.
(ii) Suppose that ordK(a) ≥ 0. Then, since both a and F (a) belong to
fil0Ws(K), we have (F −1)(a) ∈ fil0Ws(K). Hence we have ordK((F −1)(a)) ≥
0 by (1.3).
Suppose that ordK(a) < 0. We put ordK(a) = −n. Since both a and F (a)
belong to filpnWs(K), we have (F − 1)(a) ∈ filpnWs(K). Since ordK(F (a)) =
−pn < ordK(a) = −n, we have (F − 1)(a) /∈ filpn−1Ws(K). Hence we have
ordK((F − 1)(a)) = −pn.
(iii) By (i), we have F (a) ∈ filnWs(K) if and only if ordK(a) ≥ −n/p for
a ∈ Ws(K). Hence we have F−1(filnWs(K)) = fil[n/p]Ws(K). By (ii), we have
(F − 1)−1(filnWs(K)) = fil[n/p]Ws(K) similarly.

Let n ≥ 1 be an integer. By Lemma 1.7 (iii), the Frobenius F : Ws(K) →
Ws(K) induces the injection

F̄ : fil[n/p]Ws(K)/fil[(n−1)/p]Ws(K)→ grnWs(K). (1.9)

By Lemma 1.6 (i), the domain of (1.9) is equal to grn/pWs(K) if n ∈ pZ and
it is 0 if n /∈ pZ.
By Lemma 1.7 (iii), the morphism F − 1: Ws(K)→Ws(K) induces the injec-
tion

F − 1: fil[n/p]Ws(K)/fil[(n−1)/p]Ws(K)→ grnWs(K). (1.10)

Since [n/p] < n if n ≥ 1, the morphisms (1.9) and (1.10) are the same.

Lemma 1.8 (cf. [K1, Theorem (3.2), Corollary (3.3)]). Let n ≥ 1 be an integer.
Then we have the exact sequence

0→ fil[n/p]Ws(K)/fil[(n−1)/p]Ws(K)
F̄−→ grnWs(K)

ϕ(n)
s−−−→ grnΩ1

K ,

where fil[n/p]Ws(K)/fil[(n−1)/p]Ws(K) is grn/pWs(K) if n ∈ pZ and 0 if n /∈ pZ.

Proof. As in the proof of [AS3, Proposition 10.7], the morphism ϕ
(n)
s factors

through

grnH
1(K,Z/psZ) ≃ filnWs(K)/((F − 1)(Ws(K))∩ filnWs(K) + filn−1Ws(K)).

Since this factorization defines the injection φ(n) in (1.8) by [AS3, Proposition
10.14] and since the morphism F̄ (1.9) is equal to the morphism F − 1 (1.10),
the assertion holds.
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Definition 1.9. Let s ≥ 0 and r ≥ 0 be integers. We define an increasing
filtration {fil(r)n Ws(K)}n∈Z≥0

of Ws(K) by

fil(r)n Ws(K) = {a ∈ Ws(K) | ordK(a) ≥ −n/pr} = fil[n/pr]Ws(K). (1.11)

By (1.11), we have fil(0)n Ws(K) = filnWs(K) for n ∈ Z≥0.
For integers 0 ≤ t ≤ s, let prt denote the projection

prt : Ws(K)→Wt(K) ; (as−1, . . . , a0) 7→ (as−1, . . . , as−t). (1.12)

We put gr
(r)
n = fil(r)n /fil

(r)
n−1 for r ∈ Z≥0 and n ∈ Z≥1.

Lemma 1.10. Let r ≥ 0 and 0 ≤ t ≤ s be integers. Let prt : Ws(K) → Wt(K)
be as in (1.12). Let n ≥ 0 be an integer.

(i) prt(filnWs(K)) = fil(s−t)n Wt(K).

(ii) (F − 1)−1(fil(r)n Ws(K)) = fil
(r)
[n/p]Ws(K).

Proof. (i) By (1.3), we have prt(filnWs(K)) = fil[n/ps−t]Wt(K). Hence the
assertion holds by (1.11).

(ii) By Lemma 1.7 (iii) and (1.11), we have (F − 1)−1(fil(r)n Ws(K)) =
fil[[n/pr ]/p]Ws(K). By Lemma 1.6 (ii) and (1.11), the assertion holds.

Let n ≥ 0 and 0 ≤ t ≤ s be integers. Since prt(filnWs(K)) = fil(s−t)n Wt(K) by
Lemma 1.10 (i), we have the exact sequence

0→ filnWs−t(K)
V t−−→ filnWs(K)

prt−−→ fil(s−t)n Wt(K)→ 0. (1.13)

Lemma 1.11. Let n ≥ 1 be an integer. Then the exact sequence (1.13) induces
the exact sequence

0→ grnWs−t(K)
V̄ t−−→ grnWs(K)

prt−−→ gr(s−t)n Wt(K)→ 0,

where gr
(s−t)
n Wt(K) is equal to grn/ps−tWt(K) if n ∈ ps−tZ and 0 if n /∈ ps−tZ.

Proof. We consider the commutative diagram

0 // filn−1Ws−t(K)
V t //

��

filn−1Ws(K)
prt //

��

fil
(s−t)
n−1 Wt(K) //

��

0

0 // filnWs−t(K)
V t // filnWs(K)

prt // fil(s−t)n Wt(K) // 0,

(1.14)

where the horizontal lines are exact and the vertical arrows are inclusions. By
applying the snake lemma to (1.14), we obtain the exact sequence which we

have desired. The last supplement to gr
(s−t)
n Wt(K) follows by Lemma 1.6 (i)

and (1.11).

Documenta Mathematica 22 (2017) 917–952



924 Yuri Yatagawa

1.2 Local theory: non-logarithmic case

We recall a non-logarithmic variant, given by Matsuda ([M]), of Kato’s log-
arithmic ramification theory recalled in Subsection 1.1, and we consider the
exceptional case of Matsuda’s theory. We also consider the graded quotients of
filtrations. We keep the notation in Subsection 1.1.

Definition 1.12 (cf. [M, 3.1]). We define an increasing filtration
{fil′mWs(K)}m∈Z≥1

of Ws(K) by

fil′mWs(K) = film−1Ws(K) + V s−s
′

filmWs′ (K). (1.15)

Here s′ = min{ordp(m), s}.

The definition of {fil′mWs(K)}m∈Z≥1
in Definition 1.12 is shifted by 1 from

Matsuda’s definition ([M, 3.1]). Since filnWs(K) is a submodule of Ws(K) for
n ∈ Z, the subset fil′mWs(K) is a submodule of Ws(K) for m ∈ Z≥1.
By (1.15), we have

film−1Ws(K) ⊂ fil′mWs(K) ⊂ filmWs(K) (1.16)

for m ∈ Z≥1. Since min{ordp(1), s} = 0 for s ∈ Z≥0, we have

fil0Ws(K) = fil′1Ws(K). (1.17)

Definition 1.13 (cf. [M, Definition 3.1.1]). Let δs be as in (1.2).

(i) We define an increasing filtration {fil′mH
1(K,Z/psZ)}m∈Z≥1

of
H1(K,Z/psZ) by

fil′mH
1(K,Z/psZ) = δs(fil′mWs(K)).

(ii) We define an increasing filtration {fil′mH
1(K,Q/Z)}m∈Z≥1

of
H1(K,Q/Z) by

fil′mH
1(K,Q/Z) = H1(K,Q/Z){p′}+

⋃

s≥1
δs(fil′mWs(K)), (1.18)

where H1(K,Q/Z){p′} denotes the prime-to-p part of H1(K,Q/Z).

By (1.16), we have

film−1H
1(K,Q/Z) ⊂ fil′mH

1(K,Q/Z) ⊂ filmH
1(K,Q/Z) (1.19)

for m ∈ Z≥1. By (1.17), we have fil0H
1(K,Q/Z) = fil′1H

1(K,Q/Z).

Definition 1.14 (cf. [M, Definition 3.2.5]). Let χ be an element of
H1(K,Q/Z). We define the total dimension dt(χ) of χ by dt(χ) = min{m ∈
Z≥1 | χ ∈ fil′mH

1(K,Q/Z)}.
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Definition 1.15. We define an increasing filtration {fil′mΩ1
K}m∈Z≥1

of Ω1
K by

fil′mΩ1
K = {γ/πm | γ ∈ Ω1

OK} = m−mΩ1
OK ,

where π is a uniformizer of K and m is the maximal ideal of OK .

Since mΩ1
OK (log) ⊂ Ω1

OK ⊂ Ω1
OK (log), we have

film−1Ω1
K ⊂ fil′mΩ1

K ⊂ filmΩ1
K (1.20)

for m ∈ Z≥1.
We consider the morphism (1.7). The morphism (1.7) satisfies
−F s−1d(fil′mWs(K)) ⊂ fil′mΩ1

K for m ∈ Z≥1. We put gr′m = fil′m/fil′m−1
for m ∈ Z≥2. Then, for m ∈ Z≥2, the morphism (1.7) induces

ϕ′s
(m)

: gr′mWs(K)→ gr′mΩ1
K . (1.21)

Let δ
′(m)
s : gr′mWs(K) → gr′mH

1(K,Q/Z) denote the morphism induced by
δs (1.2) for m ∈ Z≥2. If (p,m) 6= (2, 2), there exists a unique injection
φ′(m) : gr′mH

1(K,Q/Z)→ gr′mΩ1
K such that the diagram

gr′mWs(K)
ϕ′(m)
s //

δ′(m)
s ((PP

PPP
PPP

PPP
P

gr′mΩ1
K

gr′mH
1(K,Q/Z)

φ′(m)

77♦♦♦♦♦♦♦♦♦♦♦

(1.22)

is commutative for any s ∈ Z≥0 by [M, Proposition 3.2.3]. We note that
gr′mΩ1

K ≃ m−mΩ1
OK ⊗OK FK is a vector space over FK .

We consider the exceptional case where (p,m) = (2, 2).

Lemma 1.16. Let s ≥ 1 be an integer. Assume that p = 2. Then V s−1 : K →
Ws(K) induces an isomorphism gr′2K → gr′2Ws(K).

Proof. Since p = 2, we have s′ = min{ordp(2), s} = 1. Hence we have

fil′2Ws(K) = fil1Ws(K) + V s−1fil2K

= fil′1Ws(K) + V s−1fil2K

by applying (1.15) for the first equality and (1.4) and (1.17) for the second
equality. Since fil2K = fil′2K by (1.15), the assertion holds.

Proposition 1.17. Assume that p = 2. Let F
1/2
K ⊂ F̄K denote the subfield of

an algebraic closure F̄K of FK consisting of the square roots of FK .

(i) There exists a unique morphism

ϕ̃′(2)s : gr′2Ws(K)→ gr′2Ω1
K ⊗FK F 1/2

K
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such that ϕ̃
′(2)
s (ā) = −da0 +

√
π2a0dπ/π

2 for every ā ∈ gr′2Ws(K) whose
lift in fil′2Ws(K) is a = (0, . . . , 0, a0) and for every uniformizer π ∈ K.

Here
√
π2a0 ∈ F 1/2

K denotes the square root of the image π2a0 of π2a0 in
FK .

(ii) There exists a unique injection φ̃′(2) : gr′2H
1(K,Q/Z)→ gr′2Ω1

K⊗FK F
1/2
K

such that the following diagram is commutative for every s ≥ 0:

gr′2Ws(K)
ϕ̃′(2)
s //

δ′(2)s ''PP
PP

PP
PP

PP
PP

gr′2Ω1
K ⊗FK F

1/2
K

gr′2H
1(K,Q/Z).

φ̃′(2)

66❧❧❧❧❧❧❧❧❧❧❧❧❧❧

(1.23)

Proof. By Lemma 1.16, we may assume that s = 1.
(i) Let a be an element of fil′2K and π a uniformizer of K. Since p = 2,
we have fil′2K = fil2K by (1.15). Hence we have π2a ∈ OK by (1.3). Since

−d(fil′2K) ⊂ fil′2Ω1
K , we have −da +

√
π2adπ/π2 ∈ gr′2Ω1

K ⊗FK F
1/2
K . If a ∈

fil′1K, we have a ∈ OK by (1.3) and (1.17). Since −d(fil′1K) ⊂ fil′1Ω1
K , we

have −da +
√
π2adπ/π2 = 0 in gr′2Ω1

K ⊗FK F
1/2
K . For a, b ∈ fil′2K, we have√

π2(a+ b) =
√
π2a+

√
π2b, since p = 2.

We prove that
√
π2adπ/π2 is independent of the choice of a uniformizer π of

K. Let u ∈ O×K be a unit. Then, in gr′2Ω1
K ⊗FK F

1/2
K , we have

√
(uπ)2ad(uπ)/(uπ)2 = u

√
π2audπ/(uπ)2 =

√
π2adπ/π2.

Hence the assertion holds.
(ii) Since p = 2 and fil′2K = fil2K, we have fil′2K ∩ (F − 1)(K) = (F − 1)(fil1K)

by Lemma 1.7 (iii). Hence it is sufficient to prove that Ker ϕ̃
′(2)
1 is the image

of (F − 1)(fil1K) in gr′2K.
Let a be an element of fil1K. By (1.3), we may put a = a′/π, where a′ ∈ OK .
Then we have

ϕ̃
′(2)
1 (ā2 − ā) = −ā′dπ/π2 +

√
ā′

2
dπ/π2 = 0. (1.24)

Conversely, let a ∈ fil′2K be a lift of an element of Ker ϕ̃
′(2)
1 . Since fil′2K = fil2K,

we can put a = a′/π2, where a′ ∈ OK , by (1.3). Suppose that ordK(a′) > 0,

that is a ∈ fil1Ws(K). Since ϕ̃
′(2)
1 (ā) = −(a′π−1)dπ/π2 = 0, we have a′π−1 = 0

in FK . Hence a ∈ fil0K = fil′1K, that is ā = 0 in gr′2K.
Assume that a′ ∈ O×K is a unit. Since we have

ϕ̃
′(2)
1 (ā) = −da+

√
ā′dπ/π2 = 0, (1.25)
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we have
√
ā′ ∈ FK . Hence there exist a unit a′′ ∈ O×K and an element b ∈ fil1K

such that a = (F − 1)(a′′/π) + b. By (1.24) and (1.25), we have ϕ̃
′(2)
1 (b̄) = 0.

Hence we have b ∈ fil′1K by the case where ordK(a′) > 0, which is proved
above. Therefore ā ∈ gr′2K is the image of an element of (F − 1)(fil1K).

Let m ≥ 2 be an integer. By abuse of notation, we write

φ′(m) : gr′mH
1(K,Q/Z)→ gr′mΩ1

K ⊗FK F 1/p
K (1.26)

for the composition of φ′(m) in (1.22) and the inclusion gr′mΩ1
K → gr′mΩ1

K ⊗FK
F

1/p
K if (p,m) 6= (2, 2) and φ̃′(2) in Proposition 1.17 (ii) if (p,m) = (2, 2).

Definition 1.18. Let χ be an element of H1(K,Q/Z). We put m = dt(χ) and
assume that m ≥ 2. We define the characteristic form char(χ) ∈ gr′mΩ1

K ⊗FK
F

1/p
K of χ to be the image of χ by φ′(m) (1.26).

By (1.22) and Proposition 1.17, we need F
1/p
K only in the case where p = 2 and

χ ∈ fil′2H
1(K,Q/Z)− fil1H

1(K,Q/Z).
In the rest of this subsection, we prepare some lemmas for the proof of Propo-
sition 1.29.

Definition 1.19. Let s ≥ 0 and r ≥ 0 be integers. We put r′ =
min{ordp(m), s+ r} and s′′ = max{0, r′ − r}. We define increasing filtrations

{fil′(r)m Ws(K)}m∈Z≥1
and {fil′′(r)m Ws(K)}m∈Z≥1

of Ws(K) by

fil′(r)m Ws(K) = fil
(r)
m−1Ws(K) + V s−s

′′

fil(r)m Ws′′(K), (1.27)

fil′′(r)m Ws(K) = fil
(r)
[(m−1)/p]Ws(K) + V s−s

′′

fil
(r)
[m/p]Ws′′(K). (1.28)

If r = 0, then we simply write fil′′mWs(K) for fil′′(0)m Ws(K).

If r = 0, since s′′ = s′ = min{ordp(m), s}, we have fil′(0)m Ws(K) = fil′mWs(K).
Further we have

fil′′mWs(K) = fil[(m−1)/p]Ws(K) + V s−s
′

fil[m/p]Ws′(K). (1.29)

Lemma 1.20. Let r ≥ 0 and 0 ≤ t ≤ s be integers. Let prt : Ws(K) → Wt(K)
be as in (1.12). Let m ≥ 1 be an integer.

(i) prt(fil′mWs(K)) = fil′(s−t)m Wt(K).

(ii) We have the exact sequence

0→ fil′mWs−t(K)
V t−−→ fil′mWs(K)

prt−−→ fil′(s−t)m Wt(K)→ 0. (1.30)

(iii) prt(fil′′mWs(K)) = fil′′(s−t)m Wt(K).

Documenta Mathematica 22 (2017) 917–952



928 Yuri Yatagawa

(iv) We have the exact sequence

0→ fil′′mWs−t(K)
V t−−→ fil′′mWs(K)

prt−−→ fil′′(s−t)m Wt(K)→ 0. (1.31)

(v) fil′′(r)m Ws(K) = (F − 1)−1(fil′(r)m Ws(K)). Especially, fil′′mWs(K) = (F −
1)−1(fil′mWs(K)).

Proof. We put s′ = min{ordp(m), s}, r′ = min{ordp(m), s + r}, and s′′ =
max{0, r′ − r}.
(i) By (1.27), we have fil′(s−t)m Wt(K) = fil

(s−t)
m−1 Wt(K) if t ≤ s − s′ and

fil′(s−t)m Wt(K) = fil
(s−t)
m−1Wt(K) + V s−s

′

fil(s−t)m Wt−s+s′(K) if t > s − s′. By

Lemma 1.10 (i), we have prt(film−1Ws(K)) = fil
(s−t)
m−1Wt(K) and, if t > s− s′,

we have prt(V
s−s′filmWs′(K)) = V s−s

′

fil(s−t)m Wt−s+s′(K). Hence the assertion
holds by (1.15).
(ii) The assertion holds by (1.15) and (i).
(iii) The assertion holds similarly as the proof of (i) by (1.28) and (1.29).
(iv) The assertion holds by (1.29) and (iii).
(v) Since V s−s

′′

and prs−s′′ commute with F − 1, the morphisms

V s−s
′′

: Ws′′ (K) → Ws(K) and prs−s′′ : Ws(K) → Ws−s′′(K) in-

duce V s−s
′′

: (F − 1)−1(fil(r)m Ws′′ (K)) → (F − 1)−1(fil′(r)m Ws(K)) and

prs−s′′ : (F − 1)−1(fil′(r)m Ws(K)) → (F − 1)−1(fil
(r+s′′)
m−1 Ws−s′′ (K)) respec-

tively.
We prove that fil′′(r)m Ws(K) ⊂ (F − 1)−1(fil′(r)m Ws(K)). By (1.11) and (1.28),

we have fil′′(r)m Ws(K) = fil[[(m−1)/p]/pr]Ws(K) + V s−s
′′

fil[[m/p]/pr]Ws′′ (K).

By (1.11) and (1.27), we have fil′(r)m Ws(K) = fil[(m−1)/pr]Ws(K) +

V s−s
′′

fil[m/pr]Ws′′ (K). Hence, by Lemma 1.6 (ii) and Lemma 1.7 (iii),

we have fil′′(r)m Ws(K) ⊂ (F − 1)−1(fil′(r)m Ws(K)).

We put An = fil(r)n Ws′′(K) and Bn = fil(r+s
′′)

n Ws−s′′ (K) for n ∈ Z≥0. We also

put Cn = fil′(r)n Ws(K) and Dn = fil′′(r)n Ws(K) for n ∈ Z≥1. We consider the
commutative diagram

A[m/p]
V s−s

′′

//

��

Dm

prs−s′′ //

��

B[(m−1)/p] //

��

0

(F − 1)−1(Am)
V s−s

′′

// (F − 1)−1(Cm)
prs−s′′// (F − 1)−1(Bm−1),

where the left and right vertical arrows are the identities by Lemma 1.10 (ii), the
middle vertical arrow is the inclusion, and the lower horizontal line is exact.
Since the upper horizontal line is exact by Lemma 1.10 (i) and (1.28), the
assertion holds by applying the snake lemma.

Corollary 1.21. Let m ≥ 2 and 0 ≤ t ≤ s be integers.
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(i) The exact sequence (1.30) induces the exact sequence

0→ gr′mWs−t(K)
V̄ t−−→ gr′mWs(K)

prt−−→ gr′(s−t)m Wt(K)→ 0.

(ii) The exact sequence (1.31) induces the exact sequence

0→ gr′′mWs−t(K)
V̄ t−−→ gr′′mWs(K)

prt−−→ gr′′(s−t)m Wt(K)→ 0.

Proof. The assertion holds similarly as the proof of Lemma 1.11.

Let m ≥ 2 be an integer. By abuse of notation, let

ϕ′(m)
s : gr′mWs(K)→ gr′mΩ1

K ⊗FK F 1/p
K

be the composition of ϕ
′(m)
s (1.21) and the inclusion gr′mΩ1

K → gr′mΩ1
K⊗FKF

1/p
K

if (p,m) 6= (2, 2) and ϕ̃
′(2)
s in Proposition 1.17 (i) if (p,m) = (2, 2).

Let r ≥ 0 be an integer. By Lemma 1.20 (v), the morphism F − 1: Ws(K)→
Ws(K) induces the injection

F − 1: gr′′(r)m Ws(K)→ gr′(r)m Ws(K).

Especially, the morphism F − 1 induces the injection

F − 1: gr′′mWs(K)→ gr′mWs(K).

Lemma 1.22 (cf. [M, Proposition 3.2.1, Proposition 3.2.3]). Let m ≥ 2 be an
integer. Then we have the exact sequence

0→ gr′′mWs(K)
F−1−−−→ gr′mWs(K)

ϕ′(m)
s−−−→ gr′mΩ1

K ⊗F F 1/p.

Proof. As in the proof of [M, Proposition 3.2.1] and Proposition 1.17 (ii), the

morphism ϕ
′(m)
s factors through

gr′mH
1(K,Z/psZ) ≃ fil′mWs(K)/((F−1)(Ws(K))∩fil′mWs(K)+fil′m−1Ws(K)).

Since this factorization defines the injection φ′(m) by [M, Proposition 3.2.3] and
Proposition 1.17 (ii), the assertion holds.

Lemma 1.23. Let m ≥ 1 and r ≥ 0 be integers.

(i) fil′(r)m K = film/prK if m ∈ pr+1Z and fil′(r)m K = fil[(m−1)/pr]K if m /∈
pr+1Z.

(ii) fil′′(r)m K = fil[m/pr+1]K.
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Proof. (i) By (1.27), we have fil′(r)m K = fil(r)m K if m ∈ pr+1Z and fil′(r)m K =

fil
(r)
m−1K if m /∈ pr+1Z. Hence the assertion holds by (1.11).

(ii) By Lemma 1.20 (v), we have fil′′(r)m K = (F − 1)−1(fil′(r)m K). By (i)

and Lemma 1.7 (iii), we have fil′′(r)m K = film/pr+1Ws(K) if m ∈ pr+1Z and

fil′′(r)m K = fil[[(m−1)/pr]/p]Ws(K) if m /∈ pr+1Z. Hence the assertion holds by
Lemma 1.6.

Corollary 1.24. Let m ≥ 2 and r ≥ 0 be integers.

(i) Assume that r ≥ 1. Then gr
′(r)
m K = gr[m/pr]K if m ∈ pr+1Z or ordp(m−

1) = r, and gr
′(r)
m K = 0 otherwise.

(ii) gr
′′(r)
m K = grm/pr+1K if m ∈ pr+1Z, and gr

′′(r)
m K = 0 if m /∈ pr+1Z.

Proof. (i) Assume that m ∈ pr+1Z. Since r ≥ 1, we have m− 1 /∈ prZ. Hence

gr
′(r)
m K = fil[m/pr]K/fil[(m−2)/pr]K by Lemma 1.23 (i). By Lemma 1.6 (i), the

assertion holds in this case.
Assume that m /∈ pr+1Z. By Lemma 1.23 (i), we have gr

′(r)
m K =

fil[(m−1)/pr ]K/fil[(m−2)/pr]K if m−1 /∈ pr+1Z and gr
′(r)
m K = 0 if m−1 ∈ pr+1Z.

Suppose that m − 1 /∈ pr+1Z. By Lemma 1.6 (i), we have gr
′(r)
m K =

gr[(m−1)/pr]K if m− 1 ∈ prZ and gr
′(r)
m K = 0 if m− 1 /∈ prZ. If m− 1 ∈ prZ,

then we have m /∈ prZ, since r ≥ 1. Hence the assertion holds by Lemma 1.6
(i).

(ii) By Lemma 1.23 (ii), we have gr
′′(r)
m K = fil[m/pr+1]K/fil[(m−1)/pr+1]K. Hence

the assertion holds by Lemma 1.6 (i).

We note that if r = 0 and if m ∈ pZ then gr
′(r)
m K = gr′mK = filmK/film−2K.

1.3 Sheafification: logarithmic case

Let X be a smooth separated scheme over a perfect field k of characteristic
p > 0. Let D be a divisor on X with simple normal crossings and {Di}i∈I
the irreducible components of D. The generic point of Di is denoted by pi for
i ∈ I. We put U = X−D and let j : U → X be the canonical open immersion.
For i ∈ I, let OKi denote the completion ÔX,pi of the local ring OX,pi at pi
and Ki the fractional field of OKi called local field at pi.
Let ǫ : Xét → XZar be the canonical mapping from the étale site of X to the
Zariski site of X . We use the same notation j∗ for the push-forward of both
étale sheaves and Zariski sheaves. We consider the exact sequence

0→Ws(Fp)→Ws(OUét
)
F−1−−−→Ws(OUét

)→ 0

of étale sheaves on U for s ∈ Z≥0. Since R1(ǫ ◦ j)∗Ws(OUét
) = 0, we have an

exact sequence

0→ j∗Ws(Fp)→ j∗Ws(OU )
F−1−−−→ j∗Ws(OU )→ R1(ǫ ◦ j)∗Z/psZ→ 0 (1.32)
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We write

δs : j∗Ws(OU )→ R1(ǫ ◦ j)∗Z/psZ (1.33)

for the fourth morphism in (1.32).
Let V be an open subset of X . Since we have the spectral sequence Ep,q2 =
Hp

Zar(V,R
q(ǫ ◦ j)∗Z/psZ) ⇒ Hp+q

ét (U ∩ V,Z/psZ) and E1,0
2 = E2,0

2 = 0, the
canonical morphism

H1
ét(U ∩ V,Z/psZ)→ Γ(V,R1(ǫ ◦ j)∗Z/psZ)

is an isomorphism. By the exact sequence (1.32), the morphism δs (1.33)
induces an isomorphism

j∗Ws(OU )/(F − 1)j∗Ws(OU )→ R1(ǫ ◦ j)∗Z/psZ.

If Di ∩ V 6= ∅ and if a ∈ Γ(U ∩ V,Ws(OU )), let a|Ki denote the image of a by

Γ(U ∩ V,Ws(OU ))→ Ws(Ki).

Similarly, if Di ∩ V 6= ∅ and if χ ∈ H1
ét(U ∩ V,Z/psZ), let χ|Ki denote the

image of χ by

H1
ét(U ∩ V,Z/psZ)→ H1(Ki,Z/p

sZ).

Definition 1.25. Let R =
∑
i∈I niDi, where ni ∈ Z≥0 for i ∈ I, and let

ji : SpecKi → X denote the canonical morphism for i ∈ I.

(i) We define a subsheaf filRj∗Ws(OU ) of Zariski sheaf j∗Ws(OU ) to be
the pull-back of

⊕
i∈I ji∗filniWs(Ki) by the morphism j∗Ws(OU ) →⊕

i∈I ji∗Ws(Ki).

(ii) We define a subsheaf filRR
1(ǫ ◦ j)∗Z/psZ of R1(ǫ ◦ j)∗Z/psZ to be the

image of filRj∗Ws(OU ) by δs (1.33).

(iii) We define a subsheaf filRj∗Ω1
U of j∗Ω1

U to be Ω1
X(logD)(R).

We consider the morphism

−F s−1d : j∗Ws(OU )→ j∗Ω
1
U ; (as−1, . . . , a0) 7→ −

s−1∑

i=0

ap
i−1
i dai. (1.34)

Let R =
∑
i∈I niDi, where ni ∈ Z≥0 for i ∈ I. Then (1.34) induces the

morphism
filRj∗Ws(OU )→ filRj∗Ω

1
U .

Let R′ =
∑
i∈I n

′
iDi, where n′i ∈ Z≥0 such that n′i ≤ ni for i ∈ I. Then we have

filR ⊃ filR′ and put grR/R′ = filR/filR′ . Then the morphism (1.34) induces the
morphism

ϕ(R/R′)
s : grR/R′j∗Ws(OU )→ grR/R′j∗Ω

1
U . (1.35)
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If R = R′+Di for some i ∈ I, then we simply write ϕ
(R,i)
s for ϕ

(R,R′)
s and grR,i

for grR/R′ .

Let 0 ≤ t ≤ s be integers. We put [R/pj] =
∑
i∈I [ni/p

j]Di. We consider the
projection

prt : j∗Ws(OU )→ j∗Wt(OU ) ; (as−1, . . . , a0) 7→ (as−1, . . . , as−t). (1.36)

Since we have prt(filRj∗Ws(OU )) = fil[R/ps−t]j∗Wt(OU ) by (1.11) and Lemma
1.10 (i), we have the exact sequence

0→ filRj∗Ws−t(OU )
V t−−→ filRj∗Ws(OU )

prt−−→ fil[R/ps−t]j∗Wt(OU )→ 0. (1.37)

Lemma 1.26. Let R =
∑

i∈I niDi and R′ =
∑
i∈I n

′
iDi, where ni, n

′
i ∈ Z≥0

and n′i ≤ ni for every i ∈ I. Then the exact sequence (1.37) induces the exact
sequence

0→ grR/R′j∗W s−t(OU )
V̄ t−−→ grR/R′j∗Ws(OU ) (1.38)

prt−−→ gr[R/ps−t]/[R′/ps−t]j∗Wt(OU )→ 0.

Especially, if R = R′ +Di for some i ∈ I, we have the exact sequence

0→ grR,ij∗W s−t(OU )
V̄ t−−→ grR,ij∗Ws(OU )

prt−−→ gr[R/ps−t]/[(R−Di)/ps−t]j∗Wt(OU )→ 0.

Proof. The assertion holds similarly as the proof of Lemma 1.11. In fact, we
consider the commutative diagram

0 // filR′j∗Ws−t(OU )
V t //

��

filR′j∗Ws(OU )
prt//

��

fil[R′/ps−t]j∗Wt(OU ) //

��

0

0 // filRj∗Ws−t(OU )
V t // filRj∗Ws(OU )

prt // fil[R/ps−t]j∗Wt(OU ) // 0,

(1.39)

where the horizontal lines are exact and the vertical arrows are inclusions.
Then this diagram induces the sequence (1.38). By taking stalks of (1.39), the
exactness of (1.38) follows.

Let R =
∑

i∈I niDi and R′ =
∑

i∈I n
′
iDi, where ni, n

′
i ∈ Z≥0 and n′i ≤ ni for

every i ∈ I. We consider the morphism

F̄ : gr[R/p]/[R′/p]j∗Ws(OU )→ grR/R′j∗Ws(OU ) (1.40)

induced by the Frobenius F : j∗Ws(OU ) → j∗Ws(OU ). Since
F−1(filRj∗Ws(OU )) = fil[R/p]j∗Ws(OU ) by Lemma 1.7 (iii) and similarly
for R′, the morphism (1.40) is injective.
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We consider the morphism

F − 1: gr[R/p]/[R′/p]j∗Ws(OU )→ grR/R′j∗Ws(OU ) (1.41)

induced by F−1: j∗Ws(OU )→ j∗Ws(OU ). If R = R′+Di for some i ∈ I, then
the morphisms (1.40) and (1.41) are the same, since [R/p] ≤ R′ with respect
to product order.

Lemma 1.27. Let A be a smooth ring over k. Let t1, . . . , tr be elements of A
such that (t1 · · · tr = 0) is a divisor on SpecA with simple normal crossings
whose irreducible components are {(ti = 0)}ri=1. Let a be an element of FracA.
Assume that aptn1

1 · · · tnrr ∈ A, where n1, . . . , nr are integers such that 0 ≤ ni <
p for i = 1, . . . , r. Then we have a ∈ A.
Proof. Since aptn1

1 · · · tnrr ∈ A, the valuation of aptn1
1 · · · tnrr in A(ti) is non-

negative for i = 1, . . . , r. Since the normalized valuation of ap in FracA(ti) for
i = 1, . . . , r is divided by p and 0 ≤ ni < p for i = 1, . . . , r, the valuation of
a in FracA(ti) for i = 1, . . . , r is non-negative. Since A is factorial, we have
A[1/t1 · · · tr] ∩

⋂r
i=1A(ti) = A. Hence the assertion holds.

Lemma 1.28. Let F , G, and H be sheaves of abelian groups on X and let Fi,
Gi, and Hi be subsheaves of F , G, and H respectively for i = 1, 2, 3. Assume
that F3 = F1 ∩F2, H3 = H1 ∩H2, and that G3 ⊂ G1 ∩ G2. If we have an exact
sequence 0 → F → G → H → 0 and if this exact sequence induces the exact
sequence 0→ Fi → Gi → Hi → 0 for i = 1, 2, 3, then we have G3 = G1 ∩ G2.
Proof. We consider the commutative diagram

0

��

0

��

0

��
0 // F3

//

��

G3 //

��

H3
//

��

0

0 // F1 ⊕F2
//

��

G1 ⊕ G2 //

��

H1 ⊕H2
//

��

0

0 // F // G // H // 0,

(1.42)

where the bottom vertical arrows are defined by the difference. Since F3 =
F1 ∩ F2 and H3 = H1 ∩H2, the left and right vertical columns are exact. By
applying the snake lemma to the lower two lines, we have G3 = G1 ∩ G2.

Proposition 1.29. Let R =
∑

i∈I niDi, where ni ∈ Z≥0 for i ∈ I. Let s ≥ 0
be an integer and let i be an element of I such that ni ≥ 1. We put R′ = R−Di.
Then we have the exact sequence

0→ gr[R/p]/[R′/p]j∗Ws(OU )
F̄−→ grR,ij∗Ws(OU )

ϕ(R,i)
s−−−−→ grR,ij∗Ω

1
U ,
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where gr[R/p]/[R′/p]j∗Ws(OU ) is gr[R/p],ij∗Ws(OU ) if ni ∈ pZ and 0 if ni /∈ pZ.
Proof. We may assume that s ≥ 1, I = {1, . . . , r}, and that i = 1. Let
j1 : SpecK1 → X be the canonical morphism. We consider the commutative
diagram

0 // gr[R/p]/[R′/p]j∗Ws(OU )
F̄ //

��

grR,1j∗Ws(OU )
ϕ(R,1)
s //

��

grR,1j∗Ω
1
U

��
0 // j1∗(gr[n1/p]/[(n1−1)/p]Ws(K1))

F̄ // j1∗grn1
Ws(K1)

ϕ(n1)
s // j1∗grn1

Ω1
K1
,

(1.43)

where we put gr[n1/p]/[(n1−1)/p] = fil[n1/p]/fil[(n1−1)/p] and the vertical arrows
are inclusions. Since the lower line is exact by Lemma 1.8, it is sufficient to
prove that the left square in (1.43) is cartesian.
If n1 /∈ pZ, then the assertion holds since gr[R/p]/[R′/p]j∗Ws(OU ) = 0 and
gr[n1/p]/[(n1−1)/p]Ws(K1) = 0 by Lemma 1.6 (i).
Assume that n1 ∈ pZ. Then we have gr[R/p]/[R′/p]j∗Ws(OU ) =
gr[R/p],1j∗Ws(OU ) and gr[n1/p]/[(n1−1)/p]Ws(K1) = grn1/pWs(K1) by Lemma
1.6 (i).
We prove the assertion by induction on s. Suppose that s = 1. Since the
assertion is local, we may assume that X = SpecA is affine and that Di = (ti =
0) for i ∈ I, where ti ∈ A for i ∈ I. Further we may assume that the invertible
OD1 -modules grR,1j∗OU and gr[R/p],1j∗OU are gererated by c0 = 1/tn1

1 · · · tnrr
and c1 = 1/t

n1/p
1 t

m′
2

2 · · · t
m′
r

r respectively, where m′i = [ni/p] for i ∈ I−{1}. Let
k(D1) denote the functional field of D1. We identify grn1

K1 with k(D1) · c0
and grn1/pK1 with k(D1) · c1.

Let ā be an element of k(D1) such that F̄ (āc1) = āpcp1 ∈ grR,1j∗OU . Since
(āpcp1/c0) · c0 ∈ grR,1j∗OU = OD1 · c0, we have āpcp1/c0 ∈ OD1 . Since cp1/c0 =

t
n2−pm′

2
2 · · · tnr−pm

′
r

r and 0 ≤ ni − pm′i < p for i ∈ I − {1}, we have ā ∈ OD1

by Lemma 1.27. Hence we have āc1 ∈ OD1 · c1 = gr[R/p],1j∗OU . Hence the
assertion holds if s = 1.
If s > 1, we put F = j1∗grn1

Ws−1(K1), F1 = grR,1j∗Ws−1(OU ), F2 =
j1∗grn1/pWs−1(K1), and F3 = gr[R/p],1j∗Ws−1(OU ). Since the canonical mor-

phisms F1 → F and F3 → F2 are injective and both F̄ : F3 → F1 and
F̄ : F2 → F are injective, we may identify Fi with a subsheaf of F for i = 1, 2, 3.
We also put G = j1∗grn1

Ws(K1), G1 = grR,1j∗Ws(OU ), G2 = j1∗grn1/pWs(K1),

and G3 = gr[R/p],1j∗Ws(OU ). We further put H = j1∗(gr
(s−1)
n K1), H1 =

gr[R/ps−1]/[R′/ps−1]j∗OU , H2 = j1∗(gr
(s−1)
n1/p

K1), and H3 = gr[R/ps]/[R′/ps]j∗OU .

Similarly as Fi, we may identify Gi and Hi with subsheaves of G and H respec-
tively for i = 1, 2, 3.
By the induction hypothesis, we have F3 = F1 ∩ F2. If n1 /∈ psZ, then H2 =
H3 = 0 by Lemma 1.6 (i) and (1.11). If n1 ∈ psZ, then we have H3 = H1 ∩H2

by Lemma 1.6 (i), (1.11), and the induction hypothesis. By the commutativity
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of (1.43), we have G3 ⊂ G1 ∩ G2. Since exact sequences in Lemma 1.11 and
Lemma 1.26 in the case where t = 1 are compatible with the inclusions of
sheaves above, the assertion holds by Lemma 1.28.

Lemma 1.30. Let f : F → G be a surjection of sheaves of abelian groups on
X. Let g : G → H be a morphism of sheaves of abelian groups on X. We
put Γ = (Z≥0)r, where r > 0 is an integer, and let 1i ∈ Γ be the element
whose i-th component is 1 and the others are 0 for i = 1, . . . , r. Let {filnF}n∈Γ
and {filnH}n∈Γ be increasing filtrations of F and H respectively with respect
to product order. Assume that

⋃
n∈Γ filnF = F and

⋃
n∈Γ filnH = H. We

put filnG = f(filnF) for n ∈ Γ, which define an increasing filtration of G.
If g(filnG) ⊂ filnH for every n ∈ Γ and if the morphism filn+1iG/filnG →
filn+1iH/filnH induced by g is injective for every n ∈ Γ and i = 1, . . . , r, then
we have filnG = g−1(filnH) for every n ∈ Γ.

Proof. Let n ∈ Γ be an element. We prove that the morphism G/filnG →
H/filnH is injective. Since F =

⋃
n∈Γ filnF and f is surjective, we have

G =
⋃
n∈Γ filnG and hence G/filnG = lim−→n′

filn′G/filnG, where n′ runs through
the elements of Γ greater than n with respect to product order. Since
H =

⋃
n∈Γ filnH, we have H/filnH = lim−→n′

filn′H/filnH, where n′ runs
through the elements of Γ greater than n. Hence it is sufficient to prove that
filn′G/filnG → filn′H/filnH is injective for every n′ ∈ Γ such that n′ ≥ n. We
prove this assertion by induction on n′.
If n′ = n, the assertion holds since filn′G/filnG = 0 and filn′H/filnH = 0. For
n′ > n, take i such that n′ − 1i ≥ n. We consider the commutative diagram

0 // filn′−1iG/filnG //

��

filn′G/filnG //

��

filn′G/filn′−1iG //

��

0

0 // filn′−1iH/filnH // filn′H/filnH // filn′H/filn′−1iH // 0,

where the horizontal lines are exact. By the induction hypothesis, the left
vertical arrow is injective. Since the right vertical arrow is injective, the middle
vertical arrow is injective. Hence the assertion holds.

Proposition 1.31. Let R =
∑

i∈I niDi, where ni ∈ Z≥0 for i ∈ I. Let
ji : SpecKi → X be the canonical morphism for i ∈ I.

(i) The subsheaf filRR
1(ǫ ◦ j)∗Z/psZ is equal to the pull-back of⊕

i∈I ji∗filniH
1(Ki,Q/Z) by the morphism R1(ǫ ◦ j)∗Z/psZ →⊕

i∈I ji∗H
1(Ki,Q/Z).

(ii) Let R′ =
∑
i∈I n

′
iDi, where n

′
i ∈ Z≥0 and ni − 1 ≤ n′i ≤ ni for i ∈ I.

Then there exists a unique injection φ
(R/R′)
s : grR/R′R1(ǫ ◦ j)∗Z/psZ →
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grR/R′j∗Ω1
U such that the following diagram is commutative:

grR/R′j∗Ws(OU )

δ(R/R
′)

s ))❙❙❙
❙❙❙

❙❙❙
❙❙❙

❙❙

ϕ(R/R′)
s // grR/R′j∗Ω1

U

grR/R′R1(ǫ ◦ j)∗Z/psZ.
φ(R/R′)
s

66♠♠♠♠♠♠♠♠♠♠♠♠♠

(1.44)

Proof. Let i be an element of I such that ni ≥ 1. Since the kernel of

δ
(R,i)
s is the image of F − 1 (1.41) and the morphisms F̄ (1.40) and F − 1

(1.41) are the same, the kernel of δ
(R,i)
s is equal to the kernel of ϕ

(R,i)
s by

Proposition 1.29. Since δ
(R,i)
s is surjective, there exists a unique injection

φ
(R,i)
s : grR,iR

1(ǫ ◦ j)∗Z/psZ → grR,ij∗Ω
1
U such that the diagram (1.44) for

R′ = R−Di is commutative.
(i) Let i be an element of I such that ni ≥ 1. We consider the commutative
diagram

grR,iR
1(ǫ ◦ j)∗Z/psZ //

φ(R,i)
s

��

ji∗grniH
1(Ki,Q/Z)

φ(ni)

��
grR,ij∗Ω

1
U

// ji∗grniΩ
1
Ki
,

where the lower horizontal arrow is the inclusion and φ(ni) is as in (1.8). Since
the left vertical arrow is injective as proved above, the upper horizontal arrow
is injective. Hence the assertion holds by applying Lemma 1.30 to the case
where F = j∗Ws(OU ), G = R1(ǫ ◦ j)∗Z/psZ, and H =

⊕
i∈I ji∗H

1(Ki,Q/Z).
(ii) Let J be the subset of I consisting of i ∈ I such that n′i 6= ni. We consider
the commutative diagram

grR/R′j∗Ws(OU )
ϕ(R/R′)
s //

δ(R/R
′)

s

��

grR/R′j∗Ω1
U

��
grR/R′R1(ǫ ◦ j)∗Z/psZ //⊕

i∈J ji∗grniH
1(Ki,Q/Z)

⊕φ(ni)

//⊕
i∈J ji∗grniΩ

1
Ki
,

where φ(ni) is as in (1.8) for i ∈ J . By (i), the left lower horizontal arrow is
injective. Since grniΩ

1
Ki

is the stalk of grR/R′j∗Ω1
U at the generic point of Di

for i ∈ J , the kernel of the canonical morphism filRj∗Ω1
U →

⊕
i∈J ji∗grniΩ

1
Ki

is the intersection of filR−Dij∗Ω
1
U for i ∈ J . Hence the right vertical arrow

is injective. Since the right lower horizontal arrow is injective, the kernel of

ϕ
(R/R′)
s is equal to that of δ

(R/R′)
s . Since δ

(R/R′)
s is surjective, the assertion

holds.

Definition 1.32. Let χ be an element of H1
ét(U,Q/Z). We define the Swan

conductor divisor Rχ of χ by Rχ =
∑

i∈I sw(χ|Ki)Di.
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Definition 1.33. Let χ be an element of H1
ét(U,Q/Z). Assume that

sw(χ|Ki) > 0 for some i ∈ I. Let ps be the order of the p-part of χ. We
put Z = Supp(Rχ). We define the refined Swan conductor rsw(χ) of χ to be
the image of the p-part of χ by the composition

Γ(X, filRχR
1(ǫ ◦ j)∗Z/psZ)→ Γ(X, grRχ/(Rχ−Z)R

1(ǫ ◦ j)∗Z/psZ)

φ
(Rχ/(Rχ−Z))
s (X)−−−−−−−−−−−→ Γ(X, grRχ/(Rχ−Z)j∗Ω

1
U ) = Γ(Z,Ω1

X(logD)(Rχ)⊗OX OZ).

By the construction of φ
(Rχ/(Rχ−Z))
s , the germ rsw(χ)pi of rsw(χ) at the generic

point pi of Di contained in Z is equal to rsw(χ|Ki). This implies that rsw(χ)
in Definition 1.33 is none other than the refined Swan conductor of χ in the
sense of [K2, (3.4.2)].

1.4 Sheafification: non-logarithmic case

We recall the definition of the radicial covering S1/p of a scheme S over a
perfect field k of characteristic p > 0. We consider the commutative diagram

S1/p

��

// S
FS //

��

S

��
Spec k

F−1
k

// Spec k
Fk

// Spec k,

where the left square is the base change over k by the inverse F−1k of Fk. The
symbols FS and Fk denote the absolute Frobenius of S and Spec k respectively.
We define the radicial covering S1/p → S as the composition of morphisms in
the upper line.
We keep the notation in Subsection 1.3.

Definition 1.34. Let R =
∑
i∈I niDi, where ni ∈ Z≥1 for i ∈ I, and let

ji : SpecKi → X denote the canonical morphism for i ∈ I. Let r ≥ 0 be an
integer.

(i) We define subsheaves fil
′(r)
R j∗Ws(OU ) and fil

′′(r)
R j∗Ws(OU ) of Zariski

sheaf j∗Ws(OU ) to be the pull-back of
⊕

i∈I ji∗fil′(r)ni Ws(Ki) and⊕
i∈I ji∗fil′′(r)ni Ws(Ki) by the morphism j∗Ws(OU ) → ⊕

i∈I ji∗Ws(Ki)
respectively.

If r = 0, then we simply write fil′Rj∗Ws(OU ) and fil′′Rj∗Ws(OU ) for

fil
′(0)
R j∗Ws(OU ) and fil

′′(0)
R j∗Ws(OU ) respectively.

(ii) We define a subsheaf fil′RR
1(ǫ ◦ j)∗Z/psZ of R1(ǫ ◦ j)∗Z/psZ to be the

image of fil′Rj∗Ws(OU ) by δs (1.33).

(iii) We define a subsheaf fil′Rj∗Ω
1
U of j∗Ω1

U to be Ω1
X(R).
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Similarly as in the logarithmic case, we consider the morphism −F s−1d (1.34).
Let R =

∑
i∈I niDi, where ni ∈ Z≥1 for i ∈ I. Then −F s−1d (1.34) induces

the morphism
fil′Rj∗Ws(OU )→ fil′Rj∗Ω

1
U .

For R′ =
∑
i∈I n

′
iDi, where n′i ∈ Z≥1 such that n′i ≤ ni for i ∈ I, we put

gr′R/R′ = fil′R/fil′R′ . Then the morphism −F s−1d (1.34) induces the morphism

ϕ′(R/R
′)

s : gr′R/R′j∗Ws(OU )→ gr′R/R′j∗Ω
1
U . (1.45)

For R′ =
∑
i∈I n

′
iDi, where n′i ∈ Z≥1 such that ni − 1 ≤ n′i ≤ ni for i ∈ I, we

put D(R/R′) = R − R′ ⊂ D. If p 6= 2 or there is no i ∈ I such that (ni, n
′
i) =

(2, 1), let ϕ̃
′(R/R′)
s : gr′R/R′j∗Ws(OU ) → gr′R/R′j∗Ω1

U ⊗OD(R/R′)
O
D(R/R′)1/2 be

the composition

gr′R/R′j∗Ws(OU )
ϕ′(R/R′)
s−−−−−→ gr′R/R′j∗Ω

1
U → gr′R/R′j∗Ω

1
U ⊗O

D(R/R′)
O
D(R/R′)1/2 .

Otherwise, as in the proof of Proposition 1.17 (i), there exists a unique mor-
phism

ϕ̃′(R/R
′)

s : gr′R/R′j∗Ws(OU )→ gr′R/R′j∗Ω
1
U ⊗O

D(R/R′)
O
D(R/R′)1/p (1.46)

such that locally ϕ̃
′(R/R′)
s (ā) = −∑s−1

i=0 a
pi−1
i dai +

∑
(ni,n′

i)=(2,1)

√
t2i a0dti/t

2
i

for every ā ∈ gr′R/R′j∗Ws(OU ) whose lift is a = (as−1, . . . , a0) ∈ fil′Rj∗Ws(OU )

and for every local equation ti of Di for i ∈ I such that (ni, n
′
i) = (2, 1).

If R = R′ + Di for some i ∈ I, then we simply write gr′R,i for gr′R/R′ , ϕ̃′(R,i)

for ϕ̃′(R/R
′), and similarly for gr′′R/R′ , gr

′(r)
R/R′ , and gr

′′(r)
R/R′ .

Lemma 1.35. Let R =
∑

i∈I niDi, where ni ∈ Z≥1 for i ∈ I, and let r ≥ 0

be an integer. Then we have fil
′′(r)
R j∗Ws(OU ) = (F − 1)−1(fil

′(r)
R j∗Ws(OU )).

Especially, we have fil′′Rj∗Ws(OU ) = (F − 1)−1(fil′Rj∗Ws(OU )).

Proof. Let ji : SpecKi → X be the canonical morphism for i ∈ I. Since F − 1
is compatible with the canonical morphism j∗Ws(OU )→⊕

i∈I ji∗Ws(Ki), the
assertions hold by Lemma 1.20 (v).

Lemma 1.36. Let r ≥ 0 be an integer. Let R =
∑

i∈I niDi and R
′ =

∑
i∈I n

′
iDi,

where ni, n
′
i ∈ Z≥1 such that n′i = ni/p

r if ni ∈ pr+1Z and n′i = [(ni − 1)/pr]
if ni /∈ pr+1Z for every i ∈ I.

(i) fil
′(r)
R j∗OU = filR′j∗OU .

(ii) fil
′′(r)
R j∗OU = fil[R/pr+1]j∗OU .

Proof. The assertions hold by Lemma 1.23.
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Corollary 1.37. Let the notation be as in Lemma 1.36. Let i be an element
of I such that ni ≥ 2.

(i) Assume that r ≥ 1. Then gr
′(r)
R,i j∗OU = grR′,ij∗OU if ni ∈ pr+1Z or

ordp(ni − 1) = r, and gr
′(r)
R,i j∗OU = 0 otherwise.

(ii) gr
′′(r)
R,i j∗OU = gr[R/pr+1],ij∗OU = gr[R′/p],ij∗OU if ni ∈ pr+1Z, and

gr
′′(r)
R,i j∗OU = 0 if ni /∈ pr+1Z.

Proof. Since [R/pr+1] = [R′/p] by Lemma 1.6, the assertions hold by Corollary
1.24 and Lemma 1.36.

Let R =
∑

i∈I niDi and R′ =
∑

i∈I n
′
iDi, where ni, n

′
i ∈ Z≥1 and n′i ≤ ni for

every i ∈ I. Let 0 ≤ t ≤ s be integers. Since we have prt(fil′Rj∗Ws(OU )) =

fil
′(s−t)
R j∗Wt(OU ) by Lemma 1.20 (i), we have the exact sequence

0→ fil′Rj∗Ws−t(OU )
V t−−→ fil′Rj∗Ws(OU )

prt−−→ fil
′(s−t)
R j∗Wt(OU )→ 0. (1.47)

Similarly, since prt(fil′′Rj∗Ws(OU )) is fil
′′(s−t)
R j∗Wt(OU ) by Lemma 1.20 (iii), we

have the exact sequence

0→ fil′′Rj∗Ws−t(OU )
V t−−→ fil′′Rj∗Ws(OU )

prt−−→ fil
′′(s−t)
R j∗Wt(OU )→ 0. (1.48)

Lemma 1.38. Let R =
∑

i∈I niDi and R′ =
∑
i∈I n

′
iDi, where ni, n

′
i ∈ Z≥1

and ni − 1 ≤ n′i ≤ ni for every i ∈ I. Let 0 ≤ t ≤ s be integers.

(i) The exact sequence (1.47) induces the exact sequence

0 // gr′R/R′j∗Ws−t(OU )
V̄ t // gr′R/R′j∗Ws(OU )

prt// gr
′(s−t)
R/R′ j∗Wt(OU ) // 0.

(ii) The exact sequence (1.48) induces the exact sequence

0 // gr′′R/R′j∗Ws−t(OU )
V̄ t // gr′′R/R′j∗Ws(OU )

prt// gr
′′(s−t)
R/R′ j∗Wt(OU ) // 0.

Proof. The assertions hold similarly as the proof of Lemma 1.26.

Let r ≥ 0 be an integer. By Lemma 1.35, the morphism F − 1: j∗Ws(OU ) →
j∗Ws(OU ) induces the injection

F − 1: gr
′′(r)
R/R′j∗Ws(OU )→ gr

′(r)
R/R′j∗Ws(OU ).

Especially, the morphism F − 1 induces the injection

F − 1: gr′′R/R′j∗Ws(OU )→ gr′R/R′j∗Ws(OU ).
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Lemma 1.39. Let R =
∑

i∈I niDi, where ni ∈ Z≥1 for i ∈ I. Let s ≥ 0 be an
integer and let i be an element of I such that ni ≥ 2. Then we have the exact
sequence

0→ gr′′R,ij∗Ws(OU )
F−1−−−→ gr′R,ij∗Ws(OU )

ϕ̃′(R,i)
s−−−−→ gr′R,ij∗Ω

1
U ⊗ODi OD1/p

i

.

Proof. We may assume that s ≥ 1, I = {1, . . . , r}, and that i = 1. Let
j1 : SpecK1 → X be the canonical morphism. We consider the commutative
diagram

0 // gr′′R,1j∗Ws(OU )
F−1//

��

gr′R,1j∗Ws(OU )
ϕ′(R,1)
s //

��

gr′R,1j∗Ω
1
U ⊗OD1

O
D

1/p
1

��
0 // j1∗gr′′n1

Ws(K1)
F−1// j1∗gr′n1

Ws(K1)
ϕ′(n1)
s // j1∗(gr′n1

Ω1
K1
⊗FK1

F
1/p
K1

),

(1.49)

where FK1 denotes the residue field of K1 and the vertical arrows are canonical
injections. By Lemma 1.22, the lower horizontal line is exact. Hence it is
sufficient to prove that the left square in (1.49) is cartesian.
We prove the assertion by induction on s. Suppose that s = 1. If n1 /∈ pZ,
then we have gr′′n1

Ws(K1) = 0 and gr′′R,1j∗OU = 0 by Corollary 1.24 (ii) and
Corollary 1.37 (ii). Hence the assertion holds in this case.
Assume that n1 ∈ pZ. By (1.15), we have gr′n1

K1 = filn1K1/filn1−2K1. By
Corollary 1.24 (ii), we have gr′′n1

K1 = grn1/pK1. Since the assertion is a local
property, we may assume that X = SpecA is affine and that Di = (ti = 0) for
i ∈ I, where ti ∈ A for i ∈ I. Further we may assume that the invertible O2D1 -
module gr′R,1j∗OU is generated by c0 = 1/tn1

1 · · · tnrr , and that the invertible

OD1 -module gr′′R,1j∗OU is generated by c1 = 1/t
n1/p
1 t

m′
2

2 · · · t
m′
r

r , where m′i =
[ni/p] for i ∈ I−{1}. Let R(2D1) denote the stalk of O2D1 at the generic point
of 2D1 and let k(D1) denote the functional field of D1. Then we may identify
gr′n1

K1 with R(2D1) · c0 and gr′′n1
K1 with k(D1) · c1.

Let ā be an element of k(D1) such that (F − 1)(āc1) ∈ gr′R,1j∗OU . Since

we have (F − 1)(āc1) = ((āpcp1 − āc1)/c0) · c0 ∈ gr′R,1j∗OU = O2D1 · c0, we

have (āpcp1 − āc1)/c0 ∈ O2D1 . Since c1/c0 = t
n1−n1/p
1 t

n2−m′
2

2 · · · tnr−m
′
r

r and
n1 − n1/p ≥ 1, we have (āpcp1 − āc1)/c0 = āpcp1/c0 in OD1 . Since cp1/c0 =

t
n2−pm′

2
2 · · · tnr−pm

′
r

r and 0 ≤ ni − pm′i < p for i ∈ I − {1}, we have ā ∈ OD1 by
Lemma 1.27. Hence we have āc1 ∈ OD1 · c1 = gr′′R,1j∗OU . Thus the assertion
holds if s = 1.
If s > 1, we put F = j1∗gr′n1

Ws−1(K1), F1 = gr′R,1j∗Ws−1(OU ), F2 =
j1∗gr′′n1

Ws−1(K1), and F3 = gr′′R,1j∗Ws−1(OU ). Since the canonical morphisms

F1 → F and F3 → F2 are injective and both F − 1: F3 → F1 and F − 1: F2 →
F are injective, we may identify Fi with a subsheaf of F for i = 1, 2, 3. We
also put G = j1∗gr′n1

Ws(K1), G1 = gr′R,1j∗Ws(OU ), G2 = j1∗gr′′n1
Ws(K1), and
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G3 = gr′′R,1j∗Ws(OU ). Further we put H = j1∗gr
′(s−1)
n1 K1, H1 = gr

′(s−1)
R,1 j∗OU ,

H2 = j1∗gr
′′(s−1)
n1 K1, and H3 = gr

′′(s−1)
R,1 j∗OU . Similarly as Fi, we may identify

Gi and Hi with subsheaves of G and H respectively for i = 1, 2, 3.
By the induction hypothesis, we have F3 = F1 ∩F2. If n1 /∈ psZ, then we have
H2 = H3 = 0 by Corollary 1.24 (ii) and Corollary 1.37 (ii). If n1 ∈ psZ, then
we have H3 = H1 ∩ H2 by Corollary 1.24, Corollary 1.37, and the case where
s = 1 in the proof of Proposition 1.29. By the commutativity of (1.49), we
have G3 ⊂ G1 ∩G2. Since exact sequences in Corollary 1.21 and Lemma 1.38 in
the case where t = 1 are compatible with the inclusions of sheaves above, the
assertion holds by Lemma 1.28.

Proposition 1.40. Let R =
∑

i∈I niDi, where ni ∈ Z≥1 for i ∈ I. Let
ji : SpecKi → X be the canonical morphism for i ∈ I.
(i) The subsheaf fil′RR

1(ǫ ◦ j)∗Z/psZ is equal to the pull-back of⊕
i∈I ji∗fil′niH

1(Ki,Q/Z) by the morphism R1(ǫ ◦ j)∗Z/psZ →⊕
i∈I ji∗H

1(Ki,Q/Z).

(ii) Let R′ =
∑

i∈I n
′
iDi, where n

′
i ∈ Z≥1 such that ni−1 ≤ n′i ≤ ni for i ∈ I.

Then there exists a unique injection φ
′(R/R′)
s : gr′R/R′R1(ǫ ◦ j)∗Z/psZ →

(gr′R/R′j∗Ω1
U )|D(R/R′)1/p = gr′R/R′j∗Ω1

U⊗OD(R/R′)
OD(R/R′)1/p such that the

following diagram is commutative:

gr′R/R′j∗Ws(OU )

δ′(R/R
′)

s ((❘❘
❘❘❘

❘❘❘
❘❘❘

❘❘

ϕ̃′(R/R′)
s // (gr′R/R′j∗Ω1

U )|D(R/R′)1/p

gr′R/R′R1(ǫ ◦ j)∗Z/psZ.
φ′(R/R′)
s

55❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦

(1.50)

Proof. Let i be an element of I such that ni ≥ 2. By Lemma 1.39, the kernel

of δ
′(R,i)
s is equal to the kernel of ϕ̃

′(R,i)
s . Since δ

′(R,i)
s is surjective, there exists

a unique injection φ
′(R,i)
s : gr′R,iR

1(ǫ ◦ j)∗Z/psZ→ gr′R,ij∗Ω
1
U ⊗ODi OD1/p

i

such

that the diagram (1.50) for R′ = R−Di is commutative.
(i) Let i be an element of I such that ni ≥ 2. We consider the commutative
diagram

gr′R,iR
1(ǫ ◦ j)∗Z/psZ //

φ′(R,i)
s

��

ji∗grniH
1(Ki,Q/Z)

φ′(ni)

��
gr′R,ij∗Ω

1
U ⊗ODi OD1/p

i

// ji∗(gr′niΩ
1
Ki
⊗FKi F

1/p
Ki

),

where FKi is the residue field of Ki, the lower horizontal arrow is the inclusion,
and φ′(ni) is as in (1.26). Since the left vertical arrow is injective as proved
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above, the upper horizontal arrow is injective. Hence the assertion holds by
Lemma 1.30 similarly as the proof of Proposition 1.31 (i).
(ii) Let J be the subset of I consisting of i ∈ I such that n′i 6= ni. Since

gr′niji∗Ω
1
Ki
⊗FKi F

1/p
Ki

is the stalk of gr′R/R′j∗Ω1
U ⊗OD(R/R′)

OD(R/R′)1/p at the

generic point of D
1/p
i for i ∈ J , the assertion holds similarly as the proof of

Proposition 1.31 (ii).

Definition 1.41. Let χ be an element of H1
ét(U,Q/Z). We define the total

dimension divisor R′χ of χ by R′χ =
∑
i∈I dt(χ|Ki)Di.

We note that we have Supp(R′χ −D) = Supp(Rχ) by (1.17).

Definition 1.42. Let χ be an element of H1
ét(U,Q/Z). Assume that

dt(χ|Ki) > 1 for some i ∈ I. Let ps be the order of the p-part of χ. We
put Z = Supp(R′χ −D). We define the characteristic form char(χ) of χ to be
the image of the p-part of χ by the composition

Γ(X, fil′RχR
1(ǫ ◦ j)∗Z/psZ)→ Γ(X, gr′R′

χ/(R
′
χ−Z)R

1(ǫ ◦ j)∗Z/psZ)

φ
′(R′

χ/(R
′
χ−Z))

s (X)−−−−−−−−−−−−→ Γ(X, gr′R′
χ/(R

′
χ−Z)j∗Ω

1
U ⊗OZ OZ1/p)

= Γ(Z1/p,Ω1(R′χ)⊗OX OZ1/p).

2 Abbes-Saito’s ramification theory and Witt vectors

2.1 Abbes-Saito’s ramification theory

We briefly recall Abbes-Saito’s non-logarithmic ramification theory ([Sa1, Sec-
tion 2, Subsection 3.1]).

Definition 2.1 ([Sa1, Definition 1.12]). Let P be a scheme. Let D be a Cartier
divisor on P and X a closed subscheme of P . We define the dilatation P (D·X)

of P with respect to (D,X) to be the complement of the proper transform of
D in the blow-up of X along D ∩X .

Let X be a smooth separated scheme over a perfect field k of characteristic
p > 0. Let D be a divisor on X with simple normal crossings and {Di}i∈I the
irreducible components of D. We put U = X −D. Let R =

∑
i∈I riDi be a

linear combination with integral coefficients ri ≥ 1 for every i ∈ I. Let Z be
the support of R−D.
We put P = X×kX . Let ∆: X → P be the diagonal and pri : P → X the i-th
projection for i = 1, 2. We identify D ⊂ X with closed subschemes of P by the
diagonal. We put P (D) =

⋂2
i=1 P

(pr∗iD·X), where the intersection is taken in
the blow-up of P along D ⊂ P .

Let D
(D)
i be the inverse image of Di by P (D) → P . Then D(D) =

∑
i∈I D

(D)
i is

a divisor on P (D) with simple normal crossings. The diagonal ∆ is canonically
lifted to the closed immersion X → P (D) and we identify X with a closed
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subscheme of P (D) by the lift. We define P (R) to be the dilatation of P (D)

with respect to (
∑

i∈I(ri − 1)D
(D)
i , X). Let T (R) ⊂ D(R) be the inverse image

of Z ⊂ D by P (R) → P . Then the complement P (R) −D(R) is U ×k U ([Sa1,
Lemma 2.4.3]) and T (R) is TX(−R)×X Z ([Sa1, Corollary 2.9]), where TX =
SpecS•Ω1

X denotes the tangent bundle of X and TX(−R) = SpecS•Ω1
X(R).

Let G be a finite group and V → U a G-torsor. We consider the open immersion
U ×k U = P (R) −D(R) → P (R). The quotient (V ×k V )/∆G of V ×k V by the
diagonal action of G is finite étale over U ×k U . Let Q(R) be the normalization
of P (R) in the finite étale covering (V ×kV )/∆G→ U×kU . Then the canonical
lift X → P (R) of the diagonal is canonically lifted to X → Q(R).

Definition 2.2 ([Sa1, Definition 2.12]). Let V → U be a G-torsor for a finite
group G and R =

∑
i∈I riDi a linear combination with integral coefficients

ri ≥ 1 for every i ∈ I.

(i) We say that the ramification of V over U at a point x on D is bounded
by R+ if the finite morphism Q(R) → P (R) is étale on a neighborhood of
the image of x by the lift X → Q(R).

(ii) We say that the ramification of V over U along D is bounded by R+ if
the finite morphism Q(R) → P (R) is étale on a neighborhood of the image
of the lift X → Q(R).

Lemma 2.3. Let V → U be a G-torsor for a finite group G and R =
∑
i∈I riDi

a linear combination with integral coefficients ri ≥ 1 for every i ∈ I. Let pi be
the generic point of Di for i ∈ I. Then the following are equivalent:

(i) The ramification of V over U at pi is bounded by R+ for every i ∈ I.

(ii) The ramification of V over U along D is bounded by R+.

Proof. Since Q(R) → P (R) is an isomorphism outside of the inverse image of
D, the assertion holds by the purity of Zariski-Nagata.

In [Sa1], the notion of the bound of ramification of V over U is defined for
R =

∑
i∈I riDi of rational coefficients ri ≥ 1. The next proposition relates the

ramification of G-torsor to the ramification of local field.

Proposition 2.4 ([Sa1, Proposition 2.27]). Assume that D is irreducible. Let
K be the local field at the generic point p of D. Let {GrK}r∈Q>0 be the ramifi-
cation filtration of the absolute Galois group GK of K ([AS1, Definition 3.4]).

Let r ≥ 1 be a rational number and let Gr+K =
⋃

s>r

GsK denote the closure of

the union of GsK for s > r. For a G-torsor V → U for a finite group G, the
following are equivalent:

(i) The ramification of V over U at p is bounded by rD+.

(ii) Gr+K acts trivially on the finite étale K-algebra L = Γ(V ×U K,OV×UK).
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We note that the filtration {GrK}r∈Q>0 is decreasing.
We recall the characteristic form defined in [Sa1, Subsection 2.4]. Let W (R) be
the largest open subscheme of Q(R) étale over P (R). We define a scheme E(R)

over T (R) to be the fiber product T (R) ×P (R) W (R). Then there is a unique
open sub group scheme E(R)0 of a smooth group scheme E(R) over Z such that
for every x ∈ Z the fiber E(R)0 ×Z x is the connected component of E(R) ×Z x
containing the unit section ([Sa1, Proposition 2.16]). Further E(R)0 is étale
over T (R).
Assume that the ramification of V over U along D is bounded by R+. Then,
we say that the ramification of V over U along D is non-degenerate at the
multiplicity R if the étale morphism E(R)0 → T (R) is finite. We note that this
condition is satisfied if we remove a sufficiently large closed subscheme of X
of codimension ≥ 2. Assume that the ramification of V over U along D is
non-degenerate at the multiplicity R. Then the exact sequence 0 → G̃(R) →
E(R)0 → T (R) → 0 defines a closed immersion G̃(R)∨ → T (R)∨ of commutative
group schemes to the dual vector bundle defined over Z1/pn , where n ≥ 0 is an
integer.

Definition 2.5 ([Sa1, Definition 2.19]). Let V → U be a G-torsor for a finite
group G. Assume that the ramification of V over U along D is bounded by
R+ and non-degenerate at the multiplicity R. We define the characteristic
form CharR(V/U) to be the morphism G̃(R)∨ → T (R)∨ = (T ∗X×X Z)(R) over
Z1/pn for a sufficiently large integer n ≥ 0.

Proposition 2.6 (cf. [Sa1, Corollary 2.28.2]). Let the notation be as in Propo-
sition 2.4. Let OK be the valuation ring of K and FK the residue field of
K. We put N (r) = mr

K̄
/mr+

K̄
, where mr

K̄
= {a ∈ K̄ | ordK(a) ≥ r} and

mr+
K̄

= {a ∈ K̄ | ordK(a) > r}. Let r > 1 be a rational number. Assume that
the ramification of V over U along D is bounded by R+ and non-degenerate at
the multiplicity rD. Then the following are equivalent:

(i) The characteristic form CharrD(V/U) defines the non-zero mapping by
taking the stalk at the generic point of D.

(ii) GrK acts non-trivially on L.

Proof. The assertion holds by [Sa1, Corollary 2.28.2] and its proof.

2.2 Valuation of Witt vectors

We keep the notation in Subsection 2.1. In this subsection, we assume that X
is a smooth affine scheme SpecA over k and that D is an irreducible divisor
defined by π ∈ A. We put U = SpecB and R = rD, where r ≥ 1 is an integer.
Let J ⊂ A be the kernel of the multiplication A ⊗k A → A. Following the
construction of P (R) recalled in the previous section, we have

P (R) = Spec(A⊗k A)[J/(πr ⊗ 1), ((1⊗ π)/(π ⊗ 1))−1].
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The divisor D(R) is defined by π ⊗ 1.
We put P (R) = SpecA(r). Let Â denote the completion of the local ring OX,p
at the generic point p of D and Â(r) the completion of the local ring OP (R),q at

the generic point q of D(R) respectively. Let u : Â→ Â(r) and v : Â→ Â(r) be
the morphisms induced by the first and second projections P → X respectively.
We put K = Frac Â and L(r) = Frac Â(r).

Lemma 2.7. Let FK be the residue field of K. Let a = a′πn ∈ K be an element,
where n is an integer and a′ ∈ Â× is a unit. Let r ≥ 1 be an integer.

(i) If n = 0 and if r = 1, then we have ordL(r)(v(a)/u(a)) = 0.

(ii) If n /∈ pZ or r = 1, then ordL(r)(v(a)/u(a)− 1) = r − 1.

(iii) If n ∈ pZ and if r > 1, then ordL(r)(v(a)/u(a) − 1) ≥ r. Further if a′ is
not a p-power in FK , the equality holds.

Proof. We put w = (v(π)− u(π))/u(π)r and w′ = (v(a′)− u(a′))/u(π)r. Then
we have v(π)/u(π) = 1 + u(π)r−1w and v(a′)/u(a′) = 1 + u(a′)−1u(π)rw′.
Hence we have

v(a)/u(a)− 1 (2.1)

=

{
(1 + u(a′)−1u(π)rw′)(1 + u(π)r−1w)n − 1 (n ≥ 0)

(1 + u(π)r−1w)n
((

1 + u(a′)−1u(π)rw′
)
−
(
1 + u(π)r−1w

)−n)
(n < 0).

Suppose that n = 0 and r = 1. Then we have v(a)/u(a) = 1 + u(a′)−1u(π)w′.
Since u(π) = π ⊗ 1 is a uniformizer of Â(r), the assertion (i) holds.
Suppose that n /∈ pZ. Then we have ordL(r)(v(a)/u(a)− 1) = r − 1.
Assume that n ∈ pZ. Suppose that n = 0. Then we have ordL(r)(v(a)/u(a)−
1) ≥ r, and the equality holds if w′ is a unit in Â(r).
Suppose that n 6= 0. We put n = ps

′

n′, where s′ = ordp(n) ≥ 1. Then

we have ordL(r)(v(a)/u(a) − 1) ≥ min{r, ps′(r − 1)}. If r = 1, then we have
r > ps

′

(r − 1) = 0 = r − 1. Since w ∈ Â(r)× is a unit, the assertion holds if
r = 1.
If r > 1, then ps

′

(r − 1) ≥ r. Further the equality holds only if (p, r, s′) =
(2, 2, 1). Hence we have ordL(r)(v(a)/u(a) − 1) ≥ r. Further, if (p, r, s′) 6=
(2, 2, 1) and if w′ is a unit in Â(r), the equality holds. If (p, r, s′) = (2, 2, 1),
then we have ordL(r)(v(a)/u(a)− 1) = r if and only if u(a′)−1w′ 6= n′wp.
Assume that a is not a p-power in FK . Then the elements π and a′ are p-
independent over Kp. Hence the images in Â(r)/u(π)Â(r) of w and w′ form a
part of a basis of the FK -vector space π−rΩ1

A⊗AFK , since T (R) is TX(−R)×X
D. Hence w′ is a unit in Â(r) and u(a′)−1w′ 6= n′wp. Thus the assertions (ii)
and (iii) follow.

Let s ≥ 0 be an integer and put Z[T, S]d = Z[Td, . . . , Ts−1, Sd, . . . , Ss−1] for
an integer d such that 0 ≤ d ≤ s − 1. We define polynomials Qd(T, S) ∈
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Z[T, S]d[1/p] for 0 ≤ d ≤ s− 1 inductively by the relation

s−1∑

i=d

ps−1−i(Ti(1 + Si))
pi−d =

s−1∑

i=d

ps−1−iT p
i−d

i +

s−1∑

i=d

ps−1−iQp
i−d

i . (2.2)

It is well-known in the theory of Witt vectors that Qd is an element of Z[T, S]d.
For elements x = (xs−1, . . . x0) and y = (ys−1, . . . , y0) of Ws(A) for a ring A,
we put x′ = (x′s−1, . . . , x

′
0), where x′i = xi(1 + yi) for i = 0, . . . , s− 1. Then we

have

x′ − x = (Qs−1(x, y), Qs−2(x, y), . . . , Q0(x, y)). (2.3)

Lemma 2.8 (cf. [AS3, Lemma 12.2]). Let the notation be as above.

(i) Qd(T, S) belongs to the ideal of Z[T, S]d generated by (Si)d≤i≤s−1 for
d = 0, . . . , s− 1.

(ii) Qd(T, S) − ∑s−1
i=d T

pi−d

i Si belongs to the ideal of Z[T, S]d generated by
(SiSj)d≤i,j≤s−1 for d = 0, . . . , s− 1.

(iii) If we replace Ti by T p
s−1−i

i in Qd(T, S), the polynomial Qd(T, S) is
homogeneous of degree ps−1−d as a polynomial of multi-value T for
0 ≤ d ≤ s− 1.

Proof. The assertions (i) and (ii) are the same as (i) and (ii) in [AS3, Lemma
12.2] respectively.
We prove (iii) by induction on d. If d = s − 1, we have Qs−1 = Ts−1Ss−1.
Hence the assertion holds.
If d < s− 1, we have

Qd = pd−s+1

(
s−1∑

i=d

ps−1−iT p
i−d

i

(
(1 + Si)

pi−d − 1
)
−

s−1∑

i=d+1

ps−1−iQp
i−d

i

)
.

By the induction hypothesis, the polynomial Qi(T, S) is homogeneous of degree

ps−1−i for T for d+1 ≤ i ≤ s−1 with Tj replaced by T p
s−1−j

j for i ≤ j ≤ s−1.

Hence Qi(T, S)p
i−d

is homogeneous of degree ps−1−d for T for d+1 ≤ i ≤ s−1
with the same replacement of Tj for i ≤ j ≤ s − 1. Hence the assertion
holds.

Lemma 2.9. Let a = (as−1, . . . , a0) be an element of Ws(K) and put b =
(bs−1, . . . , b0) ∈ Ws(L

(r)), where bi = v(ai)/u(ai) − 1 if ai 6= 0 and bi = 0
if ai = 0 for 0 ≤ i ≤ s − 1. Let m ≥ 1 be an integer and assume that
a ∈ fil′mWs(K). Let r ≥ 1 be an integer.

(i) If (m, r) = (1, 1), then pi ordL(r)(Qd(u(a), b)) ≥ −m + 1 for every 0 ≤
d ≤ s− 1.

Documenta Mathematica 22 (2017) 917–952



Non-Logarithmic Ramification Filtrations 947

(ii) If r > 1, then pi ordL(r)(Qd(u(a), b)) > −m+ r for every 0 < d ≤ s− 1,
and ordL(r)(Q0(u(a), b)) ≥ −m+ r.

Proof. We put s′ = min{ordp(m), s}. Let a′ = (a′s−1, . . . , a
′
0) be an element

of Ws(K) such that a′i = 0 if pi ordK(ai) = −m and a′i = ai if pi ordK(ai) ≥
−(m − 1) for 0 ≤ i ≤ s − 1. We note that if s′ ≤ i ≤ s − 1 then a′i = ai by
(1.15). Let a′′ = (a′′s′−1, . . . , a

′′
0) be an element of Ws′ (K) such that a′′i = 0 if

pi ordK(ai) ≥ −(m − 1) and a′′i = ai if pi ordK(ai) = −m for 0 ≤ i ≤ s′ − 1.

Then we have a = a′ + V s−s
′

(a′′). Let b′ ∈ Ws(L
(r)) and b′′ ∈ Ws′(L

(r)) be
the elements defined from a′ and a′′ respectively similarly as b defined from
a. Since we have Q(u(a), b) = (Qs−1(u(a), b), . . . , Q0(u(a), b)) = v(a) − u(a)
and similarly for a′ and a′′ by (2.3), we have Q(u(a), b) = Q(u(a′), b′) +
V s−s

′

(Q(u(a′′), b′′)). Since filnWs(L
(r)) is a submodule of Ws(L

(r)) for n ∈ Z,
the assertions for a hold if the assertions for a′ and a′′ hold. Hence we prove
the assertions for a′ and a′′.
By the definitions of a′ and a′′, we have ordL(r)(u(a′i)) ≥ −(m − 1)/pi for
0 ≤ i ≤ s − 1 and ordL(r)(u(a′′i )) ≥ −m/pi for 0 ≤ i ≤ s′ − 1. If r > 1,
then we have ordL(r)(b′i) ≥ r − 1 for 0 ≤ i ≤ s − 1 and ordL(r)(b′′i ) ≥ r for
0 ≤ i ≤ s′ − 1 by Lemma 2.7 (ii) and (iii). If (m, r) = (1, 1), then we have
s′ = 0 and ordL(r)(b′i) ≥ r − 1 for 0 ≤ i ≤ s− 1 by Lemma 2.7 (ii). Hence, by
Lemma 2.8 (i) and (iii), we have

pd ordL(r)(Qd(u(a′), b′)) ≥ −(m− 1) + pd(r − 1) ≥ −m+ r. (2.4)

Further we have

pd ordL(r)(Qd(u(a′′), b′′)) ≥ −m+ pdr ≥ −m+ r. (2.5)

If r > 1, then the equality holds in the right inequality in (2.4) only if d = 0
and so in (2.5). Hence the assertions hold.

Lemma 2.10. Let the notation be as in Lemma 2.9. Let m ≥ 2 be an in-
teger and assume that a ∈ fil′mWs(K). Then we have ordL(m)(Q0(u(a), b) −∑s−1

i=0 u(ai)
pibi) > 0.

Proof. We put s′ = min{ordp(m), s}. Let a′ = (a′s−1, . . . , a
′
0) and a′′ =

(a′′s′−1, . . . , a
′′
0) be as in the proof of Lemma 2.9. We have a = a′ +

V s−s
′

(a′′). Let b′ ∈ Ws(L
(m)) and b′′ ∈ Ws′(L

(m)) be the elements de-
fined from a′ and a′′ respectively similarly as b defined from a. Since
Q(u(a), b) = Q(u(a′), b′) +V s−s

′

Q(u(a′′), b′′) as in the proof of Lemma 2.9 and∑s−1
i=0 u(ai)

pibi =
∑s−1

i=0 u(a′i)
pib′i+

∑s′−1
i=0 u(a′′i )p

i

b′′i , it is sufficient to prove the
assertion for a′ and a′′.
As in the proof of Lemma 2.9, we have ordL(m)(u(a′i)) ≥ −(m − 1)/pi for
0 ≤ i ≤ s− 1 and ordL(m)(u(a′′i )) ≥ −m/pi for 0 ≤ i ≤ s′ − 1. Further we have
ordL(m)(b′i) ≥ m− 1 for 0 ≤ i ≤ s− 1 and ordL(m)(b′′i ) ≥ m for 0 ≤ i ≤ s′ − 1.
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Hence, by Lemma 2.8 (ii) and (iii), we have

ordL(m)(Q0(u(a′), b′)−
s−1∑

i=0

u(a′i)
pib′i) ≥ −(m− 1) + 2(m− 1) = m− 1 > 0.

Further we have

ordL(m)(Q0(u(a′′), b′′)−
s′−1∑

i=0

u(a′′i )p
i

b′′i ) ≥ −m+ 2m = m > 0.

Hence the assertion holds.

2.3 Calculation of characteristic forms

Let X be a smooth separated scheme over a perfect field k of characteristic
p > 0. Let D be a divisor on X with simple normal crossings and {Di}i∈I the
irreducible components of D. We put U = X − D and let j : U → X denote
the canonical open immersion. Let Ki be the local field at the generic point of
Di for i ∈ I and let OKi be the valuation ring of Ki for i ∈ I.
Let χ be an element of H1

ét(U,Q/Z). In this subsection, we prove the equality
of the characteristic form char(χ) of χ and the characteristic form CharR(V/U)
of the Galois torsor V → U corresponding to χ.
Let pi : P

(R) → X be the morphism induced by the i-th projection for i = 1, 2.
Let u : p−11 OX → OP (R) and v : p−12 OX → OP (R) be the canonical morphisms

of sheaves on P (R) by abuse of notation. Let L
(R)
i be the fractional field of

the completion of the local ring OP (R),qi , where R =
∑

i∈I riDi is a linear
combination with integer coefficients ri ≥ 1 for every i ∈ I and qi is the generic

point of the pull-back D
(R)
i of D

(D)
i by P (R) → P (D). If D = D1 is irreducible,

then we simply write L(r1) for L
(R)
1 as in the previous section.

We first consider the tamely ramified case.

Lemma 2.11. Assume that the order n of χ is prime to p and regard χ as an
element of H1

ét(U,Z/nZ). We put G = Z/nZ. Let V → U be the G-torsor
corresponding to χ. Let R =

∑
i∈I riDi be a linear combination with integral

coefficients ri ≥ 1 for every i ∈ I.

(i) The ramification of V over U along D is bounded by D+.

(ii) The characteristic form CharR(V/U) is the zero mapping.

Proof. (i) By Lemma 2.3, we may assume that D = D1 is irreducible. Since the
assertion is local, we may assume that X = SpecA is affine and D is defined by
an element of A. Since G1

K1
is the inertia group of GK1 ([AS1, Proposition 3.7

(1)]), we may assume that k contains a primitive n-th root of unity by Lemma
2.3 and Proposition 2.4. Since ordL(r1)(v(a)/u(a)) = 0 for every unit a ∈ O×K1

by Lemma 2.7 (i), the assertion holds.
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(ii) Let Z be the support of R−D. By (i) and Proposition 2.4, the ramification
group Gri+Ki acts trivially on Li = Γ(V ×U Ki,OV×UKi) for Di contained in
Z. By Proposition 2.6, the stalk of the characteristic form CharR(V/U) at the
generic point of Di defines the zero mapping for Di contained in Z. Hence the
assertion holds.

By Lemma 2.11, the bound of the ramification of the Galois torsor V → U
corresponding to χ and its characteristic form CharR(V/U) does not depend
on the prime-to-p-part of χ, that is, they are dependent only on the p-part of
χ.

Proposition 2.12. Assume that the order of χ is ps and regard χ as an el-
ement of H1

ét(U,Z/p
sZ). We put G = Z/psZ. Let V → U be the G-torsor

corresponding to χ.

(i) The ramification of V over U along D is bounded by R′χ+, where R′χ is
the total dimension divisor of χ (Definition 1.41).

(ii) Assume that R′χ 6= D and put Z = Supp(R′χ − D). Then the scheme

E(R′
χ) → T (R′

χ) = TX(−R′χ)×X Z is defined by the Artin-Schreier equa-
tion tp − t = char(χ).

Proof. We put mi = dt(χ|Ki) for i ∈ I. Let a = (as−1, . . . , a0) ∈
fil′R′

χ
j∗Ws(OU ) be an element whose image by δs (1.33) is χ. Then V ×k

V/∆G → U ×k U is the G-torsor defined by the Artin-Schreier-Witt equation
(F − 1)(t) = v(a)− u(a).
(i) By Lemma 2.3, we may assume that D is irreducible. Since the assertion is
local, we may assume that X = SpecA is affine and that D is defined by an
element of A. By (2.3) and Lemma 2.9, the difference v(a)− u(a) is a regular

function on P (R′
χ). Hence the assertion holds.

(ii) By (i), (2.3), Lemma 2.9 (ii), and Lemma 2.10, the scheme E(R′
χ) →

T (R′
χ) is the G-torsor defined by the Artin-Schreier equation tp − t =∑s−1

j=0 u(aj)
pj−1(v(aj) − u(aj)). We put nij = ordKi(aj) for i ∈ I and

0 ≤ j ≤ s − 1. As calculating in the proof of Lemma 2.7, we have the fol-

lowing on a neighborhood of the generic point of D
(R′
χ)

i for i ∈ I such that
mi > 1:

(a) If nij /∈ pZ, we have u(aj)
pj−1(v(aj)− u(aj)) = niju(aj)

pju(ti)
mi−1wi;

(b) If nij ∈ pZ and if (p,mi, ordp(nij)) 6= (2, 2, 1), we have u(aj)
pj−1(v(aj)−

u(aj)) = u(aj)
pju(a′j)

−1u(ti)
miw′ij ;

(c) If (p,mi, ordp(nij)) = (2, 2, 1), we have u(aj)
pj−1(v(aj) − u(aj)) =

u(aj)
pj (u(a′j)

−1u(ti)
2w′ij + (nij/2)u(ti)

2w2
i ),

where ti is a local equation of Di, a
′
j = aj/t

nij
i , wi = (v(ti) − u(ti))/u(ti)

mi ,
and w′ij = (v(a′j) − u(a′j))/u(ti)

mi for every j = 0, . . . , s − 1. Since
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a ∈ fil′R′
χ
j∗Ws(OU ), we have pj ord

L
(mi)

i

(aj) ≥ −(mi − 1) if nij /∈ pZ and

pj ord
L

(mi)

i

(aj) ≥ −mi if nij ∈ pZ. If (p,mi, ordp(nij), p
jnij) = (2, 2, 1,−2),

we have (p, j, nij) = (2, 0,−2). Hence the assertion holds by identifying wi and
w′ij with dti/t

mi
i and da′j/t

mi
i respectively.

Corollary 2.13. Let V → U be the Galois torsor corresponding to χ. Assume
that the ramification of V over U along D is non-degenerate at the multiplicity
R′χ.

(i) The image of the generator 1 ∈ G̃(R′
χ)∨ = Fp by CharR′

χ
(V/U) is equal

to char(χ).

(ii) Assume that D = D1 is irreducible and that dt(χ|K1) > 1. Then the
ramification of V over U at the generic point of D is not bounded by
rD+ for any rational number r such that 1 ≤ r < dt(χ|K1).

Proof. (i) The assertion holds by Lemma 2.11 and Proposition 2.12 (ii).
(ii) We putK = K1. Assume thatGr+K acts trivially on L = Γ(V×UK,OV×UK)
for a rational number r such that 1 ≤ r < dt(χ|K). Then, by (i) and Propo-
sition 2.6, the stalk char(χ|K) of char(χ) at the generic point of D must be 0.
However char(χ) is non-zero. Hence the assertion holds by Proposition 2.4.

3 Equality of ramification filtrations

Let K be a complete discrete valuation field of characteristic p > 0 and FK the
residue field. Let GK be the absolute Galois group of K. We show that the
abelianization of Abbes-Saito’s filtration {GrK}r∈Q>0 ([AS1, Definition 3.4]) is
the same as {fil′mH

1(K,Q/Z)}m∈Z≥1
(Definition 1.2) by taking dual. If m > 2,

then it has been proved by Abbes-Saito ([AS3, Théorème 9.10]).

Theorem 3.1. Let χ be an element of H1(K,Q/Z). Let m ≥ 1 be an integer.
Let r be a rational number such that m ≤ r < m+1. If FK is finitely generated
over a perfect subfield k ⊂ FK , then the following are equivalent:

(i) χ ∈ fil′mH
1(K,Q/Z).

(ii) χ(Gm+
K ) = 0.

(iii) χ(Gr+K ) = 0.

Proof. Since G1+
K is a pro-p-subgroup of GK ([AS1, Proposition 3.7.1]), we may

assume that the order of χ is a power of p. Let ps be the order of χ and regard
χ as an element of H1

ét(U,Z/p
sZ). We put G = Z/psZ. As in [AS3, 6.1],

we take a smooth affine connected scheme X over k and a smooth irreducible
divisor D on X such that the completion ÔX,p of the local ring OX,p at the
generic point p of D is isomorphic to OK . By shrinking X if necessary, we take
a G-torsor V → U = X − D corresponding to a character of πab

1 (U) whose
restriction to GK is χ.
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By Proposition 2.12 (i) and Corollary 2.13 (ii), the ramification of V over U
at the generic point of D is bounded by rD+ for a rational number r ≥ 1
if and only if r ≥ dt(χ). Further, by Proposition 2.4, the former condition
is equivalent to that Gr+K acts trivially on L = Γ(V ×U K,OV×UK). Hence
χ(Gr+K ) = 0 if and only if r ≥ dt(χ).
Since the condition (i) holds if and only if m ≥ dt(χ), the equivalence of (i) and
(ii) follows. Since m ≤ r, the condition (ii) deduces the condition (iii). Suppose
that the condition (iii) holds. Since r ≥ dt(χ), we have m = [r] ≥ dt(χ). Hence
the condition (ii) holds.

Proof of Theorem 0.1. We may identify K with FK((π)) by taking a uni-
formizer of K. Let Kh = Frac(FK [π]h(π)) be the fractional field of the

henselization of the localization FK [π](π) of FK [π] at the prime ideal (π).
Since the completion of Kh is K, the canonical morphisms GK → GKh and
H1(Kh,Q/Z)→ H1(K,Q/Z) are isomorphisms.
Let k be a perfect subfield of FK and take a separating transcendental basis S
of FK over k. For a finite subextension E of FK over k(S′), where S′ is a finite
set of S, let KE,h denote the fractional field of the henselization of the local
ring E[π](π). Since FK = lim−→E, we may identify Kh with the inductive limit

lim−→KE,h and H1(Kh,Q/Z) with lim−→H1(KE,h,Q/Z), where E runs through
such subfields of FK .
Let χ be an element of H1(K,Q/Z). Take a subfield E of FK such that
E is a subextension of FK over k(S′) for a finite subset S′ ⊂ S and that
χ ∈ H1(KE,h,Q/Z). Let KE denote the completion of KE,h. We identify
H1(KE ,Q/Z) with H1(KE,h,Q/Z) and χ ∈ H1(KE,h,Q/Z) with an element
of H1(KE ,Q/Z). We prove that each condition in Theorem 3.1 holds for K if
and only if it holds for KE .
Let dtK(χ) and dtKE (χ) denote the total dimension of χ as an element
of H1(K,Q/Z) and H1(KE ,Q/Z) respectively. We put dtK(χ) = n and
dtKE (χ) = n′ and prove that n = n′. Since fil′mWs(KE) ⊂ fil′mWs(K) for
every integer m ≥ 1, we have fil′mH1(KE ,Q/Z) ⊂ fil′mH

1(K,Q/Z). Hence we
have 1 ≤ n ≤ n′, which proves that n = 1 if n′ = 1.
Assume that n′ > 1. Take an element ā of gr′n′Ws(E(π)) whose image in
gr′n′H1(KE ,Q/Z) is χ. Let charK(χ) and charKE (χ) denote the characteristic
form of χ as an element of H1(K,Q/Z) and H1(KE ,Q/Z) respectively. Let
OK and OKE denote the valuation rings of K and KE respectively. Since FK
is separable over E, we have an injection Ω1

E[π](π)
→ Ω1

FK [π](π)
. This injection

induces the injection Ω1
OKE → Ω1

OK , and further the injection gr′n′Ω1
KE
→

gr′n′Ω1
K . Hence the canonical morphism gr′n′Ω1

KE
⊗FKF 1/p

K → gr′n′Ω1
K⊗FKF

1/p
K

is injective. Since charKE (χ) 6= 0, the image of charKE (χ) in gr′n′Ω1
K ⊗FK F

1/p
K

is not 0. This implies that charK(χ) is the image of charKE (χ) in gr′n′Ω1
K ⊗FK

F
1/p
K . Hence we have n = n′. Since the condition (i) in Theorem 3.1 holds for
K if and only if m ≥ n and similarly for KE , the condition (i) in Theorem 3.1
for K is equivalent to that for KE.
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Let r ≥ 1 be a rational number. Since K is an extension of KE of ramification
index 1 and the extension of residue fields is separable, by applying [AS2,
Lemma 2.2], the canonical morphism GK → GKE induces the surjection GsK →
GsKE for every s ∈ Q≥1. Hence we have χ(Gr+K ) = 0 if and only if χ(Gr+KE ) = 0,
which proves the assertions for conditions (ii) and (iii) in Theorem 3.1.
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flat connections on surfaces.
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1 Introduction

Quasi-Poisson geometry, introduced by Alekseev, Kosmann-Schwarzbach and
Meinrenken [3] in their study of moduli spaces of flat connections, is an “in-
finitesimally braided” version of Poisson geometry. A g-quasi-Poisson manifold
is by definition a manifold with an action of a Lie algebra g and with an in-
variant bivector field π, satisfying

[π, π]/2 = ρ(φ),

where ρ is the action of g and φ ∈ ∧3
g is built from an invariant inner product

on g and from the structure constants of g.
There are two main reasons for studying quasi-Poisson geometry. The first one
is the symplectic and Poisson geometry of moduli spaces of flat connections on
compact oriented surfaces. As shown in [2, 3], there is a natural quasi-Poisson

1The authors were supported in part by the grant MODFLAT of the European Research
Council and the NCCR SwissMAP of the Swiss National Science Foundation.
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structure on such moduli spaces when we trivialize the principal bundle at a
chosen point on the boundary of the surface. The Atiyah-Bott symplectic form
[1] is then obtained by a quasi-Hamiltonian reduction. The main advantage
of this method is that the quasi-Poisson moduli spaces are smooth and can
be built from simple buiding blocks (obtained by cutting the surface to simple
pieces), whereas the moduli space of a closed surface is not smooth and the
Atiyah-Bott symplectic form requires a global definition.

The second main reason is deformation quantization. Quasi-Poisson geometry
is “infinitesimally braided” in the following sense. The inner product on g and a
Drinfeld associator were used by Drinfeld [4] to deform the symmetric monoidal
structure on the category of Ug-modules to a braided monoidal structure. As
observed by Enriquez and Etingof [5], the natural definition of deformation
quantization of a g-quasi-Poisson manifold is a deformed product which is as-
sociative in Drinfeld’s category. As it turns out, it is often easier to quantize
a quasi-Poisson manifold in this sense and then perform a reduction and thus
obtain a quantization of the reduced Poisson manifold, than to directly quan-
tize the Poisson manifold. This method was used in [10] for quantization of
Poisson-Lie groups and related Poisson manifolds.

Indeed, Poisson-Lie groups are among the most interesting and useful Poisson
manifolds. In this work we extend the theory of Poisson-Lie groups and Lie
bialgebras to the quasi-Poisson world, and we quantize these g-quasi-Poisson
versions to braided Hopf algebras in the Drinfeld category. This means, in
particular, that the deformed product and coproduct satisfy the relation

=

This quantization is a braided extension of the celebrate result of Etingof and
Kazhdan [6] on quantization of Lie bialgebras to Hopf algebras. To achieve it
we use a quantization method developed in [11].

We also show that many basic notions from the theory of Poisson-Lie groups /
Lie bialgebras have a natural g-quasi-Poisson version. This is true in particular
for Manin triples (that get replaced by quadruples) and for moment maps.
These constructions are closely related to moduli spaces of flat connections
on surfaces with decorated boundaries, as studied in [8]; in particular, these
moduli spaces provide natural examples of moment maps.

The nilpotent radicals of parabolic subgroups are the simplest examples of
g-quasi-Poisson Lie groups.
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2 Quasi-Poisson manifolds

Let g be a Lie algebra with an invariant element t ∈ (S2g)g. We shall suppose
that t is non-degenerate and denote the corresponding bilinear pairing (the

inverse of t) on g by 〈 , 〉. Let φ ∈ ∧3
g be given by

φ(α, β, γ) =
1

4
α
(
[t♯β, t♯γ]

)
for all α, β, δ ∈ g∗.

Definition 2.1 ([3]). A g-quasi-Poisson manifold is a manifold M with an
action ρ of g and with a g-invariant bivector field π, satisfying

[π, π]/2 = ρ(φ),

where ρ : g→ Γ(TM) is extended to an algebra morphism ρ :
∧
g→ Γ(

∧
TM).

Equivalently, the bracket {f, g} := π(df, dg) on C∞(M) satisfies

{{f, g}, h}+ {{g, h}, f}+ {{h, f}, g} = ρ(φ)(df, dg, dh). (1)

A map f : M1 → M2 between two g-quasi-Poisson manifolds (M1, ρ1, π1) and
(M2, ρ2, π2) is quasi-Poisson if it is g-equivariant and if f∗π1 = π2.

If M is g-quasi-Poisson and if the action g on M integrates to an action of a
connected Lie group G, we shall say that M is G-quasi-Poisson.
There is a natural g-quasi-Poisson structure on the product of two g-quasi-
Poisson manifolds:

Definition 2.2 ([3]). If (M1, ρ1, π1) and (M2, ρ2, π2) are g-quasi-Poisson man-
ifolds then their fusion product M1 ⊛ M2 is the g-quasi-Poisson manifold
M1 ×M2 with the diagonal action of g and with the bivector field

π = π1 + π2 −
1

2
tijρ1(ei) ∧ ρ2(ej),

where t = tijei ⊗ ej in a basis ei of g.

Let us note that the fusion product is associative, but not commutative. It
makes the category of g-quasi-Poisson manifolds to a (non-symmetric) monoidal
category.
A Lie subalgebra p ⊂ g is called coisotropic if p⊥ ⊂ p.

Example 2.1 ([8]). A particularly useful class of g-quasi-Poisson manifolds
is given by triples (M,ρ, 0), where ρ is an action of g such that ρ(t) = 0 ∈
Γ(T⊗2M), or equivalently such that the stabilizers of the action are coisotropic
Lie subalgebras of g. In this case the diagonal map M → M ⊛M is g-quasi-
Poisson.

Another useful construction is the coisotropic reduction:
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956 Pavol Ševera and Fridrich Valach

Proposition 2.1 ([9]). Let p ⊂ g be a coisotropic Lie subalgebra and let
g′ := p/p⊥. If M ′ := M/p⊥ is a manifold, i.e. if there is a manifold M ′

and a surjective submersion p : M → M ′ whose fibers are the p⊥-orbits, then
(M ′, ρ′, π′) is g′-quasi-Poisson, where π′ = p∗π and ρ′ is induced from ρ. Sim-
ilarly, if M ′′ = M/p is a manifold then (M ′′, π′′) is Poisson, where π′′ is the
push-forward of π.

The projection (M1 ⊛g M2)/p
⊥ → (M1/p

⊥) ⊛g′ (M2/p
⊥) is g′-quasi-Poisson,

i.e. reduction can be seen as a (colax) monoidal functor.

3 g-Quasi-Poisson Lie groups and Lie g-quasi-bialgebras

Definition 3.1. A g-quasi-Poisson Lie group is a Lie group H with a g-quasi-
Poisson structure (ρ, π), such that the multiplication on H is a quasi-Poisson
map

H ⊛H → H.

In more detail it means the following: the g-quasi-Poisson structure (ρ, π) is
such that the action ρ of g on H is by infinitesimal automorphisms of the Lie
group H , and the bivector field π satisfies the relation (for any h, h′ ∈ H)

π|hh′ = hπ|h′ + π|h h′ −
1

2
tij(ρ(ei)|h h′) ∧ (h ρ(ej)|h′), (2)

where π|h ∈
∧2

ThH is the value of the bivector field π at h, and hπ|h′ ∈∧2
Thh′H is π|h′ left-translated by h to hh′ (and similarly for π|h h′ and right

translation). Setting h = h′ = 1 we get

π|1 = 0.

Example 3.1. As observed already in [3], if G is a Lie group with the Lie
algebra g then G, with the action ρ(X) = XL − XR and the bivector field
π = − 1

2 t
ij eLi ∧ eRj , is a g-quasi-Poisson-group. Here, for X ∈ g, XL and XR

denote the left/right-invariant vector field on G.

The corresponding infinitesimal notion is as follows.

Definition 3.2. A Lie g-quasi-bialgebra is a triple (h, ρ̇, δ), where

• h is a Lie algebra

• ρ̇ is an action of g on h by Lie algebra derivations

• δ : h→ ∧2
h is a g-invariant Lie cobracket on h

such that

ad
(2)
X δ(Y )− ad

(2)
Y δ(X)− δ([X,Y ])− tij ρ̇(ei)(X) ∧ ρ̇(ej)(Y ) = 0 (3)

for all X,Y ∈ h, where ad
(2)
X := adX ⊗1 + 1⊗ adX .
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Theorem 3.1. If (H, ρ, π) is a g-quasi-Poisson Lie group then (h, ρ̇, δ) is a Lie
g-quasi-bialgebra, with

(
ρ̇(u)X

)L
:= [ρ(u), XL] ∀u ∈ g, X ∈ h

where, for X ∈ h, XL denotes the corresponding left-invariant vector field on
H, and

δ(X) = [XL, π]|1,
i.e. δ is the linearization of π at the unit element 1 ∈ H.

Proof. Rewriting (2) as

π|hh′ h′−1 − π|h = hπ|h′ h′−1 − 1

2
tijρ(ei)|h ∧ (h ρ(ej)|h′ h′−1),

setting h′ = exp(ǫX) and differentiating w.r.t. ǫ at ǫ = 0 yields

LXLπ = δ(X)L − 1

2
tijρ(ei) ∧ [XL, ρ(ej)]. (4)

The identity LXLLY L − LY LLXL = L[X,Y ]L then gives

(ad
(2)
X δ(Y ))L − (ad

(2)
Y δ(X))L − tij [XL, ρ(ei)] ∧ [Y L, ρ(ej)] = δ([X,Y ])L,

i.e. δ satisfies (3).
It remains to prove that δ : h→ h⊗ h is a Lie cobracket, i.e. that its transpose
δt : h∗ ⊗ h∗ → h∗ is a Lie bracket. To see it, notice that δt is the linearization
of the quasi-Poisson bracket {f, g} := π(df, dg) at 1 ∈ H . The Jacobi identity
for δt then follows from the quasi-Jacobi identity (1) and from the fact that
the linearization of the trivector field ρ(φ) at 1 ∈ H vanishes.

Example 3.2. The Lie g-quasi-bialgebra corresponding to Example 3.1 is
(g, ad, [, ]t), where [, ]t : g → ∧2

g is the transpose of [, ] :
∧2

g → g (here
we identify g∗ with g via the bilinear pairing on g).

Remark. To avoid potential confusion, let us note that quasi-Poisson Lie groups
introduced in [7] and our g-quasi-Poisson Lie groups are different notions. The
former integrate quasi-Lie bialgebras and are semiclassical limits of quasi-Hopf
algebras; the letter are semiclassical limits of braided Hopf algebras.

4 Manin quadruples

Lie bialgebras can be conveniently rephrased in terms of Manin triples. The
corresponding notion for Lie g-quasi-bialgebras is as follows.

Definition 4.1. (d, a, b, c) is a Manin quadruple if d is a Lie algebra with an
invariant nondegenerate symmetric pairing 〈, 〉 and a, b, c are its Lie subalge-
bras such that
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• d = a⊕ b⊕ c (as vector spaces)

• a⊥ = a⊕ b, c⊥ = b ⊕ c.

Example 4.1. Let d be a semisimple Lie algebra and p+, p− ⊂ d a pair of
opposite parabolic Lie subalgebras. Let n± = p⊥± ⊂ p± be the nilpotent radicals
of p±. Then

(d, n+, p+ ∩ p−, n−)

is a Manin quadruple.

Proposition 4.1. If (d, a, b, c) is a Manin quadruple then [b, a] ⊂ a and [b, c] ⊂
c. As a result, a ⊕ b ⊂ d is a Lie subalgebra which is a semidirect sum of a
and b. The restriction of 〈, 〉 to b is non-degenerate, and a, c ⊂ d are isotropic
subspaces. The pairing 〈, 〉 provides an isomorphism a∗ ∼= c.

Proof. We have 〈[b, a], a〉 = 〈b, [a, a]〉 ⊂ 〈b, a〉 = 0, and similarly 〈[b, a], b〉 =
〈a, [b, b]〉 ⊂ 〈a, b〉 = 0, which implies [b, a] ⊂ (a ⊕ b)⊥ = a, as we wanted to
show. The rest of the proposition follows easily.

Theorem 4.1. There is an equivalence between Lie g-quasi-bialgebras and
Manin quadruples, given as follows: if (d, h, g, h∗) is a Manin quadruple then
(h, ρ̇, δ) is a Lie g-quasi-bialgebra, where

ρ̇(v)X = [v,X ] (v ∈ g, X ∈ h)

〈δ(X), A⊗B〉 = 〈X, [B,A]〉 (X ∈ h, A,B ∈ h∗).

Proof. If (d, h, g, h∗) is a Manin quadruple then δ is clearly a Lie cobracket and
the action ρ̇ of g on h preserves both the bracket and the cobracket on h. To
show that (h, ρ̇, δ) is a Lie g-quasi-bialgebra we thus need to verify the relation
(3). In fact, this relation is simply the Jacobi identity

〈[A,X ], [Y,B]〉 − 〈[B,X ], [Y,A]〉 − 〈[X,Y ], [B,A]〉 = 0 (5)

for X,Y ∈ h, A,B ∈ h∗.
To see it, it is convenient to use the graphical notation

〈[x, y], z〉 = x
z

y
〈[x, y], [z, w]〉 =

x

y z

w

(x, y, z, w ∈ d).

In particular, if X,Y ∈ h and A,B ∈ h∗, we get

〈[A,X ], [Y,B]〉 =

X

A

Y

B

=

X

A

Y

B

+

X

A

Y

B

+

X

A

Y

B
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where directed edges go from h to h∗ and the wiggly edge connects g with g.
The identity (5) thus gives us

(

X

A

Y

B

−

X

B

Y

A )
+

(

X

A

Y

B

−

X

B

Y

A )

−

X Y

A B

+

(

X

A

Y

B

−

X

B

Y

A )
= 0

which is the relation (3) contracted with A ⊗ B (the terms are parenthesized
to correspond to the 4 terms of (3)).

This construction is easily seen to be reversible: if (h, ρ̇, δ) is a Lie g-quasi-
bialgebra then we get a Lie bracket on d, as (5) is the non-trivial part of the
Jacobi identity in d.

Example 4.2. The Manin quadruple corresponding to Example 3.2 is

(g⊕ ḡ⊕ g, g12, g123, g23).

Here ḡ denotes g with t replaced by −t, g⊕ḡ⊕g denotes the Lie algebra g⊕g⊕g
with the pairing given by (t,−t, t), and finally

g12 = {(X,X, 0), X ∈ g}, g23 = {(0, X,X), X ∈ g}
g123 = {(X,X,X), X ∈ g}

5 Construction of g-quasi-Poisson groups

Let (d, h, g, h∗) be a Manin quadruple and let H be the 1-connected group
integrating h (or at least such that the adjoint action of H on d is well-defined).
In this section we shall describe how to make H to a g-quasi-Poisson group.

The adjoint action of g on h extends to an action ρ of g on H by infinitesimal
automorphisms. More generally, for any v ∈ d let us define a vector field ρ̂(v)
on H via

ρ̂(v)|h := p(Adh v)h (h ∈ H)

where p : d→ h is the projection w.r.t. g⊕ h∗. By construction

ρ̂(X) = XL for X ∈ h, ρ̂(v) = ρ(v) for v ∈ g.

Proposition 5.1. ρ̂ is an action of d on H.
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Proof. Let D be the 1-connected Lie group integrating d and let P− ⊂ D be the
connected Lie subgroup integrating the Lie subalgebra p− := g⊕h∗ ⊂ d. Let us
first suppose that P− is closed, so that the quotient P−\D is a manifold. The
action of d on D by the left-invariant vector fields projects to an action of d on
P−\D. Moreover the composition H → D → P−\D is a local diffeomorphism,
so the action of d on P−\D pulls back to an action on H . By construction, this
action is ρ̂.
This argument is easily refined to the case when P− ⊂ D is not closed. The
cosets P− d, d ∈ D, form a foliation F of D. For any h ∈ H let us choose an
open subset h ∈ Uh ⊂ D with the property that H ∩Uh intersects every leaf of
F once, so that we have a diffeomorphism H ∩ Uh ∼= Uh/F . The Lie algebra
d acts on Uh/F and under the diffeomorphism H ∩ Uh ∼= Uh/F this action is
equal to ρ̂.

Theorem 5.1. Let (d, h, g, h∗) be a Manin quadruple, (h, ρ̇, δ) the corresponding
Lie g-quasi-bialgebra, and H the 1-connected Lie group integrating h. There is
a unique g-quasi-Poisson structure (ρ, π) on H making H to a g-quasi-Poisson
group, such that the corresponding Lie g-quasi-bialgebra is (h, ρ̇, δ). Explicitly,

π =
1

2
ρ̂(Ei) ∧ (Ei)

L, (6)

where Ei is a basis of h and Ei the dual basis of h∗.

Proof. Uniqueness follows from π|1 = 0 and from (4).
Let us note that Ĥ := (H, ρ̂, 0) is a d-quasi-Poisson manifold, as the stabilizer of
ρ̂ at any point h ∈ H is coisotropic, namely Adh−1 p−, where p− = g⊕ h∗ ⊂ d.
The diagonal map Ĥ → Ĥ ⊛d Ĥ is d-quasi-Poisson.
Let p+ := h ⊕ g ⊂ d; we have h = (p+)⊥ ⊂ p+ and p+/h = g. Using the
coisotropic reduction by h = (p+)⊥ ⊂ p+ we turn

(Ĥ ⊛d Ĥ)/H

to a g-quasi-Poisson manifold.
Let us identify (Ĥ⊛dĤ)/H with H via (h1, h2) 7→ h1h

−1
2 . We thus constructed

a g-quasi-Poisson structure (ρ, π) on H . Let us check that it makes H to a
g-quasi-Poisson group, i.e. that the group product H × H → H is a g-quasi-
Poisson map. To see it, consider the g-quasi-Poisson maps

(Ĥ ⊛d Ĥ ⊛d Ĥ)/H (Ĥ ⊛d Ĥ ⊛d Ĥ ⊛d Ĥ)/H

(Ĥ ⊛d Ĥ)/H
(
(Ĥ ⊛d Ĥ)/H

)
⊛g

(
(Ĥ ⊛d Ĥ)/H

)

∆

ǫ κ

ǫ◦(κ◦∆)−1

given by

ǫ([h1, h2, h3]) = [h1, h3]
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∆([h1, h2, h3]) = [h1, h2, h2, h3]

κ([h1, h2, h3, h4]) = ([h1, h2], [h3, h4])

where h1, h2, h3, h4 ∈ H and the square bracket denotes the respective cosets.
It can be easily seen that κ ◦∆ is in fact a diffeomorphism. Moreover, since all
the maps at the diagram are g-quasi-Poisson maps, we have that ǫ ◦ (κ ◦∆)−1,
which coincides with the multiplication H × H → H under our identification
H ∼= (Ĥ ⊛d Ĥ)/H , is also g-quasi-Poisson.
Let us now prove that the bivector field π on H = (Ĥ ⊛d Ĥ)/H satisfies (6).
Let eα be a basis of g and eα the dual basis of g (w.r.t. 〈, 〉). We have

td = Ei ⊗ Ei + Ei ⊗ Ei + eα ⊗ eα

and thus

π = −1

2
τ∗
(
ρ̂1(Ei) ∧ ρ̂2(Ei) + ρ̂1(Ei) ∧ ρ̂2(Ei) + ρ̂1(eα) ∧ ρ̂2(eα)

)

where τ : H ×H → H , τ(h1, h2) = h1h
−1
2 is our identification of H = (Ĥ ⊛d

Ĥ)/H with H . Since τ(h, 1) = h and ρ̂(h∗)|1 = ρ̂(g)|1 = 0 and ρ̂(X) = XL for
X ∈ h, we get

π|h = −1

2
τ∗
(
ρ̂1(Ei)|h ∧ ρ̂2(Ei)|1

)
=

1

2
ρ̂(Ei)|h ∧ hEi

as we wanted to show.
To finish the proof, we need to show that [XL, π]|1 = δ(X), i.e.

〈[XL, π]|1, A⊗B〉 = 〈X, [B,A]〉 ∀X ∈ h, A,B ∈ h∗.

Using (6) we get

〈[XL, π]|1, A⊗B〉 =
1

2

(
〈[X,Ei], A〉〈Ei, B〉 − 〈[X,Ei], B〉〈Ei, A〉

)

=
1

2

(
〈[X,B], A〉 − 〈[X,A], B〉

)
= 〈X, [B,A]〉 (7)

as we needed.

Remark. The proof above is not the shortest possible, but it contains a con-
ceptual construction of the g-quasi-Poisson group H as (Ĥ⊛d Ĥ)/H which will
be useful when we consider moment maps and deformation quantization. This
construction is of interest also in the special case of g = 0, i.e. of Poisson-Lie
groups.

Example 5.1. Let us consider the Manin quadruple of Example 4.1 in the case
of d = sl(N), with the inner product 〈A,B〉 = TrAB. In this case g consists of
the traceless block-diagonal N×N -matrices (for some partition of (1, 2, . . . , N)
into blocks), h of matrices with blocks above the diagonal, and h∗ of matrices

Documenta Mathematica 22 (2017) 953–972
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with blocks below the diagonal. We have H = 1 + h ⊂ SL(N). For an element
X ∈ H let xkl denote the matrix elements of X ; xkl ’s are functions on H .
Equation (6) gives the following expression for the g-quasi-Poisson bracket on
H :

{xkl , xmn } =
1

2

(
xknx

m
l

(
θl̇ṅ − θṅl̇ + θk̇ṁ − θṁk̇

)
+ δkn

∑

r

δṙṅx
m
r x

r
l − δml

∑

r

δṙ
l̇
xkrx

r
n

)
.

where

θmn =

{
1 m < n

0 m ≥ n
and ṅ, for 1 ≤ n ≤ N , denotes the number of the block to which n belongs.

6 Moment maps

In this section we shall see that the theory of moment maps, as known from
the case of Lie bialgebras and Poisson-Lie groups, can be developed also for
Lie g-quasi-bialgebras and g-quasi-Poisson Lie groups.

Definition 6.1. If (H, ρH , πH) is a g-quasi-Poisson group and (M,ρM , πM )
a g-quasi-Poisson manifold, an action H ×M →M is g-quasi-Poisson if it is
a g-quasi-Poisson map

H ⊛M →M.

If (h, ρ̇, δ) is a Lie g-quasi-bialgebra, an action ψ of h on M is g-quasi-Poisson
if it is g-equivariant and if

[ψ(X), πM ] = −ψ(δ(X)) +
1

2
tij ψ(ρ̇(ei)X) ∧ ρM (ej) (8)

for every X ∈ h.

Proposition 6.1. If (H, ρH , πH) is a connected g-quasi-Poisson group and
(M,ρM , πM ) a g-quasi-Poisson manifold, and · : H×M →M is a g-equivariant
action of H on M , then this action is g-quasi-Poisson iff the corresponding
action ψ of h, ψ(X)|m := d

dt

∣∣
0
e−tX ·m (m ∈M), is g-quasi-Poisson.

Proof. Let us define an action ∗ of H on
∧2

TM : for h ∈ H , m ∈ M , bm ∈∧2
TmM

h ∗ bm := h · bm + πH |h ·m−
1

2
tij(ρH(ei)|h ·m) ∧ (h · ρM (ej)|m) ∈ ∧2

Th·mM.

The fact that ∗ is an action follows easily from the multiplicativity property
(2) of πH and from the g-equivariance of the action · : H ×M →M and of the
product H ×H → H .
The action ∗ has the property that the map · : H ⊛M →M is g-quasi-Poisson
iff the bivector field πM is H-invariant under the ∗-action, i.e. iff πM is invariant
under the corresponding action of the Lie algebra h. The latter invariance is
Equation (8).
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As observed in [8], if (M,ρ, π) is a g-quasi-Poisson manifold then the operators

d± := ±[π, ·] +
1

2
tij ρ(ei) ∧ [ρ(ej), ·]

are differentials on the graded algebra Γ(
∧
TM) of polyvector fields on M .

Comparing with (8) we see that a g-equivariant action ψ of h on M is g-quasi-
Poisson iff

d−ψ(X) = −ψ(δ(X)).

Let us recall that if A→M is a vector bundle and if dA is a differential on the
graded algebra Γ(

∧
A∗) then A is a Lie algebroid with the bracket

〈[u, v]A, ω〉 = [dAiu + iudA, iv]ω u, v ∈ Γ(A), ω ∈ Γ(A∗)

and with the anchor a : A→ TM

a(u)f = 〈u, dAf〉 u ∈ Γ(A), f ∈ C∞(M).

In particular, d± give us two Lie algebroid structures ([, ]+, a+) and ([, ]−, a−)
on T ∗M . The anchors are

a+(α) = σ(α, ·), a−(α) = σ(·, α)

where

σ := π +
1

2
ρ(t) ∈ Γ(T⊗2M).

Proposition 6.2. Let (H, ρ, π) be a g-quasi-Poisson Lie group. Then for any
α, β ∈ h∗

[αL, βL]+ = −[α, β]L.

Proof. For any X ∈ h we have, by (4),

d+X
L = −δ(X)L

and thus

〈[αL, βL]+, X
L〉 = [d+iαL + iαLd+, iβL ]XL

= −iβLiαLd+XL = 〈α⊗ β, δ(X)〉 = −〈[α, β], X〉.

Since this equality holds for every X ∈ h, we have indeed [αL, βL]+ = −[α, β]L.

If (d, h, g, h∗) is a Manin quadruple then both h and h∗ are g-quasi-bialgebras;
we shall call h∗ the dual Lie g-quasi-bialgebra of h. We can now formulate and
prove the main result of this section.
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Theorem 6.1 (Moment map). Let (h, ρ̇, δ) be a Lie g-quasi-bialgebra and let
H∗ be a connected g-quasi-Poisson Lie group integrating its dual. If

µ : M → H∗

is a g-quasi-Poisson map then the map

ψ : h→ Γ(TM), ψ(X) = −a+(µ∗XL)

is a g-quasi-Poisson action of h on M .

Proof. Let us extend the Lie brackets [, ]± to Gerstenhaber brackets [, ]± on
the graded algebras Ω(M) and Ω(H∗). The morphisms of graded algebras

(Ω(H∗), d, [, ]+)
µ∗

−→ (Ω(M), d, [, ]+)
∧

a+−−−→ (Γ(
∧
TM), d−, [, ]) (9)

preserve the indicated differentials and Gerstenhaber brackets: for the first
map it follows immediately from the fact that µ∗ is g-quasi-Poisson. For the
second map it follows from the more general fact that if (A, [, ]A, a) is a Lie
algebroid over M then

∧
a : (Γ(

∧
A), [, ]A)→ (Γ(

∧
TM), [, ]) is a morphism of

Gerstenhaber algebras, and
∧
at : (Ω(M), d) → (Γ(

∧
A∗), dA) is a morphism

of differential graded algebras, where at : T ∗M → A∗ is the transpose of a,
together with the fact that at− = a+.
Let now Ψ : (Ω(H∗), d, [, ]+) → (Γ(

∧
TM), d−, [, ]) be the composition of (9).

By definition we have, for X ∈ h, that ψ(X) = −Ψ(XL). The fact that
ψ is an action of h now follows from Proposition 6.2, and the fact that this
action is g-quasi-Poisson, i.e. that d−ψ(X) = −ψ(δ(X)), follows from d(XL) =
(δ(X))L.

7 Examples from moduli spaces of flat connections

One important class of g-quasi-Poisson manifolds arises from moduli spaces of
flat connections on surfaces with marked points on the boundary. It is also
this place where one can find many examples of momentum maps, which will
be our focus in this section.
Firstly, let us mention a more general notion of fusion, which we will need in
this section.

Definition 7.1 ([3]). Let (g, t), (g′, t′) be two Lie algebras with invariant inner
products. If (M,ρ, π) is a g⊕ g⊕ g′-quasi-Poisson manifold (where g⊕ g⊕ g′

is equipped with the inner product t⊕ t⊕ t′) then the (internal) fusion of M is
the g⊕ g′-quasi-Poisson manifold (M,ρ⊛, π⊛) given by

ρ⊛(X,Y ) = ρ(X,X, Y ) ∀X ∈ g, Y ∈ g′,

π⊛ = π − 1

2
(ρ1 ∧ ρ2)(t),

where ρ1 and ρ2 are the actions of the first and of the second copy of g in
g⊕ g⊕ g′, respectively.
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Let now Σ be an compact oriented surface with boundary (not necessarily
connected) and let V ⊂ ∂Σ be a finite set meeting every component of Σ. Let,
as above, d be a Lie algebra with invariant inner product, and D a Lie group
integrating d. The moduli space

MD(Σ, V )

of flat principal D-bundles over Σ trivialized over V is naturally identified with
the space of groupoid morphisms

Hom(Π1(Σ, V ), D).

There is a natural action of the group DV on MD(Σ, V ) given by changing the
trivialization of a principal D-bundle P → Σ over V .

Theorem 7.1 ([9]). There is a natural DV -quasi-Poisson structure πΣ,V on
MD(Σ, V ) characterized by these properties:

1. If Σ is a disk and V consists of two points then πΣ,V = 0.

2. If Σ = Σ1 ⊔ Σ2 (and so MD(Σ, V ) = MD(Σ1, V1) ×MD(Σ1, V1)) then
πΣ,V = πΣ1,V1 + πΣ2,V2 .

3. Let x, y ∈ V and let Σ′ be obtained from Σ by a “corner connected sum”:

x y zΣ Σ′

Let V ′ be the image of V in Σ′, i.e. with x and y identified (denoted z
on the picture). In this case MD(Σ′, V ′) ∼= MD(Σ, V ) (the isomorphism
is induced by the gluing map Σ → Σ′). Then the DV ′

-quasi-Poisson
structure on MD(Σ′, V ′) is obtained from the DV -quasi-Poisson structure
on MD(Σ, V ) by fusion of the d’s acting at x and y.

This quasi-Poisson structure is functorial under embeddings of surfaces: if i :
Σ′ → Σ is an embedding then the induced map i∗ : MD(Σ, V )→MD(Σ′, V ′ =
V ∩ i(Σ′)) is DV -quasi-Poisson (where DV \V ′

acts trivially on MD(Σ′, V ′)).

Let now (d, h, g, h∗) be a Manin quadruple, D a connected Lie group integrating
d, and H,G,H∗ ⊂ D the connected subgroups integrating h, g, h∗. We shall
suppose that the map

H ×G×H∗ → D, (h, g, h∗) 7→ hgh∗

is a diffeomorphism. (If we drop this assumption then we need to replace the
moduli spaces considered below with appropriate locally diffeomorphic mani-
folds.) Let P− ⊂ D be the connected Lie subgroup integrating the Lie subal-
gebra p− := g⊕ h∗ ⊂ d; it is a semi-direct product of G with H∗.
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Example 7.1 (g-quasi-Poisson Lie groups as moduli spaces). Let us consider
the moduli space MD(△, V ) for the triangle (i.e. for the disk with 3 marked
points on the boundary). It is D3-quasi-Poisson; after we take its quotient by

P− × P− ×H ⊂ D ×D ×D,

we get a G-quasi-Poisson manifold. For every marked point we specify on the
picture the subgroup of D by which we mod out:

P− P−

H

By Theorem 7.1, this g-quasi-Poisson manifold MD(△, V )/P− × P− × H can
be obtained by a fusion followed by a reduction

P− P− P− P− P− P−

H

MD(△, V )/P− × P− ×H ∼= ((D/P−) ⊛d (D/P−))/H.

Here D, the moduli space for a bigon (which is D2-quasi-Poisson), has π = 0
(see Theorem 7.1), and thus the D-quasi-Poisson space D/P− has also π = 0.
We can identify D/P− with H . We thus have an isomorphism

MD(△, V )/P− × P− ×H ∼= (H ⊛d H)/H

and thus, as we noticed in the proof of Theorem 5.1 (where we denoted the
d-quasi-Poisson manifold H with π = 0 by Ĥ), we have an isomorphism of
g-quasi-Poisson manifolds

MD(△, V )/P− × P− ×H ∼= H

where H on the RHS is the g-quasi-Poisson Lie group given by the Manin
quadruple (d, h, g, h∗). Similarly, the moduli space given by

P+ P+

H∗
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is isomorphic, as a g-quasi-Poisson manifold, to the dual g-quasi-Poisson Lie
group

MD(△, V )/P+ × P+ ×H∗ ∼= H∗. (10)

Example 7.2 (Moment map from 3 marked points). Let Σ be a connected
compact oriented surface and VΣ ⊂ ∂Σ a set of 3 marked points. Let i : △→ Σ
be an embedding of a triangle sending the vertices V△ of △ to VΣ. Then, by
Theorem 7.1, the induced map

i∗ : MD(Σ, VΣ)→MD(△, V△)

is D3-quasi-Poisson, and thus, in view of (10), it induces a g-quasi-Poisson map

MD(Σ, VΣ)/P+ × P+ ×H∗ → H∗,

i.e. a moment map.

P+

P+

H∗

Example 7.3 (Moment map from 2 marked points). Let now Σ be a connected
compact oriented surface and VΣ = {A,B} ⊂ ∂Σ a set of 2 marked points. Let
i : △ → Σ be a map which sends one vertex of △ to A, the two remaining
vertices to B, and is an embedding of △ with two vertices identified to Σ. By
Theorem 7.1 the map

i∗ : MD(Σ, VΣ)→MD(△, V△)⊛

is D2-quasi-Poisson, where MD(△, V△)⊛ is MD(△, V△) with fusion applied at
the two identified vertices. (Geometrically, MD(△, V△)⊛ is the moduli space
for an annulus with two marked points; the two points can be either on the
same boundary circle, or on both of them, depending on the order of the fusion,
giving two different quasi-Poisson structures.)
The projection

p : MD(△, V△)⊛/P+ ×H∗ →MD(△, V△)/P+ × P+ ×H∗

is g-quasi-Poisson. As a result,

p ◦ i∗ : MD(Σ, VΣ)/P+ ×H∗ →MD(△, V△)/P+ × P+ ×H∗ ∼= H∗
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is a g-quasi-Poisson map to the dual g-quasi-Poisson group H∗, i.e. it is a
moment map.
As a simple example, let Σ be an annulus and let VΣ consist of two points, one
on each boundary circle of Σ.

H∗

P+

In this caseMD(Σ, VΣ) ∼= D×D, with the identification given by the holonomies
along the dashed curves. Moreover MD(Σ, VΣ)/P+×H∗ ∼= D, as the projection

D ×D ∼= MD(Σ, VΣ)→MD(Σ, VΣ)/P+ ×H∗

restricts to a diffeomophism on {1} ×D ⊂ D ×D.
The g-quasi-Poisson structure on D ∼= MD(Σ, VΣ)/P+ ×H∗ is

π =
1

2

[
(Ei ∧ Ei)L − (Ei ∧ Ei)R − (eα)L ∧ (eα)R

]

with g acting on D by conjugation. One can check that it makes D to a g-
quasi-Poisson group and that H ⊂ D (though not H∗ ⊂ D) is a g-quasi-Poisson
inclusion. The moment map D → H∗ is the projection D → D/P+

∼= H∗.

8 Quantization to braided Hopf algebras

One of the main reason for introducing g-quasi-Poisson Lie groups and Lie g-
quasi-bialgebras is that they can be quantized to braided Hopf algebras. We
shall describe this quantization procedure in this section.
Let us briefly describe Drinfeld’s construction of braided monoidal categories
(BMCs) using a Drinfeld associator [4]. If U and V are two Ug-modules, let
tU,V : U ⊗ V → U ⊗ V be given by tU,V := (ρU ⊗ ρV )(t) (where, as above,
t ∈ (S2g)g ⊂ g⊗ g), and let σU,V : U ⊗ V → V ⊗ U be the flip. Let Ug-mod~

be the category of Ug-modules, where the morphisms are allowed to be formal
power series in ~. If Φ ∈ K〈〈x, y〉〉 is a Drinfeld associator, where K is our base
field of characteristic 0, then the braiding

βU,V = σU,V ◦ exp
(~

2
tU,V

)
: U ⊗ V → V ⊗ U

and the associativity constraint

γU,V,W = γU,V,W0 ◦ Φ(~ tU,V , ~ tV,W ) : (U ⊗ V )⊗W → U ⊗ (V ⊗W ),
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where
γU,V,W0 : (U ⊗ V )⊗W → U ⊗ (V ⊗W )

is the standard associativity constraint, make Ug-mod~ to a BMC. We shall
denote this braided monoidal category by Ug-modΦ

~ .
If M is a g-quasi-Poisson manifold then its deformation quantization is a g-
equivariant bilinear product ∗ on C∞(M)

f1 ∗ f2 = f1f2 + ~B1(f1, f2) + ~2B2(f1, f2) + . . .

where Bk are bidifferential operators, such that (C∞(M), ∗, 1) is an associative
algebra in the BMC Ug-modΦ

~ , and such that

{f1, f2} = B1(f1, f2)−B1(f2, f1).

It is not expected to exist in general. However, if H is a g-quasi-Poisson Lie
group, such a ∗ does exist, and, moreover, is a part of a Hopf algebra structure.
In order to describe this quantization it is convenient to introduce the following
category (a version of Ug -mod~).

Definition 8.1. The category g-man~ has g-manifolds as objects, and a mor-
phism F : M → N is a g-equivariant linear map

F ∗ : C∞(N)→ C∞(M)[[~]], F ∗ = F ∗0 + ~F ∗1 + ~2F ∗2 + . . .

such that F ∗0 = f∗ for some smooth map f : M → N and such that F ∗k ,
k ≥ 1, are differential operators w.r.t. the algebra map F ∗0 . The composition of
morphisms is given by (F ◦G)∗ := G∗ ◦ F ∗.
The category g-man~ is symmetric monoidal, with the product M1 ⊗M2 :=
M1 ×M2. Its deformation to a BMC via a Drinfeld associator Φ ∈ R〈〈x, y〉〉
will be denoted by g-manΦ

~ .
Let g -man denote the symmetric monoidal category of g-manifolds. Whenever
M is a g-manifold then (M,∆, ǫ) is a comonoid in g-man, where ∆ : M →
M × M is the diagonal map, and ǫ : M → point is the unique map. A
comonoid structure (M,∆~, ǫ) in g-manΦ

~ , such that (∆∗~)0 = ∆∗, is equivalent
to a ∗-product on M via

f ∗ g = ∆∗~(f ⊗ g) (11)

making C∞(M) to an associative algebra in Ug -modΦ
~ .

We can now formulate the main result of this section.

Theorem 8.1. If H is a g-quasi-Poisson Lie group then there is a Hopf algebra
structure on H in the BMC g -manΦ

~ deforming the Hopf algebra (i.e. Lie group)
structure of H in g -man, such that the ∗-product on H given by (11) is a
deformation quantization of the g-quasi-Poisson manifold H.
Similarly, if (h, ρ̇, δ) is a Lie g-quasi-bialgebra, there is a deformation of the
Hopf algebra structure on Uh to a Hopf algebra structure in the BMC Ug -modΦ

~ ,
such that, for v ∈ g ⊂ Ug, ∆~(v)−∆op

~ (v) = ~ δ(v) +O(~2).
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The proof of the theorem is an application of the method of quantization of Lie
bialgebras presented in [11] (one can probably also use the original approach
of Etingof and Kazhdan [6] in combination with the g-quasi-Poisson group D
of Example 7.3, but it seems more complicated). For further details about the
relevant definitions etc. we refer the reader to [11].
Let us first observe that if (Q,∆Q, ǫQ) and (Q′,∆Q′ , ǫQ′) are comonoids in a
BMC D then Q ⊗Q′ is a comonoid as well, with the counit ǫQ ⊗ ǫQ′ and the
coproduct

(Q Q′) (Q Q′)

Q Q′

Theorem 8.2 ([11]). Let D and C be BMCs, (Q,∆Q, ǫQ) a cocommutative
comonoid in D, and F : D → C a braided colax monoidal functor with these
invertibility properties: the composition

F (Q)
F (ǫQ)−−−−→ F (1D)→ 1C

is an isomorphism, and for every objects X,Y ∈ D the morphism

τ
(Q)
X,Y : F ((X ⊗Q)⊗ Y )→ F (X ⊗Q)⊗ F (Q⊗ Y ),

defined as the composition

F ((X ⊗Q)⊗ Y )
F ((idX ⊗∆Q)⊗idY )−−−−−−−−−−−−−→ F

(
(X ⊗ (Q⊗Q))⊗ Y

) ∼=
∼= F

(
(X ⊗Q)⊗ (Q⊗ Y )

)
→ F (X ⊗Q)⊗ F (Q ⊗ Y ),

is an isomorphism.
Then F (Q⊗Q) is a Hopf algebra in C, with the structure defined as follows:

• The coalgebra structure on F (Q⊗Q) is inherited from the coalgebra struc-
ture on Q⊗Q.

• The product on F (Q⊗Q) is the composition

F (Q⊗Q)⊗ F (Q ⊗Q)
τ
(Q)
Q,Q

−1

−−−−−→ F ((Q⊗Q)⊗Q)

F (idQ⊗ǫQ⊗idQ)−−−−−−−−−−−→ F (Q⊗Q).

• The unit is

1C ∼= F (Q)
F (∆Q)−−−−→ F (Q⊗Q).
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• The antipode is

F (Q ⊗Q)
F (βQ,Q)−−−−−→ F (Q⊗Q)

where βQ,Q : Q⊗Q→ Q⊗Q is the braiding in D.

Proof of Theorem 8.1. Let (d, h, g, h∗) be the Manin quadruple corresponding
to the Lie g-quasi-bialgebra h. Let C = g -manΦ

~ and let D be the full subcat-
egory of d -manΦ

~ consisting of those d-manifolds for which the action of h ⊂ d

integrates to a free and proper action of the group H . Let F : D → C be given
by

F (M) = M/H

and let Q = H with the action ρ̂ of d (see Proposition 5.1) and with the
undeformed coproduct ∆Q and undeformed counit ǫQ.
By [11, Proposition 2] the functor F , with the coherence maps

(M ×N)/H →M/H ×N/H

given by the natural projections, is a braided colax monoidal functor (here it
is important to use the same associator Φ ∈ R〈〈x, y〉〉 in the definitions of C
and D) and (Q,∆Q, ǫQ) is a cocommutative comonoid in D. The hypotheses
of Theorem 8.2 are satisfied, hence

F (Q ⊗Q) = (H ×H)/H ∼= H

is a Hopf algebra in g -manΦ
~ . The identification (H × H)/H ∼= H we use is

(h1, h2) 7→ h1h
−1
2 , as in the proof of Theorem 5.1.

This Hopf algebra structure (in g -manΦ
~ ) on H is clearly a deformation of the

Lie group structure on H . To finish the proof we need to check that the ∗-
product on H we obtained is indeed a deformation quantization of the g-quasi-

Poisson structure on H . It follows from the fact [10] that if (M (1),∆
(1)
~ ) and

(M (2),∆
(2)
~ ) are deformation quantizations of two d-quasi-Poisson structures on

manifolds M (1) and M (2) then their tensor product in d -manΦ
~ is a deformation

quantization of the fusion M (1) ⊛M (2). As a result the comonoid Q ⊗ Q is
a deformation quantization of Ĥ ⊛d Ĥ , where Ĥ denotes, as in the proof of
Theorem 5.1, H with the action ρ̂ and with π = 0, and thus F (Q ⊗ Q) is a
quantization of the g-quasi-Poisson manifold (Ĥ ⊛d Ĥ)/H , which is H with its
g-quasi-Poisson structure.
The deformation of the Hopf algebra structure on Uh is constructed similarly:
we set D = Ud -modΦ

~ , C = Ug -modΦ
~ , F (V ) = V/(h · V ), and Q = Uh =

Ud/(p−Ud) with its original cocommutative coalgebra structure. Finally we
identify F (Uh⊗ Uh) with Uh via x⊗ y 7→ xS0(y), where S0 : Uh→ Uh is the
original (non-deformed) antipode. The coproduct in the coalgebra Uh⊗Uh (in
the category D) applied to x⊗ 1, x ∈ h, is

∆~(x⊗ 1) = x⊗ 1⊗ 1⊗ 1 + 1⊗ 1⊗ x⊗ 1− ~
2

1⊗ δ(x)⊗ 1 +O(~2) ∈ Uh⊗4
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and thus the coproduct in Uh ∼= F (Uh⊗ Uh) applied to x ∈ h is

∆~(x) = x⊗ 1 + 1⊗ x+
~
2
δ(x) +O(~2),

so indeed
(∆~ −∆op

~ )(x) = ~ δ(x) +O(~2)

as we wanted to show.
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Abstract. For a prime number p and a free profinite group S,
let S(n,p) be the nth term of its lower p-central filtration, and S[n,p]

the corresponding quotient. Using tools from the combinatorics
of words, we construct a canonical basis of the cohomology group
H2(S[n,p],Z/p), which we call the Lyndon basis, and use it to obtain
structural results on this group. We show a duality between the Lyn-
don basis and canonical generators of S(n,p)/S(n+1,p). We prove that
the cohomology group satisfies shuffle relations, which for small values
of n fully describe it.
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1

1. Introduction

Let p be a fixed prime number. For a profinite group G one defines the lower
p-central filtration G(n,p), n = 1, 2, . . . , inductively by

G(1,p) = G, G(n+1,p) = (G(n,p))p[G,G(n,p)].

Thus G(n+1,p) is the closed subgroup of G generated by the powers hp and
commutators [g, h] = g−1h−1gh, where g ∈ G and h ∈ G(n,p). We also set
G[n,p] = G/G(n,p).

Now let S be a free profinite group on the basis X , and let n ≥ 2. Then
S[n,p] is a free object in the category of pro-p groups G with G(n,p) trivial.
As with any pro-p group, the cohomology groups H l(S[n,p]) = H l(S[n,p],Z/p),
l = 1, 2, capture the main information on generators and relations, respectively,

1This work was supported by the Israel Science Foundation (grant No. 152/13).
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in a minimal presentation of S[n,p]. The group H1(S[n,p]) is just the dual
(S[2,p])∨ ∼=

⊕
x∈X Z/p, and it remains to understand H2(S[n,p]).

When n = 2 the quotient S[2,p] is an elementary abelian p-group, and the struc-
ture of H2(S[2,p]) is well-known. Namely, for p > 2 one has an isomorphism

H1(S[2,p])⊕∧2H1(S[2,p])
∼−→ H2(S[2,p]),

which is the Bockstein map on the first component, and the cup product on the
second component. Furthermore, taking a basis χx, x ∈ X , of H1(S[2,p]) dual
to X , there is a fundamental duality between pth powers and commutators in
the presentation of S and Bockstein elements and cup products, respectively,
of the χx (see [NSW08, Ch. III, §9] for details). These facts have numer-
ous applications in Galois theory, ranging from class field theory ([Koc02],
[NSW08]), the works by Serre and Labute on the pro-p Galois theory of p-adic
fields ([Ser63], [Lab67]), the structure theory of general absolute Galois groups
([MS96], [EM11]), the birational anabelian phenomena ([Bog91], [Top16]), Ga-
lois groups with restricted ramification ([Vog05], [Sch10]), and mild groups
([Lab06], [For11], [LM11]), to mention only a few of the pioneering works in
these areas.

In this paper we generalize the above results from the case n = 2 to arbitrary
n ≥ 2. Namely, we give a complete description of H2(S[n,p]) in terms of a
canonical linear basis of this cohomology group. This basis is constructed using
tools from the combinatorics of words – in particular, the Lyndon words in
the alphabet X , i.e., words which are lexicographically smaller than all their
proper suffixes (for a fixed total order on X). We call it the Lyndon basis,
and use it to prove several structural results on H2(S[n,p]), and in particular
to compute its size (see below).

The Lyndon basis constructed here can be most naturally described in terms
of central extensions, as follows: For 1 ≤ s ≤ n let U denote the group of all
unipotent upper-triangular (s+ 1)× (s+ 1)-matrices over the ring Z/pn−s+1.
There is a central extension

0→ Z/p→ U→ U[n,p] → 1

(Proposition 6.3). It corresponds to a cohomology element γn,s ∈ H2(U[n,p]).
For a profinite group G and a continuous homomorphism ρ : G → U we write
ρ̄ : G[n,p] → U[n,p] for the induced homomorphism, and ρ̄∗γn,s for the pull-

back to H2(G[n,p]). Now for any word w = (x1 · · ·xs) in the alphabet X
we define a homomorphism ρw : S → U by setting the entry (ρw(σ))ij to be
the coefficient of the subword (xi · · ·xj−1) in the power series Λ(σ), where
Λ: S → (Z/pn−s+1)〈〈X〉〉× is the Magnus homomorphism, defined on the
generators x ∈ X by Λ(x) = 1+x (see §3 and §6 for more details). The Lyndon
basis is now given by:

Main Theorem. The pullbacks αw,n = (ρ̄w)∗γn,s, where w ranges over all
Lyndon words of length 1 ≤ s ≤ n in the alphabet X, form a linear basis of
H2(S[n,p]) over Z/p.
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We further show a duality between the Lyndon basis and certain canonical
elements σw ∈ S(n,p), with w a Lyndon word of length ≤ n, generalizing the
above mentioned duality in the case n = 2 (see Corollary 8.3).

The cohomology elements ρ̄∗γn,s include the Bockstein elements (for s = 1),
the cup products (for n = s = 2), and more generally, the elements of n-fold
Massey products in H2(G[n,p]) (for n = s ≥ 2); see Examples 7.4. The full
spectrum ρ̄∗γn,s, 1 ≤ s ≤ n, appears to give new significant “external” objects
in profinite cohomology, which to our knowledge have not been investigated so
far in general.

Lyndon words are known to have tight connections with the shuffle algebra,
and indeed, the αw,n for arbitrary words w of length ≤ n in X satisfy natu-
ral shuffle relations (Theorem 9.4). In §10-§11 we show that for n = 2, 3
these shuffle relations fully describe H2(S[n,p]), provided that p > 2, p > 3,
respectively (for n = 2 this was essentially known). Interestingly, related con-
siderations arise also in the context of multiple zeta values, see e.g. [MP00],
although we are not aware of a direct connection.

The Lyndon words on X form a special instance of Hall sets, which are well-
known to have fundamental role in the structure theory of free groups and
free Lie algebras (see [Reu93], [Ser92]). In addition, the Lyndon words have a
triangularity property (see Proposition 4.4(b)). This property allows us
to construct certain upper-triangular unipotent matrices that express a (semi-
)duality between the σw and the cohomology elements αw,n.

We now outline the proof that the αw,n form a linear basis of H2(S[n,p]). For
simplicity we assume for the moment that X is finite. To each Lyndon word
w of length 1 ≤ s ≤ n one associates in a canonical way an element τw of the
s-th term of the lower central series of S (see §4). The cosets of the powers

σw = τp
n−s

w generate S(n,p)/S(n+1,p) (Theorem 5.3). Using the special structure
of the lower p-central filtration of U we define for any two Lyndon words w,w′

of length ≤ n a value 〈w,w′〉n ∈ Z/p (see §6). The triangularity property of
Lyndon words implies that the matrix

(
〈w,w′〉n

)
is unipotent upper-triangular,

whence invertible. Turning now to cohomology, we define a natural perfect
pairing

(·, ·)n : S(n,p)/S(n+1,p) ×H2(S[n,p])→ Z/p.
Cohomological computations show that, for Lyndon words w,w′ of length ≤
n, one has 〈w,w′〉n = (σw, αw′,n)n. Hence the matrix

(
(σw , αw′,n)n

)
is also

invertible. We then conclude that the αw′,n form a basis ofH2(S[n,p]) (Theorem
8.5). This immediately determines the dimension of the latter cohomology
group, in terms of Witt’s necklace function, which counts the number of
Lyndon words over X of a given length (Corollary 8.6).

In the special case n = 2, the theory developed here generalizes the above de-
scription of H2(S[2,p]) in terms of the Bockstein map and cup products (see
§10 for details). Namely, the matrix (〈w,w′〉2) is the identity matrix, which
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gives the above duality between pth powers/commutators and Bockstein ele-
ments/cup products. Likewise, the shuffle relations just recover the basic fact
that the cup product factors via the exterior product.
In §11 we describe our theory explicitly also for the (new) case n = 3.

While here we focus primarily on free profinite groups, it may be interesting
to study the canonical elements ρ̄∗γn,s for more general profinite groups G, in
particular, when G = GF is the absolute Galois group of a field F . For instance,
when n = 2, they were used in [EM11] (following [MS96] and [AKM99]) and

[CEM12] to describe the quotient G
[3,p]
F . Triple Massey products for GF (which

correspond to the case n = s = 3) were also extensively studied in recent years –
see [EM15], [MT15b], [MT16], [MT17], and [Wic12] and the references therein.
I thank Claudio Quadrelli and the anonymous referee for their careful reading of
this paper and for their very valuable comments and suggestions on improving
the exposition.

2. Words

Let X be a nonempty set, considered as an alphabet. Let X∗ be the free
monoid on X . We view its elements as associative words on X . The length of
a word w is denoted by |w|. We write ∅ for the empty word, and ww′ for the
concatenation of words w and w′.
Recall that a magma is a setM with a binary operation (·, ·) : M×M→M.
A morphism of magmas is a map which commutes with the associated binary
operations. There is a free magmaMX on X , unique up to an isomorphism;
that is, X ⊆MX , and for every magma (·, ·) : N×N → N and a map f0 : X →
N there is a magma morphism f : MX → N extending f0. See [Ser92, Ch. IV,
§1] for an explicit construction of MX . The elements of MX may be viewed
as non-associative words on X .
The monoid X∗ is a magma with respect to concatenation, so the universal
property ofMX gives rise to a unique magma morphism f : MX → X∗, called
the foliage (or brackets dropping) map, such that f(x) = x for x ∈ X .
Let H be a subset of MX and ≤ a total order on H. We say that (H,≤) is a
Hall set in MX , if the following conditions hold [Reu93, §4.1]:

(i) X ⊆ H;
(ii) If h = (h′, h′′) ∈ H \X , then h < h′′;

(iii) For h = (h′, h′′) ∈ MX \X , one has h ∈ H if and only if
• h′, h′′ ∈ H and h′ < h′′; and
• either h′ ∈ X , or h′ = (v, u) where u ≥ h′′.

Given a Hall set (H,≤) in MX we call H = f(H) a Hall set in X∗.
Every w ∈ H can be written as w = f(h) for a unique h ∈ H [Reu93, Cor. 4.5].
If w ∈ H \X , then we can uniquely write h = (h′, h′′) with h′, h′′ ∈ H, and call
w = w′w′′, where w′ = f(h′) and w′′ = f(h′′), the standard factorization
of w [Reu93, p. 89].

Documenta Mathematica 22 (2017) 973–997



Cohomology and Lyndon Words 977

Next we fix a total order ≤ on X , and define a total order ≤alp (the alpha-
betical order) on X∗ as follows: Let w1, w2 ∈ X∗. Then w1 ≤alp w2 if and
only if w2 = w1v for some v ∈ X∗, or w1 = vx1u1, w2 = vx2u2 for some words
v, u1, u2 and some letters x1, x2 ∈ X with x1 < x2. Note that the restriction
of ≤alp to Xn is the lexicographic order.
In addition, we order Z≥0 × X∗ lexicographically with respect to the usual
order on Z≥0 and the order ≤alp on X∗. We then define a second total order
� on X∗ by setting

(2.1) w1 � w2 ⇐⇒ (|w1|, w1) ≤ (|w2|, w2)

with respect to the latter order on Z≥0 ×X∗.
A nonempty word w ∈ X∗ is called a Lyndon word if it is smaller in ≤alp

than all its non-trivial proper right factors. Equivalently, no non-trivial rota-
tion leaves w invariant, and w is lexicographically strictly smaller than all its
rotations 6= w ([CFL58, Th. 1.4], [Reu93, Cor. 7.7]). We denote the set of all
Lyndon words on X by Lyn(X), and the set of all such words of length n (resp.,
≤ n) by Lynn(X) (resp., Lyn≤n(X)). The set Lyn(X), totally ordered with
respect to ≤alp, is a Hall set [Reu93, Th. 5.1].

Example 2.1. The Lyndon words of length ≤ 4 on X are

(x) for x ∈ X,
(xy), (xxy), (xyy), (xxxy), (xxyy), (xyyy) for x, y ∈ X, x < y,

(xyz), (xzy), (xxyz), (xxzy), (xyxz), (xyyz), (xyzy), (xyzz),

(xzyy), (xzyz), (xzzy) for x, y, z ∈ X, x < y < z,

(xyzt), (xytz), (xzyt), (xzty), (xtyz), (xtzy) for x, y, z, t ∈ X, x < y < z < t

The necklace map (also called the Witt map) is defined for integers n,m ≥ 1
by

ϕn(m) =
1

n

∑

d|n
µ(d)mn/d.

Here µ is the Möbius function, defined by µ(d) = (−1)k, if d is a product of
k distinct prime numbers, and µ(d) = 0 otherwise; Alternatively, 1/ζ(s) =∑∞

n=1 µ(n)/ns, where ζ(s) is the Riemann zeta function and s is a complex
number with real part> 1. When m = q is a prime power, ϕn(q) also counts the
number of irreducible monic polynomials of degree n over a field of q elements
[Reu93, §7.6.2]. We also define ϕn(∞) =∞. One has [Reu93, Cor. 4.14]

(2.2) |Lynn(X)| = ϕn(|X |).

3. Power series

We fix a commutative unital ring R. Recall that a bilinear map M ×N → R
of R-modules is non-degenerate if its left and right kernels are trivial, i.e.,
the induced maps M → Hom(N,R) and N → Hom(M,R) are injective. The
bilinear map is perfect if these two maps are isomorphisms.
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Let R〈X〉 be the free associative R-algebra on X . We may view its elements
as polynomials over R in the non-commuting variables x ∈ X . The additive
group of R〈X〉 is the free R-module on the basis X∗. We grade R〈X〉 by
total degree. Let R〈〈X〉〉 be the ring of all formal power series in the non-
commuting variables x ∈ X and coefficients in R. For f ∈ R〈〈X〉〉 we write
fw for the coefficient of f at w ∈ X∗. Thus f =

∑
w∈X∗ fww. There are

natural embedings X∗ ⊆ R〈X〉 ⊆ R〈〈X〉〉, where we identify w ∈ X∗ with the
series f such that fw = 1 and fw′ = 0 for w′ 6= w. There is a well-defined
non-degenerate bilinear map of R-modules

(3.1) R〈〈X〉〉 ×R〈X〉 → R, (f, g) 7→
∑

w∈X∗

fwgw;

See [Reu93, p. 17]. For every integer n ≥ 0, it restricts to a non-degenerate
bilinear map on the homogenous components of degree n.
We may identify the additive group of R〈〈X〉〉 with RX

∗

via the map f 7→
(fw)w. When R is equipped with a profinite ring topology (e.g. when R is

finite), the product topology on RX
∗

induces a profinite group topology on
R〈〈X〉〉. Moreover, the multiplication map of R〈〈X〉〉 is continuous, making
it a profinite ring. The group R〈〈X〉〉× of all invertible elements in R〈〈X〉〉 is
then a profinite group.
Next we recall from [FJ08, §17.4] the following terminology and facts on free
profinite groups. Let G be a profinite group and X a set. A map ψ : X → G
converges to 1, if for every open normal subgroupN of G, the setX\ψ−1(N)
is finite. We say that a profinite group S is a free profinite group on basis
X with respect to a map ι : X → S if

(i) ι : X → S converges to 1 and ι(X) generates S as a profinite group;
(ii) For every profinite groupG and a map ψ : X → G converging to 1, there

is a unique continuous homomorphism ψ̂ : S → G such that ψ = ψ̂ ◦ ι
on X .

A free profinite group on X exists, and is unique up to a continuous isomor-
phism. We denote it by SX . The map ι is then injective, and we identify X
with its image in SX .
We define the (profinite) Magnus homomorphism ΛX,R : SX → R〈〈X〉〉× as
follows (compare [Efr14, §5]):
Assume first that X is finite. For x ∈ X one has 1 = (1 + x)

∑∞
i=0(−1)ixi in

R〈〈X〉〉, so 1 + x ∈ R〈〈X〉〉×. Hence, by (ii), the map ψ : X → R〈〈X〉〉×, x 7→
1+x, uniquely extends to a continuous homomorphism ΛX,R : SX → R〈〈X〉〉×.
Now suppose that X is arbitrary. Let Y range over all finite subsets of X . The
map ψ : X → SY , which is the identity on Y and 1 on X \ Y , converges to 1.
Hence it extends to a unique continuous group homomorphism SX → SY . Also,
there is a unique continuous R-algebra homomorphism R〈〈X〉〉 → R〈〈Y 〉〉,
which is the identity on Y and 0 on X \ Y . Then

SX = lim←−SY , R〈〈X〉〉 = lim←−R〈〈Y 〉〉, R〈〈X〉〉× = lim←−R〈〈Y 〉〉
×.

Documenta Mathematica 22 (2017) 973–997



Cohomology and Lyndon Words 979

We define ΛX,R = lim←−ΛY,R. It is functorial in both X and R in the natural

way. Note that ΛX,R(x) = 1 + x for x ∈ X .
In the sequel, X will be fixed, so we abbreviate S = SX and ΛR = ΛX,R.

For σ ∈ S and a word w ∈ X∗ we denote the coefficient of w in ΛR(σ) by
ǫw,R(σ). Thus

ΛR(σ) =
∑

w∈X∗

ǫw,R(σ)w.

By the construction of ΛR, we have ǫ∅,R(σ) = 1. Since ΛR is a homomorphism,
for every σ, τ ∈ S and w ∈ X∗ one has

(3.2) ǫw,R(στ) =
∑

w=u1u2

ǫu1,R(σ)ǫu2,R(τ).

We will also need the classical discrete version of the Magnus homomorphism.
To define it, assume that X is finite, and let FX be the free group on basis
X . There is a natural homomorphism FX → SX . The discrete Magnus
homomorphism Λdisc

Z : FX → Z〈〈X〉〉× is defined again by x 7→ 1 + x. There
is a commutative square

(3.3) FX //

Λdisc
Z

��

SX

ΛZp

��
Z〈〈X〉〉× � � // Zp〈〈X〉〉×.

4. Lie algebra constructions

Recall that the lower central filtration G(n,0), n = 1, 2, . . . , of a profinite
group G is defined inductively by

G(1,0) = G, G(n+1,0) = [G(n,0), G].

Thus G(n+1,0) is generated as a profinite group by all elements of the form
[σ, τ ] with σ ∈ G(n,0) and τ ∈ G. One has [G(n,0), G(m,0)] ≤ G(n+m,0) for every
n,m ≥ 1 (compare [Ser92, Part I, Ch. II, §3]).

Proposition 4.1. Let S = SX and let σ ∈ S. Then:

(a) σ ∈ S(n,0) if and only if ǫw,Zp(σ) = 0 for every w ∈ X∗ with 1 ≤ |w| <
n;

(b) σ ∈ S(n,p) if and only if ǫw,Zp(σ) ∈ pn−|w|Zp for every w ∈ X∗ with
1 ≤ |w| < n.

Proof. In the discrete case (a) and (b) are due to Grün and Magnus (see [Ser92,
Part I, Ch. IV, th. 6.3]) and Koch [Koc60], respectively. The results in the
profinite case follow by continuity.
For other approaches see [Mor12, Prop. 8.15], [CE16, Example 4.5], and
[MT15a, Lemma 2.2(d)]. �

We will need the following profinite analog of [Fen83, Lemma 4.4.1(iii)].
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Lemma 4.2. Let σ ∈ S(n,0) and τ ∈ S(m,0), and let w ∈ X∗ have length n+m.
Write w = u1u2 = u′2u

′
1 with |u1| = |u′1| = n and |u2| = |u′2| = m. Then

ǫw,Zp([σ, τ ]) = ǫu1,Zp(σ)ǫu2,Zp(τ) − ǫu′
2,Zp

(τ)ǫu′
1,Zp

(σ).

Proof. By Proposition 4.1(a), we may write ΛZp(σ) = 1 + P + O(n + 1) and
ΛZp(τ) = 1 +Q+O(m+ 1), where P,Q ∈ Zp〈〈X〉〉 are homogenous of degrees
n,m, respectively, and where O(r) denotes a power series containing only terms
of degree ≥ r. Then

ΛZp([σ, τ ]) = 1 + PQ−QP +O(n +m+ 1).

(compare e.g., [Mor12, Proof of Prop. 8.5]). By (3.2), it follows that

ǫw,Zp([σ, τ ]) = (PQ−QP )w = Pu1Qu2 −Qu′
2
Pu′

1

= ǫu1,Zp(σ)ǫu2,Zp(τ) − ǫu′
2,Zp

(τ)ǫu′
1,Zp

(σ).

�

The commutator map induces on the graded ring
⊕∞

n=1 S
(n,0)/S(n+1,0) a

graded Lie algebra structure [Ser92, Part I, Ch. II, Prop. 2.3]. Let d be
the ideal in the Zp-algebra Zp〈〈X〉〉 generated by X . Then

⊕∞
n=1 d

n/dn+1

is a Lie algebra with the Lie brackets defined on homogenous components by
[f̄ , ḡ] = fg − gf for f ∈ dn, g ∈ dm [Ser92, p. 25]. By Proposition 4.1(a), ΛZp

induces a graded Zp-algebra homomorphism

gr ΛZp :
∞⊕

n=1

S(n,0)/S(n+1,0) →
∞⊕

n=1

dn/dn+1, σS(n+1,0) 7→
∑

|w|=n
ǫw,Zp(σ)+dn+1.

Then Lemma 4.2 means that gr ΛZp is a Lie algebra homomorphism.
For w ∈ Lyn(X) we inductively define an element τw of S and a non-
commutative polynomial Pw ∈ Z〈X〉 ⊆ Zp〈X〉 as follows:

• If w = (x) has length 1, then τw = x and Pw = x;
• If |w| > 1, then we take the standard factorization w = w′w′′ of w with

respect to the Hall set Lyn(X) (see §2), and set

τw = [τw′ , τw′′ ], Pw = Pw′Pw′′ − Pw′′Pw′ .

For w ∈ Lynn(X) one has τw ∈ S(n,0). Moreover:

Proposition 4.3. Let n ≥ 1. The cosets of τw, with w ∈ Lynn(X), generate
S(n,0)/S(n+1,0).

Proof. See [Reu93, Cor. 6.16] for the discrete version. The profinite version
follows by taking closure. �

Let ≤alp and � be the total orders on X∗ defined in §2. The importance of
the Lyndon words in our context, beside forming a Hall set, is part (b) of the
following Proposition, called the triangularity property.

Proposition 4.4. Let w ∈ Lyn(X). Then

(a) ΛZp(τw)− 1− Pw is a combination of words of length > |w|.
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(b) Pw−w is a combination of words of length |w| which are strictly larger
than w with respect to ≤alp.

(c) ΛZp(τw)−1−w is a combination of words which are strictly larger than
w in �.

Proof. (a) Since gr ΛZp is a Lie algebra homomorphism, for w ∈ Lynn(X) we
have by induction

(gr ΛZp)(τwS
(n+1,0)) = Pw + dn+1,

and the assertion follows. See also [Reu93, Lemma 6.10(ii)].

(b) See [Reu93, Th. 5.1] and its proof.

(c) This follows from (a) and (b). �

5. Generators for S(n,p)/S(n+1,p)

Let π be an indeterminate over the ring Z/p and let Z/p[π] be the polynomial
ring. Let A• =

⊕∞
n=1An be a graded Lie Z/p-algebra with Lie bracket [·, ·].

Suppose that there is a map Z/p[π] × A• → A•, (α, ξ) 7→ αξ, which is Z/p-
linear in Z/p[π], such that πξ ∈ As+1 for ξ ∈ As, and such that for every
ξ1, ξ2 ∈ As,

(5.1) π(ξ1 + ξ2) =

{
πξ1 + πξ2, if p > 2 or s > 1,

πξ1 + πξ2 + [ξ1, ξ2], if p = 2, s = 1.

By induction, this extends to:

Lemma 5.1. Let r, k, s ≥ 1 and let ξ1, . . . , ξk ∈ As. Then

πr(

k∑

i=1

ξi) =

{∑k
i=1 π

rξi, if p > 2 or s > 1,∑k
i=1 π

rξi +
∑

i<j π
r−1[ξi, ξj ], if p = 2, s = 1.

We write 〈T 〉 for the submodule of A• generated by a subset T .

Lemma 5.2. Let n ≥ 2 and for each 1 ≤ s ≤ n let Ts be a subset of As. When
p = 2 assume also that [τ1, τ2] ∈ T2 ∪ {0} for every τ1, τ2 ∈ T1. If the sets
πn−s〈Ts〉, s = 1, 2, . . . , n, generate An, then the sets πn−sTs, s = 1, 2, . . . , n,
also generate An.

Proof. When p > 2 or s > 1 Lemma 5.1 shows that πn−s〈Ts〉 = 〈πn−sTs〉.
When p = 2 and s = 1, it shows that

πn−1〈T1〉 ⊆ 〈πn−1T1〉+ 〈πn−2T2〉 ⊆ An.
Therefore the subgroup of An generated by the sets πn−sTs, s = 1, 2, . . . , n,
contains the sets πn−s〈Ts〉, s = 1, 2, . . . , n, and hence equals An. �

Motivated by e.g., [Laz54], [Ser63], [Lab67], we now specialize to a graded Lie
algebra defined using the lower p-central filtration. We refer to [NSW08, Ch.
III, §8] for the following facts. For the free profinite group S on the basis X and
for n ≥ 1 we set grn(S) = S(n,p)/S(n+1,p). It is an elementary abelian p-group,
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which we write additively. The commutator map induces a map [·, ·] : grn(S)×
grm(S)→ grn+m(S), which endows a graded Lie algebra structure on gr•(S) =⊕∞

n=1 grn(S). The map τ 7→ τp maps S(r,p) into S(r+1,p), and induces a map
πr : grr(S) → grr+1(S). The map (πr , ξ) 7→ πr(ξ) for ξ ∈ grr(S) extends to a
map Z/p[π]× gr•(S)→ gr•(S) which is Z/p-linear in the first component and
which satisfies (5.1).

Theorem 5.3. Let n ≥ 1. The cosets of τp
n−s

w , with 1 ≤ s ≤ n and w ∈
Lyns(X), generate S(n,p)/S(n+1,p).

Proof. The case n = 1 is immediate, so we assume that n ≥ 2. For every
1 ≤ s ≤ n let Ts be the set of cosets of τw, w ∈ Lyns(X), in grs(S). By
Proposition 4.3, 〈Ts〉 is the image of S(s,0) in grs(S). Hence πn−s〈Ts〉 consists
of the cosets in grn(S) of the pn−s-powers of S(s,0). One has

S(n,p) =

n∏

s=1

(S(s,0))p
n−s

[NSW08, Prop. 3.8.6]. Thus the sets πn−s〈Ts〉, s = 1, 2, . . . , n, generate grn(S).
Further, T1 consists of the cosets of x, with x ∈ X , and T2 consists of the cosets
of commutators [x, y] with x < y in X . Moreover, when p = 2 the cosets of
[x, y] and [y, x] = [x, y]−1 in gr2(S) coincide. Lemma 5.2 therefore implies that
even the sets πn−sTs, s = 1, 2, . . . , n, generate grn(S), as required. �

6. The pairing 〈w,w′〉n
For a commutative unitary ring R and a positive integer m, let Um(R) be the
group of all m×m upper-triangular unipotent matrices over R. We write Im
for the identity matrix in Um(R), and Eij for the matrix with 1 at entry (i, j)
and 0 elsewhere. As above, X will be a totally ordered set.
For the following fact we refer, e.g., to [Efr14, Lemma 7.5]. We recall from §3
that ǫu,R(σ) is the coefficient of the word u ∈ X∗ in the formal power series
ΛR(σ) ∈ R〈〈X〉〉×.

Proposition 6.1. Given a profinite ring R and a word w = (x1 · · ·xs) in X∗

there is a well defined homomorphism of profinite groups

ρwR : S → Us+1(R), σ 7→ (ǫ(xi···xj−1),R(σ))1≤i<j≤s+1 .

Remark 6.2. In particular, for each x ∈ X the map χx,R = ǫ(x),R : S →
R is a group homomorphism, where R is considered as an additive group.
The homomorphisms χx,R, x ∈ X , are dual to the basis X , in the sense that
χx,R(x) = 1, and χx,R(y) = 0 for x 6= y in X .

Proposition 6.3. Let 1 ≤ s ≤ n. For R = Z/pn−s+1 one has:

(a) Us+1(R)(n,p) = Is+1 + Zpn−sE1,s+1.

(b) Us+1(R)(n,p) is central in Us+1(R).
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Proof. (a) We follow the argument of [MT15a, Lemma 2.4]. Take X =
{x1, . . . , xs} be a set of s elements, let S = SX , and let w = (x1 · · ·xs). The
matrices ρwR(xi) = Is+1 + Ei,i+1, i = 1, 2, . . . , s, generate Us+1(R) [Wei55, p.

55], so ρwR is surjective. Therefore it maps S(n,p) onto Us+1(R)(n,p).

By Proposition 4.1(b), for σ ∈ S(n,p) and u ∈ X∗ of length 1 ≤ |u| ≤ s one has
ǫu,Zp(σ) ∈ pn−|u|Zp.
If |u| < s, then ǫu,Zp(σ) ∈ pn−|u|Zp ⊆ pn−s+1Zp. Hence ǫu,R(σ) = 0 in this
case.
If |u| = s, then ǫu,Zp(σ) ∈ pn−sZp, so ǫu,R(σ) ∈ pn−sR.

Moreover, τp
n−s

w ∈ (S(s,0))p
n−s ≤ S(n,p). By Proposition 4.4(c), ΛZp(τw) =

1+w+f , where f is a combination of words strictly larger than w in �. Hence

ΛZp(τp
n−s

w ) = 1 + pn−sw + g, where g is also a combination of words strictly

larger than w in �, which implies that ǫw,R(τp
n−s

w ) = pn−s · 1R.

Consequently, Us+1(R)(n,p) = ρwR(S(n,p)) = Is+1 + Zpn−sE1,s+1.

(b) It is straightforward to see that Is+1 +ZE1,s+1 is central in Us+1(R), so
the assertion follows from (a). �

See [Bor04, §2] for a related analysis of the lower p-central filtration of
Us+1(Z/pn−s+1).

Consider the obvious isomorphism

ιn,s : pn−sZ/pn−s+1Z ∼−→ Z/p, apn−s (mod pn−s+1) 7→ a (mod p).

In view of Proposition 6.3(a), we may define a group isomorphism

ιUn,s : Us+1(Z/pn−s+1)(n,p)
∼−→ Z/p, (aij) 7→ ιn,s(a1,s+1).

Next let w,w′ ∈ X∗ be words of lengths 1 ≤ s, s′ ≤ n, respectively,

where w is Lyndon. We have τp
n−s

w ∈ (S(s,0))p
n−s ≤ S(n,p). By Propo-

sition 4.1(b), ǫw′,Zp(τp
n−s

w ) ∈ pn−s
′

Zp, and therefore ǫw′,Z/pn−s′+1(τp
n−s

w ) ∈
pn−s

′

Z/pn−s
′+1Z. We set

(6.1) 〈w,w′〉n = ιn,s′(ǫw′,Z/pn−s′+1(τp
n−s

w )) ∈ Z/p.

Alternatively,

(6.2) 〈w,w′〉n = ιUn,s′(ρ
w′

Z/pn−s′+1(τp
n−s

w )).

Let � be as in (2.1).

Proposition 6.4. Let w,w′ be words in X∗ of lengths 1 ≤ s, s′ ≤ n, respec-
tively, with w Lyndon.

(a) If w′ ≺ w, then 〈w,w′〉n = 0;
(b) 〈w,w〉n = 1;
(c) If w′ contains letters which do not appear in w, then 〈w,w′〉n = 0;
(d) If s < s′ < 2s, then 〈w,w′〉n = 0.
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Proof. (a), (b) Proposition 4.4(c) implies that ΛZp(τp
n−s

w ) − 1 − pn−sw is a
combination of words strictly larger than w with respect to �, and the same
therefore holds over the coefficient ring Z/pn−s

′+1. Hence, if w′ ≺ w, then

ǫw′,Z/pn−s′+1(τp
n−s

w ) = 0, so 〈w,w′〉n = 0. If w = w′, then ǫw,Z/pn−s+1(τp
n−s

w ) =

pn−s · 1Z/pn−s+1, whence 〈w,w〉n = 1.

(c) Here we clearly have ǫw′,Z/pn−s′+1(τp
n−s

w ) = 0.

(d) Since τw ∈ S(s,0), one may write ΛZp(τw) = 1 + P +O(s′ + 1), where P
is a combination of words w′′ of length s ≤ |w′′| ≤ s′, and O(s′ + 1) denotes a
combination of words of length ≥ s′+1 (Proposition 4.1(a)). Since s′ < 2s, this

implies that ΛZp(τ
pn−s

w ) = 1+pn−sP +O(s′+1). In particular, ǫw′,Zp(τ
pn−s

w ) ∈
pn−sZp, and therefore

ǫw′,Z/pn−s′+1(τp
n−s

w ) ∈ pn−s(Z/pn−s′+1) = {0},
since s < s′. Hence 〈w,w′〉n = 0. �

7. Transgressions

Given a profinite group G and a discrete G-module A, we write as usual
Ci(G,A), Zi(G,A), and Hi(G,A) for the corresponding group of continu-
ous i-cochains, group of continuous i-cocycles, and the ith profinite cohomol-
ogy group, respectively. For x ∈ Zi(G,A) let [x] be its cohomology class in
Hi(G,A).
For a normal closed subgroup N of G, let trg : H1(N,A)G → H2(G/N,AN ) be

the transgression homomorphism. It is the map d0,12 of the Lyndon–Hochschild–
Serre spectral sequence associated with G and N [NSW08, Th. 2.4.3]. We recall
the explicit description of trg, assuming for simplicity that the G-action on A is
trivial [NSW08, Prop. 1.6.6]: If x ∈ Z1(N,A), then there exists y ∈ C1(G,A)
such that y|N = x and (∂y)(σ1, σ2) depends only on the cosets of σ1, σ2 modulo
N , so that ∂y may be viewed as an element of Z2(G/N,A). For any such y
one has trg([x]) = [∂y].
We fix for the rest of this section a finite group U and a normal subgroup N of
U satisfying:

(i) N ∼= Z/p; and
(ii) N lies in the center of U.

We set Ū = U/N , and let it act trivially on U. We denote the image of u ∈ U
in Ū by ū. We may choose a section λ of the projection U → Ū such that
λ(1̄) = 1. We define a map δ ∈ C2(Ū, N) by

δ(ū, ū′) = λ(ū) · λ(ū′) · λ(ūū′)−1.

It is normalized, i.e., δ(ū, 1) = δ(1, ū) = 1 for every ū ∈ Ū.
We also define y ∈ C1(U, N) by y(u) = uλ(ū)−1. Note that y|N = idN .

Lemma 7.1. For every u, u′ ∈ U one has

δ(ū, ū′) · y(u) · y(u′) = y(uu′).
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Proof. Since y(u) and y(u′) are in N , they are central in U, so

δ(ū, ū′) · y(u) · y(u′) = λ(ū) · λ(ū′) · λ(ūū′)−1 · y(u) · y(u′)

= y(u) · λ(ū) · y(u′) · λ(ū′) · λ(ūū′)−1

= uu′λ(ūū′)−1 = y(uu′).

�

For the correspondence between elements of H2 and central extensions see e.g.,
[NSW08, Th. 1.2.4].

Proposition 7.2. Using the notation above, the following holds.

(a) δ ∈ Z2(Ū, N);
(b) One has trg(idN ) = −[δ] for the transgression map trg : H1(N,N)U →

H2(Ū, N).
(c) The cohomology class [δ] ∈ H2(Ū, N) corresponds to the equivalence

class of the central extension

(7.1) 1→ N → U→ Ū→ 1.

Proof. (a), (b): For u, u′ ∈ U Lemma 7.1 gives

(∂y)(u, u′) = y(u) · y(u′) · y(uu′)−1 = δ(ū, ū′)−1.

This shows that δ is a 2-cocycle, and that (∂y)(u, u′) depends only on the cosets
ū, ū′. Further, idN ∈ Z1(N,N). By the explicit description of the transgression
above, trg(idN ) = −[δ].

(c) Consider the set B = N × Ū with the binary operation

(u, v̄) ∗ (u′, v̄′) = (δ(v̄, v̄′)uu′, v̄v̄′).

The proof of [NSW08, Th. 1.2.4] shows that this makes B a group, and [δ]
corresponds to the equivalence class of the central extension

(7.2) 1→ N → B → Ū→ 1.

Moreover, the map h : U→ B, u 7→ (y(u), ū) is clearly bijective. We claim that
it is a homomorphism, whence an isomorphism. Indeed, for u, u′ ∈ U Lemma
7.1 gives:

h(u) ∗ h(u′) = (y(u), ū) ∗ (y(u′), ū′) = (δ(ū, ū′)y(u)y(u′), ūū′)

= (y(uu′), ūū′) = h(uu′).

We obtain that the central extension (7.2) is equivalent to the central extension
(7.1). �

Next let Ḡ be a profinite group, and let ρ̄ : Ḡ→ Ū be a continuous homomor-
phism. Let ι : N

∼−→ Z/p be a fixed isomorphism (see (i)). Set

(7.3) α = (ρ̄∗ ◦ ι∗)([δ]) = −(ρ̄∗ ◦ ι∗ ◦ trg)(idN ) ∈ H2(Ḡ,Z/p),
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where the second equality is by Proposition 7.2(b). Then α corresponds to the
equivalence class of the central extension

(7.4) 0→ Z/p ι−1×1−−−−→ U×Ū Ḡ→ Ḡ→ 1,

where U×Ū Ḡ is the fiber product with respect to the natural projection U→ Ū
and to ρ̄; See [Hoe68, Proof of 1.1].
Suppose further that there is a profinite group G, a closed normal subgroup
M of G, and a continuous homomorphism ρ : G → U such that Ḡ = G/M ,
ρ(M) ≤ N , and ρ̄ : Ḡ→ Ū is induced from ρ. The functoriality of transgression
yields a commutative diagram

H1(N,N)U
ι∗

∼
//

trg

��

H1(N,Z/p)U
ρ∗ //

trg

��

H1(M,Z/p)G

trg

��
H2(Ū, N)

ι∗
∼

// H2(Ū,Z/p)
ρ̄∗ // H2(Ḡ,Z/p).

The image of idN ∈ H1(N,N) in H1(M,Z/p)G is

(7.5) θ = ι ◦ (ρ|M ) ∈ H1(M,Z/p).

By (7.3) and the commutativity of the diagram,

(7.6) α = − trg(θ) ∈ H2(Ḡ,Z/p)

Remark 7.3. Suppose that Ū is abelian and that Ḡ acts trivially on Ū. A
2-cocycle representing α is

(σ̄, σ̄′) 7→ ι(λ(ρ̄(σ̄)) · λ(ρ̄(σ̄′)) · λ(ρ̄(σ̄σ̄′))−1).

But λ(ρ̄(σ̄)) · λ(ρ̄(σ̄′)) · λ(ρ̄(σ̄σ̄′))−1 is a 2-cocycle representing the image of
ρ̄ under the connecting homomorphism H1(Ḡ, Ū) → H2(Ḡ,N) arising from
(7.1). Thus α is the image of ρ̄ under the composition

H1(Ḡ, Ū)→ H2(Ḡ,N)
ι∗−→ H2(Ḡ,Z/p).

Example 7.4. We give several examples of the above construction with the
group U = Us+1(Z/pn−s+1) (where 1 ≤ s ≤ n), a continuous homomorphism
ρ : G → U, where G is a profinite group, and the induced homomorphism
ρ̄ : G[n,p] → U[n,p]. Note that assumptions (i) and (ii) then hold for N =
U(n,p), by Proposition 6.3. We will be especially interested in the case where
G = S = SX is a free profinite group, M = S(n,p), ρ = ρwZ/pn−s+1 for a word

w ∈ X∗ of length 1 ≤ s ≤ n, and ρ̄ = ρ̄wZ/pn−s+1 : S[n,p] → U[n,p] is the induced

homomorphism. In this setup we write αw,n for α.

(1) Bocksteins. For a positive integer m and a profinite group Ḡ, the connect-
ing homomorphism arising from the short exact sequence of trivial Ḡ-modules

0→ Z/p→ Z/pm→ Z/m→ 0

is the Bockstein homomorphism

Bockm,Ḡ : H1(Ḡ,Z/m)→ H2(Ḡ,Z/p).
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Let U = U2(Z/pn) (i.e., s = 1). There is a commutative diagram of central
extensions

1 // U(n,p) //

≀
��

U //

≀
��

U[n,p] //

≀
��

1

0 // pn−1Z/pnZ // Z/pn // Z/pn−1 // 0.

For a profinite group Ḡ and a homomorphism ρ̄ : Ḡ → Z/pn−1, Remark 7.3
therefore implies that α = Bockpn−1,Ḡ(ρ̄).
In particular, for x ∈ X take

ρ̄ = ρ̄
(x)
Z/pn : Ḡ = S[n,p] → U2(Z/pn)[n,p].

Identifying U2(Z/pn)[n,p] = Z/pn−1, we obtain

α(x),n = Bockpn−1,S[n,p](ǫ(x),Z/pn−1).

(2) Massey products. Let n = s ≥ 2, so U = Un+1(Z/p). Let Ḡ be a
profinite group, let ρ̄ : Ḡ → U[n,p] be a continuous homomorphism, and let
ρi,i+1 : Ḡ→ Z/p denote its projection on the (i, i+ 1)-entry, i = 1, 2, . . . , n. By
a result of Dwyer [Dwy75, Th. 2.6], the extension (7.4) then corresponds to a
defining system for the n-fold Massey product

〈ρ12, ρ23, . . . , ρn,n+1〉 ⊆ H2(Ḡ,Z/p)

(see [Efr14, Prop. 8.3] for the profinite analog of this fact). Thus, for a fixed
Ḡ and for homomorphisms ρ̄1, . . . , ρ̄n : Ḡ → Z/p, with ρ̄ varying over all ho-
momorphisms such that ρ̄i,i+1 = ρ̄i, i = 1, 2, . . . , n, the cohomology element α
ranges over the elements of the Massey product 〈ρ̄1, . . . , ρ̄n〉.
In particular, for Ḡ = S[n,p] and for a word w = (x1 · · ·xn) ∈ X∗ of
length n, the cohomology elements αw,n range over the Massey product

〈ǫ(x1),Z/p, . . . , ǫ(xn),Z/p〉 ⊆ H2(S[n,p],Z/p), where the ǫ(xi),Z/p are viewed as

elements of H1(S[n,p],Z/p).

(3) Cup products. In the special case n = s = 2, the Massey product
contains only the cup product. Hence for every profinite group Ḡ and a ho-
momorphism ρ̄ : Ḡ→ U3(Z/p) the cohomology element α ∈ H2(Ḡ,Z/p) is the
cup product ρ̄12 ∪ ρ̄23. In particular, for w = (xy) we have

α(xy),Z/p = ǫ(x),Z/p ∪ ǫ(y),Z/p ∈ H2(S[2,p],Z/p).

8. Cohomological duality

Let S = SX be again a free profinite group on the totally ordered set X , and
let it act trivially on Z/p. Let n ≥ 2, so S(n,p) ≤ Sp[S, S]. Then the inflation
map H1(S[n,p],Z/p)→ H1(S,Z/p) is an isomorphism. Further, H2(S,Z/p) =
0. By the five-term sequence of cohomology groups [NSW08, Prop. 1.6.7],
trg : H1(S(n,p),Z/p)S → H2(S[n,p],Z/p) is an isomorphism.
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There is a natural non-degenerate bilinear map

S(n,p)/S(n+1,p) ×H1(S(n,p),Z/p)S → Z/p, (σ̄, ϕ) 7→ ϕ(σ)

(see [EM11, Cor. 2.2]). It induces a bilinear map

(·, ·)n : S(n,p) ×H2(S[n,p],Z/p)→ Z/p, (σ, α)n = −(trg−1(α))(σ),

with left kernel S(n+1,p) and trivial right kernel.
Now let w ∈ X∗ be a word of length 1 ≤ s ≤ n. As in Examples 7.4, we apply
the computations in Section 7 to the group U = Us+1(Z/pn−s+1), the open
normal subgroup N = U(n,p), the homomorphism ρ = ρwZ/pn−s+1 : S → U, the

induced homomorphism ρ̄ = ρ̄wZ/pn−s+1 : S[n,p] → U[n,p], and the closed normal

subgroup M = S(n,p) of S. We write θw,n, αw,n for θ, α, respectively.

Lemma 8.1. For σ ∈ S(n,p) and a word w ∈ X∗ of length 1 ≤ s ≤ n one has

(σ, αw,n)n = ιn,s(ǫw,Z/pn−s+1(σ)).

Proof. By (7.6) and (7.5),

(σ, αw,n)n = θw,n(σ) = ιUn,s(ρ
w
Z/pn−s+1(σ)) = ιn,s(ǫw,Z/pn−s+1(σ)). �

This and (6.1) give:

Corollary 8.2. Let w,w′ be words in X∗ of lengths 1 ≤ s, s′ ≤ n, respectively,
with w Lyndon. Then

(τp
n−s

w , αw′,n)n = 〈w,w′〉n.
Proposition 6.4(a)(b) now gives:

Corollary 8.3. Let Lyn≤n(X) be totally ordered by �. The matrix
(

(τp
n−|w|

w , αw′,n)n

)
,

where w,w′ ∈ Lyn≤n(X), is upper-triangular unipotent.

In general the above matrix need not be the identity matrix – see e.g., Propo-
sition 11.2 below. Next we observe the following general fact:

Lemma 8.4. Let R be a commutative ring and let (·, ·) : A×B → R be a non-
degenerate bilinear map of R-modules. Let (L,≤) be a finite totally ordered
set, and for every w ∈ L let aw ∈ A, bw ∈ B. Suppose that the matrix(
(aw, bw′)

)
w,w′∈L is invertible, and that aw, w ∈ L, generate A. Then aw,

w ∈ L, is an R-linear basis of A, and bw, w ∈ L, is an R-linear basis of B.

Proof. Let b ∈ B, and consider rw′ ∈ R, with w′ ∈ L. The assumptions
imply that b =

∑
w′ rw′bw′ if and only if (aw, b −

∑
w′ rw′bw′) = 0 for every

w. Equivalently, the rw′ solve the linear system
∑

w′(aw, bw′)Xw′ = (aw, b),
for w ∈ L. By the invertibility, the latter system has a unique solution. This
shows that bw, w ∈ L, is an R-linear basis of B.
By reversing the roles of aw, bw, we conclude that the aw, w ∈ L, form an
R-linear basis of A. �
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Theorem 8.5. (a) The cohomology elements αw,n, where w ∈ Lyn≤n(X),

form a Z/p-linear basis of H2(S[n,p],Z/p).
(b) When X is finite, the cosets of the powers τp

n−s

w , w ∈ Lyn≤n(X), form

a basis of the Z/p-module S(n,p)/S(n+1,p).

Proof. When X is finite, the set Lyn≤n(X) is also finite. By Theorem

5.3, the cosets aw of τp
n−|w|

w , where w ∈ Lyn≤n(X), generate the Z/p-
module S(n,p)/S(n+1,p). We apply Lemma 8.4 with the Z/p-modules A =
S(n,p)/S(n+1,p) and B = H2(S[n,p],Z/p), the non-degenerate bilinear map
A × B → Z/p induced by (·, ·)n, the generators aw of A, and the elements
bw = αw,n of B.
Corollary 8.3 implies that the matrix (aw, bw′) is invertible. Therefore Lemma
8.4 gives both assertions in the finite case.
The general case of (a) follows from the finite case by a standard limit argument.

�

We call αw,n, w ∈ Lyn≤n(X), the Lyndon basis of H2(S[n,p],Z/p).
Recall that the number of relations in a minimal presentation of a pro-p group
G is given by dimH2(G,Z/p) [NSW08, Cor. 3.9.5]. In view of (2.2), Theorem
8.5 gives this number for G = S[n,p]:

Corollary 8.6. One has

dimFp H
2(S[n,p],Z/p) = dimFp(S(n,p)/S(n+1,p)) =

n∑

s=1

ϕs(|X |),

where ϕs is the necklace map.

9. The shuffle relations

We recall the following constructions from [CFL58], [Reu93, pp. 134–135]. Let
u1, . . . , ut ∈ X∗ be words of lengths s1, . . . , st, respectively. We say that a word
w ∈ X∗ of length 1 ≤ n ≤ s1+ · · ·+st is an infiltration of u1, . . . , ut, if there
exist sets I1, . . . , It of respective cardinalities s1, . . . , st such that {1, 2, . . . , n} =
I1 ∪ · · · ∪ It and the restriction of w to the index set Ij is uj, j = 1, 2, . . . , t.
We then write w = w(I1, . . . , It, u1, . . . , ut). We write Infil(u1, . . . , ut) for the
set of all infiltrations of u1, . . . , ut. The infiltration product u1 ↓ · · · ↓ ut
of u1, . . . , ut is the polynomial

∑
w in Z〈X〉, where the sum is over all such

infiltrations, taken with multiplicity.
If in the above setting, the sets I1, . . . , It are pairwise disjoint, then
w(I1, . . . , It, u1, . . . , ut) is called a shuffle of u1, . . . , ut. We write
Sh(u1, . . . , ut) for the set of all shuffles of u1, . . . , ut. It consists of the
words in Infil(u1, . . . , ut) of length s1 + · · · + st. The shuffle product
u1x · · ·xut is the polynomial

∑
w(I1, . . . , It, u1, . . . , ut) in Z〈X〉, where the

sum is over all shuffles of u1, . . . , ut, taken with multiplicity. Thus u1x · · ·xut
is the homogenous part of u1 ↓ · · · ↓ ut of (maximal) degree s1 + · · ·+ st. For
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instance

(xy) ↓ (xz) = (xyxz) + 2(xxyz) + 2(xxzy) + (xzxy) + (xyz) + (xzy),

(xy)x(xz) = (xyxz) + 2(xxyz) + 2(xxzy) + (xzxy)

(x) ↓ (x) = 2(xx) + (x), (x)x(x) = 2(xx).

We may view infiltration and shuffle products also as elements of Zp〈X〉. Let
Shuffles(X) be the Z-submodule of Z〈X〉 generated by all shuffle products uxv,
with ∅ 6= u, v ∈ X∗. Let Shufflesn(X) be its homogenous component of degree
n.

Examples 9.1. Shuffles1(X) = {0},
Shuffles2(X) = 〈(xy) + (yx) | x, y ∈ X〉,
Shuffles3(X) = 〈(xyz) + (xzy) + (zxy) | x, y, z ∈ X〉.

Let (·, ·) be the pairing of (3.1) for the ring R = Zp. As before, S = SX is
the free profinite group on the set X . The following fact is due to Chen, Fox,
and Lyndon in discrete case [CFL58, Th. 3.6] (see also [Mor12, Prop. 8.6],
[Reu93, Lemma 6.7]), as well as [Vog05, Prop. 2.25] in the profinite case.

Proposition 9.2. For every ∅ 6= u, v ∈ X∗ and every σ ∈ S one has

ǫu,Zp(σ)ǫv,Zp(σ) = (ΛZp(σ), u ↓ v).

Corollary 9.3. Let u, v be nonempty words in X∗ with s = |u|+ |v| ≤ n. For
every σ ∈ S(n,p) one has (ΛZp(σ), uxv) ∈ pn−s+1Zp.

Proof. If w is a nonempty word of length |w| < s, then by Proposition 4.1(b),
ǫw,Zp(σ) ∈ pn−|w|Zp ⊆ pn−s+1Zp. In particular, this is the case for w = u,
w = v, and when w ∈ Infil(u, v) \ Sh(u, v). It follows from Proposition 9.2 that
(ΛZp(σ), uxv) ∈ pn−s+1Zp. �

We obtain the following shuffle relations (see also [Vog04, Cor. 1.2.10] and
[FS84, Th. 6.8]). We write Xs for the set of words in X∗ of length s.

Theorem 9.4. For every ∅ 6= u, v ∈ X∗ with s = |u|+ |v| ≤ n one has
∑

w∈Xs
(uxv)wαw,n = 0.

Proof. For σ ∈ S(n,p), Corollary 9.3 gives
∑

w∈Xs
(uxv)wǫw,Zp(σ) =

∑

w∈X∗

(uxv)wǫw,Zp(σ) = (ΛZp(σ), uxv) ∈ pn−s+1Zp.

Therefore, by Lemma 6.2,

(σ,
∑

w∈Xs
(uxv)wαw,n)n =

∑

w∈Xs
(uxv)w(σ, αw,n)n

=
∑

w∈Xs
(uxv)w ιn,s(ǫw,Z/pn−s+1(σ))

= ιn,s

( ∑

w∈Xs
(uxv)wǫw,Z/pn−s+1(σ)

)
= 0.
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Now use the fact that (·, ·)n : S(n,p)×H2(S[n,p],Z/p)→ Z/p has a trivial right
kernel. �

Corollary 9.5. There is a canonical epimorphism
n⊕

s=1

(( ⊕

w∈Xs
Z
)
/Shuffless(X)

)
⊗ (Z/p)→ H2(S[n,p],Z/p)

(r̄w)w 7→
∑

w

rwαw,n.

Proof. By Theorem 9.4 this homomorphism is well defined. By Theorem 8.5(a),
it is surjective. �

Remark 9.6. In view of Lemma 6.2, the epimorphism of Corollary 9.5 and the
canonical pairing (·, ·)n induce a bilinear map

S(n,p) ×
n⊕

s=1

(( ⊕

w∈Xs
Z
)
/ Shuffless(X)

)
→ Z/p,

(σ, (rw)w) =
∑

w

rwιn,s(ǫw,Z/pn−s+1(σ))

with left kernel S(n+1,p).

Example 9.7. We show that for every x1, x2, . . . , xk ∈ X one has

(x1x2 · · ·xk) + (−1)k−1(xk · · ·x2x1) ∈ Shufflesn(X).

We may assume that x1, x2, . . . , xk are distinct. For 1 ≤ l ≤ k − 1 let
ul = (xl · · ·x2x1) and vl = (xl+1 · · ·xk). We consider the polynomial∑k−1

l=1 (−1)l−1ulxvl in Z〈X〉. It is homogenous of degree k. If w ∈ Sh(ul, vl),
then either:

(1) xl appears before xl+1 in w, and then w appears with an opposite sign
also in Sh(ul−1, vl−1); or

(2) xl+1 appears before xl in w, and then w appears with opposite sign
also in Sh(ul+1, vl+1).

The only exceptions are w = (x1x2 · · ·xk) ∈ Sh(u1, v1) and w = (xk · · ·x2x1) ∈
Sh(uk−1, vk−1). This shows that

(x1x2 · · ·xk) + (−1)k(xk · · ·x2x1) =

k−1∑

l=1

(−1)l−1ulxvl.

For 1 ≤ k ≤ n Corollary 9.5 therefore implies that

α(x1x2···xk),n = (−1)k−1α(xk···x2x1),n.
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10. Example: The case n = 2

Our results in this case are fairly well known, and are brought here in order to
illustrate the general theory.
As before let S = SX with X totally ordered. Here S(2,p) = Sp[S, S] and
S̄ = S[2,p] is the maximal elementary p-abelian quotient of S. We may identify
H1(S,Z/p) = H1(S̄,Z/p) ∼=

⊕
x∈X Z/p. Let χx,Z/p = ǫ(x),Z/p, x ∈ X , be the

basis of H1(S,Z/p) dual to X (see Remark 6.2).
The Lyndon words w of length ≤ 2 are (x), where x ∈ X , and (xy), where
x, y ∈ X and x < y. For these words we have τ(x) = x and τ(xy) = [x, y]. By
Examples 7.4(1)(3),

α(x),2 = Bockp,S̄(χx,Z/p), α(xy),2 = χx,Z/p ∪ χy,Z/p.
Hence, by Theorem 8.5, Bockp,S̄(χx,Z/p) and χx,Z/p ∪ χy,Z/p, where x < y,

form a Z/p-linear basis of H2(S̄,Z/p). Furthermore, when X is finite, the
elements of the form xp and [x, y] with x, y ∈ X , x < y, form a Z/p-linear
basis of S(2,p)/S(3,p). In view of Examples 9.1 and Corollary 9.5, the map
(r̄w) 7→∑

w rwαw,2 induces an epimorphism
⊕

x∈X
Z/p⊕

(( ⊕

x,y∈X
Z
)
/〈(xy) + (yx) | x, y ∈ X〉

)
⊗ (Z/p)→ H2(S̄,Z/p).

It coincides with the map

H1(S̄,Z/p)⊕∧2
H1(S̄,Z/p)→ H2(S̄,Z/p)

which is Bockp,S̄ on the first component and ∪ on the second component. When
p 6= 2 the direct sum is a free Z/p-module on Lyn≤2(X), and by comparing
dimensions we see that the epimorphism is in fact an isomorphism (compare
[EM11, Cor. 2.9(a)]). However when p = 2 one has Bock2,S̄(χ) = χ∪χ [EM11,
Lemma 2.4], so the above epimorphism is not injective.
Next, Proposition 6.4 shows that the matrix (〈w,w′〉2), where w,w′ ∈
Lyn≤2(X), is the identity matrix. In view of Corollary 8.2, it coincides with

the matrix
(
(τp

2−|w|

w , αw′,2)2
)
. Thus

(xp,Bockp,S̄(χx,Z/p))2 = 1 for every x ∈ X,
(xp,Bockp,S̄(χy,Z/p))2 = 0 for every x, y ∈ X, x 6= y,

(xp, χy,Z/p ∪ χz,Z/p)2 = 0 for every x, y, z ∈ X,
([x, y],Bockp,S̄(χz,Z/p))2 = 0 for every x, y, z ∈ X,
([x, y], χz,Z/p ∪ χt,Z/p)2 = 0 for every x, y, z, t ∈ X, (xy) 6= (zt), (tz),

([x, y], χx,Z/p ∪ χy,Z/p)2 = 1 for every x, y ∈ X with x < y.

This recovers well known facts from [Lab66, §2.3], [Koc02, §7.8] and [NSW08,
Th. 3.9.13 and Prop. 3.9.14]
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11. Example: The case n = 3.

Here S(3,p) = Sp
2

[S, S]p[S, [S, S]]. We abbreviate S̄ = S[3,p]. Recall that
Lyn≤3(X) consists of the words

(x) for x ∈ X,
(xy), (xxy), (xyy) for x, y ∈ X with x < y,

(xyz), (xzy) for x, y, z ∈ X with x < y < z.

For these words

τ(x) = x, τ(xy) = [x, y], τ(xxy) = [x, [x, y]], τ(xyy) = [[x, y], y],

τ(xyz) = [x, [y, z]], τ(xzy) = [[x, z], y].

By Theorem 5.3, the cosets of

xp
3

, [x, y]p, [x, [x, y]], [[x, y], y], [x, [y, z]], [[x, z], y],

with x, y, z as above, generate S(3,p)/S(4,p). When X is finite, they form a
linear basis of S(3,p)/S(4,p) over Z/p (Theorem 8.5(b)). Furthermore, Theorem
8.5(a) gives:

Theorem 11.1. The following cohomology elements form a Z/p-linear basis of
H2(S̄,Z/p):

α(x),3, α(xy),3, α(xxy),3, α(xyy),3, α(xyz),3, α(xzy),3,

where x, y, z ∈ X and we assume that x < y < z.

By Examples 7.4, α(x),3 = Bockp2,S̄(χx,Z/p2), and for every x, y, z ∈ X , α(xyz),3

belongs to the triple Massey product 〈χx,Z/p, χy,Z/p, χz,Z/p〉 ⊆ H2(S̄,Z/p).

We further recall that α(xy),3 is the pullback to H2(S̄,Z/p) under ρ̄
(xy)
Z/p2 : S̄ →

U3(Z/p2)[3,p] of the cohomology element in H2(U3(Z/p2)[3,p],Z/p) correspond-
ing to the central extension

0→ Z/p→ U3(Z/p2)→ U3(Z/p2)[3,p] → 1.

Alternatively, it has the following explicit description: By Proposition 6.3(a),

U3(Z/p2)(3,p) = I3 + ZpE13, and let ι = ιU3,2 : U3(Z/p2)(3,p)
∼−→ Z/p be

the natural isomorphism. By (7.5) and (7.6), α(xy),3 = − trg(θ), where

θ = ι ◦ (ρ
(xy)
Z/p2 |S(3,p)) and trg : H1(S(3,p),Z/p)S ∼−→ H2(S̄,Z/p) is the trans-

gression isomorphism.

Next we compute the matrix ((τp
3−|w|

w , αw′,3)3) = (〈w,w′〉3), where w,w′ ∈
Lyn≤3(X):

Proposition 11.2. For w,w′ ∈ Lyn≤3(X) one has

〈w,w′〉3 =





1, if w = w′;

−1, if w = (xyz), w′ = (xzy) for some x, y, z ∈ X, x < y < z;

0, otherwise.
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Proof. In view of Proposition 6.4, it is enough to show the assertion when
w 6= w′, either |w| = |w′| or 2|w| ≤ |w′|, and the letters of w′ appear in w.
Furthermore, when |w| = |w′| we may assume that w ≤alp w

′.
Thus when w has one of the forms (x), (xy), (xyy), (xzy) (where x < y < z)
there is nothing more to show.
When w = (xxy) with x < y we need to check only the word w′ = (xyy). Then
Lemma 4.2 gives

〈(xxy), (xyy)〉3 = ǫ(xyy),Z/p([x, [x, y]])

= ǫ(x),Z/p(x) · ǫ(yy),Z/p([x, y])− ǫ(y),Z/p(x) · ǫ(xy),Z/p([x, y])

= 1 · 0− 0 · 1 = 0.

When w = (xyz) with x < y < z we need to check only the word w′ = (xzy).
Then Lemma 4.2 gives

〈(xyz), (xzy)〉3 = ǫ(xzy),Z/p([x, [y, z]])

= ǫ(x),Z/p(x) · ǫ(zy),Z/p([y, z])− ǫ(y),Z/p(x) · ǫ(xz),Z/p([y, z])

= 1 · (−1)− 0 · 0 = −1.

This completes the verification in all cases. �

In view of Examples 9.1, Corollary 9.5 gives rise to an epimorphism

⊕

x∈X
Z/p⊕

(( ⊕

x,y∈X
Z(xy)

)
/〈(xy) + (yx) | x, y ∈ X〉

)
⊗ (Z/p)

⊕
(( ⊕

x,y,z∈X
Z(xyz)

)
/〈(xyz) + (xzy) + (zxy) | x, y, z ∈ X〉

)
⊗ (Z/p)

→ H2(S̄,Z/p).

(11.1)

Moreover, for x, y, z ∈ X , x < y < z, we have

(yx) = (x)x(y)− (xy)

2(xx) = (x)x(x)

(xyx) = (x)x(xy) − 2(xxy)

(yxx) = (x)x(yx) − (xx)x(y) + (xxy)

(yxy) = (xy)x(y)− 2(xyy)

(yyx) = (yy)x(x)− (y)x(xy) + (xyy)

(yxz) = (y)x(xz)− (xyz)− (xzy)

(zxy) = (z)x(xy)− (xzy)− (xyz)

(yzx) = (zx)x(y)− (x)x(zy) + (xzy)

(zyx) = (yx)x(z)− (x)x(yz) + (xyz)

3(xxx) = (x)x(xx).
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These congruences and Example 2.1 imply that
∑

w∈X2

Zw ≡
∑

w∈Lyn2(X)

Zw + 2-torsion (mod Shuffles2(X)),

∑

w∈X3

Zw ≡
∑

w∈Lyn3(X)

Zw + 3-torsion (mod Shuffles3(X)).

Therefore, for p > 3, the direct sum in (11.1) is the free Z/p-module on the
basis Lyn≤3(X). Thus the epimorphism (11.1) maps the Z/p-linear basis 1w,
w ∈ Lyn≤3(X), bijectively onto the Z/p-linear basis αw,3, w ∈ Lyn≤3(X) (see
Theorem 8.5). Consequently we have:

Theorem 11.3. For n = 3 and p > 3, (11.1) is an isomorphism. Thus all
relations in H2(S[3,p],Z/p) are consequences of the shuffle relations of Theorem
9.4.
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Introduction

Let K be a finite extension of Qp and let GK = Gal(Qp/K). In this article, we
use the theory of (ϕ,Γ)-modules in the Lubin-Tate setting to construct some
classes in H1(K,V ), for “F -analytic” representations V of GK . If in addition
V is crystalline, we describe these classes explicitly using Bloch and Kato’s
exponential maps and generalize Perrin-Riou’s period map to the Lubin-Tate
setting.
We now describe our constructions in more detail, and introduce some notation
which is used throughout this paper. Let F be a finite Galois extension of Qp,
with ring of integers OF and maximal ideal mF , let π be a uniformizer of OF
and let kF = OF /π and q = Card(kF ). Let LT be the Lubin-Tate formal group
[LT65] attached to π. We fix a coordinate T on LT, so that for each a ∈ OF
the multiplication-by-a map is given by a power series [a](T ) = aT +O(T 2) ∈
OF [[T ]]. Let logLT(T ) denote the attached logarithm and expLT(T ) its inverse
for the composition. Let χπ : GF → O×F be the attached Lubin-Tate character.
If K is a finite extension of F , let Kn = K(LT[πn]) and K∞ = ∪n>1Kn and
ΓK = Gal(K∞/K).
Let AF denote the set of power series

∑
i∈Z aiT

i with ai ∈ OF such that
ai → 0 as i → −∞ and let BF = AF [1/π], which is a field. It is endowed
with a Frobenius map ϕq : f(T ) 7→ f([π](T )) and an action of ΓF given by
g : f(T ) 7→ f([χπ(g)](T )). If K is a finite extension of F , the theory of the field
of norms ([FW79a, FW79b] and [Win83]) provides us with a finite unramified
extension BK of BF . Recall [Fon90] that a (ϕ,Γ)-module over BK is a finite
dimensional BK-vector space endowed with a compatible Frobenius map ϕq
and action of ΓK . We say that a (ϕ,Γ)-module over BK is étale if it has a
basis in whichMat(ϕq) ∈ GLd(AK). The relevance of these objects is explained
by the result below (see [Fon90], [KR09]).

Theorem. There is an equivalence of categories between the category of F -
linear representations of GK and the category of étale (ϕ,Γ)-modules over BK .

Let B
†
F denote the set of power series f(T ) ∈ BF that have a non-empty

domain of convergence. The theory of the field of norms again provides us
[Mat95] with a finite extension B

†
K of B

†
F . We say that a (ϕ,Γ)-module over

BK is overconvergent if it has a basis in which Mat(ϕq) ∈ GLd(B
†
K) and

Mat(g) ∈ GLd(B
†
K) for all g ∈ ΓK . If F = Qp, every étale (ϕ,Γ)-module over

BK is overconvergent [CC98]. If F 6= Qp, this is no longer the case [FX13].

Documenta Mathematica 22 (2017) 999–1030



Iwasawa Theory and Lubin-Tate (ϕ,Γ)-Modules 1001

Let us say that an F -linear representation V of GK is F -analytic if for all
embeddings τ : F → Qp, with τ 6= Id, the representation Cp⊗τF V is trivial (as
a semilinear Cp-representation of GK). The following result is known [Ber16].

Theorem. If V is an F -analytic representation of GK , it is overconvergent.

Another source of overconvergent representations of GK is the set of repre-
sentations that factor through ΓK (see §1.3). Our first result is the following
(theorem 1.3.1).

Theorem A. If V is an overconvergent representation of GK , there exists an
F -analytic representation Xan of GK , a representation YΓ of GK that factors
through ΓK , and a surjective GK-equivariant map Xan ⊗F YΓ → V .

We next focus on F -analytic representations. Let B
†
rig,F denote the Robba

ring, which is the ring of power series f(T ) =
∑

i∈Z aiT
i with ai ∈ F such

that there exists ρ < 1 such that f(T ) converges for ρ < |T | < 1. We have

B
†
F ⊂ B

†
rig,F . The theory of the field of norms again provides us with a finite

extension B
†
rig,K of B

†
rig,F . If V is an F -linear representation of GK , let D(V )

denote the (ϕ,Γ)-module over BK attached to V . If V is overconvergent, there

is a well defined (ϕ,Γ)-module D†(V ) over B
†
K attached to V , such that D(V ) =

BK ⊗B
†

K
D†(V ). We call D†rig(V ) the (ϕ,Γ)-module over B

†
rig,K attached to V ,

given by D†rig(V ) = B
†
rig,K ⊗B

†

K
D†(V ).

The ring B
†
rig,K is a free ϕq(B

†
rig,K)-module of degree q. This allows us to

define [FX13] a map ψq : B
†
rig,K → B

†
rig,K that is a ΓK-equivariant left inverse

of ϕq, and likewise, if V is an overconvergent representation of GK , a map

ψq : D
†
rig(V )→ D†rig(V ) that is a ΓK-equivariant left inverse of ϕq.

The main result of this article is the construction, for an F -analytic represen-
tation V of GK , of a collection of maps

h1
Kn,V : D†rig(V )ψq=1 → H1(Kn, V ),

having a certain number of properties. For example, these maps are compatible
with corestriction: corKn+1/Kn

◦ h1
Kn+1,V

= h1
Kn,V

if n > 1. Another property

is that if F = Qp and π = p (the cyclotomic case), these maps coïncide with
those constructed in [CC99] (and generalized in [Ber03]).
If now K = F and V is a crystalline F -analytic representation of GF , we give
explicit formulas for h1

Fn,V
using Bloch and Kato’s exponential maps [BK90].

Let V be as above, let Dcris(V ) = (Bcris,F ⊗F V )GF (note that because the ⊗ is
over F , this is the identity component of the usual Dcris) and let tπ = logLT(T ).
Let {un}n>0 be a compatible sequence of primitive πn-torsion points of LT.
Let B+

rig,F denote the positive part of the Robba ring, namely the ring of

power series f(T ) =
∑

i>0 aiT
i with ai ∈ F such that f(T ) converges for

0 6 |T | < 1. If n > 0, we have a map ϕ−nq : B+
rig,F → Fn[[tπ ]] given by

f(T ) 7→ f(un ⊕ expLT(tπ/π
n)). Using the results of [KR09], we prove that
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there is a natural (ϕ,Γ)-equivariant inclusion D†rig(V )ψq=1 → B+
rig,F [1/tπ] ⊗F

Dcris(V ). This provides us, by composition, with maps ϕ−nq : D†rig(V )ψq=1 →
Fn((tπ)) ⊗F Dcris(V ) and ∂V ◦ ϕ−nq : D†rig(V )ψq=1 → Fn ⊗F Dcris(V ) where ∂V
is the “coefficient of t0π” map. Recall finally that we have two maps, Bloch
and Kato’s exponential expFn,V : Fn ⊗F Dcris(V ) → H1(Fn, V ) and its dual
exp∗Fn,V ∗(1) H

1(Fn, V )→ Fn⊗F Dcris(V ) (the subscript V ∗(1) denotes the dual
of V twisted by the cyclotomic character, but is merely a notation here). The
first result is as follows (theorem 3.3.1).

Theorem B. If V is as above and y ∈ D†rig(V )ψq=1, then

exp∗Fn,V ∗(1)(h
1
Fn,V (y)) =

{
q−n∂V (ϕ−nq (y)) if n > 1
(1− q−1ϕ−1

q )∂V (y) if n = 0.

Let ∇ = tπ · d/dtπ, let ∇i = ∇ − i if i ∈ Z and let h > 1 be such that
Fil−hDcris(V ) = Dcris(V ). We prove that if y ∈ (B+

rig,F ⊗F Dcris(V ))ψq=1, then

∇h−1 ◦ · · · ◦ ∇0(y) ∈ D†rig(V )ψq=1, and we have the following result (theorem
3.3.2).

Theorem C. If V is as above and y ∈ (B+
rig,F ⊗F Dcris(V ))ψq=1, then

h1
Fn,V (∇h−1 ◦ · · · ◦ ∇0(y)) =

(−1)h−1(h− 1)!

{
expFn,V (q

−n∂V (ϕ−nq (y))) if n > 1
expF,V ((1 − q−1ϕ−1

q )∂V (y)) if n = 0.

Using theorems B and C, we give in §3.5 a Lubin-Tate analogue of Perrin-
Riou’s “big exponential map” [PR94] using the same method as that of [Ber03]
which treats the cyclotomic case. It will be interesting to compare this big
exponential map with the “big logarithms” constructed in [Fou05] and [Fou08].
It is also instructive to specialize theorem C to the case V = F (χπ), which cor-
responds to “Lubin-Tate” Kummer theory. Recall that if L is a finite extension
of F , Kummer theory gives us a map δ : LT(mL) → H1(L,F (χπ)). When L
varies among the Fn, these maps are compatible: the diagram

LT(mFn+1)
δ−−−−→ H1(Fn+1, V )

TrLT
Fn+1/Fn

y
ycorFn+1/Fn

LT(mFn)
δ−−−−→ H1(Fn, V )

commutes. Let S denote the set of sequences {xn}n>1 with xn ∈ mFn and

such that TrLT
Fn+1/Fn

(xn+1) = [q/π](xn) for n > 1. We prove that S is big,
in the sense that (if F 6= Qp) the projection on the n-th coordinate map
S⊗OF F → Fn is onto (this would not be the case if we did not have the factor
q/π in the definition of S). Furthermore, we prove that if x ∈ S, there exists

Documenta Mathematica 22 (2017) 999–1030



Iwasawa Theory and Lubin-Tate (ϕ,Γ)-Modules 1003

a power series f(T ) ∈ (B+
rig,F )

ψq=1/π such that f(un) = logLT(xn) for n > 1.
We have d/dtπ(f(T )) ∈ (B+

rig,F )
ψq=1 and the following holds (theorem 3.4.5),

where u is the basis of F (χπ) corresponding to the choice of {un}n>0.

Theorem D. We have h1
Fn,F (χπ)(d/dtπ(f(T )) · u) = (q/π)−n · δ(xn) for all

n > 1.

In the cyclotomic case, there is [Col79] a power series Colx(T ) such that
Colx(un) = xn for n > 1. We then have f(T ) = logColx(T ), and theorem D
is proved in [CC99]. In the general Lubin-Tate case, we do not know whether
there is a “Coleman power series” of which f(T ) would be the logLT. This
seems like a non-trivial question.
It would be interesting to compare our results with those of [SV17]. The
authors of [SV17] also construct some classes in H1(K,V ), but start from the
space D(V (χπ · χ−1

cyc))
ψq=π/q. In another direction, is it possible to extend our

constructions to representations of the form V ⊗F YΓ with V F -analytic and
YΓ factoring through ΓK , and in particular recover the explicit reciprocity law
of [Tsu04]?

1 Lubin-Tate (ϕ,Γ)-modules

In this chapter, we recall the theory of Lubin-Tate (ϕ,Γ)-modules and classify
overconvergent representations.

1.1 Notation

Let F be a finite Galois extension of Qp with ring of integers OF , and residue
field kF . Let π be a uniformizer of OF . Let d = [F : Qp] and e be the
ramification index of F/Qp. Let q = pf be the cardinality of kF and let
F0 = W (kF )[1/p] be the maximal unramified extension of Qp inside F . Let σ
denote the absolute Frobenius map on F0.
Let LT be the Lubin-Tate formal OF -module attached to π and choose a co-
ordinate T for the formal group law, such that the action of π on LT is given
by [π](T ) = T q + πT . If a ∈ OF , let [a](T ) denote the power series that
gives the action of a on LT. Let logLT(T ) denote the attached logarithm and
expLT(T ) its inverse. If K is a finite extension of F , let Kn = K(LT[πn]) and
let K∞ = ∪n>1Kn. Let HK = Gal(Qp/K∞) and ΓK = Gal(K∞/K). By

Lubin-Tate theory (see [LT65]), ΓK is isomorphic to an open subgroup of O×F
via the Lubin-Tate character χπ : ΓK → O×F .
Let n(K) > 1 be such that if n > n(K), then χπ : ΓKn → 1 + πnOF is an
isomorphism, and logp : 1 + πnOF → πnOF is also an isomorphism.
Since logLT(T ) converges on the open unit disk, it can be seen as an element
of B+

rig,F and we denote it by tπ. Recall that g(tπ) = χπ(g) · tπ if g ∈ GK and
that ϕq(tπ) = π · tπ. Let ∂ = d/dtπ so that ∂f(T ) = a(T ) · df(T )/dT , where
a(T ) = (d logLT(T )/dT )

−1 ∈ OF [[T ]]×. We have ∂ ◦ g = χπ(g) · g ◦ ∂ if g ∈ ΓK
and ∂ ◦ ϕq = π · ϕq ◦ ∂.
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Recall that B
†
rig,F denotes the Robba ring, the ring of power series f(T ) =∑

i∈Z aiT
i with ai ∈ F such that there exists ρ < 1 such that f(T ) converges

for ρ < |T | < 1. We have B
†
F ⊂ B

†
rig,F and by writing a power series as the

sum of its plus part and its minus part, we get B
†
rig,F = B+

rig,F + B
†
F .

Each ring R ∈ {B†rig,F ,B
+
rig,F ,B

†
F ,BF } is equipped with a Frobenius map

ϕq : f(T ) 7→ f([π](T )) and an action of ΓF given by g : f(T ) 7→ f([χπ(g)](T )).
Moreover, the ring R is a free ϕq(R)-module of rank q, and we define ψq : R→
R by the formula ϕq(ψq(f)) = 1/q ·TrR/ϕq(R)(f). The map ψq has the following
properties (see for instance §2A of [FX13] and §1.2.3 of [Col16]): ψq(x·ϕq(y)) =
ψq(x)·y, the map ψq commutes with the action of ΓF , ∂◦ψq = π−1 ·ψq◦∂ and if
f(T ) ∈ B+

rig,F then ϕq◦ψq(f) = 1/q ·∑z∈LT[π] f(T⊕z). IfM is a free R-module

with a semilinear Frobenius map ϕq such that Mat(ϕq) is invertible, then any
m ∈M can be written as m =

∑
i ri ·ϕq(mi) with ri ∈ R and mi ∈M and the

map ψq : m 7→
∑

i ψq(ri) ·mi is then well-defined. This applies in particular to

the rings B
†
rig,K , B+

rig,K , B
†
K , BK and to the (ϕ,Γ)-modules over them.

1.2 Construction of Lubin-Tate (ϕ,Γ)-modules

A (ϕ,Γ)-module over BK (or over B
†
K or over B

†
rig,K) is a finite dimensional

BK-vector space D (or a finite dimensional B
†
K-vector space or a free B

†
rig,K-

module of finite rank respectively), along with a semilinear Frobenius map ϕq
whose matrix (in some basis) is invertible, and a continuous, semilinear action
of ΓK that commutes with ϕq.
We say that a (ϕ,Γ)-module D over BK is étale if D has a basis in which
Mat(ϕq) ∈ GLd(AK). Let B be the p-adic completion of ∪M/FBM where M
runs through the finite extensions of F . By specializing the constructions of
[Fon90], Kisin and Ren prove the following theorem (theorem 1.6 of [KR09]).

Theorem 1.2.1. The functors V 7→ D(V ) = (B ⊗F V )HK and D 7→ (B ⊗BK

D)ϕq=1 give rise to mutually inverse equivalences of categories between the
category of F -linear representations of GK and the category of étale (ϕ,Γ)-
modules over BK .

We say that a (ϕ,Γ)-module D is overconvergent if there exists a basis of D in

which the matrices of ϕq and of all g ∈ ΓK have entries in B
†
K . This basis then

generates a B
†
K-vector space D† which is canonically attached to D. If V is a p-

adic representation, we say that it is overconvergent if D(V ) is overconvergent,
and then D†(V ) denotes the corresponding (ϕ,Γ)-module over B

†
K . The main

result of [CC98] states that if F = Qp, then every étale (ϕ,Γ)-module over
BK is overconvergent (the proof is given for π = p, but it is easy to see that
it works for any uniformizer). If F 6= Qp, some simple examples (see [FX13])
show that this is no longer the case.
Recall that an F -linear representation ofGK is F -analytic if Cp⊗τFV is the triv-
ial Cp-semilinear representation of GK for all embeddings τ 6= Id ∈ Gal(F/Qp).
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This definition is the natural generalization of Kisin and Ren’s notion of F -
crystalline representation. Kisin and Ren then show that if K ⊂ F∞, and if V
is a crystalline F -analytic representation of GK , the (ϕ,Γ)-module attached to
V is overconvergent (see §3.3 of [KR09]; they actually prove a stronger result,
namely that the (ϕ,Γ)-module attached to such a V is of finite height).

If D†rig is a (ϕ,Γ)-module over B
†
rig,K , and if g ∈ ΓK is close enough to 1,

then by standard arguments (see §2.1 of [KR09] or §1C of [FX13]), the series

log(g) = log(1 + (g − 1)) gives rise to a differential operator ∇g : D†rig → D†rig.
The map v 7→ exp(v) is defined on a neighborhood of 0 in Lie ΓK ; the map

Lie ΓK → End(D†rig) arising from v 7→ ∇exp(v) is Qp-linear, and we say that

D†rig is F -analytic if this map is F -linear (see §2.1 of [KR09] and §1.3 of [FX13]).

If V is an overconvergent representation of GK , we let D†rig(V ) = B
†
rig,K ⊗B

†

K

D†(V ). The following is theorem D of [Ber16].

Theorem 1.2.2. The functor V 7→ D†rig(V ) gives rise to an equivalence of
categories between the category of F -analytic representations of GK and the
category of étale F -analytic Lubin-Tate (ϕ,Γ)-modules over B

†
rig,K .

In general, representations of GK that are not F -analytic are not overconver-
gent (see §1.3), and the analogue of theorem 1.2.2 without the F -analyticity
condition on both sides does not hold.

1.3 Overconvergent Lubin-Tate (ϕ,Γ)-modules

By theorem 1.2.2, there is an equivalence of categories between the category of
F -analytic representations of GK and the category of étale F -analytic Lubin-
Tate (ϕ,Γ)-modules over B

†
rig,K . The purpose of this section is to prove a

conjecture of Colmez that describes all overconvergent representations of GK .
Any representation V of GK that factors through ΓK is overconvergent, since
HK acts trivially on V so that D(V ) = BK⊗F V and therefore D(V ) has a basis
in which Mat(ϕq) = Id and Mat(g) ∈ GLd(OF ) if g ∈ ΓK . If X is F -analytic
and Y factors through ΓK , X⊗F Y is therefore overconvergent. We prove that
any overconvergent representation of GK is a quotient (and therefore also a
subobject, by dualizing) of some representation of the form X ⊗F Y as above.

Theorem 1.3.1. If V is an overconvergent representation of GK , there exists
an F -analytic representation X of GK , a representation Y of GK that factors
through ΓK , and a surjective GK-equivariant map X ⊗F Y → V .

Proof. Recall (see §3 of [Ber16]) that if r > 0, then inside B
†
rig,K we have

the subring B
†,r
rig,K of elements defined on a fixed annulus whose inner radius

depends on r and whose outer raidus is 1, and that (ϕ,Γ)-modules over B
†
rig,K

can be defined over B
†,r
rig,K if r is large enough, giving us a module D†,rrig(V ).

We also have rings B
[r;s]
K of elements defined on a closed annulus whose radii

depend on r 6 s. One can think of an element of B
†,r
rig,K as a compatible family
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of elements of {BI
K}I where I runs over a set of closed intervals whose union is

[r; +∞[. In the rest of the proof, we use this principle of glueing objects defined

on closed annuli to get an object on the annulus corresponding to B
†,r
rig,K .

Choose r > 0 large enough such that D†,rrig(V ) is defined, and s > qr. Let

D[r;s](V ) = B
[r;s]
K ⊗

B
†,r
rig,K

D†,rrig(V ). If a ∈ OF , and if valp(a) > n for n = n(r, s)

large enough, the series exp(a·∇) converges in the operator norm to an operator
on the Banach space D[r;s](V ). This way, we can define a twisted action of ΓKn

on D[r;s](V ), by the formula h ⋆ x = exp(logp(χπ(h)) · ∇)(x). This action is
now F -analytic by construction.

Since s > qr, the modules D[qmr;qms](V ) for m > 0 are glued together (using

the idea explained above) by ϕq and we get a new action of ΓKn on D†,rrig (V ) =

D[r;+∞[(V ) and hence on D†rig(V ). Since ϕq is unchanged, this new (ϕ,Γ)-
module is étale, and therefore corresponds to a representation W of GKn . The
representation W is F -analytic by theorem 1.2.2, and its restriction to HK is
isomorphic to V .

Let X = indGK

GKn
W . By Mackey’s formula, X |HK contains W |HK ≃ V |HK as a

direct summand. The space Y = Hom(indGK

GKn
W,V )HK is therefore a nonzero

representation of ΓK , and there is an element y ∈ Y whose image is V . The
natural map X⊗F Y → V is therefore surjective. Finally, X is F -analytic since
W is F -analytic.

By dualizing, we get the following variant of theorem 1.3.1.

Corollary 1.3.2. If V is an overconvergent representation of GK , there exists
an F -analytic representation X of GK , a representation Y of GK that factors
through ΓK , and an injective GK -equivariant map V → X ⊗F Y .

1.4 Extensions of (ϕ,Γ)-modules

In this section, we prove that there are no non-trivial extensions between an
F -analytic (ϕ,Γ)-module and the twist of an F -analytic (ϕ,Γ)-module by a
character that is not F -analytic. This is not used in the rest of the paper, but
is of independent interest.

If δ : ΓK → O×F is a continuous character, and g ∈ ΓK , let wδ(g) =
log δ(g)/ logχπ(g). Note that δ is F -analytic if and only if wδ(g) is independent
of g ∈ ΓK .

We define the first cohomology group H1(D) of a (ϕ,Γ)-module D as in §4 of

[FX13]. Let D be a (ϕ,Γ)-module over B
†
rig,K . Let G denote the semigroup

ϕ
Z>0
q × ΓK and let Z1(D) denote the set of continuous functions f : G → D

such that (h− 1)f(g) = (g − 1)f(h) for all g, h ∈ G. Let B1(D) be the subset
of Z1(D) consisting of functions of the form g 7→ (g − 1)y, y ∈ D and let
H1(D) = Z1(D)/B1(D). If g ∈ G and f ∈ Z1, then [h 7→ (g − 1)f(h)] = [h 7→
(h−1)f(g)] ∈ B1. The natural actions of ΓK and ϕq on H1 are therefore trivial.
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If D0 and D1 are two (ϕ,Γ)-modules, then Hom(D1,D0) =
Hom

B
†

rig,K
-mod(D1,D0) is a free B

†
rig,K-module of rank rk(D0) rk(D1) which is

easily seen to be itself a (ϕ,Γ)-module. The space H1(Hom(D1,D0)) classifies
the extensions of D1 by D0. More precisely, if D is such an extension and if
s : D1 → D is a B

†
rig,K-linear map that is a section of the projection D → D1,

then g 7→ s− g(s) is a cocycle on G with values in Hom(D1,D0) (the element
g(s) ∈ Hom(D1,D) being defined by g(s)(g(x)) = g(s(x)) for all g ∈ G and all
x ∈ D1). The class of this cocycle in the quotient H1(Hom(D1,D0)) does not
depend on the choice of the section s, and every such class defines a unique
extension of D1 by D0 up to isomorphism.

Theorem 1.4.1. If D is an F -analytic (ϕ,Γ)-module, and if δ : ΓK → O×F is
not locally F -analytic, then H1(D(δ)) = {0}.

Proof. If g ∈ ΓK and x(δ) ∈ D(δ) with x ∈ D, we have

∇g(x(δ)) = ∇(x)(δ) + wδ(g) · x(δ).

If g, h ∈ ΓK , this implies that ∇g(x(δ))−∇h(x(δ)) = (wδ(g)−wδ(h)) ·x(δ). If
f ∈ H1(D(δ)) and g ∈ ΓK , then g(f) = f and therefore∇g(f) = 0. The formula
above shows that if k ∈ ΓK , then ∇g(f(k))−∇h(f(k)) = (wδ(g)−wδ(h))·f(k),
so that 0 = (∇g −∇h)(f) = (wδ(g)−wδ(h)) · f , and therefore f = 0 if δ is not
locally analytic.

2 Analytic cohomology and Iwasawa theory

In this chapter, we explain how to construct classes in the cohomology groups
of F -analytic (ϕ,Γ)-modules. This allows us to define our maps h1

Kn,V
.

2.1 Analytic cohomology

Let G be an F -analytic semigroup and let M be a Fréchet or LF space with a
pro-F -analytic (§2 of [Ber16]) action of G. Recall that this means that we can
write M = lim−→i

lim←−jMij where Mij is a Banach space with a locally analytic

action of G. A function f : G → M is said to be pro-F -analytic if its image
lies in lim←−jMij for some i and if the corresponding function f : G → Mij is

locally F -analytic for all j.
The analytic cohomology groups Hian(G,M) are defined and studied in §4
of [FX13] and §5 of [Col16]. In particular, we have H0

an(G,M) = MG and
H1

an(G,M) = Z1
an(G,M)/B1

an(G,M) where Z1
an(G,M) is the set of pro-F -

analytic functions f : G → M such that (g − 1)f(h) = (h − 1)f(g) for all
g, h ∈ G and B1

an(G,M) is the set of functions of the form g 7→ (g − 1)m.
Let M be a Fréchet space, and write M = lim←−nMn with Mn a Banach space
such that the image of Mn+j in Mn is dense for all j > 0.

Proposition 2.1.1. We have H1
an(G,M) = lim←−nH

1
an(G,Mn).
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Proof. By definition, we have an exact sequence

0→ B1
an(G,Mn)→ Z1

an(G,Mn)→ H1
an(G,Mn)→ 0.

It is clear that B1
an(G,M) = lim←−n B

1
an(G,Mn) and that Z1

an(G,M) =
lim←−n Z

1
an(G,Mn), since these spaces are spaces of functions on G satisfying

certain compatible conditions. The Banach spaces B1
an(G,Mn) satisfy the

Mittag-Leffler condition: B1
an(G,Mn) = Mn/M

G
n and the image of Mn+j in

Mn is dense for all j > 0. This implies that the sequence

0→ lim←−
n

B1
an(G,Mn)→ lim←−

n

Z1
an(G,Mn)→ lim←−

n

H1
an(G,Mn)→ 0

is exact, and the proposition follows.

In this paper, we mainly use the semigroups ΓK , ΓK × Φ where Φ = {ϕnq ,
n ∈ Z>0} and ΓK × Ψ where Ψ = {ψnq , n ∈ Z>0}. The semigroups Φ and Ψ
are discrete and the F -analytic structure comes from the one on ΓK .

Definition 2.1.2. Let G be a compact group and let H be an open subgroup
of G. We have the corestriction map cor : H1

an(H,M) → H1
an(G,M), which

satisfies cor ◦ res = [G : H ]. This map has the following equivalent explicit
descriptions (see §2.5 of [Ser94] and §II.2 of [CC99]). Let X ⊂ G be a set of
representatives of G/H and let f ∈ Z1

an(H,M) be a cocycle.

1. By Shapiro’s lemma, H1
an(H,M) = H1

an(G, ind
G
HM) and cor is the map

induced by i 7→∑
x∈X x · i(x−1);

2. if M ⊂ N where N is a G-module and if there exists n ∈ N such that
f(h) = (h− 1)(n), then cor(f)(g) = (g − 1)(

∑
x∈X xn);

3. if g ∈ G, let τg : X → X be the permutation defined by τg(x)H = gxH .
We have cor(f)(g) =

∑
x∈X τg(x) · f(τg(x)−1gx).

If g ∈ ΓK , let ℓ(g) = logp χπ(g). If M is a Fréchet space with a pro-F -analytic

action of ΓK and if g ∈ ΓK is such that χπ(g) ∈ 1+2pOF , then limn→∞(gp
n −

1)/(pnℓ(g)) converges to an operator∇ onM , which is independent of g thanks
to the F -analyticity assumption. If c : ΓK →M is an F -analytic map, let c′(1)
denote its derivative at the identity.

Proposition 2.1.3. If M is a Fréchet space with a pro-F -analytic action of
ΓK , the map c 7→ c′(1) induces an isomorphism H1

an(ΓK ,M) = (M/∇M)ΓK ,
under which corL/K corresponds to TrL/K .

Proof. Assume for the time being thatM is a Banach space. We first show that
the map induced by c 7→ c′(1) is well-defined and lands in (M/∇M)ΓK . The
map c 7→ c′(1) from Z1

an(ΓK ,M)→M is well-defined, and if c(g) = (g − 1)m,
then c′(1) = ∇m so that there is a well-defined map H1

an(ΓK ,M)→M/∇M . If
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h ∈ ΓK then (h−1)c′(1) = limg→1(h−1)c(g)/ℓ(g) = limg→1(g−1)c(h)/ℓ(g) =
∇c(h) so that the image of c 7→ c′(1) lies in (M/∇M)ΓK .
The formula for the corestriction follows from the explicit descriptions above:
if h ∈ ΓL then τh(x) = x so that cor(c)(h) =

∑
x∈X x · c(h) and

cor(c)′(1) = lim
h→1

cor(c)(h)/ℓ(h) =
∑

x∈X

x · c′(1) = TrL/K(c′(1)).

We now show that the map is injective. If c′(1) = ∇m, then the derivative of
g 7→ c(g)− (g − 1)m at g = 1 is zero and hence c(g) = (g − 1)m on some open
subgroup ΓL of ΓK and c = [L : K]−1corL/K ◦ resK/L(c) = 0.
We finally show that the map is surjective. Suppose now that y ∈ (M/∇M)ΓK .
The formula g 7→ (exp(ℓ(g)∇)−1)/∇·y defines an analytic cocycle cL on some
open subgroup ΓL of ΓK . The image of [L : K]−1cL under corL/K gives a
cocyle c ∈ H1

an(ΓK ,M) such that c′(1) = y.
We now let M = lim←−nMn be a Fréchet space. The map H1

an(ΓK ,M) →
(M/∇M)ΓK induced by c 7→ c′(1) is well-defined, and in the other direction
we have the map y 7→ cy:

(M/∇M)ΓK → lim←−
n

(Mn/∇Mn)ΓK → lim←−
n

H1
an(ΓK ,Mn)→ H1

an(ΓK ,M).

These two maps are inverses of each other.

Remark 2.1.4. Compare with the following theorem (see [Tam15], corollary 21):
if G is a compact p-adic Lie group and if M is a locally analytic representation
of G, then Hian(G,M) = Hi(Lie(G),M)G.

2.2 Cohomology of F -analytic (ϕ,Γ)-modules

If V is an F -analytic representation, let H1
an(K,V ) ⊂ H1(K,V ) classify the

F -analytic extensions of F by V . Let D denote an F -analytic (ϕ,Γ)-module

over B
†
rig,K , such as D†rig(V ).

Proposition 2.2.1. If V is F -analytic, then H1
an(K,V ) = H1

an(ΓK ×
Φ,D†rig(V )).

Proof. The group H1
an(ΓK × Φ,D†rig(V )) classifies the F -analytic extensions of

B
†
rig,K by D†rig(V ), which correspond to F -analytic extensions of F by V by

theorem 1.2.2.

Theorem 2.2.2. If D is an F -analytic (ϕ,Γ)-module over B
†
rig,K and i = 0, 1,

then Hian(ΓK ,D
ψq=0) = 0.

Proof. Since B
†
rig,F ⊂ B

†
rig,K , the B

†
rig,K-module D is a free B

†
rig,F -module of

finite rank. Let RF denote B
†
rig,F and let RCp denote Cp⊗̂FB

†
rig,F the Robba
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ring with coefficients in Cp. There is an action of GF on the coefficients of

RCp and RGF

Cp
= RF .

Theorem 5.5 of [Col16] says that Hian(ΓK , (RCp ⊗RF D)ψq=0) = 0. For i = 0,
this implies our claim. For i = 1, it says that if c : ΓK → Dψq=0 is an F -
analytic cocycle, there exists m ∈ (RCp ⊗RF D)ψq=0 such that c(g) = (g−1)m
for all g ∈ ΓK . If α ∈ GF , then c(g) = (g−1)α(m) as well, so that α(m)−m ∈
((RCp ⊗RF D)ψq=0)ΓK = 0. This shows that m ∈ ((RCp ⊗RF D)ψq=0)GF =
Dψq=0.

Corollary 2.2.3. The groups Hian(ΓK × Φ,D) and Hian(ΓK × Ψ,D) are iso-
morphic for i = 0, 1.

Proof. If i = 0, then we have an inclusion Dϕq=1,ΓK ⊂ Dψq=1,ΓK . If x ∈
Dψq=1,ΓK , then x − ϕq(x) ∈ Dψq=0,ΓK = {0} by theorem 2.2.2, so that x =
ϕq(x) and the above inclusion is an equality.
Now let i = 1. If f ∈ Z1

an(ΓK ×Φ,D), let Tf ∈ Z1
an(ΓK ×Ψ,D) be the function

defined by Tf(g) = f(g) if g ∈ ΓK and Tf(ψq) = −ψq(f(ϕq)).
If f ∈ Z1

an(ΓK ×Ψ,D) and g ∈ ΓK , then (ϕqψq − 1)f(g) ∈ Dψq=0 and the map
g 7→ (ϕqψq−1)f(g) is an element of Z1

an(ΓK ,D
ψq=0). By theorem 2.2.2, applied

once for existence and once for unicity, there is a unique mf ∈ Dψq=0 such that
(ϕqψq − 1)f(g) = (g− 1)mf . Let Uf ∈ Z1

an(ΓK ×Φ,D) be the function defined
by Uf(g) = f(g) if g ∈ ΓK and Uf(ϕq) = −ϕq(f(ψq)) +mf .
It is straightforward to check that U and T are inverses of each other (even at
the level of the Z1

an) and that they descend to the H1
an.

Theorem 2.2.4. The map f 7→ f(ψq) from Z1
an(ΓK ×Ψ,D) to D gives rise to

an exact sequence:

0→ H1
an(ΓK ,D

ψq=1)→ H1
an(ΓK ×Ψ,D)→

(
D

ψq − 1

)ΓK

Proof. If f ∈ Z1
an(ΓK ×Ψ,D) and g ∈ ΓK , then (g − 1)f(ψq) = (ψq − 1)f(g) ∈

(ψq − 1)D so that the image of f is in (D/(ψq − 1))ΓK . The other verifications
are similar.

2.3 The space D/(ψq − 1)

By theorem 2.2.4 in the previous section, the cokernel of the map
H1

an(ΓK ,D
ψq=1) → H1

an(ΓK × Ψ,D) injects into (D/(ψq − 1))ΓK . It can
be useful to know that this cokernel is not too large. In this section, we bound
D/(ψq − 1) when D = B

†
rig,F , with the action of ϕq twisted by a−1, for some

a ∈ F×.

Theorem 2.3.1. If a ∈ F×, then ψq − a : B
†
rig,F → B

†
rig,F is onto unless

a = q−1πm for some m ∈ Z>1, in which case B
†
rig,F/(ψq − a) is of dimension

1.
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In order to prove this theorem, we need some results about the action of ψq on

B
†
rig,F . Recall that the map ∂ = d/dtπ was defined in §1.1.

Lemma 2.3.2. If a ∈ F×, then aϕq − 1 : B+
rig,F → B+

rig,F is an isomorphism,
unless a = π−m for some m ∈ Z>0, in which case

ker(aϕq − 1 : B+
rig,F → B+

rig,F ) = Ftmπ

im(aϕq − 1 : B+
rig,F → B+

rig,F ) = {f(T ) ∈ B+
rig,F | ∂m(f)(0) = 0}.

Proof. This is lemma 5.1 of [FX13].

Lemma 2.3.3. If m ∈ Z>0, there is an h(T ) ∈ (B+
rig,F )

ψq=0 such that
∂m(h)(0) 6= 0.

Proof. We have ψq(T ) = 0 by (the proof of) proposition 2.2 of [FX13]. If
there was some m0 such that ∂m(T )(0) = 0 for all m > m0, then T would
be a polynomial in tπ, which it is not. This implies that there is a sequence
{mi}i of integers with mi → +∞, such that ∂mi(T )(0) 6= 0, and we can take
h(T ) = ∂mi−m(T ) for any mi > m.

Corollary 2.3.4. If a ∈ F×, then ψq − a : B+
rig,F → B+

rig,F is onto.

Proof. If f(T ) ∈ B+
rig,F and if we can write f = (1 − aϕq)g, then f = (ψq −

a)(ϕq(g)). If this is not possible, then by lemma 2.3.2 there exists m > 0 such
that a = π−m and ∂m(f)(0) 6= 0. Let h be the function provided by lemma
2.3.3. The function f − (∂m(f)(0)/∂m(h)(0)) · h is in the image of 1− aϕq by
lemma 2.3.2, and h = (ψq − a)(−a−1h) since ψq(h) = 0. This implies that f is
in the image of ψq − a.

Lemma 2.3.5. If a−1 ∈ q · OF , then ψq − a : B
†
rig,F → B

†
rig,F is onto.

Proof. We have B
†
rig,F = B+

rig,F+B
†
F (by writing a power series as the sum of its

plus part and of its minus part) and by corollary 2.3.4, ψq−a : B+
rig,F → B+

rig,F

is onto. Take f(T ) ∈ B
†
F , choose some r > 0 and let B

(0,r]
F be the set of

f(T ) ∈ B
†
F that converge and are bounded on the annulus 0 < valp(x) 6 r.

It follows from proposition 1.4 of [Col16] that if n ≫ 0, then ψnq (f) ∈ B
(0,r]
F

and by proposition 2.4(d) of [FX13], the sequence (q/π ·ψq)n(f) is bounded in

B
(0,r]
F . The series

∑
n>0 a

−1−nψnq (f) therefore converges in B
(0,r]
F , and we can

write f = (ψq − a)g where g = a−1(1− a−1ψq)−1f =
∑

n>0 a
−1−nψnq (f).

Let Res : B
†
rig,F → F be defined by Res(f) = a−1 where f(T )dtπ =∑

n∈Z anT
ndT . The following lemma combines propositions 2.12 and 2.13 of

[FX13].

Lemma 2.3.6. The sequence 0 → F → B
†
rig,F

∂−→ B
†
rig,F

Res−−→ F → 0 is exact,
and Res(ψq(f)) = π/q ·Res(f).
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Proof of theorem 2.3.1. Since ∂ ◦ ψq = π−1ψq ◦ ∂, the map ∂ induces a map:

B
†
rig,F

ψq − a
∂−−−−→

B
†
rig,F

ψq − aπ
. (Der)

Take x ∈ B
†
rig,F such that Res(x) = 1. We have Res((ψq − aπ)x) = π/q − aπ.

If a 6= q−1, this is non-zero and if f ∈ B
†
rig,F , proposition 2.3.6 allows us to

write f = ∂g+Res(f)/(π/q− aπ) · (ψq − aπ)x. This implies that (Der) is onto
if a 6= q−1.
Combined with lemma 2.3.5, this implies that B

†
rig,F /(ψq − a) = 0 if a is not

of the form q−1πm for some m ∈ Z>1.
When a = q−1, we have an exact sequence

B
†
rig,F

ψq − q−1

∂−−−−→
B
†
rig,F

ψq − q−1π

Res−−−−−−→ F → 0,

which now implies that B
†
rig,F /(ψq − q−1π) = F , generated by the class of x.

We now assume again that a 6= q−1 and compute the kernel of (Der). If

f ∈ B
†
rig,F is such that ∂f = (ψq − aπ)g, then Res ∂f = Res(ψq − aπ)g =

(π/q − aπ)Res(g), so that Res(g) = 0 and we can write g = ∂h. We have
∂(f − (ψq−a)h) = 0, so that f = (ψq−a)h+ c, with c ∈ F . By corollary 2.3.4,
there exists b ∈ B+

rig,F such that (ψq − a)(b) = c, so that f = (ψq − a)(h + b)

and (Der) is bijective. We then have, by induction onm > 1, that B
†
rig,F /(ψq−

q−1πm) = F , generated by the class of ∂m(x).

Remark 2.3.7. More generally, we expect that the following holds: if D is a
(ϕ,Γ)-module over B

†
rig,K , the F -vector space D/(ψq − 1) is finite dimensional.

2.4 The operator Θb

The power series F (X) = X/(exp(X)−1) belongs to Qp[[X ]] and has a nonzero
radius of convergence. If M is a Banach space with a locally F -analytic action
of ΓK and h ∈ ΓK is close enough to 1, then

∇
h− 1

=
∇

exp(ℓ(h)∇)− 1
= ℓ(h)−1F (ℓ(h)∇)

converges to a continuous operator on M . If g ∈ ΓK , we then define

∇
1− g =

∇
1− gn ·

1− gn
1− g .

This operator is independent of the choice of n such that gn is close enough to
1, and can be seen as an element of the locally F -analytic distribution algebra
acting on M .
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If M is a Fréchet space, write M = lim←−iMi and define operators ∇
1−g on each

Mi as above. These operators commute with the maps Mj → Mi (because n
can be taken large enough for both Mi and Mj). This defines an operator ∇

1−g

onM itself. The definition of ∇1−g extends to an LF space with a pro-F -analytic
action of ΓK .

Assume that K contains F1 and let r(K) = f + valp([K : F1]). For example,
pr(Fn) = qn if n > 1. Assume further thatK contains Fn(K), so that χπ : ΓK →
O×F is injective and its image is a free Zp-module of rank d. If b = (b1, . . . , bd)
is a basis of ΓK (that is, ΓK = b

Zp

1 · · · b
Zp

d ), then let ℓ∗(b) = ℓ(b1) · · · ℓ(bd)/pr(K)

and

Θb = ℓ∗(b) · ∇d
(b1 − 1) · · · (bd − 1)

.

Lemma 2.4.1. If K = Fn and m > 0 and x ∈ Fm+n, then

Θb(x) = q−m−n · TrFm+n/Fn
(x).

Proof. Since ∇ = limk→∞(bp
k − 1)/pkℓ(b), we have

Θb = lim
k→∞

1
qnpkd

· (b
pk

1 − 1) · · · (bp
k

d − 1)
(b1 − 1) · · · (bd − 1)

.

The set {ba1
1 · · · bad

d } with 0 6 ai 6 pk − 1 runs through a set of representatives

of Γn/Γp
k

n = Γn/Γn+ek so that

1
qnpkd

· (b
pk

1 − 1) · · · (bp
k

d − 1)
(b1 − 1) · · · (bd − 1)

=
1

qnpkd
TrFn+ek/Fn

=
1

qn+ek
·TrFn+ek/Fn

.

The lemma follows from taking k large enough so that ek > m.

For i ∈ Z, let ∇i = ∇− i.

Lemma 2.4.2. If b is a basis of ΓFn and if f(T ) ∈ (B+
rig,F )

ψq=0, then
Θb(f(T )) ∈ (tπ/ϕnq (T )) ·B+

rig,F , and if h > 2 then ∇h−1 ◦ · · · ◦∇1 ◦Θb(f(T )) ∈
(tπ/ϕnq (T ))

h ·B+
rig,F .

Proof. If m > 1, then by lemma 2.4.1 and using repeatedly the fact (see §1.1)
that ϕq ◦ ψq(f) = 1/q ·∑z∈LT[π] f(T ⊕ z),

Θb(f(un+m)) = 1/qm+n · TrFm+n/Fn
f(um+n) = ψmq (f)(un) = 0.

This proves the first claim, since an element f(T ) ∈ B+
rig,F is divisible by

tπ/ϕ
n
q (T ) if and only if f(un+m) = 0 for all m > 1. The second claim follows

easily.
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Let D be a ϕq-module over F . Let ϕ−nq : B+
rig,F [1/tπ] ⊗F D → Fn((tπ)) ⊗F D

be the map

ϕ−nq : t−hπ f(T )⊗ x 7→ πnht−hπ f(un ⊕ expLT(tπ/π
n))⊗ ϕ−nq (x).

If f(tπ) ∈ Fn((tπ))⊗F D, let ∂D(f) ∈ Fn ⊗F D denote the coefficient of t0π.

Lemma 2.4.3. If y ∈ (B+
rig,F [1/tπ]⊗F D)ψq=1 and if m > n, then

q−mTrFm/Fn
∂D(ϕ−mq (y)) =

{
q−n∂D(ϕ−nq (y)) if n > 1
(1− q−1ϕ−1

q )∂D(y) if n = 0.

Proof. If y = t−ℓπ
∑+∞

k=0 akT
k ∈ B+

rig,F [1/tπ]⊗F D, then (by definition of ϕ−mq )

ϕ−mq (y) = πmℓt−ℓπ

+∞∑

k=0

ϕ−mq (ak)(um ⊕ expLT(tπ/π
m))k,

and ψq(y) = y means that:

ϕq(y)(T ) =
1
q

∑

[π](ω)=0

y(T ⊕ ω).

If m > 2, the conjugates of um under Gal(Fm/Fm−1) are the {ω⊕ um}[π](ω)=0

so that:

TrFm/Fm−1
∂D(ϕ−mq (y))

= ∂D


 ∑

[π](ω)=0

πmℓt−ℓπ

+∞∑

k=0

ϕ−mq (ak)(ω ⊕ um ⊕ expLT(tπ/π
m))k




= ∂D


ϕ−mq


 ∑

[π](ω)=0

y(T ⊕ ω)






= q∂D(ϕ−(m−1)
q (y)).

For m = 1, the computation is similar, except that the conjugates of u1 under
Gal(F1/F ) are the ω, where [π](ω) = 0 but ω 6= 0, which results in:

TrF1/F∂D(ϕ
−1
q (y)) = ∂D


ϕ
−1
q




∑

[π](ω)=0
ω 6=0

y(T ⊕ ω)





 = ∂D(qy − ϕ−1

q (y)).
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2.5 Construction of extensions

Let D be an F -analytic (ϕ,Γ)-module over B
†
rig,K . The space Dψq=1 is a closed

subspace of D and therefore an LF space. Take K such that K contains Fn(K)

and let b be a basis of ΓK .

Proposition 2.5.1. If y ∈ Dψq=1, there is a unique cocycle cb(y) ∈
Z1

an(ΓK ,D
ψq=1) such that for all 1 6 j 6 d and k > 0, we have

cb(y)(bkj ) = ℓ∗(b) ·
bkj − 1

bj − 1
· ∇d−1

∏
i6=j(bi − 1)

(y).

We then have cb(y)′(1) = Θb(y).

Proof. There is obviously one and only one continuous cocycle satisfying the
conditions of the proposition. It is Qp-analytic, and in order to prove that it is
F -analytic, we need to check that the directional derivatives are independent
of j. We have

lim
k→0

cb(y)(bkj )

ℓ(bkj )
= ℓ∗(b) · ∇d∏

i(bi − 1)
(y) = Θb(y),

which is indeed independent of j, and thus cb(y)′(1) = Θb(y).

Lemma 2.5.2. If n > n(K) and L = Kn and M = Kn+e and b is a basis of
ΓL, then bp is a basis of ΓM and corM/Lcbp(y) = cb(y).

Proof. The Lubin-Tate character maps ΓL to 1+πnOF , and ΓM = ΓpL because

(1 + πnOF )p = 1 + πn+eOF . Since {bk1
1 · · · bkd

d } with 0 6 ki 6 p− 1 is a set of
representatives for ΓL/ΓM , and since [M : L] = qe = pd, the explicit formula
for the corestriction (definition 2.1.2) implies (here and elsewhere ⌈x⌉ is the
smallest integer > x)

corM/L(cbp(y))(bkj )

=
∑

06k1,...,kd6p−1

bk1
1 . . . bkd

d · ℓ∗(bp) ·
b
p
⌈ k−kj

p

⌉
j − 1

bpj − 1
· ∇d−1

∏
i6=j(b

p
i − 1)

(y)

= ℓ∗(b)




p−1∑

kj=0

b
kj

j

b
p
⌈ k−kj

p

⌉
j − 1

bpj − 1


 ·


∏

i6=j

bpi − 1
bi − 1


 · ∇d−1

∏
i6=j(b

p
i − 1)

(y)

= ℓ∗(b)
bkj − 1

bj − 1
· ∇d−1

∏
i6=j(bi − 1)

(y)

= cb(y)(bkj ).

This proves the lemma.
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Lemma 2.5.3. If a and b are two bases of ΓK, then ca(y) and cb(y) are coho-
mologous.

Proof. If α1, . . . , αd and β1, . . . , βd are in F×, the Laurent series

α1 · · ·αd · T d−1

(exp(α1T )− 1) · · · (exp(αdT )− 1)
− β1 · · ·βd · T d−1

(exp(β1T )− 1) · · · (exp(βdT )− 1)

is the difference of two Laurent series, each having a simple pole at 0 with equal
residues, and therefore belongs to F [[T ]]. Let a and b be two bases of ΓK and
take y ∈ Dψq=1.

Let N be a ΓK-stable Fréchet subspace of D that contains y and write N =
lim←−Mj. Since M = Mj is F -analytic, we have g = exp(ℓ(g)∇) on M for g

in some open subgroup of ΓK . Let k ≫ 0 be large enough such that ap
k

i and

bp
k

i are in this subgroup, and let αi = pkℓ(ai) and βi = pkℓ(bi). Taking k
large enough (depending onM), we can assume moreover that the power series
T/(exp(T ) − 1) applied to the operators αi∇ and βi∇ converges on M . The
element

w =
(

α1 · · ·αd · ∇d−1

(exp(α1∇)− 1) · · · (exp(αd∇)− 1)

− β1 · · ·βd · ∇d−1

(exp(β1∇)− 1) · · · (exp(βd∇)− 1)

)
(y)

of M is well defined. By proposition 2.5.1, we have

capk (y)′(1)− cbpk (y)′(1) = Θapk (y)−Θbpk (y) = p−r(L)∇(w)

where L is the extension of K such that ΓL = Γp
k

K . Thus, for g close enough
to 1, we have capk (y)(g) − cbpk (y)(g) = (g − 1)(p−r(L)w). Lemma 2.5.2 now
implies by corestricting that this holds for all g, and, by corestricting again,
that ca(y) and cb(y) are cohomologous in M . By varying M , we get the same
result in N , which implies the proposition.

Lemma 2.5.4. If L/K is a finite extension contained in K∞, and if b is a basis
of ΓK and a is a basis of ΓL, then corL/Kca(y) = cb(y).

Proof. The groups ΓK and ΓL are both free Zp-modules of rank d, so that by
the elementary divisors theorem, we can change the bases a and b in such a
way that there exists e1, . . . , ed with ai = bp

ei

i .

Since {bk1
1 · · · bkd

d } with 0 6 ki 6 pei − 1 is a set of representatives for ΓK/ΓL,
and since [L : K] = pe1+···+ed , the explicit formula for the corestriction implies
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corL/K(ca(y))(bkj )

=
∑

06k16p
e1−1

...
06kd6p

ed−1

bk1
1 . . . bkd

d · ℓ∗(a) ·
a

⌈
k−kj

p
ej

⌉

j − 1

aj − 1
· ∇d−1

∏
i6=j(ai − 1)

(y)

= ℓ∗(b) ·




pej−1∑

kj=0

a

⌈
k−kj

p
ej

⌉

j − 1

aj − 1


 ·


∏

i6=j

ai − 1
bi − 1


 · ∇d−1

∏
i6=j(ai − 1)

(y)

= ℓ∗(b) ·
bkj − 1

bj − 1
· ∇d−1

∏
i6=j(bi − 1)

(y)

= cb(y)(bkj ).

Definition 2.5.5. Let h1
K,V : D†rig(V )ψq=1 → H1

an(K,V ) denote the map

obtained by composing y 7→ cb(y) with H1
an(ΓK ,D

†
rig(V )ψq=1) → H1

an(ΓK ×
Ψ,D†rig(V )) (theorem 2.2.4) and with H1

an(ΓK × Ψ,D†rig(V )) ≃ H1
an(K,V )

(proposition 2.2.1 and corollary 2.2.3).

Proposition 2.5.6. We have corM/L◦h1
M,V = h1

L,V if M/L is a finite extension
contained in K∞/Kn(K). In particular, corKn+1/Kn

◦ h1
Kn+1,V

= h1
Kn,V

if n >

n(K).

Proof. This follows from the definition and from lemma 2.5.4 above.

Remark 2.5.7. Proposition 2.5.6 allows us to extend the definition of h1
K,V to

all K, without assuming that K contains Fn(K), by corestricting.

Some of the constructions of this section are summarized in the following the-
orem. Recall (see §3 of [Ber16]) that there is a ring B̃

†
rig that contains B

†
rig,F ,

is equipped with a Frobenius map ϕq and an action of GF and such that

V = (B̃†rig ⊗B
†

rig,F
D†rig(V ))ϕq=1.

Theorem 2.5.8. If y ∈ D†rig(V )ψq=1 and K contains Kn(K) and b is a basis of
ΓK , then

1. there is a unique cb(y) ∈ Z1
an(ΓK ,D

†
rig(V )ψq=1) such that for k ∈ Zp,

cb(y)(bkj ) = ℓ∗(b) ·
bkj − 1

bj − 1
· ∇d−1

∏
i6=j(bi − 1)

(y);
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2. there is a unique mc ∈ D†rig(V )ψq=0 such that (ϕq−1)cb(y)(g) = (g−1)mc

for all g ∈ ΓK ;

3. the (ϕ,Γ)-module corresponding to this extension has a basis in which

Mat(g) =
(
∗ cb(y)(g)
0 1

)
if g ∈ ΓK, and Mat(ϕq) =

(
∗ mc

0 1

)
;

4. if z ∈ B̃
†
rig ⊗F V is such that (ϕq − 1)z = mc, then the cocycle

g 7→ cb(y)(g)− (g − 1)z

defined on GK has values in V and represents h1
K,V (y) in H1

an(K,V ).

Proof. Items (1), (2) and (3) are reformulations of the constructions of this
chapter. Let us prove (4). Let us write the (ϕ,Γ)-module corresponding to

the extension in (3) as D′ = D†rig(V ) ⊕ B
†
rig,F · e. It is an étale (ϕ,Γ)-module

that comes from the p-adic representation V ′ = (B̃†rig⊗B
†

rig,F
D′)ϕq=1. We have

V ′ = V ⊕ F · (e − z) as F -vector spaces since ϕq(e − z) = e − z. If g ∈ GK ,
then

g(e− z) = e+ cb(y)(g)− g(z) = e− z + cb(y)(g)− (g − 1)z.

This proves (4).

Let F = Qp and π = p = q, and let V be a representation of GK . In §II.1
of [CC99], Cherbonnier and Colmez define a map Log∗V ∗(1) : D†(V )ψ=1 →
H1

Iw(K,V ), which is an isomorphism (theorem II.1.3 and proposition III.3.2 of
[CC99]).

Proposition 2.5.9. If F = Qp and π = p, then the map

D†(V )ψ=1 → D†rig(V )ψ=1
{h1

Kn,V }n>1−−−−−−−−→ lim←−
n

H1
an(Kn, V )→ lim←−

n

H1(Kn, V )

coincides with the map Log∗V ∗(1) : D
†(V )ψ=1 → H1

Iw(K,V ) ⊂ lim←−nH
1(Kn, V ).

Proof. The map Log∗V ∗(1) is contructed by mapping x ∈ D†(V )ψ=1 to the

sequence (. . . , ιψ,n(x), . . . ) ∈ lim←−nH
1(Kn, V ) (see theorem II.1.3 in [CC99] and

the paragraph preceding it), where

ιψ,n(x) =
[
σ 7→ ℓKn(γn)

(
σ − 1
γn − 1

x− (σ − 1)b
)]

on GKn and where (see proposition I.4.1, lemma I.5.2 and lemma I.5.5 of ibid.)

1. γn = γ
[Kn:K1]
1 and γ1 is a fixed generator of ΓK1 ;
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2. ℓKn(γn) = logχ(γn)
pr(Kn) where r(Kn) is the integer such that logχ(ΓKn) =

pr(Kn)Zp;

3. b ∈ B̃† ⊗Qp V is such that (ϕ − 1)b = a and a ∈ D†(V )ψ=1 is such that
(γn−1)a = (ϕ−1)x (using the fact that γn−1 is bijective on D†(V )ψ=0).

The theorem follows from comparing this with the explicit formula of theorem
2.5.8.

3 Explicit formulas for crystalline representations

In this chapter, we explain how the constructions of the previous chapter are
related to p-adic Hodge theory, via Bloch and Kato’s exponential maps. Let
BdR be Fontaine’s ring of periods [Fon94] and let B+

max,F be the subring of

B+
dR that is constructed in §8.5 of [Col02] (recall that B+

max,F = F ⊗F0 B+
max

where F0 = F ∩Qunr
p and B+

max is a ring that is similar to Fontaine’s Bcris).

We assume throughout this chapter that K = F and that the representation
V is crystalline and F -analytic.

3.1 Crystalline F -analytic representations

If V is an F -analytic crystalline representation of GF , let Dcris(V ) =
(Bmax,F ⊗F V )GF (this is the “component at identity” of the usual Dcris).
By corollary 3.3.8 of [KR09], F -analytic crystalline representations of GF are
overconvergent. Moreover, if M(D) ⊂ B+

rig,F [1/tπ] ⊗F D is the object con-
structed in §2.2 of ibid., then by §2.4 of ibid., M(Dcris(V )) contains a ba-

sis of D†(V ) and D†rig(V ) = B
†
rig,F ⊗B

+
rig,F
M(Dcris(V )). This implies that

D†rig(V ) ⊂ B
†
rig,F [1/tπ]⊗F Dcris(V ).

Theorem 3.1.1. We have D†rig(V )ψq=1 ⊂ B+
rig,F [1/tπ]⊗F Dcris(V ).

Proof. Take h > 0 such that the slopes of π−hϕq on Dcris(V ) are 6 −d. Let E
be an extension of F such that E contains the eigenvalues of ϕq on Dcris(V ).
We show that D†rig(V )ψq=1 ⊂ t−hπ E ⊗F B+

rig,F ⊗F Dcris(V ). Let e1, . . . , en be a

basis of t−hπ E ⊗F Dcris(V ) in which the matrix (pi,j) of ϕq is upper triangular.

If y =
∑d

i=1 yi ⊗ ϕq(ei) with yi ∈ E ⊗F B
†
rig,F , then ψq(y) = y if and only if

ψq(yk) = pk,kyk +
∑
j>k pk,jyj for all k. The theorem follows from applying

lemma 3.1.2 below to k = n, n− 1, . . . , 1.

Lemma 3.1.2. Take y ∈ E ⊗F B
†
rig,F and α ∈ F such that valπ(α) 6 −d. If

ψq(y)− αy ∈ E ⊗F B+
rig,F , then y ∈ E ⊗F B+

rig,F .

Proof. This is lemma 5.4 of [FX13].
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3.2 Bloch-Kato’s exponentials for analytic representations

We now recall the definition of Bloch-Kato’s exponential map and its dual, and
give a similar definition for F -analytic representations.

Lemma 3.2.1. We have an exact sequence

0→ F → (B+
max,F [1/tπ])

ϕq=1 → BdR/B
+
dR → 0.

Proof. This is lemma 9.25 of [Col02].

If V is a de Rham F -linear representation ofGK , we can ⊗F the above sequence
with V and we get a connecting homomorphism expK,V : (BdR ⊗F V )GK →
H1(K,V ). Recall that if W is an F -vector space, there is a natural injective
map W ⊗F V →W ⊗Qp V .

Lemma 3.2.2. If V is F -analytic, the map expK,V : (BdR⊗F V )GK → H1(K,V )
defined above coincides with Bloch-Kato’s exponential via the inclusion (BdR⊗F
V )GK ⊂ (BdR ⊗Qp V )GK , and its image is in H1

an(K,V ).

Proof. Bloch and Kato’s exponential is defined as follows (definition 3.10 of
[BK90]): if ϕp denotes the Frobenius map that lifts x 7→ xp and if x ∈ (BdR⊗Qp

V )GK , there exists x̃ ∈ B
ϕp=1
max,Qp

⊗Qp V such that x̃ − x ∈ B+
dR ⊗Qp V , and

exp(x) is represented by the cocyle g 7→ (g − 1)x̃.
Lemma 3.2.1 says that we can lift x ∈ (BdR ⊗F V )GK to some x̃ ∈
(B+

max,F [1/tπ])
ϕq=1 ⊗F V such that x̃ − x ∈ B+

dR ⊗F V ⊂ B+
dR ⊗Qp V . In

addition, B
ϕq=1
max,Qp

= F0 ⊗Qp B
ϕp=1
max,Qp

(see lemma 1.1.11 of [Ber08]) so that

(B+
max,F [1/tπ])

ϕq=1 ⊂ F ⊗Qp B
ϕp=1
max,Qp

. We can therefore view x̃ as an element

of B
ϕp=1
max,Qp

⊗Qp V , and expK,V (x) = [g 7→ (g − 1)x̃] = exp(x).
The construction of expK,V (x) shows that the cocycle expK,V (x) is de Rham.
At each embedding τ 6= Id of F , the extension of F by V given by expK,V (x) is
therefore Hodge-Tate with weights 0. This finishes the proof of the lemma.

Recall the following theorem of Kato (see §II.1 of [Kat93]).

Theorem 3.2.3. If V is a de Rham representation, the map from (BdR ⊗Qp

V )GK to H1(K,BdR ⊗Qp V ) defined by x 7→ [g 7→ log(χcyc(g))x] is an isomor-
phism, and the dual exponential map exp∗K,V ∗(1) : H

1(K,V )→ (BdR⊗Qp V )GK

is equal to the composition of the map H1(K,V ) → H1(K,BdR ⊗Qp V ) with
the inverse of this isomorphism.

Concretely, if c ∈ Z1(K,BdR⊗Qp V ) is some cocycle, there exists w ∈ BdR⊗Qp

V such that c(g) = log(χcyc(g)) · exp∗K,V ∗(1)(c) + (g − 1)(w).

Corollary 3.2.4. If c ∈ Z1(K,BdR ⊗F V ), and if there exist x ∈ (BdR ⊗F
V )GK and w ∈ BdR ⊗F V such that c(g) = ℓ(g) · x + (g − 1)(w), then
exp∗K,V ∗(1)(c) = x.

Documenta Mathematica 22 (2017) 999–1030



Iwasawa Theory and Lubin-Tate (ϕ,Γ)-Modules 1021

Proof. This follows from theorem 3.2.3 and from the fact that g 7→
log(χπ(g)/χcyc(g)) is BdR-admissible, since tπ/t ∈ (B+

dR)
× so that log(tπ/t) ∈

B+
dR is well-defined.

3.3 Interpolating exponentials and their duals

Let V be an F -analytic crystalline representation. By theorem 3.1.1, we have
D†rig(V )ψq=1 ⊂ B+

rig,F [1/tπ]⊗F Dcris(V ). Let ∂V denote the map ∂D of §2.4 for
D = Dcris(V ).

Theorem 3.3.1. If y ∈ D†rig(V )ψq=1, then

exp∗Fn,V ∗(1)(h
1
Fn,V (y)) =

{
q−n∂V (ϕ−nq (y)) if n > 1
(1− q−1ϕ−1

q )∂V (y) if n = 0.

Proof. Since the diagram

H1(Fn+1, V )
exp∗

Fn+1,V ∗(1)−−−−−−−−−→ Fn+1 ⊗F Dcris(V )

corFn+1/Fn

y TrFn+1/Fn

y

H1(Fn, V )
exp∗

Fn,V ∗(1)−−−−−−−−→ Fn ⊗F Dcris(V )

is commutative, we only need to prove the theorem when n > n(F ) by lemma
2.4.3 and proposition 2.5.6. By theorem 2.5.8, we have

h1
Fn,V (y)(b

k
j ) = ℓ∗(b) ·

bkj − 1

bj − 1
· ∇d−1

∏
i6=j(bi − 1)

(y)− (bkj − 1)z,

with z ∈ B̃
†
rig ⊗F V so that if m ≫ 0, then ϕ−mq (z) ∈ B+

dR ⊗F V (see §3 of
[Ber16] and §2.2 of [Ber02]). Moreover, ϕ−mq (y) ∈ Fm((tπ)) ⊗F Dcris(V ). Let
W = {w ∈ Fm((tπ)) ⊗F Dcris(V ) such that ∂V (w) = 0}. The operator ∇ is
bijective on W , and Fm((tπ)) ⊗F Dcris(V ) injects into BdR ⊗F V , hence there
exists u ∈ BdR ⊗F V such that

h1
Fn,V (y)(b

k
j ) = ℓ∗(b) ·

bkj − 1

bj − 1
· ∇d−1

∏
i6=j(bi − 1)

(∂V (ϕ−mq (y)))− (bkj − 1)u

= ℓ(bkj ) ·Θb(∂V (ϕ−mq (y))) − (bkj − 1)u

= ℓ(bkj ) · q−n∂V (ϕ−nq (y)))− (bkj − 1)u,

by lemmas 2.4.1 and 2.4.3. This proves the theorem by corollary 3.2.4.

We now give explicit formulas for expFn,V . Take h > 0 such that

Fil−hDcris(V ) = Dcris(V ), so that thπ(B
+
rig,F ⊗F Dcris(V )) ⊂ D†rig(V ) (in the

notation of §2.2 of [KR09], we have thπ(B
+
rig,F ⊗F Dcris(V )) ⊂ M(Dcris(V ))).

In particular, if y ∈ (B+
rig,F ⊗F Dcris(V ))ψq=1, then ∇h−1 ◦ · · · ◦ ∇0(y) ∈

D†rig(V )ψq=1.
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Theorem 3.3.2. If y ∈ (B+
rig,F ⊗F Dcris(V ))ψq=1, then

h1
Fn,V (∇h−1 ◦ · · · ◦ ∇0(y)) =

(−1)h−1(h− 1)!

{
expFn,V (q

−n∂V (ϕ−nq (y))) if n > 1
expF,V ((1 − q−1ϕ−1

q )∂V (y)) if n = 0.

Proof. Since the diagram

Fn+1 ⊗F Dcris(V )
expFn+1,V−−−−−−−→ H1(Fn+1, V )

TrFn+1/Fn

y corFn+1/Fn

y

Fn ⊗F Dcris(V )
expFn,V−−−−−→ H1(Fn, V )

is commutative, we only need to prove the theorem when n > n(F ) by lemma
2.4.3 and proposition 2.5.6. By theorem 2.5.8, we have

h1
Fn,V (∇h−1 ◦ · · · ◦ ∇0(y))(bkj )

= ℓ∗(b) ·
bkj − 1

bj − 1
· ∇d−1

∏
i6=j(bi − 1)

(∇h−1 ◦ · · · ◦ ∇0(y))− (bkj − 1)z

= (bkj − 1) · (∇h−1 ◦ · · · ◦ ∇1 ◦Θb)(y)− (bkj − 1)z,

so that h1
Fn,V

(∇h−1 ◦· · ·◦∇0(y))(g) = (g−1)(∇h−1 ◦· · ·◦∇1 ◦Θb)(y)−(g−1)z
if g ∈ ΓK . By lemma 2.4.2, we have

(∇h−1 ◦ · · · ◦ ∇1 ◦Θb)((ϕq − 1)y)

∈ (tπ/ϕnq (T ))
h(B+

rig,F ⊗F Dcris(V ))ψq=0 ⊂ D†rig(V )ψq=0,

so that (in the notation of theorem 2.5.8)mc = (∇h−1◦· · ·◦∇1◦Θb)((ϕq−1)y).
Since (ϕq − 1)z = mc, we have (ϕq − 1)((∇h−1 ◦ · · · ◦∇1 ◦Θb)(y)− z) = 0, and
therefore

(∇h−1 ◦ · · · ◦ ∇1 ◦Θb)(y)− z ∈ (B̃†rig[1/tπ])
ϕq=1 ⊗F V

The ring B̃
†
rig contains B+

max,F and the inclusion (B+
max,F [1/tπ])

ϕq=1 ⊂
(B̃†rig[1/tπ])

ϕq=1 is an equality (proposition 3.2 of [Ber02]). This implies that

(∇h−1 ◦ · · · ◦ ∇1 ◦Θb)(y)− z ⊂ (B+
max,F [1/tπ])

ϕq=1 ⊗F V.

Moreover, we have z ∈ B̃
†
rig⊗FV so that ifm≫ 0, then ϕ−mq (z) ∈ B+

dR⊗FV . In
addition, ϕ−mq (y) belongs to Fm[[tπ]]⊗FDcris(V ), so that ϕ−mq (y)−∂V (ϕ−mq (y))
belongs to tπFm[[tπ]]⊗F Dcris(V ) and therefore

(∇h−1 ◦ · · · ◦ ∇1 ◦Θb)
(
ϕ−mq (y)− ∂V (ϕ−mq (y))

)
∈ thπFm[[tπ]]⊗F Dcris(V )

⊂ B+
dR ⊗F V.
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We can hence write

h1
Fn,V (∇h−1◦· · ·◦∇0(y))(g) = (g−1)(∇h−1◦· · ·◦∇1◦Θb◦∂V (ϕ−mq (y))−(g−1)u,

with u ∈ B+
dR ⊗F V . The theorem now follows from the fact that

Θb ◦ ∂V (ϕ−mq (y)) = q−n∂V (ϕ−nq (y)) ∈ Fn ⊗F Dcris(V )

by lemmas 2.4.2 and 2.4.3, that ∇h−1 ◦ · · · ◦ ∇1 = (−1)h−1(h − 1)! on Fn ⊗F
Dcris(V ), and from the reminders given in §3.2, in particular the fact that
expK,V is the connecting homomorphism when tensoring the exact sequence of
lemma 3.2.1 with V and taking Galois invariants.

3.4 Kummer theory and the representation F (χπ)

Throughout this section, V = F (χπ). Let L ⊂ Qp be an extension of K. The
Kummer map δ : LT(mL)→ H1(L, V ) is defined as follows. Choose a generator
u = (uk)k>0 of Tπ LT = lim←−k LT[π

k]. If x ∈ LT(mL), let xk ∈ LT(m
Qp

) be such

that [πk](xk) = x. If g ∈ GL, then g(xk) − xk ∈ LT[πk] so that we can write
g(xk) − xk = [ck(g)](uk) for some ck(g) ∈ OF /πk. If c(g) = (ck(g))k>0 ∈ OF
then δ(x) = [g 7→ c(g)] ∈ H1(L, V ).
If x ∈ LT(mL), and L/K is finite Galois, let TrLT

L/K be the map defined by

TrLT
L/K(x) =

∑LT
g∈Gal(L/K) g(x) where the superscript LT means that the sum-

mation is carried out using the Lubin-Tate addition. If F = Qp and LT = Gm,

we recover the classical Kummer map, and TrLT
L/K(x) = NL/K(1 + x)− 1.

Lemma 3.4.1. We have the following commutative diagram:

LT(mKn+1)
δ−−−−→ H1(Kn+1, V )

TrLT
Kn+1/Kn

y
ycorKn+1/Kn

LT(mKn)
δ−−−−→ H1(Kn, V ).

Proof. This is a straightforward consequence of the explicit description of the
corestriction map.

Recall that ϕq ◦ ψq(f) = 1
q

∑
ω∈LT[π] f(T ⊕ ω), so that for n > 1:

ψq(f)(un) =
1
q

∑

ω∈LT[π]

f(un+1 ⊕ ω) =
1
q
TrFn+1/Fn

f(un+1).

In particular, if f(T ) ∈ B+
rig,F is such that ψq(f(T )) = 1/π · f(T ) and yn =

f(un), then TrFn+1/Fn
(yn+1) = q/π · yn.

Proposition 3.4.2. Assume that F 6= Qp. If {yn}n>1 is a sequence with
yn ∈ Fn and TrFn+1/Fn

(yn+1) = q/π · yn, there exists f(T ) ∈ B+
rig,F such that

ψq(f(T )) = 1/π · f(T ) and yn = f(un) for all n > 1.
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Proof. By [Laz62], there exists a power series g(T ) ∈ B+
rig,F such that g(un) =

yn for all n > 1. We also have

ψqg(0) =
1
q
g(0) +

1
q
TrF1/F0

g(u1),

and since q 6= π (because F 6= Qp), we can choose g(0) such that

1
π
g(0) =

1
q
g(0) +

1
q
TrF1/F0

y1.

This implies that (ψq(g)−1/π ·g)(un) = 0 for all n > 0, so that ψq(g)−1/π ·g ∈
tπ ·B+

rig,F . It is therefore enough to prove that ψq−1/π : tπ ·B+
rig,F → tπ ·B+

rig,F

is onto. Since ψq(tπf) = 1/π · tπψq(f), this amounts to proving that ψq − 1 :
B+

rig,F → B+
rig,F is onto, which follows from corollary 2.3.4.

Definition 3.4.3. Let S denote the set of sequences {xn}n>1 with xn ∈ mFn

and TrLT
Fn+1/Fn

(xn+1) = [q/π](xn) for n > 1.

The following proposition says that if F 6= Qp, then S is quite large: for any
k > 1, the “k-th component” map F ⊗OF S → Fk is surjective (if F = Qp,
there are restrictions on “universal norms”).

Proposition 3.4.4. Assume that F 6= Qp. If z ∈ mFk
, there exists ℓ > 0 and

x ∈ S such that xk = [πℓ](z).

Proof. We claim that TrFn+1/Fn
(OFn+1) = πOFn . Indeed, let D denote the

different. We have (see for instance proposition 7.11 of [Iwa86])

valp(DFn+1/Fn
) =

1
e

(
n+ 1− 1

q − 1

)
− 1
e

(
n− 1

q − 1

)
= valp(π).

This implies that TrFn+1/Fn
(OFn+1) = πOFn by proposition 7 of Chapter III

of [Ser68].
Since π divides q/π, this shows that given y ∈ OFk

, there exists a sequence
{yn}n>1 with xn ∈ OFn such that yk = y, and TrFn+1/Fn

(yn+1) = q/π · yn for

n > 1. Take ℓ1, ℓ2 > 0 such that πℓ1OCp is in the domain of expLT and such
that πℓ2 logLT(z) ∈ OFk

. Let y = πℓ2 logLT(z). Let {yn}n>1 be a sequence as
above, let xn = expLT(π

ℓ1yn) and ℓ = ℓ1 + ℓ2. The elements xk ⊖ [πℓ](z), as
well as TrLT

Fn+1/Fn
(xn+1)⊖ [q/π](xn) for all n, have their logLT equal to zero and

are in a domain in which logLT is injective. This proves the proposition.

If x ∈ S and yn = logLT(xn), then yn ∈ Fn and TrFn+1/Fn
(yn+1) = q/π · yn,

so that by proposition 3.4.2, there exists f(T ) ∈ B+
rig,F such that ψq(f(T )) =

π−1 · f(T ) and yn = f(un) for all n > 1. If f(T ) ∈ B+
rig,F is such that

ψq(f(T )) = π−1 · f(T ), then ∂f ∈ (B+
rig,F )

ψq=1 and ∂f · u can be seen as an

element of D†rig(V )ψq=1.
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Theorem 3.4.5. If x ∈ S, and if f(T ) ∈ B+
rig,F is such that f(un) = logLT(xn)

and ψq(f(T )) = π−1 · f(T ), then h1
Fn,V

(∂f(T ) · u) = (q/π)−n · δ(xn) for all
n > 1.

Proof. Let y = f(T )⊗ t−1
π u, so that y ∈ (B+

rig,F ⊗F Dcris(V ))ψq=1. By theorem

3.3.2 applied to y with h = 1, we have h1
Fn,V

(∇(y)) = expFn,V (q
−n∂V (ϕ−nq (y)))

if n > 1. Since ϕ−nq ◦ ∂ = πn · ∂ ◦ ϕ−nq , this implies that

h1
Fn,V (∂f(T )·u) = expFn,V (q

−n∂V (ϕ−nq (y))) = (q/π)−n ·expFn,V (logLT(xn)·u).

By example 3.10.1 of [BK90] and lemma 3.2.2, we have δ(xn) =
expFn,V (logLT(xn) · u). This proves the theorem.

Remark 3.4.6. If F = Qp and π = q = p and x = {xn}n>1, this the-
orem says that Exp∗Qp

(δ(x)) = ∂ logColx(T ), which is (iii) of proposition
V.3.2 of [CC99] (see theorem II.1.3 of ibid for the definition of the map

Exp∗Qp
: H1

Iw(F,Qp(1))→ D†rig(Qp(1))ψq=1).

Remark 3.4.7. If x ∈ S, then by proposition 3.4.2, there is a power series f(T )
such that f(un) = logLT(xn) for n > 1. Is there a power series g(T ) ∈ OF [[T ]]
such that g(un) = xn, so that f(T ) = log g(T )?
If F = Qp, such a power series is the classical Coleman power series [Col79]. If
F 6= Qp and x ∈ S and z is a [q/π]-torsion point, and k > d−1 so that z ∈ Fk,
then the sequence x′ = {x′n}n>1 defined by x′n = xn if n 6= k and x′k = xk ⊕ z
also belongs to S. This means that we cannot naïvely interpolate x.

3.5 Perrin-Riou’s big exponential map

In this last section, we explain how the explicit formulas of the previous sections
can be used to give a Lubin-Tate analogue of Perrin-Riou’s “big exponential
map” [PR94]. Take h > 1 such that Fil−hDcris(V ) = Dcris(V ). If f ∈ B+

rig,F ⊗F
Dcris(V ), let ∆(f) be the image of ⊕hk=0∂

k(f)(0) in ⊕hk=0Dcris(V )/(1− πkϕq).

Lemma 3.5.1. There is an exact sequence:

0→ ⊕hk=0t
k
πDcris(V )ϕq=π−k →

(
B+

rig,F ⊗F Dcris(V )
)ψq=1 1−ϕq−−−→

(B+
rig,F )

ψq=0 ⊗F Dcris(V ) ∆−→ ⊕hk=0

Dcris(V )
1− πkϕq

→ 0.

Proof. Note that the map ϕq acts diagonally on tensor products. It is easy to

see that ker(1 − ϕq) = ⊕hk=0t
k
πDcris(V )ϕq=π−k

, that ∆ is surjective, and that
im(1− ϕq) ⊂ ker∆, so we now prove that im(1− ϕq) = ker∆.
If f, g ∈ B+

rig,F ⊗F Dcris(V ) and f = (1 − ϕq)g, then ψq(f) = 0 if and only if

ψq(g) = g. It is therefore enough to show that if f ∈ B+
rig,F ⊗F Dcris(V ) is such

that ∆(f) = 0, then f = (1− ϕq)g for some g ∈ B+
rig,F ⊗F Dcris(V ).

Documenta Mathematica 22 (2017) 999–1030



1026 Laurent Berger and Lionel Fourquaux

The map 1−ϕq : T h+1B+
rig,F ⊗FDcris(V )→ T h+1B+

rig,F⊗F Dcris(V ) is bijective
because the slopes of ϕq on T

h+1B+
rig,F ⊗F D are > 0. This implies that 1−ϕq

induces a sequence

0→ ⊕hk=0t
k
πDcris(V )ϕq=π−k →

B+
rig,F ⊗F Dcris(V )

T h+1B+
rig,F ⊗F Dcris(V )

1−ϕq−−−→

B+
rig,F ⊗F Dcris(V )

T h+1B+
rig,F ⊗F Dcris(V )

∆−→ ⊕hk=0

Dcris(V )
1− πkϕq

.

We have ker(1− ϕq) = ⊕hk=0t
k
πDcris(V )ϕq=π−k

and by comparing dimensions,
we see that coker(1− ϕq) = ⊕hk=0Dcris(V )/(1−πkϕq). This and the bijectivity
of 1− ϕq on T h+1B+

rig,F ⊗F Dcris(V ) imply the claim.

If f ∈ ((B+
rig,F )

ψq=0 ⊗F Dcris(V ))∆=0, then by lemma 3.5.1 there exists y ∈
(B+

rig,F ⊗F Dcris(V ))ψq=1 such that f = (1 − ϕq)y. Since ∇h−1 ◦ · · · ◦ ∇0 kills

⊕h−1
k=0t

k
πDcris(V )ϕq=π−k

we see that ∇h−1 ◦ · · · ◦ ∇0(y) does not depend upon

the choice of such a y (unless Dcris(V )ϕq=π−h 6= 0).

Definition 3.5.2. Let h > 1 be such that Fil−hDcris(V ) = Dcris(V ) and such

that Dcris(V )ϕq=π−h

= 0. We deduce from the above construction a well-
defined map:

ΩV,h : ((B+
rig,F )

ψq=0 ⊗F Dcris(V ))∆=0 → D†rig(V )ψq=1,

given by ΩV,h(f) = ∇h−1 ◦ · · · ◦ ∇0(y) where the element y ∈ (B+
rig,F ⊗F

Dcris(V ))ψq=1 is such that f = (1− ϕq)y and is provided by lemma 3.5.1.

If Dcris(V )ϕq=π−h 6= 0, we get a map

ΩV,h : ((B+
rig,F )

ψq=0 ⊗F Dcris(V ))∆=0 → D†rig(V )ψq=1/V GF =χh
π .

Let u be a basis of F (χπ) as above, and let ej = u⊗j if j ∈ Z.

Theorem 3.5.3. Take y ∈ (B+
rig,F ⊗F Dcris(V ))ψq=1 and let h > 1 be such that

Fil−hDcris(V ) = Dcris(V ). Let f = (1 − ϕq)y so that f ∈ ((B+
rig,F )

ψq=0 ⊗F
Dcris(V ))∆=0.
If j ∈ Z and h+ j > 1, then

h1
Fn,V (χj

π)
(ΩV,h(f)⊗ ej) = (−1)h+j−1(h+ j − 1)!×

{
expFn,V (χj

π)(q
−n∂V (χj

π)(ϕ
−n
q (∂−jy ⊗ t−jπ ej))) if n > 1

expF,V (χj
π)((1 − q−1ϕ−1

q )∂V (χj
π)(∂

−jy ⊗ t−jπ ej)) if n = 0.
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If j ∈ Z and h+ j 6 0, then

exp∗Fn,V ∗(1−j)(h
1
Fn,V (χj

π)
(ΩV,h(f)⊗ ej)) =

1
(−h− j)!

{
q−n∂V (χj

π)(ϕ
−n
q (∂−jy ⊗ t−jπ ej)) if n > 1

(1− q−1ϕ−1
q )∂V (χj

π)(∂
−jy ⊗ t−jπ ej) if n = 0.

Proof. If h+ j > 1, the following diagram is commutative:

D†rig(V )ψq=1 ⊗ej−−−−→ D†rig(V (χjπ))
ψq=1

∇h−1◦···◦∇0

x ∇h+j−1◦···◦∇0

x
(

B+
rig,F ⊗F Dcris(V )

)ψq=1 ∂−j⊗t−jej−−−−−−−→
(

B+
rig,F ⊗F Dcris(V (χjπ))

)ψq=1

,

and the theorem is a straightforward consequence of theorem 3.3.2 applied to
∂−jy ⊗ t−jej, h+ j and V (χjπ) (which are the j-th twists of y, h and V ).

If h+ j 6 0, and ΓFn is torsion free, then theorem 3.3.1 shows that

exp∗Fn,V ∗(1−j)(h
1
Fn,V (χj

π)
(∇h−1 ◦ · · · ◦ ∇0(y)⊗ ej))

= q−n∂V (χj
π)(ϕ

−n
q (∇h−1 ◦ · · · ◦ ∇0(y)⊗ ej))

in Dcris(V (χjπ)), and a short computation involving Taylor series shows that

∂V (χj
π)(ϕ

−n
q (∇h−1 ◦ · · · ◦∇0(y)⊗ej)) = (−h− j)!−1∂V (χj

π)(ϕ
−n
q (∂−jy⊗ t−jπ ej)).

To get the other n, we corestrict.

Corollary 3.5.4. We have ΩV,h(x) ⊗ ej = ΩV (χj
π),h+j(∂

−jx ⊗ t−jπ ej) and
∇h ◦ ΩV,h(x) = ΩV,h+1(x).

Remark 3.5.5. The notation ∂−j is somewhat abusive if j > 1 as ∂ is not
injective on B+

rig,F (it is surjective as can be seen by “integrating” directly a
power series) but the reader can check that this leads to no ambiguity in the
formulas of theorem 3.5.3 above.

If F = Qp and π = p, definition 3.5.2 and theorem 3.5.3 are given in §II.5 of
[Ber03]. They imply that ΩV,h coïncides with Perrin-Riou’s exponential map
(see theorem 3.2.3 of [PR94]) after making suitable identifications (theorem
II.13 of [Ber03]).

Our definition therefore generalizes Perrin-Riou’s exponential map to the F -
analytic setting. We hope to use the results of [Fou05] and [Fou08] to relate
our constructions to suitable Iwasawa algebras as in the cyclotomic case.

Documenta Mathematica 22 (2017) 999–1030



1028 Laurent Berger and Lionel Fourquaux

References

[Ber02] L. Berger – “Représentations p-adiques et équations différentielles”,
Invent. Math. 148 (2002), no. 2, p. 219–284.

[Ber03] L. Berger – “Bloch and Kato’s exponential map: three explicit
formulas”, Doc. Math. (2003), no. Extra Vol., p. 99–129 (electronic),
Kazuya Kato’s fiftieth birthday.

[Ber08] L. Berger – “Construction de (ϕ,Γ)-modules: représentations p-
adiques et B-paires”, Algebra Number Theory 2 (2008), no. 1, p. 91–
120.

[Ber16] L. Berger – “Multivariable (ϕ,Γ)-modules and locally analytic vec-
tors”, Duke Math. J. 165 (2016), no. 18, p. 3567–3595.

[BK90] S. Bloch & K. Kato – “L-functions and Tamagawa numbers of mo-
tives”, in The Grothendieck Festschrift, Vol. I, Progr. Math., vol. 86,
Birkhäuser Boston, Boston, MA, 1990, p. 333–400.

[CC98] F. Cherbonnier & P. Colmez – “Représentations p-adiques sur-
convergentes”, Invent. Math. 133 (1998), no. 3, p. 581–611.

[CC99] F. Cherbonnier & P. Colmez – “Théorie d’Iwasawa des représen-
tations p-adiques d’un corps local”, J. Amer. Math. Soc. 12 (1999),
no. 1, p. 241–268.

[Col79] R. F. Coleman – “Division values in local fields”, Invent. Math. 53
(1979), no. 2, p. 91–116.

[Col02] P. Colmez – “Espaces de Banach de dimension finie”, J. Inst. Math.
Jussieu 1 (2002), no. 3, p. 331–439.

[Col16] P. Colmez – “Représentations localement analytiques de GL2(Qp)
et (ϕ,Γ)-modules”, Represent. Theory 20 (2016), p. 187–248.

[Fon90] J.-M. Fontaine – “Représentations p-adiques des corps locaux.
I”, in The Grothendieck Festschrift, Vol. II, Progr. Math., vol. 87,
Birkhäuser Boston, Boston, MA, 1990, p. 249–309.

[Fon94] J.-M. Fontaine – “Le corps des périodes p-adiques”, Astérisque
(1994), no. 223, p. 59–111, With an appendix by Pierre Colmez,
Périodes p-adiques (Bures-sur-Yvette, 1988).

[Fou05] L. Fourquaux – “Logarithme de Perrin-Riou pour des extensions
associées à un groupe de Lubin-Tate”, Thèse, Université Paris 6,
2005.

[Fou08] L. Fourquaux – “Logarithme de Perrin-Riou pour des extensions
associées à un groupe de Lubin-Tate”, preprint, 2008.

Documenta Mathematica 22 (2017) 999–1030



Iwasawa Theory and Lubin-Tate (ϕ,Γ)-Modules 1029

[FW79a] J.-M. Fontaine & J.-P. Wintenberger – “Extensions algébriques
et corps des normes des extensions APF des corps locaux”, C. R.
Acad. Sci. Paris Sér. A-B 288 (1979), no. 8, p. A441–A444.

[FW79b] J.-M. Fontaine & J.-P. Wintenberger – “Le “corps des normes”
de certaines extensions algébriques de corps locaux”, C. R. Acad. Sci.
Paris Sér. A-B 288 (1979), no. 6, p. A367–A370.

[FX13] L. Fourquaux & B. Xie – “Triangulable OF -analytic (ϕq,Γ)-
modules of rank 2”, Algebra Number Theory 7 (2013), no. 10, p. 2545–
2592.

[Iwa86] K. Iwasawa – Local class field theory, Oxford Science Publications,
The Clarendon Press, Oxford University Press, New York, 1986, Ox-
ford Mathematical Monographs.

[Kat93] K. Kato – “Lectures on the approach to Iwasawa theory for Hasse-
Weil L-functions via BdR. I”, in Arithmetic algebraic geometry
(Trento, 1991), Lecture Notes in Math., vol. 1553, Springer, Berlin,
1993, p. 50–163.

[KR09] M. Kisin & W. Ren – “Galois representations and Lubin-Tate
groups”, Doc. Math. 14 (2009), p. 441–461.

[Laz62] M. Lazard – “Les zéros des fonctions analytiques d’une variable
sur un corps valué complet”, Inst. Hautes Études Sci. Publ. Math.
(1962), no. 14, p. 47–75.

[LT65] J. Lubin & J. Tate – “Formal complex multiplication in local
fields”, Ann. of Math. (2) 81 (1965), p. 380–387.

[Mat95] S. Matsuda – “Local indices of p-adic differential operators corre-
sponding to Artin-Schreier-Witt coverings”, Duke Math. J. 77 (1995),
no. 3, p. 607–625.

[PR94] B. Perrin-Riou – “Théorie d’Iwasawa des représentations p-adiques
sur un corps local”, Invent. Math. 115 (1994), no. 1, p. 81–161, With
an appendix by Jean-Marc Fontaine.

[Ser68] J.-P. Serre – Corps locaux, Hermann, Paris, 1968, Deuxième édi-
tion, Publications de l’Université de Nancago, No. VIII.

[Ser94] J.-P. Serre – Cohomologie galoisienne, fifth éd., Lecture Notes in
Mathematics, vol. 5, Springer-Verlag, Berlin, 1994.

[SV17] P. Schneider & O. Venjakob – “Coates-Wiles homomorphisms
and Iwasawa cohomology for Lubin-Tate extensions”, in Elliptic
Curves, Modular Forms and Iwasawa Theory. In Honour of John
H. Coates’ 70th Birthday, Springer Verlag, 2017.

Documenta Mathematica 22 (2017) 999–1030



1030 Laurent Berger and Lionel Fourquaux

[Tam15] G. Tamme – “On an analytic version of Lazard’s isomorphism”, Al-
gebra Number Theory 9 (2015), no. 4, p. 937–956.

[Tsu04] T. Tsuji – “Explicit reciprocity law and formal moduli for Lubin-
Tate formal groups”, J. Reine Angew. Math. 569 (2004), p. 103–173.

[Win83] J.-P. Wintenberger – “Le corps des normes de certaines extensions
infinies de corps locaux; applications”, Ann. Sci. École Norm. Sup.
(4) 16 (1983), no. 1, p. 59–89.

Laurent Berger
UMPA, ENS de Lyon
UMR 5669 du CNRS
Université de Lyon

Lionel Fourquaux
IRMAR
UMR 6625 du CNRS
Université Rennes 1

Documenta Mathematica 22 (2017) 999–1030



Documenta Math. 1031

Enrichment and Representability

for Triangulated Categories

Johan Steen1and Greg Stevenson2

Received: July 6, 2016

Revised: June 11, 2017

Communicated by Henning Krause

Abstract. Given a fixed tensor triangulated category S we con-
sider triangulated categories T together with an S-enrichment which
is compatible with the triangulated structure of T. It is shown that,
in this setting, an enriched analogue of Brown representability holds
when both S and T are compactly generated. A natural class of ex-
amples of such enriched triangulated categories are module categories
over separable monoids in S. In this context we prove a version of
the Eilenberg–Watts theorem for exact coproduct and copower pre-
serving S-functors, i.e., we show that any such functor between the
module categories of separable monoids in S is given by tensoring with
a bimodule.

2010 Mathematics Subject Classification: Primary 16D90; Secondary
18E30, 55U35.
Keywords and Phrases: Tensor triangulated category, monoid, en-
riched category, representability.

Contents

1 Introduction 1032

2 Preliminaries on enriched categories 1034

3 Enriched Brown representability 1036

1Supported by a Norwegian Research Council project (NFR 231000).
2Partly supported by a fellowship from the Alexander von Humboldt Foundation.

Documenta Mathematica 22 (2017) 1031–1062



1032 Johan Steen and Greg Stevenson

4 Triangulated module categories 1044
4.1 Tensor products over separable monoids . . . . . . . . . . . . . 1050
4.2 A triangulated Eilenberg–Watts theorem . . . . . . . . . . . . . 1053

1 Introduction

Over the last three decades, the importance and strength of compatible
monoidal structures on triangulated categories has been continually highlighted.
This is, for instance, exemplified in classification theorems of Devinatz, Hop-
kins, and Smith [7], Neeman [14], and Thomason [17], which describe various
lattices of thick tensor ideals in terms of associated topological spaces. Of
particular motivational relevance for us is the article of Thomason where it is
shown that the thick tensor ideals in the category of perfect complexes over
a reasonable scheme are classified by certain subsets of the topological space
underlying the scheme. In fact, one can even recover the space if one knows
the lattice of tensor ideals. More recently, Balmer [2] has produced a very el-
egant framework into which these classifications fit, and shown that from the
perfect complexes on a reasonable scheme, together with the left derived tensor
product, one can actually reconstruct the scheme and not just the space. This
is a very striking result; rephrasing slightly, it implies that from this data one
can recover anything one could produce from the original scheme. In particu-
lar, one can get an enhancement of the derived category. This indicates that
the existence of an exact monoidal structure somehow rigidifies the otherwise
frequently rather floppy derived category.

It thus seems natural to ask exactly how much one can extract from the
existence of an exact monoidal structure on a triangulated category or, more
generally, from an action of such a category on another triangulated category.
One way of formalising this setting is to consider enriched categories: given a
rigidly compactly generated tensor triangulated category S and a well behaved
action of S on a compactly generated triangulated category T, one can produce
an S-enrichment of T which is compatible with the triangulated structures. The
aim of this paper is to begin exploring this setting and to do some advertising
by showing that the presence of such an enrichment actually allows one to prove
some “enhancement-flavoured” statements.

The first main part of the paper deals with extending Brown representabil-
ity to our enriched context. Classically, representability theorems have been
important in algebraic topology, dating back to Brown’s result on the rep-
resentability of certain functors out of the homotopy category. The study of
representability of cohomological functors out of triangulated categories is more
recent, but has been very fruitful, starting with the pioneering work of Bousfield
[5] and flourishing with Bökstedt–Neeman [4] and Neeman [15]. It is in this last
paper that Neeman proves the Brown representability theorem for compactly
generated triangulated categories, which is an immensely useful tool. The fun-
damental importance of Brown representability has led to it being generalised
in related directions, see for instance [6], and prompted us to ask if one could
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adapt it to the enriched setting. It turns out that the answer is ‘yes’ as we
show in Theorem 3.10 — Neeman’s original proof is easily modified once one
finds the correct hypotheses in the enriched setting.

Theorem 1.1 (see Theorem 3.10). Let S be a compactly generated tensor trian-
gulated category. Assume that T is a copowered S-category whose underlying cat-
egory T is compactly generated triangulated. Then any S-functor F : Top −→ S

which preserves powers and has an underlying exact and coproduct preserving
functor is representable.

The precise conditions on the compatibility of the triangulated structures
(given below) immediately shows that any representable functor is precisely of
this form.

The second part of the paper deals with a tensor triangular version of
the Eilenberg–Watts theorem. The classical Eilenberg–Watts theorem asserts
that, given rings A and B, any colimit preserving functor from A-modules
to B-modules is given by tensoring with a bimodule, namely the image of A
under said functor. The proof of this theorem is rather elegant, and has been
generalised to many other situations including to the setting of model categories
by Hovey [9]. The key abstract components are a suitable ambient category
(abelian groups in the classical setting) in which to consider bimodule objects
and an enrichment (again in abelian groups in the classical setting) in order to
define the desired natural transformation.

There is, in general, no ambient triangulated category that could play the
role of the category of abelian groups. However, given a separable monoid A in
a fixed tensor triangulated category S, it has been shown by Balmer that the
category of A-modules in S (in the naive sense) is triangulated [1]. Thus, given
two such monoids A and B, we can consider tensor products and bimodules in
the ambient category S. Moreover, in this context, one can naturally view the
module categories over A and B as enriched in S, and we show that there is an
analogue of the Eilenberg–Watts theorem for S-functors between them.

Theorem 1.2 (see Theorem 4.16). Let A and B be separable monoids in a
tensor triangulated category S compactly generated by the tensor unit 1. An
S-functor F : ModSA −→ ModSB preserves copowers and has an exact and
coproduct preserving underlying functor if and only if F ∼= − ⊗A Y , for some
A-B-bimodule Y .

The paper is organized as follows: In Section 2 we give the necessary back-
ground on enriched categories for stating and proving the main theorems. In
Section 3 we prove our enriched analogue of Brown representability, namely that
certain power preserving functors out of enriched categories are representable.
In Section 4 we recall, with significant detail, the relevant facts from the theory
of separable monoids and prove our enriched Eilenberg–Watts theorem.

Acknowledgements. We are grateful to the anonymous referee for several
thoughtful comments which improved the exposition.
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2 Preliminaries on enriched categories

Let (V,⊗,1) be a closed symmetric monoidal category, whose internal hom we
denote by V(−,−). We recall that a V-category (or a category enriched in V)
A is a collection of objects obA, for each a, a′ ∈ obA an object of morphisms
A(a, a′) ∈ V, composition maps for each a, a′, a′′ ∈ obA

A(a′, a′′)⊗A(a, a′)
◦−→ A(a, a′′)

and units ia : 1 −→ A(a, a) such that the natural associativity and unitality
constraints are satisfied. The category V naturally gives rise to a V-category V

whose objects of morphisms for x, y ∈ V are V(x, y). For the precise diagrams
that must be satisfied, further details on the self-enrichment of V, and a more
complete treatment of the facts we recall here the reader can consult [11].

Given V-categories A and B a V-functor F : A −→ B is given by an assign-
ment, which is also denoted by F,

F : obA −→ obB

together with maps in V for all a, a′ ∈ A

Fa,a′ : A(a, a′) −→ B(Fa,Fa′).

These maps must be compatible with composition in the sense that the dia-
grams

A(a′, a′′)⊗A(a, a′) A(a, a′′)

B(Fa′,Fa′′)⊗B(Fa,Fa′) B(Fa,Fa′′)

◦A

◦B

Fa′,a′′ ⊗ Fa,a′ Fa,a′′

commute for all a, a′, a′′ ∈ A. They must also be unital, i.e., for all a ∈ A the
triangle

1 A(a, a)

B(Fa,Fa)

ia

iFa
Fa,a

commutes. Suppose G : A −→ B is an additional V-functor. A V-natural
transformation α : F −→ G is given by components

αa : 1 −→ B(Fa,Ga), a ∈ A
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such that the following hexagons, which express the naturality of α, commute
for all a, a′ ∈ A:

A(a, a′)⊗ 1 B(Ga,Ga′)⊗B(Fa,Ga)

A(a, a′) B(Fa,Ga′)

1⊗ A(a, a′) B(Fa′,Ga′)⊗B(Fa,Fa′)

Ga,a′ ⊗ αa

αa′ ⊗ Fa,a′

◦

◦

Let A be a V-category. The underlying category A0 of A is the usual
category with objects obA and

A0(a, a′) = V
(
1,A(a, a′)

)
.

The composition and units in A0 are induced from A in the obvious way. This
construction defines a 2-functor from V-categories to categories: given a V-
functor F : A −→ B, its underlying functor F0 : A0 −→ B0 has the same as-
signment on objects, its action on maps is given by V(1,F−,−) and the natural
transformations essentially do not change.

Given a ∈ A and v ∈ V the copower of a by v, if it exists, is an object
v ⊙ a of A together with natural isomorphisms in V

A(v ⊙ a, a′) ∼= V
(
v,A(a, a′)

)

for all a′ ∈ A. Dually the power of a by v, if it exists, is an object v ⋔ a of A
together with natural isomorphisms in V

A(a′, v ⋔ a) ∼= V
(
v,A(a′, a)

)

for all a′ ∈ A.
If all (co)powers exist we say that A is a (co)powered V-category.

Example 2.1. One sees easily from the definition that all copowers and powers
exist in V. Indeed, one has the equalities for x, y ∈ V

x⊙ y = x⊗ y and x ⋔ y = V(x, y);

the defining isomorphisms for (co)powers express the adjunction between ⊗
and V(−,−).

We will not require much technology concerning powers and copowers.
However, we will need the following, rather standard, lemma.

Documenta Mathematica 22 (2017) 1031–1062



1036 Johan Steen and Greg Stevenson

Lemma 2.2. Let A and B be powered V-categories and let F : A −→ B be a
V-functor. Given v ∈ V and a ∈ A there is a natural map

F(v ⋔ a) −→ v ⋔ Fa.

Proof. The desired morphism is given by following the identity map through
the following diagram:

A(v ⋔ a, v ⋔ a) B
(
F(v ⋔ a), v ⋔ Fa

)

V
(
v,A(v ⋔ a, a)

)
V
(
v,B(F(v ⋔ a),Fa)

)

∼=

∼ =

V(v,Fv⋔a,a)

Using the lemma we can make sense of the statement that the functor F

preserves powers, i.e., that for all v ∈ V and a ∈ A the morphism of the lemma
is an isomorphism. Of course there is the following dual statement which we
shall also use.

Lemma 2.3. Let A and B be copowered V-categories and let F : A −→ B be a
V-functor. Given v ∈ V and a ∈ A there is a natural map

v ⊙ Fa −→ F(v ⊙ a).

3 Enriched Brown representability

This section is devoted to the first of our main results, namely that Brown
representability holds in the enriched setting. Let us begin by introducing the
players and formulating what we mean by enriched Brown representability.

Setup 3.1. Let S be a compactly generated tensor triangulated category, i.e.,
S is a compactly generated triangulated category with a closed symmetric
monoidal structure (⊗, S(−,−),1) such that ⊗ is exact in both variables. We
moreover assume that the internal hom S(−,−) is exact in both variables. We
assume throughout that the compact objects of S form a tensor subcategory,
i.e., the unit 1 is compact and the tensor product of two compacts is compact.
Following our earlier conventions we denote by S the self-enrichment of S.

We fix an S-category T with copowers (i.e., Top has powers) such that the
underlying category, denoted T, carries the structure of a compactly generated
triangulated category (which is also fixed throughout this section). We will
assume that the triangulated structure of T is compatible with the S-enrichment
in the sense that the functors

T(t,−)0 and T(−, t)0
underlying the S-functors corepresented and represented by t ∈ T, are exact for
all t. We also require that for a compact object c ∈ S and a compact object
t ∈ T the copower c⊙ t is again compact in T.
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Remark 3.2. One source, at least morally, of such T is the theory of actions
of compactly generated tensor triangulated categories. Given S as above with
a sufficiently nice action, in the sense of [16], on a compactly generated trian-
gulated category T one obtains an S-category T whose underlying category is
canonically identified with T. Further details concerning this intuition can be
found in [10] and also in Section 4 (see in particular Lemma 4.4 and Proposi-
tion 4.5).

Definition 3.3. We say that T satisfies enriched Brown representability if ev-
ery power preserving functor S-functor F : Top −→ S, such that the underlying
functor F = F0 is exact and preserves products, is isomorphic to a representable
S-functor.

Remark 3.4. Since products in Top are precisely the coproducts in T, the
phrase “F preserves products” means that it sends coproducts to products,
which is precisely the assumption in the usual Brown representability theorem.
Similarly, the power preservation hypothesis can be unwound as saying F sends
copowers to powers.

The assumption in Definition 3.3 that the enriched functor F preserve
powers is a novelty of the enriched world — there is no analogous requirement
in the unenriched formulation of Brown representability. In some situations,
as the following lemma shows, this requirement is for free and can hence be
omitted.

Lemma 3.5. If S is generated by the tensor unit 1 then every enriched func-
tor F : Top −→ S, whose underlying functor is exact and product preserving,
automatically preserves powers.

Proof. Recall from Lemma 2.2 that there is, given s ∈ S and t ∈ T, a natural
comparison map

γs,t : F(s⊙ t) −→ s ⋔ Ft.

Let us fix a t ∈ T and consider the collection in S defined by

M = {s ∈ S | γs,t is an isomorphism}.

One checks, without much difficulty, that M is localizing in S: the comparison
maps are compatible with suspensions, coproducts, and triangles by virtue
of F having an exact and product preserving underlying functor. Moreover,
the category M contains 1 as in that case the comparison map is the obvious
isomorphism

F(1⊙ t) ∼=−→ Ft
∼=−→ 1 ⋔ Ft.

As 1 generates S we conclude that M = S, i.e., γs,t is an isomorphism for all
s ∈ S. Finally, as the object t ∈ T was arbitrary and played no role, we see
that F preserves powers.

Before proceeding one final remark is in order.
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Remark 3.6. Given t ∈ T the functor it represents always preserves powers.
This is essentially the definition of powering:

T(s⊙ t′, t) ∼=−→ S(s,T(t′, t))

Thus power preservation is a necessary condition for an enriched functor to be
representable. However, it is possible, by a quirk of triangulated categories,
that power preservation could follow in some way from the requirement that
the underlying functor be exact and product preserving. While we suspect this
is not the case we have been unable to construct an example demonstrating
this.

We shall prove that, given S and T as in Setup 3.1, the category T satisfies
enriched Brown representability. Our argument parallels Neeman’s proof [15,
Theorem 3.1] of the usual Brown representability theorem for compactly gen-
erated triangulated categories. The only real adaptation required is to avoid
using morphisms in T (as there is not necessarily such a notion), and this is
fairly standard. The most important observation is, in some sense, that the cor-
rect condition for enriched representability is not just that F should commute
with products but that F also should preserve powers; this is not visible when
the tensor unit generates S, as pointed out in Lemma 3.5, but is crucial for our
method of extending from the case that S is generated by 1 to the general case
(see the proof of Theorem 3.10).

Let S and T be as in Setup 3.1 and fix an S-functor F : Top −→ S whose
underlying functor we denote by F. As indicated above we shall assume that
F preserves powers and that F is exact and commutes with products. As
in Neeman’s proof we begin by constructing a tower of objects in T whose
corresponding representable functors approximate F.

Let G be a suspension closed compact generating set for T, for example
one could take G to be a skeleton for the compacts Tc. Set

U0 = {(g, f) | g ∈ G, f : 1 −→ Fg}
and form the corresponding coproduct

X0 =
∐

(g,f)∈U0

g

in T. By the weak form of the enriched Yoneda lemma we have isomorphisms

Hom
(
T(−, X0),F

) ∼= S(1,FX0)

∼= S
(
1,F(

∐

(g,f)∈U0

g)
)

∼= S(1,
∏

(g,f)∈U0

Fg)

∼=
∏

(g,f)∈U0

S(1,Fg)
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and so ∏

(g,f)∈U0

f ∈
∏

(g,f)∈U0

S(1,Fg)

gives a canonical enriched natural transformation φ0 : T(−, X0) −→ F.
We now assume, inductively, that we have constructed objects Xi ∈ T

together with morphisms

ψi ∈ T(Xi−1, Xi) and φi ∈ Hom
(
T(−, Xi),F

)

such that the triangles

T(−, Xi−1)

F

T(−, Xi)

φi−1

T(−, ψi)

φi

commute. The object Xi+1 and maps φi+1 and ψi+1 are constructed as follows:
Set

Ui+1 =
∐

g∈G
kerS

(
1,T(g,Xi)

) S(1,φig)−−−−−→ S(1,Fg)

and consider the coproduct

Ki+1 =
∐

(g,f)∈Ui+1

g,

where (g, f) ∈ Ui+1 is our notation for the morphism

f ∈ S
(
1,T(g,Xi)

)
= T(g,Xi)

occurring in Ui+1. There is a canonical morphism Ki+1 −→ Xi in T and we
complete it to a triangle

Ki+1 −→ Xi
ψi+1

−−−→ Xi+1 −→ ΣKi+1

defining Xi+1. We now produce the morphism φi+1. Applying the exact functor
F gives a triangle in S

∏

(g,f)∈Ui+1

Fg ∼= FKi+1 ←− FXi
Fψi+1

←−−−− FXi+1 ←− Σ−1FKi+1.

By the Yoneda lemma the map φi corresponds to a morphism, which we also
call φi, 1 −→ FXi. We claim that the latter map factors via FXi+1 giving, by
Yoneda, the desired natural transformation φi+1.
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By construction FXi −→ FKi+1 corresponds to the components

1
f−→ T(g,Xi)

Fg,Xi−−−−→ S(FXi,Fg).

Applying the ⊗-S(−,−) adjunction

S
(
T(g,Xi), S(FXi,Fg)

) ∼= S
(
FXi ⊗ T(g,Xi),Fg

)

to
Fg,Xi : T(g,Xi) −→ S(FXi,Fg),

the component at (g, f) of the composite 1
φi−→ FXi −→ FKi+1 can be written

as the composite

1
∼=−→ 1⊗ 1

φi⊗f−−−→ FXi ⊗ T(g,Xi) −→ Fg.

On the other hand, the above composite can be identified with

1
f−→ T(g,Xi)

φig−→ Fg,

which is zero by construction as f ∈ kerS
(
1,T(g,Xi)

) S(1,φig)−−−−−→ S(1,Fg). This
shows

1
φi−→ FXi −→ FKi+1

is zero in S and thus φi can be factored via a morphism φi+1 : 1 −→ FXi+1.
Equivalently, we have a natural transformation of enriched functors, which we
also denote by φi+1, making the following triangle commute

T(−, Xi)

F.

T(−, Xi+1)

φi

T(−, ψi+1)

φi+1

Indeed, this triangle commutes by construction since the triangle

FXi

1

FXi+1

φi

Fψi+1

φi+1

commutes in S.
We now define an object X of T by

X = hocolimiXi,
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i.e., by the triangle in T

∐

i

Xi
1−ψi−−−→

∐

i

Xi −→ X −→ Σ
∐

i

Xi.

Applying F to this defining triangle yields a triangle in S

∏

i

FXi
1−Fψi+1

←−−−−−−
∏

i

FXi ←− FX ←− Σ−1
∏

i

FXi.

By the compatibility conditions between the φi and ψi, the composite

1 −→
∏

i

FXi
1−Fψi−−−−→

∏

i

FXi,

where the first morphism is induced by the φi, vanishes and so the triangle
gives us a factorization of 1 −→ ∏

i FXi via φ : 1 −→ FX . This map φ is
compatible with the φi and ψi in the obvious way.

Corresponding to φ we have an enriched natural transformation

φ : T(−, X) −→ F.

We will prove that φ is an isomorphism of S-functors, i.e., each of the compo-
nents

φY : 1 −→ S
(
T(Y,X),FY

)

or, more precisely, the maps they correspond to

φY : T(Y,X) −→ FY

are isomorphisms in S. First we observe that it is enough to check this on
generators.

Lemma 3.7. The full subcategory

M = {Y ∈ T | φY is an isomorphism}

is localizing in T. In particular, if G ⊆ M then M = T and so φ is an isomor-
phism.

Proof. The underlying natural transformation of φ, whose components are just
the φY , is a natural transformation between the exact product preserving func-
tors T(−, X) and F (recall product preservation here means sending coproducts
to products). The usual argument shows M is localizing: the suspension of an
isomorphism is an isomorphism, as is any product of isomorphisms, and any
completion of two isomorphisms to a morphism of triangles.

The final statement is then clear, as any localizing subcategory of T con-
taining G must be T itself. By definition of M this says that φY is an isomor-
phism for all Y ∈ T, i.e., φ is a natural isomorphism.
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Our strategy to check that the φg are isomorphisms for g ∈ G is as follows.
We can complete φg to a triangle in S

T(g,X)
φg−→ Fg −→ Zg −→ ΣT(g,X)

and it is sufficient to show Zg ∼= 0. The first step in proving that Zg vanishes
is the following lemma.

Lemma 3.8. There are no morphisms from 1 to ΣiZg for any i ∈ Z, i.e.,

S(1,ΣiZg) = 0 ∀ i ∈ Z.

Proof. Applying S(1,−) to the triangle defining Zg gives a commutative dia-
gram

S(1,Σi−1Zg) S
(
1,ΣiT(g,X)

)
S(1,ΣiFg) S(1,ΣiZg)

S
(
1,T(Σ−ig,X)

)
S
(
1,F(Σ−ig)

)
∼= ∼=

where the top row is exact and Σ−ig ∈ G by the assumption that G is suspen-
sion closed. Suspension closure of G together with the above diagram means
it is sufficient to consider the case i = 0, i.e., show that

S
(
1,T(g,X)

)
−→ S(1,Fg)

is an isomorphism. We now use the identifications

S(1,T(g,X)) = T(g,X)

= T(g, hocolimiXi)
∼= colimi T(g,Xi).

By construction T(g,X0) −→ S(1,Fg) is surjective and fits into the commuta-
tive triangle

T(g,X0) S(1,Fg)

T(g,X)

showing that T(g,X) −→ S(1,Fg) is also surjective.
Now we prove that it is also injective. Suppose we are given

f ∈ ker
(

colimi T(g,Xi) −→ S(1,Fg)
)
.

It can be represented by some fi ∈ T(g,Xi) which is then necessarily in the
kernel of the composite

S
(
1,T(g,Xi)

)
= T(g,Xi) −→ colimi T(g,X) −→ S(1,Fg).
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Hence fi is an element of the set Ui+1 which we used in defining Xi+1. Com-
mutativity of

T(g,Xi)

T(g,X)

T(g,Xi+1)
T(g, ψi+1)

then implies, by the way ψi+1 was defined, that the image of fi in T(g,X),
which is none other than f , is zero. Thus the map T(g,X) −→ S(1,Fg) is
injective.

So we have proved that T(g,X) −→ S(1,Fg) is an isomorphism for any
g ∈ G. The exact sequence considered at the beginning of the proof then forces
S(1, Zg) to be zero as claimed.

Remark 3.9. This is already enough to prove representability in the case S is
generated by 1. We have not yet invoked the power preservation hypothesis,
but this is to be expected, as the condition that F preserve powers is redundant
by Lemma 3.5.

Theorem 3.10. Let S be a compactly generated tensor triangulated category
whose compact objects are a tensor subcategory and denote by S the self-
enrichment of S. Let T be a copowered S-category whose underlying category
T carries a fixed structure of compactly generated triangulated category. Fi-
nally, suppose the operation of copowering by an object of Sc sends compacts
to compacts in T. Then any power preserving S-functor F : Top −→ S whose
underlying functor is exact and preserves products is representable, i.e., there
is an X ∈ T with

T(−, X) ∼= F.

Proof. We shall prove that the map φ : T(−, X) −→ F which we constructed
earlier is an isomorphism. By Lemma 3.7 it is enough to check this on our
compact generating set G for T. Let c be a compact object of S, and let g ∈ G.
Both F and T(−, X) preserve powers so we get a diagram

S
(
c,T(g,X)

)
S(c,Fg)

S
(
1, S
(
c,T(g,X)

))
S
(
1, S(c,Fg)

)

S
(
1,T(c⊙ g,X)

)
S
(
1,F(c⊙ g)

)

∼=
∼=

∼=
∼=

which commutes by naturality. Without loss of generality we may assume our
generating setG is closed under copowering with objects of Sc. Thus Lemma 3.8
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applies to show, by considering the triangle in S

T(c⊙ g,X) −→ F(c⊙ g) −→ Zc⊙g −→ ΣT(c⊙ g,X),

that the bottom morphism in the above diagram is an isomorphism. Hence for
any compact object c ∈ Sc

S
(
c,T(g,X)

)
−→ S(c,Fg)

is an isomorphism. Compact generation of S then implies φg : T(g,X) −→ Fg
is an isomorphism. Since g ∈ G was arbitrary this completes the proof.

4 Triangulated module categories

We now turn to the question of representing covariant functors via bimodule
objects. This is a more delicate question as, in general, an abstract triangulated
category is not some subcategory of objects with extra structure in a “universal
ambient” triangulated category where such bimodules could exist. However,
we are still able to prove representability results for functors between certain
triangulated categories. Let us begin by fixing the setup and some conventions.

Throughout S will denote a compactly generated tensor triangulated cat-
egory and S will denote S considered as a category enriched in itself. We will
always make the assumption that S is generated by the tensor unit, i.e.,

S = 〈1〉.

Finally, we will assume that S is ∞-triangulated in the sense that one has
higher octahedra and the corresponding compatibility axioms for them. Let us
allay any potential worry this last sentence could have caused by pointing out
right away that we shall not explicitly deal with this higher structure. It is a
technical assumption required in the work of Balmer [1] which forms the basis
for our results. The reader who desires further details should consult the work
of Künzer [12] and Maltsiniotis [13]; a compact presentation of the axioms can
also be found in [1].

As S is monoidal one can consider monoid objects in S. We briefly recall
that a monoid consist of an object, say, A, a multiplication µ : A⊗A −→ A and
a unit η : 1 −→ A subject to the usual associativity and unitality diagrams.

Given such a monoid A, we define the category of right A-modules in S,
denoted by ModSA, to have as objects pairs (x, ρ), where ρ : x ⊗ A −→ x is
compatible with the monoid structure in the natural way, i.e., the following
two diagrams commute:

x⊗A⊗A x⊗A

x⊗A x

x⊗ 1 x⊗A

x

ρ ⊗ 1

1⊗ µ ρ

ρ

1⊗ η

ρ
∼=

(4.1)
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A morphism f : (x, ρx) −→ (y, ρy) is merely an A-linear morphism, i.e., a
morphism f : x −→ y such that

x⊗A y ⊗A

x y

f ⊗ 1

ρx ρy

f

commutes. Note in particular that (A, µ) is a right module. One defines the
category of left A-modules and, given another monoid B, the category of A-B-
bimodules similarly.

As S is symmetric monoidal, there are isomorphisms cx,y : x⊗ y ∼=−→ y⊗x,
natural in both x and y. Thus any monoid A admits another product, namely
µ◦cA,A. We shall denote this opposite monoid by Aop. This allows us to view a
left A-module in S as an object of ModS A

op and an A-B-bimodule as an object
of ModSA

op ⊗B.

Definition 4.1. A monoid A with multiplication µ is separable if the multi-
plication map µ admits a bimodule section, i.e., a morphism σ : A −→ A ⊗ A
such that µσ = 1 and the following diagram commutes:

A⊗A

A⊗A⊗A A A⊗A⊗A

A⊗A

σ ⊗ 1
µ

1⊗ σ

1⊗ µ
σ

µ⊗ 1

Remark 4.2. A monoid A gives rise to the extension of scalars functor

FA = −⊗A : S −→ ModSA,

which admits as a right adjoint the forgetful functor UA : ModSA −→ S. By
[1, Prop. 3.11] a monoid is separable if and only if UA is separable as a functor,
i.e., the counit εA : FAUA −→ IdModS A admits a section.

We recall the following theorem due to Balmer, showing that the category
of A-modules inherits a triangulated structure from S provided A is separable.

Theorem 4.3 ([1, Cor. 5.18]). Let S be tensor ∞-triangulated and let A ∈ S

be a separable monoid. Then ModSA has a unique ∞-triangulation such that
an n-triangle in ModS A is distinguished if and only if its image under UA is
distinguished in S.
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In particular ModSA is triangulated, and a triangle

(x, ρx) −→ (y, ρy) −→ (z, ρz) −→ (Σx,Σρx)

is distinguished precisely when x −→ y −→ z −→ Σx is.
By the exactness of ⊗ on S, this observation yields an action of S on

ModSA in the sense of [16]. Indeed, Balmer’s description of the triangulated
structure immediately implies that for s ∈ S the functor

s⊗− : ModS A −→ ModSA

sends distinguished triangles to distinguished triangles (since s⊗− is exact as
an endofunctor of S).

We now sketch that such an action gives rise to an enrichment. Note that
this observation is certainly not new, and details can be found for instance in
[10].

Lemma 4.4. Let T be a triangulated category which admits an S-action

⊙ : S× T −→ T

such that ⊙ is exact and coproduct preserving in each variable. Then T admits
an enrichment T, in S, such that T0 = T. Moreover, T is copowered over S.

Proof. We only give a sketch of the proof to fix ideas. Further details can be
found in [10].

Fix x ∈ T and consider the functor − ⊙ x : S −→ T. It is exact and
commutes with coproducts, and thus, by the usual (i.e., unenriched) Brown
representability theorem, admits a right adjoint which we denote

T(x,−) : T −→ S.

To be a bit more precise, this adjoint is constructed by applying (the usual)
Brown representability theorem to the functors

T(−⊙ x, y) : S −→ ModZ

for y ∈ T and defining T(x, y) to be the representing object. In particular,
since these are all functors S −→ T we only need that S is compactly generated

— it is not necessary for T to be compactly generated. That the representing
objects T(x, y) can be assembled into the object assignment of a bifunctor is a
standard argument; the idea is that one defines the action on morphisms via
the Yoneda lemma and the natural isomorphisms

T(−⊙ x, y)
∼=−→ S(−,T(x, y)).

We claim that evaluating the functor T(x,−) we have constructed at y ∈ T

gives the hom object T(x, y) of a category T enriched in S. First note that there
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is a natural evaluation morphism εx,y : T(x, y) ⊙ x −→ y given by the counit.
One defines a composition, using these evaluation maps, as the image of the
identity of z traced through

1z ∈ T(z, z) −→ T
(
T(y, z)⊙ y, z

)
−→T

(
T(y, z)⊙

(
T(x, y) ⊙ x

)
, z
)

∼= T
((
T(y, z)⊗ T(x, y)

)
⊙ x, z

)

∼= S
(
T(y, z)⊗ T(x, y),T(x, z)

)

The unit ix : 1 −→ T(x, x) is given via the isomorphism

1x ∈ T(x, x) ∼= T(1⊙ x, x) ∼= S
(
1,T(x, x)

)
,

which also shows that T0 = T. One then needs to check that the composition de-
fined above is in fact associative and unital, which is a (mostly) straightforward
exercise in diagram chasing. That T is copowered over S is immediate from the
construction of the enrichment as copowers are just given by the S-action.

One can also give an interpretation of enriched functors in terms of actions.
We next sketch (in detail) a version of this sort of result which is relevant to our
work. A more general treatment can be found in [8]. We recall that an S-action
provides us with unitors, that is, natural isomorphisms lx : 1⊙ x −→ x.

Proposition 4.5. Let F : T −→ U be an exact coproduct preserving functor of
triangulated categories admitting S-actions as in Lemma 4.4. The following are
equivalent:

1. F is the underlying functor of an S-functor F : T −→ U.

2. There are natural morphisms s⊙ Fx
γs,x−→ F(s⊙ x) for all s in S and x in

T verifying the following unitor and cocycle conditions (up to associators
which we omit):

lFx = (Flx)γ1,x

γs⊗s′,x = γs,s′⊙x(s⊙ γs′,x).

If these conditions are satisfied, the S-functor F : T −→ U preserves copowers
if and only if each γs,x is an isomorphism.

Proof. If F is an S-functor then one has natural comparison maps, as in
Lemma 2.3, s ⊙ Fx −→ F(s ⊙ x). As they arise via the universal property
of copowers, they satisfy the required unitor and cocycle conditions yielding
compatibility of F with the action. Assuming that F preserves copowers just
says that these natural maps are isomorphisms.

Now let us suppose we are given an F together with coherent comparison
maps γs,x for all s ∈ S and x ∈ T. We construct a candidate F by taking
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the same object assignment as for F and defining Fx,y to be the image of the
composite

T(x, y)⊙ Fx F(T(x, y) ⊙ x) Fy
γT(x,y),x Fεx,y

under the adjunction isomorphism

U
(
T(x, y)⊙ Fx,Fy

) ∼= S
(
T(x, y),U(Fx,Fy)

)
.

We then have to verify that F is in fact an S-functor, i.e., the above morphisms
are compatible with units and composition.

From the unitor condition and naturality of γ, we obtain

lFx = (Flx)γ1,x

= (Fεx)
(
F(ix ⊙ 1)

)
γ1,x

= (Fεx)γT(x,x),x(ix ⊙ 1): 1⊙ Fx −→ Fx,

and passing through the adjunction yields iFx = Fx,xix : 1 −→ U(Fx,Fx), show-
ing that F preserves units.

To show that F preserves compositions, it is sufficient to show equality of
the two adjunct morphisms T(y, z)⊗ T(x, y)⊙ Fx −→ Fz; namely that

εFy,Fz(1 ⊙ εFx,Fy)(Fy,z ⊙ Fx,y ⊙ 1) = εFx,FzFx,z(◦ ⊙ 1).

Using that εFx,Fy(Fx,y ⊙ 1) = (Fεx,y)γT(x,y),x, naturality of γ and the cocycle
condition, we compute

εFy,Fz(1⊙ εFx,Fy)(Fy,z ⊙ Fx,y ⊙ 1)

= (Fεy,z)γT(y,z),y(1⊙ Fεx,y)(1 ⊙ γT(x,y),x)

= (Fεy,z)F(1⊙ εx,y)γT(y,z),T(x,y)⊙y(1⊙ γT(x,y),x)

= (Fεx,z)F(◦ ⊗ 1)γT(y,z)⊗T(x,y),x

= (Fεx,z)γT(x,z),x(◦ ⊙ 1)

= εFx,FzFx,z(◦ ⊙ 1).

Thus F is an S-functor. By its construction, it automatically preserves copowers
provided each γs,x is an isomorphism.

We now consider the canonical action of S on ModSA given by s⊗ (x, ρ) =
(s⊗x, 1⊗ρ). Using the abstract result on actions giving enrichments we see that
ModSA admits a corresponding enrichment which we shall denote by ModSA,
and whose hom objects we denote by [−,−]A.

We note, as a particular consequence of the construction, that the functor
[A,−]A : ModS A −→ S arises as the right adjoint of FA = −⊗A : S −→ ModSA,
and therefore [A,−]A must be isomorphic to UA, the forgetful functor. This
isomorphism can be made explicit by considering the adjunction isomorphism

ModSA(X ⊗A,X)
∼=−→ S(X, [A,X ]A),
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for any A-module (X, ρ). The isomorphism X
∼=−→ [A,X ]A is then given by ρ♭,

the right adjunct to ρ (where ρ giving a map of right modules just expresses
associativity of the right action of A on X). We will keep this notation in the
sequel, denoting the right adjunct of f , say, by f ♭ and the left adjunct by f ♯.
We omit the adjunction from the notation, as in all cases it will be clear from
the context.

We also note that

◦ : [Y, Z]A ⊗ [X,Y ]A −→ [X,Z]A

by definition arises as the right adjunct to the composite

[Y, Z]A ⊗ [X,Y ]A ⊗X
1⊗εX,Y−−−−−→ [Y, Z]A ⊗ Y

εY,Z−−−→ Z

of counits.
The module structure is tightly connected with composition in the enrich-

ment in the following way.

Lemma 4.6. Let (X, ρ) be a right A-module. Then the following diagram in S

commutes:

X ⊗A X

[A,X ]A ⊗ [A,A]A [A,X ]A

ρ

ρ♭ ⊗ µ♭∼ = ρ♭∼ =

◦

Proof. We consider the left adjuncts, and compute

(ρ♭ρ)♯ = εA,X(ρ♭ρ⊗ 1)

= εA,X(ρ♭ ⊗ 1)(ρ⊗ 1)

= ρ(ρ⊗ 1),

and, on the other hand
(
◦ (ρ♭ ⊗ µ♭)

)♯
= εA,X(◦ ⊗ 1)(ρ♭ ⊗ µ♭ ⊗ 1)

= εA,X(1⊗ εA,A)(ρ♭ ⊗ µ♭ ⊗ 1)

= εA,X(ρ♭ ⊗ µ)

= εA,X(ρ♭ ⊗ 1)(1⊗ µ)

= ρ(1 ⊗ µ).

As (X, ρ) is a right A-module these two expressions are equal. Consequently
the diagram commutes.

Our aim is to determine when a functor between module categories of
separable monoids is given by tensoring with a bimodule. We will make precise
what this means momentarily, but let us emphasize that it should at least be
“S-linear”. Thus by Lemma 4.4 and Proposition 4.5 we are really making a
statement about enriched functors.
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4.1 Tensor products over separable monoids

In order to make sense of the statement in Theorem 1.2 we need to define the
tensor product over a separable monoid A in S.

First let us fix a right A-module (X, ρ) and a left A-module (Y, λ). The
endomorphism e

X ⊗ Y ∼=−→ X ⊗ 1⊗ Y 1⊗η⊗1−−−−→ X ⊗A⊗ Y 1⊗σ⊗1−−−−→ X ⊗A⊗A⊗ Y ρ⊗λ−−−→ X ⊗ Y

is an idempotent, which one sees by considering the following commutative
diagram (where we omit the intermediate objects, which can be deduced from
the morphisms, for space reasons)

X ⊗ Y

X ⊗ Y

1 ⊗ ση ⊗ 1 1⊗2 ⊗ η ⊗ 1⊗2
1⊗2 ⊗ σ ⊗ 1⊗2 ρ ⊗ 1⊗2 ⊗ λ

ρ ⊗ λ

1 ⊗ µ⊗ 1⊗2 1 ⊗ µ⊗ 1⊗3

1 ⊗ µ⊗ 1 1⊗2 ⊗ µ⊗ 1

1 ⊗ σ ⊗ 1⊗2

1 ⊗ σ ⊗ 1

1⊗4

1 ⊗ η ⊗ 1

ρ ⊗ λ

where the composition along the top is e2 and the one along the bottom is e.
As idempotents in S split, im(e) is a summand of X ⊗ Y and we define the
tensor product over A as

X ⊗A Y := im(e),

following Balmer [3].
We fix notation for the splitting as follows

ker(e) X ⊗ Y im(e)
j p

iq

where both the upper and lower row are split exact triangles which satisfy

pi = 1, ip = e; qj = 1, jq = 1− e.

The next lemma shows that this definition of the tensor product over A
coincides with the usual one.

Lemma 4.7 ([3]). The diagram

X ⊗A⊗ Y X ⊗ Y im(e)
ρ⊗ 1

1⊗ λ

p

is a coequalizer in S.
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Proof. Composing with the monomorphism i, one sees that p(ρ⊗ 1) = p(1⊗λ)
is equivalent to e(ρ⊗ 1) = e(1⊗ λ). The composite e(ρ⊗ 1) is

X ⊗A⊗ Y 1⊗2⊗ση⊗1−−−−−−−→ X ⊗A⊗A⊗A⊗ Y ρ⊗1⊗3

−−−−→ X ⊗A⊗A⊗ Y ρ⊗λ−−−→ X ⊗ Y.

Replacing ρ⊗1⊗3 by 1⊗µ⊗1⊗2, and interchanging µ and σ as per the definition
of a separable monoid, we can rewrite this as

X ⊗A⊗ Y 1⊗σ⊗1−−−−→ X ⊗A⊗A⊗ Y ρ⊗λ−−−→ X ⊗ Y.

The composite e(1 ⊗ λ) can also be rewritten this way and hence e(ρ ⊗ 1) =
e(1⊗ λ).

Next we show that the idempotent e precisely detects when a morphism
coequalizes ρ ⊗ 1 and 1 ⊗ λ. More precisely, we claim that for a morphism
f : X ⊗ Y −→ Z, f(ρ⊗ 1) = f(1⊗ λ) if and only if f = fe.

First assume that f(ρ ⊗ 1) = f(1 ⊗ λ). Thus we have a commutative
diagram

X ⊗ Y X ⊗ Y

X ⊗ Y Z

1⊗ η ⊗ 1 1⊗ σ ⊗ 1 ρ⊗ 1⊗2
1⊗ λ

fρ⊗ 1

ρ⊗ 1 f

1⊗ µ⊗ 1
1⊗3

whose top row is e, showing that fe = f . For the converse we use the first part
of the proof and obtain

f(ρ⊗ 1) = fe(ρ⊗ 1) = fe(1⊗ λ) = f(1⊗ λ).

Lastly, we need to show that the universal property holds under the as-
sumption fe = f . This equality can be rewritten as fjq = f(1 − e) = 0,
implying fj = 0 since q is an epimorphism. It follows that there is a unique
morphism f̄ : im(e) −→ Z such that f̄ p = f .

The tensor product constructed above is a left adjoint in two variables to
the internal homs we constructed to enrich the module categories over separable
monoids. The next proposition makes this precise.

Proposition 4.8. Let A and B be separable monoids in S. Given a right A-
module X, an A-B-bimodule Y and a right B-module Z there is an isomorphism

ModSB(X ⊗A Y, Z) ∼= ModSA(X, [Y, Z]B)

natural in all three variables.
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Proof. It is clear that X ⊗A Y is a right B-module. We begin by showing
[Y, Z]B is indeed a right A-module. The left A-module structure of Y produces
a morphism in ModB

[Y, Z]B ⊗A⊗ Y 1⊗λY−−−−→ [Y, Z]B ⊗ Y
εY,Z−−−→ Z,

which by adjunction yields the right A-module structure on [Y, Z]B

[Y, Z]B ⊗A
(
εY,Z(1⊗λY )

)♭
−−−−−−−−−−→ [Y, Z]B.

Fix a morphism f : X ⊗A Y −→ Z in ModSB. Precomposing with the
split epimorphism p : X ⊗ Y −→ X ⊗A Y we obtain a morphism

X
(fp)♭−−−→ [Y, Z]B

in S. Showing that this is a morphism in ModSA amounts to showing the
commutativity of

X ⊗A [Y, Z]B ⊗A

X [Y, Z]B.

(fp)♭ ⊗ 1

ρX

(fp)♭

(
εY,Z (1⊗ λY )

)♭

Taking left adjuncts reduces this to the following computation

ε(1⊗ λY )
(
(fp)♭ ⊗ 1⊗2

)
= ε
(
(fp)♭ ⊗ 1

)
(1⊗ λY )

= fp(1⊗ λY )

= fp(ρX ⊗ 1),

where Lemma 4.7 yields the last equality. It follows that the assignment f 7→
(fp)♭ yields a morphism of A-modules.

On the other hand, starting with a morphism g : X −→ [Y, Z]B in ModS A
it is clear that

X ⊗A Y i−→ X ⊗ Y g♯−→ Z

is a morphism of B-modules.
We claim that these assignments are mutually inverse. In one direction,

we have

(fp)♭♯i = fpi = f,

since pi = 1. Lastly we show that

(g♯ip)♭ = (g♯e)♭
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equals g, or equivalently that g♯e = g♯. By Lemma 4.7 it suffices to show that
g♯(1⊗ λY ) = g♯(ρX ⊗ 1). The commutativity of

X ⊗A⊗ Y X ⊗ Y

[Y, Z]B ⊗A⊗ Y [Y, Z]B ⊗ Y

X ⊗ Y

[Y, Z]B ⊗ Y Z

ρX ⊗ 1

g ⊗ 1⊗2 g ⊗ 1

(
εY,Z(1⊗ λY )

)♭ ⊗ 11 ⊗ λY

1 ⊗ λY εY,Z

εY,Z
g ⊗ 1

yields this equality and so completes the argument.

4.2 A triangulated Eilenberg–Watts theorem

We now prove one direction of the main result; Theorem 4.16 below.

Proposition 4.9. Let A and B be separable monoids in S and Y an A-B-
bimodule. Then

−⊗A Y : ModSA −→ModSB

is a copower preserving S-functor.
Moreover, the underlying functor is exact and preserves coproducts.

Proof. For ease of notation, let us denote this functor-to-be by G. For A-
modules M and N we first construct a morphism

GM,N : [M,N ]A −→ [M ⊗A Y,N ⊗A Y ]B.

Consider the diagram

[M,N ]A ⊗M ⊗A⊗ Y N ⊗A⊗ Y

[M,N ]A ⊗M ⊗ Y N ⊗ Y

[M,N ]A ⊗M ⊗A Y N ⊗A Y

εM,N ⊗ 1⊗ 1

εM,N ⊗ 1

uM,N

1⊗ ρ ⊗ 1− 1⊗ 1 ⊗ λ ρ ⊗ 1− 1⊗ λ

where the upper square commutes by naturality of the counit and the columns
are coequalizers. Since the composite along the top then right edge is 0, there
is thus a unique morphism of right B-modules uM,N making the lower square
commute. From this we obtain the adjunct

GM,N = u♭M,N : [M,N ]A −→ [M ⊗A Y,N ⊗A Y ]B.
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Now assume that M = N . The composition

M ⊗ Y ∼= 1⊗M ⊗ Y 1♭M⊗1⊗1−−−−−−→ [M,M ]A ⊗M ⊗ Y
εM,M⊗1−−−−−→M ⊗ Y

is the identity on M ⊗ Y . It follows that the composition

M ⊗A Y ∼= 1⊗M ⊗A Y
1♭M⊗1−−−−→ [M,M ]A ⊗M ⊗A Y

uM,M−−−−→M ⊗A Y

is the identity on M ⊗A Y . Consequently, G preserves the unit, i.e.,

1 −→ [M,M ]A
GM,M−−−−→ [M ⊗A Y,M ⊗A Y ]B

is the unit 1 −→ [M ⊗A Y,M ⊗A Y ]B.

One shows that G is compatible with composition in ModSA and ModSB
by a similar argument. Thus G is an S-functor.

We now show that this functor preserves copowers. Recall from Lemma 4.4
that both ModSA and ModSB are copowered over S so this statement is
reasonable. Preservation of copowers follows from the fact that associativity of
the tensor product in S descends to summands, i.e.,

s⊗ (M ⊗A Y ) ∼= (s⊗M)⊗A Y,

where this isomorphism is the canonical morphism of Lemma 2.3.

Lastly, assume that A and B are separable. The underlying functor G0

is a summand of the exact coproduct preserving functor − ⊗A Y . Triangles
(respectively coproducts) in both ModSA and ModSB are characterized by
being triangles (respectively coproducts) in S, and so the result follows from
exactness and coproduct preservation of ⊗ in S.

We now embark on the proof that the properties of the previous proposition
are sufficient to guarantee that the functor is isomorphic to a tensor product
over A.

Proposition 4.10. Let F : ModSA −→ ModSB be an S-functor. The object
FA is an A-B-bimodule.

Proof. As FA is an object of ModSB, it is a rightB-module via some ρFA : FA⊗
B −→ FA. Furthermore, as F is enriched there is a morphism in S

FA,A : [A,A]A −→ [FA,FA]B ,

which in turn gives rise to the morphism

λFA : A⊗ FA
µ♭⊗1−−−→ [A,A]A ⊗ FA

F
♯
A,A−−−→ FA,
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where µ denotes the multiplication on A, in ModSB. We claim this endows
FA with a left A-module structure; we need only check the commutativity of
the following diagram:

A⊗A⊗ FA A⊗ FA

A⊗ FA FA

1⊗ λFA

µ⊗ 1 λFA

λFA

Via the adjunction, commutativity of this diagram is equivalent to that of

A⊗A [A,A]A ⊗ [A,A]A [FA,FA]B ⊗ [FA,FA]B

A [A,A]A [FA,FA]B .

µ♭ ⊗ µ♭ FA,A ⊗ FA,A

µ♭ FA,A

µ ◦ ◦

This diagram is readily seen to commute: the commutativity of the first square
is Lemma 4.6, while the second commutes since F is an enriched functor.

It remains to check that the left and right module structures are compati-
ble, i.e., that

A⊗ FA⊗B FA⊗B

A⊗ FA FA

λFA ⊗ 1

1⊗ ρFA ρFA

λFA

commutes. This is precisely the statement that λ is a morphism in ModSB,
which is true by construction. Hence FA is an A-B-bimodule as claimed.

Let F : ModS A −→ ModSB be an S-functor. In order to prove the theo-
rem, we must first exhibit an enriched natural transformation

α : −⊗AFA −→ F.

The next two lemmas dispose of this task.

Lemma 4.11. Let (M,ρM ) be a right A-module. There is a canonical morphism
M ⊗ FA −→ FM in ModSB such that the composite

M ⊗A⊗ FA
ρM⊗1−1⊗λFA−−−−−−−−−−→M ⊗ FA −→ FM

is zero.
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Proof. The morphism is given as the composite

M ⊗ FA
ρ♭M⊗1−−−−→ [A,M ]A ⊗ FA

F
♯
A,M−−−−→ FM,

and we have previously (see Lemma 4.6) established the commutativity of the
left square in the following diagram:

M ⊗A⊗ FA M ⊗ FA FM

[A,M ]A ⊗ [A,A]A ⊗ FA [A,M ]A ⊗ FA FM

ρM ⊗ 1− 1⊗ λFA

◦ ⊗ 1− 1 ⊗ F
♯
A,A F

♯
A,M

ρ♭M ⊗ µ♭ ⊗ 1 ρ♭M ⊗ 1

in which the vertical arrows are all isomorphisms. It is enough to show that
the composite of the two morphisms in the bottom row is zero (in fact going
down and then along the bottom row is the map we want on the nose). This
follows from following commutative diagram

[A,M ]A ⊗ [A,A]A ⊗ FA

[FA,FM ]B ⊗ [FA,FA]B ⊗ FA

[FA,FM ]B ⊗ FA

[A,M ]A ⊗ FA

[FA,FM ]B ⊗ FA

FM

FA,M ⊗ FA,A ⊗ 1

1⊗ εFA

FA,M ⊗ 1

εFA

◦ ⊗ 1

◦ ⊗ 1

εFA

which shows that F
♯
A,M (1 ⊗ F

♯
A,A) equals F

♯
A,M (◦ ⊗ 1).

By the construction of M ⊗A FA (as a cokernel) there is a unique factor-
ization in ModSB of M ⊗ FA −→ FM via a morphism

αM : M ⊗A FA −→ FM.

Lemma 4.12. The αM are the components of an enriched natural transforma-
tion

α : −⊗AFA −→ F.

Proof. Recall from Section 2 that naturality of α is expressed by the commu-
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tativity of the diagram

[M,N ]A ⊗ 1 [FM,FN ]B ⊗ [M ⊗A FA,FM ]B

[M,N ]A [M ⊗A FA,FN ]B

1⊗ [M,N ]A [N ⊗ FA,FN ]B ⊗ [M ⊗A FA,N ⊗A FA]B

FM,N ⊗ α♭M

α♭N ⊗ (−⊗A FA)M,N

◦

◦

for all M,N ∈ModSA. Since we have a better grasp on the αM s than we have
on their adjuncts, it is convenient to rewrite this diagram. Via the adjunction,
naturality can also be expressed by the commutativity of

[M,N ]A ⊗M ⊗A FA

[M,N ]A ⊗ FM

N ⊗A FA

FN

1 ⊗ αM

εM,N ⊗A 1

F
♯
M,N

αN

To see that this commutes, consider the following expanded diagram:

[M,N ]A ⊗M ⊗A FA N ⊗A FA

[M,N ]A ⊗M ⊗ FA

[M,N ]A ⊗ [A,M ]A ⊗ FA

[M,N ]A ⊗ FM

N ⊗ FA

[A,N ]A ⊗ FA

FN

εM,N ⊗A 1

1⊗ ρ♭M ⊗ 1

1⊗ F
♯
A,M

εM,N ⊗ 1

◦ ⊗ 1

F
♯
M,N

ρ♭N ⊗ 1

F
♯
A,N

The upper two squares commute by naturality of the counit. The adjunct of
the bottom square just expresses the fact that F is an enriched functor and so
it also commutes.

Thus the outer rectangle commutes, proving that α is an enriched natural
transformation.

It remains to show that each αM is an isomorphism in ModSB. The
following lemma does most of the work.
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Lemma 4.13. For any left A-module (Y, λ) there is a canonical isomorphism

A⊗A Y ∼= Y.

Moreoever, the component of α at A,

αA : A⊗A FA −→ FA,

is precisely this canonical map for Y = FA and hence is an isomorphism.

Proof. Consider the morphisms

λ̄ : A⊗A Y i−→ A⊗ Y λ−→ Y

and
η̄ : Y

∼=−→ 1⊗ Y η⊗1−−→ A⊗ Y p−→ A⊗A Y,
where the notation is as in the definition of ⊗A (see the diagram before
Lemma 4.7). Our claim is that λ̄ and η̄ are inverse isomorphisms. We re-
call that since e2 = e, we have e(1⊗ λ) = e(µ⊗ 1), so that in one direction we
have

iη̄λ̄p = e(1⊗ λ)(η ⊗ 1⊗ 1)e

= e(µ⊗ 1)(η ⊗ 1⊗ 1)e

= e2 = e = ip.

Since i is a monomorphism and p is an epimorphism, we conclude that η̄λ̄ = 1.
Going the other way, we have

λ̄η̄ = λe(η ⊗ 1)

= λ(µ⊗ λ)(1 ⊗ σ ⊗ 1)(1⊗ η ⊗ 1)(η ⊗ 1)

= λ(1 ⊗ λ)(σ ⊗ 1)(µ⊗ 1)(1⊗ η ⊗ 1)(η ⊗ 1)

= λ(1 ⊗ λ)(1 ⊗ η ⊗ 1)(η ⊗ 1)

= 1,

proving the first part of the statement.
For the second claim, we simply note that the component of α at A can

be written as
A⊗A FA

i−→ A⊗ FA
λFA−−−→ FA.

Up to this point, we have not fully utilized our assumptions on the S-
functor F. Now, however, we will use that the underlying functor of F, which
we denote by F, is exact and preserves coproducts. With these hypotheses we
can use the standard trick to prove our analog of the Eilenberg–Watts theorem.

Lemma 4.14. The full subcategory

M = {M ∈ ModSA | αM is an isomorphism}

is localizing.
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Proof. The underlying natural transformation of α, whose components are just
the αM , is a natural transformation between the exact coproduct preserving
functors (− ⊗A FA)0 and F. Thus, as in Lemma 3.7, M is localizing.

Lemma 4.15. Suppose S is a compactly generated tensor triangulated category
such that the unit 1 is a compact generator. Then if A is a separable monoid
in S, the regular representation (A, µ) is a compact generator for ModSA.

Proof. Consider the free-forgetful adjunction

S ModSA
FA

UA

where FA = −⊗A and UA just forgets the action. Since UA preserves coprod-
ucts the functor FA sends compacts to compacts by [15, Theorem 5.1]. Thus
FA(1) = (A, µ) is compact in ModSA.

To see that it generates observe that for M ∈ ModS A we have isomor-
phisms

S
(
Σi1, UA(M)

) ∼= ModSA
(
ΣiFA(1),M

) ∼= ModS A(ΣiA,M).

If M is non-zero then clearly UA(M) is also non-zero and so we can find a
non-zero morphism Σi1 −→ UA(M) for some i ∈ Z by the assumption that
1 generates S. Using the above isomorphisms we find a non-zero map from
ΣiA −→M in ModS A and so A generates ModS A as claimed.

We now come to the main theorem of this section, our (enriched) triangu-
lated version of the Eilenberg–Watts theorem.

Theorem 4.16. Let S be a compactly generated tensor ∞-triangulated category
such that the tensor unit 1 is a compact generator. Let A and B be separable
monoids in S and let F be an S-functor

F : ModSA −→ModSB.

Then F preserves copowers and the underlying functor F is exact and preserves
coproducts if and only if there exists an A-B-bimodule Y such that

F ∼= −⊗A Y.

Furthermore, if this is the case then Y ∼= FA.

Proof. We have already proved one direction in Proposition 4.9, namely that
given an A-B-bimodule Y the functor −⊗A Y verifies the required properties.

Suppose on the other hand that F is an S functor as in the statement. By
Lemma 4.12 there is an enriched natural transformation

α : −⊗A FA −→ F
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and we claim this is a natural isomorphism. From Lemma 4.14 we know that
the full subcategory M consisting of those objects M ∈ ModSA for which αM is
an isomorphism is localizing in ModS A. We learned in Lemma 4.13 that αA is
an isomorphism and hence A is an object of this localizing subcategory. Thus
by the previous lemma we have

ModSA = 〈A〉 ⊆ M,

proving that α is indeed a natural isomorphism.

Remark 4.17. The theorem provides further moral support for the notion
that tensor products on, and enrichments of, triangulated categories should
be somehow connected to more conventional enhancements, for instance by dg-
categories or model categories. The vague idea is that, in the case where one has
a suitable enhancement, tensoring with a bimodule object should automatically
admit an enhancement and so showing a functor is enriched (as in the theorem)
also shows it admits an enhancement. On the other hand there are various
results showing that enhanced functors are given by the appropriate notion of
bimodules and so their induced functors on homotopy categories should lift to
enriched functors.

We finish by sketching a relatively simple application of the theorem.

Corollary 4.18. Let k be a field and let A and B be separable k-algebras.
Then any coproduct preserving exact k-linear functor F : D(A) −→ D(B) be-
tween the unbounded derived categories is given by tensoring with the A-B-
bimodule FA.

Proof. Being flat over k, A and B, viewed as stalk complexes, are separable
monoids in D(k). By [1, Theorem 6.5], there is a canonical equivalence D(A) ≃
ModD(k)A as ∞-triangulated categories (and similarly for B).

In order to apply Theorem 4.16 we thus need to produce a copower pre-
serving D(k)-functor

F : ModD(k)A −→ModD(k) B

lifting F. By Proposition 4.5 it is sufficient to produce coherent comparison
maps

x⊙ FM
∼=−→ F(x ⊙M)

for all x ∈ D(k) and M ∈ ModD(k)A. As every object in D(k) is a sum of
suspensions of copies of k, copowers by objects of D(k) are just given by taking
direct sums and suspensions. Since F preserves the suspension and coproducts
one can construct such a family of coherent comparison maps using ΣF ∼= FΣ
and the universal property of coproducts in the evident way. The cocycle
condition is essentially for free due to the universal property of coproducts.
Thus there is an enriched lift F of F to which we can apply the theorem and
we conclude that

F ∼= −⊗A FA
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by taking underlying functors.

Remark 4.19. We have been unable to extend the above corollary to more gen-
eral settings while maintaining reasonable hypotheses. Although the condition
of Proposition 4.5 appears very mild it seems very difficult to find checkable as-
sumptions that allow one to verify it in abstract settings. However, we believe
that in concrete situations the theorem could be of use. Moreover, provided
one restricts from the beginning to the enriched setting it should also allow
one to develop some Morita theory for separable monoids and perfom Tannaka
type reconstruction at the level of enriched triangulated categories.
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Abstract. We use the gradients of theta functions at odd two-
torsion points — thought of as vector-valued modular forms — to
construct holomorphic differential forms on the moduli space of prin-
cipally polarized abelian varieties, and to characterize the locus of
decomposable abelian varieties in terms of the Gauss images of two-
torsion points.

2010 Mathematics Subject Classification: Primary:11F46 and sec-
ondary:14K25, 14K10

Introduction

The geometry of Siegel modular varieties — the quotients of the Siegel upper
half-space Hg by discrete groups — has been under intense investigation for the
last forty years, with various results obtained about their birational geometry,
compactifications, and other properties. Some of the first results in this direc-
tion are due to Freitag, who in [Fre75a, Fre75b] showed that some Siegel modu-
lar varieties are not unirational, by constructing non-zero differential forms on
them. This proof requires two ingredients: suitably compactifying the variety
and arguing that the differential form extends, and actually constructing the
differential forms. Freitag proved the appropriate general extension result for
differential forms. Thanks to [AMRT10], [Tai82], and much subsequent work
on the theory of compactifications of locally symmetric domains, the extension
of differential forms is now well-known in full generality.

1Research of the third author was supported in part by National Science Foundation
under the grant DMS-12-01369.

2Research of the remaining authors is supported in part by PRIN and Progetto di Ateneo
dell’ Università La Sapienza: ”Spazi di Moduli e Teoria di Lie”.
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In this paper, we focus on the original problem of constructing differen-
tial forms on Siegel modular varieties. We recall that differential forms on
Siegel modular varieties can be constructed from suitable vector-valued mod-
ular forms. In general, vector-valued modular forms can be constructed using
theta series with pluriharmonic coefficients, but the question of whether the
series thus constructed are identically zero is very complicated. General results
on the existence and non-vanishing of holomorphic differential forms can be
found in [Wei83] and [Wei87]. In connection with the possibility of finding spe-
cial divisors in the Siegel modular varieties in the sense of Weissauer [Wei87],
we will restrict our attention to non-zero differential forms of degree one less
than the top.

In [Fre78] Freitag constructed such forms on Ag for g ≡ 1 (mod 8), for g ≥
17, while the fifth author, in [SM87], gave a completely different construction
for g ≡ 1 (mod 4), g 6= 1, 5, 13. In this paper, we present an easier and more
natural method of constructing such differentials forms, providing also a natural
bridge between methods of [Fre78] and [SM87]. Our tools will be the gradients
of theta functions and expressions in terms of them considered by the third
and fifth author in [GSM04, GSM06]. Our result is the following.

Denote by ∂ :=
(

(1+δij)
2 ∂τij

)
the matrix of partial derivatives with respect

to τ . Let f, h be two scalar modular forms of the same weight, for some mod-
ular group Γ acting on Hg. Then A := h2∂(f/h) is a matrix-valued modular
form. Denote by Aad the adjoint matrix of A (the transpose of the matrix of
cofactors), and denote by dτ̌ij the wedge product of all dτab for 1 ≤ a ≤ b ≤ g
except dτij , with the suitable sign. Denote by dτ̌ the matrix of all dτ̌ij . Then

Theorem 1. Let g ≥ 2, let f := Θ[ε](τ) and h := Θ[δ](τ) be second order
theta constants. Then the modular form

ω := Tr(Aadε,δdτ̌ ),

where Aad and dτ̌ are as defined above, is a non-zero holomorphic differential
form on Ag(Γ) := Hg/Γ of degree one less than the top (i.e. of degree g(g +
1)/2− 1). Here, for g odd we have Γ = Γg(2, 4), while for g even it is an index
two subgroup Γ∗g(2, 4) ⊂ Γg(2, 4).

In what follows, we will discuss the relation of special cases of this construction
to those of Freitag [Fre75b] and the fifth author [SM87]. In a related direction,
we revisit the method of constructing vector-valued modular forms using gra-
dients of odd theta functions with half integral characteristics. Recall that the
gradients at z = 0 of odd theta functions with half integral characteristics can
be thought of as the images of two-torsion points that are smooth points of the
theta divisor under the Gauss map. In this direction, we obtain a proof of the
following geometric statement.

Theorem 2. A principally polarized abelian variety is decomposable (i.e. is a
product of lower-dimensional ones) if and only if the images under the Gauss
map of all smooth two-torsion points in the theta divisor lie on a quadric in
Pg−1.
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The structure of the paper is as follows. In section 1, we recall some basic
facts about theta functions and vector-valued modular forms. In section 2, we
collect several results about gradients of odd theta functions. In section 3, we
prove Theorem 2. In section 4, we recall and improve results of Freitag and the
fifth author about holomorphic differential forms on Siegel varieties. Finally,
in section 5 we prove theorem 1 and explain the relation among the approaches
to constructing differential forms on Siegel modular varieties.
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1. Definitions and notation

We use the standard definitions and notation in working with complex prin-
cipally polarized abelian varieties (ppav), as used in [GSM04], which we now
quickly summarize.

1.1. Siegel modular forms. LetHg be the Siegel upper-half-space of degree
g, namely the space of g× g complex symmetric matrices with positive definite
imaginary part. The symplectic group Sp(2g,R) acts transitively on Hg via

γ · τ = (Aτ +B)(Cτ +D)−1 where γ =

(
A B
C D

)
,

where A, B, C, D are the g× g blocks of the matrix γ. We will keep this block
notation for a symplectic matrix throughout the paper.

The Siegel modular group is Γg := Sp(2g,Z). The principal congruence
subgroup of level n ∈ N is defined as:

Γg(n) := {γ ∈ Γg | γ ≡ 12g mod n} .
A subgroup of finite index in Γg is called a congruence subgroup of level n
if it contains Γg(n). Notice that if g > 1, every subgroup of finite index
is a congruence subgroup. The Siegel modular varieties obtained by taking
the quotients with respect to the action of congruence subgroups are of central
importance, as they define moduli spaces of ppav with suitable level structures.

More precisely, an element τ ∈ Hg defines the complex abelian variety
Xτ := Cg/Zg + τZg , hence τ is usually called a period matrix of the abelian
variety Xτ . The quotient of Hg by the action of the Siegel modular group is
classically known to be the moduli space of ppav: Ag := Hg/Γg.

We will use the so-called theta groups, which are congruence subgroups of
level 2n defined as

Γg(n, 2n) :=
{
γ ∈ Γg(n) | diag(AtB) ≡ diag(CtD) ≡ 0 mod 2n

}
.

We will also need the level 4 congruence subgroup

(1) Γ∗g(2, 4) := {γ ∈ Γg(2, 4) |Tr(A− 1g) ≡ 0 mod 4} ,
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which is of index 2 within Γg(2, 4). From now on, we will assume g > 1
and denote by Γ an arbitrary congruence subgroup of Γg. We denote N :=
g(g + 1)/2, so that Ag(Γ) := Hg/Γ is a complex N -dimensional orbifold.

Let ρ : GL(g,C) → End(V ) be an irreducible finite-dimensional rational
representation; such representations are characterized by their highest weight
(λ1, λ2, . . . , λg) ∈ Zg, with λ1 ≥ · · · ≥ λg. It will also be convenient for us to

allow half-integer weights, which means to consider also det1/2⊗ρ′ for a rep-
resentation ρ′ with integer weight. Let then [Γ, ρ] be the space of holomorphic
functions f : Hg → Vρ defined by the following property:

[Γ, ρ] := {f : Hg → Vρ | f(γ · τ) = ρ(Cτ +D)f(τ), ∀γ ∈ Γ, ∀τ ∈ Hg}.
Such a function f is called a vector-valued modular form or ρ-valued modular
form with respect to the representation ρ = (λ1, λ2, . . . , λg) and the group Γ.
We call λg the weight of the vector-valued modular form f .

Since Hg is contractible, a ρ-valued modular form is a holomorphic section
of a corresponding vector bundle on Ag(Γ). Denoting by E the rank g vector
bundle over Ag whose fiber over A is the space H1,0(A,C), sections of E are
modular forms for the standard representation of GL(g,C) on Cg and the
group Γg.

More generally, it is possible to define a vector-valued modular form with
a multiplier system for this kind of representation, see [Fre91] for details. We
will make use of them when necessary.

1.2. Theta functions. Many examples of modular forms can be constructed
by means of theta functions. Denote by F2 = Z/2Z. For ε, δ ∈ Fg2, the
theta function with characteristic m = [ε, δ] is the holomorphic function θm :
Hg × Cg → C defined by the series:

θm(τ, z) :=
∑

p∈Zg
eπi[(p+ε/2)

tτ(p+ε/2)+2(p+ε/2)t(z+δ/2)].

We shall write θ [ εδ ] (τ, z) for θm(τ, z) if we need to emphasize the dependence
on the characteristics. The characteristic m is called even or odd depending
on whether the scalar product ε · δ ∈ F2 is zero or one, and the corresponding
theta function is then even or odd as a function of z, respectively. The number
of even (resp. odd) theta characteristics is 2g−1(2g + 1) (resp. 2g−1(2g −
1)). Furthermore, theta functions with characteristics are solutions of the heat
equation:

(2)
∂2

∂zi∂zj
θm(τ, z) = 2πi(1 + δij)

∂

∂τij
θm(τ, z), 1 ≤ i, j ≤ g.

For σ ∈ Fg2, the corresponding theta function of second order is defined as

Θ[σ](τ, z) := θ

[
σ
0

]
(2τ, 2z).
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A theta constant is the evaluation at z = 0 of a theta function. Throughout the
paper we will drop the argument z = 0 in the notation for theta constants. All
odd theta constants with characteristics vanish identically in τ , as the corre-
sponding theta functions are odd functions of z, and thus there are 2g−1(2g+1)
non-trivial theta constants. All the 2g second order theta functions are even in
z, so there are 2g theta constants of the second order.

As far as we are concerned, we will focus on the behavior of the theta
constants under the action of subgroups of Γg(2). By [Igu72], we have the
following transformation formula:

(3) θm(γ · τ) = κ(γ)e2πiφm(γ) det (Cτ +D)
1/2
θm(τ), ∀γ ∈ Γg(2),

where

φm(γ) = −1

8
(εtBtDε+ δtAtCδ − 2εtBtCδ) +

1

4
diag(AtB)t(Dε− Cδ),

and κ(γ) is an 8th root of unity, with the same sign ambiguity as det (Cτ +D)
1
2 .

Regarding second order theta constants, we will focus on the action of
subgroups of Γg(2, 4). For every γ ∈ Γg(2, 4), let γ̃ ∈ Γg be such that 2(γ · τ) =

γ̃ · (2τ), that is γ̃ =
(
A 2B
C/2 D

)
. Hence, applying the transformation formula (3)

to the second order theta constants, we get:

(4) Θ[σ](γ · τ) = κ(γ̃) det(Cτ +D)1/2Θ[σ](τ), ∀γ ∈ Γg(2, 4).

The second order theta constants are thus modular forms of weight one half
with respect to the congruence subgroup Γg(2, 4), and vΘ(γ) := κ(γ̃) is a
fourth root of unity. For a fixed τ ∈ Hg, the abelian variety Xτ comes with
a principal polarization given by its theta divisor Θτ , namely the zero locus
of the holomorphic function θ0(τ, z). One can identify, even though in a non-
canonical way, the characteristic m = [ε, δ] ∈ Fg2 with the two-torsion point
xm = (ετ + δ)/2 on the ppav Xτ . To this divisor we associate the symmetric
line bundle L = OXτ (Θτ ). Then the theta functions with characteristic m is,
up to a constant factor, the unique section of the line bundle t∗xmL. A two-
torsion point xm is called even/odd depending on whether the characteristic m
is even or odd. Denoting by Xτ [2] the set of two-torsion points, note that for
any xm ∈ Xτ [2] we have OXτ (2Θτ) ≃ L⊗2 ≃ (t∗xmL)⊗2. Thus squares of theta
functions with characteristics can be expressed in terms of a basis of sections
of L⊗2, and such a basis is given by theta functions of the second order. The
explicit formula is Riemann’s bilinear relation:

(5) θ [ εδ ](τ, z)2 =
∑

σ∈Fg2

(−1)σ·δΘ[σ + ε](τ, z)Θ[σ](τ, 0).

Similarly, for every α, ε ∈ Fg2 the following relation holds:

(6) Θ[α](τ)Θ[α + ε](τ) =
1

2g

∑

σ∈(Z/2Z)g
(−1)α·σθ [ εσ ] (τ)2.

It is easily seen that the character v2Θ is trivial precisely on the subgroup
Γ∗g(2, 4) ⊂ Γg(2, 4).
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As we are interested in the characterization of the locus of decomposable
abelian varieties, we need to recall the following analytic characterization:

Theorem 3 ([Sas83],[SM94]). A ppav is indecomposable (that is, is not equal
to a product of lower-dimensional ppav) if and only if the matrix

M(τ) :=




. . . Θ[ε] . . . . . .

. . . . . . . . . . . .

. . . ∂τijΘ[ε] . . . . . .

. . . . . . . . . . . .




(with entries taken for all ε ∈ Fg2 and for all 1 ≤ i ≤ j ≤ g) has maximal rank,

i.e. rank g(g+1)
2 + 1.

We recall also that taking the gradient with respect to z of the holomorphic
function θ0(τ, z), we get the Gauss map

G : Θτ 99K Pg−1

defined on the smooth locus of the theta divisor Θτ ⊂ Xτ . The Gauss map is
dominant if and only if the ppav (Xτ ,Θτ ) is indecomposable.

We will also have to deal with indexing by subsets of the coordinates, and fix
notation for this now. For any set X , we denote by P (X) the collection of all its
subsets, and by Pk(X) the collection of all its subsets of cardinality k. If X ⊂ Z,
we can view it as an order (i.e. as a set ordered increasingly), and denote by
P ∗k (X) ⊂ P ∗(X) respectively the collection of its sub-orders (i.e. increasingly
ordered subsets). If I ∈ P ∗k (X), we denote by Ic its complementary set thought
of as an ordered set. Finally, we denote Xg := {1, . . . , g}, thought of as an
ordered set.

2. Gradients of theta functions

In [GSM04], gradients of theta functions are used to study the geometry of
the moduli space of principally polarized abelian varieties — this study was
further continued in [GSM05, GSM06, GSM09, GH12, GH11]. Indeed, for any
odd m the gradient

(7) vm(τ) := gradz θm(τ, z)|z=0

is a not identically zero vector-valued modular form for the group Γg(4, 8) for

the representation det⊗1/2⊗ std, where std is the standard representation of
GL(g,C) on Cg. We have

vm ∈ H0(Ag(4, 8), detE⊗1/2 ⊗ E).

In [GSM04], it is shown that in fact the set of gradients of theta functions for all
odd m defines a generically injective map ofAg(4, 8) to the set of g×2g−1(2g−1)
complex matrices (and in fact to the corresponding Grassmannian), providing
a weaker analog for ppav of the results of Caporaso and Sernesi [CS03b, CS03a]
characterizing a generic curve by its bitangents or its theta hyperplanes.
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For ε, δ ∈ Fg2, define the g × g symmetric matrix Cε δ(τ) with entries

(8) Cε δ,ij(τ) := 2∂ziθ [ εδ ](τ, 0) ∂zjθ [ εδ ](τ, 0),

where ∂zi := ∂
∂zi

. Notice that Cε δ = 2 v[ εδ ]v
t

[ εδ ]
. Moreover, define the g × g

symmetric matrix Aε δ with entries

(9) Aε δ,ij(τ) := Θ[ε](τ)∂zi∂zjΘ[δ](τ) −Θ[δ](τ)∂zi∂zjΘ[ε](τ).

In the current paper, it will be convenient also to write Cε δ and Aε δ as column
vectors of size N = g(g+ 1)/2, which we will denote Cεδ and Aε δ respectively.

Because of the modularity of the gradients of odd theta functions, both Cε δ
and Aε δ are vector-valued modular forms with respect to the group Γg(4, 8)
(a more careful analysis of the transformation formula shows that it is in fact
modular with respect to Γ∗g(2, 4)) for the representation det⊗ Sym2(std) —
that is, with highest weight (3, 1, . . . , 1).

Using the fact that both theta functions with characteristic and theta func-
tions of the second order satisfy the heat equation (2), one can express Cεδ in
terms of derivatives of second order theta constants, and vice versa.

Lemma 4 ([GSM04]). We have the following identities of vector-valued modular
forms:

(10) Cεδ =
1

2

∑

α∈Fg2

(−1)α·δAε+αα;

(11) Aε+αα =
1

2g−1
∑

{δ∈Fg2 | [ε,δ] odd}
(−1)α·δCεδ .

Of course, we have the same identities relating Aε+αα and Cεδ.

3. Characterization of decomposable ppav

We are now ready to prove our first result on the characterization of decom-
posable ppav. Indeed, recall that if τ =

(
τ1 0
0 τ2

)
, with τi ∈ Hgi , for g1 + g2 = g,

then the theta function with characteristic splits as a product

θm(τ, z) = θm1(τ1, z1) · θm2(τ2, z2),

where zi ∈ Cgi , and we have written m as m1m2, with mi ∈ F2gi
2 . Computing

the partial derivatives and evaluating at zero, we get

vm(τ) =
(
vm1(τ1) · θm2(τ2, 0), θm1(τ1, 0) · vm2(τ2)

)
.

Since m is odd, it follows that precisely one of m1 and m2 is odd, and thus
only the corresponding gi entries of the gradient vector are non-zero. Thus, if
we arrange the gradients for all odd m in a matrix, it will have a block form,
with the two non-zero blocks of sizes gi×2gi−1(2gi−1), and two “off-diagonal”
zero blocks. This is simply to say that the set of gradients of all odd theta
functions, at a point τ as above, lies in the union of coordinate linear spaces
Cg1 ∪ Cg2 ⊂ Cg. Since gradz θm(τ, z)|z=0 and gradz θ0(τ, z)|z=m differ by a
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constant factor, and thus give the same point in Pg−1, this implies that the
images of all the smooth two-torsion points of Θτ under the Gauss map lie on
g1g2 reducible quadrics in Pg−1 written explicitly as

XiXj = 0, ∀ 1 ≤ i ≤ g1 < j ≤ g.
This is equivalent to these Gauss images all lying on a union of two hyperplanes,
and a weaker condition is that they all lie on some quadric (not necessarily a
reducible one). We now show that this weak condition is enough to characterize
the locus of decomposable ppav, proving one of our two main results.

Proof of theorem 2. The discussion above proves that for a decomposable
ppav with a period matrix τ =

(
τ1 0
0 τ2

)
the images of all the odd two-torsion

points lie on a quadric. In general, if a ppav is decomposable its period matrix
does not need to have this block shape, and would rather be conjugate to it
under Γg. Since vm(τ) are vector-valued modular forms for the representation

det1/2⊗std, they transform linearly under the group action, and hence the
condition that the images of the odd two-torsion points under the Gauss map
lie on a quadric is preserved under the action of Γg. Thus, for any decomposable
ppav the images of all smooth two-torsion points lying on Θτ are contained in
(many) quadrics.

For the other direction of the theorem, we manipulate the gradients to reduce
to the characterization of the locus of decomposable ppav given by Theorem 3.
Indeed, suppose all images of the odd two-torsion points m lie on a quadric
with homogenous equation Q(x1, . . . , xg): this is to say that

Q(vm) = vtmBvm = 0

for all odd m ∈ Xτ [2] that are smooth points of Θτ (where we have denoted
by B the matrix of coefficients of Q). We thus have

Tr(vtmBvm) = Tr(Bvmv
t
m) = Tr(BCm) = 0

for all odd m (if m ∈ SingXτ , then vm = 0, so Cm = 0, and this still holds).
Since by (11) each Aαβ is a linear combination of the Cm’s, it follows that we
also have

Tr(BAαβ) = 0

for all α, β, and in particular this implies that the matrix

(12) A := (Aαβ)α6=β∈Fg2 ,

where each Aαβ is a column-vector in Cg(g+1)/2, is degenerate. The follow-
ing lemma in linear algebra shows that this implies that the matrix M(τ) in
Theorem 3 is degenerate, and thus that Xτ is decomposable — completing the
proof of the theorem. �

Lemma 5. The g(g+1)
2 × 2g−1(2g − 1) matrix A(τ) in (12) has rank less than

g(g+1)
2 (i.e. non-maximal) if and only if the matrix M(τ) has non-maximal

rank.
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Proof. For 1 ≤ i ≤ j ≤ g, we denote Mij and Aij , correspondingly, the (i, j)
rows of the matrices M(τ) and A(τ), and denote M0 the first row of M(τ) (the
vector of second order theta constants). We then have

M0 ∧Mij = Aij ,

where by the wedge we mean taking the row vector whose entries are all two
by two minors of the matrix formed by two row vectors M0 and Mij . If the
vectors Aαβ are linearly dependent, this means we have some linear relation
0 =

∑
aijAij among the rows of A(τ), which is equivalent to

0 =
∑

i,j

aij(M0 ∧Mij) = M0 ∧


∑

i,j

aijMij


 ,

and thus M0 must be proportional to
∑
aijMij , so that the matrix M does

not have maximal rank. �

Remark 6. The proof above shows that in fact a quadric in Pg−1 contains the
Gauss images of all the two-torsion points lying on the theta divisor if and only
if it contains the entire image of the Gauss map.

4. A review of constructions of holomorphic differential forms
on Siegel modular varieties

For a finite index subgroup Γ ⊂ Γg, we denote, as before, Ag(Γ) := Hg/Γ,
and we are then interested in constructing non-zero degree k differential forms
on it, that is elements of Ωk(Ag(Γ)). It is known that for g ≥ 2

Ωk(Ag(Γ)) ∼= Ωk(Hg)Γ,
where Ωk(Hg)Γ is the vector space of elements of Ωk(Hg) equivariant under
the action of Γ. Whenever k < N = g(g + 1)/2 and g ≥ 2, such holomorphic
differential forms always extend to a compactification. More precisely, if H0

g/Γ

is the set of regular points of Hg/Γ, and X̃ denotes the desingularization of the
Satake compactification of Hg/Γ, which contains H0

g/Γ as a dense open subset,

then every holomorphic differential form ω ∈ Ωk(H0
g/Γ) of degree k < N

extends to X̃ (see [FP82]).
Holomorphic differential forms can thus also be thought of as vector-valued

modular forms for a suitable representation. We have the following fundamental
result of Weissauer:

Theorem 7 ([Wei83]). The space Ωk(Ag(Γ)) is zero unless k = gα−α(α−1)/2
for some 0 ≤ α ≤ g, in which case

(13) Ωαg−
1
2α(α−1)(Ag(Γ)) = [Γ, ρα]

is the space of vector-valued modular forms for the representation of GL(g,C)
with highest weight (g + 1, . . . , g + 1, α, . . . , α), with α appearing g − α times.
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The case k = N − 1, corresponding to the representation ρg−1 with high-
est weight (g + 1, . . . , g + 1, g − 1), turns out to be of great interest, as it is
related to the construction of special divisors on the Satake compactification
of Siegel modular varieties. Indeed, Weissauer [Wei87] proved that the zero
locus Dh of a modular form h on the Satake compactification of Ag(Γ) is a
special divisor if and only if there exists a non-vanishing ω ∈ ΩN−1(Hg)Γ such
that Tr (ω(τ)∂τh(τ)) is identically zero on Dh. Moreover, using theta series
with pluriharmonic coefficients, Weissauer [Wei87] proved that for any g the
space ΩN−1(Ag(Γ)) is non-zero for a suitable Γ. Such differential forms can be
constructed as follows. Let

dτ̌ij = ±
∧

1≤h≤k≤g, (h,k) 6=(i,j)

dτhk,

where the sign is chosen in such a way that dτ̌ij ∧ dτij =
∧

1≤i<j≤g dτij ,
see [Fre78]. Then we have

(14) ω = Tr(A(τ)dτ̌ ) =
∑

1≤i,j≤g
Aij(τ)dτ̌ij ,

with

(15) A(γ · τ) = det(Cτ +D)g+1 (Cτ +D)−tA(τ)(Cτ +D)−1.

In [Fre75a], Freitag provides a method to construct holomorphic differential
(N − 1)-forms in genus g, invariant with respect to any subgroup Γ of finite
index of the symplectic group Γg, starting from two scalar valued modular

forms in genus g, both of weight g−1
2 . We briefly recall this construction and

slightly improve his result. To simplify the notation, we set

(16) ∂ij =
1

2
(1 + δij)

∂

∂τij
; ∂ := (∂ij).

For any I, J ∈ Pk(Xg) with 0 ≤ k ≤ g, we denote by ∂IJ the submatrix of ∂
obtained by taking the rows corresponding to the elements in I and the columns
corresponding to the elements in J :

∂IJ = (∂ij) i∈I
j∈J

and denote by |∂IJ | the determinant |∂IJ | = det(∂IJ). For k = 0, we set both ∂IJ
and |∂IJ | to be the identity operator.

For any congruence subgroup Γ, Freitag [Fre75a] then defines the linear
pairing { , } by

{ , } : [Γ, (g − 1)/2]× [Γ, (g − 1)/2]→ ΩN−1(Ag(Γ))

(f, h) 7→ {f, h} := Tr (B(τ)dτ̌ ) ,

where

B(τ)ij := (−1)i+j
g−1∑

k=0

(−1)k(
g−1
k

)
∑

I∈P∗
k (Xg\{i})

J∈P∗
k (Xg\{j})

s(I)s(J)
∣∣∂IJ
∣∣ f(τ)

∣∣∣∂IcJc
∣∣∣h(τ),
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where s(I) (resp. s(J)) denotes the sign of the permutation of the elements
of Xg \ {i} (resp. Xg \ {j}) that turns the set I ∪ Ic (resp. J ∪ Jc) into an
increasing ordered set. One then easily checks that the parity of the pairing is
{f, h} = (−1)g+1{h, f}.

In [Fre78], Freitag then proved that the holomorphic differential form

(17) F (g) :=

{∑

m

θg−1m (τ),
∑

m

θg−1m (τ)

}

does not vanish identically when g ≡ 1 (mod 8), for g ≥ 17. We extend this
result to g = 9:

Proposition 8. The vector-valued modular form F (9) does not vanish identi-
cally, and thus gives a non-zero differential form in Ω44(A9).

Proof. Since the set of all dτ̌ij for 1 ≤ i ≤ j ≤ g is a basis of ΩN−1(Hg), it
suffices to prove that at least one B(τ)ij is not identically zero. By Freitag’s
computation [Fre78, eg. 61], the Fourier coefficient of the pairing {f, h} with
respect to a matrix T is given by
(18)

a{f,h}(T )gg =

g∑

k=1

(−1)k(
g−1
k−1
)

∑

I,J∈P∗
k−1(Xg−1)

T1+T2=T

s(I)s(J)|T1|IJ |T2|I
c

Jcaf (T1)ah(T2),

where Ic = Xg−1 \ I denotes the complement, and af(T1) and ah(T2) are
the Fourier coefficients of f and h corresponding to the matrices T1 and T2
respectively.

For our case this formula can be greatly simplified. Indeed, we recall the

result of Igusa [Igu81] that
∑
m θ

8
m(τ) = 2gΘ

(g)
E8

. We then choose T :=
(
ζE8 0
0 0

)
,

where ζE8 is the matrix associated with the quadratic form corresponding to
the E8 lattice, given in a suitable basis by

(19) ζE8 :=




2 0 0 1 0 0 0 0
0 2 1 0 0 0 0 0
0 1 2 1 0 0 0 0
1 0 1 2 1 0 0 0
0 0 0 1 2 1 0 0
0 0 0 0 1 2 1 0
0 0 0 0 0 1 2 1
0 0 0 0 0 0 1 2


 .

By Köcher principle, the Fourier coefficients af(S) or ah(S) with respect to a
non-semidefinite positive matrix S are zero, and thus only the terms with even
semidefinite positive T1 and T2 produce non-zero summands in (18). Whenever
the chosen T is written as T = T1+T2 with T1, T2 positive semidefinite matrices,
one of Ti must be zero. Finally, recall that for g = 9 we have

ΘE8(τ) =
∑

x1,...,x9∈ΛE8

eπiTr(x·x) =
∑

p∈Zg=9,8

eπiTr(pζE8p
tτ) =

∑

M

NM
∏

i≤j
eπimijτij ,

where, for M = (mij) a symmetric g×g integer matrix, NM ∈ N is the number
of integral matrix solutions of the Diophantine system pζE8p

t = M . Setting
M = T and writing p = ( p1p2 ), where p1 and p2 are respectively 8 × 8 and
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1× 8 integer matrices, it follows that for all solutions p2 = 0, while p1 satisfies
p1ζE8p

t
1 = ζE8 .

The number of solutions of the previous equations equals the order of the
group U(ζE8) of automorphisms of the E8 lattice, i.e. a(ζE8) = #(U(ζE8)) =
4!6!8!, see [CS99, page 121]. Thus, we finally have NT = aF (9)(T )99 = 4!6!8!,
hence there is a non-empty set of summands in (18), all of them positive, so it
follows that A(T )99 is non-zero. �

Remark 9. The argument above generalizes to give an alternative proof of
Freitag’s result for g = 8k+ 1, for any k ≥ 1, using the modular form ΘE8(τ)k.

We now recall another construction of holomorphic differentials forms, due
to the fifth author [SM87]. For M = (m1, . . . ,mg−1) a set of distinct odd
characteristics, define

F (m1, . . . ,mg−1)(τ) := vm1(τ) ∧ · · · ∧ vmg−1(τ).

One can then use these wedge products of gradients of theta functions to con-
struct further vector-valued modular forms. We set

(20) W (M)(τ) := π−2g+2F (m1, . . . ,mg−1)(τ)t F (m1, . . . ,mg−1)(τ),

and then have

Proposition 10 ([SM87]). For g odd, for any matrix of distinct odd charac-
teristics M = (m1, . . . ,mg−1) ∈M2g×(g−1)(F2)

ω(M)(τ) := Tr (W (m1, . . . ,mg−1)(τ)dτ̌ )

is a non-zero holomorphic differential form in ΩN−1(Ag(2, 4)). If g is even, it
is a non-zero holomorphic differential form in ΩN−1(A∗g(2, 4))

Remark 11. Symmetrizing the ω(M) constructed above using the action of
the entire modular group, differential forms for the entire modular group were
obtained in [SM87], thus showing that ΩN−1(Ag) is non-zero for any g ≡ 1
(mod 4), g 6= 1, 5, 13.

5. A new construction of differential forms

Our first main theorem, Theorem 1, gives an easy new method to construct
non-zero holomorphic differential forms on Siegel modular varieties, using the
modular forms Aεδ. We prove that it works, and then relate this new construc-
tion to the two constructions discussed above.

Proof of theorem 1. Recall that for fixed ε, δ the matrixAεδ can be written
as

Aε δ(τ) := 4πiΘ[δ]2∂

(
Θ[ε]

Θ[δ]

)
,

and thus its entries are vector-valued modular forms for the representation of
highest weight (3, 1, . . . , 1).

We denote by Aadε δ the adjoint matrix — the transpose of the matrix of
cofactors of A. This matrix is then clearly a vector-valued modular form Aadε δ ∈
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[Γ, (g + 1, . . . , g + 1, g − 1)] with Γ = Γg(2, 4) for g odd, and Γ = Γ∗g(2, 4) for g

even, and thus Tr(Aadε δ dτ̌ ) defines a differential form of degree N−1 as claimed.
It remains to prove that this differential form is not identically zero. Recalling
that the product of a matrix and the matrix of its cofactors is the determinant
times the identity matrix, if we prove that detAε δ is not identically zero, it
would follow that Aadε δ is not identically zero, and thus that Tr(Aadε δ dτ̌ ) is not
identically zero. The proof is thus completed by the following proposition. �

Proposition 12. The determinant detAε δ is a not identically zero scalar
modular form of weight g + 2.

Proof. Since Θ[ε] and Θ[δ] are different forms, there exist τ such that Θ[ε](τ) =
0 6= Θ[δ](τ) . We then denote Z := 2τ , and work on the abelian variety XZ ,
where Zε/2 ∈ ΘZ and Zδ/2 6∈ ΘZ are thus two-torsion points. Since the
characteristics are even, the point Zε/2 is then an even two-torsion point lying
on ΘZ , and thus is a singular point of ΘZ . From [GSM09], it follows that
generically the singularity of ΘZ at Zε/2 is an ordinary double point. This is
equivalent, via the heat equations, to the matrix ∂θm(Z, 0), with m = [ε, 0],
having rank g. Moreover, we choose Z such that θn(Z) 6= 0, with n = [δ, 0]
and thus see that detAε δ is not identically zero. �

We will now compare the different constructions of modular forms. In Fre-
itag’s construction, let us consider Freitag’s pairing when f and h are suitable
powers of second order theta constants. For any ε 6= δ ∈ Fg2 let

(21) ωε δ := {Θ[ε]g−1,Θ[δ]g−1}.
A simple computation on the characters shows that for g odd ωε δ ∈
ΩN−1(Ag(2, 4)), while for g even we only get ωε δ ∈ ΩN−1(A∗g(2, 4)).

To relate this to the current construction, we first prove the following

Proposition 13. For any ε 6= δ we have

Aadε δ(τ) =

(
π2

2g−2

)g−1 ∑

α1,...,αg−1∈Fg2
s.t. [ε+δ, αj ] odd

(−1)δ·(α1+···+αg−1)W ([ε+δ, α1], . . . , [ε+δ, αg−1]),

where W is defined in (20).

Proof. We will need some basic facts from linear algebra. First, we note that
if A and B are an m× n and an n×m matrix, respectively. Then

(22) AB =

n∑

i=1

AiB
i,

where Ai is the i-th column of A and Bi is the i-th row of B. Furthermore, we
will need that for I, J ∈ P ∗k (Xm), the following holds:

(23) (AB)IJ = AIBJ ,

where AI is the submatrix obtained from A by taking rows corresponding to
the elements of I, and BJ is the submatrix obtained from B by taking columns
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corresponding to the elements of J . The last identity we need is the following
generalization of the Binet formula:

(24) det(AB) =
∑

S∈P∗
m(Xn)

det(AS) det(BS).

Notice that if m > n, P ∗m(Xn) is empty and the right-hamd side of the previous
identity is zero, as should be the case, since the rank of AB is bounded by the
ranks of A and B. Defining the g × 2g matrix

Vε+δ =
(
v[ ε+δα ]

)
α∈Fg2

,

whose columns are the gradients v[ ε+δα ] indexed by α ∈ Fg2, and defining the

2g × g matrix

V −ε+δ =

(
(−1)δ·α vt

[ ε+δα ]

)

α∈Fg2
,

relations (11) and (22) imply

Aε,δ =
1

2g−2
Vε+δ V

−
ε+δ.

Hence, by a straightforward computation from (23) and (24) the proposition
follows. �

We now compare our construction to that of Freitag, thus also linking the two
previously known methods.

Theorem 14. For ε 6= δ, denote by Bε δ the vector-valued modular form such
that {Θ[ε]g−1,Θ[δ]g−1} = Tr(Bε δ(τ)dτ̌ ). Then we have

(25) Aadε δ =
(4πi)g−1

(g − 1)!
Bε δ.

We note that of course the above is an identity of vector-valued modular forms,
which also implies that the holomorphic differential forms constructed from
them are equal in ΩN−1(Ag(2, 4)) and ΩN−1(A∗g(2, 4)), for g odd and even
respectively.

The proof of Theorem 14 relies on the following

Lemma 15. Let I = {i1, . . . , ik}, J = {j1, . . . , jk} be elements of P ∗k (Xg) with
k ≤ n. As a consequence of the heat equations, for every ε ∈ Fg2 the second
order theta constant Θ[ε] satisfies the relation

|∂IJ |Θ[ε]n = n(n− 1) . . . (n− k + 1)Θ[ε]n−k |(∂Θ[ε])IJ |.
Remark 16. We emphasize that the left-hand-side of the lemma means the de-
terminant of the matrix of partial derivatives, considered as a degree k differen-
tial operator, applied to the power of the theta constant, while the right-hand-
side is a different power of the theta constant multiplied by the determinant of
the matrix of partial derivatives of the theta constants. When differentiating
on the left, one would a priori expect terms involving higher order derivatives
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of the theta constant to appear, and the content of the lemma is that such
cancel out.

Proof of lemma 15. The proof will be by induction in k. Clearly, for k = 1

(1 + δi1j1)

2
∂τi1j1 Θ[ε]n = nΘ[ε]n−1

(1 + δi1j1)

2
∂τi1j1 Θ[ε].

The first interesting case is k = 2, where I = {i1, i2} and J = {j1, j2}. In this
case we have

|∂IJ |Θ[ε]n = n(n− 1)Θ[ε]n−2 |(∂Θ[ε])IJ | + nΘ[ε]n−1(|∂IJ |Θ[ε]).

From the heat equation, it easily follows that for every ε ∈ Fg2

(1 + δi1j1)(1 + δi2j2)∂τi1j1∂τi2j2 Θ[ε] = (1 + δi2j1)(1 + δi1j2)∂τi2j1∂τi1j2 Θ[ε],

and hence

(26) |∂IJ |Θ[ε] =

∣∣∣∣∣
(1+δi1j1 )

2 ∂τi1j1
(1+δi1j2 )

2 ∂τi1j2
(1+δi2j1 )

2 ∂τi2j1
(1+δi2j2 )

2 ∂τi2j2

∣∣∣∣∣Θ[ε] = 0.

Computing |∂IJ | by the Laplace expansion along the first column for k > 2,
we have

|∂IJ |Θ[ε]n =
( k∑

h=1

(−1)h+1∂ihj1

∣∣∣∂I\{ih}J\{j1}

∣∣∣
)

Θ[ε]n =

=

k∑

h=1

(−1)h+1∂ihj1

[
n(n− 1) . . . (n− k + 2)Θ[ε]n−k+1

∣∣∣(∂Θ[ε])
I\{ih}
J\{j1}

∣∣∣
]

=

= n(n− 1) . . . (n− k + 1)Θ[ε]n−k |(∂Θ[ε])IJ |+

+ n(n− 1) . . . (n− k + 2)Θ[ε]n−k+1
k∑

h=1

(−1)h+1∂ihj1

∣∣∣(∂Θ[ε])
I\{ih}
J\{j1}

∣∣∣ .

The extra terms cancel out because of the heat equation, so the lemma is
proved. �

We are now ready to prove the above theorem.

Proof of theorem 14. By [Wei83, lemma 4], to prove the identity of such
vector-valued modular forms, it is enough to prove that, for example, the gg-th
entries of the corresponding matrices agree.

We first recall that the determinant of a matrix can be expanded in its block
submatrices as follows: for an n× n matrix M , and for any fixed J ∈ P ∗k (Xn),
we have

det(M) =
∑

I∈P∗
k (Xn)

(−1)I+J · |M I
J | · |M Ic

Jc | ,

where on the right we take the determinants of the corresponding submatrices,
and (−1)I means (−1)i1+···+ik , where I = {i1, . . . , ik}. Applying this to the
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gg-th entry of the cofactor matrix, we get

(Aadε δ)gg = (4πi)g−1
g−1∑

k=0

(−1)kΘ[ε]g−k−1Θ[δ]k·

·
∑

I,J∈P∗
k (Xg−1)

(−1)I+J |(∂Θ[ε])IJ | · |(∂Θ[δ])I
c

Jc |.

By Lemma 15, it follows that

(Bε δ)gg = (g − 1)!

g−1∑

k=0

(−1)kΘ[ε]g−k−1Θ[δ]k·

·
∑

I,J∈P∗
k (Xg−1)

s(I)s(J)|(∂Θ[ε])IJ | · |(∂Θ[δ])I
c

Jc |.

To complete the proof it is enough to check that s(I) s(J) = (−1)I+J .
This can be easily verified by induction in k, noting that for I = {i} it holds
that s(I) = (−1)i−1, since it is the sign of the permutation that turns the set
{i, 1, . . . , i− 1, i+ 1, . . . , g − 1} into the set {1, . . . , g − 1}. �

Remark 17. In all of the constructions above, instead of starting from Aεδ,
one can perform the same construction starting from theta constants of arbi-
trary level, or from two theta constants with characteristic. As a result, one
gets vector-valued modular forms for suitable subgroups, which can be used to
construct holomorphic differential forms on suitable Siegel modular varieties.
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Università di Roma “La Sapienza”
Piazzale Aldo Moro, 2
I-00185 Roma
Italy
f.dallapiazza@gmail.com

Samuel Grushevsky
Mathematics Department
Stony Brook University,
Stony Brook
NY 11794-3651
USA
sam@math.stonybrook.edu

Alessio Fiorentino
Dipartimento di Matematica
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Abstract. We develop a theory of Toeplitz, and to some extent Han-
kel, operators on the kernels of powers of the boundary d-bar operator,
suggested by Boutet de Monvel and Guillemin, and on their analogues,
somewhat better from the point of view of complex analysis, defined using
instead the covariant Cauchy-Riemann operators of Peetre and the sec-
ond author. For the former, Dixmier class membership of these Hankel
operators is also discussed. Our main tool are the generalized Toeplitz
operators (with pseudodifferential symbols), in particular there appears
naturally the problem of finding parametrices of matrices of such opera-
tors in situations when the principal symbol fails to be elliptic.
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1. Introduction

Let Ω be a bounded domain in Cd and L2
hol(Ω) the Bergman space of all

holomorphic functions in L2(Ω). For φ ∈ L∞(Ω), the Toeplitz operator Tφ
with symbol φ is the operator on L2

hol(Ω) defined by

Tφf = Π(φf), f ∈ L2
hol(Ω),

where Π : L2(Ω) → L2
hol(Ω) is the orthogonal projection (the Bergman pro-

jection). Similarly, if Ω has smooth boundary ∂Ω, one has the Hardy space
H2(∂Ω) consisting of all functions in L2(∂Ω) (with respect to the surface

Research supported by GA ČR grant no. 16-25995S, by RVO funding for IČ 67985840 and
by Swedish Science Council (VR).
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measure on ∂Ω) whose Poisson extension into Ω is holomorphic, and for
φ ∈ L∞(∂Ω) the Toeplitz operator Tφ on H2(∂Ω) is defined by

Tφu = Π(φu), u ∈ H2(∂Ω),

where Π : L2(∂Ω) → H2(∂Ω) is the orthogonal projection (the Szegö projec-
tion). There are also Hankel operators Hφ : L2

hol(Ω) → L2(Ω) ⊖ L2
hol(Ω) and

Hφ : H2(∂Ω)→ L2(Ω)⊖H2(∂Ω) defined as

Hφf = (I −Π)(φf), Hφu = (I −Π)(φu), respectively.

Toeplitz and Hankel operators, and their various generalizations, have been
extensively studied for the last three decades, and have turned out to play
important role in many subjects ranging from operator theory and complex
function theory to geometry and mathematical physics, see e.g. [14], [16], [19],
[18] and the references therein for a sample.
The spaces L2

hol(Ω) on which Tφ and Hφ act can alternatively be characterized

as the kernel of the operator ∂ in L2(Ω), where, as usual, ∂ denotes the operator
assigning to a function f on Ω the (0, 1)-form

∂f :=

d∑

j=1

∂f

∂zj
dzj .

For d > 1, one has a similar characterization of the Hardy space H2(∂Ω) as
the kernel of the operator ∂b in L2(∂Ω), where for a function u on ∂Ω, ∂bu is
the restriction of du to the antiholomorphic complex tangent space T ′′(∂Ω),
consisting of all vectors X on ∂Ω of the form

X =

d∑

j=1

Xj
∂

∂zj
, Xj ∈ C,

which are tangent to ∂Ω. Fixing a positively-signed defining function ρ for Ω,
so that ρ > 0 on Ω and ρ = 0 < |∇ρ| on ∂Ω, the last condition just means that
Xρ = 0, and T ′′(∂Ω) is spanned by the (linearly dependent) vector fields

(1) Ljk :=
∂ρ

∂zj

∂

∂zk
− ∂ρ

∂zk

∂

∂zj
, 1 ≤ j < k ≤ d;

so ∂bu = 0 means that Ljku = 0 for all j, k.
A generalization of the Hardy space due to Boutet de Monvel and Guillemin
[3, §15.3] are the subspaces Bm in L2(∂Ω), m = 1, 2, . . . , of all functions u

annihilated by ∂
m

b , in the sense that

Lj1k1Lj2k2 . . . Ljmkmu = 0 for all j1, . . . , jm, k1, . . . , km.
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Clearly B1 ⊂ B2 ⊂ · · · ⊂ L2(∂Ω) and B1 = H2(∂Ω). It was shown in [3] that
microlocally, the associated “higher Szegö projectors” Πm : L2(∂Ω)→ Bm are
of the same type as Π, and, hence, in this sense, so are the corresponding
Toeplitz operators TBmφ : u 7→ Πm(φu) on Bm.
The drawback of the spaces Bm, however, is that in spite of the microlocal
equivalence of the Szegö projectors just mentioned, they fail to be invariant
under biholomorphic maps. For instance, in the simplest possible situation
when Ω = B2, the unit ball of C2, one checks easily that the function z2
belongs to B2 = KerL2

12, but if φa is the automorphism of B2 interchanging
the origin with a point a ∈ B2, then z2 ◦φa /∈ B2 if a 6= 0. (See Section 3 below
for the details.)
The aim of this paper is, firstly, to show that in spite of not being biholomor-
phically invariant, the spaces Bm, m > 1, have Toeplitz and Hankel operators
which behave very similarly as in the classical case m = 1; and secondly, to pro-
pose a different generalization, the so-called higher Cauchy-Riemann spaces Cm,
m = 1, 2, . . . , which are well-behaved under biholomorphic maps, and study the
associated Toeplitz operators.
For the first part, we work out only the case of Ω = B2, the unit ball in C2.
Our main result is the following.

Theorem 1. The Toeplitz operator TB2

f on B2(∂B2) is unitarily equivalent to
the operator [

Tf 0
0 Tf

]
+ lower order term

on the direct sum H2(∂B2)⊕H2(∂B2).

Here the “lower order term” means a 2 × 2 matrix of generalized Toeplitz
operators of order at most − 1

2 ; see again Section 3 below for more details.
As a corollary to the theorem, we also get a similar result for the productH∗

f
Hg

of two Hankel operators on B2(∂B2), and a formula for the Dixmier trace of
(H∗

f
Hg)2 that can be compared to the one for ordinary Hankel operators H∗

f
Hg

from [11].
Concerning the second part, consider, quite generally, a Kähler metric gjk

on Ω, and let glj be the inverse matrix to gjk (so the Kähler form is given

by glkdzl ∧ dzk). The Cauchy-Riemann operator, introduced by Peetre (cf. [8]
and [15]), is the map from functions into holomorphic vector fields on Ω given by

Df := glk∂lf,

where we have started to employ the Einstein summation convention of sum-
ming automatically over any index that occurs twice, and also to write for
brevity ∂l = ∂/∂zl. One can iterate this construction and set, for m = 1, 2, . . . ,

D
m
f := glmkm∂lmg

lm−1km−1∂lm−1 . . . g
l1k1∂l1f.
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It turns out that (D
m
f)km...k1 is symmetric in the indices km, . . . , k1 [15], and

in fact coincides with the contravariant derivative f/km...k1 with respect to the
Hermitian connection [8]. The m-th Cauchy-Riemann space Cm is, by defini-

tion, the kernel of D
m

:

Cm := {f : D
m
f = 0 on Ω}.

Clearly C1 comprises precisely of holomorphic functions, and is also independent
of the metric gjk. For m > 1, Cm depends on gjk (although this fact is not

reflected by the notation). Now there are various holomorphically invariant
Kähler metrics associated to a given bounded strictly pseudoconvex domain
with smooth boundary, such as the Bergman metric, the Poincare (Kähler-
Einstein) metric, the metric coming from the invariant Szegö kernel, and so
forth. Taking any of these for gjk, by the very nature of their construction the
spaces Cm, unlike Bm, will be invariant under biholomorphisms.
Choosing a (positive smooth) weight w on Ω, let Cm,w := Cm ∩L2(Ω, w) (since
differential operators are closed, this is a closed subspace of L2(Ω, w)), and

let T (m,w)
φ : f 7→ Π(m,w)(φf), where Π(m,w) : L2(Ω, w) → Cm,w is the or-

thogonal projection, be the associated Toeplitz operator on Cm,w with sym-

bol φ ∈ L∞(Ω). (Thus T (m,w)
φ again depends also on the choice of the met-

ric gjk, although this is not reflected by the notation.) We will actually assume

that Ω is bounded, strictly pseudoconvex and with smooth boundary, that
φ ∈ C∞(Ω) is smooth on the closure Ω of Ω, that the weight w is of the form

w = ρν , ν ∈ R,

where ρ is a (fixed) positively-signed defining function for Ω and ν is large
enough; and that gjk is given by a Kähler potential Ψ,

gjk = ∂j∂kΨ,

where Ψ is of the form

Ψ ≈
∞∑

j=0

(ρM log ρ)jηj , ηj ∈ C∞(Ω),

with an integer M ≥ 2; see Section 4 for the details. Note that all the metrics
gjk mentioned in the penultimate paragraph are of this kind.

Theorem 2. Let Ω, w and gjk be as stated above. Assume that ν > 1 and

that −ρ is strictly plurisubharmonic near ∂Ω and |∂ρ| = 1 on ∂Ω. Then the

Toeplitz operator T (2,w)
φ is unitarily equivalent to the operator

(2) T (2,w)
φ

∼=
d⊕

j=0

Tφ|∂Ω + lower order term

on the direct sum ⊕dj=0H
2(∂Ω) of (d+ 1) copies of H2(∂Ω).
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Here the “lower order term” means a (d + 1) × (d + 1) matrix of sums of
generalized Toeplitz operators of orders and − 1

2 and −1, see Section 4 for the
details.
The hypothesis ν > 1 is needed to have C2,w nontrivial: for ν ≤ 1, C2,w contains
just the function constant zero.
For general m ≥ 2, (2) holds too, except that the hypothesis on ν becomes

ν > 2m− 3 and instead of d+ 1 copies of Tφ|∂Ω, one gets
(
d+m−1
m−1

)
copies (and

matrices of the corresponding size).
Our main tool are Toeplitz operators with pseudodifferential symbols, or gener-
alized Toeplitz operators, on H2(∂Ω) whose theory was worked out by Boutet
de Monvel and Guillemin in [3]. The proof of Theorem 1 follows what is now
already a more or less standard Ansatz (cf. e.g. [2] and [11]) once we identify
B2 explicitly by parameterizing it by two copies of H2(∂Ω). To some extent
this is also true for Theorem 2, however the main difficulty there is that we
are confronted with inverting a matrix of generalized Toeplitz operators whose
principal symbol is not invertible (i.e. the matrix is not elliptic).
The proof of Theorem 1 is presented in Section 3, after reviewing various pre-
requisites in Section 2. The proof of Theorem 2 occupies Section 4, while the
simplest case of the ball is worked out in detail in Section 5.
As already introduced above, we write simply ∂j , ∂j for ∂/∂zj and ∂/∂zj ,
respectively. Throughout the paper, abusing the notation slightly, we will also
denote the restriction φ|∂Ω of a function φ ∈ C∞(Ω) to ∂Ω just again by φ.

2. Background

2.1 Pseudodifferential operators. Throughout the rest of this paper, Ω will
be a bounded strictly pseudoconvex domain in Cd, d > 1, with smooth (= C∞)
boundary, and ρ a positively signed defining function for Ω, i.e. ρ ∈ C∞(Ω),
ρ > 0 on Ω, and ρ = 0 < |∇ρ| on ∂Ω. Denote by η the restriction to ∂Ω of the
1-form Im(−∂ρ) = (∂ρ − ∂ρ)/2i. The strict pseudoconvexity of Ω guarantees
that the half-line bundle

Σ := {(x, ξ) ∈ T ∗(∂Ω) : ξ = tηx, t > 0}

is a symplectic submanifold of the cotangent bundle T ∗(∂Ω).
By a classical (or polyhomogeneous) pseudodifferential operator (ψdo for short)
P on ∂Ω of order m we will mean a ψdo whose total symbol in any local coordi-
nate chart has an asymptotic expansion p(x, ξ) ∼∑∞j=0 pm−j(x, ξ), where pm−j
is C∞ in x, ξ and positively homogeneous of degree m− j in ξ for |ξ| > 1. Here

m can be any real number, and “∼” means that the difference p−∑k−1
j=0 pm−j

should belong to the Hörmander class Sm−k, for each k = 0, 1, 2, . . . . The func-
tion pm(x, ξ) is called the (leading or principal) symbol of P , denoted σm(P )
(or just σ(P ) if the order m is clear from the context), and the set of all ψdo’s
of order m will be denoted by Ψm. Operators in

⋂
m∈R Ψm are the smoothing

operators, i.e. those with C∞ Schwartz kernel; and we will write P ∼ Q if
P −Q is smoothing.
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Unless explicitly stated otherwise, all ψdo’s henceforth will be classical. In Sec-
tion 4, we will also need ψdo’s with symbols whose degrees of homogeneity go
down by 1

2 instead of 1; for the purposes of this paper, we will call these demi-

classical ψdo’s. In other words, a demi-classical ψdo of order m is the sum of
a classical ψdo of order m and a classical ψdo of order m− 1

2 .

2.2 Generalized Toeplitz operators. For Q ∈ Ψm the generalized Toeplitz
operator (or gTo for short) TQ is defined as

TQ = ΠQ|H2(∂Ω).

Alternatively, one can view TQ as the operator

TQ = ΠQΠ

on all of L2(∂Ω). In both cases, TQ is a densely defined operator (its domain
contains the Sobolev space Wm(∂Ω)), and extends to a continuous map from
the Sobolev space W s(∂Ω) into W s−m

hol (∂Ω), for any s ∈ R.

Generalized Toeplitz operators are known to enjoy the following properties.

(P1) They form an algebra, i.e. TPTQ = TR for some ψdo R.
(P2) In fact, for any TQ there exists a ψdo P of the same order as Q such

that TP = TQ and PΠ = ΠP .
(P3) If P,Q are of the same order and TP = TQ, then σ(P ) and σ(Q) coincide

on the half-line bundle Σ. One can thus define unambiguously the order
of TQ as ord(TQ) := inf{ord(P ) : TP = TQ}, and the (principal) symbol
σ(TQ) := σ(Q)|Σ if ord(Q) = ord(TQ). (The symbol is undefined if
ord(TQ) = −∞.)

(P4) ord(TPTQ) = ord(TP ) + ord(TQ), σ(TPTQ) = σ(TP )σ(TQ), and
σ([TP , TQ]) = 1

i {σ(TP ), σ(TQ)}Σ where {·, ·}Σ denotes the Poisson
bracket on Σ.

(P5) If ord(TQ) ≤ 0, then TQ is bounded on L2(∂Ω); if ord(TQ) < 0, it is
even compact.

(P6) If Q ∈ Ψm and σm(Q)|Σ = 0, then there exists P ∈ Ψm−1 with TP =
TQ. If TQ ∼ 0, then there exists P ∼ 0 such that TP = TQ.

(P7) One says that TQ is elliptic if σ(TQ) does not vanish. Then TQ has a
parametrix, i.e. there exists a gTo TP , with ord(TP ) = − ord(TQ) and
σ(TP ) = σ(TQ)−1, such that TPTQ ∼ TQTP ∼ IH2(∂Ω).

(P8) If an elliptic gTo TP is in addition positive self-adjoint as an operator
on H2(∂Ω), then its complex power T zP , z ∈ C, defined using the spec-
tral theorem, is again a gTo, of order z ord(TP ) and with symbol equal
to σ(TP )z; in particular, the inverse T−1P and the positive square roots

T
1/2
P , T

−1/2
P are gTo’s.

We refer to the book [3], especially its Appendix, and to the paper [2] for the
proofs and for additional information on generalized Toeplitz operators.
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In addition to classical ψdo’s and gTo’s, we will also need the more general
class Ψlog of log-classical (or log-polyhomogeneous) ψdo’s and gTo’s, whose
total symbol in any local coordinate chart satisfies

p(x, ξ) −
k−1∑

j=0

pm−j(x, ξ) ∈ Sm−k+ǫ ∀ǫ > 0, k = 0, 1, 2, . . . ,

where pm−j are of the form

(3) pm−j(x, ξ) =

kj∑

k=0

pm−j,k(x, ξ|ξ|)|ξ|m−j(log |ξ|)k

for |ξ| > 2, for some (finite) integers kj . Such ψdo’s arise naturally as log-
arithms of complex powers of elliptic classical ψdo’s, and similarly for the
corresponding gTo’s. The properties (P1)–(P8) above remain in force for log-
classical gTo’s, except in (P7), (P8) and the first part of (P5) one must assume
that k0 = 0 (i.e. that the principal symbol is log-free). The reader is referred
e.g. to [10], and the references therein, for the details.
Again, in Section 4 we will also need the demi-classical analogues of log-pluri-
homogeneous ψdo’s and gTo’s, i.e. with symbols whose degrees of homogeneity
go down by 1

2 instead of 1; everything above extends also to this case.

2.3 Boutet de Monvel calculus. Let K denote the Poisson extension oper-
ator, i.e. K solves the Dirichlet problem

(4) ∆Ku = 0 on Ω, Ku|∂Ω = u.

(Thus K acts from functions on ∂Ω into functions on Ω. Here ∆ is the ordinary
Laplacian.) By the standard elliptic regularity theory [13], K is continuous

from W s(∂Ω) into W s+ 1
2 (Ω), for any real s; in particular, it is continuous

from L2(∂Ω) into L2(Ω), and thus has a continuous Hilbert space adjoint K∗ :
L2(Ω)→ L2(∂Ω). The composition

K∗K =: Λ

is known to be a positive selfadjoint elliptic ψdo on ∂Ω of order −1. We have
by definition Λ−1K∗K = IL2(∂Ω); comparing this with (4) we see that the
restriction

γ := Λ−1K∗|RanK

is the operator of “taking the boundary values” of a harmonic function. The op-
erators

Λw := K∗wK,

with w a smooth function on Ω, are governed by a calculus developed by Boutet
de Monvel in [1]. For typographical reasons, we will often write Λ[w] instead
of Λw. It was shown that for w of the form

w = ρsg, g ∈ C∞(Ω), s > −1,
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1088 M. Englǐs, G. Zhang

Λ[w] is a ψdo on ∂Ω of order −s− 1, with principal symbol

(5) σ(Λw)(x, ξ) =
Γ(s+ 1)|ηx|s

2|ξ|s+1
g(x).

More generally, Λ[gρs(log ρ)k] is a log-classical ψdo on ∂Ω whose leading symbol
p−s−1(x, ξ) has the form (3) with k0 = k; see e.g. [12].

2.4 The Levi form. We denote by T ′′ ≡ T ′′(∂Ω) ⊂ T (∂Ω)⊗C the antiholo-
morphic complex tangent space to ∂Ω, i.e. elements of T ′′x , x ∈ ∂Ω, are vec-

tors X =
∑d

j=1Xj
∂
∂zj

, Xj ∈ C, such that Xρ = 0. (This notation follows

[4, p. 141].) The holomorphic complex tangent space T ′ is defined similarly,
and the whole complex tangent space T (∂Ω) ⊗ C is spanned by T ′, T ′′ and
the vector

E :=
d∑

j=1

∂ρ

∂zj

∂

∂zj
− ∂ρ

∂zj

∂

∂zj

(the “complex normal” direction).
The boundary d-bar operator ∂b : C∞(∂Ω) → C∞(∂Ω → T ′′∗) is defined as
the restriction

∂bf := df |T ′′ ,

or, more precisely, ∂bf = df̃ |T ′′ for any smooth extension f̃ of f to a neigh-
bourhood of ∂Ω in Cd (the right-hand side is independent of the choice of such
extension). Recall that the Levi form is the Hermitian form on T ′ defined by

L′(X,Y ) = −
d∑

j,k=1

∂2ρ

∂zj∂zk
XjY k if X =

d∑

j=1

Xj
∂

∂zj
, Y =

d∑

k=1

Yk
∂

∂zk
.

The strong pseudoconvexity implies that L′ is positive definite. Similarly one
has the positive-definite Levi form L′′ on T ′′ defined by

L′′(X,Y ) := −
d∑

j,k=1

∂2ρ

∂zk∂zj
XjY k if X =

∑

j

Xj
∂

∂zj
, Y =

∑

k

Yk
∂

∂zk
.

In terms of the complex conjugationX 7→ X given byXj
∂
∂zj

= Xj
∂
∂zj

, mapping

T ′ onto T ′′ and vice versa, the two forms are related by

L′′(X,Y ) = L′(Y ,X) ∀X,Y ∈ T ′′.

By the usual formalism, L′′ induces a positive definite Hermitian form (or, per-
haps more appropriately, a positive definite Hermitian bivector) on the dual
space T ′′∗ of T ′′; we denote it by L. Namely, for α ∈ T ′′∗, let Z ′′α ∈ T ′′ be
defined by

L′′(X,Z ′′α) = α(X) ∀X ∈ T ′′.

Documenta Mathematica 22 (2017) 1081–1116



Higher Cauchy-Riemann Spaces 1089

(This is possible, and Z ′′α is unique, owing to the non-degeneracy of L′′. Note
that α 7→ Z ′′α is conjugate-linear.) Then

L(α, β) = L′′(Z ′′β , Z
′′
α) = α(Z ′′β ) = β(Z ′′α).

These objects are related to the symplectic structure of Σ as follows. Note that

dη = −i∂∂ρ = −i
d∑

k,l=1

∂2ρ

∂zk∂zl
dzk ∧ dzl,

hence
dη(X ′ +X ′′, Y ′ + Y ′′) = iL′(X ′, Y ′′)− iL′(Y ′, X ′′)

for all X ′, Y ′ ∈ T ′ and X ′′, Y ′′ ∈ T ′′. It follows that dη is a non-degenerate
skew-symmetric bilinear form on T ′ + T ′′. Let us define ET ∈ T ′ + T ′′ by

dη(X,ET ) = dη(X,E) ∀X ∈ T ′ + T ′′

(again, this is possible and unambiguous by virtue of the non-degeneracy of dη
on T ′ + T ′′), and set

E⊥ :=
E − ET
η(E)

=
E − ET
i‖η‖2 .

The vector field E⊥ is usually called the Reeb vector field, and is defined by
the conditions η(E⊥) = 1, iE⊥dη = 0.
For f, g ∈ C∞(∂Ω), if we denote by f, g also the corresponding functions on the
half-line bundle Σ constant on each fiber, then one has the following formula
for their Poisson bracket:

(6)
1

i
{f, g}Σ =

L(∂bf, ∂bg)− L(∂bg, ∂bf)

t
, ξ = tηx, t > 0.

In particular, the right-hand side gives the symbol σ−1([Tf , Tg]) of the com-
mutator of two Toeplitz operators, by the property (P4). One can also show
that

(7) σ−1(Tfg − TfTg) = 1
tL(∂bg, ∂bf).

More generally, identifying — once for all — the half-line bundle Σ with ∂Ω×
R+ via the map (x, tηx) 7→ (x, t), let F,G be the functions on Σ given by

F (x, t) = t−kf(x), G(x, t) = t−mg(x).

Then the Poisson bracket of F and G is given by

(8) {F,G}Σ = t−k−m−1
(
iL(∂bf, ∂bg)− iL(∂bg, ∂bf) +mgE⊥f − kfE⊥g

)
.

See [11, Corollary 8] for (6) and (8), from which (7) follows in the same way as
in the proof of Theorem 9 there.

Documenta Mathematica 22 (2017) 1081–1116



1090 M. Englǐs, G. Zhang

2.5 Dixmier trace. Recall that if A is a compact operator acting on a Hilbert
space then its sequence of singular values {sj(A)}∞j=1 is the sequence of eigen-

values of |A| = (A∗A)1/2 arranged in nonincreasing order. In particular if
A≫ 0 this will also be the sequence of eigenvalues of A in nonincreasing order.
For 0 < p <∞ we say that A is in the Schatten ideal Sp if {sj(A)} ∈ lp(Z>0).
If A ≫ 0 is in S1, the trace class, then A has a finite trace and, in fact,
tr(A) =

∑
j sj(A). If however we only know that

sj(A) = O(j−1) or that

Sk(A) :=

k∑

j=1

sj(A) = O(log(1 + k))

then A may have infinite trace. However in this case we may still try to
compute its Dixmier trace, trω(A). Informally trω(A) = limk

1
log kSk(A) and

this will actually be true in the cases of interest to us. We begin with the
definition. Select a continuous positive linear functional ω on l∞(Z>0) and
denote its value on a = (a1, a2, ...) by limω(ak). We require of this choice
that limω(ak) = lim ak if the latter exists. We require further that ω be scale

invariant; a technical requirement that is fundamental for the theory but will
not be of further concern to us.
Let SDixm be the class of all compact operators A which satisfy

( Sk(A)

log(1 + k)

)
∈ l∞.

With the norm defined as the l∞-norm of the left-hand side, SDixm becomes
a Banach space. For a positive operator A ∈ SDixm, we define the Dixmier

trace of A, trω A, as trω A = limω( Sk(A)
log(1+k) ); trω is then extended by linearity

to all of SDixm. Although this definition does depend on ω, the operators A
we consider are measurable, that is, the value of trω A is independent of the
particular choice of ω. We refer to [7] for details and for discussion of the role
of these functionals.
It is a result of Connes [6] that if Q is a ψdo on a compact manifold M of real
dimension n and ord(Q) = −n, then Q ∈ SDixm and

trω(Q) =
1

n!(2π)n

∫

T ∗(M)1

σ(Q).

(Here T ∗(M)1 denotes the unit sphere bundle in the cotangent bundle T ∗(M),
and the integral is taken with respect to a measure induced by any Riemannian
metric on M ; since σ(Q) is homogeneous of degree −n, the value of the integral
is independent of the choice of such metric.) It was shown in [11] that for
Toeplitz operators TQ on ∂Ω, the “right” order for TQ to belong to SDixm is
not − dimR ∂Ω = −(2d − 1), but rather − dimC Ω = −d. Namely, if T is a
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generalized Toeplitz operator on H2(∂Ω) of order −d, then T ∈ SDixm, T is
measurable, and

trω T =
1

d!(2π)d

∫

∂Ω

σ−d(T )(x, ηx) η ∧ (dη)d−1.

See Theorem 3 in [11].

3. Operators on Bm
In this section we consider Toeplitz and Hankel operators on the Boutet de
Monvel-Guillemin spaces Bm associated to “higher Szegö projectors”. We deal
in detail with the case m = 2 on the unit ball B2 of C2, and at the end discuss
what happens for m > 2 and general domains.
Let thus Ω = B2, with the usual defining function ρ(z) = 1 − |z|2. The anti-
holomorphic complex tangent space T ′′ is then one-dimensional, spanned by
the single vector field

Z := L12 = z1∂2 − z2∂1 on ∂B2.

Its adjoint with respect to the inner product in L2(∂B2) equals (by Stokes’ the-
orem)

Z := z2∂1 − z1∂2.
The spaces Bm, m = 1, 2, . . . , are given simply by

Bm = L2(∂B2) ∩KerZ
m
.

As already noted, B1 = H2(∂B2) ≡ H2. Let

H2
0 := {f ∈ H2 : f(0) = 0},

where, abusing notation slightly, we denote by f also the holomorphic extension
of f ∈ H2 into B2.

Proposition 3. Every function in B2 can uniquely be written in the form
f + Zg, with f ∈ H2 and g ∈ H2

0 .

Proof. By a simple computation

(9) ZZ(zm1 z
n
2 ) = (m+ n)zm1 z

n
2 = R(zm1 z

n
2 ),

where R := z1∂1 + z2∂2 is the holomorphic radial derivative. Letting S :
zm1 z

n
2 7→ zm1 z

n
2 /(m+n) stand for the inverse of R on H2

0 , we thus have ZZSh =
h for all h ∈ H2

0 . Also, by direct check, z2∂1S and z1∂2S are both bounded
from H2

0 into L2(∂B2), hence so is ZS. Now if u ∈ B2, then Zu =: h must be
a function in H2. By Stokes’ theorem,

h(0) = −
∫

∂B2

h = −
∫

∂B2

Zu = −
∫

∂B2

u(Z1) = 0,
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so in fact h ∈ H2
0 . Hence Z(u − ZSh) = 0, so u − ZSh is holomorphic and

belongs to L2(∂B2), i.e. u − ZSh ∈ H2. Taking f = u − ZSh, g = Sh thus
yields the desired decomposition.
Uniqueness is immediate from the fact that Z(f + Zg) = ZZg = Rg together
with the injectivity of R on H2

0 . �

The last proof actually shows that

A : f ⊕ g 7→ f + Zg, f ∈ H2, g ∈ H2
0 ,

is a densely defined closed operator mapping its domain H2 ⊕ SH2
0 bijectively

onto B2. By abstract operator theory, we have the polar decomposition

A = U(A∗A)1/2,

where U = A(A∗A)−1/2 is a partial isometry with initial space RanA∗ =
(KerA)⊥ = H2 ⊕H2

0 and final space RanA = B2; that is, U is a unitary map
of H2 ⊕H2

0 onto B2, and UU∗ = Π2 is the orthogonal projection of L2(∂B2)
onto B2.
For f ∈ L∞(∂B2), the Toeplitz operator TB2

f — which, throughout this section,
we will abbreviate just to Tf — can thus be written as

Tf = UU∗fUU∗,

and is therefore unitarily equivalent to the operator

U∗fU = (A∗A)−1/2A∗fA(A∗A)−1/2

on H2 ⊕ H2
0 . Denote by Π0 = Π − 〈·,1〉1 the orthogonal projection of H2

onto H2
0 ; note that Π−Π0 is a smoothing operator (its Schwartz kernel equals

constant 1). The complex normal vector field

E =

2∑

j=1

(zj∂j − zj∂j)

is tangential to ∂B2 and E|H2 = −R, i.e. TE = −R. It follows that R is
an elliptic gTo of order 1 with principal symbol |ξ|/|ηx|; and, hence, also its
parametrix Π0SΠ0 is a gTo, of order −1 and with principal symbol |ηx|/|ξ|.
Consequently (see Proposition 16 in [9] for detailed argument), the square root

Ř := Π0S
−1/2Π0 : zm1 z

n
2 7→

{
(m+ n)−1/2zm1 z

n
2 , m+ n > 0,

0, m = n = 0,

is a gTo of order − 1
2 with symbol |ηx|1/2/|ξ|1/2.

After these preliminaries, we are ready for the main result of this section.
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Theorem 4. For f ∈ C∞(∂B2),

(10) U∗fU =

[
Tf TfZŘ

ŘTZf ŘTZfZŘ

]
.

Here the off-diagonal entries are of order − 1
2 , while ŘTZfZŘ − Tf is of or-

der −1; consequently, Tf ∼= U∗fU =

[
Tf 0
0 Tf

]
+A where A is a 2× 2 matrix

of gTo’s of orders at most − 1
2 .

Here and below, TZf stands for the operator u 7→ ΠZ(fu), i.e. f is to be
understood as a multiplier; we will write T(Zf) for the operator Tg with the

function g = Zf (i.e. u 7→ Π(uZf)).

Proof. Writing f ⊕ g ∈ H2 ⊕ H2
0 as the column vector

[
f
g

]
, we have A =

[I, Z], so

A∗A =

[
I ΠZΠ0

Π0ZΠ Π0ZZΠ

]
=

[
I 0
0 Π0RΠ0

]
,

since ZZ = R while ZΠ = ΠZ = 0. It follows that (A∗A)−1/2 =

[
I 0
0 Ř

]
.

Next,

A∗fA =

[
I

Π0Z

]
f [I, Z] =

[
Tf ΠfZΠ0

Π0ZfΠ Π0ZfZΠ0

]
,

and so

U∗fU = (A∗A)−1/2A∗fA(A∗A)−1/2 =

[
Tf TfZŘ

ŘTZf ŘTZfZŘ

]
,

proving (10).
We have TZf = T(Zf) + TfZ = T(Zf), since ZΠ = 0; similarly

(11) TfZ = TZf − T(Zf) = −T(Zf),
since ΠZ = 0. Thus TZf and TfZ are gTo’s of order 0, hence TfZŘ and ŘTZf
are indeed of order − 1

2 . Finally, by the Leibniz rule and (11),

(12) TZfZ = TfZZ + T(Zf)Z = TfR− T(ZZf) = −TfTE − T(ZZf)
is a gTo of order 1, so that ŘTZfZŘ is of order 0, with principal symbol

σ(Ř)2σ(−TE)σ(Tf ) = σ(Tf ). Thus ŘTZfZŘ − Tf is of order −1, and the
second part of the theorem follows. �

Clearly, the second part of the last theorem is precisely the statement of The-
orem 1 from the Introduction.
Using the standard relation

(13) H∗
f
Hg = Tfg − TfTg,

one can also get information about the “higher Hankel” operators Hf ≡ H(2)
f :

u 7→ (I −Π2)(fu), u ∈ B2.
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Theorem 5. For f, g ∈ C∞(∂B2),
(14)
U∗H∗

f
HgU =

[
Tfg − TfTg − TfZŘ2TZg (TfgZ − TfTgZ − TfZŘ2TZgZ)Ř

Ř(TZfg − TZfTg − TZfZŘ2TZg) Ř(TZfgZ − TZfTgZ − TZfZŘ2TZgZ)Ř

]
.

Here the orders of the entries are at most

[−2 − 3
2

− 3
2 −1

]
, with

σ−1(Ř(TZfgZ − TZfTgZ − TZfZŘ2TZgZ)Ř) = −2(Zf)(Zg).

Proof. The formula (14) follows directly from (10) and (13). In the upper
left corner, σ(Tfg) = fg = σ(TfTg), so Tfg − TfTg is of order −1, and so is

TfZŘ
2TZg since TfZ and TZg are of order 0 by (11) while Ř is of order − 1

2 .

In the bottom right corner TZfgZ has order 1 and symbol fg/σ(Ř)2 by (12), and

so does TZfZŘ
2TZgZ (for the same reason); so their difference is of order 0,

while TZf and TgZ are also of order 0 by (11); so the whole entry has the

same order as Ř2, i.e. −1. Finally, in the upper right corner, σ(TfgZ) =
−Z(fg) and σ(TfTgZ) = −f(Zg) by (11), so σ(TfgZ − TfTgZ) = −(Zf)g;

while σ(TfZŘ
2TZgZ) = −(Zf)σ(Ř)2 g

σ(Ř)2
= −(Zf)g as well, all these gTo’s

being of order 0. Hence TfgZ − TfTgZ − TfZŘ2TZgZ is of order at most −1,

and the whole entry is of order at most −1 + ord(Ř) = − 3
2 .

We claim that σ−1(Tfg−TfTg−TfZŘ2TZg) = 0, so the upper left corner in (14)

is in fact of order −2 (at most). Note first of all that L′′(Z,Z) = 1, whence by a

short computation Z ′′
∂bg

= −(Zg)Z and L′′(∂bf, ∂bg) = −(Zf)(Zg). Therefore

by (7),

(15) σ−1(Tfg − TfTg) = −1

t
(Zf)(Zg), ξ = tηx.

Consequently,

σ−1(Tfg − TfTg − TfZŘ2TZg)

= σ−1(Tfg − TfTg + T(Zf)Ř
2T(Zg)) by (11)

= − 1
t (Zf)(Zg) + (Zf)σ−1(Ř2)(Zg) by (15)

= 0 since σ(Ř2) =
1

t
,

proving the claim.
It remains to compute the principal symbol of the bottom right corner in (14).
Now by (11) and (12) again

TZfgZ − TZfTgZ − TZfZŘ2TZgZ

= T−fgE−(ZZfg) + T(Zf)T(Zg) − T−fE−(ZZf)Ř2T−gE−(ZZg)
= −TfgTE − T(ZZf)g+(Zf)(Zg)+(Zf)(Zg)+f(ZZg) + T(Zf)T(Zg)

− TfEŘ2TgE − TfEŘ2T(ZZg) − T (ZZf)Ř2TgE − T(ZZf)Ř2T(ZZg).
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The last summand is of order −1, while −TfEŘ2 = −TfTEŘ2 = TfRŘ
2 =

Tf−Tf(Π−Π0) ∼ Tf , and similarly σ0(−Ř2TgE) = σ0(−TgEŘ2) = σ0(Tg) = g.
Thus

σ0(TZfgZ − TZfTgZ − TZfZŘ2TZgZ)

= σ0(−TfgE − TfEŘ2TgE)− (Zf)(Zg)

= σ−1(Tfg + TfEŘ
2Tg)σ1(−TE)− (Zf)(Zg)

= σ−1(Tfg − TfTg)σ1(−TE)− (Zf)(Zg)

= − (Zf)(Zg)

t
t− (Zf)(Zg) by (15)

= −2(Zf)(Zg),

completing the proof. �

Corollary 6. For f, g ∈ C∞(∂B2), (H∗
f
Hg)2 ∈ SDixm, is measurable, and

trω(H∗
f
Hg)2 = 4 trω(H∗

f
Hg)

2 = 2

∫

∂B2

(Zf)2(Zg)2 dσ̃,

where dσ̃ stands for the normalized surface measure on ∂B2.

Proof. Immediate from the last theorem and Theorem 11 in [11]. �

Remark. By a similar computation as above, one can show that the principal
symbol of the upper right corner in (14) is

σ−3/2((TfgZ − TfTgZ − TfZŘ2TZgZ)Ř) = (Z2f)(Zg).

We have not tried to compute σ−2(Tfg − TfTg − TfZŘ2TZg), which is proba-

bly going to be more tricky (but is of no relevance from the point of view of
e.g. Corollary 6). �

The last theorem and corollary extend also to the spaces Bm(∂B2) = KerZ
m∩

L2(∂B2) for m > 2. Indeed, generalizing (9), one has

Z
m
Zm = m!R(R − 1) . . . (R−m+ 1),

and as before one concludes that

Bm = H2 + ZH2
0 + Z2H00 + · · ·+ Zm−1H2

0m−1 ,

where we denoted H2
0j := {f ∈ H2 : ∂αf(0) = 0 ∀|α| < j}; and following the

same argument as in the proof of Theorem 5, one gets a unitary equivalence of
the Toeplitz operator TBmf on Bm to a certain m ×m matrix of gTo’s on H2.
We are leaving the details to the interested reader.
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As already mentioned, what we perceive as the main drawback of the spaces
Bm — despite their similarity to the ordinary H2 from the “microlocal” point
of view — is that they fail to be invariant under biholomorphic equivalence.
In fact, assume that φ = (φ1, φ2) is a biholomorphic automorphism of B2.
Then by the chain rule

Z(f ◦ φ) =
2∑

k=1

(∂kf) ◦ φ · Zφk.

Since 0 = Z1 = Z(φ1φ1 + φ2φ2) = φ1Zφ1 + φ2Zφ2, we see that

Z(f ◦ φ) = aφ · (Zf) ◦ φ,

where aφ = −Zφ1

φ2
=

Zφ2

φ1
. Hence

Z
2
(f ◦ φ) = Z[aφ · (Zf) ◦ φ] = a2φ · (Z

2
f) ◦ φ+ Zaφ · (Zf) ◦ φ.

Consequently, f ∈ B2 =⇒ f ◦ φ ∈ B2 would mean that Zaφ · (Zf) ◦ φ = 0

∀f ∈ B2, so — taking f so that Zf are e.g. the coordinate functions — Zaφ = 0,

whence Z
2
φ1 = Z

2
φ2 = 0. The last condition is easily seen to be fulfilled only

if φ is an affine map, showing that B2 ◦ φ 6⊂ B2 for other φ.

Yet another drawback of the spaces Bm is their dependence on the — in some
sense arbitrary — choice of the special vector fields Ljk, 1 ≤ j < k ≤ d, in (1)

(reducing to just L12 = Z for d = 2). Namely, the “natural” definition would
rather be

B̃m := {u ∈ L2(∂Ω) : X1 . . . Xmu = 0

for any C∞ sections X1, . . . , Xm of T ′′(∂Ω)},

i.e. X1 . . . Xmu = 0 for any m-tuple of anti-holomorphic complex tangen-
tial vector fields X1, . . . , Xm on ∂Ω. However, unfortunately, one has B̃m =
H2(∂Ω) for all m ≥ 1. In fact, e.g. for Ω = B2 and m = 2 again, the condition

f ∈ B̃2 means that

ZaZf = 0 ∀a ∈ C∞(∂Ω),

or (Za)(Zf)+aZ
2
f = 0 for all a. Taking a = 1 gives Z

2
f = 0, so (Za)(Zf) = 0

for all a; and taking a = Zzj, so that Za = Rzj = zj , then yields zjZf = 0 ∀j.
Thus Zf = 0 and f ∈ H2(∂B2), as claimed.

We therefore proceed to describe a different variant of the spaces Bm, which
does not suffer from the above deficiencies.
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4. Toeplitz operators on Cm
Throughout this section, we assume that Ω is a bounded strictly pseudocon-
vex domain in Cd, d > 1, with smooth boundary ∂Ω. We fix once for all a
positively-signed defining function ρ for Ω, i.e. ρ ∈ C∞(Ω) satisfies ρ > 0 on Ω
and ρ = 0 < |∇ρ| on ∂Ω. Assume that Ω is equipped with a Kähler metric

gjk = ∂j∂kΨ,

where Ψ is a real-valued strictly-plurisubharmonic function (Kähler potential)
on Ω, which we assume to be of the form

(16) Ψ ≈ log
1

ρ
+

∞∑

j=0

(ρM log ρ)jηj

with an integer M ≥ 2 and ηj ∈ C∞(Ω). Here “≈” is to be understood in the
sense of “resolution of singularities”, i.e. it means that the difference Ψ−log 1

ρ−∑N−1
j=1 should belong to CMN−1(Ω) and vanish on ∂Ω to order MN − 1. It is

known that e.g. the Bergman metric on Ω is of this form (with M = d+1), as is
the “Szegö metric” corresponding to Ψ(z) = 1

d logKSz(z, z) where KSz is the
invariantly defined Szegö kernel on Ω (then M = d), and likewise the Poincare
metric (i.e. the Kähler-Einstein metric) on Ω corresponding to Ψ = log 1

u with
u the solution of the Monge-Ampere equation (then M = d+ 1 again); see for
instance the survey [5] and the references therein. Finally, we equip Ω with the
weight

w = ρν , ν ∈ R,

where ν will be sufficiently large as precised further below.
As described in the introduction, we then have the kernels of powers of the
Cauchy-Riemann operator

Cm := {f on Ω : D
m
f = 0}

and the associated “higher Cauchy-Riemann spaces”

Cm,w := Cm ∩ L2(Ω, w),

with their Toeplitz and Hankel operators

T (m,w)
φ : u 7→ Π(m,w)(φu), H(m,w)

φ : u 7→ (I −Π(m,w))(φu), u ∈ Cm,w,

where φ ∈ L∞(Ω) and Π(m,w) : L2(Ω, w)→ Cm,w is the orthogonal projection.

We will usually write just Tφ,Hφ instead of T (m,w)
φ ,H(m,w)

φ if there is no danger
of confusion.
Clearly Tφ and Hφ have the usual properties of Toeplitz and Hankel operators,
namely they depend linearly on φ, T1 = I, T ∗φ = Tφ, and ‖Tφ‖ ≤ ‖φ‖∞ and

similarly for Hφ (by Cauchy-Schwarz).
In the context of bounded symmetric domains, the next assertion is proved as
Proposition 2.4 in Shimura [17].
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Proposition 7. One has f ∈ C2 if and only if f can be written in the form

(17) f = hk∂kΨ + h

where hk, k = 1, . . . , d, and h are holomorphic functions; the representation
(17) is unique.
More generally, f ∈ Cm if and only if f can be written in the form

f =

m−1∑

j=0

hk1...kjΨk1 . . .Ψkj ,

with hk1...kj , 1 ≤ k1 ≤ · · · ≤ kj ≤ d, holomorphic on Ω; and this representation
is unique.

Here we have introduced the shorthand

Ψk := ∂kΨ,

and also started using the (Einstein) summation convention of automatically
summing over any index that appears twice in the formula.

Proof. For m = 2, we have by the definition of D

D(hkΨk) = glm∂l(h
kΨk) = glmhk(∂lΨk) = glmhkgkl = δmk h

k = hm

since hk are holomorphic. Thus indeed D
2
(hkΨk) = 0, and since Dh = 0, any f

of the form (17) belongs to C2. Conversely, given f ∈ C2, we must haveDf = hk

for some hk ∈ KerD i.e. for some holomorphic functions hk, k = 1, . . . , d, on Ω.
Then by the above computation, D(f − hkΨk) = 0, i.e. h := f − hkΨk is a
holomorphic function, so f is of the form (17). Finally, if f is of the form (17)
and f = 0, then hk = Df = 0, hence h = f = 0, proving uniqueness.
The proof for general m is the same. �

Note as a corollary that if f ∈ Cm and g is holomorphic, then gf ∈ Cm.
It follows, in particular, that for g holomorphic, the Toeplitz operator Tg is
just the operator of “multiplication by g”, and in fact
(18)
TφTg = Tφg, TgTφ = Tgφ, Hg = 0, for g holomorphic and any φ.

As in Section 3, our strategy now will be to transfer the Toeplitz operators Tφ
to (the direct sum of copies of) the Hardy space. To avoid too many indices,

we will again deal only with the case m = 2. Let κ : (
⊕d

j=1H
2(∂Ω)) ⊕

H2(∂Ω)→ L2(Ω, w) be the operator defined by

(19) κ

[
uj
u

]
=

d∑

j=1

ΨjKuj + Ku
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where K is the Poisson extension operator from §2.3. Take again the polar
decomposition of κ,

κ = U(κ∗κ)1/2,

where U is a partial isometry with initial space Ranκ∗ = (Kerκ)⊥ =
0⊥ = ⊕d+1H2(∂Ω) and final space Ranκ, i.e. U is a unitary operator
from ⊕d+1H2(∂Ω) onto C2,w by the last proposition. Also, U∗U = I on

⊕d+1H2(∂Ω) while UU∗ = Π(2,w), the projection onto C2,w. The Toeplitz
operator Tφ = UU∗φ|RanUU∗ is therefore unitarily equivalent to the operator

(20) U∗φU = (κ∗κ)−1/2κ∗φκ(κ∗κ)−1/2

on the direct sum ⊕d+1H2(∂Ω) of d+ 1 copies of H2(∂Ω).

Lemma 8. Let ν > 1. Writing as in (19) the elements of ⊕d+1H2(∂Ω) as

column vectors

[
uj
u

]
= [u1, u2, . . . , ud, u]t, we have

(21) κ∗φκ =

[
TΛ[ΨkφwΨj ]

TΛ[Ψkφw]

TΛ[φwΨj] TΛ[φw]

]
.

(So here the right-hand side is a (d+ 1)× (d+ 1) matrix of gTo’s on H2(∂Ω),
with j = 1, . . . , d the column index and k = 1, . . . , d the row index.)

Proof. For any u, v ∈ C∞hol(Ω), we have

〈φKu,Kv〉L2(Ω,w) = 〈wφKu,Kv〉L2(Ω)

= 〈K∗wφKu, v〉L2(∂Ω)

= 〈Λ[φw]u, v〉L2(∂Ω)

= 〈TΛ[φw]u, v〉H2(∂Ω),

and similarly for ΨkφwΨj , Ψkφw and φwΨj in the place of φw. By (19),
the claim follows. �

For brevity, let us denote the collection of all functions in C∞(Ω) of the form∑∞
j=0 ηj(ρ

m log ρ)j as in (16) by AM (thus Ψ− log 1
ρ ∈ AM ), and also denote

ρj := ∂jρ.

By the Leibniz rule, we have ρΨj ∈ ρj+ρAM−1 ⊂ AM . From the facts reviewed

in §2.3, we thus conclude that for φ ∈ C∞(Ω), Λ[φwΨj ] = Λ[φρν−1(ρΨj)] is an
operator in Ψ−νlog , with log terms appearing only at orders −ν −M and lower

(in particular, there is no log term in the leading symbol), and with principal

symbol σ−ν(Λ[φwΨj ]) =
Γ(ν)|η|ν−1φρj

2|ξ|ν . Similarly for the other entries in (21),

σ−ν(Λ[Ψkφw]) =
Γ(ν)|η|ν−1ρkφ

2|ξ|ν , σ1−ν(Λ[ΨkφwΨj ]) =
Γ(ν − 1)|η|ν−2ρkφρj

2|ξ|ν−1 ,

σ−ν−1(Λ[φw]) =
Γ(ν + 1)|η|νφ

2|ξ|ν+1
.
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In particular, for φ = 1, the operator κ∗κ has for its entries gTo’s of orders[
1− ν −ν
−ν −ν − 1

]
, with leading symbol σ1−ν(κ∗κ) = Γ(ν−1)|η|ν−2

2|ξ|ν−1

[
ρkρj 0

0 0

]
.

This is obviously not elliptic, so it is not clear at first whether (κ∗κ)−1,
not to say (κ∗κ)−1/2, are given by generalized Toeplitz operators. Our next
task is to show that in fact they are; the main role in this result is played by
the “sub-principal” order terms of κ∗κ.
Denote by Q = [Qkj ]

d
j,k=1 the d× d matrix of gTo’s

(22) Qkj := TΛ[ΨkwΨj]
− TΛ[Ψkw]T

−1
Λ[w]TΛ[wΨj ]

(where as before j is the column index and k the row index). Since TΛ[w] is
elliptic of order −ν − 1, it follows from the formulas for symbols above that
Qkj are gTo’s of order 1− ν (for ν > 1), with principal symbols

σ1−ν(Qkj) = σ1−ν(Λ[ΨkwΨj ])−
σ−ν(Λ[Ψkw])σ−ν(Λ[wΨj ])

σ−ν−1(Λ[w])

∣∣∣
Σ

=
Γ(ν − 1)|η|ν−2

2ν|ξ|ν−1 ρkρj .(23)

Denote

(24) Zkj := Qkj −
1

ν
TρkTΛ[ρν−2]Tρj .

In view of (23) and (5), we have σ1−ν(Zkj) = 0, so in fact Zkj is a gTo of order
at most −ν.
In addition to our positively signed defining function ρ, we will also use the
negatively signed defining function r := −ρ, and denote again by

rj := ∂jr = −ρj , rk := ∂kr = −ρk, rjk := ∂j∂kr = −∂j∂kρ

its partial derivatives as indicated.

Proposition 9. Assume that ν > 1. Then there exists a function c ∈ C∞(∂Ω)
such that, using again the identification (x, tηx) ∈ Σ ∼= ∂Ω×R+ ∋ (x, t),

(25) σ−ν(Zkj) =

σ(TΛ[ρν−1])

ν − 1

(
rjk +

|η|
ν
rkL(∂brj , ∂b

1

|η| ) +
|η|
ν
rjL(∂b

1

|η| , ∂brk) + crkrj

)
.

Proof. Denote, quite generally, for φ, ψ ∈ C∞(∂Ω),

(26) σ−ν(TΛ[φρν−2ψ] − TΛ[φρν−1]T
−1
Λ[ρν ]TΛ[ρν−1ψ] −

1

ν
TφTΛ[ρν−2]Tψ) =: Q(φ, ψ).
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Again, first of all, by the same computation as in (23), we see that the operator
on the left-hand side of (26) is a gTo of order 1− ν with σ1−ν vanishing, hence,
indeed, is in fact a gTo of order −ν, so the σ−ν in (26) makes sense.
Next, from the relation 〈TΛ[w]u, v〉 =

∫
Ω wuv dz, u, v ∈ H2(∂Ω), and the fact

that Tf is just the operator of “multiplication by f” when f is holomorphic,
we have

(27) TΛ[wf ] = TΛ[w]Tf , TΛ[gw] = TgTΛ[w]

for holomorphic f, g and arbitrary w. For our bilinear form Q from (26), this
means that

Q(gφ, ψf) = gQ(φ, ψ)f for f, g holomorphic.

Since, by general theory, Q(φ, ψ) depends only on finitely many derivatives of φ
and ψ (see the bottom of p. 616 in [11] for the detailed argument), it is therefore

enough to evaluate Q(φ, ψ) for φ = f and ψ = g with f, g holomorphic. In that
case we have, using (27) again,

Q(f, g) = σ−ν(TΛ[fρν−2g] − TΛ[fρν−1]T
−1
Λ[ρν ]TΛ[ρν−1g] −

1

ν
TfTΛ[ρν−2]Tg)

= σ−ν(TgT[ν−2]Tf − T[ν−1]TfT−1[ν] TgT[ν−1] −
1

ν
TfT[ν−2]Tg),

where, for typographical reasons, we have started writing just [ν] for Λ[ρν ].
Abusing notation slightly, we will also write {·, ·} for 1

i {·, ·}Σ, so that (P4)
reads simply σ([TP , TQ]) = {σ(TP ), σ(TQ)}. Then

σ−ν(TgT[ν−2]Tf − TfT[ν−2]Tg) = {g, [ν − 2]}f + [ν − 2]{g, f}+ {[ν − 2], f}g,

where we started denoting by [ν] also the symbol of T[ν]. Similarly,

σ−ν−1(T[ν−1]Tf − TfT[ν−1]) = {[ν − 1], f},

σ−ν−1(TgT[ν−1] − T[ν−1]Tg) = {g, [ν − 1]},
and, consequently,

Q(f, g) = {g, [ν − 2]}f + [ν − 2]{g, f}+ {[ν − 2], f}g

− {[ν − 1], f} [ν − 1]

[ν]
g − {g, [ν − 1]} [ν − 1]

[ν]
f

+ σν(TfT[ν−2]Tg − TfT[ν−1]T−1[ν] T[ν−1]Tg −
1

ν
TfT[ν−2]Tg).

The last summand equals just fQ(1,1)g. Since [ν] = Γ(ν+1)
2|η|tν+1 by (5), we have

[ν−1]
[ν] = t

ν . By the Leibniz rule for the Poisson bracket

{g, ab} = a{g, b}+ {g, a}b,
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we have {g, tν} = νtν−1{g, t}, and so, using again (5),

{g, [ν − 2]} =
Γ(ν − 1)

2
{g, t

1−ν

|η| }

=
Γ(ν − 1)

2|η| (1 − ν)t−ν{g, t}+
Γ(ν − 1)

2
t1−ν{g, 1

|η| },

t

ν
{g, [ν − 1]} =

Γ(ν)

2ν|η| (−ν)t−ν{g, t}+
Γ(ν)

2ν
t1−ν{g, 1

|η| },

whence

{g, [ν − 2]} − [ν − 1]

[ν]
{g, [ν − 1]} =

[ν − 2]|η|
ν

{g, 1

|η| }.

Similarly for the corresponding brackets with f . Finally by (6), when either f
or g is holomorphic, we have

{g, f} =
1

t
L(∂bg, ∂bf).

Putting everything together, we thus arrive at

(28) Q(f, g) =

[ν − 2]
f |η|ν L(∂bg, ∂b

1
|η|) + g |η|ν L(∂b

1
|η| , ∂bf) + L(∂bg, ∂bf)

t
+ fgQ(1,1),

and so

(29) Q(φ, ψ) =

[ν − 2]
φ |η|ν L(∂bψ, ∂b

1
|η| ) + ψ |η|ν L(∂b

1
|η| , ∂bφ) + L(∂bψ, ∂bφ)

t
+ φψQ(1,1),

Now σ−ν(Zkj) = Q(ρk, ρj). We claim that

(30) L(∂bρj , ∂bρk) = rjk + qrjrk

with some q ∈ C∞(∂Ω). To see this, assume we are at a point of ∂Ω where
e.g. r1 6= 0, so that

Rj := ∂j −
rj
r1
∂1, Rk := ∂k −

rk
r1
∂1, j = 2, . . . , d,

form a basis for T ′ and T ′′, respectively. By a simple computation,

L′(Rk, Rn) = Rkrn −
rn
r1
Rkr1 =: ℓkn.
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Let ℓmk be the inverse matrix of ℓkn (which is positive definite by the strict
pseudoconvexity). Thus (employing the summation convention)

(31) ℓkmRkrj = δmj +
rj
r1
ℓkmRkr1.

Remembering the definition of the dual Levi form, we have L(∂bρj , ∂bρk) =

∂bρj(X) = Xρj where X ∈ T ′′ is characterized by L′′(Rn, X) = ∂bρk(Rn) =

Rnρk for all n = 2, . . . , d. Writing temporarily X =
∑

j cjRj this yields, since

L′′(Rn, Rj) = L′(Rj , Rn) = ℓjn,

cjℓjn = Rnρk,

or, using (31),

cm = ℓnmRnρk = −ℓnmRnrk = −δmk −
rk
r1
ℓnmRnr1.

Hence, using (31) one more time,

L(∂bρj , ∂bρk) = cmRmρj = (δmk +
rk
r1
ℓmnRnr1)Rmrj

= Rkrj +
rk
r1

(Rnr1)(δnj +
rj
r1
ℓmnRmr1)

= (Rkrj +
rk
r1
Rjr1) +

rkrj
r1r1

ℓmn(Rnr1)(Rmr1)

= rjk +
rkrj
r1r1

[ℓmn(Rnr1)(Rmr1)− r11]

= rjk + rjrkq,

with

(32) q :=
1

r1r1
[ℓmn(Rnr1)(Rmr1)− r11]

(on the piece of ∂Ω where r1 6= 0; note that q is real-valued). Thus (30) holds.

Inserting (30) into (29), noting that [ν−2]
t = [ν−1]

ν−1 , we finally get

(33)
σ−ν(Zkj) = Q(ρk, ρj)

=
[ν − 1]

ν − 1

(
rk
|η|
ν
L(∂brj , ∂b

1

|η| ) + rj
|η|
ν
L(∂b

1

|η| , ∂brk) + rjk + qrjrk

)

+ rjrkQ(1,1),

completing the proof of the proposition (with c = q + ν−1
[ν−1]Q(1,1)). �
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Throughout the rest of this section, we will assume that on ∂Ω

(34) [rjk]dj,k=1 is positive definite, and |η| = 1.

Such defining functions exist in abundance: indeed, it is standard that there
exists a (negatively signed) defining function r′ for Ω such that r′ is strictly
plurisubharmonic, i.e. [r′

jk
]dj,k=1 is positive definite, on Ω. If g ∈ C∞(Ω) and

r = r′g, then on ∂Ω
|η|2 = rkrk = |g|2r′kr′k,

and

rjk = gr′
jk

+ gjr
′
k

+ r′jgk = gr′
jk

+
( ∂g
∂n
⊗ ∂r′

∂n

)
jk

(where ∂/∂n stands for the normal derivative; note that the tangential deriva-
tives of r′ vanish). Thus taking any positive g with

g = (r′kr
′
k
)−1/2 and

∂g

∂n
= 0

on ∂Ω produces an r satisfying (34).

Corollary 10. Assume that (34) holds. Then

σ−ν(Zkj) =
[ν − 1]

ν − 1
(rjk + crjrk), c ∈ C∞(∂Ω).

Proof. If |η| = 1, then ∂b
1
|η| = 0. �

Proposition 11. Assume that ν > 1 and r satisfies (34). Then

(i) the inverse of the d × d matrix of gTo’s Q = [Qkj ]
d
j,k=1 is given by

S = [Sjm]dj,m=1, where Sjm are gTo’s of order ν;
(ii) the inverse of the (d+1)× (d+1) matrix of gTo’s κ∗κ is a matrix all of

whose entries are gTo’s of order ν, except the bottom right entry which
is a positive selfadjoint elliptic gTo of order ν + 1.

Proof. Denote, for brevity, Rj := Tρj and Ř = 1
νT[ν−2] + 1

ν−1Tc[ν−1], with

the c from (25). By the last proposition and its corollary, Ỹkj := Qkj −
R∗kŘRj is a gTo of order −ν with σ−ν(Ỹkj) = [ν−1]

ν−1 rjk. Since the matrix

[rjk]dj,k=1 is positive definite by hypothesis, there exists a matrix S1 of (fi-

nite rank) smoothing operators such that [Ykj ] := [Ỹkj ] + S1 is positive self-
adjoint on ⊕dH2(∂Ω). (Sketch of proof: looking at the symbols shows that

(ν − 1)[Ỹkj ] = T
1/2
[ν−1][Trjk ]1/2(I +K)[Tr

jk
]1/2T

1/2
[ν−1] with K of order −1, i.e. K

is a compact selfadjoint operator. Thus K has at most finitely many eigen-
values, each of finite multiplicity, in the interval (−∞,− 1

2 ); the correspond-
ing spectral projection P(−∞,− 1

2 )
is thus a finite rank smoothing operator.

Documenta Mathematica 22 (2017) 1081–1116



Higher Cauchy-Riemann Spaces 1105

Take S0 := P(−∞,− 1
2 )
KP(−∞,− 1

2 )
(a finite rank smoothing operator too, with

I +K + S0 ≫ 1
2I) and S1 := 1

ν−1T
1/2
[ν−1][Trjk ]1/2S0[Tr

jk
]1/2T

1/2
[ν−1] (a finite rank

smoothing operator, with [Ỹkj ] + S1 ≫ 1
2

1
ν−1T

1/2
[ν−1][Trjk ]T

1/2
[ν−1] ≫ 0).) Conse-

quently, by the (matrix variant of the) property (P8) in §2.2, the powers Y z

of Y = [Ykj ]
d
j,k=1, with any z ∈ C, are gTo’s, with entries of order −zν; in par-

ticular, the inverse Y −1 = W , W = [Wjm]∞j,m=1, is matrix of gTo’s, and so are

the square roots Y 1/2 and W 1/2 = Y −1/2.
For the matrix Q = [Qkj ] above, we can then write, in the obvious block matrix
notation (R is to be viewed as a row vector)

(35) Q = Y +R∗ŘR − S1 = Y 1/2(I + z∗Řz − S2)Y 1/2, z := RW 1/2,

with S2 = W 1/2S1W
1/2 smoothing. Recall from (21) that

(36) κ∗κ =

[
TΛ[ΨkwΨj]

TΛ[Ψkw]

TΛ[wΨj ] TΛ[w]

]
≡
[
A B
C D

]
.

Note that D = T[ν], as well as all of κ∗κ, are positive selfadjoint, so have an
(unbounded) inverse. Using the decomposition

(37)

[
A B
C D

]
=

[
I BD−1

0 I

] [
A−BD−1C 0

0 D

] [
I 0

D−1C I

]
,

we thus see that A − BD−1C = Q must also be positive selfadjoint. Hence,
by (35), so must be (I + z∗Řz − S2).
The operator

H := zz∗ = RWR∗

is an elliptic gTo on H2(∂Ω) of order ν, with σν(H) = |[rjk]−1/2[rk]|2 > 0.
Being of the form zz∗, it is also automatically nonnegative; by a similar argu-
ment as above, it follows that the projection H0 onto KerH is a finite rank
smoothing operator, and H + H0 is a positive selfadjoint elliptic gTo of or-
der ν; hence H1/2 = (H + H0)1/2 − H0 =: h is a gTo (of order ν

2 ), and so is

h− := (H + H0)−1/2 −H0 (of order − ν2 ), with hh− = h−h = I −H0. Taking
polar decomposition of z∗, we obtain

z∗ = Vh

with some V a column matrix of gTo’s of order 0 and a partial isometry from
H2(∂Ω) into ⊕dH2(∂Ω), with V∗V = I − H0, and z∗Řz = V∗hŘhV . Again,
the operator I + hŘh is a selfadjoint gTo of order 1 with symbol σ1(hŘh) =
[ν−2]
ν σν(H) > 0, so there exists a finite rank smoothing operator S3 such that

I + hŘh + S3 ≫ 0; and by (P8), (I + hŘh + S3)−1/2 is an elliptic gTo of
order − 1

2 . Set

b := h2− − h−(I + hŘh+ S3)−1/2h−,

Documenta Mathematica 22 (2017) 1081–1116



1106 M. Englǐs, G. Zhang

this is an elliptic demi-classical gTo of order −ν (the first summand is elliptic
of order −ν, the second summand is of order −ν − 1

2 ); and

X ′′ : = I − VhbhV∗

= I − V(I −H0)[I − (I + hŘh+ S3)−1/2](I −H0)V∗,

which differs by a finite-rank smoothing operator from

I − V [I − (I + hŘh+ S3)−1/2]V∗ = (I − VV∗) + V(I + hŘh+ S3)−1/2V∗.

The last operator is selfadjoint, equals I on KerV∗, while on (KerV∗)⊥ = RanV
it is unitarily equivalent to V∗V(I+hŘh+S3)−1/2V∗V , which differs by a finite-
rank smoothing operator from (I+hŘh+S3)

−1/2, an elliptic gTo of order − 1
2 .

It follows one more time that there exists a finite-rank smoothing operator S4

such that
X ′ := X ′′ + S4 = I − VhbhV∗ + S4

is a matrix of demi-classical gTo’s of order 0 which is also positive selfadjoint
as an operator on ⊕dH2(∂Ω). Now

X ′2 ∼ (I − VhbhV∗)2

= I + Vh(−2b+ bhV∗Vhb)hV∗

∼ I + Vh(−2b+ bh2b)hV∗

= I + V [(I − hbh)2 − I]V∗

∼ I + V [(I + hŘh+ S3)−1 − I︸ ︷︷ ︸
=:G

]V∗,

and so

X ′2(I + z∗Řz − S2) = X ′2(I + VhŘhV∗ − S2)

∼ (I + VGV∗)(I + VhŘhV∗)
= I + V(G+ hŘh+GV∗VhŘh)V∗

∼ I + V(G+ hŘh+GhŘh)V∗

= I + V [(I +G)(I + hŘh)− I]V∗

∼ I + V [(I +G)(I + hŘh+ S3)− I]V∗ = I.

Consequently,
X ′2(I + z∗Řz − S2) = I + S5

with some smoothing operator S5. Since we have managed that both terms on
the left-hand side are positive, hence invertible, so must be the right-hand side,
thus (I + S5)−1 is a gTo, and

(I + S5)−1X ′2(I + z∗Řz − S2) = I,
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i.e. (I + S5)−1X ′2 is a left inverse of (I + z∗Řz − S2). Taking adjoints, we see
that X ′2(I + S5)−1 is a right inverse, hence

(38) S′ := (I + S5)−1X ′2 = X ′2(I + S5)−1

is the two-sided inverse for (I + z∗Řz − S2); thus finally by (35),

S := W 1/2S′W 1/2

is the inverse of Q, proving part (i).
Note that although X ′ is only demi-classical, the operator G above, and thus
also X ′2, is classical, hence so are also S′ and S.
For (ii), recall from (37) that

(κ∗κ)−1 =

[
I 0

−D−1C I

] [
Q−1 0

0 D−1

] [
I −BD−1
0 I

]

=

[
Q−1 −Q−1BD−1

−D−1CQ−1 D−1 +D−1CQ−1BD−1

]
.

Thus the matrix of gTo’s

[
S −SBD−1

−D−1CS D−1 +D−1CSBD−1

]
(note that C = B∗)

is the inverse for κ∗κ.
Now D−1CS is a gTo of order (ν + 1) + (−ν) + ν = ν + 1, with symbol

σν+1(D−1CS) = σν+1(D−1CW 1/2X ′2W 1/2)

= σν+1(D−1)σ−ν/2(CW 1/2X ′)σν/2(X ′W 1/2),

with

(39)

σ−ν/2(CW 1/2X ′) = σ−ν(C)σν/2(W 1/2)σ0(X ′)

= [ν − 1]R · σν/2(W 1/2)σ0(I − VhbhV∗)
= [ν − 1]σν/2(z)σ0(I − VhbhV∗)
= [ν − 1]σν/2(hV∗)σ0(I − VhbhV∗)
= [ν − 1]σν/2(h)σ0(V∗ − V∗VhbhV∗)
= [ν − 1]σν/2(h)σ0((I − hbh)V∗) (since V∗V ∼ I)

= [ν − 1]σν/2(h)σ0(I − hbh)σ0(V∗)
= 0,

since I − bhb ∼ (I + hŘh+ S3)−1/2 is of order − 1
2 . Thus D−1CS is in fact of

order ν, and similarly for SBD−1, while D−1CSBD−1 = (D−1CS)Q(SBD−1)
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has order ν + (1 − ν) + ν = ν + 1, same as D−1. Consequently, (κ∗κ)−1 is a

(d+ 1)× (d+ 1) matrix of gTo’s with orders

[
ν ν
ν ν + 1

]
, as asserted.

Finally, as C = B∗,

σν+1(D−1 +D−1CSBD−1)

= σν+1(D−1 +D−1CW 1/2X ′2W 1/2C∗D−1)

= σν+1(D−1) + |σν+1(D−1)σ−ν/2−1/2(CW 1/2X ′)|2 > 0,

showing the ellipticity of the bottom right corner and thus completing the proof
of part (ii). �

Proposition 12. Under the same hypothesis as in Proposition 11, there exists
an isometry V on ⊕d+1H2(∂Ω) such that V (κ∗κ)−1/2 is a (d + 1) × (d + 1)
matrix of demi-classical gTo’s.

Proof. Keeping the notations from the previous proof, we have from the com-
mutativity of the two factors on the right-hand side of (38) that I + S5 is
positive and

S′ := (I + S5)−1/2X ′2(I + S5)−1/2.

Thus the operator
X := X ′(I + S5)−1/2W 1/2

satisfies
X∗X = W 1/2S′W 1/2 = S = Q−1.

Finally, with the notation (37), set

(40) Z :=

[
X −XBD−1
0 D−1/2

]
.

Then

Z∗Z =

[
X∗ 0

−D−1CX∗ D−1/2

] [
X −XBD−1
0 D−1/2

]

=

[
S −SBD−1

−D−1CS D−1 +D−1CSBD−1

]

is precisely the matrix of (κ∗κ)−1 from the preceding proposition. Taking polar
decomposition, it follows that Z = V (κ∗κ)−1/2 with V a partial isometry

with initial space Ran(κ∗κ)−1/2 = (Ker(κ∗κ)−1/2)⊥ = 0⊥, i.e. an isometry
on ⊕d+1H2(∂Ω). �

We pause to note what are the orders of the entries in Z: while those of X
have orders ν

2 , the bottom right entry is a positive selfadjoint elliptic gTo of

order ν+1
2 with symbol [ν]−1/2. For XBD−1 = (D−1CX∗)∗, a brute count
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gives order ν
2 + 1; however, D−1CX∗ ∼ D−1CW 1/2X ′ and we have seen in

(39) that σ−ν/2(CW 1/2X ′) = 0 so that CW 1/2X ′ is actually of order − ν2 − 1
2 ;

thus XBD−1 is actually of order ν
2 + 1

2 , i.e. the same as D−1/2.

Proof of Theorem 2. We have seen in (20) that the Toeplitz operator Tφ on C2,w
is unitarily equivalent to (κ∗κ)−1/2κ∗φκ(κ∗κ)−1/2 on ⊕d+1H2(∂Ω). By the last
proposition, the latter is in turn equivalent to (modulo smoothing operators)

V ∗Zκ∗φκZ∗V ∼= Zκ∗φκZ∗

with Z from (40). Writing now (21) as κ∗φκ =

[
Aφ Bφ
Cφ Dφ

]
(similarly to (36))

we have by (40) (noting again that B∗ = C)

Zκ∗φκZ∗ =

[
X −XBD−1
0 D−1/2

] [
Aφ Bφ
Cφ Dφ

] [
X∗ 0

−D−1CX∗ D−1/2

]

which equals



X(Aφ −BD−1Cφ −BφD−1C+

+BD−1DφD
−1C)X∗

X(Bφ −BD−1Dφ)D−1/2

D−1/2(Cφ −DφD
−1C) D−1/2DφD

−1/2


 .

However, from (21) we see that σ(Aφ) = φσ(A), so Aφ = TφA + A′φ with A′φ
of order 1 less than A i.e. −ν; and similarly Bφ = BTφ +B′φ, Cφ = TφC + C′φ
and Dφ = DTφ +D′φ. It follows that

D−1/2DφD
−1/2 = D1/2TφD

−1/2 +D−1/2D′φD
−1/2

= Tφ + ([D1/2, Tφ]D−1/2 +D−1/2D′φD
−1/2),

where the term in the parentheses is of order −1. Next,

Rφ : = X(Bφ −BD−1Dφ)D−1/2

= X [(BTφ +B′φ)−BD−1(DTφ +D′φ)]D−1/2

= X [B′φ −BD−1D′φ]D−1/2,(41)

which is of order − 1
2 ; similarly for D−1/2(Cφ −DφD

−1C)X∗ = R∗
φ
. Finally,

X(Aφ −BD−1Cφ −BφD−1C +BD−1DφD
−1C)X∗

= X [(TφA+A′φ)−BD−1(TφC + C′φ)− (BTφ +B′φ)D−1C

+BD−1(DTφ +D′φ)D−1C]X∗

= X [(TφA+A′φ)−BD−1(TφC + C′φ)−B′φD−1C +BD−1D′φD
−1C]X∗

= X [TφA+A′φ − [BD−1, Tφ]C − TφBD−1C −BD−1C′φ
−B′φD−1C +BD−1D′φD

−1C]X∗
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1110 M. Englǐs, G. Zhang

= X [Tφ(A−BD−1C)+

A′φ − [BD−1, Tφ]C −BD−1C′φ −B′φD−1C +BD−1D′φD
−1C

︸ ︷︷ ︸
=:W ′

φ

]X∗

= X [TφQ+W ′φ]X∗

= [X,Tφ]QX∗ + Tφ[X,QX∗] + TφQX
∗X +XW ′φX

∗

= Tφ + [X,Tφ]QX∗ + Tφ[X,QX∗] +XW ′φX
∗,

(42)

since QX∗X = I by the construction of X . The last line is a d × d matrix of
gTo’s of order 0, and their symbols — M(φ) = [Mkj(φ)]dj,k=1, say — depend
linearly on derivatives of φ of at most first order, i.e. are of the form

Mkj(φ) = akjφ+ Lkjφ

with some akj ∈ C∞(∂Ω) and smooth vector-fields Lkj (not necessarily tan-
gential) on ∂Ω. We thus conclude that

(43) Tφ ∼= Zκ∗φκZ∗ =

[
TM(φ) 0

0 Tφ

]
+ lower order term,

where the “lower order term” is a matrix of gTo’s of order − 1
2 . Now, first of all,

T1 = I, which implies that akj = δkj1. Secondly, remembering that, by (18),
Tφf = TφTf for f holomorphic, we see that for all such f ,

(φI + Lφ)(fI + Lf) = φfI + L(φf),

or, using the Leibniz rule, (Lφ)(Lf) = 0. Taking φ = f shows that Lf = 0 for
all holomorphic f . Since T ∗φ = Tφ, we similarly get Lg=0 for all holomorphic g.
Thus L contains neither holomorphic nor anti-holomorphic derivatives, i.e. L =
0. This completes the proof. �

Remark. An alternative proof of L = 0 can be given by brute force computation
from (42) using (39). �

Remark. We have been somewhat silent about the log terms in the various
ψdo’s and gTo’s, so here we spell them out: clearly Ř, c and Rj contain no

log terms, while Qkj ∈ Ψ1−ν
log have log terms starting at order 1 − ν − M

(i.e. at distance M from the leading order). The operators Ykj ∈ Ψ−νlog have

log terms starting at distance M − 1 from the leading order already (since
they were basically fabricated from Qkj by cancelling the leading order term);
and similarly for W , z, H , S, b, X and Z, as well as for the right-hand side
of (43). �

Remark. It should be noted that, in general, even if a Toeplitz operator Tφ
is positive selfadjoint on H2(∂Ω) — hence, having an inverse there with the
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same properties — then this inverse need not be a gTo in general (i.e. if Tφ
is not in addition elliptic); hence, in particular, the effort needed for proving
Proposition 11. An example is φ = |z1|2 on the unit ball in Cd, d > 1:
its inverse would have to be of order 0 with symbol 1/|z1|2, but T1/|z1|2 is not a
well defined operator. Note that, in fact, for the ball the entries in the matrix
(36) for κ∗κ are precisely of the above type: for instance, the (1,1)-entry in (36)
is then Tz1T[ν−2]Tz1 , hence with symbol [ν − 2]|z1|2 of the kind as above. It is
noteworthy that although each entry is non-manageable in this way, the entire
matrix κ∗κ is nonetheless invertible as a gTo by Proposition 11. Similar remarks

apply to the square root T
1/2
φ and Proposition 12 (see also the remark at the

very end of the next section). �

Remark. Note that the only place where (34) was used was in the proof of
Proposition 11, to ensure the existence of powers of [Ykj ]. One can get this even
if the second part of (34), i.e. |η| = 1, is dropped, as soon as ν is sufficiently

large: namely, thanks to the factors of |η|ν in (33), the matrix

[
rjk +

|η|
ν

(
rkL(∂brj , ∂b

1

|η| ) + rjL(∂b
1

|η| , ∂brk)
)]

will be positive whenever [rjk] is and ν gets large enough, because the second

summand becomes negligible compared to [rjk]. We are not sure what happens

when (34) is dropped completely (i.e. if r is not strictly-PSH near ∂Ω), though
we expect that at least Theorem 2 will still remain in force. �

Remark. We have left aside the case of dimension d = 1. In that case, many
things simplify considerably: namely, the operator Q = A − BD−1C in (37)
is then an elliptic positive selfadjoint gTo, so it follows immediately that so is
also its inverse Q−1 and inverse square root Q−1/2 = X ; the constructions in
the proofs of Propositions 11 and 12 are thus not needed, while the statements
of these two propositions remain in force, and so does that of Theorem 2. �

Remark. We pause to remark that the function q from (32) occurs on at least
one more interesting occasion. Namely, denote by E the holomorphic vector
field on ∂Ω given by

Ef =
1

i
E⊥f for holomorphic f,

where E⊥ is the Reeb vector field from §2.4; in other words, by (8),

Ef = {t, f} for holomorphic f.

(This operator makes appearance e.g. when one computes the symbol of oper-
ators like the B′φ, D

′
φ in the proof of Theorem 2.) Then one can show that

Erk = −qrk, k = 1, . . . , d.

Documenta Mathematica 22 (2017) 1081–1116



1112 M. Englǐs, G. Zhang

The function q seems to be an interesting object from the point of view of
complex geometry of strictly pseudoconvex domains, and even more so its nor-
malized version |η|q which does not depend on the choice of the defining func-
tion r. �

Finally, it should be clear how to proceed for analogues of Theorem 2 for the
spaces Cm,w with general m > 2.

5. The case of the ball

In this final section, we work out the situation from Theorem 2, i.e. the Toeplitz
operators on C2,w, more explicitly for the unit ball Ω = Bd of Cd, with the
standard weights w = ρν , ρ(z) = 1 − |z|2. (Note that this defining function
satisfies the hypothesis (34).) In particular, we show that in this case the inverse
square root (κ∗κ)−1/2 is itself a gTo (so the isometry V in Proposition 12 is
not needed). We are unable to prove whether this is also the case for general
strictly pseudoconvex domains Ω and their defining functions from Section 4.
For multiindices α and β, the familiar formula for integration over the unit
sphere

(44) 〈zα, zβ〉H2(∂Bd) =

∫

∂Bd
zαzβ dσ(z) =

2πdδαβα!

Γ(d+ |α|)
(where dσ stands for the surface measure on ∂Bd) implies

(45)

∫

Bd
ρ(z)νzαzβ dz =

α!δαβπ
d

(ν + 1)d+|α|
.

Here (ν)k := ν(ν+1) . . . (ν+k−1) is the Pochhammer symbol. It follows that

TΛ[ρν ]z
α =

∑

β

〈TΛ[ρν ]z
α, zβ〉 zβ

〈zβ, zβ〉

=
∑

β

(∫

Bd
ρνzαzβ dz

)Γ(d+ |β|)
2πdβ!

zβ by (44)

=
Γ(d+ |α|)

2(ν + 1)d+|α|
by (45).(46)

Similarly, we compute how the operators in the matrix (36) act on the ba-
sis {zα}:

TΛ[zkρν−2zj ]z
α =

∑

β

(α + ek)!δα+ek,β+ejπ
d

(ν − 1)d+|α|+1

Γ(d+ |β|)
2πdβ!

zβ

=
(αj + δkj)Γ(d+ |α|)

2(ν − 1)d+|α|+1
zα+ek−ej ,

TΛ[ρν−2zj ]z
α =

αjΓ(d+ |α| − 1)

2(ν)d+|α|
zα−ej ,

TΛ[zkρν−2]z
α =

αjΓ(d+ |α|+ 1)

2(ν)d+|α|+1
zα+ek ,
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where ek = (0, . . . , 0, 1, 0, . . . , 0) with 1 at k-th position. It follows that

TΛ[zkρν−2]T
−1
Λ[ρν ]TΛ[ρν−2zj ]z

α =
αj
ν

Γ(d+ |α|)
2(ν)d+|α|

zα+ek−ej

and so Qkj = TΛ[zkρν−2zj ] − TΛ[zkρν−2]T
−1
Λ[ρν ]TΛ[ρν−2zj ] satisfies

Qkjz
α =

Γ(d+ |α|)
2(ν)d+|α|

[αj + δkj
ν − 1

− αj
ν

]
zα+ek−ej .

On the other hand, Tzjz
α =

αj
d+|α|−1z

α−ej , whence

TzkTΛ[ρν−2]Tzjz
α =

αj
d+ |α| − 1

Γ(d+ |α| − 1)

2(ν − 1)d+|α|−1
zα+ek−ej .

Thus for the operator Zkj = Qkj − 1
νTzkT[ν−2]Tzj from (24) we get

Zkjz
α =

Γ(d+ |α|)
2(ν)d+|α|

[ δkj
ν − 1

− 2ν − 1

ν(ν − 1)

αj
d+ |α| − 1

− αj
(d+ |α| − 1)2

]
zα+ek−ej .

Consequently,

Zkj =
δkj
ν − 1

T[ν−1] − TzkDTzj

where the operator

D : zα 7→
[ 2ν − 1

ν(ν − 1)
+

1

d+ |α|
]Γ(d+ |α|+ 1)

2(ν)d+|α|+1
zα

satisfies

D =
2ν − 1

ν(ν − 1)
(T[ν−1] − T[ν]) +

1

ν
T[ν] =

2ν − 1

ν(ν − 1)
T[ν−1] −

1

ν − 1
T[ν].

Thus, in full accordance with Proposition 9,

σ−ν(Zkj) =
[ν − 1]

ν − 1
δkj −

2ν − 1

ν(ν − 1)
[ν − 1] zjzk.

Indeed, rjk = δkj , while, by a routine computation, q = −1 and

(ν−1ν T[ν−2] − T[ν−1]T−1[ν] T[ν−1])z
α

=
Γ(d+ |α|)

2

[ν − 1

ν

1

(ν − 1)d+|α|
− (ν + 1)d+|α|

(ν)2d+|α|

]
zα

= − 1

ν

Γ(d+ |α|)
2(ν)d+|α|

zα = − 1

ν
T[ν−1]z

α,
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so Q(1,1) = σ−ν(ν−1ν T[ν−2] − T[ν−1]T−1[ν] T[ν−1]) = − [ν−1]
ν and

c =
ν − 1

[ν − 1]
Q(1,1) + q = −2ν − 1

ν
.

We also pause to note that the Reeb vector field is given simply by E⊥ =
1
iE = 1

i (zj∂j − zj∂j), and E = zj∂j is just the holomorphic radial derivative.
Furthermore, ΠE = EΠ and TE = −E .
GTo’s that are invariant under the action of the unitary group U(d) of rotations
of Bd are precisely the diagonal operators

(47) Ts : zα 7→ s|α|z
α

on H2(∂Bd), with eigenvalue sequence s = (sk)∞k=0 possessing an asymptotic
expansion

sk ∼
∞∑

j=0

cj(k + 1)m−j as k → +∞,

with some cj ∈ C, j = 0, 1, 2, . . . , where m is the order of Ts and σm(Ts) =
c0t

m; alternatively, Ts ∼
∑∞

j=0 cj(I + E)m−j . One has

(48) TsTzk = TzkTs′,

where Ts′ is again a rotation-invariant gTo with eigenvalue sequence s′k =
sk+1, i.e. s′ = S∗s where S∗ is the “backward shift” operator on sequences;

alternatively, Ts′ =
∑d

k=1 TzkTsTzk .
In particular, this applies to T[ν] = Ts[ν]

where, by (46),

(49) s[ν] =
( Γ(d+ k)

2(ν + 1)d+k

)∞
k=0

,

and so

Qkj = Zkj +
1

ν
TzkT[ν−2]Tzj =

δkj
ν − 1

T[ν−1] + Tzk( 1
νT[ν−2] −D)Tzj

=
1

ν − 1
T

1/2
[ν−1](δkjI + TzkTsTzj )T

1/2
[ν−1],

with

(50) s = (ν − 1)(S∗s[ν−1])
−1( 1

ν s[ν−2] − 2ν−1
ν(ν−1)s[ν−1] + 1

ν−1s[ν])

(the multiplication and inverse of sequences being understood pointwise;
note that any two operators of the form (47) commute). From the simple
formula

(51) (δkjI + TzkATzj )(δjmI + TzjBTzm) = δkmI + Tzk(A+B +AB)Tzm
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(because
∑d

j=1 TzjTzj = T∑
j |zj|2 = T1 = I) we thus see that the matrix

Q = [Qkj ]
d
j,k=1 has the inverse S = [Sjm]dj,m=1 given by the gTo’s

(52) Sjm = (ν − 1)T
−1/2
[ν−1](δjmI − TzjTxTzm)T

−1/2
[ν−1]

where x = s/(1 + s) (i.e. xk = sk/(1 + sk) for all k); furthermore, S = X∗X
for X = [Xjm]dj,m=1 where

X = (ν − 1)1/2(δjmI − TzjTyTzm)T
1/2
[ν−1]

with yk = 1− (1− xk)1/2 = 1− (1 + sk)−1/2 (note that, by a direct check from
(50) and (49), sk > 0 for all k). This offers explicit expressions for the various
operators constructed in Propositions 11 and 12.
One can even do a little better and show that the positive square root S1/2 of
the matrix S is a matrix of gTo’s. Namely, using again (48) we can rewrite
(41) as

Sjm = (ν − 1)(δjmT
−1
[ν−1] − TzjTwTzm)

where w = (S∗s[ν−1])−1x. By (48) and the same computation as in (51),

(δkjTa − TzkTbTzj )(δjmTa − TzjTbTzm) = δkmT
2
a − TzkT2(S∗a)b−b2Tzm .

Thus taking a = s
−1/2
[ν−1] and b = S∗a −

√
(S∗a)2 −w we see that the ma-

trix of gTo’s T = (ν − 1)1/2[δjmT
−1/2
[ν−1] − TzjTbTzm ]dj,m=1 satisfies T 2 = S.

(Note that (S∗a)2 −w = (S∗s[ν−1])−1/(1 + s) is a sequence with positive el-

ements; similarly one checks from T = (ν − 1)1/2T
−1/4
[ν−1] [δjm − TzjTcTzm ]T

−1/4
[ν−1]

with c = (S∗s[ν−1])1/2b = 1− (1 + s)−1/2 ∈ (0, 1) that T is positive selfadjoint

as an operator on ⊕dH2(∂Bd).)

Remark. In general, it is not true that if T is a positive selfadjoint gTo (not nec-
essarily elliptic), then its positive square root T 1/2 is also a gTo. A counterex-
ample is furnished by T = Tz1Tz1 = T|z1|2 on H2(∂Bd), d > 1. Namely,

if T 1/2 =: TP , then TP has to be of order 0 with σ0(P )2 = |z1|2, which has no
solutions in C∞(∂Ω). �
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Sweden
genkai@chalmers.se

Documenta Mathematica 22 (2017) 1081–1116



Documenta Math. 1117

The K-Theory of Versal Flags

and Cohomological Invariants of Degree 3

Sanghoon Baek, Rostislav Devyatov, Kirill Zainoulline

Received: February 22, 2017

Revised: May 12, 2017

Communicated by Nikita Karpenko

Abstract. Let G be a split semisimple linear algebraic group over a
field and let X be a generic twisted flag variety of G. Extending the
Hilbert basis techniques to Laurent polynomials over integers we give
an explicit presentation of the Grothendieck ring K0(X) in terms of
generators and relations in the case G = Gsc/µ2 is of Dynkin type
A or C (here Gsc is the simply-connected cover of G); we compute
various groups of (indecomposable, semi-decomposable) cohomologi-
cal invariants of degree 3, hence, generalizing and extending previous
results in this direction.

2010 Mathematics Subject Classification: 14M17, 20G15, 14C35
Keywords and Phrases: linear algebraic group, twisted flag variety,
ideal of invariants, versal torsor, cohomological invariant

1 Introduction

Let G be a split semisimple linear algebraic group over a field F . Let U/G be
a classifying space of G in the sense of Totaro [18, Rem.1.4], i.e. U is an open
G-invariant subset in some representation of G with U(F ) 6= ∅ and U → U/G
is a G-torsor. Consider the generic fiber U ′ of U over U/G. It is a G-torsor over
the quotient field F ′ of U/G called the versal G-torsor [4, Ch.I, §5]. We denote
by X the respective flag variety U ′/B over F ′, where B is a Borel subgroup
of G, and call it the versal flag. The variety X appears in many different
contexts, e.g. related to cohomology of homogeneous G-varieties (see [6] for an
arbitrary oriented theory; Karpenko [7], [8], [9] for Chow groups; Panin [17] for
K-theory) and cohomological invariants of G (see Merkurjev [14] and [5], [15]).
It can be viewed as a generic example of the so called twisted flag variety.
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In the first part of the paper (Sections 2-4) we give an explicit presentation of
the ring K0(X) in terms of generators modulo a finite number of relations in
cases when G = Gsc/µ2, where Gsc is the product of simply-connected simple
groups of Dynkin types A or C and µ2 is a central subgroup of order 2.
Observe that for simply-connected G the ring K0(X) can be identified with
K0(G/B) (e.g., see Panin [17]), and by Chevalley theorems there is a surjective
characteristic map c : R(Tsc) → K0(G/B) from the representation ring of the
split maximal torus Tsc such that the kernel ker(c) = IWsc is generated by
augmented classes of fundamental representations. So, all relations in K0(X)
correspond to W -orbits of fundamental weights.
If G is not simply-connected (as in the Gsc/µ2-case), then the situation changes
dramatically as by [6, Ex.5.4] we have

K0(X) ≃ R(T )/(IWsc ∩R(T ))

and a finite set of generators of IWsc ∩R(T ) is not known in general. Note that by
definition we have inclusions of abelian groups IW ⊆ IWsc ∩R(T ) ⊆ IWsc which all
coincide if taken with Q-coefficients. However, there are examples of semisimple
groups (see [15, Ex.3.1] and [1]) where both quotients (IWsc ∩ R(T ))/IW and
IWsc /(I

W
sc ∩R(T )) are non-trivial.

Our Theorem 3.4 provides a complete list of generators (Definition 3.2) of
the ideal IWsc ∩R(T ) assuming the root system of Gsc satisfies the generalized
flatness condition (see Definition 2.9). In Section 4 we show that this condition
holds for types A and C.
In the second part of the paper we study cohomological invariants of degree 3
of G. According to Garibaldi-Merkurjev-Serre [4, p.106], a degree d cohomo-
logical invariant is a natural transformation of functors

a : H1( · , G)→ Hd( · ,Q/Z(d− 1))

on the category of field extensions over F , where the functor H1( · , G) classi-
fies G-torsors, Hd( · ,Q/Z(d− 1)) is the Galois cohomology. Following Merkur-
jev [14], an invariant is called decomposable if it is given by a cup-product of
invariants of smaller degrees; the factor group of (normalized) invariants mod-
ulo decomposable is called the group of indecomposable invariants. For d = 3
the latter (denoted by Inv3

ind(G)) has been computed for all simple split groups
in [14] and [2]; for some semi-simple groups of type A in [13] and [1]; for adjoint
semisimple groups in [12].
Another key subgroup of semi-decomposable invariants introduced in [15] con-
sists of invariants given by a cup-product of invariants up to some field exten-
sions. For d = 3 it coincides with the group of decomposable invariants for
all simple groups [15]. It was also shown that these groups are different for
G = SO4 [15, Ex.3.1] and for some semisimple groups of type A (see [1]).
The relationships between the subgroups IW ⊆ IWsc ∩ R(T ) ⊆ IWsc and the
groups of cohomological invariants are explained in Section 5.
In Sections 6-11, we compute the groups of decomposable, indecomposable
and semi-decomposable invariants of degree 3 for new examples of semisimple
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groups (e.g. Gsc/µ2, products of adjoint groups), hence, extending the results
of [14], [2], [1], [15], [13]; to compute semi-decomposable invariants we use the
generators of Definition 3.2. We show that
• The factor group Inv3

sd(G) of semi-decomposable invariants of G modulo
decomposable is nontrivial if and only if G is of classical type A, B, C, D.
Moreover, we compute both groups Inv3

sd(G) and Inv3
ind(G) for an arbitrary

product of simply-connected simple groups of the same Dynkin type modulo
central subgroups of order 2 (see Corollaries 6.5, 7.2, 8.2, 9.2, and Proposi-
tion 11.2).
• If G is of type A, then both these groups can have an arbitrary order and
contain any direct product of cyclic p-group (see Corollary 6.6). IfG is of type B
or C, then it is always a product of cyclic groups of order 2 (see Corollaries 7.2,
8.2).
• The group Inv3

sd(G) is trivial for the simple group G = PGO8, i.e., any
semi-decomposable invariant is decomposable (Corollary 10.4).

Acknowledgements. S.B. was partially supported by National Research
Foundation of Korea (NRF) funded by the Ministry of Science, ICT and Future
Planning (2016R1C1B2010037). The first author also would like to thank the
university of Ottawa for the warm hospitality during his sabbatical in the fall
of 2016. R.D. was partially supported by the Fields Institute for Research
in Mathematical Sciences, Toronto, Canada. R.D. and K.Z. were partially
supported by the NSERC Discovery grant RGPIN-2015-04469, Canada.

2 Syzygies and divisibility for Laurent polynomials

Let Λ be a free abelian group of rank n with a fixed basis {x1, . . . , xn}. Let R be
one of the rings Z or Z/mZ, m ≥ 2. Consider the group ring R[Λ]. It consists
of finite linear combinations

∑
j aje

λj , aj ∈ R, λj ∈ Λ. We identify R[Λ] with

the Laurent polynomial ring R[x±11 , . . . , x±1n ] via exi 7→ xi and e−xi 7→ x−1i . By
a polynomial we mean always a Laurent polynomial, i.e., an element of R[Λ].
We denote by Λi a free subgroup with the basis {x1, . . . , xi}, 1 ≤ i < n. Hence,
R[Λi] = R[x±11 , . . . , x±1i ].

Definition 2.1. Given f ∈ R[Λ], we can express it uniquely as

f = fkx
k
n + fk−1x

k−1
n + . . .+ fmx

m
n , where fi ∈ R[Λn−1], k,m ∈ Z, k ≥ m.

The integer k is called the highest degree of f with respect to xn and denoted
hdegn(f). The integer m is called the lowest degree of f with respect to xn and
denoted ldegn(f). The difference k −m is called the degree of f with respect
to xn and denoted wdegn(f).

By definition, if wdegn(f) = 0, then f is a product of xkn and a polynomial in
x1, . . . , xn−1.
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Definition 2.2. Let f , p ∈ R[Λ] and let ldegn(f) ≥ d for some d ∈ Z. We
say that it is possible to perform a divison of f by p bounded by d if there exist
monomials q, r ∈ R[Λ] such that

1. f = pq + r.

2. Either r = 0 or (ldegn(r) ≥ d and hdegn(r) < d+ wdegn(p)).

In this case q is called the quotient, and r is called the remainder.

Definition 2.3. We call p ∈ R[Λ] a divisor with respect to xn if it satisfies
the following condition:
In the presentation of Definition 2.1

p = pkx
k
n + . . .+ pmx

m
n , pi ∈ R[Λn−1], k,m ∈ Z, k ≥ m,

the leading coefficient pk is a monic monomial in x1, . . . , xn−1.

Lemma 2.4. Let f , p ∈ R[Λ] and let ldegn(f) ≥ d for some d ∈ Z.
If p is a divisor with respect to xn, then it is possible to perform a division of
f by p bounded by d.

Proof. We proceed by induction on hdegn(f). If hdegn(f) < d + wdegn(p),
then we set q = 0 and r = f .
Suppose that hdegn(f) ≥ d+ wdegn(p). Since p is a divisor, we can write it as

p = Y xkn + p′, where Y ∈ R[Λn−1] is a monic monomial and

p′ is either 0 or a polynomial with hdegn(p′) < hdegn(p) = k and ldegn(p′) =
ldegn(p). Observe that Y is invertible in R[Λn−1].
We write f as f = gxmn + f ′, where m = hdegn(f), g ∈ R[Λn−1], and f ′ is
either 0, or a polynomial with hdegn(f ′) < m and ldegn(f ′) = ldegn(f).
Set q0 = gY −1xm−kn . Then Y xknq0 = gxmn . If both f ′ and p′ are 0, then
Y xkn = p and gxmn = f , so pq0 = f , and we are done.
Consider the polynomial f ′′ = f ′ − q0p′. We have hdegn(q0) = ldegn(q0) =
m− k. Recall that either p′ = 0 or (hdegn(p′) < k and ldegn(p′) = ldegn(p)).
So, either q0p

′ = 0, or (hdegn(q0p
′) < m and ldegn(q0p

′) = m− k+ ldegn(p) =
m− wdegn(p)).
Recall also that either f ′ = 0, or (hdegn(f ′) < m and ldegn(f ′) = ldegn(f)).
So, if p′ and f ′ are not both 0, then hdegn(f ′′) < m.
Also, if p′ and f ′ are not both 0, then ldegn(f ′′) ≥ min(m−wdegn(p), ldegn(f)).
We know that m = hdegn(f) ≥ d + wdegn(p), so m − wdegn(p) ≥ d. Also,
ldegn(f) ≥ d. So, ldegn(f ′′) ≥ d, and we can apply the induction hypothesis.
By induction, there exist polynomials q1 and r such that f ′′ = pq1 + r, and
(either r = 0 or (ldegn(r) ≥ d and hdegn(r) < d+ wdegn(p))).
Set q = q0 + q1. Then

pq + r = pq0 + pq1 + r = (Y xkn + p′)q0 + f ′′

= Y xknq0 + p′q0 + f ′ − q0p′ = gxmn + f ′ = f.
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Definition 2.5. (cf. [3, §15.5]) Given a n-tuple of polynomials ~q =

(q1, . . . , qn), a n-tuple of polynomials ~f = (f1, . . . , fn) is called a syzygy of
~q if

∑
i fiqi = 0.

Observe that syzygies form a submodule of a free module of rank n over R[Λ].
An element of a submodule generated by

Sij = (0, . . . , qj , . . . ,−qi, . . . , 0),

where qj is at the position i and −qi is at the position j, i, j = 1, . . . , n and
i 6= j, is called a trivial syzygy of ~q.

Lemma 2.6. Let ~q = (qi), qi ∈ Z[Λ] and let q̄ = (q̄i), where q̄i ∈ Z/dZ[Λ] is the
reduction modulo d, d ≥ 2.
If ~f ′ = (f ′i) is a trivial syzygy of q̄, then there exists a trivial syzygy ~f = (fi) of

~q such that its reduction modulo d coincides with ~f ′, i.e., a trivial syzygy can
be always lifted to Z.

Proof. Let S̄ij be the reduction modulo d of Sij . We have ~f ′ =
∑
i,j g

′
ijS̄ij for

some g′ij ∈ Z/dZ[Λ]. Let gij be liftings of g′ij to Z[Λ]. Set ~f =
∑

i,j gijSij .

Definition 2.7. We say that a n-tuple of polynomials (q1, . . . , qn) satisfies the
flatness condition if qi ∈ R[Λi] for each i = 1, . . . , n, and qi is a divisor with
respect to xi.

Lemma 2.8. If an n-tuple of polynomials ~r satisfies the flatness condition, then
all syzygies of ~r are trivial.

Proof. First, consider the case where R is a domain (i.e., R = Z or Z/pZ with
p prime). We use induction on n. If n = 1, then the trivial syzygy 0 is the

only syzygy. Let ~f = (f1, . . . , fn) be a syzygy of ~r = (r1, . . . , rn) with n ≥ 2.
By Lemma 2.4, we can divide fi = rngi + hi with bound d = min{ldegn(fi)},
where ldegn(hi) ≥ d and hdegn(hi) < d+ wdegn(rn) for 1 ≤ i ≤ n.

Since (g1r1, . . . , gn−1rn−1,−
∑n−1
i=1 giri) is a trivial syzygy of ~r, it suffices to

show that (h1, . . . , hn−1, fn+
∑n−1
i=1 giri) is a trivial syzygy of ~r. If

∑n−1
i=1 hiri =

(fn +
∑n−1
i=1 giri)rn is nonzero, then by taking wdegn of both sides, we obtain

wdegn(rn) > wdegn(
∑n−1

i=1 hiri) = wdeg((fn +
∑n−1

i=1 giri)rn) ≥ wdeg(rn),

a contradiction. Thus, we have fn+
∑n−1
i=1 giri = 0 and it remains to show that

~h = (h1, . . . , hn−1, 0) is a trivial syzygy of ~r. Let e = d+ wdegn(rn)− 1. Write

hi = hidx
d
n + · · ·+ hiex

e
n for all 1 ≤ i ≤ n− 1 and ~hj = (h1j , . . . , h(n−1)j, 0) for

all d ≤ j ≤ e. Then, we have ~h = ~hdx
d
n + · · ·+~hexen. By induction, all syzygies

~hj are trivial, so is ~h.
Now we consider the case R = Z/mZ. We proceed by induction on the number
of prime factors in m. If m is a prime, it follows from the previous case.
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Write m = pl, l > 1, where p is a prime. Let ~f = (fi) be a syzygy of ~r = (ri)
and let f̄ = (f̄i) be the corresponding syzygy of r̄ = (r̄i) over R̄ = Z/lZ for
1 ≤ i ≤ n. By induction, we have

f̄ =
∑

i,j

ḡijS̄ij for some ḡij ∈ R̄[Λ]. (*)

Set
~f ′ = ~f −

∑

i,j

gijSij , where gij is a preimage of ḡij in R[Λ].

By (*) we have f ′i = lf ′′i for some f ′′i ∈ R[Λ]. Since ~f ′ is a syzygy of ~r,

we have 0 =
∑
i f
′
iri = l(

∑
i f
′′
i ri) in R[Λ]. Thus, ~f ′′ = (f ′′i ) is a syzygy

of ~r modulo p. By the previous case, ~f ′′ is a trivial syzygy modulo p. So
~f ′′ =

∑
i,j g

′
ijSij + p~h for some n-tuple of polynomials ~h and preimages g′ij .

Then ~f ′ = l ~f ′′ =
∑
ij lg

′
ijSij is a trivial syzygy of ~r.

Definition 2.9. We say that a n-tuple of polynomials (q1, . . . , qn) satisfies a
generalized flatness condition if there exists a matrix A ∈ GLn(R[Λ]) such that
the n-tuple (r1, . . . , rn) = (q1, . . . , qn)A satisfies the flatness condition.

Lemma 2.10. Assume that a n-tuple of polynomials ~q = (q1, . . . , qn) satisfies
the generalized flatness condition. Then all syzygies of ~q are trivial.

Proof. Let A be a matrix such that ~r = ~qA satisfies the flatness condition. Let
~f = (f1, . . . , fn) be a syzygy of ~q. Then (as a product of matrices)

0 = ~q · ~f t = ~qA ·A−1 ~f t = ~r · ~g, where ~g = A−1 ~f t.

Hence, ~g is a syzygy of ~r and ~f = A~g. By Lemma 2.8 it suffices to prove that
if ~g = Sij is a trivial syzygy of ~r, then A~g is a trivial syzygy of ~q.
Let Mij , i 6= j denote a matrix where all entries are zeros except 1 at the
position (i, j) and −1 at the position (j, i). The matrix Mij is skew-symmetric.
By definition, we have Sij = Mij(~r)

t. So all trivial syzygies of ~r are linear
combinations with coefficients in R[Λ] of Mij~r

t. Similarly, all trivial syzygies
of ~q are linear combinations of Mij~q

t.
Then we obtain A~g = AMij~r

t = AMijA
t~qt. Finally, since the matrixAMijA

t is
skew-symmetric, it is a linear combination with coefficients in R[Λ] of matrices
Mi′j′ for various i′, j′.

3 The generators

Consider the weight lattice Λ of a semisimple root system corresponding to a
group G. Let T ∗ be a group of characters of a split maximal torus T of G. We
assume that T ∗ is of index 2 in Λ, i.e., Λ/T ∗ = Z/2Z.
Consider the Z/2Z-grading on Λ given by: a weight λ ∈ Λ has degree |λ| which
is its class in the quotient Λ/T ∗. We denote by Λ(0) = T ∗ the subgroup of Λ
of degree 0 and by Λ(1) = Λ \ T ∗ the subset of degree 1.
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There is an induced grading on the group ring R[Λ] so that R[Λ] = R[Λ(0)]⊕
R[Λ(1)]. Hence, we can uniquely express any f ∈ R[Λ] as a sum of its homoge-
neous components, i.e., f = f (0) + f (1). We say that f ∈ R[Λ] is homogeneous
of degree 0 or, equivalently, deg(f) = 0 (resp. f is of degree 1 or deg(f) = 1)
if f ∈ R[Λ(0)] (resp. f ∈ R[Λ(1)]).
Let {ω1, . . . , ωn} denote the set of fundamental weights (a Z-basis of Λ). Con-
sider the orbit W (ωi) of the fundamental weight ωi by means of the Weyl
group W . We denote by |i| the degree of ωi with respect to the grading and
by |W (ωi)| the number of elements in the orbit. Let

d = gcd
ωi∈Λ(1)

(|W (ωi)|) = gcd
|i|=1

(|W (ωi)|).

We set R = Z and we denote by bar the reduction modulo d, i.e., R̄ = Z/dZ.
We define

ρ(ωi) =
∑

λ∈W (ωi)

eλ and ρi = ρ(ωi)− |W (ωi)| ∈ R[Λ].

Since the Weyl group acts trivially on Λ/T ∗, we have deg(ρ(ωi)) = |i|. Reducing
modulo d we obtain deg(ρ̄i) = deg(ρ(ωi)) = |i|.
We will need the following

Lemma 3.1. Assume that (ρ̄1, . . . , ρ̄n) satisfies the generalized flatness condi-
tion with respect to some basis {xi} of Λ. Assume that fi ∈ R[Λ], i = 1, . . . , n
are such that deg(

∑
i fiρi) = 0.

Then there exist polynomials g1, . . . , gn ∈ R[Λ] such that
∑
i fiρi =

∑
i giρi and

ḡ
(1−|i|)
i = 0 for each i.

Proof. Since deg(
∑
i fiρi) = 0, we have

∑
i f̄

(1−|i|)
i ρ̄i = 0. Hence, by

Lemma 2.10 the n-tuple (f̄
(1−|i|)
i ) is a trivial syzygy of (ρ̄i). By Lemma 2.6

there exists a trivial syzygy (hi), hi ∈ R[Λ], of (ρi) such that h̄i = f̄
(1−|i|)
i . Set

gi = fi − hi.

After a possible reindexing, we may assume that the first n′ fundamental
weights {ω1, . . . , ωn′} have degree 1 and the remaining fundamental weights
have degree 0. For 1 ≤ i ≤ n′ we set

di = gcd
i≤j≤n′

(sj), where sj = |W (ωj)|.

So we have d = d1 | d2 | . . . | dn′ = sn′ . By a presentation of the gcd, there
exist integers (denoted ai,j , 1 ≤ i ≤ j ≤ n′) such that

di = ai,isi + ai,i+1si+1 + . . .+ ai,jsj + . . .+ ai,n′sn′ .

For 1 ≤ i < n′ we set

ρ̃i = ai,iρi + ai,i+1ρi+1 + . . .+ ai,n′ρn′ .
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By definition, the coefficient of ρ̃i at 1 = e0 is

−ai,isi − ai,i+1si+1 − . . .− ai,n′sn′ = −di.

Set ρ̃(ωi) = ρ̃i + di ∈ R[Λ(1)].

Definition 3.2. Fix λ0 ∈ Λ(1) and consider the following subsets of elements
in R[T ∗]:

(1) {h1,i = eλ0( risi ρ(ωi)− ri
di+1

ρ̃(ωi+1)) | 1 ≤ i < n′, ri = lcm(si, di+1)}.

(2) {h2,i = ρ(ωi)ρ̃(ω1)− dsi | 1 ≤ i ≤ n′},

(3) {h3,i = ρi | n′ < i ≤ n}.

Remark 3.3. The elements h1,i will be extensively used (see (11) and (13)) in
the computations of the group of semi-decomposable invariants.

Let I be the augmentation ideal of R[Λ], that is I is the kernel of the map
R[Λ] → R given by eλ 7→ λ. Let IWsc denote the ideal in R[Λ] generated by
elements from R[Λ]W ∩ I. By the Chevalley theorem IWsc is generated by the
elements ρi, 1 ≤ i ≤ n, i.e., any f ∈ IWsc can be written as f = f1ρ1 + . . .+fnρn
for some fi ∈ R[Λ].
Our main result is the following

Theorem 3.4. Assume that the n-tuple (ρ1, . . . , ρn) satisfies the generalized
flatness condition with respect to some basis {xi} of the weight lattice Λ.
Then the elements hk,i of Definition 3.2 generate the ideal IWsc ∩R[T ∗] in R[T ∗].

Proof. Suppose that f1ρ1 + . . .+ fnρn ∈ R[T ∗] for some fi ∈ R[Λ]. By Lemma

3.1 we may assume that d | f (1−|i|)
i for each i.

To prove the theorem we modify (f1, . . . , fn) in several steps. At each step, we
subtract a linear combination of the elements hi,j (with coefficients in R[T ∗])
from f1ρ1 + . . .+ fnρn so that the new polynomials f ′1, . . . , f

′
n have fewer non-

zero monomials. In the end they will all become 0, so that the original f1ρ1 +
. . .+ fnρn will be replaced by a linear combination of hi,j .
Step 1. By definition we have for 1 ≤ i ≤ n′

h2,i = ρ(ωi)ρ̃(ω1)− dsi = ρ(ωi)(ρ̃1 + d1)− dsi
= ρ(ωi)(a1,1ρ1 + a1,2ρ2 + . . .+ a1,n′ρn′ + d)− dsi
= a1,1ρ(ωi)ρ1 + . . .+ (a1,iρ(ωi) + d)ρi + . . .+ a1,n′ρ(ωi)ρn′ .

Since |i| = 1, d | f (0)
i . Consider the difference

f ′1ρ1 + . . .+ f ′nρn = f1ρ1 + . . .+ fnρn − 1
df

(0)
i h2,i. (*)

Collecting the coefficients we obtain
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• f ′j = fj for all j > n′,

• f ′(0)j = f
(0)
j for all j ≤ n′ and j 6= i,

• f ′(0)i = 0.

Hence, applying (*) for each i, 1 ≤ i ≤ n′ we obtain new coefficients (f ′1, . . . , f
′
n)

such that f
′(0)
j = 0 for all j ≤ n′ and f ′j = fj for all j > n′. (Observe that f

′(1)
j

for j ≤ n′ does not necessarily coincides with f
(1)
j .)

Step 2. We have for n′ < i ≤ n

ρ̃(ω1)h3,i = ρ̃(ω1)ρi = (a1,1ρ1 + a1,2ρ2 + . . .+ a1,n′ρn′ + d)ρi

= (a1,1ρi)ρ1 + . . .+ (a1,n′ρi)ρn′ + dρi.

Since |i| = 0, d | f (1)
i . Consider the difference

f ′1ρ1 + . . .+ f ′nρn = f1ρ1 + . . .+ fnρn − 1
df

(1)
i ρ̃(ω1)h3,i. (**)

Collecting the coefficients we obtain

• f ′j = fj for all j > n′ and j 6= i,

• f ′(0)j = f
(0)
j for all j ≤ n′.

• f ′(1)i = 0.

Hence, applying (**) for each i, n′ < i ≤ n we obtain new coefficients

(f ′1, . . . , f
′
n) such that f

′(1)
j = 0 for all j > n′ and f

′(0)
j = 0 for all j ≤ n′.

Step 3. As a result of step 2, we have fi ∈ R[T ∗] for all i > n′. Subtracting

f1ρ1 + . . .+ fnρn −
∑

i>n′

fih3,i

we may assume that fi = 0 for all i > n′.
Step 4. Fix i, 1 ≤ i ≤ n′. If i > 1 we assume in addition that f1 = . . . = fi−1 =

0. So, we have fiρi + . . .+ fn′ρn′ ∈ R[T ∗], where f
(0)
j = 0 for all i ≤ j ≤ n′ by

previous steps. Hence, we can express it as

fiρi+. . .+fn′ρn′ = f
(1)
i ρ(ωi)+. . .+f

(1)
n′ ρ(ωn′)−(sif

(1)
i +. . .+sn′f

(1)
n′ ) ∈ R[T ∗].

Since deg(ρ(ωj)) = 1 for i ≤ j ≤ n′, we obtain

sif
(1)
i = −si+1f

(1)
i+1 − . . .− sn′f

(1)
n′ .

The right hand side of this equation is divisible by ri, hence, ri
si
| f (1)
i .
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By definition, we have

h1,i = eλ0( risi ρ(ωi)− ri
di+1

ρ̃(ωi+1)) = eλ0( risi ρi −
ri
di+1

ρ̃i+1)

= eλ0( risi ρi −
ri
di+1

(ai+1,i+1ρi+1 + ai+1,i+2ρi+2 + . . .+ ai+1,n′ρn′))

Consider the difference

f ′iρi + . . .+ f ′n′ρn′ = fiρi + . . .+ fn′ρn′ − si
ri
f
(1)
i e−λ0h1,i. (***)

Collecting the coefficients we obtain f ′i = 0 while keeping f
′(0)
j = f

(0)
j = 0 for

all i < j ≤ n′. Hence, applying (***) inductively starting with i = 1, we obtain
that fi = 0 for all 1 ≤ i ≤ n′.

4 The generalized flatness condition

In the present section we prove that the n-tuple of W -orbits (ρ1, . . . , ρn) in
R[Λ] satisfies the generalized flatness condition when Λ is a weight lattice for
a semi-simple root system of type A and C. Observe that it is enough to prove
the generalized flatness condition for each simple component.

4.1 Type A

Let Λ̃ = Zn+1 with a standard basis e1, . . . , en+1. The weight lattice of type

A is then given by Λ = Λ̃/(e1 + . . . + en+1). We denote the class of ei in Λ
by ēi. The basis of Λ is given by the fundamental weights ωi = ē1 + . . . + ēi,
i = 1, . . . , n. The Weyl group (the symmetric group Sn+1) acts by permutations
of {e1, . . . , en+1}. Let xi = eωi in Z[Λ] and let yi = eei in Z[Λ̃].
Consider the induced map φ : Z[Λ̃] → Z[Λ] given by φ(y1) = x1, φ(yi) = eēi =
xix
−1
i−1, 1 < i ≤ n and φ(yn+1) = x−1n . The image of the elementary symmetric

function σi = σi(y1, . . . , yn+1) gives the W -orbit ρ(ωi).
Let gi be (the complete sum symmetric function) the sum of all monomials of
total degree i in variables y1, . . . , yn+2−i. We have the following analogue of
the Newton relation (see [16, Relation (2)]) for i > 0

i∑

j=0

(−1)jgj(y1, . . . , yn+2−j)σi−j(y1, . . . , yn+1−j) = 0 (here g0 = σ0 = 1) (1)

which implies that the ideal Iσ = (σ1, . . . , σn+1) in Z[y1, . . . , yn+1] coincides
with the ideal Ig = (g1, . . . , gn+1). Consider the involution τ of Z[y1, . . . , yn+1]
given by yi 7→ 1− yi. We get

(σ1 − s1, . . . , σn+1 − sn+1) = τ(Iσ) = τ(Ig) = (g̃1, . . . , g̃n+1),

where si = σi(1, . . . , 1) = |W (ωi)| and g̃i is the (non-homogeneous) polynomial
in variables y1, . . . , yn+2−i of degree i such that its coefficient at yin+2−i is ±1.
Taking its images in Z[Λ] we obtain

(ρ1, . . . , ρn) = φ(τ(Iσ)) = φ(τ(Ig)) = (r1, . . . , rn+1),
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where ρi = ρ(ωi)− si and ri = φ(g̃n+2−i). We claim that rn+1 can be written
as a linear combination of r1, . . . , rn. Indeed, taking the sum of relations (1)
for all i we obtain

1 =

n+1∑

i=0

(gi

n+1−i∏

j=1

(1− yj)).

After applying τ we obtain 1 =
∑n+1
i=0 g̃iy1 . . . yn+1−i. Since y1 . . . yn+1 = 1,

after taking its image in Z[Λ] we obtain the desired linear combination.

4.2 Type C

Consider the weight lattice Λ of type C. It is generated by the standard vectors
{e1, . . . , en} with fundamental weights ωi = e1 + . . .+ ei. The Weyl group W
acts on the standard vectors by permutations and changing signs. Consider the
embedding φ : Z[y1, . . . , yn] →֒ Z[Λ] given by φ(yi) = eei + e−ei . The image of
the elementary symmetric function σi = σi(y1, . . . , yn) gives the W -orbit ρ(ωi).
As in type A let gi be the sum of all monomials of total degree i in vari-
ables y1, . . . , yn+1−i. Then (σ1, . . . , σn) = (g1, . . . , gn) as ideals in Z[y1, . . . , yn].
Applying the involution τ we obtain (ρ1, . . . , ρn) = (r1, . . . , rn), where ρi =
ρ(ωi) − si, ri = φ(τ(gn+1−i) and si = |W (ωi)|. The n-tuple (r1, . . . , rn) sat-
isfies the flatness condition and there is an invertible transformation matrix
between ρi and ri.

5 Characters and invariants

In the present section we introduce some notation and recall basic definitions
for the group of characters, characteristic classes and invariants which will be
used in the subsequent sections. We follow [14], [15] and [1].

5.1 Characters.

Let H and H ′ be simply connected simple split groups of the same Dynkin
type D over a field F . Assume that there is a central diagonal subgroup µk in
H ×H ′. The quotient G = (H × H ′)/µk will be called a group of index k of
type D.
We denote by Tsc the split maximal torus of H ×H ′, by T the split maximal
torus of G and by Tad the split maximal torus of the product of the adjoint
forms Had×H ′ad. Then there is an exact sequence for the groups of characters

0→ T ∗/T ∗ad → T ∗sc/T
∗
ad → Z/kZ→ 0

which can be used to describe T ∗. Indeed, the quotient T ∗sc/T
∗
ad is the group of

characters of the center Z(G) and the map T ∗sc/T
∗
ad → Z/kZ is induced by the

diagonal embedding µk → Z(G). Moreover, T ∗sc/T
∗
ad is the product of groups

of characters of the centers of H and H ′, hence,

T ∗sc/T
∗
ad = Λw/Λr ⊕ Λ′w/Λ

′
r → Z/kZ,
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is given by taking the sum, where Λw (resp. Λ′w) is the weight lattice and Λr
(resp. Λ′r) is the root lattice of H (resp. of H ′).

5.2 Invariant forms.

Let W = WH × WH′ be the Weyl group of H × H ′. It naturally acts on
T ∗sc = Λw ⊕ Λ′w. Consider the group of W -invariant quadratic forms. It is a
direct sum of cyclic groups

S2(T ∗sc)
W = S2(Λw)WH ⊕ S2(Λ′w)WH′ = Zq ⊕ Zq′,

where q and q′ are generators given by normalized Killing forms. So any form
φ ∈ S2(T ∗sc)

W can be written uniquely as φ = dq + d′q′, d, d′ ∈ Z. The list of
Killing forms for all types can be found in [14, §4].
Let {ωi} and {ω′i} denote the fundamental weights of H and H ′, i.e., the Z-
bases of Λw and Λ′w. Choose a Z-basis {xi} of T ∗. Expressing each ωi and
ω′i in terms of xj ’s and substituting into φ allows us to explicitly describe the
subgroup

Q(G) = S2(T ∗)W = S2(T ∗) ∩ S2(T ∗sc)
W .

5.3 Characteristic map

Consider the group ring Z[T ∗sc] that is the representation ring R(Tsc) of Tsc.
Each element of Z[T ∗sc] can be written as a finite linear combination

∑
i aie

λi ,
ai ∈ Z, λi ∈ T ∗sc. Fix a basis of T ∗sc consisting of fundamental weights {ωi} and
{ω′j}. Following [14, §3c] and [5] we define a Z[W ]-module homomorphism

c2 : Z[T ∗sc]→ S≤2(T ∗sc)→ S2(T ∗sc)

by sending 1 7→ 1, e−ωi 7→ 1−ωi and eωi 7→ 1 +ωi+ω2
i (resp. for ω′j) and then

taking the degree 2 homogeneous component.
Let Isc denote the augmentation ideal in Z[T ∗sc], i.e., the kernel of the trace
map Z[T ∗sc] → Z, eλ 7→ 1. Then the image c2(I3sc) = 0, so c2 can be restricted
to I2sc[5].
Observe that the filtration by powers of the ideal Isc can be viewed as a
γ-filtration on K0(BT ); its image in K0(G/B) via the characteristic map
c : Z[T ∗sc] → K0(G/B) gives the Grothendieck γ-filtration on K0(G/B) (e.g.,
see [19]).

5.4 Invariants

Given λ ∈ T ∗ denote by ρ(λ) =
∑

χ∈W (λ) e
χ, where W (λ) is the W -orbit of λ.

If restricted to invariants, the map c2 defines a group homomorphism

c2 : Z[T ∗]W → S2(T ∗)W

with image generated by forms c2(ρ(λ)) = − 1
2

∑
χ∈W (λ) χ

2 for all λ ∈ T ∗

[14, §3c]. It was shown in [14] that the image c2(Z[T ∗]W ) can be identified
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with the group of degree 3 decomposable invariants Dec(G) and the quo-
tient Q(G)/Dec(G) with the group of indecomposable invariants denoted by
Inv3

ind(G). By definition for any two semisimple groups G1, G2 we have

Q(G1 ×G2) = Q(G1)×Q(G2) and Dec(G1 ×G2) = Dec(G1)×Dec(G2). (2)

Let IWsc denote an ideal in Z[T ∗sc] generated by W -invariants from the aug-
mentation ideal Isc, namely, IWsc = (Isc ∩ Z[T ∗sc]

W ). The main result of [15]
says that the image c2(Z[T ∗] ∩ IWsc ) in S2(T ∗)W coincides with the subgroup
of semi-decomposable invariants Sdec(G) and that Dec(H) = Sdec(H) if H is
a simple group. Observe that we have

Dec(G) ⊆ Sdec(G) ⊆ Q(G). (3)

We denote by Inv3
sd(G) the quotient Sdec(G)/Dec(G).

6 Type A

In the present section we consider semisimple groups of type A. The following
lemma gives a simple geometric proof for the coincidence between the normal-
ized invariants and semi-decomposable invariants (c.f. [1]):

Lemma 6.1. Let G = (
∏m
i=1 SLni)/µk, m,ni, k ≥ 2, where µ ≃ µk is a

diagonal (central) subgroup. Then, Q(G) = Sdec(G), i.e., each degree 3 inde-
composable invariant of G is semi-decomposable.

Proof. We follow arguments used in [1, §5]. Assume

µ = {(λ1, . . . , λm) ∈ µn1
× · · · × µnm | λk1 = · · · = λkm = 1, λ1 = · · · = λm}

is the diagonal subgroup. The corresponding versal flag variety X over the
function field F ′ of the classifying space of G can be replaced by the product of
Severi-Brauer varieties SB(A1)×· · ·×SB(Am), where Ai are central simple F ′-
algebras of degree ni for 1 ≤ i ≤ m such that k[Ai] = 0 and [A1] = · · · = [Am]
in the Brauer group Br(F ′). Let B be the common underlying division algebra
of A1, . . . , Am such that the index and the exponent of B are all equal to
k. Then, we obtain CH2(X)tors = CH2(SB(B))tors. By [10, Cor.4] we have
CH2(SB(B))tors = 0, thus by the main theorem of [15] Q(G) coincides with
Sdec(G).

Remark 6.2. Using arguments in [1] one can compute the quotient

Inv3
ind(G) = Q(G)/ Sdec(G) = CH2(X)tors

for an arbitrary semisimple group G of type A. For instance, when m = 2, the
same arguments in the proof work if we replace the diagonal subgroup µ ≃ µ2

by a central subgroup µ2 × 1 ⊆ µn1
× µn2

or 1× µ2 ⊆ µn1
× µn2

.
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The following proposition deals with groups of p-primary index for any prime p,
which in turn computes the p-primary component of Inv3

ind((SLm×SLn)/µk)
for any diagonal (central) subgroup µk.

Proposition 6.3. Let G = (SLm×SLn)/µ, m,n ≥ 2, where µ ≃ µk is a
p-primary diagonal (central) subgroup. Then,

Q(G) = {dq + d′q′ | ( k−1
k

)(md+ nd′) ≡ 0 mod 2k}

and

Dec(G) ≃






kZq ⊕ kZq′ if p 6= 2 or p = 2,min{v2(m), v2(n)} > v2(k),

kZ(q − q′)⊕ kZ(q + q′) if p = 2, v2(m) = v2(n) = v2(k),

kZq ⊕ 2kZq′ if p = 2, v2(m) > v2(k) = v2(n),

where q (resp. q′) is the normalized Killing form of SLm (resp. SLn).

Proof. Let G = (SLm×SLn)/µk, m,n, k ≥ 2, k | gcd(m,n), where µk is a
diagonal subgroup. Then, by 5.1 the character group of the split maximal
torus T of G is given by

T ∗ = {
m−1∑

i=1

aiωi +
n−1∑

j=1

a′jω
′
j |

m−k
k∑

r=0

k−1∑

i=1

iai+rk +

n−k
k∑

s=0

k−1∑

i=1

ia′i+sk ≡ 0 mod k}. (4)

Following 5.2 the group of W -invariant quadratic forms S2(T ∗sc)
W is generated

by the normalized Killing forms

q =

m−1∑

i=1

ω2
i −

m−2∑

i=1

ωiωi+1 and q′ =

n−1∑

j=1

ω′2
j −

n−2∑

j=1

ω′
jω

′
j+1.

Consider the Z-basis {x1, . . . , xm−1, x′1, . . . , x′n−1} of the character group T ∗

given by

xi+rk = ωi+rk + iω′
n−1, xk+rk = ωk+rk and x′

i+sk = ω′
i+sk + iω′

n−1, x
′
k+sk = ω′

k+sk,

where 1 ≤ i ≤ k − 1, 0 ≤ r ≤ m−k
k , 0 ≤ s ≤ n−k

k (for convenience, we set
xj = x′j = 0 for any j > n−1 or j > m−1). In this basis a form φ ∈ S2(T ∗sc)

W

can be written as

φ = (md(k−1)+nd
′(k−1)

2k2 )x′2n−1 + ψ, d, d′ ∈ Z

where ψ is a quadratic form with integer coefficients. Hence, we obtain

Q(G) = {dq + d′q′ | (k−1k )(md+ nd′) ≡ 0 mod 2k}. (5)

From now on we assume that k is p-primary. We claim that Dec(G) ⊆ kZq ⊕
kZq′. To show this we extend the arguments in [4, p.136]. We use the standard
presentation of the root system of type A, namely, that Λw (resp. Λ′w) consists
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of vectors in the standard basis {e1, .., em} (resp. {e′1, .., e′n}) whose sum of
coordinates is zero.
Choose a character χ ∈ T ∗. Assume χ has l (resp. l′) distinct coordinates in
some order b1 > · · · > bl (resp. b′1 > . . . > b′l′) which repeat r1, .., rl (resp.
s1, .., sl′) times with respect to the basis {ei} (resp. {e′j}). Then, for the orbit
ρ(χ) of χ under the action of W we obtain

c2(ρ(χ)) = n!
s1!···sl′ ! · [r, b] · q + m!

r1!···rl! · [s, b
′] · q′, where (6)

[r, b] = (m−2)!
r1!···rl!

(
m(

l∑

i=1

rib
2
i )− (

l∑

i=1

ribi)
2), [s, b′] = (n−2)!

s1!···sl!

(
n(

l′∑

j=1

sjb
′2
j )− (

l′∑

j=1

sjb
′
j)

2).

Observe that by (4) we have
∑
ribi +

∑
sjb
′
j ≡ 0 mod k. Let c = min{vp(ri)}

and d = min{vp(sj)}. If vp(k) ≤ d, then vp(k) ≤ vp(
∑
ribi). So we obtain

vp(k) ≤ vp(gcd(m,
∑
ribi)). Hence, by [4, p.137, Lemma 11.4] the coefficient

[r, b] is divisible by k. Similarly, if v2(k) ≤ c, then [s, b′] is divisible by k. Hence,
we may assume that c, d ≤ vp(k). By [4, p.137, Lemma 11.3], we have

vp
(

n!
s1!···sl′ !

)
≥ vp(k)− d ≥ 0 and vp

(
m!

r1!···rl!
)
≥ vp(k)− c ≥ 0,

which implies that

vp(gcd(m,
∑

ribi)) ≥ d and vp(gcd(n,
∑

sjb
′
j)) ≥ c.

Therefore, again by [4, p.137, Lemma 11.4] we see that each coefficient of q and
q′ in (6) is divisible by k, which proves the claim.
Finally, we compute the group Dec(G) case by case. As

c2(ρ(kω1)) = −k2q, c2(ρ(2ω1 − ω2)) = −2mq (7)

and similarly, c2(ρ(kω′1)) = −k2q′, c2(ρ(2ω′1 − ω′2)) = −2mq′, we have

gcd(2, p)kq ∈ Dec(G) if vp(m) = vp(k) (8)

and similarly, gcd(2, p)kq′ ∈ Dec(G) if vp(n) = vp(k). Moreover, we get

c2(ρ(ωk)) = (kk′)q with gcd(k′, p) = 1 if vp(m) > vp(k) (9)

and similarly, c2(ρ(ωk)) = (kk′′)q with gcd(k′′, p) = 1 if vp(n) > vp(k) (see also
[2, Thm.4.1]). Thus if p 6= 2, then by (7) and (9) we obtain

gcd(k2, kk′)q = kq ∈ Dec(G), gcd(k2, kk′′)q = kq′ ∈ Dec(G).

Therefore, by (8) and the claim above, Dec(G) = kZq ⊕ kZq′ if p 6= 2.
Now assume that p = 2. If v2(m) > v2(k) and v2(n) > v2(k), then by (7), (9)
and the claim above, we have Dec(G) = kZq ⊕ kZq′.
If v2(m) = v2(n) = v2(k), then c2(ρ(ωk/2 +ω′k/2)) ≡ −kq−kq′ mod 2k. Hence,

by (8), k(q − q′), k(q + q′) ∈ Dec(G). Since Dec(SLm /µk) = 2kq if v2(m) =
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v2(k), and Dec(SLn /µk) = 2kq′ if v2(n) = v2(k) ([2, Thm.4.1]), it follows from
the claim above that Dec(G) = kZ(q − q′)⊕ kZ(q + q′).
Similarly, if v2(m) > v2(k) = v2(n), then by (7) and (9) we have kq ∈ Dec(G).
Since Dec(SLn /µk) = 2kq′, we get kq′, k(q ± q′) 6∈ Dec(G). Therefore, by the
claim we obtain Dec(G) = kZq ⊕ 2kZq′.

Remark 6.4. This proposition and its proof generalize [14, Theorem 4.4] and
[2, Theorem 4.1] for split simple groups G′ = SLm /µk of type A.
Indeed, following the proof of Proposition 6.3 one can easily check that Q(G′) =
Q(G)|d′=0. For instance, in order to obtain Q(PGLm) we simply set d′ = 0
and k = m in (5), then we get Q(PGLm) = 2 gcd(2,m)Zq [14, Theorem 4.4].
Similarly, we can obtain Dec(PGLm) in the same way.
To compute the indecomposable groups for G′ = SL2m /µ2, we set d′ = 0,
k = 2. Then it follows by Proposition 6.3 that Q(G′) = {dq |md ≡ 0 mod 4}
and

Dec(G′) =

{
2Zq if v2(m) > 0,

4Zq if v2(m) = 0.

Hence, we obtain [2, Theorem 4.1], that is

Inv3ind(G
′) ≃

{
(Z/2Z)q if v2(m) ≥ 2,

0 otherwise.

Finally observe that together with Lemma 6.1, properties (2) and (3) it com-
putes the group Inv3

sd(G
′′), where G′′ = (SL2m /µ2)× SL2n, n,m ≥ 1.

The following corollary generalizes [15, Example 3.1] to groups of type A (see
also [1]). Similarly, by using Lemma 6.1 and Proposition 6.3, one can compute
both groups Inv3

ind(G) and Inv3
sd(G) for any p-primary diagonal subgroup µk.

Corollary 6.5. Let G = (
∏m
i=1 SL2ni)/µ2, ni ≥ 1, where µ2 is the diagonal

subgroup. Then

Inv3sd(G) = Inv3
ind(G) =

{
(Z/2Z)⊕m if ni ≡ 0 mod 4 ∀i,

(Z/2Z)⊕m−1 otherwise.

Proof. Let G = (SL2m×SL2n)/µ2. Then, it follows from Proposition 6.3 that

Inv3
ind(G) ≃






(Z/2Z)q ⊕ (Z/2Z)q′ m ≡ n ≡ 0 mod 4,

(Z/2Z)q m ≡ 0, n ≡ 2 mod 4 or m ≡ 0 mod 4, n is odd,

(Z/2Z)(q − q′) m ≡ n ≡ 2 mod 4 or both m,n are odd,

(Z/2Z)(q − 2q′) m ≡ 2 mod 4, n is odd.

Hence, the result follows by Lemma 6.1. Applying the same arguments for
three and more groups completes the proof.

In the following we show that the both indecomposable group Inv3
ind(G) and

the semi-decomposable group Inv3
sd(G) can have an arbitrary order (c.f. [1]).

In particular, the order can be arbitrarily large.
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Corollary 6.6. For an arbitrary integer k ≥ 2 there exists a semisimple group
G of type A such that

| Inv3
ind(G)| = | Inv3sd(G)| = k.

Moreover, for any homocyclic p-group C there exists a semisimple group H of
type A such that Inv3

ind(H) = Inv3
sd(H) = C.

Proof. Let pr (r ≥ 1) be a prime factor of k and let n = gcd(2, p)pr. We
denote G[pr] = (SLn×SLn)/µpr , where µpr is the diagonal subgroup. By
Proposition 6.3 we have

Inv3
ind(G[pr]) = Inv3

sd(G[pr]) = Z/prZ.

Set G = (SLgcd(2,k)k ×SLgcd(2,k)k)/µk. Then, the same argument as in [15,

§3b] shows that Inv3
ind(G[pr]) is a p-primary component of Inv3

ind(G) and the
first statement follows from Lemma 6.1.
Let C = (Z/prZ)⊕m be a homocyclic p-group of rank m for some prime p.
It suffices to consider the case m ≥ 2. Let H = (SLn)m/µpr , where n =

gcd(2, p)p2r and µpr is the diagonal subgroup. Then, the arguments used in
the proof of Proposition 6.3 yield

Q(G) = {

m∑

i=1

diqi | (n/p
r)

m∑

i=1

di ≡ 0 mod gcd(2, p)pr},

where qi is the corresponding normalized Killing form of SLn. Similarly, we
have Dec(G) =

⊕m
i=1 p

rZqi. Then the second statement follows by Remark 6.2.

7 Type B

In the present section we show that any semi-decomposable invariant of
semisimple groups of type B is decomposable, except in the case of a prod-
uct of groups of type B2 = C2 modulo the diagonal subgroup µ2. We first
consider the index 2 case.

Proposition 7.1. Let G = (Spin2m+1×Spin2n+1)/µ2, m,n ≥ 2, where µ2

is the diagonal subgroup. Then, we have Inv3
ind(G) = Z/2Z and

Inv3
sd(G) =

{
Z/2Z if m = n = 2,

0 otherwise,

i.e., each semi-decomposable invariant is decomposable unless m = n = 2.

Proof. Following 5.1 the character group of the split maximal torus T of G is
given by

T ∗ = {

m∑

i=1

aiωi +

n∑

i=1

a′iω
′
i | am ≡ a

′
n mod 2}.
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Following 5.2 the group S2(T ∗sc)
W is generated by the normalized Killing forms

q =
m−1∑

i=1

(ω2
i − ωiωi+1) + 2ω2

m − ωm−1ωm, q
′ =

n−1∑

i=1

(ω′2
i − ω

′
iω

′
i+1) + 2ω′2

m − ω
′
m−1ω

′
m.

Choose a Z-basis {ω1, . . . , ωm−1, ω′1, . . . , ωm−1, v1, v
′
1} of T ∗ where v1 = ωm+ω′n

and v′1 = ωm − ω′n. For any φ ∈ S2(T ∗)W there exist d, d′ ∈ Z such that
φ = dq + d′q′, thus in this basis we have

φ = 1
2 (d+ d′)(v21 + v′21 ) + ψ

for some quadratic form ψ with integer coefficients. Hence, we obtain

Q(G) = {dq + d′q′ | d+ d′ ≡ 0 mod 2} = Z(q − q′)⊕ Z(q + q′). (10)

We claim that Dec(G) = 2Zq⊕2Zq′. The result for the group of indecomposable
invariants then follows immediately. To prove the claim, since q = 1

2 (
∑m

i=1 e
2
i )

and q′ = 1
2 (
∑n

j=1 e
′2
j ) in terms of the standard basis of T ∗sc = Zm ⊕ Zn, we

conclude that c2(ρ(ω1)) = 2q and c2(ρ(ω′1)) = 2q′ are contained in Dec(G).
On the other hand, as Dec(G) is generated by c2(ρ(λ)) for all λ ∈ T ∗ and the
Weyl group of G contains normal subgroups (Z/2Z)m and (Z/2Z)n generated
by sign switching, we see that the coefficient at each ei in the expansion of
c2(ρ(λ)) is divisible by 2 (c.f. [4, Lemma 14.2]).
We now compute the group Sdec(G). Assume that m = n = 2. Consider the
element

y = eω2z ∈ Z[T ∗] ∩ IWsc with z = ρ̄(ω2)− ρ̄(ω′2), (11)

where ρ̄(ωi) denotes the augmented orbit ρ(ωi)− |W (ωi)|. As (eω2 − 1)z ∈ I3sc,
we see that c2(y) = c2(z). Since c2(ρ̄(ω2)) = q and c2(ρ̄(ω′2)) = q′, we conclude
that q − q′ ∈ Sdec(G). Therefore, Inv3

sd(G) = Z/2Z.
Assume that m,n ≥ 3. We will show that q − q′ which is a generator of
Inv3

ind(G) does not belong to Sdec(G). Let x ∈ Z[T ∗]∩IWsc . Similar to [15, §3c]
write

x =
m∑

i=1

(di + δi)ρ̄(ωi) +
n∑

j=1

(d′j + δ′j)ρ̄(ω
′
j)

for some di, d
′
j ∈ Z and δi, δ

′
j ∈ Isc. As c2(I3sc) = 0, we have

c2(x) =

m∑

i=1

dic2(ρ̄(ωi)) +

n∑

j=1

d′jc2(ρ̄(ω
′
j)).

On the other hand, we have

c2(ρ̄(ωi)) = 2miq and c2(ρ̄(ω′j)) = 2m′jq
′

for all 1 ≤ i ≤ m and 1 ≤ j ≤ n and for some mi,m
′
j ∈ Z. Hence, c2(x) ≡

0 mod 2, thus q − q′ 6∈ Sdec(G). Similarly, if m = 2 and n ≥ 3, then c2(x) ≡
(d1 + d2)q mod 2, thus q − q′ 6∈ Sdec(G), which completes the proof.
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The previous proposition yields the following. Combining these results we
obtain both indecomposable and semi-decomposable subgroups for an arbitrary
split semisimple group of type B modulo central subgroups µ2.

Corollary 7.2. (1) Let G =
∏m
i=1 SO2ni+1, ni ≥ 2. Then,

Inv3ind(G) = Inv3
sd(G) = 0.

(2) Let G = (
∏m
i=1 Spin2ni+1)/µ2, ni ≥ 2, m ≥ 2, where µ2 is the diagonal

subgroup. Then,

Inv3
ind(G) = (Z/2Z)⊕m−1

and Inv3
sd(G) = (Z/2Z)⊕k−1,

where k is the number of ni’s such that ni = 2.

(3) Let G = (
∏m
i=1 Spin2ni+1)× (

∏m′

i=1 SO2n′
i+1), ni, n

′
i ≥ 2. Then,

Inv3
ind(G) = (Z/2Z)⊕k and Inv3

sd(G) = 0,

where k is the number of ni’s such that ni ≥ 3.

Proof. (1) We set d′ = 0 in (10). Then, we obtain Q(SO2m+1) = 2Zq ([14,
§4b]). It immediately follows from the proof of Proposition 7.1 that we also
have Dec(SO2m+1) = 2Zq.
(2) This follows by the same argument as in Proposition 7.1.
(3) As Dec(Spin2n+1) = Sdec(Spin2n+1) for any n ≥ 2, the same argument as
in (1) shows that Sdec(G) = Dec(G). By [4, Theorem 13.4], Q(Spin2n+1) =

2 Dec(Spin2n+1) for any n ≥ 3 and Inv3
ind(Spin5) = 0, thus the same argument

as in (1) proves the result for the indecomposable group.

8 Type C

In the present section we compute the groups of indecomposable and semi-
decomposable invariants for semisimple groups of type C. In particular, we
show that for groups G = (

∏m
i=1 SP2ni)/µ2, where m ≥ 2, ni 6≡ 0 mod 4 for all

i = 1, . . . ,m, and µ2 is the diagonal subgroup, any indecomposable invariant
is semi-decomposable.
We consider the index 2 case, which generalizes the example [15, Example 3.1]
(the case n = m = 1) to groups of type C.

Proposition 8.1. Let G = (SP2m×SP2n)/µ2, m,n ≥ 1 where µ2 is the
diagonal subgroup. Then, we have

Inv3
ind(G) =

{
Z/2Z⊕ Z/2Z if m ≡ n ≡ 0 mod 4,

Z/2Z otherwise,

and

Inv3
sd(G) =

{
Z/2Z if m ≡ n ≡ 0 or m 6≡ 0 6≡ n mod 4,

0 otherwise.

In particular, if both n and m are not divisible by 4, then each indecomposable
invariant is semi-decomposable.
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Proof. Let {e1, · · · , em, e′1, · · · , e′n} be a standard basis of T ∗sc = Zm⊕Zn. Then
T ∗ consists of all linear combinations of standard basis elements with even sums
of coefficients. Consider the Z-basis {x1, . . . , xm, x′1, . . . , x′n} of T ∗ given by

x1 = e1 + e′1, x
′
1 = e1 − e′1, xi = e1 − ei, x′j = e′1 − e′j, i, j, > 1,

The standard basis can be expressed in terms of this basis over Q as

ei = e1 − xi, e′j = e′1 − x′j , where e1 = 1
2 (x1 + x′1) and e′1 = 1

2 (x1 − x′1).

The group S2(T ∗sc)
W is generated by q =

∑m
i=1 e

2
i and q′ =

∑n
j=1 e

′2
j . Therefore,

for any φ ∈ S2(T ∗sc)
W there exist d, d′ ∈ Z such that φ = dq + d′q′ =

d
(

1
4
(x1 + x′

1)
2 +

∑

i>1

( 1
2
(x1 + x′

1)− xi)
2
)
+ d′

(
1
4
(x1 − x

′
1)

2 +
∑

j>1

( 1
2
(x1 − x

′
1)− x

′
j)

2
)
.

The form φ has integer coefficients at x1x
′
1, xix

′
j , x

2
i , x

′2
j , i, j > 1 and it has

coefficient 1
4 (dm+ d′n) at x21 and at x′21 . Hence,

Q(G) = {dq + d′q′ | dm+ d′n ≡ 0 mod 4}. (12)

Consider the subgroup Dec(G) of decomposable invariants of G. As in the
proof of [4, Lemma 14.2], since the Weyl group of G contains normal sub-
groups (Z/2Z)m and (Z/2Z)n generated by sign switching, we conclude that
the coefficient at each ei in the expansion of qχ is divisible by 2, hence,
Dec(G) ⊆ 2Zq ⊕ 2Zq′. Since c2(ρ̄(2e1)) = 4q and c2(ρ̄(2e′1)) = 4q′, we have
4Zq ⊕ 4Zq′ ⊆ Dec(G).
Assume n ≡ m ≡ 0 mod 2. Since c2(ρ̄(x2)) = 2(m − 1)q and c2(ρ̄(x′2)) =
2(n−1)q′, we obtain Dec(G) = 2Zq⊕2Zq′ and Q(G) = {dq+d′q′ | dm2 +d′ n2 ≡
0 mod 2}. Hence,

Inv3
ind(G) ≃






(Z/2Z)q ⊕ (Z/2Z)q′ if n ≡ m ≡ 0 mod 4,

(Z/2Z)q if m ≡ 0 6≡ n mod 4,

(Z/2Z)q′ if m 6≡ 0 ≡ n mod 4,

(Z/2Z)(q + q′) if m 6≡ 0 6≡ n mod 4.

Assume both n and m are odd. If n ≡ −m mod 4, then Q(G) = {dq + d′q′ |
d ≡ d′ mod 4} ≃ Z/4Z(q + q′). Since c2(ρ̄(x1)) = 2nq + 2mq′, Dec(G) =
2Z(q + q′) ⊕ 2Z(q − q′) and, therefore, Inv3

ind(G) ≃ (Z/2Z)(q + q′). Similarly,
if n ≡ m mod 4, then Inv3

ind(G) ≃ (Z/2Z)(q − q′).
Finally, assume n is odd andm is even. If m ≡ 0 mod 4, then Q(G) = Zq⊕4Zq′.
Since c2(ρ̄(x2)) = 2(m−1)q, Dec(G) = 2Zq⊕4Zq′, hence, Inv3

ind(G) ≃ (Z/2Z)q.
If m 6≡ 0 mod 4, then d′ is even and

Q(G) = {dq + d′q′ | d+ d′

2 ≡ 0 mod 2} = {(0̄, 0̄), (2̄, 0̄), (1̄, 2̄), (−1̄, 2̄)},

where (d̄, d̄′) denotes dq + d′q′ modulo 4. Since Dec(G) = 2Zq + 4Zq′, we have
Inv3

ind(G) ≃ (Z/2Z)(q + 2q′).
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As for semi-decomposable invariants, consider the element (cf. with h1,i of
Definition 3.2)

z = n
gcd(m,n) ρ̄(ω1)− m

gcd(m,n) ρ̄(ω′1). (13)

By definition, we have y = ee1z ∈ Z[T ∗] ∩ IWsc and we obtain

c2(y) = c2((1 + (ee1 − 1))z) = c2(z) = n
gcd(m,n)q − m

gcd(m,n)q
′

where the second equality holds since (ee1 − 1)z ∈ I3sc. The element c2(y) ∈
Sdec(G) coincides with the generator of Inv3

ind(G) = Z/2Z except if n ≡ m ≡
0 mod 4. So Inv3

sd(G) = Inv3
ind(G) = Z/2Z except if n ≡ m ≡ 0 mod 4.

Assume that m ≡ n ≡ 0 mod 4. Then {q, q′} are generators of the group of
indecomposable invariants. Consider an arbitrary element x ∈ Z[T ∗]∩ IWsc and
the ring homomorphism

φ : Z[T ∗sc]→ Z[T ∗sc/T
∗] = Z[t]/(t2 − 2t)

given by φ(1−e−wodd) = φ(1−e−w′
odd) = t and φ(1−e−weven) = φ(1−e−w′

even) =
0. Write

x =
m∑

i=1

(di + δi)ρ̄(ωi) +
n∑

j=1

(d′i + δ′i)ρ̄(ω
′
i), di, d

′
j ∈ Z, δi, δ′j ∈ Isc.

Since kerφ ⊃ Z[T ∗] ∩ IWsc , we obtain

0 = φ(x) =
∑

odd i

2i
(
m

i

)
(di + 2si)t+

∑

odd j

2j
(
n

j

)
(d′j + 2s′j)t.

Observe that if 2r | m and i is odd, then 2r |
(
m
i

)
. Dividing by the 2-primary

part 2r of the greatest common divisor of all the coefficients we obtain

(m/2r−1)d1 + (n/2r−1)d′1 ≡ 0 mod 2,

where 2r−1 = g.c.d.(v2(n), v2(m)) is the g.c.d. of the 2-primary parts. There-
fore, {

d1 + d′1 ≡ 0 mod 2 if v2(m) = v2(n)

d1 ≡ 0 mod 2 if v2(m) < v2(n).
(14)

We then have

c2(x) = (

m∑

i=1

2i−1

(
m− 1

i− 1

)

di)q + (

n∑

j=1

2j−1

(
n− 1

j − 1

)

d′j)q
′.

So c2(x) ≡ d1q + d′1q
′ mod Dec(G), where d1 and d′1 satisfy (14).

Since

c2(y) =

{
q + q′ mod Dec(G) if v2(n) = v2(m)

q′ mod Dec(G) if v2(m) < v2(n)

we conclude that c2(y) is also a generator of Inv3
sd(G) ≃ Z/2Z.
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We now present a generalization of the previous proposition, which in turn
determine both indecomposable and semi-decomposable subgroups for an ar-
bitrary split semisimple group of type C modulo central subgroups µ2.

Corollary 8.2. (1) Let G =
∏m
i=1 PGSp2ni , m,ni ≥ 1. Then,

Inv3
ind(G) ≃ (Z/2Z)⊕k,

where k is the number of ni’s which are divisible by 4, and Sdec(G) = Dec(G),
i.e., each semi-decomposable invariant is decomposable.
(2) Let G = (

∏m
i=1 SP2ni)/µ2, m,ni ≥ 1, where µ2 is the diagonal subgroup.

Then,

Inv3ind(G) =

{
(Z/2Z)⊕m if ∀ni ≡ 0 mod 4,

(Z/2Z)⊕m−1 otherwise,

and

Inv3
sd(G) =

{
(Z/2Z)⊕m−1 if ∀ni ≡ 0 or ∀ni 6≡ 0 mod 4,

(Z/2Z)⊕m−2 otherwise.

(3) Let G = (
∏m
i=1 PGSp2ni)× (

∏m′

i=1 SP2n′
i
), ni, n

′
i ≥ 1. Then,

Inv3
ind(G) = (Z/2Z)⊕k and Sdec(G) = Dec(G),

where k is the number of ni’s which are divisible by 4.

Proof. (1) Let G1 = PGSp2m and G2 = PGSp2n, m,n ≥ 1. It suffices to
consider the case G = G1×G2 since the same arguments can be easily adapted
to prove the case of three and more groups. We simply set d′ = 0 (resp. d = 0)
in 12. Then, we have Q(G1) = 4/ gcd(4,m)Zq (resp. Q(G2) = 4/ gcd(4, n)Zq′).
Similarly, by the proof of Proposition 8.1 we get Dec(G1) = 4/ gcd(2,m)Zq
(resp. Dec(G2) = 4/ gcd(2, n)Zq′) ([14, §4b]). By (2) the answer for Inv3

ind(G)
then follows.
As for semi-decomposable invariants, by (3) and Dec(G) = Q(G) for n 6≡
0 mod 4, it suffices to consider the case n ≡ m ≡ 0 mod 4. We follow arguments
used in [15, §3c].
Let x ∈ Z[T ∗] ∩ IWsc be an arbitrary element. Write

x =

m∑

i=1

(di + δi)ρ̄(ωi) +

n∑

j=1

(d′j + δ′j)ρ̄(ω′j)

for some di, d
′
j ∈ Z and δi, δ

′
j ∈ Isc. Consider the ring homomorphism induced

by the quotient map T ∗sc → T ∗sc/T
∗

φ : Z[T ∗sc] −→ Z[T ∗sc/T
∗] = Z[Λw/Λr]⊗ Z[Λ′w/Λ

′
r] = Z[t, t′]/(t2 − 2t, t′2 − 2t′).

It is given by

φ(1− e−ωodd) = t, φ(1− e−ω′
odd) = t′ and φ(1− e−ωeven) = φ(1− e−ω′

even) = 0.
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Since x ∈ Z[T ∗], φ(x) = 0. Moreover, we have φ(Isc) = (t, t′) and φ(ρ̄(ωi)) =
|W (ωi)| · t, φ(ρ̄(ω′i)) = |W (ω′i)| · t′. Combining these facts we obtain

0 =
m∑

i=1

(di + φ(δi))φ(ρ̄(ωi)) +
n∑

j=1

(d′j + φ(δ′j))φ(ρ̄(ω′j))

=
∑

odd i

|W (ωi)| · (di + sit+ s′it
′)t+

∑

odd j

|W (ω′j)| · (d′j + rjt+ r′jt
′)t′,

for some si, s
′
i, rj , r

′
j ∈ Z. Since |W (ωi)| = 2i

(
m
i

)
, collecting the coefficients at

t and t′, we get
d1 + 2s1 ≡ d′1 + 2r′1 ≡ 0 mod 2.

Hence, both d1 and d′1 are even.
We now compute c2(x). Since c2(I3sc) = 0 and c2(ρ̄(ωi)) = 2i−1

(
m−1
i−1
)
q, we

obtain

c2(x) =

m∑

i=1

dic2(ρ̄(ωi)) +

n∑

j=1

d′jc2(ρ̄(ω′j)) = 2sq + 2rq′, for some r, s ∈ Z.

Therefore, Sdec(G1) ⊆ 2Zq = Dec(G1) and Sdec(G2) ⊆ 2Zq′ = Dec(G2).
(2) This immediately follows from the same argument as in Proposition 8.1.
(3) As Dec(SP2n) = Sdec(SP2n) = Q(SP2n) for any n ≥ 1 ([4, Theorem
14.3]), the same argument as in (1) shows that Sdec(G) = Dec(G) and the
result for the indecomposable subgroup.

9 Type D

In this section we calculate the groups of indecomposable and semi-
decomposable invariants for an arbitrary product of simply-connected simple
groups of type D modulo the (diagonal) central subgroups. We first consider
the groups of index 2 and 4.

Proposition 9.1. Let G = (Spin2m×Spin2n)/µ, where m,n ≥ 4 and m+ n
is even, and µ is a diagonal subgroup of G. Then

Inv3
ind(G) =

{
Z/4Z if µ ≃ µ4,

Z/2Z if µ ≃ µ2,
and Inv3sd(G) =

{
Z/2Z if µ ≃ µ4,

0 if µ ≃ µ2.

Proof. Observe that there is a unique diagonal subgroup µ ≃ µ4 in the case
where m and n are odd and there are two different diagonal subgroups µ ≃ µ2
: µ ⊆ µ2

4 if both m and n are odd and µ ⊆ µ4
2 otherwise. First, assume that

µ ≃ µ4. Then, by 5.1 the character group of the split maximal torus T of G is
given by

{ m∑

i=1

aiωi+
n∑

j=1

a′iω
′
i

∣∣ am−1 +3am+2

m−1
2∑

i=1

a2i−1 ≡ 3a′n−1 + a′n+2

n−1
2∑

j=1

a′2j−1 mod 4
}
.

(15)
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Write
∑m

i=1 aiωi+
∑n

j=1 a
′
iω
′
i =

∑m
i=1 biei+

∑n
j=1 b

′
ie
′
i in terms of the standard

basis vectors {e1, · · · , em, e′1, · · · , e′n} of T ∗sc = Zm ⊕ Zn. Then, the relation in
(15) is equivalent to

2(bm−2+bm−1+bm+

m−3
2∑

i=1

b2i−1−b2i) ≡ 2(b′n−2+b
′
n−1−b

′
n+

n−3
2∑

j=1

b2j−1−b2j) mod 4.

(16)
Using (15) we choose the following basis {x1, . . . , xm, x′1, . . . , x′n} of T ∗:

x2i−1 = ω2i−1 + 2ω′
n, x2k = ω2k, xm−1 = ωm−1 + ω′

n, xm = ωm + 3ω′
n,

x′
2j−1 = ω′

2j−1 + 2ω′
n, x

′
2l = ω′

2l, x
′
n−1 = ω′

n−1 + ω′
n, x

′
n = 4ω′

n

(17)

for 1 ≤ i ≤ (m − 1)/2, 1 ≤ k ≤ (m − 3)/2, 1 ≤ j ≤ (n − 1)/2, and 1 ≤ l ≤
(n− 3)/2.
Let ψ be a quadratic form on (17) with integer coefficients. As the group
S2(T ∗sc)

W is generated by the normalized Killing forms

q :=

m∑

i=1

ω2
i − 2

m−2∑

i=1

ωiωi+1 − 2ωm−2ωm = (

m∑

i=1

e2i )/2,

q′ :=

n∑

j=1

ω′2
j − 2

n−2∑

j=1

ω′
jω

′
j+1 − 2ω′

n−2ω
′
n = (

n∑

j=1

e′2j )/2,

from the equation φ = dq + d′q′ we get

φ = (md+nd
′

8 )x′2n + ψ,

where ψ is a quadratic form on (17) with integer coefficients. Therefore,

Q(G) = {dq + d′q′ |md+ nd′ ≡ 0 mod 8}. (18)

We show that Dec(G) = 4Z(q − q′) + 4Z(q + q′). First, by (15) we see that all
elements c2(ρ(2ω1)) = −8q, c2(ρ(2ω′1)) = −8q′, c2(ρ(ω1 + ω′1)) = −4nq− 4mq′

are contained in Dec(G), thus 4(q−q′), 4(q+q′) ∈ Dec(G). On the other hand,
since Dec(G) is generated by c2(ρ(λ)) for all λ ∈ T ∗ and W contains normal
subgroups (Z/2Z)m−1 and (Z/2Z)n−1, we see that the coefficient at each ei in
the expansion of c2(ρ(λ)) is divisible by 2, thus, Dec(G) ⊆ 4Zq ⊕ 4Zq′ (note
that by (18) 4q, 4q′ 6∈ Dec(G)). Hence,

Inv3
ind(G) = Z/4Z( n

gcd(m,n)
q − m

gcd(m,n)
q′).

Now we show that Sdec(G) = 2Z( n
gcd(m,n)q − m

gcd(m,n)q
′). First of all, as

c2(ρ̄(ωi)) = 2miq and c2(ρ̄(ω′j)) = 2m′jq
′ (19)

for all 1 ≤ i ≤ m and 1 ≤ j ≤ n and for somemi,m
′
j ∈ Z, by the same argument

as in the proof of Proposition 7.1 we obtain n
gcd(m,n)q − m

gcd(m,n)q
′ 6∈ Sdec(G).

On the other hand, consider an element

z = n
gcd(m,n) ρ̄(ω1)− m

gcd(m,n) ρ̄(ω′1).
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Then, by (16) we obtain y := ee1z ∈ Z[T ∗] ∩ IWsc . Therefore, as in the proof of
Proposition 8.1, we have c2(y) = 2( n

gcd(m,n)q − m
gcd(m,n)q

′) ∈ Sdec(G). Hence,

the result for Inv3
sd(G) follows.

Now we assume that µ ≃ µ2, so that µ ⊆ µ2
4 if m and n are odd and µ ⊆ µ4

2
otherwise. In both cases, the corresponding character group of T is given by

T ∗ =
{ m∑

i=1

aiωi +
n∑

j=1

a′iω
′
i

∣∣ am−1 + am ≡ a
′
n−1 + a′n mod 2

}
.

By applying the same argument in the above µ ≃ µ4 case, we obtain

Q(G) = {dq + d′q′ | d+ d′ ≡ 0 mod 2}.

Since c2(ρ(ω1)) = −2q and c2(ρ(ω′1)) = −2q′, we have 2q, 2q′ ∈ Dec(G). More-
over, by (19), we get q − q′ 6∈ Sdec(G), thus Sdec(G) = Dec(G) = 2Zq ⊕ 2Zq′

and Inv3
ind(G) = Z/2Z(q − q′).

We obtain the following generalization of the previous proposition. Together
with Remark 9.3, they determine the groups of indecomposable and semi-
decomposable invariants for an arbitrary product of simply-connected simple
groups of type D modulo the central subgroups µ2.

Corollary 9.2. Let G = (
∏m
i=1 Spin2ni)/µ, ni ≥ 4, m ≥ 1, where either all

ni are even or odd, and µ is a diagonal subgroup. Then,

Inv3
ind(G) =

{
(Z/4Z)m−1 if µ ≃ µ4,

(Z/2Z)m−1 if µ ≃ µ2,
and Inv3sd(G) =

{
(Z/2Z)m−1 if µ ≃ µ4,

0 if µ ≃ µ2.

Proof. By the same argument as in Proposition 9.1, we obtain

Q(G) =

{
{∑m

i=1 diqi |
∑
nidi ≡ 0 mod 8} if µ ≃ µ4,

{∑m
i=1 diqi |

∑
di ≡ 0 mod 2} if µ ≃ µ2,

where q1, . . . , qm are the corresponding normalized Killing forms of Spin2ni .
Similarly,

Dec(G) =

{⊕m
i=2 4Z(q1 − qi)⊕ 4Z(q1 + q2) if µ ≃ µ4,⊕m
i=1 2Zqi if µ ≃ µ2,

thus, the factor groups follow. Following Proposition 9.1, we see that

Sdec(G)/Dec(G) =
m⊕

i=2

Z/2Z( ni
gcd(n1,ni)

q1 − n1

gcd(n1,ni)
qi)

if µ ≃ µ4 and q1 − qi 6∈ Sdec(G) for all 2 ≤ i ≤ m if µ ≃ µ2, which completes
the proof.
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Remark 9.3. (1) Let G′ = G × (
∏m′

i=1 Spin2n′
i
), where G is the group from

Corollary 9.2. Then, similar to the proof of Proposition 9.1 one can show
that Inv3

sd(G
′) = Inv3

sd(G). Moreover, by [4, Theorem 15.4] Inv3
ind(G′) =

Inv3
ind(G)⊕ (Z/2Z)⊕m

′

.

(2) Let G′ = G × (
∏m′

i=1 Spin2n′
i
), where G is either SO2m or HSpin2m. If

G = SO2m, then by [4, §15] Dec(G) = Dec(Spin2m), thus Dec(G′) = Sdec(G′).
Similarly, if G = HSpin2m, then it follows from [2, §5] and [15, §3d] that
Dec(G′) = Sdec(G′). One can also easily compute the indecomposable groups.

10 The PGO8-case

In the present section we use the techniques developed in section 3 to give a
direct proof of the main result of [15, Appendix].
In this section, G = PGO8 that is an adjoint group of Dynkin type D4. The
weight lattice of type D4 can be constructed as follows. We first take a Q-
vector space with basis e1, . . . , e4. Then Λ has the following Z-basis consisting
of fundamental weights:

ω1 = e1, ω2 = e1 + e2, ω3 = (e1 + e2 + e3 − e4)/2, ω4 = (e1 + e2 + e3 + e4)/2.

So the coordinates of elements of Λ are either all integers or half-integers.

The group T ∗ consists of all points such that all coordinates are integers, and
the sum of coordinates is divisible by 2. We have Λ/T ∗ = Z/2Z ⊕ Z/2Z
with elements 0̄ = (0, 0), ω̄1 = (0, 1), ω̄3 = (1, 0), ω̄4 = (1, 1). The quotient
map Λ → Λ/T ∗ induces a grading on Λ and, hence, on Z[Λ]. We denote
by Λ(0,0),Λ(0,1),Λ(1,0),Λ(1,1) the respective homogeneous components. Each
polynomial f ∈ Z[Λ] can be split into a sum of its homogeneous components,
which we will denote by f (i,j). Denote the orbits in Z[Λ] by ρ(ω1), . . . , ρ(ω4)
and the augmented orbits by ρ1, . . . , ρ4 as in section 3.

Lemma 10.1. Let f1, . . . , f4 ∈ Z[Λ] be such that f1ρ1 + . . . + f4ρ4 ∈ Z[T ∗].
Then, for each element i ∈ Λ/T ∗ except for i = (0, 1) the sum of coefficients of

f
(i)
1 is even.

Proof. Consider a subgroup

Λ′ = {x1e1 + x2e2 + x3e3 + x4e4 ∈ T ∗ | x2 + x3 + x4 and x1 is even}.

We have Λ/Λ′ = Z/2Z⊕ Z/4Z with a generator ω̄1 of order 2 and ω̄4 of order
4.

Set R = Z/4Z. Consider a natural map Z[Λ] → R[Λ/Λ′] given by f 7→ f̄ .
Since Λ′ ⊂ T ∗, R[Λ/Λ′] is also a Λ/T ∗-graded algebra, and this map preserves
the grading. By definition, the sum of coefficients of f modulo 4 is the sum of
coefficients of f̄ . So, it is sufficient to prove that for each element i ∈ Λ/T ∗

except for i = (0, 1), the sum of coefficients of f̄
(i)
1 = f̄

(i)
1 is even.
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Since ρ̄1 = 2ee1 + 2ee2 , ρ̄2 = ρ̄3 = ρ̄4 = 0 in R[Λ/Λ′] and f̄1ρ̄1 + . . . + f̄4ρ̄4 ∈
R[T ∗/Λ′], we obtain that f̄1ρ̄1 ∈ R[T ∗/Λ′]. Since ρ̄1 ∈ Z[Λ(0,1)], for each
i ∈ Λ/T ∗, i 6= 0, we have

0 = (f̄1ρ̄1)(i) = f̄
(i−(0,1))
1 ρ̄1 = 2ee1(1 + ee1+e2)f̄

(i−(0,1))
1 .

Therefore, for each j ∈ Λ/T ∗, j 6= (0, 1), all coefficients of (1 + ee1+e2)f̄
(j)
1 are

divisible by 2.

Observe that the classes of 0 and of ω2 in Λ/Λ′ are all elements of Λ/Λ′ that
belong to T ∗/Λ′. So, if λ ∈ Λ/Λ′, and f ∈ R[Λ/Λ′], then the coefficient of
(1+ee1+e2)f at eλ is the sum of coefficients of f in front of eλ

′

for all λ′ ∈ Λ/Λ′

such that λ = λ′ mod T ∗ (there are exactly two such λ′, one of them is λ, the
other is λ + e1 + e2). If f is a homogeneous polynomial of degree j ∈ Λ/T ∗,
and λ ∈ Λ/Λ′ is mapped to j by the natural projection Λ/Λ′ → Λ/T ∗, then
the coefficient of (1 + ee1+e2)f in front of eλ is the sum of all coefficients of f .

Therefore, the sum of all coefficients of f̄
(j)
1 is divisible by 2 for each j ∈ Λ/T ∗,

j 6= (0, 1).

Lemma 10.2. Let f1, . . . , f4 ∈ Z[Λ] be such that f1ρ1 + . . . + f4ρ4 ∈ Z[T ∗].
Then,

(1) for each element i ∈ Λ/T ∗ except for i = (1, 0) the sum of coefficients of

f
(i)
3 is even;

(2) for each element i ∈ Λ/T ∗ except for i = (1, 1) the sum of coefficients of

f
(i)
4 is even.

Proof. (1) Consider an automorphism ψ of Λ (induced by an outer automor-
phism of PGO8) that interchanges ω1 and ω3 and keeps ω2 and ω4 invariant.
It preserves T ∗. So, it also acts on Λ/T ∗ = Z/2 ⊕ Z/2 by interchanging (0, 1)
and (1, 0) (and keeping (0, 0) and (1, 1)).

By definition ψ maps the graded components of a polynomial f ∈ Z[T ∗] to
graded components of ψ(f), more precisely, ψ(f (i)) = ψ(f)ψ(i). In particular,
ψ(f)(0,1) = ψ(f (1,0)).

Since ψ interchanges ρ1 and ρ3, and keeps ρ2 and ρ4 unchanged,

ψ(f1ρ1 + . . .+ f4ρ4) = ψ(f1)ρ3 + ψ(f2)ρ2 + ψ(f3)ρ1 + ψ(f4)ρ4.

Finally, observe that the sum of coefficients of ψ(f) is the same as the sum of
coefficients of f . We then apply Lemma 10.1.

(2) The proof is completely similar to the proof of the previous case, the only
difference is that now ψ should interchange ω1 and ω4 and keep ω2 and ω3

unchanged.

Proposition 10.3. Let f1, . . . , f4 ∈ Z[Λ] be such that f1ρ1+. . .+f4ρ4 ∈ Z[T ∗].
Then the sum of all coefficients of fi is even for i = 1, 3, 4.
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Proof. Set ω(0,1) = ω1, ω(1,0) = ω3, ω(1,1) = ω4, and ω(0,0) = ω2. Then the
class of ω(i,j) in Λ/T ∗ is precisely (i, j).
Set R = Z/16Z and consider the natural map Z[Λ]→ R[Λ/T ∗] given by f 7→ f̄ .
Since f1ρ1+. . .+f4ρ4 ∈ Z[T ∗], ρ̄i = 8eωi−8, i = 1, 3, 4 and ρ̄2 = 24eω2−24 = 0,

f̄1ρ̄1 + f̄3ρ̄3 + f̄4ρ̄4 is a constant in R[Λ/T ∗].

For i = 1, 3, 4 and (j, k) ∈ Λ/T ∗, denote by c
(j,k)
i the sum of coefficients of

f
(j,k)
i modulo 16. Then f̄

(j,k)
i = c

(j,k)
i eω(j,k) . By Lemma 10.1 and 10.2, all

numbers c
(j,k)
i are even, except for, possibly, c

(0,1)
1 , c

(1,0)
3 , and c

(1,1)
4 . Observe

that if c
(j,k)
i is even, then c

(j,k)
i eω(j,k) ρ̄i = 0 in R[Λ/T ∗] since ρ̄i is divisible by

8. Therefore, both expressions

c
(0,1)
1 eω1 ρ̄1 + c

(1,0)
3 eω3 ρ̄3 + c

(1,1)
4 eω4 ρ̄4 and

8c
(0,1)
1 eω1 + 8c

(1,0)
3 eω3 + 8c

(1,1)
4 eω4 + 8(c

(0,1)
1 + c

(1,0)
3 + c

(1,1)
4 )

are constants in R[Λ/T ∗].

So, the coefficients c
(0,1)
1 , c

(1,0)
3 , and c

(1,1)
4 are even which means that for all

i = 1, 3, 4 and (j, k) ∈ Λ/T ∗, c(j,k)i is even. But then the sum of all coefficients
of fi is even for i = 1, 3, 4.

We now give a direct proof of the result obtained in [15, Appendix] using a
computer algorithm

Corollary 10.4. If G = PGO8, then any semi-decomposable invariant of G
is decomposable.

Proof. Let x ∈ Z[T ∗] ∩ IWsc . Similar to [15, §3c] we write

x =

4∑

i=1

(di + δi)ρ̄(ωi) for some di ∈ Z, δi ∈ Isc.

Then c2(x) =
∑4

i=1 dic2(ρ̄i). By Proposition 10.3 we have d1 ≡ d3 ≡ d4 ≡
0 mod 2. Since c2(ρ̄i) = 2q for i = 1, 3, 4 and c2(ρ̄2) = 12q by [15, §3d], we
obtain that c2(x) ∈ 4Zq = Dec(G).

11 Type E

We now treat the exceptional cases. In the following we show that any semi-
decomposable invariant is decomposable for semisimple groups of type E6 and
E7.

Lemma 11.1. Let G be a split semisimple group of type E6 or E7. Then,
Sdec(G) = Dec(G), i.e., each semi-decomposable invariant is decomposable.

Documenta Mathematica 22 (2017) 1117–1148



The K-Theory and Cohomological Invariants 1145

Proof. We denote by Ead6 (resp. Ead7 ) a split simple adjoint group of type E6

(resp. E7) and by Esc6 (resp. Esc7 ) a split simple simply connected group of
type E6 (resp. E7). We first consider the case where G is a semisimple group
of type E6, i.e., G = (Esc6 × · · · × Esc6 )/µ (n copies of Esc6 ) for some central
subgroup µ. Let q1, · · · , qn be the corresponding normalized Killing forms for
each copy of Esc6 in G. Since Dec(Esc6 ) = Dec(Ead6 ) = 6qi by [14, §4b], we
have Dec(Esc6 × · · · × Esc6 ) = Dec(Ead6 × · · · × Ead6 ) = 6Zq1 ⊕ · · · ⊕ 6Zqn. As
Dec(Ead6 × Ead6 ) ⊆ Dec(G) ⊆ Dec(Esc6 × Esc6 ), we conclude that Dec(G) =
6Zq1 ⊕ · · · ⊕ 6Zqn.
Now we show Sdec(G) ⊆ Dec(G). Similar to the proof of Proposition 7.1, we
consider an arbitrary element x ∈ IWsc :

x =
n∑

j=1

6∑

i=1

(dij + δij)ρ̄(ωij)

for some dij ∈ Z and δij ∈ Isc, where {ω1j, . . . , ω6j} is the fundamental weights
of each copy of Esc6 . Since c2(I3sc) = 0, we obtain

c2(x) =

n∑

j=1

6∑

i=1

dijc2(ρ̄(ωij)). (20)

By [11, §2], each element c2(ρ̄(ωij)) in (20) iz contained in 6Zqj . Hence,
Sdec(G) ⊆ Dec(G), so the equality holds.
Let G = (Esc7 × · · · × Esc7 )/µ (n copies of Esc7 ) for some central subgroup µ.
Then, the same argument together with Dec(Esc6 ) = Dec(Ead6 ) = 12qi ([14,
§4b]) shows that Dec(G) = Sdec(G) = 12Zq1 ⊕ · · · ⊕ 12Zqn.

We determine the indecomposable groups for an arbitrary product of split
simply-connected simple groups of type E6 (resp. E7) modulo the diagonal
subgroups µ3 (resp. µ2).

Proposition 11.2. (1) Let G = (Esc6 × · · · ×Esc6 )/µ3 with n (≥ 2) copies of a
split simple simply connected group Esc6 of type E6 and the diagonal subgroup
µ3. Then

Inv3
ind(G) = Z/2Z⊕ (Z/6Z)⊕n−1 and Sdec(G) = Dec(G).

(2) Let G = (Esc7 × · · · × Esc7 )/µ2 with n (≥ 2) copies of a split simple simply
connected group Esc7 of type E7 and the diagonal subgroup µ2. Then

Inv3
ind(G) = Z/3Z⊕ (Z/12Z)⊕n−1 and Sdec(G) = Dec(G).

Proof. By Lemma 11.1, it suffices to compute the indecomposable groups.
(1) Assume that n = 2. Then, by 5.1 the character group of the split maximal
torus T of G is given by

T ∗ = {

6∑

i=1

aiωi +

6∑

i=1

a′iω
′
i | a1 + a′1 + a5 + a′5 ≡ a3 + a′3 + a6 + a′6 mod 3}. (21)
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Choose a basis {x1, . . . x6, x′1, . . . , x′6} of (21) as follows

x1 = ω1 + ω′
6, x2 = ω2, x3 = ω3 + 2ω′

6, x4 = ω4, x5 = ω5 + ω′
6, x6 = ω6 + 2ω′

6,

x′
1 = ω′

1 + ω′
6, x

′
2 = ω′

2, x
′
3 = ω′

3 + 2ω′
6, x

′
4 = ω′

4, x
′
5 = ω′

5 + ω′
6, x

′
6 = 3ω′

6.

Let φ be a quadratic form on xi, x
′
i over Z. Since the group S2(T ∗sc)

W is
generated by the normalized Killing forms

q := ω2
1 − ω1ω3 + ω2

2 − ω2ω4 + ω2
3 − ω3ω4 + ω2

4 − ω4ω5 + ω2
5 − ω5ω6 + ω2

6 and

q′ := ω′2
1 − ω

′
1ω

′
3 + ω′2

2 − ω
′
2ω

′
4 + ω′2

3 − ω
′
3ω

′
4 + ω′2

4 − ω
′
4ω

′
5 + ω′2

5 − ω
′
5ω

′
6 + ω′2

6 ,

(22)

from the equation φ = dq + d′q′, we obtain

φ = (2d+2d′

3 )x′26 + ψ,

where ψ is a quadratic form with integer coefficients. Therefore,

Q(G) = {dq + d′q′ | d+ d′ ≡ 0 mod 3}. (23)

Therefore, by (23) and the proof of the previous lemma, we obtain

Inv3
ind(G) = Z/2Z(3q + 3q′)⊕ Z/6Z(q + 2q′).

For n ≥ 3, the same argument shows that

Q(G) = {d1q + · · · dnqn |
n∑

i=1

di ≡ 0 mod 3},

where q1, . . . , qn are the corresponding normalized Killing forms. Hence, the
result for the indecomposable group follows from Lemma 11.1.
(2) Assume that n = 2. Then, by 5.1 the character group of the split maximal
torus T of G is given by

T ∗ = {

7∑

i=1

aiωi +

7∑

i=1

a′iω
′
i | a2 + a5 + a7 ≡ a

′
2 + a′5 + a′7 mod 2}.

Since the group S2(T ∗sc)
W is generated by the normalized Killing forms

q := q6 − ω6ω7 + ω2
7 and q′ := q′6 − ω

′
6ω

′
7 + ω′2

7 ,

where q6 and q′6 are the normalized Killing forms of E6 in (22), the same
argument as in (1) shows

Q(G) = {dq + d′q′ | d+ d′ ≡ 0 mod 4}.

Hence, by Lemma 11.1 Inv3
ind(G) = Z/3Z(4q′)⊕Z/12Z(q− q′). For n ≥ 3, the

same argument shows that Q(G) = {d1q+· · · dnqn |
∑n

i=1 di ≡ 0 mod 4}, where
q1, . . . , qn are the corresponding normalized Killing forms, which comptues the
indecomposable group together with Lemma 11.1.
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Remark 11.3. (1) Let G = (Ead6 ×· · ·×Ead6 )×(Esc6 ×· · ·×Esc6 ), n(≥ 0) copies of
Ead6 and m(≥ 0) copies of Esc6 . It follows by (2), (23) and the proof of Lemma
11.1 that Inv3

ind(G) = (Z/2Z)⊕n⊕ (Z/6Z)⊕m. Similarly, for the same group G
replacing E6 by E7, we have Inv3

ind(G) = (Z/3Z)⊕n ⊕ (Z/12Z)⊕m.
(2) Note that the center µ3×µ3 of Esc6 ×Esc6 contains two nontrivial ( 6= µ3×1,
1× µ3) central subgroups which is isomorphic to µ3: a diagonal subgroup and
a non-diagonal subgroup. Assume that µ is non-diagonal. Then, the character
group of T becomes

T ∗ = {
6∑

i=1

aiωi +
6∑

i=1

a′iω
′
i | a1 + a′3 + a5 + a′6 ≡ a′1 + a3 + a′5 + a6 mod 3}.

In this case, we have the same Q(G) as in (23), thus have the same indecom-
posable group.
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[16] T. Mora, M. Sala, On the Gröbner bases of some symmetric systems and
their applications to coding theory, J. Symbolic Computation 35: 177–194,
2003.

[17] I. Panin. On the algebraic K-theory of twisted flag varieties. K-Theory
8(6): 541–585, 1994.

[18] B. Totaro, The Chow ring of a classifying space. Algebraic K-theory (Seat-
tle, WA, 1997), 249–281, Proc. Sympos. Pure Math. 67, AMS, Providence,
RI, 1999.

[19] K. Zainoulline, Twisted gamma-filtration of a linear algebraic group, Com-
positio Math. 148(5): 1645–1654, 2012.

Sanghoon Baek
Department of Mathemati-
cal Sciences, KAIST,
291 Daehak-ro, Yuseong-gu,
Daejeon 305-701,
Republic of Korea

Rostislav Devyatov
Department of Mathematics
and Statistics,
University of Ottawa,
585 King Edward,
Ottawa, ON K1N6N5,
Canada

Kirill Zainoulline
Department of Mathematics
and Statistics,
University of Ottawa,
585 King Edward,
Ottawa, ON K1N6N5,
Canada

Documenta Mathematica 22 (2017) 1117–1148



Documenta Math. 1149

Sur l’induction automorphe pour des p–extensions

radicielles et quelques autres opérations fonctorielles

(mod p)

Laurent Clozel

Received: August 6, 2015

Revised: June 11, 2016

Communicated by Don Blasius

Abstract. Soit E/F une extension de degré d de corps de nombres,
AE ,AF leurs anneaux d’adèles. Le principe de fonctorialité de Langlands
postule entre autres une opération d’induction automorphe [1] construi-
sant une représentation automorphe de GL(nd,AF ) à partir d’une repré-
sentation cuspidale de GL(n,AE). Quand l’extension E/F est résoluble,
ceci a été démontré dans [1]. Si l’extension n’est pas galoisienne, le seul
cas connu, dû à Jacquet et Piatetski-Shapiro [18], est celui où n = 1 et
d = 3. Nous montrons l’existence de l’induction automorphe quand d = p
est un nombre premier et l’extension radicielle, mais pour des classes de
cohomologie mod p. Les démonstrations reposent sur le travail récent de
Treumann et Venkatesh [20].

2010 Mathematics Subject Classification: 11 F 03, 11 F 75, 11R 39

Introduction

Soit p un nombre premier, F un corps de nombres, G un groupe réductif connexe
défini sur F et σ : G→ G un F–automorphisme d’ordre p ; soit H ⊂ G le groupe
réductif formé des points fixes de H . On considère par ailleurs les quotients
arithmétiques S(G,K) et S(H,U) définis par des sous–groupes compact–ouverts
K, U des points de G, H à valeurs dans les adèles finis de F (voir les définitions
précises dans le § 2, pour le cas qui nous intéresse.) On suppose K invariant par
σ.
Sous des hypothèses naturelles S(H,U) ⊂ S(G,K). Considérons la cohomologie
de ces espaces à valeurs dans F̄p. Soit par ailleurs H(G, F̄p) et H(H, F̄p) les
algèbres de Hecke non ramifiées de G, H (définies en évitant un ensemble fini
de places de ramification des données.) Le groupe cyclique Σ =< σ >∼= Z/pZ
opère alors sur H(G, F̄p).
Dans un article récent, Treumann et Venkatesh [20] montrent alors tout d’abord :
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(0.1) Il existe un homomorphisme naturel d’algèbres, l’homomorphisme de
Brauer

Br : H(G, F̄p)Σ −→ H(H, F̄p) .

Ils montrent ensuite, sous des hypothèses naturelles :

(0.2) Tout caractère ηH de H(H, F̄p) apparaissant dans la cohomologie de
S(H,U) apparaît (composé avec Br) dans la cohomologie de S(G,K).

La cohomologie doit être, évidemment, à coefficients dans F̄p. En général, l’al-
gèbre des Σ–invariants est distincte de H(G, F̄p). Treumann et Venkatesh défi-
nissent une application naturelle de H(G, F̄p) vers l’algèbre des invariants, de
sorte qu’on obtient un nouvel homomorphisme

br : H(G, F̄p) −→ H(H, F̄p) .

Ils montrent alors

(0.3) L’application br admet une interprétation en dualité de Langlands, à l’aide
d’un homomorphisme de groupes duaux Ĥ → Ĝ.

Les groupes duaux, de nouveau, doivent être pris à coefficients dans F̄p. (Je
néglige ici le cas où G et H ne sont pas déployés.) L’homomorphisme dual, dans
certains cas, n’existe pas en caractéristique nulle.
Considérons une extension E/F de degré p de corps de nombres, et supposons
E radicielle :

E = F (ξ1/p) , ξ ∈ F , ξ /∈ F p .
On ne suppose pas l’extension galoisienne. Alors β = ξ1/p étant vu comme
un élément de GL(p, F ) définit par conjugaison intérieure un automorphisme
d’ordre p, σ. Plus généralement, on obtient de même un automorphisme d’ordre
p de GL(pM,F ). Le groupe des points fixes s’identifie à GL(M,E).
Dans ce cas, l’algèbre des Σ–invariants est, en presque toute place de F , l’algèbre
de Hecke non ramifiée entière pour G = GL(N) oùN = pM . On travaillera donc
simplement avec le premier homomorphisme, Br.
Les conditions imposées par Treumann et Venkatesh (G, H semi–simples) ne
sont pas ici vérifiées. Cependant, la dualité de Langlands s’exprime ici simple-
ment en termes de représentations galoisiennes (aux places finies non ramifiées.)
On voit alors aisément que Br doit se traduire par l’induction galoisienne de
Gal(Q̄/E) à Gal(Q̄/F ), quand les représentations globales existent ; par l’opéra-
tion locale correspondante, quand on ne le sait pas. Le but de cet article est de
montrer, pour les classes de p–torsion (et dans le cas radiciel) que cette
opération, liant valeurs propres de Hecke pour la cohomologie des quotients
arithmétiques de GL(M,E) et de GL(N,F ), existe en effet.
Renvoyant au corps de l’article pour les théorèmes principaux (et pour la défini-
tion précise, due à Ash [2] et revue dans [8], de la correspondance entre caractères
de l’algèbre de Hecke et représentations galoisiennes), citons ici seulement deux
résultats.

Théorème A.— Soit E/F radicielle de degré p, et soit χ : E×\A×E → F̄p un ca-
ractère d’Artin à valeurs dans F̄p, que l’on peut voir comme un caractère abélien
de Gal(Q̄/E). Il existe alors une classe de cohomologie ω ∈ H•(S(G,K), F̄p), où
G = GL(p, F ) et S(G,K) est le quotient arithmétique associé à un sous–groupe
compact ouvert convenable de G(AF,f ), telle que ω soit une classe propre de
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H(G, F̄p) (l’algèbre de Hecke étant définie par les places de F hors un ensemble
fini) et que le caractère η associé corresponde à la représentation de Gal(Q̄/F )
semi–simplifiée de

ind
Gal(Q̄/F )

Gal(Q̄/E)
χ

Dans le cas général N = pM , on ne sait pas toujours qu’une classe ω ∈
H•(S(H,U), F̄p) (où H = GL(M,E)) provient d’une représentation galoisienne.
On a donc un résultat conditionnel :

Théorème B.— Supposons qu’un caractère ηE de H(H, F̄p) (algèbre de Hecke
en presque toute place) provenant d’une classe ω soit associé à une représenta-
tion galoisienne rE de Gal(Q̄E). Alors il existe une classe θ ∈ H•(S(G,K), F̄p)
— pour un choix convenable de K — associée à la semi–simplifiée de

rF = ind
Gal(Q̄/F )

Gal(Q̄/E)
rE ,

au moins en presque toute place.

Le résultat démontré est en fait plus général (Théorème 3.1) puisque l’existence
de rE n’intervient pas, évidemment, dans les démonstrations.
On remarquera que les résultats s’appliquent véritablement aux classes de tor-
sion (terme par lequel nous désignons les classes de cohomologie mod p, qu’elles
se relèvent ou non en caractéristique 0). Nos corps étant arbitraires (F pour-
rait par exemple être un corps quadratique imaginaire), on conjecture (cf. [4])
qu’il existe de très nombreuses classes de torsion qui ne peuvent se relever en
caractéristique nulle. Du reste l’induction ainsi obtenue n’est pas, en général,
compatible avec l’induction automorphe en caractéristique 0 qui existe d’après
[1], et ceci pour des raisons de poids. Ceci est expliqué dans le chapitre 4.

La fin de l’article (chapitre 5) applique ces méthodes aux formes automorphes
sur les groupes unitaires compacts à l’infini qui jouent un rôle important dans
la théorie de Taylor-Wiles en degré supérieur [8]. On montre comment la fonc-
torialité "endoscopique" est réalisée naturellement mod p dans certains cas. Le
résultat, ainsi que le Théorème 4.3, est très voisin de celui de [20, § 9.5], mais
Treumann et Venkatesh se limitent au cas où p = 2. Noter que, les quotients
étant finis, l’argument est essentiellement celui de [6], [7].
Pour les démonstrations, nous avons été amené à reprendre celles de
Treumann–Venkatesh puisque leurs hypothèses ne sont pas vérifiées. La
preuve a d’ailleurs réservé quelques surprises. Les identités cherchées ne sont
pas formelles, comme c’est le cas d’habitude en théorie de Langlands : quand
l’extension E/F n’est pas galoisienne, elles reposent sur les propriétés précises
de la décomposition des idéaux premiers de F dans E, celle–ci résultant bien
sûr de la théorie de Kummer (§ 2.4). Les identités non triviales sont démontrées
(pour M = 1) dans le § 2.5. Le cas où M est arbitraire s’en déduit assez
aisément (§ 3.3).
Le plan de l’article est le suivant. Le chapitre 1 rappelle l’interprétation cohomo-
logique (pour les quotients arithmétiques de GL(1) · · · ) des caractères d’Artin.
Le chapitre 2, le plus substantiel, est consacré au cas où M = 1, c’est–à–dire à la
démonstration du Théorème A. Le chapitre 3 traite le cas où M est arbitraire.
Le chapitre 4 fait le lien avec les cas où les représentations galoisiennes ont été
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construites (corps CM) et détaille la relation avec les représentations en carac-
téristique nulle associées aux représentations automorphes cohomologiques et
régulières. En particulier, si F est CM et si E = F ( p

√
ξ), nous montrons l’exis-

tence d’une représentation galoisienne de Gal(Q̄/E) de degré pM qui exhibe,
sinon la représentation r de degré M associée à une classe de cohomologie mod
p pour GL(M,E), au moins la somme

p−1⊕

i=0

r ⊗ ωi

où ω est le caractère cyclotomique (mod p) (Théorème 4.1).
Enfin, le chapitre 5 est consacré aux groupes unitaires "compacts à l’infini".
Dans ce cas, la méthode de Treumann-Venkatesh, basée sur la théorie de Smith,
n’est pas nécessaire et les démonstrations reposent sur les arguments plus élé-
mentaires de [6], [7]. Nous utilisons cependant, comme dans le reste de l’article,
leur définition de l’homomorphisme de Brauer.

Je remercie Christophe Soulé et Richard Taylor pour d’utiles indications. Je
remercie aussi le rapporteur dont les remarques ont, je l’espère, rendu l’article
beaucoup plus lisible.

1 La « variété de Shimura » du groupe des classes d’idèles et sa
cohomologie

Soit E un corps de nombres ; on notera AE son anneau d’adèles, AE,f ou parfois
A∞E l’anneau des adèles finis. Si E = Q on écrit simplement A,Af , ... On note
G le groupe ResE/QGL(1). Ainsi

G(R) =
∏

v|∞
E×v .

Soit AG le groupe R×+ plongé diagonalement dans G(R).
Un sous–groupe compact connexe maximal de G(R) est donné par

U∞ =
∏

v complexe

U(1)

où U(1) = {z ∈ C× : |z| = 1}. Soit par ailleurs U un sous–groupe compact
ouvert de G(Af ). On considère les quotients compacts

S(G,U) = AGG(Q)\G(A)/U∞U
= R×+E

×\A×E/(
∏

v complexe

U(1)× U) , (1.1)

où R×+ est plongé diagonalement comme ci–dessus. On suppose que le quotient
par E× est le quotient par une action libre, i.e. que U ∩ E× ne contient pas de
racine de l’unité.
Soit (ai) des représentants (dans le groupe des idèles finis) du groupe strict des
classes d’idéaux de E. On a alors

A×E =
∐

i

E×(E×∞)+aiU0
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où U0 ⊂ A×E,f est le groupe des unités adéliques, et (E×∞)+ la composante neutre
de E×∞, soit

A×E/U =
∐

i

E×(E×∞)+aiU0/U .

Ainsi
S(G,U) =

∐

i

R×+E
×\E×(E×∞)+aiU0/U∞U

=
∐

i

(R×+E\(E×∞)+/U∞)aiU0/U

où E = E×∩U est un sous–groupe sans torsion du groupe des unités. Le quotient
R×+E\(E×∞)+/U∞ s’identifie, par l’application logarithmique L de Dirichlet, à
L(E)\Rr1+r2−1 = L(E)\Rr, où L(E) est un réseau. On a donc enfin

S(G,U) =
∐

i

(L(E)\Rr)ai U0/U .

Par ailleurs le quotient fini

Cℓ(U) = E×(E×∞)+\A×E/U
s’identifie à

∐
i

aiU0/U , sur lequel opère A×E,f ; celui–ci opère donc sur

C(Cℓ(U),C) par les restrictions des caractères de Dirichlet de A×E (constants
sur U).
Pour tout anneau commutatif R, on a

H•(L(E)\Rr, R)
= H•(U(1)r, R)

=

r⊕

i=1

R(ri)

Soit h le produit du nombre des classes strictes d’idéaux et de [U0 : U ]. En
définitive, pour S = S(G,U) :

Lemme 1.1.— (1) En tous degrés 0 ≤ i ≤ r, Hi(S,R) est libre de dimension

h

(
r
i

)
sur R. En particulier

Hi(S, Z̄p)⊗ F̄p = Hi(S, F̄p) .

(2) A×E,f opère sur Hi(S,R) par les caractères d’Artin de A×E,f , à valeurs dans
R×, invariants par U .

Si χ est un caractère à valeurs dans Z̄p
×

, donc dans Q
×
p , il est d’ordre fini et

donc à valeurs dans Q̄× ⊂ Q
×
p . Si on se donne un plongement de (la clôture

algébrique de Q dans Qp) Q̄ dans C, on peut donc l’identifier à un caractère à
valeurs complexes. Pour l’action de A×E,f dans la cohomologie, on voit donc que
si U vérifie la condition ci–dessus :

Lemme 1.2.— Tout caractère χ : A×E,F → F̄p qui apparaît dans H•(S(G,U),

F̄p) est la réduction mod p d’un caractère d’Artin à valeurs complexes χ̃. Réci-
proquement, la réduction mod p d’un caractère d’Artin complexe apparaît dans
Hi(S(G,U), F̄p) (et ceci pour tout i).
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2 Induction automorphe (cas d’un caractère)

2.1

Rappelons plus précisément notre choix, arithmétique, de paramétrisation lo-
cale. Dans cette section seulement, et pour simplifier les notations, F désigne un
corps p–adique. Soit q le cardinal du corps résiduel. Soit n ≥ 1 fixé. D’après la
conjecture de Langlands locale [16, 17] il existe une bijection entre représenta-
tions irréductibles admissibles de GL(n, F ) et représentations Frobenius semi–
simples du groupe de Weil–Deligne WDF . On peut la normaliser de différentes
façons. Les diverses compatibilités énumérées dans [16], [17], étant imposées, il
nous suffit de la spécifier dans le cas non ramifié.
Soit alors π une représentation non ramifiée de GL(n, Fv), et supposons que
c’est un sous–quotient de l’induite unitaire, du sous–groupe de Borel, des ca-
ractères non ramifiés (χ1, . . . , χn). Le paramètre de π pour la correspondance
de Langlands unitaire est alors

t(π) = diag(χ1(̟), . . . χn(̟))

où ̟ est une uniformisante. Soit Frob ∈ WF un élément de Frobenius géomé-
trique.

Définition 2.1.— La normalisation arithmétique de la correspondance locale
associe à π (non ramifiée) la représentation semi–simple non ramifiée r de WF

telle que les valeurs propres de Frob soient {q n−1
2 χi(̟)}.

Soit Tα (α = 0, 1, . . . n) l’opérateur de Hecke donné par la fonction caractéris-
tique de

GL(n,O)




̟
. . .

̟
1

. . .
1




GL(n,O) ⊂ GL(n, F ) .

où α coefficients diagonaux sont égaux à ̟. On a alors d’après des calculs connus
[8] :

Lemme 2.2.— Si π est une représentation non ramifiée, la valeur propre aα de
Tα dans les GL(n,O)–invariants de l’espace de π est

q
α(n−α)

2 Sα(t(π)),

où
Sα(t1, . . . tn) =

∑

|I|=α

∏

i∈I
ti .

Pour α = 1, on voit en particulier que, pour la représentation r de la Définition
2.1,

trace r(Frob) = a1 .
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2.2

La notation F,E,... désigne désormais des corps de nombres. Soit n un entier,
et considérons l’analogue non abélien des variétés du Chapitre 1. On considère
donc le groupe G = GL(n)/F .
Pour une place archimédienne v de F , posons

Kv = SO(n, Fv) v réelle
Kv = U(n) ⊂ GL(n, Fv) ∼= GL(n,C) v complexe .

On définit pour K ⊂ G(AF,f ) décomposé :

S(G,K) = AGG(F )\G(A)/K∞K

où K∞ =
∏

v|∞
Kv

et AG est R×+ plongé diagonalement dans
∏
v|∞

G(Fv).

Soit v une place finie de F . On note Ov l’anneau d’entiers, kv le corps ré-
siduel, qv le cardinal de celui-ci. Si v est non ramifiée pour K, et Hv =
Cc(Kv\G(Fv)/Kv,Z) est l’algèbre de Hecke non ramifiée, engendrée par les Tv,α
et T−1v,n, Hv opère naturellement sur l’espace (de type fini sur R)

H•(S(G,K), R) (2.1)

pour tout anneau de coefficients R. Si

HS =
⊗

v 6∈S
Hv

(produit tensoriel restreint, S étant l’ensemble fini des places de ramification),
HS opère donc sur cet espace. Si R = C, on sait d’après Franke [12] que tout
homomorphisme H → C apparaissant dans (2.1) provient d’une représentation
automorphe de G(AF ) (d’ailleurs cohomologique, mais non unitaire en général.)
Supposons que R = F̄p. L’algèbre de Hecke Hv ⊗ Z[ 1

qv
] est isomorphe à

Z[ 1
qv

][X±11 , . . . X±1n ]Sn .
On en déduit que pour v ∤ p

Hv ⊗ F̄p ∼= F̄p[X±11 , . . .X±1n ]Sn . (2.2)

Dans cet isomorphisme,

Tv,α 7→ q
α(1−α)

2
v Sα (2.3)

([8, p. 83]. Si ηv : Hv ⊗ F̄p → F̄p est donné, on définit une matrice tv ∈
(F̄p
×

)n/Sn par l’isomorphisme (2.2). D’après le Lemme 3.1.1 de [8], ceci est
compatible avec la correspondance tv 7→ rv décrite en caractéristique nulle : les
coefficients de tv sont alors les valeurs propres de rv (Frobv).

Définition 2.3.— Si ηv : Hv ⊗ F̄p → F̄p est donné, on définit r(ηv) comme la
représentation semi–simple non ramifiée de WFv telle que les valeurs propres de
Frobv sont les coefficients (tiv).

Rappelons une conjecture d’Avner Ash [2] :
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Conjecture 2.4 (Ash).— Supposons que η : H → F̄p apparaît dans
H•(S(G,K), F̄p). Il existe une représentation semi–simple r : Gal(F̄ /F ) →
GL(n, F̄p) telle que, pour tout v non ramifié pour K et ne divisant pas p, la
semi–simplifiée de r|Gal(F̄v/Fv) soit isomorphe à r(ηv) où ηv = η|Hv .
On remarquera que, les représentations considérées étant d’image finie, il n’y a
pas lieu en fait de distinguer entre représentations du groupe de Galois ou du
groupe de Weil.
Dans le cas où F est un corps totalement réel ou de type CM , cette conjecture
a été démontrée par Scholze [19], ainsi que par Harris, Lan, Taylor et Thorne
quand η se relève en caractéristique nulle [15].
Notre propos dans ce chapitre est de déduire des résultats de Treumann et
Venkatesh le théorème suivant. Soit E/F une extension radicielle de degré p
premier :

E = F ( p
√
ξ) , ξ ∈ F× , ξ /∈ F p .

Soit χ : E×\A×E/E×∞ un caractère d’Artin, à valeurs dans F̄p
×

.
Noter que l’on ne suppose pas l’extension E/F galoisienne.

Théorème 2.5.— Il existe un sous–groupe compact–ouvert décomposé K ⊂
GL(p,AF,f ), et un caractère η : HS → F̄p apparaissant dans H•(S(G,K), F̄p)
où S contient l’ensemble des places de ramification, tel que, pour toute place
v /∈ S, r(ηv) soit isomorphe à la semi–simplifiée de

⊕
w|v

ind
WFv

WEw
χw.

En particulier la semi–simplifiée de ind
Gal(F̄ /F )

Gal(F̄ /E)
χ est associée à η, conformément

à la conjecture d’Ash, au moins en presque toute place.

Remarque : Soit χ̃ un relèvement de χ en caractéristique nulle. Comme on l’a
rappelé dans l’Introduction, la représentation automorphe IndFEχ̃ existe d’après
[1] si E/F est cyclique. Cependant elle n’est pas cohomologique. Même
dans le cas cyclique, les résultats connus en caractéristique nulle n’impliquent
pas directement le Théorème 2.5. On reviendra sur ces questions dans le Cha-
pitre 4.

2.3

On considère l’automorphisme intérieur, défini sur F , de G,

σ : g 7→ βgβ−1 (β = ξ1/p)

où l’on a plongé E, de la façon usuelle, dans Mp(F ) et donc E× dans G(F ).
On a σp = 1, et σ descend en un automorphisme de AG\G(AF ). Puisque AG
est sans torsion, on vérifie aussitôt que le groupe des points fixes de Σ =< σ >
dans AG\G(AF ) est égal à AH\H(AF ) ; ici H = ResE/F (GL(1)/E), H(AF ) est
essentiellement le groupe des classes d’idèles de E, et ses quotients par un sous–
groupe compact (connexe) maximal aux places archimédiennes sont décrits au
Chapitre 1.
L’élément ξ1/p ∈ E× étant une unité en presque toute place finie, il appartient
alors (après conjugaison) à GL(p,Ov) pour presque toute place v de F . En
particulier σ laisse invariant ce sous–groupe compact maximal Kv, et Uv =∏
w|v
O×w ⊂ Kv est égal à Kσ

v .
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En toute place finie v (ramifiée pour les données) de F , il existe un groupe
compact–ouvert de G(Fv), Kv, invariant par σ ; alors Kσ

v = Uv est compact–
ouvert dans H(Fv). De tels sous–groupes sont cofinaux parmi les sous–groupes
compacts ouverts Uv.
Considérons enfin une place archimédienne v de F , de sorte que E×v =

∏
w|v

E×w ⊂

G(Fv).

Lemme 2.6.— Supposons p ≥ 3 ou, si p = 2, ξ négatif en v si v est réelle. Il
existe un sous–groupe compact connexe maximal Kv de G(Fv), σ–stable, tel
que Kv ∩ E×v soit égal au sous–groupe compact connexe maximal Uv = ΠUw
de E×v .

Ceci est essentiellement dû à Treumann et Venkatesh [20, § 5.5], mais ceux–
ci considèrent les sous–groupes compacts maximaux. Si K̃v ⊂ G(Fv) ⋊ Σ est
compact maximal et contient le sous–groupe U ′v×Σ (U ′v compact maximal dans
E×v ), alors K̃v ∩G(Fv) est compact maximal et K̃v ∩E×v = U ′v.
Si v est une place complexe de F , la démonstration est complète. Supposons
v réelle et p ≥ 3. Alors Ev = Fv(ξ1/p) est isomorphe à R × C

p−1
2 . L’argument

précédent donne U ′v = {±1} × U(1)
p−1
2 ⊂ O(n,R) (à conjugaison près). Alors

Uv = {1} × U(1)
p−1
2 ⊂ SO(n,R) = Kv est égal à Kv ∩ E×v .

Si p = 2 et ξ est > 0 en v, β est à conjugaison près

(√
ξ
−√ξ

)
∈ GL(2,R), son

centralisateur étant le sous–groupe diagonal R××R×. Dans ce cas le Lemme 2.6
reste vrai avec la conclusion plus faible :

Kv ∩ E×v = {(1, 1), (−1,−1)} . (2.4)

Puisque Kv ∩ E×v est d’ordre 2, tout caractère d’Artin χ : A×E → F̄×2 est trivial
sur ce sous–groupe de E×v : il descend donc à S(H,U ′) où U ′v est le sous–groupe
(2.4) en de telles places.
Les hypothèses précédentes étant vérifiées en toutes les places, on obtient une
application naturelle

j : S(H,U) −→ S(G,K) (2.5)

dont l’image est évidemment contenue dans H0(Σ, S(G,K)). Si l’on suppose de
plus que Kf =

∏
v∤∞

Kv (et donc Uf) sont nets :

Kf ne contient pas d’élément d’ordre fini conjugué à un élément de G(F ),
(2.6)

on vérifie aisément que j est injective. (cf. [20, 5.7]) En fait j identifie, par
un homéomorphisme, S(K,U) à une réunion finie de composants connexes
de H0(Σ, S(G,K)).
Rappelons que H(F ) = F [β]× ⊂ GL(p, F ). On dit que la place finie v de F est
bonne si v ∤ p, si Kv ⊂ GL(p, Fv) est égal à GL(p,Ov) et β ∈ Kv, si E est non
ramifiée en v, si

∏
w|v
O(E×w ) ⊂ GL(p,Ov) et si ker[H1(Σ,Kv) → H1(Σ, G(Fv))]

est la classe triviale de H1(Σ,Kv)
1

Lemme 2.7.— Presque toutes les places finies de F sont bonnes.

1. Cette définition réunit celles de [20, § 5.2, 5.6] (v ∤ p,Kv hyperspécial et invariant par
Ad(β) ) et de [20, § 4.1] (condition cohomologique) ; on a supposé de plus E non ramifié en v.
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C’est évident, sauf pour la condition cohomologique. Celle–ci est vérifiée dans
[20, Propositions 5.6]. Dans notre cas, on peut donner une démonstration plus
explicite.
L’hypothèse relative au H1 est équivalente à

L′injection naturelle GΣ
v /K

Σ
v →֒ H0(Σ, Gv/Kv) est bijective (2.7)

Supposons d’abord v décomposée dans E. On a la décomposition d’Iwasawa
Gv = BvKv, Bv étant le sous–groupe de Borel ; elle est unique, à l’ambiguïté
près d’un facteur dans Bv ∩ Kv. Soit x = bKv et supposons que σx = x. On
peut écrire b = h n où h ∈ Hv, n ∈ Nv, le radical unipotent. Alors h nKv =
hβnβ−1Kv où β est une matrice diagonale dont les coefficients sont des unités.
Si n = 1+X où X = (xi,j) est nilpotente, on voit que 1+X ∈ (1+Ad(β)X)Kv,
ce qui veut dire que (βi/βj − 1)xij ∈ Ov. Mais βi/βj − 1(i 6= j) est une unité
pour presque tout v, donc enfin b = h n où n est une matrice entière.
Dans le cas général, soit F ′v une extension non ramifiée de Fv décomposant tous
les facteurs de Ev.
Soit X = Gv/Kv l’ensemble des sommets de l’immeuble de Tits de Gv, et X ′
l’ensemble des sommets de l’immeuble relatif à F ′v. Si ϕ est l’automorphisme
de Frobenius, on sait (c’est élémentaire pour GL(n)) que (X ′)ϕ = X . L’auto-
morphisme σ commute à ϕ ; la même remarque s’applique aux immeubles Y et
Y ′ de H sur Fv (E étant non ramifié). Alors, sous les mêmes hypothèses sur β,
X σ = (X ′ϕ)σ = (X ′σ)ϕ = Y ′ϕ = Y, q.e.d.

Soit v une place telle que l’hypothèse (2.7) soit vérifiée, et ne divisant pas p.
Notons Hv(G) l’algèbre de Hecke non ramifiée. On suppose aussi que les hypo-
thèses précédentes sont vérifiées ; en particulier Kv est maximal et Kv ∩H(Fv)
est égal aux unités de

∏
w|v

E×w . Il existe alors un homomorphisme naturel [20,

4.2]
Br : Hv(G) −→ Hv(H) ,

l’algèbre de Hecke (d’un produit de corps non ramifiés) à droite étant relative
aux unités.
Les coefficients sont dans F̄p. On reviendra plus tard sur la description de cet
homomorphisme. Le résultat fondamental de Treumann et Venkatesh est alors :

Théorème 2.8 [20, Thm. 4.4, Thm 5.8].— Soit S l’ensemble fini des places
finies qui ne sont pas bonnes, ou en lesquelles les données sont ramifiées, et
HS(G) =

⊗
v/∈S
Hv(G), HS(H) =

⊗
v/∈S
Hv(H) les produits tensoriels (restreints)

d’algèbres de Hecke non ramifiées. Soit η : HS(H)→ F̄p un caractère qui appa-
raît dans H•(S(H,U), F̄p). Alors η ◦Br apparaît dans H•(S(G,K); F̄p).

D’après le Chapitre 1, les caractères η sont tous les caractères de HS(H) déduits
des caractères d’Artin de E×.
Il s’agit évidemment désormais, pour démontrer le Théorème 1.5, de décrire
l’homomorphisme de Brauer en fonction des données duales (i.e., dans notre
cas, des représentations galoisiennes.) Ceci est fait par Treumann et Venkatesh
dans leur article [20, Theorem 9.1] mais sous l’hypothèse que G et H sont semi–
simples connexes. Plutôt que de reprendre leurs calculs dans les L–groupes, il
est plus naturel dans ce cas très simple de procéder directement. Pour cela, nous
aurons besoin de rappels sur la théorie de Kummer.
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2.4

Rappelons que E = F ( p
√
ξ). Si F contient Q(ζp), l’extension E/F est cyclique

d’ordre p. Le cas le plus intéressant pour nous est donc celui où F ne contient
pas les racines p–ième de l’unité. Pour simplifier nous supposons tout d’abord
F linéairement disjoint sur Q de Q(ζp). Les extensions E et F (ζp) de F sont
linéairement disjointes.
Dans cette section seulement, et pour simplifier les notations, on notera G le
groupe Gal(E(ζp)/F ).
Le diagramme de corps

E(ζp)
� �

E F (ζp)
� �

F

(2.8)

où les extensions de droite sont galoisiennes donne la suite exacte

1 −→ H −→ G −→ G/H = 1

où H = Gal(E(ζp)/F (ζp)) ∼= Z/p et G/H = F×p (identification canonique).
Ainsi G devient un produit semi–direct G = Z/p ⋊ F×p , avec l’action évidente
de F×p .
Nous aurons besoin de comprendre la décomposition dans E des places v de
F non ramifiées dans E (et dans E(ζp) car on supposera que v ∤ p.) Soit donc
D ⊂ G le sous–groupe (cyclique) de décomposition de v dans E(ζp). Les places
de E divisant v sont en bijection avec

X = F×p \G/D

où F×p = Gal(E(ζp)/E) (canoniquement.) Il y a trois possibilités :

(2.9a) D = {1}, v décomposée dans E et E(ζp), |X | = p.

(2.9b) D ∩ Z/p = Z/p, donc D = Z/p (car D est abélien), |X | = 1 : v est inerte
dans E.

(2.9c) D ∩ Z/p = {0}, donc D est isomorphe à son quotient D′ ⊂ F×p , que l’on
suppose 6= {1}.
On vérifie aisément que D est alors conjugué au groupe formé des éléments
(0, am) ∈ Z/p× F×p où a 6= 1. Soit n l’ordre de a : donc n | p− 1, n > 1.
Il est commode pour le calcul d’identifier G au groupe « ax + b » formé des
matrices (

x z
1

)
(x ∈ F×p , z ∈ Fp = Z/p) .

Alors F×p \G s’identifie à Fp par
(
x z

1

)
7→ z/x ∈ Fp ,

et l’image de (
x z

1

)(
a 0

1

)
=

(
ax z

1

)
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est égale à a−1(z/x).
Donc X s’identifie à Fp/ < a >, a opérant par z 7→ a−1z. Le cardinal de X est
1 + p−1

n (n > 1).
Si w est un élément de X représenté par g ∈ G, le degré résiduel correspondant
est

fw = |D ∩ g−1Hg\D| .

On a g =

(
1 z

1

)
, D =

{(
am

1

)}
, H = F×p et

g−1H g =

{(
x (x− 1) z

1

)}
(x ∈ F×p ) .

Si z = 0, D = D ∩ g−1Hg. Si z 6= 0, l’intersection est nulle est fw = |D| = n.
Par ailleurs, la projection naturelle G → Gal(F (ζp)/F ) (cf. (2.8)) est alors
bijective sur D. En particulier le caractère cyclotomique ωp : Gal(F̄ /F ) → F×p
a une image d’ordre n sur D =< Frobv >. On en déduit que qv est d’ordre n
dans F×p . Pour résumer :

Lemme 2.8.— Supposons p > 2. Soit v ∤ p une place de F , non ramifiée dans E,
qui n’est ni inerte ni décomposée. Alors l’ensemble des places w de E divisant v
est formé d’une place w0 telle que fw0 = 1 et de p−1

n = t places w = w1, . . . , wt
avec fw = n. De plus qv est d’ordre n dans F×p .

Le cas où F n’est pas linéairement disjoint de Q(ζp) se traite de la même manière.
On suppose encore que F ne contient pas Q(ζp). Alors Gal(F (ζp)/F ) est un
sous–groupe Gcycl, d’ordre m | p − 1 (m > 1), de F×p . On a un produit semi–
direct

G = (Z/p) ⋊Gcycl ;

les cas de décomposition sont de nouveau (2.9a) (auquel cas qv ≡ 1), (2.9b)
(auquel cas qv ≡ 1 car D est d’image triviale dans Gal(F (ζp)/F )), et (2.9c) où
D′ ⊂ Gcycl et n = D′ 6= 1. On a alors par le même calcul :

Lemme 2.9 (F non linéairement disjoint de Q(ζp)).— Dans le cas (2.9c),
l’ensemble des places w | v est décrit par le Lemme 2.8, n étant un diviseur de
m = |Gal(F (ζp)/F |.
Enfin, si F contient une racine primitive d’ordre p, E/F est cyclique, le caractère
cyclotomique s’annule sur Gal(F̄ /F ) et l’on a qv ≡ 1 (mod p) 2 pour tout v non
ramifié (v ∤ p).

2.5

Revenons aux notations générales de l’article et au calcul de l’homomorphisme
de Brauer. Soit v une place de F où les données sont non ramifiées, et Hv
l’algèbre de Hecke non ramifiée à coefficients dans F̄p. Soit X = Gv/Kv (§ 2.3).
On identifie Hv à l’espace F(X ×X ) des fonctions sur X , invariantes par l’action
diagonale de G := Gv, et à support dans un ensemble fini d’orbites [20, § 2.10].
L’identification est donnée par

Φ 7→ ϕ , ϕ(K gK) = Φ(K, gK)

2. On écrira simplement qv ≡ 1[p]
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(Φ ∈ F , ϕ ∈ H, K := Kv)
On a Y = Hv/Uv ⊂ X , et l’application Br : Hv(G) → Hv(H) est simplement
donnée par la restriction pour les espaces F . La propriété (2.7) implique que Br
est un homomorphisme (sur F̄p !) : cf. [20, § 4.2] On suppose de plus que v est
une bonne place au sens du § 2.3, donc que β ∈ K = Kv. Alors toute fonction
de Hv(G) est invariante par σ.
Soit ϕ = ch(K sK) où s appartient au tore diagonal (F×)p. Avec ces définitions,
Br(ϕ) est simplement la restriction à H = Hv de la fontion ϕ.
La place v étant fixée, nous écrirons simplement Tα pour Tv,α. Nous considérons
d’abord l’opérateur T1, donc défini par

ϕ = ch
(
K




̟
1

. . .
1


K

)
.

La place v étant supposée non ramifiée dans E, on a E ⊗ Fv = E1 × · · · × Er
où Ei est non ramifiée de degré fi, Σfi = p. On peut supposer ΠE×i plongé
diagonalement dans GL(p, F ), avec O×i ⊂ K. Il convient donc de calculer la
restriction de ϕ à un élément qui, modulo K, devient h = diag(z1, . . . zr) où
zi = (̟ni , . . . , ̟ni) (matrice de degré fi). Il en résulte aussitôt que ni = 0 ou
1, que ni = 1 pour un unique i, et qu’alors fi = 1. On a donc :

Lemme 2.10.—

Br(ϕ) =
∑

i:fi=1

(∏

j 6=i
ch(O×Ej )

)
ch(̟O×Ei) .

Il en résulte que, pour χv =
⊗
w|v

χw

ηv(Br(ϕ)) =
∑

fw=1

χw(̟w) . (2.10)

Nous devons comparer avec (2.3) ; puisque α = 1, la puissance de q disparaît.
Par construction S1 est la somme des valeurs propres de ind(χ) sur Frobv, indχ
étant localement égale à

⊕

w|v
ind

WFv

WEw
χw .

Si fw = [WFv : WEw ] > 1 cette représentation est de trace nulle, Frobv opé-
rant par permutation. Il reste les termes décomposés, de façon compatible à
(2.10). Nous avons donc vérifié que la trace de la représentation indχ est com-
patible, par la correspondance d’Ash, à l’action de T1. Ceci n’implique pas la
Conjecture 2.4 ! Il nous faut obtenir le polynôme caractéristique de Frobv, et
non seulement sa trace.
Supposons maintenant 1 < α ≤ p. On considère donc la fonction caractéris-
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tique de

C = K




̟
. . .

̟
1

. . .
1




K

avec α coefficients égaux à ̟. De nouveau, on doit imposer que diag(z1, . . . zr) ∈
C, où

zi = (̟ni , . . . , ̟ni) .

On a aussitôt ni = 0 ou 1, et

α =
∑

ni=1

fi . (2.11)

Disposons d’abord du cas galoisien. Alors (fi) = (p) ou (1, . . . , 1) et, on l’a vu,
qv ≡ 1 [p] ce qui neutralise les coefficients de (2.3). Si la place v est inerte, (2.11)
implique α = p, et la valeur de χ sur Br(Tα) est égale à χ(̟w) = χ(̟v) où
w | v. Par ailleurs du côté galoisien

det(indχ)(Frobv) = (transf(χ))(Frobv) det(PFrobv )

où transf est le transfert cohomologique, qui se traduit par la restriction des
caractères, et PFrobv est la matrice de permutation circulaire d’ordre p, de dé-
terminant 1. Cf. [11, § 13B]. Donc l’identité cherchée est satisfaite pour α = p.
Si α < p, Br(ϕ) = 0 où ϕ représente Tα. La représentation galoisienne est

ind
WFv

WEw
(χ) ,

une induite de degré p, et l’on vérifie aussitôt que tous les coefficients Sα (α < p)
s’annulent. D’où le résultat dans le cas inerte.
Supposons v décomposée. La représentation en v est alors (semi simplifiée)

⊕

w|v
χw ; (2.12)

en utilisant (2.11) avec fi = 1, on voit aussitôt , les places divisant v étant
w1, ..., wp, que

η(Brϕ) =
∑

I⊂{1,...p}
|I|=α

∏

i∈I
χwi(̟)

ce qui est bien le terme Sα pour (2.12). Ceci termine, dans le cas galoisien, la
démonstration du Théorème 2.5.
Considérons maintenant le cas non galoisien, en utilisant les résultats du § 2.4.
Nous considérons les trois cas décrits en (2.9). Si v est décomposée dans E(ζp),
qv ≡ 1 [p] et le calcul précédent s’applique. Si v est inerte, on doit toujours avoir
α = p (les autres termes étant nuls du côté automorphe et du côté galoisien)

et (2.3) donne un coefficient q
p(1−p)

2
v . Dans ce cas D = Z/p, d’image {1} dans

Gal(F (ζp)/F ), donc v est décomposée dans F (ζp) et qv ≡ 1 [p]. Le cas intéressant
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est donc le cas intermédiaire (2.9c). Dans ce cas le Lemme 2.8, joint à (2.11),
nous donne l’expression suivante : il y a t+ 1 places w0, w1, ..., wt de E divisant
v et

η(Br(ϕ)) = χ0(̟)
∑

I⊂{1,...t}

∏

i∈I
χi(̟) +

∑

J⊂{1,...t}

∏

j∈J
χj(̟) . (2.13)

Dans la première somme, on doit avoir n|I| = α− 1 ; dans la seconde, n|J | = α.
On a posé χi = χwi .
Considérons maintenant la représentation galoisienne. En la place v, on a après
semi–simplification

indχ = χ0 ⊕
∑

i

indWF

WFn
χi

où on a écrit pour simplifier F pour Fv, Fn étant son extension non ramifiée de
degré n. Ainsi

Λα(indχ) =
⊕

α0+···+αt=α

⊗

i

ΛαiVi ,

Vi parcourant les représentations χ0, indχi, soit

Λα(indχ) = χ0 ⊗
⊕

α1+···+αr=α−1

⊗

i

ΛαiVi ⊕
⊕

α1+···+αr=α

⊗

i

ΛαiVi .

Les représentations Vi étant des induites cycliques, on a trace (Frobv|ΛαiVi) = 0
sauf pour αi = 0, n. Pour calculer Sα, il reste donc les termes

χ0 ⊗
⊕

|I|=α−1
n

⊗

i∈I
detVi (2.14)

⊕

|I|=α
n

⊗

i∈I
detVi . (2.15)

Par conséquent, α− 1 ou α doit être divisible par n > 1.
Considérons le premier cas, qui correspond à la première somme de (2.13) — les
deux termes étant, là aussi, mutuellement exclusifs. On a comme auparavant

detVi(Frobv) = χi(̟) det(PFrobv) (2.16)

le déterminant étant maintenant égal à (−1)n−1. Donc (2.14) est égal à

(−1)(n−1)
α−1
n χ0(̟)

∑

|I|=s

∏

i∈I
χi(̟)

où s = α−1
n .

Il nous reste à introduire le terme multiplicateur de (2.3), égal à q
α(1−α)

2
v . Rap-

pelons que d’après le Lemme 2.8 qv est d’ordre n dans F×p . Le lemme suivant
conclut la démonstration pour les valeurs de α ≡ 1 [n].

Lemme 2.11.— q
α(1−α)

2
v = (−1)

(n−1)(α−1)
n dans Fp.

Supposons en effet α pair. Puisque qnv = 1, q
α
2 (1−α)
v = 1. Puisque n | α − 1, n

est impair et (−1)(n−1)
α−1
n = 1.
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Supposons α impair. Si n est impair, 1−α
2 est multiple de n. Puisque qnv = 1,

q
α(1−α)

2
v = 1. Or (−1)(n−1)

α−1
n = 1.

Supposons enfin n pair. Alors q
n
2
v = −1, donc q

α(1−α)
2

v = (−1)α(
1−α
n ) = (−1)

1−α
n .

Or (−1)(n−1)(
α−1
n ) = (−1)

1−α
n (−1)α−1, et α est supposé impair.

Considérons enfin le second cas. Alors (2.15) donne la somme des termes

(−1)(n−1)(
α
n )
∏

i∈I
χi(̟)

où |I| = s = α
n . Il reste à vérifier que

q
α(1−α)

2
v = (−1)(n−1)(

α
n ) (dans Fp) .

Mais ceci n’est rien d’autre que le lemme précédent, en échangeant les rôles de
α et 1− α.
Le Théorème 2.8 implique enfin le Théorème 2.5.

3 Induction automorphe d’un caractère cohomologique de GL(M)

3.1

Nous considérons toujours l’extension radicielle E/F du chapitre 2, mais nous
posons N = pM et nous partons d’un caractère cohomologique

ηE : HSH −→ F̄p

où S est une ensemble fini de places de F et H = GL(M,AE).
Notons donc U un sous–groupe ouvert compact de H = ResE/FGL(M)
(A∞F ) = GL(M,A∞E ), que l’on suppose décomposé (par rapport aux places de
F ). On forme comme dans le § 2.2 le quotient

S(H,U) = AHH(F )\H(A)/U∞U , (3.1)

U∞ étant, comme dans le §2.2, compact connexe maximal. Si S est un ensemble
fini de places disjoint des places de ramification, l’algèbre de Hecke non ramifiée

H(H(A∞,S), F̄p) = HSH
opère sur H•(S(H,U), F̄p).
On remarquera que si U ′ ⊂ U , l’application Hi(S(H,U))→ Hi(S(H,U ′)) n’est
pas nécessairement injective ; néanmoins, si U ′ est invariant dans U , les ca-
ractères ηE de HSH apparaissant en niveau U apparaissant en niveau U ′ [20,
Prop. 5.4]. On pourra donc, sans restreindre la généralité, supposer U assez
petit.
Si β = ξ1/p ∈ E, β définit une matrice diagonale de MM (E) ⊂ MN (F ),
que l’on notera simplement β, et le centralisateur de β s’identifie à MM (E).
L’automorphisme d’ordre p, σ : X 7→ βXβ−1, de GL(N,F ) a donc pour
points fixes GL(M,E). Soit G = GL(N)/F . Pour un sous–groupe ouvert com-
pact K ⊂ G(A∞F ), on considère de même l’action sur H•(S(G,K), F̄p), où
S(G,K) = AGG(F )\G(A)/K∞K de l’algèbre de Hecke HSG, S étant l’ensemble
des places de ramification.
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Soit v une place finie de F telle que les données sont non ramifiées pour toute
place w|v de E ; soit r(ηw) la représentation de WEw associée à ηw ; nous sup-
posons E/F non ramifié en v, et nous identifions Ēw à F̄v. Soit rv(η) la repré-
sentation de WFv :

rv(η) =
⊕

w|v
ind

WFv

WEw
r(ηw) . (3.2)

Théorème 3.1.— Supposons que ηE : HSH → F̄p apparaît dans H•(S(H,U),
F̄p), S étant supposé assez grand. Alors le caractère ηF de HSG défini en toute
place v /∈ S par rv(ηF ) = rv(η) apparaît dans H•(S(G,K), F̄p) pour un niveau
K convenable.

On en déduit alors :

Théorème 3.2.— Supposons ηE associé à une représentation galoisienne rE :
Gal(Q̄/E) → GL(M, F̄p). Alors il existe ηF (apparaissant dans la cohomologie
de S(G,K) pour K convenable) associé à

rF = ind
Gal(Q̄/F )

Gal(Q̄/E)
rE .

3.2

La démonstration est évidemment la généralisation directe de celle du chapitre 2,
et nous ne détaillerons que les arguments nouveaux. Noter qu’on peut, comme
on l’a vu, supposer U assez petit. La démonstration du Lemme 2.6 s’étend de
façon directe, au moins en ce qui concerne les places finies. Pour les places
archimédiennes, on trouve comme dans la démonstration du Lemme 2.6 que
Uv ⊂ Kv sauf si p = 2, si v est réelle, et si les places w divisant v sont réelles.
Dans ce cas, avec les notations de cette section, on peut avoir

U ′v = O(M,R)×O(M,R) ⊂ O(2M,R)

de sorte que l’intersection de U ′v avec Kv = SO(2M,R) est

U ′′v = S(O(M,R)×O(M,R)) = {g1, g2 : det g1 = det g2}

où g1, g2 ∈ O(M,R).
Considérons les deux quotients (3.1) où U∞ est respectivement le produit
des groupes U ′′v (places réelles) et Uv (places complexes), ou des composantes
connexes de ces groupes ; on note U+

∞ ce dernier groupe. Alors :

Lemme 3.3.— Si U est assez petit, et si S contient les places de ramifi-
cation, les caractères de HSH apparaissant dans H•(S(H,U∞U), F̄2) et dans
H•(S(H,U+

∞U), F̄2) sont les mêmes.

La cohomologie de S(H,U∞U) étant la même que celle de H(F )\H(A)/U∞U ,
nous pouvons négliger le quotient par AH . Le groups U étant fixé, écrivons SH
et S̄H pour les quotients respectifs par U+

∞ et U∞. On a donc un revêtement
SH → S̄H (de degré 2r1 , où r1 est le nombre de places réelles.) On peut écrire

SH =
∐

Γi\GL(M,E∞)/U+
∞
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où les Γi sont des groupes de congruences. D’après le théorème de Chevalley sur
les sous-groupes de congruences du groupe multiplicatif, appliqué à l’image du
déterminant, on voit que Γi ⊂ GL(n,E∞)+ si U est assez petit.
Pour simplifier les notations, supposons par exemple que F = Q et que E est
quadratique réel. Alors chacune des composantes de la décomposition ci-dessus
est de la forme

Γi\GL(M,R)×GL(M,R)/SO(M)× SO(M)

=
∐

Γi\(GL(M,R)+ε1 × (GL(M,R)+ε2/SO(M)× SO(M)

où ǫi parcourt O(M)/SO(M). On obtient, pour toute paire ε1, ε2 modulo les
éléments diagonaux, un terme correspondant pour S̄H ., le quotient étant pris
par S(O(M) × O(M)). On voit donc que SH ∼= S̄H

∐
S̄H , soit H•(SH , R) =

H•(SH , R)2 pour tout R, compatiblement avec l’action des opérateurs de Hecke.
D’où le résultat.

On obtient alors comme précédemment, pour K assez petit et U = KΣ, une
application injective

j : S(H,U) −→ S(G,K)Σ ,

de sorte que S(H,U) est une réunion finie de composantes connexes de
S(G,K)Σ. On définit comme avant le Lemme 2.7 les bonnes places de F , en
imposant bien sûr que

∏
w|v

GL(M,O(Ew)) soit contenu dans GL(N,Ov).

La démonstration du Lemme 2.7 s’étend de façon identique :

Lemme 3.4.— Pour presque toutes les places, l’injection naturelle de GΣ
v /K

Σ
v

dans H0(Σ, Gv/Kv) est bijective.

On peut supposer tout d’abord que l’intersection Kv de Hv = H(Fv) avec
GL(N,Ov) est le produit des GL(M,Ow), et que ces groupes sont les sous–
groupes de niveau Kv, Uv.
Supposons d’abord v décomposée dans E, de sorte que Hv = GL(M,Fv)p est
un sous–groupe de Levi. On a la décomposition d’Iwasawa

Gv = PvKv

où Pv = HvNv, Nv étant le radical unipotent ; l’élément β peut être pris dia-
gonal dans Hv et central dans chaque facteur. Si x = pkv (p ∈ Pv) et p = hn,
l’équation σx = x s’écrit alors βnβ−1Kv = nKv. Le même argument (en dé-
composant les matrices de Nv en blocs M ×M) montre que n est une matrice
à coefficients entiers si βi/βj − 1 est une unité pour i 6= j.
Alors x = h Kv ∈ Hv/K

Σ
v = Hv/Uv. Dans le cas général, le même argument de

descente donne le résultat.
On peut donc définir l’homomorphisme de Brauer

Br : Hv(G) −→ Hv(H)

en une bonne place v. L’analogue du Théorème 2.8, que nous ne réécrivons pas,
implique alors que ηE ◦ Br apparaît dans H•(S(G,K), F̄p) (pour une bonne
place où les données sont non ramifiées.)
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3.3

La partie intéressante de la démonstration consiste de nouveau à vérifier que
l’homomorphisme de Brauer (mod p !) est compatible à la dualité de Langlands.
Pour 0 ≤ α ≤ N et v une place de F où les données sont non ramifiées, notons
simplement TNα l’opérateur défini en 2.1. Il faut d’abord calculer son image par
l’homomorphisme de Brauer. Un calcul exactement analogue à la démonstration
de Lemme 2.10 donne l’expression suivante.
Soit v une bonne place, et Xv = {w} l’ensemble des places de E divisant v. On
ne distinguera pas entre un opérateur de Hecke et la fonction caractéristique
associée. Soit donc TNα l’opérateur de Hecke (sur GL(N)) en v, et TMw,β un
opérateur de Hecke sur GL(M) en une place w.

Lemme 3.5.— Pour 0 ≤ α ≤ N ,

Br(TNα ) =
∑

α=Σfwαw

∏

w

TMw,αw (3.3)

où w parcourt l’ensemble Xv des places divisant v.

Si v est décomposée, de sorte que H(Fv) ∼= (GL(M,Fv))p et fw = 1, on remar-
quera que ceci n’est autre que l’homomorphisme de Sataké

SLG : Hv(G) −→ Hv(L)

où L = GL(M)p est le sous–groupe de Levi évident de GL(N), mais où les
facteurs de normalisation, puissances de qv, ont disparu. (Cf. [1, § I.4] pour une
description de l’homomorphisme de Sataké relatif dans le cas de GL(n).)
Rappelons que le caractère ηE est défini, en toute place non ramifiée w, par

ηE(TMw,β) = q
β(1−β)

2
w trace(Frobw | Λβrw) (3.4)

où

rw =

M⊕

i=1

χi,w (3.5)

est la représentation de WEw associée à ηE,w, cf. Définition 2.3.
Considérons la représentation locale (3.2) :

rv = rv(η) =
⊕

w|v
ind

WFv

WEw
rw

et l’homomorphisme ηF associé, par la normalisation canonique, à rv :

ηF (TNα ) = q
α(1−α)

2
v trace(Frobv | Λαrv) . (3.6)

On a

trace(Frobv | Λαrv) =
∑

(αi,w)

α=Σαi,w

∏

i,w

trace(Frobw | Λαi,w ind
WFv

WEw
χi,w)

ce qui implique tout d’abord
αi,w ≤ fw (3.7)
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puis — cf. 2.16 —

trace(Frobv | Λαi,w ind
WFv

WEw
χi,w) =

{
1 (αi,w = 0)
(−1)fw−1χi,w(̟) (αi,w = fw)

(3.8)

les valeurs de la trace pour α 6= 0, fw étant nulles. Ainsi :

Lemme 3.6.—

trace(Frobv | Λαrv) =
∑ ∏

i,w
αi,w=fw

(−1)fw−1χi,w(̟)

où la somme porte sur les données (αi,w) tels que αi,w = 0, fw, avec α =
∑
i,w

αi,w.

Posons αi,w = fw εi,w (εi,w = 0, 1)
On a donc α =

∑
αwfw

αw =
∑
i∈Iw

1 = |Iw|

où I = {1, . . . ,M} et Iw est défini par εi,w = 1. L’expression pour la trace
devient ∑

α=Σαwfw

∏

w

∑

|Iw|=αw

∏

i∈Iw
(−1)fw−1χi,w(̟) . (3.9)

Nous devons maintenant évaluer ηE sur Br(TNα ), donné par l’expression (3.3).
La représentation de GL(M,AE) est simplement donnée, localement, par la
somme des χi.
On a donc pour β ≤M

ηE(TMw,β) = q
β(1−β)

2
w trace(Frobw | Λβ(

M⊕
i=1

χi,w))

= q
β(1−β)

2
w

∑
|I|=β

∏
i∈I χi,w(̟) .

En fixant la décomposition α = Σαwfw, on est donc amené à comparer, les
caractères apparaissant dans chaque expression étant identiques :

q
α(1−α)

2
v

∏

w

(−1)(fw−1)αw (3.10)

∏

w

q
αw(1−αw)

2
w . (3.11)

Notons tout d’abord les cas évidents.

Lemme 3.7.— Les expressions (3.10) et (3.11) sont égales dans Fp si α = 1, si
v est décomposée, ou si v est inerte.

Si α = 1, on doit avoir αwfw = 1 pour une place fw exactement, les autres αw
étant nuls. Les deux termes sont donc égaux à 1. Si v est décomposée, qv ≡ 1
[p] et fw = 1. Si v est inerte, qv = qw = 1 et fw = p.

Considérons maintenant les cas où la décomposition de v donne
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fw0 = 1 , fwi = n (i = 1, . . . t =
p− 1

n
)

avec n | p− 1. D’après le Lemme 2.11 (et son homologue pour α ≡ 0 [n]) on sait
que l’égalité est vérifiée si αw est égal à 0 ou 1 pour tout w.
Fixons une place w et remplaçons αw par αw + 1, donc α par α′ = α+ fw. Soit
A = α(1−α)

2 , Aw = αw(1−αw)
2 . On a, avec la notation correspondante pour α′ :

A′w = Aw − αw,
A′ = A− fwα+ 1

2 (fw − f2
w) .

Puisque qw = qfwv , le quotient des puissances de qv dans (3.10) et (3.11) est donc
multiplié par qfw(αw−α)+ 1

2 (fw−f2
w) où q = qv ; en supposant l’égalité vérifiée pour

α, il faut d’abord vérifier :

q
1
2 (fw−f2

w) = (−1)(fw−1) .

C’est évident si fw = 1 ; supposons donc que f = fw = n, q étant d’ordre
exact n. Si n est pair, q

n
2 (1−n) = (−1)1−n puisque q

n
2 = −1. Si n est impair,

q(
1−n
2 )n = 1 car qn = 1.

Par ailleurs α =
∑
u αufu, donc

(α− αw)fw =
∑

u6=w
αufufw + αw(f2

w − fw).

Puisque fw = 1 ou n, la valeur 1 n’étant prise que pour w0, et qn = 1, on voit
que q(α−αw)fw = 1.
Par récurrence, on voit que les expressions (3.10) et (3.11) coïncident pour
tout α. En toute bonne place, rv(η) est donc associée, par l’homomorphisme de
Brauer, à la donnée des rw . Ceci termine la démonstration du Théorème 3.1.

4 Relation avec les résultats connus

4.1

Rappelons tout d’abord les faits suivants :

(4.1) Si l’extension E/F est résoluble, et si πE est une représentation cuspidale
de GL(M,AE), l’induite automorphe IndFEπE = πF existe : c’est une repré-
sentation automorphe, unitairement induite de cuspidale, de GL(dM,AF ) où
d = [E : F ]. Voir [1, Ch. 3].

(4.2) Si F est un corps CM , ce qui inclut ici, sans précision supplémentaire, les
corps totalement réels, et si un caractère ηF de l’algèbre de Hecke apparaît dans
H•(S(G,K), F̄p) où G = GL(N)/F , la représentation (semi–simple) r(ηF ) de
Gal(F̄ /F ) existe (Scholze [19]).

4.2

Considérons d’abord le cas où E/F est galoisien, c’est–à–dire cyclique de degré
p. Dans ce chapitre, on supposera aussi, sauf indication contraire, p 6= 2. Les
corps E,F sont arbitraires. Le corps F contient Q(ζp).
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Soit ηE un caractère cohomologique de l’algèbre de Hecke (hors ramification,
ce qu’on s’abstiendra aussi de préciser dans cette discussion) de GL(M,AE), à
valeurs dans F̄p. Supposons en fait que ηE provienne d’une classe de cohomologie
en caractéristique nulle, de sorte qu’un relèvement η̃E à valeurs dans Z̄p, que l’on
peut voir comme un caractère complexe d’après des identifications bien connues,
provient d’une représentation automorphe πE deGL(m,AE). Noter que dans cet
article, comme dans [20], la cohomologie est toujours considérée pour le système
local trivial. En particulier πE est cohomologique pour le système local trivial.
Pour une descriptions détaillée, pour GL(n), des représentations cohomologiques
associées à des systèmes locaux arbitraires, nous renvoyons à [5, Ch. 3].
Noter que si E est CM , de sorte qu’il existe une représentation modulaire rE
(semi–simple) associée à ηE , on s’attend à ce que l’association ηE ↔ rE soit
compatible, aux places w de E ne divisant pas p, avec la correspondance lo-
cale mod p de Vignéras [21] ; ceci est vraisemblablement accessible. Sous des
hypothèses convenables sur rE , πE est alors cuspidale.
Dans tous les cas, supposons πE cuspidale, de sorte que πF = IndFEπE existe
d’après [1].
Soit v une place archimédienne de F ; p étant impair, elle se décompose en p
places {w1, . . . wp} de E. Alors la représentation de WFv associée par Langlands
à πF,v est

p⊕

1

rwi(πE) . (4.3)

Considérons la représentation de C× ⊂ WEw associée, en une place w, à πE .
Alors celle-ci est égale à

M⊕

1

χi (4.4)

où les caractères χi de C× sont donnés par

(χ1, ..., χM ) = ((z/z̄)(M−1)/2, (z/z̄)(M−3)/2, ..., (z/z̄)(1−M)/2 ).

Cf. [5, § 3.5]. D’après (4.3), la représentation de WFv est alors somme de p
facteurs du même type, et n’est donc pas régulière au sens de [5] et donc pas
cohomologique. Ceci s’applique évidemment aussi dans le cas où M = 1, comme
on l’a remarqué à la fin du § 2.2.
On remarquera que des résultats de changement de poids pour les repré-
sentations cohomologiques, préservant les représentations modulo p associées,
existent. Voir par exemple [3, § 4.4]. On peut vraisemblablement changer le
poids (i.e., le système de coefficients) associé à πE , en préservant la représenta-
tion modulaire, de sorte que l’induite soit régulière. Nous ne poursuivrons pas
cette question.
Si E et F sont CM , de sorte que πE est associée, d’après Scholze ou Harris,
Lan, Taylor et Thorne, à une représentation semi–simple

r̃E : Gal(Q̄/E) −→ GL(M, Z̄p) ,

on voit qu’on a construit une représentation modulaire rF qui est la réduction
mod p de la représentation galoisienne r̃F qui devrait être associée à πF .
Noter à ce propos que si F est totalement réel, une extension radicielle (néces-
sairement non galoisienne) E = F ( p

√
ξ) n’est jamais CM , comme il résulte de
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la décomposition de E en une place réelle. En revanche, il existe des extensions
radicielles non cycliques avec E,F CM. Supposons par exemple F quadratique
imaginaire : on note simplement x 7→ x̄ la conjugaison complexe. Soit ξ ∈ F×
un élément de norme 1 (ξξ̄ = 1) tel que ξ 6∈ F p. (De tels éléments existent.) Si
E = F (β), β = ξ1/p, (ββ̄)p = 1 où β̄ désigne le conjugué complexe de β pour
un plongement complexe arbitraire de E. Puisque ββ̄ est positif, ββ̄ = 1 ; la
conjugaison complexe sur E est donc donnée, pour tout plongement, par l’auto-
morphisme, antilinéaire pour la conjugaison complexe sur F , tel que β 7→ β−1.

4.3

Considérons maintenant le cas non galoisien. Supposons F CM (au sens
large). Alors la représentation modulaire rF associée à la semi–simplifiée de
indFErF existe, rE étant pour l’instant une famille (rE,w) de représentation de
Gal(Ēw/Ew) aux places non ramifiées, rE,w étant associée à ηE,w.
Supposons pour simplifier l’argument que la représentation galoisienne rE de
Gal(Ē/E) existe. On suppose aussi F linéairement disjoint de Q(ζp).
D’après le théorème de Mackey, on a, en écrivant gE = Gal(Q̄/E), gF =
Gal(Q̄/F ) :

(indFErE)|gE =
⊕

δ

indgE
gE∩δgEr

δ
E

où rδE(δ σ δ−1) = rE(σ) si σ ∈ gE .
On a Gal(Egal/F ) = Fp ⋊ F×p où on a choisi une identification de
Gal(Egal/F (ζp)) à Fp ; si K = Gal(Egal/E) = F×p , δ parcourt l’ensemble des
doubles classes K\G/K (notations du § 2.4). Identifiant comme là G au groupe(
x z

0

)
, x ∈ F×p , z ∈ Fp, on a K\G ≡ Fp (via X = z

x) et l’action de K devient

X 7→ Xy−1. L’espace des doubles classes a donc deux éléments ; pour la double
classe non triviale, K ∩ δK = {1}. Ainsi

(indFErE)|gE = rE ⊕ indEEgal rE |gEgal .

Mais Egal = E(ζp), et il en résulte par réciprocité de Frobenius que

(indFErE)|gE = rE ⊕
p−2⊕

i=0

rE ⊗ ωi

où ω : gE → F×p est le caractère cyclotomique.
Cette relation reste vraie, sans supposer a priori l’existence de rE , pour les
représentations locales aux places non ramifiées. On a donc le résultat non trivial
suivant :

Théorème 4.1.— Supposons E = F (ξ1/p) extension radicielle d’un corps CM
F , linéairement disjoint de Q(ζp) ; soit ηE un caractère cohomologique de l’al-
gèbre de Hecke de GL(M,AE) (en–dehors des places de ramification) et soit
(rw) la famille de représentations locales, à valeurs dans GL(M ; F̄p), associée
à ηE. Il existe alors une représentation galoisienne modulaire de degré pM de
Gal(Q̄/E), R, telle qu’en presque toute place w de E, la semi–simplifiée de Rw
soit égale à

rw ⊕
p−2⊕

i=0

rw ⊗ ωi
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où rw est associée à ηE,w.

4.4

Considérons enfin le cas suivant, qui nous a été expliqué par Richard Taylor.
Supposons E,F CM et supposons que ηE se relève en caractéristique nulle et
provient d’une représentation cuspidale πE qui est cohomologique (pour le sys-
tème trivial de coefficients.) Il existe une représentation galoisienne p-adique de
degré M , rE , de gE associée à πE [15], [19]. L’extension Egal/F est résoluble, et
Egal/E abélienne. On suppose toujours pour simplifier F linéairement disjoint
de Q(ζp) ; Egal = E(ζp). La représentation πEgal obtenue par restriction
automorphe à GL(M,AEgal) existe d’après [1] ; elle est cohomologique ; la re-
présentation galoisienne associée rEgal existe aussi et c’est la restriction à gEgal

de rE . Par changement de base cyclique, la représentation automorphe

πF (ζp) = Ind
F (ζp)

Egal
(πEgal ) (4.5)

existe. Elle est invariante par Gal(F (ζp)/F ) d’après [1, Proposition 4.4]. D’après
les arguments précédents, elle n’est plus cohomologique (si πE est cohomolo-
gique pour le système de coefficients triviaux) mais évidemment associée à une
représentation galoisienne, égale à

rF (ζp) = ind
F (ζp)

Egal
(rEgal ). (4.6)

Oublions pour un instant les notations précédentes. Soit G un groupe fini, H et
K deux sous-goupes avec G = HK. Soit r une représentation de H . Alors

(indGHr) |K∼= indKH∩K(r |H∩K) (4.7)

La même identité reste vraie pour des représentations de groupes profinis, si
les sous-groupes de G sont d’indices finis. Nous appliquons ceci aux groupes
G = gF , K = gF (ζp), H = gE . Alors

rF (ζp) = (indFE (rE)) |gF (ζp)
. (4.8)

Autrement dit, la représentation πF (ζp) dont on a montré l’existence est celle

associée par restriction automorphe à la représentation cherchée IndFE(πE) de
GL(pM,AF ) qui correspondrait, en caractéristique nulle, au caractère de l’al-
gèbre de Hecke obtenu en caractéristique p à l’aide du Théorème 3.1.
Par descente cyclique [1] on obtient une représentation πF , ou plutôt une famille
de représentations {πF ωi} où ω est le caractère cyclotomique, maintenant en
caractéristique nulle. Si la représentation galoisienne associée à πF est irréduc-
tible, on peut alors utiliser l’argument d’Harris [14], [16] pour montrer que l’une
de ces représentations est en effet associée à indFEπE . (Voir en particulier [16,
p.242-243].)
Noter cependant que cette représentation n’est plus régulière, et n’apparaît donc
pas dans la cohomologie des variétés associées à GL(N,F ). (L’argument est
exactement similaire à celui du §4.2.) Il est possible cependant que l’on puisse
(en conservant les représentations mod p) changer le poids de la représentation
πE , de telle façon que πF apparaisse dans la cohomologie des variétés asso-
ciées à GL(N,F ), avec système de coefficients triviaux. Pour de tels résultats

Documenta Mathematica 22 (2017) 1149–1180



Sur l’induction automorphe pour des p–extensions . . . 1173

de changement de poids voir [3, § 4.4]. On voit cependant que cet argument
ne s’applique qu’aux classes de cohomologie se relevant en caractéristique nulle,
provenant de représentations cuspidales, et nécessite des conditions (irréducti-
bilité des représentations galoisiennes) inconnues en général.

4.5

Pour être complet, nous considérons maintenant la restriction automorphe, ainsi
que la fonctorialité donnée (dans le cas classique) par les séries d’Eisenstein. Les
résultats sont ici en grande partie dus à Treumann–Venkatesh qui ne traitent
cependant, le cas « d’Eisenstein » que si p = 2 : voir une discussion plus détaillée
à la fin de ce paragraphe.
La restriction automorphe, dans le cas de caractéristique nulle, est démontrée
dans [1]. Soit E/F une extension cyclique. On se donne une représentation
cuspidale πF de GL(n,AF ). Il existe alors une (unique) représentation πE de
GL(n,AE), induite de cuspidale, telle que les matrices de Hecke aux places non
ramifiées (pour la normalisation de Langlands, cf. [1]) vérifient pour w|v :

tw(πE) = tv(πF )p (v inerte) (4.9)

tw(πE) = tv(πF ) (v décomposée). (4.10)

Si πF est cohomologique, πE l’est aussi.
Considérons maintenant des classes de cohomologie mod p, pour les quotients de
GL(n,AF ) et GL(n,AE). Nous utilisons la normalisation arithmétique du § 2.1.
Notons TEα , TFα les opérateurs de Hecke, et aussi les fonctions caractéristiques
associées, en des places non ramifiées pour les données. Si v est inerte, TEα est
invariant par Σ = Gal(E/F ) et

Br(TEα ) = TFα .

La valeur propre de TEα , déduite de celle de TFα , est donc

qα(1−α)v Sα(tv) . (4.11)

Le changement de base de Langlands (4.5) nous conduit à attendre la valeur
propre

qpα(1−α)v Sα(tpv) . (4.12)

Si v est décomposée, et w|v, TEw,α n’est pas invariant. Le produit
∏
w|v

TEw,α est

invariant et d’image TFv,α. Par conséquent aα = q
α(1−α)
v Sα(tv) est valeur propre

pour le produit. Avec une formulation et des notations différentes, ceci est es-
sentiellement (pour une forme de GL(2) compacte à l’infini) démontré dans [6]
pour une place inerte (voir la formule (3.6) de cet article), dans [7] pour une
place décomposée (formule (3.8).)
Dans ce cas, l’argument de [7, p. 12] montre alors que la racine p–ième de aα
est valeur propre de chacun des TEw,α. Je ne sais pas si cet argument s’applique
aux classes de cohomologie 3.
Mais considérons l’homomorphisme br de [20, § 4.3]. On a br(TEα ) = TFα dans le
cas inerte, et br(TEw,α) = (TFv,α)1/p — l’inverse de l’endomorphisme de Frobenius

3. Il faudrait vérifier qu’il est compatible avec la démonstration du Théorème 4.4 de [20],
i.e., avec la suite spectrale issue de la théorie de Smith.
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Frob p est bien défini sur Hv(G), cf. [20, 3.4]. (Pour cette dernière expression
voir [20, 3.4, 4.3], et particulièment la formule (4.3.1) loc.cit.) On voit alors que
la composition avec br donne pour valeurs propres en une place w|v

q
α(1−α)
v Sα(tv) v inerte (4.13)

(q
α(1−α)
v Sα(tv))1/p v décomposée . (4.14)

On voit que ce sont bien les valeurs propres données par la correspondance de
Langlands (4.5), (4.6) mais transformées par l’inverse de Frob p. Puisque Frob p
agit sur les coefficients, on a donc :

Théorème 4.2 (Treumann, Venkatesh).— Pour tout caractère ηF : HS
(G(AF ))→ F̄p, associé à des matrices tFv ∈ (F̄p

×
)n (v ∤ S) et cohomologique, il

existe un caractère cohomologique ηE associé à

tEw =

{
(tFv )p (v inerte)
tFv (v décomposée)

Evidemment, ce résultat s’applique de nouveau à des classes de torsion qui ne
se relèvent pas en caractéristique zéro.
Le cas suivant n’a pas été remarqué explicitement par Treumann et Venkatesh,
bien qu’il résulte directement de leurs méthodes. On considère GL(n, F ), et on
suppose :

F contient une racine primitive p–ième de l’unité, p ≥ n . (4.15)

Soit λ = (n1, . . . , nt) une partition de n. Il existe alors un élément diagonal
d’ordre p, m de GL(n, F ) dont le centralisateur est le sous–groupe de Levi
GL(n1)×· · ·×GL(nt). Si ηi est un caractère de l’algèbre de Hecke HS(GL(ni)),
l’induction définit un caractère η de HS(GL(n, F )). Noter que qv ≡ 1 [p] pour
toute place v ∤ p, de sorte que les différentes normalisations arithmétiques de
l’induction coïncident. On a alors, d’après le Théorème 4.4 de [20] et les argu-
ments des chapitres 2–3 :

Théorème 4.3.— Si les caractères ηi (à valeurs dans F̄p) sont cohomologiques,
pour des quotients de GL(ni,AF ), le caractère η est cohomologique.

Il est clair que la condition p ≥ n est nécessaire pour trouver un élément diagonal
d’ordre p dont le centralisateur est le produit des sous-groupes de Levi. Si n est
supérieur à p, le résultat reste vrai si t ≤ p. Noter que dans ce cas, la somme
automorphe (au sens usuel) de représentations cohomologiques (pour le système
de coefficients trivial) n’est plus cohomologique, toujours à cause des arguments
archimédiens du § 4.2.
Le lecteur comparera ce résultat avec la discussion du § 1.2.3 de [20] donnant
cette construction pour les classes de cohomologie mod 2. Ici l’existence d’une
racine de l’unité d’ordre p permet cette construction directe des ’classes d’Ei-
senstein’ dont Treumann et Venkatesh affirment qu’elle n’existe pas en général.
Noter que, notre corps étant totalement complexe, la condition de parité men-
tionnée par eux [20, 1.2.3] ne s’applique pas ici. Il serait intéressant de com-
prendre ce phénomène plus généralement.
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5 Le cas unitaire

5.1

Dans ce chapitre, indépendant du reste de l’article, nous appliquons la méthode
de [20] aux groupes unitaires compacts à l’infini qui sont utilisés dans les exten-
sions à GL(n) de la méthode de Taylor–Wiles [8]. Ces groupes étant compacts
aux places archimédiennes, il s’agit essentiellement de l’argument original de
l’auteur [5, 6].
Soit E une extension quadratique CM , complexe, d’un corps totalement réel F .
On suppose que E contient une racine primitive p–ième ζ de l’unité.
Soit G un groupe unitaire de rang n sur F , associé à une forme hermitienne
(relative à E/F ) sur En. Explicitement, G est défini par la forme hermitienne
diagonale de matrice

D = diag(ν1, . . . , νn) , νi ∈ F× .

On suppose que G(Fv) est compact pour toute place archimédienne de F . On
note A les adèles de F .
Pour toute partition ordonnée λ = (n1, . . . , nr) de n, la décomposition cor-
respondante de En définit un sous–groupe de G, noté Gλ, produit de groupes
unitaires U(ni).
Supposons p ≥ n. Soit M = µp(E)n le sous–groupe diagonal de G(F ) dont tous
les coefficients sont des puissances de ζ. Pour tout λ, il existe β ∈M tel que Gλ
est le F–groupe centralisant β. (Noter que l’hypothèse p ≥ n est ici essentielle.)
Soit K =

∏
v
Kv un sous–groupe compact ouvert de G(Af ) tel que Kv soit, pour

tout v, invariant par l’action adjointe de M . On notera que cette condition est
peu restrictive. Pour toute place finie v, G(Fv)∩GL(n,O(Fv ⊗E)) est un sous–
groupe compact ouvert de G(Fv), maximal et hyperspécial en presque toute
place. Le groupe M est contenu dans GL(n,O(Fv ⊗E)) donc laisse invariant ce
sous–groupe compact.
On peut être plus précis en une place décomposée.
Soit w, w′ les deux places de E divisant alors la place v. On a canoniquement

ResE/FG(Fv) = GL(n,Ew)×GL(n,Ew′)

et le sous–groupe G(Fv) s’identifie alors a

{g1, g2 : g2 = D tg−11 D−1} ,

que l’on identifie à GL(n,Ew) = GL(n, Fv) par la première composante. Alors
M opère simplement sur g1 par conjugaison. Le choix usuel du sous–groupe de
Borel (triangulaire supérieur) de GL(n, Fv), et la structure entière naturelle,
définissent un sous–groupe compact maximal Kv et un sous–groupe d’Iwahori
Bv. Alors Kv et Bv sont tous deux invariants par M . (Il en serait de même en
presque toute place inerte.)
Fixons un tel sous–groupe K, et soit S(G,K) le quotient fini

S(G,K) = G(F )\G(A)/K .

Pour un anneau commutatif R, soit SK(R) l’espace des fonctions sur S(G,K)
à valeurs dans R. Soit V l’ensemble fini de places finies où G est ramifié, ou
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divisant p, ou bien où Kv n’est pas hyperspécial. Alors SK(R) reçoit une action
de l’algèbre de Hecke

HV (G) =
⊗

v/∈V
H(Gv,Kv) . (5.1)

Les mêmes constructions s’appliquent aux groupes Gλ ; on suppose que V
convient à tous ces groupes (munis des sous–groupes Kλ = Km où Gλ est
le centralisateur de m ∈ M). On obtient des quotients Sλ = S(Gλ,Kλ). Si K
est net, on a des plongements naturels

jλ : Sλ −→ S

(cf. §2 ; [20, 5.7]).
Soit L une extension finie de Qp, O son anneau d’entiers et k son corps résiduel.
On obtient des espaces de formes automorphes SK(R) pour R = L, O ou k, avec
les relations usuelles (cf. [8, 3.3] pour un cadre beaucoup plus général.) Nous
passerons à la limite et considérerons des formes sur Qp, Z̄p et F̄p.

5.2

Notre premier résultat montre que la fonctorialité « endoscopique » est réali-
sée simplement, mod p, par les méthodes de [20] et de cet article. Nous nous
limiterons aux places décomposées, ce qui suffit en général pour les arguments
galoisiens, cf. [8]. Mais il est évident que l’on pourrait étendre l’argument aux
places inertes (où les données sont non ramifiées).
Notons donc HV+(G) le produit tensoriel (5.1) restreint aux places décomposées,
et de même HV+(Gλ).
Fixons λ ; soit m ∈M un élément associé à cette partition et Σ ∼= Z/pZ le sous–
groupe de M engendré par m. (On suppose la partition non triviale). Comme on
l’a vu, M est contenu dans le compact maximal Kv en toute place décomposée
(hors de V ), donc Σ opère trivialement sur H(Gv,Kv). L’homomorphisme de
Brauer

Br : H(Gv,Kv) −→ H(Gλv ,K
λ
v )

est défini naturellement, exactement comme dans le § 3.3 : Gλ peut être vu
comme un sous–groupe de Levi de G, et Br est simplement l’homomorphisme
de Sataké, cf. Lemme 3.5. Comme dans cet énoncé, les puissances de qv ont
disparu. Mais on a évidemment, puisque E ⊃ Q(ζp) :

Pour tout v ∤ p , qv ≡ 1 [p] . (5.2)

Dans notre situation, toutes les places décomposées v /∈ V sont bonnes, i.e.,
vérifient les conditions analogues à celles qui sont énoncées avant le Lemme 2.7.
Il suffit de vérifier :

Lemme 5.1.— L’injection naturelle Gλv/K
λ
v →֒ (Gv/Kv)

Σ est bijective
si v ∤ p.

Mais ceci, v étant décomposée, est un calcul dans GL(n, Fv) qui se réduit (cf.
Lemme 3.4) au fait que, pour toute racine primitive ζ d’ordre p, ζ − 1 est une
unité dans Ov. En particulier Br est bien un homomorphisme.
Soit Res : SK(F̄p)→ SKλ(F̄p) la restriction. On note ϕ une fonction de l’algèbre
de Hecke à valeurs dans F̄p. Soit R(ϕ) l’action à droite de ϕ sur SK(F̄p) ; même
notation pour Gλ, SKλ . On a alors
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Lemme 5.2.— Si v /∈ V est décomposée et f ∈ SK(F̄p) est invariante par Σ,

Res(R(ϕ)f) = (Brϕ)Resf .

C’est le lemme fondamental de [6], [7] et de [20]. Donnons, une fois de plus,
l’argument. Soit K = Kv et ϕ = ch(K gK) la fonction caractéristique d’une
double classe. La fonction Φ associée (§ 2.5) est Φ(K, gK) = ϕ(KgK). Ecrivons
KgK = ∐giK. Soit y ∈ G(F )\G(Af )/Kv, où Kv =

∏
w 6=vKw, relevant x ∈ SK .

Alors

R(ϕ)f(x) =
∑

gi

f(ygi) , soit

R(ϕ)f(x) =
∑

g′∈G/K
f(yg′)Φ(K, g′K) . (5.3)

L’image Br(ϕ) est donnée par la restriction de Φ à Gλ/Kλ ×Gλ/Kλ.
Soit x ∈ SKλ . Alors x a un relèvement y ∈ Gλ(F )\Gλ(Af )/(Kλ)v, donc inva-
riant par Σ. Alors

Br(ϕ)f(x) =
∑

h′∈Gλ/Kλ

f(yh′)Φ(Kλ, h′Kλ) . (5.4)

Puisque y et f sont invariants par Σ, la somme (5.3) se restreint aux g′ invariants,
la somme sur une orbite non triviale étant nulle. D’après le Lemme 5.1, elle
coïncide avec (5.4). Ceci démontre le Lemme 5.2.

La restriction SΣK → SKλ est évidemment surjective, puisqu’on peut étendre par
0 une fonction sur SKλ (donc invariante). Rappelons [13] que toute famille de
valeurs propres η : HV (Gλ) → Z̄p apparaissant dans SK(Z̄p) est associée (par
la correspondance arithmétique du § 2) à une représentation semi–simple

r =

t⊕

i=1

ri

où ri : Gal(Ē/E) → GL(ni, Z̄p) provient du groupe unitaire U(ni). En parti-
culier il existe une représentation modulaire r̄ = ⊕r̄i associée. On déduit alors
immédiatement du Lemme 5.2 :

Théorème 5.3.— Pour tout famille r̄i de représentations Gal(Ē/E) →
GL(ni, F̄p), provenant de formes sur les groupes facteurs de Gλ(A) (de com-
posante triviale à l’infini), il existe une forme automorphe f ∈ SK(F̄p), pour
K convenable, et un ensemble fini de places V , tels que f soit forme propre de
HV (G), associée à un caractère η, et que η soit associé à

⊕
r̄i.

(On utilise le fait que les éléments de Frobenius, dans Gal(Ē/E), associés aux
places divisant des places décomposées de F , sont denses dans ce groupe.) Noter
que l’on sait aussi construire f par endoscopie, cf. [9, 10]. Mais la construction
est difficile, et introduit des conditions de ramification délicates ([10, Thm. 2]).
Comme dans le chapitre 4, elle impose aussi de changer d’abord le poids des
formes modulaires fi associées aux r̄i (cf. e.g. [10, § 3,§ 5]).
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5.3

On remarquera que la démonstration du théorème précédent ne requiert que
l’usage de formes (pour G) invariantes par Σ. Revenons à la situation du § 2.1,
de sorte que K est invariant par M ; M opère alors sur SK .
Si f est une fonction lisse sur G(F )\G(Af ), on a, pour µ ∈ M , µf(g) =
f(µgµ−1) = f(gµ−1). En particulier, H0(M,SK) est simplement l’espace des
fonctions invariantes par K et M — plongé diagonalement dans G(Af ) — pour
l’action à droite. Par approximation forte, cet espace est réduit à des caractères
abéliens si K et M ne sont pas contenus dans un sous–groupe compact K ′ de
G(Af ).
RemplaçantK etM par le sous–groupe qu’ils engendrent, on peut donc supposer
que K ⊃M , ce qui est vrai si Kv ⊃M pour tout v. Rappelons que c’est le cas,
aux places décomposées ne divisant pas p, si Kv est un sous–groupe maximal ou
même un sous–groupe d’Iwahori. (Rappelons que les valeurs propres de m ∈M
sont des racines de l’unité.)
Le sous–groupe M ⊂ G(F ) n’est évidemment pas net. Pour tout λ, on a néan-
moins des applications naturelles

jλ : S(Gλ,Kλ) −→ S(G,K) = S(G,K)Σ

où Σ est défini par un élément m ∈ M de centralisateur Gλ. Elles ne sont pas
injectives !
Reprenons cependant les démonstrations du paragraphe précédent. Le
lemme 5.1, étant local, reste vérifié. On vérifie que la démonstration du
Lemme 5.2 reste correcte : le point–clé est que dans l’expression (5.3) les termes
correspondant aux g′K pour g′K /∈ Gλ/Kλ donnent une contribution nulle -
propriété, là encore, locale : si g′K 6∈ Gλ/Kλ, l’orbite de g′ sous Σ donne une
contribution nulle.
Comme dans [8, Introduction], disons qu’une forme propre f ∈ SK(F̄p), pour
l’algèbre de Hecke HV+(G), est d’Eisenstein si la représentation modulaire semi–
simple associée, de degré n, de Gal(Ē/E) est réductible. Soit Resλ la restriction
SK(F̄p)→ SKλ(F̄p). On a alors la propriété suivante :

Théorème 5.4.— Soit f ∈ SK(F̄p) une forme propre de HV+(G), et supposons
que f n’est pas d’Eisenstein. Alors Resλ(f) = 0 pour tout λ 6= (n).

En effet, dans le cas contraire, le Lemme 5.2 impliquerait qu’un caractère associé
à un espace propre généralisé de HV+(Gλ) donnerait, par composition, le carac-
tère généralisé de HV+(G) associé à f . Les éléments de Frobenius dans Gal(Ē/E)
correspondant aux places décomposées étant denses, le théorème de Cebotarev
impliquerait alors que la représentation modulaire associée à f est réductible.
Noter qu’on peut reformuler ce résultat en termes de représentations des groupes
locaux. Soit v une place finie de F et remplaçons V par V − {v} s’il y a lieu.
Soit K =

∏
w
Kw contenant M ; en particulier Kv ⊃M (vu comme sous–groupe

de Gv). On peut considérer l’espace SKv (F̄p) = lim
−→
Kv

SKvKv(F̄p) où Kv décrit une

bases de voisinage de 1 dans Gv = G(Fv). Il est union finie d’espaces

C∞(Γi\Gv, F̄p) (5.5)
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où Γ est un sous–groupe de congruences de Gv (Dans ces arguments, on pourrait
d’ailleurs remplacer G par le groupe spécial unitaire, de sorte qu’on obtiendrait
un unique espace (5.5) par approximation forte.)
Soit λ une partition, H = Gλ le groupe associé ; de même SKv

H
(F̄p) est défini

et union finie d’espaces (5.5). Le groupe Gv opère sur SKv , et Hv opère sur
SKv

H
. L’algèbre HV+ opère sur SKv . L’application Resλ est toujours définie. On

a alors :

Corollaire 5.5.— Soit f ∈ H0(Mv,SKv (F̄p)) et supposons f forme propre de
HV+(G) et non d’Eisenstein. Alors

Resλ(f) = 0 pour tout λ 6= (n) .

Rappelons l’énoncé (conjectural) du Lemme d’Ihara dans [8]. On suppose que
p ∤ v.

Conjecture 5.6.— Soit f ∈ SKv (F̄p), forme propre et non d’Eisenstein, et
supposons que f engendre un sous–module irréductible V sous Gv Alors V est
générique.

Nous n’avons pas su trouver une relation entre l’énoncé (effectif) du Corollaire
et la Conjecture.
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Abstract. Let X be an irreducible smooth projective curve of genus
g > 2 defined over an algebraically closed field of characteristic dif-
ferent from two. We prove that the natural homomorphism from the
automorphisms of X to the automorphisms of the symmetric product
Symd(X) is an isomorphism if d > 2g− 2. In an appendix, Fakhrud-
din proves that the isomorphism class of the symmetric product of a
curve determines the isomorphism class of the curve.
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1. Introduction

Automorphisms of varieties is currently a very active topic in algebraic geom-
etry; see [Og], [HT], [Zh] and references therein. Hurwitz’s automorphisms
theorem, [Hu], says that the order of the automorphism group Aut(X) of a
compact Riemann surface X of genus g ≥ 2 is bounded by 84(g − 1). The
group of automorphisms of the Jacobian J(X) preserving the theta polariza-
tion is generated by Aut(X), translations and inversion [We], [La]. There is a
universal constant c such that the order of the group of all automorphisms of
any smooth minimal complex projective surface S of general type is bounded
above by c ·K2

S [Xi].
Let X be a smooth projective curve of genus g, with g > 2, over an al-
gebraically closed field of characteristic different from two. Take any integer
d > 2g−2. Let Symd(X) be the d-fold symmetric product of X . Our aim here

is to study the group Aut(Symd(X)) of automorphisms of the algebraic variety

Symd(X). An automorphism f of the algebraic curve X produces an algebraic
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automorphism ρ(f) of Symd(X) that sends any {x1 , · · · , xd} ∈ Symd(X) to
{f(x1) , · · · , f(xd)}. This map

ρ : Aut(X) −→ Aut(Symd(X)) , f 7−→ ρ(f)

is clearly a homomorphism of groups. We prove the following:

Theorem 1.1. The natural homomorphism

ρ : Aut(X) −→ Aut(SymdX)

is an isomorphism.

The idea of the proof of Theorem 1.1 is as follows. The homomorphism ρ
is evidently injective, so we have to show that it is also surjective. The Al-
banese variety of Symd(X) is the Jacobian J(X) of X . So an automorphism

of Symd(X) induces an automorphism of J(X). Using results of Fakhruddin
(Appendix A) and Collino–Ran ([Co], [Ra]), we show that the induced auto-
morphisms of J(X) respects the theta divisor up to translation. Invoking the
strong form of the Torelli theorem for the Jacobian mentioned above, it fol-
lows that such automorphisms are generated by automorphisms of the curve
X , translations of J(X), and the inversion of J(X) that sends each line bundle
to its dual. Using a result of Kempf we show that if an automorphism α of
J(X) lifts to Symd(X), then α is induced by an automorphism of X , and this
finishes the proof.
It should be clarified that we need a slight generalization of the result of Kempf
[Ke]; this is proved in Section 2. The proof of Theorem 1.1 is in Section 3.
In Appendix A by Fakhruddin the following is proved.
Let C1 and C2 be smooth projective curves of genus g ≥ 2 over an algebraically
closed field k. If Symd C1

∼= Symd C2 for some d ≥ 1, then C1
∼= C2 unless

g = d = 2.

2. Some properties of the Picard bundle

The degree of a line bundle ξ over a smooth projective variety Z is the class of
the first Chern class c1(ξ) in the Néron-Severi group NS(Z), so the line bundles
of degree zero on Z are classified by the Jacobian J(Z).
As before, X is a smooth projective curve of genus g, with g > 2, over an
algebraically closed field of characteristic different from two. For any integer
d, let P d = Picd(X) be the abelian variety that parametrizes the line bundles
on X of degree d. It is a torsor for J(X).
A branding of P d is a Poincaré line bundle Q on X × P d [Ke, p. 245]. Two
brandings differ by tensoring with the pullback of a line bundle on P d. A
normalized branding is a branding such that Q|{x}×Pd has degree zero for one
point x ∈ X (equivalently, for all points of X). Two normalized brandings
differ by tensoring with the pullback of a degree zero line bundle on P d.
The natural projection of X ×P d to P d will be denoted by πPd . A normalized
branding Q induces an embedding

IQ : X −→ J(P d) =: J (2.1)
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that sends any x ∈ X to the point of J corresponding to the line bundle
Q|{x}×Pd on P d. If

Q′ = Q⊗ π∗PdLj ,
where Lj is the line bundle corresponding to a point j ∈ J(P d) = J , then we
have IQ′ = IQ + j.
Assume that d > 2g − 2. Since H1(X, L) = H0(X, L∗ ⊗ KX)∗ = 0 if L
is a line bundle with degree(L) > 2g − 2, the direct image πPd∗Q, where
Q is a branding, is locally free. A Picard bundle W (Q) on P d is the vector
bundle πPd∗Q, where Q is a normalized branding. From the projection formula
it follows that two Picard bundles differ by tensoring with a degree zero line
bundle on P d.
There is a version of the following proposition for d < 0 in [Ke, Corollary 4.4]
(for negative degree, the Picard bundle is defined using the first direct image).

Proposition 2.1. Let d > 2g − 2.

(1) H1(P d, W (Q)) is non-zero (in fact, it is one-dimensional if it is non-
zero) if and only if 0 ∈ IQ(X).

(2) Let Lj be the line bundle on P d corresponding to a point j ∈ J . Then
H1(P d, Lj ⊗W (Q)) is non-zero (in fact, it is one-dimensional if it is
non-zero) if and only if −j ∈ IQ(X).

Proof. Part (1). If 0 /∈ IQ(X), then H1(P d, W (Q)) = 0 by [Ke, p. 252,
Theorem 4.3(c)]. Fix a line bundle M on X of degree one, and consider the
associated Abel-Jacobi map

X −→ J(X), x 7−→ M−1 ⊗OX(x) .

Let NX/J(X) be the normal bundle of the image of X under this Abel-Jacobi
map. If 0 ∈ IQ(X), then using [Ke, p. 252, Theorem 4.3(d)] it follows
that H1(P d, W (Q)) is canonically isomorphic to the space of sections of the
skyscraper sheaf on X

K−1X ⊗ ∧0NX/J ⊗Md|I−1
Q (0) = K−1X ⊗Md|I−1

Q (0),

where IQ is constructed in (2.1). But the space of sections of this skyscraper
sheaf is clearly one-dimensional, because I−1Q (0) consists of one point of X .
Part (2) follows from part (1) because Lj ⊗ W (Q) = W (Q ⊗ π∗PdLj), and
IW (Q⊗π∗

Pd
Lj) = IW (Q) + j. �

For a point j ∈ P d, by −j we denote the point of P−d corresponding to the
dual of the line bundle corresponding to j. Note that for j, j′ ∈ P d, we have
−j + 2j′ ∈ P d.

Proposition 2.2. Assume that g(X) > 1 and d > 2g− 2. Let j be a point of
Pic0(X), and let Tj : P d −→ P d be the translation by j. Let M be a degree
zero line bundle on P d. If

T ∗j (M ⊗W (Q)) ∼= W (Q) ,

then j = 0 and M = OPd .
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Let i : P d −→ P d be the inversion given by z 7−→ −z + 2z0, where z0 is a
fixed point in P d. If

i∗T ∗j (M ⊗W (Q)) ∼= W (Q) ,

then X is a hyperelliptic curve.

Proof. The first part is [Ke, Proposition 9.1] except that there it is assumed
that d < 0; the proof of Proposition 9.1 uses [Ke, Corollary 4.4] which requires
this hypothesis. However, the case d > 2g− 2 can be proved similarly; for the
convenience of the reader we give the details.
Let y ∈ J be the point corresponding to the line bundle M . The line bundle on
P d corresponding to any t ∈ J will be denoted by Lt. In particular, M = Ly.
For every t ∈ J , using the hypothesis, we have

T ∗j (Lt+y ⊗W (Q)) = T ∗j Lt ⊗ T ∗j (M ⊗W (Q)) = Lt ⊗W (Q) ; (2.2)

note that the fact that a degree zero line bundle on an Abelian variety is
translation invariant is used above. Combining (2.2) and the fact that Tj is an
isomorphism, we have

H1(P d, Lt⊗W (Q)) ∼= H1(P d, T ∗j (Lt+y⊗W (Q))) ∼= H1(P d, Lt+y⊗W (Q)) .

Using Proposition 2.1 it follows that t ∈ −IQ(X) if and only if t+y ∈ −IQ(X).
Hence IQ(X) = y + IQ(X). If g(X) > 1, this implies that y = 0. Therefore,
we have W (Q) = T ∗j (W (Q)). Using the fact that c1(W (Q)) = θ, a theta
divisor, it follows that θ is rationally equivalent to the translate θ − j, hence
j = 0.
The proof of the second part is similar. We have

i∗T ∗j (Ly−t ⊗W (Q)) = i∗T ∗j L−t ⊗ i∗T ∗j (M ⊗W (Q))

= i∗L−t ⊗W (Q) = Lt ⊗W (Q) ; (2.3)

the fact that i∗L−t = Lt is used above. Consequently,

H1(P d, Lt⊗W (Q)) ∼= H1(P d, i∗T ∗(Ly−t⊗W (Q))) ∼= H1(P d, Ly−t⊗W (Q)) ,

and using [Ke, Corollary 4.4] it follows that t ∈ −IQ(X) if and only if y− t ∈
−IQ(X). Hence IQ(X) = −IQ(X)− y. Let

f : X −→ X

be the morphism uniquely determined by the condition

IQ(x) = −IQ(f(x)) − y .
We note that f is well defined because −IQ and y+ IQ are two embeddings of
X in J with the same image, so they differ by an automorphism of X which
is f . In other words, if we identify X with its image under IQ, then f is
induced from the automorphism T−y ◦ i of J . This automorphism T−y ◦ i is
clearly an involution. Let ω ∈ H0(X, ΩX) be an algebraic 1-form on X . Then
f∗ω = −ω, because of the isomorphism H0(X, ΩX) = H0(J, ΩJ) induced by
IQ, and the fact that i∗ acts as multiplication by −1 on the 1-forms on J . It
now follows by Lemma 2.3 that f is a hyperelliptic involution. �
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Lemma 2.3. Let g > 1. Let f : X −→ X be an involution satisfying the
condition that f∗ω = −ω for every 1-form ω. Then X is hyperelliptic with f
being the hyperelliptic involution.

Proof. Consider the canonical morphism

F : X −→ P(H0(X, ΩX))

that sends any x ∈ X to the hyperplane H0(X, ΩX(−x)) in H0(X, ΩX). By
definition,

H0(X, ΩX(−x)) = {ω ∈ H0(X, ΩX) | ω(x) = 0} ,
but the hypothesis implies that ω(x) = 0 if and only if ω(f(x)) = f∗(ω)(x) =
0. Therefore, we have

H0(X, ΩX(−x)) = H0(X, ΩX(−f(x))) ,

and it follows that F (x) = F (f(x)), implying that the canonical morphism is
not an embedding; note that f is not the identity because there are nonzero
algebraic 1-forms. Therefore, X is hyperelliptic, and f is the hyperelliptic
involution. �

We note that Lemma 2.3 is clearly false if the characteristic of the base field
is two. Hence the proof of Proposition 2.2 needs the assumption that the base
field has characteristic different from two.

3. Proof of Theorem 1.1

Using the morphism X −→ Symd(X), y 7−→ dy, it follows that the homo-
morphism ρ in Theorem 1.1 is injective.
Fix a point x ∈ X . Let L be the normalized Poincaré line bundle on X×J(X),
i.e., it is trivial when restricted to the slice {x} × J(X). Let

E := q∗(L ⊗ p∗OX(dx))

be the Picard bundle, where p and q are the projections from X × J(X) to X
and J(X) respectively. Since d > 2g − 2, it follows that E is a vector bundle
of rank d− g + 1.
We will identify Symd(X) with the projective bundle P (E) = P(E∨).
Let θ be the theta divisor of J(X); in particular, we have θg = g!. The Chern
classes of E are given by ci(E) = θi/i! [ACGH].
Let Z be a smooth projective variety and z0 ∈ Z a point. Then there is an
abelian variety Alb(Z) and a morphism

aZ : Z −→ Alb(Z)

such that aZ(z0) = 0, and given any morphism φ : Z −→ A, where A
is an abelian variety and φ(z0) = 0, there is a unique homomorphism h :
Alb(Z) −→ A such that h ◦ aZ = φ. The Alb(Z) is called the Albanese
variety for (Z, z0) while aZ is called the Albanese morphism.
The Albanese variety of (P (E), dx), where x is the fixed point of X , is the

Jacobian J(X), and the Albanese morphism sends an effective divisor
∑d

ℓ=1 Pℓ
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of degree d to the degree zero line bundle OX((
∑d

ℓ=1 Pℓ) − dx). Given an
automorphism

ϕ : P (E) −→ P (E) ,

the universal property of the Albanese variety yields a commutative diagram

P (E) ∼=
ϕ //

��

P (E)

��
J(X) ∼=

α // J(X)

(3.1)

and this produces an automorphism of projective bundles

P (E)
ψ

∼=
//

##●
●●

●●
●●

●●
P (α∗E)

zz✉✉✉
✉✉
✉✉
✉✉

J(X)

Therefore, there is a line bundle L on J(X) such that there is an isomorphism

α∗E ∼= E ⊗ L . (3.2)

There is a commutative diagram of groups

Aut(P (E))
λ // Aut(J(X))

Aut(X)

ρ

OO

µ

77♦♦♦♦♦♦♦♦♦♦♦

(3.3)

where λ is constructed as above using the universal property of the Albanese
variety given in (3.1), and ρ is the homomorphism in Theorem 1.1. To construct
µ, note that the commutativity of the diagram (3.1) implies that µ(f), f ∈
Aut(X), has to send OX((

∑d
ℓ=1 Pℓ)− dx) to OX((

∑d
ℓ=1 f(Pℓ))− dx). A short

calculation yields

µ(f) = (f−1)∗ ◦ Tdx−df−1(x) , (3.4)

where Ta, a ∈ J(X), is translation on J(X) by a.
Let θ′ = c1(α∗E) = θ + L. Then

ci(α
∗E) = α∗ci(E) =

α∗θi

i!
=

θ′i

i!
,

and θ′g = α∗θg = g!. Now we apply Lemma A.2; here the condition g > 2 is
used. We obtain that θi = θ′i for all i > 1.
We identify X with the image in J(X) of the Abel-Jacobi map. In particular X
is numerically equivalent to θg−1/(g − 1)!. We calculate the intersection (note
that the condition g > 2 is again used, because we need g − 1 > 1)

θ′X = θ′
θg−1

(g − 1)!
= θ′

θ′g−1

(g − 1)!
= g .
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Invoking a characterization of a Jacobian variety due to Collino and Ran, [Co],
[Ra], it follows that (J(X) , θ′ , X) is a Jacobian triple, i.e., θ′ is a theta divisor
of the Jacobian variety J(X) up to translation. This means that θ and θ′ differ
by translation, in other words, the class of c1(L) in the Néron-Severi group
NS(J(X)) is zero. Consequently, α is an isomorphism of polarized Abelian
varieties, i.e., it sends θ′ to a translate of it.
The strong form of the classical Torelli theorem ([La, Théorème 1 and 2 of
Appendix]) tells us that such an automorphism α is of the form

α = F ◦ σ ◦ Ta , σ ∈ {1 , ι} ,
where F = (f−1)∗ for an automorphism f of X , while Ta is translation by
an element a ∈ J(X) and ι sends each element of J(X) to its inverse. If X
is hyperelliptic, then ι is induced by the hyperelliptic involution, so we may
assume that σ is the identity map of X when X is hyperelliptic.
Let f be an automorphism of X with F = (f−1)∗ being the induced isomor-
phism on J(X). Using the definition of E, it is easy to check that

F ∗E ∼= T ∗dx′−dxE ,

where x′ = f−1(x).
We claim that α = F ◦ Ta.
To prove this, assume that α 6= F ◦ Ta. Then X is not hyperelliptic, and
α = F ◦ ι ◦ Ta. Hence

α∗E = T ∗a ι
∗F ∗E = T ∗a ι

∗T ∗dx′−dxE ,

and using (3.2),
E ∼= ι∗T ∗dx′−dx−a(E ⊗ L) .

Now from Proposition 2.2 it follows that X is hyperelliptic, and we arrive at a
contradiction. This proves the claim.
Summing up, we can assume that α = F ◦ Ta. Using (3.2),

E ∼= T ∗dx−dx′−a(E ⊗ L)

From Proposition 2.2 it follows that L is the trivial line bundle, and a =
dx− dx′. Therefore,

α = (f−1)∗ ◦ Tdx−df−1(x)

for some automorphism f of X , and hence, by (3.4),

Image(λ) ⊂ Image(µ) . (3.5)

We will now show that the morphism λ is injective.
Suppose α = λ(ϕ) = IdJ(X). Using (3.2), the morphism ϕ is induced by an
isomorphism between E and E ⊗ L. We have just seen that L is trivial, the
morphism ϕ is induced by an automorphism of E, and this automorphism has
to be multiplication by a nonzero scalar, because E is stable with respect to
the polarization given by the theta divisor (cf. [EL]). Therefore, the morphism
ϕ is the identity. This proves that the morphism λ is injective.
The homomorphism µ is also injective, since it is a composition of a translation
and the pullback induced by an automorphism of X .
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Combining these it follows that the morphism ρ is also injective (this can also
be checked directly), and hence all the homomorphisms in the diagram (3.3)
are injective. This, combined with (3.5), shows that ρ is an isomorphism.
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Appendix A. Torelli’s theorem for high degree symmetric
products of curves

Najmuddin Fakhruddin

Let k be an algebraically closed field and C1 and C2 two smooth projective
curves of genus g > 1 over k . It is a consequence of Torelli’s theorem that
if Symg−1 C1

∼= Symg−1 C2, then C1
∼= C2. The same holds for the d-th

symmetric products, for 1 ≤ d < g−1 as a consequence of a theorem of Martens
[Mar]. We shall show that with one exception the same result continues to hold
for all d ≥ 1, i.e., we have the following

Theorem A.1. Let C1 and C2 be smooth projective curves of genus g ≥ 2 over
an algebraically closed field k. If SymdC1

∼= Symd C2 for some d ≥ 1, then
C1
∼= C2 unless g = d = 2.

It is well known that there exist non-isomorphic curves of genus 2 over C with
isomorphic Jacobians. Since the second symmetric power of a genus 2 curve is
isomorphic to the blow up of the Jacobian in a point, it follows that our result
is the best possible.

Proof of Theorem. Let C1, C2 be two curves of genus g > 1 with SymdC1
∼=

Symd C2 for some d ≥ 1. Since the Albanese variety of Symd Ci, d ≥ 1, is
isomorphic to the Jacobian J(Ci), it follows that J(C1) ∼= J(C2). If d ≤ g − 1,

the theorem follows immediately from [Mar], since the image of Symd Ci in
J(Ci) (after choosing a base point) is Wd(Ci). Note that in this case it suffices

to have a birational isomorphism from SymdC1 to SymdC2.
Suppose g ≤ d ≤ 2g − 3. Then the Albanese map from SymdCi to J(Ci)
is surjective with general fiber of dimension d − g. Interpreting the fibers as
complete linear systems of degree d on Ci, it follows by Serre duality that the
subvariety of J(Ci) over which the fibers are of dimension > d − g is isomor-

phic to W2g−2−d(Ci). Therefore if Symd C1
∼= Symd C2, then W2g−2−d(C1) ∼=

W2g−2−d(C2), so Martens’ theorem implies that C1
∼= C2.
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Now suppose that d > 2g − 2 and g > 2. By choosing some isomorphism
we identify J(C1) and J(C2) with a fixed abelian variety A. If φ : Symd C1 →
Symd C2 is our given isomorphism, from the universal property of the Albanese
morphism we obtain a commutative diagram

SymdC1
φ //

π1

��

Symd C2

π2

��
A

f // A

where the πi’s are the Albanese morphisms corresponding to some base points
and f is an automorphism of A (not necessarily preserving the origin). By
replacing C2 with f−1(C2) we may then assume that f is the identity.

Since d > 2g − 2, the maps πi, i = 1, 2 make Symd Ci into projective bundles
over A. By a theorem of Schwarzenberger [Sc], Symd Ci ∼= P(Ei), where Ei is
a vector bundle on A of rank d − g + 1 with cj(Ei) = [Wg−j(Ci)], i = 1, 2,
0 ≤ j ≤ g−1, in the group of cycles on A modulo numerical equivalence. Since
φ is an isomorphism of projective bundles, it follows that there exists a line
bundle L on A such that E1

∼= E2 ⊗ L.
Let θi = [Wg−1(Ci)], so by Poincaré’s formula [Wg−j(Ci)] = θji /j!, i = 1, 2,

i ≤ j ≤ g − 1. Lemma A.2 below implies that θg−1i = θg−12 in the group of
cycles modulo numerical equivalence on A. Since θgi = g!, this implies that
θ1 · [C2] = g. By Matsusaka’s criterion [Mat], it follows that Wg−1(C1) is a
theta divisor for C2, which by Torelli’s theorem implies that C1

∼= C2.
If d = 2g − 2 and g > 2, then we can still apply the previous argument. In
this case we also have that Symd(Ci) ∼= P(Ei), i = 1, 2 but Ei is a coherent
sheaf which is not locally free. However on the complement of some point of
A it does become locally free and the previous formula for the Chern classes
remains valid.
The above argument clearly does not suffice if g = 2. To handle this case we
shall use some properties of Picard bundles for which we refer the reader to
[Mu]. Suppose that d > 2 and Ci, i = 1, 2 are two non-isomorphic curves of

genus 2 with Symd C1
∼= Symd C2. Using the same argument (and notation) as

the g > 2 case, it follows that there exist embeddings of Ci, i = 1, 2, in A and
a line bundle L on A such that E1

∼= E2 ⊗ L and L⊗d−1 ∼= O(C1 − C2) (we
identify Ci, i = 1, 2 with their images).
For i ≥ 1, let Gi denote the i-th Picard sheaf associated to C2, so that P(Gi) ∼=
Symi(C2). (Gi is the sheaf denoted by F2−i in [Mu] and Gd ∼= E2). There is
an exact sequence ([Mu, p. 172]):

0→ OA → Gi → Gi−1 → 0 (A.1)

for all i > 1. We will use this exact sequence and induction on i to compute the
cohomology of sheaves of the form E1 ⊗ P ∼= E2 ⊗ L⊗ P , where P ∈ Pic 0(A).
Consider first the cohomology of G1, which is the pushforward of a line bundle
of degree 1 on a translate of C2. Since we have assumed that C1 6∼= C2, it follows
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that C1 · C2 > 2. Since C2
1 = C2

2 = 2, deg(L|C2) = (C1 − C2) · C2/(d− 1) > 0.
By Riemann-Roch it follows that hj(A,G1 ⊗ L ⊗ P ), j = 1, 2 is independent
of P , except possibly for one P if deg(L|C2) = 1, and h2(A,G1 ⊗ L ⊗ P ) = 0
since G1 is supported on a curve.
Now C1 ·C2 > 2 also implies that c1(L)2 < 0. By the index theorem, it follows
that h0(A,L ⊗ P ) = h2(A,L ⊗ P ) = 0 and h1(A,L ⊗ P ) is independent of P .
Therefore by tensoring the exact sequence (A.1) with L ⊗ P and considering
the long exact sequence of cohomology, we obtain an exact sequence

0→ H0(A,Gi ⊗ L⊗ P )→ H0(A,Gi−1 ⊗ L⊗ P )→ H1(A,L⊗ P )

→ H1(A,Gi ⊗ L⊗ P )→ H1(A,Gi−1 ⊗ L⊗ P )→ 0 (A.2)

and isomorphisms H2(A,Gi⊗L⊗P )→ H2(A,Gi−1⊗L⊗P ) for all i > 1. By
induction, it follows that H2(A,Gi ⊗ L⊗ P ) = 0 for all i > 0. Since the Euler
characteristic of Gi⊗L⊗P is independent of P , the above exact sequence (A.2)
along with induction shows that for all i > 0 and j = 0, 1, 2, hj(Gi ⊗L⊗P ) is
independent of P , except for possibly one P . In particular, this holds for i = d
hence hj(A,E1 ⊗ P ) is independent of P except again for possibly one P . We
obtain a contradiction by using the computation of the cohomology of Picard
sheaves in Proposition 4.4 of [Mu]: This implies that h1(A,E1 ⊗ P ) is one or
zero depending on whether the point in A corresponding to P does or does not
lie on a certain curve (which is a translate of C1). �

Lemma A.2. Let X be an algebraic variety of dimension g ≥ 3 and let Ei,
i = 1, 2 be vector bundles on X of rank r. Suppose c1(Ei) = θi, cj(Ei) = θji /j!
for i = 1, 2 and j = 2, 3 (j = 2 if g = 3), and E1

∼= E2⊗L for some line bundle

L on X. Then θj1 = θj2 for all j > 1 (j = 2 if g = 3).

Proof. Since E1
∼= E2⊗L, c1(E1) = c1(E2)+rc1(L), hence c1(L) = (θ1−θ2)/r.

For a vector bundle E of rank r and a line bundle L on any variety, we have
the following formula for the Chern polynomial ([Fu], page 55):

ct(E ⊗ L) =

r∑

k=0

tkct(L)r−kci(E).

Letting E = E1, E ⊗ L = E2, and expanding out the terms of degree 2 and 3,
one easily sees that θj1 = θj2 for j = 2 and also for j = 3 if g > 3. (Note that
this only requires knowledge of cj(Ei) for j = 1, 2, 3.) Since any integer n > 1
can be written as n = 2a+ 3b with a, b ∈ N, the lemma follows. �

Remark A.3. Using Theorem 1.1, one sees that Theorem A.1 holds over all
perfect fields k (of characteristic > 2) if d > 2g − 2: For projective varieties
X,Y over a field let Isom(X,Y ) denote the scheme of isomorphisms. For any
d > 0, there is a natural map

Isom(C1, C2)→ Isom(Symd C1, Symd C2)
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of finite schemes over k which one sees is a bijection on geometric points by
combining Theorem 1.1 and Theorem A.1. If k is perfect1 this implies that the
map on k-rational points is also a bijection.
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Abstract. We introduce and begin a systematic study of sublinearly
contracting projections.

We give two characterizations of Morse quasi-geodesics in an arbitrary
geodesic metric space. One is that they are sublinearly contracting;
the other is that they have completely superlinear divergence.

We give a further characterization of sublinearly contracting projec-
tions in terms of projections of geodesic segments.

2010 Mathematics Subject Classification: Primary: 20F65; Secondary:
20F67.
Keywords and Phrases: Morse quasi-geodesic, contracting projection,
superlinear divergence, geodesic image theorem.

1 Introduction

This paper initiates a systematic study of contracting projections. The aim is
to clarify and quantify ways in which a subspace of a geodesic metric space can
‘behave like’ a convex subspace of a hyperbolic space.
The definition of hyperbolicity captures the notion that a space is uniformly
negatively curved on all sufficiently large scales. Following Gromov’s seminal
paper [21], hyperbolic groups and spaces have been intensively studied and
many generalizations of this notion have been considered.
One particular collection of ideas focus on finding ‘hyperbolic directions’,
geodesics that have some of the features exhibited by geodesics in hyperbolic
spaces, for instance, those that satisfy the Morse lemma, have superlinear di-
vergence or satisfy some contraction hypothesis. These ideas find application
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to Mostow rigidity in rank 1 [29], the Rank Rigidity Conjecture for CAT(0)
spaces [4, 8, 11], and hyperbolicity of the curve complex of a hyperbolic surface
[24, 22]. Recently, the concept of strongly contracting projection has been a
topic of intense interest in relation to mapping class groups and outer auto-
morphisms of free groups [1, 7], acylindrically hyperbolic groups [16, 28], and
contracting/Morse boundaries [30, 31, 13, 14, 25].
We introduce a more general version of contracting projection than has been
previously studied. Our main result is that this new version of contraction
is equivalent to the Morse property and to a certain superlinear divergence
property. We give quantitative links between these various geometric properties.
We also generalize several fundamental theorems about stronger versions of
contraction to our new, more general, context.
In this paper we establish fundamental results in a very general setting, so
that they will be broadly applicable. Indeed, the novel version of contracting
projections we introduce here is essential in a subsequent paper [3], in which we
explore the geometry of finitely generated graphical small cancellation groups,
a class that includes the Gromov monster groups as notorious examples. In
that paper we engineer finitely generated groups with Cayley graphs that mimic
the surprising geometry of our examples from Section 3. In particular, the new
spectrum of contracting behaviors in geodesic metric spaces that we discover
here does appear in the setting of Cayley graphs of finitely generated groups.
We also, in [3], use the equivalence between sublinear contraction and the Morse
property established here in Theorem 1.4 to characterize Morse geodesics in
certain families of graphical small cancellation groups.
Since the preprint version of this article appeared there have already been other
applications of our results, including work of Cordes and Hume [15] and Cashen
and Mackay [12] on Morse boundaries of finitely generated groups and work
of Aougab, Durham, and Taylor [2] on cocompact subgroups of mapping class
groups and Out(Fn).

We give detailed introductions to the three main geometric properties in Sec-
tions 1.1, 1.2, and 1.3 and make precise statements of our results in Sections
1.4 and 1.5.
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1.1 Contracting projections

Let Y be a subspace of a geodesic metric space X , and let ǫ > 0. The ǫ–closest
point projection of X to Y is the map πǫY : X → 2Y sending a point x ∈ X to
the set:

πǫY (x) := {y ∈ Y | d(x, y) 6 d(x, Y ) + ǫ} ⊂ Y
We do not assume the sets πǫY (x) have uniformly bounded diameter. Note that
given any x ∈ X , ∅ 6= Y ⊂ X , and ǫ > 0, the set πǫY (x) is non-empty.

Definition 1.1. The ǫ–closest point projection πǫY : X → 2Y is (ρ1, ρ2)–
contracting if the following conditions are satisfied.

• The empty set is not in the image of πǫY .

• The functions1 ρ1 and ρ2 are non-decreasing and eventually non-negative.

• The function ρ1 is unbounded and ρ1(r) 6 r.

• For all x, x′ ∈ X , if d(x, x′) 6 ρ1(d(x, Y )) then:

diamπǫY (x) ∪ πǫY (x′) 6 ρ2(d(x, Y ))

• limr→∞
ρ2(r)
ρ1(r)

= 0.

We say that Y is (ρ1, ρ2)–contracting if there exists ǫ > 0 such that πǫY is
(ρ1, ρ2)–contracting, see Definition 6.4. We say a collection of subspaces {Yi}i∈I
is uniformly contracting if there exist ρ1 and ρ2 such that for all i ∈ I, the
subspace Yi is (ρ1, ρ2)–contracting.
The rough idea is that, asymptotically as x gets far from Y , if B is a ball
centered at x and disjoint from Y then the diameter of its projection is negligible
compared to the diameter of B. More accurately, this is true at a specific
scale — when the radius of B is ρ1(d(x, Y )). We claim no finer control of the
projection diameter when B has smaller radius.
For a simple, but conceptually useful, example, consider a circle X and an arc
Y ⊂ X . Take ρ1(r) := r, and let ρ2 be the constant function whose value is the
distance between the endpoints of Y . Then π0

Y is (ρ1, ρ2)–contracting. There is
a unique point x ∈ X farthest from Y . The ball B of radius ρ1(d(x, Y )) about
x is all of X r Y , and π0

Y (B) = π0
Y (x) has diameter ρ2(d(x, Y )).

The simplest example that is not (ρ1, ρ2)–contracting for any choice of ρ1 and
ρ2 is to take X to be the Euclidean plane and take Y to be a geodesic. Then
the diameter of π0

Y of any ball is equal to the diameter of the ball, so we cannot

satisfy limr→∞
ρ2(r)
ρ1(r)

= 0.

1The term ‘function’ always refers to a real valued function whose domain, unless otherwise
noted, is the non-negative real numbers.
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The simplest contracting example with Y unbounded is to take X to be a tree
and Y to be an unbounded convex subspace. Then diamπ0

Y (Bd(x,Y )(x)) = 0
for every x, so π0

Y is (r, 0)–contracting. In more general δ–hyperbolic spaces,
ǫ–closest point projection to a geodesic is (r,D)–contracting for some D de-
pending only on δ and ǫ. Such a case, when ρ1(r) := r and ρ2 is bounded, is
called strongly contracting.

Pseudo-Anosov axes in Teichmüller space are strongly contracting [24], as are
iwip axes in the Outer Space of the outer automorphism group of a free group
[1] and axes of rank 1 isometries of CAT(0) spaces [4, 8].

We say that πǫY is semi-strongly contracting if it is (ρ1, ρ2)–contracting for
ρ1(r) := r/2 and ρ2 bounded. Related notions have been considered in the
context of the mapping class group of a hyperbolic surface [22, 5, 19].

We say that πǫY is sublinearly contracting if it is (ρ1, ρ2)–contracting for
ρ1(r) := r. In this case the definition implies ρ2 is a sublinear function,
see Definition 2.1. Similarly, πǫY is logarithmically contracting if it is (ρ1, ρ2)–
contracting for ρ1(r) := r and ρ2 logarithmic.

A schematic diagram of different contracting behaviors is given in Figure 1. A
wide range of examples are presented in Section 3.

Not contracting Sublinearly contracting Strongly contracting

Figure 1: Types of contraction

1.2 The Morse property

Definition 1.2. A subspace Y of a geodesic metric space X is µ–Morse for
a function µ : [1,∞) × [0,∞) → [0,∞) if for every L > 1 and A > 0, every
(L,A)–quasi-geodesic γ with endpoints on Y remains within distance µ(L,A)
of Y .
The subspace Y is called Morse, or is said to have the Morse property, if it
µ–Morse for some function µ. A collection of subspaces {Yi}i∈I is said to be
uniformly Morse if there exists a function µ such that for all i ∈ I the subspace
Yi is µ–Morse.

Morse quasi-geodesics have been intensively studied: they play a key role in
boundary theory for hyperbolic and relatively hyperbolic groups. Recently, the
Charney school [30, 31, 13, 14, 25] has been generalizing such boundary theories
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to arbitrary proper geodesic metric spaces using the so called ‘Morse boundary’
consisting of asymptotic equivalence classes of Morse rays.
Morse quasi-geodesics have been characterized2 in terms of cut-points in asymp-
totic cones [17]: a quasi-geodesic q in X is Morse if and only if every point x
in the limit q of q in any asymptotic cone C of X is a cut-point separating ends
of q; that is, C r {x} has at least two connected components containing points
of q. Cut-points in asymptotic cones are a key element of the proof of the
quasi-isometry invariance of relatively hyperbolic (asymptotically tree-graded)
spaces [18]. It remains a very important open question to determine whether
a space in which every asymptotic cone admits a cut-point necessarily admits
a Morse quasi-geodesic.
As a result, it is of great interest to find and classify Morse quasi-geodesics. If
a solvable group admits a Morse quasi-geodesic then it is virtually cyclic, and
the same holds for any other group satisfying a non-trivial law, for instance, a
torsion group with bounded exponent [18]. At the other extreme, every quasi-
geodesic in a hyperbolic space is Morse. There are non-trivial classifications of
Morse quasi-geodesics for relatively hyperbolic groups [27] and CAT(0) spaces
[4, 8, 31]. We use the tools of this paper to perform such a classification for
graphical small cancellation groups in [3].

1.3 Divergence

Closely related to the study of Morse quasi-geodesics is the notion of divergence.
The definition is technical, so we postpone it until Definition 5.1. The idea is
that the divergence of a quasi-geodesic γ in a space X is a function whose
value at r is the minimal length of a path in X circumventing a ball of radius
r centered on γ. In our version of divergence we allow the forbidden ball to be
centered at different points of γ for different values of r. Some authors require
the balls to have fixed center at γ(0).
Morse geodesics were used to produce cut points in asymptotic cones. Diver-
gence can be used to rule them out [17]: if G is a finitely generated group then
no asymptotic cone of G admits a cut point if and only if there exists a constant
K such that for any finite geodesic [a, b] with midpoint c, there is a path from
a to b avoiding the ball centered at c with radius d(a, b)/4−2 of length at most
Kd(a, b) + K. The interplay between divergence and Morse quasi-geodesics is
explored in [17] and [6].
Morally, for a quasi-geodesic γ the Morse property and linear divergence are op-
posites. The Morse property says good (quasi-geodesic) paths between points
of γ stay close to γ, and linear divergence says it is easy for a path between
points of γ to stray far from γ. However, there are some subtleties. There
are groups that admit quasi-geodesics with superlinear divergence, yet have an
asymptotic cone with no cut point, and therefore no Morse quasi-geodesics [26].
By construction, for each of these groups there is an unbounded sequence (rn)
such that the divergence is linear (it satisfies the above conditions for a fixed

2See also the related “middle recurrence” characterization of the Morse property in [17].
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K) whenever d(a, b) = rn for some n. We say a geodesic metric space has com-
pletely superlinear divergence if no such unbounded sequence exists. We show
in Theorem 1.5 that this is the precise divergence property that characterizes
Morse quasi-geodesics.

1.4 Main theorems

Restricted to quasi-geodesics, our main results say:

Theorem 1.3. Let X be a geodesic metric space. Let γ be a quasi-geodesic in
X. The following are equivalent:

1. γ is sublinearly contracting.

2. γ is Morse.

3. γ has completely superlinear divergence.

Special cases of this theorem have appeared before. If X is hyperbolic then
these conditions are well-known properties of arbitrary quasi-geodesics, and
conditions (1) and (3) can be strengthened to ‘strongly contracting’ and ‘at least
exponential divergence’, respectively. If X is CAT(0) and γ is a geodesic then
this is a recent theorem of Charney and Sultan [13]. In that case, conditions (1)
and (3) can be strengthened to ‘strongly contracting’ and ‘at least quadratic
divergence’, respectively. Our theorem establishes these equivalences in full
generality.
The Morse and contraction properties make sense for subspaces of X , not just
quasi-geodesics. Our main theorem is:

Theorem 1.4. Let Y be a subspace of a geodesic metric space X. Let ǫ > 0
be such that πǫY does not contain the empty set in its image. The following are
equivalent:

1. There exists µ : [1,∞)× [0,∞)→ [0,∞) such that Y is µ–Morse.

2. There exists µ′ : [1,∞)→ [0,∞) such that every continuous (L, 0)–quasi-
geodesic with endpoints on Y remains in the µ′(L)-neighborhood of Y .

3. There exists ρ such that πǫY is (r, ρ)–contracting.

4. There exist ρ1 and ρ2 such that πǫY is (ρ1, ρ2)–contracting.

Moreover, in each implication we bound the parameters of the conclusion in
terms of the parameters of the hypothesis, independent of Y .

Divergence, on the other hand, is specialized to quasi-geodesics.

Theorem 1.5. Let γ be a quasi-geodesic in a geodesic metric space X. The
following are equivalent:

1. γ is Morse.
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2. γ has completely superlinear divergence.

Moreover, the Morse function can be bounded in terms of the divergence func-
tion, independent of γ.

We mention a further characterization of Morse quasi-geodesics: It can be
shown fairly easily that a quasi-geodesic γ : I → X is Morse if and only if the
collection of its subsegments {γJ | J is a subinterval of I} is uniformly Morse.
Moreover, the Morse functions for γ and for the subsegments can be bounded
in terms of one another and the quasi-geodesic constants of γ. The quantitative
nature of the equivalences in Theorem 1.4 then implies that γ is Morse if and
only if the collection of its subsegments is uniformly contracting.

1.5 Further applications

We consider several important theorems about strongly contracting projections
that have appeared in the literature, and generalize them by proving sublinear
analogues.
The first of these results is the ‘Bounded Geodesic Image Property’, cf [23, 8].
This says that if πǫY is strongly contracting then there exist constants A and
B such that if γ is a geodesic segment with d(γ, Y ) > A, then diamπǫY (γ) 6

B. In fact, this property is equivalent to strong contraction. We prove, in
Theorem 7.1, that πǫY is (r, ρ)–contracting if and only if there exist a constant
A and a function ρ′ ≍ ρ such that if γ is a geodesic segment with d(γ, Y ) > A
then

diamπǫY (γ) 6 ρ′(max{d(x, Y ), d(x′, Y )}),
where x and x′ are the endpoints of γ.
The second strong contraction result is one of the ‘Projection Axioms’ of Bestv-
ina, Bromberg, and Fujiwara [7]. It says that if πǫY and πǫ

′

Y ′ are both strongly
contracting, and if Y and Y ′ are sufficiently far apart, then diamπǫY (Y ′)
and diamπǫ

′

Y ′(Y ) are bounded in terms of the contraction constants. In
Proposition 8.2 we prove that if ‘strongly contracting’ is weakened to ‘(r, ρ)–
contracting’ then diamπǫY (Y ′) and diamπǫ

′

Y ′(Y ) are bounded by an affine func-
tion of ρ(d(Y, Y ′)). This is the best that can be expected, since even for a
single point x we can only conclude diamπǫY (x) 6 ρ(d(x, Y )).
Finally, a theorem of Masur and Minsky [22] says, approximately and in our lan-
guage, that if for every pair of points in a geodesic metric space X there exists
a path between them such that these paths all admit semi-strongly contracting
projections, with contraction constants uniform over the family of paths, then
the space X is hyperbolic. Our Corollary 8.4 says the conclusion still holds if
‘semi-strongly contracting’ is weakened to ‘sublinearly contracting’.

1.6 Robustness

In Section 6 we investigate the following question: Let πǫY be (ρ1, ρ2)–
contracting. What effect does changing ρ1, ǫ, or Y have on this property,
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in terms of ρ2?
We obtain optimal answers when ρ1(r) = r, see Lemma 6.2 and Lemma 6.3. It
would be interesting to have good quantitative results in more general cases.
The Morse property is invariant under quasi-isometry, so, by Theorem 1.5,
the property of being sublinearly contracting is also a quasi-isometry invari-
ant. Very little is known, however, about how the contraction parameters vary
under quasi-isometry. In a subsequent paper [3] we demonstrate that strong
contraction is not preserved by quasi-isometries.

2 Preliminaries

Let Nr(y) := {x ∈ X | d(x, y) < r} and N r(y) := {x ∈ X | d(x, y) 6 r}. If Y
is a subspace of X , let Nr(Y ) := ∪y∈YNr(y), and N r(Y ) := ∪y∈YNr(y).
Let diamY := sup{d(y, y′) | y, y′ ∈ Y }.
A geodesic is an isometric embedding of an interval. A metric space X is
geodesic if for every pair of points x, x′ ∈ X there exists a geodesic connecting
them.
The Hausdorff distance between non-empty subspaces Y and Z of X is the
infimal C such that Y ⊂ NC(Z) and Z ⊂ NC(Y ). Two subspaces are C–
Hausdorff equivalent if the Hausdorff distance between them is at most C.
Given L > 1 and A > 0, a map φ : X → Y between metric spaces is an (L,A)–
quasi-isometric embedding if 1

Ld(x, x′)−A 6 d(φ(x), φ(x′)) 6 Ld(x, x′) +A for

every x, x′ ∈ X . It is an (L,A)–quasi-isometry if, in addition, Y = NA(φ(X)).
An (L,A)–quasi-geodesic is an (L,A)–quasi-isometric embedding of an interval.

Definition 2.1. A function f is sublinear if it is non-decreasing, eventually

non-negative, and limr→∞
f(r)
r = 0.

We write f � g if there exist constants C1 > 0, C2 > 0, C3 > 0, and C4 > 0
such that f(r) 6 C1g(C2r + C3) + C4 for all r. This partial order gives an
equivalence relation f ≍ g if f � g and f � g. If f ≍ g we say f and g are
asymptotic.

3 Examples of contraction

We begin with a classical example.

Example 3.1. Let X be the hyperbolic plane, with the upper half-space model,
and let Y be the geodesic that is the upper half of the unit circle, see Figure 2.
Pick any point x /∈ Y . Up to isometry, we may assume x sits on the y–
axis above Y . The ball of radius d(x, Y ) about x is contained in the horoball
H := {(a, b) ∈ R2 | b > 1}. The closest point projection of H to Y has diameter
ln(3 + 2

√
2). Thus, π0

Y is (r, ln(3 + 2
√

2))–contracting.

We now construct examples exhibiting a wider range of contracting behaviors
than have appeared previously in the literature.
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Y

H

Figure 2: Contraction in H2.

Example 3.2. Let ρ = ρ1 : [0,∞) → [0,∞) be an unbounded function such
that ρ(r) 6 r, Id − ρ is unbounded, and there exists an A > 0 with ρ(A) > 0
such that 0 6 ρ(a+ b)−ρ(a) < b for all a > A and b > 0. We construct a space
X and Y ⊂ X such that π0

Y is (ρ, 2)–contracting but not strongly contracting.
The map φ : [A,∞)→ [A−ρ(A),∞) : x 7→ x−ρ(x) is a bijection by assumption.
We set σ(0) := φ(A) and, for i ∈ N, recursively define3 σ(i + 1) := φ−1(σ(i)).
This is well-defined since [A,∞) ⊂ [A− ρ(A),∞). Rearranging this expression
yields ρ(σ(i + 1)) = σ(i + 1)− σ(i). Note that σ(i + 1)− σ(i) > ρ(A) > 0 for
every i ∈ N ∪ {0}, whence, in particular, σ(i)→∞ as i→∞.
Let Y := [0,∞) be a ray. For i ∈ N ∪ {0}, let Zi be a segment of length σ(i)
with endpoints labelled yi and zi. Identify yi with the point i in Y . Let Wi

be a segment of length σ(i+ 1)− σ(i) + 1 connecting zi to zi+1. Let X be the
resulting geodesic metric space. See Figure 3.

Y

Z0

Z1

Z2

Z3

W0

W1

W2

y0 z0

x0
z1

x1
z2

x2
z3

y3

Figure 3: (ρ1, 2)–contraction

Let xi be the point of Wi at distance 1/2 from zi+1. Clearly diamπ0
Y (xi) = 1.

It is easy to see that each complementary component of X r (Y ∪ {xi}i∈N∪{0})
projects to a single point of Y . Now consider the ball of radius ρ(d(x, Y )) about
some x. First assume x ∈ Wi for some i. Our assumptions on ρ yield:

Nρ(d(x,Y ))(x) ⊆Wi ∪Nρ(σ(i))+1/2(zi) ∪Nρ(σ(i+1))+1/2(zi+1)

The latter may contain xi and xi+1 but no other xj . If, on the other hand, x is

3 An Abel function for f is a function α such that α(f(x)) = α(x) + 1. The function σ is
the inverse of an Abel function for φ−1.
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in some Zi, then Nρ(d(x,Y ))(x) is contained in Zi ∪ Nρ(d(zi,Y ))(zi). Therefore,

for any x ∈ X , we have that π0
Y (Nρ(d(x,Y ))(x)) has diameter at most 2.

Observe that Nd(zi,Y )(zi) contains {zj , zj+1, . . . zi} for 0 6 i− j 6 σ(j). Since
σ(i)→∞ as i→∞, this implies that Y is not strongly contracting.
Concrete examples include:

• ρ(r) := 2
√
r − 1 and A = 1 and σ(r) := r2.

• ρ(r) := r/2 and A = 2 and σ(r) := 2r. This is an example of semi-strong
contraction.

• ρ(r) := min{r, r − log2 r} and A = 2 and σ(r) := 2 ↑↑ r.

In Knuth’s ‘up-arrow notation’ 2 ↑↑ r denotes tetration, so that 2 ↑↑ r = 2·
··
2

︸︷︷︸
r times

when r ∈ N ∪ {0}.

The following proposition shows that it is sometimes possible to ‘trade’ between
the input and output contraction functions, so we can use Example 3.2 to
demonstrate further examples of (ρ1, ρ2)–contraction conditions.

Proposition 3.3. Suppose that πǫY is (ρ1, B)–contracting, where B is a con-
stant and ρ = ρ1 is a non-decreasing, non-negative, unbounded function such
that Id − ρ is unbounded and such that there exists a constant A such that
ρ(A) > 0 and 0 6 ρ(a + b) − ρ(a) < b for all a > A and b > 0. Define
A′ := A − ρ(A). For x ∈ [A′,∞) define4 α(x) to be the minimal non-negative
integer such that (Id− ρ)α(x)(x) ∈ [A′, A). Then πǫY is (r −A, ρ2)–contracting
for some ρ2 ≍ α.

Proof. Observe as in Example 3.2 that the map φ : x 7→ x − ρ(x) is a bijec-
tion [A,∞) → [A′,∞) and that, since φ is strictly increasing for x > A, the
collection {[φk(A′), φk−1(A′)) | k 6 0} is a partition of [A′,∞).
We show that ρ2(r) := Bα(r) will suffice. It follows from unboundedness of ρ
that ρ2 is sublinear: we have ρ2 ≍ α. The map α is a step function with steps
of height 1, so it is sufficient to show that the lengths of the steps go to infinity,
ie φ−n−1(A′) − φ−n(A′) → ∞ as n → ∞. As computed in Example 3.2, we
have ρ(φ−n−1(A′)) = φ−n−1(A′)− φ−n(A′). Since φ−n−1(A′)→∞ as n→∞
as argued in Example 3.2 and since ρ goes to infinity, sublinearity follows.
Let x and y be points of X such that d(x, y) 6 d(x, Y )−A. Define r0 := d(x, Y )
and while r0 − ri 6 d(x, y), define ri+1 := φ(ri). Note that this is well-defined,
ie ri > A, since r0 − ri 6 d(x, y) 6 r0 − A. Let k be the largest index such
that r0 − rk 6 d(x, y). Then the fact that φα(r0)(r0) < A and the observation
we just made shows k < α(r0).

4The function α : [A′,∞) → N∪{0} is an Abel function for (Id−ρ)−1. For instance, take
α to be the inverse of σ : N ∪ {0} → σ(N ∪ {0}) from Example 3.2 extended to all of [A′,∞)
by a rounding-off function.
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Fix a geodesic from x to y and for 0 6 i 6 k define xi to be the point at
distance r0 − ri from x along this geodesic. Define xk+1 := y. For 0 6 i 6 k
we have d(xi+1, xi) 6 ρ(d(xi, Y )) by construction, whence:

diamπǫY (x) ∪ πǫY (y) 6

k∑

i=0

diamπǫY (xi) ∪ πǫY (xi+1) 6 Bα(r0)

Thus, πǫY is (r −A, ρ2)–contracting.

Applying Proposition 3.3 to the concrete examples in Example 3.2 we see:

• (2
√
r − 1, 2)–contracting implies (r − 1, ρ2)–contracting for ρ2 ≍

√·.

• (r/2, 2)–contracting implies (r − 2, ρ2)–contracting for ρ2 ≍ log2.

• Finally, (r− log2 r, 2)–contracting implies (r−2, ρ2)–contracting for ρ2 ≍
superlog2.

That the converse to Proposition 3.3 can fail follows from the next example.

Example 3.4. Let ρ2 be a sublinear function such that 0 < ρ2(r) < r. Let
Y be a line. Choose a collection of disjoint intervals {Ii}i∈N of Y such that
|Ii| = ρ2(i) and let yi be the center of Ii. Connect the endpoints of Ii by
attaching a segment Ji of length 4i, and let xi be the center of this segment.
Let X be the resulting geodesic space, see Figure 4. We claim π0

Y is (r, ρ2)–
contracting.

Y

x1

x2

x3

y1 y2 y3

Figure 4: (r, ρ2)–contracting

Suppose that x ∈ Ji ⊂ X and d(x, Y ) < i. Then d(x, xi) > d(x, Y ), and
diamπ0

Y (Nd(x,Y )(x)) = 0. For x ∈ Ji ⊂ X with d(x, Y ) > i we have d(x, xi) 6
d(x, Y ) and:

diamπ0
Y (Nd(x,Y )(x)) = diamπ0

Y (xi) = ρ2(i) 6 ρ2(d(x, Y ))

This proves the claim. Furthermore, ρ2 is optimal, in the following sense: Since
diamπ0

Y (xi) = ρ2(d(xi, Y )/2) = ρ2(i), if ρ′1 and ρ′2 are some other functions
such that π0

Y is (ρ′1, ρ
′
2)–contracting then ρ2(i) 6 ρ′2(2i) for i ∈ N.
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4 The Morse property

The following two propositions establish our main result, Theorem 1.4.

Proposition 4.1. Let Y be a subspace of a geodesic metric space X. Suppose
πǫY is (ρ1, ρ2)–contracting. There exists a function µ, depending only on ǫ, ρ1,
and ρ2, such that Y is µ–Morse.

Proof. Given L′ and A′ there exist L, A, and C such that every (L′, A′)–quasi-
geodesic is C–Hausdorff equivalent to a continuous (L,A)–quasi-geodesic with
the same endpoints [10, Lemma III.H.1.11]. Thus, it suffices to show there
exists a bound B, depending only on ǫ, ρ1 and ρ2, such that every continuous
(L,A)–quasi-geodesic connecting points on Y is contained in NB(Y ). Then we
set µ(L′, A′) := B + C.

Let γ be a continuous (L,A)–quasi-geodesic with endpoints on Y . Take E to

be sufficiently large so that ρ1(E) > 3A and for all r > E we have ρ2(r)
ρ1(r)

< 1
3L2 .

Suppose γ 6⊆ NE(Y ), and let [a, b] be a maximal subinterval of the domain of
γ such that γ|[a,b] ⊂ X rNE(Y ). We show there exists a T independent of γ

and Y such that b− a 6 T . We conclude by setting B := E + L · T2 +A.

Let t0 := a. Supposing we have defined t0, . . . , ti, if d(γ(ti), γ(b)) >
ρ1(d(γ(ti), Y )) define ti+1 to be the first time that d(γ(ti), γ(ti+1)) =
ρ1(d(γ(ti), Y )). Such a ti+1 exists because γ is continuous. Since d(γ, Y ) > E
we have d(γ(ti), γ(ti+1)) = ρ1(d(γ(ti), Y )) > ρ1(E) > 0, so after finitely many
steps we reach an index k such that d(γ(tk), γ(b)) 6 ρ1(d(γ(tk), Y )). Applying
the contraction condition to the points γ(ti), we see:

diamπǫY (γ(a)) ∪ πǫY (γ(b)) 6

k∑

i=0

ρ2(d(γ(ti), Y ))

This allows us to estimate:

d(γ(a), γ(b)) 6 d(γ(a), πǫY (γ(a)))

+ diamπǫY (γ(a)) ∪ πǫY (γ(b)) + d(γ(b), πǫY (γ(b)))

6 2(E + ǫ) +

k∑

i=0

ρ2(d(γ(ti), Y )) (1)
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On the other hand, since γ is a (L,A)–quasi-geodesic, we have:

Ld(γ(a), γ(b)) + LA > b− a = b− tk +
k−1∑

i=0

(ti+1 − ti)

>
1

L
(d(γ(b), γ(tk))−A) +

k−1∑

i=0

1

L
(d(γ(ti+1), γ(ti))−A)

=
1

L
(d(γ(b), γ(tk))− ρ1(d(γ(tk), Y )))

+

k∑

i=0

1

L
(ρ1(d(γ(ti), Y ))−A)

>
−d(γ(b), Y )

L
+

k∑

i=0

1

L
(ρ1(d(γ(ti), Y ))−A)

= −E
L

+

k∑

i=0

1

L
(ρ1(d(γ(ti), Y ))−A)

Combining this with the previous inequality and rearranging terms, we have:

k∑

i=0

(
ρ1(d(γ(ti), Y ))− L2ρ2(d(γ(ti), Y ))−A

)
6 E + L2A+ 2L2(E + ǫ)

Now, left hand side is at least L2
∑k

i=0 ρ2(d(γ(ti), Y )), by our choice of E;
combined with (1), this gives us:

d(γ(a), γ(b)) 6
E

L2
+A+ 4(E + ǫ)

This estimate and the fact that γ is a quasi-geodesic give us a bound for b −
a.

Proposition 4.2. Let Y be a subspace of a geodesic metric space X. Suppose
there is a non-decreasing function µ such that every continuous (L, 0)-quasi-
geodesic with endpoints on Y is contained in the closed µ(L)–neighborhood of
Y . Suppose the empty set is not in the image of πǫY . Then there is a function
ρ′, depending only on µ and ǫ, such that πǫY is (r, ρ′)–contracting.

We remark that since an (L, 0)–quasi-geodesic is also an (L′, 0)–quasi-geodesic
for any L′ > L, there is no loss in requiring the Morse function to be non-
decreasing.

Proof. Consider the optimal contraction function:

ρ(r) := sup
d(x,y)6d(x,Y )6r

diamπǫY (x) ∪ πǫY (y) 6 4r + 2ǫ
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Our goal is define a function ρ′ depending on µ and ǫ that is non-negative,
non-decreasing, and sublinear and such that ρ′ is an upper bound for ρ.
Define ρ′(r) := 0 if ǫ = 0 and µ ≡ 0. In this case ρ′ clearly has the first three
properties. Otherwise, we first replace µ by s 7→ inft>s µ(s). The new µ still
satisfies the hypotheses of the proposition and has that additional property
that it is right continuous: limt→s+ µ(t) = µ(s) for all s > 1. Define ρ′(0) := 2ǫ
and for r > 0 define:

ρ′(r) := sup

{
s 6 4r + 2ǫ | s 6 18µ

(
3(4r + 2ǫ)

s

)
+ 12ǫ

}

If µ ≡ 0 then ρ′ increases linearly from 2ǫ to 12ǫ and then remains constant,
so it is non-negative, non-decreasing, and sublinear.
If µ 6≡ 0 then ρ′(r) > 0 when r > 0, and the conditions on µ ensure ρ′ is actually
a maximum. The fact that it is non-decreasing then follows by observing that
ρ′(r) participates in the supremum defining ρ′(r′) when 0 6 r < r′. To see ρ′ is
sublinear, we suppose that lim supr→∞ ρ

′(r)/r > 0 and derive a contradiction.
Suppose that there exists some δ > 0 and a sequence (ri) of positive numbers
increasing without bound such that ρ′(ri) > δri for all i. By definition of ρ′,
for each i there exists δri < si 6 4ri + 2ǫ such that:

si 6 18µ

(
3(4ri + 2ǫ)

si

)
+ 12ǫ 6 18µ

(
3(4ri + 2ǫ)

δri

)
+ 12ǫ

This is a contradiction, since the left-hand side grows without bound while the
right-hand side is bounded above by 18µ(12δ + 1) + 12ǫ once i is sufficiently
large.

Now we must show ρ(r) 6 ρ′(r). It suffices to check this for those r such that
ρ(r) > 0. The idea of the proof is to choose, for each such r, points x and y such
that d(x, y) 6 d(x, Y ) 6 r whose projection diameters nearly realize ρ(r). Take
a path γ that is a concatenation of geodesics from a projection point of x to x,

then from x to y, then from y to a projection point of y. For L := 3(4r+2ǫ)
ρ(r) > 3

we show that we can make γ into an (L, 0)–quasi-geodesic γ′ by introducing at
most two shortcuts in a particular way. The Morse hypothesis implies that γ′

is contained in the µ(L)–neighborhood of Y . We then argue that the condition
d(x, y) 6 d(x, Y ) implies:

ρ(r) < 18µ(L) + 12ǫ (2)

In the case that ǫ = 0 and µ ≡ 0, this gives a contradiction, which means that
there is no r for which ρ takes a positive value, and we have ρ(r) = ρ′(r) = 0
for all r. Otherwise, plugging the value of L into (2), we conclude that ρ(r)
participates in the supremum defining ρ′(r), whence ρ(r) 6 ρ′(r).

First we show how to produce quasi-geodesics. Consider points x, y, px ∈
πǫY (x), and py ∈ πǫY (y). Let γ := [px, x][x, y][y, py] be a concatenation of three
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geodesics. Let [p, q]γ denote the subsegment of γ from p to q, and let |[p, q]γ |
denote its length. For this part of the argument we may use any L >

|γ|
d(px,py)

>

1. Consider the continuous function D(p, q) := Ld(p, q) − |[p, q]γ | defined on
points (p, q) ∈ γ × γ such that p precedes q on γ. The restriction on L implies
that D(px, py) > 0. We conclude that if [p, q]γ is a subsegment of γ that is
maximal with respect inclusion among subsegments for which D takes non-
positive values on the endpoints, then Ld(p, q) = |[p, q]γ |. We consider several
cases. Each carries the additional assumption that we are not in one of the
previous cases.

Case 0: D is non-negative. Set γ′ := γ, which is an (L, 0)–quasi-geodesics by
definition of D.

Case 1: D takes a non-positive value on [px, x]γ × [y, py]γ . In this case there
exist points x′ ∈ [px, x] and y′ ∈ [py, y] such that the segment [x′, y′]γ is maxi-
mal with respect to inclusion among subsegments of γ with the property that
D takes non-positive values on endpoints. Define γ′ by replacing [x′, y′]γ by
some geodesic segment with the same endpoints; γ′ := [px, x

′]γ [x′, y′][y′, py]γ .
We claim that γ′ is an (L, 0)–quasi-geodesic. Since γ′ is a concatenation of
geodesic segments, it suffices to check that points on distinct segments are suf-
ficiently far apart. We check distances between arbitrary points x′′ ∈ [px, x

′]γ′ ,
z ∈ [x′, y′]γ′ , and y′′ ∈ [y′, py]γ′ .

Suppose, for contradiction, that Ld(x′′, y′′) < |[x′′, y′′]γ′ |. Since [x′, y′]γ has
been replaced by a geodesic segment, Ld(x′′, y′′) < |[x′′, y′′]γ′ | 6 |[x′′, y′′]γ |, so
D(x′′, y′′) < 0. Since D(x′, y′) = 0 we have x′′ ∈ [px, x

′)γ or y′′ ∈ (y′, py]γ ,
but then [x′′, y′′]γ is a subsegment of γ strictly containing [x′, y′]γ such that
D takes a non-positive value on its endpoints. This contradicts maximality of

[x′, y′]γ among such subsegments, so d(x′′, y′′) ≥ |[x
′′,y′′]γ′ |
L .

Suppose, for contradiction, that Ld(x′′, z) < |[x′′, z]γ′ |. This implies x′′ 6= x′,
because x′ and z lie on a geodesic subsegment of γ′. We estimate:

d(x′′, y′) 6 d(x′′, z) + d(z, y′)

<
|[x′′, z]γ′|

L
+ d(z, y′)

=
d(x′′, x′) + d(x′, z)

L
+ d(x′, y′)− d(x′, z)

=
|[x′′, x′]γ |

L
+
|[x′, y′]γ |

L
−
(
L− 1

L

)
d(x′, z)

6
|[x′′, y′]γ |

L

Since x′′ ∈ [px, x
′)γ , we have exhibited a subsegment [x′′, y′]γ strictly containing

[x′, y′]γ such that D takes a non-positive value on its endpoints. This contra-

dicts maximality of [x′, y′]γ among such subsegments, so d(x′′, z) >
|[x′′,z]γ′ |

L .
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A symmetric argument shows d(y′′, z) >
|[y′′,z]γ′ |

L , so γ′ is an (L, 0)–quasi-
geodesic.

Case 2: D takes a non-positive value on an element of [px, x]γ × (x, y]γ . Let
[x′, qx]γ be a subsegment of γ maximal with respect to inclusion among subseg-
ments for which D takes non-positive values on endpoints, with x′ ∈ [px, x]γ .
Since we are not in Case 1, qx ∈ (x, y)γ . Now consider whether or not [qx, py]γ
is an (L, 0)–quasi-geodesic. If so, define γ′ := [px, x

′]γ [x′, qx][qx, py]γ . Other-
wise, D takes a negative value on an element of [qx, y)γ × (y, py]γ . Let [qy, y

′]γ
be a maximal subsegment of [qx, py]γ , with qy ∈ [qx, y)γ and y′ ∈ (y, py] on
which D takes non-positive values on endpoints. We claim that qy ∈ (qx, y)γ
and D(qy, y

′) = 0, because if D(qy, y) < 0 and qy 6= qx then we can enlarge
the subsegment, contradicting maximality, while if qy = qx then D(x′, y′) 6 0,
contradicting the assumption that we are not in Case 1.
In either of these cases, we claim γ′ is an (L, 0)–quasi-geodesic. This follows by
verifying that the distance between points in distinct geodesic components of
γ′ have distance at least equal to the length of the subsegment of γ′ they bound
divided by L. The strategy is to suppose D attains a strictly negative value
and then either derive a contradiction to maximality of [x′, qx]γ or [qy, y

′]γ or
to the assumption that we are not Case 1. The arguments are substantially
similar to the computations in Case 1 and are left to the reader.

Case 3: D takes a non-positive value on an element of [x, y)γ × [y, py]γ. The
argument here is symmetric to the subcase of Case 2 in which only a corner at
x is cut short.

We have shown how to produce an (L, 0)–quasi-geodesic γ′ from γ. We now
proceed to show ρ(r) 6 ρ′(r) for any r such that ρ(r) > 0. Since ρ(r) > 0 there
exist x and y such that d(x, y) 6 d(x, Y ) 6 r and diamπǫY (x) ∪ πǫY (y) > 2

3ρ(r).
Choose px ∈ πǫY (x), py ∈ πǫY (y) such that d(px, py) >

2
3ρ(r).

Let γ := [px, x][x, y][y, py]. Let L := 12r+6ǫ
ρ(r) > 2 |γ|

d(px,py)
, and let γ′ be the

(L, 0)–quasi-geodesic produced from γ as above. By the Morse hypothesis, γ′

is contained in the µ(L)–neighborhood of Y .

Case a: γ′ comes from Case 0 or Case 3. In this case x ∈ γ′, so d(x, Y ) 6 µ(L),
so ρ(r) < 3

2d(px, py) 6 3
2 (4µ(L) + 2ǫ).

Case b: γ′ comes from Case 1. In this case px ∈ πǫY (x′) and py ∈ πǫY (y′), so
d(x′, px) 6 µ(L) + ǫ and d(y′, py) 6 µ(L) + ǫ. Also, by definition of L we have:

d(x′, y′) =
|[x′, y′]γ |

L
6
|γ|
L

6
4r + 2ǫ
3(4r+2ǫ)
ρ(r)

=
ρ(r)

3

Since d(px, py) > 2
3ρ(r), we conclude d(x′, px) + d(y′, py) > ρ(r)

3 , so that ρ(r) <
6µ(L) + 6ǫ.

Case c: γ′ comes from Case 2. In this case γ′ contains a geodesic segment from
a point x′ ∈ [px, x]γ to a point qx ∈ [x, y]γ . As in the previous case, d(x′, qx) =
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|[x′,qx]γ
L 6

|γ|
L 6

ρ(r)
3 . Consider a point w ∈ πǫY (qx). Since d(x, y) 6 d(x, Y ),

we have d(qx, y) 6 d(qx, Y ) 6 µ(L), which implies d(w, py) 6 4µ(L) + 2ǫ.
Thus d(px, w) > 2

3ρ(r) − (4µ(L) + 2ǫ). We also have d(x′, Y ) 6 µ(L) and
d(qx, Y ) 6 µ(L), since both these points belong to γ′, so:

ρ(r)

3
> d(x′, qx) > d(px, w)− d(x′, px)− d(qx, w) >

2

3
ρ(r) − (6µ(L) + 4ǫ)

The resulting bound on ρ(r) is the largest of the three cases, and establishes
the bound of (2), completing the proof.

5 Divergence

In this section we relate divergence to contraction and the Morse property,
thereby proving Theorem 1.5.
There is a link between the Morse property and superlinear divergence via
asymptotic cones [17]. Although this principle is well-known, there are com-
peting definitions of ‘superlinear’ and ‘divergence’, so we give a detailed proof
of Theorem 1.5 in terms of our definitions. Our analysis actually yields more.
In the introduction we claimed that for a quasi-geodesic the Morse property,
hence, sublinear contraction, is morally the opposite of high divergence. We
prove a precise technical formulation of this claim in Proposition 5.5. Roughly
speaking, the result we obtain is that if divergence of a quasi-geodesic γ is
greater than a function f then almost closest point projection to γ is (r, f−1)–
contracting.

Definition 5.1. Let X be a geodesic metric space and let γ : R → X be an
(L,A)–quasi-geodesic. Let λ ∈ (0, 1], and let κ > L+A. Let Λγ(r, s;L,A, λ, κ)
be the infimal length of a path from γ(s− r) to γ(s+ r) that is disjoint from
the ball of radius λ(L−1r − A) − κ centered at γ(s), or ∞ if no such path
exists. The (L,A, λ, κ)–divergence of γ evaluated at r is ∆γ(r;L,A, λ, κ) :=
infs Λγ(r, s;L,A, λ, κ).

Notice that if γ is a geodesic, λ := 1/2, and κ := 2 we recover the definition of
divergence we gave in the introduction.
We make the convention that ∞ 6∞.
In light of the following lemma, γ has a well defined divergence, up to equiv-
alence of functions, and we use ∆γ(r) to denote the equivalence class of
∆γ(r;L,A, λ, κ).

Lemma 5.2. Let γ be an (L,A)–quasi-geodesic. Suppose γ is also an (L′, A′)–
quasi-geodesic. Let λ, λ′ ∈ (0, 1], κ > L + A, and κ′ > L′ + A′. Then
∆γ(r;L,A, λ, κ) ≍ ∆γ(r;L′, A′, λ′, κ′).

Proof. Take 0 < M < 1 small enough that λ
L − λ′

L′M > 0. Then for any
sufficiently large C > 0 the affine function θ : r 7→Mr − C satisfies:

λ′((L′)−1θ(r) −A′)− 2κ′ 6 λ(L−1r −A)− κ

Documenta Mathematica 22 (2017) 1193–1224



1210 Arzhantseva, Cashen, Gruber, Hume

Fix s ∈ R and let P be any path from γ(s− r) to γ(s+ r) that is disjoint from
the ball of radius λ(L−1r−A)−κ centered at γ(s). By the above inequality it
is also disjoint from the ball of radius λ′((L′)−1θ(r) −A′)− 2κ′ about γ(s).
Let {x0, x1, . . . , xl} be the set [s − r, s − θ(r)] ∩ (Z ∪ {s − r, s − θ(r)}) in de-
scending order and let P− be the path from γ(s − θ(r)) to γ(s − r) obtained
by concatenating geodesics [γ(xi), γ(xi+1)]. Define a path P+ from γ(s+ r) to
γ(s+θ(r)) similarly. Since κ′ > L′+A′, the paths P− and P+ are disjoint from
the ball of radius λ′((L′)−1θ(r) − A′)− κ′ centered at γ(s).
Define P ′ to be the path from γ(s− θ(r)) to γ(s+ θ(r)) obtained by concate-
nating P−, P , and P+.
Now, for each r choose s and P so that |P | 6 1 + ∆γ(r;L,A, λ, κ). Then
∆γ(θ(r);L′, A′, λ′, κ′) 6 |P | + 2(L(r − θ(r)) + A). Since γ is quasi-geodesic,
r 6 L|P | + LA, so the right-hand side can be bounded by an affine function
of ∆γ(r;L,A, λ, κ). This proves one direction of the equivalence. The other
follows immediately by reversing the roles in the above argument.

We first give an example of the relationship between divergence and contraction.

Example 5.3. Let f(r) > r be an increasing, invertible function. Consider
the space X constructed in Example 3.4, but this time take |Ii| := 2i and
|Ji| := f(i) for i ∈ N. Let γ be a geodesic whose image is Y . Then
Λγ(i, γ−1(yi); 1, 0, 1, 1) = f(i), and this is optimal for radius i, so ∆γ ≍ f .
On the other hand, the computation of Example 3.4 shows that diamπ0

Y (xi) =
2f−1(4r). Thus, π0

Y is sublinearly contracting if and only if f−1 is sublinear,
and, in this case, it is (r, ρ)–contracting for ρ ≍ f−1.
Our next proposition proves the implication (2) =⇒ (1) of Theorem 1.5. It
also gives a quantitave link between high divergence and contraction.

Definition 5.4. We say a function g is completely super–f if for every choice
of C1 > 0, C2 > 0, C3 > 0, and C4 > 0 the collection of r ∈ [0,∞) such that
g(r) 6 C1f(C2r + C3) + C4 is bounded.

Proposition 5.5. Let γ be a quasi-geodesic in a geodesic metric space X.
Suppose the empty set is not in the image of πǫγ . Let f(r) > r be an increasing,
invertible function. If γ has completely super–f divergence, then there exists a

function ρ such that πǫγ is (r, ρ)–contracting and limr→∞
ρ(r)
f−1(r) = 0.

In particular, if γ has completely superlinear divergence then there exists a
sublinear function ρ such that πǫγ is (r, ρ)–contracting.

Proof. Let γ be an (L,A)-quasi-geodesic. Define:

ρ(r) := sup
d(x,y)6d(x,γ)6r

diamπǫγ(x) ∪ πǫγ(y)

To see that πǫγ is (r, ρ)–contracting we must show that ρ is sublinear. Since
f(r) > r, it suffices to prove the second claim:

lim
r→∞

ρ(r)

f−1(r)
= 0
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Suppose for a contradiction that lim supr→∞
ρ(r)
f−1(r) > 0. Then there exist

c > 0; sequences (xn) and (yn) with xn, yn ∈ X , d(xn, γ) > n, and d(xn, yn) 6
d(xn, γ); and x′n ∈ πǫγ(xn) and y′n ∈ πǫγ(yn) such that:

cf−1(d(xn, γ)) 6 d(x′n, y
′
n) (3)

Let an and bn be such that γ(an−bn) = x′n and γ(an+bn) = y′n. Define mn :=
γ(an) and Rn := bn

L −A. Since γ is an (L,A)–quasi-geodesic, d(mn, {x′n, y′n}) >
Rn and bn >

d(x′
n,y

′
n)−A

2L . By (3) and the facts that f−1 is unbounded and
increasing, limn→∞Rn =∞.
Choose 0 < λ < 1

4 and κ := L+A.
If there is a geodesic from xn to yn containing a point z such that d(z,mn) 6
λRn, then:

Rn 6 d(y′n,mn)

6 d(y′n, yn) + d(yn, z) + d(z,mn)

6 d(yn, γ) + ǫ+ d(yn, z) + d(z,mn)

6 ǫ+ 2(d(yn, z) + d(z,mn))

6 ǫ+ 2λRn + 2d(yn, z)

= ǫ+ 2λRn + 2(d(xn, yn)− d(z, xn))

6 ǫ+ 2λRn + 2(d(xn, γ)− (d(xn, γ)− λRn))

= ǫ+ 4λRn

Thus, Rn 6 ǫ
1−4λ .

If there is a geodesic from xn to x′n or from yn to y′n containing a point z such
that d(z,mn) 6 λRn, then a similar argument shows Rn 6 ǫ

1−2λ .
Since Rn → ∞, for all sufficiently large n and any choice of path pn that is
a concatenation of geodesics [x′n, xn], [xn, yn], [yn, y

′
n], the path pn remains

outside the ball of radius λRn about mn. This gives us a path of length at
most 4d(xn, γ) + 2ǫ from γ(an− bn) to γ(an+ bn) that remains outside the ball
of radius λ

(
bn
L −A

)
about γ(an).

On the other hand, (3) implies:

d(xn, γ) 6 f

(
1

c
d(x′n, y

′
n)

)
6 f

(
2bnL+A

c

)

We conclude that for all sufficiently large n the (L,A, λ, κ)–divergence of γ
evaluated at bn is at most 2ǫ+ 4f

(
2bnL+A

c

)
, which contradicts the hypothesis

that the divergence is completely super–f .

The previous result can be strengthened to the statement:

Proposition 5.6. Let f be an increasing, invertible, completely superlinear
function satisfying the following additional condition:

For every C there exists some D such that for all r > 1 and k > D we
have f(kr) > Cf(Cr + C) + C.

(∗)
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If the divergence of γ is at least f then γ is (r, ρ)–contracting for some function
ρ � f−1.
Proof. For a contradiction we suppose that ρ 6� f−1 and replace (3) with
d(x′n, y

′
n) > nf−1(d(xn, γ)). Using the same method as in the proof of

Proposition 5.5, we deduce that for all sufficiently large n the (L,A, λ, κ)–
divergence of γ evaluated at bn is at most 2ǫ + 4f

(
2bnL+A

n

)
. Thus, f(bn) 6

2ǫ + 4f
(
2bnL+A

n

)
. Let cn := bn/n and M := max{2ǫ, 4, 2L,A}. Then, since f

is increasing:
f(ncn) 6Mf(Mcn +M) +M (4)

The left-hand side is unbounded as n grows, so we immediately obtain a con-
tradiction if the sequence (cn)n∈N is bounded. If the sequence is unbounded
then, by passing to a subsequence, we may assume cn > 1 for all n. In this
case the inequality (4) holds for all n, which contradicts condition (∗).

Suitable functions f for Proposition 5.6 include f(r) := rd, rd/ log(r), r log(r)

and dr for any d > 1. The function f(r) := 22
21+⌊log2 log2 r⌋

is completely

superlinear, but does not satisfy (∗), since f(n22
n−1

) = f(22
n−1

) for all n ∈ N.

Corollary 5.7. If a quasi-geodesic γ has divergence at least rk then γ is
(r, r1/k)–contracting. If it has exponential divergence, then γ is logarithmically
contracting. Finally, if it has infinite divergence, then it is strongly contracting.

Here infinite divergence means ∆γ(r) =∞ for all r large enough. Example 5.3
shows these conclusions are optimal.

We now address the implication (1) =⇒ (2) of Theorem 1.5. In this direction
we can show that the Morse property implies completely superlinear divergence,
but we do not get explicit control of the divergence function in terms of the
Morse function, see Proposition 5.10.
There is one special case in which we can say more. Charney and Sultan [13]
recently gave a proof5 that if α is a Morse geodesic in a CAT(0) space then
α has at least quadratic divergence. Essentially the same argument gives a
general result:

Proposition 5.8. Let α be a geodesic in a geodesic metric space X. If α is
(ρ1, ρ2)–contracting with ρ2 bounded, then ∆α(r) � rρ1(r).

Lemma 5.9. Let X be a geodesic metric space. Let a, b, c, d ∈ X and r > 0
satisfy the following conditions:

1. d(a, d) > r

2. There exists a path γ from a to d passing through b and c such that the
length of γ is at most Cr and such that [a, b]γ, [b, c]γ, and [c, d]γ are
continuous (L, 0)–quasi-geodesics.

5The original proof of this fact is due to Behrstock and Druţu [6], by different methods.
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3. The path γ does not contain a point within distance λr of e, where e is
the midpoint of a geodesic from a to d.

For any L′ > max{L,C,C/λ} > 1 there exists a continuous (L′, 0)–quasi-
geodesic γ′ from a to d of length at most |γ| such that γ′ does not contain a
point within distance λr/2 of e.

Proof. The construction of γ′ is exactly as in Proposition 4.2 with L replaced
by L′. This involves finding points p and q on γ such that L′d(p, q) = |[p, q]γ |
and replacing [p, q]γ by a geodesic with the same endpoints. Now, d(p, q) 6

|γ|/L′ < λr, so for any point z on a newly introduced geodesic segment we
have d(z, e) > d(γ, e)− d(p, q)/2 > λr/2.

Proposition 5.10. Let γ be a Morse quasi-geodesic in a geodesic metric space
X. Then the divergence of γ is completely superlinear.

Proof. We prove the contrapositive. Let γ be an (L,A)–quasi-geodesic and
suppose its divergence is not completely superlinear. Then there exists C > 0
for which there exists an unbounded sequence of numbers rn > 1 and paths pn
such that:

1. There exists a sequence of real numbers sn such that the endpoints of pn
are xn = γ(sn − rn) and yn = γ(sn + rn).

2. |pn| 6 Crn.

3. pn does not intersect the ( rn2L −A)–neighborhood of γ(sn).

We may assume all rn > 4AL so point (3) can be replaced by:

3′. pn does not intersect the ( rn4L)–neighborhood of mn := γ(sn).

Our goal is to construct uniform quasi-geodesics γn from xn to yn that avoid
increasingly large balls around mn.
Set xn,0 := xn and define xn,1 to be the last point on pn for which we have
d(xn,0, xn,1) = rn/8L.
Similarly define xn,i to be yn if d(xn,i−1, yn) < rn/4L or to be the last point
on pn satisfying d(xn,i−1, xn,i) = rn/8L otherwise.
Note that yn = xn,kn for some kn 6 8CL. By construction, if i 6= j then
d(xn,i, xn,j) > rn/8L.
Let γ1n be a concatenation of geodesics [xn,0, xn,1] . . . [xn,kn−1, yn]. We have
that |γ1n| 6 Crn and d(γ1n,mn) > rn/8L.
Applying Lemma 5.9 for each 1 6 i 6 ⌊kn/3⌋ there are (L2, 0)–quasi-geodesics
(where L2 does not depend on n) from xn,3(i−1) to xn,3i such that the concate-
nation γ2n of these with [xn,3⌊kn/3⌋, yn]γ1

n
satisfies d(γ2n,mn) > rn/16L.

Repeating this procedure at most d = ⌈log3 8CL⌉ times we obtain an (Ld, 0)
quasi-geodesic γdn from xn to yn satisfying d(γdn,mn) > rn/(2

d+2L). Again, Ld
does not depend on n.
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If γ is µ–Morse, then the γdn are µ′–Morse for some µ′ that does not depend
on n. Then d(γdn,mn) 6 µ′(K,C), which is bounded, contradicting the lower
bound above.

A finitely generated group is called constricted if all of its asymptotic cones
have cut points [18].

Corollary 5.11. Suppose there exists a quasi-geodesic γ with completely
superlinear divergence in a geodesic metric space X. In every asymptotic cone
of X every point of the ultralimit of γ is a cut point.

In particular, a finitely generated group is constricted if one of its Cayley graphs
contains a quasi-geodesic with completely superlinear divergence.

Olshanskii, Osin, and Sapir [26, Corollary 6.4] build a group that has an asymp-
totic cone with no cut point such that the group has a Cayley graph with
geodesics of superlinear divergence. These geodesics are therefore not Morse.
They explicitly state that their construction yields geodesics that are not com-
pletely superlinear. Corollary 5.11 shows that this will be the case in any such
construction.

6 Robustness

Suppose that πǫY is (ρ1, ρ2)–contracting. In this section we investigate the
extent to which ρ2 is affected by changes to ρ1, ǫ, or Y .

Clearly πǫY is (ρ′1, ρ2)–contracting for ρ′1 6 ρ1. From Theorem 1.4 we know
that πǫY is (r, ρ′2)–contracting for some ρ′2 depending on ρ1 and ρ2. For this ρ′2,
it follows that πǫY is (ρ′1, ρ

′
2)–contracting for every ρ1 6 ρ′1 6 r.

In general ρ2 and ρ′2 are not asymptotic. For example, if πǫY is (r/2, B1)–
contracting it is (r, ρ2)–contracting for ρ2 ≍ log2, as in Proposition 3.3, but not
necessarily (r, B2)–contracting for some constantB2, by Example 3.2. One well-
known special case is that (r/M,B1)–contracting for M > 1 and B1 bounded
implies (r/2, B2)–contracting for some bounded B2, see, eg, [30].

The output contraction functions are asymptotic when the input function is
changed by an additive constant:

Lemma 6.1. If πǫY is (ρ1, ρ2)–contracting for ρ1(r) = ρ′1(r)−C, with ρ′1(r) 6 r
and C > 0, then πǫY is (ρ′1, ρ

′
2)–contracting for some ρ′2 ≍ ρ2.

Proof. Let C′ := sup{r | ρ1(r) 6 C}. Suppose that x and y are points with
d(x, y) 6 ρ′1(d(x, Y )). If d(x, y) 6 ρ1(d(x, Y )) = ρ′1(d(x, Y ))− C then we have
diamπǫY (x) ∪ πǫY (y) 6 ρ2(d(x, Y )). Otherwise, let z be a point on a geodesic
from x to y such that d(x, z) = ρ1(d(x, Y )). This implies d(y, z) 6 C. Now:

diamπǫY (x) ∪ πǫY (y) 6 diamπǫY (x) ∪ πǫY (z) + diamπǫY (z) ∪ πǫY (y)

6 ρ2(d(x, Y )) + diamπǫY (z) ∪ πǫY (y)
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If d(z, y) > ρ1(d(z, Y )) then d(z, Y ) 6 C′, so diamπǫY (z)∪πǫY (y) 6 2(C+C′+ǫ).
If d(z, y) 6 ρ1(d(z, Y )) then diamπǫY (z) ∪ πǫY (y) 6 ρ2(d(z, Y )) 6 ρ2(2d(x, Y )).
Combining these cases, we see that d(x, y) 6 ρ1(d(x, Y )) implies:

diamπǫY (x) ∪ πǫY (y) 6 ρ2(d(x, Y )) + ρ2(2d(x, Y )) + 2(C + C′ + ǫ)

Thus, it suffices to take ρ′2(r) := 2ρ2(2r) + 2(C + C′ + ǫ).

Next, consider changes to the projection parameter.

Lemma 6.2. Suppose ǫ0 and ǫ1 are constants such that the empty set is nei-
ther in the image of πǫ0Y : X → 2Y nor in the image of πǫ1Y : X → 2Y . If
πǫ0Y is (ρ1, ρ2)–contracting then there exist ρ′1 and ρ′2 such that πǫ1Y is (ρ′1, ρ

′
2)–

contracting. If ǫ1 6 ǫ0 or if ρ1(r) := r then we can take ρ′1 = ρ1 and ρ′2 ≍ ρ2.

Proof. When ǫ1 6 ǫ0 we have πǫ1Y (x) ⊂ πǫ0Y (x), so the result is clear. In this
case ρ′1 = ρ1 and ρ′2 = ρ2 will suffice.
The fact that πǫ1Y is sublinearly contracting follows from Theorem 1.4, since Y
is Morse. It remains only to prove the asymptotic statement in the case that
ρ1(r) := r, so suppose πǫ0Y is (r, ρ2)–contracting.
For any x ∈ X r Y and each i ∈ {0, 1}, consider a point xi ∈ πǫiY (x) and a
point zi on a geodesic from x to xi with d(x, zi) = d(x, Y ). Then:

d(x0, x1) 6 d(x0, z0) + d(z0, π
ǫ0
Y (z0)) + diamπǫ0Y (z0) ∪ πǫ0Y (x)

+ diamπǫ0Y (x) ∪ πǫ0Y (z1) + d(πǫ0Y (z1), z1) + d(z1, x1)

6 ǫ0 + 2ǫ0 + ρ2(d(x, Y )) + ρ2(d(x, Y )) + ǫ0 + ǫ1 + ǫ1

= 4ǫ0 + 2ǫ1 + 2ρ2(d(x, Y ))

If d(x, y) 6 d(x, Y ) then:

diamπǫ1Y (x) ∪ πǫ1Y (y) 6 diamπǫ1Y (x) ∪ πǫ0Y (x) + diamπǫ0Y (x) ∪ πǫ0Y (y)

+ diamπǫ0Y (y) ∪ πǫ1Y (y)

6 4ǫ0 + 2ǫ1 + 2ρ2(d(x, Y )) + ρ2(d(x, Y ))

+ 4ǫ0 + 2ǫ1 + 2ρ2(d(y, Y ))

Since d(y, Y ) 6 2d(x, Y ), this means that πǫ1Y is (r, ρ′2)–contracting for:

ρ′2(r) := 8ǫ0 + 4ǫ1 + 3ρ2(r) + 2ρ2(2r) ≍ ρ2(r)

Finally, consider changes to the target of the projection map.

Lemma 6.3. Let Y and Y ′ be subspaces of a geodesic metric space X at bounded
Hausdorff distance from one another. Suppose that πǫY is (ρ1, ρ2)–contracting.
Then πǫY ′ is (r, ρ′2)–contracting for some ρ′2. If ρ1(r) = r then we can take
ρ′2 ≍ ρ2.
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Proof. Let C be the Hausdorff distance between Y and Y ′.
For every x ∈ X we have πǫY ′(x) ⊂ NC(πǫ+2C

Y (x)). The result now follows
easily from Lemma 6.2.

In light of Lemma 6.2, we can speak of the set Y being a contracting set if
some ǫ–closest point projection to Y is contracting.

Definition 6.4. We say Y is (ρ1, ρ2)–contracting if there exists an ǫ > 0 such
that the ǫ–closest point projection πǫY : X → 2Y is (ρ1, ρ2)–contracting.
Equivalently, Y is (ρ1, ρ2)–contracting if for all sufficiently small ǫ > 0, if πǫY
does not have the empty set in its image, then πǫY is (ρ1, ρ2)–contracting.

7 Geodesic image theorem

In this section we give an additional characterization of sublinear contraction
in terms of projections of geodesic segments.

Theorem 7.1. Let Y be a subspace of a geodesic metric space X. Suppose the
empty set is not in the image of πǫY . The following are equivalent:

1. There exist a sublinear function ρ and a constant C > 0 such that
for every geodesic segment γ ⊂ X, with endpoints denoted x and y, if
d(γ, Y ) > C then diamπǫY (γ) 6 ρ(max{d(x, Y ), d(y, Y )}).

2. There exist a sublinear function ρ′ and a constant C′ > 0 such that
for every geodesic segment γ ⊂ X, if d(γ, Y ) > C′ then diamπǫY (γ) 6

ρ′(maxz∈γ d(z, Y )).

3. There exists a sublinear function ρ′′ such that πǫY is (r, ρ′′)–contracting.

Moreover, ρ ≍ ρ′ ≍ ρ′′.

See Figure 3, letting γ be a subsegment of ∪iWi.
The case that Y is strongly contracting, that is, ρ′′ is bounded, recovers the
well-known ‘Bounded Geodesic Image Property’, cf [23, 8].

Corollary 7.2. If Y is strongly contracting, R2 > 1 is a constant greater than
twice the bound on the contraction function for Y , and γ is a geodesic segment
that does not enter the R2–neighborhood of Y then diamπǫY (γ) is bounded, with
bound depending only on ǫ and ρ′′.

Alternatively, one could read Theorem 7.1 as saying that if πǫY is sublinearly
contracting and γ is a geodesic ray that is far from Y , but such that πǫY (γ) is
large, then d(γ(t), Y ) grows superlinearly with respect to diamπǫY (γ([0, t])).

Proof of Theorem 7.1.
(1) =⇒ (3): Define ρ1(r) := r − C and ρ2(r) = ρ(2r − C). By Lemma 6.1, it
suffices to show that πǫY is (ρ1, ρ2)–contracting.
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Suppose x and y are points of X with d(x, y) 6 ρ1(d(x, Y )), and let γ be a
geodesic from x to y. Then γ remains outside the C–neighborhood of Y , by
the definition of ρ1, so:

diamπǫY (x) ∪ πǫY (y) 6 diamπǫY (γ)

6 ρ(max{d(x, Y ), d(y, Y )})
6 ρ(2d(x, Y )− C) = ρ2(d(x, Y ))

This proves (1) =⇒ (3), and a similar argument proves (2) =⇒ (3).

Now assume (3). If d(x, y) 6 d(x, Y ) + d(y, Y ) then both (1) and (2) follow
easily, so assume not. Let z0 be the point of γ at distance d(x, Y ) from x. Our
assumption says d(z0, y) > d(y, Y ). Define points zi+1 inductively as follows:
if d(zi, y) > d(y, Y ) + d(zi, Y ) define zi+1 to be the point of γ between zi and
y at distance d(zi, Y ) from zi. Let k be the last index so defined. From these
choices we estimate:

diamπǫY (γ) 6 diamπǫY (Nd(x,Y )(x)) +

k∑

i=0

diamπǫY (Nd(zi,Y )(zi))

+ diamπǫY (Nd(y,Y )(y))

6 2

(
ρ′′(d(x, Y )) +

k∑

i=0

ρ′′(d(zi, Y )) + ρ′′(d(y, Y ))

)
(5)

Since γ is a geodesic:

d(x, y) = d(x, z0) +

k−1∑

i=0

d(zi, zi+1) + d(zk, y)

= d(x, Y ) +

k−1∑

i=0

d(zi, Y ) + d(zk, y) (6)

We can also bound d(x, y) in terms of the projections to Y :

d(x, y) 6 d(x, πǫY (x)) + diamπǫY (x) ∪ πǫY (y) + d(πǫY (y), y)

6 d(x, πǫY (x)) + diamπǫY (x) ∪ πǫY (z0) +
k−1∑

i=0

diamπǫY (zi) ∪ πǫY (zi+1)

+ diamπǫY (zk) ∪ πǫY (y) + d(πǫY (y), y)

6 d(x, Y ) + ǫ+ ρ′′(d(x, Y )) +

k−1∑

i=0

ρ′′(d(zi, Y )) (7)

+ ρ′′(d(zk, Y )) + ρ′′(d(y, Y )) + d(y, Y ) + ǫ
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Combining (6) and (7) gives us the estimate:

k−1∑

i=0

d(zi, Y )− ρ′′(d(zi, Y )) 6

2ǫ+ ρ′′(d(x, Y )) + ρ′′(d(zk, Y )) + ρ′′(d(y, Y )) + d(y, Y )− d(zk, y) (8)

Define Rn > 0 such that for all r > Rn we have 0 6 ρ′′(r) 6 r/n. Suppose
that d(γ, Y ) > R2 so that d(zi, Y )−ρ′′(d(zi, Y )) > ρ′′(d(zi, Y )) for all i. These
bounds, along with (8), (5), and E := d(zk, y)− d(y, Y ) give:

diamπǫY (γ) 6 2
(
2
(
ǫ+ ρ′′(d(x, Y )) + ρ′′(d(zk, Y )) + ρ′′(d(y, Y ))

)
− E

)

By construction, E > 0, so to prove (2) it suffices to take C′ := R2 and
ρ(r) := 4ǫ+ 12ρ′′(r).
To prove (1) we suppose d(γ, Y ) > C := R4 > R2 and bound 2ρ′′(d(zk, Y ))−E
in terms of ρ′′(d(y, Y )). There are two cases to consider. If d(zk, Y ) 6 4d(y, Y )
then 2ρ′′(d(zk, Y ))−E 6 2ρ′′(4d(y, Y )). Otherwise, d(zk, Y ) > 4d(y, Y ) implies
E > d(zk, Y )/2, so:

2ρ′′(d(zk, Y ))− E < 2
d(zk, Y )

4
− d(zk, Y )

2
= 0

Thus, it suffices to take ρ′(r) := 4ǫ+ 12ρ′′(4r).

8 Further applications

First, we prove a general result.

Proposition 8.1. Let X be a geodesic metric space. Suppose subspaces Y and
Y ′ of X are µ–Morse. Let ǫ > 0 be a constant such that there exist points
p ∈ Y and p′ ∈ Y ′ such that d(p, p′) 6 d(Y, Y ′)+ ǫ. Then there exist a constant
B and a sublinear function ρ, each depending only on µ and ǫ, satisfying the
following conditions:

• If d(Y, Y ′) 6 2µ(4, 0) then Y ∪ Y ′ is B–quasi-convex.

• If d(Y, Y ′) > 2µ(4, 0) then for every geodesic α from Y to Y ′ with
|α| 6 d(Y, Y ′) + ǫ and every geodesic γ from Y to Y ′ we have d(α, γ) <
ρ(d(Y, Y ′)).

Proof. Take geodesics α and γ as hypothesized. Let β be a geodesic from
α to γ with |β| = d(α, γ). See Figure 5. Let δ := [p, x]αβ[y, q]γ and δ′ :=
[p′, x]αβ[y, q′]γ . (Recall that [p, x]α denotes the subsegment of α from p to x.)
Suppose that δ fails to be a (k, 0)–quasi-geodesic for some k > 3. Both [p, x]αβ
and β[y, q]γ are (3, 0)–quasi-geodesics, by minimality of d(x, y), so there exist
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Y Y ′

α

γ

β

p

q q′

p′
u u′x

y

v v′

Figure 5: Setup for Proposition 8.1

points u ∈ [p, x]α and v ∈ [y, q]γ such that kd(u, v) < d(u, x) + d(x, y) + d(y, v).
Now, d(v, y) 6 d(v, u) + d(u, x) + d(x, y), so:

(k − 1)d(x, y) 6 (k − 1)d(u, v) < 2(d(u, x) + d(x, y))

Whence:

d(α, γ) = d(x, y) <
2d(u, x)

k − 3
6

2|α|
k − 3

6
2(d(Y, Y ′) + ǫ)

k − 3
(9)

If d(Y, Y ′) 6 2µ(4, 0) and δ is not a (4, 0)–quasi-geodesic then d(α, γ) <
4µ(4, 0) + 2ǫ, by (9). This means [y, q]γ is a geodesic with one endpoint on
Y and one within distance 6µ(4, 0) + 2ǫ of Y . Since Y is µ–Morse there is
a B0 depending on µ such that such a geodesic segment is contained in the
B0–neighborhood of Y .
If δ is a (4, 0)–quasi-geodesic it is contained in the µ(4, 0)–neighborhood of Y .
The same arguments apply for δ′, and γ ⊂ δ ∪ δ′, so if d(Y, Y ′) 6 2µ(4, 0) then
Y ∪ Y ′ is B–quasi-convex for B := max{B0, µ(4, 0)}.
Now suppose d(Y, Y ′) > 2µ(4, 0). Then δ and δ′ cannot both be (4, 0)–quasi-
geodesics. By (9):

d(α, γ) <
2(d(Y, Y ′) + ǫ)

sup{k ∈ R | δ or δ′ is not a (k, 0)–quasi-geodesic} − 3

6
2(d(Y, Y ′) + ǫ)

sup{k ∈ R | d(Y, Y ′) > 2µ(k, 0)} − 3

Define:

ρ(r) :=
2(r + ǫ)

sup{k ∈ R | r > 2µ(k, 0)} − 3

We interpret ρ(r) to be 0 if {2µ(k, 0)}k∈R is bounded above by r. For r > ǫ we
have:

ρ(r)

r
6

4

sup{k ∈ R | r > 2µ(k, 0)} − 3
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The denominator is unbounded and non-decreasing as a function of r, so we

have limr→∞
ρ(r)
r = 0.

We first give an application of the second part of Proposition 8.1.

Proposition 8.2. Let X be a geodesic metric space and let Y and Y ′ be µ–
Morse subspaces of X. Let ǫ > 0 be a constant such that the image of πǫY does
not contain the empty set, and such that there exist points p ∈ Y and p′ ∈ Y ′
such that d(p, p′) 6 d(Y, Y ′) + ǫ.
Suppose d(Y, Y ′) > 2µ(6, 0). Then there is a sublinear function ρ depending
only on µ such that diamπǫY (Y ′) 6 ρ(d(Y, Y ′)).

Proof. Since Y is µ–Morse, there is a sublinear function ρ′ depending only on
µ such that Y is (r, ρ′)–contracting, by Proposition 4.2.
Note that p ∈ πǫY (p′). Choose q′ ∈ Y ′ and q ∈ πǫY (q′). Let γ be a geodesic
from q to q′, let α be a geodesic from p to p′, and let x ∈ α and y ∈ γ be points
such that d(x, y) = d(α, γ). The setup is the same as in Proposition 8.1, and
we make the corresponding definitions of δ, δ′, etc.
Suppose δ′ is not a (5, 0)–quasi-geodesic. Define u′ and v′ as in Proposition 8.1,
so that d(u′, x) + d(x, y) + d(y, v′) > 5d(u′, v′). We have p ∈ πǫY (u′) and
q ∈ πǫY (v′). By definition of x and y, we know d(x, y) 6 d(u′, v′), so d(u′, x) +
d(y, v′) > 4d(u′, v′). In particular, we have 2d(u′, v′) < d(u′, x) or 2d(u′, v′) <
d(v′, y). We suppose the former, the other case being similar.
First, suppose that d(u′, Y ) < ǫ. Then:

d(p, q) 6 d(p, v′) + d(v′, q)

6 2d(p, v′) + ǫ

6 2(d(p, u′) + d(u′, v′)) + ǫ

6 2d(p, u′) + d(u′, x) + ǫ

6 3(d(u′, Y ) + ǫ) + ǫ < 7ǫ

Otherwise, if d(u′, Y ) > ǫ, then we have:

d(u′, v′) <
1

2
d(u′, x) 6

1

2
(d(u′, Y ) + ǫ) 6 d(u′, Y )

By the contraction property:

d(p, q) 6 diamπǫY (u′) ∪ πǫY (v′) 6 ρ′(d(u′, Y )) 6 ρ′(d(Y, Y ′) + ǫ)

Suppose instead that δ′ is a (5, 0)–quasi-geodesic. Then δ is not a (6, 0)–quasi-
geodesic, since d(Y, Y ′) > 2µ(6, 0). By (9) we have:

d(x, y) <
2

3
(d(x, u)) 6

2

3
(d(x, Y ) + ǫ)

If d(x, Y ) 6 2ǫ it follows that d(x, y) 6 2ǫ. Thus d(y, Y ) 6 d(y, x) + d(x, Y ) 6
4ǫ, and:

d(p, q) 6 d(q, y) + d(y, x) + d(x, p) 6 d(y, Y ) + ǫ+ 2ǫ+ d(x, Y ) + ǫ 6 10ǫ
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Otherwise d(x, Y ) > 2ǫ and it follows that d(x, y) 6 d(x, Y ). We then use the
contraction property to see:

d(p, q) 6 diamπǫY (x) ∪ πǫY (y) 6 ρ′(d(x, Y )) 6 ρ′(d(Y, Y ′) + ǫ)

Since q′ was an arbitrary point in Y ′ and q was an arbitrary point of πǫY (q′),
we conclude diamπǫY (Y ′) 6 2(ρ′(d(Y, Y ′) + ǫ) + 10ǫ).

We also have the following applications of the first part of Proposition 8.1:

Corollary 8.3. A geodesic triangle in which two of the sides are µ–Morse is
δ–thin, with δ depending only on µ.

Corollary 8.4. Suppose X is a geodesic metric space and P is a collection of
(ρ1, ρ2)–contracting paths such that for every pair of points x, y ∈ X there exists
a γ ∈ P with endpoints x and y. Then X is δ–hyperbolic, with δ depending
only on ρ1 and ρ2.

Corollary 8.4 is an analogue of [22, Theorem 2.3], which is roughly the same
statement when the paths in P are all semi-strongly contracting with uniform
contraction parameters.

Corollary 8.5. Let G be a group generated by a finite set S. Suppose there
exist functions ρ1 and ρ2 and, for each g ∈ G, a path αg from 1 to g in
Cay(G,S) that is (ρ1, ρ2)–contracting. Then G is hyperbolic.

We must assume uniform contraction in Corollary 8.5, even for finitely pre-
sented groups. Druţu, Mozes, and Sapir [17] show that if H is a finitely gener-
ated subgroup of a finitely generated group G and h ∈ H is a Morse element
in G, that is, 〈h〉 is Morse in some, hence, every, Cayley graph of G, then h is
a Morse element in H . Thus, if H is a finitely generated subgroup of a torsion-
free hyperbolic group then every element of H is Morse. However, Brady [9]
constructed an example of a finitely presented subgroup H of a torsion-free
hyperbolic group G such that H is not hyperbolic.
Fink [20] claims that if all geodesics in a homogeneous proper geodesic metric
space are Morse, then the space is hyperbolic. First is an assertion, [20, Propo-
sition 3.2], that if every geodesic is Morse then the collection of geodesics is
uniformly Morse, ie, there exists a µ such that every geodesic is µ–Morse. Then
an asymptotic cone argument is used to conclude the space is hyperbolic. This
second step can now be accomplished via our Corollary 8.4 without resort to
the asymptotic cone machinery.
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1. Introduction

In the context of ordinary category theory, Grothendieck’s theory of fibra-
tions [Gro63] can be used to give an alternative description of functors to the
category Cat of categories. This has been useful, for example, in the theory
of stacks in algebraic geometry, as the fibration setup is usually more flexible.
When working with ∞-categories, however, the analogous notion of Cartesian
fibrations is far more important: since defining a functor to the ∞-category
Cat∞ of∞-categories requires specifying an infinite amount of coherence data,
it is in general not feasible to “write down” definitions of functors, so that ma-
nipulating Cartesian fibrations is often the only reasonable way to define key
functors.
For ordinary categories, the Grothendieck construction gives a simple descrip-
tion of the fibration classified by a functor F : Cop → Cat; this can also be
described formally as a certain weighted colimit, namely the lax colimit of the
functor F . For∞-categories, on the other hand, the equivalence between Carte-
sian fibrations and functors has been proved by Lurie using the straightening
functor, a certain left Quillen functor between model categories. This leaves
the corresponding right adjoint, the unstraightening functor, quite inexplicit.
One of our main goals in this paper is to show that Lurie’s unstraightening
functor is a model for the ∞-categorical analogue of the Grothendieck con-
struction. More precisely, we introduce∞-categorical versions of lax and oplax
limits and colimits and prove the following:

Theorem 1.1.

(i) Suppose F : C → Cat∞ is a functor of ∞-categories, and E → C is a
coCartesian fibration classified by F . Then E is the oplax colimit of the
functor F .

(ii) Suppose F : Cop → Cat∞ is a functor of ∞-categories, and E → C is
a Cartesian fibration classified by F . Then E is the lax colimit of the
functor F .

To prove this we make use of an explicit description of the free Cartesian fibra-
tion on an arbitary functor of ∞-categories. More precisely, the ∞-category
Catcart∞/C of Cartesian fibrations over C is a subcategory of the slice ∞-category
Cat∞/C, and we show that the inclusion admits a left adjoint given by a simple
formula:

Theorem 1.2. Let C be an ∞-category. For p : E → C any functor of ∞-

categories, let F (p) denote the map E ×C{1} C∆1 → C{0} (i.e. the pullback is

along the map C∆1 → C given by evaluation at 1 ∈ ∆1 and the projection is
induced by evaluation at 0). Then F defines a functor Cat∞/C → Catcart∞/C,

which is left adjoint to the forgetful functor Catcart∞/C → Cat∞/C.

In the special case where p : E → C is a Cartesian fibration and C is an ∞-
category equipped with a “mapping ∞-category” functor MAPC : Cop × C →

Documenta Mathematica 22 (2017) 1225–1266



Lax Colimits and Free Fibrations in ∞-Categories 1227

Cat∞, such as is the case when C is the underlying ∞-category of an (∞, 2)-
category, then it is natural to ask when p is classified by a functor of the
form MAPC(−, X) : Cop → Cat∞ for some object X of C. We say that p is
2-representable when this is the case. As an application of our theorems, we
show that, if p : E → C is a 2-representable Cartesian fibration such that the
mapping ∞-category functor MAPC is tensored and cotensored over Cat∞,
and D is any ∞-category, then the exponential q : Fun(D,E) → Fun(D,C) is
itself 2-representable. This is relevant in the description of the functoriality of
twisted cohomology theories as discussed in joint work of the third author with
U. Bunke [BN14]. More precisely it describes a converse to the construction in
Section 3 and Appendix A of this paper.
The third main result of this paper provides a useful extension of the theory
of presentable ∞-categories in the context of Cartesian fibrations, generalizing
a theorem of Makkai and Paré [MP89] to the ∞-categorical context. More
precisely, we show:

Theorem 1.3. Suppose p : E → C is a Cartesian and coCartesian fibration
such that C is presentable, the fibres Ex are presentable for all x ∈ C, and the

classifying functor F : Cop → Ĉat∞ preserves κ-filtered limits for some regular
cardinal κ. Then the ∞-category E is presentable, and the projection p is an
accessible functor (i.e. it preserves λ-filtered colimits for some sufficiently large
cardinal λ).

While the theory of accessible and presentable categories is already an impor-
tant part of ordinary category theory, when working with ∞-categories the
analogous notions turn out to be indispensable. Whereas, for example, it is of-
ten possible to give an explicit construction of colimits in an ordinary category,
when working with ∞-categories we often have to conclude that colimits exist
by applying general results on presentable ∞-categories. Similarly, while for
ordinary categories one can frequently just write down an adjoint to a given
functor, for ∞-categories an appeal to the adjoint functor theorem, which is
most naturally considered in the presentable context, is often unavoidable. It
is thus very useful to know that various ways of constructing∞-categories give
accessible or presentable ones; many such results are proved in [Lur09a, §5],
and our result adds to these by giving a criterion for the source of a Cartesian
fibration to be presentable.

1.1. Overview. In §2 we briefly review the definitions of twisted arrow ∞-
categories and∞-categorical ends and coends, and use these to define weighted
(co)limits. Then in §3 we prove our main result for coCartesian fibrations over
a simplex, using the mapping simplex defined in [Lur09a, §3.2.2]. Before we
extend this result to general coCartesian fibrations we devote three sections to
preliminary results: in §4 we give a description of the free Cartesian fibration,
i.e. the left adjoint to the forgetful functor from Cartesian fibrations over C to
the slice ∞-category Cat∞/C; in §5 we prove that the space of natural trans-
formations between two functors is given by an end (a result first proved by
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Glasman [Gla16, Proposition 2.3.]), and in §6 we prove that the straightening
equivalence extends to an equivalence of the natural enrichments in Cat∞ of
the two ∞-categories involved. §7 then contains the proof of our main result:
Cartesian and coCartesian fibrations are given by weighted colimits of the clas-
sifying functors. In §8 we give a simple application of our results to functors
that are representable via an enrichment in Cat∞, and in §9 we apply them to
identify the functor classifying a certain simple Cartesian fibration; this is a key
step in our proof in §10 that the source of a presentable fibration is presentable.
Finally, in appendix A we use Duskin’s nerve for strict (2,1)-categories to check
that the pseudonaturality of the unstraightening functors on the level of model
categories implies that they are natural on the level of ∞-categories.

1.2. Notation. Much of this paper is based on work of Lurie in [Lur09a,
Lur14]; we have generally kept his notation and terminology. In particular, by
an∞-category we mean an (∞, 1)-category or more specifically a quasicategory.
We also use the following conventions, some of which differ from those of Lurie:

• Generic categories are generally denoted by single capital bold-face letters
(A,B,C) and generic ∞-categories by single caligraphic letters (A,B,C).
Specific categories and ∞-categories both get names in the normal text
font.
• If C is an ∞-category, we write ιC for the interior or underlying space of
C, i.e. the largest subspace of C that is a Kan complex.
• If f : C → D is left adjoint to a functor g : D → C, we will refer to the

adjunction as f ⊣ g.
• We write PrL for the∞-category of presentable∞-categories and functors

that are left adjoints, i.e. colimit-preserving functors, and PrR for the ∞-
category of presentable ∞-categories and functors that are right adjoints,
i.e. accessible functors that preserve all small limits.
• If C and D are ∞-categories, we will denote the ∞-category of functors
C→ D by both Fun(C,D) and DC.
• If S is a simplicial set, we write

St+S : (Set+∆)/S♯ ⇄ Fun(C(S)op, Set+∆) : Un+
S

for the marked (un)straightening Quillen equivalence, as defined in
[Lur09a, §3.2].
• We write Catcart∞/C for the subcategory of Cat∞/C consisting of Cartesian

fibrations over C, with morphisms the functors that preserve Cartesian
edges, MapCart

C (–, –) for the mapping spaces in Catcart∞/C, and Funcart
C (–, –)

for the ∞-category of functors that preserve Cartesian edges, defined as a
full subcategory of the∞-category FunC(–, –) of functors over C. Similarly,
we write Catcocart∞/C for the ∞-category of coCartesian fibrations over C,

Mapcocart
C (–, –) for the mapping spaces in Catcocart∞/C , and Funcocart

C (–, –) for

the full subcategory of FunC(–, –) spanned by the functors that preserve
coCartesian edges.
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• If C is an ∞-category, we write

StC : Catcart∞/C ⇄ Fun(Cop,Cat∞) : UnC

for the adjoint equivalence of ∞-categories induced by the
(un)straightening Quillen equivalence via [Lur09a, Proposition 5.2.4.6].
• If S is a simplicial set, we write

St+,coS : (Set+∆)/S♯ ⇄ Fun(C(S), Set+∆) : Un+,co
S

for the coCartesian marked (un)straightening Quillen equivalence, given

by St+,coS (X) := (St+Sop(Xop))op.
• If C is an ∞-category, we write

StcoC : Catcocart∞/C ⇄ Fun(C,Cat∞) : Unco
C

for the adjoint equivalence of ∞-categories induced by the coCartesian
(un)straightening Quillen equivalence.
• If C is an ∞-category, we denote the Yoneda embedding for C by

yC : C→ P(C),

where P(C) is the presheaf∞-category Fun(Cop, S) with S the ∞-category
of spaces.

1.3. Acknowledgments. David : Thanks to Joachim Kock for helpful dis-
cussions regarding free fibrations and lax colimits.
Rune: I thank Clark Barwick for helpful discussions of the presentability result
and Michael Shulman for telling me about [MP89, Theorem 5.3.4] in answer to
a MathOverflow question.
We thank Aaron Mazel-Gee and Omar Antoĺın Camarena for pointing out some
inaccuracies in the first version of this paper. We also thank an anonymous
referee for a very careful and helpful report.

2. Twisted Arrow ∞-Categories, (Co)ends, and Weighted
(Co)limits

In this section we briefly recall the definitions of twisted arrow∞-categories and
(co)ends, and then use these to give a natural definition of weighted (co)limits
in the ∞-categorical setting.

Definition 2.1. Let ǫ : ∆→∆ be the functor [n] 7→ [n] ⋆ [n]op. The edgewise
subdivision of a simplicial set S is the composite ǫ∗S = S ◦ ǫ.
Definition 2.2. Let C be an ∞-category. The twisted arrow ∞-category
Tw(C) of C is the simplicial set ǫ∗C. Thus in particular

Hom(∆n,Tw(C)) ∼= Hom(∆n ⋆ (∆n)op,C).

The natural transformations ∆•, (∆•)op → ∆• ⋆ (∆•)op induce a projection
Tw(C)→ C× Cop.
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Remark 2.3. The twisted arrow∞-category, which was originally introduced
by Joyal, has previously been extensively used by Barwick [Bar13, Bar17] and
collaborators [BGN14], and by Lurie [Lur14, §5.2.1]. By [Lur14, Proposition
5.2.1.3] the projection Tw(C) → C × Cop is a right fibration; in particular,
the simplicial set Tw(C) is an ∞-category if C is. The functor Cop × C → S

classified by this right fibration is the mapping space functor MapC(–, –) by
[Lur14, Proposition 5.2.1.11].

Warning 2.4. There are two possible conventions for defining the edgewise
subdivision (and therefore also the twisted arrow∞-category); we follow that of
Lurie in [Lur14, §5.2.1]. Alternatively, one can define the edgewise subdivision
using the functor [n] 7→ [n]op ⋆ [n], in which case Tw(C) → Cop × C is a left
fibration — this is the convention used in the papers of Barwick cited above.

Example 2.5. The twisted arrow category Tw([n]) of the category [n] is the
partially ordered set with objects (i, j) where 0 ≤ i ≤ j ≤ n and with (i, j) ≤
(i′, j′) if i ≤ i′ ≤ j′ ≤ j.
A natural definition of (co)ends in the ∞-categorical setting is then the follow-
ing.

Definition 2.6. If F : C× Cop → D is a functor of ∞-categories, the coend of
F is the colimit of the composite functor

Tw(C)→ C× Cop → D.

Similarly, if G : Cop× C→ D is a functor of ∞-categories, then the end of G is
the limit of the composite functor

Tw(C)op → Cop × C→ D.

Remark 2.7. These ∞-categorical notions of ends and coends are also dis-
cussed in [Gla16, §2]. In the context of simplicial categories, a homotopically
correct notion of coends was extensively used by Cordier and Porter [CP97];
see their paper for a discussion of the history of such definitions.

Now we can consider weighted (co)limits:

Definition 2.8. Let R be a presentably symmetric monoidal ∞-category, i.e.
a presentable ∞-category equipped with a symmetric monoidal structure such
that the tensor product preserves colimits in each variable, and let M be a right
R-module in PrL. Then M is in particular tensored and cotensored over R, i.e.
there are functors

(–⊗ –): M× R→M,

(–)(–) : Rop ×M→M,

such that for every x ∈ R the functor –⊗x : M→M is left adjoint to (–)x. Given

functors F : C→M and W : Cop → R, the W -weighted colimit colimW
C F of F is

defined to be the coend colimTw(C) F (–)⊗W (–). Similarly, given F : C→M and

W : C→ R, the W -weighted limit limW
C F of F is the end limTw(C)op F (–)W (–).
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We are interested in the case where both R and M are the∞-category Cat∞ of
∞-categories, with the tensoring given by Cartesian product and the cotensor-
ing by Fun(–, –). In this case there are two special weights for every∞-category
C: we have functors C/– : C → Cat∞ and C–/ : Cop → Cat∞ sending x ∈ C to
C/x and Cx/, respectively. Precisely, these functors are obtained by straighten-

ing the source and target projections C∆1 → C, which are respectively Cartesian
and coCartesian. Using these functors, we can define lax and oplax (co)limits:

Definition 2.9. Suppose F : C→ Cat∞ is a functor. Then:

• The oplax colimit of F is the colimit of F weighted by C–/, i.e.

colim
Tw(C)

F (–)× C–/.

• The lax colimit of F is the colimit of F weighted by (Cop)/–, i.e.

colim
Tw(C)

F (–)× (Cop)/–.

• The lax limit of F is the limit of F weighted by C/–, i.e.

lim
Tw(C)op

Fun(C/–, F (–)).

• The oplax limit of F is the limit of F weighted by (Cop)–/, i.e.

lim
Tw(C)op

Fun((Cop)–/, F (–)).

3. CoCartesian Fibrations over a Simplex

In this preliminary section we study coCartesian fibrations over the simplices
∆n, and observe that in this case the description of a coCartesian fibration as
an oplax colimit follows easily from results of Lurie in [Lur09a, §3.2]. More
precisely, we will prove:

Proposition 3.1. There is an equivalence

colim
Tw([n])

φ(–)× [n]–/
∼−→ Unco

[n](φ)

of functors Fun([n],Cat∞)→ Cat∞, natural in ∆op.

To see this we first recall fron [Lur09a, §3.2] the definition and some fea-
tures of the mapping simplex of a functor φ : [n] → Set+∆ and show that its
fibrant replacement is a coCartesian fibration classified the corresponding func-
tor ∆n → Cat∞.

Definition 3.2. Let φ : [n] → Set+∆ be a functor. The mapping simplex
M[n](φ) → ∆n has k-simplices given by a map σ : [k] → [n] together with

a k-simplex ∆k → φ(σ(0)). In particular, an edge of M[n](φ) is given by a pair
of integers 0 ≤ i ≤ j ≤ n and an edge f in φ(i); let S be the set of edges of

M[n](φ) where the edge f is marked. Then M ♮
[n](φ) is the marked simplicial set

(M[n](φ), S). This gives a functor M ♮
[n] : Fun([n], Set+∆) → (Set+∆)/∆n , pseudo-

natural in ∆op (with respect to composition and pullback) — see Appendix A
for a discussion of pseudonatural transformations.
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Definition 3.3. Let φ : [n]→ Set∆ be a functor. The relative nerve N[n](φ)→
∆n has k-simplices given by a map σ : [k] → [n] and for every ordered subset
J ⊆ [k] with greatest element j, a map ∆J → φ(σ(j)) such that for J ′ ⊆ J the
diagram

∆J′

φ(σ(j′))

∆J φ(σ(j))

commutes. Given a functor φ : [n]→ Set+∆ we define N+
[n](φ) to be the marked

simplicial set (N[n](φ),M) where φ is the underlying functor [n] → Set∆ of φ,

and M is the set of edges ∆1 → N[n]φ determined by

• a pair of integers 0 ≤ i ≤ j ≤ n,
• a vertex x ∈ φ(i),
• a vertex y ∈ φ(j) and an edge φ(i→ j)(x)→ y that is marked in φ(j).

This determines a functor N+
[n] : Fun([n], Set+∆)→ (Set+∆)/∆n , pseudonatural in

∆op.

Remark 3.4. By [Lur09a, Proposition 3.2.5.18], the functor N+
[n] is a right

Quillen equivalence from the projective model structure on Fun([n], Set+∆) to

the coCartesian model structure on (Set+∆)/∆n . In particular, if φ : [n]→ Set+∆
is a functor such that φ(i) is fibrant (i.e. is a quasicategory marked by its set
of equivalences) for every i, then N+

[n](φ) is a coCartesian fibration.

Definition 3.5. There is a natural transformation ν[n] : M
♮
[n](–) → N+

[n](–)

that sends a k-simplex (σ : [k]→ [n],∆k → φ(σ(0))) in M ♮
[n](σ) to the k-simplex

of N+
[n](φ) determined by the composites ∆J → ∆k → φ(σ(0)) → φ(σ(j)).

This is clearly pseudonatural in maps in ∆op, i.e. we have a pseudofunctor
∆op → Fun([1],Cat) that to [n] assigns

ν[n] : [1]× Fun([n], Set+∆)→ (Set+∆)/∆n .

Proposition 3.6. Suppose φ : [n] → Set+∆ is fibrant. Then the natural map

ν[n],φ : M ♮
[n](φ)→ N+

[n](φ) is a coCartesian equivalence.

Proof. Since N+
[n](φ) → ∆n is a coCartesian fibration by [Lur09a, Proposition

3.2.5.18], it follows from [Lur09a, Proposition 3.2.2.14] that it suffices to check
that ν[n],φ is a “quasi-equivalence” in the sense of [Lur09a, Definition 3.2.2.6].

Thus we need only show that the induced map on fibres M ♮
[n](φ)i → N+

[n](φ)i
is a categorical equivalence for all i = 0, . . . , n. But unwinding the definitions
we see that this can be identified with the identity map φ(i) → φ(i) (marked
by the equivalences). �
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Let Un+,co
[n] : Fun([n], Set+∆) → (Set+∆)/∆n be the coCartesian version of the

marked unstraightening functor defined in [Lur09a, §3.2.1]. By [Lur09a, Re-

mark 3.2.5.16] there is a natural transformation λ[n] : N
+
[n] → Un+,co

[n] , which is

a weak equivalence on fibrant objects by [Lur09a, Corollary 3.2.5.20]. Since
this is also pseudonatural in ∆op, combining this with Proposition 3.6 we im-
mediately get:

Corollary 3.7. For every [n] ∈ ∆op there is a natural transformation

λ[n]ν[n] : M
♮
[n](–) → Un+,co

[n] (–), and this is pseudonatural in [n] ∈ ∆op. If

φ : [n] → Set+∆ is fibrant, then the map M ♮
[n](φ) → Un+,co

[n] (φ) is a coCartesian

equivalence.

It is immediate from the definition that M ♮
[n](φ) is the pushout

φ(0)♮ × (∆{1,...,n})♯ φ(0)♮ × (∆n)♯

M ♮
[n−1](φ|{1,...,n}) M ♮

[n](φ).

Moreover, since all objects are cofibrant in the model structure on marked
simplicial sets and the top horizontal map is a cofibration, this is a homotopy
pushout. Combining this with Corollary 3.7, we get the following:

Lemma 3.8. Suppose F : [n]→ Cat∞ is a functor, and that E→ ∆n is the cor-
responding coCartesian fibration. Let E′ be the pullback of E along the inclusion
∆{1,...,n} →֒ ∆n. Then there is a pushout square

F (0)×∆{1,...,n} F (0)×∆n

E′ E

in Cat∞.

Unwinding the definition, we see that M ♮
[n](φ) is the colimit of the diagram
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φ(0)× (∆n)♯

φ(0)× (∆{1,...,n})♯

φ(1)× (∆{1,...,n})♯

φ(1)× (∆{2,...,n})♯

φ(2)× (∆{2,...,n})♯

...

φ(n− 1)× (∆{n−1,n})♯

φ(n− 1)× (∆{n})♯

φ(n)× (∆{n})♯.

By Example 2.5 the category indexing this colimit is a cofinal subcategory of the
twisted arrow category Tw([n]) of [n] — this is easy to check using [Lur09a,
Corollary 4.1.3.3] since both categories are partially ordered sets. Hence we

may identify M ♮
[n](φ) with the coend

colim
Tw([n])

(φ(–)×N[n]–/).

Moreover, since we can write this colimit as an iterated pushout along cofibra-
tions, this is a homotopy colimit. From this we can prove Proposition 3.1 using
the results of appendix A together with the following observation:

Lemma 3.9. Let G : C→ D be a right Quillen functor between model categories.
Suppose f : X → X̄ and g : Y → Ȳ are weak equivalences such that X̄ and Ȳ
are fibrant, and G(f) and G(g) are weak equivalences in D. Then if h : X → Y
is a weak equivalence, the morphism G(h) is also a weak equivalence in D.

Proof. Choose a factorization of the composite g ◦ h : X → Ȳ as a trivial
cofibration i : X →֒ X ′ followed by a fibration p : X ′ → Ȳ . We then have a
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commutative diagram

X X̄

X ′

Y Ȳ

h

f

i

p

q

g

where the dotted arrow q exists since X̄ is fibrant and i is a trivial cofibration,
and all morphisms are weak equivalences by the 2-of-3 property. By assumption
G takes f and g to weak equivalences, and as G is a right Quillen functor
by Brown’s Lemma it also takes q and p to weak equivalences as these are
weak equivalences between fibrant objects. By the 2-of-3 property we can then
conclude first that G(i) is a weak equivalence and then that G(h) is a weak
equivalence. �

Proof of Proposition 3.1. We will prove this by applying Proposition A.30 to
a relative Grothendieck fibration constructed in the same way as in Propo-
sition A.31. The only difference is that the mapping simplex of a functor
φ : [n] → Set+∆ is not in general fibrant. We must therefore consider a larger

relative subcategory of (Set+∆)/∆n containing the mapping simplices of fibrant

functors whose associated ∞-category is still Catcocart∞/∆n .

By [Lur09a, Proposition 3.2.2.7] every mapping simplex admits a weak equiva-
lence to a fibrant object that is preserved under pullbacks along all morphisms

in ∆. We therefore think of M ♮
[n] and Un+,co

[n] as functors from fibrant objects

in Fun([n], Set+∆) to objects in (Set+∆)/∆n that admit a weak equivalence to a
fibrant object that is preserved by pullbacks — by Lemma 3.9 all weak equiva-
lences between such objects are preserved by pullbacks, so we still get functors
of relative categories.
It remains to show that inverting the weak equivalences in this subcategory
gives the same ∞-category as inverting the weak equivalences in the subcat-
egory of fibrant objects. This follows from [BK12, 7.5], since any fibrant re-
placement functor gives a homotopy equivalence of relative categories. �

4. Free Fibrations

Our goal in this section is to prove that for any ∞-category C, the forgetful
functor

Catcart∞/C → Cat∞/C
has a left adjoint, given by the following explicit formula:

Definition 4.1. Let C be an ∞-category. For p : E → C any functor of ∞-

categories, let F (p) denote the map E ×C{1} C∆1 → C{0}, where the pullback

is along the target fibration C∆1 → C given by evaluation at 1 ∈ ∆1, and
the projection F (p) is induced by evaluation at 0. Then F defines a functor
Cat∞/C → Cat∞/C.
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We will call the projection F (p) : E×C C∆1 → C the free Cartesian fibration on
p : E→ C — the results of this section will justify this terminology.

Example 4.2. The free Cartesian fibration on the identity C→ C is the source

fibration F : C∆1 → C, given by evaluation at 0 ∈ ∆1.

Lemma 4.3. The functor F factors through the subcategory Catcart∞/C → Cat∞/C.

Proof. By [Lur09a, Corollary 2.4.7.12] the projection F (p)→ C is a Cartesian
fibration for any p : E → C, and a morphism in F (p) is Cartesian if and only
if its image in E is an equivalence. It is thus clear that for any map φ : E→ F

in Cat∞/C, the induced map F (φ) preserves Cartesian morphisms, since the
diagram

E×C C∆1

F ×C C∆1

E F

commutes. �

Remark 4.4. If p : E → C is a functor, the objects of F (p) can be identified
with pairs (e, φ : c→ p(e)) where e ∈ E and φ is a morphism in C. Similarly, a
morphism in F (p) can be identified with the data of a morphism α : e′ → e in
C and a commutative diagram

c′ p(e′)

c p(e).

If (e, φ) is an object in F (p) and ψ : c′ → c is a morphism in C, the Cartesian
morphism over ψ with target (e, φ) is the obvious morphism from (e, φψ).

Theorem 4.5. Let C be an ∞-category. The functor F : Cat∞/C → Catcart∞/C is

left adjoint to the forgetful functor U : Catcart∞/C → Cat∞/C.

Remark 4.6. Analogues of this result in the setting of ordinary categories (as
well as enriched and internal variants) can be found in [Str80] and [Web07].

Composition with the degeneracy s0 : ∆1 → ∆0 induces a functor C → C∆1

(which sends an object of C to the constant functor ∆1 → C with that value).

Since the composition of this with both of the evaluation maps C∆1 → C is

the identity, this induces a natural map E → E ×C C∆1

over C, i.e. a natural
transformation

η : id→ UF
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of functors Cat∞/C → Cat∞/C. We will show that this is a unit transformation
in the sense of [Lur09a, Definition 5.2.2.7], i.e. that it induces an equivalence

MapCart
C (F (E),F)→ MapC(UF (E), U(F))→ MapC(E, U(F))

for all E→ C in Cat∞/C and F → C in Catcart∞/C.

We first check this for the objects of Cat∞/C with source ∆0 and ∆1, which (in

a weak sense) generate Cat∞/C under colimits. If a map ∆0 → C corresponds to
the object x ∈ C, then its image under F is the projection C/x → C. (Strictly

speaking, the image is the “alternative overcategory” C/x in the notation of
[Lur09a, §4.2.1], but this is naturally weakly equivalent to C/x by [Lur09a,
Proposition 4.2.1.5].) Thus in this case we need to show the following:

Lemma 4.7.

(i) For every x ∈ C, the map MapCart
C (C/x,E) → MapC({x},E) ≃ ιEx is an

equivalence.
(ii) More generally, for any X ∈ Cat∞, the map

MapCart
C (C/x × X,E)→ MapC({x} × X,E) ≃ Map(X,Ex)

is an equivalence.

Proof. The inclusion of the ∞-category of right fibrations over C into Catcart∞/C
has a right adjoint, which sends a Cartesian fibration p : E → C to its restric-
tion to the subcategory Ecart of E where the morphisms are the p-Cartesian
morphisms. The map MapCart

C (C/x,E)→ ιEx thus factors as

MapCart
C (C/x,E)

∼−→ MapC(C/x,Ecart)→ ιEx,

where MapC(C/x,Ecart) is the mapping space in the ∞-category of right fi-
brations over C, which is modelled by the contravariant model structure on
(Set∆)/C constructed in [Lur09a, §2.1.4].
By [Lur09a, Proposition 4.4.4.5], the inclusion {x} → C/x is a trivial cofibration
in this model category. Since this is a simplicial model category by [Lur09a,
Proposition 2.1.4.8], it follows immediately that we have an equivalence

MapC(C/x,Ecart)
∼−→ MapC({x},Ecart).

This proves (i). To prove (ii) we simply observe that since the model category
is simplicial, the product {x} ×K → C/x ×K is also a trivial cofibration for
any simplicial set K. �

For the case of maps ∆1 → C, the key observation is:

Proposition 4.8. If ∆1 → C corresponds to a map f : x → y in C, then the
diagram

C/x C/x ×∆1

C/y C∆1 ×C ∆1
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is a pushout square in Catcart∞/C, where the top map is induced by the inclusion

{0} →֒ ∆1.

Proof. Since colimits in Catcart∞/C ≃ Fun(Cop,Cat∞) are detected fibrewise, it
suffices to show that for every c ∈ C, the diagram on fibres is a pushout in
Cat∞. This diagram can be identified with

MapC(c, x) MapC(c, x)×∆1

MapC(c, y) Cc/ ×C ∆1.

This is a pushout by Lemma 3.8, since Cc/ ×C ∆1 → ∆1 is the left fibra-
tion corresponding to the map of spaces MapC(c, x)→ MapC(c, y) induced by
composition with f . �

Corollary 4.9. For every map σ : ∆1 → C and every Cartesian fibration
E→ C, the map

η∗σ : MapCart
C (C∆1 ×C ∆1,E)→ MapC(∆1,E)

is an equivalence.

Proof. By Proposition 4.8, if the map σ corresponds to a morphism f : x→ y
in C, we have a pullback square

MapCart
C (C∆1 ×C ∆1,E) MapCart

C (C/y ,E)

MapCart
C (C/x ×∆1,E) MapCart

C (C/x,E).

The map η∗σ fits in an obvious map of commutative squares from this to the
square

MapC(∆1,E) MapC({y},E)

MapC({x} ×∆1,E) MapC({x},E),

where the right vertical map is given by composition with Cartesian morphims
over f . Since E→ C is a Cartesian fibration, this is also a pullback square (this
amounts to saying morphisms in E over f are equivalent to composites of a
morphism in Ex with a Cartesian morphism over f). But now, by Lemma 4.7,
we have a natural transformation of pullback squares that’s an equivalence ev-
erywhere except the top left corner, so the map in that corner is an equivalence
too. �
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To complete the proof, we now only need to observe that F preserves colimits:

Lemma 4.10. F preserves colimits.

Proof. Colimits in Catcart∞/C are detected fibrewise, so we need to show that for

every x ∈ C, the functor Cx/ ×C (–) : Cat∞/C → Cat∞ preserves colimits. But
Cx/ → C is a flat fibration by [Lur14, Example B.3.11], so pullback along it
preserves colimits as a functor Cat∞/C → Cat∞/Cx/ (since on the level of model

categories the pullback functor is a left Quillen functor by [Lur14, Corollary
B.3.15]), and the forgetful functor Cat∞/Cx/ → Cat∞ also preserves colimits.

�

Proof of Theorem 4.5. By Lemma 4.10 the source and target of the natural
map

MapCart
C (F (E),F)→ MapC(E, U(F))

both take colimits in E to limits of spaces. Since Cat∞ is a localization of
P(∆), every object of Cat∞/C is canonically the colimit of a diagram consisting
of objects of the form ∆n → C, so it suffices to show that the map is an
equivalence for such objects. But ∆n can in turn be identified with the colimit
∆1 ∐∆0 · · · ∐∆0 ∆1, so it suffices to check that the map is an equivalence when
E = ∆0 and ∆1. Thus the result follows from Lemma 4.7 and Corollary 4.9. �

Proposition 4.11.

(i) Suppose X → S is a map of∞-categories and K is an ∞-category. Then
there is a natural equivalence F (K ×X) ≃ K × F (X).

(ii) The unit map X → F (X) induces an equivalence of ∞-categories

Funcart
S (F (X), Y )

∼−→ FunS(X,Y ).

Proof. (i) is immediate from the definition of F . Then (ii) follows from the
natural equivalence

Map(K,FunS(A,B)) ≃ MapS(K ×A,B) ≃ Mapcart
S (F (K ×A), B)

≃ Mapcart
S (K × F (A), B) ≃ Map(K,Funcart

S (F (A), B)).

�

5. Natural Transformations as an End

It is a familiar result from ordinary category theory that for two functors
F,G : C → D the set of natural transformations from F to G can be iden-
tified with the end of the functor Cop × C → Set that sends (C,C′) to
HomD(F (C), G(C′)). Our goal in this section is to prove the analogous re-
sult for ∞-categories:
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Proposition 5.1. Let F,G : C→ D be two functors of ∞-categories. Then the
space MapFun(C,D)(F,G) of natural transformations from F to G is naturally
equivalent to the end of the functor

Cop × C
(F op,G)−−−−−→ Dop ×D

Map
D−−−−→ S.

A proof of this is also given in [Gla16, Proposition 2.3]; we include a slightly
different proof for completeness.

Lemma 5.2. Suppose i : C0 →֒ C is a fully faithful functor of ∞-categories.
Then for any ∞-category X the functor Fun(X,C0) → Fun(X,C) is also fully
faithful.

Proof. A functor G : A → B is fully faithful if and only if the commutative
square of spaces

Map(∆1,A) Map(∆1,B)

ιA×2 ιB×2

is Cartesian. Thus, we must show that for any X, the square

Map(∆1 × X,C0) Map(∆1 × X,C)

Map(X,C0)×2 Map(X,C)×2

is Cartesian. But this is equivalent to the commutative square of∞-categories

C∆1

0 C∆1

C×20 C×2

being Cartesian. By [Lur09a, Corollary 2.4.7.11] the vertical maps in this
diagram are bifibrations in the sense of [Lur09a, Definition 2.4.7.2], so by
[Lur09a, Propositions 2.4.7.6 and 2.4.7.7] to prove that this square is Carte-
sian it suffices to show that for all x, y ∈ C0 the induced map on fibres

(C∆1

0 )(x,y) → (C∆1

)(ix,iy) is an equivalence. But this can be identified with
the map MapC0

(x, y) → MapC(ix, iy), which is an equivalence as i is by as-
sumption fully faithful. �

Proof of Proposition 5.1. By [Lur09a, Corollary 3.3.3.4], we can identify the
limit of the functor

φ : Tw(C)op → Cop × C
(F op,G)−−−−−→ Dop ×D

Map
D−−−−→ S
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with the space of sections of the corresponding left fibration. By [Lur14, Propo-
sition 5.2.1.11], the left fibration classified by MapD is the projection
Tw(D)op → Dop × D, so the left fibration classified by φ is the pullback of
this along Tw(C)op → Cop × C → Dop × D. Thus the space of sections is
equivalent to the space of commutative diagrams

Tw(C)op Tw(D)op

Cop × C Dop ×D,

i.e. the space of maps from Tw(C) to the pullback of Tw(D) in the ∞-category
of left fibrations over Cop × C. Using the “straightening” equivalence between
this∞-category and that of functors Cop×C→ S we can identify our limit with
the space of maps from yC to F ∗ ◦ yD ◦ G in Fun(Cop × C, S) ≃ Fun(C,P(C)).
Since F ∗ has a left adjoint F!, we have an equivalence

MapFun(C,P(C))(yC, F
∗yD ◦G) ≃MapFun(C,P(D))(F!yC, yD ◦G).

But by [Lur09a, Proposition 5.2.6.3] the functor F!yC is equivalent to yD ◦ F ,
and so the limit is equivalent to MapFun(C,P(D))(yD ◦ F, yD ◦G). The Yoneda

embedding yD is fully faithful by [Lur09a, Proposition 5.1.3.1], so Lemma 5.2
implies that the functor Fun(C,D)→ Fun(C,P(D)) given by composition with
yD is fully faithful, hence we have an equivalence

MapFun(C,P(D))(yC ◦ F, yD ◦G) ≃ MapFun(C,D)(F,G),

which completes the proof. �

6. Enhanced Mapping Functors

The Yoneda embedding for ∞-categories, constructed in [Lur09a, Proposition
5.1.3.1] or [Lur14, Proposition 5.2.1.11], gives for any∞-category C a mapping
space functor MapC : Cop×C→ S. In some cases, this is the underlying functor
to spaces of an interesting functor Cop×C→ Cat∞ — in particular, this is the
case if C is the underlying ∞-category of an (∞, 2)-category. For a definition
and a comparison of different models of (∞, 2)-categories see [Lur09b].

Definition 6.1. A mapping ∞-category functor for an ∞-category C is a
functor

MAPC : Cop × C→ Cat∞

together with an equivalence from the composite Cop × C→ Cat∞
ι−→ S to the

mapping space functor MapC.

Lemma 6.2. Suppose C is an (∞, 2)-category with underlying ∞-category C′.
Then C′ has a mapping∞-category functor that sends (C,D) to the∞-category
of maps from C to D in C.
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Proof. This follows from the same argument as in [Lur09a, §5.1.3], using the
model of (∞, 2)-categories as categories enriched in marked simplicial sets, cf.
[Lur09b]. �

Example 6.3. The ∞-category Cat∞ of ∞-categories has a mapping ∞-
category functor

MAPCat∞ := Fun,

defined using the construction of Cat∞ as the coherent nerve of the simplicial
category of quasicategories.

Lemma 6.4. Suppose C is an ∞-category with a mapping ∞-category functor
MAPC. Then for any ∞-category D the functor ∞-category CD has a mapping
∞-category functor MAPCD given by the composite

(CD)op × CD → Fun(Dop ×D,Cop × C)→ Fun(Tw(D)op,Cat∞)
lim−−→ Cat∞,

where the second functor is given by composition with the projection
Tw(D)op → Dop ×D and MAPC.

Proof. We must show that the underlying functor to spaces ι ◦ MAPCD is
equivalent to MapCD . Since ι preserves limits (being a right adjoint), this
follows immediately from Proposition 5.1. �

Definition 6.5. Suppose C is an ∞-category with a mapping ∞-category
functor MAPC. We say that C is tensored over Cat∞ if for every C ∈ C the
functor MAPC(C, –) has a left adjoint – ⊗ C : Cat∞ → C; in this case these
adjoints determine an essentially unique functor ⊗ : Cat∞ × C→ C.

Example 6.6. The ∞-category Cat∞ is obviously tensored over Cat∞ via the
Cartesian product × : Cat∞ × Cat∞ → Cat∞.

Lemma 6.7. Suppose C is an ∞-category with a mapping ∞-category MAPC

that is tensored over Cat∞. Then for any ∞-category D, the mapping ∞-
category functor for CD defined in Lemma 6.4 is also tensored over Cat∞, via
the composite

Cat∞ × CD → CatD∞ × CD ≃ (Cat∞ × C)D → CD

where the first functor is given by composition with the functor D→ ∗ and the
last by composition with the tensor functor for C.

Proof. We must show that for every functor F : D → C there is a natural
equivalence

MapCD(X⊗ F,G) ≃MapCat∞(X,MAPCD(F,G)).

By Proposition 5.1 and the definition of ⊗ for CD, there is a natural equivalence

MapCD(X⊗ F,G) ≃ lim
Tw(D)op

MapC(X⊗ F (–), G(–)).

Now using that C is tensored over Cat∞, this is naturally equivalent to

lim
Tw(D)op

MapCat∞(X,MAPC(F (–), G(–))).
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Moving the limit inside, this is

MapCat∞(X, lim
Tw(D)op

MAPC(F (–), G(–))),

which is MapCat∞(X,MAPCD(F,G)) by definition. �

Example 6.8. For any ∞-category D, the ∞-category CatD∞ is tensored over
Cat∞: X⊗ F is the functor D 7→ X× F (D).

In the case where C is the ∞-category Cat∞ of ∞-categories, Lemma 6.4 gives
a mapping ∞-category functor

NatDop := MAPFun(Dop,Cat∞)

for Fun(Dop,Cat∞), for any ∞-category D. However, using the equivalence
Fun(Dop,Cat∞) ≃ Catcart∞/D we can construct another such functor: the space

of maps from E to E′ in Catcart∞/D is the underlying∞-groupoid of the∞-category

Funcart
D (E,E′), the full subcategory of FunD(E,E′) spanned by the functors that

preserve Cartesian morphisms. We will now prove that these two functors are
equivalent:

Proposition 6.9. For every ∞-category C there is a natural equivalence

Funcart
C (E,E′) ≃ NatCop(StCE, StCE

′).

Proof. By the Yoneda Lemma it suffices to show that there are natural equiv-
alences

MapCat∞(X,Funcart
C (E,E′)) ≃MapCat∞(X,NatCop(StCE, StCE

′)).

It is easy to see that MapCat∞(X,Funcart
C (E,E′)) is naturally equivalent

to MapCatcart
∞/C

(X × E,E′) — these correspond to the same components of

MapCat∞(X,FunC(E,E′)). The equivalence StC preserves products, so this is
equivalent to the mapping space

MapFun(Cop,Cat∞)(StC(X× C)× StCE, StCE
′).

But the projection X×C→ C corresponds to the constant functor c∗X : Cop →
∗ → Cat∞ with value C (since the Cartesian fibration classified by this com-
posite is precisely the pullback of X→ ∗ along C→ ∗). Thus there is a natural
equivalence

MapCat∞(X,Funcart
C (E,E′)) ≃MapFun(Cop,Cat∞)(c

∗X× StCE, StCE
′).

But by Lemma 6.7, the∞-category Fun(Cop,Cat∞) is tensored over Cat∞ and
this is naturally equivalent to MapCat∞(X,NatCop(StCE, StCE

′)), as required.
�
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7. Cartesian and CoCartesian Fibrations as Weighted Colimits

In ordinary category theory it is a familiar fact that the Grothendieck fibration
classified by a functor F : Cop → Cat can be identified with the lax colimit
of F , and the Grothendieck opfibration classified by a functor F : C → Cat
with the oplax colimit of F . In this section we will show that Cartesian and
coCartesian fibrations admit analogous descriptions.
It is immediate from our formula for the free Cartesian fibration that the sec-
tions of a Cartesian fibration are given by the oplax limit of the corresponding
functor:

Proposition 7.1. The ∞-category of sections of the Cartesian fibration clas-
sified by F is given by the oplax limit of F . In other words, there is a natural
equivalence

FunC(C,UnC(F )) ≃ lim
Tw(C)op

Fun(C–/, F (–))

of functors Fun(Cop,Cat∞)→ Cat∞.

Proof. By Theorem 4.5 and Proposition 6.9 we have natural equivalences

FunC(C,UnC(F )) ≃ Funcart
C (F (C),UnC(F )) ≃

≃ NatCop(C–/, F ) ≃ lim
Tw(C)op

Fun(C–/, F (–)).�

Definition 7.2. Let F : C→ Cat∞ be a functor, and let F → C be its associ-
ated coCartesian fibration. Given an∞-category X, write ΦFX for the simplicial
set over C with the universal property

Hom(K ×C F,X) ∼= HomC(K,ΦFX).

By [Lur09a, Corollary 3.2.2.13] the projection ΦFX → C is a Cartesian fibration.

Proposition 7.3. The Cartesian fibration ΦFX → C corresponds to the functor

Fun(F (–),X) : Cop → Cat∞.

Proof. We first consider the case where C is a simplex ∆n. By Proposition 3.1
there are natural equivalences

colim
Tw([n])

φ(–)× [n]–/
∼−→ Unco

[n](φ)

for any φ : [n] → Cat∞, natural in ∆op. Thus by Proposition 7.1 there are
natural equivalences

Fun∆n(∆n,Φφ
X

) ≃ Fun(Unco
[n](φ),X) ≃ lim

Tw([n])op
Fun([n]–/,Fun(φ(–),X))

≃ Fun∆n(∆n,Un[n](Fun(φ(–),X))).

Since this equivalence is natural in ∆op and Cat∞ is a localization of the
presheaf∞-category P(∆), we get by the Yoneda lemma a natural equivalence

Φφ
X
≃ Uncart

[n] (Fun(φ(–),X))).
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Since Cat∞ is an accessible localization of P(∆), any∞-category C is naturally
equivalent to the colimit of the diagram ∆

op
/C → Cat∞/C → Cat∞. Now given

F : C → Cat∞, we have, since pullback along a Cartesian fibration preserves
colimits,

Uncart
C (Fun(F (–),X))) ≃ colim

σ∈∆op
/C

Un[n](Fun(Fσ(–),X)) ≃ colim
σ∈∆op

/C

ΦFσX ≃ ΦFX,

which completes the proof. �

Theorem 7.4. The coCartesian fibration classified by a functor F : C→ Cat∞
is given by the oplax colimit of F . In other words, there is a natural equivalence

Unco
C (F ) ≃ colim

Tw(C)
F (–)× C–/

of functors Fun(C,Cat∞)→ Cat∞.

Proof. Let F : C → Cat∞ be a functor. Then by Proposition 7.3, we have a
natural equivalence

Fun(UnC(F ),X) ≃ FunC(C,ΦFX).

By Proposition 7.1 we have a natural equivalence between the right-hand side
and

lim
Tw(C)op

Fun(C–/,Fun(F (–),X)) ≃ Fun
(

colim
Tw(C)

F (–)× C–/,X
)
.

By the Yoneda lemma, it follows that UnC(F ) is naturally equivalent to
colimTw(C) F (–)× C–/. �

Corollary 7.5. Any∞-category C is the oplax colimit of the constant functor
C→ Cat∞ with value ∗.

Proof. The identity C→ C is the coCartesian fibration classified by this functor.
�

Corollary 7.6. The Cartesian fibration classified by a functor F : Cop →
Cat∞ is given by the lax colimit of F . In other words, there is a natural
equivalence

UnC(F ) ≃ colim
Tw(Cop)

F (–)× C/–

of functors Fun(Cop,Cat∞)→ Cat∞.

Proof. We have a natural equivalence UnC(F ) ≃ Unco
Cop(F op)op. Since (–)op is

an automorphism of Cat∞ it preserves colimits, so by Theorem 7.4 we have

UnC(F ) ≃
(

colim
Tw(Cop)

F (–)op × (Cop)–/

)op

≃ colim
Tw(Cop)

F (–)× C/–. �

Similarly, dualizing Proposition 7.1 gives:
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Corollary 7.7. The ∞-category of sections of the coCartesian fibration clas-
sified by F is given by the lax limit of F . In other words, there is a natural
equivalence

FunC(C,Unco
C (F )) ≃ lim

Tw(C)op
Fun(C/–, F (–))

of functors Fun(C,Cat∞)→ Cat∞.

8. 2-Representable Functors

Suppose C is an ∞-category equipped with a mapping ∞-category functor
MAPC : Cop × C→ Cat∞. We say a functor F : Cop → Cat∞ is 2-representable
by C ∈ C if F is equivalent to MAPC(–, C). Similarly, we say a Cartesian
fibration p : E → C is 2-representable by C if p is classified by the functor
MAPC(–, C). Our goal in this section is to prove that if a Cartesian fibration
p : E → C is 2-representable then, under mild hypotheses, the same is true
for the induced map ED → CD for any ∞-category D. We begin by giving a
somewhat unwieldy description of the functor classifying such fibrations for an
arbitrary Cartesian fibration p:

Proposition 8.1. Suppose p : E→ C is a Cartesian fibration corresponding to
a functor F : Cop → Cat∞. Then for any ∞-category D the functor ED → CD

given by composition with p is a Cartesian fibration classified by a functor
FD : (CD)op → Cat∞ that sends a functor φ : D→ C to

lim
Tw(D)op

Fun(D–/, F ◦ φ(–)).

Proof. The induced functor ED → CD is a Cartesian fibration by [Lur09a,
Proposition 3.1.2.1]. For f : K ×D→ C we have a natural equivalence

FunCD(K,ED) ≃ FunC(K ×D,E) ≃ FunK×D(K ×D, f∗E).

But then by Proposition 7.1 we have a natural equivalence

FunK×D(K ×D, f∗E) ≃ lim
Tw(K×D)op

Fun((K ×D)–/, F ◦ f(–)),

and then as Tw preserves products (being a right adjoint) we can rewrite this
as

lim
Tw(K)op

Fun(K–/, lim
Tw(D)op

Fun(D–/, F ◦ f(–))) ≃ lim
Tw(K)op

Fun(K–/, FD ◦ f(–)),

which we can identify, using Proposition 7.1, with

FunK(K, f∗UnCD(FD)) ≃ FunCD(K,UnCD(FD)).

Now applying the Yoneda Lemma completes the proof. �

Definition 8.2. Suppose C is an ∞-category equipped with a mapping ∞-
category functor. We say that C is cotensored over Cat∞ if for every C ∈ C the
functor MAPC(–, C) : C → Catop∞ has a right adjoint C(–) : Catop∞ → C; in this
case these adjoints determine an essentially unique functor (–)(–) : Catop∞×C→
C. If C is also tensored over Cat∞, being cotensored is equivalent to the functor
–⊗ X having a right adjoint (–)X for all ∞-categories X.
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Corollary 8.3. Let C be an ∞-category equipped with a mapping ∞-category
functor MAPC that is tensored and cotensored over Cat∞, and suppose p : E→
C is a Cartesian fibration that is 2-representable by C ∈ C. Then for any
∞-category D the fibration ED → CD is 2-representable by the functor CD–/.

Proof. By Proposition 8.1 this fibration corresponds to the functor sending
φ : D→ C to

lim
Tw(D)op

Fun(D–/, F ◦ φ(–)),

where F is the functor corresponding to p. If F is 2-representable by C, this
is equivalent to

lim
Tw(D)op

Fun(D–/,MAPC(φ(–), C) ≃ lim
Tw(D)op

MAPC(φ(–), CD–/),

which is MAPCD(φ,CD–/) by definition of the mapping∞-category of CD. �

9. Some Cartesian Fibrations Identified

In this section we will use our results so far to explicitly identify the Cartesian
fibrations classified by certain classes of functors. This is the key input needed
to prove our presentability result in the next section. We start with some
notation:

Definition 9.1. If p : E → B is a functor of ∞-categories, we denote by E⊲B
the pushout

B ∐E×{1} E×∆1,

and by E⊳B the pushout

B ∐E×{0} E×∆1.

Warning 9.2. The notations E⊲B and E⊳B are somewhat abusive, as these sim-
plicial sets depend on the functor p rather than just on E and B. Moreover, if
B = ∆0 then the definition does not reduce to E⊲ and E⊳ but rather the “al-
ternative joins” E⋄∆0 and ∆0 ⋄E in the notation of [Lur09a, §4.2.1]. However,
these are weakly equivalent to the usual joins by [Lur09a, Proposition 4.2.1.2].

Remark 9.3. Observe that (E⊲B)op ≃ (Eop)⊳Bop and (E⊳B)op ≃ (Eop)⊲Bop .

We then have the following simple observation:

Lemma 9.4. Given a functor p : E→ B, write i : B →֒ E⊳B and j : B →֒ E⊲B for
the inclusions in the pushout diagrams defining E⊳B and E⊲B, respectively. Then
for any ∞-category D, we have:

(i) The functor
i∗ : Fun(E⊳B,D)→ Fun(B,D)

given by composition with i is a Cartesian fibration classified by the func-
tor Fun(B,D)op → Cat∞ that sends F to Fun(E,D)F◦p/.

(ii) The functor
j∗ : Fun(E⊲B,D)→ Fun(B,D)

given by composition with j is a coCartesian fibration classified by the
functor Fun(B,D)→ Cat∞ that sends F to Fun(E,D)/F◦p.
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Proof. We will prove (i); the proof of (ii) is similar. By the definition of E⊳B we
have a pullback square

Fun(E⊳B,D) Fun(E×∆1,D)

Fun(B,D) Fun(E,D)

i∗ ev0

p∗,

where the right vertical map can be identified with the evaluation-at-0 functor

Fun(E,D)∆
1 → Fun(E,D)

This is the Cartesian fibration classified by the undercategory functor
Fun(E,D)(–)/, hence the pullback i∗ is the Cartesian fibration classified by
the composite functor Fun(E,D)p∗(–)/. �

Remark 9.5. If D has pushouts, then i∗ is also a coCartesian fibration, with
coCartesian morphisms given by taking pushouts. Similarly, if D has pullbacks
then j∗ is also a Cartesian fibration, with Cartesian morphisms given by taking
pullbacks.

In particular, given a map p : E→ B we see that P(E⊳B)→ P(B) is a coCartesian
and Cartesian fibration (recall that P(C) = Fun(Cop, S) denotes the presheaf
∞-category). The corresponding functors are given on objects by P(E)/p∗(–),
with functoriality determined by composition and pullbacks, respectively. Our
next goal is to give an alternative description of this functor:

Proposition 9.6. Let p : E → B be a functor of ∞-categories, and let
j : B→ E⊳B be the obvious inclusion. Then the functor j∗ : P(E⊳B)→ P(B) is a
Cartesian fibration corresponding to the functor P(B)op ≃ RFib(B)op → Cat∞
that sends a right fibration Y→ B to P(Y ×B E).

To prove this, we need to identify the functor P(E)/p∗(–) with the functor P(–×B

E) under the equivalence P(B) ≃ RFib(B), for which we use the following
observation:

Proposition 9.7. Suppose p : K→ C is a right fibration of∞-categories. Then
the functor

p! : RFib(K)→ RFib(C)/p

given by composition with p is an equivalence. Moreover, this equivalence is
natural in p ∈ RFib(C) (with respect to composition with maps f : K→ L over
C, and also with respect to pullbacks along such maps).

Proof. The functor p! is described by the left Quillen functor p! : Set∆/K →
(Set∆/C)/p given by composition with p, where Set∆/K is equipped with the
contravariant model structure of [Lur09a, §2.1.4] and (Set∆/C)/p with the model
structure induced from the contravariant model structure on Set∆/C. It there-
fore suffices to show that p! is a left Quillen equivalence. The functor p! is
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obviously an equivalence of underlying categories, and we claim it is actually
an equivalence of model categories. The cofibrations clearly correspond under
p!, being the monomorphisms of underlying simplicial sets in both cases, so by
[Joy08, Proposition E.1.10] it suffices to show the fibrant objects are the same.
In Set∆/K these are the right fibrations X→ K by [Lur09a, Corollary 2.2.3.12],
while in (Set∆/C)/p they are the diagrams

X K

C

f

p

where f is a fibration in Set∆/C. But as p is a right fibration, this is equivalent
to f being a right fibration by [Lur09a, Corollary 2.2.3.14]. �

Corollary 9.8. Suppose p : K → C is a right fibration, corresponding to a
functor F : Cop → S. Then the functor p! : P(K) → P(C)/F given by left Kan
extension along pop is an equivalence, natural in p ∈ RFib(C) (with respect to
left Kan extensions along maps f : K → L over C and composition with the
associated natural transformation, as well as with respect to composition with
f and pullback along the natural transformation).

Proof. This follows from combining Proposition 9.7 with the naturality of the
straightening equivalence between right fibrations and functors, which can be
proved by the same argument as in the proof of Corollary A.32. �

Proof of Proposition 9.6. This follows from combining Lemma 9.4 with Corol-
lary 9.8, since under the equivalence between presheaves and right fibrations
the functor p∗ : P(B)→ P(E) corresponds to pullback along p.

�

Corollary 9.9.

(i) Let p : E → B be a Cartesian fibration classified by a functor F : Bop →
Cat∞, and write j for the inclusion B →֒ E⊳B. Then the functor
j∗ : P(E⊳B) → P(B) is a Cartesian fibration classified by the functor
RFib(B)op → Cat∞ that sends Y→ B to FunBop(Yop,ΦFS ), where ΦFS →
Bop is the Cartesian fibration classified by the functor P◦F : B→ Cat∞.

(ii) Let p : E → B be a coCartesian fibration classified by a functor
F : B → Cat∞, and write j for the inclusion B →֒ E⊳B. Then the
functor j∗ : P(E⊳B) → P(B) is a Cartesian fibration classified by the

functor RFib(B)op → Cat∞ that sends Y → B to FunBop(Yop, Φ̃FS ),

where Φ̃FS → Bop is the coCartesian fibration classified by the functor
P ◦ F : Bop → Cat∞.

Proof. Combine Proposition 9.6 with Proposition 7.3 and its dual. �
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Our next observation lets us identify several interesting functors with full sub-

functors of the functor FunBop((–)op, Φ̃FS ), which will allow us to identify the
corresponding Cartesian fibrations with full subcategories of P(E⊳B).

Lemma 9.10. Suppose F : Bop → Cat∞ is a functor of ∞-categories corre-
sponding to the Cartesian fibration p : E → B and the coCartesian fibration

q : F → Bop. Let F̂ : P(B)op → Cat∞ be the unique limit-preserving functor
extending F . Then:

(i) The functor Funcart
B (B/–,E) : Bop → Cat∞ is equivalent to F .

(ii) The functor Funcart
B (–,E) : RFib(B)→ Cat∞ corresponds to F̂ under the

equivalence RFib(B) ≃ P(B).
(iii) The functor Funcocart

Bop ((Bop)–/,F) : Bop → Cat∞ is equivalent to F .

(iv) The functor Funcocart
Bop ((–)op,F) : RFib(B)→ Cat∞ corresponds to F̂ un-

der the equivalence RFib(B) ≃ P(B).

Proof. We will prove (i) and (ii); the proofs of (iii) and (iv) are essentially
the same. To prove (i), observe that the straightening equivalence between
Cartesian fibrations and functors to Cat∞ gives us a natural equivalence

MapCat∞(C,Funcart
B (B/–,E)) ≃ Mapcart

B (C×B/–,E)

≃ MapFun(Bop,Cat∞)(C× yB(–), F )

≃ MapFun(Bop,Cat∞)(yB(–), FC).

Now the Yoneda Lemma implies that this is naturally equivalent to ιFC(–) ≃
MapCat∞(C, F (–)), and so we must have Funcart

B (B/–,E) ≃ F . This proves (i).

To prove (ii), we first observe that the functor Funcart
B (–,E) preserves limits,

since for any ∞-category C we have

MapCat∞(C,Funcart
B (–,E)) ≃Mapcart

B ((C×B)×B (–),E)

and the Cartesian product in Catcart∞/B preserves colimits in each variable. More-

over, it follows from (i) that this functor extends F , since the right fibration
B/b → B corresponds to the presheaf yB(b) under the equivalence between
RFib(B) and P(B). �

Definition 9.11. Suppose F : B → Cat∞ is a functor. Then we write

PF : Bop → Cat∞ for the composite of F op with P : Catop∞ → Ĉat∞, and

let P̂F : P(B)op → Ĉat∞ be the unique limit-preserving functor extending PF .

Proposition 9.12. Let F : B → Cat∞ be a functor, with p : E → B an asso-
ciated coCartesian fibration. We define Pcocart(E⊳B) to be the full subcategory
of P(E⊳B) spanned by those presheaves φ : (E⊳B)op → S such that for every co-
Cartesian morphism ᾱ : e → α!e in E over α : b → b′ in B, the commutative
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square

φ(α!e, 1) φ(e, 1)

φ(b′, 0) φ(b, 0)

φ(ᾱ, 1)

φ(α, 0)

is a pullback square. Then the restricted projection Pcocart(E⊳B) → P(B) is a

Cartesian fibration classified by the functor P̂F .

Proof. Combining Lemma 9.10 with (the dual of) Proposition 7.3, we may

identify P̂F with the functor Funcocart
Bop ((–)op, Φ̃FS ). This is a natural full sub-

category of FunBop((–)op, Φ̃FS ), the functor classified by the Cartesian fibration

P(E⊳B)→ P(B) by Proposition 9.6. It follows that P̂F is classified by the pro-
jection to P(B) of the full subcategory of P(E⊳B) spanned by those presheaves

that correspond to objects of Funcocart
Bop ((–)op, Φ̃FS ) under the identification of

the fibres with FunBop((–)op, Φ̃FS ).

By [Lur09a, Corollary 3.2.2.13], the coCartesian edges of Φ̃FS are those that
correspond to functors ∆1 ×Bop Eop → S that take Cartesian edges of Eop

to equivalences in S. Thus if F → Bop is a coCartesian fibration, a functor

F → Φ̃FS over Bop preserves coCartesian morphisms precisely if the classifying
functor F×Bop Eop → S takes morphisms of the form (φ, ǫ) with φ coCartesian
in F and ǫ Cartesian in Eop to equivalences in S.

If Y→ B is a right fibration, this means that Funcocart
Bop (Yop, Φ̃FS ) corresponds to

the full subcategory of P(Y ×B E) spanned by the presheaves (Y ×B E)op → S

that take morphisms of the form (η, ǫ) with ǫ coCartesian in E to equivalences
in S.
Suppose φ : Bop → S is the presheaf classified by Y→ B. Then unwinding the
equivalence

P(E⊳B)φ ≃ P(E)/p∗φ ≃ RFib(E)/p∗Y ≃ RFib(E×B Y) ≃ P(E×B Y),

we see that the presheaf Ψ̃ on E×B Y classified by Ψ: Eop → S over p∗φ assigns

to (e, y) ∈ E×BY the fibre Ψ(e)y of the map Ψ(e)→ φ(pe) at y. Thus Ψ̃(ᾱ, η) is
an equivalence for every coCartesian morphism ᾱ : e→ α!e in E if and only if for
every y ∈ φ(p(α!e)) the map on fibres Ψ(α!e)y → Ψ(e)φ(α)(e) is an equivalence.
This is equivalent to the commutative square

Ψ(α!e) Ψ(e)

φ(pα!e) φ(pe)
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being Cartesian. Thus Funcocart
Bop (Yop, Φ̃FS ) corresponds to the full subcategory

Pcocart(E⊳B)φ of P(E⊳B)φ, which completes the proof. �

Definition 9.13. Let K be a collection of small simplicial sets. We write CatK∞
for the subcategory of Cat∞ with objects the small∞-categories that admit K-
indexed colimits for all K ∈ K and morphisms the functors that preserve these.
Given C ∈ CatK∞ we let PK(C) denote the full subcategory of P(C) spanned by
those presheaves Cop → S that take K-indexed colimits in C to limits for all

K ∈ K. This defines a functor PK : (CatK∞)op → Ĉat∞.

Example 9.14. Let K(κ) be the collection of all κ-small simplicial sets. In

this case we write Catκ∞ for CatK(κ)
∞ and Pκ for PK(κ). For C ∈ Catκ∞ the

∞-category Pκ(C) is equivalent to Indκ C by [Lur09a, Corollary 5.3.5.4].

Definition 9.15. Suppose K is a collection of small simplicial sets and F : B→
CatK∞ is a functor of ∞-categories. Then we write PKF : Bop → Ĉat∞ for the

composite of F op with PK : (CatK∞)op → Ĉat∞, and let P̂KF : P(B)op → Ĉat∞
be the unique limit-preserving functor extending PKF .

Proposition 9.16. Let K be a collection of small simplicial sets and let
F : B→ CatK∞ be a functor, with p : E→ B an associated coCartesian fibration.
We define Pcocart

K (E⊳B) to be the full subcategory of Pcocart(E⊳B) spanned by those
presheaves φ : (E⊳B)op → S such that for every colimit diagram q̄ : K⊲ → Eb (for
any b ∈ B), the composite

(K⊳⊲)op → (E⊳b )
op → (E⊳B)op → S

is a limit diagram. Then the restricted projection Pcocart
K (E⊳B) → P(B) is a

Cartesian fibration associated to the functor P̂KF .

Proof. Since PKF (b) is a natural full subcategory of PF (b), we may identify
the coCartesian fibration classified by PKF with the projection to Bop of a

full subcategory Φ̃FS (K) of Φ̃FS . By Lemma 9.10 we may then identify the

functor P̂KF with Funcocart
Bop ((–)op, Φ̃FS (K)), which is a natural full subcategory

of Funcocart
Bop ((–)op, Φ̃FS ). By Proposition 9.12 we may therefore identify the

Cartesian fibration classified by P̂KF with the projection to P(B) of a full
subcategory of Pcocart(E⊳B).
It thus remains to identify those presheaves on E⊳B that correspond to objects

of the ∞-category Funcocart
Bop ((–)op, Φ̃FS (K)) under the identification of the fi-

bres with FunBop((–)op, Φ̃FS ). If Y → B is a right fibration, it is clear that

FunBop(Yop, Φ̃FS (K)) corresponds to the full subcategory of P(Y×B E) spanned
by the presheaves (Y ×B E)op → S such that for every y ∈ Y over b ∈ B, the
restriction ({y} ×B E)op ≃ E

op
b → S preserves K-indexed limits for all K ∈ K.

Suppose φ : Bop → S is the presheaf classified by Y→ B. Then unwinding the
equivalence

P(E⊳B)φ ≃ P(E)/p∗φ ≃ RFib(E)/p∗Y ≃ RFib(E×B Y) ≃ P(E×B Y),
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we see that these presheaves on E×B Y correspond to presheaves Ψ: Eop → S

over p∗φ such that for every b ∈ B, the restriction

E
op
b → S/φ(b)

has the property that for every y ∈ φ(b), the composite with the map S/φ(b) → S

given by pullback along {y} → φ(b) takes K-indexed colimits to limits for all
K ∈ K.
Now recall that the ∞-category S/φ(b) is equivalent to Fun(φ(b), S), with pull-
back to {y} corresponding to evaluation at y, and that limits in functor cate-
gories are computed pointwise. Thus we may identify our full subcategory with
that of presheaves Ψ such that for every b ∈ B, the restriction

E
op
b → S/φ(b)

takes K-indexed colimits to limits in S/φ(b).
For any ∞-category C and x ∈ C, a diagram K⊳ → C/x is a limit diagram if
and only if the associated diagram K⊳⊲ → C is a limit diagram. Therefore,
the full subcategory of Pcocart(E⊳B) we have identified is precisely Pcocart

K (E⊳B),
which completes the proof. �

Corollary 9.17. Suppose F : B→ Catκ∞ is a functor, with p : E→ B an asso-

ciated coCartesian fibration. Let ÎndκF : P(B)op → Ĉat∞ be the unique limit-

preserving functor extending Indκ ◦F op : Bop → Ĉat∞. Then the restricted
projection Pcocart

κ (E⊳B) := Pcocart
K(κ) (E⊳B) → P(B) is a Cartesian fibration classi-

fied by the functor ÎndκF .

10. Presentable Fibrations are Presentable

In ordinary category theory, an accessible fibration is a Grothendieck fibration
p : E → C such that C is an accessible category, the corresponding functor

F : Cop → Ĉat factors through the category of accessible categories and acces-
sible functors, and F preserves κ-filtered limits for κ sufficiently large.
In [MP89], Makkai and Paré prove that if p is an accessible fibration, then its
source E is also an accessible category, and p is an accessible functor. The goal
of this section is to prove an ∞-categorical variant of this result. As it makes
the proof much clearer we will, however, restrict ourselves to considering only
presentable fibrations of ∞-categories, defined as follows:

Definition 10.1. A presentable fibration is a Cartesian fibration p : E → B

such that B is a presentable ∞-category, the corresponding functor F : Bop →
Ĉat∞ factors through the ∞-category PrR of presentable ∞-categories and
right adjoints, and F preserves κ-filtered limits for κ sufficiently large.

Remark 10.2. Suppose p : E → B is a presentable fibration. Since the mor-
phisms of B are all mapped to right adjoints under the associated functor, it
follows that p is also a coCartesian fibration.

The goal of this section is then to prove the following:
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Theorem 10.3. Let p : E → B be a presentable fibration. Then E is a pre-
sentable ∞-category.

As in Makkai and Paré’s proof of [MP89, Theorem 5.3.4], we will prove this by
explicitly describing the total space of the presentable fibration classified by a
special class of functors as an accessible localization of a presheaf ∞-category.
To state this result we first recall some notation from [Lur09a, §5.5.7]:

Definition 10.4. Suppose κ is a regular cardinal. As before, let Catκ∞ be
the category of small ∞-categories that have all κ-small colimits, and functors
that preserve these. Then Indκ gives a functor from Catκ,op∞ to the ∞-category

PrRκ of κ-presentable ∞-categories and limit-preserving functors that preserve

κ-filtered colimits. Using the equivalence PrL ≃ (PrR)op we may equivalently

regard this as a functor Ind∨κ : Catκ∞ → PrLκ, where PrLκ is the ∞-category
of κ-presentable ∞-categories and colimit-preserving functors that preserve κ-
compact objects.

The key step in the proof of Theorem 10.3 can then be stated as follows:

Proposition 10.5. Suppose F : B → Catκ∞ is a functor of ∞-categories with

associated coCartesian fibration p : E → B. Let q : Ê → P(B) be a Cartesian

fibration classified by the unique limit-preserving functor ÎndκF : P(B)op → PrRκ
extending Indκ ◦F op : Bop → PrRκ . Then the ∞-category Ê is an accessible ∞-
category, and q is an accessible functor.

We will prove Proposition 10.5 using Corollary 9.17 together with the following
simple observation:

Lemma 10.6. Suppose C is a small ∞-category, and let S = {pα : K⊲
α → C}

be a small set of diagrams in C. Then the full subcategory of P(C) spanned by
presheaves that take the diagrams in S to limit diagrams in S is accessible, and
the inclusion of this into P(C) is an accessible functor.

Proof. Let yC : C→ P(C) denote the Yoneda embedding. A presheaf F : Cop →
S takes popα to a limit diagram if and only if it is local with respect to the map
of presheaves

colim(yC ◦ p|Kα)→ yC(∞),

where ∞ denotes the cone point. Thus if S′ is the set of these morphisms for
pα ∈ S, the subcategory in question is precisely the full subcategory of S′-
local objects. (This observation can also be found e.g. in the proof of [Lur09a,
Proposition 5.3.6.2].) Since S, and hence S′, is by assumption a small set, it
follows that this subcategory is an accessible localization of P(C). In particular,
it is itself accessible and the inclusion into P(C) is an accessible functor. �

Proof of Proposition 10.5. By Proposition 9.17 the Cartesian fibration Ê →
P(B) can be identified with the restriction to the full subcategory Pcocart

κ (E⊳B)
of the functor j∗ : P(E⊳B) → P(B) induced by composition with the inclusion
j : B →֒ E⊳B.
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The ∞-category Pcocart
κ (E⊳B) is by definition the full subcategory of P(E⊳B)

spanned by presheaves that take two classes of diagrams to limit diagrams
in S — one indexed by coCartesian morphisms in E, which form a set, and one
indexed by κ-small colimit diagrams in the fibres of p; these do not form a set,
but we can equivalently consider only pushout squares and coproducts indexed
by κ-small sets, which do form a set. It then follows from Lemma 10.6 that
Pcocart
κ (E⊳B) is accessible and the inclusion Pcocart

κ (E⊳B) →֒ P(E⊳B) is an acces-
sible functor. The functor j∗ : P(E⊳B) → P(B) preserves colimits, since these
are computed pointwise, and so the composite Pcocart

κ (E⊳B) → P(B) is also an
accessible functor. �

To complete the proof of Theorem 10.3 we now just need an easy Lemma:

Lemma 10.7. Suppose π : E→ B is a coCartesian fibration such that both B and
the fibres Eb for all b ∈ B admit small colimits, and the functors f! : Eb → Eb′

preserve colimits for all morphisms f : b → b′ in B. Then E admits small
colimits.

Proof. The coCartesian fibration π satisfies the conditions of [Lur09a, Corollary
4.3.1.11] for all small simplicial sets K, and so in every diagram

K E

K⊲ B

p

π

q̄

p̄

there exists a lift p̄ that is a π-colimit of p. Given a diagram p : K → E we can
apply this with q̄ a colimit of π ◦ p to get a colimit p̄ : K⊲ → E of p. �

Proof of Theorem 10.3. It follows from Lemma 10.7 that E has small colimits.
It thus remains to prove that E is accessible and p is an accessible functor.

Let F : Bop → Ĉat∞ be a functor corresponding to p. Choose a regular car-
dinal κ so that B is κ-presentable and F preserves κ-filtered limits. Since B

is κ-presentable, B ≃ IndκB
κ is the full subcategory of P(Bκ) spanned by

the presheaves that preserve κ-small limits. Let F̂ : P(Bκ)op → Ĉat∞ be the
unique limit-preserving functor extending F |Bκ,op ; then F is equivalent to the

restriction of F̂ to IndκB
κ. If p̂ : Ê→ P(Bκ) is a Cartesian fibration classified

by F̂ we therefore have a pullback square

E Ê

B P(Bκ),
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where the bottom map preserves κ-filtered colimits, so by [Lur09a, Proposition

5.4.6.6] it suffices to show that Ê is accessible and p̂ is an accessible functor.
Since Bκ is a small ∞-category, we can choose a cardinal λ such that F |Bκ,op
factors through the ∞-category PrR,λ of λ-presentable ∞-categories and right
adjoints that preserve λ-filtered colimits. By [Lur09a, Proposition 5.5.7.2] we

can equivalently think of this, via the equivalence PrR ≃ (PrL)op, as a functor

from Bκ to the ∞-category PrL,λ of λ-presentable ∞-categories and functors
that preserve colimits and λ-compact objects. Taking λ-compact objects de-
fines a functor (–)λ : PrL,λ → Catλ∞. Then, defining F0 : (Bκ) → Cat∞ to be

(F op|Bκ)λ, we see that F ≃ Indλ F0, and so Ê is accessible and p̂ is an accessible
functor by Proposition 10.5. �

Appendix A. Pseudofunctors and the Naturality of
Unstraightening

At several points in this paper we will need to know that the unstraightening
functors Fun(Cop,Cat∞) → Catcart∞/C (and a number of similar constructions)
are natural as we vary the ∞-category C. The obvious way to prove this
is to consider the naturality of the unstraightening Un+

S : Fun(C(S), Set+∆) →
(Set+∆)/S as we vary the simplicial set S. However, since pullbacks are only
determined up to canonical isomorphism, these functors are not natural “on
the nose”, but only up to natural isomorphism — i.e. they are only pseudo-
natural. In the body of the paper we have swept such issues under the rug,
but in this appendix we indulge ourselves in a bit of 2-category theory to
prove that pseudo-naturality on the level of model categories does indeed give
naturality on the level of ∞-categories. We begin by reviewing Duskin’s nerve
of bicategories [Dus02] and its basic properties. However, we will only need to
consider the case of strict 2- and (2,1)-categories:

Definition A.1. A strict 2-category is a category enriched in Cat, and a strict
(2,1)-category is a category enriched in Gpd. We write Cat2 for the category
of strict 2-categories and Cat(2,1) for the category of strict (2,1)-categories.

Definition A.2. Suppose C and D are strict 2-categories. A normal oplax
functor F : C→ D consists of the following data:

(a) for each object x ∈ C, an object F (x) ∈ D,
(b) for each 1-morphism f : x→ y in C, a 1-morphism F (f) : F (x)→ F (y),
(c) for each 2-morphism φ : f ⇒ g in C(x, y), a 2-morphism F (φ) : F (f) ⇒

F (g) in D(F (x), F (y)),
(d) for each pair of composable 1-morphisms f : x → y, g : y → z in C, a

2-morphism ηf,g : F (g ◦ f)⇒ F (g) ◦ F (f),

such that:

(i) for every object x ∈ C, the 1-morphism F (idx) = idF (x),
(ii) for every 1-morphism f : x→ y in C, the 2-morphism F (idf ) = idF (f),

(iii) for composable 2-morphisms φ : f ⇒ g, ψ : g ⇒ h in C(x, y), we have
F (ψ ◦ φ) = F (ψ) ◦ F (φ),
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(iv) for every morphism f : x→ y, the morphisms ηidx,f and ηf,idy : F (f)→
F (f) are both idF (f),

(v) if φ : f ⇒ f ′ is a 2-morphism in C(x, y) and ψ : g ⇒ g′ is a 2-morphism
in C(y, z), then the diagram

F (g ◦ f) F (g) ◦ F (f)

F (g′ ◦ f ′) F (g′) ◦ F (f ′)

ηf,g

F (ψ ◦ φ) F (ψ) ◦ F (φ)

ηf ′,g′

commutes,
(vi) for composable triples of 1-morphisms f : x → y, g : y → z, h : z → w,

the diagram

F (h ◦ g ◦ f) F (h ◦ g) ◦ F (f)

F (h) ◦ F (g ◦ f) F (h) ◦ F (g) ◦ F (f))

ηf,hg

ηgf,h ηg,h ◦ id

id ◦ ηf,g

commutes.

We say a normal oplax functor F from C to D is a normal pseudofunctor if the
2-morphisms ηf,g are all isomorphisms. In particular, if the 2-category C is a
(2,1)-category, all normal oplax functors C→ D are normal pseudofunctors.

Remark A.3. In 2-category theory one typically considers the more general
notions of (not necessarily normal) oplax functors and pseudofunctors, which
do not satisfy F (idx) = idF (x) but instead include the data of natural maps
F (idx) → idF (x) (which are isomorphisms for pseudofunctors). We only con-
sider the normal versions because, as we will see below, these correspond to
maps of simplicial sets between the nerves of strict 2- and (2,1)-categories.

Before we recall the definition of the nerve of a strict 2-category, we first review
the definition of nerves for ordinary categories and simplicial categories:

Definition A.4. Let N: Cat → Set∆ be the usual nerve of categories, i.e.
if C is a category then NCk is the set Hom([k],C) where [k] is the category
corresponding to the partially ordered set {0, . . . , k}.

Remark A.5. Since Cat has colimits, the functor N has a left adjoint
C: Set∆ → Cat, which is the unique colimit-preserving functor such that
C(∆n) = [n].

Lemma A.6. The functor C: Set∆ → Cat takes inner anodyne morphisms to
isomorphisms.
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Proof. Let W denote the class of monomorphisms of simplicial sets that are
taken to isomorphisms by C. To see that W contains the inner anodyne mor-
phisms we apply [JT07, Lemma 3.5], which says that W contains the inner
anodyne maps if

(i) W is weakly saturated, i.e. it contains the isomorphisms and is closed un-
der composition, transfinite composition, cobase change, and codomain
retracts,

(ii) W has the right cancellation property, i.e. it if fg and g are in W then f
is in W,

(iii) W contains the inclusions Spn →֒ ∆n, where Spn denotes the n-spine,
i.e. the simplicial set ∆{0,1} ∐∆{1} · · · ∐∆{n−1} ∆{n−1,n}.

Here conditions (i) and (ii) follow immediately from the definition of W, as
the functor C preserves colimits. It remains to prove (iii), i.e. to show that
C(Spn) → C(∆n) is an isomorphism. Since C preserves colimits, this is the
map of categories

[1]∐[0] · · · ∐[0] [1]→ [n].

But the category [n] is the free category on the graph with vertices 0, . . . , n
and edges i → (i + 1), which obviously decomposes as a colimit in this way,
and the free category functor on graphs preserves colimits. �

Proposition A.7. The functor C: Set∆ → Cat preserves products.

Proof. Since C preserves colimits and the Cartesian products in Cat and Set∆
both commute with colimits in each variable, it suffices to check that the nat-
ural map C(∆n × ∆m) → C(∆n) × C(∆m) is an isomorphism for all n,m.
Since products of inner anodyne maps are inner anodyne by [Lur09a, Corollary
2.3.2.4], the inclusion Spn × Spm → ∆n ×∆m is inner anodyne. Thus in the
diagram

C(Spn × Spm) C(Spn)× C(Spm)

C(∆n ×∆m) C(∆n)× C(∆m)

the vertical maps are isomorphisms by Lemma A.6. It hence suffices to prove
that the upper horizontal map is an isomorphism. Since C preserves colimits
and the Cartesian products preserve colimits in each variable, in the commu-
tative diagram

C(∆1 × Spm) ∐C(∆0×Spm) C(Spn × Spm) C(Spn+1 × Spm)

C(∆1)× C(Spm)∐C(∆0)×C(Spm) C(Spn)× C(Spm) C(Spn+1)× C(Spm)
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C(∆1 × Spm) ∐
C(∆0×Spm)

C(Spn × Spm) C(Spn+1 × Spm)

C(∆1)× C(Spm) ∐
C(∆0)×C(Spm)

C(Spn)× C(Spm) C(Spn+1)× C(Spm)

the vertical morphisms are isomorphisms. By inducting on n and m this implies
that the map in question is an isomorphism for all n and m provided

C(∆n ×∆m)→ C(∆n)× C(∆m)

is an isomorphism when n and m are both either 0 or 1. The cases where n or
m is 0 are trivial, so it only remains to show that C(∆1 × ∆1) → [1] × [1] is
an isomorphism. The simplicial set ∆1 ×∆1 is the pushout ∆2 ∐∆{0,2} ∆2, so
this amounts to showing that the analogous functor [2]∐[1] [2]→ [1]× [1] is an
isomorphism, or equivalently that for any category C, the square

Hom([1]× [1],C) Hom([2],C)

Hom([2],C) Hom([1],C)

is Cartesian. But this claim is equivalent to the statement that a commutative
square in C is the same as two compatible commutative triangles, which is
obvious. �

Definition A.8. The functor N preserves products, being a right adjoint, and
so induces a functor N∗ : Cat2 → Cat∆, given by applying N on the mapping
spaces; this has a left adjoint C∗ : Cat∆ → Cat2 given by composition with C,
since C preserves products by Proposition A.7.

We now briefly recall the definition of the coherent nerve functor from simplicial
categories to simplicial sets, following [Lur09a, §1.1.5]:

Definition A.9. Let Pi,j be the partially ordered set of subsets of {i, i +
1, . . . , j} containing i and j. Then C(∆n) denotes the simplicial category with
objects 0, . . . , n and

C(∆n)(i, j) =

{
∅, i > j

NPi,j , otherwise

Composition of morphisms is induced by union of the subsets in the Pi,j ’s.

Remark A.10. The simplicial set NPi,j is isomorphic to (∆1)×(j−i−1) for j > i.

Definition A.11. The coherent nerve is the functor N : Cat∆ → Set∆ defined
by

NCk = Hom(C(∆k),C).

This has a left adjoint C : Set∆ → Cat∆, which is the unique colimit-preserving
functor extending the cosimplicial simplicial category C(∆•).
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Definition A.12. Let N2 : Cat2 → Set∆ denote the composite

Cat2
N∗−−→ Cat∆

N−→ Set∆.

This functor has a left adjoint C2, which is the composite

Set∆
C−→ Cat∆

C∗−−→ Cat2.

Remark A.13. It is clear from the definitions given in [Dus02, §§6.1–6.7] that
the functor N2 as we have defined it is simply the restriction of Duskin’s nerve
for bicategories to strict 2-categories. (This nerve also implicitly appeared
earlier in [Str87].)

Remark A.14. We can describe the strict 2-category C2(∆n) as follows: its
objects are 0, . . . , n. For i > j, the category C2(∆n)(i, j) is empty, and for
j > i it is the partially ordered set Pi,j (which is isomorphic to [1]×(j−i−1) if
j > i). We can thus describe the low-dimensional simplices of the nerve N2C

of a strict 2-category C as follows:

• The 0-simplices are the objects of C.
• The 1-simplices are the 1-morphisms of C.
• A 2-simplex in N2C is given by objects x0, x1, x2, 1-morphisms f01 : x0 →
x1, f12 : x1 → x2, f02 : x0 → x2, and a 2-morphism φ012 : f02 ⇒ f12 ◦ f01.
• A 3-simplex is given by

– objects x0, x1, x2, x3,
– 1-morphisms fij : xi → xj for 0 ≤ i < j ≤ 3,
– 2-morphisms φ012 : f02 ⇒ f12 ◦ f01, φ123 : f13 ⇒ f23 ◦ f12, φ023 : f03 ⇒
f23 ◦ f02 and φ013 : f03 ⇒ f13 ◦ f01, such that the square

f03 f13 ◦ f01

f23 ◦ f02 f23 ◦ f12 ◦ f01

φ013

φ023 φ123 ◦ id

id ◦ φ012

commutes.

Definition A.15. Let ∆≤k denote the full subcategory of ∆ spanned by the
objects [n] for n ≤ k. The restriction skk : Set∆ → Fun(∆op

≤k, Set) has a right
adjoint

coskk : Fun(∆op
≤k, Set)→ Set∆.

We say a simplicial set X is k-coskeletal if it is in the image of the functor
coskk. Equivalently, X is k-coskeletal if every map ∂∆n → X extends to a
unique n-simplex ∆n → X when n > k.

Proposition A.16. For every strict 2-category C, the simplicial set N2C is
3-coskeletal.

Remark A.17. A more general version of this result in the setting of bicate-
gories appears in [Dus02].
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Proof. We must show that every map ∂∆k → N2C extends to a unique map
from ∆k if k > 3. Equivalently, we must show that given a map C(∂∆k)→ N∗C
it has a unique extension to C(∆k) for k > 3. We can describe the simplicial
category C(∂∆k) and its map to C(∆k) as follows:

• the objects of C(∂∆k) are 0, . . . k,
• the maps C(∂∆k)(i, j)→ C(∆k)(i, j) are isomorphisms except when i = 0

and j = k,
• the simplicial set C(∂∆k)(0, k) is the boundary of the (k − 1)-cube
C(∆k)(0, k) ∼= (∆1)×(k−1).

Thus extending a map F : C(∂∆k)→ N∗C to C(∆k) amounts to extending the
map

C(∂∆k)(0, k)→ NC(F (0), F (k))

to C(∆k)(0, k). But the inclusion C(∂∆k)(0, k)→ C(∆k)(0, k) is a composition
of pushouts of inner horn inclusions and the inclusion ∂∆k−1 → ∆k−1, and if
k − 1 > 2 the nerve of a category has unique extensions along these. �

Theorem A.18 (Duskin, Bullejos–Faro–Blanco). Suppose C and D are strict
2-categories. Then the maps of simplicial sets N2C → N2D can be identified
with the normal oplax functors C→ D.

Remark A.19. The more general version of this result for bicategories appears
to be an unpublished result of Duskin; for 2-categories it is proved by Bullejos,
Faro, and Blanco as [BFB05, Proposition 4.3]. We do not include a complete
proof here, but we will now briefly indicate how a map of nerves gives rise
to a normal oplax functor. By Proposition A.16, a map N2C → N2D can
be identified with a map F : sk3N2C → sk3N2D. Using Remark A.14 we can
identify this with the data of a normal oplax functor as given in Definition A.2:

• The 0-simplices of N2C are the objects of C, so F assigns an object F (c) ∈
D to every c ∈ C, which gives (a)
• The 1-simplices of N2C are the 1-morphisms in C, with sources and targets

given by the face maps [0]→ [1], so F assigns a 1-morphism F (f) : F (x)→
F (y) to every 1-morphism f : x→ y in C, which gives (b).
• Moreover, identity 1-morphisms correspond to degenerate edges in N2C,

so since these are preserved by any map of simplicial sets we get F (idx) =
idF (x), i.e. (i).
• The 2-simplices of N2C are given by three 1-morphisms f : x→ y, g : y →
z, h : z → w (corresponding to the three face maps), and a 2-morphism
φ : h⇒ g ◦ f . In particular:

– Considering 2-simplices where the second edge is degenerate, which
correspond to 2-morphisms in C, we see that F assigns a 2-morphism
F (φ) : F (h)⇒ F (g) to every φ : h⇒ g in C, which gives (c).

– Considering 2-simplices where the 2-morphism φ is the identity, we see
(as this condition is not preserved by F ) that F assigns a 2-morphism
F (g◦f)⇒ F (g)◦F (f) to all composable pairs of 1-morphisms, which
gives (d).
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• Since F preserves degenerate 2-simplices, which correspond to identity
2-morphisms of the form f ◦ id⇒ f and id ◦ f ⇒ f , we get (ii) and (iv).
• The 3-simplices of N2C are given by

– objects x0, x1, x2, x3,
– 1-morphisms fij : xi → xj for 0 ≤ i < j ≤ 3,
– 2-morphisms φ012 : f02 ⇒ f12 ◦ f01, φ123 : f13 ⇒ f23 ◦ f12, φ023 : f03 ⇒
f23 ◦ f02 and φ013 : f03 ⇒ f13 ◦ f01, such that the square

f03 f13 ◦ f01

f23 ◦ f02 f23 ◦ f12 ◦ f01

φ013

φ023 φ123 ◦ id

id ◦ φ012

commutes.
In particular, we have:

– If x1 = x2 = x3, f12 = f13 = f23 = idx1 , and φ123 = ididx1
, then

this says φ013 = φ012 ◦φ023, and since F preserves identities this gives
(iii).

– In the case where the 2-morphisms are all identities, we get (vi).
– To get (v), we consider the 3-simplices where f12 = id, φ023 = id, and
φ013 is the composite of φ012 and φ123.

Definition A.20. The inclusion Gpd →֒ Cat of the category of groupoids
preserves products, and so induces a functor Cat(2,1) → Cat2; we write N(2,1)

for the composite

Cat(2,1) → Cat2
N2−−→ Set∆.

Corollary A.21. If C and D are strict (2,1)-categories, then a morphism of
simplicial sets N(2,1)C→ N(2,1)D can be identified with a normal pseudofunctor
C→ D.

Definition A.22. Recall that a relative category is a category C equipped with
a subcategory W containing all isomorphisms; see [BK12] for a more extensive
discussion. A functor of relative categories f : (C,W )→ (C′,W ′) is a functor
f : C → C′ that takes W into W ′. We write RelCat(2,1) for the strict (2,1)-
category of relative categories, functors of relative categories, and all natural
isomorphisms between these.

We now want to prove that a normal pseudofunctor to RelCat(2,1) determines
a map of ∞-categories to Cat∞ via the following construction:

Definition A.23. If (C,W ) is a relative category, let L(C,W ) ∈ Set+∆
be the marked simplicial set (NC,NW1). This defines a simplicial functor
N∗RelCat(2,1) → Set+∆.

Definition A.24. If (C,W ) is a relative category, we write C[W−1] for the∞-
category obtained by taking a fibrant replacement of the marked simplicial set
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L(C,W ). More generally, if C is a strict (2,1)-category and W is a collection of
1-morphisms in C, we write C[W−1] for the ∞-category obtained by fibrantly
replacing the marked simplicial set (N(2,1)C,W ).

Lemma A.25. Let C be a strict (2,1)-category, and let F be a normal pseud-
ofunctor F : C → RelCat(2,1). If W is a collection of 1-morphisms in C such
that F takes the morphisms in W to weak equivalences of relative categories,
then F determines a functor of ∞-categories C[W−1] → Cat∞, which sends
x ∈ C to Ex[W−1x ] where F (x) = (Ex,Wx).

Proof. By Proposition A.21 the normal pseudofunctor F corresponds to a map
of simplicial sets N(2,1)C → N(2,1)RelCat(2,1). Composing this with the map

N(L) : N(2,1)RelCat(2,1) → NSet+∆ we get a map N(2,1)C → NSet+∆. We may
regard this as a map of marked (large) simplicial sets

(N(2,1)C,W )→ (NSet+∆,W
′),

where W ′ is the collection of marked equivalences in Set+∆. Now invoking
[Lur14, Theorem 1.3.4.20] we conclude that Cat∞ is a fibrant replacement
for the marked simplicial set (NSet+∆,W

′), so this map corresponds to a map

C[W−1] → Cat∞ in the ∞-category Ĉat∞ underlying the model category of
(large) marked simplicial sets. �

We will now make use of Grothendieck’s description of pseudofunctors to the
(2,1)-category of categories to get a way of constructing pseudofunctors to
RelCat(2,1):

Theorem A.26 (Grothendieck [Gro63]). Let C be a category. Then pseud-
ofunctors from Cop to the strict 2-category CAT correspond to Grothendieck
fibrations over C.

Remark A.27. Let us briefly recall how a pseudofunctor is constructed from
a Grothendieck fibration, as this is the part of Grothendieck’s theorem we will
actually use. A cleavage of a Grothendieck fibration p : E → B is the choice,
for each (e ∈ E, f : b → p(e)), of a single Cartesian morphism over f with
target e; cleavages always exist, by the axiom of choice. Given a choice of
cleavage of p, we define the pseudofunctor Cop → CAT by assigning the fibre
Eb to each b ∈ B, and for each f : b→ b′ the functor f∗ assigns to e ∈ Eb the
source of the Cartesian morphism over f with target e in the cleavage. Clearly,
this pseudofunctor will be normal precisely when the cleavage is normal in the
sense that the Cartesian morphisms over the identities in B are all chosen to be
identities in E. Every Grothendieck fibration obviously has a normal cleavage,
so from any Grothendieck fibration we can construct a normal pseudofunctor.

Definition A.28. A relative Grothendieck fibration is a Grothendieck fibration
p : E→ C together with a subcategory W of E containing all the p-Cartesian
morphisms. In particular, the restricted projection W→ C is also a Cartesian
fibration. Moreover, for every x ∈ C the fibres (Ex,Wx) are relative categories,
and the functor f∗ induced by each f in C is a functor of relative categories.
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If (C, U) is a relative category, we say that the relative Grothendieck fibra-
tion is compatible with U if this functor f∗ : (Eq,Wq) → (Ep,Wp) is a weak
equivalence of relative categories for every f : p→ q in U .

The following is then an obvious consequence of Theorem A.26:

Lemma A.29. Relative Grothendieck fibrations over a category C correspond
to normal pseudofunctors Cop → RelCat(2,1).

Proposition A.30. Let (E,W) be a relative Grothendieck fibration over C

compatible with a collection U of morphisms in C. Then this induces a functor
of ∞-categories

C[U−1]op → Cat∞

that sends p ∈ C to Ep[W
−1
p ].

Proof. Combine Lemmas A.29 and A.25. �

All the maps whose naturality we are interested in can easily be constructed
as relative Grothendieck fibrations. We will explicitly describe this in the case
of the unstraightening equivalence, and leave the other cases to the reader.

Proposition A.31. The unstraightening functors

Un+
S : Fun∆(C(S)op, Set+∆)fib → (Set+∆)fib/S

define a relative Grothendieck fibration over Set∆ × ∆1 compatible with the
categorical equivalences in Set∆.

Proof. Let E be the category whose objects are triples (i, S,X) where i = 0 or
1, S ∈ Set∆, and X is a fibrant map Y → S♯ in Set+∆ if i = 0 and a fibrant

simplicial functor C(S)op → Set+∆ if i = 1; the morphisms (i, S,X)→ (j, T, Y )
consist of a morphism i → j in [1], a morphism f : S → T in Set∆, and the
following data:

• if i = j = 1, X : C(S) → Set+∆ and Y : C(T ) → Set+∆, a simplicial natural
transformation X → C(f) ◦ Y ,
• if i = j = 0, X is E → S and Y is F → T , a commutative square

E F

S♯ T ♯

in Set+∆,
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• if i = 1 and j = 0, Y is a functor C(S)op → Set+∆ and X is E → T , a
commutative square

Un+
S (X) E

S T.

Composition is defined in the obvious way, using the natural maps of
[Lur09a, Proposition 3.2.1.4]. We claim that the projection E→ ∆1 × Set∆ is
a Grothendieck fibration. It suffices to check that Cartesian morphisms exist
for morphisms of the form (idi, f) and (0→ 1, idS), which is clear. �

Corollary A.32. There is a functor of∞-categories Catop∞ → Fun(∆1, Ĉat∞)
that sends C to the unstraightening equivalence

Fun(Cop,Cat∞)
∼−→ Catcart∞/C.
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Abstract. The Maxwell-Boltzmann functional equation has re-
cently attraction renewed interest since besides its importance in
Boltzmann’s kinetic theory of gases it also characterizes maximizers
of certain bilinear estimates for solutions of the free Schrödinger equa-
tion. In this note we give a short and simple proof that, under some
mild growth restrictions, any measurable complex-valued solution of
the Maxwell-Boltzmann equation is a Gaussian. This covers most, if
not all, of the applications.

2010 Mathematics Subject Classification: 39B22, 39B32
Keywords and Phrases: Maxwell–Boltzmann functional equation.
Gaussian maximizers

1 Introduction

The Maxwell-Boltzmann functional equation for a measurable function f :
Rd Ñ C states that

fpxqfpyq “ Hpx2 ` y2, x` yq for almost all x, y P Rd (1)

for some measurable function H : R` ˆ Rd Ñ C. This equation has attracted
a lot of attention in kinetic theory, since it determines the collision invariant
of the Boltzmann equation. In this case, it is natural to also assume that f in
non-negative and integrable.
In recent years the Maxwell–Boltzmann equation has regained attention for
complex-valued functions f , since it determines in some cases the maximizers
of the Strichartz inequality in low dimensions d ď 2 [4, 5] and of the Ozawa
and Tsutsumi bilinear inequality [7] and other bilinear estimates [3, 8], which
are space–time inequalities for solutions of the free Schrödinger equation. In
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[2] a class of bilinear estimates was proved, which includes the ones of [3, 7, 8]
for solutions of the Schrödinger equation.
It was also noticed in [2] that any maximizer f of their bilinear inequality obeys

the Maxwell–Boltzmann equation and, furthermore, that f P L1pe´γx2

dxq for
some suitable γ ě 0. They conclude, with the help of known results [6, 9, 10]
on solutions of the Maxwell–Boltzmann equation, that any maximizer of their
bilinear inequality must be a Gaussian.
However, the known approaches to show that solutions f of the Maxwell-
Boltzmann equation are Gaussians need that f is non-negative and f ‰ 0.
This is the case in [10], where Villani uses an argument due to Desvillettes to
reduce the proof for f P L1 and f ě 0 to f P C2 and f ą 0. In [6] Lions uses
the estimates he established in his work to prove that any solution of Maxwell–
Boltzmann is smooth, this is elegant but technical and still needs that f ě 0.
In [9] the proof needs f ě 0 and f P L1

2pRdq, that is, x ÞÑ p1 ` |x|2qfpxq is in-
tegrable, and, upon closer inspection, it seems to us that it also needs that the
Fourier transform of f does not vanish. Using a completely different method,
another approach in [1] also shows that solutions f of the Maxwell–Boltzmann
functional equation are Gaussians if f ě 0 is measurable and finite and f ą 0
on a set of positive measure.
Our note is intended to give a short proof that complex valued-functions, which
obey the Maxwell-Boltzmann equation together with a mild growth condition,
are necessarily Gaussians with a rotationally symmetric covariance. More im-
portantly, we believe that the proof we give is very simple. It does not require
any technical tools besides some simple linear algebra and the chain rule. The
proof we give below is inspired by the proof in [5], where Gaussians were shown
to be the only maximizers in the sharp Stichartz inequality in low dimensions.

2 The Maxwell–Boltzmann equation and Gaussians

Theorem 1. Let f P L1pRd, e´γx2

dxq for some γ ě 0 obey the Maxwell–
Boltzmann equation

fpxqfpyq “ Hpx2 ` y2, x` yq for almost all x, y P Rd (2)

for some measurable function H : R` ˆ Rd Ñ C. Then there exist a,A P C
with Repaq ă γ and b P Cd such that

fpxq “ Aeax
2`b¨x for almost every x P Rd. (3)

Proof. First, we assume in addition that f P L1pRdq. We will relax this in Step
4 below.

Step 1: Assume that f P C2pRdq X L1pRdq, i.e., it is integrable and twice
continuously differentiable. Assume, furthermore, that f never vanishes. Then
there exist a,A P C with Repaq ă 0 and b P Cd such that

fpxq “ Aeax
2`b¨x for x P Rd.
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To prove this, we will need suitable rotations in two-dimensional subspaces of
R2d. From our assumption fpxqfpyq “ Hpx2 ` y2, x ` yq one easily deduces
that the product fpxqfpyq is invariant under a large class of rotations of R2d,
namely the rotations of R2d which leave Rd ˆRd Q px, yq ÞÑ x` y invariant. To
exploit this, we will construct a convenient basis in R2d, in which these rotation
have a simple expression.
Let ej, j “ 1 . . . , d be the standard basis for Rd, that is, ej has only zero
entries, except for the jth slot, in which it has a one, and define the vectors
αj , j “ 1, . . . , d by

αj :“ 1?
2

ˆ
ej
ej

˙
.

so that αj are unit vectors. Then the equation x` y “ c P Rd is equivalent to

the d equations cj “ xj ` yj “
?

2 xαj , zyR2d , j “ 1, . . . , d with z “
ˆ
x
y

˙
and

x¨, ¨yR2d the standard scalar product in R2d.
To construct suitable rotations in the orthogonal complement of
spantα1, . . . , αdu Ă R2d, one has to find a basis for this orthogonal com-
plement. This can be done either in a systematic manner or by simply
guessing that the vectors

βj :“ 1?
2

ˆ
ej

´ej

˙

will do the job: It is easy to check that tα1, . . . , αd, β1, . . . , βdu form an or-
thonormal basis of R2d.
Fix j, k P t1, . . . , du with j ‰ k. We define the rotation by an angle ϕ in the
plane spanned by βj and βk by the matrix

Rj,kpϕq –

dÿ

l“1

αlα
t
l `

ÿ

m“1,...,d
mRtj,ku

βmβ
t
m

` cospϕqβjβtj ´ sinpϕqβjβtk ` sinpϕqβkβtj ` cospϕqβkβtk .

(4)

In the following, we will suppress in our notation that the matrix depends on j
and k. This rotation keeps all the directions αl, l “ 1, . . . , d and βm, m R tj, ku
invariant. Since the function

F pzq :“ fpxqfpyq “ Hpx2 ` y2, x` yq, z “ px, yq P R2d

is invariant under such a rotation, we have

F pRpϕqzq “ const

for all fixed z P R2d and all ϕ P R. Thus, since F is twice continuously
differentiable, by assumption,

0 “ d

dϕ
F pRpϕqzq

ˇ̌
ϕ“0

“
B
∇2dF pzq, d

dϕ
Rpϕq

ˇ̌
ϕ“0

z

F

R2d

. (5)
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Here ∇2d is the gradient in R2d. One easily calculates

d

dϕ
Rpϕq

ˇ̌
ϕ“0

“ ´βjβtk ` βkβ
t
j .

In the splitting R2d “ Rd ˆ Rd, the matrix βjβ
t
k has a simple block structure,

βjβ
t
k “ 1

2

ˆ
ej

´ej

˙
petk ´ etkq “ 1

2

ˆ
eje

t
k ´ejetk

´ejetk eje
t
k

˙
.

So
d

dϕ
Rpϕq

ˇ̌
ϕ“0

“ 1

2

ˆ
´ejetk ` eke

t
j eje

t
k ´ eke

t
j

eje
t
k ´ eke

t
j ´ejetk ` eke

t
j

˙

and thus, since e t
k x “ xek, xyRd “ xk, one has

d

dϕ
Rpϕq

ˇ̌
ϕ“0

z “
ˆ

´pxk ´ ykqej ` pxj ´ yjqek
pxk ´ ykqej ´ pxj ´ yjqek

˙
for z “

ˆ
x
y

˙
.

Hence, writing

∇2dF pzq “ fpxqfpyq
ˆ
∇qpxq
∇qpyq

˙

with q “ ln f , which is well-defined, since, by assumption, f never vanishes, we
get from (5) the differential equation

0 “ ´
Bˆ
∇qpxq
∇qpyq

˙
,

ˆ
´pxk ´ ykqej ` pxj ´ yjqek
pxk ´ ykqej ´ pxj ´ yjqek

˙F

R2d

“ pxk ´ ykqBjqpxq ´ pxj ´ yjqBkqpxq ´ pxk ´ ykqBjqpyq ` pxj ´ yjqBkqpyq

for all j ‰ k and all x, y P Rd.
Differentiating this with respect to yj yields

0 “ Bkqpxq ´ pxk ´ ykqB2
j qpyq ´ Bkqpyq ` pxj ´ yjqBjBkqpyq (6)

and differentiating this again with respect to xj , we arrive at

BjBkqpxq ` BjBkqpyq “ 0

for all x, y P Rd, which setting x “ y shows

BjBkqpxq “ 0 for all j ‰ k, (7)

whereas differentiating (6) with respect to xk gives

B2
kqpxq “ B2

j qpyq for all j ‰ k (8)

and for all x, y. The two equations (7) and (8) show that there exists a constant
a P C such that

∇Bjqpxq “ 2aej
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for all j “ 1, . . . , d. Integrating this gives

Bjqpxq “ 2axj ` bj

for some constants bj P C, i.e.,

∇qpxq “ 2ax` b

and integrating this yields lnpfpxqq “ qpxq “ ax2 ` b ¨ x` c. That is,

fpxq “ Aeax
2`b¨x for x P Rd

for some constants a,A P C and b P Cd and in order that this is in L1pRdq, we
need to have Repaq ă 0.
For the second step let

gpxq –
1

πd{2 e
´x2

a centered L1-normalized Gaussian and for ε ą 0

gεpxq – ε´dgpx{εq

its scaled version, which serves as an approximation of the delta-distributions
as ε Ñ 0.

Step 2: Assume that f P L1pRdq and the convolution gε ˚ f never vanishes for
all small enough ε ą 0. Then there exist a,A P C with Repaq ă 0 and b P Cd

such that
fpxq “ Aeax

2`b¨x.

Indeed, Gεpx, yq “ gεpxqgεpyq is a centered Gaussian in R2d, in particular,

invariant under all rotations of R2d. Let rHpx, yq “ Hpx2 ` y2, x ` yq and

set rHε “ Gε ˚ rH, the convolution now on R2d. From the Maxwell-Boltzmann
equation for f one gets

´
gε ˚ f

¯
pxq

´
gε ˚ f

¯
pyq “ pGε ˚ rHqpx, yq for all x, y P Rd

A simple calculation, using that Gε is invariant under all rotations of R2d, shows
that rHε inherits all rational invariances of rH , that is, it is invariant under all
rotations of R2d which leave R2 ˆ Rd Q px, yq ÞÑ x` y invariant. Clearly gε ˚ f
is infinitely often differentiable and, by assumption it does not vanish for all
small enough ε ą 0. So Step 1 applies to gε ˚ f and shows that there exist
aε, Aε P C with Repaεq ă 0 and bε P Cd such that

´
gε ˚ f

¯
pxq “ Aεe

aεx
2`bε¨x

for all x P Rd. Taking the limit ε Ñ 0 shows that f is the L1-limit of Gaussians,
hence it must be a Gaussian.
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To finish the proof for f P L1pRdq it is enough to show

Step 3: Let f P L1 obey the Maxwell–Boltzmann equation and f not be the
zero function. Then for any small enough ε ą 0 the convolution gε ˚ f never
vanishes.
Indeed, as above one sees

Rd ˆ Rd Q px, yq ÞÑ
´
gε ˚ f

¯
pxq

´
gε ˚ f

¯
pyq

is invariant under all rotations of R2d which leave Rd ˆ Rd Q px, yq ÞÑ x ` y
invariant. So taking the modulus and applying the same argument again, shows
that for any δ ą 0

Rd ˆ Rd Q px, yq ÞÑ
´
gδ ˚ |gε ˚ f |

¯
pxq

´
gδ ˚ |gε ˚ f |

¯
pyq

is also invariant under all rotations of R2d which leave RdˆRd Q px, yq ÞÑ x`y
invariant.
Since f is not identically zero and gε ˚f converges to f in L1, we see that gε ˚f
is not identically zero for all small enough ε ą 0. But in this case |gε ˚ f | is non

negative and positive on some set of positive measure, thus
´
gδ˚|gε˚f |

¯
pxq ą 0

for all δ ą 0 and all x P Rd, i.e., it is infinitely often differentiable and it never
vanishes. By Step 1, we see that |gε ˚ f | is a Gaussian and thus, if it vanishes
somewhere it must vanish everywhere. So if |gε ˚ f | vanishes somewhere for all
small ε, it is identically zero for all small ε, and taking the limit ε Ñ 0, we
see that f must be equal to zero almost everywhere, in contradiction to our
assumption. So |gε ˚ f | never vanishes for all small enough ε ą 0.
This finished the proof in case f P L1pRdq obeys the Maxwell–Boltzmann
equation. The last step is to relax the integrability assumption on f , which is
easy:

Step 4: If f P L1pRd, e´γx2

dxq obeys the Maxwell–Boltzmann equation, then
there exist a,A P C with Repaq ă γ and b P Cd such that

fpxq “ Aeax
2`b¨x

for almost all x P Rd.
Indeed, let fγpxq “ e´γx2

fpxq. Then fγ P L1pRdq and it also obeys the
Maxwell–Boltzmann equation. So by the above there exist a0, A P C with
Repa0q ă 0 and b P Cd such that

fγpxq “ Aea0x
2`b¨x for almost all x P Rd.

Then cleary

fpxq “ Aeax
2`b¨x

with a “ a0 ` γ and Repaq ă γ.
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Abstract. We prove that the usual Θ function on a Riemannian
manifold without conjugate points is uniformly bounded from below.
This extends a result of Green in two dimensions. We deduce that
the Bérard remainder in the Weyl law is valid for a manifold without
conjugate points, without any restriction on the dimension.
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1 Introduction

Let (M, g) be a compact Riemannian manifold of dimension n. The spectrum
of its Laplacian is discrete. We denote the eigenvalues by µ0 = 0 < µ1 ≤ . . . ,
and its counting function by

N(λ) := #{µi ≤ λ2}.

In 1977, Bérard proved the following:

Theorem 1 ([Bér77]). Assume that n = 2 and M has no conjugate points, or
that M has non-positive sectional curvature. Then, as λ tends to infinity,

N(λ) =
vol(B∗M)

(2π)n
λn +O

(
λn−1

logλ

)
. (1)

In this note, we prove

Documenta Mathematica 22 (2017) 1275–1283



1276 Yannick Bonthonneau

Theorem 2. It suffices to assume that M does not have conjugate points to
obtain the above result in any dimension.

This really is an improvement of theorem 1, as there exist manifolds without
conjugate points whose curvature has no sign. One can find such examples in
Gulliver [Gul75], or Ballmann-Brin-Burns [BBB87].
We will not enter into all the details of the original proof, as we will just
make an observation on a crucial point in the arguments of Bérard. To obtain
the theorem, Bérard studied the local behaviour of the wave trace via the
Hadamard parametrix. The kernel K(t, x, x′) of the wave operator cos t

√
−∆

on M̃ – the universal cover of M – has an expansion of the form

K(t, x, x′) = C0

∑

k≥0
uk(x, x′)|t| (t

2 − d(x, x′)2)
k−(n+1)/2
+

Γ(k − (n− 1)/2)
mod (C∞). (2)

The coefficients uk satisfy certain transport equations along the geodesic be-
tween x and x′. The expansion (2) is valid on the universal cover of M as soon
as M has no conjugate points. A critical part of the proof of Bérard, which is
the only spot where the negative curvature assumption is used, is the lemma:

Lemma 1 ([Bér77]). Let (N, g) be the universal cover of a compact manifold
without conjugate points. When n = 2 or if the curvature is non-positive, for
all k ≥ 0 and l ≥ 0,

∆l
x′uk(x, x′) = O(1)eO(d(x,x′)).

To prove theorem 2, it suffices to establish

Lemma 2. The conclusion of lemma 1 holds with the sole assumption that
(N, g) is a complete, simply connected Riemannian manifold without conjugate
points and bounded geometry.

To have bounded geometry means that the curvature tensor and all its covari-
ant derivatives are bounded on N and that the injectivity radius is positively
bounded from below. The latter is a given here since expx is a global diffeo-
morphism for any x ∈ N .
To understand the proof, we need to introduce the Θ function, announced in
the title: for x, x′ ∈ N

Θ(x, x′) = detTexp−1
x (x′) expx .

As Texp−1
x (x′) expx is a linear map between TxN and Tx′N , this determinant is

naturally computed taking as reference the volume form d volg at the points x
and x′. We also define

ϑ(x, x′) = d(x, x′)n−1Θ(x, x′).
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Now, we can give an explicit expression for the coefficients uk (see [Bér77]):

u0(x, x′) =
1√
Θ
,

uk+1(x, x′) =
1

rk+1
√

Θ

∫ r

0

sk
√

Θ(x, xs)(−∆x′uk)(x, xs)ds.

where x′ = expx(ru) and xs = expx(su). We can deduce that to complete the
proof in the general case, it suffices to prove the most basic estimate, that is,
u0 = O(1)eO(d(x,x′)). This fact was actually hinted at in the last remark of
Bérard’s paper.

The proof of lemma 2 will therefore be complete if we can prove this Riemannian
geometry lemma:

Lemma 3. Assume that (N, g) is a complete simply-connected manifold without
conjugate points, and bounded sectional curvature. For all ǫ > 0, there is a
constant C > 0 so that ϑ(x, x′) > C whenever d(x, x′) > ǫ.

In the proof, this will be deduced from the lemma 4 on Jacobi equations, which
gives some explicit estimates on the relation between the constants ǫ and C.

For surfaces, lemma 3 is due to Green (see lemma 2 in [Gre56]). While it
may have been known for a while, we did not find any published statement, or
proof, for the general case. In Eberlein [Ebe73], one can find a proof that for
any (x, u), limt→∞ ϑ(x, expx(tu)) = +∞, but the convergence is not uniform
in (x, u) in higher dimension, so that this is not enough to deduce lemma 3.
As a special case, Goto [Got78] proved the lemma for manifolds with no focal
points.

Before we go on with the proof, we would like to make some observations.

1. In [HT15], Hassell and Tacy gave a uniform logarithmic improvement on
the Lp norms of eigenfunctions, with the same assumptions on the manifold as
in Bérard’s theorem. According to their proof, the reason why they need non-
positive curvature in dimension n > 2 is that they use lemma 1. Their result
can thus be generalized to all closed manifolds without conjugate points. The
same consideration applies to the article of Mroz and Strohmaier [MS16], whose
results are thus extended to all complete compact manifolds without conjugate
points; it is quite possible that this observation applies to other results in the
litterature.

2. When investigating the Weyl law for some non-compact manifolds of finite
volume with hyperbolic cusps (see [Bon15]), it was convenient to introduce a
modified version of the Hadamard parametrix (2). This involved new coeffi-
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cients ũk, which satisfy

ũ0(x, x′) =

√
sinh(r)n−1

ϑ

ũk+1(x, x′) =

1

sinh(r)

∫ r

0

(
sinh(s)

sinh(r)

)k−n−1
2

√
ϑ(x, xs)

ϑ(x, x′)

(
−∆x′ + k2 − n+ 1

)
ũk(x, xs)ds,

still with r = d(x, x′). It was crucial to the proof therein that the same esti-
mates as in lemma 1 hold also for the ũk. However, the proof of lemma 1 which
can be found in the appendix of Bérard’s article is sufficiently robust so that
we can also reduce to the case of ũ0, and this completes the proof of the results
in [Bon15].
Acknowledgement It was a great pleasure to discuss the matters of this note
with Pierre H. Bérard. He communicated a note [Bér16] with a different take
on the proof of lemma 3, via Bochner’s formula. I also thank the anonymous
referee for pointing out possible improvements, and point out that this work
was realized as a postdoc at CIRGET, UQÀM, Montréal.

2 Proof

The arguments we use are somewhat elementary, and they are inspired by the
original proof of Green [Gre58], and some arguments from Eberlein [Ebe73].
However, for the convenience of the reader, our proof is (almost) self-contained.
There is a direct link between the Θ function and Jacobi fields. Let us fix
for the moment a geodesic γ(t), starting at x, of the form expx(tu). Then we
choose a direct orthonormal basis in TxN , whose last vector is u. Using parallel
transport, this defines a family of parallel direct orthonormal frames along γ,
and we can express Jacobi fields in those frames. They are found to satisfy the
usual matrix equation:

X ′′(t) + K(t)X(t) = 0 (∗)
where K(t)X(t) = Rγ(t)(X(t), γ̇(t))γ̇(t), R being the curvature tensor of N .
In particular, K is a symmetric matrix, and K(t)γ̇ = 0, so K(t) preserves the
orthogonal of γ̇. Hence we can decompose the Jacobi fields into a parallel part
c(t)γ̇(t), and an orthogonal part. The parallel coefficient c(t) is of the form
at+ b.
In these coordinates, the matrix for Ttu expx is t−1A(t) where A(t) is the Jacobi
matrix field such that A(0) = 0 and A′(0) = 1. If we decompose this into parallel
and orthogonal fields, the parallel part is of course t, so we can abuse notations,
and still denote by A(t) the orthogonal field. In what follows, we will only deal
with orthogonal fields.
With the notations above,

Θ(x, expx(tu)) =
det(A(t))

tn−1
.

Documenta Mathematica 22 (2017) 1275–1283



Lower Bound for Θ 1279

The condition that there are no conjugate points is equivalent to assuming
that the field A(t) is invertible for t 6= 0, independently of the vector (x, u) (or
equivalently, that for all x, expx is a global diffeomorphism). We also have

ϑ(x, expx(tu)) = det A(t).

More generally, we will consider the equation (∗) when K is a bounded contin-
uous family of symmetric matrices. We will assume that K has no conjugate
points in the sense that for any C2 vector solution v(t) to (∗), such that v
vanishes for two different values of t, then v is identically zero. We will prove:

Lemma 4. Under the assumptions above on K, let Kmax = sup ‖K‖. Then for
any ǫ > 0, there is a C > 0 only depending on Kmax and ǫ such that whenever
|t| > ǫ,

‖A(t)−1‖ ≤ C.
In particular, if Kmax > 0, when t >

√
1/(3Kmax),

‖A(t)−1‖2 ≤ Kmax
24
√

3

5
coth

1√
3
.

We will use the Ricatti equation associated to (∗), that is

V
′ + V

2 + K = 0. (∗∗)

This is also a matrix-valued equation along γ(t), and it is satisfied for V’s of
the form B′B−1, where B is an invertible solution of (∗). The non-conjugacy
assumption will imply the existence of solutions to (∗∗) on the interval [0,+∞),
and this can be seen as the conceptual argument behind the proof.
The following lemma is fundamental for our proof. It can be found in Green
for surfaces (see lemma 3 in [Gre58]), or in Eberlein in this level of generality
(lemma 2.8 in [Ebe73]). It is actually a generalization of a result on Sturm-
Liouville equations, known at least since E. Hopf. When we write an inequality
between two matrices, they are assumed to be symmetric, and it means that
the corresponding inequality holds between the associated quadratic forms.

Lemma 5. Let V be a symmetric solution to the Ricatti equation (∗∗), defined
for all t > 0, then |V| ≤ k cothkt as soon as K ≥ −k21 for all t > 0.

Before going any further, let us make two remarks

1. It is useful to recall that if B and C are two solutions of (∗), their Wron-
skian is W(B,C) = B∗C′ − B′∗C — here L∗ is the transpose of L. It is
constant. In particular, if W(B,B) = 0 and B is invertible, the associated
solution B′B−1 of (∗∗) is symmetric.

2. Let U = A′A−1. One can check that it is a symmetric solution to (∗∗).
Additionally, we find

d

dt
ϑ(x, expx(tu)) = ϑ(x, expx(tu)) Tr U(t).
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In particular, this implies the existence of a bound of the form |ϑ(t)|−1 =
O(t1−n)eO(t), where the constants are independent of x and u. This
would probably be sufficient to obtain lemma 2, but we will nonetheless
go on with the proof of lemma 3.

2.1 Green’s method

Green’s method gives us particularly useful solutions to (∗), that vanish only
at infinity.
For t 6= 0, the field Dt is the unique solution to (∗) such that Dt(0) = 1, and
Dt(t) = 0. The existence and uniqueness of such a field is assured by the non-
conjugacy assumption. Let D±∞ be the limit of the fields Dt as t→ ±∞. Let
us recall the proof of existence of such limits given by Iturriaga [Itu02].
His first observation is that (D′s(0) − D′t(0)) is not singular, except at s = t.
Indeed, let us assume that (D′s(0) − D′t(0))v = 0, with s 6= t. Then we get
Ds(τ)v = Dt(τ)v for all τ ∈ R. In particular, Ds(s)v = Ds(t)v = 0, and this
implies that Ds(τ)v = 0 for all τ . Since Ds(0) = 1, v = 0. On the other hand,
D′s(0) − D′t(0) depends continuously on s and t as long as they do not vanish,
so the signature is constant in {t > s > 0} and {t > 0 > s}. Now, we can see
that

D
′
s(0) = −1

s
+O(s2).

>From Iturriaga, we also learn that D′s(0)−D′t(0) is always a symmetric matrix.
Considering all the above, we deduce that when 0 < s < t,

D
′
s(0)− D

′
t(0) < 0,

and when s < 0 < t,
D
′
s(0)− D

′
t(0) > 0.

In particular, since D′t(0)−D′s(0) is increasing and bounded from above, it has
to converge as t→ +∞. It is a direct consequence that Dt(τ) converges for all
τ , to a solution D+∞(τ) of (∗), and D′t(0) has to converge to D′+∞(0). Usual
arguments now give us that for s, t > 0,

Dt(s) = A(s)

∫ t

s

A(ℓ)−1A(ℓ)−1∗dℓ.

In particular,

D+∞(s) = A(s)

∫ +∞

s

A(ℓ)−1A(ℓ)−1∗dℓ, (3)

and D+∞(s)→ 0 as s→ +∞. We let

M(s) := D
′
+∞(0)− D

′
s(0) =

∫ +∞

s

A(ℓ)−1A(ℓ)−1∗dℓ <∞.
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2.2 End of the proof

>From formula (3), we deduce that D+∞(s) is invertible for every s ≥ 0. Hence
the associated solution of (∗∗) V = D′+∞D

−1
+∞ is defined at least for all s ≥ 0.

It is also symmetric. Indeed, for any t, we have W(Dt,Dt) = 0 by evaluation at
t. Letting t→ +∞, we get W(D+∞,D+∞) = 0.
Now, we want to apply lemma 5 to solutions of (∗∗). An elementary computa-
tion gives

U(t)− V(t) = A(t)−1∗M(t)−1A(t)−1.

In particular,
∣∣A(t)−1∗M(t)−1A(t)−1

∣∣ ≤ 2K1/2
max cothK1/2

maxt.

As M(s) is symmetric, positive definite, M−1(s) ≥ 1/‖M(s)‖— with the usual
operator norm ‖ · ‖ — and

2‖M(t)‖K1/2
max cothK1/2

maxt ≥ A(t)−1∗A(t)−1.

As a consequence,

‖A−1(t)‖2 ≤ 2‖M(t)‖K1/2
max cothK1/2

maxt.

We finally get the result of this computation: for t > s > 0,

‖A(t)−1‖2 ≤ 2K1/2
max cothK1/2

maxt‖D′−s(0)− D
′
s(0)‖,

and according to Hadamard’s inequality,

ϑ−1(t) ≤
{

2K1/2
max cothK1/2

maxt‖D′−s(0)− D
′
s(0)‖2

}n−1
2

.

Now, the last step of the proof is

Lemma 6. Provided s > 0 is small enough, we can give a bound for ‖D′−s(0)−
D′s(0)‖ depending only on s and Kmax.

Observe that for the application we have in mind, Kmax is bounded by the sup
of the sectionnal curvature of (N, g).

Proof. Let B be the Jacobi matrix fields such that

B(0) = 1, B
′(0) = 0.

One can check that for s 6= 0, D′s(0) = −A(s)−1B(s). To prove the lemma, it
suffices to bound both ‖A−1‖ and ‖B‖ using only the fact that K is bounded
with Kmax = supt ‖K‖.
Recall from the proof of the Cauchy-Lipschitz theorem that the Jacobi fields
A and B are obtained, at least for small times, as fixed point of contraction
mappings, respectively

T τAJ(t) = t ·1+

∫ t

0

(s− t)K(s)J(s)ds, and T τBJ(t) = 1+

∫ t

0

(s− t)K(s)J(s)ds,
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which are defined on C0 matrix-valued functions on t ∈ [−τ, τ ], equipped with
the norm ‖J‖τ = sup|t|≤τ ‖J(t)‖. These mappings have the same Lipschitz

constant η := τ2Kmax/2, so we take 0 < τ <
√

2/Kmax. From the Banach
fixed point theorem, we know that A = limn(T τA)n(t ·1) and B = limn(T τB)n(1),
and using the usual estimates,

‖A− t · 1‖τ ≤
1

1− η ‖T
τ
A(t · 1)− t · 1‖τ , and ‖B− 1‖τ ≤

1

1− η ‖T
τ
B(1)− 1‖τ .

For τ small enough, we find that with a constant Cmax > 0 only depending on
Kmax,

‖A(τ)− τ · 1‖ ≤ Cmaxτ3, and ‖B(τ) − 1‖ ≤ Cmaxτ2.

Remark 1. To obtain the announced explicit bound, observe that Cmaxτ2 =
η/(1− η), so that when τ <

√
1/Kmax,

‖D′τ (0)‖ ≤ 1

τ(1 − 2η)
.

We can optimize this with τ = 1/
√

3Kmax, and it becomes 6
√

3Kmax/5.
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INTRODUCTION

The aim of this work is to characterize positivity (both local and global) of line bun-
dles on complex projective varieties in terms of convex geometry via the theory of
Newton–Okounkov bodies. We will provide descriptions of ample and nef divisors,
and discuss the relationship between Newton–Okounkov bodies and Nakayama’s σ -
decomposition.
Based on earlier ideas of Khovanskii’s Moscow school and motivated by the work of
Okounkov [O], Kaveh–Khovanskii [KKh] and Lazarsfeld–Mustaţă [LM] introduced
Newton–Okounkov bodies to projective geometry, where they have been an object of
interest ever since. Essentially, a refined book-keeping device encoding the orders of
vanishing along subvarieties of the ambient space X , they provide a general framework
for the study of the asymptotic behaviour of line bundles on projective varieties.
The construction that leads to Newton–Okounkov bodies associates to a line bundle
(or more generally, an R-Cartier divisor) on an n-dimensional variety a collection of
compact convex bodies ∆Y•(D)⊆Rn parametrized by certain complete flags Y• of sub-
varieties. Basic properties of these have been determined [AKL, B1, LM], and their
behaviour on surfaces [KLM, LM, LSS] and toric varieties [LM, PSU] has been dis-
cussed at length. We refer the reader to the above-mentioned sources for background
information.
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A distinguishing property of the notion is that it provides a set of ’universal numerical
invariants’, since a result of Jow [J] shows that for Cartier divisors D and D′, D is
numerically equivalent to D′ precisely if the associated functions

Admissible flags Y• in X
∆Y•(D)−→ Convex bodies in Rn

agree.
Turning this principle into practice, one can expect to be able to read off all sorts of
numerical invariants of Cartier divisors — among them asymptotic invariants like the
volume or Seshadri constants — from the set of Newton–Okounkov bodies of D. On
the other hand, questions about global properties of the divisor might arise; whether
one can determine ampleness or nefness of a given divisor in terms of its Newton–
Okounkov bodies. As we will see, the answer is affirmative.
Localizing this train of thought, local positivity of a divisor D at a point x ∈ X will be
determined by the function

Admissible flags centered at x
∆Y•(D)−→ Convex bodies in Rn .

In particular, one can aim at deciding containment of x in various asymptotic base loci,
or compute measures of local positivity in terms of these convex sets.
In fact the authors have carried out the suggested analysis in the case of smooth sur-
faces [KL], where the answer turned out to be surprisingly complete. The current
article can be rightly considered as a higher-dimensional generalization of [KL].
In search for a possible connection between Newton–Okounkov bodies and positivity,
let us start with the toy example of projective curves. For an R-Cartier divisor D on a
smooth projective curve C, one has

D nef ⇔ degC D > 0 ⇔ 0 ∈ ∆P(D) for some/any point P ∈C ,

D ample ⇔ degC D > 0 ⇔ ∆λ ⊆ ∆P(D) for some/any point P ∈C,

where ∆λ := [0,λ ] for some real number λ > 0.
Interestingly enough, the observation just made generalizes in its entirety for smooth
projective surfaces. Namely, one has the following [KL, Theorem A]: for a big R-
divisor D on a smooth projective surface X

D is nef ⇔ for all x ∈ X there exists a flag (C,x) such that (0,0) ∈ ∆(C,x)(D) ,

D is ample ⇔ for all x ∈ X there exists a flag (C,x) and λ > 0

such that ∆λ ⊆ ∆(C,x)(D)

where ∆λ denotes the standard full-dimensional simplex of size λ in R2. In higher
dimensions we will also denote by ∆λ ⊆ Rn the standard simplex of length λ .
Our first results are local versions of the analogous statements in higher dimensions.

THEOREM A. Let D be a big R-divisor on a smooth projective variety X of dimension
n, let x ∈ X . Then the following are equivalent.

(1) x 6∈ B−(D).
(2) There exists an admissible flag Y• on X centered at x such that the origin 0 ∈

∆Y•(D)⊆ Rn.
(3) The origin 0 ∈ ∆Y•(D) for every admissible flag Y• on X centered at x ∈ X .
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THEOREM B. With notation as above, the following are equivalent.

(1) x 6∈ B+(D).
(2) There exists an admissible flag Y• on X centered at x with Y1 ample such that

∆λ ⊆ ∆Y•(D) for some positive real number λ .
(3) For every admissible flag Y• on X there exists a real number λ > 0 for which

∆λ ⊆ ∆Y•(D).

These results will be proven below as Theorem 2.1, and Theorem 3.1, respectively.
Making use of the connections between augmented/restricted base loci, we obtain
the expected characterizations of nef/ample divisors as in Corollary 2.2 and 3.2. An
interesting recent study of local positivity on surfaces was undertaken by Roé [R],
where the author introduces the concept of local numerical equivalence, based on the
ideas developed in [KL].
Zariski decomposition is a basic tool in the theory of linear series on surfaces, which
is largely responsible for the fact that Newton–Okounkov bodies are reasonably well
understood in dimension two; the polygonality of ∆Y•(D) in case of a smooth surface
is a consequence of variation of Zariski decomposition [BKS] for instance (see [KLM,
Section 2] for a discussion).
Not surprisingly, the existence and uniqueness of Zariski decompositions is one of the
main tools used in [KL]. Its relationship to Newton–Okounkov polygons on surfaces
is particularly simple: if D is a big R-divisor with the property that the point Y2 in the
flag Y• is not contained in the support of the negative part of D, then ∆Y•(D) = ∆Y•(PD),
where PD stands for the positive part of D.
In dimensions three and above, the appropriate birational version of Zariski decom-
position — the so-called CKM decomposition — only exists under fairly restrictive
hypotheses, hence one needs substitutes whose existence is guaranteed while they still
retain some of the favourable properties of the original notion.
A widely accepted concept along these lines is Nakayama’s divisorial Zariski decom-
position or σ -decomposition, which exists for an arbitrary big R-divisor, but where
the ’positive part’ is only guaranteed to be movable (see [N, Chapter 3] or [B2]). Ex-
tending the observation coming from dimension two, we obtain the following.

THEOREM C. Let X be a smooth projective variety, D a big R-divisor, Γ a prime
divisor, Y• : Y0 = X ⊇ Y1 = Γ⊇ . . .⊇ Yn = {x} and admissible flag on X . Then

(1) ∆Y•(D) ⊆ (σΓ(D),0 . . . ,0) +Rn
+,

(2) (σΓ(D),0 . . . ,0) ∈ ∆Y•(D), whenever x ∈ Γ is a very general point.
(3) ∆Y•(D) = νY•(Nσ (D)) + ∆Y•(Pσ (D)). Morever, ∆Y•(D) = ∆Y•(Pσ (D)), when x /∈

Supp(Nσ (D)).

The organization of the paper goes as follows: Section 1 fixes notation, and collects
some preliminary information about asymptotic base loci and Newton–Okounkov bod-
ies. Sections 2 and 3 are devoted to the respective proofs of Theorems A and B,
while Section 4 describes the relationship between Newton–Okounkov bodies and
Nakayama’s σ -decomposition.
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1. NOTATION AND PRELIMINARIES

1.1. NOTATION. For the duration of this work let X be a smooth complex projective
variety of dimension n and D be a Cartier divisor on X . An admissible flag of subvari-
eties

Y• : X = Y0 ⊇ Y1 ⊇ . . .⊇ Yn−1 ⊇ Yn = {pt.},
is a complete flag with the property that each Yi is an irreducible subvariety of codi-
mension i and smooth at the point Yn. For an arbitrary point x ∈ X , we say that Y•
is centered at x whenever Yn = x. The associated Newton–Okounkov body will be
denoted by ∆Y•(D)⊆ Rn

+ (for the actual construction and its basic properties we refer
the reader to [KKh, LM]).

REMARK 1.1. Not all of our results require X to be smooth, at points it would suffice
to require X to be merely a projective variety. As a rule though, we will not keep track
of minimal hypotheses.

1.2. ASYMPTOTIC BASE LOCI. Stable base loci are fundamental invariants of linear
series, however, as their behaviour is somewhat erratic (they do not respect numerical
equivalence of divisors for instance), other alternatives were in demand. To remedy
the situation, Nakamaye came up with the idea of studying stable base loci of small
perturbations. Based on this, the influential paper [ELMNP1] introduced new asymp-
totic notions, the restricted and augmented base loci of a big divisor D.
The restricted base locus of a big R-divisor D is defined as

B−(D)
def
=
⋃

A

B(D + A) ,

where the union is over all ample Q-divisors A on X . This locus turns out to be
a countable union of subvarieties of X (and one really needs a countable union on
occasion, see [L]), and, via [ELMNP1, Proposition 1.19]

B−(D) =
⋃

m∈N
B(D + αm) ,

where αm ց 0 is any sequence of ample R-divisor classes such that D + αm is a Q-
divisor class for all m ∈ N.
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The augmented base locus of an R-divisor D is defined to be

B+(D)
def
=
⋂

A

B(D−A),

where the intersection is taken over all ample Q-divisors A on X . It follows quickly
from [ELMNP1, Proposition 1.5] that B+(D) = B(D−α) for any sufficiently small
R-divisor class α .
Augmented and restricted base loci satisfy various favorable properties; for instance
both B+(D) and B−(D) depend only on the numerical class of D, hence are much
easier to study (see [ELMNP1, Corollary 2.10] and [PAG2, Example 11.3.12]).
Below we make a useful remark regarding augmented/restricted base loci. The state-
ment must be well-known to experts, as usual, we include it with proof for the lack of
a suitable reference.

PROPOSITION 1.2. Let X be a projective variety, x ∈ X an arbitrary point. Then

(1) B+(x)
def
=
{

α ∈ N1(X)R | x ∈ B+(α)
}
⊆ N1(X)R is closed,

(2) B−(x)
def
=
{

α ∈ N1(X)R | x ∈ B−(α)
}
⊆ N1(X)R is open,

both with respect to the metric topology of N1(X)R.

REMARK 1.3. We point out that unlike required in [ELMNP1], one does not need the
normality assumption on X for [ELMNP1, Corollary 1.6] to hold.

Proof. (i) First we deal with the case of augmented base loci. Observe that it suffices
to prove that

B+(x)∩Big(X)⊆ Big(X) is closed,

since the big cone is open in the Néron–Severi space.
We will show that whenever (αn)n∈N is a sequence of big R-divisor classes in B(x)
converging to α ∈ Big(X), then α ∈ B+(x) as well.
By [ELMNP1, Corollary 1.6], the class α has a small open neighbourhood U in the
big cone for which

β ∈U =⇒ B+(β )⊆ B+(α) .

If x ∈ B+(αn) for infinitely many n ∈ N, then since αn ∈U for n large, we also have
x ∈ B+(α).
(ii) Let α ∈ N1(X)R be arbitrary, and fix an R-basis A1, . . . ,Aρ of N1(X)R consisting
of ample divisor classes. Observe that x ∈ B−(α) implies that x ∈ B−(α + t0 ∑

ρ
i=1 Ai)

for some t0 > 0 thanks to the definition of the restricted base locus.
Since subtracting ample classes cannot decrease B−, it follows that x ∈ B−(α) yields
x ∈ B−(γ) for all classes of the form α + t0 ∑

ρ
i=1 Ai −∑

ρ
i=1R>0Ai, which certainly

contains an open neighbourhood of α ∈ N1(X)R. �

1.3. NEWTON–OKOUNKOV BODIES. We start with a sligthly different definition
of Newton–Okounkov bodies; it has already appeared in print in [KLM], and al-
though it is an immediate consequence of [LM], a complete proof was first given
in [B1]Proposition 4.1.
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PROPOSITION 1.4 (Equivalent definition of Newton-Okounkov bodies). Let ξ ∈
N1(X)R be a big R-class and Y• be an admissible flag on X. Then

∆Y•(ξ ) = closed convex hull of {νY•(D) | D ∈ Div>0(X)R,D≡ ξ},
where the valuation νY•(D), for an effective R-divisor D, is constructed inductively as
in the case of integral divisors.

REMARK 1.5. Just as in the case of the original definition of Newton–Okounkov
bodies, it becomes a posteriori clear that valuation vectors νY•(D) form a dense subset
of

closed convex hull of {νY•(D) | D ∈Div>0(X)R,D≡ ξ} ,
hence it would suffice to take closure in Proposition 1.4.

The description of Newton–Okounkov bodies above is often more suitable to use than
the original one. For example, the following statement follows immediately from it.

PROPOSITION 1.6. Suppose ξ is a big R-class and Y• is an admissible flag on X.
Then for any t ∈ [0,µ(ξ ,Y1)), we have

∆Y•(ξ )ν1>t = ∆Y•(ξ − tY1) + tE1,

where µ(ξ ,Y1) = sup{µ > 0|ξ − µY1 is big} and E1 = (1,0, . . . ,0) ∈ Rn.

This statement first appeared in [LM, Theorem 4.24] with the additional condition that
Y1 * B+(ξ ).
We will need a version of [AKL, Lemma 8] for real divisors.

LEMMA 1.7. Let D be a big R-divisor, Y• an admissible flag on X. Then the following
hold.

(1) For any real number ε > 0 and any ample R-divisor A on X, we have ∆Y•(D) ⊆
∆Y•(D + εA).

(2) If α is an arbitrary nef R-divisor class, then ∆Y•(D)⊆ ∆Y•(D + α).
(3) If αm is any sequence of nef R-divisor classes with the property that αm−αm+1 is

nef and ‖αm‖→ 0 as m→ ∞ with respect to some norm on N1(X)R, then

∆Y•(D) =
⋂

m

∆Y•(D + αm) .

Proof. For the first claim, since A is an ample R-divisor, one can find an effective R-
divisor M ∼R A with Yn /∈ Supp(M). Then for any arbitrary effective divisor F ∼R D
one has F + εM ≡R D + εA and νY•(F + M) = νY•(F). Therefore

{νY•(ξ ) | ξ ∈ Div>0(X)R,D≡ ξ} ⊆ {νY•(ξ ) | ξ ∈ Div>0(X)R,D + εA≡ ξ}
and we are done by Proposition 1.4.
For (ii), note first that whenever α is ample, we can write α = ∑r

i=1 εiAi for suitable
real numbers εi > 0 and ample integral classes Ai, therefore an interated application of
(i) gives the claim. The general case then follows by continuity and and approximating
a nef R-divisor class by a sequence of ample ones.
The equality in (iii) is a consequence of (ii) and the continuity of Newton–Okounkov
bodies. �
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2. RESTRICTED BASE LOCI

Our main goal here is to give a characterization of restricted base loci in the language
of Newton–Okounkov bodies.

THEOREM 2.1. Let D be a big R-divisor on a smooth projective variety X of dimen-
sion n, let x ∈ X. Then the following are equivalent.

(1) x 6∈ B−(D).
(2) There exists an admissible flag Y• on X centered at x such that 0 ∈ ∆Y•(D)⊆ Rn.
(3) The origin 0 ∈ ∆Y•(D) for every admissible flag Y• on X centered at x ∈ X.

Coupled with simple properties of restricted base loci we arrive at a precise description
of big and nef divisors in terms of convex geometry.

COROLLARY 2.2. With notation as above the following are equivalent for a big R-
divisor D.

(1) D is nef.
(2) For every point x ∈ X there exists an admissible flag Y• on X centered at x such

that 0 ∈ ∆Y•(D)⊆ Rn.
(3) For every admissible flag Y•, one has 0 ∈ ∆Y•(D).

Proof. Immediate from Theorem 2.1 and [ELMNP1, Example 1.18]. �

The essence of the proof of Theorem 2.1 is to connect the asymptotic multiplicity of D
at x to a certain function defined on the Newton-Okounkov body of D. Before turning
to the actual proof, we will quickly recall the notion of the asymptotic multiplicity or
the asymptotic order of vanishing of a Q-divisor F at a point x ∈ X .
Let F be an effective Cartier divisor on X , defined locally by the equation f ∈ OX ,x.
Then multiplicity of F at x is defined to be multx(F) = max{n ∈ N| f ∈mn

X ,x}, where
mX ,x denotes the maximal ideal of the local ring OX ,x. If |V | is a linear series, then the
multiplicity of |V | is defined to be

multx(|V |) def
= min

F∈|V |
{multx(F)} .

By semicontinuity the above expression equals the multiplicity of a general element
in |V | at x. The asymptotic multiplicity of a Q-divisor D at x is then defined to be

multx(||D||) def
= lim

p→∞

multx(|pD|)
p

.

The multiplicity at x coincides with the order of vanishing at x, given in Definition 2.9
from [ELMNP1]. In what follows we will talk about the multiplicity of a divisor, but
the order of vanishing of a section of a line bundle.
An important technical ingredient of the proof of Theorem 2.1 is a result of
[ELMNP1], which we now recall.

PROPOSITION 2.3. ([ELMNP1, Proposition 2.8]) Let D be a big Q-divisor on a
smooth projective variety X, x ∈ X an arbitrary (closed) point. Then the following
are equivalent.
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(1) There exists C > 0 having the following property: if |pD| 6= /0 for some positive
integer p, then multx(|pD|)<C.

(2) multx(‖D‖) = 0.
(3) x /∈ B−(D).

The connection between asymptotic multiplicity and Newton–Okounkov bodies
comes from the claim below.

LEMMA 2.4. Let M be an integral Cartier divisor on a projective variety X (not
necessarily smooth), s ∈ H0(X ,OX(M)) a non-zero global section. Then

(2.4.1) ordx(s) 6
i=n

∑
i=1

νi(s),

for any admissible flag Y• centered x, where νY• = (ν1, . . . ,νn) is the valuation map
arising from Y•.

Proof. Since Y• is an admissible flag and the question is local, we can assume without
loss of generality that each element in the flag is smooth, thus Yi ⊆ Yi−1 is Cartier for
each 1 6 i 6 n.
As the local ring OX ,x is regular, order of vanishing is multiplicative. Therefore

ordx(s) = ν1(s) + ordx(s−ν1(s)Y1) 6 ν1(s) + ordx((s−ν1(s)Y1)|Y1 )

by the very definition of νY•(s), and the rest follows by induction. �

REMARK 2.5. Note that the inequality in (2.4.1) is not in general an equality for the
reason that the zero locus of s might not intersect an element of the flag transversally.
For the simplest example of this phenomenon set X = P2, and take s = xz− y2 ∈
H0(P2,OP2(2)), Y1 = {x = 0} and Y2 = [0 : 0 : 1]. Then clearly ν1(s) = 0, and ν2(s) =
ordY2(−y2) = 2, but since Y2 is a smooth point of (s)0 = {xz− y2 = 0}, ordY2(s) = 1
and hence ordY1(s)< ν1(s) + ν2(s).

For a compact convex body ∆ ⊆ Rn, we define the sum function σ : ∆ → R+ by
σ(x1, . . . ,xn) = x1 + . . .+ xn. Being continuous on a compact topological space, it
takes on its extremal values. If ∆Y•(D) ⊆ Rn is a Newton–Okounkov body, then we
write σD for the sum function on ∆Y•(D) (suppressing the fact that it depends on the
choice of the flag Y•).

PROPOSITION 2.6. Let D be a big Q-divisor on a projective variety X (not necessarily
smooth) and let x ∈ X a point. Then

(2.6.2) multx(||D||) 6 minσD.

for any admissible flag Y• centered at x.

Proof. Since both sides of (2.6.2) are homogeneous of degree one in D, we can assume
without loss of generality that D is integral. Fix a natural number p > 1 such that
|pD| 6= ∅, and let s ∈H0(X ,OX (pD)) be a non-zero global section. Then

1
p

multx(|pD|) 6
1
p

ordx(s) 6
1
p

( i=n

∑
i=1

νi(s)
)
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by Lemma 2.4.
Multiplication of sections and the definition of the multiplicity of a linear series then
yields multx(|qpD|) 6 qmultx(|pD|) for any q > 1, which, after taking limits leads to

multx(||D||) 6
1
p

multx(|pD|) 6
1
p

( i=n

∑
i=1

νi(s)
)
.

Varying the section s and taking into account that ∆Y•(D) is the closure of the set of
normalized valuation vectors of sections, we deduce the required statement. �

EXAMPLE 2.7. The inequality in (2.6.2) is usually strict. For a concrete example take
X = BlP(P2), D = π∗(H) + E and the flag Y• = (C,x), where C ∈ |3π∗(H)− 2E| is
the proper transform of a rational curve with a single cusp at P, and {x} = C∩E , i.e.
the point where E and C are tangent to each other. Then

multx(||D||) = lim
p→∞

(multx(|pD|)
p

)
= lim

p→∞

(multx(|pE|)
p

)
= 1 .

On the other hand, a direct computation using [LM, Theorem 6.4] shows that

∆Y•(D) = {(t,y) ∈ R2 | 0 6 t 6
1
3
, and 2 + 4t 6 y 6 5− 5t} .

As a result, minσD = 2> 1.
For more on this phenomenon, see Proposition 2.10 below.

REMARK 2.8. We note here a connection with functions on Okounkov bodies com-
ing from divisorial valuations. With the notation of [BKMS], our Lemma 2.4 says
that φordx 6 σD, and a quick computation shows that we obtain equality in the case
of projective spaces, hyperplane bundles, and linear flags. Meanwhile, Example 2.7
illustrates that minφordx 6= multx ‖D‖ in general.

Proof of Theorem 2.1. (1)⇒ (3) We are assuming x /∈B−(D); let us fix a sequence of
ample R-divisor classes αm with the properties that αm−αm+1 is ample for all m > 1,
‖αm‖ → 0 as m→ ∞, and such that D + αm is a Q-divisor. Let Y• be an arbitrary
admissible flag centered at x.
Then x /∈ B(D + αm) for every m > 1, furthermore, Lemma 1.7 yields

(2.8.3) ∆Y•(D) =
∞⋂

m=1

∆Y•(D + αm) .

Because x /∈ B(D + αm) holds for any m > 1, there must exist a sequence of natural
numbers nm > 1 and a sequence of global sections sm ∈H0(X ,OX (nm(D+αm))) such
that sm(x) 6= 0. This implies that νY•(sm) = 0 for each m > 1. In particular, 0 ∈
∆Y•(D + αm) for each m > 1. By (2.8.3) we deduce that ∆Y•(D) contains the origin as
well.
The implication (3)⇒ (2) being trivial, we will now take care of (2)⇒ (1). To
this end assume that Y• is an admissible flag centered at x having the property that
0 ∈ ∆Y•(D), αm a sequence of ample R-divisor classes such that αm−αm+1 is nef,
‖αm‖→ 0 as m→ ∞, and D + αm is a Q-divisor for all m > 1.

Documenta Mathematica 22 (2017) 1285–1302



1294 A. KÜRONYA, V. LOZOVANU

By Lemma 1.7,
0 ∈ ∆Y•(D) ⊆ ∆Y•(D + αm)

for all m > 0, whence minσD+αm = 0 for all sum functions σD+αm : ∆Y•(D + αm)→
R+. By Proposition 2.6 this forces multx(||D + αm||) = 0 for all m > 1, hence
[ELMNP1, Proposition 2.8] leads to x /∈ B−(D + αm) for all m > 1.
As

B−(D) =
⋃

m

B−(D + αm) =
⋃

m

B(D + αm)

according to [ELMNP1, Proposition 1.19], we are done. �

REMARK 2.9. A closer inspection of the above proof reveals that the implication
(1)⇒ (3) holds on an arbitrary projective variety both in Theorem 2.1 and Corol-
lary 2.2.

We finish with a precise version of Proposition 2.6 in the surface case, which also
provides a complete answer to the question of where the Newton-Okounkov body
starts in the plane. Note that unlike Theorem 4.2, it gives a full description for an
arbitrary flag.

PROPOSITION 2.10. Let X be a smooth projective surface, (C,x) an admissible flag,
D a big Q-divisor on X with Zariski decomposition D = P(D) + N(D). Then

(1) minσD = a + b, where a = multC(N(D)) and b = multx(N(D− aC)|C),
(2) multx(||D||) = a + b′, where b′ = multx(N(D− aC)).

Moreover, (a,b) ∈ ∆(C,x)(D) and ∆(C,x)(D)⊆ (a,b) +R2
+.

Proof. (1) This is an immediate consequence of [LM, Theorem 6.4] in the light of the
fact that α is an increasing function, hence minσD is taken up at the point (a,α(a)).
(2) Since x is a smooth point, it will suffice to check that multx(||D||) = multx(N(D)).
As asymptotic multiplicity is homogeneity of degree one (see [ELMNP1, Remark
2.3]), we can safely assume that D,P(D) and N(D) are all integral.
As one has isomorphisms H0(X ,OX(mP(D)))→ H0(X ,OX (mD)) for all m > 1 by
[PAG1, Proposition 2.3.21], the definition of asymptotic multiplicity yields

multx(||D||) = multx(||P(D)||) + multx(N(D)) .

Observe that P(D) is big and nef therefore [PAG1, Proposition 2.3.12] implies
multx(||P(D)||) = 0. This completes the proof. �

3. AUGMENTED BASE LOCI

As explained in [ELMNP1, Example 1.16], one has inclusions B−(D) ⊆ B(D) ⊆
B+(D), consequently, we expect that whenever x /∈ B+(D), Newton–Okounkov bod-
ies attached to D should contain more than just the origin. As we shall see below, it
will turn out that under the condition above they in fact contain small simplices.
We will write

∆ε
def
= {(x1, . . . ,xn) ∈ Rn

+ | x1 + . . .+ xn 6 ε}
for the standard ε-simplex.
Our main statement is the following.
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THEOREM 3.1. Let D be a big R-divisor on a smooth projective variety X, x ∈ X be
an arbitrary (closed) point. Then the following are equivalent.

(1) x /∈ B+(D).
(2) There exists an admissible flag Y• centered at x with Y1 ample such that ∆ε0 ⊆

∆Y•(D) for some ε0 > 0.
(3) For every admissible flag Y• centered at x there exists ε > 0 (possibly depending

on Y•) such that ∆ε ⊆ ∆Y•(D).

COROLLARY 3.2. Let X be a smooth projective variety, D a big R-divisor on X. Then
the following are equivalent.

(1) D is ample.
(2) For every point x∈ X there exists an admissible flag Y• centered at x with Y1 ample

such that ∆ε0 ⊆ ∆Y•(D) for some ε0 > 0.
(3) For every admissible flag Y• there exists ε > 0 (possibly depending on Y•) such

that ∆ε ⊆ ∆Y•(D).

Proof of Corollary 3.2. Follows immediately from Theorem 3.1 and [ELMNP1, Ex-
ample 1.7]. �

One can see Corollary 3.2 as a variant of Seshadri’s criterion for ampleness in the
language of convex geometry.

REMARK 3.3. It is shown in [KL, Theorem 2.4] and [KL, Theorem A] that in dimen-
sion two one can in fact discard the condition above that Y1 should be ample. Note
that the proofs of the cited results rely heavily on surface-specific tools and in general
follow a line of thought different from the present one.

We first prove a helpful lemma.

LEMMA 3.4. Let X be a projective variety (not necessarily smooth), A an ample
Cartier divisor, Y• an admissible flag on X. Then for all m >> 0 there exist global
sections s0, . . . ,sn ∈ H0(X ,OX(mA)) for which

νY•(s0) = 0 and νY•(si) = Ei, for each i = 1, . . . ,n,

where {E1, . . . ,En} ⊆ Rn denotes the standard basis.

Proof. First, we point out that by the admissibility of the flag Y•, we know that there
is an open neighbourhood U of x such that Yi|U is smooth for all 0 6 i 6 n.
Since A is ample, OX(mA) becomes globally generated for m >> 0. For all such
m there exists a non-zero section s0 ∈ H0(X ,OX (mA)) with s0(Yn) 6= 0, in particular,
νY•(s0) = 0, as required.
It remains to show that for all m>> 0 and i = 1 6 i 6 n we can find non-zero sections
si ∈ H0(X ,OX (mA)) with νY•(si) = Ei. To this end, fix i and let y ∈ Yi \Yi+1 be a
smooth point. Having chosen m large enough, Serre vanishing yields H1(X ,IYi |X ⊗
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OX (mA)) = 0, hence the map φm in the diagram

H0(X ,OX (mA))

φm

��
0 // H0(Yi,OYi (m(A|Yi)−Yi+1))

ψm // H0(Yi,OYi(mA))

is surjective.
Again, by making m high enough, we can assume |m(A|Yi)−Yi+1| to be very ample on
Yi, thus, there will exist 0 6= s̃i ∈ H0(Yi,OYi (mA)⊗OYi(−Yi+1)) not vanishing at x or
y. Since s̃i(x) 6= 0, the section s̃i does not vanish along Yj for all j = i+ 1, . . . ,n. Also,
the image ψm(s̃i) ∈ H0(Yi,OYi(mA)) of s̃i vanishes at x, but not at the point y.
By the surjectivity of the map φm there exists a section si ∈ H0(X ,OX (mA)) such that
s|Yi = ψm(s̃i) and s(y) 6= 0. In particular, si does not vanish along any of the Yj’s for
1 6 i 6 j, therefore νY•(s) = Ei, as promised. �

Proof of Theorem 3.1. (1)⇒ (3). First we treat the case when D is Q-Cartier. Assume
that x /∈B+(D), which implies by definition that x /∈B(D−A) for some small ampleQ-
Cartier divisor A. Choose a positive integer m large and divisible enough such that mA
becomes integral, and satisfies the conclusions of Lemma 3.4. Assume furthermore
that B(D−A) = Bs(m(D−A)) set-theoretically.
Since x /∈Bs(m(D−A)), there exists a section s∈H0(X ,OX (mD−mA)) not vanishing
at x, and in particular νY•(s) = 0. At the same time, Lemma 3.4 provides the existence
of global sections s0, . . . ,sn ∈H0(X ,OX (mA)) with the property that νY•(s0) = 0 and
νY•(si) = Ei for all 1 6 i 6 n.
But then the multiplicativity of the valuation map νY• gives

νY•(s⊗ s0) = 0, and νY•(s⊗ si) = Ei for all 1 6 i 6 n.

By the construction of Newton–Okounkov bodies, then ∆ 1
m
⊆ ∆Y•(D).

Next, let D be a big R-divisor for which x /∈ B+(D), and let A be an ample R-divisor
with the property that D−A is a Q-divisor and B+(D) = B+(D−A). Then we have
x /∈ B+(D−A), therefore

∆ε ⊆ ∆Y•(D−A) ⊆ ∆Y•(D)

according to the Q-Cartier case and Lemma 1.7.
Again, the implication (3)⇒ (2) is trivial, hence we only need to take care of (2)⇒
(1). As Y1 is ample, [ELMNP1, Proposition 1.21] gives the equality B−(D− εY1) =
B+(D). for all 0< ε << 1. Fix an ε as above, subject to the additional condition that
D− εY1 is a big R-divisor. Then, according to Proposition 1.6, we have

∆Y•(D)ν1>ε = ∆Y•(D− εY1) + εE1 ,

which yields 0 ∈ ∆Y•(D− εY1). By Theorem 2.1, this means that x /∈ B−(D− εY1) =
B+(D), which completes the proof. �

REMARK 3.5. The condition that X be smooth can again be dropped for the implica-
tion (1)⇒ (3) both in Theorem 3.1 and Corollary 3.2 (cf. Remark 2.9). This way, one
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obtains the statement that whenever A is an ample R-Cartier divisor on a projective
variety X , then every Newton–Okounkov body of A contains a small simplex.

As a consequence, we can extend [KL, Definition 4.5] to all dimensions.

DEFINITION 3.6 (Largest simplex constant). Let X be an arbitrary projective variety,
x ∈ X a smooth point, A an ample R-divisor on X . For an admissible flag Y• on X
centered at x, we set

λY•(A;x)
def
= sup{λ > 0 | ∆λ ⊆ ∆Y•(A)} .

Then the largest simplex constant λ (A;x) is defined as

λ (A;x)
def
= sup{λY•(A;x) | Y• is an admissible flag centered at x} .

REMARK 3.7. It follows from Remark 3.5 that λ (A;x) > 0. The largest simplex
constant is a measure of local positivity, and it is known in dimension two that
λ (A;x) 6 ε(A;x) (where the right-hand side denotes the appropriate Seshadri con-
stant) with strict inequality in general (cf. [KL, Proposition 4.7] and [KL, Remark
4.9]).

We end this section with a different characterization of B+(D) which puts no restric-
tion on the flags. In what follows X is again assumed to be smooth.

LEMMA 3.8. Let D be a big Q-divisor on X. For a point x ∈ X, the condition x /∈
B+(D) holds if and only if

(3.8.4) lim
p→∞

multx(||pD−A||) = 0

for some ample divisor A.

Proof. Assuming (3.8.4), x /∈ B+(D) follows from [ELMNP2, Lemma 5.2]. For the
converse implication, consider the equalities

B+(D) = B−(D− 1
p

A) = B(pD−A)

which hold for integers p≫ 0. Hence, if x /∈B+(D), then x /∈ B(pD−A) for all p≫ 0.
But this latter condition implies multx(||pD−A||) = 0 for all p≫ 0. �

PROPOSITION 3.9. A point x /∈ B+(D) if and only if there exists an admissible flag
Y• based at x satisfying the property that for any ε > 0 there exists a natural number
pε > 0 such that

∆ε

⋂
∆Y•(pD−A) 6= ∅

for any p > pε .

Proof. Assume first that x /∈ B+(D). Again, by [ELMNP1, Proposition 1.21], we
have B+(D) = B−(D− 1

p A) = B−(pD− A) for all p≫ 0. Then x /∈ B−(pD− A)

for all p≫ 0, hence 0 ∈ ∆Y•(pD−A) for all p≫ 0 by Theorem 2.1, which implies
∆ε ∩∆Y•(pD−A) 6= ∅ for all p≫ 0.
As far as the converse implication goes, Proposition 2.6 shows that

multx(||pD−A||) 6 minσpD−A. ,
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hence the condition in the statement implies limp→∞ multx(||pD−A||) = 0. But then
we are done by Lemma 3.8. �

4. NAKAYAMA’S DIVISORIAL ZARISKI DECOMPOSITION AND

NEWTON–OKOUNKOV BODIES

In the previous sections we saw the basic connections between Newton–Okounkov
bodies associated to a big line bundle D and the asymptotic base loci B+(D) and
B−(D). In [N], Nakayama performes a deep study of these loci, he shows for instance
that B−(D) can only have finitely many divisororial components. Along the way he
introduces his σ -invariant, which measures the asymptotic multiplicity of divisorial
components of B−(D).
The goal of this section is to study the connection between divisorial Zariski decom-
positions and Newton–Okounkov bodies. First, we briefly recall the divisorial Zariski
decomposition or σ -decomposition introduced by Nakayama [N] and Boucksom [B2].
Let X be a smooth projective variety, D a pseudo-effective R-divisor on X . Although
B−(D) is a countable union of closed subvarieties, [N, Theorem 3.1] shows that it only
has finitely many divisorial components.
Let A be an ample divisor. Following Nakayama, for each prime divisor Γ on X we
set

σΓ
def
= lim

ε→0+
inf{multΓ(D′) | D′ ∼R D + εA and D′ > 0} .

In [N, Theorem III.1.5], Nakayama shows that these numbers do not depend on the
choice of A and that there are only finitely many prime divisors Γ with σΓ(D) > 0.
Write

Nσ (Γ)
def
= ∑

Γ

σΓ(D)Γ and Pσ (D) = D−Nσ (D) ,

and we call D = Pσ (D) + Nσ (D) the divisorial Zariski decomposition or σ -
decomposition of D. In dimension two the divisorial Zariski decomposition coincides
with the usual Fujita–Zariski decomposition for pseudo-effective divisors.
The main properties are captured in the following statement.

THEOREM 4.1. [N, III.1.4, III.1.9, V.1.3] Let D be a pseduo-effective R-disivor. Then

(1) Nσ (D) is effective and Supp(Nσ (D)) coincides with the divisorial part of B−(D).
(2) For all m > 0, H0(X ,OX(⌊mPσ (D)⌋)) ≃H0(X ,OX (⌊mD⌋)).

As Theorem 2.1 describes how to determine B−(D) from the Newton–Okounkov bod-
ies associated to D, it is natural to wonder how we can compute the numbers σΓ(D)
and Nσ (D) in terms of convex geometry. Relying on Theorem 2.1 and Nakayama’s
work, we are able to come up with a reasonable answer.

THEOREM 4.2. Let D be a big R-divisor, Γ a prime divisor on X, Y• : Y0 = X ⊇ Y1 =
Γ⊇ . . .⊇Yn = {x} an admissible flag on X. Then

(1) ∆Y•(D) ⊆ (σΓ(D),0 . . . ,0) +Rn
+,

(2) (σΓ(D),0 . . . ,0) ∈ ∆Y•(D), whenever x ∈ Γ is a very general point.
(3) ∆Y•(D) = νY•(Nσ (D)) + ∆Y•(Pσ (D)). Morever, ∆Y•(D) = ∆Y•(Pσ (D)), when x /∈

Supp(Nσ (D)).
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Proof of Theorem 4.2. For the duration of this proof we fix an ample divisor A.
(1) This is equivalent to σΓ(D) 6 ν1(D′) for every effective R-divisor D′ ≡ D. Fix a
real number ε > 0, let D′′ ∼R D + εA is an effective R-divisor. Then

inf{multΓ(D′)|D′ ∼R D + εA} 6 multΓ(D′′) = ν1(D′′) .

By Proposition 1.4, this implies the inclusion

∆Y•(D + εA)⊆ (σ ′(D + εA),0, . . .0) +Rn
+ .

Then Lemma 1.7 and the definition of σΓ(D) imply the claim.
(2) By [N, Lemma 2.1.5] we have σΓ(D−σΓ(D)Γ) = 0. Consequently, we obtain
Γ * B−(D−σ(D)Γ). Because B−(D−σ(D)Γ) is a countable union of subvarieties
of X , a very general point x ∈ Γ lies outside B−(D−σΓ(D)Γ). Theorem 2.1 yields
0 ∈ ∆Y•(D−σΓ(D)Γ), therefore the point (σΓ(D),0 . . . ,0) is contained in ∆Y•(D).
(3) Let Dσ ∼R Pσ (D) be an effective R-divisor, then Dσ + Nσ (D) ∼R D is also an
effective divisor for which

νY•(Dσ + Nσ (D)) = νY•(Dσ ) + νY•(Nσ (D)) .

This implies the inclusion νY•(Nσ (D)) + ∆Y•(Pσ (D))⊆ ∆Y•(D) via Proposition 1.4.
For an effective R-divisor D′ ∼R D, [N, III.1.14] gives that the divisor Dσ = D′−
Nσ (D) ∼R Pσ (D) is effective. Thus νY•(D′) = νY•(Dσ ) + νY•(Nσ (D)), which com-
pletes the proof. �

Next, we study the variation of Zariski decomposition after Nakayama when varying
the divisors inside the pseudo-effective cone. We start with the following lemma. Al-
though it follows from [N, III.1.9], we present a proof to illustrate the use of Newton–
Okounkov bodies techniques.

LEMMA 4.3. Suppose D is a big R-divisor on X and E-prime effective divisor. If
σE(D) = 0, then σE(D− tE) = 0 for all t > 0.

Proof. The condition σE(D) = 0 implies E * B−(D), thus, by Theorem 2.1, for a flag
Y• : X ⊇ E ⊇ . . .⊇ {x}, with x ∈ E very general point, we have that 0 ∈ ∆Y•(D).
Again, by the very general choice of x ∈ E , Theorem 4.2 says that σE(D− tE) · E1 ∈
∆Y•(D− tE). On the other hand, by Proposition 1.6 we know that ∆Y•(D)ν1>t =
∆Y•(D− tE) + tE1, therefore (σE(D− tE) + t)E1 ∈ ∆Y•(D).
By convexity, this implies t · E1 ∈ ∆Y•(D), again by Proposition 1.6 we have 0 ∈
∆Y•(D− tE), hence σE(D− tE) = 0 by the choice of x ∈ E and Theorem 4.2. �

The next proposition shows how the negative part of the Zariski decomposition varies
inside the big cone.

PROPOSITION 4.4. Suppose D is a big R-divisor on X and E a prime effective divisor.
Then

(1) If σE(D)> 0, then Nσ (D− tE) = Nσ (D)− tE, for any t ∈ [0,σE(D)].
(2) If σE(D) = 0, then the function t→ Nσ (D− tE) is an increasing function, i.e. for

any t1 > t2 the divisor Nσ (D− t1)−Nσ (D− t2E) is effective.
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Proof. (1) This statement is proved in Lemma 1.8 from [N].
(2) Since σE(D) = 0, then Lemma 4.3 implies that σE(D− tE) = 0 for any t > 0 and
in particular E * Supp(Nσ (D− tE)) for any t > 0. So, take Γ ⊆ Supp(Nσ (D− t2E))
a prime divisor. The goal is to prove that σΓ(D− t1E) > σΓ(D− t2E). Without loss of
generality, we assume that t2 = 0 and t1 = t > 0 and we need to show that σΓ(D−tE)>
σΓ(D). Now take a flag Y• : X ⊇ Γ ⊇ . . . ⊇ {x}, where x ∈ Γ is a very general point
and x /∈ E . Then by Theorem 4.2 we have

σΓ(D) · E1 ∈ ∆Y•(D)⊆ σΓ(D) · E1 +Rn
+

and
σΓ(D− tE) · E1 ∈ ∆Y•(D− tE)⊆ σΓ(D− tE) · E1 +Rn

+.

On the other hand, it is not hard to see that ∆Y•(D− tE) ⊆ ∆Y•(D). For any D′ ∼R
D− tE effective R-divisor, the R-divisor D′+ tE ∼R D is also effective. Since x /∈ E ,
then νY•(D′) = νY•(D′+ tE) and the inclusion follows naturally. Combining this and
the above information we obtain that σΓ(D− tE) ·E1 ∈ ∆Y•(D) and thus σΓ(D− tE)>
σΓ(D). �
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Abstract. Milne’s correcting factor, which appears in the Zeta-
value at s = n of a smooth projective variety X over a finite field Fq,
is the Euler characteristic of the derived de Rham cohomology of X/Z
modulo the Hodge filtration Fn. In this note, we extend this result
to arbitrary separated schemes of finite type over Fq of dimension at
most d, provided resolution of singularities for schemes of dimension
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complex relative to Z modulo Fn.
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1 Introduction

For any separated scheme X of finite type over the finite field Fq, the special
values of the zeta function Z(X, t) :=

∏
x∈X0

(1 − tdeg(x))−1 are conjecturally
given by

limt→q−nZ(X, t) · (1− qnt)ρn = ±χ(H∗W,c(X,Z(n)),∪e) · qχehc (X/Fq,O,n). (1)

Here H∗W,c(X,Z(n)) denotes Geisser’s ”arithmetic cohomology with compact

support”, ∪e is cup-product with the fundamental class e ∈ H1(WFq ,Z) and

qχ
eh
c (X/Fq,O,n) is Geisser’s generalization of Milne’s correcting factor. The fac-

tor qχ
eh
c (X/Fq ,O,n) is well defined under the assumption that resolution of sin-

gularities for schemes of dimension ≤ dim(X) holds. The same assumption
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guaranties that, for X smooth projective, H∗W,c(X,Z(n)) coincides with Weil-

étale motivic cohomology and qχ
eh
c (X/Fq ,O,n) coincides with Milne’s correcting

factor. For arbitrary X , the definitions of H∗W,c(X,Z(n)) and qχ
eh
c (X/Fq,O,n)

involve eh-cohomology with compact support. For instance

χehc (X/Fq,O, n) :=
∑

i≤n,j∈Z
(−1)i+j · (n− i) · dimFqH

j
c (Xeh,Ω

i)

whereHi
c(Xeh,Ω

i) denotes eh-cohomology with compact support of the sheaf of
differentials Ωi. Let Schd/Fq be the category of separated schemes of finite type

over Fq of dimension at most d. We say that R(d) holds if any X ∈ Schd/Fq
admits resolution of singularities (see [2] Definition 2.4 for a precise statement).
T. Geisser has shown in [2] that, if R(d) holds and if the groups Hi

W (Y,Z(n))
are finitely generated for any smooth projective variety Y of dimension at most
d, then χehc (X/Fq,O, n) is well defined and (1) holds for any X ∈ Schd/Fq.
It was pointed out in [6] that, for X smooth projective, Milne’s correcting factor
is the (multiplicative) Euler-Poincaré characteristic of the derived de Rham co-
homology complex RΓ(XZar, LΩ∗X/Z/F

n) and that (1) can be restated in terms
of a certain fundamental line. The aim of this note is to show that this remark
applies for arbitrary separated schemes of finite type over Fq. More precisely,

we denote by Sheh(Schd/Fq) the category of sheaves of sets on the category

Schd/Fq endowed with the eh-topology. The resulting eh-topos Sheh(Schd/Fq)
is endowed with a structure ring Oeh, which is defined as the eh-sheafification
of the presheaf X 7→ OX(X) on Sch

d/Fq. We denote by LΩ∗Oeh/Z/F
n the

derived de Rham complex modulo the Hodge filtratio n Fn associated with the
morphism of ringed topoi

(Sheh(Schd/Fq),Oeh) −→ (Spec(Z),OSpec(Z))

where OSpec(Z) is the usual structure sheaf on Spec(Z). Then we consider
its cohomology with compact support RΓc(Xeh, LΩ∗Oeh/Z/F

n). Under the as-

sumption of Theorem 1.1(4) below, one may define the fundamental line

∆(X/Z, n) := detZRΓW,c(X,Z(n))⊗Z detZRΓc(Xeh, LΩ∗Oeh/Z/F
n)

and its trivialization

λX : R ∼−→ ∆(X/Z, n)⊗Z R

which is induced by the acyclic complex

· · · ∪θ−→ Hi
W,c(X,Z(n))R

∪θ−→ Hi+1
W,c(X,Z(n))R

∪θ−→ · · ·

Here the fundamental class θ = IdR ∈ H1(R,R) = ”H1(WF1 ,R)” is in some
sense analogous to e ∈ H1(WFq ,Z). We denote by ζ∗(X,n) the leading coeffi-
cient in the Taylor development of ζ(X, s) = Z(X, q−s) near s = n.
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Theorem 1.1. Let X be a separated scheme of finite type over Fq and let n ∈ Z
be an integer. Assume that X has dimension d and that R(d) holds.

1. If X is smooth projective, the canonical map

RΓ(XZar, LΩ∗X/Z/F
n)→ RΓc(Xeh, LΩ∗Oeh/Z/F

n)

is a quasi-isomorphism.

2. The complex RΓc(Xeh, LΩ∗Oeh/Z/F
n) is bounded with finite cohomology

groups.

3. We have

∏

i∈Z
| Hi

c(Xeh, LΩ∗Oeh/Z/F
n) |(−1)i = qχ

eh
c (X/Fq,O,n). (2)

4. Assume moreover that for any smooth projective variety Y of dimension
≤ d, the usual Weil-étale cohomology groups Hi

W (Y,Z(n)) are finitely
generated for all i. Then one has

∆(X/Z, n) = Z · λX
(
ζ∗(X,n)−1

)
.

In particular, Theorem 1.1(1)–(3) holds (unconditionally) for dim(X) ≤ 2 and
Theorem 1.1(4) holds for dim(X) ≤ 1. This note is organized as follows. We
fix some notations and definitions in Section 2. In Section 3, we give the
proof of Theorem 1.1, which is based on the following computation of the
cohomology sheaves of the complex LΛnOehLOeh/Z: we define an isomorphism
(see Proposition 3.6)

Hi−n(LΛnOehLOeh/Z) ≃ Ωi≤nOeh/Fq

where Ωi≤n := Ωi for i ≤ n and Ωi≤n := 0 for i > n. This argument also gives
a slightly different proof of the main result of [6], see Remark 3.5.

2 Preliminaries

2.1 The derived de Rham complex

Given a ring A and an A-module M , we denote by ΛA(M) (resp. ΓA(M)) the
exterior A-algebra of M (resp. the divided power algebra of M , see [1] App.
A), and by ΛiA(M) (resp. ΓiA(M)) its submodule of homogeneous elements of
degree i. If (S, A) is a ringed topos and M an A-module, one defines ΛA(M),
ΓA(M), ΛiA(M) and ΓiA(M) as above, internally in S. Then ΛA(M) (resp.
ΓA(M)) coincides with the sheafification of U 7→ ΛA(U)(M(U)) (resp. U 7→
ΓA(U)(M(U))). We denote by LΛiA the left derived functor of the (non-additive)
exterior power functor ΛiA (see [4] I.4.2). We often omit the subscript A and
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simply write ΛiM , ΓiM and LΛiM . Let A → B be a morphism of rings in
S. We denote by Ω1

B/A the B-module of Kähler differe ntials, we set ΩiB/A :=

ΛiBΩ1
B/A and we denote by Ω<nB/A the complex of A-modules [Ω0

B/A → Ω1
B/A →

· · · → Ωn−1B/A] put in degrees [0, n−1]. Let PA(B) be the standard simplicial free

resolution of the A-algebra B (see [4] I.1.5.5.6), and let LB/A be the cotangent
complex ([4] II.1). By definition LB/A is the complex of B-modules associated
with the simplicial B-module Ω1

PA(B)/A⊗PA(B)B. Similarly we define LΛiBLB/A
as the (actual) complex of B-modules associated with the simplicial B-module
ΩiPA(B)/A ⊗PA(B) B. The derived de Rham complex modulo Fn is defined as

the total complex (see [5] VIII.2.1)

LΩ∗B/A/F
n := Tot(Ω<nPA(B)/A)

which we simply see in this paper as a complex of A-modules. The Hodge
filtration on LΩ∗B/A/F

n satisfies grp(LΩ∗B/A/F
n) ≃ LΛpBLB/A[−p] for p < n

and grp(LΩ∗B/A/F
n) = 0 otherwise. For example, if (X,OX) is a scheme, then

PZ(OX) denotes the standard simplicial free resolution of Z→ OX in the small
Zariski topos of the scheme X , and LX/Z := LOX/Z is the cotangent complex
associated with the morphism of schemes X → Spec(Z).
If f : S ′ → S is a morphism of topoi, we write f−1 : S → S ′ for the set-theoretic
inverse image functor of f . Let f : (S ′, A′)→ (S, A) be a morphism of ringed
topoi, i.e. a morphism of topoi f : S ′ → S together with a morphism of rings
f−1A→ A′ in S ′. One defines

LΩ∗f/F
n = LΩ∗(S′,A′)/(S,A)/F

n := LΩ∗A′/f−1A/F
n

which is a complex of f−1A-modules in S ′. We denote by f∗ : Mod(A) →
Mod(A′) the inverse image functor for modules, i.e. f∗M := f−1M ⊗f−1A A

′,
where Mod(A) (resp. Mod(A′)) is the category of A-modules in S (resp. of
A′-modules in S ′).
Lemma 2.1. Let f : S ′ → S be a morphism of topoi and let A → B be
a morphism of rings in S. Then we have f−1(PA(B)) ≃ Pf−1A(f−1B),

f−1
(
LΩ∗B/A/F

n
)
≃ LΩ∗f−1B/f−1A/F

n, an isomorphism of f−1B-modules

f−1(ΩiB/A) ≃ Ωif−1B/f−1A and an isomorphism of complexes of f−1B-modules

f−1(LΛiBLB/A) ≃ LΛif−1BLf−1B/f−1A.

Proof. The identifications f−1(PA(B)) ≃ Pf−1A(f−1B) and f−1(Ω1
B/A) ≃

Ω1
f−1B/f−1A follow from the definitions (see [4] II.1.2.1.4 and [4] II.1.1.4.1).

Moreover we have f−1(ΛiR(M)) ≃ Λif−1R(f−1M) for any ring R in S and any
R-module M . The result follows easily.

2.2 Derived de Rham cohomology with compact support

The following definition is due to Thomas Geisser [2]. Let Sch
d/Fq be the

category of separated schemes of finite type over Fq of dimension ≤ d.
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Definition 2.2. The eh-topology on Schd/Fq is the Grothendieck topology
generated by the following coverings:

• étale coverings

• abstract blow-ups: If we have a cartesian square

Z ′
i′ //

f ′

��

X ′

f

��
Z

i // X

where f is proper, i a closed embedding, and f induces an isomorphism

X ′ − Z ′ ∼−→ X − Z, then (X ′
f→ X,Z

i→ X) is a covering.

We denote by PSh(Schd/Fq) the category of presheaves of sets on Sch
d/Fq

and by Sheh(Schd/Fq) the topos of eh-sheaves of sets on Schd/Fq. Note that
the functor

y : Schd/Fq →֒ PSh(Schd/Fq)→ Sheh(Schd/Fq),

given by composing the Yoneda embedding and eh-sheafification, is not fully
faithful. Hence the eh-topology is not subcanonical. For example, if Xred

denotes the maximal reduced closed subscheme of X ∈ Schd/Fq, then the

induced map yXred → yX is an isomorphism. If U is an object of Schd/Fq
and F an eh-sheaf on Schd/Fq, we choose a Nagata compactification U →֒ X
with closed complement Z →֒ X (so that X is proper over Fq and U is open
and dense in X), and we define

RΓc(Ueh,F) := Cone (RΓ(Xeh,F)→ RΓ(Zeh,F)) [−1].

Here RΓ(Xeh,F) denotes the cohomology of the slice topos Sheh(Schd/Fq)/yX
with coefficients in F×yX → yX . Equivalently, RΓ(Xeh,−) is the total derived
functor of the functor F 7→ F(X). It can be shown that RΓc(Ueh,F) does not
depend on the compactification (see [2] Proposition 3.2). Then RΓc(Ueh,F)
is contravariant for proper maps and covariant for open immersions. For an

open-closed decomposition (U
j→ X

i← Z), there is an exact triangle

RΓc(Ueh,F)→ RΓc(Xeh,F)→ RΓc(Zeh,F)→

Notation 2.3. The structure ring Oeh on Sheh(Schd/Fq) is the eh-sheaf as-
sociated with the presheaf of rings

R : (Schd/Fq)op −→ Rings
X 7−→ OX(X)

.

Consider the morphism of ringed topoi

ψ : (Sheh(Schd/Fq),Oeh) −→ (Spec(Z),OSpec(Z))
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induced by the evident morphism of sites. Let

LΩ∗Oeh/Z/F
n := LΩ∗ψ/F

n

be the corresponding derived de Rham complex modulo the nth-step of the Hodge
filtration. Derived de Rham cohomology modulo Fn with compact support is
given by

X 7→ RΓc(Xeh, LΩ∗Oeh/Z/F
n)

for X ∈ Schd/Fq. It is covariantly functorial for open immersions and con-
travariantly functorial for proper maps.

We now explain our notation LΩ∗Oeh/Z/F
n. There is a unique morphism of

rings Zeh → Oeh, where Zeh denotes the constant sheaf of rings associated
with Z on Sheh(Schd/Fq). Let LΩ∗Oeh/Zeh/F

n be the corresponding derived de

Rham complex modulo Fn. Then we have

LΩ∗ψ/F
n ≃ LΩ∗Oeh/Zeh/F

n. (3)

Indeed, consider the structure sheaf OSpec(Z) and the constant sheaf Z over
the small Zariski topos of Spec(Z). We have LOSpec(Z)/Z = 0 (see [4] II.2.3.1
and II.2.3.6), hence LOeh/ψ−1OSpec(Z)

≃ LOeh/ψ−1Z = LOeh/Zeh . We obtain
LΛ∗LOeh/Zeh ≃ LΛ∗LOeh/ψ−1OSpec(Z)

hence

LΩ∗Oeh/Zeh/F
n ≃ LΩ∗Oeh/ψ−1OSpec(Z)

/Fn := LΩ∗ψ/F
n

by the Hodge filtration. Finally, we note that LOeh/Z and LΩ∗Oeh/Z/F
n could

be left-unbounded (see however Corollary 3.8).

2.3 The fundamental line

For an object C in the derived category of abelian groups such that Hi(C) is
finitely generated for all i and Hi(C) = 0 for almost all i, we set

detZ(C) :=
⊗

i∈Z
det

(−1)i
Z Hi(C).

If Hi(C) is moreover finite for all i, then we call the following isomorphism

detZ(C)⊗Z Q ∼→
⊗

i∈Z
det

(−1)i
Q

(
Hi(C) ⊗Z Q

) ∼→
⊗

i∈Z
det

(−1)i
Q (0)

∼→ Q

the canonical Q-trivialization of detZ(C). In this situation, the canonical Q-
trivialization detZ(C)⊗Z Q ≃ Q identifies detZ(C) with

Z ·
(∏

i∈Z
|Hi(C)|(−1)i+1

)
⊂ Q.
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For X ∈ Schd/Fq, one defines [2]

RΓW,c(X,Z(n)) := RΓ(WFq , RΓc(XFq,eh
, ρ−1Z(n)))

where Fq is an algebraic closure, WFq is the Weil group, ρ is the morphism de-
fined in Lemma 3.1, and the Z(n) on the right hand side is the motivic complex
on Smd/Fq. Assuming that RΓW,c(X,Z(n)) and RΓc(Xeh, LΩ∗Oeh/Z/F

n) are

both well defined and perfect, the fundamental line is defined as follows:

∆(X/Z, n) := detZRΓW,c(X,Z(n)) ⊗Z detZRΓc(Xeh, LΩ∗Oeh/Z/F
n).

Recall that WFq ≃ Z with generator given by the Frobenius F . Consider the
map f : WFq → WF1 := R satisfying f(F ) = log(q), and define θ = IdR ∈
H1(R,R). Then f∗θ ∈ H1(WFq ,R) maps the Frobenius F ∈ WFq to log(q) ∈ R,
whereas e ∈ H1(WFq ,R) maps the Frobenius F to 1 ∈ R. We have

RΓW,c(X,Z(n))R ≃ RΓ(WFq , RΓc(XFq,eh
, ρ−1Z(n))R).

So cup-product with the class f∗θ ∈ H1(WFq ,R) defines a map

Hi
W,c(X,Z(n))R

∪θ−→ Hi+1
W,c(X,Z(n))R

which differs from

Hi
W,c(X,Z(n))R

∪e−→ Hi+1
W,c(X,Z(n))R

by the factor log(q). The complex

· · · ∪θ−→ Hi
W,c(X,Z(n))R

∪θ−→ Hi+1
W,c(X,Z(n))R

∪θ−→ · · ·

is acyclic [2] hence gives a trivialization

λX : R ∼−→ detRRΓW,c(X,Z(n))R
∼−→ ∆(X/Z, n)⊗Z R.

where the second isomorphism is induced by the canonical Q-
trivialization of detZRΓc(Xeh, LΩ∗Oeh/Z/F

n), whose existence requires that

RΓc(Xeh, LΩ∗Oeh/Z/F
n) is bounded with finite cohomology groups.

3 Proof of Theorem 1.1

We denote by Smd/Fq the full subcategory of Schd/Fq consisting of smooth

Fq-schemes. We endow Smd/Fq with the Zariski topology and we denote by

ShZar(Sm
d/Fq) the corresponding topos.

Recall the following description of the topos ShZar(Sm
d/Fq) (see [3] IV.4.10.6).

A sheaf F on ShZar(Sm
d/Fq) can be seen as a family of sheaves FX on the

small Zariski topos XZar for any X ∈ Smd/Fq together with transition maps
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αf : f−1FX → FY for any map f : Y → X satisfying αf◦g = αg ◦ g−1αf
and such that αf is an isomorphism whenever f is an open immersion. A

morphism F → G in ShZar(Sm
d/Fq) is a given by a family of morphisms

FX → GX compatible with the transition maps. For any X ∈ Smd/Fq, the
functor

resX : ShZar(Sm
d/Fq) −→ XZar

F 7−→ FX
,

mapping the big Zariski sheaf F to its restriction FX to the small Zariski site
of X , commutes with arbitrary small limits and colimits. It is therefore the
inverse image of a morphism of topoi

sX : XZar −→ ShZar(Sm
d/Fq)/X −→ ShZar(Sm

d/Fq).

In fact the morphismXZar −→ ShZar(Sm
d/Fq)/X is a section of the morphism

ShZar(Sm
d/Fq)/X ≃ ShZar((Sm

d/Fq)/X) −→ XZar (4)

which is induced by the evident morphism of sites. The same description of
abelian sheaves on ShZar(Sm

d/Fq) is valid. We denote by O the canonical

structure ring on ShZar(Sm
d/Fq), i.e. O(X) := OX(X) for any X ∈ Smd/Fq.

We have resX(O) = OX where OX denotes the usual structure sheaf on the
smooth scheme X . As above, a complex of O-modules F can be seen as family
of complexes of OX -modules FX in the small Zariski topos XZar together with
transition maps of complexes of OY -modules αf : f∗FX := f−1FX ⊗f−1OX
OY → FY for any map f : Y → X satisfying αf◦g = αg ◦ g∗αf , and such that
αf is an isomorphism whenever f is an open immer sion.
We denote by R(d) the condition given in ([2] Definition 2.4). The morphism
ρ of the next lemma was defined in ([2] Lemma 2.5), see also ([7] Proposition
5.11).

Lemma 3.1. Assume that R(d) holds. Then we have a composite morphism of
topoi

ρ : Sheh(Schd/Fq)
∼−→ Sheh(Smd/Fq) −→ ShZar(Sm

d/Fq)

where the first morphism is an equivalence. Moreover we have

ρ−1O ≃ Oeh. (5)

Proof. We consider the topology on Smd/Fq induced by the eh-topology on

Sch
d/Fq (see [3] III.3), and we define Sheh(Smd/Fq) as the topos of sheaves

on this site. It follows from R(d) and ([2] Lemma 2.2.b) that Smd/Fq is a

topologically generating full subcategory of Schd/Fq with respect to the eh-
topology. By ([3] III.4.1), the first morphism is an equivalence. The inclusion
functor (Smd/Fq, Zar)→ (Schd/Fq, eh) is continuous, i.e. if F is an eh-sheaf

on Schd/Fq then its restriction to Smd/Fq is a Zariski sheaf. In other words,

the induced eh-topology on Smd/Fq is stronger than the Zariski topology;
hence the second morphism is well defined.
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Let u : Smd/Fq → Schd/Fq be the inclusion functor, and let f :

Sheh(Schd/Fq)
∼→ Sheh(Smd/Fq) be the induced equivalence. We have a com-

mutative square (see [3] III.1.3)

Sheh(Schd/Fq) Sheh(Smd/Fq)
f−1

oo

PSh(Schd/Fq)

a

OO

PSh(Smd/Fq)
u!oo

asm

OO

where the vertical arrows are the associated sheaf functors. Let F ∈
PSh(Schd/Fq) be a presheaf of sets and let u∗ be the right adjoint of u!.
The adjunction morphism u!u

∗F → F is ”bicouvrant” (see [3] III.4.1.1) hence
a(u!u

∗F)
∼→ a(F) is an isomorphism (see [3] II.5.3). Since the square above is

commutative, we obtain

f−1 ◦ asm ◦ u∗(F) ≃ a ◦ u! ◦ u∗(F) ≃ a(F).

So we have an isomorphism of left exact functors f−1 ◦ asm ◦ u∗ ≃ a, hence a
similar isomorphism of functors between the categories of ring objects. Let R
(resp. O) be the presheaf of rings on Schd/Fq (resp. on Smd/Fq) mapping X
to OX(X). By definition we have O = u∗R, Oeh = a(R) and g−1O = asm(O),
where g : Sheh(Smd/Fq) → ShZar(Sm

d/Fq) is the morphism of topoi defined
above. We obtain

ρ−1(O) ≃ f−1 ◦ g−1(O) ≃ f−1 ◦ asm(O) ≃ f−1 ◦ asm ◦ u∗(R) ≃ a(R) =: Oeh.

We may therefore promote ρ into a morphism of ringed topoi

ρ : (Sheh(Schd/Fq),Oeh) −→ (ShZar(Sm
d/Fq),O).

For any X ∈ Smd/Fq, we shall also consider the morphism of ringed topoi
obtained by localisation over X :

ρ/X : (Sheh(Schd/Fq),Oeh)/yX −→ (ShZar(Sm
d/Fq),O)/X.

We denote by Z the constant sheaf on either ShZar(Sm
d/Fq) or Sheh(Schd/Fq),

and we apply the constructions of Section 2.1 to the unique morphism of rings
Z → Oeh (respectively Z → O) in the topos Sheh(Schd/Fq) (respectively in

the topos ShZar(Sm
d/Fq)); see (3) and its proof.

Lemma 3.2. Assume R(d). We have

LΩ∗Oeh/Z/F
n ≃ ρ−1

(
LΩ∗O/Z/F

n
)

(6)
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and the complex of abelian sheaves LΩ∗O/Z/F
n on ShZar(Sm

d/Fq) is given by
the complexes of abelian sheaves on XZar

resX

(
LΩ∗O/Z/F

n
)

= LΩ∗X/Z/F
n := Tot(Ω<nPZ(OX)/Z) (7)

and obvious transition maps. Similarly, we have an isomorphism of complexes
of Oeh-modules

LΛiOehLOeh/Z ≃ ρ−1
(
LΛiOLO/Z

)
(8)

and the complex of O-modules LΛiOLO/Z is given by the complexes of OX-
modules

resX
(
LΛiOLO/Z

)
= LΛiOXLX/Z := Tot(ΩiPZ(OX)/Z ⊗PZ(OX) OX) (9)

and obvious transition maps. Finally, we have an isomorphism of Oeh-modules

ΩiOeh/Z ≃ ρ−1ΩiO/Z (10)

and the O-module ΩiO/Z is given by the OX-modules

resX

(
ΩiO/Z

)
= ΩiX/Z (11)

and obvious transition maps.

Proof. The complex LΩ∗X/Z/F
n := Tot(Ω<nPZ(OX)/Z) is functorial on the nose in

X ∈ Smd/Fq. Indeed, given a map f : Y → X , there is a canonical morphism
of complexes of abelian sheaves

f−1LΩ∗X/Z/F
n ≃ LΩ∗f−1OX/Z/F

n → LΩ∗Y/Z/F
n, (12)

where the first map is supplied by Lemma 2.1 and the second map is in-
duced by the structural morphism f−1OX → OY . The map f−1LΩ∗X/Z/F

n →
LΩ∗Y/Z/F

n is an isomorphism of complexes of abelian sheaves if f : Y → X is
an open immersion. Similarly, the map f induces a morphism of complexes of
OY -modules

f∗LΛiOXLX/Z ≃ LΛif−1OXLf−1OX/Z ⊗f−1OX OY → LΛiOY LOY /Z (13)

which is an isomorphism of complexes if f is an open immersion. We apply
Lemma 2.1 to the morphism of topoi

sX : XZar −→ ShZar(Sm
d/Fq)

and we observe that the transition maps

f−1resX(LΩ∗O/Z/F
n)→ resY (LΩ∗O/Z/F

n)
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and
f∗resX(LΛiOLO/Z/F

n)→ resY (LΛiOLO/Z/F
n)

can be identified with (12) and (13) respectively. This yields (7) and (9). We
obtain (6) and (8) by applying Lemma 2.1 to the morphism

ρ : Sheh(Schd/Fq) −→ ShZar(Sm
d/Fq)

since we have Oeh ≃ ρ−1O by (5). The proof of (10) and (11) is similar.

For a complex C of sheaves of modules on some topos, we denote by Hi(C) its
i-th cohomology sheaf.

Lemma 3.3. Let X be a smooth separated scheme of finite type over Fq. Then
there is a canonical isomorphism of sheaves of OX-modules

Hi(LΛnLX/Z[−n]) ≃ Ωi≤nX/Fq

where Ωi≤nX/Fq
:= ΩiX/Fq for 0 ≤ i ≤ n and Ωi≤nX/Fq

= 0 otherwise. Moreover, for

f : Y → X a morphism in Smd/Fq, the square of OY -modules

f∗Hi(LΛnLX/Z[−n])
∼ //

��

f∗Ωi≤nX/Fq

��
Hi(LΛnLY/Z[−n])

∼ // Ωi≤nY/Fq

commutes, where the left vertical map is induced by (13) and the right vertical
map is the evident one.

Proof. Let X be a scheme in Smd/Fq. We have an exact triangle in the derived
category D(OX) of OX -modules (see [6] for details):

OX [1]→ LX/Z → Ω1
X/Fq

ωX→ OX [2].

Let U ⊂ X be an affine open subscheme. Then ωU ∈ Ext2OU (Ω1
U/Fq

,OU ) = 0

and there is a unique isomorphism

αU : LU/Z
∼−→ OU [1]⊕ Ω1

U/Fq

in the derived category D(OU ) of OU -modules, such that H−1(αU ) :
H−1(LU/Z) ≃ OU and H0(αU ) : H0(LU/Z) ≃ Ω1

X/Fq
are the isomorphisms

given by the triangle above. Indeed, the canonical map

HomD(OU )(LU/Z,OU [1]⊕ Ω1
U/Fq

)

−→ HomOU (H−1(LU/Z),OU )⊕HomOU (H0(LU/Z),Ω1
U/Fq

)
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is an isomorphism, as it follows from the spectral sequence

∏

n∈Z
Extp(Hn(LU/Z),Hn+q(OU [1]⊕ Ω1

U/Fq
))⇒

⇒ Hp+q(RHom(LU/Z,OU [1]⊕ Ω1
U/Fq

))

and from the fact higher Ext’s vanish since U is affine and Ω1
X/Fq

is locally

free of finite rank. Then αU is functorial in the open affine subscheme U , in
the sense that, if V ⊆ U is the inclusion of an open affine subscheme V , then
αU | V = αV by uniqueness of αV . We obtain the following isomorphism in
D(OU ) (see [6] for details):

LΛnLU/Z

≃ LΛn([OU 0→ Ω1
U/Fq

][1])

≃ [ΓnOU ⊗ Λ0Ω1
U/Fq

0→ Γn−1OU ⊗ Λ1Ω1
U/Fq

0→ · · · 0→ Γ0OU ⊗ ΛnΩ1
U/Fq

][n]

where the differential maps are all trivial. This yields a canonical isomorphism
of OU -modules

aU : Hi(LΛnLX/Z[−n]) | U ≃ Hi(LΛnLU/Z[−n]) ≃ Γn−iOU ⊗OU ΩiU/Fq

for any i ∈ Z, where Γn−iOU := 0 for n − i < 0 and ΩiU/Fq := 0 for i < 0.

Moreover, the isomorphisms aU are compatible with the restriction maps given
by inclusions of affine open subsets V ⊆ U , in the sense that (aU ) | V = aV .
Covering X by open affine subschemes U (recall that X is separated so that
the intersection of two affine open subschemes is affine), the identifications aU
therefore give an isomorphism of sheaves of OX -modules

Hi(LΛnLX/Z[−n]) ≃ Γn−iOX ⊗OX ΩiX/Fq .

For n−i ≥ 0, the OX -module Γn−iOX is free of rank one with generator γn−i(1)
where 1 ∈ OX is the unit section and γn−i : OX → Γn−iOX the canonical map.
So we obtain an isomorphism

Hi(LΛnLX/Z[−n]) ≃ Γn−iOX ⊗OX ΩiX/Fq ≃ Ωi≤nX/Fq
. (14)

We now check that the isomorphism (14) is functorial in X ∈ Smd/Fq. Let Y

and X be schemes in Smd/Fq and let f : Y → X be an arbitrary map. There
is a morphism of exact triangles (see [4] II.2.1.5)

Lf∗OX [1] //

��

Lf∗LX/Z //

��

Lf∗Ω1
X/Fq

Lf∗ωX //

��

Lf∗OX [2]

��
OY [1] // LY/Z // Ω1

Y/Fq

ωY // OY [2]
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Suppose first that X and Y are affine. Then ωX = 0 and ωY = 0, and the
square

Lf∗LX/Z
Lf∗αX

∼ //

��

f∗OX [1]⊕ f∗Ω1
X/Fq

��
LY/Z αY

∼ // OY [1]⊕ Ω1
Y/Fq

commutes in D(OY ), since a morphism Lf∗LX/Z → OY [1] ⊕ Ω1
Y/Fq

is deter-

mined by the morphisms it induces on cohomology (as for αX above). Hence
the bottom square in the following diagram

Lf∗LΛnLX/Z
∼ //

��

f∗[ΓnOXOX ⊗ Λ0
OX

Ω1
X/Fq

0
→ · · ·

0
→ Γ0

OX
OX ⊗ ΛnOXΩ1

X/Fq
][n]

��
LΛnLf∗LX/Z

∼ //

��

[ΓnOY f
∗OX ⊗ Λ0

OY
f∗Ω1

X/Fq

0
→ · · ·

0
→ Γ0

OY
f∗OX ⊗ ΛnOY f

∗Ω1
X/Fq

][n]

��
LΛnLY/Z

∼ // [ΓnOY ⊗ Ω0
Y/Fq

0
→ · · ·

0
→ Γ0OY ⊗ ΩnY/Fq ][n]

commutes as well (see [4] I.4.3.1.3). Here the top left vertical map is induced
by the derived version Lf∗LΛnOX → LΛnOY Lf

∗ of the natural transformation

f∗ΛnOX → ΛnOY f
∗, and the top right vertical map is induced by f∗ΛiOX →

ΛiOY f
∗ and f∗Γn−iOX → Γn−iOY f

∗. It follows that the upper square in the previous
diagram commutes. Since the cohomology sheaves of LΛnLX/Z are flat OX -
modules, we have the isomorphism

f∗Hi(LΛnLX/Z[−n])
∼→ Hi(Lf∗LΛnLX/Z[−n]).

We obtain the following commutative square of OY -modules

f∗Hi(LΛnLX/Z[−n])
∼ //

��

f∗(Γn−iOX ⊗OX ΩiX/Fq )

��
Hi(LΛnLY/Z[−n])

∼ // Γn−iOY ⊗OY ΩiY/Fq

where X and Y are affine schemes in Smd/Fq. Let f : Y → X be a map

between arbitrary X , Y in Smd/Fq. Covering Y and X by affine open sub-
schemes (compatibly with f) we see that the previous square commutes for ar-
bitrary X and Y . The result follows because the identification of OX -modules
Γn−iOX OX ≃ OX is functorial in X . Indeed, the map f∗(Γn−iOX OX) → Γn−iOY OY
maps γn−i(1) to itself.
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Remark 3.4. An isomorphism of the form

LΛnLX/Z ≃ [OX 0→ Ω1
X/Fq

0→ · · · 0→ ΩnX/Fq ][n]

is false in general, e.g. take n = 1 and X such that αX 6= 0 (i.e. such that X
has no lifting over Z/p2Z).

Remark 3.5. In order to prove the main result of [6], one may use Lemma 3.3
above instead of ([6] Lemma 2).

Proposition 3.6. Assume R(d). There is a canonical isomorphism of sheaves
of Oeh-modules

Hi(LΛnLOeh/Z[−n]) ≃ Ωi≤nOeh/Fq

where Ωi≤nOeh/Fq = ΩiOeh/Fq for 0 ≤ i ≤ n and Ωi≤nOeh/Fq = 0 otherwise.

Proof. We first work in the ringed topos (ShZar(Sm
d/Fq),O). By exactness of

resX , Lemma 3.2(9) and Lemma 3.3, we have

resX(Hi(LΛnLO/Z[−n])) ≃ Hi(resX(LΛnLO/Z[−n]))

≃ Hi(LΛnLX/Z[−n]))

≃ Ωi≤nX/Fq

for any X in Smd/Fq. Moreover, for a morphism f : Y → X in Smd/Fq, the
transition map

αf : f∗resX(Hi(LΛnLO/Z[−n])) −→ resY (Hi(LΛnLO/Z[−n]))

may be identified with the canonical map (see Lemma 3.2)

f∗Hi(LΛnLX/Z[−n]) −→ Hi(LΛnLY/Z[−n])

which in turn may be identified with the canonical map

f∗Ωi≤nX/Fq
−→ Ωi≤nY/Fq

by Lemma 3.3. In view of (11), we obtain an isomorphism

Hi(LΛnLO/Z[−n]) ≃ Ωi≤nO/Fq (15)

ofO-modules in the topos ShZar(Sm
d/Fq). By Lemma 3.2 (8) and by exactness

of ρ−1, we have

Hi(LΛnLOeh/Z) ≃ Hi(ρ−1LΛnLO/Z) ≃ ρ−1Hi(LΛnLO/Z). (16)

By (16), (15) and (10), we obtain

Hi(LΛnLOeh/Z[−n]) ≃ ρ−1Hi(LΛnLO/Z[−n]) ≃ ρ−1Ωi≤nO/Fq ≃ Ωi≤nOeh/Fq .
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Remark 3.7. One may think of trying to prove Proposition 3.6 more directly
using the exact triangle

Oeh[1]→ LOeh/Z → Ω1
Oeh/Fq

ωeh→ Oeh[2],

which is the image by ρ−1 of the exact triangle

O[1]→ LO/Z → Ω1
O/Fq

ω→ O[2]

in the derived category of O-modules on ShZar(Sm
d/Fq). A direct computation

of LΛnLOeh/Z as in (14) would not work since the extension ω is non-trivial
by Remark 3.4 and Lemma 3.2.

The following corollary follows immediately from Proposition 3.6.

Corollary 3.8. If R(d) holds then LΛpOehLOeh/Z is concentrated in degrees
[−p, 0] and LΩ∗Oeh/Z/F

n is concentrated in degrees [0, n− 1].

Corollary 3.9. Let X be a smooth projective scheme over Fq of dimension d
and let n ∈ Z be an integer. If R(d) holds then the canonical maps

RΓ(XZar, LΛpOX
LX/Z)→ RΓ(Xeh, LΛpOehLOeh/Z)

and
RΓ(XZar, LΩ∗X/Z/F

n)→ RΓ(Xeh, LΩ∗Oeh/Z/F
n)

are quasi-isomorphisms.

Proof. The morphism of ringed topoi

(Sheh(Schd/Fq),Oeh)/y(X)
ρ/X−→ (ShZar(Sm

d/Fq),O)/X
(4)−→ (X,OX). (17)

induces a morphism of (derived Hodge to de Rham) spectral sequences from

Ep,q1 = Hq(XZar, LΛp<nLX/Z) =⇒ Hp+q(XZar, LΩ∗X/Z/F
n) (18)

to

′Ep,q1 = Hq(Xeh, LΛp<nLOeh/Z) =⇒ Hp+q(Xeh, LΩ∗Oeh/Z/F
n). (19)

Here the convergent spectral sequences (18) and (19) are obtained (using Corol-
lary 3.8) as spectral sequences for the hypercohomology of filtered bounded
below complexes. One is therefore reduced to showing that the maps

Hq(XZar, LΛpLX/Z)→ Hq(Xeh, LΛpLOeh/Z)

are isomorphisms. By Lemma 3.3, Proposition 3.6 and Corollary 3.8, the mor-
phism (17) induces a morphism of hypercohomology spectral sequences from

Ei,j2 = Hi(XZar,Ω
j≤p
X/Fq

) =⇒ Hi+j(XZar, LΛpLX/Z[−p])
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to
′Ei,j2 = Hi(Xeh,Ω

j≤p
Oeh/Fq ) =⇒ Hi+j(Xeh, LΛpLOeh/Z[−p]).

One is therefore reduced to showing that the map

Hi(XZar ,Ω
j
X/Fq

)→ Hi(Xeh,Ω
j
Oeh/Fq )

is an isomorphism for any i, j. Assuming R(d), this follows from ([2] Theorem
4.7) since ΩjOeh/Fq ≃ ρ

−1ΩjO/Fq .

Recall from the introduction that one defines

χehc (X/Fq,O, n) :=
∑

i≤n,j∈Z
(−1)i+j · (n− i) · dimFqH

j
c (Xeh,Ω

i
Oeh/Fq).

Corollary 3.10. Let X be a separated scheme of finite type over Fq of di-
mension d and let n ∈ Z be an integer. If R(d) holds then the complex
RΓc(Xeh, LΩ∗Oeh/Z/F

n) is bounded with finite cohomology groups, and we have

∏

i∈Z
| Hi

c(Xeh, LΩ∗Oeh/Z/F
n) |(−1)i = qχ

eh
c (X/Fq,O,n).

Proof. We consider the convergent spectral sequences

Hq
c (Xeh, LΛp<nLOeh/Z) =⇒ Hp+q

c (Xeh, LΩ∗Oeh/Z/F
n) (20)

and
Hi
c(Xeh,Ω

j≤p
Oeh/Fq ) =⇒ Hi+j

c (Xeh, LΛpLOeh/Z[−p]). (21)

In view of Corollary 3.8 and the isomorphism (see [2] Remark before Lemma
3.5)

RΓc(Xeh,−) ≃ RHom(Zceh(X),−)

(20) and (21) may be obtained as spectral sequences for the hypercohomol-
ogy of filtered bounded below complexes. The complex RΓc(Xeh,Ω

j
Oeh/Fq ) ≃

RΓc(Xeh, ρ
−1ΩjO/Fq) is bounded with finite cohomology groups by ([2] Corol-

lary 4.8). In view of (20) and (21), the complexes RΓc(Xeh, LΛpLOeh/Z/F
n)

and RΓc(Xeh, LΩ∗Oeh/Z/F
n) are also bounded with finite cohomology groups.

By ([6] Lemma 1), the spectral sequences (20) and (21) give isomorphisms

detZRΓc(Xeh, LΩ∗Oeh/Z/F
n) (22)

∼−→
⊗

p<n

det
(−1)p
Z RΓc(Xeh, LΛpLOeh/Z) (23)

∼−→
⊗

p<n

detZRΓc(Xeh, LΛpLOeh/Z[−p]) (24)

∼−→
⊗

p<n


⊗

i≤p,j
det

(−1)i+j
Z Hj

c (Xeh,Ω
i
Oeh/Fp)


 (25)
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such that the square of isomorphisms

(
detZRΓc(Xeh, LΩ

∗
Oeh/Z/F

n)
)

Q

//

γ

��

(⊗
p<n

⊗
i≤p,j det

(−1)i+j

Z Hj
c (Xeh,Ω

i
Oeh/Fq

)
)

Q

γ′

��
Q Id // Q

commutes, where the top horizontal map is induced by (25), and the vertical
isomorphisms are the canonical trivializations (see Section 2.3). The result
follows:

Z ·
(∏

i∈Z
| Hi

c(Xeh, LΩ∗Oeh/Z/F
n) |(−1)i

)−1

= γ
(

detZRΓc(Xeh, LΩ∗Oeh/Z/F
n)
)

= γ′


⊗

p<n

⊗

i≤p,j
det

(−1)i+j
Z Hj

c (Xeh,Ω
i
Oeh/Fq )




= Z · q−χehc (X/Fq,O,n).

Recall from Section 2.3 the definitions of ∆(X/Z, n) and λX .

Corollary 3.11. Let X be a separated scheme of finite type over Fq of di-
mension d and let n ∈ Z be an integer. Assume that for any smooth projective
variety Y of dimension ≤ d the Weil-étale cohomology groups Hi

W (Y,Z(n)) are
finitely generated for all i. If R(d) holds, then one has

∆(X/Z, n) = Z · λX
(
ζ∗(X,n)−1

)
.

Proof. All the schemes we consider in this proof are in Schd/Fq. For an open-

closed decomposition (U
j→ X

i← Z), we have exact triangles

RΓc(Ueh, LΩ∗Oeh/Z/F
n)→ RΓc(Xeh, LΩ∗Oeh/Z/F

n)→ RΓc(Zeh, LΩ∗Oeh/Z/F
n)

and

RΓW,c(U,Z(n))→ RΓW,c(X,Z(n))→ RΓW,c(Z,Z(n)). (26)

Moreover, the triangle (26) is compatible (in the obvious sense) with ∪θ. This
gives an isomorphism

∆(X/Z, n) ≃ ∆(U/Z, n)⊗Z ∆(Z/Z, n) (27)
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such that the square of isomorphisms

R Id //

λX
��

R

λU⊗λZ
��

∆(X/Z, n)R
(27)R // ∆(U/Z, n)R ⊗R ∆(Z/Z, n)R

commutes. Similarly, one has

ζ∗(X,n) = ζ∗(U, n) · ζ∗(Z, n).

It follows that if the result is true for two out of the three schemes (X,U,Z) then
it is true for the third. Moreover, the result is true for X smooth projective by
[6], Corollary 3.9 and ([2] Theorem 4.3). It follows for arbitrary X ∈ Schd/Fq
by ([2] Lemma 2.7).
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Flach for interesting comments. The author was supported by ANR-12-JS01-
0007 and ANR-15-CE40-0002.
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Abstract. The intrinsic volumes of Gaussian polytopes are con-
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1 Introduction and results

Fix a space dimension d ∈ N and denote by γd the standard Gaussian measure
on Rd with density ϕd equal to

ϕd(x) := (2π)−
d
2 exp

(
− ‖x‖

2

2

)
, x ∈ Rd . (1)

Given n ≥ d + 1 let X1, . . . , Xn be independent random points that are dis-
tributed on Rd according to the probability measure γd. The random convex
hull

Kn := [X1, . . . , Xn]

of these points is a Gaussian polytope. These random polytopes are central
objects considered in stochastic geometry and are also of importance in convex
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geometric analysis or coding theory. For example, Gluskin [8] has used Gaus-
sian polytopes in his analysis of the diameter of the Minkowski compactum
and Gaussian polytopes also arise as lower-dimensional shadows of randomly
rotated high-dimensional regular simplices as shown by Baryshnikov and Vi-
tale [4]. We refer to the survey article of Reitzner [12] for further background
information and references.

We denote for ℓ ∈ {0, . . . , d} by Vℓ(Kn) the ℓth intrinsic volume of Kn, that is,

Vℓ(Kn) =

(
d

ℓ

)
κd

κℓκd−ℓ

∫

G(d,ℓ)

volℓ(Kn|L) νℓ(dL) .

Here, G(d, ℓ) is the Grassmannian of ℓ-dimensional linear subspaces of Rd sup-
plied with the unique Haar probability measure νℓ and volℓ(Kn|L) stands
for the ℓ-dimensional Lebesgue measure of the orthogonal projection Kn|L
of Kn onto L measured within the subspace L. Moreover, for j ∈ N,
κj := πj/2 Γ(1 + j

2 )−1 denotes the volume of the j-dimensional unit ball. The
intrinsic volumes are of outstanding importance in convex geometry, since ac-
cording to a classical theorem of Hadwiger they form a basis of the vector space
of all continuous and rigid-motion invariant real-valued valuations on convex
sets, cf. [14]. For example, Vd(Kn) = vold(Kn) is the volume, 2Vd−1(Kn) co-

incides with the surface area and 2κd−1

dκd
V1(Kn) corresponds to the mean width

of Kn.

It is well known from the work of Affentranger [1] that the expectation
E[Vℓ(Kn)] of Vℓ(Kn) satisfies

lim
n→∞

(logn)−
ℓ
2 E[Vℓ(Kn)] =

(
d

ℓ

)
κd
κd−ℓ

.

More recently, the asymptotic behaviour of the variance Var[Vℓ(Kn)] of Vℓ(Kn)
has moved into the focus of attention. Using the classical Efron-Stein jackknife
inequality Hug and Reitzner [10] have obtained a first upper bound of the form

Var[Vℓ(Kn)] ≤ cd(log n)
ℓ−3
2 with a constant cd ∈ (0,∞) only depending on

the space dimension d (but not on ℓ). In a remarkable paper of Calka and
Yukich [7] the precise variance asymptotic was derived, showing thereby that
the upper bound from [10] does not have the right order of magnitude. In fact,
[7, Theorem 1.5] says that

lim
n→∞

(logn)
d+3
2 −ℓVar[Vℓ(Kn)] = cd,ℓ , (2)

with constants cd,ℓ ∈ [0,∞) only depending on d and on ℓ. However, using
their methods the authors of [7] were not able to exclude the possibility that
cd,ℓ = 0. The aim of the present paper is to fill this gap and to show that, in
fact, cd,ℓ > 0. This answers a question raised at several places in the literature,
see [3, Section 14], the comment after [7, Theorem 1.5] or [9, Remark 3.6]. Our
result reads as follows:
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Theorem 1. Let ℓ ∈ {1, . . . , d} and let Kn be a Gaussian polytope. Then there
exists a constant vd,ℓ ∈ (0,∞) only depending on d and on ℓ such that

Var[Vℓ(Kn)] ≥ vd,ℓ (logn)−
d+3
2 +ℓ ,

whenever n is sufficiently large.

In particular, Theorem 1 in conjunction with (2) shows that the limit

lim
n→∞

(logn)
d+3
2 −ℓVar[Vℓ(Kn)] = cd,ℓ

exists and takes a strictly positive and finite value.

Remark 2. (i) Let us first comment on the boundary case ℓ = 0 in Theorem
1. Since V0(K) = 1{K 6=∅} for any convex set K ⊂ Rd, we have that
V0(Kn) = 1 with probability one and hence Var[V0(Kn)] = 0.

(ii) Since Vd(Kn) is the volume of the Gaussian polytope Kn, the case ℓ = d
is already covered by Theorem 6.1 in [3], which ensures that vd,d ∈ (0,∞).
Our proof comprises this situation as a special case.

A random polytope model closely related to Kn can be described as follows.
For each n ∈ N let ηn be a Poisson point process on Rd with intensity measure
nγd. The convex hull of the points of ηn will be denoted by Πn and is called the
Gaussian Poisson polytope. Following the coupling construction in the proof of
[3, Lemma 7.1] one easily sees that expectation and variance asymptotic for Πn

are literally the same as for Kn. Moreover, the strict positivity of the constants

vd,ℓ in Theorem 1 implies that (logn)
d+3
2 −ℓVar[Vℓ(Πn)] converges to a positive

and finite limit. We summarize the missing piece in the proof of this result in
the following corollary:

Corollary 3. Let ℓ ∈ {1, . . . , d} and let Πn be the Gaussian Poisson polytope.
Then there exists a constant vd,ℓ ∈ (0,∞) only depending on d and on ℓ such
that

Var[Vℓ(Πn)] ≥ vd,ℓ (log n)ℓ−
d+3
2 ,

whenever n is sufficiently large.

The result of Theorem 1 and Corollary 3 can be regarded as the missing piece
of the jigsaw in the theory of Gaussian polytopes. Let us mention some of the
implications that are now immediate:

- Central limit theorems. As explained in [3, 7], the positivity of the limiting
variance is the only missing piece in the proof of the central limit theorem
for the normalized intrinsic volumes of Πn. The result follows by the
methods developed in [3, 6, 7]. Moreover, a de-Poissonization argument
similar to that in [3] leads to the corresponding result for Kn; we omit
the details.
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- Concentration inequalities. As explained in the recent work [9], the posit-
ivity of the limiting variance is the only missing ingredient in the proof of a
concentration inequality for Vℓ(Πn). The precise form of such an inequal-
ity can now be determined from [9, Theorem 3.1]: For any ℓ ∈ {1, . . . , d}
one can find a constant c ∈ (0,∞) only depending on d and on ℓ such
that

P
(
|Vℓ(Πn)−E[Vℓ(Πn)]| ≥ y

√
Var[Vℓ(Πn)]

)

≤ 2 exp
(
− 1

4
min

{ y2

22d+ℓ+5
, c (logn)

d−1
4(2d+ℓ+5) y

1
2d+ℓ+5

})

for all y ≥ 0 and sufficiently large n.

- Marcinkiewicz-Zygmund-type strong laws of large numbers. The concen-
tration inequality for Vℓ(Πn) mentioned in the previous paragraph can
directly be used to derive Marcinkiewicz-Zygmund-type strong laws of
large numbers along the lines of the proof of [9, Theorem 1.3]: For any
ℓ ∈ {1, . . . , d} and p > 1− d+3

ℓ one has that

Vℓ(Πn)−E[Vℓ(Πn)]

(logn)p
ℓ
2

−→ 0

with probability one, as n → ∞. Using the monotonicity of intrinsic
volumes and a simple coupling argument, one easily verifies that the
same result also holds with Πn replaced by Kn. In that form, this refines
the ordinary strong law of large numbers from [10, Corollary 1.2], which
corresponds to the special case p = 1.

- Moderate deviations. Moderate deviations for the volume and the face
numbers of the Gaussian Poisson polytopes Πn have also been invest-
igated in [9]. Again, the only missing piece for the extension of these
results to the intrinsic volumes is the positivity of the limiting variances;
we omit the details.

Remark 4. Let λ > 0 be an arbitrary real number, let ηλ be a Poisson point
process on Rd with intensity measure λγd and denote by Πλ the random con-
vex hull induced by ηλ. Using the monotonicity of intrinsic volumes and a
simple coupling argument, one easily verifies that the result of Corollary 3 con-
tinues to hold with Πn and logn replaced by Πλ and logλ, respectively. The
same comment applies to the central limit theorem, the concentration inequal-
ities, the Marcinkiewicz-Zygmund-type strong laws of large numbers and to the
moderate deviations mentioned above.

The rest of this paper is structured as follows. In Section 2 we recall the
essential steps of a geometric construction from [3] and proof some auxiliary
results that are needed in the proof of Theorem 1. The latter is the content of
the final Section 3.
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2 Preparations

2.1 Notation

The symbols ‖ · ‖ and 〈 · , · 〉 are used for the Euclidean norm and scalar product
in Rd, respectively. Moreover, for a set B ⊂ Rd we write [B] for the convex
hull of B. We denote the d-dimensional unit ball by Bd := {x ∈ Rd : ‖x‖ ≤ 1}
and write Sd−1 := {x ∈ Rd : ‖x‖ = 1} for the corresponding unit sphere. The
normalized surface measure on Sd−1 is denoted by νSd−1 . Further, for a point
z ∈ Rd\{0} and α ∈ [0, π/2] we write C(z, α) for the closed circular cone whose
axis is the halfline {tz : t ≥ 0} and whose angle is α. More formally, if ∢(z, x)
stands for the ordinary angle between z and another point x ∈ Rd, C(z, α) is
given by C(z, α) := {x ∈ Rd : ∢(x, z) ≤ α}.
Our underlying probability space is (Ω,A,P) and we implicitly assume that it
is rich enough to carry all the random objects we consider in this paper. By
E[ · ] we denote expectation (integration) with respect to P and Var[ · ] stands
for the variance of the argument random variable. The indicator function of
an event A ∈ A is denoted by 1A.
For two sequences (an : n ∈ N) and (bn : n ∈ N) we write an ≪ bn (or an ≫ bn)
if we can find a constant c ∈ (0,∞) not depending on n and an index n0 ∈ N
such that an ≤ c bn (or an ≥ c bn) for all n ≥ n0. Finally, an ≈ bn means that
an ≪ bn ≪ an.
In this paper constants are denoted by c1, c2, . . . It is implicitly assumed that
these constants are finite and strictly positive, and only depend on the space
dimension d, unless otherwise stated.

2.2 A geometric construction

In this section we recall a geometric construction as well as some of the results
already obtained [3] that we use below. We define

r = r(n) :=
√

2 logn− log logn , n ∈ N ,

and denote by S(r) := {x ∈ Rd : ‖x‖ = r} the centred sphere of radius
r. By y1, . . . , ym ∈ S(r) we denote a maximal system of points such that
‖yi − yj‖ ≥ 2c1 for some sufficiently large c1. A simple volume comparison
argument provides an estimate for the size of such a set, see [3, Claim 5.1]:

Lemma 5. One has that m ≈ (logn)
d−1
2 .

For each i ∈ {1, . . . ,m} define y0i := (1+r−2)yi and notice that ‖yi−y0i ‖ = r−1.
Let further for i ∈ {1, . . . ,m}, Hi := {x ∈ Rd : 〈x, yi〉 = r} be the tangent
hyperplane of S(r) at yi and fix a regular simplex in Hi whose vertices y1i , . . . , y

d
i

are chosen from the (d − 2)-dimensional sphere Sd−2(yi,
√

2) of radius
√

2 in
Hi centred at yi. (Thus S(r) = S(0, r) but we keep the simpler notation for
S(r).) The simplex ∆i := [y0i , y

1
i , . . . , y

d
i ] is the convex hull of y0i and the points

y1i , . . . , y
d
i ∈ Hi, see Figure 1. It is not difficult to estimate the volume Vd(∆i)

and the Gaussian measure γd(∆i) of these simplices, see [3, Claim 5.2]:
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S(r)

Hi

yi−1

yi

yi+1

y1i y2i

y0i

∆i

Figure 1: Construction of the simplices ∆i.

Lemma 6. For each i ∈ {1, . . . ,m} one has that Vd(∆i) ≈ (logn)−
1
2 and

γd(∆i) ≈ n−1.

For each i ∈ {1, . . . ,m} and j ∈ {0, . . . , d} we let ∆j
i be a homothetic copy of

∆i with yji being the centre of the homothety and the factor being a sufficiently

small number c2, that is, ∆j
i := yji + c2(∆i − yji ).

Let Di be the the cone Di := pos({yji − y0i : j ∈ {1, . . . , d}}), where we write
pos( · ) for the positive hull of the argument set. This is the internal cone at
vertex y0i of the simplex ∆i, which has a simple structure because its base is a
(d− 1)-dimensional regular simplex and the opposite vertex y0i is at height r−1

over this base exactly above its centre. In particular, one can check easily that

C
(
yi − y0i , arctan

√
2 r

d− 1

)
⊂ Di ⊂ C

(
yi − y0i , arctan

√
2 r
)
. (3)

Since each ∆j
i is only a homothetic copy of ∆i with a scaling factor not de-

pending on n, the following holds by construction:

Lemma 7. For each i ∈ {1, . . . ,m} and j ∈ {0, . . . , d} one has that Vd(∆j
i ) ≈

(log n)−
1
2 and γd(∆

j
i ) ≈ n−1.

For each i ∈ {1, . . . ,m} and j ∈ {0, . . . , d} let zji be an arbitrary point in

∆j
i and define the cone Ci := pos({zji − z0i : j ∈ {1, . . . , d}}). We recall the

following fact about these cones from [3, Lemma 5.4], which ensures a certain
independence property used below:

Lemma 8. One can choose the constant c1 in the above construction sufficiently
large and c2 sufficiently small such that for each i ∈ {1, . . . ,m} the translated
cone z0i + Ci contains all simplices ∆k with k ∈ {1, . . . ,m} \ {i}.

Observe further that the simplices [z0i , . . . , z
d
i ] and ∆i are very close to each

other if the factor of homothety c2 is small enough. So relations (3) imply that

C1
i := C

(
yi − z0i , arctan

r

d− 1

)
⊂ Ci ⊂ C(yi − z0i , arctan 2r) =: C2

i . (4)
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∆i

∆0
i

∆1
i ∆2

i

z0i

z1i z2i

H1
iH2

i

z0i

z1i z2i

∆i

No points

here

No points

here

Figure 2: The simplices ∆j
i , the points zji and the half-spaces Hj

i (left). Illus-
tration of the events Ai (right).

Next, for i ∈ {1, . . . ,m} and j ∈ {1, . . . , d} we denote by Hj
i the half-space

containing ∆k
i for all k ∈ {0, . . . , d} \ {0, j}, not containing ∆0

i and ∆j
i , and

such that the hyperplane bounding Hj
i touches all the simplices ∆0

i , . . . ,∆
d
i

except for ∆j
i , see Figure 2 (left). We are now in the position to define for

each i ∈ {1, . . . ,m} the event Ai ∈ A that precisely one point from the random
sample X1, . . . , Xn is contained in each simplex of the form ∆j

i and no further
point from X1, . . . , Xn is contained in H+

i ∪H1
i ∪ . . .∪Hd

i , see Figure 2 (right).
Here, H+

i is the half-space bounded by Hi not containing the origin. The
following probability estimate is taken from [3, Lemma 6.2]:

Lemma 9. There exists a constant c3 ∈ (0, 1) such that P(Ai) ≥ c3 for all
i ∈ {1, . . . ,m}.

The facts summarized so far have been used in [3] to prove a lower variance
bound for the volume Vd(Kn) of Kn. Since we are interested in all intrinsic
volumes V1(Kn), . . . , Vd(Kn), a refinement is necessary to obtain such bounds.
In fact, we now follow and adapt the method already applied in [2, 5, 11] to
handle the more general situation.

2.3 The effect of local perturbations

Let z ∈ Sd−1 and G be a measurable subset of G(d, ℓ) for some ℓ ∈ {0, . . . , d}.
The angle ∢(z,G) between z and G is defined as min{∢(z, x) : x ∈ L,L ∈ G},
where ∢(z, x) = arccos 〈x,z〉‖x‖ is the ordinary angle between z and x. We observe

the following geometric fact, see also [2, Lemma 1]:

Lemma 10. Let z ∈ Sd−1 and ℓ ∈ {1, . . . , d}. One can find a constant c4 ∈
(0,∞) only depending on d and on ℓ such that

νℓ({L ∈ G(d, ℓ) : ∢(z, L) ≤ a})≫ ad−ℓ

for all 0 < a < c4.
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Proof. For M ∈ G(d, ℓ − 1) we denote by G(M, ℓ) the relative Grassmannian
of ℓ-dimensional linear subspaces of Rd containing M . This space is supplied
with a unique Haar probability measure νMℓ , see Chapter 7.1 in [13]. Simil-
arly, we let G(z⊥, ℓ − 1) be the relative Grassmannian of (ℓ − 1)-dimensional
linear subspaces of Rd that are contained in the hyperplane z⊥ orthogonal
to 1-dimensional linear subspace spanned by z. The unique Haar probabil-

ity measure on G(z⊥, ℓ − 1) is denoted by νz
⊥

ℓ−1. For M ∈ G(z⊥, ℓ − 1) let

u ∈ Sd−1 ∩M⊥ be such that ∢(z, u) ≤ a. It is clear that the ℓ-dimensional
linear subspace span(M,u) spanned by M and u is contained in the set
{L ∈ G(d, ℓ) : ∢(z, L) ≤ a} we are interested in. Formally, using Fubini’s
theorem for flag spaces (see [13, Theorem 7.1.1]) in the second step we write

νℓ({L ∈ G(d, ℓ) : ∢(z, L) ≤ a})

=

∫

G(d,ℓ)

1{∢(z,L)≤a} νℓ(dL)

=

∫

G(d,ℓ−1)

∫

G(M,ℓ)

1{∢(z,L)≤a} ν
M
ℓ (dL)νℓ−1(dM)

≥
∫

G(z⊥,ℓ−1)

∫

G(M,ℓ)

1{∢(z,L)≤a} ν
M
ℓ (dL)νz

⊥

ℓ−1(dM)

≥
∫

G(z⊥,ℓ−1)

∫

Sd−1∩M⊥

1{∢(z,u)≤a} νSd−1∩M⊥(du)νz
⊥

ℓ−1(dM)

=

∫

G(z⊥,ℓ−1)
νSd−1∩M⊥({u ∈ Sd−1 ∩M⊥ : ∢(z, u) ≤ a}) νz⊥ℓ−1(dM) .

Since M⊥ has dimension d − ℓ + 1, the set of points u ∈ Sd−1 ∩ M⊥ with
∢(z, u) ≤ a forms a spherical cap in the (d−ℓ)-dimensional subsphere Sd−1∩M⊥
of Sd−1. It has radius of order a and volume of order ad−ℓ, where by volume
we mean here the normalized (d− ℓ)-dimensional Hausdorff measure νSd−1∩M⊥

on Sd−1 ∩M⊥. Hence, for sufficiently small a, we have

νSd−1∩M⊥({u ∈ Sd−1 ∩M⊥ : ∢(z, u) ≤ a})≫ ad−ℓ

and, since νz
⊥

ℓ−1 is a probability measure, also

νℓ({L ∈ G(d, ℓ) : ∢(z, L) ≤ a})≫ ad−ℓ .

The proof is complete.

For i ∈ {1, . . . ,m} put Fi := [z1i , . . . , z
d
i ] and define

Ṽℓ(z;Fi) :=

(
d

ℓ

)
κd

κℓκd−ℓ

∫

G(d,ℓ)

1{L∩C2
i 6=∅} volℓ([z, Fi]|L) νℓ(dL) , z ∈ ∆0

i .

The next lemma provides a lower bound for the variance of these local func-
tionals.
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Lemma 11. Fix ℓ ∈ {1, . . . , d}, let i ∈ {1, . . . ,m} and let Zi be a point chosen
with respect to the normalized Gaussian measure restricted to ∆0

i . Then

Vari[Ṽℓ(Zi;Fi)]≫ (log n)−(d−ℓ+1) ,

where the notation Vari[ · ] refers to the variance that is taken with respect to
Zi ∈ ∆0

i .

Proof. Denote by wi the centre of the facet of ∆0
i opposite to the vertex y0i ,

and define the points w1
i := 2

3y
0
i + 1

3wi and w2
i := 1

3y
0
i + 2

3wi. Furthermore,
the regions R1

i , R
2
i ⊂ ∆0

i are given by R1
i := (w1

i − C2
i ) ∩ ∆0

i and R2
i :=

(w2
i + C2

i ) ∩∆0
i . It is crucial to observe that one can find a constant c7 only

depending on d such that Vd(R
k
i ) ≥ c7Vd(∆

0
i ) for k = 1 and k = 2. This

follows from (4). Together with the first part of Lemma 7 and the fact that
the Gaussian density (1) satisfies

ϕd(x) ≈
√

logn

n
for all x ∈ Rd with r ≤ ‖x‖ ≤ r +

1

r
,

we see that the Gaussian measure of Rki is

γd(R
k
i ) ≈ n−1 , k ∈ {1, 2} . (5)

Next, fix some L ∈ G(d, ℓ) that intersects the interior of the polar of the cone
C2
i . This condition means that L has an orthonormal basis e1, . . . , eℓ such that

the hyperplane Hi,0 := {x ∈ Rd : 〈x, e1〉 = 〈w2
i , e1〉} has only one point (namely

the origin) in common with C2
i . Let H+

i,0 be the half-space bounded by Hi,0 not

containing the origin. Finally, let us define the set Gi := H+
i,0∩(w1

i +C2
i ) ⊂ ∆0

i .

We choose points Z1
i ∈ R1

i and Z2
i ∈ R2

i . The whole construction is illustrated
in Figure 3 where L appears translated by w2

i (not affecting the volℓ(Gi|L)).

Observe now that R1
i and R2

i are separated by the hyperplane Hi,0. Con-
sequently, we have that Z2

i ∈ [Z1
i , Fi], which implies the inclusion [Z2

i , Fi] ⊂
[Z1
i , Fi]. In addition, Gi ⊂ H+

i,0 and R2
i ∩ H+

i,0 = {w2
i }, which yields

Gi ∩ [Z2
i , Fi] = {w2

i }. Finally, we observe that the hyperplane parallel to
Hi,0 separates R1

i and Gi, whence Gi ⊆ [Z1
i , Fi]. The construction also shows

Vd(Gi) ≈ r−1 = (logn)−
1
2 and implies that

volℓ(Gi|L)≫ (log n)−
1
2 . (6)

As result, we arrive at the estimate

volℓ([Z
1
i , Fi]|L)− volℓ([Z

2
i , Fi]|L) ≥ volℓ(Gi|L) .
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z1i z2iFi = [z1i , z
2
i ]

L+ w2
i

wi

w2
i

w1
i

y0i

Z1
i

Z2
i

R2
i

R1
i

Gi

Hi,0

∆0
i

Figure 3: Construction in the proof of Lemma 11.

Hence,

Ṽℓ(Z
1
i ;Fi)− Ṽℓ(Z2

i ;Fi)

=

(
d

ℓ

)
κd

κℓκd−ℓ

∫

G(d,ℓ)

1{L∩C2
i 6=∅}

(
volℓ([Z

1
i , Fi]|L)− volℓ([Z

2
i , Fi]|L)

)
νℓ(dL)

≥
(
d

ℓ

)
κd

κℓκd−ℓ

∫

G(d,ℓ)

1{L∩C2
i 6=∅} volℓ(Gi|L) νℓ(dL)

≫ (logn)−
1
2 νℓ({L ∈ G(d, ℓ) : L ∩ C2

i 6= ∅})
≫ (logn)−

1
2 (log n)−

d−ℓ
2

= (log n)−
d−ℓ+1

2 ,

where we used (6), the definition of C2
i , and Lemma 10. Note that the latter

can indeed be applied with a = 1/ logn, since 1/ logn < c4 for sufficiently
large n. Selecting now Zki , k ∈ {1, 2}, independently at random according
to the normalized Gaussian measure restricted to ∆0

i (i.e., Z1
i and Z2

i are
independent copies of Zi), we conclude that

Var[Ṽℓ(Zi;Fi)] =
1

2
E
[(
Ṽℓ(Z

1
i ;Fi)− Ṽℓ(Z2

i ;Fi)
)2]

≥ 1

2
E
[(
Ṽℓ(Z

1
i ;Fi)− Ṽℓ(Z2

i ;Fi)
)2

1R1
i
(Z1

i )1R2
i
(Z2

i )
]

≫ (log n)−(d−ℓ+1)P(Z1
i ∈ R1

i , Z
2
i ∈ R2

i ) .
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To obtain a lower bound for P(Z1
i ∈ R1

i , Z
2
i ∈ R2

i ) we recall (5) and combine
this with the second assertion of Lemma 7 as well as with the independence of
the random points Z1

i and Z2
i . This implies that

P(Z1
i ∈ R1

i , Z
2
i ∈ R2

i ) =
2∏

k=1

P(Zki ∈ R1
i ) =

2∏

k=1

γd(R
k
i )

γd(∆0
i )
≥ c28

with a constant c8 ∈ (0,∞) only depending on d. Hence,

Var[Ṽℓ(Z;Fi)]≫ (logn)−(d−ℓ+1) ,

completing thereby the proof of the lemma.

3 Proof of Theorem 1

Recall the geometric construction and its properties from the previous section
and denote by F ⊂ A the σ-field generated by the random points X1, . . . , Xn,
except those in the simplices ∆0

i for which 1Ai = 1, i ∈ {1, . . . ,m}. The
conditional variance formula implies that

Var[Vℓ(Kn)] = E
[
Var[Vℓ(Kn)|F ]

]
+ Var

[
E[Vℓ(Kn)|F ]

]

≥ E
[
Var[Vℓ(Kn)|F ]

]
.

Now, conditioned on F , suppose that 1Ai = 1, write Zi for the (unique) random
point in ∆0

i and denote by Fi the convex hull of the random points in ∆j
i with

j ∈ {1, . . . , d}. We notice that if 1Ai = 1 for each i ∈ I in a subset I ⊂
{1, . . . ,m}, then (Ṽℓ(Zi;Fi) : i ∈ I) is a family of independent random variables
as a consequence of the result of Lemma 8. This independence property implies
that

Var[Vℓ(Kn)|F ] =

m∑

i=1
1Ai

=1

Vari[Vℓ(Kn)] =

m∑

i=1
1Ai

=1

Vari[Ṽℓ(Zi;Fi)] ,

where, as in the previous section, the notation Vari[ · ] refers to the variance
that is taken only with respect to the point Zi ∈ ∆0

i and we only sum over
those i ∈ {1, . . . ,m} with the property that 1Ai = 1. These variances can be
controlled by means of Lemma 11, which implies that

Var[Vℓ(Kn)|F ]≫ (logn)−(d−ℓ+1)
m∑

i=1

1Ai .
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Taking expectations and finally applying Lemma 9 as well as Lemma 5, we
arrive at

Var[Vℓ(Kn)]≫ (logn)−(d−ℓ+1)
m∑

i=1

P(Ai)

≫ (logn)−(d−ℓ+1) × (log n)
d−1
2

= (logn)ℓ−
d+3
2 .

This completes the argument and the proof of Theorem 1. �
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Abstract. In a series of recent papers, Chiodo, Farkas and Ludwig
carry out a deep analysis of the singular locus of the moduli space
of stable (twisted) curves with an ℓ-torsion line bundle. They show
that for ℓ ≤ 6 and ℓ 6= 5 pluricanonical forms extend over any desin-
gularization. This opens the way to a computation of the Kodaira
dimension without desingularizing, as done by Farkas and Ludwig for
ℓ = 2, and by Chiodo, Eisenbud, Farkas and Schreyer for ℓ = 3. Here
we treat roots of line bundles on the universal curve systematically:
we consider the moduli space of curves C with a line bundle L such
that L⊗ℓ ∼= ω⊗kC . New loci of canonical and non-canonical singulari-
ties appear for any k 6∈ ℓZ and ℓ > 2, we provide a set of combinatorial
tools allowing us to completely describe the singular locus in terms of
dual graphs. We characterize the locus of non-canonical singularities,
and for small values of ℓ we give an explicit description.

2010 Mathematics Subject Classification: 14H10; 14H60; 14H20.

The moduli spaceMg of smooth curves of genus g, alongside with its compact-

ification Mg in the sense of Deligne-Mumford, is one of the most fascinating
and largely studied objects in algebraic geometry. It is also the subject of wide
open questions; the one that motivates our work here is inspired by Harris and
Mumford [12], they prove that for g > 23,Mg is of general type. The question
on how and precisely where the transition to general type varieties happens
remains open and highly intertwined with several other open questions in this
field. However, a new line of attack seems to stand out clearly. It appears that
the study of the finite covers of moduli of curves and roots of a universal bun-
dle is more manageable. A series of papers by Farkas and Farkas-Verra (see [9]
and [11]) provide a complete description for spin structures. Chiodo, Eisenbud,
Farkas and Schreyer show in [7] that for curves with a 3-torsion bundle, the
transition happens before g = 12. The previous results use a compactification
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of the moduli spaces via twisted curves following from [3, 1, 2, 6], and are based
on a preliminary analysis by Chiodo, Farkas and Ludwig of the singular locus
of the moduli space of curves carrying a torsion line bundle, or level curves: in
particular in [8] they characterize the singular locus and show that for ℓ-torsion
bundles with ℓ ≤ 6 and ℓ 6= 5, pluricanonical forms could be extended over any
desingularization using a method developed by Harris and Mumford.
The purpose of this paper is to identify and analyze the locus of singularities
for every line bundle on the universal curve. If Ug is the universal curve onMg,
we can focus on roots of any order of the powers of the relative dualizing sheaf
ω = ωUg/Mg

. Indeed, these are all possible bundles on Ug, up to pullbacks
from the moduli space Mg, as discussed for example in [14, 4]. We consider
the moduli space Rkg,ℓ parametrizing ℓth roots of ω⊗k, i.e. triples (C,L, φ)
where C is a smooth curve, L a line bundle over C and φ an isomorphism
L⊗ℓ → ω⊗kC . In the case k = 0, our analysis matches with Chiodo and Farkas
work on level curves [8]. Furthermore, we give a more general description of
the singularities for all k, in particular on those cases where it is not possible
to extend everywhere the pluricanonical forms using the known techniques.
To compactify Rkg,ℓ we use the theory of stack-theoretic stable curves: we

consider the moduli stack R
k

g,ℓ sending a scheme S to a triple (C → S, L, φ)
where C is a stack-theoretic curve with a stable curve C as coarse space and
possibly non-trivial stabilizers on its nodes, L is a line bundle over C and φ an
isomorphism L⊗ℓ → ω⊗kC . This moduli is represented by a Deligne-Mumford

stack. The open dense substack R
k
g,ℓ, which admits only smooth curves C, has

Rkg,ℓ as coarse space. The stack structure extends the covering Rkg,ℓ →Mg on

all Mg.

In this paper we focus on the singular locus of Rkg,ℓ, called SingRkg,ℓ, and on the
locus of non-canonical singularities, also called non-canonical locus and noted

SingncRkg,ℓ. The singular locus of Mg is characterized in [12] by introducing

the concept of elliptic tail quasireflection (see Definition 2.11): [C] ∈ Mg is

in SingMg if and only if there exists α ∈ Aut(C) not generated by elliptic

tail quasireflections. This locus admits a natural lift to Rkg,ℓ by introducing

the group Aut′(C) of automorphisms on C which preserve the root structure.
However, the stack structure of a curve comes equipped with new ghost au-
tomorphisms, i.e. automorphisms acting trivially on the coarse space of the
curve, but possibly non-trivially on the additional structure. Because of such
ghosts, there is a new locus of singularities which can be studied using new
tools in graph theory.

First, to each point [C, L, φ] ∈ Rkg,ℓ we attach its dual graph Γ(C): its vertex set
is, as usual, the set of irreducible components of C, and its edge set is the set
of nodes of C. Moreover, we introduce a multiplicity index M (see Definition
3.1), which is a function on the edges of the dual graph and depends on the
line bundle L (it maps each node with a privileged branch to the character L|n).
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Finally, for any prime p in the factorization of ℓ, if ep is the p-adic valuation
power of ℓ, we note Γp(C) the graph obtained contracting those edges of the
dual graph where M is divisible by pep . A graph is tree-like if it has no circuits
except for loops. Generalizing previous results from [13] and [8], we prove the
following (see Theorem 4.6).

Theorem. For any g ≥ 4 and ℓ positive integer, the point [C, L, φ] ∈ Rkg,ℓ is
smooth if and only if the two following conditions are satisfied:

i. the image Aut′(C) of the coarsening morphism Aut(C, L, φ)→ Aut(C)
is generated by elliptic tail quasireflections;

ii. the dual graph contractions Γ(C)→ Γp(C) yield a tree-like graph for all
prime numbers p dividing ℓ.

This is a generalization of Chiodo and Farkas [8, Theorem 2.28]. In the case
k = 0 treated by them, the dual graph contractions must be bouquet graphs,
i.e. graphs with only one vertex. We spell out this generalization on Remark
4.7.
The role of dual graph structure in characterizing the geometry of Rkg,ℓ goes
even deeper. Consider the contraction Γ(C) → Γ0(C) of the edges where M
vanishes. The graph Γ0(C) and the multiplicity index M completely describe
the group of ghost automorphisms, and as a consequence they carry all the
information about the new singularities. We have that the non-canonical locus
is of the form

SingncRkg,ℓ = T kg,ℓ ∪ Jkg,ℓ,

where T kg,ℓ ⊂ π−1 SingncMg is the analogue of old non-canonical singularities,

and Jkg,ℓ is the new part of the non-canonical locus. For the T -locus the general-

ization of the technique developed in [12] allows the extension of pluricanonical
forms. Unfortunately, it is unknown if this extension is possible over the J-
locus. This is the main obstacle toward the analysis of birational geometry

Rkg,ℓ. One of the aims of this paper is precisely to describe Jkg,ℓ further. In

Section 4.1 we introduce a stratification of the boundary Rkg,ℓ\Rkg,ℓ labelled by

decorated graphs, i.e. pairs (Γ0(C),M): we will decompose the J-locus using
this stratification.
In the last section we work out the cases ℓ = 2, 3, 5 and 7. Using the age
criterion, we develop a machinery to study the ghosts group through graph
properties, we conclude in particular that in many cases the J-locus is the
union of strata labelled only by vine graphs, i.e. graphs with only two vertices.
The first exception comes out with ℓ = 7, when a 3-vertices graph stratum is
needed to complete the description.
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Mathématiques de Jussieu-Paris Rive Gauce, under the supervision of Alessan-
dro Chiodo. I am particularly grateful to him for his support, for the motivat-
ing discussions and for his patience. I am also very grateful to the anonymous
referee for his careful reading and his comments.

1. Preliminaries on curves and their dual graphs

In this paper ℓ is always a positive integer. Every curve is an algebraic curve
of genus g ≥ 0 over an algebraically closed field k whose characteristic is 0 or
prime to ℓ. By S-curve we mean a family of curves on a scheme S, i.e. a flat
morphisms C → S such that every geometric fibre is a curve of given genus.
Given a line bundle F on a curve C, an ℓth root of F on C is a pair (L;φ), where
L is a line bundle on C and φ is an isomorphism of line bundles L⊗ℓ → F is an
isomorphism. A morphism between two ℓth roots (L, φ), (L′, φ′), is a morphism
ρ : L→ L′ of line bundles on C such that φ′ = φ ◦ ρ⊗ℓ.
If C is a smooth curve and F is a line bundle on C and ℓ divides degF , F has
at least one ℓth root, and in this case the number of ℓth roots is exactly ℓ2g.
This property fails for general singular curves. Replacing scheme theoretical
curves by twisted curves, that we define just below, we still get the “right”
number of ℓth roots.
In the last part of this section we will introduce some basic tools on graph
theory.

1.1. Twisted curves and ℓth roots. We recall the definition of twisted
curve.

Definition 1.1 (twisted curve). A twisted curve C is a Deligne-Mumford stack
whose coarse space is a curve with nodal singularities, such that its smooth
locus is represented by a scheme, and the local pictures of the singularities are
given by [{xy = 0}/µµµr], r positive integer, with any primitive rth root of unity
ζ acting as ζ · (x, y) = (ζx, ζ−1y). In this case we say that the node has a µµµr
stabilizer.

If n is a node of C with non-trivial stabilizer µµµr, the local picture of the curve
at n is xy = 0 with the action of µµµr described above. Given a line bundle
F → C at n, its local picture at the node is A1 × {xy = 0} → {xy = 0} with
any primitive root ζ ∈ µµµr acting as

(1) ζ · (t, x, y) = (ζmt, ζx, ζ−1y), with m ∈ Z/r,

on A1 × {xy = 0}. The index m ∈ Z/r, called local multiplicity, is uniquely
determined when we assign a privileged choice of a branch of n where ζ acts as
x 7→ ζx. If we switch the privileged branch, the local multiplicity changes to
its opposite −m.
A line bundle L on C is faithful if the associated morphism C → BGm is
representable. As pointed out in [8, Remark 1.4], a line bundle on a twisted
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curve is faithful if and only if the local multiplicity index m at every node n is
coprime with the order r of the local stabilizer.

Definition 1.2. An ℓth root of the line bundle F on the twisted curve C, is
a pair (L, φ), where L is a faithful line bundle on C and φ : L⊗ℓ → F is an
isomorphism between L⊗ℓ and F.

Fixing a primitive rth root of the unity ζ will not affect our results and will
permit us to identify (non-canonically) µµµr and Z/r. In what follows we chose
the primitive root ξr = exp(2iπ/r) for every node.

1.2. The dual graph. If a curve is not smooth, it may have several irreducible
components. The information about the relative crossing of this components
is encoded in the dual graph.

Definition 1.3 (dual graph). Given a curve C (scheme theoretic or twisted),
the dual graph Γ(C) has the set of irreducible components of C as vertex set,
and the set of nodes of C as edge set E. The edge associated to the node n

links the vertices associated to the components where the branches of n lie.

We introduce some graph theory which will be important to study the moduli
spaces of twisted curves equipped with a root.

1.2.1. Cochains over a graph. Consider a connected graph Γ with vertex set V
and edge set E, we call loop an edge that starts and ends on the same vertex,
we call separating an edge e such that the graph with vertex set V and edge
set E\{e} is disconnected. We note by Esep the set of separating edges. We
note by E the set of oriented edges: the elements of this set are edges in E
equipped with an orientation. In particular for every edge e ∈ E we note e+
the head vertex and e− the tail, and there is a 2-to-1 projection E → E. We
also introduce a conjugation in E, such that for each e ∈ E, the conjugated
edge ē is obtained by reversing the orientation, in particular (ē)+ = e−.

Remark 1.4. In the dual graph setting, where the vertices are the components
of a curve C and the edges are the nodes, the oriented edge set E could be seen
as the set of branches at the curve nodes. Indeed, every edge e, equipped with
an orientation, is bijectively associated to the branch it is pointing at.

Definition 1.5. The group of 0-cochains is the group of Z/ℓ-valued functions
on V

C0(Γ;Z/ℓ) := {a : V → Z} =
⊕

v∈V
Z/ℓ.

The group of 1-cochains is the group of antisymmetric functions on E

C1(Γ;Z/ℓ) := {b : E→ Z/ℓ| b(ē) = −b(e)} .
After assigning an orientation to every edge e ∈ E, we may identify C1(Γ) =⊕

e∈E Z/ℓ, but we prefer working without any prescribed choice of orientation.
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These spaces are equipped with two non-degenerate bilinear Z/ℓ-valued forms

〈a1, a2〉 :=
∑

v∈V
a1(v)a2(v) 〈b1, b2〉 :=

1

2

∑

e∈E
b1(e)b2(e)

for all a1, a2 ∈ C0(Γ) and b1, b2 ∈ C1(Γ). Consider the operator ∂ : C1(Γ) →
C0(Γ) such that

∂b(v) :=
∑

e+=v

b(e), ∀b ∈ C1(Γ) ∀v ∈ V.

Definition 1.6. We introduce G(Γ;Z/ℓ) := (ker ∂)
⊥

, the orthogonal comple-
ment with respect to the form just introduced.

We also introduce the exterior differential δ : C0(Γ)→ C1(Γ) such that

δa(e) := a(e+)− a(e−), ∀a ∈ C0(Γ) ∀e ∈ E.

Proposition 1.7 (see [8, p.9]). The adjoint of ∂ is δ, and G(Γ;Z/
ℓ) = Im δ. �

The exterior differential fits into an useful exact sequence.

0→ Z/ℓ i−→ C0(Γ;Z/ℓ) δ−→ C1(Γ;Z/ℓ).

Where the injection i sends m ∈ Z on the cochain constantly equal to m. This
sequence gives the dimension of Im δ.

(2) Im δ ∼= (Z/ℓ)#V−1.

1.2.2. Construction of a basis for C1(Γ).

Definition 1.8 (cuts, paths and circuits). A cut is a 1-cochain b : E→ Z such
that there exists a non-empty subset W ⊂ V and the values of b are determined
in the following way: b(e) = 1 if the head of e is in W and the tail in V \W ,
b(e) = −1 if the head is in V \W and the tail in W , b(e) = 0 elsewhere. The
support of b in E is sometimes called cut-set of b.
A path in a graph Γ is a sequence e1, e2, . . . , ek of edges in E overlying k distinct
non-oriented edges in E, and such that the head of ei is the tail of ei+1 for all
i = 1, . . . , k.
A circuit is a closed path, i.e. a path e1, . . . , ek such that the head of ek is the
tail of e1. We often refer to a circuit by referring to its characteristic function,
i.e. the cochain b such that b(ei) = 1 for all i, b(ēi) = −1 and b(e) = 0 if e is
not on the circuit.

Remark 1.9. Any cut b is an element of Im δ. Indeed, b = δa if a is the
characteristic function of W .

Moreover, the group Im δ is sometimes called cuts space because it is generated
by cuts (see Proposition 1.14). We also have that Ker ∂ is generated by circuits
and this implies the following fact.
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Proposition 1.10. A 1-cochain b is in G(Γ;Z/ℓ) = Im δ if and only if, for
every circuit K = (e1, . . . , ek) in E, we have

b(K) =

k∑

i=1

b(ei) = 0.

Terminology (graphs tree-like and trees). A tree-like graph is a connected
graph whose only circuits are loops. A tree is a graph that does not contain
any circuit.

Remark 1.11. For every connected graph Γ, the first Betti number b1(Γ) =
#E − #V + 1 is the dimension rank of the homology group H1(Γ;Z). Note
that, b1 being positive,

#E ≥ #V − 1

with equality if and only if Γ is a tree.

For every connected graph Γ with vertex set V and edge set E, we can choose
a connected subgraph T with the same vertex set and edge set ET ⊂ E such
that T is a tree. The graph T is a spanning tree of Γ and has several interesting
properties. We call ET the set of oriented edges of the spanning tree T . Here
we notice that E contains a distinguished subset of edges Esep whose size is
smaller than V-1

Lemma 1.12. If Esep ⊂ E is the set of edges in Γ that are separating, then
#Esep ≤ #V − 1 with equality if and only if Γ is tree-like.

Proof. If T is a spanning tree for Γ and ET its edge set, then Esep ⊂ ET .
Indeed, an edge e ∈ Esep is the only path between its two extremities, therefore,
since T is connected, e must be in ET . Thus #Esep ≤ #ET = #V − 1, with
equality if and only if all the edges of Γ are loops or separating edges, i.e. if Γ
is a tree-like graph. �

Lemma 1.13 (see [5, Lemma 5.1]). If T is a spanning tree for Γ, for every
oriented edge e ∈ ET there is a unique cut b ∈ C1(Γ;Z/ℓ) such that b(e) = 1
and the elements of the support of b other than e and ē are all in E\ET . �

We call cutΓ(e;T ) the unique cut b resulting from the lemma for all e ∈ ET .

Proposition 1.14. If T is a spanning tree for Γ, then the elements cutΓ(e;T ),
with e varying on ET , form a basis of Im(δ).

For a proof of this and a deeper analysis of the image of δ, see [5, Chap.5].

1.2.3. Definition and basic properties of edge contraction. Another tool in
graph theory is edge contraction. If we have a graph Γ with vertex set V
and edge set E, we can choose a subset F ⊂ E. Contracting edges in F means
taking the graph Γ0 such that:
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(1) the edge set is E0 := E\F ;
(2) given the relation in V , v ∼ w if v and w are linked by an edge e ∈ F ,

the vertex set is V0 := V/ ∼.

The construction of Γ0 follows and we have a natural morphism Γ→ Γ0 called
contraction of F . Edge contraction will be useful, in particular we will consider
the image of the exterior differential δ and its restriction over contraction of
a given graph. If Γ0 is a contraction of Γ, then E(Γ0) is canonically a subset
of E(Γ). As a consequence, cochains over Γ0 are cochains over Γ with the
additional condition that the values on E(Γ)\E(Γ0) are all 0. Then we have a
natural immersion

Ci(Γ0;Z/ℓ) →֒ Ci(Γ;Z/ℓ).

Consider the two operators

δ : C0(Γ;Z/ℓ)→ C1(Γ;Z/ℓ) and δ0 : C0(Γ0;Z/ℓ)→ C1(Γ0;Z/ℓ).

Clearly δ0 is the restriction of δ on C0(Γ0;Z). ¿From this observation we have
the following.

Proposition 1.15.

Im δ0 = C1(Γ0;Z) ∩ Im δ.

Remark 1.16. We make an observation about separating edges of a graph after
contraction. Given a graph contraction Γ→ Γ0, the separating edges who are
not contracted remain separating. Moreover, an edge that is not separating
cannot become separating.

2. The moduli space of ℓth roots of ω⊗k

We start by considering the moduli stack Mg. Its objects are flat morphisms
C → S such that every geometric fiber is a stable genus g curve, i.e. a curve with
at most nodal singularities and an ample canonical line bundle. The Mg coarse

space is the moduli space of stable curvesMg. Harris and Mumford proved in

[12] that Mg is of general type for g > 23, and classified its singularities. We
observe that the moduli stack Mg of smooth curves is an open dense substack

of Mg.
Despite the construction of the moduli space of ℓth roots over smooth curves
is quite natural, its extension overMg requires some twisted curve machinery.

More precisely, we consider the stack R
k
g,ℓ whose objects are smooth curves C

with a line bundle L and an isomorphism L⊗ℓ ∼= ω⊗kC . This stack comes with a

natural proper forgetful functor Rkg,ℓ →Mg. To extend this forgetful morphism

over Mg, we will introduce ℓth roots for any stable curve.

Definition 2.1. Given a stable curve C of genus g and a line bundle F on
it, an ℓth root of F on C is a triple (C, L, φ) such that C is a twisted curve,
u : C→ C its coarsening, L is a faithful line bundle on C and φ : L⊗ℓ → u∗F an
isomorphism.
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Remark 2.2. There exists such a root if and only if ℓ divides degF , and in
this case the number of ℓth roots is ℓ2g.

Definition 2.3. The stack R
k

g,ℓ has for objects the triples (C→ S, L, φ) where
C → S is a twisted S-curve whose coarse space is a stable curve of genus g, L
is a faithful line bundle over C and

φ : L⊗ℓ → ω⊗kC

is an isomorphism between L⊗ℓ and the kth power of the canonical bundle ωC.

Remark 2.4. The canonical bundle ωC is the pullback of ωC via the coarsening

morphism. In other words, the objects of R
k

g,ℓ are stable curves with an ℓth
root of their canonical bundle.

Remark 2.5. Because of Remark 2.2, we need that ℓ divides degω⊗kC = k ·
(2g − 2) to make R

k
g,ℓ non-empty.

A triple (C, L, φ) as above will be improperly called a rooted curve when there is

no risk of confusion. The stack R
k
g,ℓ is an open dense substack of R

k

g,ℓ. Moreover,

we note π : R
k

g,ℓ →Mg the extended forgetful functor sending (C → S, L, φ) to
C → S where C is the coarse space of C. By Remark 2.2, every π fiber has the
same length ℓ2g.

2.1. Local structure of the roots moduli. We consider the stack R
k

g,ℓ,

with g ≥ 2 and 0 ≤ k < ℓ, of rooted curves of genus g. We denote by Rkg,ℓ its
associated coarse space.
We are interested in the singularities of this moduli space, in particular we want

a characterization of the singular locus of Rkg,ℓ. If we note M̃g the moduli stack

of twisted curves, the forgetful morphism R
k

g,ℓ → M̃g is étale, as showed in [6].

At the same time the composition morphism R
k

g,ℓ → M̃g →Mg is ramified, as

showed by Chiodo and Farkas in [8]. However, the local structure of R
k

g,ℓ is

very similar to the one of Mg, and we will follow the same approach developed
by Chiodo and Farkas for the case k = 0. We denote by [C, L, φ] the point of

R
k

g,ℓ associated to the rooted curve (C, L, φ), then the local picture of the stack

R
k

g,ℓ at [C, L, φ] is
[Def(C, L, φ)/Aut(C, L, φ)] ,

where the universal deformation Def(C, L, φ) is a smooth scheme of dimension
3g − 3, and

Aut(C, L, φ) =
{

(s, ρ)| s ∈ Aut(C) and ρ : s∗L
∼=−→ L such that φ ◦ ρ⊗ℓ = s∗φ

}

is the automorphism group of (C, L, φ). This implies that the local picture of

the moduli space Rkg,ℓ is the classical quotient Def(C, L, φ)/Aut(C, L, φ). The
deformation space Def(C, L, φ) is canonically isomorphic to Def(C) via the étale
forgetful functor (C, L, φ) 7→ C. Also we see that the action of Aut(C, L, φ) on
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Def(C) is not faithful. In particular the quasi-trivial automorphisms (idC, ζ)
with ζ ∈ µµµℓ, whose action scale the fibers, have trivial action. Thus it becomes
natural to consider the group

Aut(C, L, φ) := Aut(C, L, φ)/{(idC; ζ)| ζ ∈ µµµℓ} = {s ∈ Aut(C)| s∗L ∼= L} .

The local picture of Rkg,ℓ at (C, L, φ) could be rewritten as

Def(C)/Aut(C, L, φ).

Definition 2.6. A quasireflection is an element q ∈ GL(Cm) such that its
fixed space is a hyperplane of Cm.

The smoothness of quotient singularities depends on the quotient group to be
generated by quasireflections (see [15]). The following fact will permit us to
classify moduli space singularities.

Fact 2.7. The scheme theoretic quotient Def(C)/Aut(C, L, φ) is smooth if and
only if Aut(C, L, φ) is spanned by elements acting as the identity or as quasire-
flectons.

Before studying the action of Aut(C, L, φ), we point out the structure of the
universal deformation Def(C, L, φ) = Def(C).

Remark 2.8. We will follow the usual construction developed in [12]. We
note C the coarse space of C and by N := {n1, . . . nk} the node set of C.
If {C1, . . . ,Cm} is the set of irreducible components of C, we denote by Ci
the normalizations of Ci, by gi the genus of Ci and by nor :

⊔m
i=1 Ci → C

the normalization morphism of C. We observe that the curves Ci are scheme
theoretic smooth curves. The divisor Di on Ci is the preimage of N by the
restriction of nor on this component. Following [8] we call Def(C, SingC) the
universal deformation of C alongside with its nodes. Then we have the canonical
splitting

Def(C, SingC) =

m⊕

i=1

H1(Ci, TCi(−Di)),

where TCi is the tangent bundle to Ci and H1(Ci, TCi(−Di)) = Def(Ci, Di)

parametrizes deformations of curve Ci with a marking on the points of divisor
Di.
Once we mod out Def(C, SingC), we have another canonical splitting:

Def(C)/Def(C, SingC) =

k⊕

i=1

Ri,

where every Ri is unidimensional. The non-canonical choice of a coordinate ti
over Ri corresponds to fixing a smoothing of node ni.

Given the coarse space C of C, we consider its universal deformation Def(C)
and its universal deformation alongside with its nodes Def(C, SingC). We have
another canonical splitting Def(C)/Def(C, SingC) =

⊕
Ni, where the Ni are

Documenta Mathematica 22 (2017) 1337–1373



Singularities of Moduli of Curves. . . 1347

unidimensional and there are natural coverings Ri → Ni of order r(ni) ramified
at the origin, where r(ni) is the order of the stabilizer at ni.

Remark 2.9. We point out a classical formula relating the genus of C and the
genera of the curves Ci.

g(C) =
ν∑

i=1

gi + b1(Γ) =
ν∑

i=1

gi + #E(Γ)−#V (Γ) + 1,

where Γ = Γ(C) is the dual graph of C.

The coarsening C→ C induces a group homomorphism

Aut(C, L, φ)→ Aut(C).

We note the kernel and the image of this morphism by AutC(C, L, φ) and
Aut′(C) (see also [8, chap. 2]). They fit into the following short exact se-
quence,

(3) 1→ AutC(C, L, φ)→ Aut(C, L, φ)→ Aut′(C)→ 1.

Definition 2.10. Within a stable curve C, an elliptic tail is an irreducible
component of geometric genus 1 that meets the rest of the curve in only one
point called an elliptic tail node. Equivalently, T is an elliptic tail if and only
if its algebraic genus is 1 and T ∩ C\T = {n}.

Definition 2.11. An element i ∈ Aut(C) is an elliptic tail automorphism if

there exists an elliptic tail T of C such that i fixes T and his restriction to C\T
is the identity. An elliptic tail automorphism of order 2 is called an elliptic
tail quasireflection (ETQR). In the literature ETQRs are called elliptic tail
involutions (or ETIs), we changed this convention in order to generalize the
notion.

Remark 2.12. Every curve of algebraic genus 1 with one marked point has
exactly one involution i. Then there is a unique ETQR associated to every
elliptic tail.
More precisely an elliptic tail E could be of two types. The first type is a smooth
curve of geometric genus 1 with one marked point, i.e. an elliptic curve: in
this case we have E = C/Λ, for Λ integral lattice of rank 2, the marked point
is the origin, and the only involution is the map induced by x 7→ −x on C. The
second type is the rational line with one marked point and an autointersection
point: in this case we can write E = P1/{1 ≡ −1}, the marked point is the
origin, and the only involution is the map induced by x 7→ −x on P1.

Theorem 2.13 (See [12, theorem 2]). Consider a stable curve C of genus g ≥ 4.
An element of Aut(C) acts as a quasireflection on Def(C) if and only if it is
an ETQR. In particular, if η ∈ Aut(C) is an ETQR acting non trivially on
the tail T with elliptic tail node n, then η acts on Def(C) as tn 7→ −tn on the
coordinate associated to n, and as t 7→ t on the remaining coordinates.
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Remark 2.14. Consider a (stack-theoretic) curve E of genus 1 with one marked
point. We call E its coarse space. In the case of an elliptic tail of a curve C,
the marked point is the point of intersection between E and C\E.
If E is an elliptic curve, then E = E and the curve has exactly one involution i0.
In case E is rational, its normalization is the stack E = [P1/µµµr], with µµµr acting

by multiplication, and E = E/{0 ≡ ∞}. There exists a canonical involution i0
in this case too: we consider the pushforward of the involution on P1 such that
z 7→ 1/z.
Given any twisted curve C with an elliptic tail E whose elliptic tail node is n,
we found a canonical involution i0 on E up to non-trivial action on n.

Definition 2.15. We generalize the notion of ETQR to rooted curves. An
element i ∈ Aut(C, L, φ) is an ETQR if there exists an elliptic tail E of C with
elliptic tail node n, such that the action of i on C\E is trivial, and the action
on E, up to non-trivial action on n, is the canonical involution i0.

3. The automorphisms of rooted curves

In this section we will characterize smooth and singular points of Rkg,ℓ using the
dual graph of curves and their multiplicity indices. For simplicity, we will focus
on the case ℓ prime. See Remark 3.14 for a discussion on the generalization to
composite level ℓ.
Given a rooted curve (C, L, φ), we come back to the local multiplicity on a node
n whose local picture is [{xy = 0}/µµµr] with r positive integer. As in equation
(1), once we choose a privileged branch, the action on the bundle fiber near
the node is ξr(t, x, y) = (ξmr t, ξrx, ξ

−1
r y). We observe that the canonical line

bundle ωC is the pullback of the canonical line bundle over the coarse space C,

and this, with the isomorphism L⊗ℓ ∼= ωC, implies that (ξmr )
ℓ

= 1. So ℓm is a
multiple of r. As a consequence of the faithfulness of L, the order r equals 1 or
ℓ.

Definition 3.1. The multiplicity index of (C, L, φ) is the cochain M ∈
C1(Γ;Z/ℓ) such that, for all e ∈ E oriented edge of the dual graph Γ(C),
M(e) = m the local multiplicity with respect to the privileged branch associ-
ated to e (see Remark 1.4).

Remark 3.2. If the node has trivial stabilizer, i.e. r = 1, we pose M(e) := 0.

We show a restating of Remark 2.2.

Definition 3.3. Consider a curve C with dual graph Γ and line bundle F on
C. The multidegree cochains is the function deg(F,C) ∈ C0(Γ;Z/ℓ) such that

deg(F,C)(v) := degF |v mod ℓ ∀v ∈ V (Γ)

where by F |v we mean the restriction of F on the component associated to
vertex v.

Proposition 3.4. Consider a stable curve C with dual graph Γ and consider
a cochain M in C1(Γ;Z/ℓ). Also consider the differential ∂ : C1(Γ;Z/ℓ) →
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C0(Γ;Z/ℓ) (see Section 1.2.1). There exists an ℓth root of the line bundle F
on C with multiplicity index M , if and only if

∂M ≡ deg(F,C) mod ℓ.

Proof. If (C, L, φ) is any curve with an ℓth root of F , then we obtain the result
simply verifying a degree condition on every irreducible component of C. Con-
sider the setting introduced in Remark 2.8: we call vi the Γ vertex associated to
the irreducible components Ci and gi the genus of the normalization Ci. Then
we have

deg L|vi = ri +
∑

e+=vi

M(e)

ℓ
,

with ri an integer for all i. Knowing that (L|vi)⊗ℓ ∼= F |vi and multiplying by ℓ
the previous equality, we obtain, as we wanted,

degF |vi ≡
∑

e+=vi

M(e) mod ℓ.

To prove the other implication we will show that the multidegree condition
implies degF ≡ 0 mod ℓ, and conclude by Remark 2.2. Indeed, degF =∑

vi∈V (Γ) degF |vi . Using the condition we obtain

degF ≡
∑

vi∈V (Γ)

∑

e+=vi

M(e) ≡
∑

e∈E(Γ)
M(e) ≡ 0 mod ℓ.

�

Consider a rooted curve (C, L, φ) such that the coarse space of C is C. Starting
from the dual graph Γ(C) and the multiplicity index M of (C, L, φ), consider
the new contracted graph Γ0(C) defined by

(1) the vertex set V0 = V (C)/ ∼, defined by modding out the relation

(e+ ∼ e− if M(e) ≡ 0);

(2) the edge set E0 = {e ∈ E(C)| M(e) 6≡ 0}.
Remark 3.5. The graph Γ0 is obtained by contracting the edges of Γ where
the function M vanishes.

Definition 3.6. The pair (Γ0(C),M), where M is the restriction of the multi-
plicity index on the contracted edge set, is called decorated graph of the curve
(C, L, φ). If the cochain M is clear from context, we will refer also to Γ0(C) or
Γ0 alone as the decorated graph.

To study AutC(C, L, φ) we start from a bigger group, the group AutC(C) con-
taining automorphisms of C fixing the coarse space C. Consider a node n of C
whose local picture is [{xy = 0}/µµµr]. Consider an automorphism η ∈ AutC(C).
The local action of η at n is (x, y) 7→ (ζx, y) = (x, ζy), with ζ ∈ µµµr. As a
consequence of the definition of AutC(C), the action of η outside the C nodes
is trivial. Then the whole group AutC(C) is generated by automorphisms of
the form (x, y) 7→ (ζx, y) on a node and trivial elsewhere.
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We are interested in representing AutC(C) as acting on the edges of the dual
graph, thus we introduce the group of functions E → Z/ℓ that are even with
respect to conjugation

S(Γ;Z/ℓ) := {b : E→ Z/ℓ | b(ē) ≡ b(e)} .
We have a canonical identification sending the function b ∈ S(Γ0(C);Z/ℓ) to

the automorphism η with local action (x, y) 7→ (ξ
b(e)
ℓ x, y) on the node associ-

ated to the edge e if M(e) 6≡ 0. Therefore the decorated graph encodes the
automorphisms acting trivially on the coarse space. We can write

(4) AutC(C) ∼= S(Γ0(C);Z/ℓ) ∼= (Z/ℓ)E0(Γ).

We already saw that elements of C1(Γ;Z/ℓ) are odd functions from E to Z/ℓ.
Given g ∈ S(Γ;Z/ℓ) and N ∈ C1(Γ;Z/ℓ), their natural product gN is still an
odd function, thus an element of C1(Γ;Z/ℓ).
Given the normalization morphism nor : Cnor → C, consider the short exact
sequence of sheaves over C

1→ Z/ℓ→ nor∗nor
∗Z/ℓ t−→ Z/ℓ|SingC → 1.

The sections of the central sheaf are Z/ℓ-valued functions over Cnor. Moreover,
the image of a section s by t is the function that assigns to each node the
difference between the two values of s on the preimages. The cohomology of
this sequence gives the following long exact sequence
(5)

1→ Z/ℓ→ C0(Γ;Z/ℓ) δ−−→ C1(Γ;Z/ℓ) τ−−→ Pic(C)[ℓ]
nor∗−−→ Pic(Cnor)[ℓ]→ 1.

Here, Pic(C)[ℓ] = H1(C,Z/ℓ) is the subgroup of Pic(C) of elements of order
dividing ℓ, i.e. of ℓth roots of the trivial bundle.
We know that

AutC(C, L, φ) = {[s, ρ] ∈ Aut(C, L, φ)| s ∈ AutC(C)} = {s ∈ AutC(C)| s∗L ∼= L}.
As showed in [6], we have

a∗L = L⊗ τ (aM) .

This means that, if a is an automorphism in AutC(C), the pullback a∗L is
totally determined by the product aM ∈ C1(Γ0;Z/ℓ), where a is seen as an
element of S(Γ0;Z/ℓ), and M is the multiplicity index of (C, L, φ).
As a consequence we have the following theorem.

Theorem 3.7. An element a ∈ AutC(C), lifts to AutC(C, L, φ) if and only if

aM ∈ Ker(τ) = Im δ.

We recall the subcomplex Ci(Γ0(C);Z/ℓ) ⊂ Ci(Γ(C);Z/ℓ). Moreover, if δ0 is
the δ operator on Ci(Γ0), i.e. the restriction of the δ operator to this space,
from Proposition 1.15 we know that Im(δ0) = C1(Γ0) ∩ Im δ.
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Remark 3.8. As a consequence of Theorem 3.7, we get the canonical identifi-
cation

AutC(C, L, φ) = Im(δ0)

via the multiplication a 7→ aM . Because of Proposition 1.7 we also have
AutC(C, L, φ) = M ·G(Γ0;Z/ℓ).

Remark 3.9. In the first section we obtained a characterization of the cochains
in Im(δ) that we could restate in our new setting. Indeed, because of Propo-
sition 1.10, an automorphism a ∈ S(Γ0;Z/ℓ) is an element of AutC(C, L, φ) if

and only if for every circuit (e1, . . . , ek) in Γ0 we have
∑k

i=1 a(e) ≡ 0 mod ℓ.

We can characterize the automorphisms in AutC(C, L, φ) that are quasireflec-
tions. We will regard every automorphism a ∈ AutC(C, L, φ) as the correspond-
ing element in S(Γ0;Z/ℓ). This representation is good to investigate the action
of a on Def(C). The action of a is non-trivial only on those coordinates of
Def(C) associated to the nodes of C with non-trivial stabilizer. In particular,
if tn is the coordinate associated to the node n and e is the edge of Γ0(C)
associated to n, then

a : tn 7→ ξ
a(e)
ℓ · tn.

Proposition 3.10. An automorphism a ∈ AutC(C) is a quasireflection in
AutC(C, L, φ) if and only if a(e) ≡ 0 for all edges but one that is a separating
edge of Γ0(C).

Proof. If a is a quasireflection, the action on all but one of the coordinates must
be trivial. Therefore a(e) ≡ 0 on all the edges but one, say e1. If e1 is in any
circuit (e1, . . . , ek) of Γ0 with k ≥ 1, we have, by Remark 3.9, that

∑
a(ei) ≡ 0.

As a(e1) 6≡ 0, there exists i > 1 such that a(ei) 6≡ 0, contradiction. Thus e1 is
not in any circuit, then it is a separating edge.
Reciprocally, consider an automorphism a ∈ S(Γ0;Z/ℓ) such that there ex-
ists an oriented separating edge e1 with the property that a(e) ≡ 0 for all
e ∈ E\{e1, ē1} and a(e1) 6≡ 0. Then for every circuit (e′1, . . . , e

′
k) we have∑

a(e′i) ≡ 0 and so a is in AutC(C, L, φ). �

Definition 3.11. We call QR(Aut(C, L, φ)) or simply QR(C, L, φ) the group
generated by quasireflections automorphism of the curve (C, L, φ). We call
QR(AutC(C, L, φ)) or simply QRC(C, L, φ) the group generated by ghost
quasireflections.

Remark 3.12. If we note Esep ⊂ E0 the subset of separating edges of Γ0,
Proposition 3.10 gives a simple description of the group QRC(C, L, φ).

QRC(C, L, φ) ∼= (Z/ℓ)Esep ⊂ S(Γ0;Z/ℓ).

Theorem 3.13. The group AutC(C, L, φ) is generated by quasireflections if and
only if the graph Γ0 is tree-like.
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Proof. After the previous remark,

QRC(C, L, φ) ∼= (Z/ℓ)Esep ⊂ Im(δ0) ∼= AutC(C, L, φ).

We know that Im(δ0) ∼= Z/ℓ#V0−1 and thus the inclusion is an equality if and
only if #Esep = #V0 − 1. By Lemma 1.12 we conclude. �

Remark 3.14. We show a generalization of the previous result to every ℓ, and
to do this we update our tools following [8, §2.4]. First of all we generalize the
notion of multiplicity index: given the local multiplicity m ∈ Z/r at a certain
node n, we know that r divides mℓ, we define M(e) := mℓ/r ∈ Z/ℓ, where e ∈ E
is an oriented edge. If ℓ is prime, M ∈ C1(Γ;Z/ℓ) coincide with the previous
definition. We also generalize contracted graphs. Consider the factorization of
ℓ in prime numbers, ℓ =

∏
pep , where ep = νp(ℓ) is the p-adic valuation of ℓ.

Given the dual graph Γ(C) = Γ, for every prime p we define Γ(νkp ) contracting

every edge e of Γ such that pk divides M(e). We will note Γp(C) := Γ(ν
ep
p ).

We have the chain of contraction already introduced in [8]:

Γ→ Γp = Γ(νepp )→ Γ(νep−1p )→ · · · → Γ(ν1p)→ {·}.

Moreover, we introduce Sd(Γ;Z/ℓ) ⊂ S(Γ;Z/ℓ), the group of even functions
f : E→ Z/ℓ such that f(e) = f(ē) ∈ Z/r(e), and C1

d(Γ;Z/ℓ) ⊂ C1(Γ;Z/ℓ), the
group of odd functions N : E → Z/ℓ such that N(e) = −N(ē) ∈ Z/r(e). We
point out that if r divides ℓ, we will look at Z/r as immersed in Z/ℓ, indeed
Z/r = (ℓ/r) · Z/r ⊂ Z/ℓ. In particular for every prime p, Z/p ⊂ Z/p2 ⊂ Z/
p3 ⊂ · · · .

Theorem 3.15. Consider a rooted curve (C, L, φ). The groups AutC(C, L, φ)
is generated by quasireflections if and only if the graphs Γp(C) are tree-like for
every prime p dividing ℓ.

Proof. As in the case with ℓ prime, Sd(Γ;Z/ℓ) is canonically identified with
AutC(C) =

⊕
e∈E Z/r(e). Given the multiplicity index M of (C, L, φ), as be-

fore we have that a lifts to AutC(C, L, φ) if and only if aM is in Im δ. Thus
AutC(C, L, φ) is canonically identified with C1

d(Γ;Z/ℓ) ∩ Im δ.
We introduce the p-adic valuation on edges as in [8, §2.4.2]: given e ∈ E,
νp(e) := valp(M(e) mod pep). We consider also the function ν̄p such that
ν̄p(e) := min(ep, νp(e)). We observe that, by definition M , for every oriented
edge e ∈ E(Γ) the local stabilizer order is

r(e) =
∏

p|ℓ
pep−ν̄p(e).

We define one last new object. We have a canonical immersion Ci(Γ(νkp );Z/
pep−k+1) →֒ Ci(Γ;Z/ℓ) for i = 0, 1. We define δkp as the restriction of the delta

operator on the group C0(Γ(νkp );Z/pep−k+1) for all p in the factorization of ℓ
and for all k between 1 and ep.
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As in Lemma 3.10, in the composite case a ∈ AutC(C) is a quasireflection in
AutC(C, L, φ) if and only if a(e) ≡ 0 for all edges but one that is a separating
edge. This allows the following decomposition

QRC(C, L, φ) =
⊕

e∈Esep(Γ)

Z/r(e) =
⊕

e∈Esep

⊕

p|ℓ
Z/pep−ν̄p(M(e)) =

⊕

p|ℓ

ep⊕

k=1

(Z/pk)β
k
p ,

where βkp := #Esep

(
Γ(ν

ep−k+1
p )

)
− #Esep

(
Γ(ν

ep−k
p )

)
if k < ep and β

ep
p :=

#Esep

(
ν1p
)
. Following [8, Lemma 2.22], we have a similar decomposition for

AutC(C, L, φ):

AutC(C, L, φ) = C1
d(Γ;Z/ℓ) ∩ Im δ =

⊕

p|ℓ

ep∑

k=1

Im δkp =
⊕

p|ℓ

ep⊕

k=1

(Z/pk)α
k
p ,

where αkp := #V
(

Γ(ν
ep−k+1
p )

)
− #V

(
Γ(ν

ep−k
p )

)
∀k ≥ 0. We observe that

αkp ≥ βkp for all p dividing ℓ and k ≥ 0. Moreover, AutC(C, L, φ) coincide with

QRC(C, L, φ) if and only if αkp = βkp for all p and k. Fixing p, this is equivalent

to impose
∑

k β
k
p =

∑
k α

k
p. In the previous expression the left hand side is

#Esep(Γp) and the right hand side is #V (Γp)− 1, we saw in Lemma 1.12 that
the equality is achieved if and only if Γp is tree-like. �

4. The singular locus of Rkg,ℓ
After the analysis of quasireflections on AutC(C, L, φ), we complete the de-
scription of quasireflections on the whole automorphism groups. What follows
is true for every ℓ.

Lemma 4.1. Consider an element q of Aut(C, L, φ). It acts as a quasireflection
on Def(C) if and only if one of the following is true:

(1) the automorphism q is a ghost quasireflection, i.e. an element of
AutC(C, L, φ) which moreover operates as a quasireflection;

(2) the automorphism q is an ETQR, using the generalized Definition 2.15.

Proof. We first prove the “only if” part. Consider q ∈ Aut(C, L, φ), we call q
its coarsening. If q acts trivially on certain coordinates of Def(C), a fortiori
we have that q acts trivially on the corresponding coordinates of Def(C). So
q acts as the identity or as a quasireflection. In the first case, q is a ghost
automorphism and we are in case (1). If q acts as a quasireflection, then it is
a classical ETQR as we pointed out on Theorem 2.13, and it acts non-trivially
on the elliptic tail node n associated to an elliptic tail. It remains to know
the action of q on the nodes, other than n, with non-trivial stabilizer. The
action in these nodes must be trivial, because every non-trivial action induces
a non-trivial action also on the associated coordinate of the node. Therefore,
the q restriction to the elliptic tail has to be the canonical involution i0 (see
Remark 2.14). By Definition 2.15 this implies that q is an ETQR of (C, L, φ).
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For the “if” part, we observe that a ghost quasireflection is automatically a
quasireflection. It remains to prove the point (2). By definition of ETQR its
action can be non-trivial only on the separating node of the tail. The local
coarse picture of the node is {xy = 0}, where y = 0 is the branch lying on
the elliptic tail. Then the action of i on the coarse space is (x, y) 7→ (−x, y).
Therefore the action is a fortiori non trivial on the coordinate associated to
the stack node n. �

Lemma 4.2. If QR(Aut(C)) (also called QR(C)) is the group generated by
ETQRs inside Aut(C), then any element q ∈ QR(C) which could be lifted to
Aut(C, L, φ), has a lifting in QR(C, L, φ), too.

Proof. By definition, Aut(C, L, φ) is the set of automorphisms s ∈ Aut(C) such
that s∗L ∼= L. Consider q ∈ QR(C) such that its decomposition in quasireflec-
tions is q = i0i1 · · · im, and ik is an ETQR acting non-trivially on an elliptic tail
Ek. Any lifting of q is in the form q = i0i1 · · · im · a, where ik is a (generalized)
ETQR acting non-trivially on Ek, and a is a ghost acting non-trivially only
on nodes outside the tails Ek. We observe that every ik is a lifting in Aut(C)
of ik, we are going to prove that moreover ik ∈ Aut(C, L, φ). By construc-
tion, q∗L ∼= L if and only if i∗kL ∼= L for all k and a∗L ∼= L. This implies that
every ik lives in Aut(C, L, φ), then qa−1 is a lifting of q living in QR(C, L, φ). �

Remark 4.3. We recall the short exact sequence

1→ AutC(C, L, φ)
h−−→ Aut(C, L, φ)

p−−→ Aut′(C)→ 1

and introduce the group QR′(C) ⊂ Aut′(C), generated by liftable quasire-
flections. Knowing that p(QR(C, L, φ)) ⊂ QR′(C) ⊂ Aut′(C) ∩ QR(C), the
previous lemma shows that QR′(C) = p(QR(C, L, φ)). Using also Lemma 4.1,
we obtain that the following is a short exact sequence

1→ QRC(C, L, φ)→ QR(C, L, φ)→ QR′(C)→ 1.

Theorem 4.4. The group Aut(C, L, φ) is generated by quasireflections if and
only if both AutC(C, L, φ) and Aut′(C) are generated by quasireflections.

Proof. After the previous remark, the following is a short exact sequence

1→ AutC(C, L, φ)/QRC(C, L, φ)→
→ Aut(C, L, φ)/QR(C, L, φ)→ Aut′(C)/QR′(C)→ 1.

The theorem follows. �

After Theorem 4.4 and 3.13, we have the following characterization of the

singular locus inside Rkg,ℓ.
Theorem 4.5. Let g ≥ 4 and ℓ a prime number. Given a rooted curve (C, L, φ),

with C coarse space of C, the point [C, L, φ] ∈ Rkg,ℓ is smooth if and only if
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Aut′(C) is generated by ETQRs of C and the contracted graphs Γ0(C) is tree-
like.

After Remark 3.14, we can generalize the previous theorem to all ℓ. It suffices
to consider contracted graphs Γp(C) for every prime p dividing ℓ

Theorem 4.6. For any g ≥ 4 and ℓ positive integer. The point [C, L, φ] is
smooth if and only if Aut′(C) is generated by ETQRs of C and the Γp(C) are
tree-like.

Remark 4.7. The theorem above is a generalization of [8, Theorem 2.28]. In
particular Chiodo and Farkas proved that in the case k = 0, the moduli of
level curves, the contracted graphs Γp are bouquet if [C, L, φ] is smooth. A
bouquet is a graph with only one vertex, or equivalently a tree-like graph with
no non-loop edges. This happens because in the case k = 0, every separating
node must have trivial stabilizer, i.e. the M cochain must be 0 and therefore
they disappear after the contraction. In the general case, M could be non-zero
on separating edges too, and the theorem is still true using the more general
notion of tree-like graph.

4.1. The locus of singular points via a new stratification. As we
saw, the information about the automorphism group of a certain rooted curve
(C, L, φ) is coded by its dual decorated graph (Γ0(C),M). It is therefore quite

natural to introduce a stratification of Rkg,ℓ using this notion. For this, we
extend the notion of graph contraction: if Γ′0 → Γ′1 is a usual graph contraction,
the ring C1(Γ′1;Z/ℓ) is naturally immersed in C1(Γ′0;Z/ℓ), then the contraction
of a pair (Γ′0,M

′
0) is the pair (Γ′1,M

′
1) where the cochain M ′1 is the restriction

of M ′0. If it is clear from the context, we could refer to the decorated graph
restriction simply with the graph contraction Γ′0 → Γ′1.

Definition 4.8. Given a decorated graph (Γ,M) with M ∈ C1(Γ;Z/ℓ), con-

sider this locus of Rkg,ℓ:

S(Γ,M) :=
{

[C, L, φ] ∈ Rkg,ℓ : Γ0(C) = Γ,

and M is the multiplicity index of (C, L, φ)} .

These loci are the strata of our stratification. We can find a first link between
the decorated graph and geometric properties of the stratum.

Proposition 4.9. If we consider the codimension of S(Γ,M) inside Rkg,ℓ, we
have

CodimS(Γ,M) = #E(Γ).

Proof. We take a general point [C, L, φ] of stratum S(Γ,M), it has #V (Γ) irre-
ducible components C1, . . . ,C#V . We call gi the genus of Ci and ki the number
of nodes of C on this component. Then we have

∑
ki = 2#E(Γ). We obtain
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that the dimension of Def(C, L, φ) is

dim Def(C, L, φ) =

#V∑

i=1

(3gi − 3 + ki) = 3
∑

gi − 3#V + 2#E.

Thus, because of Remark 2.9, we have dim Def(C, L, φ) = 3g − 3−#E, where
g is the genus of C. The result on the codimension follows. �

Using contraction, we have this description of the closed strata.

S(Γ′
1,M

′
1)

=

{
[C, L, φ] ∈ R

k

g,ℓ :
if (Γ0,M) is the decorated graph of (C, L, φ),
there exists a contraction (Γ0,M)→ (Γ′1,M

′
1)

}
.

We introduce two closed loci of Rkg,ℓ,
Nk
g,ℓ :=

{
[C, L, φ]| Aut′(C) is not generated by ETQRs

}
,

Hk
g,ℓ := {[C, L, φ]| AutC(C, L, φ) is not generated by quasireflections} .

Equivalently, [C, L, φ] ∈ Hk
g,ℓ if and only if Γ0(C) is not tree-like. We have by

Theorem 4.5 that the singular locus SingRkg,ℓ is their union

SingRkg,ℓ = Nk
g,ℓ ∪Hk

g,ℓ.

Remark 4.10. Consider the natural projection π : Rkg,ℓ → Mg, we observe
that

Nk
g,ℓ ⊂ π−1 SingMg.

Indeed, after Remark 4.3, QR′(C) = Aut′(C)∩QR(C) and therefore Aut(C) =

QR(C) if and only if Aut′(C) = QR′(C). This implies that
(
π−1 SingMg

)c ⊂
(Nk

g,ℓ)
c, and taking the complementary we have the result.

The stratification introduced is particularly useful in describing the “new” locus
Hk
g,ℓ. We recall the definition of vine curves.

Definition 4.11. We note Γ(2,n) a graph with two vertices linked by n edges.
A curve C is an n-vine curve if Γ(C) contracts to Γ(2,n) for some n ≥ 2. Equiv-
alently an n-vine curve has coarse space C = C1 ∪C2 which is the union of two
curves intersecting each other n times.

The next step shows that every H-curve has a dual graph which contracts to
Γ(2,n).

Lemma 4.12. If [C, L, φ] ∈ SingRkg,ℓ is a point in Hk
g,ℓ whose decorated graph

is (Γ0,M), then there exists n ≥ 2 and a graph contraction Γ0 → Γ(2,n).
Equivalently C is an n-vine curve for some n ≥ 2.

Proof. If [C, L, φ] ∈ Hk
g,ℓ, by definition Γ0 contains a circuit that is not a loop.

We will show an edge contraction Γ0 → Γ(2,n) for some n ≥ 2.
Consider two different vertices v1 and v2 that are consecutive on a non-loop
circuit K ⊂ Γ0. Now consider a partition V = V1

⊔
V2 of the vertex set such
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that v1 ∈ V1 and v2 ∈ V2. This defines an edge contraction Γ0 → Γ(2,n) where
e ∈ E(Γ) is contracted if its two extremities lie in the same Vi. As K is a
circuit, necessarily n ≥ 2 and the theorem is proved. �

We conclude that Hk
g,ℓ is the union of the closed strata associated to vine

graphs.

Hk
g,ℓ =

⋃

n≥2
M∈C1(Γ(2,n);Z/ℓ)

S(Γ(2,n),M).

5. Non-canonical singularities of Rkg,ℓ

After the description of the singular locus of Rkg,ℓ, in this section we find the

locus of non-canonical singularities SingncRkg,ℓ. To do this we introduce the
age function and point out some basic facts about quotient singularities: the
characterization of the non-canonical locus will follow from the age criterion

5.3. Also, for some small values of ℓ, we will develop a description of SingncRkg,ℓ
in terms of the stratification introduced above.

5.1. The age criterion. If G is a finite group, the age is an additive positive
function from the representations ring of G to rational numbers,

age: Rep(G)→ Q.

First consider the group Z/r for any r positive integer. Given the character kkk
such that 1 7→ k ∈ Z/r, we define age(kkk) = k/r. These characters are a basis
for Rep(Z/r), then we can extend age over all the representation ring.
Consider a G-representation ρ : G→ GL(V ), the age function could be defined
on any injection i : Z/r →֒ G simply composing the injection with ρ.

ageV : i 7→ age(ρ ◦ i).
Age can finally be defined on the group G by

G
f−−→

⊔

r≥1
{i| i : µµµr →֒ G} ageV−−−→ Q,

where f is the set bijection sending g ∈ G, element of order r, to the injection
obtained by mapping 1 ∈ Z/r to g.

Definition 5.1 (junior and senior groups). A finite group G ⊂ GL(Cm) that
contains no quasireflections is called junior if the image of the age function
intersects the open interval ]0, 1[,

ageG∩ ]0, 1[ 6= ∅,

and senior otherwise.

Remark 5.2. All the functions we have introduced are canonically defined
except for the identification f , that depends on the choice of the primitive root
ξr = exp(2πi/r). Moreover, the image of age: G→ Q does not depend on this
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choice, then our previous choice of a root system does not affect the study of
junior and senior groups and will continue unchanged.

Theorem 5.3 (age criterion, [16]). If G ⊂ GL(Cm) is a finite subgroup without
quasireflections, the singularity Cm/G is canonical if and only if G is a senior
group.

Remark 5.4. To see the age explicitly, for g ∈ G ⊂ GL(Cm) with G finite sub-
group and ord(g) = r, consider a basis of Cm such that g = Diag(ξa1r , . . . , ξ

am
r ).

In this setting age(g) = 1
r

∑
ai.

5.2. The non-canonical locus. We know that any point [C, L, φ] ∈ Rkg,ℓ has
a neighborhood isomorphic to the quotient Def(C)/Aut(C, L, φ), then after the
age criterion 5.3 we are searching for junior automorphism in Aut(C, L, φ). We
also need the denominator group to be quasireflections free to use the criterion,
so we will repeatedly use the following result.

Proposition 5.5 (see [15]). Consider the finite subgroup G ⊂ GL(Cm) and
the group QR(G) generated by G quasireflections. There exists an isomorphism
ϕ : Cm/QR(G)→ Cm and a subgroup K ⊂ GL(Cm) isomorphic to G/QR(G)
such that the following diagram is commutative.

Cm −−−−→ Cm/QR(G)
ϕ−−−−→ Cm

y
y

y

Cm/G
∼=−−−−→ (Cm/QR(G))/(G/QR(G))

∼=−−−−→ Cm/K

We introduce two closed loci which are central in our description.

Definition 5.6 (T -curves). A rooted curve (C, L, φ) is a T -curve if there exists
an automorphism a ∈ Aut(C, L, φ) such that its coarsening a is an elliptic tail

automorphism of order 6. The locus of T -curves in Rkg,ℓ is noted T kg,ℓ.

Definition 5.7 (J-curves). A rooted curve (C, L, φ) is a J-curve if the group

AutC(C, L, φ)/QRC(C, L, φ),

which is the group of ghosts quotiented by its subgroup of quasireflections, is

junior. The locus of J-curve in Rkg,ℓ is noted Jkg,ℓ.

Theorem 5.8. For g ≥ 4, the non-canonical locus of Rkg,ℓ is formed by T -
curves and J-curves, i.e. it is the union

SingncRkg,ℓ = T kg,ℓ ∪ Jkg,ℓ.
Remark 5.9. We observe that Theorem 2.44 of Chiodo and Farkas [8], affirms
exactly that in the case k = 0, ℓ ≤ 6 and ℓ 6= 5, the J-locus J0

g,ℓ is empty for

every genus g, and therefore SingncR0

g,ℓ coincides with the T -locus for these
values of ℓ.
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To show Theorem 5.8 we will prove a stronger proposition.

Proposition 5.10. Given a rooted curve (C, L, φ) of genus g ≥ 4 which is not
a J-curve, if a ∈ Aut(C, L, φ)/QR(C, L, φ) is a junior automorphism, then its
coarsening a is an elliptic tail automorphism of order 3 or 6.

Proof. We introduce the notion of ⋆-smoothing, following [12] and [13].

Definition 5.11. Consider a rooted curve (C, L, φ), suppose a ∈ Aut(C, L, φ)
is an automorphisms such that there exists a cycle of m non-separating nodes
n0, . . . , nm−1, i.e. we have a(ni) = ni+1 for all i = 0, 1 . . . ,m−2 and a(nm−1) =
n0. The triple is ⋆-smoothable if and only if the action of am over the coordinate
associated to every node is trivial. This is equivalent to ask am(tni) = tni for
any i = 0, 1, . . . ,m− 2, where tni is the coordinate associated to node ni.

If (C, L, φ) is ⋆-smoothable, there exists a deformation of (C, L, φ) together with
an automorphism a and smoothing the m nodes of the cycle. Moreover, this
deformation preserves the age of the a-action on Def(C, L, φ)/QR. Indeed,
the eigenvalues of a are a discrete and locally constant set, thus constant by
deformation. As the T -locus and the J-locus are closed by ⋆-smoothing, we
can suppose, as an additional hypothesis of Theorem 5.8, that our curves are
⋆-rigid, i.e. non-⋆-smoothable. ¿From this point we suppose that (C, L, φ) is
⋆-rigid.
We will show in eight steps that if the group

Aut(C, L, φ)/QR (C, L, φ)

is junior, and (C, L, φ) is not a J-curve, then it is a T -curve. After the age
criterion 5.3 and Proposition 5.5, this will prove Theorem 5.8. ¿From now
on we work under the hypothesis that a ∈ AutC(C, L, φ)/QR is a non-trivial
automorphism aged less than 1, and (C, L, φ) is not a J-curve.

Step 1. Consider the decorated graph (Γ0,M) of (C, L, φ). As before, we call
Esep the set of separating edges of Γ0. Then, following Remark 2.8, we can
estimate the age by a splitting of the form

⊕

e∈Esep

Ate ⊕
⊕

e′∈E\Esep

Ate′ ⊕
m⊕

i=1

H1(Ci, TCi(−Di)),

where te is a coordinate parametrizing the smoothing of the node associated to
edge e, and the curves Ci are the normalizations of the irreducible components
of C.
Every automorphism in Aut(C, L, φ) fixes the three summand in the sum above.
Moreover, every quasireflection acts only on the first summand, then, by Pro-
postion 5.5, the group Aut(C, L, φ)/QR acts on

(6)

(⊕
e∈Esep

Ate
QR(C, L, φ)

)
⊕

⊕

e′∈E\Esep

Ate′ ⊕
m⊕

i=1

H1(Ci, TCi(−Di)).

Documenta Mathematica 22 (2017) 1337–1373



1360 Mattia Galeotti

Every quasireflection acts on exactly one coordinate te with e ∈ Esep. We
rescale all the coordinates te by the action of QR(C, L, φ). We call t̃e, for
e ∈ E(Γ0), the new set of coordinates. Obviously t̃e′ = te′ if e′ ∈ E(Γ0)\Esep.

Step 2. We show two lemmata about the age contribution of the a-action on
nodes, which we will call aging on nodes.

Definition 5.12 (coarsening order). If a ∈ Aut(C, L, φ) and a is its coarsening,
then we define

c-orda := orda.

The coarsening order is the least integer m for which am is a ghost automor-
phism.

Lemma 5.13. Suppose that Z ⊂ C is a subcurve of C such that a(Z) = Z

and n0, . . . nm−1 is a cycle, by a, of nodes in Z. Then we have the following
inequalities:

(1) age(a) ≥ m−1
2 ;

(2) if the nodes are non-separating, age(a) ≥ m
ord(a|Z) + m−1

2 ;

(3) if ac-ord a is a senior ghost, we have age(a) ≥ 1
c-ord(a) + m−1

2 .

Proof. We call t̃0, t̃1, . . . , t̃m−1 the coordinates associated respectively to nodes
n0, . . . , nm−1. By hypothesis, a(t̃0) = c1 · t̃1 and ai(t̃0) = ci · t̃i for all i =
2, . . . ,m− 1, where ci are complex numbers. If n = ord(a|Z), we have am(t̃0) =
ξumn · t̃0 where ξn is the primitive nth root of unity and 0 ≤ u < n/m. We call u
exponent of the cycle. Observe that a(t̃i−1) = (ci/ci−1) · t̃i and am(t̃i) = ξumn · t̃i
for all i.
We can explicitly write the eigenvectors for the action of a on the coordinates
t̃0, . . . , t̃m−1. Set d := n/m and b := sd+ u with 0 ≤ s < m, and consider the
vector

vb := (t̃0 = 1, t̃1 = c1 · ξ−bn , . . . , t̃i = ci · ξ−ibn , . . . ).

Then a(vb) = ξbn · vb. The contribution to the age of the eigenvalue ξbn is b/n,
thus we have

age a =

m−1∑

s=0

sd+ u

n
=
mu

n
+
m− 1

2
,

proving point (1).
If the nodes are non-separating, as we are working on a ⋆-rigid curve, we have
u ≥ 1 and the point (2) is proved.
Suppose that the action of a on C has j nodes cycles of order m1,m2, . . . ,mj ,
of exponents respectively u1, . . . , uj . If k = c-ord a, ak fixes every node and
its age is (

∑
miuik)/n, which is greater or equal to 1 by hypothesis. By the

previous result, the age of a on the ith cycle is bounded by miui/n+(mi−1)/2.
As a consequence

age a =

j∑

i=1

(
miui
n

+
mi − 1

2

)
≥ 1

k
+
m1 − 1

2
.

Documenta Mathematica 22 (2017) 1337–1373



Singularities of Moduli of Curves. . . 1361

�

Lemma 5.14. Suppose that (C, L, φ) is ⋆-rigid and consider a non-separating
node n. If the coarsening of a acts locally exchanging the branches of n, then
the a-action yields an aging of 1/2 on the nodes.

Proof. The automorphism a induces an obvious automorphism of the dec-
orated graph (Γ0,M). We will call this automorphism a too, with a little
abuse of notation. Thus we have a∗M = M . In particular, if en is an oriented
edge associated to n, then M(en) ≡ a∗M(en) ≡ M(en) ≡ −M(en). Therefore
M(en) ≡ ℓ/2. If ℓ is prime thus necessarily ℓ = 2. Anyway, also when ℓ is
composite, by the generalized definition of M (see Remark 3.14) we have that
the order of the local stabilizer is r = 2 and a(en) ∈ Z/2. As (C, L, φ) is ⋆-rigid,
a(en) 6≡ 0, therefore the aging is 1/2. �

Step 3. We observe that all the nodes of C are fixed except at most two of
them, who are exchanged. Moreover, if a pair of non-fixed nodes exists, they
contribute by at least 1/2. This fact is a straightforward consequence of the
first point in Lemma 5.13.

Step 4. Consider an irreducible component Z ⊂ C, then a(Z) = Z. To show
this, we suppose there exists a cycle of irreducible components C1, . . . ,Cm with
m ≥ 2 such that a(Ci) = Ci+1 for i = 1, . . . ,m − 1, and a(Cm) = C1. We call
Ci the normalizations of these components, and Di the preimages of C nodes
on Ci. We point out that this construction implies that (Ci, Di) ∼= (Cj , Dj) for
all i, j. Then, an argument of [12, p.34] shows that the action of a on

m⊕

i=1

H1(Ci, TCi(−Di)) ⊂ Def(C)

gives a contribution of at least k · (m− 1)/2 to age a, where

k = dimH1(Ci, TCi(−Di)) = 3gi − 3 + #Di.

This give us two cases for which m could be greater than 1 with still a junior
age: k = 1 and m = 2 or k = 0.
If k = 1 and m = 2, we have gi = 0 or 1 for i = 1, 2. Moreover, the aging of
at least 1/2 sums to another aging of 1/2 if there is a pair of non-fixed nodes.
As a is junior, we conclude that C = C1 ∪ a(C1) but this implies g(C) ≤ 3,
contradiction.
If k = 0, we have gi = 1 or gi = 0, the first is excluded because it implies
#Di = 0 but the component must intersect the curve somewhere. Thus, for
every component in the cycle, the normalization Ci is the projective line P1

with 3 marked points. We have two cases: the component Ci intersect C\Ci in
3 points or in 1 point, in the second case Ci has an autointersection node and
C = C1 ∪ a(C1), which is a contradiction because g(C) ≥ 4. It remains the case
in the image below.
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C1

s
s s

Figure 1. Case with C1
∼= P1 and 3 marked points

As C1,C2, . . . ,Cm are moved by a, every node on C1 is transposed with another
one or is fixed with its branches interchanged. In both cases the aging is 1/2,
after a straightforward analysis we obtain an age contribution bigger than 1
using Lemmata 5.13 and 5.14.

Step 5. We prove that every node is fixed by a. Consider the normalization
nor :

⊔
i Ci → C already introduced. If the age of a is lower than 1, a fortiori

we have age a|Ci < 1 for all i. In [12, p.28] there is a list of those smooth stable
curves for which there exists a non-trivial junior action.

i. The projective line P1 with a : z 7→ (−z) or (ξ4z);
ii. an elliptic curve with a of order 2, 3, 4 or 6;

iii. an hyperelliptic curve of genus 2 or 3 with a the hyperelliptic involution;
iv. a bielliptic curve of genus 2 with a the canonical involution.

We observe that the order of the a-action on these components is always 2, 3, 4
or 6. As a consequence, if a is junior, then n = c-ord a = 2, 3, 4, 6 or 12, as it is
the greatest common divisor between the c-ord

(
a|Ci

)
.

First we suppose ord a > c-orda, thus ac-ord a is a ghost and it must be senior.
Indeed, if ac-ord a is aged less than 1, then (C, L, φ) admits junior ghosts, con-
tradicting our assumption. By point (3) of Lemma 5.13, if there exists a pair
of non-fixed nodes, we obtain an aging of 1/n + 1/2 on node coordinates. If
ord a = c-ord a the bound is even greater. As every component is fixed by a,
the two nodes are non-separating, and by point (2) of Lemma 5.13 we obtain
an aging of 2/n+ 1/2.
If Ci admits an automorphism of order 3, 4 or 6, by a previous analysis of
Harris and Mumford (see [12] again), this yields an aging of, respectively, 1/3,
1/2 and 1/3 on H1(Ci, TCi(−Di)).
These results combined, show that a non-fixed pair of nodes gives an age
greater than 1. Thus, if a is junior, every node is fixed.

Step 6. We study the action of a separately on every irreducible component.
The a-action is non-trivial on at least one component Ci, and this component
must lie in the list above.
In case (i), Ci has at least 3 marked points because of the stability condition.
Actions of type x 7→ ζx have two fixed points on P1, thus at least one of the
marked points is non-fixed. A non-fixed preimage of a node has order 2, thus the
coarsening a of a is the involution z 7→ −z. Moreover, Ci is the autointersection
of the projective line and a exchanges the branches of the node. Because of
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Lemma 5.14, a acts non-trivially with order 2 on the node, and its action on
the associated coordinate gives an aging of 1/2.
The analysis for cases (iii) and (iv) is identical to that developed in [12]: the
only possibilities of a junior action is the case of an hyperelliptic curve E of
genus 2 intersecting C\E in exactly one point, whose hyperinvolution gives an

aging of 1/2 on H1(Ci, TCi(−Di)).

Finally, in case (ii), we use again the analysis of [12]. The elliptic component

E has 1 or 2 point of intersection with C\E. If there is 1 point of intersection,
elliptic tail case, for a good choice of coordinates the coarsening a acts as
z 7→ ξnz, where n is 2, 3, 4 or 6. The aging is, respectively, 0, 1/3, 1/2, 1/3. If
there are 2 points of intersection, elliptic ladder case, the order of a on E must
be 2 or 4 and the aging respectively 1/2 or 3/4.

Step 7. Resuming what we saw until now, if a is a junior automorphism of
(C, L, φ), a its coarsening and C1 an irreducible component of C, then we have
one of the following:

A. component C1 is an hyperelliptic tail, crossing the curve in one
point, with a acting as the hyperelliptic involution and aging 1/2 on
H1(C1, TCi(−D1));

B. component C1 is a projective line P1 autointersecting itself, crossing
the curve in one point, with a the involution which fixes the nodes,
and aging 1/2;

C. component C1 is an elliptic ladder, crossing the curve in two points,
with a of order 2 or 4 and aging respectively 1/2 or 3/4;

D. component C1 is an elliptic tail, crossing the curve in one point, with
a of order 2, 3, 4 or 6 and aging 0, 1/3, 1/2 or 1/3;

E. automorphism a acts trivially on C1 with no aging.

rg(C1)=2
n

r
n

r

C1 = P1

r
r
g(C1)=1

Figure 2. Components of type A, B and C.

We rule out cases (A), (B) and (C). At first we suppose there is a component
of type (A) or (B). For genus reasons, the component intersected in both cases
must be of type (E). We study the local action on the separating node n. The
local picture of n is [{xy = 0}/µµµr] where r is the order of the local stabilizer.
The smoothing of the node is given by the stack [{xy = tn}/µµµr]. We observe
that there exists a quasireflection of order r acting non-trivially on the node,
and it generates quasireflections acting on this node. Thus t̃n = trn. For a good

Documenta Mathematica 22 (2017) 1337–1373



1364 Mattia Galeotti

choice of coordinates we have that the local picture of the coarse space C at the
node is {x′y′ = 0}, with x′ = xr and y′ = yr. Therefore the local deformation
of the coarse space is given by {x′y′ = t̃n}. The local action of a on the coarse
space is x′ 7→ −x′ and y′ 7→ y′, thus the action of a lifts to t̃n 7→ −t̃n. The
additional age contribution is 1/2, ruling out this case.
In case there is a component of type (C), if its nodes are separating, then
one of them must intersect a component of type (E) and we use the previous
idea. In case nodes are non-separating, we use Lemma 5.13. If ord a > c-ord a,
then ac-ord a is a senior ghost because (C, L, φ) is not a J-curve, thus by point
(3) of the lemma there is an aging of 1/ c-orda on the node coordinates. If
ord a = c-orda, the bound is even greater, as by point (2) we have an aging of
2/ c-orda. We observe that c-ord a = 2, 4 or 6, and in case c-orda = 6 there
must be a component of type (E). Using additional contributions listed above
we rule out the case (C).

Step 8. We proved that C contains components of type (D) or (E), i.e. the
automorphism a acts non-trivially only on elliptic tails. If n is the elliptic
tail node, there are possibly two quasireflections acting on the coordinate tn: a
ghost automorphism associated to this node and the elliptic tail quasireflection.
If the order of the local stabilizer is r, then t̃n = t2rn .
If ord a = 2 we are in the ETQR case, this action is a quasireflection and it
contributes to rescaling the coordinate tn.
If ord a = 4, the action on the (coarse) elliptic tail is z 7→ ξ4z. The space

H1(Ci, TCi(−Di)) is the space of 2-forms H0(Ci, 2Ki): this space is generated

by dz⊗2 and the action of a is dz⊗2 7→ ξ24dz
⊗2. Moreover, if the local picture

of the elliptic tail node is [{xy = 0}/µµµr], then a : (x, y) 7→ (ζx, ζ′y) such that
ζr = ξ4 and (ζ′)r = 1. As a consequence a : tn 7→ ζζ′tn and therefore t̃n 7→ ξ2 t̃n.
Then, age a = 1/2 + 1/2, proving the seniority of a.
If E admits an automorphism a of order 3 or 6, the action on the (coarse)
elliptic tail is a : z 7→ ξk6 z. Then dz⊗2 7→ ξk3dz

⊗2 and t̃n 7→ ξk3 t̃n. For k = 1, 4
we have age lower than 1.

If (C, L, φ) is not a J-curve, we have shown that the only case where
a ∈ Aut(C, L, φ)/QR is junior, is when its coarsening a is an elliptic tail
automorphism of order 3 or 6. �

The previous theorem reduces the analysis of SingncRkg,ℓ to two loci. The next
section will be devoted to the J-locus. About the T -locus we observe that it
is that part of the non-canonical locus “coming” from Mg. More formally,

if π : Rkg,ℓ → Mg is the natural projection, we have T kg,ℓ ⊂ π−1 SingncMg =
Tg,1,0. Harris and Mumford showed that multicanonical forms extend over the

T -locus on Mg. Their proof could be adapted for Rkg,ℓ as shown precisely in
[13, Theorem 4.1] for the case ℓ = 2, k = 1.
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In the case of the J-locus it is unknown if the extension of the pluricanonical
forms is possible. Harris and Mumford’s techniques do not adapt and there is
at the moment no global approach to treat this case. In the next section we
will give a description of the J-locus based on the dual graph structure. In
particular we will show the cases with non-empty J-locus for small values of ℓ.

6. The J-locus

The J-locus is the “new” part of the non-canonical locus which appears passing

from Mg to one of its coverings R
k

g,ℓ. For some values of ℓ and k this locus
could be empty, however, a consequence of our analysis is that it is actually
not empty for any ℓ > 2 and k 6= 0.
We will exhibit an explicit decomposition of Jkg,ℓ in terms of the strata S(Γ,M).
We point out a significant difference with respect to the description of the
singular locus: in the case of Hk

g,ℓ, that we obtained in Section 4.1, we showed a
decomposition in terms of loci whose generic point represents a two component
curve, i.e. a vine curve. For the J-locus we do not have such an elegant minimal
decomposition: for values of ℓ large enough, there exists strata representing
J-curves with an arbitrary high number of components, such that each one of
their smoothing is not a J-curve. Equivalently, there are decorated graphs with
an arbitrary high number of vertices and admitting junior automorphisms, but
such that each one of its contraction does not admit junior automorphisms.

Remark 6.1. We already observed that a ghost automorphism always acts triv-
ially on loop edges of decorated dual graphs, and that quasireflections only act
on separating edges. Thus we can ignore these edges in studying AutC(C, L, φ)/
QRC(C, L, φ). ¿From this point we will automatically contract loops and sep-
arating edges as they appear. This is not a big change in our setting, in fact
graphs without loops and separating edges are a subset of the graphs we con-
sidered until now. Reducing our analysis to this subset is done for the sole
purpose of simplifying the notation.

Age is not well-behaved with respect to graph contraction, but there is another
invariant which is better behaved: we will define a number associated to every
ghost, which respects a super-additive property in the case of strata intersection
(see Theorem 6.7). Here we only work under the condition that ℓ be a prime
number.
At first consider a decorated graph contraction

(Γ0,M)→ (Γ1,M1).

¿From the definition of the stratification, we know that this implies

S(Γ1,M1) ⊂ S(Γ0,M).

We know that AutC(C, L, φ) is canonically isomorphic to the group G(Γ0;Z/
ℓ) ⊂ S(Γ0;Z/ℓ) for every rooted curve (C, L, φ) in S(Γ0,M), and moreover

S(Γ0;Z/ℓ) is canonically identified with C1(Γ0;Z/ℓ) via M multiplication. As
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there is no risk of confusion, from now on we will not repeat the notation of
Z/ℓ on the label of groups G, S and C1.
Because of contraction, the edge set E(Γ1) is a subset of E(Γ0), so that the
group S(Γ1) is naturally immersed in S(Γ0), and C1(Γ1) in C1(Γ0). These
immersions are compatible with multiplication by M , thus G(Γ1) = G(Γ0) ∩
S(Γ1) and we have a natural immersion of the G groups too.

Proposition 6.2. Given a contraction (Γ0,M) → (Γ1,M1), the elements of
G(Γ1) are those cochains of G(Γ0) whose support is contained in E(Γ1).

This gives an interesting correspondence between curve specialization, deco-
rated graph contraction, strata inclusion and canonical immersions between
the associated ghost automorphism groups.
¿From the definition of G(Γ0;Z/ℓ) and Proposition 1.14, we know that G(Γ0) ∼=
Z/ℓ#V (Γ0)−1, and we have an explicit basis for it. We consider a spanning tree
T for Γ0, we call e1, e2, . . . , ek the edges of T , each one with an orientation,
such that k = #V (Γ0) − 1. Then the cuts cutΓ0(ei;T ) form a basis of G(Γ0).
We can also write

G(Γ0) =

k⊕

i=1

(cutΓ0(ei;T ) · Z/ℓ) .

For an n-vine decorated graph (Γ(2,n),M), the G-group is cyclic.

Remark 6.3. An element a ∈ G(Γ0) could be seen as living on stratum S(Γ0,M).
We observe that if (Γ0,M) → (Γ1,M1) is a contraction, then a lies in G(Γ1)
by the natural injection. Thus every automorphism living on S(Γ0,M) lives on

all the closure S(Γ0,M).

If a ghost automorphism is junior, it carries a non-canonical singularity that
spreads all over the closure of the stratum where the automorphism lives. This
informal statement justifies the following definition.

Definition 6.4. The age of a stratum S(Γ0,M) is the minimum age of a ghost
automorphism a in G(Γ0). As in the case of group age, the age of an au-
tomorphism depends on the primitive root chosen, but the stratum age does
not.

With this new notation, the locus of non-canonical singularities could be writ-
ten as follows,

SingncRkg,ℓ =
⋃

ageS(Γ0,M)<1

S(Γ0,M).

Indeed, if [C, L, φ] ∈ Rkg,ℓ has a junior ghosts group, then this point lies on the
closure of a junior stratum. Conversely, every point in the closure of a junior
stratum has a junior ghosts group.

Definition 6.5. We say that a set of contractions {(Γ0,M) → (Γi,Mi)}, for
i = 1, . . . , k, covers Γ0 if E(Γ0) =

⋃
iE(Γi). We observe that if this set is a
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covering, then G(Γi,Mi) ⊂ G(Γ0,M) for all i and

S(Γ0,M) ⊂
k⋂

i=1

S(Γi,Mi).

Definition 6.6. An automorphism a ∈ G(Γ0) is supported on stratum S(Γ0,M)

if its support is the whole E(Γ0) set. We observe that this property has an
immediate moduli interpretation: an automorphism supported on S(Γ0,M) ap-

pears in the ghost group of every curve in S(Γ0,M) but it does not appear in
any other stratum whose closure contains S(Γ0,M).

Unfortunately, the age of a strata intersection is not bounded by the sum of
the ages of strata intersecting. However, there exists another invariant which
has a superadditive property with respect to strata intersection. We will pay
attention to the new automorphisms that appear at the intersection, i.e. those
automorphisms supported on the intersection stratum, using the notion just
introduced.

Theorem 6.7. Consider a covering (Γ0,M) → (Γi,Mi), with i = 1, . . . ,m,
such that

G(Γ0) =

m∑

i=1

G(Γi).

Then for every a supported on S(Γ0,M) we have

age a−#E(Γ0) ≥
m∑

i=1

(
ageS(Γi,Mi) −#E(Γi)

)
.

To prove the theorem we need the following lemma

Lemma 6.8. If a is supported on S(Γ0,M), then

age a + age a−1 = #E(Γ0).

Proof. Given an edge e ∈ E(Γ0), by definition, a−1(e), a(e) ∈ Z/ℓ. As a is
supported on S(Γ,M), a(e) 6≡ 0 for all e in E(Γ0), and then this component

brings to age a and age a−1 respectively a value of a(e)/ℓ and (1− a(e)/ℓ). As
a consequence we obtain age a + age a−1 = #E(Γ) = CodimS(Γ0,M). �

As a direct consequence of the previous lemma, we have age a−1 = #E(Γ0)−
age a. By hypothesis we can write,

a−1 = a1 + a2 + · · ·+ am,

where ai ∈ G(Γi,Mi) for all i, and we call ci the cardinality of ai support. By
subadditivity of age, we have age a−1 ≤ ∑ age ai, then using Lemma 6.8 we
obtain

a−#E ≥
m∑

i=1

(
age a−1i − ci

)
.
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By the fact that ci ≤ #E(Γi) for all i, and by the definition of age for the
strata, the Theorem is proved. �

We observe that #E(Γi) = CodimS(Γi,Mi) by Proposition 4.9, thus we found
an inequality about age involving geometric data. There is another formulation
of the statement. We already observed that for every graph Γ, b1(Γ) = #E −
(#V − 1). If the sum in the hypothesis is a direct sum, the rank condition is
equivalent to #V (Γ0)− 1 =

∑
#V (Γi)− 1. Therefore we have the following.

Corollary 6.9. If the (Γi,Mi) cover (Γ0,M) and

G(Γ0) =

m⊕

i=1

G(Γi),

then for every automorphism a supported on G(Γ0) we have

age a− b1(Γ0) ≥
m∑

i=1

(
ageS(Γi,Mi) − b1(Γi)

)
.

In the case of two strata intersecting, a rank condition implies the splitting of
G(Γ0,M) in a direct sum.

Lemma 6.10. Consider the contractions of decorated graphs (Γ0,M)→ (Γi,Mi)
for i = 1, 2. If Γ1 and Γ2 cover Γ0, and moreover

#V (Γ0)− 1 = (#V (Γ1)− 1) + (#V (Γ2)− 1),

then we have

G(Γ0) = G(Γ1)⊕G(Γ2).

Proof. Before proving it, we point out a useful fact: given any contraction
Γ0 → Γi, the natural injection G(Γi) →֒ G(Γ0) sends cuts on cuts. We suppose,
without loss of generalities, that #V (Γ1) ≤ #V (Γ2) and we prove the lemma
by induction on #V (Γ1).
The base case #V (Γ1) = 1 is empty, Γ0 = Γ2 and the thesis follows obviously.
Now suppose #V (Γ1) = q > 1, then #V (Γ2) < #V (Γ0) and so there exists
two vertices of Γ0 connected by edges who lies in E(Γ1) but not in E(Γ2). We
call e1 one of these edges in E(Γ1) and T1 a spanning tree of Γ1 containing
e1. If cutΓ1(e1;T1) is the corresponding cut, it is also an element of G(Γ0).
By rank conditions it suffices to prove that G(Γ0) = G(Γ1) +G(Γ2). Consider
a ∈ G(Γ0) which is not a sum of elements in G(Γ1) and G(Γ2). Now we define

a′ := a− k · cutΓ1(e1;T1),

where k is the necessary integer such that a′(e1) ≡ 0. Consider the graphs
(Γ′0,M

′) and (Γ′1,M
′
1) obtained contracting the edge e1 in Γ0 and Γ1 respec-

tively. By construction the contractions Γ′0 → Γ′1 and Γ′0 → Γ2 still respect the
hypothesis, and #V (Γ′1) = #V (Γ1)− 1. Therefore by induction the automor-
phism a′, which is an element of G(Γ′0,M

′), is a sum

a′ = a′1 + a2,
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with a′1 ∈ G(Γ′1) ⊂ G(Γ1) and a2 ∈ G(Γ2). Finally a = k ·cutΓ1(e;T1)+a′1 +a2,
then it is in G(Γ1) + G(Γ2). This is a contradiction and so the lemma is
proved. �

In what follows we will find, for some small prime values of ℓ, a description of
Jkg,ℓ by our stratification. Before starting we point out that our analysis will

focus in the cases J0
g,ℓ and J1

g,ℓ.

Proposition 6.11. If ℓ is prime, we have a natural stack isomorphism R
1
g,ℓ
∼=

R
k
g,ℓ for every k between 1 and ℓ− 1.

Proof. Consider a scheme S and a triple (C→ S, L, φ) in R
1
g,ℓ(S). Consider the

map sending it to

(C→ S, L⊗k, φ⊗k) ∈ R
k
g,ℓ(S).

As ℓ is prime and k 6≡ 0 mod ℓ, this morphism has a canonical inverse, so we
obtained an isomorphism of categories. �

6.1. The locus Jkg,ℓ for ℓ = 2. In this case the J-locus is always empty.

Indeed, every automorphisms in AutC(C, L, φ)/QR must have a support of
cardinality at least 2, but for every edge in the support, a ghost a has a
contribution of 1/2 to its age. Hence there are no junior automorphisms in
AutC(C, L, φ)/QR. This result was already obtained by Farkas and Ludwig

for the Prym space R0

g,2 in [10], and by Ludwig for R1

g,2 in [13].

6.2. The locus Jkg,ℓ for ℓ = 3. The process of finding the Jkg,ℓ decomposition,
for specific values of ℓ and k, will always follows three steps.

Step 1. We identify at first the graphs which can support a junior automor-
phism in Aut(C, L, φ)/QR, i.e. those graphs with #E < ℓ and no separating
edges. If Γ is one of these graphs, we identify the Z/ℓ-valued automorphisms
supported on Γ, i.e. the elements of

⊕
e∈E(Γ) Z/ℓ which are non-trivial on every

edge and are junior. These automorphisms are the junior elements in AutC(C)
for an ℓ-twisted curve whose dual graph is Γ.
If ℓ = 3 there is only one junior automorphism which can be supported on
a Z/3-valued decorated graph, the one represented in the image below and
supported on Γ(2,2).

• •
1

1

Step 2. For each one of these junior automorphisms, we search for multiplicity
cochains that respect the lift condition of Theorem 3.7 on the automorphisms
above. In this case the only possibilities are the following cochains
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• ## ;;•
1

1

M1

• ## ;;•
2

2

M2

In fact, the two decorated graphs (Γ(2,2),M1) and (Γ(2,2),M2) are isomorphic
by the isomorphism inverting the two vertices. Thus for ℓ = 3, there is only
one class of decorated graphs admitting junior automorphisms.
Step 3. By Proposition 3.4, there is an additional condition that the decorated
graph must satisfy: the cochain ∂M1 have to be the multidegree cochain of
ω⊗kC . Equivalently

(7)
∑

e+=v

M1(e) ≡ deg ω|⊗kv ≡ k · (2gv − 2 +Nv) mod ℓ ∀v ∈ V (Γ),

where gv is the genus of the component correspondent to vertex v, and Nv is
the degree of this vertex, i.e. the number of edges touching it.
By Proposition 6.11 we can focus in cases k = 0 and 1. If k = 1 the condition
of (7) is empty, because 2 and 3 are coprime and there always exists a sequence
of gv satisfying the equality. Then we have

J1
g,3 = S(Γ(2,2),M1).

In case k = 0, by (7) we have
∑

e+=vM1(e) ≡ 0 mod 3 for both vertices, but

this condition is not satisfied by
(
Γ(2,2),M1

)
, then

J0
g,3 = ∅.

6.3. The locus Jkg,ℓ for ℓ = 5. Step 1 and 2. For ℓ = 5, every graph (Γ,M)

such that there exists a junior automorphism a ∈ G(Γ,M), contracts on a vine
stratum. This is a consequence of the following lemma.

Lemma 6.12. If ℓ is a prime number, consider a decorated graph (Γ,M) such
that there exists a vertex v1 ∈ V (Γ) connected with exactly two vertices v2, v3
and such that between v1 and v2 there is only one edge called e

· · · •

• •v2 v1e

v3

If S(Γ,M) is a junior stratum, then there exists a non-trivial graph contraction
(Γ,M)→ (Γ1,M1) such that S(Γ1,M1) is also junior.

Remark 6.13. This lemma permits one to simplify the analysis of junior strata.
Every stratum labeled with a graph containing the configuration above, can be
ignored in the analysis. Indeed, if S(Γ,M) is a subset of the J-locus, there exists a

decorated graph (Γ1,M1) with less vertices such that S(Γ,M) ⊂ S(Γ1,M1) ⊂ Jkg,ℓ.
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Proof of the Lemma. Consider a ∈ G(Γ,M) such that age a < 1. If a is not
supported on S(Γ,M), we contract one edge where a acts trivially and the lemma
is proved. Thus we suppose a supported on S(Γ,M). We call e′ one of the edges
connecting v1 and v3. We consider a spanning tree T of Γ passing though e′

and not passing through e. Then we call Γ1 and Γ2 the two contractions of Γ
obtained contracting respectively e′ and ET \{e′}. By Lemma 6.10, we have

G(Γ,M) = G(Γ1,M1)⊕G(Γ2,M2).

Therefore we use Theorem 6.7 to obtain

age a−#E(Γ) ≥
(
ageS(Γ1,M1) −#E(Γ1)

)
+
(
ageS(Γ2,M2) −#E(Γ2)

)
.

As #E(Γ) = #E(Γ1) + #E(Γ2)− 1 by construction, a junior implies S(Γ1,M1)

or S(Γ2,M2) to be junior. �

The configuration of Lemma 6.12 appears in every non-vine graph with less
than 5 edges. As a consequence the reduction to vine strata follows.
To summarize these vine strata we introduce a new notation. Consider a k-
vine graph, with vertices v1 and v2 and edges e1, . . . , ek all taken oriented from
v1 to v2. If the multiplicity index M on the graph take values M(ei) = mi,
mi ∈ Z/ℓ, we note this decorated graph (m1,m2, . . . ,mk). For example the
graphs appeared in the precedent paragraph are noted (1, 1) and (2, 2) (and are
isomorphic). We can now state the ten classes of vine graphs which support a
junior ghost for ℓ = 5,

(1, 1), (2, 2), (1, 2), (1, 3), (1, 1, 1), (2, 2, 2),

(1, 1, 3), (2, 2, 1), (1, 1, 1, 1), (2, 2, 2, 2).

Step 3. For k = 1, equation (7) is always respected for some genus labellings
of the graph. Therefore we have

J1
g,5 = S(1,1) ∪ S(2,2) ∪ S(1,2) ∪ S(1,3) ∪ S(1,1,1)∪

∪S(2,2,2) ∪ S(1,1,3) ∪ S(2,2,1) ∪ S(1,1,1,1) ∪ S(2,2,2,2).
If k = 0 the equation is satisfied by two vine graphs, and we obtain the following

J0
g,5 = S(1,1,3) ∪ S(2,2,1).

In particular, this result fills the hole in Chiodo and Farkas analysis in [8].

They proved that the J-locus in the space R0

g,ℓ is empty for ℓ ≤ 6 and ℓ 6= 5.

6.4. The locus Jkg,ℓ for ℓ = 7. Step 1 and 2. Using Lemma 6.12, we observe
that for ℓ = 7 there are two kinds of graphs admitting junior automorphisms.
The first kind is the usual vine graph, but we can also have a 3-cycle graph
such that every pair of vertices is connected by two edges. In this second case,
the only possible automorphism with age lower than 1 takes value 1 on every
edge. As a consequence the possible decorations are like in figure below.
We define two sets of decorated graphs

V7 := {vine decorated graphs admitting junior automorphism}/ ∼=
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•

����•

@@ KK

•jjtt

A A B B

A+B

A+B

C7 := {graphs decorated as in the figure}/ ∼= .

Step 3. If k = 1, condition (7) is always verified by some genus labeling.
Therefore, we have

J1
g,7 =

⋃

(Γ,M)∈V7

S(Γ,M) ∪
⋃

(Γ,M)∈C7

S(Γ,M).

If k = 0, we call V ′7 the subset of V7 of decorated graphs respecting equation
(7). Every graph in C7 does not respect the equation. Indeed, we must have
4A+ 2B ≡ 0 mod 7 and 2B − 2A ≡ 0 mod 7, therefore A ≡ B ≡ 0 which is
not allowed. Finally, we have

J0
g,7 =

⋃

(Γ,M)∈V ′
7

S(Γ,M).

In other words, the J-locus of R0

g,7 is a union of vine strata.
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Abstract. We define a C∗-hull for a ∗-algebra, given a notion of
integrability for its representations on Hilbert modules. We establish
a local–global principle which, in many cases, characterises integrable
representations on Hilbert modules through the integrable representa-
tions on Hilbert spaces. The induction theorem constructs a C∗-hull
for a certain class of integrable representations of a graded ∗-algebra,
given a C∗-hull for its unit fibre.
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1 Introduction

Savchuk and Schmüdgen [27] have introduced a method to define and classify
the integrable representations of certain ∗-algebras by an inductive construction.
The original goal of this article was to clarify this method and thus make it
apply to more situations. This has led me to reconsider some foundational
aspects of the theory of representations of ∗-algebras by unbounded operators.
This is best explained by formulating an induction theorem that is inspired
by [27].
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Let G be a discrete group with unit element e ∈ G. Let A =
⊕

g∈GAg be a
G-graded unital ∗-algebra. That is, Ag ·Ah ⊆ Agh, A∗g = Ag−1 , and 1 ∈ Ae. In
particular, the unit fibre Ae is a unital ∗-algebra. Many interesting examples
of this situation are studied in [7, 27]. A Fell bundle over G is a family of
subspaces (Bg)g∈G of a C∗-algebra B (which is not part of the data) such that
Bg · Bh ⊆ Bgh and B∗g = Bg−1 . The universal choice for B is the section
C∗-algebra of the Fell bundle.
Briefly, our main result says the following. Let Be be a C∗-algebra such that
“integrable” “representations” of Ae are “equivalent” to “representations” of Be.
Under some technical conditions, we construct a Fell bundle (B+

g )g∈G over G
such that “integrable” “representations” of A are “equivalent” to “representa-
tions” of its section C∗-algebra. Here the words in quotation marks must be
interpreted carefully to make this true.
A representation of a ∗-algebra A on a Hilbert D-module E is an algebra ho-
momorphism π from A to the algebra of D-module endomorphisms of a dense
D-submodule E ⊆ E with 〈ξ, π(a)η〉 = 〈π(a∗)ξ, η〉 for all ξ, η ∈ E, a ∈ A. The
representation induces a graph topology on E. We restrict to closed repre-
sentations most of the time, that is, we require E to be complete in the graph
topology. The difference from usual practice is that we consider representations
on Hilbert modules over C∗-algebras. A representation of a C∗-algebra B on a
Hilbert module E is a nondegenerate ∗-homomorphism B → B(E), where B(E)
denotes the C∗-algebra of adjointable operators on E .
The notion of “integrability” for representations is a choice. The class of all
Hilbert space representations of a ∗-algebra may be quite wild. Hence it is
customary to limit the study to some class of “nice” or “integrable” represen-
tations. For instance, for the universal enveloping algebra of the Lie algebra of
a Lie group G, we may call those representations “integrable” that come from
a unitary representation of G. This example suggests the name “integrable”
representations.

We fix a notion of integrability for representations of Ae ⊆ A on all Hilbert
modules over all C∗-algebras. A representation of A is called integrable if its
restriction to Ae is integrable. The induction theorem describes the integrable
representations of A in terms of integrable representations of Ae. For instance,
if Ae is finitely generated and commutative, then we may call a representation π
on a Hilbert module integrable if the closure π(a) is a regular, self-adjoint
operator for each a ∈ Ae with a = a∗. All examples in [7, 27] are of this type.

An “equivalence” between the integrable representations of a unital ∗-algebra A
and the representations of a C∗-algebra B is a family of bijections – one for
each Hilbert module E over each C∗-algebra D – between the sets of integrable
representations of A and of representations of B on E ; these bijections must
be compatible with isometric intertwiners and interior tensor products. These
properties require some more definitions.
First, an isometric intertwiner between two representations is a Hilbert mod-
ule isometry – not necessarily adjointable – between the underlying Hilbert
modules that restricts to a left module map between the domains of the rep-
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resentations. For an equivalence between integrable representations of A and
representations of B we require an isometry to intertwine two representations
of B if and only if it intertwines the corresponding integrable representations
of A.
Secondly, a C∗-correspondence from D1 to D2 is a Hilbert D2-module F with a
representation of D1. Given such a correspondence and a Hilbert D1-module E ,
the interior tensor product E ⊗D1 F is a Hilbert D2-module. A representation
of A or B on E induces a representation on E ⊗D1 F . We require our bijec-
tions between integrable representations of A and representations of B to be
compatible with this interior tensor product construction on representations.

We call B a C∗-hull for the integrable representations of A if the integrable rep-
resentations of A are equivalent to the representations of B as explained above,
that is, through a family of bijections compatible with isometric intertwiners
and interior tensor products. The Induction Theorem builds a C∗-hull for the
integrable representations of A using a C∗-hull for the integrable representa-
tions of Ae and assuming a further mild technical condition, which we explain
below.

Many results of the general theory remain true if we only require the equiv-
alence of representations to be compatible with interior tensor products and
unitary ∗-intertwiners, that is, isomorphisms of representations; we speak of
a weak C∗-hull in this case. The Induction Theorem, however, fails for weak
C∗-hulls. We show this by a counterexample. Some results only need the class
of integrable representations to have some properties that are clearly neces-
sary for the existence of a C∗-hull or weak C∗-hull, but they do not need the
(weak) C∗-hull itself. This is formalised in our notions of admissible and weakly
admissible classes of representations.
For example, let A be commutative. Let Â be the space of characters of A
with the topology of pointwise convergence. If Â is locally compact and A is
countably generated, then C0(Â) is a C∗-hull for the integrable representations
of A as defined above, that is, those representations where each π(a) for a ∈
A with a = a∗ is regular and self-adjoint. If, say, A = C[x] with x = x∗,
then the C∗-hull is C0(R). Here the equivalence of representations maps an
integrable representation π of C[x] to the functional calculus homomorphism
for the regular, self-adjoint operator π(x).
If Â is not locally compact, then the integrable representations of A defined
above still form an admissible class, but they have no C∗-hull. If, say, A is the
algebra of polynomials in countably many variables, then Â = R∞, which is
not locally compact. The problem of associating C∗-algebras to this ∗-algebra
has recently been studied by Grundling and Neeb [12]. From our point of view,
this amounts to choosing a smaller class of “integrable” representations that
does admit a C∗-hull.
We have now explained the terms in quotation marks in our Induction Theorem
and how we approach the representation theory of ∗-algebras. Most previous
work focused either on representations on Hilbert spaces or on single unbounded
operators on Hilbert modules. Hilbert module representations occur both in
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the assumptions and in the conclusions of the Induction Theorem, and hence
we cannot prove it without them. In addition, taking into account Hilbert
module representations makes our C∗-hulls unique.
Besides the Induction Theorem, the other main strand of this article are Local–
Global Principles, which aim at reducing the study of integrability for repre-
sentations on general Hilbert modules to representations on Hilbert space. We
may use a state ω on the coefficient C∗-algebra D of a Hilbert module E to
complete E to a Hilbert space. Thus a representation of A on E induces Hilbert
space representations for all states on D. The Local–Global Principle says that
a representation ofA on E is integrable if and only if these induced Hilbert space
representations are integrable for all states; the Strong Local–Global Principle
says the same with all states replaced by all pure states. We took these names
from [15]. Earlier results of Pierrot [21] show that the Strong Local–Global
Principle holds for any class of integrable representations that is defined by
certain types of conditions, such as the regularity and self-adjointness of π(a)
for certain a ∈ A with a = a∗. For instance, this covers the integrable repre-
sentations of commutative ∗-algebras and universal enveloping algebras.
In all examples that we treat, the regularity of π(a) for certain a ∈ A is part
of the definition of an integrable representation. Other elements of A may,
however, act by irregular operators in some integrable representations. Thus
affiliation and regularity are important to study the integrable representations
in concrete examples, but cannot play a foundational role for the general rep-
resentation theory of ∗-algebras.
If B is generated in the sense of Woronowicz [32] by some self-adjoint, affiliated
multipliers that belong to A, then it is a C∗-hull and the Strong Local–Global
Principle holds (see Theorem 5.19). A counterexample shows that this theorem
breaks down if the generating affiliated multipliers are not self-adjoint: both
the Local–Global Principle and compatibility with isometric intertwiners fail
in the counterexample. So regularity without self-adjointness seems to be too
weak for many purposes. The combination of regularity and self-adjointness
is an easier notion than regularity alone. A closed operator T is regular and
self-adjoint if and only if T − λ is surjective for all λ ∈ C \ R, if and only if
the Cayley transform of T is unitary, if and only if T has a functional calculus
homomorphism on C0(R).
Now we describe the Fell bundle in the Induction Theorem and, along the way,
the further condition besides compatibility with isometric intertwiners that it
needs. Our input data is a graded ∗-algebra A =

⊕
g∈GAg and a C∗-hull Be

for Ae. A representation of A is integrable if its restriction to Ae is integrable.
We seek a C∗-hull for the integrable representations of A.
As in [27], we induce representations from Ae to A, and this requires a positivity
condition. We call representations of Ae that may be induced to A inducible.
We describe a quotient C∗-algebra B+

e of Be that is a C∗-hull for the inducible,
integrable representations of A. It is the unit fibre of our Fell bundle.
If a representation π of A is integrable, then its restriction to Ae is integrable
and inducible. Thus it corresponds to a representation π̄+

e of B+
e . The identity
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correspondence on B+
e corresponds to a particular (“universal”) inducible, inte-

grable representation of Ae on B
+
e . Its domain is a dense right ideal B+

e ⊆ B+
e .

The operators π(a)π̄+
e (b) on E for a ∈ Ag, b ∈ B+

e are adjointable. Their closed
linear span is the fibre B+

g of our Fell bundle at g provided π+
e is faithful. The

most difficult point is to prove B+
e ·B+

g = B+
g for all g ∈ G. This easily implies

B+
g · B+

h ⊆ B+
gh and (B+

g )
∗ = B+

g−1 , so that the subspaces B+
g ⊆ B(E) form a

Fell bundle.

To prove B+
e ·B+

g = B+
g , we need compatibility with isometric intertwiners and

that induction maps inducible, integrable representations of Ae to integrable
representations of A. Two counterexamples show that both assumptions are
necessary for the Induction Theorem.

Fell bundles are noncommutative partial dynamical systems. More precisely, a
Fell bundle (B+

g )g∈G over G is equivalent to an action of G on B+
e by partial

Morita–Rieffel equivalences; this is made precise in [4]. In the examples in
[7, 27], the group G is almost always Z; the C∗-algebras Be and hence B+

e are
commutative; and the resulting Fell bundle comes from a partial action of G
on the spectrum of B+

e . In these examples, the section C∗-algebra is a partial
crossed product. This may also be viewed as the groupoid C∗-algebra of the
transformation groupoid for the partial action of G on the spectrum of B+

e .
We show that the C∗-hull B for the integrable representations of A is a twisted
groupoid C∗-algebra of this transformation groupoid whenever Be is commuta-
tive. We give some criteria when the twist is absent, and examples where the
twist occurs. One way to insert such twists is by Rieffel deformation, using a
2-cocycle on the group G. We show that Rieffel deformation is compatible with
the construction of C∗-hulls.

We describe commutative and noncommutative C∗-hulls for the polynomial al-
gebra C[x] in §4 and §6; the noncommutative C∗-hulls for C[x] make very good
counterexamples. We classify and study commutative C∗-hulls in §8. Many re-
sults about them generalise easily to locally bounded representations. Roughly
speaking, these are representations where the vectors on which the representa-
tion acts by bounded operators form a core. The only ∗-algebras for which we
treat locally bounded representations in some detail are the commutative ones.

Through the Induction Theorem, the representation theory of commutative
∗-algebras is important even for noncommutative algebras because they may
admit a grading by some group with commutative unit fibre. Many examples
of this are treated in detail in [7, 27]. We discuss untwisted and twisted Weyl
algebras in finitely and infinitely many generators in §13. The twists involved
are Rieffel deformations. Since these examples have commutative unit fibres,
the resulting C∗-hulls are twisted groupoid C∗-algebras. As it turns out, all
twists of the relevant groupoids are trivial, so that the twists do not change
the representation theory of the Weyl algebras up to equivalence.

I am grateful to Yuriy Savchuk for several discussions, which led me to pursue
this project and eliminated mistakes from early versions of this article. And I
am grateful to the referee as well for several useful suggestions.
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2 Representations by unbounded operators on Hilbert modules

Let A be a unital ∗-algebra, D a C∗-algebra, and E a Hilbert D-module. Our
convention is that inner products on Hilbert spaces and Hilbert modules are
linear in the second and conjugate-linear in the first variable.

Definition 2.1. A representation of A on E is a pair (E, π), where E ⊆ E is a
dense D-submodule and π : A → EndD(E) is a unital algebra homomorphism
to the algebra of D-module endomorphisms of E, such that

〈π(a)ξ, η〉D = 〈ξ, π(a∗)η〉D for all a ∈ A, ξ, η ∈ E.

We call E the domain of the representation. We may drop π from our notation
by saying that E is an A,D-bimodule with the right module structure inherited
from E , or we may drop E because it is the common domain of the partial linear
maps π(a) on E for all a ∈ A.
We equip E with the graph topology, which is generated by the graph norms

‖ξ‖a := ‖(ξ, π(a)ξ)‖ := ‖〈ξ, ξ〉 + 〈π(a)ξ, π(a)ξ〉‖1/2 = ‖〈ξ, π(1 + a∗a)ξ〉‖1/2

for a ∈ A. The representation is closed if E is complete in this topology. A core
for (E, π) is an A,D-subbimodule of E that is dense in E in the graph topology.

Definition 2.1 forD = C is the usual definition of a representation of a ∗-algebra
on a Hilbert space by unbounded operators. This situation has been studied
extensively (see, for instance, [28]). For E = D with the canonical Hilbert
D-module structure, we get representations of A by densely defined unbounded
multipliers. The domain of such a representation is a dense right ideal D ⊆ D.
This situation is a special case of the “compatible pairs” defined by Schmüd-
gen [29].
Given two norms p, q, we write p � q if there is a scalar c > 0 with p ≤ cq.
Lemma 2.2. The set of graph norms partially ordered by � is directed: for
all a1, . . . , an ∈ A there are b ∈ A and c ∈ R>0 so that ‖ξ‖ai

≤ c‖ξ‖b for any
representation (E, π), any ξ ∈ E, and i = 1, . . . , n.

Proof. Let b =
∑n

j=1 a
∗
jaj . The following computation implies ‖ξ‖ai

≤ 5/4‖ξ‖b:

0 ≤ 〈ξ, π(1 + a∗i ai)ξ〉
≤ 〈ξ, π(1 + a∗i ai)ξ〉+

∑

i6=j

〈π(aj)ξ, π(aj)ξ〉+ 〈π(b − 1/2)ξ, π(b − 1/2)ξ〉

= 〈ξ, π(1 + b+ (b− 1/2)2)ξ〉 = 〈ξ, π(5/4 + b2)ξ〉 ≤ 5/4〈ξ, π(1 + b∗b)ξ〉.

Definition 2.3 ([20], [17, Chapter 9]). A densely defined operator t on a
Hilbert module E is semiregular if its adjoint is also densely defined. It is
regular if it is closed, semiregular and 1 + t∗t has dense range. An affiliated
multiplier of a C∗-algebra D is a regular operator on D viewed as a Hilbert
D-module.
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The closability assumption in [20, Definition 2.1.(ii)] is redundant by
[15, Lemma 2.1]. Regularity was introduced by Baaj and Julg [1], affiliation by
Woronowicz [31].

Remark 2.4. Let (E, π) be a representation of A on E and let a ∈ A. The
operator π(a) is automatically semiregular because π(a)∗ is defined on E. The
closure π(a) of π(a) need not be regular. The regularity of π(a) for some
a ∈ A is often assumed in the definition of integrable representations. For non-
commutative A, we should expect that π(a) is irregular for some a ∈ A even if π
is integrable. For instance, a remark after Corollaire 1.27 in [21] says that this
happens for certain symmetric elements in the universal enveloping algebraU(g)
for a simply connected Lie group G: they act by irregular operators in certain
representations that integrate to unitary representations of G.

The usual norm on E is the graph norm for 0 ∈ A. Hence the inclusion map
E →֒ E is continuous for the graph topology on E and extends continuously to
the completion E of E in the graph topology.

Proposition 2.5. The canonical map E→ E is injective, and its image is

E =
⋂

a∈A

domπ(a). (2.6)

Thus (E, π) is closed if and only if E =
⋂
a∈A domπ(a). Each π(a) extends

uniquely to a continuous operator π(a) on E. This defines a closed representa-
tion (E, π) of A, called the closure of (E, π).

Proof. The operator π(a) for a ∈ A is semiregular and hence closable by [15,
Lemma 2.1]. Equivalently, the canonical map from the completion of E in the
graph norm for a to E is injective. Its image is domπ(a), the domain of the
closure of π(a). The graph norms for a ∈ A form a directed set that defines
the graph topology on E. So the completion of E in the graph topology is the
projective limit of the graph norm completions for a ∈ A. Since each of these
graph norm completions embeds into E , the projective limit in question is just
an intersection in E , giving (2.6). For Hilbert space representations, this is
[28, Proposition 2.2.12].
The operators π(a) ∈ EndD(E) for a ∈ A are continuous in the graph topology.
Thus they extend uniquely to continuous linear operators π(a) ∈ EndD(E).
These are again D-linear and the map π is linear and multiplicative because
extending operators to a completion is additive and functorial. The set of
(ξ, η) ∈ E× E with 〈ξ, π(a)η〉 = 〈π(a∗)ξ, η〉 for all a ∈ A is closed in the graph
topology and contains E×E, which is dense in E×E. Hence this equation holds
for all ξ, η ∈ E. So (E, π) is a representation of A on E . The graph topology
on E for π extends the graph topology on E for π and hence is complete. So
(E, π) is a closed representation.

We shall need a generalisation of (2.6) that replaces A by a sufficiently large
subset.

Documenta Mathematica 22 (2017) 1375–1466



1382 Ralf Meyer

Definition 2.7. A subset S ⊆ A is called a strong generating set if it gen-
erates A as an algebra and the graph norms for a ∈ S generate the graph
topology in any representation. That is, for any representation on a Hilbert
module, any vector ξ in its domain and any a ∈ A, there are c ≥ 1 in R and
b1, . . . , bn ∈ S with ‖ξ‖a ≤ c

∑n
i=1‖ξ‖bi

.

An estimate ‖ξ‖a ≤ c
∑n
i=1‖ξ‖bi

is usually shown by finding d1, . . . , dm ∈ A

with a∗a+
∑m
j=1 d

∗
jdj = c ·∑n

i=1 b
∗
i bi, compare the proof of Lemma 2.2.

Example 2.8. Let Ah := {a ∈ A | a = a∗} be the set of symmetric elements.
Call an element of A positive if it is a sum of elements of the form a∗a. The pos-
itive elements and, a fortiori, the symmetric elements form strong generating
sets for A. Any element is of the form a1 + ia2 with a1, a2 ∈ Ah, and

a =
(
a+ 1
2

)2

−
(
a− 1
2

)2

for a ∈ Ah. Thus the positive elements generate A as an algebra. The
graph norms for positive elements generate the graph topology by the proof of
Lemma 2.2.

Proposition 2.9. Let S ⊆ A be a strong generating set. Two closed represen-
tations (E1, π1) and (E2, π2) of A on the same Hilbert module E are equal if
and only if π1(a) = π2(a) for all a ∈ S.

Proof. One direction is trivial. To prove the non-trivial direction, assume
π1(a) = π2(a) for all a ∈ S. Let (E, π) = (Ei, πi) for i = 1, 2. The com-
pletion of E for the graph norm of a is domπ(a), compare the proof of Proposi-
tion 2.5. Hence the completion of E in the sum of graph norms

∑n
k=1‖ξ‖bk

for

b1, . . . , bn ∈ S is
⋂n
k=1 domπ(bk). These sums of graph norms for b1, . . . , bn ∈ S

form a directed set that generates the graph topology on E. Hence

E =
⋂

a∈S

domπ(a), (2.10)

compare the proof of (2.6). So E1 = E2. Moreover, π1(a) = π1(a)|E1 =
π2(a)|E2 = π2(a) for all a ∈ S. Since S generatesA as an algebra and πi(A)Ei ⊆
Ei, this implies π1 = π2.

Proposition 2.9 may fail for generating sets that are not strong, see Example 4.2.

Corollary 2.11. Let S be a strong generating set of A and let (E, π) be a
closed representation of A with domπ(a) = E for each a ∈ S. Then E = E
and π is a ∗-homomorphism to the C∗-algebra B(E) of adjointable operators
on E.

Proof. Equation (2.10) gives E = E . Since π(a∗) ⊆ π(a)∗ and π(a∗) is defined
everywhere, it is adjoint to π(a). So π(a) ∈ B(E) and π is a ∗-homomorphism
to B(E).
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Lemma 2.12. Let A be a unital C∗-algebra. Any closed representation of A
on E has domain E = E and is a unital ∗-homomorphism to B(E).

Proof. Let a ∈ A. There are a positive scalar C > 0 and b ∈ A with a∗a+b∗b =
C; say, take C = ‖a‖2

and b =
√
C − a∗a. Then

〈π(a)ξ, π(a)ξ〉 ≤ 〈π(a)ξ, π(a)ξ〉 + 〈π(b)ξ, π(b)ξ〉 = 〈ξ, π(a∗a+ b∗b)ξ〉 = C〈ξ, ξ〉

for all ξ ∈ E. Thus the graph topology on E is equivalent to the norm topology
on E . Hence E = E for any closed representation.

An isometry I : E1 →֒ E2 between two Hilbert D-modules E1 and E2 is a right
D-module map with 〈Iξ1, Iξ2〉 = 〈ξ1, ξ2〉 for all ξ1, ξ2 ∈ E1.

Definition 2.13. Let (E1, π1) and (E2, π2) be representations on Hilbert
D-modules E1 and E2, respectively. An isometric intertwiner between them
is an isometry I : E1 →֒ E2 with I(E1) ⊆ E2 and I ◦ π1(a)(ξ) = π2(a) ◦ I(ξ)
for all a ∈ A, ξ ∈ E1. Equivalently, I ◦ π1(a) ⊆ π2(a) ◦ I for all a ∈ A, that
is, the graph of π2(a) ◦ I contains the graph of I ◦ π1(a). We neither ask I
to be adjointable nor I(E1) = E2. Let Rep(A,D) be the category with closed
representations of A on Hilbert D-modules as objects, isometric intertwiners
as arrows, and the usual composition. The unit arrow on (E, π) is the identity
operator on E .

Lemma 2.14. Let (E1, π1) and (E2, π2) be representations on Hilbert
D-modules E1 and E2, respectively, and let I : E1 →֒ E2 be an isometric
intertwiner. Then I is also an intertwiner between the closures of (E1, π1)
and (E2, π2).

Proof. Since I intertwines the representations, it is continuous for the graph
topologies on E1 and E2. Hence I maps the domain of the closure π1 into the
domain of π2. This extension is still an intertwiner because it is an intertwiner
on a dense subspace.

Proposition 2.15. Let (E1, π1) and (E2, π2) be closed representations of A on
Hilbert D-modules E1 and E2, respectively. Let S ⊆ A be a strong generating
set. An isometry I : E1 →֒ E2 is an intertwiner from (E1, π1) to (E2, π2) if and
only if I ◦ π1(a) ⊆ π2(a) ◦ I for all a ∈ S.

Proof. First let I satisfy I ◦ π1(a) ⊆ π2(a) ◦ I for all a ∈ S. Then I maps the
domain of π1(a) into the domain of π2(a) for each a ∈ S. Now (2.10) implies
I(E1) ⊆ E2. Since πi(a) = πi(a)|Ei , we get I(π1(a)(ξ)) = π2(a)(I(ξ)) for all
a ∈ S, ξ ∈ E1. Since S generates A as an algebra and πi(A)Ei ⊆ Ei, this
implies I ◦ π1(a) = π2(a) ◦ I for all a ∈ A, that is, I is an intertwiner.
Conversely, assume that I is an intertwiner from (E1, π1) to (E2, π2). Equiv-
alently, I ◦ π1(a) ⊆ π2(a) ◦ I for all a ∈ A. We have I ◦ π1(a) = I ◦ π1(a)
because I is an isometry, and π2(a) ◦ I ⊆ π2(a) ◦ I. Thus I ◦ π1(a) ⊆ π2(a) ◦ I
for all a ∈ A.
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Now we relate the categories Rep(A,D) for different C∗-algebras D.

Definition 2.16. Let D1 and D2 be two C∗-algebras. A C∗-correspondence
from D1 to D2 is a Hilbert D2-module with a representation of D1 by ad-
jointable operators (representations of C∗-algebras are tacitly assumed nonde-
generate). An isometric intertwiner between two correspondences from D1

to D2 is an isometric map on the underlying Hilbert D2-modules that inter-
twines the left D1-actions. Let Rep(D1, D2) denote the category of correspon-
dences from D1 to D2 with isometric intertwiners as arrows and the usual
composition.

By Lemma 2.12, our two definitions of Rep(A,D) for unital ∗-algebras and
C∗-algebras coincide if A is a unital C∗-algebra. So our notation is not am-
biguous. There is no need to define representations of a non-unital ∗-algebra A
because we may adjoin a unit formally. A representation of A extends uniquely
to a representation of the unitisation Ã. Thus the nondegenerate representa-
tions of A are contained in Rep(Ã). To get rid of degenerate representations, we
may require nondegeneracy on A when defining the integrable representations
of Ã, compare Example 5.13.
Let E be a Hilbert D1-module and F a correspondence from D1 to D2. The
interior tensor product E ⊗D1 F is the (Hausdorff) completion of the algebraic
tensor product E ⊙ F to a Hilbert D2-module, using the inner product

〈ξ1 ⊗ η1, ξ2 ⊗ η2〉 = 〈η1, 〈ξ1, ξ2〉D1 · η2〉D2 , (2.17)

see the discussion around [17, Proposition 4.5] for more details. We may use
the balanced tensor product E ⊙D1 F instead of E ⊙F because the inner prod-
uct (2.17) descends to this quotient. If we want to emphasise the left action
ϕ : D1 → B(F) in the C∗-correspondence F , we write E ⊗ϕ F for E ⊗D1 F .
In addition, let (E, π) be a closed representation of A on E . We are going to
build a closed representation (E ⊗D1 F , π ⊗D1 1) of A on E ⊗D1 F . First let
X ⊆ E ⊗D1 F be the image of E ⊙F or E⊙D1 F under the canonical map to
E ⊗D1 F .
Lemma 2.18. For a ∈ A, there is a unique linear operator π(a) ⊗ 1: X → X
with (π(a)⊗1)(ξ⊗η) = π(a)(ξ)⊗η for all ξ ∈ E, η ∈ F . The map a 7→ π(a)⊗1
is a representation of A with domain X.

Proof. Write ω, ζ ∈ X as images of elements of E⊙F :

ω =
n∑

i=1

ξi ⊗ ηi, ζ =
m∑

j=1

αj ⊗ βj

with ξi, αj ∈ E, ηi, βj ∈ F for 1 ≤ i ≤ n, 1 ≤ j ≤ m. Then

〈
ζ,

n∑

i=1

π(a)ξi ⊗ ηi
〉

=

〈
m∑

j=1

π(a∗)αj ⊗ βj , ω
〉
. (2.19)
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An element ω′ ∈ E⊗D1F is determined uniquely by its inner products 〈ζ, ω′〉 =
0 for all ζ ∈ X becauseX is dense in E⊗D1F . The right hand side in (2.19) does
not depend on how we decomposed ω. Hence (π(a) ⊗ 1)ω :=

∑n
i=1 π(a)ξi ⊗ ηi

well-defines an operator π(a) ⊗ 1: X → X . This is a right D2-module map,
and a 7→ π(a) ⊗ 1 is linear and multiplicative because π is. Equation (2.19)
says that 〈ζ, (π(a) ⊗ 1)ω〉 = 〈(π(a∗)⊗ 1)ζ, ω〉 for all ω, ζ ∈ X . Thus π ⊗ 1 is a
representation.

Definition 2.20. Let (E⊗D1 F , π ⊗D1 1) be the closure of the representation
on E ⊗D1 F defined in Lemma 2.18.

Lemma 2.21. Let I : E1 →֒ E2 be an isometric intertwiner between two represen-
tations (E1, π1) and (E2, π2), and let J : F1 →֒ F2 be an isometric intertwiner
of C∗-correspondences. Then I ⊗D1 J : E1⊗D1 F1 →֒ E2⊗D1 F2 is an isometric
intertwiner between (E1 ⊗D1 F1, π1 ⊗ 1) and (E2 ⊗D1 F2, π2 ⊗ 1).

Proof. The isometry I ⊗D1 J maps the image X1 of E1 ⊙F1 to the image X2

of E2 ⊙F2 and intertwines the operators π1(a)⊗ 1 on X1 and π2(a)⊗ 1 on X2

for all a ∈ A. That is, it intertwines the representations defined in Lemma 2.18.
It also intertwines their closures by Lemma 2.14.

The lemma gives a bifunctor

⊗D1 : Rep(A,D1)× Rep(D1, D2)→ Rep(A,D2). (2.22)

The corresponding bifunctor

⊗D1 : Rep(B,D1)× Rep(D1, D2)→ Rep(B,D2)

for a C∗-algebra B is the usual composition of C∗-correspondences. This com-
position is associative up to canonical unitaries

E ⊗D1 (F ⊗D2 G)
∼−→ (E ⊗D1 F)⊗D2 G, ξ ⊗ (η ⊗ ζ) 7→ (ξ ⊗ η)⊗ ζ, (2.23)

for all triples of composable C∗-correspondences.

Lemma 2.24. If E carries a representation (E, π) of a ∗-algebra A, then the
unitary in (2.23) is an intertwiner (E, π)⊗D1 (F⊗D2G)

∼−→
(
(E, π)⊗D1F

)
⊗D2G.

Proof. The bilinear map from E×F to E⊗D1 F is separately continuous with
respect to the graph topologies on E and E ⊗D1 F and the norm topology
on F . Since the image of F ⊙G in the Hilbert module F ⊗D2 G is dense in the
norm topology, the image of E ⊙ F ⊙ G in E ⊗D1 (F ⊗D2 G) is a core for the
representation (E, π) ⊗D1 (F ⊗D2 G). Since the image of E⊙ F in E⊗D1 F is
dense in the graph topology, the image of E⊙F⊙G in (E⊗D1F)⊗D2 G is a core
for the representation

(
(E, π)⊗D1 F

)
⊗D2 G. The unitary in (2.23) intertwines

between these cores. Hence it also intertwines between the resulting closed
representations by Lemma 2.14.
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Definition 2.25. Let (E1, π1) and (E2, π2) be two representations of A on
Hilbert D-modules E1 and E2. An adjointable operator x : E1 → E2 is an
intertwiner if x(E1) ⊆ E2 and xπ1(a)ξ = π2(a)xξ for all a ∈ A, ξ ∈ E1. It is a
∗-intertwiner if both x and x∗ are intertwiners.

Any adjointable intertwiner between two representations of a C∗-algebra B is a
∗-intertwiner. In contrast, for a general ∗-algebra, even the adjoint of a unitary
intertwiner u fails to be an intertwiner if u(E1) ( E2.

Example 2.26. Let t be a positive symmetric operator on a Hilbert space H.
Assume that

⋂
n∈N dom tn is dense in H, so that t generates a representation π

of the polynomial algebra C[x] on H. The Friedrichs extension of t is a positive
self-adjoint operator t′ on H. It generates another representation π′ of C[x]
on H. The identity map on H is a unitary intertwiner π →֒ π′. It is not a
∗-intertwiner unless t = t′.

The following proposition characterises when an adjointable isometry I : E1 →֒
E between two representations on Hilbert D-modules is a ∗-intertwiner. Since
E ∼= E1 ⊕ E⊥1 if I is adjointable, we may as well assume that I is the inclusion
of a direct summand.

Proposition 2.27. Let E1 and E2 be Hilbert modules over a C∗-algebra D and
let (E1, π1) and (E, π) be representations of A on E1 and E1 ⊕ E2, respectively.
The following are equivalent:

(1) the canonical inclusion I : E1 →֒ E1 ⊕ E2 is a ∗-intertwiner from π1 to π;

(2) the canonical inclusion I : E1 →֒ E1 ⊕ E2 is an intertwiner from π1 to π
and E = E1 + (E ∩ E2);

(3) there is a representation (E2, π2) on E2 such that π = π1 ⊕ π2.

Proof. We view E1 and E2 as subspaces of E1⊕E2, so we may drop the isometry I
from our notation. The implication (3)⇒(1) is trivial. We are going to prove
(1)⇒(2)⇒(3). First assume that I is a ∗-intertwiner. Then I is an intertwiner.
In particular, E1 ⊆ E. Write ξ ∈ E as ξ = ξ1 + ξ2 with ξ1 ∈ E1, ξ2 ∈ E2.
Since I∗ is an intertwiner, ξ1 = I∗(ξ) ∈ E1. Hence ξ2 = ξ − ξ1 ∈ E ∩ E2.
Thus (1) implies (2).
If (2) holds, then E1 ⊆ E is π-invariant and π|E1 = π1 because I is an inter-
twiner. We claim that E2 := E ∩ E2 is π-invariant as well. Let ξ ∈ E2 and
η ∈ E1. Then 〈η, π(a)ξ〉 = 〈π(a∗)η, ξ〉 = 〈π1(a∗)η, ξ〉 = 0 because π1(a∗)η ∈ E1

is orthogonal to E2. Since E1 is dense in E1, this implies π(a)ξ ∈ E⊥1 = E2, and
this implies our claim.
The condition (2) implies E = E1 ⊕ E2 as a vector space with E2 = E2 ∩ E

because E1 ∩ E2 = {0}. Then E2 is dense in E2 because E is dense in E1 ⊕ E2.
Thus (E2, π|E2) is a representation of A on E2. And (E, π) is the direct sum
of (E1, π1) and (E2, π|E2) because E = E1 ⊕ E2 and π1 = π|E1 . Thus (2)
implies (3).
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3 Integrable representations and C∗-hulls

From now on, we tacitly assume representations to be closed. Proposition 2.5
shows that this is no serious loss of generality.
Let A be a unital ∗-algebra. We assume that a class of “integrable” (closed) rep-
resentations of A on Hilbert modules is chosen. Let Repint(A,D) ⊆ Rep(A,D)
be the full subcategory with integrable representations on Hilbert D-modules
as objects. Being full means that the set of arrows between two integrable
representations of A is still the set of all isometric intertwiners. We sometimes
write Repint(A) and Rep(A) for the collection of all the categories Repint(A,D)
and Rep(A,D) for all C∗-algebras D. A C∗-hull is a C∗-algebra B with natural
isomorphisms Rep(B,D) ∼= Repint(A,D) for all C∗-algebras D. More precisely:

Definition 3.1. A C∗-hull for the integrable representations of A is a
C∗-algebra B with a family of bijections Φ = ΦE from the set of represen-
tations of B on E to the set of integrable representations of A on E for all
Hilbert modules E over all C∗-algebras D with the following properties:

• compatibility with isometric intertwiners: an isometry E1 →֒ E2 (not
necessarily adjointable) is an intertwiner between two representations ̺1

and ̺2 of B if and only if it is an intertwiner between Φ(̺1) and Φ(̺2);

• compatibility with interior tensor products: if F is a correspondence
from D1 to D2, E is a Hilbert D1-module, and ̺ is a representation
of B on E , then Φ(̺⊗D1 1F) = Φ(̺) ⊗D1 1F as representations of A on
E ⊗D1 F .

The compatibility with isometric intertwiners means that the bijections Φ for
all E with fixed D form an isomorphism of categoriesRep(B,D) ∼= Repint(A,D)
which, in addition, does not change the underlying Hilbert D-modules. The
compatibility with interior tensor products expresses that these isomorphisms
of categories for different D are natural with respect to C∗-correspondences.

Definition 3.2. A weak C∗-hull for the integrable representations of A is a
C∗-algebra B with a family of bijections Φ between representations of B and
integrable representations of A on Hilbert modules that is compatible with
unitary ∗-intertwiners and interior tensor products.

Much of the general theory also works for weak C∗-hulls. But the Induction
Theorem 9.26 fails for weak C∗-hulls, as shown by a counterexample in §9.6.

Proposition 3.3. Let a class of integrable representations of A have a weak
C∗-hull B. Let (E1, π1) and (E2, π2) be integrable representations of A on
Hilbert D-modules E1 and E2, and let ̺i be the corresponding representations
of B on Ei for i = 1, 2. An adjointable operator x : E1 → E2 is a ∗-intertwiner
from (E1, π1) to (E2, π2) if and only if it is an intertwiner from ̺1 to ̺2.

Proof. Working with the direct sum representations on E1 ⊕ E2 and the ad-
jointable operator

(
0 x
0 0

)
, we may assume without loss of generality that
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E1 = E2 = E , E1 = E2 = E, π1 = π2 = π, and ̺1 = ̺2 = ̺. The ad-
jointable intertwiners for the representation ̺ of B form a C∗-algebra B′: the
commutant of B in B(E). We claim that the ∗-intertwiners for the representa-
tion π of A also form a C∗-algebra A′. Intertwiners and hence ∗-intertwiners
form an algebra. Thus A′ is a ∗-algebra. We show that it is closed.
Let (xi)i∈N be a sequence of adjointable intertwiners for (E, π) that converges in
norm to x ∈ B(E). Let ξ ∈ E. Then xi(ξ) ∈ E because each xi is an intertwiner.
Since π(a)(xiξ) = xiπ(a)ξ is norm-convergent for each a ∈ A, the sequence
xi(ξ) is a Cauchy sequence for the graph topology on E. Since representations
are tacitly assumed to be closed, this Cauchy sequence converges in E, so that
x(E) ⊆ E. Moreover, x(π(a)ξ) = π(a)x(ξ) for all a ∈ A, ξ ∈ E, so x is again
an intertwiner. Thus the algebra of intertwiners is norm-closed. This implies
that A′ is a C∗-algebra.
Since the family of bijections Repint(A) ∼= Rep(B) is compatible with unitary
∗-intertwiners, a unitary operator on E is a ∗-intertwiner for A if and only if it is
an intertwiner for B. That is, the unital C∗-subalgebras A′, B′ ⊆ B(E) contain
the same unitaries. A unital C∗-algebra is the linear span of its unitaries
because any self-adjoint element t of norm at most 1 may be written as

t = 1/2
(
t+ i

√
1− t2

)
+ 1/2

(
t− i

√
1− t2

)

and t± i
√
1− t2 are unitary. Thus A′ = B′. This is what we had to prove.

Corollary 3.4. Let Repint(A) have a weak C∗-hull B. Direct sums and
summands of integrable representations remain integrable, and the family of
bijections Repint(A) ∼= Rep(B) preserves direct sums.

Proof. Let π1, π2 be representations of A on Hilbert D-modules E1, E2. Let
Si : Ei →֒ E1 ⊕ E2 for i = 1, 2 be the inclusion maps. First we assume that
π1, π2 are integrable. Let ̺i be the representation of B on Ei corresponding
to πi, and let π be the integrable representation of A on E1⊕E2 corresponding
to the representation ̺1 ⊕ ̺2 of B. The isometries Si are intertwiners from ̺i
to ̺1 ⊕ ̺2. By Proposition 3.3, they are ∗-intertwiners from πi to π. Hence
π = π1 ⊕ π2 by Proposition 2.27. Thus π1 ⊕ π2 is integrable and the family
of bijections Repint(A) ∼= Rep(B) preserves direct sums. The same argument
works for infinite direct sums.
Now we assume instead that π1 ⊕ π2 is integrable. Let ̺ be the representa-
tion of B corresponding to π1 ⊕ π2. The orthogonal projection onto E1 is a
∗-intertwiner on the representation π1⊕π2 by Proposition 2.27, and hence also
on ̺ by Proposition 3.3. Thus ̺ = ̺1 ⊕ ̺2 for some representations ̺i of B
on Ei. Let π′i be the integrable representation of A corresponding to ̺i. The
isometry Si is a

∗-intertwiner from ̺i to ̺1⊕̺2 and hence from π′i to π1⊕π2 by
Proposition 3.3. This implies π′i = πi, so that πi is integrable for i = 1, 2.

Definition 3.5. Let B be a weak C∗-hull for A. The universal integrable
representation of A is the integrable representation (B, µ) of A on B that
corresponds to the identity representation of B on itself.
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Proposition 3.6. Let B with a family of bijections Φ between representations
of B and integrable representations of A on Hilbert modules be a weak C∗-hull
for the integrable representations of A. Let (B, µ) be the universal integrable
representation of A. Then Φ(E) ∼= (B, µ) ⊗B E for any C∗-correspondence E
from B to D. (The proof makes this isomorphism more precise.)

Proof. Let ̺ : B → B(E) be a representation of B on a Hilbert module E .
Then u : B ⊗̺ E ∼−→ E , b ⊗ ξ 7→ ̺(b)ξ, is a unitary ∗-intertwiner between
the interior tensor product of the identity representation of B with E and
the representation ̺ on E . As Φ is compatible with interior tensor products
and unitary ∗-intertwiners, u is a unitary ∗-intertwiner between (B, µ) ⊗B E
and Φ(̺). Therefore, the image u(B⊙E) = ̺(B)E is a core for Φ(̺), and a ∈ A
acts on this core by a 7→ u(µ(a)⊗ 1)u∗ or, explicitly, a · (̺(b)ξ) = ̺(µ(a)b)ξ for
all a ∈ A, b ∈ B, ξ ∈ E .

Put in a nutshell, the whole isomorphism between integrable representations
of A and representations of B is encoded in the single representation (B, µ)
of A on B. This is similar to Schmüdgen’s approach in [29]. In the following,
we disregard the canonical unitary u in the proof of Proposition 3.6 and write
Φ(̺) = (B, µ) ⊗B E .
A (weak) C∗-hull B does not solve the problem of describing the integrable
representations of A. It only reduces it to the study of the representations of
the C∗-algebra B. This reduction is useful because it gets rid of unbounded
operators. If B is of type I, then any Hilbert space representation of B is a
direct integral of irreducible representations, and irreducible representations
may, in principle, be classified. Thus integrable Hilbert space representations
of A are direct integrals of irreducible integrable representations, and the latter
may, in principle, be classified. But if B is not of type I, then the integrable
Hilbert space representations of A are exactly as complicated as the Hilbert
space representations of B, and giving the C∗-algebra B may well be the best
one can say about them.

Proposition 3.7. A class of integrable representations has at most one weak
C∗-hull.

Proof. Let B1 and B2 be weak C∗-hulls for the same class of integrable repre-
sentations of A. The identity map on B1, viewed as a representation of B1 on
itself, corresponds first to an integrable representation of A on B1 and further
to a representation of B2 on B1. This is a “morphism” from B2 to B1, that
is, a nondegenerate ∗-homomorphism B2 → M(B1). Similarly, we get a mor-
phism from B1 to B2. These morphisms B1 ↔ B2 are inverse to each other
with respect to the composition of morphisms because the maps they induce
on representations of B1 and B2 on B1 and B2 are inverse to each other. An
isomorphism in the category of morphisms is an isomorphism of C∗-algebras in
the usual sense by [6, Proposition 2.10].
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Now take any representation (B, µ) of A on B. When is this the universal
integrable representation of a (weak) C∗-hull? Let D be a C∗-algebra and E a
Hilbert D-module. For a representation ̺ : B → B(E), let Φ(̺) = (B, µ) ⊗̺ E
be the induced representation of A on E as in the proof of Proposition 3.6. A
representation of A is called B-integrable if it is in the image of Φ.

Proposition 3.8. The C∗-algebra B is a weak C∗-hull for the B-integrable
representations of A if and only if

(1) if two representations ̺1, ̺2 : B ⇒ B(H) on the same Hilbert space H
satisfy µ⊗B ̺1 = µ⊗B ̺2 as closed representations of A, then ̺1 = ̺2.

It is a C∗-hull if and only if (1) and the following equivalent conditions hold:

(2) Let (H, π) be a representation of A on a Hilbert space H and let (H0, π0)
be a subrepresentation on a closed subspace H0 ⊆ H; that is, H0 ⊆ H

and π0(a) = π(a)|H0 for all a ∈ A. If both π0 and π are B-integrable,
then H = H0 ⊕ (H ∩H⊥0 ) as vector spaces.

(3) Isometric intertwiners between B-integrable Hilbert space representations
of A are ∗-intertwiners.

(4) B-integrable subrepresentations of B-integrable Hilbert space representa-
tions of A are direct summands.

The conditions (1)–(4) together are equivalent to

(5) let ̺ : B → B(H) be a Hilbert space representation and let (H, π) be the
associated representation of A on H. If (H0, π|H0) is a B-integrable sub-
representation of (H, π) on a closed subspace H0 ⊆ H, then the projection
onto H0 commutes with ̺(B).

Proof. The map Φ is compatible with interior tensor products by Lemma 2.24.
The condition (1) says that Φ is injective on Hilbert space representations.
We claim that this implies injectivity also for representations on a Hilbert
module E over a C∗-algebra D. Let ̺1, ̺2 be representations of B on E with
µ ⊗B ̺1 = µ ⊗B ̺2. Let D → B(H) be a faithful representation. Then the
representations ̺1 ⊗D 1 and ̺2 ⊗D 1 on the Hilbert space E ⊗D H satisfy
µ ⊗B ̺1 ⊗D 1 = µ ⊗B ̺2 ⊗D 1 by Lemma 2.24. Then condition (1) implies
̺1⊗D 1 = ̺2⊗D 1. Since the representation B(E)→ B(E ⊗DH) is faithful, this
implies ̺1 = ̺2. So Φ is injective also for representations on E .
The image of Φ consists exactly of the B-integrable representations of A by
definition. A unitary operator u ∗-intertwines two representations (E1, π1) and
(E2, π2) of A if and only if π2 = uπ1u

∗, where uπ1u
∗ denotes the representation

with domain u(E1) and (uπ1u
∗)(a) = uπ1(a)u∗. Similarly, u intertwines two

representations ̺1 and ̺2 of B if and only if ̺2 = u̺1u
∗. Hence (1) implies

that a unitary that ∗-intertwines two B-integrable representations of A also
intertwines the corresponding representations of B. The converse is clear. So B
is a weak C∗-hull for the B-integrable representations if and only if (1) holds.
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The equivalence between (2), (3) and (4) follows from Proposition 2.27 by
writing H = H0 ⊕H⊥0 . Assume that B is a C∗-hull. An isometric intertwiner
for A is also one for B. Then it is a ∗-intertwiner for A and its range projection
is an intertwiner for B by Proposition 3.3. Thus both (3) and (5) follow if B
is a C∗-hull.
Conversely, assume (1) and (3). We are going to prove that B is a C∗-hull for
the B-integrable representations of A. We have already seen that B is a weak
C∗-hull. We must check compatibility with isometric intertwiners.
Let D be a C∗-algebra and let E1, E2 be Hilbert D-modules with representations
̺1, ̺2 of B. The corresponding representations (Ei, πi) of A for i = 1, 2 are the
closures of the representations on ̺i(B)Ei given by πi(a)(̺i(b)ξ) := ̺i(µ(a)b)(ξ)
for a ∈ A, b ∈ B, ξ ∈ Ei. Hence an isometric intertwiner for B is also one for A.
Conversely, let I : E1 →֒ E2 be a Hilbert module isometry with I(E1) ⊆ E2 and
π2(a)(Iξ) = I(π1(a)ξ) for all a ∈ A, ξ ∈ E1. We must prove ̺2(b)I = I̺1(b)
for all b ∈ B.
Let ϕ : D →֒ B(K) be a faithful representation on a Hilbert space K. Equip
Hi := Ei⊗ϕK with the induced representations ˜̺i of B and π̃i of A for i = 1, 2.
Since the family of bijections Φ: Rep(B) ∼−→ Repint(A) is compatible with
interior tensor products, it maps ˜̺i to π̃i. The operator I induces an isometric
intertwiner Ĩ from π̃1 to π̃2 by Lemma 2.21.
Since π̃1 and π̃2 are B-integrable, we are in the situation of (3). So Ĩ is
a ∗-intertwiner from π̃1 to π̃2. Thus Ĩ is an intertwiner from ˜̺1 to ˜̺2 by
Proposition 3.3. That is, Ĩ ˜̺1(b) = ˜̺2(b)Ĩ for all b ∈ B. Equivalently,
(I̺1(b)ξ)⊗ η = (̺2(b)Iξ)⊗ η in E2 ⊗ϕH for all b ∈ B, ξ ∈ E , η ∈ H. Since the
representation ϕ is faithful, this implies I̺1(b)ξ = ̺2(b)Iξ for all b, ξ, so that
I̺1(b) = ̺2(b)I for all b, that is, I intertwines ̺1 and ̺2. Thus Φ is compatible
with isometric intertwiners.
Since (5) holds for C∗-hulls, we have proved along the way that (1) and (3)
imply (5). It remains to show, conversely, that (5) implies (3) and (1). In the
situation of (3), the projection P onto H0 commutes with B by (5). Thus the
representation of B on H is a direct sum of representations on H0 and H⊥0 .
This is inherited by the induced representation of A and its domain. So (5)
implies (3).
In the situation of (1), form the direct sum representation ̺1 ⊕ ̺2 on H ⊕H
and let H0 := {(ξ, ξ) | ξ ∈ H}. The representation of A corresponding to
̺1 ⊕ ̺2 is µ ⊗̺1 H ⊕ µ ⊗̺2 H. Since µ ⊗̺1 H = µ ⊗̺2 H by assumption,
the domain of µ ⊗̺1 H ⊕ µ ⊗̺2 H is H ⊕ H for some dense subspace H ⊆ H,
and H0 := {(ξ, ξ) | ξ ∈ H} is a dense subspace in H0 that is invariant for
the representation µ ⊗̺1 H ⊕ µ ⊗̺2 H. The restricted representation on this
subspace is B-integrable because it is unitarily equivalent to µ⊗̺1H = µ⊗̺2H.
Therefore, the projection ontoH0 commutes with the representation ofB by (5).
Thus ̺1 = ̺2. So (5) implies (1).

The equivalent conditions (2)–(4) may be easier to check than (5) because they
do not involve the C∗-hull.
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Corollary 3.9. Let A be a ∗-algebra and let Bi be C∗-algebras with represen-
tations (Bi, µi) of A for i = 1, 2. Assume that for each Hilbert space H, the
maps Φi : Rep(Bi,H)→ Rep(A,H), ̺i 7→ (Bi, µi)⊗̺iH, are injective and have
the same image. Then there is a unique isomorphism B1

∼= B2 intertwining
the representations (Bi, µi) of A for i = 1, 2.

Hence a C∗-envelope as defined in [7] is unique if it exists.

Proof. Both B1 and B2 are weak C∗-hulls for the same class of representations
of A by Proposition 3.8. Proposition 3.7 gives the isomorphism B1

∼= B2.

Remark 3.10. The Hilbert space representations of a C∗-algebra only determine
its bidual W∗-algebra, not the C∗-algebra itself. Hence it is remarkable that
the conditions in Proposition 3.8 and Corollary 3.9 only need Hilbert space
representations. For Corollary 3.9, this works because the bijection between
the representations is of a particular form, induced by representations of A.

The condition (1) in Proposition 3.8 is required in several other theories that
associate a C∗-algebra to a ∗-algebra, such as the host algebras of Grundling [10,
11], the C∗-envelopes of Dowerk and Savchuk [7], or the notion of a C∗-algebra
generated by affiliated multipliers by Woronowicz [32], see [32, Theorem 3.3]
or the proof of Theorem 5.19 below.

Definition 3.11. Let A be a ∗-algebra. A class of “integrable” representa-
tions of A on Hilbert modules over C∗-algebras is admissible if it satisfies the
conditions (1)–(4) below, and weakly admissible if it satisfies (1)–(3).

(1) If there is a unitary ∗-intertwiner from an integrable representation to
another representation, then the latter is integrable.

(2) If D and D′ are C∗-algebras, F is a correspondence from D to D′, and
(E, π) is an integrable representation of A on a Hilbert D-module E , then
the representation (E, π)⊗D F on E ⊗D F is integrable.

(3) Direct sums and summands of integrable representations are integrable.

(4) Any integrable subrepresentation of an integrable representation of A on
a Hilbert space is a direct summand.

Lemma 3.12. Any class of integrable representations with a (weak) C∗-hull is
(weakly) admissible.

Proof. If there is a C∗-hull, Proposition 3.8 implies (4) in Definition 3.11. If
there is a weak C∗-hull, then (1) and (2) in Definition 3.11 follow from the
compatibility with unitary ∗-intertwiners and interior tensor products in the
definition of a C∗-hull, and (3) follows from Corollary 3.4.

Proposition 3.13. Let A be a unital ∗-algebra and let E be a Hilbert module
over a C∗-algebra D. There is a natural bijection between the sets of represen-
tations of A on E and K(E). It preserves integrability if the class of integrable
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representations of A is weakly admissible or, in particular, if it has a weak
C∗-hull.

Proof. We may view E as an imprimitivity bimodule between K(E) and the
ideal I in D that is spanned by the inner products 〈ξ, η〉D for ξ, η ∈ E . Let E∗
be the inverse imprimitivity bimodule, which is a Hilbert module over K(E)
with K(E∗) ∼= I. Then K(E) ∼= E ⊗D E∗ and E∗ ⊗K(E) E = I.
If (π,E) is a representation of A on E , then (π,E) ⊗D E∗ is a representation
of A on E ⊗D E∗ = K(E). This maps Rep(A, E) to Rep(A,K(E)). If (̺,K)
is a representation of A on K(E), then (̺,K) ⊗K(E) E is a representation of A
on K(E) ⊗K(E) E ∼= E . This maps Rep(A,K(E)) to Rep(A, E). We claim that
these two maps are inverse to each other. Both preserve integrability by (2) in
Definition 3.11.
The map Rep(A, E)→ Rep(A,K(E))→ Rep(A, E) sends a representation (π,E)
of A on E to the representation (π,E) ⊗D (E∗ ⊗K(E) E) = (π,E) ⊗D I of A on
E ∼= E ⊗D I by Lemma 2.24. This is the restriction of π to E · I ⊆ E. Since E is
also a Hilbert module over I, it is nondegenerate as a right I-module. Therefore,
if (ui) is an approximate unit in I, then lim ξui = ξ for all ξ ∈ E . Then also
lim π(a)ξui = π(a)ξ for all ξ ∈ E, a ∈ A, so lim ξui = ξ in the graph topology for
all ξ ∈ E. Thus E ·I = E, and we get the identity map on Rep(A, E). A similar,
easier argument shows that we also get the identity map on Rep(A,K(E)).

4 Polynomials in one variable I

Let A = C[x] with x = x∗. A (not necessarily closed) representation of A on a
Hilbert D-module E is determined by a dense D-submodule E ⊆ E and a single
symmetric operator π(x) : E→ E, that is, π(x) ⊆ π(x)∗. Then π(xn) = π(x)n.

Lemma 4.1. The graph topology on E is generated by the increasing sequence
of norms ‖ξ‖n := ‖〈ξ, (1 + π(x2n))ξ〉‖ for n ∈ N.

Proof. We must show that for any a ∈ C[x] there are C > 0 and n ∈ N with
‖ξ‖a ≤ C‖ξ‖n. We choose n so that a has degree at most n. Then there is

C > 0 so that C(1 + t2n) > 1 + |a(t)|2 for all t ∈ R. Thus the polynomial
b := C(1+ x2n)− (1+ a∗a) is positive on R. So the zeros of b are complex and
come in pairs λj ± iµj for j = 1, . . . , n with λj , µj ∈ R by the Fundamental

Theorem of Algebra. Then b =
∏n
j=1

(
(x − λj)2 + µ2

j

)
=
∑2n

k=1 b
2
k, where

each bk is a product of either x − λj or µj for j = 1, . . . , k, so bk = b∗k. Thus
‖ξ‖a ≤ C‖ξ‖n.

Thus the monomials {xn | n ∈ N} form a strong generating set for C[x]. A
representation of C[x] is determined by the closed operators π(xn) for n ∈ N
by Proposition 2.9. In contrast, it is not yet determined by the single closed
operator π(x) because {x} is not a strong generating set:

Example 4.2. We construct a closed representation of C[x] on a Hilbert space
with π(x2) (

(
π(x)

)
2. Let H := L2(T), viewed as the space of Z-periodic
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functions on R. Let H0 := C∞(T) and let π0 : C[x] → End(H0) be the poly-
nomial functional calculus for the operator i d

dt . The graph topology generated
by this representation of C[x] is the usual Fréchet topology on C∞(T). So the
representation of C[x] on C∞(T) is closed. Now for some λ ∈ T, let

H := {f ∈ C∞(T) | f (n)(λ) = 0 for all n ≥ 1}.

This is a closed, C[x]-invariant subspace in H0. Let π be the restriction of π0

to H0. This is also a closed representation of C[x]. Its domain H is dense in H0

in the graph norm of x, but not in the graph norm of x2. So π(x) = π0(x) and
π(x2) ( π0(x2) =

(
π(x)

)2
.

All notions of integrability for representations of C[x] that we shall consider
imply π(xn) = π(x)n. Under this assumption, an integrable representation
of C[x] is determined by the single closed operator π(x).
Let B := C0(R). Let X be the identity function on R, viewed as an unbounded
multiplier of B. We define a closed representation (B, µ) of A on C0(R) by

B := {f ∈ B | ∀n : Xn · f ∈ B} and µ(xn)f := Xn · f for f ∈ B, n ∈ N.
(4.3)

Theorem 4.4. Let (E, π) be a representation of A = C[x] on a Hilbert mod-
ule E over a C∗-algebra D. The following are equivalent:

(1) π = µ⊗̺ 1E for a representation ̺ : B → B(E);

(2) π(a) is regular and self-adjoint for each a ∈ Ah := {a ∈ A | a = a∗};

(3) π(xn) is regular and self-adjoint for each n ∈ N;

(4) π(x) is regular and self-adjoint and π(xn) = π(x)n for all n ∈ N;

(5) π(x) is regular and self-adjoint and E =
⋂∞
n=1 dom π(x)n.

Call representations with these equivalent properties integrable. The C∗-
algebra C0(R) is a C∗-hull for the integrable representations of A with (B, µ)
as the universal integrable representation.

Proof. If a ∈ Ah, then µ(a) is a self-adjoint, affiliated multiplier of B. Hence
µ(a) ⊗D 1 is a regular, self-adjoint operator on B ⊗̺ E ∼= E for any repre-
sentation ̺ of B on E by [17, Proposition 9.10]. Thus (1) implies (2). The
implication (2)⇒(3) is trivial. The operator π(xn) is always contained in
the n-fold power π(x)n. The latter is symmetric, and a proper suboperator
of a symmetric operator cannot be self-adjoint. Thus (3) implies (4). The
set {xn | n ∈ N} is a strong generating set for C[x] by Lemma 4.1. Equa-
tion (2.10) gives E =

⋂∞
n=1 dom π(xn) for any (closed) representation. Thus (4)

implies (5).
Assume (5) and abbreviate t = π(x). The functional calculus for t is a nonde-
generate ∗-homomorphism ̺ : C0(R) → B(E) (see [17, Theorem 10.9]). Let π′
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be the representation µ⊗̺ 1 of A on E associated to ̺. We claim that π = π′.
The functional calculus extends to affiliated multipliers and maps the identity
function on R to the regular, self-adjoint operator t. This means that π′(x) = t.
Then π′(xn) ⊆ tn. This implies π′(xn) = tn because π′(xn) is self-adjoint and tn

is symmetric. Since the set {xn | n ∈ N} is a strong generating set for C[x],
the domain of π′ is

⋂
domπ′(xn) = E by condition (5) and (2.10). On this

domain, π(x) and π′(x) act by the same operator because they have the same
closure. Thus π = π′ and (5) implies (1). So all five conditions in the theorem
are equivalent.
To show that B is a C∗-hull for the class of representations described in (1),
we check (5) in Proposition 3.8. An integrable representation of A on a Hilbert
space H corresponds to a self-adjoint operator t on H by (5). An integrable
subrepresentation is a closed subspace H0 of H with a self-adjoint operator t0
on H0 whose graph is contained in that of t. Since t0 is self-adjoint, the
subspaces (t0 ± i)(dom(t0)) = (t ± i)(dom(t0)) are equal to H0. The Cayley
transform u of t maps (t+ i)(dom(t0)) onto (t− i)(dom(t0)). Thus it maps H0

onto itself. Since u− 1 generates the image of B = C0(R) under the functional
calculus, the projection onto H0 is B-invariant.

Example 4.5. Regularity and self-adjointness are independent properties of a
symmetric operator. Examples of regular symmetric operators that are not self-
adjoint are easy to find, see §6. We are going to construct a representation π
of C[x] on a Hilbert module for which π(a) is self-adjoint for each a ∈ C[x] with
a = a∗, but π(x) is not regular. We follow the example after Théorème 1.3
in [21], which Pierrot attributes to Hilsum.
Let H be the Hilbert space L2([0, 1]) and let T1 and T2 be the operators i d

dx
on H with the following domains. For T1, we take 1-periodic smooth functions;
for T2, we take the restrictions to [0, 1] of smooth functions on R satisfying
f(x + 1) = −f(x). Both T1 and T2 are essentially self-adjoint. Let D :=
C([−1, 1]) and E := C([−1, 1],H). Let E ⊆ E be the dense subspace of all
functions f : [−1, 1] × [0, 1] → C such that ∂n

∂nxf(t, x) is continuous for each
n ∈ N,

∂n

∂nx
f(t, 1) = sign(t) · ∂

n

∂nx
f(t, 0) (4.6)

for all t ∈ [−1, 1], x ∈ R, t 6= 0, and

∂n

∂nx
f(0, 0) =

∂n

∂nx
f(0, 1) = 0. (4.7)

Equivalently, f(t, ␣) belongs to the domain of T1
n = T n1 for all n ∈ N, t ≤ 0

and to the domain of T2
n = T n2 for all n ∈ N, t ≥ 0; indeed, this forces ∂n

∂nxf
to be continuous on [−1, 1]× [0, 1] and to satisfy the boundary conditions (4.6).
These imply (4.7) by continuity. Let xn ∈ C[x] act on E by

(
i d

dx

)n
. This defines

a closed ∗-representation of C[x] on E with E =
⋂
n∈N domπ(x)n.

The closure π(x) is the irregular self-adjoint operator described in [21]. Let
a ∈ C[x] with a = a∗. Then ̺(a) is (regular and) self-adjoint for any integrable

Documenta Mathematica 22 (2017) 1375–1466



1396 Ralf Meyer

representation ̺ of C[x] by Theorem 4.4. Therefore, the restriction of π(a) to a
single fibre of E at some t ∈ [−1, 1] \ {0} is a self-adjoint operator on L2([0, 1])
because T1 and T2 are self-adjoint and E =

⋂
n∈N domπ(x)n. The restriction

of π(a)∗ at t = 0 is contained in the self-adjoint operators a(T1) and a(T2)
by continuity. We claim that a(T1) ∩ a(T2) = π(a)|t=0. This claim implies
that π(a)∗ is contained in π(a), that is, π(a) is self-adjoint.
Let a ∈ C[x] have degree n. Then the graph norms for a and xn are equivalent
in any representation by the proof of Lemma 4.1. Hence a(Ti) and T ni have
the same domain. The domain of T ni consists of functions [0, 1] → C whose
nth derivative lies in L2 and whose derivatives of order strictly less than n
satisfy the boundary condition for Ti. Hence the domain of T n1 ∩T n2 consists of
those functions [0, 1]→ C whose nth derivative lies in L2 and whose derivatives
of order strictly less than n vanish at the boundary points 0 and 1. This is
exactly the domain of the closure of (T1 ∩ T2)n = π(xn)|t=0. On this domain
the operators a(T1) ∩ a(T2) and π(a)|t=0 both act by the differential operator
a(i d

dx ).

The algebra A = C[x] has many Hilbert space representations coming from
closed symmetric operators that are not self-adjoint. There is, however, no
larger admissible class of integrable representations:

Proposition 4.8. Assume that an admissible class of integrable representa-
tions of A = C[x] contains all representations coming from self-adjoint Hilbert
space operators. Then any integrable representation of A on a Hilbert module
comes from a regular, self-adjoint operator.

Proof. We first prove that there can be no more integrable Hilbert space rep-
resentations than those coming from self-adjoint operators. Let (H, π) be an
integrable representation on a Hilbert space H. We may extend the closed
symmetric operator t := π(x) on H to a self-adjoint operator t2 on a larger
Hilbert space H2. This gives a representation π2 of A on H2 as in Theorem 4.4,
which is integrable by assumption. The inclusion map H →֒ H2 is an isometric
intertwiner from π to π2. Hence π is a direct summand of π2 by (4) in Defini-
tion 3.11. Thus π(xn) is self-adjoint for each n ∈ N, and π is the representation
induced by t.
Now let (E, π) be an integrable representation of A on a Hilbert D-module E .
For any Hilbert space representation ϕ : D → B(H), the induced representation
of A on the Hilbert space E ⊗ϕ H is also integrable by (2) in Definition 3.11.

Thus π(xn)⊗ϕ 1H is self-adjoint for any Hilbert space representation ϕ : D →
B(H).
A closed, densely defined, symmetric operator T on a Hilbert D-module E is
self-adjoint and regular if and only if, for any state ω on D, the closure of
T ⊗D 1 on the Hilbert spaces E ⊗DHω is self-adjoint; here Hω means the GNS-
representation for ω. This is called the Local–Global Principle by Kaad and
Lesch ([15, Theorem 1.1]); the result was first proved by Pierrot ([21, Théorème
1.18]). We will take up Local–Global Principles more systematically in §5.
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Thus π(xn) is regular and self-adjoint for each n ∈ N. So π is obtained from
the regular self-adjoint operator π(x) as in Theorem 4.4.

Example 4.9. There are many admissible classes of representations of C[x]
that are smaller than the class in Theorem 4.4. There are even many such
classes that contain the same Hilbert space representations. For instance, let
B := C0((−∞, 0))⊕C0([0,∞)) with the representation of polynomials by point-
wise multiplication. This is a C∗-hull for a class of representations of C[x] by
Theorem 8.2 below. Since the standard topologies on R and (−∞, 0) ⊔ [0,∞)
have the same Borel sets, both C∗-hulls C0((−∞, 0)) ⊕ C0([0,∞)) and C0(R)
give the same integrable Hilbert space representations because of the Borel
functional calculus. But there are regular, self-adjoint operators on Hilbert
modules that do not give a B-integrable representation. The obvious example
is the multiplier X of C0(R) that generates the universal integrable represen-
tation of C[x].
Can there be an admissible class of representations of C[x] that contains some
representation on a Hilbert space that does not come from a self-adjoint oper-
ator? We cannot rule this out completely. But such a class would have to be
rather strange. By Proposition 4.8, it cannot contain all self-adjoint operators.
By Example 2.26, it cannot contain all representations coming from positive
symmetric operators because then there would be isometric intertwiners among
integrable representations that are not ∗-intertwiners. The following example
rules out symmetric operators with one deficiency index 0:

Example 4.10. Let t be a closed symmetric operator on a Hilbert space H of
deficiency indices (0, n) for some n ∈ [1,∞]. Then dom∞(t) :=

⋂∞
n=1 dom(tn)

is a core for each power tk by [28, Proposition 1.6.1]. Thus there is a closed

representation π of C[x] with domain dom∞(t) and π(xk) = tk for all k ∈ N.
By assumption, the operator t + i is surjective, but t − i is not. That is, the
Cayley transform c := (t− i)(t+ i)−1 is a non-unitary isometry. The operator t
may be reconstructed from c as in [17, Equation (10.11)]. Here c∗ is surjective,
so this simplifies to dom(t) = (1− c)c∗H = (1− c)H, and t(1− c)ξ = i(1 + c)ξ
for all ξ ∈ H. Thus c(dom t) ⊆ dom t and ct ⊆ tc because

ct
(
(1− c)ξ

)
= ic(1 + c)ξ = i(1 + c)(cξ) = t(1− c)(cξ) = (tc)

(
(1− c)ξ

)
.

Then ctn ⊆ tnc for all n ∈ N. Thus c is an isometric intertwiner from π to itself
by Proposition 2.15. If c∗ were an intertwiner as well, then c∗(dom t) ⊆ dom t
and c∗(t± i)ξ = (t± i)c∗ξ for all ξ ∈ dom(t). So

c∗c(t+ i)ξ = c∗(t− i)ξ = (t− i)c∗ξ = c(t+ i)c∗ξ = cc∗(t+ i)ξ.

This is impossible because c∗c 6= cc∗ and t+ i is surjective. So the isometry c is
an intertwiner, but not a ∗-intertwiner. This is forbidden for admissible classes
of integrable representations.
If t has deficiency indices (n, 0) instead, then −t has deficiency indices (0, n)
and its Cayley transform is an isometric intertwiner that is not a ∗-intertwiner
by the argument above.
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5 Local–Global principles

Definition 5.1. Let A be a ∗-algebra with a weakly admissible class of inte-
grable representations (Definition 3.11).
The Local–Global Principle says that a representation π of A on a Hilbert
D-module E is integrable if (and only if) the representations π⊗̺1 are integrable
for all Hilbert space representations ̺ : D → B(H).
The Strong Local–Global Principle says that a representation π ofA on a Hilbert
D-module E is integrable if (and only if) the representations π⊗̺1 are integrable
for all irreducible Hilbert space representations ̺ : D → B(H).
Roughly speaking, the Local–Global Principle says that the class of integrable
representations on Hilbert modules is determined by the class of integrable
representations on Hilbert spaces. Examples where the Local–Global Principle
fails are constructed in §6 and §8. We do not know an example with the
Local–Global Principle for which the Strong Local–Global Principle fails.
An irreducible representation ̺ : D → B(H) is unitarily equivalent to the GNS-
representation for a pure state ψ onD. The tensor product E⊗̺H is canonically
isomorphic to the completion Eψ of E to a Hilbert space for the scalar-valued
inner product 〈x, y〉C := ψ(〈x, y〉D). The induced representation π ⊗D 1 of A
on Hψ is the closure of the representation π with domain E ⊆ E ⊆ Eψ.
Any representation ̺ : D → B(H) is a direct sum of cyclic representations, and
these are GNS-representations of states. Since any weakly admissible class
of integrable representations is closed under direct sums, the Local–Global
Principle holds if and only if integrability of π⊗̺1 for all GNS-representations ̺
of states on D implies integrability of π.

Example 5.2. Define integrable representations of the polynomial algebra C[x]
as in Theorem 4.4. Thus they correspond to regular, self-adjoint operators on
Hilbert modules. The main result in [15] says that the integrable representa-
tions of C[x] satisfy the Local–Global Principle. This is where our notation
comes from. We already used this to prove Proposition 4.8. The Strong Local–
Global Principle for integrable representations of C[x] is only conjectured in [15].
This conjecture had already been proved by Pierrot in [21, Théorème 1.18] be-
fore [15] was written. It is based on the following Hahn–Banach type theorem
for Hilbert submodules:

Theorem 5.3 ([21, Proposition 1.16]). Let D be a C∗-algebra and let E be a
Hilbert D-module. Let F ( E be a proper, closed Hilbert submodule. There is
an irreducible Hilbert space representation ̺ : D → B(H) with F⊗̺H ( E⊗̺H.

Corollary 5.4 ([21, Corollaire 1.17]). Let E be a Hilbert module over a
C∗-algebra D. Let F1,F2 ( E be two closed Hilbert submodules. If F1 6=
F2, then there is an irreducible Hilbert space representation ̺ : D → B(H)
with F1 ⊗̺ H 6= F2 ⊗̺ H as closed subspaces in E ⊗̺ H.

Corollary 5.5 ([21, Théorème 1.18]). Let T be a closed, semiregular operator
on a Hilbert D-module E. The operator T is regular if and only if, for each
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irreducible representation ̺ : D → B(H) on a Hilbert space H, the closures
of T ⊗̺ 1 and T ∗ ⊗̺ 1 on E ⊗̺ H are adjoints of each other.
Hence T is regular and self-adjoint if and only if T ⊗̺ 1 is a self-adjoint oper-
ator on E ⊗̺H for each irreducible Hilbert space representation ̺ : D → B(H).

We now apply the above results of Pierrot. First we deduce a criterion for rep-
resentations to be equal. Then we prove that certain definitions of integrability
automatically satisfy the Strong Local–Global Principle.

Theorem 5.6. Let A be a ∗-algebra and let πi for i = 1, 2 be (closed) repre-
sentations of A on a Hilbert module E over a C∗-algebra D. The following are
equivalent:

(1) π1 = π2;

(2) π1 ⊗̺ H = π2 ⊗̺ H for each irreducible Hilbert space representation ̺
of D;

(3) π1(a) = π2(a) for each a ∈ A.

Proof. The equivalence (3) ⇐⇒ (1) is Proposition 2.9, and (1) clearly implies
(2). Thus we only have to prove that not (3) implies not (2). Assume that
there is a ∈ A with π1(a) 6= π2(a). The graphs Γ1 and Γ2 of π1(a) and π2(a)
are different Hilbert submodules of E ⊕ E . Corollary 5.4 gives an irreducible
representation ̺ of D with Γ1 ⊗̺ H 6= Γ2 ⊗̺ H. This says that π1(a)⊗̺ 1H 6=
π2(a)⊗̺ 1H because Γi ⊗̺ H is the graph of πi(a)⊗̺ 1H.

How do we specify which representations π of a ∗-algebra A are integrable?
There are two basically different ways. The “universal way” specifies the uni-
versal integrable representation. That is, it starts with a representation (B, µ)
on a C∗-algebra B that satisfies (1) in Proposition 3.8 and takes the class of
B-integrable representations. The “operator way” imposes conditions on the
operators π(a), such as regularity and self-adjointness of π(a) or strong com-
mutation relations.
In good cases, the same class of integrable representations may be specified in
both ways. For instance, Theorem 4.4 shows that several classes of represen-
tations of C[x] are equal. The first is defined by the universal representation
on C0(R). The second asks π(a) to be regular and self-adjoint for all a ∈ Ah.
We are going to make the “operator way” more precise so that all classes of
representations defined in this way satisfy the Strong Local–Global Principle.
This is a powerful method to prove Local–Global Principles.

Definition 5.7. Let A be a ∗-algebra and Rep′(A) some weakly admissible
class of representations of A on Hilbert modules over C∗-algebras. A natural
construction of Hilbert submodules (of rank n ∈ N≥1) associates to each repre-
sentation π on a Hilbert module E that belongs to Rep′(A) a Hilbert submodule
F(π) ⊆ En, such that
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(1) if u : E1
∼−→ E2 is a unitary ∗-intertwiner between two representations π1

and π2 in Rep′(A), then u⊕n : En1 → En2 maps F(π1) onto F(π2);

(2) let D1 and D2 be C∗-algebras and let G be a D1, D2-correspondence;
let π be a representation in Rep′(A) on a Hilbert D1-module E ; then the
canonical isomorphism En ⊗D1 G

∼−→ (E ⊗D1 G)n maps F(π) ⊗D1 G onto
F(π ⊗D1 G);

(3) if πi for i in a set I are representations in Rep′(A) on HilbertD-modules Ei
over the same C∗-algebraD, then the canonical isomorphism

(⊕ Ei
)n ∼−→⊕ Eni maps F

(⊕
πi
)
onto

⊕F(πi).

In brief, F(π) ⊆ En is compatible with unitary ∗-interwiners, interior tensor
products, and direct sums.

A smaller class of representations Rep′′(A) ⊆ Rep′(A) is defined by a submodule
condition if there are two natural constructions of Hilbert submodules Fi(π),
i = 1, 2, of the same rank n, such that a representation π in Rep′(A) belongs
to Rep′′(A) if and only if F1(π) = F2(π).
A class of representations Repint(A) ⊆ Rep(A) is defined by submodule condi-
tions if it is defined by transfinite recursion by repeating the step in the previous
paragraph. More precisely, there are a well-ordered set I with a greatest ele-
ment M and least element 0 and subclasses Repi(A) ⊆ Rep(A) for i ∈ I such
that

(1) Rep0(A) = Rep(A) and RepM (A) = Repint(A);

(2) Repi+1(A) ⊆ Repi(A) is defined by a submodule condition for each i ∈ I;

(3) Repi(A) =
⋂
i′<i Rep

i′(A) if i 6= 0 and i 6= i′ + 1 for all i′ ∈ I.

The following lemma makes this definition meaningful, the following theorem
makes it interesting.

Lemma 5.8. If Rep′(A) ⊆ Rep(A) is weakly admissible and Rep′′(A) ⊆
Rep′(A) is defined by a submodule condition, then Rep′′(A) is also weakly
admissible. If (Repi(A))i∈I is a set of weakly admissible subclasses, then⋂
i∈I Rep

i(A) is weakly admissible. Any class of representations defined by
submodule conditions is weakly admissible.

Theorem 5.9. If Repint(A) ⊆ Rep(A) is defined by submodule conditions, then
it satisfies the Strong Local–Global Principle.

Before we prove these two results, we give examples of classes of representa-
tions defined by one or more submodule conditions, and a few counterexamples.
These show that a class of integrable representations defined in the operator
way is often but not always defined by submodule conditions.
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Example 5.10. The regularity condition for a ∈ Ah requires π(a) to be regu-
lar and self-adjoint. Equivalently, the closures of (π(a) ± i)(E) for both signs
are dense in E ; this is equivalent to π(a) having a unitary Cayley transform.
Sending π to the image of π(a) + i or π(a)− i is a natural construction of a
Hilbert submodule. Hence the condition that π(a) is regular and self-adjoint
is equivalent to the combination of two submodule conditions of rank 1.
Alternatively, we may proceed as in the definition of regularity for non-self-
adjoint operators. Let Γ(T ) denote the closure of the graph of an operator T . A
closed operator T is regular if and only if the direct sum of Γ(T ) and U0(Γ(T ∗))
is E ⊕ E , where U0(ξ1, ξ2) := (ξ2,−ξ1). If a ∈ Ah, then regularity and self-
adjointness of π(a) together are equivalent to the equality of

F1(π) := Γ(π(a))⊕ U0(Γ(π(a∗))) and F2(π) := E ⊕ E .

We claim that F1 and F2 are natural constructions of Hilbert submodules of
rank 2. This is trivial for F2. That F1 is compatible with unitary intertwiners
and direct sums is an easy exercise. The construction F1 is compatible with
interior tensor products because the graph of (π ⊗D1 1G)(a) is Γ(π(a))⊗D1 G.
For instance, (2) in Theorem 4.4 defines integrable representations of C[x] by
regularity conditions. We generalise this in Theorem 5.17 below.

Example 5.11. The class of representations where π(a) is regular for some a ∈ A
is always weakly admissible by [17, Proposition 9.10]. The first example in §6
shows a class of representations defined by such a condition that does not satisfy
the Local–Global Principle, in contrast to Theorem 5.9. Hence asking for π(a)
to be regular for some a ∈ A cannot be a submodule condition. The problem is
that the inclusion Γ(π(a)∗)⊗D 1G ⊆ Γ

(
(π(a)⊗D 1G)∗

)
for a correspondence G

may be strict.

Example 5.12. Let a1, a2 ∈ Ah and suppose that t1 := π(a1) and t2 := π(a2)
are self-adjoint, regular operators for all representations in Rep′(A); we may
achieve this by submodule conditions as in Example 5.10 in previous steps of
a recursive definition. We say that t1 and t2 strongly commute if their Cayley
transforms u1 and u2 commute. Equivalently, u1 commutes with t2, that is,
u1t2u

∗
1 = t2. The graphs of t2 and u1t2u

∗
1 are natural constructions of Hilbert

submodules of rank 2. Therefore, strong commutation of π(a1) and π(a2) is a
submodule condition.

Example 5.13. Let I ⊳ A be an ideal. A nondegeneracy condition for I asks
the closed linear span of π(I)E to be all of E ; here E is the domain of π. This
means that F1(π), the closed linear span of π(a)ξ for a ∈ I, ξ ∈ E, is equal to
F2(π) = E . These are natural constructions of Hilbert submodules of rank 1.
So a nondegeneracy condition is a submodule condition.
For instance, let I be a non-unital ∗-algebra and let A = Ĩ be its unitisation.
Any representation of I extends uniquely to a unital representation of A. The
class of nondegenerate representations of I inside the class of all representations
of A is defined by a submodule condition.
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More generally, let V1, V2 ⊆ A be vector subspaces and ask the closed linear
spans of π(a)ξ for a ∈ Vj , ξ ∈ E to be equal for j = 1, 2. This is a submodule

condition as well. For instance, the condition π(a+ i)E = E for a ∈ Ah is of
this form. It holds if and only if the Cayley transform of π(a) is an isometry
(possibly without adjoint).
Often we need a mild generalisation of the above construction, see Example 5.14
below. Suppose that we have constructed a representation ϕ(π) of a unital
∗-algebra A′ on E for any representation π in Rep′(A), such that π 7→ ϕ(π) is
compatible with unitary ∗-intertwiners, direct sums, and interior tensor prod-
ucts; the last property means that ϕ(π⊗D11G) = ϕ(π)⊗D1 1G as representations
on E⊗D1G. Then we may ask the nondegeneracy condition for an ideal in A′ in-
stead. In particular, A′ may be a weak C∗-hull for some class of representations
containing Rep′(A).

Example 5.14. Let a1, . . . , an ∈ Ah be commuting, symmetric elements and
suppose that π(aj) for j = 1, . . . , n are strongly commuting, self-adjoint, regular
operators for all representations in Rep′(A); we may achieve all this by previous
submodule conditions as in Examples 5.10 and 5.12. A closed spectral condition
asks the joint spectrum of π(a1), . . . , π(an) to be contained in a closed subset
X ⊆ Rn.
We claim that this is a submodule condition. Under our assumptions, the
functional calculus Φ: C0(Rn) → B(E) exists. Our spectral condition means
that Φ(C0(Rn \ X))E = 0. The construction of Φ is clearly compatible with
unitary ∗-intertwiners and direct sums. It is also compatible with interior
tensor products, that is, the functional calculus for π ⊗ 1(a1), . . . , π ⊗ 1(an)
maps f 7→ Φ(f)⊗ 1. Hence Φ(C0(Rn \X))E is a naturally constructed Hilbert
submodule of E . So our spectral condition for closed X ⊆ Rn is a submodule
condition.
More generally, let X ⊆ Rn be locally closed, that is, X is relatively open in its
closure X. Suppose that the spectral condition for X holds for all representa-
tions in Rep′(A), say, by previous recursion steps. Then the functional calculus
homomorphism for π(a1), . . . , π(an) exists and descends to C0(X). The spec-
tral condition for X asks the restriction of this homomorphism to the ideal
C0(X) ⊳ C0(X) to be nondegenerate. This is a submodule condition by Exam-
ple 5.13.

Example 5.15 (see [31, §3]). Let Aµ for some µ ∈ R\{0} be the unital ∗-algebra
generated by two elements v, n with the relations v∗v = vv∗ = 1, n∗n =
nn∗, v∗nv = µn. This is the algebra of polynomial functions on the quantum
group Eµ(2). The relations allow to write any element as a linear combination
of vk ·g(n, n∗) for k ∈ Z and a polynomial g. It follows that the graph topology
of a representation of Aµ is generated by the graph norms of (n∗n)k for k ∈ N.
Thus a representation is closed if and only if its domain is

⋂∞
k=0 π((n

∗n)k),
compare the proof of (2.10).
The C∗-algebra of Eµ(2) is a C∗-hull for a certain class of integrable represen-

tations of Aµ that is defined by submodule conditions. First, we require π(n)
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to be a regular, normal operator; equivalently, π(n+ n∗) and −iπ(n− n∗)
are regular and self-adjoint, and they strongly commute; these are submod-
ule conditions by Examples 5.10 and 5.12. Secondly, we require the spectrum
of π(n) (or the joint spectrum of its real and imaginary part) to be contained in
Xµ := {z ∈ C | |z| ∈ µZ}∪{0}; this is a submodule condition by Example 5.14.

Finally, we require π(n∗n)k to be regular and self-adjoint for all k ≥ 1. These
are submodule conditions by Example 5.10.
We claim that an integrable representation on E is equivalent to a pair (V,N)
consisting of a unitary operator V and a regular, normal operator N on E
with spectrum contained in Xµ, subject to the relation V ∗NV = µN . First,
any such pair (V,N) gives an integrable representation of Aµ with domain⋂∞
k=0 dom(Nk). Conversely, if π is an integrable representation, then let

N := π(n), V := π(v). These have the properties required above. Since

π((n∗n)k) is self-adjoint and contained in the symmetric operator (N∗N)k, we
must have π((n∗n)k) = (N∗N)k. So the domain of the representation of Aµ is⋂∞
k=0 dom(Nk).

The regular, normal operator N with spectrum in Xµ defines a functional
calculus ̺ on C0(Xµ). The commutation relation v∗nv = µn is equivalent to
V ∗̺(f)V = ̺(α(f)) for the automorphism α(f)(x) := f(µx) on C0(Xµ). As a
consequence, the crossed product C∗-algebra C0(Xµ)⋊α Z is a C∗-hull for our
class of integrable representations.
By the way, this also follows from our Induction Theorem. For this, we
give Aµ the unique Z-grading where v has degree 1 and n has degree 0. Then
(Aµ)0 = C[n, n∗], and we call a representation of C[n, n∗] integrable if n is reg-
ular and normal with spectrum contained in Xµ. The C∗-hull for this class of
integrable representations of C[n, n∗] is C0(Xµ). In this case, all representations
of C[n, n∗] are inducible to Aµ, and the induced C∗-hull for Aµ is C0(Xµ)⋊αZ.

Interesting classes of representations defined by submodule conditions occur in
Theorems 5.21 and 8.6. The examples in [7, 27] are also defined by submodule
conditions, compare Proposition 9.4.

Example 5.16. If the algebra A carries a topology, then we may restrict atten-
tion to representations of A that are continuous in some sense. For instance,
if G is a topological group and A = C[G] is the group ring of the underly-
ing discrete group, then representations of A are unitary representations of G,
possibly discontinuous. Among them, we may restrict to the continuous rep-
resentations (compare the definition of a host algebra for G in [11]). If G is
an infinite-dimensional Lie group, we may restrict further to representations
of C[G] that are smooth in the sense that the smooth vectors are dense. I do
not expect continuity or smoothness to be a submodule condition, and I do
not know when the classes of continuous or smooth representations satisfy the
Local–Global Principle or its strong variant.
Semiboundedness conditions ask for certain (regular) self-adjoint operators to
be bounded above, see [19]. If we specify the upper bound on the spectrum, this
is a spectral condition as in Example 5.14. When we let the upper bound go
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to ∞, however, then direct sums no longer preserve semiboundedness. There-
fore, semiboundedness conditions seem close enough to submodule conditions
to be tractable, but the details require further thought.

Proof of Lemma 5.8. Let F1 and F2 be natural constructions of Hilbert sub-
modules of rank n that define Rep′′(A) inside Rep′(A), and let Rep′(A)
be weakly admissible. Let πi for i = 1, 2 be representations on Hilbert
D-modules Ei for a C∗-algebra D that belong to Rep′(A). Let u : E1

∼−→ E2

be a unitary ∗-intertwiner from π1 to π2. If F1(π1) = F2(π1), then F1(π2) =
u⊕n

(
F1(π1)

)
= u⊕n

(
F2(π1)

)
= F2(π2). Thus π2 belongs to Rep′′(A) if π1

does. This verifies (1) in Definition 3.11 using (1) in Definition 5.7. Simi-
larly, (2) and (3) in Definition 5.7 show that Rep′′(A) inherits (2) and (3) in
Definition 3.11 from Rep′(A). Thus Rep′′(A) is again weakly admissible.
It is trivial that weak admissibility is hereditary for intersections. By transfinite
induction, it follows that any class of representations defined by submodule
conditions is weakly admissible.

Proof of Theorem 5.9. Let F1 and F2 be natural constructions of Hilbert
submodules of rank n that define Rep′′(A) inside Rep′(A), and assume
that Rep′(A) satisfies the Strong Local–Global Principle. Let π be a repre-
sentation on a Hilbert D-module E that does not belong to Rep′′(A). We
must find an irreducible representation ̺ of D on a Hilbert space H such that
π⊗̺H does not belong to Rep′′(A). If the representation does not even belong
to Rep′(A), this is possible because Rep′(A) satisfies the Strong Local–Global
Principle by assumption. So we may assume that π belongs to Rep′(A) but
not to Rep′′(A). Thus F1(π) and F2(π) are well defined and different Hilbert
submodules of En. Corollary 5.4 gives an irreducible representation ̺ of D on
a Hilbert space H such that F1(π) ⊗̺ H 6= F2(π) ⊗̺ H as closed subspaces of
En ⊗̺ H. Identify these with subspaces of (E ⊗̺ H)n. The condition (2) in
Definition 5.7 gives

F1(π ⊗̺ H) = F1(π)⊗̺ H 6= F2(π) ⊗̺ H = F2(π ⊗̺ H).

That is, π⊗̺H does not belong to Rep′′(A). Thus Rep′′(A) inherits the Strong
Local–Global Principle from Rep′(A).
The Strong Local–Global Principle is easily seen to be hereditary for inter-
sections. Hence any class of representations defined by submodule conditions
satisfies the Strong Local–Global Principle by transfinite induction.

Theorem 5.17. Let A be a ∗-algebra and let S ⊆ Ah. Let RepS(A) be the
class of all representations where the elements of S act by regular, self-adjoint
operators. This class is defined by submodule conditions and hence satisfies the
Strong Local–Global Principle. It is admissible if S is a strong generating set
for A.

Proof. Asking π(a) to be regular and self-adjoint for a single a ∈ S is a submod-
ule condition by Example 5.10. In order to ask this simultaneously for a set S,
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let ≺ be a well-ordering on S, and add an elementM with a ≺M for all a ∈ S.
Let Repa(A) ⊆ Rep(A) for a ∈ S ∪ {M} be the class of all representations π
where π(b) is regular and self-adjoint for all b ∈ S with b ≺ a. These subclasses
form a recursive definition of RepS(A) by submodule conditions as in Defini-
tion 5.7. Thus RepS(A) is defined by submodule conditions. Then it is weakly
admissible and satisfies the Strong Local–Global Principle by Lemma 5.8 and
Theorem 5.9.
From now on, we assume that S is a strong generating set. For RepS(A) to be
admissible, we must prove that any isometric intertwiner I : (E0, π0) →֒ (E, π)
between two Hilbert space representations in RepS(A) is a ∗-intertwiner.
If a ∈ S, then π(a) and π0(a) are regular, self-adjoint operators. Hence they
generate integrable representations of C[x] as in Theorem 4.4. The isometry I
intertwines these representations of C[x]. Hence it is a ∗-intertwiner by Theo-
rem 4.4. In particular, I∗ maps domπ(a) to domπ0(a) for each a ∈ S. Since S
is a strong generating set, (2.10) gives E0 =

⋂
a∈S domπ0(a) and similarly

for π. So I∗(E) ⊆ E0. Then E = E0 + (E ∩ E⊥0 ) and I is a ∗-intertwiner by
Proposition 2.27.

Corollary 5.18. Let S ⊆ Ah be a strong generating set for a ∗-algebra A
and let B with universal representation µ be a weak C∗-hull. If the closed
multipliers µ(a) for a ∈ S are self-adjoint and affiliated with B, then B is a
C∗-hull.

Proof. All B-integrable representations belong to RepS(A) because the latter
is weakly admissible and contains the universal B-integrable representation.
Since RepS(A) is admissible by Theorem 5.17, any smaller class of integrable
representations inherits the equivalent conditions (2)–(4) in Proposition 3.8,
which characterise C∗-hulls among weak C∗-hulls.

Theorem 5.19. Let A be a ∗-algebra, B a C∗-algebra, (B, µ) a representation
of A on B, and T1, . . . , Tn ∈ A. Assume that µ(T1), . . . , µ(Tn) are self-adjoint
and affiliated with B and generate B in the sense of Woronowicz, see [32,
Definition 3.1]. Then B is a C∗-hull for the B-integrable representations of A
defined by (B, µ), and these satisfy the Strong Local–Global Principle.

Proof. To show that B is a C∗-hull, we check the condition (5) in Proposi-
tion 3.8. Let ̺ : B → B(H) be a representation of B on a Hilbert space H and
let (E, π) be the corresponding B-integrable representation of A. Let (E0, π|E0)
be a B-integrable representation on a closed subspace E0 ⊆ E and let P ∈ B(E)
be the projection onto E0. We must show that ̺(B) is contained in the commu-
tant of P . Equivalently, ̺ is a morphism in the notation of [32] to the algebra
K = K(E0)⊕K(E⊥0 ) of all compact operators on E that commute with P .
Let 1 ≤ i ≤ n. Since Ti is self-adjoint and regular as an adjointable operator
on the Hilbert B-module B, it generates an integrable representation of the
polynomial algebra C[x] on B as in Theorem 4.4. These integrable representa-
tions form an admissible class. Therefore, a B-integrable representation of A
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gives an integrable representation of C[x] when we compose with the canonical
map ji : C[x] → A, x 7→ Ti, and take the closure. And since π and π|E0 are
both B-integrable, π|E0 ◦ ji is a direct summand in π ◦ ji. Equivalently, the
unbounded operator π(Ti) is affiliated with K.
The extension of ̺ to affiliated multipliers maps µ(Ti) to π(Ti), which is affili-
ated with K. Hence ̺ is a morphism to K because these affiliated multipliers
generate B. Thus B is a C∗-hull for the B-integrable representations by Propo-
sition 3.8.
Now we check the Strong Local–Global Principle. Let (E, π) be a representation
of A on a Hilbert D-module E . Assume that the representation (E, π) ⊗ω Hω
is integrable for each irreducible representation ω of D on a Hilbert space Hω
in the sense that it comes from a representation of B. We must show that the
representation (E, π) is integrable.
The condition that π(Ti) be self-adjoint and regular is a submodule condition by
Example 5.10. Hence the class of representations with this property satisfies the
Strong Local–Global Principle by Theorem 5.9. Therefore, π(Ti) is a regular,
self-adjoint operator on E for i = 1, . . . , n.
Let ω be the direct sum of all irreducible representations of D; this is a faithful
representation of D on some Hilbert space H. The induced representation j
of K(E) on K := E ⊗DH is faithful as well. By assumption, the representation
π ⊗D 1 of A on K is integrable, so it comes from a representation σ of B.
The extension of σ to affiliated multipliers maps µ(Ti) η B to (π ⊗D 1)(Ti).
Since π(Ti) is a regular operator on E , it is an affiliated multiplier of K(E),
see [20] or Proposition 3.13. Thus (π ⊗D 1)(Ti) is affiliated with the image
of K(E) on K by [17, Proposition 9.10]. Thus σ(µ(Ti)) η K(E) for i = 1, . . . , n.
Since the affiliated multipliers µ(Ti) generate B in the sense of Woronowicz, σ
factors through a morphism τ : B → K(E). This is the same as a representation
of B on E . Let π′ be the representation of A on E associated to τ . If ̺ is
an irreducible Hilbert space representation of D, then π ⊗̺ H = π′ ⊗̺ H by
construction of τ . Hence Theorem 5.6 gives π = π′. Since π′ is integrable by
construction, so is π.

The first counterexample in §6 exhibits a symmetric affiliated multiplier that
generates a C∗-algebra, such that the Local–Global Principle fails and B is not
a C∗-hull. Without self-adjointness, we only get the following much weaker
statement:

Lemma 5.20. Let A be a ∗-algebra, B a C∗-algebra, (B, µ) a representation
of A on B, and T1, . . . , Tn ∈ A. Assume that µ(T1), . . . , µ(Tn) are affiliated
with B and generate B in the sense of Woronowicz. Then B is a weak C∗-hull
for the B-integrable representations of A.

Proof. To show that B is a weak C∗-hull, we check (1) in Proposition 3.8.
Let ̺1, ̺2 be representations of B on a Hilbert space H with (B, µ) ⊗̺1 H =
(B, µ) ⊗̺2 H. We claim that ̺1 ⊕ ̺2 : B → B(H2) = M2(B(H)) maps B into
the multiplier algebra of the diagonally embedded copy K of K(H). This is
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equivalent to ̺1 = ̺2. Since (B, µ)⊗̺1H = (B, µ)⊗̺2H, the extension of ̺1⊕̺2

to affiliated multipliers maps µ(Ti) η B to an operator of the form (Xi, Xi) for
i = 1, . . . , n; these are affiliated with K. Since these affiliated multipliers
generate B, ̺1 ⊕ ̺2 is a morphism from B to K. Thus B is a weak C∗-hull
for A.

5.1 Universal enveloping algebras

We illustrate our theory by an example. Let g be a finite-dimensional Lie
algebra over R and let A = U(g) be its universal enveloping algebra with the
usual involution, where elements of g are skew-symmetric. A representation
of A on E , possibly not closed, is equivalent to a dense submodule E ⊆ E
with a Lie algebra representation π : g → EndD(E) satisfying 〈ξ, π(X)(η)〉 =
−〈π(X)(ξ), η〉 for all X ∈ g, ξ, η ∈ E.

Let G be a simply connected Lie group with Lie algebra g and let B := C∗(G).
A representation of C∗(G) on a Hilbert module E is equivalent to a strongly
continuous, unitary representation of G on E . Given such a representation,
let E∞ ⊆ E be its subspace of smooth vectors. This is the domain of a closed
representation of U(g). We call a representation of U(g) integrable if it comes
from a unitary representation of G in this way.

In particular, G acts continuously on C∗(G) by left multiplication with unitary
multipliers. Let B = C∗(G)∞ be the right ideal of smooth elements for this
G-action, equipped with the canonical U(g)-module structure µ. By the univer-
sal property of C∗(G), the pair (B, µ) is the universal integrable representation.
That is, a representation of U(g) is integrable if and only if it is of the form
(B, µ) ⊗̺ E for a representation ̺ of C∗(G).
Let X1, . . . , Xd form a basis of g. The Laplacian is L := −∑d

i=1 X
2
i ∈ U(g).

Theorem 5.21 ([21, Théorème 2.12]). A representation (π,E) of U(g) is in-
tegrable if and only if π(Ln) is regular and self-adjoint for all n ∈ N.

Proof. Since Pierrot does not require representations to be closed, his state-
ment is slightly different from ours. Pierrot shows that there is a continuous
representation ̺ of G with differential X 7→ π(X) if and only if T := π(L)
is self-adjoint and regular. His proof shows that all elements of

⋂∞
n=1 dom T n

are smooth vectors for ̺. Conversely, all smooth vectors must belong to this
intersection. A representation of U(g) is determined by its domain and the
closed operators π(X) for X ∈ g. So a closed representation (E, π) of U(g) is
integrable if and only if T is self-adjoint and regular and E =

⋂∞
n=1 dom T n.

Moreover, the proof shows that the graph topology for a representation with
regular self-adjoint T is determined by the graph norms of Ln for all n ∈ N. If
π(Ln) is self-adjoint, then it must be equal to T n because π(Ln) ⊆ T n and T n

is symmetric. Therefore, if π(L) is regular and self-adjoint, then the domain
of π is

⋂∞
n=1 domT n if and only if π(Ln) is regular and self-adjoint also for all

n ≥ 2.
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Theorem 5.22. The class of integrable representations of U(g) has C∗(G) as
a C∗-hull and is defined by submodule conditions. So it satisfies the Strong
Local–Global Principle.

Proof. By Theorem 5.21, a representation is integrable if and only if all elements
of the set {Ln | n ∈ N} act by a regular and self-adjoint operator. Hence the
assertion follows from Theorem 5.17.
Alternatively, the closed multipliers of C∗(G) associated to iX1, . . . , iXd are
regular and affiliated with C∗(G) and generate C∗(G) by [32, Example 3 in §3].
Hence C∗(G) is a C∗-hull and the Strong Local–Global Principle holds by The-
orem 5.19.

The results of Vassout [30] get close to proving an analogue of Theorem 5.22 for
an s-simply connected Lie groupoidG with compact base. This analogue would
replace g by the space of smooth sections of the Lie algebroidA(G), and U(g) by
the ∗-algebra of G-equivariant differential operators on G, a subalgebra of the
∗-algebra of G-pseudodifferential operators. Any symmetric, elliptic element
of U(g) should be a possible replacement for the Laplacian in Theorem 5.22.

6 Polynomials in one variable II

We discuss two classes of “integrable” representations of the ∗-algebra C[x] with
x = x∗ which are weakly admissible, but not admissible, and which violate the
Local–Global Principle. Both examples have a weak C∗-hull, on which all pow-
ers of the generator x act by an affiliated multiplier. In the first example, these
affiliated multipliers generate the weak C∗-hull, but not in the second. Nei-
ther Theorem 5.17 nor Theorem 5.19 apply because the generating affiliated
multipliers are not self-adjoint. The first example shows that a C∗-algebra gen-
erated by affiliated multipliers in the sense of Woronowicz need not be a C∗-hull,
though it is always a weak C∗-hull by Lemma 5.20. The second example shows
that a weak C∗-hull need not be generated by affiliated multipliers.
Let S ∈ B(ℓ2N) be the unilateral shift. Let Q be the closed symmetric operator
on ℓ2N with Cayley transform S. Thus Q has deficiency index (0, 1). The
domain of Q is (1 − S)ℓ2N, and Q(1 − S)ξ := i(1 + S)ξ for all ξ ∈ ℓ2N (see
also Example 4.10). We may identify ℓ2N with the Hardy space H2. Then Q
becomes the Toeplitz operator with the unbounded symbol i(1 + z)(1− z)−1.
Let T be the Toeplitz C∗-algebra, that is, the C∗-subalgebra of B(ℓ2N) gener-
ated by S. Every element in T is of the form Tϕ+K, where Tϕ is the Toeplitz
operator with symbol ϕ ∈ C(S1) and K is a compact operator. Let T0 ⊳ T be
the kernel of the unique ∗-homomorphism T → C that maps S to 1.

Proposition 6.1. There is a symmetric, affiliated multiplier Q of T0 with
domain (1−S) ·T0 and Q · (1−S) · t := i(1+S) · t for all t ∈ T0. It generates T0

in the sense of Woronowicz.

Proof. We claim that the right ideal (1−S)S∗T0 ⊆ T0 is dense. This would fail
for T because the continuous ∗-homomorphism T → C, S 7→ 1, annihilates this
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right ideal. First, (1 − S)S∗K(ℓ2N) is dense in K(ℓ2N) because (1 − S)S∗ has
dense range on ℓ2N. So the closure of (1− S)S∗T0 contains K(ℓ2N). Secondly,
(1−S)S∗T0/K(ℓ2N) is dense in T0/K(ℓ2N) ∼= C0(S1 \{1}) because the function
(1 − z)z on S1 vanishes only at 1.
An affiliated multiplier of T0 is the same as a regular operator on T0, viewed
as a Hilbert module over itself. Since (1 − S)S∗T0 is dense in T0, there is a
regular, symmetric operator Q′ on T0 that has S as its Cayley transform, see
[17, Chapter 10]. The operator Q′ has the domain (1 − S)S∗T0 and acts by
Q′ · (1 − S)S∗t := i(1 + S)S∗t. Rewriting any t ∈ T0 as t = S∗St, we may
replace S∗t by t here. Thus Q′ = Q.
Since Q + i maps (1 − S)t to i(1 + S)t + i(1 − S)t = 2it, it is surjective, and
(Q+ i)−1 = 1

2i (1 − S) belongs to T0. Hence (Q+ i)∗ = Q∗ − i is the inverse of
1
−2i (1−S∗). SoQ∗ has domain (1−S∗)T0 and maps (1−S∗)t 7→ i(1−S∗)t−2it =
−i(1+S∗)t. As expected, Q∗ contains Q: we may write (1−S)t = S∗St−St =
(1 − S∗)(−St), and Q∗ maps this to −i(1 + S∗)(−St) = i(S + 1)t.
Next we show that Q∗Q+1 is the inverse of 1

4 (1−S)(1−S∗) ∈ T0. We compute

Q∗Q(1− S)(1− S∗)t = iQ∗(1 + S)(1− S∗)t = iQ∗(1 + S − S∗ − SS∗)t
= iQ∗(1−S∗)(2+S−SS∗)t = (1+S∗)(2+S−SS∗)t = (4−(1−S)(1−S∗))t.

This implies (Q∗Q + 1)(1 − S)(1 − S∗)t = 4t. Since this is already surjective
and Q∗Q+ 1 is injective, the domain of Q∗Q+ 1 is exactly (1− S)(1− S∗)T0,
and Q∗Q+ 1 is the inverse of 1

4 (1− S)(1− S∗) ∈ T0 as asserted.
Let ̺1 and ̺2 be two Hilbert space representations of T0 whose extension to
affiliated multipliers maps Q to the same unbounded operator. Then they
also map the Cayley transform S of Q to the same partial isometry. So
̺1(S) = ̺2(S), which gives ̺1 = ̺2. Thus Q separates the representations
of T0. Since (Q∗Q + 1)−1 ∈ T0 as well, [32, Theorem 3.3] shows that the
affiliated multiplier Q generates T0.

The domain of Qn is the right ideal (1 − S)n · T0, which is dense in T0 for the
same reason as (1−S) ·T0. Even more, the right ideal (1−S)n+1 ·T0 is dense in
(1−S)n ·T0 in the graph norm of Qn. Thus the intersection T of this decreasing
chain of dense right ideals (1− S)nT0 is still dense in T0 by [28, Lemma 1.1.2].
This intersection is the domain of a closed representation µ of C[x] on T0 with
µ(xn) = Qn. We call a representation of C[x] on a Hilbert module E Toeplitz
integrable if it is of the form (T, µ)⊗̺ E for some representation ̺ : T0 → B(E).

Proposition 6.2. The class of Toeplitz integrable representations of C[x] is
weakly admissible with the weak C∗-hull T0. It is not admissible, so T0 is
not a C∗-hull. The Toeplitz integrable representations violate the Local–Global
Principle.
A representation (E, π) of C[x] on a Hilbert module E over a C∗-algebra D is
Toeplitz integrable if and only if it has the following properties:

(1) π(x+ i)nE = E for all n ∈ N≥1;
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(2) π(x) is regular.

Toeplitz integrable representations on E are in bijection with regular, symmetric
operators T on E for which T + i is surjective.

Proof. We checked condition (1) in Proposition 3.8 in the proof of Proposi-
tion 6.1. Thus T0 is a weak C∗-hull for the Toeplitz integrable representa-
tions, and this class is weakly admissible. Any self-adjoint operator on a
Hilbert space generates a Toeplitz integrable representation of C[x] because
T0/K(ℓ2N) ∼= C0(R); so does Q itself. Thus both Example 4.10 and Proposi-
tion 4.8 show that the class of Toeplitz integrable representations is not admis-
sible. So T0 is not a C∗-hull.
We claim that the representation (T, µ) of C[x] on T0 has the properties (1)
and (2) in the proposition. First, (µ(x) + i)n acts by (2i)n(1 − S)−n on its
dense domain T :=

⋂∞
k=1(1 − S)kT0. Since (1 − S)k+1T0 is norm dense in

(1−S)kT0, the closure of (µ(x)+ i)n is equal to (2i)n(1−S)−n with its natural
domain (1 − S)nT0, and this operator is surjective. Secondly, µ(x) = Q is
regular.
The property (1) is a sequence of submodule conditions, see Example 5.13.
Hence it is inherited by interior tensor products by Lemma 5.8. So is the
property (2) by [17, Proposition 9.10]. Hence both (1) and (2) are necessary
for a representation (E, π) to be Toeplitz integrable.
Conversely, let (E, π) be a representation of C[x] on E that satisfies (1) and (2).
Then the closed, symmetric operator T := π(x) on E is regular by (2). So
its Cayley transform s is an adjointable partial isometry such that (1 − s)s∗
has dense range (see [17, Chapter 10]). Even more, s is an isometry because
(T + i)E = E . Thus s generates a unital representation ̺ of T . The restriction
of ̺ to T0 is nondegenerate because (1− s)s∗ has dense range. Let π′ := µ⊗̺ 1
be the representation of C[x] associated to ̺. Then

π′((x+ i)n) = (2i)n(1− s)−n ⊇ π((x + i)n).

Assumption (1) implies that E is dense in the domain of (2i)n(1− s)−n in the
graph norm of (2i)n(1 − s)−n. Hence even π′((x+ i)n) = (2i)n(1 − s)−n =
π((x + i)n). Since the domains of π(x)n form a decreasing sequence, induction
on n now shows that π′(xn) = π(xn). The set {xn} is a strong generating set
for C[x] by Lemma 4.1. Thus π = π′ by Proposition 2.9. This finishes the
proof that Toeplitz integrable representations of C[x] are characterised by the
properties (1) and (2) and that they are in bijection with regular, symmetric
operators T for which T + i is surjective.
For a counterexample to the Local–Global Principle, let N̄ = N ∪ {∞} be the
one-point compactification of N and D = C(N̄). Let E ⊆ C(N̄, ℓ2N) consist of
all continuous functions f : N̄→ ℓ2N with f(∞)⊥δ0. The unilateral shift S on
C(N̄, ℓ2N) restricts to a non-adjointable isometry s on this subspace. Let T be
the inverse Cayley transform of s. This is a closed, symmetric operator on E
that is irregular because its Cayley transform is not adjointable. If ̺ : D →
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B(H) is a Hilbert space representation, then the induced representation of C[x]
is associated to the closed operator T ⊗̺ 1. The operator (T ⊗̺ 1) + i remains
surjective, and T ⊗̺ 1 is regular because it acts on a Hilbert space. So T ⊗̺ 1
generates a Toeplitz integrable representation for all representations ̺ of D.
Since T itself does not generate a Toeplitz integrable representation, the Local–
Global Principle is violated.

Condition (1) in Proposition 6.2 is a submodule condition. If regularity without
self-adjointness were a submodule condition as well, then the Toeplitz integrable
representations of C[x] would be defined by submodule conditions; so the failure
of the Local–Global Principle for them would contradict Theorem 5.19.
The identical inclusion T0 →֒ M(K(ℓ2N)) is a representation of the weak
C∗-hull T0 on K(ℓ2N) and thus corresponds to a Toeplitz integrable represen-
tation of C[x] on K(ℓ2N). This is simply the restriction of (T, µ) to the Hilbert
T0-submodule K(ℓ2N) ⊂ T0, with domain T ∩ K(ℓ2N) and the same action µ
of C[x]. Call a representation purely Toeplitz integrable if it is of the form
(T ∩K(ℓ2N), µ)⊗̺ E for some representation ̺ : K(ℓ2N)→ B(E).

Proposition 6.3. The purely Toeplitz integrable representations of C[x] form
a weakly admissible class that is not admissible, and K(ℓ2N) is a weak C∗-hull
for it, but not a C∗-hull. This class violates the Local–Global Principle. The
closed multiplier Q = µ(x) of T0 is affiliated with K(ℓ2N) but does not gener-
ate K(ℓ2N).
A representation (E, π) of C[x] on a Hilbert module E over a C∗-algebra D is
purely Toeplitz integrable if and only if it has the following property in addition
to those in Proposition 6.2:

(3) the closure of
⋃∞
n=1(π(x − i)nE)⊥ is E.

Proof. Since K(ℓ2N) has fewer representations than T0, the condition (1) in
Proposition 3.8 for K(ℓ2N) follows from the corresponding property for T0,
which we have already checked in the proof of Proposition 6.1. Hence K(ℓ2N)
is a weak C∗-hull for the purely Toeplitz representations of C[x].
Since Q gives a purely Toeplitz representation of C[x] on ℓ2(N), the class of
purely Toeplitz integrable representations is not admissible by Example 4.10.
Therefore, its weak C∗-hull is not a C∗-hull. The same counterexample as in
the proof of Proposition 6.2 shows that the Local–Global Principle fails for the
purely Toeplitz representations.
Any closed operator on ℓ2N is affiliated with K(ℓ2N). In particular, so is Q. In
the identical representation of K(ℓ2N) on the Hilbert space ℓ2N, the image of Q
is affiliated with T0 by Proposition 6.1. But the representation of K(ℓ2N) is not
by a morphism to T0 because the inclusion map K(ℓ2N) →֒ T0 is degenerate.
Hence Q does not generate K(ℓ2N) in the sense of Woronowicz.
The element Pn := 1 − Sn(S∗)n ∈ K(ℓ2N) ⊆ T0 is the orthogonal projection
onto the span of δ0, . . . , δn−1. A representation of T0 maps Pn to an orthogonal
projection whose image is the orthogonal complement of the image of Sn. This
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is also the orthogonal complement of the image of π(x− i)n. These orthogonal
complements form an increasing chain of complementable submodules, and π
is purely Toeplitz if and only if their union is all of E . This proves our charac-
terisation of purely Toeplitz representations.

7 Bounded and locally bounded representations

Let A be a ∗-algebra. A bounded representation of A on a Hilbert module E
is a ∗-homomorphism π : A → B(E). Corollary 2.11 says that a closed repre-
sentation is bounded once π(a) is globally defined for a in a strong generating
set of A. Finite-dimensional representations are always bounded. In particular,
characters are bounded. Thus commutative ∗-algebras have many bounded
representations. Many other ∗-algebras, such as the Weyl algebra, have no
bounded representations. In this section, we are going to study C∗-hulls related
to bounded representations. These are only relevant if A has many bounded
representations.

Any bounded representation π of A is bounded in some C∗-seminorm q on A,
that is, ‖π(a)‖ ≤ q(a) for all a ∈ A. Then π extends to the (Hausdorff)
completion Aq of A in the seminorm q, which is a unital C∗-algebra.

If p, q are two C∗-seminorms on A, then max{p, q} is a C∗-seminorm as well.
Thus the set N (A) of C∗-seminorms on A is directed. For q, q′ ∈ N (A) with
q ≤ q′, let ϕq,q′ : Aq′ → Aq be the ∗-homomorphism induced by the identity
map on A. The C∗-algebras Aq and the ∗-homomorphisms ϕq,q′ for q ≤ q′

in N (A) form a projective system of C∗-algebras. Each ∗-homomorphism ϕq,q′

is unital and surjective because its image contains A, which is unital and dense
in Aq′ .

The C∗-seminorms in N (A) define a locally convex topology on A, where a
net converges if and only if it converges in any C∗-seminorm. Let A with the
canonical map j : A → A be the completion of A in this topology. This is a
C∗-algebra if and only if there is a largest C∗-seminorm on A. In general, A is
the projective limit of the diagram of unital C∗-algebras (Aq, ϕq,q′) described
above. Thus A is a unital pro-C∗-algebra, see [22].

As a concrete example, we describe A for a commutative ∗-algebra A.

Definition 7.1. Let Â be the set of ∗-homomorphisms A → C, which we
briefly call characters. Each a ∈ A gives a function â : Â → C, â(χ) := χ(a).
We equip Â with the coarsest topology making these functions continuous.
That is, a net (χi)i∈I in Â converges to χ ∈ Â if and only if limχi(a) = χ(a)
for all a ∈ A. Let τc be the compactly generated topology associated to this
topology, that is, a subset in Â is closed in τc if and only if its intersection with
any compact subset in Â is closed.

If a ∈ A, then its Gelfand transform â is a continuous function on Â. This
defines a ∗-homomorphism A → C(Â). If the usual topology on Â is locally
compact or metrisable, then it is already compactly generated and hence equal
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to τc. The topology τc may have more closed subsets and hence more continuous
functions to C. So C(Â) ⊆ C(Â, τc).

Proposition 7.2. Let A be a commutative ∗-algebra. The directed set N (A)
of C∗-seminorms on A is isomorphic to the directed set of compact subsets of Â,
where K ⊆ Â corresponds to the C∗-seminorm

‖a‖K := sup{|â(χ)| | χ ∈ K}.

The C∗-completion of A in this C∗-seminorm is C(K). And A ∼= C(Â, τc),
where the inclusion map j : A→ A is the Gelfand transform A→ C(Â, τc), a 7→
â.

Proof. Let q be a C∗-seminorm on A. Let Âq ⊆ Â be the subspace of all

q-bounded characters, that is, χ ∈ Âq if and only if |χ(a)| ≤ q(a) for all
a ∈ A. These are precisely the characters that extend to characters on the
C∗-completion Aq. Conversely, since A is dense in Aq, any character on Aq
is the unique continuous extension of a q-bounded character on A. And the
subspace topology on Âq ⊆ Â is equal to the canonical topology on the spec-
trum of Aq: a net of q-bounded characters that converges uniformly on A also
converges uniformly on Aq. Thus

Aq ∼= C(Âq)

by the Gelfand–Naimark Theorem, and so Âq ⊆ Â is compact for each q ∈
N (A).
If q ≤ q′, then Âq ⊆ Âq′ and ϕqq′ : Aq′ ։ Aq is the restriction map for the

subspace Âq ⊆ Âq′ . The pro-C∗-algebra A is the limit of this diagram of

commutative C∗-algebras. Since all the maps Âq ⊆ Âq′ are injective, A is

the algebra of continuous functions on
⋃
q∈N (A) Âq with the inductive limit

topology. That is, a subset of
⋃
q∈N (A) Âq is closed if and only if its intersection

with each Âq is closed, where Âq carries the (compact) subspace topology

from Â.
Any character χ on A is bounded with respect to some C∗-seminorm; for in-
stance, ‖a‖χ := |χ(a)|. Thus

⋃
q∈N (A) Âq = Â as a set. If K ⊆ Â is compact,

then â ∈ C(Â) for a ∈ A must be uniformly bounded on K, so that

‖a‖K := sup{|â(χ)| | χ ∈ K}

is a C∗-seminorm on A. Thus K ⊆ Âq for some q ∈ N (A). Hence the inductive
limit topology on

⋃
q∈N (A) Âq is τc.

We return to the general noncommutative case. The class of q-bounded repre-
sentations for a fixed q ∈ N (A) is easily seen to be weakly admissible. The class
of bounded representations with variable q is not weakly admissible unless A
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has a largest C∗-seminorm because it is not closed under direct sums. We are
going to define the larger class of “locally bounded” representations to rectify
this. Roughly speaking, a representation is locally bounded if and only if it
comes from a representation of the pro-C∗-algebra A. Before we define locally
bounded representations, we characterise q-bounded representations by some
slightly weaker estimates.

Proposition 7.3. Let A be a ∗-algebra and let q be a C∗-seminorm on A.
Let (E, π) be a representation of A on a Hilbert module E over some
C∗-algebra D and let ξ ∈ E. The following are equivalent:

(1) there is C > 0 with ‖〈ξ, π(a)ξ〉‖ ≤ Cq(a) for all a ∈ A;

(2) there is C > 0 with ‖π(a)ξ‖ ≤ Cq(a) for all a ∈ A;

(3) ‖π(a)ξ‖ ≤ ‖ξ‖q(a) for all a ∈ A.

The set of vectors ξ with these equivalent properties is a norm-closed A,D-
submodule of E. The representation of A on this submodule extends to the
C∗-completion Aq.

Proof. The implications (3)⇒(2)⇒(1) are trivial. Conversely, assume (1) and
let a ∈ A. Let (bn)n∈N be a sequence in A that converges in Aq towards
the positive square-root of q(a)2 − a∗a. Then the sequence (a∗a + b∗nbn) in A
converges in the norm q to q(a)2 ∈ A. If (1) holds, then

lim
n→∞

〈ξ, π(a∗a+ b∗nbn)ξ〉 = q(a)2〈ξ, ξ〉.

Since 0 ≤ 〈π(a)ξ, π(a)ξ〉 ≤ 〈π(a)ξ, π(a)ξ〉 + 〈π(bn)ξ, π(bn)ξ〉 = 〈ξ, π(a∗a +
b∗nbn)ξ〉 for all n, this implies ‖π(a)ξ‖ ≤ lim‖〈ξ, π(a∗a+ b∗nbn)ξ〉‖ = q(a)2‖ξ‖2

.
Thus (1) implies (3).
The set Eq of vectors ξ ∈ E satisfying (2) is a vector subspace and closed
under left multiplication by elements of A and right multiplication by elements
of D. On this subspace, the graph and norm topologies coincide because of (3).
The subspace Eq is closed in the norm topology by the Principle of Uniform
Boundedness. The ∗-representation of A on this submodule is globally defined
and bounded by the C∗-seminorm q. Hence it extends to a representation
of Aq.

Definition 7.4. Let (E, π) be a representation of A on a Hilbert module E . A
vector ξ ∈ E is bounded if it satisfies the equivalent conditions in Proposition 7.3
for some q ∈ N (A). The representation is locally bounded if the bounded vectors
are dense in E in the graph topology.

By Proposition 7.3, the q-bounded vectors in E for a fixed q ∈ N (A) form a
closed A,D-submodule Eq ⊆ E , on which the representation of A extends to the
C∗-completion Aq and hence to a representation of A. Since N (A) is directed
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and Eq ⊆ Eq′ if q ≤ q′, the family of sub-bimodules Eq ⊆ E is directed. The set
of bounded vectors is the increasing union

Eb :=
⋃

q∈N (A)

Eq.

Since π|Eq extends to A for each q, there is a representation π̄ of the pro-
C∗-algebra A on Eb ⊆ E . The representation (E, π) is locally bounded if and
only if (Eb, π̄ ◦ j) is a core for it. Thus (E, π) is the closure of the “restriction”
π̄ ◦ j of π̄ to A.
We do not claim that π̄ is closed, and neither do we claim that π̄ ◦ j is locally
bounded for any representation of A: we need the representation of A to be
locally bounded as well:

Definition 7.5. A representation (π,E) of a pro-C∗-algebra A is locally
bounded if the vectors ξ ∈ E for which A → E , a 7→ π(a)ξ, is continuous
form a core.

Proposition 7.6. Composition with j : A→ A induces an equivalence between
the categories of locally bounded representations of A and A which is compatible
with isometric intertwiners and interior tensor products.

Proof. The ∗-homomorphism j induces an isomorphism between the directed
sets of C∗-seminorms on A and A. Therefore, a representation π̄ of A is locally
bounded if and only if the vectors ξ with ‖π̄(a)ξ‖ ≤ q(a)‖ξ‖ for all a ∈ A, for
some q ∈ N (A), form a core. Since j(A) is dense in A, this is equivalent to
‖π(a)ξ‖ ≤ q(a)‖ξ‖ for all a ∈ A. Thus the closure of π̄ ◦ j is locally bounded if
and only if π̄ is.
An isometric intertwiner π̄1 →֒ π̄2 also intertwines the closures of π̄1 ◦ j and
π̄2 ◦ j by Lemma 2.14. Conversely, an isometric intertwiner between two locally
bounded representations of A must map q-bounded vectors to q-bounded vec-
tors for any q ∈ N (A). Thus it remains an isometric intertwiner between the
canonical extensions of the representations to A. So the equivalence between
the locally bounded representations of A and A is compatible with isometric
intertwiners. It is also compatible with interior tensor products, that is, the
closure of (π̄ ⊗D 1G) ◦ j is π̄ ◦ j ⊗D 1G .

Proposition 7.7. All irreducible, locally bounded Hilbert space representations
are bounded.

Proof. If π is irreducible, then the closed A-submodule Eq for a C∗-seminorm q
is either {0} or E . The latter must happen for some q if π is locally bounded.

Thus local boundedness is not an interesting notion for irreducible representa-
tions.
If A has no C∗-seminorms, then A = {0} and A has no locally bounded rep-
resentations, so that the following discussion will be empty. Even if the map
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j : A → A is not injective, there are examples where all “integrable” represen-
tations of A come from A. An important case is the unit fibre for the canonical
Z-grading on the Virasoro algebra studied in [27, §9.3]. In this case, A is not
commutative, but all irreducible, integrable representations are characters and
hence locally bounded.

Proposition 7.8. If π is a locally bounded representation, then π(a) is regular
and self-adjoint for each a ∈ Ah.

Proof. The map of left multiplication by j(a) ± i on A is invertible because
j(a) ∈ A is symmetric and A is a pro-C∗-algebra. Therefore, π̄(j(a)) ± i ⊆
π(a) ± i has dense range on E . Thus π(a) is regular and self-adjoint, see
[17, Chapter 10].

Corollary 7.9. Let A be a ∗-algebra. The class Repb(A) of locally bounded
representations of A is admissible.

Proof. Being locally bounded is clearly invariant under unitary ∗-intertwiners
and direct sums. It is also invariant under direct summands because a
∗-intertwiner maps bounded vectors to bounded vectors. If ξ ∈ E is bounded,
then ξ ⊗ η ∈ E ⊗D F is bounded for any C∗-correspondence F . Thus a locally
bounded representation on E induces one on E ⊗D F .
Since Ah is a strong generating set for A by Example 2.8, the class of repre-
sentations for which all a ∈ Ah act by a regular and self-adjoint operator is
admissible by Theorem 5.17. This class contains the locally bounded represen-
tations by Proposition 7.8. Hence this subclass is also admissible.

Any pro-C∗-algebra A contains a dense unital C∗-subalgebra Ab of bounded
elements, see [22, Proposition 1.11]. For instance, if A is commutative, so that
A ∼= C(Â, τc) by Proposition 7.2, then Ab = Cb(Â, τc) consists of the bounded
continuous functions.

Let (E, π) be a locally bounded representation of A. This comes from a locally
bounded representation (Eb, π̄) of A by Proposition 7.6. The closure of the
restriction of π̄ to Ab is a representation of a unital C∗-algebra. Hence it is a
unital ∗-homomorphism ̺ : Ab → B(E) by Lemma 2.12.

Proposition 7.10. Two locally bounded representations π1 and π2 of A on a
Hilbert module E are equal if and only if they induce the same representation
of Ab.

Proof. Of course, π1 and π2 induce the same representation of Ab if π1 = π2.
Conversely, assume that π1 and π2 induce the same representation ̺ of Ab.
If a ∈ Ah, then the Cayley transform ca of j(a) ∈ A is a unitary element
of Ab. The Cayley transforms of π1(a) and π2(a) are both equal to ̺(ca).
Hence π1(a) = π2(a). Since this holds for all a ∈ Ah, Proposition 2.9 gives
π1 = π2.
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The C∗-algebra Ab usually has many representations that do not come from
locally bounded representations of A. Hence it is not a C∗-hull. It is, however,
a useful tool to decide when a representation µ of A on a C∗-algebra B is a
weak C∗-hull, that is, when A separates the Hilbert space representations of B:

Proposition 7.11. Let µ be a locally bounded representation of A on a
C∗-algebra B and let ̺ : Ab → M(B) = B(B) be the associated representa-
tion of Ab. The image of ̺ is dense in M(B) in the strict topology if and
only if B is a weak C∗-hull for the class of B-integrable representations of A
defined by µ.

Proof. Combine Proposition 7.10 and the following proposition for D = Ab.

Proposition 7.12. Let µ be a representation of A on a C∗-algebra B. Let D
be a C∗-algebra and ϕ : D → M(B) a ∗-homomorphism. Assume that two
representations ̺1, ̺2 of B on a Hilbert space H satisfy µ⊗̺1 1H = µ⊗̺2 1H
if and only if ¯̺1 ◦ ϕ = ¯̺2 ◦ ϕ, where ¯̺1 and ¯̺2 denote the unique strictly
continuous extensions of ̺1, ̺2 to M(B). Then B is a weak C∗-hull for a
class of integrable representations of A if and only if ϕ(D) is dense in M(B)
in the strict topology.

Proof. We use the criterion for weak C∗-hulls in (1) in Proposition 3.8. Assume
first that ϕ(D) is strictly dense in M(B). Let ̺1, ̺2 be two Hilbert space
representations of B that satisfy µ⊗̺1 1H = µ⊗̺2 1H. Extend ̺1, ̺2 to strictly
continuous representations ¯̺1, ¯̺2 ofM(B). By assumption, ¯̺1◦ϕ = ¯̺2◦ϕ, that
is, ¯̺1 and ¯̺2 are equal on ϕ(D). Since they are strictly continuous and ϕ(D)
is strictly dense, we get ¯̺1 = ¯̺2 and hence ̺1 = ̺2. Thus the condition (1) in
Proposition 3.8 is satisfied, making B a weak C∗-hull of A.
Conversely, assume that ϕ(D) is not strictly dense inM(B). We claim that the
image of D is not weakly dense in the bidual W∗-algebra B∗∗. Any positive
linear functional on B extends to a strictly continuous, positive linear func-
tional onM(B) by extending its GNS-representation to a strictly continuous
representation ofM(B). By the Jordan decomposition, the same remains true
for self-adjoint linear functionals and hence for all bounded linear functionals
on B. Furthermore, such extensions are unique because B is strictly dense
inM(B). Hence restriction to B maps the space of strictly continuous linear
functionals onM(B) isomorphically onto the dual space B∗ of B, which is also
the space of weakly continuous linear functionals on B∗∗. If ϕ(D) is not strictly
dense in M(B), then the Hahn–Banach Theorem gives a non-zero functional
in B∗ that vanishes on the image of D. When viewed as a weakly continuous
functional on B∗∗, it witnesses that ϕ(D) is not weakly dense in B∗∗.
Let ̺ : B → B(H) be the direct sum of all cyclic representations of B. Then ̺
extends to an isomorphism of W∗-algebras from B∗∗ onto the double commu-
tant ̺(B)′′ of B in B(H). The extension of ̺ toM(B) restricts to a represen-
tation ¯̺ ◦ ϕ : D → B(H). Since we assume that the image of D is not strictly
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dense in M(B), our claim shows that ¯̺ ◦ ϕ(D) is not weakly dense in ̺(B)′′.
By the bicommutant theorem, this is equivalent to ¯̺ ◦ ϕ(D)′ 6= ̺(B)′.
Since these commutants are C∗-algebras, they are the linear spans of the uni-
taries that they contain. So there is a unitary operator U in ¯̺ ◦ ϕ(D)′ that is
not contained in ̺(B)′. So ̺2 := U̺U∗ 6= ̺, but ¯̺2 ◦ϕ = ¯̺◦ϕ. By assumption,
the latter implies µ⊗̺1H = µ⊗̺2 1H. So A fails to separate the representations
̺, ̺2 of B although they are not equal. Hence B is not a weak C∗-hull of A.

Remark 7.13. Proposition 7.12 applies whenever we can somehow produce
enough bounded operators from a representation of A so that these bounded
operators and the original representation have the same unitary ∗-intertwiners.
For instance, it applies if the elements of a strong generating set for A act by
regular operators, so that we may take their bounded transforms.

The quotient map Aq ։ Aq′ for q ≥ q′ in N (A) identifies the primitive
ideal space Prim(Aq′) with a closed subspace of Prim(Aq). Let PrimA :=⋃
q∈N (A) Prim(Aq). Let a ∈ A and p ∈ Prim(A). Then the norm ‖a‖p of the

image of a in Aq/p is the same for all q ∈ N (A) with p ∈ Prim(Aq). Hence the
function p 7→ ‖a‖p on Prim(A) is well defined.

Definition 7.14. An element a ∈ A vanishes at ∞ if for every ε > 0 there
is q ∈ N (A) such that ‖a‖p < ε for p ∈ Prim(A) \ Prim(Aq). An element
a ∈ A is compactly supported if there is q ∈ N (A) with a ∈ p for all p ∈
Prim(A) \ Prim(Aq). Let C0(A) and Cc(A) be the subsets of elements that
vanish at ∞ and have compact support, respectively.

It may happen that C0(A) = {0}. In the following, we are interested in the
case where C0(A) is dense in A. For instance, C0(R) is dense in C(R).

Lemma 7.15. The subset C0(A) is a closed ideal in Ab. The subspace Cc(A)
is a two-sided ∗-ideal in A. It is norm-dense in C0(A). More generally, if D is
a C∗-algebra and ϕ : D → A is a ∗-homomorphism, then ϕ−1(Cc(A)) is dense
in ϕ−1(C0(A)).

Proof. The quotient maps A ։ Aq ։ Aq/p for p ∈ Prim(Aq) are
∗-homomorphisms. Thus C0(A) is a ∗-subalgebra of A. An element a ∈ A
is bounded if and only if the norms of its images in Aq for q ∈ N (A) are uni-
formly bounded. The norm of a inAq is the maximum of ‖a‖p for p ∈ Prim(Aq).
Hence a is bounded if and only if the function ‖a‖p on Prim(A) is bounded.
Thus C0(A) consists of bounded elements, and it is an ideal in Ab. We claim
that the limit a of a norm-convergent sequence (an)n∈N in C0(A) again vanishes
at ∞. Given ε > 0, there is n0 ∈ N so that ‖a− an‖p ≤ ‖a− an‖ < ε/2 for all
n ≥ n0 and all p ∈ Prim(A). Since an vanishes at ∞, there is q ∈ N (A) with
‖an‖p < ε/2 for p /∈ Prim(Aq). Thus ‖a‖p < ε for p /∈ Prim(Aq). Thus C0(A)
is a closed ideal in Ab.
The condition a ∈ p for fixed p ∈ Prim(A) defines a closed two-sided ∗-ideal
in A. Hence Cc(A) is a two-sided ∗-ideal in A. Let a ∈ C0(A) and ε > 0.
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Let fε ∈ Cb([0,∞)) be increasing and satisfy fε(t) = 0 for 0 ≤ t < ε and
fε(t) = 1 for 2ε ≤ t. Then ‖a − afε(a∗a)‖ ≤ 2ε, and fε(a∗a) ∈ p if ‖a∗a‖p ≤
ε. Hence afε(a∗a) ∈ Cc(A) for all ε > 0. Thus Cc(A) is dense in C0(A).
Similarly, if ϕ : D → A is a ∗-homomorphism, x ∈ D, and ϕ(x) ∈ C0(A), then
ϕ(xfε(x∗x)) ∈ Cc(A) and limε→0 xfε(x∗x) = x in the norm topology on D.

Theorem 7.16. Let A be a ∗-algebra and let A be its pro-C∗-algebra completion.
If C0(A) is dense in A, then C0(A) is a C∗-hull for the class of locally bounded
representations of A.

We shall prove a more general theorem that still applies if C0(A) is not dense
in A. Then probably there is no C∗-hull for the class of all locally bounded
representations. We may, however, find C∗-hulls for smaller classes of represen-
tations. We describe such classes of representations by a generalisation of the
spectral conditions in Example 5.14. The spectral condition for a locally closed
subset in Rn implicitly uses a subquotient of C0(Rn). We are going to describe
subquotients of the pro-C∗-algebra A. We then associate a class Repb(A,K)
of locally bounded representations of A to a subquotient K. If C0(K) is dense
in K, then C0(K) is a C∗-hull for Repb(A,K). Theorem 7.16 is the special case
K = A.
Let J ⊳ A be a closed, two-sided ∗-ideal in the pro-C∗-algebra A. Being closed,
the ideal J is complete in the subspace topology, so it is also a pro-C∗-algebra.
Thus J = lim←−Jq, where Jq ⊳ Aq is the image of J in the quotient Aq. The
quotient A/J is complete if A is metrisable, that is, its topology is defined
by a sequence of C∗-seminorms. It need not be complete in general, however.
Therefore, we replace the quotient A/J by its completion B, which is a pro-
C∗-algebra as well. It is the projective limit of the quotients Aq/Jq for all
q ∈ N (A). A subquotient of A is a closed, two-sided ∗-ideal K ⊳ B with B as
above.
Let Repb(A,K) consist of all representations π of A with the following proper-
ties:

(1) π is locally bounded, so it comes from a locally bounded representation π′

of A;

(2) the representation π′ annihilates J ;

(3) the representation π̄ of B induced by π′ is nondegenerate on K, that is,
π̄(K)(E) is a core for π̄.

Define the C∗-algebra C0(K) and its dense ideal Cc(K) by replacing A by K in
Definition 7.14. Equivalently, C0(K) = C0(B) ∩ K.
We may choose J = 0 and K = A. Then Repb(A,A) = Repb(A) simply
consists of all locally bounded representations of A. Hence Theorem 7.16 is the
special case K = A of the following theorem:

Theorem 7.17. If C0(K) is dense in K, then Repb(A,K) has the C∗-
hull C0(K).
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Proof. First we claim that Repb(A,K) is equivalent to the class of nondegener-
ate, locally bounded representations of the pro-C∗-algebraK as in Definition 7.5.
If K = A, this is Proposition 7.6. A locally bounded representation π′ of A de-
scends to a representation π′′ of the quotientA/J if and only if it annihilates J ;
the induced representation of A/J remains locally bounded with respect to the
family of C∗-seminorms from the quotient mappings A/J ։ Aq/Jq. Hence it
extends uniquely to a locally bounded representation π̄′′ of the completion B.
Thus locally bounded representations of A for which the corresponding repre-
sentation of A annihilates J are equivalent to locally bounded representations
of B.
We claim that a nondegenerate, locally bounded representation ̺ of K extends
uniquely to B. Let q be a continuous seminorm on B, also write q for its re-
striction to K. The q-bounded vectors for ̺ form a nondegenerate Kq-module.
The module structure extends uniquely to the multiplier algebra of Kq, and Bq
maps to this multiplier algebra because Kq ⊳ Bq. Letting q vary gives a locally
bounded representation of B that remains nondegenerate on K. Conversely, any
such representation of B is obtained in this way from its restriction to K. Thus
representations of A that belong to Repb(A,K) are equivalent to nondegener-
ate, locally bounded representations of the pro-C∗-algebra K. The equivalence
above is compatible with isometric intertwiners, direct sums and interior tensor
products, compare Proposition 7.6.
Lemma 7.15 shows that Cc(K) := Cc(B) ∩ K is dense in K. This is an ideal
in B as an intersection of two ideals. Hence left multiplication defines a repre-
sentation of B on K with core Cc(K), which is locally bounded by construction.
Through the canonical homomorphisms A → A → B, this becomes a repre-
sentation of A. This representation clearly belongs to Repb(A,K). We claim
that it is the universal representation for the class Repb(A,K). So let π be
any representation in Repb(A,K). Then π comes from a unique nondegenerate,
locally bounded representation π̄ of K. We must show that it comes from a
unique nondegenerate representation ̺ of C0(K).
Let ̺ be the restriction of π̄ to C0(K). Then ̺(Cc(K))E ⊆ Eb ⊆ E. We are
going to prove that this is a core. The bilinear map K ⊙ Eb → E is separately
continuous with respect to the pro-C∗-algebra topology on K and the inductive
limit topology on Eb =

⋃
q∈N (A) Eq. We have assumed that it has dense range.

Since Cc(K) is dense in K, the image of Cc(K)⊙ Eb is a core. Thus ̺(Cc(K))E
is dense in E in the graph topology. The representation ̺ is nondegenerate,
and the associated representation of A is π. So π comes from a representation
of C0(K).
The uniqueness of ̺ means that C0(K) is a weak C∗-hull for some class of
integrable representations of A. We check this using Proposition 7.11. For
q ∈ N (A), the image of Ab inM(Kq) contains Kq and hence is strictly dense.
This implies that the image of Ab inM(C0(K)) is strictly dense. So C0(K) is
a weak C∗-hull for a class of representations of A by Proposition 7.11 It is even
a C∗-hull because the class of locally bounded representations is admissible by
Corollary 7.9.
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8 Commutative C∗-hulls

Let A be a commutative ∗-algebra. We are going to describe all commutative
weak C∗-hulls for A. Actually, we describe all locally bounded weak C∗-hulls,
and these turn out to be the same as the commutative ones. We study when a
C∗-hull satisfies the (Strong) Local–Global Principle and when the class of all
locally bounded representations has a C∗-hull. We compare the class of locally
bounded representations with the class of representations defined by requiring
all a ∈ Ah to act by a regular, self-adjoint operator.

Proposition 8.1. Let A be a ∗-algebra and let B = C0(X) be a commutative
C∗-algebra. Any representation of A on B has Cc(X) as a core and is lo-
cally bounded. There is a natural bijection between representations of A on B,
∗-homomorphisms A→ C(X), and continuous maps Â→ X.

Proof. Let (B, µ) be a representation. Since B is dense in B, for any x ∈ X
there is f ∈ B with f(x) 6= 0. Then there is an open neighbourhood of x on
which f is non-zero. A compact subsetK of X may be covered by finitely many
such open neighbourhoods. This gives finitely many functions f1, . . . , fn ∈ B

so that
∑
fi · fi(x) > 0 for all x ∈ K. This sum again belongs to the right

ideal B, and hence B contains Cc(X). There is an approximate unit (ui)i∈I
for C0(X) that belongs to Cc(X). If b ∈ B, then limµ(a)bui = µ(a)b for all
a ∈ A. That is, lim bui = b in the graph topology. Since bui ∈ Cc(X), Cc(X)
is a core for (B, µ).
Given a ∈ A, we define a function fa : X → C by fa(x) := (µ(a)b)(x)·b(x)−1 for
any b ∈ Cc(X) with b(x) 6= 0. This does not depend on the choice of b, and fa
is continuous in the open subset where b 6= 0. Thus fa ∈ C(X). The map
A → C(X), a 7→ fa, is a ∗-homomorphism. Conversely, any ∗-homomorphism
A→ C(X) gives a representation of A on C0(X) with core Cc(X) by µ(a)b =
fa · b for all a ∈ A, b ∈ Cc(X). The maps that go back and forth between
representations on C0(X) and ∗-homomorphisms A → C(X) are inverse to
each other.
A ∗-homomorphism f : A→ C(X) gives a continuous map X → Â by mapping
x ∈ X to the character a 7→ f(a)(x). Conversely, a continuous map g : X → Â
induces a ∗-homomorphism g∗ : A→ C(X), g∗(a)(x) := g(x)(a), and these two
constructions are inverse to each other.
Let f : X → Â be a continuous map. Then f maps compact subsets in X to
compact subsets of Â. If K ⊆ X is compact, then any element in C0(K \∂K) ⊆
C0(X) is ‖␣‖f(K)-bounded for the C∗-seminorm on A associated to the compact

subset f(K) ⊆ Â. Thus all elements in Cc(X) are bounded. Since Cc(X) is a
core for the representation of A associated to f , this representation is locally
bounded.

Theorem 8.2. Let A be a commutative ∗-algebra, let B = C0(X) be a com-
mutative C∗-algebra, let f : X → Â be a continuous map, and let (B, µ) be
the corresponding representation of A on B. Call a representation of A on a
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Hilbert module E X-integrable if it is isomorphic to (B, µ)⊗̺ E for a represen-
tation ̺ of B on E. The following are equivalent:

(1) f : X → Â is injective;

(2) B is a weak C∗-hull for the X-integrable representations;

(3) B is a C∗-hull for the X-integrable representations.

Furthermore, any locally bounded weak C∗-hull of A is commutative.

Proof. If f is not injective, then there are x 6= y in X with f(x) = f(y).
The evaluation maps at x and y are different 1-dimensional representations
of B that induce the same representation of A. Hence the condition (1) in
Proposition 3.8 is violated and so B is not a weak C∗-hull. Conversely, assume
that f is injective.
The representation of A on B associated to f is locally bounded by Proposi-
tion 8.1 and hence induces a representation of the unital C∗algebra Cb(Â, τc) of
bounded elements in A ∼= C(Â, τc), see Proposition 7.2. Explicitly, this repre-
sentation composes functions with f . Since f is injective, D := f∗(Cb(Â, τc)) ⊆
Cb(X) separates the points of X . We show that D is strictly dense in
Cb(X) ∼=M(B).
If K ⊆ X is compact, then the image of f∗(Cb(Â, τc))|K in the quotient C(K)
of C0(X) separates the points of K. Since this image is again a C∗-algebra,
it is equal to C(K) by the Stone–Weierstraß Theorem. Let f ∈ Cb(X). For
any compact subset K ⊆ X , there is dK ∈ D with dK |K = f . By functional
calculus, we may arrange that ‖dK‖∞ ≤ ‖f‖. The net (dK) indexed by the
directed set of compact subsets K ⊆ X is uniformly bounded and converges
towards f in the topology of uniform convergence on compact subsets. Hence
it converges towards f in the strict topology (compare [11, Lemma A.1]). This
finishes the proof that f∗(Ab) is strictly dense inM(C0(X)). Proposition 7.11
shows that B is a weak C∗-hull for the B-integrable representations of A.
Any X-integrable representation of A is locally bounded. The class Repb(A) of
locally bounded representations of A is admissible by Corollary 7.9. Hence the
smaller class of X-integrable representations inherits the equivalent conditions
(2)–(4) in Proposition 3.8. Thus C0(X) is even a C∗-hull.
Let B with the universal representation (B, µ) be a locally bounded weak
C∗-hull. Then the image of Cb(Â, τ0) in the multiplier algebra of B is strictly
dense by Proposition 7.11. ThusM(B) is commutative, and then so is B. Thus
a locally bounded weak C∗-hull is commutative.

Theorem 8.3. Let A be a commutative ∗-algebra, let B = C0(X) be a
commutative C∗-algebra, and let f : X → Â be an injective continuous map.
Let Repint(A,X) be the class of X-integrable representations. The following
statements are equivalent if Â is metrisable:

(1) f : X → Â is a homeomorphism onto its image;
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(2) Repint(A,X) is defined by submodule conditions;

(3) Repint(A,X) satisfies the Strong Local–Global Principle;

(4) Repint(A,X) satisfies the Local–Global Principle;

(5) if lim f(xn) = f(x) for a sequence (xn)n∈N in X and x ∈ X, then
already lim xn = x.

The implications (1)⇒(2)⇒(3)⇒(4)⇒(5) hold without assumptions on Â.

I do not know whether (1)–(4) are equivalent in general. The condition (5) is
there to allow to go back from (4) to (1) at least for metrisable Â.

Proof. First we check (5)⇒(1) if Â is metrisable. If f is not a homeomorphism
onto its image, then there is a subset U ⊆ X that is open, such that f(U) is
not open in the subspace topology on f(X) ⊆ Â. Since Â is metrisable, there
is x ∈ U and a sequence in f(X)\ f(U) that converges towards f(x). This lifts
to a sequence (xn)n∈N in X \ U such that lim f(xn) = f(x). We cannot have
lim xn = x because xn never enters the open neighbourhood U of x.

The implication (2)⇒(3) is Theorem 5.9, and (3)⇒(4) is trivial. We are going
to verify (1)⇒(2) and (4)⇒(5). This will finish the proof of the theorem.

Assume (1). Let π be a representation in Repint(A,X). Then π is locally
bounded, and the operators π(a) for a ∈ Ah are regular and self-adjoint by
Proposition 7.8. Furthermore, their Cayley transforms belong to the image of
Ab
∼= Cb(Â, τc), which is commutative. Hence the operators π(a) for a ∈ Ah

strongly commute with each other. The class Repint(A) of representations of A
with the property that all π(a), a ∈ Ah, are regular and self-adjoint and strongly
commute with each other is defined by submodule conditions by Examples 5.10
and Example 5.12.

Let Y :=
∏
a∈Ah

S1. Given a representation in Repint(A), there is a unique
representation ̺ : C(Y )→ B(E) that maps the ath coordinate projection to the
Cayley transform of π(a). We map Â to Y by sending χ ∈ Â to the point
(cχ(a))a∈Ah

∈ Y . Here cχ(a) is the Cayley transform of the number χ(a) ∈ R
or, equivalently, the value of the Cayley transform of the unbounded function
â ∈ C(Â) at χ. This is a homeomorphism onto its image because for a net of
characters (χi) and a character χ on A, we have limχi(a) = χ(a) if and only if
lim cχi(a) = cχ(a). Thus the composite map X → Â→ Y is a homeomorphism
onto its image as well. This forces the image to be locally closed because Y is
compact and X locally compact, and a subspace of a locally compact space is
locally compact if and only if its underlying subset is locally closed (see [2, I.9.7,
Propositions 12 and 13]).
Let X ⊆ Y be the closure of the image of X in Y . Then X is open in X.
All representations in Repint(A) carry a unital ∗-homomorphism C(Y )→ B(E).
Asking for this to factor through the quotient C(X) of C(Y ) is a submod-
ule condition as in Example 5.14. Asking for the induced ∗-homomorphism
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C(X)→ B(E) to remain nondegenerate on C0(X) is another submodule condi-
tion as in Example 5.14.

The class Rep′(A) defined by these two more submodule conditions is weakly
admissible by Lemma 5.8. The universalX-integrable representation belongs to
Rep′(A); by weak admissibility, this is inherited by all X-integrable representa-
tions. Conversely, we claim that any representation in Rep′(A) is X-integrable.

If π ∈ Rep′(A), then the unital ∗-homomorphism C(Y ) → B(E) descends to
a nondegenerate ∗-homomorphism ̺ : C0(X) → B(E). By construction, the
extension of ̺ to multipliers maps the Cayley transform of f∗(a) ∈ C(X) for
a ∈ Ah to the Cayley transform of π(a). Let π′ be the X-integrable represen-
tation of A associated to ̺. The regular, self-adjoint operators π′(a) and π(a)
have the same Cayley transform for all a ∈ Ah. Hence π′(a) = π(a) for all
a ∈ Ah. The subset Ah is a strong generating set for A by Example 2.8. Hence
Proposition 2.9 gives π′ = π. Thus Repint(A,X) is the class of representa-
tions defined by the submodule conditions above. This finishes the proof that
(1)⇒(2).

Now we prove (4)⇒(5) by contradiction. Let (xn)n∈N and x be as in (5).
Let N̄ = N ∪ {∞} be the one-point compactification of N and view the se-
quence (xn) and x as a map ξ : N̄ → X . This map is not continuous, but
composition with f gives a continuous map N̄ → Â. Hence Proposition 8.1
gives a representation (D, µ) of A on C(N̄). This is not X-integrable because
the map N̄→ X is not continuous. We claim, however, that the representation
(D, µ)⊗̺H is X-integrable for any GNS-representation ̺ on a Hilbert space H.
A state on C(N̄) is the same as a Radon measure on N̄. Since N̄ is count-
able, any Radon measure is atomic. Thus the resulting GNS-representation
is a direct sum of irreducible representations associated to characters. Each
character on C(N̄) gives an X-integrable representation because ξ(N̄) ⊆ f(X).
Hence (D, µ) is a counterexample to the Local–Global Principle. So (4) cannot
hold if (5) fails.

Example 8.4. Let A = C[x], so that Â = R. Let X be R with the discrete
topology, and let f : X → R be the identity map. This is a continuous bijection,
but not open. Hence the class of X-integrable representations violates the
Local–Global Principle by Theorem 8.3. Nevertheless, C0(X) is a C∗-hull for
the class of X-integrable representations of A by Theorem 8.2. An X-integrable
representation ofA is integrable as in Theorem 4.4, and so it comes from a single
regular, self-adjoint operator T := π(x). The representation of C[x] associated
to T is X-integrable if and only if E =

⊕
λ∈R Eλ, where Eλ := {ξ ∈ E | Tξ = λξ}

for λ ∈ R is the λ-eigenspace of T .

Another example of a C∗-hull for C[x] where X → R is bijective but not a
homeomorphism onto its image is discussed in Example 4.9.

Theorem 8.5. There is a C∗-hull for Repb(A) if and only if the compactly
generated topology τc on Â is locally compact, and then the C∗-hull is C0(Â, τc).

Documenta Mathematica 22 (2017) 1375–1466



Representations by Unbounded Operators 1425

Proof. Assume first that (Â, τc) is locally compact. The pro-C∗-algebra comple-
tion A that acts on locally bounded representations of A is C(Â, τc) by Propo-
sition 7.2. The primitive ideal space of C(K) for a compact subspace K ⊆ Â is
simply K, and ‖a‖p = |a(p)| for a ∈ C(Â, τc) and p ∈ PrimC(K) ∼= K. There-

fore, a function f ∈ C(Â, τc) vanishes at∞ in the sense of Definition 7.14 if and
only if it vanishes at ∞ in the usual sense. The subalgebra C0(A) = C0(Â, τc)
is dense in A because τc is locally compact. Now Theorem 7.16 shows that
C0(A) = C0(Â, τc) is a C∗-hull for the class of locally bounded representations
of A.

Conversely, let B be a (weak) C∗-hull for the locally bounded representations
of A. Then B is commutative by Theorem 8.2. Let Y be the spectrum
of B. The representation of A on B ∼= C0(Y ) corresponds to a continu-
ous map f : Y → Â by Proposition 8.1. Let D = C0(X) be a commutative
C∗-algebra. Any representation of A on D is locally bounded. So the bijection
Repb(A,D) ∼= Rep(B,D) is a bijection between the spaces of continuous maps
X → Â and X → Y . More precisely, this bijection is composition with f .

For the one-point space X , this bijection says that f : Y → Â is bijective.
The bijection for all compact X means that f becomes a homeomorphism if
we replace the topologies on Y and Â by the associated compactly generated
ones. The topology on Y is already compactly generated because Y is locally
compact. Hence f is a homeomorphism from Y to (Â, τc). So τc is locally
compact.

Let Repint(A) be the class of all representations with the property that π(a)
is regular and self-adjoint for all a ∈ Ah. We are going to compare Repint(A)
and Repb(A). Proposition 7.8 gives Repb(A) ⊆ Repint(A).

Theorem 8.6. The class Repint(A) is admissible and defined by submodule
conditions. Hence it satisfies the Strong Local–Global Principle. The opera-
tors π(a) for a ∈ Ah strongly commute for all π ∈ Repint(A).
Let S ⊆ Ah be a strong generating set for A. If π(a) is regular and self-adjoint
for all a ∈ S, then already π ∈ Repint(A).

Proof. The class RepS(A) of representations defined by requiring π(a) to be
regular and self-adjoint for all a ∈ S for a strong generating set S is admissible
and defined by submodule conditions by Theorem 5.17. The class Repint(A) is
defined by submodule conditions as well by Example 5.10. So is the subclass
Rep′(A) of all representations in Repint(A) for which the operators π(a) for
all a ∈ Ah strongly commute (Example 5.12). Hence our three classes of
representations satisfy the Strong Local–Global Principle by Theorem 5.9.

The classes Repint(A) and Rep′(A) have the same Hilbert space representa-
tions by [28, Theorem 9.1.2]. Since S is a strong generating set, the domain
of any representation π in RepS(A) is

⋂
a∈S dom(π(a)) by (2.10). This con-

tains
⋂
a∈S,n∈N dom(π(a)n). Now [28, Theorem 9.1.3] shows that RepS(A) and

Repint(A) contain the same Hilbert space representations. Since our three
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classes of representations satisfy the (Strong) Local–Global Principle and have
the same Hilbert space representations, they are equal.

Theorem 8.7. If A is commutative and countably generated, then

Repint(A) = Repb(A).

Proof. Proposition 7.8 gives Repb(A) ⊆ Repint(A). Conversely, let (E, π) be a
representation on a Hilbert module E in Repint(A); that is, π(a) is regular and
self-adjoint for each a ∈ A. Let (ai)i∈N be a countable generating set for A. We
may assume without loss of generality that ai = a∗i for all i ∈ N and that (ai)
is a basis for A and hence a strong generating set. Let ξ ∈ E. We are going
to approximate ξ by bounded vectors for π. This will show that π is locally
bounded.

For each i ∈ N, there is a canonical homomorphism αi : C[x] → A map-
ping x 7→ ai. The closure of π ◦ αi is an integrable representation of C[x]
as in condition (2) in Theorem 4.4. Hence it corresponds to a representa-
tion ̺i : C0(R) → B(E), the functional calculus of π(ai). The operators π(a)
for a ∈ Ah strongly commute by Theorem 8.6. Thus the Cayley transform
of ai commutes with π(a) and, in particular, maps the domain of π(a) to it-
self. The same remains true for ̺i(f) for all f ∈ C0(R) because we get them
by the (bounded) functional calculus for the Cayley transform of π(ai). So
̺i(f)(E) ⊆ E by (2.6) and ̺i(f)π(a) = π(a)̺i(f) for all f ∈ C0(R), a ∈ A as
operators on E. Now we show that π ◦ αi is locally bounded. If f ∈ Cc(R) is
supported in a compact subset K ⊆ R, then

‖π(h(ai))̺i(f)ξ‖ = ‖̺i(h · f)ξ‖ ≤ C sup{|h(x)| | x ∈ K}

for all h ∈ C[x]; thus ̺i(f)ξ is bounded for the representation π ◦ αi. There is
an approximate unit (fn) for C0(R) that lies in Cc(R). Then lim ̺i(fn)ξ = ξ for
all ξ ∈ E, even in the graph topology for π because π(a)̺i(fn)ξ = ̺i(fn)π(a)ξ
for all a ∈ A, fn ∈ C0(R), ξ ∈ E. Therefore, the bounded vectors of the
form ̺(f)ξ with f ∈ Cc(R), ξ ∈ E form a core for π ◦ αi. So π ◦ αi is locally
bounded.

We now refine this construction to approximate ξ by bounded vectors for the
whole representation π. We construct ̺i as above. Fix i, k ∈ N and let ξ′ :=(
1 + π(a2

0) + · · · + π(a2
k)
)
ξ ∈ E. The argument above gives fi,k ∈ Cc(R) with

0 ≤ fi,k ≤ 1 and ‖̺i(fi,k)ξ′ − ξ′‖ < 2−k. Thus ‖̺i(fi,k)ξ − ξ‖aj
< 2−k in the

graph norm for aj for 0 ≤ j ≤ k. For k, l ∈ N, let

ξk,l := ̺0(f0,k)̺1(f1,k+1) · · · ̺l(fl,k+l)ξ.

The operators ̺i(fi,j) are norm-contracting, map E into itself, and commute
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with each other and with the unbounded operators π(a) for all a ∈ A. Hence

‖ξk,l − ξk,l+d‖aj
≤

d∑

i=1

‖ξk,l+i−1 − ξk,l+i‖aj

≤
d∑

i=1

‖̺l+i(fl+i,k+l+i)ξ − ξ‖aj
≤

d∑

i=1

2−k−l−i = 2−k−l

for all k, l, d ∈ N, 0 ≤ j ≤ k + l + 1. Since we assumed (aj) to be a strong
generating set, the graph norms for aj generate the graph topology. So the
estimate above shows that (ξk,l)l∈N with fixed k is a Cauchy sequence in E in
the graph topology. Thus it converges to some ξk ∈ E. Letting ξk,−1 := ξ, the
above estimate remains true for l = −1 and gives ‖ξk,l − ξ‖aj

≤ 2−k+1 for all

j ≤ k, uniformly in l ∈ N. This implies ‖ξk − ξ‖aj
≤ 2−k+1 for j ≤ k, so that

lim ξk = ξ in the graph topology. It remains to show that each ξk is a bounded
vector.
Fix k, i ∈ N and let b ∈ A. Choose Ri > 0 so that fi,k+i is supported in
[−Ri, Ri]. If l ≥ i, then π(b)ξk,l ∈ ̺i(C0(−Ri, Ri))E because ̺i(fi,k+i) occurs
in the definition of ξk,l. As above, this implies ‖π(ai)π(b)ξk‖ ≤ Ri‖π(b)ξk‖ for
all b ∈ A. Thus

q(a) := sup
b∈A

‖π(a)π(b)ξk‖
‖π(b)ξk‖

is finite for a = ai. Since ai is a basis for A and q is subadditive, we get
q(a) < ∞ for all a ∈ A. Since q(a) is the operator norm of π(a)|π(A)ξk

, it is a
C∗-seminorm on A. By construction, ‖π(a)ξk‖ ≤ q(a) for all a ∈ A, that is, ξk
is bounded.

Proposition 8.8. If Repint(A) has a weak C∗-hull, then Repint(A) =
Repb(A).

Proof. Let B with the universal representation (B, µ) be a weak C∗-hull for
Repint(A). First we claim that B is commutative. Let ω : B →֒ B(H) be a
faithful representation. This corresponds to an integrable representation π of A.
Since the equivalence Repint(A,H) ∼= Rep(B,H) is compatible with unitary
∗-intertwiners, the commutant of ω(B) is the C∗-algebra of ∗-intertwiners of π
by Proposition 3.3. The commutant of this is a commutative von Neumann
algebra by [28, Theorem 9.1.7]. So the bicommutant of ω(B) is commutative.
This forces B to be commutative.
Any representation of A on a commutative C∗-algebra is locally bounded by
Theorem 8.2. If the universal representation for Repint(A) is locally bounded,
then all representations in Repint(A) are locally bounded, so that Repint(A) =
Repb(A). Thus Repint(A) only has a weak C∗-hull if Repint(A) = Repb(A).

Example 8.9. Let A be the ∗-algebra C[(xi)i∈N] of polynomials in countably
many symmetric generators. Then Â ∼=

∏
N R with the product topology. This
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is metrisable. So τc is the usual product topology. Since this is not locally
compact, Repb(A) has no C∗-hull, not even a weak one (Theorem 8.5). Since A
is countably generated, Repint(A) = Repb(A) by Theorem 8.7. A commutative
(weak) C∗-hull for some class of representations ofA is equivalent to an injective,
continuous map X → Â for a locally compact space X by Theorem 8.2.

Let G be a topological group. A host algebra for a G is defined in [12] as
a C∗-algebra B with a continuous representation λ of G by unitary multipli-
ers, such that for each Hilbert space H, the map that sends a representation
̺ : B → B(H) to a unitary representation ̺ ◦λ of G is injective. We claim that
commutative C∗-hulls for the polynomial algebra C[(xi)i∈N] are equivalent to
host algebras of the topological group R(N) :=

⊕
N R.

Let C∗(Gd) be the C
∗-algebra of G viewed as a discrete group. Representations

of C∗(Gd) are equivalent to representations of the discrete group underlying G
by unitary multipliers. Since any representation of C∗(Gd) is bounded, any
weakly admissible class of representations of C∗(Gd) is admissible by Corol-
lary 7.9. Call a representation of C∗(Gd) continuous if the corresponding repre-
sentation of G is continuous. This class is easily seen to be weakly admissible,
hence admissible. The unital ∗-homomorphism C∗(Gd)→M(B) associated to
the unitary representation λ for a host algebra B is continuous by assumption.
Thus B-integrable representations of C∗(Gd) are continuous. The injectivity
requirement in the definition of a host algebra is exactly the condition (1) in
Proposition 3.8, and this is equivalent to B being a C∗-hull. Thus a host al-
gebra for G is the same as a C∗-hull or weak C∗-hull for a class of continuous
representations of C∗(Gd).
In applications, we would rather study continuous representations of G through
the Lie algebra of G instead of through the inseparable C∗-algebra C∗(Gd).
The Lie algebra of G = R(N) is the Abelian Lie algebra R(N), and its universal
enveloping algebra is the polynomial algebra A = C[(xi)i∈N]. Call a represen-
tation of A integrable if it belongs to Repint(A) = Repb(A).
Let E be a Hilbert module. We claim that an integrable representation ofA on E
is equivalent to a strictly continuous, unitary representation of the group R(N)

on E . Indeed, a unitary representation of R is equivalent to a representation of
C∗(R) ∼= C0(R), and these are equivalent to integrable representations of C[x]
as in Theorem 4.4. In an integrable representation of C[(xi)i∈N], the opera-
tors π(xi) for i ∈ N strongly commute by Theorem 8.6. Hence the resulting
representations of C0(R) commute. Equivalently, the resulting continuous rep-
resentations of R commute, so that we may combine them to a representation
of the Abelian group R(N). Conversely, a continuous unitary representation
of R(N) provides nondegenerate representations of C0(Rm) for all m ∈ N by
restricting the representation to Rm ⊆ R(N). These correspond to a compatible
family of representations of the polynomial algebras C[x1, . . . , xm] for m ∈ N.
The intersection of their domains is dense by [28, Lemma 1.1.2]. So these repre-
sentations combine to a representation of A = C[(xi)i∈N]. Hence an integrable
representation of A on a Hilbert module as in Theorem 8.6 is equivalent to a
continuous representation of R(N).
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9 From graded ∗-algebras to Fell bundles

Let G be a discrete group with unit element e.

Definition 9.1. A G-graded ∗-algebra is a unital algebra A with a linear direct
sum decomposition A =

⊕
g∈GAg with Ag ·Ah ⊆ Agh, A∗g = Ag−1 , and 1 ∈ Ae

for all g, h ∈ G. Thus Ae ⊆ A is a unital ∗-subalgebra.

The articles [7, 27] study many examples of G-graded ∗-algebras.
We fix some notation used throughout this section. Let E be a Hilbert module
over a C∗-algebra D. Let (E, π) be a representation of A on E . Let πg : Ag →
EndD(E) for g ∈ G be the restrictions of π, so π =

⊕
g∈G πg. Since π is a

∗-homomorphism,

πg(ag)πh(ah) = πgh(ag · ah), πg−1(a∗g) ⊆ πg(ag)∗

for all ag ∈ Ag, ah ∈ Ah. The last condition means that 〈ξ, πg(ag)η〉 =
〈πg−1 (a∗g)ξ, η〉 for all ξ, η ∈ E. In particular, πe : Ae → End(E) is a representa-
tion of Ae.

Lemma 9.2 (compare [27, Lemma 12]). The families of norms ‖ξ‖a := ‖π(a)ξ‖
for a ∈ A and for a ∈ Ae generate equivalent topologies on E. Hence the
representation πe : Ae → EndD(E) is closed if and only if π is closed.

Proof. Any element of A is a sum a =
∑
g∈G ag with ag ∈ Ag and only finitely

many non-zero terms. We estimate ‖ξ‖a ≤
∑
g∈G‖ξ‖ag

, and ‖ξ‖ag
≤ 5

4‖ξ‖a∗
gag

by the proof of Lemma 2.2. Since a∗gag ∈ Ae, the graph topologies for πe and π
are equivalent.

9.1 Integrability by restriction

Definition 9.3. Let a weakly admissible class of integrable representations
of Ae on Hilbert modules be given. We call a representation of A on a Hilbert
module integrable if its restriction to Ae is integrable.

Here “restriction of π” means the representation πe with the same domain E

as π. This is closed by Lemma 9.2.

Proposition 9.4. If integrability for representations of Ae is defined by sub-
module conditions, then the same holds for A. If the Local–Global Principle
holds for the integrable representations of Ae, it also holds for the integrable
representations of A. If the class of integrable representations of Ae is admis-
sible or weakly admissible, the same holds for A.

Proof. The first two statements and the claim about weak admissibility are
trivial because integrability for a representation ofA only involves its restriction
to Ae. Lemma 9.2 shows that restriction from A to Ae does not change the
domain. Hence (2) in Proposition 3.8 is inherited by A if it holds for Ae. That
is, admissibility of the integrable representations passes from Ae to A.
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It is unclear whether A also inherits the Strong Local–Global Principle from Ae.
This may often be bypassed using Theorem 5.9.

9.2 Inducible representations and induction

Let F be a Hilbert D-module and let F ⊆ F and ϕe : Ae → EndD(F) be a
representation of Ae on F . We try to induce ϕe to a representation of A as
in [27]. Thus we consider the algebraic tensor product A⊙F and equip it with
the obvious right D-module structure and the unique sesquilinear map that
satisfies

〈a1 ⊗ ξ1, a2 ⊗ ξ2〉 = δg,h〈ξ1, ϕe(a∗1a2)ξ2〉
for all g, h ∈ G, a1 ∈ Ag, a2 ∈ Ah, ξ1, ξ2 ∈ F. This map is sesquilinear
and descends to the quotient space A ⊙Ae F. It is symmetric and D-linear
in the sense that 〈x, y〉 = 〈y, x〉∗ and 〈x, yd〉 = 〈x, y〉d. Let π be the action
of A on A ⊙Ae F by left multiplication. This representation is formally a
∗-homomorphism in the sense that 〈x, π(a)y〉 = 〈π(a∗)x, y〉 for all a ∈ A, x, y ∈
A ⊙Ae F. The only thing that is missing to get a representation of A on a
Hilbert D-module is positivity of the inner product. This requires a subtle
extra condition.

Proposition 9.5. The following are equivalent:

(1) the sesquilinear map on A⊙Ae F defined above is positive semidefinite;

(2) for all g ∈ G, n ∈ N and all a1, . . . , an ∈ Ag, ξ1, . . . , ξn ∈ F, the element∑n
k,l=1〈ξk, ϕe(a∗kal)ξl〉 ∈ D is positive;

(3) for all g ∈ G, n ∈ N and all a1, . . . , an ∈ Ag, ξ1, . . . , ξn ∈ F, the matrix(
〈ξk, ϕe(a∗kal)ξl〉

)
k,l
∈Mn(D) is positive.

Proof. The condition (2) for fixed g ∈ G says that the sesquilinear map on
Ag ⊙Ae F is positive semidefinite. Since the subspaces Ag ⊙Ae F for different g
are orthogonal, this is equivalent to positive semidefiniteness on A⊙Ae F. Thus
(1)⇐⇒ (2).
We prove (2) ⇐⇒ (3). Fix g ∈ G, n ∈ N, a1, . . . , an ∈ Ag and ξ1, . . . , ξn ∈ F.
Let y = (ykl) ∈ Mn(D) be the matrix in (3). By [17, Lemma 4.1], y ≥ 0 in
Mn(D) ⊆ B(Dn) if and only if 〈d, yd〉 ≥ 0 for all d = (d1, . . . , dn) ∈ Dn. That
is,
∑n
k,l=1 d

∗
kykldl ≥ 0 for all d1, . . . , dn ∈ D. Since F is a right D-module, this

condition for all ξi ∈ F, di ∈ D is equivalent to (2).

Definition 9.6. A representation ϕe of Ae is inducible (to A) if it satisfies the
equivalent conditions in Proposition 9.5.

If Ae were a C∗-algebra, it would be enough to assume 〈ξ, ϕe(a∗a)ξ〉 ≥ 0 for
all g ∈ G, a ∈ Ag, ξ ∈ F, which amounts to the condition a∗a ≥ 0 in Ae for
all g ∈ G, a ∈ Ag. This is part of the definition of a Fell bundle over a group.
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For more general ∗-algebras, the positivity conditions for different n ∈ N in
Proposition 9.5 may differ, compare [9].
Let A⊗AeF be the Hilbert module completion of A⊙Ae F for the inner product
above. The ∗-algebra A acts on A⊙Ae F by left multiplication, a1 · (a2 ⊗ ξ) :=
(a1a2) ⊗ ξ for a1, a2 ∈ A, ξ ∈ F. As in the proof of Lemma 2.18, this module
structure descends to the image of A⊙Ae F in A⊗Ae F and gives a well defined
representation π ofA onA⊗AeF . Its closure is called the induced representation
from ϕe, and its domain is denoted by A⊗Ae F.
The decomposition A⊙Ae F =

⊕
g∈GAg ⊙Ae F is Ae-invariant and orthogonal

for the above inner product. Hence

A⊗Ae F ∼=
⊕

g∈G

Ag ⊗Ae F , (9.7)

where Ag ⊗Ae F is the closure of the image of Ag ⊙Ae F or, equivalently, the
Hilbert D-module completion of Ag⊙Ae F with respect to the restriction of the
inner product. Each summand Ag ⊗Ae F carries a closed representation of Ae
with domain Ag ⊗Ae F, and π|Ae is the direct sum of these representations.

Lemma 9.8. Let π be any representation of A. Then π|Ae is inducible.

Proof. For g ∈ G, a1, . . . , an ∈ Ag, ξ1, . . . , ξn ∈ E, let y :=
∑n
k=1 π(ak)ξk.

Then

n∑

k,l=1

〈ξk, π|Ae(a
∗
kal)ξl〉 =

n∑

k,l=1

〈π(ak)ξk, π(al)ξl〉 = 〈y, y〉 ≥ 0.

Lemma 2.24 about the associativity of ⊗ has a variant for induction:

Lemma 9.9. Let D1, D2 be C∗-algebras, let E be a Hilbert D1-module and
let F be a C∗-correspondence between D1, D2. Let (ϕe,E) be an inducible
representation of A on E. Then the representation ϕe ⊗D1 F on E ⊗D1 F is
inducible and there is a canonical unitary ∗-intertwiner of representations of A,

(A⊗Ae E)⊗D1 F ∼= A⊗Ae (E ⊗D1 F).

Proof. Let E⊗D1 F ⊆ E ⊗D1 F be the domain of ϕe⊗D1 F . Let g1, . . . , gn ∈ G,
a1, . . . , an ∈ Agi , and ω1, . . . , ωn ∈ E ⊗D1 F . Let ζ :=

∑n
k=1 ak ⊗ ωk ∈ A ⊙

(E⊗D1 F). To show that ϕe⊗D1 F is inducible, we must prove that 〈ζ, ζ〉 ∈ D2

is positive. Vectors in E⊙F form a core for ϕe ⊗D1 F by construction. Hence
there is a sequence of vectors of the form

ωj,τ :=
ℓj∑

i=1

ξτ,j,i ⊗ ητ,j,i, ξτ,j,i ∈ E, ητ,j,i ∈ F ,

which, for τ → ∞, converges to ωj in the graph norms of the elements
δgm,gk

a∗mak ∈ Ae for all m, k = 1, . . . , n. Let ζτ :=
∑n
j=1 aj ⊗ ωj,τ . Then

lim
τ→∞

〈ζτ , ζτ 〉 = lim
τ→∞

〈ζτ , ζ〉 = lim
τ→∞

〈ζ, ζτ 〉 = 〈ζ, ζ〉
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in norm and

〈ζτ , ζτ 〉 =
〈∑

i,j

aj ⊗ ξτ,j,i ⊗ ητ,j,i,
∑

m,k

ak ⊗ ξτ,k,m ⊗ ητ,k,m
〉

=
∑

i,j,k,m

δgj ,gk
〈ητ,j,i, 〈ξτ,j,i, ϕe(a∗jak)ξτ,k,m〉D1 · ητ,k,m〉D2 .

This is also the inner product of ζτ with itself in the tensor product (A⊗AeE)⊗F .
This is positive because ϕe is inducible and the usual tensor product of the
Hilbert D1-module A ⊗Ae E with the D1, D2-correspondence F is a Hilbert
D2-module. Hence 〈ζτ , ζτ 〉 ≥ 0 for all τ . Since the positive elements in D2

form a closed subset, this implies 〈ζ, ζ〉 ≥ 0. Thus ϕe ⊗D1 F is inducible.
The argument above also shows that the linear span of vectors of the form
a ⊗ ξ ⊗ η with a ∈ A, ξ ∈ E, η ∈ F is a core for the representation of Ae on
A ⊗Ae (E ⊗D1 F). Such vectors also form a core for the representation of A
on (A ⊗Ae E) ⊗D1 F . The left actions of A and the D2-valued inner products
coincide on such vectors. Hence there is a unique unitary ∗-intertwiner that
maps the image of a⊗ξ⊗η in (A⊗AeE)⊗D1F to its image inA⊗Ae(E⊗D1F).

9.3 C∗-Hulls for the unit fibre

We assume that the chosen class of integrable representations of Ae has a (weak)
C∗-hull Be. We want to construct a Fell bundle whose section C∗-algebra
is a (weak) C∗-hull for the integrable representations of A. At some point,
we need Be to be a full C∗-hull (compatible with isometric intertwiners) and
one more extra condition. But we may begin the construction without these
assumptions. First we build the unit fibre B+

e of the Fell bundle. It is a (weak)
C∗-hull for the inducible, integrable representations of Ae.
Let (Be, µe) be the universal integrable representation of Ae on Be. Let x− for
a self-adjoint element x in a C∗-algebra denote its negative part.

Definition 9.10. Let B+
e be the quotient C∗-algebra of Be by the closed two-

sided ideal generated by elements of the form

( n∑

k,l=1

b∗k · µe(a∗kal) · bl
)

−

for g ∈ G, a1, . . . , an ∈ Ag, b1, . . . , bn ∈ Be.

(9.11)
Let B+

e be the image of Be in B+
e and let µ+

e : Ae → EndB+
e
(B+

e ) be the
induced representation of Ae on this quotient.

The following proposition shows that the representation (B+
e , µ

+
e ) of Ae on B

+
e

is the universal inducible, integrable representation of Ae.

Proposition 9.12. Let (F, ϕe) be an integrable representation of Ae on a
Hilbert module F . Let ϕ̄e : Be → B(F) be the corresponding representation
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of Be. Then ϕe is inducible if and only if ϕ̄e factors through the quotient
map Be ։ B+

e . Thus B+
e is a C∗-hull for the inducible, integrable representa-

tions of Ae.

Proof. Assume first that ϕe is inducible. Let ξ ∈ F and let g ∈ G, a1, . . . , an ∈
Ag and b1, . . . , bn ∈ Be be as in (9.11). Let ξk := ϕe(bk)ξ. Since ϕe is inducible,
Proposition 9.5 implies

0 ≤
n∑

k,l=1

〈ξk, ϕe(a∗kal)ξl〉 =
n∑

k,l=1

〈ξ, ϕ̄e(bk)∗ϕe(a∗kal)ϕ̄e(bl)ξ〉

=

〈
ξ, ϕ̄e




n∑

k,l=1

b∗kµe(a
∗
kal)bl


 ξ

〉
.

Since ξ ∈ F is arbitrary, this means that ϕ̄e

(∑n
k,l=1 bkµe(a

∗
kal)bl

)
≥ 0 in

B(F). Equivalently, ϕ̄e annihilates the negative part of
∑n
k,l=1 bkµe(a

∗
kal)bl.

So ϕ̄e descends to a homomorphism on the quotient B+
e . Conversely, the

representation (B+
e , µ

+
e ) is inducible by Proposition 9.5. If ϕ̄+

e : B+
e → B(F) is

a representation, then the representation µ+
e ⊗ϕ̄+

e
1F ∼= ϕe on B+

e ⊗B+
e
F ∼= F

is inducible by Lemma 9.9. That is, ϕe is inducible if ϕ̄e factors through the
quotient map Be ։ B+

e .
Summing up, the representation ϕ̄e associated to an integrable representa-
tion ϕe of Ae descends to B+

e if and only if ϕe is inducible. The quotient
map induces a fully faithful embedding Rep(B+

e , D) →֒ Rep(Be, D). The argu-
ment above shows that its image consists of those representations of Be that
correspond to inducible, integrable representations of Ae under the correspon-
dence Rep(Be, D) ∼= Repint(Ae, D). Hence B+

e is a (weak) C∗-hull for the class
of inducible, integrable representations of Ae.

Definition 9.13. Let B+
g := Ag ⊗Ae B

+
e . This is a well defined Hilbert

B+
e -module because the representation (B+

e , µ
+
e ) of Ae on B+

e is inducible.
Let (B+

g , µ
+
e,g) be the induced representation of Ae on B

+
g . It has the image of

Ag ⊙Ae B
+
e as a core, with the representation µ+

e,g(ae)(ag ⊗ b) := (aeag)⊗ b for
ae ∈ Ae, ag ∈ Ag, b ∈ B+

e .

By definition, the right B+
e -module structure and the inner product on B+

g

are the unique extensions of the following pre-Hilbert module structure on
Ag ⊙Ae B+

e : (ag ⊗ b1) · b2 := ag ⊗ (b1 · b2) for all ag ∈ Ag, b1 ∈ B+
e , b2 ∈ B+

e ,
and

〈a1 ⊗ b1, a2 ⊗ b2〉 := b∗1µ
+
e (a
∗
1a2)b2 (9.14)

for a1, a2 ∈ Ag, b1, b2 ∈ B+
e . This is positive definite by Proposition 9.12. By

definition, B+
g is the norm completion of this pre-Hilbert B+

e -module, and B+
g

is the completion ofAg⊙AeB
+
e in the graph topology for the representation µ+

e,g

of Ae.
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The Hilbert B+
e -modules B+

g are the fibres of our Fell bundle.
The Fell bundle structure on (B+

g )g∈G only exists under extra assump-
tions. Before we turn to these, we construct representations of the Hilbert
B+
e -modules B+

g from an integrable representation π of A on E . Let πg := π|Ag

and let π̄e : Be → B(E) be the representation of the C∗-hull corresponding
to πe. Since πe is inducible by Lemma 9.8, π̄e descends to a representation
π̄+
e : B+

e → B(E) by Proposition 9.12.
Let a ∈ Ag and b ∈ B+

e . The operator πg(a)π̄+
e (b) is defined on all of E

because π̄+
e (b) maps E into the domain E of πe, which is also the domain

of πg(a) by Lemma 9.2. Its adjoint contains the densely defined opera-
tor π̄+

e (b
∗)πg−1(a∗), and the operator

π̄+
e (b
∗)πg−1 (a∗)πg(a)π̄+

e (b) = π̄+
e (b
∗)πe(a∗a)π̄+

e (b) = π̄+
e (b
∗ · µ+

e (a
∗a) · b)

is bounded. Hence π̄+
e (b
∗)πg−1 (a∗) extends to a bounded operator on E , which

is adjoint to πg(a)π̄+
e (b). Thus πg(a)π̄

+
e (b) ∈ B(E). Define

π̄+
g : Ag ⊙B+

e → B(E), a⊗ b 7→ πg(a)π̄+
e (b).

As above, we check that

π̄+
g (x1)∗π̄+

g (x2) = π̄+
e (〈x1, x2〉), π̄+

g (x · b) = π̄+
g (x)π̄

+
e (b) (9.15)

for all x1, x2, x ∈ Ag ⊙B+
e , b ∈ B+

e , where the inner product is the one that
defines B+

g . Thus π̄
+
g extends uniquely to a bounded linear map

π̄+
g : B+

g → B(E),

which still satisfies (9.15). That is, it is a representation of the Hilbert mod-
ule B+

g with respect to π̄+
e .

Lemma 9.16. If π̄+
e : B+

e →֒ B(E) is faithful (hence isometric), then so is π̄+
g .

Proof. Let ξ ∈ B+
g . Then

‖ξ‖ = ‖〈ξ, ξ〉B+
e
‖1/2 = ‖π̄+

e (〈ξ, ξ〉B+
e
)‖1/2 = ‖π̄+

g (ξ)
∗π̄+
g (ξ)‖

1/2 = ‖π̄+
g (ξ)‖.

Next we want to prove that

π̄+
g (B

+
g ) · π̄+

h (B
+
h ) ⊆ π̄+

gh(B
+
gh) and π̄+

g (B
+
g )
∗ = π̄+

g−1(B+
g−1 ) (9.17)

for all g, h ∈ G and for all integrable representations π of A. This would give
(π̄+
g (B

+
g ))g∈G a Fell bundle structure, which would lift to (B+

g )g∈G itself if π̄+
e

is faithful. Lemma 9.23 below gives (9.17) provided the closed linear span of
π̄+
e (B

+
e ) · π̄+

g (B
+
g ) is π̄

+
g (B

+
g ) for all g ∈ G. But this only holds if we impose two

extra assumptions. First, compatibility of integrability and induction gives B+
g

a canonical left B+
e -module structure. Secondly, compatibility of the weak

C∗-hull B+
e with isometric intertwiners ensures that the representation π̄+

g is
compatible with this left B+

e -module structure.
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9.4 Integrability and induction

Definition 9.18. We say that integrability is compatible with induction if in-
duction of inducible representations preserves integrability; that is, if ϕe is an
inducible, integrable representation of Ae on E and π is the representation of A
on A ⊗Ae E induced by ϕe, then the representation πe := π|Ae of Ae is again
integrable.

We shall use this assumption in Section 9.5 to prove (9.17). But first, we study
some sufficient conditions for integrability to be compatible with induction.
A direct sum of representations is integrable if and only if each summand is
integrable by Corollary 3.4. Hence integrability is compatible with induction if
and only if an inducible, integrable representation ϕe on F induces integrable
representations of Ae on Ag ⊗Ae F for all g ∈ G.
Proposition 9.19. Integrability is compatible with induction if and only if the
representations (B+

g , µ
+
e,g) of Ae on B+

g are integrable for all g ∈ G.

Proof. The representations (B+
g , µ

+
e,g) of Ae on B

+
g are integrable for all g ∈ G

if and only if their direct sum is integrable. Denote this by (A ⊗Ae B+
e , µ

+).
If integrability is compatible with induction, then (A ⊗Ae B+

e , µ
+) must be

integrable because it is the induced representation of the universal integrable
(inducible) representation (B+

e , µ
+
e ) of Ae on B+

e . Conversely, by Lemma 9.9,
induction maps the representation (B+

e , µ
+
e )⊗̺ F of Ae associated to a repre-

sentation ̺ : B+
e → B(F) to the representation (A⊗Ae B

+
e , µ

+)⊗̺ F , which is
integrable if (A⊗Ae B

+
e , µ

+) is, see Definition 3.11.(2).

The (Strong) Local–Global Principle is useful to check that integrability is
compatible with induction:

Proposition 9.20. Assume that the integrable representations of Ae satisfy the
Strong Local–Global Principle and that induction maps irreducible, inducible,
integrable Hilbert space representations of Ae to integrable Hilbert space repre-
sentations of A. Then integrability is compatible with induction.
The same conclusion holds if the integrable representations of Ae satisfy the
Local–Global Principle and induction maps all inducible, integrable Hilbert
space representations of Ae to integrable Hilbert space representations of A.

Proof. Let B+
e with the representation (B+

e , µ
+
e ) of Ae be the C∗-hull for the

inducible, integrable representations of Ae. By Proposition 9.19, it suffices to
prove that the canonical representation of Ae on A⊗Ae B+

e is integrable.
By the Strong Local–Global Principle, this follows if the induced representa-
tion π̃ of Ae on (A ⊗Ae B+

e ) ⊗̺ H is integrable for each irreducible represen-
tation ̺ of B+

e on a Hilbert space H. The representation ̺ is equivalent to
an irreducible, inducible, integrable representation π of Ae on H, and π̃ is the
representation induced by π. By assumption, π̃ is integrable. This finishes the
proof in the case of the Strong Local–Global Principle. The argument in the
other case is the same without the word “irreducible.”
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Proposition 9.21. Assume the following. First, the integrable representations
of Ae satisfy the Strong Local–Global Principle. Secondly, all irreducible, in-
tegrable Hilbert space representations of Ae are finite-dimensional. Third, all
finite-dimensional inducible representations of Ae are integrable. And fourth,
each Ag is finitely generated as a right Ae-module. Then integrability is com-
patible with induction.

Proof. First, since B+
e is a quotient of Be, its irreducible representations form a

subset of the irreducible representations of Be. Thus the irreducible, inducible,
integrable Hilbert space representations of Ae are finite-dimensional as well. By
Proposition 9.20, it suffices to check that the induced representation of Ae on
Ag⊗AeH is integrable when H is a Hilbert space with an irreducible, inducible,
integrable representation. By our assumptions, H is finite-dimensional and Ag
is finitely generated as an Ae-module. Hence Ag ⊗Ae H is finite-dimensional.
This representation is a direct summand in a representation of A on A⊗Ae H
and hence inducible by Lemma 9.8. By assumption, the induced representation
of Ae on Ag ⊗Ae H is integrable.

9.5 The Fell bundle structure

If integrability is compatible with induction, the representation µ+
e,g of Ae

on B+
g is integrable. It is inducible as well by Lemma 9.8 because it is a direct

summand in a representation of A. Hence there is a unique (nondegenerate)
representation µ̄+

e,g of B+
e on B+

g such that µ̄+
e,g(B

+
e )B

+
g is a core for µ+

e,g, and
µ+
e,g(ae)(µ̄

+
e,g(b)x) = µ̄+

e,g(µ
+
e (ae)b)x for all a ∈ Ae, b ∈ B+

e , x ∈ B+
g . Our next

goal is to show that the representations π̄+
e : B+

e → B(E) and π̄+
g : B+

g → B(E)
constructed using (9.15) are compatible in the sense that

π̄+
e (be) · π̄+

g (bg) = π̄+
g (µ̄

+
e,g(be)bg) for all be ∈ B+

e , bg ∈ B+
g . (9.22)

This is not automatic. The following lemma is the most subtle point in the
proof of the Induction Theorem.

Lemma 9.23. Equation (9.22) holds if B+
e is a C∗-hull, not just a weak C∗-hull.

Then also π̄+
e (B

+
e ) · π̄+

g (B
+
g ) = π̄+

g (B
+
g ) for all g ∈ G.

Proof. Let F := B+
g ⊗B+

e
E . The linear map B+

g ⊙ E → E , b ⊗ ξ 7→ π̄+
g (b)ξ,

for b ∈ B+
g , ξ ∈ E , preserves the inner products by (9.15). Hence it extends

to a well defined isometry I : F →֒ E . The representation µ̄+
e,g of B+

e on B+
g

induces a representation µ̄+
e,g⊗1E of B+

e on F . The meaning of (9.22) is that I
intertwines the representations µ̄+

e,g ⊗ 1 and π̄+
e of B+

e on F and E . These
representations correspond to the integrable representations µ+

e,g ⊗ 1 and πe
of Ae on F and E , respectively. Since B+

e is a C∗-hull, it suffices to prove
that I intertwines these representations of Ae.
We identify E ∼= B+

e ⊗π̄+
e
E and describe πe as µ

+
e ⊗π̄+

e
1E as in Proposition 3.6.

Then Lemma 9.9 gives a canonical unitary ∗-intertwiner

F := (Ag ⊗Ae B
+
e )⊗B+

e
E ∼= Ag ⊗Ae (B

+
e ⊗B+

e
E) ∼= Ag ⊗Ae E
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of representations of Ae. An inspection of the proof shows that I corresponds
to the isometry I ′ : Ag ⊗Ae E →֒ E defined by I ′(a⊗ ξ) := πg(a)ξ for all a ∈ Ag,
ξ ∈ E. Since I ′ is an Ae-intertwiner, so is I. This finishes the proof of (9.22).
Then π̄+

e (B
+
e ) · π̄+

g (B
+
g ) = π̄+

g (B
+
g ) follows because µ̄

+
e,g is nondegenerate.

Lemma 9.24. Assume π̄+
e (B

+
e ) · π̄+

g (B
+
g ) = π̄+

g (B
+
g ) for all g ∈ G. Then (9.17)

holds.

Proof. We write
.= to denote that two sets of operators have the same closed

linear span. By definition, π̄+
g (B

+
g )

.
= πg(Ag)π̄+

e (B
+
e ), and π̄

+
e (B

+
e )
∗ .= π̄+

e (B
+
e )

because B+
e is dense in B+

e . Our assumption π̄+
g (B

+
g )

.= π̄+
e (B

+
e ) · π̄+

g (B
+
g )

implies π̄+
g (B

+
g )

.= π̄+
e (B

+
e )
∗πg(Ag)π̄+

e (B
+
e ). We have seen above (9.15) that

π̄+
e (b
∗)πg−1 (a∗) = π̄+

e (b)
∗πg−1(a∗)

for b ∈ B+
e , a ∈ Ag extends to a bounded operator on E that is adjoint to the

bounded operator πg(a)π̄+
e (b). Therefore,

(
π̄+
e (b1)∗πg(a)π̄+

e (b2)
)∗

= π̄+
e (b2)∗πg−1 (a∗)π̄+

e (b1)

for all b1, b2 ∈ B+
e , a ∈ Ag; both sides are globally defined bounded operators

because π̄+
e (B

+
e ) maps E into E. The closed linear spans on the two sides

of this equality are π̄+
g (B

+
g )
∗ and π̄+

g−1 (B+
g−1), respectively. Thus π̄+

g (B
+
g )
∗ =

π̄+
g−1 (B+

g−1). As above, the operators π̄+
e (b)πg(a) for b ∈ (B+

e )
∗, g ∈ G, a ∈ Ag

are bounded and generate (B+
g−1)∗ = B+

g . Hence

π̄+
g (B

+
g ) · π̄+

h (B
+
h )

.= π̄+
e ((B

+
e )
∗)πg(Ag) · πh(Ah)π̄+

e (B
+
e )

⊆ π̄+
e (B

+
e )
∗ · πgh(Agh)π̄+

e (B
+
e )

.= π̄+
gh(B

+
gh).

We used here that π is a homomorphism on A and that Ag · Ah ⊆ Agh.

Lemma 9.25. Assume that Be is a C∗-hull and that integrability is compatible
with induction. There is a unique Fell bundle structure on (B+

g )g∈G such that
the maps π̄+

g : B+
g → B(E) form a Fell bundle representation for any integrable

representation π of A on a Hilbert module E.

Proof. Lemmas 9.23 and 9.24 show that (9.17) holds under our assumptions.
Hence the multiplication and involution in B(E) restrict to a Fell bundle struc-
ture on the subspaces π̄+

g (B
+
g ) ⊆ B(E) for g ∈ G, such that the inclusions

π̄+
g (B

+
g ) →֒ B(E) give a Fell bundle representation.

The induced representation λ of A on the Hilbert B+
e -module A⊗Ae B

+
e gives

a faithful representation of B+
e because A⊗Ae B

+
e ⊇ Ae⊗Ae B

+
e = B+

e contains
the identity representation. Hence the resulting representations λ̄g of B+

g are
also faithful, even isometric, by Lemma 9.16. So the Fell bundle structure
on λ̄g(B+

g ) lifts to B+
g , so that the maps λ̄g : B+

g → B(E) form a Fell bundle
representation.
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Let π be any integrable representation of A. The exterior direct sum π ⊕ λ
on the Hilbert D ⊕ B+

e -module E ′ := E ⊕ (A ⊗Ae B
+
e ) is still integrable. The

resulting maps from B+
g to B(E ′) simply give block matrices π̄+

g (b) ⊕ λ̄g(b)
for b ∈ B+

g . The compressions to the direct summands E and A ⊗Ae B
+
e

therefore restrict to Fell bundle representations with respect to the Fell bundle
structure on (π̄+

g ⊕ λ̄g)(B+
g ) defined above. Since λ is faithful, the projection

(π̄+
g ⊕ λ̄g)(B+

g )→ λ̄g(B+
g ) ∼= B+

g is a Fell bundle isomorphism. Hence the map

B+
g
∼−→ (π̄+

g ⊕ λ̄g)(B+
g )→ π̄+

g (B
+
g ) is a Fell bundle representation.

Let (βg)g∈G be a Fell bundle over a discrete group G (see [8]). Then
β :=

⊕
g∈G βg is a G-graded ∗-algebra using the given multiplications and

involutions among the subspaces βg. The section C∗-algebra C∗(β) of the Fell
bundle is defined as the completion of β in the maximal C∗-seminorm. By
construction, a representation of C∗(β) is equivalent to a representation of the
Fell bundle. This holds also for representations on Hilbert modules.

Theorem 9.26. Let A be a graded ∗-algebra for which Ae has a C∗-hull. As-
sume that integrability is compatible with induction as in Definition 9.18. The
section C∗-algebra B of the Fell bundle (B+

g )g∈G constructed above is a C∗-hull
for the integrable representations of A.

Proof. Representations ofB are in natural bijection with Fell bundle representa-
tions: restricting a representation of B to the subspaces B+

g gives a Fell bundle
representation, and conversely a Fell bundle representation gives a representa-
tion of the ∗-algebra

⊕
g∈GB

+
g , which extends uniquely to the C∗-completion.

Lemma 9.25 says that any integrable representation π =
⊕

g∈G πg of A induces

a Fell bundle representation (π̄+
g )g∈G of (B+

g )g∈G and thus a representation ofB.
By construction, this family of maps Repint(A) → Rep(B) is compatible with
interior tensor products and unitary ∗-intertwiners. We are going to show that
this is a family of bijections.
First we describe an integrable representation (B, µ) of A on B. By construc-
tion, A ⊗Ae B+

e =
⊕

g∈GB+
g is dense in B. This subspace carries a repre-

sentation of A by left multiplication. We extend this to the right ideal in B
generated by A ⊗Ae B+

e to get a representation of A on B. Let (B, µ) be its
closure.
The representations µ̄+

e,g of B+
e on B+

g are defined so that µ̄+
e,g(B

+
e )B

+
g is an-

other core for the representation (B+
g , µ

+
e,g) of Ae on B

+
g . Therefore, B

+
e ·B is

a core for the restriction of the representation (B, µ) to Ae. This core shows
that (B, µ|Ae) = (B+

e , µ
+
e )⊗Be B, where the interior tensor product is with re-

spect to the canonical embedding B+
e →֒ B. Therefore, the restriction of (B, µ)

to Ae is integrable and the corresponding representation µ̄+
e of B+

e is simply
the inclusion map B+

e →֒ B. Thus the representation (B, µ) of A on B is also
integrable.
The integrable representation (B, µ) of A on B yields a representation µ̄+

g of
the Fell bundle (B+

g )g∈G in M(B) = B(B). By construction, the image of
ag ⊗ b ∈ Ag ⊙Ae B+

e in B+
g acts by µ(ag)µ̄+

e (b) = µ(ag) · b. That is, B+
g is
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represented by the canonical inclusion map B+
g →֒ B. The representation of B

associated to this Fell bundle representation is the identity map on B.

Interior tensor product with (B, µ) gives a family of maps Rep(B)→ Repint(A)
that is compatible with unitary ∗-intertwiners and interior tensor products.
Since the composite family of maps Rep(B) → Repint(A) → Rep(B) is com-
patible with interior tensor products and maps the identity representation of B
to itself, the composite map on Rep(B) is the identity.

Let (E, π) be an integrable representation of A on a Hilbert D-module E for
some C∗-algebra D. This yields a representation (π̄+

g )g∈G of the Fell bun-
dle (B+

g )g∈G and an associated representation π̄ of B. We claim that the
integrable representation (E′, π′) := (B, µ)⊗π̄ E is equal to (E, π). Both repre-
sentations have the same restriction to Ae because

(B, µ|Ae)⊗π̄ E ∼= (B+
e , µ

+
e )⊗Be B ⊗π̄ E ∼= (B+

e , µ
+
e )⊗π̄|Be

E ∼= (E, π).

Hence both representations have the same domain by Lemma 9.2.
And π̄+

e (B
+
e )E is a core for both. On π̄+

e (B
+
e )E , ag ∈ Ag acts by map-

ping π̄+
e (be)ξ to πg(ag)π̄+

e (be)ξ = π̄(ag ⊗ be)ξ in both representations, where
we view ag ⊗ be ∈ B+

g ⊆ B. Since (E, π) and (E′, π′) have a common core, they
are equal.

This finishes the proof that our two families of maps Repint(A) ↔ Rep(B)
are inverse to each other. Thus B is a weak C∗-hull for the integrable repre-
sentations of A. Since Ae is a C∗-hull, the integrable representations of Ae
are admissible. So are the integrable representations of A by Proposition 9.4.
Thus B is a C∗-hull.

Remark 9.27. The fibres B+
e of the Fell bundle in Theorem 9.26 are described

in Definitions 9.10 and 9.13, including the right Hilbert B+
e -module structure

on B+
g . The rest of the Fell bundle structure needs technical extra assump-

tions. The simplest way to get it is by inducing the universal inducible, in-
tegrable representation of A on B+

e to an integrable representation of A on
the Hilbert B+

e -module A ⊗Ae B
+
e . The Fell bundle (B+

g )g∈G is represented
faithfully in B(A⊗Ae B

+
e ) by Lemma 9.16. The multiplication, involution, and

norm in our Fell bundle are simply the multiplication, involution and norm in
the C∗-algebra B(A ⊗Ae B

+
e ). The dense image of Ag ⊙Ae B+

e in B+
g acts on

A⊗Ae B
+
e by ag ⊗ b 7→ πg(ag) · π̄+

e (b), where π̄
+
e (b) is the representation of the

C∗-hull B+
e associated to the induced representation of Ae on A⊗Ae B

+
e , which

is integrable by assumption.

9.6 Two counterexamples

Two assumptions limit the generality of the Induction Theorem 9.26. First,
integrability must be compatible with induction. Secondly, Be should be a
C∗-hull and not a weak C∗-hull. Equivalently, all isometric intertwiners between
integrable Hilbert space representations of Ae are ∗-intertwiners. We show by
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two simple counterexamples that both assumptions are needed. In particular,
there is no version of the Induction Theorem for weak C∗-hulls.
Both counterexamples involve the group G = Z/2 = {0, 1}. A G-graded
∗-algebra is a ∗-superalgebra, that is, a ∗-algebra with a decomposition A =
A0 ⊕A1 such that

A0 ·A0+A1·A1 ⊆ A0, A0 ·A1+A1·A0 ⊆ A1, A∗0 = A0, A∗1 = A1, 1 ∈ A0.

In both examples, A0 = C[x] with x = x∗.
In the first example, A is the crossed product for the action of Z/2 on A0 = C[x]
through the involution x 7→ −x. That is,

A = C〈x, ε | ε2 = 1, xε = −εx, x = x∗, ε = ε∗〉, x ∈ A0, ε ∈ A1.

Since A1 = εA0
∼= A0 as a right A0-module, any representation of A0 is in-

ducible.
Let B0 = C0((0,∞)) with the representation of A0 from the inclusion map

(0,∞) →֒ R = Â0 (see Proposition 8.1). This gives a C∗-hull for a class of
representations of A0 that is defined by submodule conditions and satisfies the
Strong Local–Global Principle by Theorems 8.2 and 8.3. The class of (0,∞)-
integrable representations consists of those representations of C[x] that are
generated by a regular, self-adjoint, strictly positive operator.
In a representation of A, the element ε ∈ A acts by a unitary involution that
conjugates π(x) to −π(x). Hence π(x) cannot be strictly positive. Thus the
zero-dimensional representation is the only representation of A whose restric-
tion to A0 is C0((0,∞))-integrable. The C∗-hull for this class is {0}. The-
orem 9.26 does not apply here because induced representations of inducible,
integrable representations of A0 are never integrable when they are non-zero.
The second example is the commutative ∗-superalgebra

A = C〈x, ε | ε2 = 1 + x2, xε = εx, x = x∗, ε = ε∗〉, x ∈ A0, ε ∈ A1.

Thus A1 = εC[x] ∼= A0 with the usual A0-bimodule structure and the inner

product 〈εa1, εa2〉 = (1 + x2) · a1 · a2. Since (1 + x2)|a|2 is positive in C[x] for
any a ∈ C[x], any representation of A0 is inducible.
Let (E, π) be a representation of A0 on a Hilbert module E over a C∗-algebraD.
The induced representation A1 ⊗A0 (E, π) lives on the Hilbert D-module com-
pletion E1 of E for the inner product 〈ξ1, ξ2〉1 := 〈ξ1, π(1 + x2)ξ2〉. Its domain
is E, viewed as a dense D-submodule in E1, and the representation of A0 is π
again. The operator π(x + i) on E extends to an isometry I : E1 →֒ E because

〈π(x+ i)ξ1, π(x+ i)ξ2〉 = 〈ξ1, π(x− i)π(x+ i)ξ2〉 = 〈ξ1, π(1 + x2)ξ2〉 = 〈ξ1, ξ2〉1

for all ξ1, ξ2 ∈ E. This isometry commutes with π(a) for all a ∈ A, so it is an
isometric intertwiner A1 ⊗A0 (E, π) →֒ (E, π).
Now let B0 with the universal representation (B0, µ0) be one of the two
noncommutative weak C∗-hulls T0 or K(ℓ2N) of C[x] described in §6. In
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a Toeplitz integrable representation, π(x + i) has dense range. Even more,
π(x+ i)E is dense in E in the graph topology. Thus I is a unitary ∗-intertwiner
A1 ⊗A0 (E, π) ∼−→ (E, π) for any integrable representation (E, π) of A0.
Since all representations of A0 are inducible, the unit fibre of the Fell bundle
should be B0. The other fibre B1 is A1⊗A0B0, which we have identified with B0.
The unitary A1 ⊗A0 B0

∼= B0 is a ∗-intertwiner between the representations
of A0 as well. Therefore, integrability is compatible with induction. And the
left B0-module structure µ̄0,1 on B1 in (9.22) is simply left multiplication.
Next we describe the induced representation of A on the Hilbert B0-module

A⊗A0 B0 = A0 ⊗A0 B0 ⊕A1 ⊗A0 B0
∼= B0 ⊕B0.

The representations of A and A0 on A ⊗A0 B0 have the same domain by
Lemma 9.2, and for A0 the domain is B0 ⊕ B0. We claim that A acts on
this domain by

x 7→
(
µ0(x) 0
0 µ0(x)

)
, ε 7→

(
0 µ0(x − i)

µ0(x+ i) 0

)
.

We have already seen this for x ∈ A0. Left multiplication by ε maps b ∈
B0 ⊆ B0 first to ε ⊗ b ∈ A1 ⊗A0 B0, which is mapped by the isometry I
to µ0(x + i)b ∈ B0 ⊆ B0. And it maps the element µ0(x + i)b ∈ B0 for
b ∈ B0, which corresponds to ε⊗ b in the odd fibre, to ε2 ⊗ b = µ0(x2 + 1)b =
µ0(x − i)µ0(x+ i)b ∈ B0. This proves the formula for the action of ε.
The representation µ̄0 of B0 on A ⊗A0 B0 is the representation of the weak
C∗-hull that corresponds to the representation of A0 ⊆ A described above.
This is

µ̄0 : B0 →M2(B0), b 7→
(
b 0
0 b

)
.

Hence ε⊗ b ∈ A1 ⊗A0 B0 for b ∈ B0 acts by the matrix
(

0 µ0(x − i)
µ0(x+ i) 0

)(
b 0
0 b

)
=
(

0 µ0(x− i)b
µ0(x+ i)b 0

)
.

The map µ0(x+ i)b 7→ µ0(x− i)b is the Cayley transform of µ0(x). For our two
weak C∗-hulls, this is the unilateral shift S ∈ M(B0) by construction. Thus
the odd fibre B1

∼= B0 of our Fell bundle should act by

µ̄1 : B0 →M2(B0), b 7→
(
0 Sb
b 0

)
.

The map µ̄0 is a ∗-representation, and (9.15) gives

µ̄1(b1)∗µ̄1(b2) = µ̄0(b∗1b2), µ̄1(b1)µ̄0(b2) = µ̄1(b1b2)

for all b1, b2 ∈ B0. This is also obvious from our explicit formulas. But

µ̄0(b1)µ̄1(b2) =
(

0 b1Sb2

b1b2 0

)
and µ̄0(b1b2) =

(
0 Sb1b2

b1b2 0

)
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differ if, say, b1 = S∗, b2 = 1. In fact, µ̄0(B0)·µ̄1(B0) is not contained in µ̄1(B0).
Hence there is no Fell bundle structure on (Bg)g∈Z/2 for which (µ̄g)g∈Z/2 would
be a Fell bundle representation.

10 Locally bounded unit fibre representations

We now specialise the Induction Theorem 9.26 to the case where the universal
integrable representation of the unit fibre Ae is locally bounded. In this case,
we may first construct a pro-C∗-algebraic Fell bundle whose unit fibre is the
pro-C∗-algebra completion of Ae. This is relevant because pro-C∗-algebras are
much closer to ordinary C∗-algebras than general ∗-algebras. We will see the
importance of this in the commutative case, where the pro-C∗-algebraic Fell
bundle gives us a twisted partial group action on the space Â+

e of positive
characters.
As before, let G be a group and let A =

⊕
g∈GAg be a G-graded

∗-algebra. We
are interested in the locally bounded representations of Ae, and representations
of A that restrict to locally bounded representations on Ae. The class Repb(Ae)
of locally bounded representations of Ae is admissible by Corollary 7.9. So
any weak C∗-hull for some smaller class of representations will be an ordinary
C∗-hull.
Let Ae be the pro-C∗-algebra completion of the unit fibre Ae, that is, the
completion of Ae in the topology defined by the directed set N (Ae) of all
C∗-seminorms on Ae. Locally bounded representations of Ae are equivalent to
locally bounded representations of Ae by Proposition 7.6.
When is a locally bounded representation inducible?

Proposition 10.1. A locally bounded representation (E, ϕ) of Ae on a Hilbert
module E is inducible if and only if ϕ(a∗a) ≥ 0 for all a ∈ Ag, g ∈ G.

The difference to the general criterion for inducibility in Proposition 9.5 is that
we do not consider matrices.

Proof. The subspace Eb ⊆ E of bounded vectors is a core for ϕ. As in the
proof of Proposition 9.12, it suffices to prove the positivity of the inner product
for a finite linear combination

∑n
k=1 ak ⊗ ξk with ak ∈ Ag, ξk ∈ Eb for a

fixed g ∈ G. Since there are only finitely many ξk, there is a C∗-seminorm q
on Ae so that all ξk are q-bounded. Thus we may replace E by the Hilbert
submodule Eq of q-bounded vectors, where the representation of Ae extends
to the C∗-completion D := (Ae)q for q. Since we assume ϕ(a∗a) ≥ 0 for all
a ∈ Ag, this representation factors through the quotient of D by the closed
ideal I generated by the negative parts (a∗a)− for all a ∈ Ag, g ∈ G. The
D/I-valued inner product 〈a1, a2〉 := a∗1a2 mod I on Ag is positive definite
by construction; since D/I is a C∗-algebra, we may use the usual notion of
positivity here, which does not involve matrices. Then the inner product on
the tensor product Ag ⊗D/I Eq is also positive definite. This is what we had to
prove.
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A pro-C∗-algebra has a functional calculus for self-adjoint elements. Hence we
may construct the negative parts (a∗a)− ∈ Ae for a ∈ Ag, g ∈ G. We let A+

e

be the completed quotient of Ae by the closed two-sided ideal generated by
these elements. This is another pro-C∗-algebra, and it is the largest quotient
in which a∗a ≥ 0 for all a ∈ Ag, g ∈ G. By Proposition 10.1, a locally
bounded representation of Ae is inducible if and only if the corresponding
locally bounded representation of Ae factors through A+

e .

Corollary 10.2. There is an equivalence between the inducible, locally
bounded representations of Ae and the locally bounded representations of the
pro-C∗-algebra A+

e , which is compatible with isometric intertwiners and inte-
rior tensor products.

Proof. Proposition 10.1 says that the equivalence in Proposition 7.6 maps the
subclass in Repb(Ae) of inducible, locally bounded representations of Ae onto
the subclass Repb(A+

e ) in Repb(Ae).

Let N (Ae)+ be the directed set of C∗-seminorms on A+
e . This is isomorphic to

the subset of N (Ae) consisting of all C∗-seminorms q on Ae for which a∗a ≥ 0
holds in the C∗-completion (Ae)q for all a ∈ Ag, g ∈ G. We would like to
complete A to a ∗-algebra

⊕
g∈GA+

g with unit fibre A+
e , where each A+

g is

a Hilbert bimodule over A+
e . But such a construction does not work in the

following example.

Example 10.3. It can happen that the class of locally bounded representations
of Ae is not compatible with induction. Let End∗(C[N]) be the ∗-algebra of all
∞×∞-matrix with only finitely many entries in each row and each column,
with the usual matrix multiplication and involution. Let A be the Z/2-graded
∗-algebra of block 2× 2-matrices

(
a b
c d

)
, a ∈ C, b ∈ C[N], c ∈ C[N], d ∈ End∗(C[N]),

with the grading where a, d are even and b, c are odd. Here b and c are infinite
column and row vectors with only finitely many non-zero entries, respectively.
Thus A ∼= End∗(C[N]) with the grading induced by the grading on C[N] where
C · δ0 is the even part and the span of δi for i > 0 is the odd part.

The character (a, d) 7→ a is a bounded representation of the unit fibreA0. Induc-
tion gives the standard representation of A on the Hilbert space C⊕ ℓ2(N) ∼=
ℓ2(N) by matrix-vector multiplication. This representation is irreducible be-
cause already the ideal of finite matrices M∞(C) in A acts irreducibly. It is not
bounded, that is, some elements in End∗(C[N]) act by unbounded operators
on ℓ2(N). Hence it is not locally bounded by Proposition 7.7.

To rule out this problem, we now assume that induction from Ae to A and
restriction back to Ae maps bounded representations of Ae again to bounded
representations of Ae, briefly, that boundedness is compatible with induction.
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This implies that local boundedness is compatible with induction because a lo-
cally bounded representation contains bounded subrepresentations whose union
is a core for it. Our assumption is equivalent to the boundedness of the induced
representations of Ae on the Hilbert (A+

e )q-modules Ag⊗Ae (A
+
e )q for all g ∈ G

and q ∈ N (Ae)+. That is, there is another norm q′ ∈ N (Ae)+ such that

q(a∗b∗ba) = ‖ba‖2q ≤ ‖b‖
2
q′‖a‖2

q = q′(b)2 · q(a∗a)

for all a ∈ Ag, b ∈ Ae. Let A+
g be the completion of Ag in the topology

generated by the family of norms q(a∗a) for q ∈ N (Ae)+.

Lemma 10.4. The multiplication maps and the involutions in (Ag)g∈G extend
to continuous maps A+

g ×A+
h → A+

gh and A+
g → A+

g−1 for g, h ∈ G.

Proof. Given q ∈ N (Ae)+, let q′ ∈ N (Ae)+ be such that q(a∗b∗ba) ≤ q′(b)2 ·
q(a∗a) for all a ∈ Ah, b ∈ Ae. If b ∈ Ag, a ∈ Ah, then

‖ba‖2q := q(a∗b∗ba) = q(a∗(b∗b)1/2(b∗b)1/2a) ≤ q′((b∗b)1/2)2 · q(a∗a) = ‖b‖2q′‖a‖2q
That is, the multiplication is jointly continuous with respect to the topology
defining (A+

g )g∈G and hence extends to a jointly continuous map A+
g ×A+

h →
A+
gh.

Furthermore, q(aa∗)2 = q(aa∗aa∗) ≤ q′(a∗a)·q(aa∗) and hence q(aa∗) ≤ q′(a∗a)
for all a ∈ Ah. That is, ‖a∗‖2q ≤ ‖a‖

2
q′ for all a ∈ Ah. Thus the involution is

continuous as well.

The completion A+ :=
⊕

g∈GA+
g of A is again a ∗-algebra by Lemma 10.4.

By construction of A+
e , the inner products a∗a ∈ A+

e are positive for a ∈ Ag,
g ∈ G; this remains so for a ∈ A+

g because the subset of positive elements
in A+

e is closed. Thus (A+
g )g∈G has the usual properties of a Fell bundle over G,

except that the fibres are only Hilbert bimodules over a pro-C∗-algebra. We
interpret (A+

g )g∈G as a partial action of G on A+
e by Hilbert bimodules as

in [4].
Usually, the norms q(a∗a) and q(aa∗) on Ag are not equivalent for a fixed
q ∈ N (A)+. This prevents us from completing A+ to a pro-C∗-algebra. It
also means that the integrable representations of A are not locally bounded
on A, but only on Ae. This happens in interesting examples such as the Weyl
algebra discussed in §13. This phenomenon for Fell bundles is related to the
known problem that crossed products for group actions on pro-C∗-algebras only
work well if the action is strongly bounded, that is, the invariant continuous
C∗-seminorms are cofinal in the set of all continuous C∗-seminorms, see [14].

Proposition 10.5. Suppose that boundedness for representations of Ae is
compatible with induction to A. Representations of A that restrict to lo-
cally bounded representations on Ae are equivalent to representations of the
∗-algebra A+ =

⊕
g∈GA+

g that restrict to locally bounded representations
on A+

e ; this equivalence is compatible with isometric intertwiners and interior
tensor products.
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Proof. Let π be a representation of A for which πe is a locally bounded repre-
sentation of Ae. The representation πe is inducible by Lemma 9.8. Hence πe
is the closure of the restriction of a locally bounded representation π̄+

e of A+
e

by Corollary 10.2. The representation πg of Ag for g ∈ G is continuous with
respect to the topology defining A+

g and the graph topology on the domain
of πg because πg(a)∗πg(a) = πe(a∗a). Hence it extends uniquely to A+

g , and
this gives a representation π̄+ of

⊕A+
g such that π is the closure of π̄+ ◦j. It is

easy to see that this equivalence between the locally bounded representations
of A and the representations of

⊕
g∈GA+

g that are locally bounded on A+
e is

compatible with isometric intertwiners and interior tensor products.

We will explore the consequences of this in the case of commutative Ae in §11.
In that case, boundedness is automatically compatible with induction, and the
pro-C∗-algebraic Fell bundle A+

e gives rise to a twisted groupoid with object
space Â+

e . Thus the C∗-hull produced by the Induction Theorem 9.26 is a
twisted groupoid C∗-algebra when Ae is commutative and the integrable rep-
resentations of Ae are locally bounded.
Here we briefly consider the situation of Theorem 7.16 where C0(A+

e ) is dense
in A+

e and provides a C∗-hull for the class of locally bounded representations.
Then we define

C0(A+
g ) := {a ∈ Ag | a∗a ∈ C0(A+

e )}.
That is, a ∈ C0(A+

g ) if and only if for all ε > 0 there is q ∈ N (Ae)+ such
that ‖a∗a‖p < ε for all p ∈ Prim(A+

e ) \ Prim(A+
e )q. Since the involutions

Ag → Ag−1 and Ag−1 → Ag are both continuous, they are homeomorphisms.
Thus a ∈ C0(A+

g ) if and only if aa∗ ∈ C0(A+
e ). The proof of Lemma 7.15 shows

that A+
g ·Cc(A+

e ) and Cc(A+
e ) · A+

g are dense in C0(A+
g ).

Theorem 10.6. Assume that boundedness is compatible with induction from Ae
to A and that C0(A+

e ) is dense in A+
e . Then C0(A+

g )g∈G is a Fell bundle over G
whose section C∗-algebra is a C∗-hull for the class of all representations of A
that restrict to a locally bounded representation of Ae.

Proof. The assumption that boundedness is compatible with induction allows
us to build the pro-C∗-algebraic Fell bundle (A+

g )g∈G. Call a representation
of A =

⊕
g∈GAg or A+ :=

⊕
g∈GA+

g integrable if the restriction to the unit

fibre Ae or A+
e is locally bounded, respectively. These classes of integrable

representations are equivalent by Proposition 10.5.
Since C0(A+

e ) is dense in A+
e , it is a C∗-hull for the locally bounded represen-

tations of A+
e by Theorem 7.17. Equivalently, it is a C∗-hull for the inducible,

locally bounded representations of Ae. Let C0(A+) :=
⊕

g∈GC0(A+
g ). Rep-

resentations of C0(A+) are equivalent to representations of the Fell bundle
C0(A+

g ). Thus we must prove that the class of all representations of C0(A+) is
equivalent to the class of integrable representations of A+. More precisely, the
equivalence maps a representation ̺ of C0(A+) on a Hilbert module E to the
representation π of A+ with the core ̺(Cc(A+

e ))E and π(a)̺(b)ξ := ̺(a · b)ξ for
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all a ∈ A+, b ∈ Cc(A+
e ), ξ ∈ E ; here a · b is the product in A+, which belongs

to C0(A+) if b ∈ Cc(A+
e ).

In the converse direction, we may simply restrict a locally bounded represen-
tation of A+ to the ∗-subalgebra C0(A+). This restriction is nondegenerate
because C0(A+

e ) ⊆ C0(A+) acts nondegenerately in any integrable representa-
tion of A+: this is part of the equivalence between representations of C0(A+

e )
and locally bounded representations of A+

e in Theorem 7.17. We claim that
the maps from representations of C0(A+) to integrable representations of A+

and back are inverse to each other.
Let π be an integrable representation of A+ on a Hilbert module E . The repre-
sentations π and π|A+

e
have the same domain by Lemma 9.2. Since π|A+

e
is lo-

cally bounded, π(Cc(A+
e ))E is a core for π|A+

e
. Since Cc(A+

e )·A+
g = A+

g ·Cc(A+
e )

for all g ∈ G, this subspace is π(A+)-invariant and thus a core for π. The repre-
sentation ̺ of C0(A+) is the closure of the restriction of π to C0(A+) ⊆ A+. By
definition, the representation of A+ has the core ̺(Cc(A+

e ))E and acts there by
π′(a)̺(b)ξ = ̺(a·b)ξ. The subspace ̺(Cc(A+

e ))E is a core for this representation
because the map ξ 7→ π′(a)̺(b)ξ is continuous in the norm topology on E and E

is dense in E . If ξ ∈ E, then ̺(b)ξ = π(b)ξ and hence π′(a)π(b)ξ = π(a)π(b)ξ
for all a ∈ A+, b ∈ Cc(A+

e ), ξ ∈ E. This implies π = π′, as desired.
Now start with a representation ̺ of C0(A+). Let π be the associated integrable
representation ofA+. It has the core ̺(Cc(A+

e ))E and acts there by π(a)̺(b)ξ =
̺(a · b)ξ for all a ∈ A+, b ∈ Cc(A+

e ), ξ ∈ E . In particular, if a ∈ C0(A+), then
π(a)̺(b)ξ = ̺(a · b)ξ = ̺(a)̺(b)ξ. Since C0(A+

e ) · C0(A+
g ) is dense in C0(A+

g )
for all g ∈ G, the restriction of ̺ to C0(A+

e ) remains nondegenerate. Therefore,
the set of ̺(b)ξ for b ∈ Cc(A+

e ), ξ ∈ E is dense in E . Hence ̺ is the restriction
of π to C0(A+) ⊆ A+, as desired.

The proof of Theorem 10.6 does not use the constructions in Section 9 and
so provides an alternative proof of the Induction Theorem in case the chosen
class of integrable representations of Ae is the class of all locally bounded
representations.

11 Fell bundles with commutative unit fibre

In this section, we apply the Induction Theorem in the case where Ae and the
chosen C∗-hull Be are commutative. This is the only case considered in [27].
Extra assumptions in [27] ensure that the C∗-hull for the integrable represen-
tations of A is the crossed product for a partial action of G on the space
Â+
e ⊆ Âe of positive characters. Without these assumptions, we shall get a

“twisted” crossed product for a partial action.
So let G be a discrete group and A =

⊕
g∈GAg a G-graded ∗-algebra such

that Ae is commutative. We have already classified the possible commutative
C∗-hulls for Ae in §8. In particular, all commutative weak C∗-hulls are already
C∗-hulls by Theorem 8.2, and they correspond to injective, continuous maps
from locally compact spaces to the spectrum Âe of Ae.
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Explicitly, let X be a locally compact space and let j : X → Âe be an injective,
continuous map. Let Be = C0(X) and define a representation of Ae on Be with
domain Cc(X) by (a · f)(x) = â(j(x)) · f(x) for all a ∈ Ae, f ∈ Cc(X), x ∈ X ,
where â(χ) = χ(a) for χ ∈ Âe. Let µe be the closure of this representation
of Ae on Be. The C∗-algebra Be with the universal representation µe is a
C∗-hull for a class Repint(Ae, X) of representations of Ae by Theorem 8.2, and
any commutative C∗-hull is of this form.
Let Repint(A,X) be the class of representations of A that restrict to a rep-
resentation in Repint(Ae, X) on Ae, as in Definition 9.3. If Repint(Ae, X)
is compatible with induction to A as in Definition 9.18, then Theorem 9.26
gives a Fell bundle whose section C∗-algebra is a C∗-hull for Repint(A,X). We
are going to characterise exactly when this happens and describe the C∗-hull
for Repint(A,X) as a twisted groupoid C∗-algebra.
Any representation of Ae on a commutative C∗-algebra is locally bounded by
Proposition 8.1. Hence the constructions in §10 specialise to our commutative
case. Actually, we shall make these results more explicit through independent
proofs. First we describe the C∗-hull B+

e for the inducible representations
in Repint(Ae, X) as in Proposition 10.1:

Lemma 11.1. Call a character χ ∈ Âe positive if χ(a∗a) ≥ 0 for all a ∈ Ag
and all g ∈ G. These form a closed subset Â+

e of Âe, and B+
e = C0

(
j−1(Â+

e )
)
.

Proof. The positive characters form a closed subset in Âe by definition of the
topology on Âe. We have constructed B+

e in Proposition 9.12 as a quotient
of Be, such that a representation is inducible if and only if it factors throughB+

e .
Thus B+

e corresponds to a certain closed subset of Âe. Its points are the
inducible characters of Ae. Let χ be a character. Any vector in Ag ⊗Ae,χ C
is of the form a ⊗ 1 for some a ∈ Ag, that is, there is no need to take linear
combinations. Hence the sesquilinear form on Ag ⊗Ae,χ C for all g ∈ G is
positive semidefinite if and only if χ(a∗a) ≥ 0 for all a ∈ Ag and all g ∈ G,

that is, χ is positive. Thus B+
e is the quotient corresponding to those x ∈ Âe

for which j(x) ∈ Âe is positive.

Theorem 11.2. Let g ∈ G and χ ∈ Â+
e . Then dimAg ⊗Ae,χ C ≤ 1. The set

Dg−1 := {χ ∈ Â+
e | dimAg ⊗Ae,χ C = 1}

is relatively open in Â+
e . The left Ae-module structure on Ag ⊗Ae,χ C ∼= C

for χ ∈ Dg−1 is by a character ϑg(χ) that belongs to Dg. The map ϑg is a
homeomorphism from Dg−1 onto Dg, and these maps form a partial action

of G on Â+
e , that is, ϑe = idÂ+

e
and ϑg ◦ ϑh ⊆ ϑgh for all g, h ∈ G.

Proof. As in the proof of Lemma 11.1, Ag ⊗Ae,χC is the Hausdorff completion
of Ag in the norm coming from the inner product 〈a1, a2〉 := χ(a∗1a2). We write
λ · a for a ⊗ λ for a ∈ Ag, λ ∈ C throughout this proof, and we write a ≡ b if
a, b ∈ A have the same image in Ag ⊗Ae,χ C. Let a, b ∈ Ag satisfy χ(a∗a) 6= 0
and χ(b∗b) 6= 0. We must show that a and b are parallel in Ag ⊗Ae,χ C.
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The following computation makes [7, Footnote 3] explicit:

(a∗ab∗b)2 = a∗ab∗(ba∗)(ab∗)b = a∗a(b∗a)(b∗ba∗b) = a∗ab∗ba∗bb∗a

because Ae is commutative and the terms in parentheses belong to Ae. Hence

χ(a∗a)2χ(b∗b)2 = χ(a∗a)χ(b∗b)χ(a∗b)χ(b∗a).

Since χ(a∗a) 6= 0 and χ(b∗b) 6= 0, this implies

χ(a∗a)χ(b∗b) = χ(a∗b)χ(b∗a) = |χ(a∗b)|2 6= 0. (11.3)

The inner product on Ag⊗Ae,χC annihilates a · c⊗1−a⊗χ(c), which we write
as a · c− χ(c)a, for all a ∈ Ag, c ∈ Ae. Hence

a =
χ(a∗b)χ(b∗a)
χ(a∗a)χ(b∗b)

a ≡ aa∗bb∗a

χ(a∗a)χ(b∗b)
=

bb∗aa∗a

χ(a∗a)χ(b∗b)

=
χ(b∗a)χ(a∗a)
χ(a∗a)χ(b∗b)

b =
χ(b∗a)
χ(b∗b)

b. (11.4)

Thus all non-zero a, b ∈ Ag ⊗Ae,χ C are parallel, that is, dimAg ⊗Ae,χ C ≤ 1.
The space Ag⊗Ae,χC is non-zero if and only if there is a ∈ Ag with χ(a∗a) 6= 0.
Thus

Dg−1 = {χ ∈ Â+
e | χ(a∗a) 6= 0 for some a ∈ Ag}. (11.5)

The latter set is relatively open in Â+
e .

Let χ ∈ Dg−1 . Then dimAg ⊗Ae,χ C = 1. Hence the representation of Ae on
it is by a character, which we denote by ϑg(χ). This character is an inducible
representation by Lemma 9.8, and hence positive by Lemma 11.1. There is

b ∈ Ag with χ(b∗b) > 0. If a ∈ Ae, then (11.4) implies ab ≡ χ(b∗ab)
χ(b∗b) b. Thus

ϑg(χ)(a) =
χ(b∗ab)
χ(b∗b)

(11.6)

for all a ∈ Ae. Hence ϑg(χ)
(
(b∗)∗b∗

)
6= 0, so that ϑg(χ) ∈ Dg by (11.5).

Thus ϑg maps Dg−1 to Dg. Equation (11.6) also implies that the map ϑg is
continuous on the open set of characters in A+

e with χ(b∗b) > 0. Since these
open sets for different b ∈ Ag cover Dg−1 , the map ϑg is continuous on all
of Dg−1 .
Let g, h ∈ G and let χ ∈ Dh−1 and ϑh(χ) ∈ Dg−1 . Then there is bh ∈ Ah
with χ(b∗hbh) > 0, and bg ∈ Ag with ϑh(χ)(b∗gbg) > 0. Thus χ(b∗hb

∗
gbgbh) =

χ(b∗hbh) · ϑh(χ)(b∗gbg) > 0, and so (11.6) for b = bgbh ∈ Agh describes ϑgh.
Hence

ϑgh(χ)(a) =
χ(b∗hb

∗
gabgbh)

χ(b∗hb
∗
gbgbh)

=
ϑh(χ)(b∗gabg)

ϑh(χ)(b∗gbg)
= ϑg

(
ϑh(χ)

)
(a).

Thus ϑgh ⊆ ϑgϑh for all g, h ∈ G. In addition, ϑe = idÂ+
e
. So the maps ϑg

form a partial action of G on Â+
e , see [8]. In particular, ϑg is a homeomorphism

from Dg−1 onto Dg with inverse ϑg−1 .
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In the examples considered in [7, 27], the space Â+
e is locally compact and the

C∗-hull for the integrable representations of A is the crossed product for the
partial action of G on Â+

e described above. In general, however, certain twists
are possible. The partial action ofG on Â+

e may be encoded in a transformation
groupoid G⋉ Â+

e , which has object space Â+
e , arrow space

⊔
g∈GDg−1 with the

disjoint union topology, range and source maps s(g, χ) := χ, r(g, χ) := ϑg(χ)
for g ∈ G, χ ∈ Dg−1 , and multiplication (g, ϑh(χ)) · (h, χ) := (g · h, χ) for all

g, h ∈ G, χ ∈ Dh−1 ∩ϑ−1
h (Dg−1). The unit arrow on χ is (1, χ), and the inverse

of (g, χ) is (g−1, ϑg(χ)). This is an étale topological groupoid because r and s
restrict to homeomorphisms on the open subsets Dg−1 of the arrow space. The

object space Â+
e need not be locally compact.

We are going to construct another topological groupoid Σ that is a central
extension of G⋉ Â+

e by the circle group T. That is, Σ comes with a canonical
functor to G⋉ Â+

e whose kernel is the group bundle Â+
e ×T. Such an extension

is also called a twisted groupoid in [25, Section 4], following a definition by
Kumjian [16]. A twisted groupoid with locally compact object space has a
twisted groupoid C∗-algebra. For a suitable injective continuous map X → Â+

e ,
we are going to identify the C∗-hull of the X-integrable representations of A
with the twisted groupoid C∗-algebra of the restriction of Σ to j(X+) ⊆ Â+

e .
A point in Σ is a triple (g, χ, [a]), where g ∈ G, χ ∈ Dg−1 , and [a] is a unit
vector in the 1-dimensional Hilbert space Ag⊗Ae,χC. We represent unit vectors
in Ag ⊗Ae,χ C by elements a ∈ Ag with χ(a∗a) = 1; two elements a, b ∈ Ag
with χ(a∗a) = χ(b∗b) = 1 represent the same unit vector [a] = [b] if and only
if χ(a∗b) = 1. We get the same set of equivalence classes if we allow a ∈ A
with χ(a∗a) > 0 and set [a] = [b] if χ(a∗b) > 0: then a1 := χ(a∗a)−1/2a
and b1 := χ(b∗b)−1/2b satisfy [a] = [a1], [b] = [b1], and [a] = [b] if and only
if χ(a∗1b1) = 1 by (11.3). The circle group T acts on Σ by multiplication:
λ · (g, χ, [a]) := (g, χ, [λa]). The orbit space projection for this circle action is
the coordinate projection F : Σ ։ G⋉Â+

e , (g, χ, [a]) 7→ (g, χ). Next we equip Σ
with a topology so that this coordinate projection is a locally trivial principal
T-bundle.
For a ∈ A, let Ua := {χ ∈ Â+

e | χ(a∗a) 6= 0}. This is an open subset in Â+
e ,

and χ(a∗a) > 0 if χ ∈ Ua because χ is positive. The map σa : {g} × Ua → Σ,
(g, χ) 7→ (g, χ, [a]), for a ∈ Ag is a local section for the coordinate projection F .
If a, b ∈ Ag, and χ ∈ Ua ∩ Ub, then

[a] =
[

χ(b∗a)
χ(a∗a)1/2χ(b∗b)1/2

b

]
,

by (11.4). Since the functions sending χ to χ(b∗a), χ(a∗a) and χ(b∗b) are
continuous on Ae, the two trivialisations induce the same topology on the
restriction of Σ to {g} × (Ua ∩ Ub). For any χ ∈ Dg−1 , there is a ∈ Ag with
χ(a∗a) > 0. Thus the open subsets Ua cover Dg−1 . Consequently, there is a
unique topology on Σ that makes the local sections σa for all a ∈ Ag continuous,
and this topology turns Σ into a locally trivial T-bundle over G⋉ Â+

e .
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We define a groupoid with object space A+
e , arrow space Σ, and

r(g, χ, [a]) := ϑg(χ), s(g, χ, [a]) := χ,

(g, [ϑh(χ)], [a]) · (h, χ, [b]) := (g · h, χ, [a · b]);
we must show that this multiplication is well defined. We have ab ∈ Agh and

χ(b∗a∗ab) = ϑh(χ)(a∗a) · χ(b∗b) 6= 0

by (11.6), so (g · h, χ, [a · b]) ∈ Σ. If χ(b∗b1) > 0 and ϑh(χ)(a∗a1) > 0, then
χ(b∗a∗a1b1) > 0 by computations as in the proof of Theorem 11.2. Hence the
multiplication is well defined. It is clearly associative. The unit arrow on χ is
1χ := (1, χ, [1]), and (g, χ, [a])−1 = (g−1, ϑg(χ), [a∗]). The multiplication, unit
map and inversion are continuous and the range and source maps are open
surjections (even locally trivial). So Σ is a topological groupoid.
The identity map on objects and the coordinate projection F : Σ → G ⋉ Â+

e

on arrows form a functor, which is a locally trivial, open surjection on arrows.
The kernel of F consists of those (g, χ, [a]) ∈ Σ for which F (g, χ, [a]) is a unit
arrow in G ⋉ Â+

e . Then g = 1, and a ∈ Ae is equivalent to [a] = [χ(a) · 1]
because χ(a∗χ(a)1) > 0. The map (g, χ, [a]) 7→ (χ, χ(a)) is an isomorphism
of topological groupoids from the kernel of F onto the trivial group bundle
Â+
e × T. Thus we have an extension of topological groupoids

Â+
e × T  Σ ։ G⋉ Â+

e .

The three groupoids above are clearly Hausdorff.
To construct C∗-algebras, we need groupoids with a locally compact object
space. Therefore, we replace Âe by a locally compact space X with an injec-
tive, continuous map j : X → Âe. Then Be = C0(X) is a C∗-hull for a class
Repint(Ae, X) of representations of Ae. By Lemma 11.1, the C∗-hull for the
class of X-integrable, inducible representations of Ae is B+

e = C(X+) with
X+ := j−1(Â+

e ) ⊆ X .

Proposition 11.7. Let j : X → Âe be an injective, continuous map. The
class Repint(A,X) is compatible with induction if and only if j(X+) ⊆ Â+

e is
invariant under the partial maps ϑg in Theorem 11.2 and the resulting partial
maps on X+ are continuous in the topology of X+. We briefly say that the
partial action of G on Â+

e restricts to X+.

Proof. By Proposition 9.19, it suffices to check that the induced representation
of Ae on Ag ⊗Ae B

+
e is X-integrable for g ∈ G if and only if the partial map

ϑg ◦ j on X factors through j and the resulting partial map j−1 ◦ ϑg ◦ j on X
is again continuous. View the Hilbert module Ag ⊗Ae B

+
e as a continuous

field of Hilbert spaces over X+. The fibres of this field have dimension at
most 1 by Theorem 11.2, and the set where the fibre is non-zero is the open
subset j−1(Dg−1). Hence K(Ag⊗Ae B

+
e ) ∼= C0(j−1(Dg−1 )). The representation

of Ae on Ag ⊗Ae B
+
e is equivalent to a representation on K(Ag ⊗Ae B

+
e ) by
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Proposition 3.13. This is equivalent to a continuous map j−1(Dg−1 ) → Âe by
Proposition 8.1. This map is ϑg ◦ j by a fibrewise computation. Hence the
induced representation of Ae on Ag⊗Ae B

+
e is X-integrable if and only if ϑg ◦ j

has values in j(X) and the partial maps j−1 ◦ ϑg ◦ j on X are continuous.

From now on, we assume that the partial action of G on Â+
e restricts to X+. By

Proposition 11.7, this assumption is necessary and sufficient for X-integrability
to be compatible with induction. The “restriction” of the partial action on Â+

e

to X+ is a partial action of G on X+ by partial homeomorphisms. Its trans-
formation groupoid G ⋉ X+ is constructed like G ⋉ Â+

e . Its set of arrows
is the subset of G ⋉ Â+

e of arrows with range and/or source in j(X+), and
the topology on the arrow space is the unique one that makes the inclusion
G⋉X+ → G⋉ Â+

e and the range and source maps G⋉X+ → X+ continuous.
There is also a unique topology on the restriction ΣX of Σ to j(X+) so that
there is an extension of topological groupoids

X+ × T  ΣX ։ G⋉X+.

Since X+ is locally compact, the groupoids in this extension are locally com-
pact, Hausdorff groupoids. Since G ⋉X+ is étale, it carries a canonical Haar
system, namely, the family of counting measures. There is also a unique nor-
malised Haar system on X+×T. These produce a unique Haar system on ΣX
by [5, Theorem 5.1], so that the groupoid C∗-algebra C∗(ΣX) is defined. The
twisted groupoid C∗-algebra C∗(G ⋉ X+,ΣX) of G ⋉ X+ with respect to the
twist ΣX is defined in [24]. It is related to the groupoid C∗-algebra of ΣX in
[5, Corollary 7.2].

Theorem 11.8. Let G be a discrete group and let A be a G-graded ∗-algebra
with commutative Ae. Let j : X → Âe be an injective, continuous map, such
that the partial action of G on Â+

e in Theorem 11.2 restricts to X+ as in
Proposition 11.7. Then C∗(G⋉X+,ΣX) is a C∗-hull for Repint(A,X).

Proof. The C∗-algebra C∗(G ⋉ X+,ΣX) may be defined as the full sec-
tion C∗-algebra of a certain Fell line bundle over the étale, locally compact
groupoid G ⋉ X+. The Fell line bundle involves the space of sections of
the Hermitian complex line bundle L := ΣX ×T C associated to the princi-
pal T-bundle ΣX ։ G ⋉ X+ and the multiplication maps Lg × Lh → Lgh
induced by the multiplication of ΣX (see [5]). By construction, the Hilbert
B+
e -module B+

g = Ag ⊗Ae B
+
e is isomorphic to the continuous sections of this

line bundle L over the subset {g} × DXg−1 of {g} × X+: an element a ⊗ b is

mapped to the continuous section that sends (g, x) for x ∈ X with j(x) ∈ Dg−1

to b(x) · χ(a∗a)1/2[a]. The multiplication in ΣX is defined so that the multipli-
cation maps B+

g ⊗B+
e
B+
h → B+

gh are exactly the multiplication maps in the
Fell line bundle associated to ΣX .
Thus the Fell bundle (B+

g )g∈G constructed in Theorem 9.26 is isomorphic to the
Fell bundle (βg)g∈G, where βg is the space of C0-sections of L over {g}×Dg−1
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and the multiplication and involution come from the Fell line bundle structure
on L over the groupoid G⋉X+. The full section C∗-algebra of this Fell bundle
is canonically isomorphic to the section C∗-algebra of the corresponding Fell
bundle over the groupoid G ⋉X+ by results of [3]. The small issue to check
here is that it makes no difference whether we use C0-sections or compactly
supported continuous sections of L over {g} × Dg−1 . Both have the same
C∗-completion. This is a special case of general results about Fell bundles over
étale locally compact groupoids.

If (Bg)g∈G is any Fell bundle over G, then
⊕

g∈GBg is a ∗-algebra, to which
we may apply our machinery although all its representations are bounded.
Thus any Fell bundle over G may come up for some choice of the G-graded
∗-algebra A. Thus the section C∗-algebra of a Fell bundle (Bg)g∈G with com-
mutative unit fibre is always a twisted groupoid C∗-algebras of a twist of an
étale groupoid, namely, the transformation groupoid of a certain partial action
on the spectrum of the unit fibre associated to the Fell bundle. This result is
already known, even for Fell bundles over inverse semigroups with commutative
unit fibre, see [3].

If ΣX ∼= (G ⋉X+) × T as a groupoid, then C∗(G ⋉X+,ΣX) ∼= C∗(G ⋉X+).
This is the same as the crossed product for the partial action of G on X+. This
happens in all the examples in [7,27]. The possible twists have two levels. First,
ΣX may be non-trivial as a principal circle bundle over G⋉X+. Secondly, if it
is trivial as a principal circle bundle, the multiplication may create a non-trivial
twist.

The circle bundle ΣX ։ G ⋉ X+ is trivial if and only if its restriction to
{g}×Dg−1 is trivial for each g ∈ G. For a circle bundle, this means that there
is a nowhere vanishing section. For instance, if there is a ∈ Ag that gener-
ates Ag as a right Ae-module, then Ua = Dg−1 and σa is a global trivialisation
of ΣX |{g}×Dg−1

.

The complex line bundles over a space X are classified by the second cohomol-
ogy group H2(X,Z). If L is a line bundle, then the spaces of C0-sections of
L⊗n for n ∈ Z form a Fell bundle over Z, and the direct sum of these spaces
of sections is a Z-graded ∗-algebra such that the given line bundle L appears
in the resulting twisted groupoid. If H2(X,Z) 6= 0, the space X is at least
2-dimensional. There are indeed non-trivial complex line bundles over all com-
pact oriented 2-dimensional manifolds. The resulting ∗-algebra, however, has
only ∗-representations by bounded operators if X is compact. Examples where
unbounded operators appear must involve a non-trivial line bundle over a non-
compact space. These first appear in dimension 3. It is easy to write down a
Z-graded ∗-algebra A where B+

e is, say, S2 × R and B+
g involves the Bott line

bundle over S2. These examples seem artificial, however.

Now assume that ΣX is trivial as a principal circle bundle over (G⋉X+)1, that
is, ΣX ∼= (G⋉X+)1×T as a T-space. We may choose this homeomorphism to
be the obvious one on the open subset (1 ⋉X+) × T corresponding to 1 ∈ G.
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The multiplication must be of the form

(g1, ϑg2(x), λ1) · (g2, x, λ2) = (g1 · g2, x, ϕ(g1, g2, x) · λ1 · λ2)

for some continuous T-valued function ϕ with ϕ(1, g, x) = 1 = ϕ(g, 1, x) for
all g, x; here ϕ is defined on the space of all triples (g1, g2, x2) ∈ G × G ×
X+ with x2 ∈ Dg−1

2
and ϑg2(x2) ∈ Dg−1

1
; this space is homeomorphic to the

space (G⋉X+)2 of pairs of composable arrows in G ⋉X+. The associativity
of the multiplication in ΣX is equivalent to the cocycle condition

ϕ(g1, g2 · g3, x) · ϕ(g2, g3, x) = ϕ(g1 · g2, g3, x) · ϕ(g1, g2, ϑg3(x)) (11.9)

for all g1, g2, g3 ∈ G, x ∈ X+ for which ϑg3(x), ϑg2 ◦ϑg3(x), and ϑg1 ◦ϑg2 ◦ϑg3(x)
are defined. A different trivialisation of the circle bundle ΣX ։ (G ⋉ X+)1

modifies ϕ by the coboundary

∂ψ(g1, g2, x) := ψ(g2, x)ψ(g1 · g2, x)−1ψ(g1, ϑg2(x)) (11.10)

of a continuous function ψ : (G ⋉X+)1 → T normalised by ψ(1, x) = 0 for all
x ∈ X+. Thus isomorphism classes of twists of G⋉X+ are in bijection with the
groupoid cohomologyH2(G⋉X,T), that is, the quotient of the group of contin-
uous maps ϕ : (G⋉X+)2 → T satisfying (11.9) by the group of 2-coboundaries
∂ψ of continuous 1-cochains ψ : (G⋉X+)1 → T, where ∂ψ is defined in (11.10).
In the easiest case, the function ϕ above does not depend on x. Then ϕ : G×
G→ T is a normalised 2-cocycle onG in the usual sense. These cocycles appear,
for instance, in the classification of projective representations of the group G.
This is related to the twists above because the Hilbert space representations
of the twisted group algebra for a 2-cocycle ϕ : G × G → T are exactly the
projective representations π : G → U(H) with π(g)π(h) = ϕ(g, h)π(gh) for all
g, h ∈ G.
The group Z has no nontrivial 2-cocycles. They do appear, however, for the
group Z2. A well known example is the noncommutative torus. Its usual gauge
action corresponds to a Z2-grading, where UnV m for the canonical generators
U, V has degree (n,m) ∈ Z2. In this case, Ae = C = Be = B+

e , and Â
+
e has

only one point. The transformation groupoid G⋉ Â+
e is simply G = Z2. This

is discrete, so Σ is always trivial as a principal circle bundle. Thus the only
non-trivial aspect of Σ is a 2-cocycle ϕ : Z × Z → T. The cohomology group
H2(Z2,T) is isomorphic to T, and the resulting twisted group algebras of Z2

are exactly the noncommutative tori.

Proposition 11.11. If there are subsets Sg ⊆ Ag such that Sg generates Ag as
a right Ae-module, Sg · Sh ⊆ Sgh, and χ(a∗b) ≥ 0 for all a, b ∈ Sg, g ∈ G, χ ∈
j(X) ⊆ Âe, then the twist ΣX is trivial and so the C∗-hull of A is C∗(G⋉X+).

Proof. If χ ∈ Dg−1 , then there is b ∈ Ag with χ(b∗b) 6= 0. Since Sg generates Ag
as a right Ae-module, we may write b =

∑n
i=1 ai ·ci with ai ∈ Sg, ci ∈ Ae. Then

χ(b∗b) =
n∑

i,j=1

χ(c∗i )χ(cj)χ(a
∗
i aj).
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Hence there are i, j with χ(a∗i aj) 6= 0. Then χ(a∗i ai) 6= 0 by (11.3). This shows
that

⋃
a∈Sg

Ua = Dg−1 . We have (g, χ, [a]) = (g, χ, [b]) for all a, b ∈ Sg, χ ∈
j(X)∩Ua∩Ub because χ(a∗b) ≥ 0 for all χ ∈ j(X). Hence the local sections σa
of ΣX |{g}×Dg−1

for a ∈ Sg coincide on the intersections of their domains and

thus combine to a global trivialisation. This trivialisation is multiplicative as
well.

If Â+
e itself is locally compact, then we may take X+ = X = Â+

e with the
inclusion map j. Since Â+

e is closed in Âe, this happens if Âe is locally compact.

Theorem 11.12. Assume that Â+
e is locally compact in the topology τc. Call a

representation of A integrable if its restriction to Ae is locally bounded. Let Σ
be the twisted groupoid constructed above. Then C∗(G⋉(Â+

e , τc),Σ) is a C∗-hull
for the integrable representations of A.

Proof. If X+ = (Â+
e , τc), then integrability is compatible with induction

by Proposition 11.7 because the construction of the topology τc is natu-
ral and compatible with restriction to open subsets. Theorem 11.8 shows
that C∗(G ⋉ (Â+

e , τc),Σ) is a C∗-hull for the class of representations of A
whose restriction to Ae is Â+

e -integrable. The locally bounded representa-
tions of Ae are equivalent to the locally bounded representations of the pro-
C∗-algebra C(Âe, τc) by Propositions 7.2 and 7.6. Restrictions of represen-
tations of A to Ae are automatically inducible by Lemma 9.8. By a pro-
C∗-algebraic variant of Lemma 11.1, the inducible, locally bounded represen-
tations of Ae are equivalent to those representations of C(Âe, τc) that factor
through the quotient C(Â+

e , τc). Since Â+
e is locally compact, C0(Â+

e , τc) is
dense in the pro-C∗-algebra C(Â+

e , τc). Hence C0(Â+
e , τc) is a C∗-hull for the

inducible, locally bounded representations of Ae by Theorem 7.17.

Assume that Ae is countably generated. Then the usual topology on Âe is
metrisable and hence compactly generated, so that τc is the standard topology
on Âe. A representation of Ae is locally bounded if and only if all symmetric
elements of Ae act by regular, self-adjoint operators by Theorem 8.7. Thus a
representation π of A is integrable as in Theorem 11.12 if and only if π(a) is
regular and self-adjoint for all a ∈ Ae with a = a∗. This class of integrable
representations has the C∗-hull C∗(G⋉ Â+

e ,Σ) if Â
+
e is locally compact.

In particular, if Ae is finitely generated, then Âe is mapped homeomorphically
onto a closed subset of Rn for some n ∈ N by evaluating characters on a finite
set of symmetric generators. Thus Âe is locally compact. The discussion above
gives:

Corollary 11.13. Assume that Ae is finitely generated. Call a representation
of A integrable if its restriction to Ae is locally bounded. Then Â+

e is locally
compact and C∗(G ⋉ Â+

e ,Σ) for the twisted groupoid Σ constructed above is a
C∗-hull for the integrable representations of A. Moreover, a representation π
of A is integrable if and only if π(a) is regular and self-adjoint for all a ∈ Ae
with a = a∗.
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Corollary 11.13 covers all the examples considered in [7, 27], except for the
enveloping algebra W of the Virasoro algebra that is studied in [27, §9.3].
The ∗-algebra W is Z-graded. Its unit fibre W0 is noncommutative. The first
step in the study of its representations in [27, §9.3] is to replaceW by a certain
Z-graded quotient A := W/I, whose unit fibre A0 = W0/(I ∩W0) is commu-
tative by construction. The motivation is that all “integrable” representations
of W factor through A. The main result in [27, §9.3] shows that the partial
action of Z on Â+

e is free and that the disjoint union Y := X1 ⊔ X2 ⊔ X3 of
the three families of characters described in (61)–(63) of [27] is a fundamental
domain, that is, it meets each orbit of the partial action exactly once. Each
subset Xi is closed in Âe and locally compact and second countable in the
subspace topology. Hence so is Y . Since Z acts by partial homeomorphisms
and Y is a fundamental domain, there is a continuous bijection

X :=
⊔

n∈Z

(D−n ∩ Y )→ Â+
e , (n, y) 7→ ϑn(y).

Each D−n ∩Y is an open subset of Y , so that X is locally compact. I have not
checked whether this continuous bijection is a homeomorphism. If so, then Â+

e

would be locally compact and the results in [27] for the Virasoro algebra would
be contained in Theorem 11.12 after passing to the quotient W/I. If not, we
would use the locally compact spaceX . The partial action of Z on Â+

e is clearly
continuous on X as well, so that Theorem 11.8 applies.

12 Rieffel deformation

Let G be a discrete group. Given a normalised 2-cocycle on G, Rieffel deforma-
tion is a deformation functor that modifies the multiplication on a G-graded
∗-algebra by the 2-cocycle. There is a similar process for Fell bundles over G,
which we may transfer to section C∗-algebras. This is how Rieffel deformation
is usually considered. The setting of graded algebras or Fell bundles is easier.
We now define Rieffel deformation more precisely and show that it is compatible
with the construction of C∗-hulls in Theorem 9.26. This deformation process
has also recently been treated in [23].
A normalised 2-cocycle on a group G is a function Λ: G × G → U(1) with
Λ(e, g) = 1 = Λ(g, e) for all g ∈ G and

Λ(g, h · k)Λ(h, k) = Λ(g · h, k)Λ(g, h) (12.1)

for all g, h, k ∈ G. Let A =
⊕

g∈GAg be a G-graded algebra. Let AΛ be the
same G-graded vector space with the deformed multiplication and involution

∑

g∈G

ag ∗
∑

h∈G

bh :=
∑

g,h∈G

Λ(g, h)agbh,
(∑

ag
)† :=

∑
Λ(g−1, g)a∗g,

where ag, bg ∈ Ag for all g ∈ G. We call AΛ the Rieffel deformation of A with
respect to Λ.
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Lemma 12.2. The deformed multiplication and involution on AΛ give
a G-graded ∗-algebra with a ∗ b = ab if a ∈ Ae or b ∈ Ae, and a† ∗ b = a∗b for
all g ∈ G, a, b ∈ Ag.
Proof. The multiplication remains associative by the 2-cocycle condition (12.1).
The normalisation of Λ and (12.1) for g, g−1, g give Λ(g, g−1) = Λ(g−1, g) for
all g ∈ G. Thus

(a†g)
† = Λ(g, g−1) · Λ(g−1, g)(a∗g)

∗ = ag

for ag ∈ Ag. The normalisation condition and (12.1) for g, h, h−1 and
gh, h−1, g−1 for g, h ∈ G give

Λ(gh, h−1)Λ(g, h) = Λ(h, h−1),

Λ(g, g−1)Λ(gh, h−1) = Λ(gh, h−1g−1)Λ(h−1, g−1).

Hence Λ(g, g−1)Λ(h, h−1) = Λ(g, h)Λ(gh, h−1g−1)Λ(h−1, g−1). This implies

the condition (ag ∗ bh)† = b†h ∗ a†g for ag ∈ Ag, bh ∈ Ag:

(ag ∗ bh)† = Λ(g, h) · Λ(gh, (gh)−1) · (agbh)∗

= Λ(g, g−1) · Λ(h, h−1) · Λ(h−1, g−1) · b∗ha∗g = b†h ∗ a†g.
Thus the deformed multiplication and involution give a ∗-algebra. The formula
a† ∗ b = a∗b for g ∈ G, a, b ∈ Ag is trivial, and a ∗ b = ab if a ∈ Ae or b ∈ Ae
follows from the normalisation of Λ.

The same formulas work if (Bg)g∈G is a Fell bundle over G. Let (BΛ
g )g∈G be

the same Banach space bundle as Bg with the multiplication and involution

ag ∗ bh := Λ(g, h)agbh and a†g = Λ(g−1, g)a∗g for g, h ∈ G, ag ∈ Bg, bh ∈ Bh.
By Lemma 12.2, the deformation does not change ab for a ∈ Be or b ∈ Be
and a∗b and ab∗ for a, b ∈ Bg. Hence BΛ

g = Bg as Hilbert Be-bimodules,
so that the positivity and completeness conditions for a Fell bundle are not
affected by the deformation. We call (BΛ

g )g∈G the Rieffel deformation of the
Fell bundle (Bg)g∈G with respect to Λ.
For a C∗-algebra of the form B = C∗(Bg) for a Fell bundle (Bg)g∈G over G,
we define its Rieffel deformation with respect to Λ as BΛ := C∗(BΛ

g ) for the
deformed Fell bundle.
If G is an Abelian group, then C∗(Bg) for a Fell bundle over G carries a canon-

ical continuous action of Ĝ, called the dual action. Conversely, any C∗-algebra
with a continuous Ĝ-action β is of the form B = C∗(Bg), where (Bg)g∈G is the
spectral decomposition of the action,

Bg = {b ∈ B | βχ(b) = χ(g) · b for all χ ∈ Ĝ}.

Thus Rieffel deformation takes a C∗-algebra with a continuous Ĝ-action to
another C∗-algebra with a continuous Ĝ-action. This is how it is usually for-
mulated. Since Ĝ is compact, there are no analytic difficulties with oscillatory
integrals as in [26].
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Theorem 12.3. Let A =
⊕

g∈GAg be a G-graded ∗-algebra and let Be be a
C∗-hull for a class of integrable representations of Ae. Assume that integrability
is compatible with induction for A. Let Λ be a normalised 2-cocycle on G. Then
integrability is also compatible with induction for AΛ, and the C∗-hull for the
integrable representations of AΛ is the Rieffel deformation with respect to Λ of
the C∗-hull for the integrable representations of A.

Proof. The compatibility condition in Definition 9.18 is equivalent to the in-
tegrability of Ag ⊗Ae (E, π) for all g ∈ G, which only involves a single Ag
with its Ae-bimodule structure and the Ae-valued inner product 〈a, b〉 = a∗b
for a, b ∈ Ag. This is not changed by Rieffel deformation by Lemma 12.2.
Hence AΛ inherits the compatibility condition from A, and Theorem 9.26 ap-
plies to both A and AΛ.
The Hilbert B+

e -bimodule B+
g depends only on Ag with the extra structure

above and the universal inducible, integrable representation (B+
e , µ

+
e ) of Ae

by Remark 9.27. Since none of this is changed by Rieffel deformation, the Fell
bundle obtained from AΛ has the same fibres (B+

g )
Λ as B+

g . Rieffel deformation
changes the multiplication maps Ag×Ah → Agh and the involution Ag → Ag−1

for fixed g, h ∈ G only by a scalar. Inspecting the construction above, we see
that the multiplication maps B+

g ×B+
h → B+

gh and the involution B+
g → B+

g−1

in the Fell bundle are changed by exactly the same scalars. Hence the Fell
bundle for AΛ is (B+

g )
Λ. Now the assertion follows from Theorem 9.26.

13 Twisted Weyl algebras

We illustrate our theory by studying C∗-hulls of twisted n-dimensional Weyl
algebras for 1 ≤ n ≤ ∞. We begin with the case n = 1, where no twists occur.
Then we consider the case of finite n without twists and with twists. Finally,
we consider the case n =∞ with and without twists.
The (1-dimensional) Weyl algebra A is the universal ∗-algebra with one genera-
tor a and the relation aa∗ = a∗a+1. There is a unique Z-grading A =

⊕
n∈ZAn

with a ∈ A1. The
∗-subalgebraA0 is isomorphic to the polynomial algebra C[N ]

with N = a∗a, which is commutative. The other subspaces Ak ⊆ A for k ∈ N
are isomorphic to A0 as left or right A0-modules because Ak = A0 ·ak = ak ·A0

and A−k = (a∗)k · A0 = A0 · (a∗)k for all k ≥ 0. The spectrum Â0 of A0

is R, where the character C[N ] → C for t ∈ R evaluates a polynomial at t. A
character is positive if and only if it is positive on (a∗)kak and ak(a∗)k for all
k ≥ 1. This happens if and only if t ∈ N by [27, Example 10].
Since Na = a∗aa = (aa∗ − 1)a = a · (a∗a − 1) = a · (N − 1), the partial
automorphism ϑ1 of Â+

0 = N associated to the A0-bimodule A1 acts on Â+
e by

the automorphism N 7→ N − 1, which corresponds to translation by −1. By
induction, we get N · ak = a · (N − 1) · ak−1 = · · · = ak · (N − k). The domain
of ϑk is as big as it could possibly be, that is, it contains all n ∈ N with n ≥ k
by (11.5) (see also [27, Example 16]). For any k, l ∈ N there is a unique n ∈ Z
with k − n = l. Thus the transformation groupoid Z ⋉ϑ N is simply the pair
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groupoid on N. There can be no twist in this case. First, the pair groupoid
simply has no non-trivial twists. And secondly, the generators ak, (a∗)k for
k ≥ 0 satisfy the positivity condition in Proposition 11.11, which also rules out
a twist.
Since no proper non-empty subset of N is invariant under the partial action ϑ
of Z, a commutative C∗-hull for A0 for which integrability is compatible with
induction gives either B+

0 = C0(N) or B+
0 = {0}. In the second case, A has

no non-zero integrable representations. In the first case, the C∗-hull for the
integrable representations of A is the groupoid C∗-algebra K(ℓ2N) of the pair
groupoid N× N.
The universal representation of A on K(ℓ2N) is equivalent to a representa-
tion π of A on ℓ2N by Proposition 3.13. The domain of this representation
is the space S(N) of rapidly decreasing sequences, with π(a)(δk) =

√
kδk−1

for k ∈ N, so π(a∗)(δk) =
√
k + 1δk+1, π(N)(δk) = kδk. By Theorem 4.4, a

representation π of A0 on a Hilbert module E is integrable if and only π(Nk)
is regular and self-adjoint for each k ∈ N or, equivalently, π(N) is regular and
self-adjoint and π(Nk) = π(N)k for all k ∈ N. By definition, a representation
of A is integrable if and only if its restriction to A0 is integrable.
The Z-grading on the C∗-hull K(ℓ2N) is “inner”: it is induced by the Z-grading
on ℓ2N where δk has degree k. Equivalently, the dual action of T on K(ℓ2N)
associated to the Z-grading is the inner action associated to the unitary repre-
sentation U : T→ U(ℓ2N), where Uz(δk) := zkδk for all z ∈ T, k ∈ N.

Now let m ∈ N and let Θ = (Θjk) be an antisymmetric m × m-matrix. Let
λjk = exp(2πiΘjk). Let Am,Θ be the ∗-algebra with generators a1, . . . , am and
the commutation relations aja

∗
j = a∗jaj + 1 for 1 ≤ j ≤ m and

ajak = λjkakaj , a∗jak = λ−1
jk aka

∗
j (13.1)

for 1 ≤ j 6= k ≤ m. Since λjk = λ−1
kj , the relations (13.1) for (j, k) and (k, j)

are equivalent; so it suffices to require (13.1) for 1 ≤ j < k ≤ m. The
∗-algebra Am,Θ is Zm-graded by giving aj degree ej ∈ Zm, where e1, . . . , em is
the standard basis of Zm.
We first consider the case Θ = 0 and write Am := Am,0. This is the
m-dimensional Weyl algebra, which is the tensor product of m copies of the
1-dimensional Weyl algebra, with the induced Zm-grading. Thus the zero fi-
bre Am0 for 0 ∈ Zm is isomorphic to the polynomial algebra C[N1, . . . , Nm] in
the m generators Nj = a∗jaj . Its spectrum is Rm. Each Amk for k ∈ Zm is
isomorphic to Am0 both as a left and a right Am0 -module; the generator is the

product of a
kj

j for kj ≥ 0 or (a∗j )
−kj for kj < 0 from j = 1, . . . ,m. Here the

order of the factors does not matter because Θ = 0. We may identify Amk
with the exterior tensor product of the A1-bimodules A1

k1
⊗ A1

k2
⊗ · · · ⊗ A1

km
.

Hence the space of positive characters on Am is Nm, and the partial action
of Zm on Nm is the exterior product of the partial actions of Z on N for the
1-dimensional Weyl algebras. That is, k ∈ Zm acts on Nm by translation by −k
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with the maximal possible domain. Thus the transformation groupoid Zm⋉Â+
0

is isomorphic to the pair groupoid of the discrete set Nm.
Once again, the only Zm-invariant subsets of Â+

0 are the empty set and Nm,
so that the only inducible commutative C∗-hulls of A0 for which integrability
is compatible with induction are {0} and C0(Nm). The first case is boring,
and the second case leads to the C∗-hull K(ℓ2Nm) of the m-dimensional Weyl
algebra.
As for m = 1, the universal representation of Am is equivalent to a repre-
sentation on ℓ2Nm. This has the domain S(Nm), and the representation is
determined by

π(aj)(δ(k1,...,km)) =
√
kjδ(k1,...,kj−1,...,km)

for (k1, . . . , km) ∈ Nm and j = 1, . . . ,m. Hence π(Nj)(δ(k1,...,km)) =
kjδ(k1,...,km). A representation of A is integrable if and only if its restriction
to A0 is integrable in the sense that it integrates to a representation of C0(Rm).
This automatically descends to a representation of C0(Nm) by Lemma 9.8.
There are several ways to characterise when a representation of C[N1, . . . , Nm]
integrates to a representation of C0(Rm). One is that π(Nj) for j = 1, . . . ,m
are strongly commuting, regular, self-adjoint operators and π(Nk

j ) = π(Nj)k

for all j = 1, . . . ,m, k ∈ N, compare [28, Theorem 9.1.13].
The groups Zm form ≥ 2 have non-trivial 2-cocycles, and Am,Θ is, by definition,
a Rieffel deformation of Am,0 for the normalised 2-cocycle

Λ
(
(x1, . . . , xm), (y1, . . . , ym)

)
:=

m∏

j=1

m∏

k=j+1

λ
xkyj

jk . (13.2)

We could also use the cohomologous antisymmetric 2-cocycle

m∏

j=1

m∏

k=j+1

√
λjk

xkyj−xjyk =
m∏

j,k=1

exp(−πiΘjkxjyk).

Theorem 12.3 says that the C∗-hull Bm,Θ of Am,Θ is the Rieffel deformation of
the C∗-hull Bm,0 of Am,0 for the same 2-cocycle.
In the classification of Fell bundles with commutative unit fibre, the important
cohomology is that of the transformation groupoid G ⋉ X+, not of G itself.
Here G⋉X+ is the pair groupoid of Nm.

Lemma 13.3 (compare [18, Lemma 2.9]). The cohomology of the pair groupoid
of a discrete set X with coefficients in an Abelian group H vanishes in all
positive degrees.

Proof. The set of composable n-tuples in the pair groupoid of X is Xn+1.
The groupoid cohomology with coefficients H is the cohomology of the chain
complex with cochains Cn := HXn+1

, the space of all maps Xn+1 → H , and
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with the boundary map ∂ : Cn → Cn+1,

∂ϕ(x0, . . . , xn) :=
n∑

i=0

(−1)iϕ(x0, . . . , x̂i, . . . , xn);

here the hat means that the entry xi is deleted. Pick some point x0 ∈ X and
let hϕ(x1, . . . , xn) := ϕ(x0, x1, . . . , xn) for all n ∈ N, x1, . . . , xn ∈ X , ϕ ∈ Cn+1.
Then ∂ ◦ h(ϕ) + h ◦ ∂(ϕ) = ϕ for all ϕ ∈ Cn, n ≥ 1. Thus the cohomology
vanishes in positive degrees.

Any twist of the pair groupoid on Nm is trivial by Lemma 13.3. Therefore, the
C∗-hull Bm,Θ is isomorphic to K(ℓ2Nm), the untwisted groupoid C∗-algebra
of the pair groupoid. The proof of Lemma 13.3 is explicit and so allows to
construct this isomorphism. We explain another way to construct it, using
properties of Rieffel deformation. Since the Z-grading on the C∗-hull K(ℓ2N)
is inner or, equivalently, the corresponding action of T is inner, the same holds
for the Zm-grading on the C∗-hull K(ℓ2Nm) and the corresponding Tm-action
on K(ℓ2Nm). Explicitly, the Tm-action is induced by the unitary representation
of Tm on ℓ2Nm defined by

U(z1,...,zm)δ(k1,...,km) := z−k1
1 · · · z−km

m δ(k1,...,km).

Rieffel deformation of C∗-algebras for inner actions does not change the iso-
morphism type of the C∗-algebra. Hence the C∗-hull for the integrable repre-
sentations of Am,Θ is also isomorphic to K(ℓ2Nm).
We make this more explicit in our Fell bundle language. Let U : Tm → UM(B)
be a strictly continuous homomorphism to the group of unitary multipliers of
a C∗-algebra B and let αz(b) := UzbU

∗
z for z ∈ Tm, b ∈ B be the resulting

inner action. Let (Bk)k∈Zm be the spectral decomposition of this action, that is,
b ∈ Bk if and only if αz(b) = zk · b for all z ∈ Tm. In particular, U ∈ UM(B0)
because Tm is commutative.
Assume for simplicity that the 2-cocycle Λ is a bicharacter as above. For fixed
k ∈ Zm, we view Λ(k, ␣) : Zm → T as an element Λ̃(k) of the dual group Tm.
The map Λ̃ : Zm → Tm is a group homomorphism. The maps ψk : Bk → Bk,
b 7→ U∗

Λ̃(k)
· b, for k ∈ N are Banach space isomorphisms that modify the

multiplication as follows:

ψk(b1)ψl(b2) = U∗
Λ̃(k)

b1U
∗
Λ̃(l)

b2 = U∗
Λ̃(k+l)

αΛ̃(l)(b1)b2 = ψk+l(Λ(k, l) · b1b2).

They keep the involution unchanged. This is exactly what Rieffel deformation
does. Hence the maps ψk form an isomorphism between the undeformed and
Rieffel deformed Fell bundles. This finishes the proof that the Rieffel deformed
algebra for an inner action is canonically isomorphic to the original algebra.
The universal representation of Am,Θ on K(ℓ2Nm) again corresponds to a rep-
resentation of Am,Θ on ℓ2(Nm). We may construct it by carrying over the
isomorphism Bm,Θ ∼= Bm,0 between the C∗-hulls. This is the inverse of the
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isomorphism above, so it multiplies on the left by the unitary UΛ̃(k) of degree 0
on elements of degree k. We do exactly the same on elements of Am,Θ and so let
x ∈ Am,Θk for k ∈ Zm act on ℓ2Nm by the operator UΛ̃(k)π

m,0(x), where πm,0

is the universal representation of the untwisted Weyl algebra Am,0 on ℓ2Nm

described above. The same computation as above shows that this defines a
∗-representation of Am,Θ. We compute it explicitly.
First, the action of elements of Am,Θ0 on ℓ2Nm is not changed. The domain

of a representation of Am,Θ is equal to the domain of its restriction to Am,Θ0 .
Hence the domain of our representation is the Schwartz space S(Nm), as in the
untwisted case. Let 1 ≤ j ≤ m. The generator aj has degree ej ∈ Zm, and

Λ̃(ej) = (λ1,j , . . . , λj−1,j , 1, . . . , 1) ∈ Tm

for our first definition of Λ in (13.2). Thus

πm,Θ(aj)δ(k1,...,km) = UΛ̃(ej )π
m,0(aj)δ(k1,...,km)

=
(j−1∏

l=1

λkl

j,l

)√
kjδ(k1,...,kj−1,...,km).

These operators on S(Nm) satisfy the defining relations of Am,Θ.

The infinite-dimensional Weyl algebra A∞ is the universal ∗-algebra with gener-
ators aj for j ∈ N and relations a∗jaj = aja

∗
j +1, ajak = akaj , and a

∗
jak = aka

∗
j

for 0 ≤ j < k. Let Z[N] be the free Abelian group on countably many genera-
tors. The Weyl algebra A∞ is Z[N]-graded, where aj has degree ej ∈ Z[N], the
jth generator of Z[N].
The ∗-algebra A∞ is a tensor product of infinitely many 1-dimensional Weyl
algebras. The zero fibre A∞0 is the polynomial algebra in the generators Nj =
a∗jaj for j ∈ N. Hence its spectrum is the infinite product Â∞0 = RN, which is
not locally compact. The tensor product structure ofA∞ shows that a character
is positive if and only if each component is. That is, (A∞)+

0
∼= NN is a product

of countably many copies of the discrete space N. Since N is not compact, this
is not locally compact either. Hence to build a commutative C∗-hull for A∞0 ,
we must choose some locally compact space X with a continuous, injective
map f : X → NN. Here we have simplified notation by assuming that already
f(X) ⊆ NN; otherwise, the first step in our construction would replace X by
X+ := f−1(NN). For X-integrability to be compatible with induction, we also
need f(X) to be invariant under the partial action of Z[N], and we need the
restricted partial action to lift to a continuous partial action on X .
The partial action of the group Z[N] on NN is the obvious one by translations.
It is free, and two points (nk) and (n′k) in NN belong to the same orbit if
and only if there is k0 such that nk = n′k for all k ≥ k0. Briefly, such points
are called tail equivalent. This partial action is minimal, that is, an open,
Z[N]-invariant subset is either empty or the whole space. Hence NN has no
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Z[N]-invariant, locally closed subsets. Thus NN has no Z[N]-invariant, locally
compact subspaces.

Let K be any compact subset of NN. Then the projection pj : NN → N to the
jth coordinate must map K to a compact subset of N. So there is an upper
bound Mj with pj(K) ⊆ [0,Mj ]N := [0,Mj] ∩ N. Then K ⊆ ∏j∈N[0,Mj]N,
and the right hand side is compact. The closure of

∏
j∈N[0,Mj]N under tail

equivalence is

X(Mk) :=
⋃

j∈N

(
Nj ×

∏

k>j

[0,Mk]N

)
,

the restricted product of copies of N with respect to the compact-open sub-
sets [0,Mj]N. There is a unique topology on X(Mk) where each subset
Nj ×∏k>j [0,Mk]N is open and carries the product topology. This topology
is locally compact, and the partial action of Z[N] on X(Mk) by translation is
continuous.

Lemma 13.4. The Local–Global Principle fails for the X(Mk)-integrable repre-
sentations of A∞.

Proof. Since the mapX → Â∞0 is not a homeomorphism onto its image and Â∞0
is metrisable, the Local–Global Principle fails for the X-integrable represen-
tations of A∞0 by Theorem 8.3. Applying induction from A∞0 to A∞ to a
counterexample for the Local–Global Principle for A∞0 produces such a coun-
terexample also for A∞. Explicitly, choose a sequence (nk) such that nk > Mk

for infinitely many k. Let xk := nkδk ∈ NN, that is, xk ∈ NN has only one
non-zero entry, which is nk in the kth place. This sequence belongs to X(Mk)

and converges to 0 in the product topology on Â∞0 , but not in the topology
of X(Mk). The resulting representation of A∞0 on C(N̄) is not X(Mk)-integrable,
but it becomes integrable when we tensor with any Hilbert space representation
of C(N̄), see the proof of Theorem 8.3. Now induce this (inducible) representa-
tion of A∞0 to a representation of A∞ on C(N̄). This gives a counterexample
for the Local–Global Principle for A∞.

I do not know a class of integrable representations of A∞ with a C∗-hull for
which the Local–Global Principle holds.

Let S be the set of all words in the letters aj , a
∗
j . If χ ∈ NN is a positive

character and x, y ∈ S ∩ A∞k for some k ∈ Z[N], then χ(x∗y) ≥ 0. Hence
Proposition 11.11 shows that there is no twist in our case, that is, the C∗-hull
of the X(Mk)-integrable representations of A

∞ is the groupoid C∗-algebra of the
transformation groupoid Z[N]⋉X(Mk). This C

∗-hull is canonically isomorphic
to one of the host algebras for A∞ constructed in [11], namely, to the one that
is denoted L[n] in [11] with nk = Mk + 1 for all k ∈ N. We remark in passing
that the construction of a full host algebra from these host algebras in [11] is
wrong: the resulting C∗-algebra has too many Hilbert space representations,
so it is not a host algebra any more, see the erratum [13].
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The compact subset T :=
∏
k∈N[0,Mk]N that we started with is a complete

transversal in Z[N]⋉X(Mk), that is, the range map in Z[N]⋉X(Mk) restricted
to s−1(T ) is an open surjection onto X(Mk). Hence the groupoid Z[N]⋉X(Mk)

is Morita equivalent to its restriction to the compact subset T . This restriction
is the tail equivalence relation on T . Its groupoid C∗-algebra is well known: it
is the UHF-algebra for

∏
k∈N(Mk + 1), that is, the infinite tensor product of

the matrix algebras
⊗

k∈N MMk+1. The C
∗-algebra of Z[N]⋉X(Mk) itself is the

C∗-stabilisation of this UHF-algebra.
Thus the X(Mk)-integrable representations of A∞ are equivalent to the repre-
sentations of the (stabilisation of the) UHF-algebra of type

∏
k∈N(Mk+1). This

depends very subtly on the choice of the sequence (Mk). There is no canon-
ical ∗-homomorphism between these UHF-algebras if we increase (Mk): for
some (Mk) ≤ (M ′k), there is not even a non-zero map between their K-theory
groups. Instead, there are canonical morphisms, that is, there is a canonical
nondegenerate ∗-homomorphism C∗(Z[N ] ⋉X(M ′

k
)) →M(C∗(Z[N ] ⋉X(Mk)))

if (Mk) ≤ (M ′k). They are constructed as follows. The inclusion map X(Mk) →֒
X(M ′

k
) is continuous with dense range, but not proper. Thus it induces an in-

jective, nondegenerate ∗-homomorphism C0(X(M ′
k

)) → Cb(X(Mk)). Therefore,
if a representation of A∞0 is X(Mk)-integrable, then it is also X(M ′

k
)-integrable.

If a representation of A∞ has X(Mk)-integrable restriction to A∞0 , then its re-
striction to A∞0 is also X(M ′

k
)-integrable. When we apply this to the universal

representation of A∞ on the C∗-hull C∗(Z[N ] ⋉X(Mk)), this gives the desired
canonical morphism C∗(Z[N ] ⋉X(M ′

k
)) → C∗(Z[N ] ⋉X(Mk)) if (Mk) ≤ (M ′k).

It is injective, say, because C∗(Z[N ] ⋉X(M ′
k

)) is simple.
Now let Θ = (Θjk)j,k∈N be a skew-symmetric matrix. It corresponds first to
a matrix λjk := exp(2πiΘjk) and then to a 2-cocycle Λ on Z[N] as in (13.2).
The Rieffel deformation of A∞ by Θ is the universal ∗-algebra A∞,Θ with the
same generators (aj)j∈N and the relations aja

∗
j = a∗jaj + 1, ajak = λjkakaj ,

and a∗jak = λ−1
jk aka

∗
j for 0 ≤ j < k. We define X(Mk) for a sequence (Mk) and

the X(Mk)-integrable representations of A∞,Θ as above. By Theorem 12.3,
this has a C∗-hull, namely, the Rieffel deformation of the C∗-hull for the
X(Mk)-integrable representations of the undeformed Weyl algebra. The Rieffel
deformation gives a twist of the groupoid Z[N]⋉X(Mk), and the C∗-hull is the
twisted groupoid C∗-algebra of Z[N]⋉X(Mk) for this twist.

Proposition 13.5. Let (Mk) ∈ NN. The C∗-hulls for the X(Mk)-integrable
representations of the twisted Weyl algebras A∞,Θ are isomorphic for all Θ.

Proof. The C∗-hull of A∞,Θ is a twisted groupoid algebra of the transformation
groupoid Z[N] ⋉X(Mk), which is isomorphic to the tail equivalence relation R
on X(Mk). We are going to prove that any twist X(Mk)×T  Σ ։ R is trivial.

Hence the C∗-hull of A∞,Θ is isomorphic to the untwisted groupoid C∗-algebra
of R for all Θ.
The arrow space of R is totally disconnected because X(Mk) is totally discon-
nected and R is étale. Hence any locally trivial principal bundle over R is
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trivial. Thus Σ ∼= R × T as a topological space, and the twist is described by
a continuous 2-cocycle ϕ : R(2) := R ×s,X,r R → T. We must show that ϕ is a
coboundary.

Let Rd for d ∈ N be the equivalence relation on X(Mk) defined by (nk) Rd (n′k)
if and only if nk = n′k for all k ≥ d. This is an increasing sequence of open
subsets Rd ⊆ R with R =

⋃
Rd, and each Rd is also an equivalence rela-

tion. The equivalence relation Rd is isomorphic to the product of the pair
groupoid on Nd and the space X(Mk+d) for the shifted sequence (Mk+d)k∈N.
Thus the cohomology of Rd with coefficients in T is isomorphic to the co-
homology of the pair groupoid on Nd with values in the Abelian group of
continuous map X(Mk+d) → T. This cohomology vanishes in positive degrees
by Lemma 13.3. Therefore, for each d ∈ N there is ψd : Rd → T such that
ϕ|Rd

: Rd ×s,r Rd → T is the coboundary ∂ψd. The restriction of ψd+1 to Rd
and ψd both have coboundary ϕ|Rd

. Hence ψ−1
d+1|Rd

· ψd is a 1-cocycle on Rd.

Again by Lemma 13.3, there is χ : X → T with ψ−1
d+1|Rd

· ψd = ∂Rd
χ. We

replace ψd+1 by ψ′d+1 := ψd+1 · ∂Rd+1
χ, where ∂Rd+1

χ means the coboundary
of χ on the groupoid Rd+1. This still satisfies ∂ψ′d+1 = ∂ψd+1 = ϕ|Rd+1

, and
ψ′d+1|Rd

= ψd. Proceeding like this, we get continuous maps ψ′d : Rd → T for
all d ∈ N that satisfy ψ′d+1|Rd

= ψ′d and ∂ψ′d = ϕ|Rd
for all d ∈ N. These

combine to a continuous map ψ′ : R→ T with ∂ψ′ = ϕ.
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Abstract. We give a new and representation theoretic construction
of p-adic interpolation series for central values of self-dual Rankin-
Selberg L-functions for GL2 in dihedral towers of CM fields, using
expressions of these central values as automorphic periods. The main
novelty of this construction, apart from the level of generality in which
it works, is that it is completely local. We give the construction here
for a cuspidal automorphic representation of GL2 over a totally real
field corresponding to a p-ordinary Hilbert modular forms of parallel
weight two and trivial character, although a similar approach can be
taken in any setting where the underlying GL2-representation can be
chosen to take values in a discrete valuation ring. A certain choice of
vectors allows us to establish a precise interpolation formula thanks to
theorems of Martin-Whitehouse and File-Martin-Pitale. Such inter-
polation formulae had been conjectured by Bertolini-Darmon in an-
tecedent works. Our construction also gives a conceptual framework
for the nonvanishing theorems of Cornut-Vatsal in that it describes
the underlying theta elements. To highlight this latter point, we de-
scribe how the construction extends in the parallel weight two setting
to give a p-adic interpolation series for central derivative values when
the root number is generically equal to −1, in which case the formula
of Yuan-Zhang-Zhang can be used to give an interpolation formula in
terms of heights of CM points on quaternionic Shimura curves.
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1468 Jeanine Van Order

1. Introduction

Let F be a totally real number field, and let K be a totally imaginary quadratic
extension of F . We shall write AK and AF to denote the respective adele
rings of K and F , as well as η = ηK/F : A×F /F

× −→ {±1} ⊂ C× to denote
the quadratic idele class character of F associated to K/F . Let π = ⊗vπv
be a cuspidal automorphic representation of GL2(AF ). We shall assume for
simplicity that π has trivial central character ω = ⊗vωv = 1, although one
could more generally allow ω = η. Fix a prime ideal p ⊂ OF with underlying
rational prime p. We shall also assume the following simplifying conditions
throughout:

Hypothesis 1.1. The cuspidal representation π = ⊗vπv is a holomorphic dis-
crete series of parallel weight 2 at each real place of F . The prime-to-p-part N′

of its conductor N = c(π) ⊂ OF is coprime to the relative discriminant of K
over F , whence N ⊂ OF admits a unique factorization in OF as N = pδN+N−,
where N+ denotes the product of primes v | N′ which split in K/F , and N−

the product of primes v | N′ which remain inert in K/F . Assume too that
δ ∈ {0, 1}, that N− is squarefree, that each prime of OF dividing N+ splits in
K, and also that p splits in K if δ = 1.

Let Ω : A×K/K
× −→ C× be an idele class character of K of finite order whose

restriction to A×F is trivial (i.e. a ring class character), and let π(Ω) = ⊗vπ(Ω)v
denote the automorphic representation of GL2(AF ) it induces. The representa-
tion π⊗π(Ω) is then self-dual, and the corresponding GL2×GL2 Rankin-Selberg
L-function L(s, π × Ω) = L(s, π × π(Ω)) has real-valued coefficients and root
number. To be more precise, recall that this L-function is defined for a complex
variable s ∈ C with ℜ(s) > 1 by the absolutely convergent Euler product

L(s, π × Ω) =
∏

v∈VF
L(s, πv × π(Ω)v)(1)

taken over the set VF of all places of F . It has well-known analytic continuation
by the work of Jacquet [16] and Jacquet-Langlands [18], and in this setting
satisfies the symmetric functional equation

L(s, π × Ω) = ǫ(s, π × Ω)L(1− s, π × Ω).(2)

Additionally, the global root number

ǫ(1/2, π × Ω) =
∏

v∈VF
ǫ(1/2, πv × Ωv) ∈ S1(3)

appearing in the ǫ-factor ǫ(s, π × Ω) = (c(π × Ω))s−1/2ǫ(1/2, π × Ω) is real-
valued, hence contained in the set {±1} = R ∩ S1 of real numbers of complex
modulus 1.
This root number ǫ(1/2, π×Ω) has the following simple description. Given an
ideal c ⊂ OF , let Oc = OF + cOK to denote the OF -order of conductor c in

K, and Pic(Oc) = A×K/K
×Ô×c K

×
∞ its class group. An idele class character of

K which factors through such a class group Pic(Oc) is said to be a ring class
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character of conductor c. In fact, we shall only consider ring class characters of
p-power conductor, and hence those which factor through the profinite group
X defined by

X = lim←−
n

Xn = lim←−
n

Pic(Opn).

The corresponding root numbers in this setting can be described in terms of the
decomposition of the conductor N = c(π) in K, and are generically independent
of the choice of Ω (see e.g. [5, Lemma 1.1]). More precisely, suppose that Ω is
a ring class character factoring through X of conductor c(Ω) = pn for some
integer n ≥ 0. If either (i) p does not divide N (so that δ = 0), (ii) p splits in
K, or else (iii) the exponent n is sufficiently large, then we have the formula

ǫ(1/2, π × Ω) = (−1)[F :Q] · ηK/F (N′).(4)

Hence, this formula (4) holds for all ring class characters Ω of X if either (i),
(ii), or (iii) is true; otherwise, it holds for all but finitely many Ω factoring
through X . Thus, we can define k ∈ {0, 1} to be the integer determined by the
condition

ǫ(1/2, π × Ω) = (−1)k for all but finitely many Ω factoring through X.(5)

The aim of this article is to give a general and completely local construction of p-
adic L-functions in either case on k ∈ {0, 1} in this setup, i.e. a general and local
construction of a measure on X which interpolates suitably-normalized central
values L(1/2, π×Ω) if k = 0, or else central derivative values L′(1/2, π×Ω) if
k = 1.
Let us first consider the case of generic root number +1 corresponding to k = 0.
In this situation, we know that π has a Jacquet-Langlands transfer to the
totally definite quaternion algebra B over F whose ramification set Ram(B)
consists of prime the divisors of the inert level N− (the number of which is
≡ [F : Q] mod 2), together with the real places of F . Let us write π′ = ⊗vπ′v to
denote this transfer of π to an automorphic representation of B×(AF ), so that
the correspondence of Jacquet-Langands gives the relation π = JL(π′). Let Ω
be a ring class character factoring through X . Let us also fix an embedding of K
into B, as we can since each place of Ram(B) is inert in K. The central values
L(1/2, π×Ω) can be related to the functional PBΩ ∈ HomA

×
K

(π′,Ω) defined by

the rule sending a vector ϕ ∈ π′ to the automorphic period

PBΩ (ϕ) =

∫

A
×
K/K

×A
×
F

ϕ(t)Ω(t)dt.

Here, the measure dt is defined by putting on B×(AF ) the product of the local
Tamagawa measures times ζSF (2), where S is some fixed finite set of places of
F containing the real places and the places where π, Ω, and the fixed choice of
additive character of AF are unramified (see [7, §7]). Various results involving
calculations with the theta correspondence, starting with the landmark the-
orem of Waldspurger [33], relate these integrals PBΩ (ϕ) to the central values
L(1/2, π×Ω). Namely, the existence of a vector ϕ ∈ π′ for which PBΩ (ϕ) 6= 0 is
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shown by Waldspurger to be equivalent to the nonvanishing of the central value
L(1/2, π × Ω). A more precise relationship can be established in many cases
by making a careful choice of test vector ϕ ∈ π′, i.e. a choice of decomposable
vector ϕ = ⊗vϕv such that for each place v of F and nonzero local functional
lv ∈ HomK×

v
(π′v,Ωv), the value lv(ϕv) does not vanish (cf. [10], [20], [7]). Using

such a choice of vector ϕ ∈ π′, along with the relative trace formula (cf. [17]),
the works of [20] and File-Martin-Pitale [7] establish the following relationship.
Let us again write VF to denote the set of all places of F . Let ∆F denote the
absolute discriminant of F , and ∆K that of K. Let c(Ω) denote the absolute
norm of the conductor of Ω (a power of p), and c(Ωv) the exponent of the con-
ductor of the local character Ωv for each v ∈ VF . Let Si denote the set of places
v ∈ VF which remain inert in K. Let S(π) denote the set of finite places v ∈ VF
which divide the level c(π) = N, and let S(Ω) = {p} the set of finite places
v ∈ VF where the ring class character Ω is ramified. Writing c(πv) to denote
the exponent of the conductor of the local representation πv of GL2(Fv), let
S1(π) denote the set of places v ∈ VF where c(πv) = 1, and S2(πv) the set of
places where c(πv) ≥ 2. Finally, let Cv(K,π,Ω) the local factor defined in [20,
§4].

Theorem 1.2 (File-Martin-Pitale, Martin-Whitehouse). Assume Hypothesis
1.1, and that ϕ = ⊗ϕv ∈ π′ is test vector defined in [7, §7.1] (described below).
Then,

|PBΩ (ϕ)|2
(ϕ, ϕ)

=
1

2

(
∆F

c(Ω)∆K

) 1
2

LS(Ω)(1, η)LS(π)∪S(Ω)(1,1F )LS(π)(2,1F )

×
∏

v∈S(π)∩S(Ω)c

e(Kv/Fv)×
∏

v|∞
Cv(K,π,Ω)× LS2(π)(1/2, π × Ω)

LS2(π)(1, π, ad)
.

Here, e(Kv/Fv) denotes the usual ramification index of the local extension
Kv/Fv, and (·, ·) is the standard inner product on π′ with respect to the measure
on B×(AF ) given by the product of local Tamagawa measures.

Keeping with this k = 0 setup, let us now impose the following conditions at
our fixed prime ideal p ⊂ OF . Note that the quaternion algebra B over F is
split at p, whence we can and do fix an isomorphism Bp := B⊗F Fp ≈M2(Fp).
Note as well that there exists a nonzero decomposable vector ϕ ∈ π′ whose
component ϕp at p is fixed by the action of the unit group R×p , where Rp is an

Eichler order of level pδ in Bp for δ ∈ {0, 1}. Fix an embedding Q→ Qp.

Hypothesis 1.3. The local representation π′p is p-ordinary in the sense that

the image under our fixed embedding Q→ Qp of its eigenvalue ap = ap(π) for
the Hecke operator Tp defined below is a p-adic unit.

The first aim of this paper is to give a general construction of p-adic interpo-
lation series in this so-called ordinary setting for for the values appearing in
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Theorem 1.2,

L(1/2, π×Ω) :=
1

2

(
∆F

c(Ω)∆K

) 1
2

LS(Ω)(1, η)LS(π)∪S(Ω)(1,1F )LS(π)(2,1F )

×
∏

v∈S(π)∩S(Ω)c

e(Kv/Fv)×
∏

v|∞
Cv(K,π,Ω)× LS2(π)(1/2, π × Ω)

LS2(π)(1, π, ad)
.

Let us remark that many of the conditions imposed in Hypothesis 1.1 can be
lifted at the expense of clarity, and that Hypothesis 1.3 above is the main
requisite condition to impose for this construction so long as the decomposable
vector ϕ ∈ π′ can be chosen in such a way as to take values in a discrete
valuation ring O. Assuming as we do that π is a holomorphic discrete series
of parallel weight two, and hence that its Hecke eigenvalues define algebraic
numbers by a theorem of Shimura [25], we let O denote the ring of integers of a
fixed extension of Qp containing the Hecke field Q(π). Consider the O-Iwasawa
algebra of X ,

O[[X ]] = lim←−
n

O[Xn].

The elements of this group algebra O[[X ]] can be identified with their corre-
sponding O-valued measures on X (see e.g. [21, §7]). We shall make such an
identification implicitly throughout the rest of this work.

Theorem 1.4 (Proposition 4.12, Corollary 4.14). Suppose that π satisfies Hy-
potheses 1.1 and 1.3, and that we are in the setting of k = 0 on the generic root
number described in (5). There exists a nontrivial element Lp(π′,K) ∈ O[[X ]]
whose specialization Ω(Lp(π′,K)) =

∫
Xn

Ω(σ)dLp(π′,K)(σ) to Ω any character

of X of conductor pn with exponent n ≥ 1 satisfies the following interpolation
formula:

Ω(Lp(π′,K)) = α
2(δ−1−n)
p ·

(
h(OF )

m(Opn)

)2

· L(1/2, π × Ω) ∈ Qp.

Here, writing qp to denote the cardinality of the residue field of p, αp = αp(π)
denotes the unit root of the Hecke polynomial t2−apt+qp if δ = 0 and otherwise
the eigenvalue of the Hecke operators T lp and T up defined below if δ = 1. As

well, h(OF ) denotes the class number of F , and m(Opn) the volume of Ô×pn in

K×\A×K/A×F with respect to our fixed choice of Haar measure.

This result extends those given by Bertolini-Darmon in [1] and [2] for the totally
real field F = Q, as well as previous work of the author for the general totally
real fields setting ([28], [29])2. Our construction differs from these antecedent
works though, and proceeds by choosing a sequence of local test vectors. This
allows us to give a more precise interpolation formula. The novelty of this

2The existence of such an interpolation series is by no means new however, and has been
given by completely different methods e.g. in Hida [13], [14] (cf. [22]) and Haran [12] (cf.
[19]).
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construction, apart from the scope in which it works (and the representation
theoretic setup), is that it is completely local to p. This allows us for instance
to use test vectors according to [20] and [7] to derive an even more precise
interpolation formula than what was conjectured (in a special, classical case)
by Bertolini-Darmon in [1].
The second aim of this work is to extend this construction of elements
Lp(π′,K) ∈ O[[X ]] to the dichotomous setting of k = 1 on the generic root
number, i.e. so that ǫ(1/2, π × Ω) = −1 for all but finitely many ring class
characters Ω factoring through the profinite group X = lim←−nXn. Since the

central values L(1/2, π × Ω) in this setting vanish as by the symmetric func-
tional equation (2), we propose to construct a p-adic interpolation series for the
central first derivative values L′(1/2, π×Ω), where the issue of defining suitable
periods is a subtler problem. Our construction here depends in a crucial way
on the those given implicitly in the work of Yuan-Zhang-Zhang [35]. To state
our main result for this second part, we shall first need to describe the central
derivative formula of [35, Theorem 1.2] (Theorem 2.3 below). Let us for now
give a preliminary sketch of their result, saving details for later.
Let A be a principally polarized abelian variety of GL2-type parametrized by
a quaternionic Shimura curve M = {MH}H defined over F . Thus, A is defined

over F , the endomorphism algebra End0(A) = End(A) ⊗Q defines a number
field L of degree equal to the dimension of A, and there exists a nonconstant
morphism MH −→ A for H some compact open subgroup of the unit group

defined by B̂×. Here, B is the ambient quaternion algebra defined over F asso-
ciated to the Shimura curve M , which is ramified at each of the real places of
F except for one fixed place τ , as well as each of the places dividing the inert
level N−. Hence, we can and do fix an embedding of K into B. Writing JH to
denote the Jacobian of the curve MH , we consider the space defined by

πA = Hom0(J,A) = lim−→
H

HomF (JH , A)⊗Z Q,

as constructed in [35, §3.2, Theorem 3.8] (cf. [35, §1.2.3]). To describe this

briefly, πA can be viewed as an automorphic representation of B̂×, (see [35,
§1.2.1]). This automorphic representation πA admits a natural decomposition
πA = ⊗vπA,v into irreducible admissible representations πA,v of the local unit
groups B×v over Fv. Moreover (as explained in [35]), this representation can
be viewed as a geometric realization of the nonarchimedean component of the
Jacquet-Langands transfer of π. The conditions of Hypothesis 1.1 then imply
that πA is self-dual, with trivial central character. The main theorem of Yuan-
Zhang-Zhang [35] relates the central derivative value L′(1/2, πA×Ω) to a certain
canonical generator α of the space P(πA,Ω)⊗P(πA,Ω

−1), where P(πA,Ω) :=
HomA

×
K

(πA ⊗ Ω, L). We refer to the discussion in [35, §1] for more details. In

brief, this generator α decomposes into a product ⊗vαv of local generators αv
in the analogously-defined local spaces P(πA,v,Ωv) ⊗ P(πA,v,Ω

−1
v ), and these
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local generators can be described more precisely as follows.3 Let us also for
simplicity write πv to denote the local representation πA,v of B×v . Let us for
each place v of F fix a Haar measure dtv on K×v /F

×
v such that (i) the product

measure defined over all places v of F is the Tamagawa measure on A×K/K
×

and (ii) the maximal compact subgroup O×Kp
/O×Fp

is assigned as a volume some

rational number. Then, for given vectors ϕ1,v ∈ πv and ϕ2,v ∈ π∨v , the local
component αv is defined formally by the ratio of values

α(ϕ1,v, ϕ2,v) :=
L(1, ηv)L(1, πv, ad)

ζFv (2)L(1/2, πv × Ωv)

∫

K×
v /F

×
v

(πv(t)ϕ1,v , ϕ2,v)vΩv(t)dt.

Fixing an embedding ι : L → C, this local integral can be seen to take values
in L independently of the choice of embedding ι, as explained in [35, §1.3].
The local invariant pairings (·, ·)v : πv × π∨v −→ R also satisfy the compatibil-
ity relation (·, ·) = ⊗v(·, ·)v, where (·, ·) : πA × π∨A −→ R denotes the perfect
B×(AF )-invariant pairing introduced below. As explained in [35] (and sum-
marized below), there is for given a vector ϕ ∈ πA an analogous notion of an
associated automorphic period P B

Ω(ϕ) ∈ A(Kab)⊗R L, where Kab denotes the
maximal abelian extension of K. The following formula, which is the main re-
sult of the [35], relates this period and the generator α = ⊗αv to the central
derivative values L′(1/2, πA × Ω).

Theorem 1.5 (Yuan-Zhang-Zhang). Given decomposable vectors ϕ1 ∈ πA and
ϕ2 ∈ π∨A in the setup described above, we have the following identity in OL⊗QC:

〈P B
Ω(ϕ1), P B

Ω−1(ϕ2)〉L =
ζ(2)L′(1/2, πA × Ω)

4L(1, η)2L(1, πA, ad)
· α(ϕ1, ϕ2).

Proof. The result is a consequence of [35, Theorem 1.2], see Theorem 2.3 below.
�

Using this result, we construct the following measure. This construction re-
quires the choosing a certain class xn ∈ B×p /R

×
p for each integer n ≥ 1 to

obtain suitable distribution relations. We commit a minor abuse of notation in
also writing xn to denote the associated adele class in B̂×/H , for H = HpR×p
a suitably-defined compact open subgroup of B̂×. Let us also now write O to
denote the tensor product O = A(Kab)⊗Z Zp.

Theorem 1.6 (Proposition 4.17). Suppose that π satisfies Hypotheses 1.1 and
1.3, and that we are in the setting of k = 1 on the generic root number described
in (5). Suppose as well that A/F is the abelian variety of GL2-type for which
the corresponding representation πA is a Jacquet-Langlands transfer of the fi-
nite part π(∞) = ⊗v∤πv of π to the quaternion algebra B, i.e. JL(πA) = π(∞).

There exists a nontrivial element D
(δ)
p (ϕ,K) = (D

(δ)
p (ϕ,K)(xn))n≥1 in O[[X ]],

3Note that we have already used the symbol αp to denote the unit root of the Hecke
polynomial t2 − apt+ qp in the discussion above; we trust that the distinction between these

notations should be clear.
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depending on the choice of sequence of local classes (xn)n≥1, whose specializa-
tion after composition with the Néron-Tate height pairing 〈 , 〉L, i.e.

〈 , 〉L ◦ Ω(D
(δ)
p (ϕ,K)) = 〈 , 〉L ◦

∫

X

Ω(σ)dD
(δ)
p (ϕ,K)(σ),

to any ring class character Ω of X of conductor pn with n ≥ 1 satisfies the
following interpolation formula:

〈 , 〉L ◦ Ω(D
(δ)
p (ϕ,K))

= αp(πA)−2(1−δ−n) ·
(
h(OF )

m(Opn)

)2

· ζ(2)L′(1/2, πA × Ω)

4L(1, η)2L(1, πA, ad)
· α(xn · ϕ, xn · ϕ).

Here, αp(πA) denotes the unit root of the Hecke polynomial t2 − apt+ qp.

Outline of article. We first give some more details of the central value
formulae described above in §2, and then the distribution relations of Cornut-
Vatsal [5, §6] in §3, before giving the two main constructions of p-adic interpo-
lation series in §4.

1.1. Notations. Given a prime v of OF , we let Fv to denote the completion of
F at v, and OFv the ring of integers of Fv if v is finite. If E is either a quadratic
extension of F or a quaternion algebra over F , then we write Ev = E⊗FFv. If R
is a module over the ring of integers OF of F , then we write Rv = R⊗OF OFv .
We write A to denote the ring of adeles of Q, with Af × R to denote the
decomposition into the finite adeles Af . We then write AF = A ⊗Q F and

AK = A ⊗Q K. We also use the standard hat notation, e.g. F̂ = Af ⊗Q F .

Thus, F̂ = ÔF ⊗Q, where ÔF = OF ⊗ Ẑ is the profinite completion of OF .

Given M a finitely generated Z-module, we also write M̂ = M ⊗ Ẑ to denote
the profinite completion of M . Notations for L-values are adopted from the
sources (namely [5], [20], [7], and [35]).

2. Central value formulae and algebraicity

We now include some details about the special value formulae mentioned above.

2.1. Central values for the case of k = 0. Suppose first that we are
in the setting of k = 0 described above. Hence, ǫ(1/2, π × Ω) = +1 for all
but finitely many ring class characters factoring through X , in which case the
corresponding values L(1/2, π × Ω) are not forced to vanish by the functional
equation. Recall that in this setting there exists a quaternion algebra B over
F such that (i) K embeds into B, (ii) π = ⊗vπv transfers to an automorphic
representation π′ = ⊗π′v on B×(AF ), and (iii) HomA

×
K

(π′,Ω) is not identically

zero. In this setting, we use the formulae of [20] and [7] described in Theorem
1.2 to relate the values L(1/2, π × Ω) to the automorphic periods PBΩ (ϕ). Let
us thus define the test vectors and local factors appearing in the formula of
Theorem 1.2 above to give a complete description, and then describe briefly
the algebraicity properties satisfied by these values.
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2.1.1. Choices of vectors. Given a prime v ∈ VF which is inert in K, and for
which c(πv), c(Ωv) > 0, let us assume that c(Ωv) ≥ c(πv). We shall later choose
a sequence of local vectors ϕp,n in π′p for our construction. Since we wish to
use the result of Theorem 1.2 to derive a precise interpolation formula here,
we shall have to ensure that our local vectors are test vectors in the sense of
[7] (cf. [10]). According to [7, Theorem 1.7, §1.2.3], these test vectors can be
characterized as follows.

Theorem 2.1 (File-Martin-Pitale). Given a prime ideal v ⊂ OF , let Pv ⊂
OFv be the maximal ideal, and fix a uniformizer ̟v. Let πv be an irreducible

admissible representation of GL2(Fv) of conductor P
c(πv)
v and trivial central

character. Let Ωv be a character of K×v for which the restriction Ωv|F×
v

to F×v
is trivial. Assume that c(Ωv) ≥ c(πv) > 0. Viewing K×v as a torus of GL2(Fv)
via the embedding defined in [7, §2.3], we have that dimC(HomK×

v
(πv,Ωv)) = 1.

Moreover, writing

K1(Pn
v ) =

{(
a b
c d

)
∈ GL2(OFv ) : c ∈ Pn

v , d ∈ 1 + Pn
v

}
,

and

h =

(
̟
c(Ωv)−c(πv)
v 0

0 1

)(
0 1
−1 0

)
=

(
0 ̟

c(Ωv)−c(πv)
v

−1 0

)
,

the following is true: Given lv ∈ HomK×
v

(πv,Ωv) a nonzero functional, the

subgroup hK1(P
c(πv)
v )h−1 ⊂ GL2(OFv ) fixes a 1-dimensional subspace of πv

consisting of test vectors for lv.

Taken with the construction of Gross-Prasad [10] (for c(Ωv) ≥ c(πv) = 0), this
has the following interpretation (see [7, §1.2.3]). Let Rv be an order of M2(Fv).
Let d(Rv) be the exponent of its reduced discriminant. Let c(Rv) denote the
exponent of its conductor, i.e. the smallest integer c ≥ 0 for which OFv +
̟c
vOKv ⊆ Rv. The local order Rv can fix a test vector only if c(Rv) ≥ c(Ωv).

Intuitively, it seems reasonable to expect that if such a local order Rv satisfies
the conditions c(Rv) = c(Ωv) and d(Rv) = c(πv), then it might select a local
test vector in πv, i.e. so that the subgroup R×v of GL2(Fv) fixes a 1-dimensional
space of test vectors for any nonzero linear functional lv ∈ HomK×

v
(πv,Ωv). If

it is the case that either c(πv) or c(Ωv) equals 0, then it is shown in [10] that
such an order Rv exists, and that is unique up to conjugation by K×v . Moreover,
this order is maximal if c(πv) = 0, and Eichler if c(πv) > 0. If it is the case that
c(Ωv) ≥ c(πv) > 0, then the invariants d(Rv) and c(Rv) no longer specify such
an order Rv uniquely. However, the result of Theorem 2.1 can be used to give
the following interpretation of the problem, as explained in File-Martin-Pitale
[7, §1.2.3]. Namely, in the setting where c(Ωv) ≥ c(πv) > 0, there exists an
Eichler order Rv of M2(Fv) with c(Rv) = c(Ωv) and d(Rv) = c(πv) for which
the subgroup R×v of GL2(Fv) fixes a line or test vectors in πv. Moreover, this
order Rv can be expressed uniquely at the intersection or two maximal orders
R1,v and R2,v for which c(R1,v) = c(Ωv) and c(R2,v) = c(Ωv)− c(πv). We shall
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use these results of [10] and [7] below, specifically in the setting where v = p,
n = c(Ωp) ≥ 0, and the exponent δ = c(πp) equals 0 or 1 respectively.

2.1.2. Algebraicity. We can deduce the following algebraicity result indepen-
dently of the theorem Shimura [25]. Let πσ denote the representation of
GL2(AF ) defined by the rule that sends the eigenvalues of π to their images
under σ ∈ Aut(C). Let Ωσ denote the character defined on nonzero ideals
a ⊂ OK by the rule a 7→ Ω(a)σ.

Corollary 2.2. Let L = Q(π,Ω) be the finite extension of Q obtained by
adjoining the eigenvalues of π and the values of Ω. If B is totally definite, then
the values

L(1/2, π × Ω) =
1

2

(
∆F

c(Ω)∆K

) 1
2

LS(Ω)(1, η)LS(π)∪S(Ω)(1,1F )LS(π)(2,1F )

×
∏

v∈S(π)∩S(Ω)c

e(Kv/Fv)×
∏

v|∞
Cv(K,π,Ω)× LS2(π)(1/2, π × Ω)

LS2(π)(1, π, ad)

are algebraic, and moreover lie in the number field L ⊂ Q. Moreover, there is a
natural action of σ ∈ Aut(C) on these values given by the rule L(1/2, π×Ω)σ =
L(1/2, πγ × Ωσ), where γ denotes the restriction of σ to the Hecke field Q(π)
of π.

Proof. By Theorem 1.2, we have that

L(1/2, π × Ω) = |PBΩ (ϕ)|2/(ϕ, ϕ).(6)

Now, we can view ϕ as an automorphic function on the set C(B;H) =

B×\B̂×/H , for H some compact open subgroup of B̂×. This function is de-
termined uniquely up to multiplication by a nonzero complex scalar by the
Jacquet-Langlands correspondence. Moreover, since B is totally definite, the
space C(B;H) is finite. Using this fact, it is easy to see that we can fix a basis
for the space of automorphic forms on C(B;H) taking values in Z(π). The
result is then simple to deduce from (6), using the fact that PBΩ (ϕ) is a finite
integral. �

2.2. Central derivative values for the case of k = 1. Let us now
suppose that k = 1. Hence, ǫ(1/2, π × Ω) = −1 for all but finitely many ring
class characters Ω factoring through X , and the corresponding central values
L(1/2, π × Ω) are forced to vanish by the functional equation. In this setting,
we have the following formula of Yuan-Zhang-Zhang [35] (generalizing Gross-
Zagier [9]) for the derivative values L′(1/2, π × Ω). We now describe this in
more detail, following [35, §1.2, 1.3, 3.2].
Fix a real place τ of F . Let B denote the quaternion algebra defined over F
which is split at τ , but ramified at each other real place, as well as the finite
places dividing the inert level N−. Again, we can and do fix an embedding of
K into B.
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2.2.1. Shimura curves. Let B̂× denote the finite adelic points of B×(AF ). Given

H ⊂ B̂× any compact open subgroup, let MH denote the associated (compacti-
fied) Shimura curve over F , whose complex points determine a Riemann surface

MH,τ (C) = B×\H± × B̂×/H × {cusps}.
Note that the set of cusps {cusps} is nonempty only if F = Q.

Given compact open subgroups H1, H2 ⊂ B̂× for which the inclusion H1 ⊂ H2

holds, there is a natural and surjective morphism

πH1,H2 : MH1 −→MH2 .

We shall write M = {MH}H to denote the associated projective system. Note
that each MH can be identified with the quotient of M by the action of H .

2.2.2. Hodge classes. A Hodge class on a Shimura curveMH is a line bundle LH
on Pic(MH)Q whose global sections are holomorphic forms for parallel weight
2. We refer to [35, §1.2] for a more explicit description of these classes. Given
a connected component β ∈ π0(MH,F ), we write LH,β = LH |MH,β

to denote
the restriction of LH to the connected component MH,β of MH corresponding
to β. We then view this LH,β as a divisor on MH via the pushforward under
MH,β −→MH .

Definition Given a Hodge class LH and a connected component β ∈
π0(MH,β), the normalized Hodge class on MH,β is the weighted class ξH,β =
LH,β/ deg(LH,β). The normalized Hodge class onMH is the sum ξH =

∑
β ξH,β .

2.2.3. Abelian varieties parametrized by Shimura curves. Let M = {MH}H
be a Shimura curve defined over F , as above. A simple abelian variety A
defined over F is said to be parametrized by M if for some compact open

subgroup H ⊂ B̂×, there exists a non constant morphism MH −→ A defined
over F . It is known by Eichler-Shimura theory that if such an abelian variety A
parametrized byM is of strict GL2-type in the sense that (i) R = EndF (A)⊗ZQ

is a field and (ii) Lie(A) is a free module of rank 1 over R⊗Q F by the induced
action. Given such an abelian variety A, let us consider the space

πA = Hom0
ξ(M,A) = lim−→

H

Hom0
ξU (MH , A).

Here, each Hom0
ξH (MH , A) denotes the morphisms in the space

Hom0(MH , A) = HomF (MHA)⊗Z Q

having basepoint equal to the Hodge class ξH . This πA has the natural structure

of a B̂×-module. Moreover, as shown in [35, Theorem 3.8], this space πA in fact
determines an (A(F )Q = A(F ) ⊗Z Q-valued) automorphic representation of

B̂× over Q. The description of [35, §3.2.2] also shows that there is a natural
identification R = EndB̂×(πA), as well as a decomposition πA = ⊗vπA,v into
absolutely irreducible representations πA,v of B×v over R. Finally, since any
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morphism MH −→ A factors through the Jacobian JH of MH , we can and do
redefine this automorphic representation in the simpler form

πA = Hom0(J,A) = lim−→
H

Hom0(JH , A).

Here, in the same style as above, we have put Hom0(JH , A) = HomF (JH , A)⊗Z

Q.

2.2.4. Dual abelian varieties. Let us write A∨ to denote the dual of an abelian
variety A. If A is parametrized by a Shimura curve M = {MU}U in the sense
defined above, then so too is A∨. Moreover, writing R∨ = EndF (A∨) ⊗Z Q,
there is a canonical isomorphismR ≈ R∨ obtained by sending a homomorphism
r : A −→ A to its dual r∨ : A∨ −→ A∨.

2.2.5. Pairings. Let us first consider the perfect, B×(AF )-invariant pairing

(·, ·) : πA × πA∨ −→ R

defined on elements ϕ1,H ∈ Hom(JH , A) and ϕ2,H ∈ Hom(JH , A) by

(ϕ1, ϕ2) =
(
ϕ1,H ◦ ϕ∨2,H

)
/vol(MH).

Here, JH denotes the Jacobian of the Shimura curve MH , and ϕ∨2,H : A −→ JH
the dual of ϕ2,H composed with the canonical isomorphism J∨H ≈ JH . This
description implies that πA∨ is in fact the dual of πA as a representation of
B×(AF ) over R.
Let us also consider the Néron-Tate height pairing (as defined e.g. in [35, §7]),
which recall is a Q-bilinear non-degenerate pairing

〈·, ·〉 : A(F )Q ×A∨(F )Q −→ R.

Here, we written A(F )Q = A(F )⊗Z Q and A∨(F )Q = A∨(F )⊗Z Q to denote
the tensor products appearing throughout [35]. Of course, the Néron-Tate pair-
ing is defined classically on the groups A(F ) and A∨(F ), and then extended in
a natural way to these tensor products. This extended Néron-Tate pairing in
fact descends to a Q-linear map

〈·, ·〉 : A(F )Q ⊗R A∨(F )Q −→ R.

Some more explanation of this fact is given in [35, §1.2.3] (cf. [35, Proposition
7.3]).
Now, given a ∈ R, x ∈ A(F )Q, and y ∈ A∨(F )Q, the rule a 7→ 〈ax, y〉 defines
an element of the space Hom(R,R). As explained in [35, §1.2.4], the trace map
can be used to construct an isomorphism Hom(R,R) ≈ R ⊗Q R, whence we
write 〈x, y〉R to denote the corresponding element of the space R ⊗Q R. This
gives us the construction of an R-bilinear pairing

〈·, ·〉R : A(F )Q ⊗R A∨(F )Q −→ R⊗Q R

for which

〈·, ·〉 = TrR⊗R/R 〈·, ·〉R.
We shall refer to this R-linear pairing as the R-linear Néron-Tate pairing.
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2.2.6. CM points. Recall that we fix an embedding K → B. The adele group
A×K acts on {MH}H by right multiplication via the embedding A×K → B×(AF ).

Let MK×

denote the subscheme of M fixed by K× under this action. By the

theory of complex multiplication, each point of MK×

(F ) is defined over the

maximal abelian extension Kab of K. Let us now fix a point Q ∈MK×

(Kab),

and hence a point QH ∈ MH(Kab) for each compact open subgroup H ⊂ B̂×.
We shall normalize

MH,τ (C) = B×\H± × B̂×/H × {cusps}
in such a way that QH is represented by [z0, 1], where z0 ∈ H is the unique
fixed point of K× via the action induced by the embedding K → B. Note that
for any vector ϕ ∈ πA, we obtain a well-defined point ϕ(Q) ∈ A(Kab).

2.2.7. Automorphic periods. Fix a ring class character Ω : AK/K
× −→ C×

taking values in some subfield L of Q containing the field R = EndF (A)⊗ZQ.
Recall that given a simple abelian variety A/F parametrized by a Shimura
curve M = {MH}H over F , we have some associated automorphic represen-

tation πA = ⊗vπA,v of B̂×. We shall assume (as throughout) that the central
character of πA is trivial. We then define for any choice of vector ϕ ∈ πA the
period integral

P B
Ω(ϕ) =

∫

A
×
K/K

×

ϕ(Qt)⊗R Ω(t)dt ∈ A(Kab)⊗R L.(7)

Here, dt is the Haar measure on A×K/K
× having total volume 1. An analogous

definition is of course be made for the dual representation πA∨ . It is also the
case that we have the inclusion

P B
Ω(ϕ) ∈ A(Ω) :=

(
A(Kab)⊗R LΩ

)Gab
K ,

where LΩ denotes the R-vector space L with action of Gab
K given by the char-

acter Ω, and that the correspondence ϕ 7→ P B
Ω(ϕ) defines an element of

HomA
×
K

(πA ⊗ Ω, L)⊗L A(Ω)

We refer again to the discussion in [35, §1.3] for more details.

2.2.8. Main formula. The theorem of Tunnel [26] and Saito [24] (cf. [35, The-
orem 1.3]) implies that the space HomA

×
K

(πA⊗Ω, L) is at most 1-dimensional,

with dimension 1 if and only if the set Ram(B) of places of F where B ramifies
is given by

Ram(B) = {v ∈ VF : ǫ(1/2, πA,v × Ωv) 6= Ωv(−1)ηv(−1)}.
Recall that the global root number ǫ(1/2, πA×Ω) in this setting must be equal
to −1, in which case the corresponding central value L(1/2, πA×Ω) must vanish.
Let us now commit an abuse of notation in writing π = ⊗vπv to denote the

automorphic representation πA = Hom0(J,A) of B̂× introduced above. Let
us also assume that the space HomA

×
K

(πA ⊗ Ω, L) has dimension 1. The main
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result of [35] relates the value L′(1/2, π×Ω) to a certain generator of this space
HomA

×
K

(π ⊗ Ω, L). To be more precise, let

P(π,Ω) = HomA
×
K

(π ⊗ Ω, L).

Let

P(πv,Ωv) = HomK×
v

(πv ⊗ Ωv, L)

for each place v of F , whence there is a decompositions P(π,Ω) = ⊗vP(πv,Ωv),
as well as an analogous decomposition P(π∨,Ω−1) = ⊗vP(π∨v ,Ω

−1
v ) for the

associated contragredient representations. The main idea of [35] is to find an
explicit generator

α = ⊗vαv ∈ P(π,Ω)⊗ P(π∨,Ω−1) = ⊗vP(πv,Ωv)⊗ P(π∨v ,Ω
−1
v ),

and then to use various calculations with the theta correspondence in the style
of Waldspurger [33] (with their geometric description of the Jacquet-Langlands
lift) to relate the this generator to the central derivative values L′(1/2, π×Ω).
The generator α = ⊗αv they obtain is defined formally as follows. For each
place v of F , fix a Haar measure dtv on K×v /F

×
v such that (i) the product mea-

sure over all places v gives the Tamagawa measure on A×K/K
× and (ii) the max-

imal compact subgroup O×Kv/O
×
Fv

has a volume in Q for each nonarchimedean
place v. Then, for vectors ϕ1,v ∈ πv and ϕ2,v ∈ π∨v , the local component αv is
defined formally by

α(ϕ1,v, ϕ2,v) :=
L(1, ηv)L(1, πv, ad)

ζFv (2)L(1/2, πv × Ωv)

∫

K×
v /F

×
v

(πv(t)ϕ1,v , ϕ2,v)vΩv(t)dt.

Fixing an embedding ι : L→ C, this local integral can be seen to take values in
L (independently of the choice of embedding ι), as explained in [35, §1.3]. The
local invariant pairings (·, ·)v : πv × π∨v −→ R also satisfy the compatibility
relation (·, ·) = ⊗v(·, ·)v, where (·, ·) : πA × π∨A −→ R denotes the perfect
B×(AF )-invariant pairing introduced above. The following formula, which is
the main result of the [35], relates this element α = ⊗αv to the central derivative
values L′(1/2, πA × Ω).

Theorem 2.3. Given decomposable vectors ϕ1 ∈ πA and ϕ2 ∈ π∨A in the setup
above, we have the following identity in L⊗Q C :

〈P B
Ω(ϕ1), P B

Ω−1(ϕ2)〉L =
ζ(2)L′(1/2, πA × Ω)

4L(1, η)2L(1, πA, ad)
· α(ϕ1, ϕ2).(8)

Proof. See Yuan-Zhang-Zhang, [35, Theorem 1.2]. �

3. Distribution relations on quaternion algebras

We now recall some general distribution relations on split quaternion algebras,
following the appendix of [5]. We shall use these results in our constructions
below.
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3.1. Local quadratic orders. LetK/F be any quadratic extension of num-
ber fields. Writing OF and OK to denote the rings of integers of F and K re-
spectively, we consider the localizations OFp

and OKp
of these rings at a fixed

prime p of OF .

Lemma 3.1. Let Z be any OFp
-order in Kp. Then, there exists a unique integer

n = lp(Z) ≥ 0 for which Z = OFp
+ pnOKp

, whence we write Z = Zn.

Proof. The result is standard. See e.g. the proof given in [5, § 6.1]. �

3.2. Distribution relations on split quaternion algebras. Let us now
consider any quaternion algebra B defined over F which (i) contains the qua-
dratic extension K and (ii) splits at the fixed prime p. Let H be any compact

open subgroup of B̂× of the form H = HpR×p , where Rp is an Eichler order of

the local quaternion algebra Bp of level pδ for some integer δ ≥ 0 . There is a
left action of K×p on the quotient B×p /R

×
p given by the rule

γ ⋆ x = [γb], γ ∈ K×p , x = [b] ∈ B×p /R×p .

Given a class x = [b] in B×p /R
×
p , the stabilizer of this action is given by Z(x)×,

where Z(x) is the OFp
-order of Kp determined by the intersection Z(x) =

Kp∩bRpb
−1. Using Lemma 3.1 above, we assign to this class x = [b] the uniquely

determined integer lp(x) = lp(Z(x)) ≥ 0, i.e., so that StabK×
p

(x) = Z×lp(x). The

main results of [5, Appendix § 6] use [5, Lemma 6.1] to relate the trace operator

Tr(x) =
∑

γ∈Z×
lp(x)−1

/Z×
lp(x)

γ ⋆ x =
∑

γ∈Z×
lp(x)−1

/Z×
lp(x)

[γb]

to the (local) Hecke operator

Tp(x) = [R×p ξpR
×
p ](x).

To describe these relevant results in more detail, we shall divide into cases on
the exponent δ ≥ 0 in the level of the local Eichler order Rp.

3.2.1. The case of δ = 0. Suppose that Rp has level pδ = 1, whence Rp is a
maximal order in Bp. Let V be a simple left Bp-module for which V ≈ F 2

p as
an Fp-vector space. The embedding Kp −→ Bp endows V with the structure of
a free rank one (left) Kp-module. Let L = L(V ) denote the set of OFp

-lattices
in V . Fix a base lattice L0 ∈ L such that {α ∈ Bp : αL0 ⊂ L0} = Rp. Thus we
may fix a bijection

B×p /R
×
p −→ L, b 7−→ bL0.(9)

The induced left action of K×p on L is given by the rule

γ ⋆ L = γL, γ ∈ K×p , L = bL0 ∈ L.
The induced function lp on L is given by the rule that sends a lattice L to the
unique integer lp(L) ≥ 0 for which {γ ∈ K×p : γL ⊂ L} equals Zlp(L).
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Lemma 3.2. The induced function lp on L defines a bijection

K×p \B×p /R×p ≈ K×p \L −→ Z≥0.

Proof. See [5, Lemma 6.2]. �

Let Z[L] denote the free abelian group generated by L.

Definition Let L ∈ L be a lattice.

(i) The lower neighbours of L are the sublattices L′ ⊂ L for which we have
L/L′ ≈ OFp

/pOFp
. The upper neighbours of L are the superlattices

L′ ⊃ L for which we have L′/L ≈ OFp
/pOFp

.

(ii) The lower Hecke operator T lp on Z[L] is the operator that sends a lattice
L to the sum of its lower neighbours. The upper Hecke operator T up on
Z[L] is the operator that sends a lattice L to the sum of its upper
neighbours.

(iii) Given a lattice L ∈ L with lp(L) ≥ 1, the lower predecessor of L is
defined by the lattice prl(L) = pZlp(L)−1L; the upper predecessor of L
is defined by the lattice pru(L) = Zlp(L)−1L.

Remark As explained in [5, Remark 6.3], the lower Hecke operator T lp corre-

sponds under the fixed bijection (9) to the double coset operator [R×p αpR
×
p ],

where we write αp ∈ Rp ≈M2(OFp
) to denote some element of nrd(αp) = ̟p.

Similarly, the upper Hecke operator T up corresponds to the double coset oper-

ator [R×p α
−1
p R×p ]. Note also that [5, § 6] treats only the lower Hecke operators

T lp for simplicity, the analogous discussion for the upper Hecke operators T up
being simple to deduce.

Let us for simplicity of notation define

ηp =





−1 if pOK = P is inert

0 if pOK = P2 is ramified

1 if pOK = PP∗ is split.

Lemma 3.3. Let L be a lattice in L.
(i) If lp(L) = 0, then there are precisely 1 + ηp lower neighbours L′ ⊂ L

for which lp(L′) = 0. Explicitly, these lower neighbours are given by

L′ =





∅ if pOK = P is inert

PL if pOK = P2 is ramified

PL,P∗L if pOK = PP∗ is split.

(ii) If lp(L) > 0, then there exists a unique lower neighbour L′ ⊂ L for
which lp(L′) ≤ lp(L). Explicitly, this lower neighbour L′ ⊂ L is given
by the lower predecessor L′ = prl(L) = pZlp(x)−1L, which satisfies
lp(L′) = lp(L)− 1.

(iii) In either case, the remaining lower neighbours L′ ⊂ L satisfy the
property that lp(L′) = lp(L) + 1 . These remaining lower neigh-
bours L′ are also permuted faithfully and transitively by the action of
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Z×lp(L)/Z
×
lp(L)+1, and moreover have L as their common upper prede-

cessor.

Proof. See [5, Lemma 6.5], the result is deduced from [5, Lemma 6.1]. �

One can deduce from this the following result.

Corollary 3.4. Let x be a class in B×p /R
×
p with lp(x) ≥ 1. Then, we have

Tr(x) = T lp(x′)− x′′,

where x′ = pru(x), and

x′′ =





0 if lp(x) = 1 and pOK = P is inert

̟Px
′ if lp(x) = 1 and pOK = P2 is ramified

(̟P +̟P∗)x′ if lp(x) = 1 and pOK = PP∗ is split

prl(x
′) if lp(x) ≥ 2.

Here, for a prime P of OK , ̟P denotes a uniformizer of P (which corresponds
under the reciprocity map recK to the geometric Frobenius at P).

Remark The discussion and results above do not depend upon the choice of
base lattice L0 in L; see [5, § 6.2] for more explanation.

3.2.2. The case of δ = 1. Suppose now that Rp is Eichler of level pδ = p. Keep
V as defined above. Let L1 = L1(V ) denote the set 1-lattices of L, i.e. the set
of pairs of lattices L = (L(0), L(1)) with L(0), L(1) ∈ L such that L(1) ⊂ L(0)
is a sublattice for which L(0)/L(1) ≈ OFp

/pOFp
. The group B×p ≈ GL(V )

acts transitively on L1, and so we can fix a 1-lattice L0 = (L0(0), L0(1)) whose
stabilizer under this action is given by R×p . Fixing such a 1-lattice, we may also
fix a bijection

B×p /R
×
p −→ L1, b 7−→ bL0.(10)

We can associate to any L = (L(0)), L(1)) ∈ L1 a pair of integers lp,0 = lp(L(0))
and lp,1 = lp(L(1)), whence we define lp(L) to be the maximum,

lp(L) = max(lp,0(L), lp,1(L)) = max(lp(L(0)), lp(L(1))).

This definition leads to the following possible orientations for a given 1-lattice
L.

Definition Let L = (L(0), L(1)) be a 1-lattice in the set L1.

(i) We say that L is of type I if lp,0 < lp,1 (whence lp,1 = lp,0 +1), in which
case the leading vertex of L is defined to be L(1). If lp(L) ≥ 2, then we
also define the predecessor of L to be the 1-lattice in L1 defined by

pr(L) = (L(0), prl(L(0))) = (L(0), pZlp(L)−2L(0)).
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(ii) We say that L is of type II if lp,0 > lp,1 (whence lp,0 = lp,1+1), in which
case the leading vertex of L is defined to be L(0). If lp(L) ≥ 2, then we
also define the predecessor of L to be the 1-lattice in L1 defined by

pr(L) = (pru(L(1)), L(1)) = (Zlp(L)−2L(1), L(1)).

(iii) We say that L is of type III if lp,0 = lp,1 (whence lp(L) = 0, ηp ∈ {0, 1},
and L(1) = PL(0) or L(1) = P∗L(0)). In this case, as a convention,
we define the leading vertex of L to be L(0).

Remark The type of a 1-lattice L = (L(0), L(1)) in L1 is invariant under the
action of γ ∈ K×p . More precisely, L and γL = γ ⋆ L have the same type, and
moreover pr(γL) = γpr(L) = γ ⋆ pr(L) if lp(L) ≥ 2.

Let Z[L1] denote the free abelian group generated by L1.

Definition (i) The lower Hecke operator T lp on Z[L1] is the rule that sends
a 1-lattice L = (L(0), L(1)) to the sum of all 1-lattices L′ = (L′(0), L′(1))
for which L′(0) = L(0) but L′(1) 6= L(1). (ii) The upper Hecke operator T up
on Z[L1] is the rule that sends a 1-lattice L = (L(0), L(1)) to the sum of all
1-lattices L′ = (L′(0), L′(1)) for which L′(1) = L(1) but L′(0) 6= L(0).

Remark These Hecke operators correspond to the following double coset op-
erators, as explained in [5, Remark 6.10]. Suppose that we write the Eichler
order Rp as the intersection Rp = R(0) ∩R(1), where for i ∈ {0, 1}, we define

R(i) = {b ∈ Bp : bL0(i) ⊂ L0(i)}.

Then, the lower Hecke operator T lp corresponds to the double coset operator

[R×p αR
×
p ] for any element α ∈ R(0)× − R(1)×, and the upper Hecke operator

T up corresponds to the double coset operator [R×p βR
×
p ] for any element β ∈

R(1)×−R(0)×. Also, we have the decompositions R(0)× = R×p
∐
R×p βR

×
p and

R(1)× = R×p
∐
R×p αR

×
p

Definition The p-new quotient Z[L1]p−new of Z[L1] is the quotient of Z[L1]
by the Z-submodule spanned by elements of the form

∑

L′=(L′(0),L′(1))

L′(0)=M

L′,
∑

L′=(L′(0),L′(1))

L′(1)=M

L′,

where M is some lattice in L. Observe that by construction, we have the con-
gruences

T lp ≡ T up ≡ −1 on Z[L1]p−new.

One can again use Lemma 3.3 to relate the trace operator

Tr(L) =
∑

γ∈Z×
lp(L)−1

/Z×
lp(L)

γ ⋆ L =
∑

γ∈Z×
lp(L)−1

/Z×
lp(L)

[γb]L0

in Z[L1] to the operators T lp(L) and T up (L) to obtain the following result. Here,

we extend the notion of types to classes of B×p /R
×
p in the natural way via (10).
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Lemma 3.5. Let x be a class in B×p /R
×
p with lp(x) ≥ 2. Then, we have

Tr(x) =

{
T lp(pr(x)) if x is of type I

T up (pr(x)) if x is of type II.

Moreover, in the p-new quotient of Z[B×p /R
×
p ] corresponding to Z[L1]p−new,

Tr(x) = −pr(x).

Proof. See [5, Lemma 6.11]. �

Remark The constructions and results above do depend on the choice of base
1-lattice L0 = (L0(0), L0(1)). In particular, the definition of type depends upon
the orientation of the underlying Eichler order Rp = R(0) ∩R(1).

4. Construction of p-adic interpolation series

We now construct p-adic interpolation series on the profinite group X for the
values L(k)(1/2, π × Ω), i.e. where Ω is a character factoring through X . We
divide into cases k on the generic root number ǫ = ǫ(1/2, π×Ω) ∈ {±1}. Here,

we shall also write ⋆ to denote the natural action of K̂× by left multiplication

on the set K×\B̂×/R̂× induced by the choice of embedding K into B or B
(depending on whether k = 0 or k = 1 respectively).

Remark Our constructions below works more generally whenever the vector
in known ϕ ∈ π′ to take values in a discrete valuation ring and each prime
dividing the level structure is known to split in K.

4.1. The case of k = 0. Let π = ⊗vπv be a cuspidal automorphic repre-
sentation of GL2(AF ) having trivial central character. Fix a prime p of OF
with underlying rational prime p, and an embedding Q −→ Qp. We assume
Hypotheses 1.1 and 1.3.

Lemma 4.1. Let L be a finite extension of Qp containing the eigenvalues of π.
Let O = OL denote its ring of integers. If the quaternion algebra B is totally
definite, then we can and do choose ϕ ∈ π′ in such a way that ϕ takes values
in the ring O.
Proof. By Hypothesis 1.1, the eigenvalues of π = JL(π′) of GL2(AF ) are alge-
braic. Hence, Q(π) is a number field, and there exists a finite extension L of Qp

containing the eigenvalues of π. Any vector ϕ ∈ π′ has the same eigenvalues as
π by Jacquet-Langlands, and is determined uniquely up to multiplication by
nonzero complex scalar by this condition. Moreover, we can view any ϕ ∈ π′ as

an automorphic function on the finite set C(B;H) = B×\B̂×/H , for H ⊂ B̂×
some compact open subgroup (with Hp = R×p ). Fixing a basis for the space of
functions C(B;H) −→ C, we then can choose ϕ ∈ π′ to take values in Q(π),
or even Z(π). �

We now give the main construction of p-adic L-functions for the k = 0 setting.
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4.1.1. The case of δ = 0. Let us first consider the case where Rp of Bp is Eichler
of level pδ = 1, i.e. that Rp is maximal. Recall that we let V be a simple left
Bp-module for which V ≈ F 2

p as an Fp-vector space. Recall as well that we
write L = L(V ) to denote the set of OFp

-lattices in V , and that we fix a lattice
L0 ∈ L in such a way that {α ∈ Bp : αL0 ⊂ L0} = Rp. Thus we may fix a
bijection

B×p /R
×
p −→ L, x 7−→ xL0.(11)

Using this bijection, we now fix the following sequence of local classes xn ∈
B×p /R

×
p .

Definition Fix a Kp-basis e of V . For each integer n ≥ 0, let Ln = Ln(e)
denote the lattice in L defined by Ln = Zne. We then define xn = xn(e) to be
the class in B×p /R

×
p corresponding to Ln under the fixed bijection (11).

Lemma 4.2. The sequence x = x(e) of classes (xn)n≥0 = (xn(e))n≥0 in B×p /R
×
p

of Definition 4.1.1 satisfies the following properties for each integer n ≥ 0.

(i) lp(xn) = n.
(ii) xn = pru(xn+1).

Proof. Property (i) is a direct consequence of the definition of lp(xn) = lp(Ln).
Property (ii) is then a direct consequence of the definition of upper predecessor
pru(xn), i.e. as pru(xn+1) = pru(Ln+1) = ZnLn+1 = ZnZn+1e = Zne =
Ln. �

Remark Given such a sequence of local classes (xn)n≥0 in B×p /R
×
p , we shall

also write each xn to denote its corresponding adele in B̂×/R̂×.

Let us now fix a sequence of classes (xn)n≥0 as in Definition 4.1.1 above. Ob-
serve that Corollary 3.4 above implies that for each integer n ≥ 0, we have the
relation

Tr(xn+1) = T lp(xn)− x∗n
in Z[B×p /R

×
p ], where for ̟P a fixed uniformizer at P,

x∗n =





0 if n = 0 and pOK = P is inert

̟Pxn if n = 0 and pOK = P2 is ramified

(̟P +̟P∗)xn if n = 0 and pOK = PP∗ is split

prl(xn) if n ≥ 1.

Corollary 4.3. Assume that π = JL(π′) has trivial central character, and
let ϕ ∈ π′ be any decomposable vector whose component at p is fixed by R×p .
Let (xn)n≥0 be the sequence of classes of Lemma 4.1.1. Then, for each integer
n ≥ 1,

Tr (ϕ(xn+1)) :=
∑

γ∈Z×
n /Z

×
n+1

ϕ(γ ⋆ xn+1) = T lpϕ(xn)− ϕ(xn−1).
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Proof. Extending by linearity, we obtain from Corollary 3.3 the relation

Tr (ϕ(xn+1)) :=
∑

γ∈Z×
n /Z

×
n+1

ϕ(γ ⋆ xn+1) = T lpϕ(xn)− ϕ(prl(xn))

for each integer n ≥ 1. Here, we have viewed each local class xn ∈ B×p /R
×
p

as its corresponding adele in B̂×/R̂×. We have also used the fact that the
operators Tr and T lp affect only the component at p. Now, recall that we write
Ln = xnL0 to denote the lattice in L corresponding to xn, whence the lower
predecessor prl(xn) is by definition the class corresponding under (11) to the
lattice prl(Ln) = pZn−1Ln. Observe that prl(Ln) = ppru(Ln), whence we
argue that ϕ(prl(xn)) = ϕ(pru(xn)) as a consequence of the fact that ϕ has
trivial central character. The desired relation thens follow from the property
pru(xn) = xn−1. �

Definition Assume that π = JL(π′) is p-ordinary, with trivial central char-
acter. Let ϕ ∈ π′ be a decomposable vector whose local component at p is
fixed by R×p , which we can and do normalize to take values in the ring O.

Writing ap = ap(π) to denote the T lp-eigenvalue of π, and qp the cardinality of
the residue field at p, let αp = αp(π) denote the p-adic unit root of the Hecke
polynomial t2−apt+qp. We then define the system {ϑn}n≥1 = {ϑn(xn, ϕ)}n≥1
to be the sequence of mappings ϑn : Xn −→ O given by the rule

ϑn : Xn −→ O, A 7−→ α1−n
p · ϕ(A ⋆ xn)− α−np · ϕ(A ⋆ xn−1).

Before we continue, let us explain briefly that the points xn here are well-
defined. Recall that we fix a maximal orderR ⊂ B and a function ϕ on the finite

set C(R̂×) = B×\B̂×/R̂×. Recall as well that we fix an embedding K → B,
a priori without any special conditions. Observe that this choice of embedding

induces a natural map from the set Y (R̂×) = K×\B̂×/R̂× to C(R̂×), and

moreover that we may view ϕ as a function on Y (R̂×) after composition with

this natural map Y (R̂×)→ C(R̂×). This setup gives rise to a natural definition

of conductor of a class or “point” x = [b] in the set Y (R̂×). It is easy to see
that the points xn = [bn] of our chosen sequence in Definition 4.1.1 each have
conductor c(xn) equal to cpn, where c is determined uniquely by the prime-to-
p-part of the conductor of the order R ∩K of K. Hence, the values ϕ(A ⋆ xn)
and ϕ(A ⋆ xn−1) are only well-defined if A ∈ Pic(Ocpn). To proceed, we could
either keep track of the c explicitly throughout (at the expense of simplicity),
or else we choose a specific embedding K → B to ensure that c = 1. Let us for
simplicity choose the latter option for the rest of this work, which we record as
follows.

Corollary 4.4. Suppose (as we can) that we fix an embedding K → B for
which the order K∩B has p-power conductor, in fact that K∩B = OK . Then,
each point xn = [bn] has conductor c(xn) = pn.
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Proof. That such an embedding exists is known; the local criteria are described
in [27, Ch. II, §3]. In brief, such an embedding exists in our setting if each prime
dividing pδN+ is split in K, which is the case by Hypothesis 1.1. �

Proposition 4.5. The sequence of mappings ϑn : Xn −→ O of Definition 4.1.1
above forms a distribution on the profinite group X = lim←−nXn, and hence an

O-valued measure on X.

Proof. It will suffice to show that for each sufficiently large integer n ≥ 1 and
each class A ∈ Xn, the distribution relation

ϑn(A) =
∑

B∈Xn+1
πn+1,n(B)=A

ϑn+1(B)

holds, where πn+1,n : Xn+1 −→ Xn denotes the natural surjective homomor-
phism. Equivalently, it will suffice under the same conditions to show the rela-
tion

ϑn(A) =
∑

C∈ker(πn+1,n)

ϑn+1(CA),

where A on the right hand side denotes any lift of A to Xn+1. Now, by defini-
tions,

ker(πn+1,n) = O×pn,p/O×pnO×pn+1,p.

If n is sufficiently large, then O×pn = O×F is contained in the local unit group

O×
pn+1,p (cf. the discussion in the proof of of [5, Lemma 2.8]). We thus obtain

for n sufficiently large that ker(πn+1,n) = O×pn,p/O×pn+1,p = Z×n /Z
×
n+1, whence

it will suffice to show

ϑn(A) =
∑

γ∈Z×
n /Z

×
n+1

ϑn+1(γA).(12)

To show this relation holds for n sufficiently large, we evaluate the right hand
side of (12). More precisely, for n sufficiently large, we have by definition of
ϑn+1 that

∑

γ∈Z×
n /Z

×
n+1

ϑn+1(γA) =
∑

γ∈Z×
n /Z

×
n+1

α−np ϕ(γA ⋆ xn+1)− α−(n+1)
p ϕ(γA ⋆ xn)

= α−np

∑

γ∈Z×
n /Z

×
n+1

ϕ(γA ⋆ xn+1)− qpα−(n+1)
p ϕ(A ⋆ xn).

Extending by linearity, the result of Corollary 3.4 allows us to identify the right
hand side of the last expression with the sum

α−np

(
T lpϕ(A ⋆ xn)− ϕ(A ⋆ xn−1)

)
− qpα−(n+1)

p ϕ(A ⋆ xn).
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Here, we have used implicitly the easy-to-check fact that the map L 7→ pru(L)
commutes with the action of K×p (cf. [5, Lemma 6.5]). Thus rearranging terms,
we have shown (for n ≥ 1) that

∑

γ∈Z×
n /Z

×
n+1

ϑn+1(γA) = (α−np ap − qpα−(n+1)
p )ϕ(A ⋆ xn)− α−np ϕ(A ⋆ xn−1).

Observe now that we have the elementary identity

(α−np ap − qpα−(n+1)
p ) = α1−n

p ,

i.e. using the constraints imposed by the factorization

X2 − apX + qp = (X − αp)(X − βp).

Thus for n sufficiently large, we have shown the required relation
∑

γ∈Z×
n /Z

×
n+1

ϕn+1(γA) = α1−n
p ϕ(A ⋆ xn)− α−nϕ(A ⋆ xn−1) = ϑn(A).

�

4.1.2. The case of δ = 1. Let us now suppose that the local order Rp of Bp is
Eichler of level pδ = p. Recall that we write L1 = L1(V ) to denote the set of 1-
lattices of L = L(V ). Let us fix a 1-lattice L0 = (L0(0), L0(1)) whose stabilizer
under the transitive action of B×p is equal to R×p . We then fix a bijection

B×p /R
×
p −→ L1, x 7−→ xL0.(13)

Using this bijection, we now fix a sequence of classes xn ∈ B×p /R×p as follows.

Definition Fix a Kp-basis e of V . For each integer n ≥ 0, let us write Ln =

Ln(e) to denote the lattice in L = L(V ) defined by Ln = p−⌊
n
2 ⌋Zne, where

⌊x⌋ = max{m ∈ Z : m ≤ x}

is the standard floor function. For each n ≥ 1, let us write Mn = Mn(e) to
denote the 1-lattice in L1 = L1(V ) defined by

Mn =

{
(Ln−1, Ln) if n ≡ 1 mod 2

(Ln, Ln−1) if n ≡ 0 mod 2

Let xn = xn(e) be the class in B×p /R
×
p corresponding to Mn under (13).

Lemma 4.6. The sequence x = x(e) of classes (xn)n≥1 = (xn(e))n≥1 in B×p /R
×
p

of Definition 4.1.2 above satisfies the following properties for each integer n ≥ 1.

(i) lp(xn) = n.
(ii) pr(xn+1) = xn.

Proof. Property (i) is a direct consequence of the definition of lp(xn), i.e. as
we have lp(xn) = lp(Mn) = max(lp,0(Mn), lp,1(Mn)) = n. Property (ii) is then

Documenta Mathematica 22 (2017) 1467–1499



1490 Jeanine Van Order

seen by a direct calculation. To be more precise, since Mn is of type I if n is
odd and of type II if n is even, we have by definition that

pr(xn+1) = pr(Mn+1) =

{
(Ln, prl(Ln)) = (Ln, pZn−1Ln) if n ≡ 0 mod 2

(pru(Ln), Ln) = (Zn−1Ln, Ln) if n ≡ 1 mod 2.

Suppose first that the index n is even. We then compute the lower predecessor

prl(Ln) = pZn−1Ln = p1−⌊
n
2 ⌋Zn−1e = p−⌊

n−1
2 ⌋Zn−1e = Ln−1 to verify the

relation pr(Mn+1) = Mn, as required. Suppose now that the index n is odd.
We then compute the lower predecessor pru(Ln) = Zn−1Ln = p−⌊

n
2 ⌋Zn−1e =

p−⌊
n−1
2 ⌋Zn−1e = Ln−1 to verify the relation pr(Mn+1) = Mn, as required. �

Fix a sequence of classes (xn)n≥1 as in Definition 4.1.2. We obtain from Lemma
3.5 above the following result.

Corollary 4.7. Let ϕ ∈ π′ be a decomposable vector whose local component
at p is fixed by R×p , which we can and do normalize to take values in O. Then,
for each integer n ≥ 1,

Tr (ϕ(xn+1)) :=
∑

γ∈Z×
n /Z

×
n+1

ϕ(γ ⋆ xn+1) =

{
T lpϕ(xn) if n ≡ 0 mod 2

T up ϕ(xn) if n ≡ 1 mod 2.

Proof. Given the sequence of classes (xn)n≥1 of Definition 4.1.2, along with the
properties of Lemma 4.6, Lemma 3.5 implies that for each n ≥ 1, the relation

Tr(xn+1) =
∑

γ∈Z×
n /Z

×
n+1

γ ⋆ xn+1 =

{
T lp(xn) if n ≡ 0 mod 2

T up (xn) if n ≡ 1 mod 2

holds in Z[B×p /R
×
p ]. Viewing each class xn as its corresponding adele in B̂×/R̂×,

and extending by linearity, we obtain for each n ≥ 1 the relation

Tr (ϕ(xn+1)) =
∑

γ∈Z×
n /Z

×
n+1

ϕ(γ ⋆ xn+1) =

{
T lpϕ(xn) if n ≡ 0 mod 2

T up ϕ(xn) if n ≡ 1 mod 2.

Here, we have used the fact that each of the operators Tr, T lp, and T up affects
only the components at p. The result follows. �

Definition Let ϕ ∈ π′ be a decomposable vector whose local component
at p is fixed by R×p and which we normalize to take values in O. Assume

that ϕ is a p-ordinary eigenform for both T up and T lp with common (unit)
eigenvalue αp. Fix a sequence of classes (xn)n≥1 as for Definition 4.1.1 above.
Let {ϑn}n≥1 = {ϑn(Φ, xn)}n≥1 be the sequence of mappings ϑn : Xn −→ O
defined by

ϑn : Xn −→ O, A 7−→ α−np · ϕ(A ⋆ xn).

Proposition 4.8. The sequence of mappings ϑn : Xn −→ O of Definition
4.1.2 defines a distribution on the profinite group X = lim←−nXn, and hence an

O-valued measure on X.

Documenta Mathematica 22 (2017) 1467–1499



p-Adic Interpolation of Automorphic Periods 1491

Proof. As explained in the proof of Proposition 4.5 above, it will suffice to show
for each sufficiently large integer n that

ϑn(A) =
∑

γ∈Z×
n /Z

×
n+1

ϑn+1(γA).

Thus, for the mappings {ϑn}n≥1 of Definition 4.1.2, it will suffice to show for
each sufficiently large integer n that

α−np · ϕ(A ⋆ xn) =
∑

γ∈Z×
n /Z

×
n+1

α
−(n+1)
p · ϕ(γA ⋆ xn+1),

which after multiplying out by αn+1
p is the same as

αp · ϕ(A ⋆ xn) =
∑

γ∈Z×
n /Z

×
n+1

ϕ(γA ⋆ xn+1).

Now, by our hypotheses on ϕ, we have that αp · ϕ(A ⋆ xn) = Tpϕ(A ⋆ xn) for
Tp denoting either operator T lp or T up , and so the required relation is a direct
consequence of Corollary 4.7 above. �

4.1.3. Definitions of p-adic L-functions. Recall that in either case on the ex-
ponent δ ∈ {0, 1} in the level pδ of Rp ⊂ Bp, we construct a sequence

x(e) = (xn(e))n≥δ of classes xn ∈ B×p /R×p according to Definitions 4.1.1 and
4.1.2. These sequences depend on the choice of a fixed Kp-basis e of the Bp-
module V in the following way.

Lemma 4.9. Suppose in either subcase on δ ∈ {0, 1} that we choose a different
Kp-basis e

′ of V . Then, for some element σ = (σn)n of X = lim←−nXn, we have

dϑ(δ)(ϕ, x(e′)) = dϑ(δ)(ϕ, σ ⋆ x(e)) = (ϑ(δ)n (ϕ, σn ⋆ xn(e)))n≥1,

equivalently

θ(δ)ϕ (x(e′)) = σθ(δ)ϕ (x(e)) = (θ(δ)ϕ (σn ⋆ xn(e))) in O[[X ]].

Proof. Observe that K×p acts simply transitively on the set of Kp-bases of V . It

follows that there exists a γ ∈ K×p for which e′ = γe = γ ⋆e. We claim that this
action commutes with each of the predecessor operations pr∗ defined above,
i.e. that pr∗(γ ⋆ x) = γ ⋆ pr∗(x) for each γ ∈ K×p and x ∈ B×p /R×p , as a direct
consequence of the definitions. It is then easy to see that for each integer n ≥ 1,

there exists an element σn ∈ Xn for which ϑ
(δ)
n (ϕ, xn(e′)) = ϑ

(δ)
n (ϕ, σn ⋆xn(e)).

To be more precise, we claim that this σn is determined by the image of γ in
Xn. Since the σn come from one element γ ∈ K×p , it is clear that (σn)n defines
a compatible sequence, whence σ = (σn)n defines an element of the profinite
limit X = lim←−nXn. �

Thus, our elements θ
(δ)
Φ (e) are only well-defined up to multiplication by σ ∈ X .

To correct this, we make the following modification. Let Λ = O[[X ]]. Given
λ ∈ Λ, let λ∗ denote the image of λ under the involution of Λ induced by
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the operation sending group elements σ ∈ X to their inverses σ−1 ∈ X . The

elements θ
(δ)
ϕ (e)θ

(δ)
ϕ (e)∗ ∈ Λ are then well-defined. This leads us to make the

following

Definition Let ϕ ∈ π′ be a decomposable, O-valued, p-ordinary eigenvector
as described above, i.e. so that the component of ϕ at p is fixed by R×p , where

Rp ⊂ Bp is an Eichler order of level pδ with δ ∈ {0, 1}. Let e be any Kp-basis of
V , and x(e) = (xn(e))n≥δ the sequence of classes described either by Definition
4.1.1 if δ = 0 or else by Definition 4.1.2 if δ = 1. We then define the imprimitive
p-adic L-function associated to ϕ and the profinite group X to be the product

Lp(ϕ,K) = L
(δ)
p (ϕ,K) = θ(δ)ϕ (x(e))θ(δ)ϕ (x(e))∗ in Λ = O[[X ]].

4.1.4. Interpolation. We now derive the interpolation properties of the imprim-

itive p-adic L-functions Lp(ϕ,K) = L
(δ)
p (ϕ,K) ∈ Λ = O[[X ]]. This leads us

to choose a certain normalization, i.e. to define primitive p-adic L-functions

L
(δ)
p (π′,K) which do not depend on our choice of vector ϕ ∈ π′. Let Ω be a

character of X . We view such a character as a homomorphism Ω : X −→ Qp

via our fixed embedding Q → Qp, and moreover (enlarging O if necessary)
as a homomorphism Ω : X −→ O. We shall use the fact that any character
extends to an algebra homomorphism Ω : Λ −→ O via the specialization map
λ 7→ ρ(λ) =

∫
X Ω(σ)dλ(σ).

Lemma 4.10. We have that Ω(λ∗) = Ω−1(λ) for any element λ ∈ X.

Proof. Since Ω : X −→ O is a group homomorphism, Ω(σ−1) = Ω−1(σ). Hence,

Ω(λ∗) =

∫

X

Ω(σ)dλ∗(σ) =

∫

X

Ω(σ−1)dλ(σ) =

∫

X

Ω−1(σ)dλ(σ) = Ω−1(λ).

�

Lemma 4.11. In our constructions above of the measures dϑ
(δ)
ϕ (x) giving rise

to the elements θ
(δ)
ϕ (x) of O[[X ]], our choice of sequence (ϕn)n≥1 = (xn ·ϕ)n≥1

in either case on δ defines a sequence of test vectors in the sense of [7, § 1.2.3].

Proof. Fix n ≥ 1. It suffices to check invariance properties at p for each vector
ϕn = xn · ϕ ∈ π′ for each choice of δ ∈ {0, 1}.
Let us first assume that δ = 0. Recall that we fix a class xn ∈ B×p /R×p which
is invariant by the action of Z×n , where Zn = OFp

+ ̟n
pOKp

. We deduce that

the local vector xn · ϕp ∈ πp is fixed by the action of R×p,n, where Rp,n ⊂ Bp

is the unique (up to K×p -conjugacy) order for which c(Rp,n) = c(Ωp) = n and
d(Rp,n) = c(πp) = δ = 0, whence the required local invariance follows from the
work of Gross-Prasad [10], cf. [7, §1.2.3] or the summary given above.
Let us assume now that δ = 1. Recall that we fix a class xn ∈ B×p /R×p which
corresponds under our fixed bijection (13) to a 1-lattice (L(0), L(1)) we have
by Lemma 4.6 (i) that lp(xn) = max(lp(L(0)), lp(L(1))) = n, equivalently that

L(0) say is fixed by Z×n−1 and L(1) by Z×n (as we can assume without loss of
generality). We then deduce that the local vector xn · ϕp ∈ πp is fixed by the
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action of R×p,n, where Rp,n is the unique order of Bp up to K×p -conjugacy which
can be expressed as the intersection of maximal order Rp,n = R1,p,n ∩ R2,p,n,
where c(R1,p,n) = c(Ωp) = n and c(R2,p,n) = c(Ωp) − δ = n− 1. The required
local invariance is then deduced from [7], again cf. [7, §1.2.3] or the summary
above. �

Equipped with this result, we now give the following main interpolation for-
mula. Recall that for a given an integer n ≥ 1, we write m(Opn) to denote the

volume of Ô×pn in the space K×\A×K/A×F with respect to our fixed choice of

Haar measure (which assigns K×\A×K/A×F volume one). Recall as well that we

write the class number of F as h(OF ) = |Pic(OF )| = |F̂×/F×Ô×F |.
Proposition 4.12. Let Ω be a primitive character of X of conductor pn with
n ≥ 1. Then, for each choice δ ∈ {0, 1}, we have the following interpolation

formula for the associated imprimitive p-adic L-function L
(δ)
p (ϕ,K),

Ω(L
(δ)
p (ϕ,K)) = α

2(δ−1−n)
p ·

(
h(OF )

m(Opn)

)2

· (ϕ, ϕ) · L(1/2, π × Ω).(14)

Here, L(1/2, π×Ω) denotes the algebraic L-value of Corollary 2.2 above, which
we view as an element of Qp via our fixed embedding Q −→ Qp.

Proof. Lemma 4.10 implies that for either choice of δ ∈ {0, 1}, we have

Ω(L
(δ)
p (ϕ,K)) = Ω(θ(δ)ϕ (x))Ω(θ(δ)ϕ (x)

∗
) = Ω(θ(δ)ϕ (x))Ω−1(θ(δ)ϕ (x)).

Let us first assume that δ = 1, whence we are reduced to evaluating the sums

Ω(θ(1)ϕ (x)) =

∫

X

Ω(σ)θ(1)ϕ (x)(σ) = α−np

∑

A∈Xn
Ω(A)ϕ(A ⋆ xn).

Here, the second equality follows by the definition of ϑn = ϑn(ϕ, xn) of dϑ(ϕ, x).
Since we know by Lemma 4.11 that the vectors defined by ϕn = xn ·ϕ are test
vectors in the sense of [7, §7.1], we argue (cf. [32, (5)]) that we have the relation

Ω(θ(1)ϕ (x)) =
h(OF )

m(Opn)
· PBΩ (ϕ).

That is, we first argue that n that the natural map Pic(OF ) → Pic(Opn) is

injective. Since Ω factors through Pic(Opn)/Pic(OF ) ≈ K̂×/F̂×K×Ô×pn by our

assumptions, and since it is invariant on Ô×pn , we can express the period integral

PBΩ (ϕ) as

PBΩ (ϕ) :=

∫

A×
K/A

×
FK

×

ϕ(t)Ω(t)dt = m(Opn)
∑

t∈K̂×/F̂×Ô×
pn

ϕ(t)Ω(t).

On the other hand, we can decompose our finite sum over Xn = Pic(Opn) as
∑

A∈Xn
Ω(A)ϕ(A) =

∑

τ∈Pic(OF )

∑

t∈Pic(Opn)/Pic(OF )

Ω(t)ϕ(τt),
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using that Ω is trivial on Pic(OF ). Now, observe that the inner sum here equals
∑

τ−1t∈Pic(Opn )/Pic(OF )

Ω(τ−1t)ϕ(t) =
∑

t∈Pic(Opn)/Pic(OF )

Ω(t)ϕ(t),

and hence that

∑

A∈Xn
Ω(A)ϕ(A) = h(OF )

∑

t∈Pic(Opn)/Pic(OF )

Ω(t)ϕ(t) =
h(OF )

m(Opn)
· PBΩ (ϕ).

The stated interpolation formula is then easy to deduce from Theorem 1.2.
Let us now assume that δ = 0, whence we are reduced to evaluating the sums

Ω(θ(0)ϕ (x)) = α1−n
p

∑

A∈Xn
Ω(A)ϕ(A ⋆ xn)− α−np

∑

A∈Xn
Ω(A)ϕ(A ⋆ xn−1).

Since the vectors ϕn = xn · ϕ are again test vectors in the sense of [7, §7.1] by
Lemma 4.11 above, we see that the second sum in this term must vanish, i.e.
since the conductor of the test vector ϕn−1 = xn−1 · ϕ appearing in this term
does not have the same conductor as the character Ω. Indeed, observe that given

any u ∈ A×K , which we embed into the finite set B×\B̂×/R̂× via our choice of
(optimal) embedding K → D, we must have that PΩ(u · ϕ) = Ω−1(u)PΩ(ϕ),
whence

Ω(θ(0)ϕ (x)) = α1−n
p

∑

A∈Xn
Ω(A)ϕ(A ⋆ xn),

which reduces us to the same style of proof as given for the δ = 1 case above. �

Although it is clear, let us state for the record the following direct consequence.

Corollary 4.13. The specialization value Ω(L
(δ)
p (ϕ,K)) vanishes if and only

if the complex central value L(1/2, π×Ω) vanishes when the conductor of Ω is
nontrivial.

It is also clear that dividing out by (ϕ, ϕ) gives an interpolation formula which
does not depend on the scaling factor of ϕ ∈ π′. We record this as follows.

Definition Let us in either case on δ ∈ {0, 1} define the primitive p-adic L-

function Lp(π′,K) = L
(δ)
p p(π′,K) associated to π′ and X to be the element of

Λ = O[[X ]] obtained by dividing out by the inner product (ϕ, ϕ), i.e.

Lδp(π′,K) = L
(δ)
p (ϕ,K)/(ϕ, ϕ).(15)

The following result is then easy to see from the discussion above.

Corollary 4.14. The element Lδp(π′,K) ∈ Λ = O[[X ]] does not depend on
the choice of scaling factor of ϕ ∈ π′, and satisfies the following interpolation
property: For each primitive character Ω of X of conductor pn with n ≥ 1, we

have that Ω(Lδp(π′,K)) = α
2(δ−1−n)
p · (h(OF )/m(Opn))

2 · L(1/2, π × Ω) in Qp.
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4.2. The case of k = 1. We now extend the construction given above to give
a p-adic interpolation series for the setting of k = 1, i.e. where ǫ = ǫ(1/2, π×Ω)
is generically equal to −1.
Keep all of the setup leading to Theorem 2.3 above, so that B is the indefi-
nite quaternion algebra which is ramified at all real places of F except for one
fixed place τ , as well as the finite places corresponding to prime divisors of
the inert level N−. By Hypothesis 1.1, we know that B is split at p. Hence,
we can and do fix an isomorphism B×p ≈ GL2(Fp). Let M = {MU}U be the
Shimura curve over F associated B. Let A be an abelian variety defined over
F which is parametrized by M . Recall that according to [35, §3.2.2], we have
an an automorphic representation πA = Hom0(J,A) = lim−→H

Hom0(JH , A) =

lim−→H
HomF (JH , A) ⊗Z Q of B×(AF ) defined over Q, and moreover that this

representation decomposes as a product πA = ⊗vπA,v of absolutely irreducible
representations πA,v of B×v . Recall as well that for any choice of vector ϕ ∈ πA
and CM point Q ∈MK×

(Kab), we have that ϕ(Q) is a well-defined element of
the Mordell-Weil group A(Kab), whereKab denotes the maximal abelian exten-
sion ofK. Let us define O in this setting to be the tensor product A(Kab)⊗ZZp.
We shall assume from now on that πA has trivial central character, hence that
πA = π∨A is self-dual. Thus A is principally polarized, and we can fix an iden-
tification A ≈ A∨. Granted Hypotheses 1.3 and 1.1 hold for π = πA, the
construction of the p-adic L-function Lp(π,K) given above for k = 0 extends
formally, as we now explain.

4.2.1. The case of δ = 0. Assume again that the local order Rp ⊂ Bp is Eichler
of level pδ = 1, i.e. that Rp is maximal. Recall again that we fix V a simple left
Bp-module for which V ≈ F 2

p as an Fp-vector space, that we let L(V ) denote
the set of OFp

-lattices in V , and that we have the bijection (9). The arguments
of Lemma 4.1.1, Corollary 4.3, and Proposition 4.5 above imply the following
result.

Corollary 4.15. Let ϕ ∈ πA be a nonzero p-ordinary decomposable vector
whose component at p is fixed by R×p . Let (xn)n≥0 denote the sequence of classes

in B×p /R
×
p as defined above. Writing T lp to denote the lattice Hecke operator

defined above, let ap = ap(πA) denote the eigenvalue of T lp acting on ϕ, with

αp = αp(πA) the unit root of the Hecke polynomial t2 − apt + qp. Then, the
system of mappings {φn}n≥1 = {φn(xn, ϕ)}n≥1 defined by

φn : Xn −→ O, A 7−→ α1−n
p · ϕ(A ⋆ xn)− α−np · ϕ(A ⋆ xn−1)(16)

determines a distribution on the profinite group X = lim←−Xn.

4.2.2. The case of δ = 1. Let us now assume that the order Rp ⊂ Bp is Eichler
of level pδ = p. Recall that in this case, we write L1 = L1(V ) to denote the set
of 1-lattices of L = L(V ). We then fix a 1-lattice L0 = (L0(0), L0(1)) whose
stabilizer under the transitive action of B×p is equal to R×p , which allows us
to define the bijection (10). Again, we fix a Kp-basis e of V , and for each
integer n ≥ 1 write Ln = Ln(e) to denote the lattice in L = L(V ) defined by
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Ln = p−⌊
n
2 ⌋/2Zne. For each n ≥ 1, let Jn = Jn(e) to denote the 1-lattice in

L1 = L1(V ) defined by

Jn =

{
(Ln−1, Ln) if n ≡ 0 mod 2

(Ln, Ln−1) if n ≡ 1 mod 2

Let xn = xn(e) ∈ B×p /R
×
p be the class corresponding to Jn under (10). The

arguments of Lemma 4.6, Corollary 4.7, and Proposition 4.8 imply the following
result.

Corollary 4.16. Let ϕ ∈ πA be a nonzero decomposable vector whose compo-
nent at p is fixed by R×p . Let (xn)n≥0 denote the sequence of classes in B×p /R

×
p

defined by the 1-lattices Jn above. Suppose that ϕ is a p-ordinary eigenvector for
both of the operators T lp and T up with common (unit) eigenvalue αp = αp(πA)
Then, the system {φn}n≥1 = {φn(xn, ϕ)}n≥1 of mappings

φn : Xn −→ O, A 7−→ α−np · ϕ(A ⋆ xn)n≥1(17)

defines a distribution on the profinite group X = lim←−Xn.

4.2.3. Definition of the interpolation series. We have now defined in either case
on the exponent δ ∈ {0, 1} an O-valued distribution

dφ(δ)(ϕ, x(e)) = {φ(δ)n (ϕ, xn(e))}n≥1
on X whose corresponding element in O[[X ]] = lim←−nO[Xn] we denote by

Φ(δ)
ϕ = Φ(δ)

ϕ (x(e)) = (Φ(δ)
ϕ (xn(e))).

These elements depend on the choice of Kp-basis e of V in the same way as
described for Lemma 4.9. We again account for this ambiguity by considering
the elements

Φ(δ)
ϕ (x(e))Φ(δ)

ϕ (x(e))∗ in O[[X ]],

where Φδϕ(x(e))∗ denotes the image of Φδϕ(x(e)) under the involution of O[[X ]]

induced by sending elements σ ∈ X to their inverses σ−1 ∈ X .

Definition Let ϕ ∈ πA be a nonzero decomposable vector satisfying Hypothe-
ses 1.1 and 1.3 above. Let e be any Kp-basis of V . Let x(e) = (xn(e))n≥δ be
either the sequence of classes defined above. Let us now define the well-defined
elements

D
(δ)
p (ϕ,K) = Φ(δ)

ϕ (x(e))Φ(δ)
ϕ (x(e))∗ ∈ O[[X ]].(18)

4.2.4. Interpolation. The elements defined in (18) satisfy the following inter-
polation property. Recall that we write 〈·, ·〉 to denote the L-linear Néron-Tate
pairing

〈·, ·〉L : A(F )Q ⊗R A(F )Q −→ L⊗Q C

defined in [35, §1]. Note that this construction extends in a natural way to
define an OL-linear Néron-Tate height pairing

〈·, ·〉OL : A(F )Q ⊗R A(F )Q −→ OL ⊗Q C.
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We argue that these pairings also extend in a natural way by Zp-linearity to
define pairings on the elements in O we have considered above, and hence that
we can derive the following straightforward consequence from the discussion
above.

Proposition 4.17. Let Ω be a primitive ring class character of X of conductor
pn with n ≥ 1. Then, for each choice of exponent δ ∈ {0, 1}, we have the fol-

lowing interpolation formula for the elements D
(δ)
p (ϕ,K) defined in (18) above

composed with the OL-linear Néron-Tate height pairing 〈 , 〉L,
〈 , 〉L ◦ Ω(D

(δ)
p (ϕ,K))

= αp(πA)−2(1−δ−n) ·
(
h(OF )

m(Opn)

)2

· ζ(2)L′(1/2, πA × Ω)

4L(1, η)2L(1, πA, ad)
· α(xn · ϕ, xn · ϕ).

Proof. The proof is formally identical to that of Proposition 4.12 above, using
Theorem 2.3 in lieu of Theorem 1.2 for the interpolation values. �

Remark The recent work of Cai-Shu-Tian [3] should apply in this setting
(as well as in the indefinite setting) to supply even more precise interpolation
formulae for these constructions.
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1 Introduction

In this paper we are interested in a connection between algebraic cycles and birational
invariant, or more specifically, a torsion subgroup of the Griffiths group of 1-cycles and
a certain cohomology group which can be thought of as a ”homology counterpart” of
the degree 4 unramified cohomology.
Let X be a smooth complex projective variety of dimension d. Let Griff1(X) =
CH1(X)hom/A1(X) be the Griffiths group of 1-cycles, the group of 1-cycles homolo-
gous to zero modulo algebraic equivalence. Let T1(X) ⊂ Griff1(X) be the image of
the group of torsion 1-cycles which is homologous to zero and whose Abel-Jacobi
invariant is also zero. This subtle invariant, measuring deviation of torsion 1-cycles
with null Deligne cycle class from A1(X), was first introduced by Voisin [21].
On the other hand, for an abelian group A, let Hq(A) be the Zariski sheaf on X as-
sociated to the presheaf U 7→ Hq(U, A). The cohomology group Hd−k(X,Hd(A)) is a
birational invariant of smooth projective varieties ([11]) which is analogous to the k-th
unramified cohomology. It is known that the natural homomorphism

Hd−k(X,Hd(Z)) ⊗ Q/Z→ Hd−k(X,Hd(Q/Z))
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is injective ([11]). We will establish a link between T1(X) and this quotient group for
k = 4.
Recall also that the coniveau filtration of Hk(X,Z) is defined by ([12], [13], [5])

NrHk(X,Z) = Ker( Hk(X,Z)→ lim
−−→
W⊂X

Hk(X −W,Z) ),

where W ranges over closed algebraic subsets of X of codimension ≥ r. We will be
concerned with the case k = 2d−3, where the coniveau filtration has at most two steps
by the Bloch-Ogus theory [5]:

0 = Nd−1H2d−3(X,Z) ⊂ Nd−2H2d−3(X,Z) ⊂ Nd−3H2d−3(X,Z) = H2d−3(X,Z).

We write
Λ(X) = H2d−3(X,Z)/Nd−2H2d−3(X,Z)

and let torΛ(X) be its torsion part. The group Λ(X) gives a proper analogue of
Grothendieck’s supérieur cohomological invariant ([12] §9) in degree 2d−3. His gen-
eralized Hodge conjecture ([13]) predicts that Nd−2H2d−3(X,Q) would be the largest
sub Q-Hodge structure contained in Hd−1,d−2(X) ⊕ Hd−2,d−1(X). If this holds, torΛ(X)
can be thought of as measuring defect of its naive integral version.

Theorem 1.1 (Theorem 4.1). Let X be a smooth complex projective variety of di-
mension d. We have a short exact sequence

0→ torΛ(X)→ Hd−4(X,Hd(Q/Z))/Hd−4(X,Hd(Z)) ⊗ Q/Z→ T1(X)→ 0.

When CH0(X) is supported in dimension ≤ 2, e.g., when X is rationally connected,
then Λ(X) is finite, T1(X) coincides with Griff1(X), and we have an exact sequence

0→ Λ(X)→ Hd−4(X,Hd(Q/Z))→ Griff1(X)→ 0.

In §5, independently of Theorem 1.1, we study the n-torsion part nAp(X) of the group
Ap(X) ⊂ CHp(X) of codimension p cycles algebraically equivalent to zero with p
arbitrary. We deduce an exact sequence (Theorem 5.1)

0→ Hp−1(X,Kp)/n→ Hp−1(X,H p(Z))/n→ nAp(X)→ 0,

where Kp is the Zariski sheaf on X associated to the Quillen K-theory (thanks to
the work of Kerz [15], we may also replace it by the Milnor K-theory sheaf). For
p = d − 1 this is complementary to Theorem 1.1, controlling by H-cohomology the
group of torsion 1-cycles in CH1(X)hom whose Abel-Jacobi invariant is contained in
the algebraic part of the intermediate Jacobian.
The interaction between algebraic cycles and birational invariant has been originated
from the work of Bloch-Ogus [5], and developed around the nineties by Parimala,
Colliot-Thélène, Barbieri-Viale, Kahn and others (see, e.g., [18], [8], [1], [2], [14] and
references in [8]). Especially, the relationship between degree 3 unramified cohomol-
ogy H3

nr(X) = H0(X,H3) and codimension 2 cycles was extensively studied. After
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the Bloch-Kato conjecture was proved by Rost-Voevodsky [20], Colliot-Thélène and
Voisin [11] revisited this subject and established a link between H3

nr(X,Q/Z) and the
defect of the integral Hodge conjecture for codimension 2 cycles. Voisin [21] ex-
tended this result to the degree 4 unramified cohomology H4

nr(X,Q/Z), relating it to
T 3(X). Colliot-Thélène and Voisin [11] also found a relation between the defect of
the integral Hodge conjecture for 1-cycles and Hd−3(X,Hd(Q/Z)). Theorem 1.1 is the
“homology” counterpart of Voisin’s interpretation of H4

nr, and is also the extension of
the second theorem of Colliot-Thélène–Voisin to degree 4. Note that in dimension
d = 4, Theorem 1.1 recovers Voisin’s result. We can also give a refinement of Voisin’s
result (Remark 4.2).
We would like to thank the referee for many valuable suggestions. In particular, Propo-
sition 4.4 was taught by the referee.

Notation. If A is an abelian group and n > 0 a natural number, we denote A/n =
A/nA and nA = {x ∈ A|nx = 0}. We write torA for the subgroup of torsion elements.
If f : A → B is a homomorphism, n f : nA → nB and tor f : torA → torB denote its
restriction to the respective torsion parts. Whether a sheaf is considered in the Zariski
topology or in the classical topology will be clear from the context.

2 Preliminaries

Let X be a smooth complex projective variety of dimension d. Let A be an abelian
group, which will be one of Z, Q, Q/Z or Z/n in the sequel. LetHq(A) be the Zariski
sheaf on Z associated to the presheaf U 7→ Hq(U, A) defined by the singular cohomol-
ogy of Zariski open sets. Bloch-Ogus [5] computed the E2 page of Grothendieck’s
coniveau spectral sequence ([12] §10) and obtained a spectral sequence

Ep,q
2 = Hp(X,Hq(A)) ⇒ Hp+q(X, A)

which converges to the coniveau filtration of Hk(X, A) and which coincides with the
Leray spectral sequence for the natural continuous map Xcl → XZar from the classical
topology to the Zariski topology. They showed that

Hp(X,Hq(A)) = 0 for p > q,

Hp(X,H p(Z)) ≃ NSp(X),

where NSp(X) = CHp(X)/Ap(X) is the group of codimension p cycles modulo alge-
braic equivalence. The edge morphism NSp(X)→ H2p(X,Z) equals to the cycle map.
Note that Hq(A) = 0 for q > d because smooth affine varieties of dimension d have
homotopy type of CW complex of real dimension d. Hence we also have Ep,q

2 = 0 for
q > d. In this way the Bloch-Ogus spectral sequence is confined to the triangle

p ≥ 0, q ≤ d, p ≤ q.

The group E0,k
2 = H0(X,H k(A)) is usually called the k-th unramified cohomology

group with coefficients in A, and denoted by Hk
nr(X, A). As shown in [8], [2], [11],
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for smooth projective X, it is birationally invariant, and also stably invariant, namely
Hk

nr(X, A) ≃ Hk
nr(X × P

r, A). When A = Z/n, Hk
nr(X,Z/n) can be computed in terms of

the Galois cohomology of the function field of X (see [8]), which makes Hk
nr(X,Z/n)

an effective obstruction in the Noether problem.
In this paper we are mainly interested in the cohomology group which sits in the
position of “homology counterpart” of Hk

nr(X, A) in the Bloch-Ogus spectral sequence,
that is,

Hd−k(X,Hd(A)).

It is proven by Colliot-Thélène and Voisin [11] that this group is also birationally
invariant for smooth projective X. (This can also be seen using the blow-up formula
in [2]). Furthermore, we have

Lemma 2.1. The group Hd−k(X,Hd(A)), d = dimX, is stably invariant.

Proof. In [2] Barbieri-Viale proved the general formula

Hp(X × Pr,Hq(A)) ≃
r
⊕

i=0

Hp−i(X,Hq−i(A)).

Putting q = d + r and p = d + r − k where d = dimX, we obtain

Hd+r−k(X × Pr,Hd+r(A)) ≃

r
⊕

i=0

Hd+r−k−i(X,Hd+r−i(A))

= Hd−k(X,Hd(A))

because over X the sheafHq′ is zero for q′ > d. �

Although Hd−k(X,Hd(A)) shares some properties with Hk
nr(X, A), these two groups

may be rather different, and Hd−k(X,Hd(A)) has some defects compared to Hk
nr(X, A):

for example, Hd−k(X,Hd(Z)) may have torsion; cup product is not defined for
Hd−k(X,Hd(A)); and currently we do not know how to calculate Hd−k(X,Hd(Z/n))
in terms of the function field of X. It is well-known that Hd−1(X,Hd(Q/Z)) and
Hd−2(X,Hd(Q/Z)) vanish for rationally connected X (cf. Proposition 3.2). Accord-
ing to a conjecture of Voisin, the group Hd−3(X,Hd(Q/Z)) which by [11] measures
the defect of the Hodge conjecture for degree 2 integral homology classes, should also
vanish for such X (see [22] and references therein). Actually she proves in loc. cit. that
this vanishing is implied by the Tate conjecture for degree 2 Tate classes on surfaces
over finite fields. By contrast, there are known many examples of rationally connected
X for which H2

nr(X,Q/Z) = torH3(X,Z) or H3
nr(X,Q/Z) = Z4(X) is nontrivial (cf. [8],

[11]).
Bloch-Srinivas [6] proved that the Zariski sheaf H3(Z) is torsion-free using the
Merkurjev-Suslin Theorem [16]. This was generalized to Hq(Z) for arbitrary q by
Barbieri-Viale [3] and Colliot-Thélène–Voisin [11], as a consequence of the Bloch-
Kato conjecture proved by Rost-Voevodsky [20]. As a result, we have a short exact
sequence of Zariski sheaves ([11], [1])

0→ Hq(Z)
n
→ Hq(Z)→ Hq(Z/n)→ 0 (1)
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for every n > 0. Taking cohomology long exact sequence, we obtain

Proposition 2.2 ([11], [1]). For every p, q ≥ 0 and n > 0 we have an exact
sequence

0→ Hp(X,Hq(Z))/n→ Hp(X,Hq(Z/n))→ nHp+1(X,Hq(Z))→ 0. (2)

For example, when (p, q) = (0, k), this gives an exact sequence

0→ Hk
nr(X,Z)/n→ Hk

nr(X,Z/n)→ nH1(X,H k(Z))→ 0.

On the mirror edge, namely for (p, q) = (d − k, d), we have an exact sequence

0→ Hd−k(X,Hd(Z))/n→ Hd−k(X,Hd(Z/n))→ nHd−(k−1)(X,Hd(Z))→ 0. (3)

We remark that the map Hp(X,Hq(Z/n)) → nHp+1(X,Hq(Z)) in (2) is induced from
the connecting map in the snake lemma applied to the diagram

0 0










y











y

· · · −−−−−−→
⊕

X(p) Hq−p(C(x),Z) −−−−−−→
⊕

X(p+1) Hq−p−1(C(x),Z) −−−−−−→ · · ·










y

n











y

n

· · · −−−−−−→
⊕

X(p) Hq−p(C(x),Z) −−−−−−→
⊕

X(p+1) Hq−p−1(C(x),Z) −−−−−−→ · · ·










y











y

· · · −−−−−−→
⊕

X(p) Hq−p(C(x),Z/n) −−−−−−→
⊕

X(p+1) Hq−p−1(C(x),Z/n) −−−−−−→ · · ·










y











y

0 0.
(4)

Here the horizontals are part of the Bloch-Ogus complexes computing the cohomol-
ogy of Hq(Z) and Hq(Z/n) (= the q-th row in the E1 page of the coniveau spectral
sequence). The columns are exact by the exactness of (1) for smooth Zariski open sets
of {x}.
Colliot-Thélène and Voisin [11], [21] studied the sequence (2) in the following cases
and found connection with algebraic cycles.

• (p, q) = (0, 3), with the defect Z4(X) of the integral Hodge conjecture for codi-
mension 2 cycles [11];

• (p, q) = (0, 4), with the torsion Abel-Jacobi kernel T 3(X) in Griff3(X) [21];

• (p, q) = (d − 3, d), with the defect Z2(X) of the integral Hodge conjecture for
1-cycles [11].

In §4 we study the case (p, q) = (d − 4, d) and relate it also to 1-cycles.
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•

• • •

• • • • •❍❍❍❍❍❍❍❍❥

❍❍❍❍❍❍❍❍❥

Ed,d
2

Ed−1,d−1
2Ed−2,d−1

2

Ed−4,d
2 Ed−3,d

2 Ed−2,d
2

Figure 1: Bloch-Ogus spectral sequence in degree ≥ 2d − 4

3 Griffiths group of 1-cycles

Let X be a smooth projective complex variety of dimension d. We consider the Bloch-
Ogus spectral sequence in degree ≥ 2d − 4 and relate it to the Griffiths group of
1-cycles. The situation of the spectral sequence is somewhat similar to that in degree
≤ 4.

Proposition 3.1. We have an exact sequence

H2d−4(X,Z)
e4
→ Hd−4(X,Hd(Z))

d2
→ Hd−2(X,Hd−1(Z))→ H2d−3(X,Z)

e3
→ Hd−3(X,Hd(Z))

d2
→ NS1(X)

cl
→ H2d−2(X,Z)

e2
→ Hd−2(X,Hd(Z))→ 0.

(5)

Here NS1(X) = CH1(X)/A1(X) is the group of 1-cycles modulo algebraic equiva-
lence and cl is the cycle map on NS1(X). The kernel of ei is the coniveau subgroup
Nd−i+1H2d−i(X,Z) of H2d−i(X,Z).

The same exact sequence holds for Z/n-coefficients with NS1(X) replaced by
NS1(X)/n.

Proof. As illustrated in Figure 1,

1. the only nonzero differential from degree 2d − 3 to 2d − 2 is d2 : Ed−3,d
2 →

Ed−1,d−1
2 , and there is no nonzero differential from degree 2d − 2 to 2d − 1, so

the spectral sequence in degree 2d − 2 degenerates at the E3 page;

2. similarly, the only nonzero differential from degree 2d − 4 to 2d − 3 is d2 :
Ed−4,d

2 → Ed−2,d−1
2 , so the spectral sequence in degree 2d − 3 degenerates at the

E3 page as well.
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The observation (1) gives an exact sequence

Ed−3,d
2

d2
→ Ed−1,d−1

2

cl
→ E2d−2

∞

e2
→ Ed−2,d

2 → 0,

and (2) gives an exact sequence

E2d−4
∞

e4
→ Ed−4,d

2

d2
→ Ed−2,d−1

2 → E2d−3
∞

e3
→ Ed−3,d

2

d2
→ Ed−1,d−1

2 .

Combining these two exact sequences gives the desired sequence. Since the Bloch-
Ogus spectral sequence converges to the coniveau filtration, the first nontrivial step of
the coniveau filtration is Ker(ei) and it is equal to Nd−i+1H2d−i(X,Z). �

Colliot-Thélène and Voisin [11] studied the third line of (5) and found

nZ2(X) ≃ nHd−2(X,Hd(Z)). (6)

Combining this with (3) with k = 3, they obtained the exact sequence

0→ Hd−3(X,Hd(Z))/n→ Hd−3(X,Hd(Z/n))→ nZ2(X)→ 0. (7)

In §4 we will give a cycle-theoretic interpretation of Hd−4(X,Hd(Z/n)). For complete-
ness we also describe Hd−k(X,Hd(Z/n)) for k ≤ 2.

Proposition 3.2. (1) We have exact sequences

0→ Hd−2(X,Hd(Z))/n→ Hd−2(X,Hd(Z/n))→ nH1(X,Z)→ 0, (8)

0→ Hd−2(X,Hd(Z)) ⊗ Q/Z→ Hd−2(X,Hd(Q/Z))→ torH1(X,Z)→ 0.

When X is rationally connected, we have Hd−2(X,Hd(Q/Z)) = 0.
(2) We have Hd−1(X,Hd(Z/n)) ≃ H1(X,Z)/n. This vanishes for rationally connected
X.

Proof. These are consequences of (3) with k = 1, 2 and degeneration of the Bloch-
Ogus spectral sequence in degree ≥ 2d − 1, which gives

Hd−1(X,Hd(Z)) ≃ H2d−1(X,Z) ≃ H1(X,Z),

Hd(X,Hd(Z)) ≃ H2d(X,Z) ≃ Z.

When X is rationally connected, it is simply connected and so H1(X,Z) = 0. Moreover,
Hd−2(X,Hd(Z)) ⊗ Q/Z is zero by [11] Proposition 3.3. �

If Voisin’s conjecture (cf. [22]) that Z2(X) = 0 for rationally connected X holds true,
we have Hd−2(X,Hd(Z)) = 0 for such X by (6). Then Hd−2(X,Hd(Z/n)) would also
vanish by (8).
We go back to observing the exact sequence (5). The Griffiths group Griff1(X) is
the kernel of the cycle map cl defined on NS1(X) and hence equals to the image of
d2 : Hd−3(X,Hd(Z))→ NS1(X). As in §1, we denote

Λ(X) := H2d−3(X,Z)/Nd−2H2d−3(X,Z). (9)
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This is a finitely generated abelian group and also isomorphic to

Im( e3 : H2d−3(X,Z)→ Hd−3(X,Hd(Z)) )

= Ker( d2 : Hd−3(X,Hd(Z))→ NS1(X) )

by (5). Looking at the second to third line of (5), we obtain the following description
of Griff1(X).

Proposition 3.3. We have an exact sequence

0→ Λ(X)→ Hd−3(X,Hd(Z))→ Griff1(X)→ 0. (10)

In particular, when H2d−3(X,Z) = Nd−2H2d−3(X,Z) holds, we have

Griff1(X) ≃ Hd−3(X,Hd(Z)).

This is analogous to Bloch-Ogus’ description ([5]) of Griff2(X)

0→ H3(X,Z)/N1H3(X,Z)→ H3
nr(X,Z)→ Griff2(X)→ 0.

It is known that the three terms in (10) are all birationally invariant for smooth projec-
tive X. For Hd−3(X,Hd(Z)) this is proved in [11]; for the other two terms, this results
from the corresponding blow-up formulae:

CH1(X̃) ≃ CH1(X) ⊕ CH0(Y),

H2d−3(X̃,Z) ≃ H2d−3(X,Z) ⊕ H2e−1(Y,Z),

where X̃ → X is the blow-up along a smooth subvariety Y ⊂ X of dimension e.

Corollary 3.4. The group Griff1(X) is finitely generated if and only if
Hd−3(X,Hd(Z)) is.

Bloch-Srinivas [6] proved that when CH0(X) is supported in dimension ≤ 2, Griff1(X)
is a torsion group. Hence in that case, Griff1(X) is finite if and only if Hd−3(X,Hd(Z))
is. We remark that the result of Bloch-Srinivas can also be derived from (10) and the
fact that Hd−3(X,Hd(Z)) is torsion in that case ([11]), but this may be roundabout.
The assumption H2d−3(X,Z) = Nd−2H2d−3(X,Z) in the second statement of Proposi-
tion 3.3 might be hard to check, unless H2d−3(X,Z) = 0. For example, this holds for
complete intersections of dimension d ≥ 5. When this assumption holds, we have an
exact sequence

0→ Griff1(X)/n→ Hd−3(X,Hd(Z/n))→ nZ2(X)→ 0

by Colliot-Thélène–Voisin’s exact sequence (7).
Taking the Ext(Z/n, ·) long exact sequence associated to (10) (or equivalently, apply-
ing the snake lemma to the multiplication by n on (10)), we obtain a description of the
torsion part of Griff1(X).
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Proposition 3.5. We have exact sequences

0→ nΛ(X)→ nHd−3(X,Hd(Z))→ nGriff1(X)

→ Λ(X)/n→ Hd−3(X,Hd(Z))/n→ Griff1(X)/n→ 0,

0→ torΛ(X)→ torHd−3(X,Hd(Z))→ torGriff1(X)

→ Λ(X) ⊗ Q/Z→ Hd−3(X,Hd(Z)) ⊗ Q/Z→ Griff1(X) ⊗ Q/Z→ 0.

Corollary 3.6. The group nGriff1(X) (resp. Griff1(X)/n) is finite if and only if
nHd−3(X,Hd(Z)) (resp. Hd−3(X,Hd(Z))/n) is.

In the corollary we may also replace Hd−3(X,Hd(Z))/n by Hd−3(X,Hd(Z/n)) thanks
to the exact sequence (7).

4 Torsion Abel-Jacobi kernel in Griff1(X)

Let J2d−3(X) be the intermediate Jacobian of X in degree 2d − 3. The algebraic part
J2d−3(X)alg of J2d−3(X) is defined as the image of the Abel-Jacobi map λalg : A1(X)→
J2d−3(X) from A1(X) ⊂ CH1(X)hom. This is an abelian variety, which corresponds to
the weight 1 sub Q-Hodge structure Nd−2H2d−3(X,Q) of H2d−3(X,Q). Consider the
quotient complex torus

J2d−3(X)tr := J2d−3(X)/J2d−3(X)alg.

The Abel-Jacobi map λ : CH1(X)hom → J2d−3(X) from CH1(X)hom induces a homo-
morphism λtr : Griff1(X) → J2d−3(X)tr. We consider its restriction to the torsion
part

torλtr : torGriff1(X)→ tor J2d−3(X)tr.

The situation is summarized in the commutative diagram

0 −−−−−−→ torA1(X) −−−−−−→ torCH1(X)hom −−−−−−→ torGriff1(X) −−−−−−→ 0

torλalg











y











y
torλ torλtr











y

0 −−−−−−→ tor J2d−3(X)alg −−−−−−→ tor J2d−3(X) −−−−−−→ tor J2d−3(X)tr −−−−−−→ 0.

The two rows are exact by the divisibility of A1(X) and J2d−3(X)alg respectively. The
homomorphism torλalg remains surjective because A1(X) is generated by abelian vari-
eties via correspondences.
Following Voisin [21], we define

T1(X) := Ker(torλtr) ⊂ torGriff1(X).

As shown by Voisin, T1(X) coincides with the image of Ker(torλ) in Griff1(X), which
is the definition stated in §1. This equality can be seen from the snake lemma applied
to the above commutative diagram, which gives the short exact sequence

0→ torKer(λalg)→ torKer(λ)→ T1(X)→ Coker(torλalg) = 0. (11)

Our main result is the following.
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Theorem 4.1. We have an exact sequence

0→ torΛ(X)→ Hd−4(X,Hd(Q/Z))/Hd−4(X,Hd(Z)) ⊗ Q/Z→ T1(X)→ 0. (12)

If CH0(X) is supported in dimension ≤ 3, we have an exact sequence

0→ torΛ(X)→ Hd−4(X,Hd(Q/Z))→ T1(X)→ 0.

If CH0(X) is supported in dimension ≤ 2, then Λ(X) is finite, T1(X) coincides with
Griff1(X), and hence we have an exact sequence

0→ Λ(X)→ Hd−4(X,Hd(Q/Z))→ Griff1(X)→ 0. (13)

Proof. When CH0(X) is supported in dimension ≤ 3, Hd−4(X,Hd(Z)) is torsion by
[11]. Hence it is annihilated when tensored with Q/Z. When CH0(X) is supported in
dimension ≤ 2, Griff1(X) is torsion by [6], and also H2d−3(X,Q) = Nd−2H2d−3(X,Q)
because Hd−3(X,Hd(Q)) = 0 by [11]. Hence Λ(X) ⊗ Q = 0 and J2d−3(X)tr = 0. It
remains to prove (12).
We apply (2) and the universal coefficient theorem to the 2nd to 4th terms of (5) and
its Z/n-coefficients version. This gives

0 // Hd−4(X,Hd(Z))/n //

��

Hd−4(X,Hd(Z/n))
α //

d2

��

nHd−3(X,Hd(Z)) //

−nd2

��

0

0 // Hd−2(X,Hd−1(Z))/n //

ψ/n

��

Hd−2(X,Hd−1(Z/n))
α //

ψn

��

nNS1(X) //

−ncl

��

0

0 // H2d−3(X,Z)/n // H2d−3(X,Z/n)
β // nH2d−2(X,Z) // 0,

(14)

where all rows and the middle column are exact, and the other two columns are com-
plex. The right column is (up to sign) restriction of the 5th to 7th terms of (5) to the
n-torsion parts.

Commutativity at the lower right, saying that the connecting map α of (4) with
(p, q) = (d−2, d−1) is translated to the Bockstein homomorphism β via the edge mor-
phisms of the spectral sequence (up to sign), is essentially proved in [10] Proposition 1
(replace µm by Z, and the Gersten-Quillen complex by the Bloch-Ogus complex with
coefficients in Z). Commutativity at the upper right, namely compatibility of the con-
necting map α of (4) with the d2 differential, holds generally. It can be checked in the
following way (we refer to [9] §1 for the notation): (1) consider the multiplication-by-
n and reduction-to-Z/n-coefficients on the whole exact couple (D

→

p,q, E
→

p,q) with which

the coniveau spectral sequence started; (2) interpolate

lim
−−→~Z

Hp+q+1(X − Zp+3, X − Zp+1) (15)
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into the relevant diagram

E
→

p,q
k

// D
→

p+1,q
j

//

$$❏
❏

❏
❏

❏
E
→

p+1,q
k

// D
→

p+2,q

(15)

OO✤
✤
✤

$$❏
❏

❏
❏

❏

D
→

p+2,q−1
j

//

i

OO

E
→

p+2,q−1
k

//

OO✤
✤

✤

D
→

p+3,q−1
j

//

i

OO

E
→

p+3,q−1

(multiplication-by-n and reduction-to-Z/n-coefficients are omitted); and then (3) run
diagram chasing. The key point is that both the results of d2 ◦ α and −α ◦ d2 come
from a common element of (15) with Z-coefficients which is to be multiplied by n.
Now we apply the snake lemma to the lower two rows of (14). The resulting connect-
ing map Ker(ncl)→ Coker(ψ/n) is rewritten as

λn : nGriff1(X)→ Λ(X)/n.

Then the upper side of (14) induces the commutative diagram

0 // Hd−4(X,Hd(Z))/n

��

// Hd−4(X,Hd(Z/n))

d2

��

// nHd−3(X,Hd(Z))

πn

��

// 0

0 // Ker(ψ/n) // Ker(ψn) // Ker(λn) // 0.

Since the middle vertical is surjective by the exactness of the middle column of
(14), the right vertical πn is also surjective. Since πn is restriction of the map
d2 : Hd−3(X,Hd(Z))→ NS1(X) of (5) to the n-torsion part, its kernel is

nKer( d2 : Hd−3(X,Hd(Z))→ NS1(X) ) ≃ nΛ(X).

Thus we obtain an exact sequence

0→ nΛ(X)→ nHd−3(X,Hd(Z))→ Ker(λn)→ 0.

Taking direct limit with respect to n, we have an exact sequence

0→ torΛ(X)→ torHd−3(X,Hd(Z))→ Ker(λ∞)→ 0

where
λ∞ := lim

−−→
n

λn : torGriff1(X)→ Λ(X) ⊗ Q/Z.

The construction of λ∞ as a connecting map coincides with that of Voisin’s map
cld−1,tors,tr in [21] p.354 (more precisely, its restriction to torGriff1(X)). By [21] Propo-
sition 4.4, we see that λ∞ = torλtr and so Ker(λ∞) = T1(X). Finally, our assertion
follows by taking direct limit of (3) with k = 4. �
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Remark 4.2. (1) This proof was inspired by the argument of Voisin [21] in the H4
nr

case. On the other hand, if we add the present argument to Voisin’s proof, we obtain
an exact sequence

0→ tor(N
1H5(X,Z)/N2H5(X,Z))→ H4

nr(X,Q/Z)/H4
nr(X,Z) ⊗ Q/Z→ T 3(X)→ 0.

Since H5(X,Z)/N1H5(X,Z) has no torsion ([11], [3]), the first term is equal to
tor(H5(X,Z)/N2H5(X,Z)). This gives a refinement of Voisin’s result which was proved
under the assumption that H5(X,Z)/N2H5(X,Z) has no torsion.
(2) We can rewrite (12) in a form compatible with (10):

0 //
torΛ(X) //

� _

��

torHd−3(X,Hd(Z)) //
� _

��

T1(X) //
� _

��

0

0 // Λ(X) // Hd−3(X,Hd(Z)) // Griff1(X) // 0.

It seems plausible that the map λn coincides with the connecting map in Proposition
3.5, but we have not checked this.
(3) The exact sequence (13) also follows from (10) and the vanishing
Hd−i(X,Hd(Q)) = 0 for i = 3, 4.

In the proof of Theorem 4.1 we also obtained a description of the kernel of the
“mod n” transcendental Abel-Jacobi map λn : nGriff1(X) → Λ(X)/n in terms of
Hd−4(X,Hd(Z/n)).

Corollary 4.3. We have an exact sequence

0→ nΛ(X)→ Hd−4(X,Hd(Z/n))/(Hd−4(X,Hd(Z))/n)→ Ker(λn)→ 0.

The referee pointed out that in some case, algebraic equivalence for torsion 1-cycles
with null Deligne class reduces to rational equivalence. Consider the condition

⊕

W∈X(d−2)

H1(W̃,Z)→ Nd−2H2d−3(X,Z)/torsion is surjective, (16)

where W runs through irreducible surfaces in X and W̃ is a desingularization of W.
As noticed by Grothendieck [13], this seems a subtle problem while its Q-coefficients
version always holds.

Proposition 4.4. Suppose that (i) CH0(X) is supported in dimension 0, (ii) Λ(X)
is torsion-free, and (iii) the condition (16) holds. Then the map torKer(λ) → T1(X) in
(11) is isomorphic. Thus in this case we have

Hd−4(X,Hd(Q/Z)) ≃ Griff1(X) = T1(X) ≃ torKer(λ),

the last being a subgroup of torCH1(X)hom.
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Proof. The second assertion follows from the first and Theorem 4.1. By (11), the first
assertion is equivalent to the vanishing of torKer(λalg). We first show that the condi-
tions (ii) and (iii) imply that Ker(λalg) is a divisible group. Since A1(X) is divisible, it
suffices to prove that nA1(X) → nJ2d−3(X)alg is surjective for every n > 0. As in the
proof of [4] Lemma 1.4, this follows if we could find a (possibly reducible) surface
W ⊂ X such that nPic0(W̃)→ nJ2d−3(X)alg is surjective where W̃ is a desingularization
of W, for this homomorphism is factorized as

nPic0(W̃) = nA1(W̃)→ nA1(X)→ nJ2d−3(X)alg.

Since Pic0(W̃) → J2d−3(X)alg is defined by the morphism of Z-Hodge structure of
weight 1

j∗ : H1(W̃,Z)→ Nd−2H2d−3(X,Q) ∩ H2d−3(X,Z)

where j : W̃ → X, our assertion holds if j∗ is surjectve. Note that j∗ factors through

H1(W̃,Z)→ Nd−2H2d−3(X,Z)/torsion ⊂ Nd−2H2d−3(X,Q) ∩ H2d−3(X,Z).

By the condition (ii), the second inclusion is equality. By the condition (iii), we can
find finitely many irreducible surfaces W1, · · · ,Wk ⊂ X such that ⊕iH1(W̃i,Z) maps
surjectively onto Nd−2H2d−3(X,Z)/torsion. It now suffices to take W =

∑

i Wi.
We next show that the condition (i) implies that torKer(λalg) is annihilated by some
natural number. We prove this for torKer(λ). By the Bloch-Srinivas principle [6], we
have a decomposition of the diagonal

N∆X ∼ Γ1 + Γ2 ∈ CHd(X × X)

for some N > 0, where Γ1 is supported on D×X for some divisor D ⊂ X and Γ2 is sup-
ported on X × {p1, · · · , pk} for some points p1, · · · , pk ∈ X. The correspondence by Γ2

clearly annihilates every 1-cycle. On the other hand, if D̃ → D is a desingularization
of D, the correspondence by Γ1 factors through the pullback to D̃. The pullback of
a torsion 1-cycle with null Deligne class to D̃ is a torsion 0-cycle with null Albanese
invariant, which must be rationally equivalent to zero by a theorem of Roitman [19].
Hence N · torKer(λ) = 0. We thus obtain torKer(λalg) = 0. �

For example, this proposition applies to Fano complete intersections of dimension
d ≥ 5 for they are rationally connected and have H2d−3(X,Z) = 0. We note that to
deduce divisibility of Ker(λalg), one may also replace the conditions (ii), (iii) by (iv)
Nd−2H2d−3(X,Q) = 0 because Ker(λalg) = A1(X) in that case.

5 Torsion cycles in Ak(X)

The previous sections dealt with Griff1(X) and its torsion subgroup. In this section,
as another application of (2), we give a description of the torsion part of Ap(X) in
terms ofH-cohomology for arbitrary p. This is independent of §3 and §4. LetKp and
KM

p be the Zariski sheaves on X associated to the Quillen K-theory and the Milnor
K-theory respectively. As a consequence of the Bloch-Kato conjecture proved by
Rost-Voevodsky [20] and the work of Kerz [15], we have an isomorphism KM

p /n ≃
H p(Z/n) for every n > 1 (see [11] p.745 and [3] p.9).

Documenta Mathematica 22 (2017) 1501–1517



1514 S. Ma

Theorem 5.1. Let X be a smooth complex projective variety. We have exact se-
quences

0→ Hp−1(X,Kp)/n→ Hp−1(X,H p(Z))/n→ nAp(X)→ 0,

0→ Hp−1(X,Kp) ⊗ Q/Z→ Hp−1(X,H p(Z)) ⊗ Q/Z→ torAp(X)→ 0.

The same exact sequences with Kp replaced by KM
p also hold.

Remark 5.2. When p = 2, the second sequence reduces to the famous formula
([16], [17])

torA2(X) ≃ H1(X,H2(Z)) ⊗ Q/Z ≃ N1H3(X,Z) ⊗ Q/Z ≃ tor J3(X)alg.

Proof. We will combine three short exact sequences. Firstly, the (p− 1, p) case of (2)
gives an exact sequence

0→ Hp−1(X,H p(Z))/n→ Hp−1(X,H p(Z/n))→ nNSp(X)→ 0. (17)

As explained at (4), the map Hp−1(X,H p(Z/n)) → nNSp(X) is induced from the
boundary map in the snake lemma for the middle and left columns of the diagram
⊕

X(p−2) H2(C(x),Z) −−−−−−→
⊕

X(p−1) H1(C(x),Z) −−−−−−→
⊕

X(p) Z










y

n











y

n











y

n

⊕

X(p−2) H2(C(x),Z) −−−−−−→
⊕

X(p−1) H1(C(x),Z) −−−−−−→
⊕

X(p) Z










y











y











y

⊕

X(p−2) H2(C(x),Z/n) −−−−−−→
⊕

X(p−1) H1(C(x),Z/n) −−−−−−→
⊕

X(p) Z/n










y











y











y

0 0 0.

(18)

Secondly, Colliot-Thélène, Sansuc and Soulé derived an exact sequence ([10] and [7]
§3.2)

0→ Hp−1(X,Kp)/n→ Hp−1(X,H p(Z/n))→ nCHp(X)→ 0. (19)

As explained in [10], [7], the map Hp−1(X,H p(Z/n))→ nCHp(X) is induced from the
boundary map in the snake lemma for the middle and left columns of the diagram

⊕

X(p−2) K2C(x) −−−−−−→
⊕

X(p−1) C(x)× −−−−−−→
⊕

X(p) Z










y

n










y

n










y

n

⊕

X(p−2) K2C(x) −−−−−−→
⊕

X(p−1) C(x)× −−−−−−→
⊕

X(p) Z










y











y











y

⊕

X(p−2) H2(C(x),Z/n) −−−−−−→
⊕

X(p−1) H1(C(x),Z/n) −−−−−−→
⊕

X(p) Z/n.










y











y











y

0 0 0.

(20)
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The upper two rows come from the Gersten-Quillen resolution of Kp. The columns
are exact: the middle comes from the Kummer theory, and the left from the Merkurjev-
Suslin theorem [16].
Note that in (19) we may replace Kp by KM

p because the Gersten resolution has been
established also for the Milnor K-theory [15] and KiF = KM

i F for i ≤ 2, so the upper
rows also compute Hp−1(X,KM

p ). Indeed, we have Hp−1(X,Kp) ≃ Hp−1(X,KM
p ).

Thirdly, since Ap(X) is divisible, the sequence

0→ nAp(X)→ nCHp(X)→ nNSp(X)→ 0 (21)

remains exact.
Combining the three exact sequences (17), (19), (21), we obtain

0










y

0 −−−−−−−−→ Hp−1(X,Kp)/n Hp−1(X,Kp)/n −−−−−−−−→ 0










y











y

0 −−−−−−−−→ Hp−1(X,H p(Z))/n −−−−−−−−→ Hp−1(X,H p(Z/n)) −−−−−−−−→ nNSp(X) −−−−−−−−→ 0










y

∥

∥

∥

∥

0 −−−−−−−−→ nAp(X) −−−−−−−−→ nCHp(X) −−−−−−−−→ nNSp(X) −−−−−−−−→ 0










y

0

Commutativity at the lower right can be checked by comparing the boundary maps in
the snake lemmas for (18) and (20). They are connected through the map C(x)× →
H1(C(x),Z) which is induced from the boundary maps of the exponential sequences on
smooth Zariski open sets of {x}. Now diagram chasing (or the snake lemma) induces
vertical morphisms on the left column of this diagram, and shows that it is exact. �

By Proposition 3.5 and Theorem 5.1 with p = d − 1, we conclude that the torsion part
of CH1(X)hom is controlled by the degree 2d−3 terms in the E2 page of the Bloch-Ogus
spectral sequence with Z-coefficients.
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Abstract. Positive configurations of points in the affine building
were introduced in [Le] as the basic object needed to define higher
laminations. We start by giving a self-contained, elementary definition
of positive configurations of points in the affine building and their
basic properties. Then we study the geometry of these configurations.
The canonical functions on triples of flags that were defined by Fock
and Goncharov in [FG1] have a tropicalization that gives functions
on triples of points in the affine Grassmannian. One expects that
these functions, though of algebro-geometric origin, have a simple
description in terms of the metric structure on the corresponding affine
building.

We give a several conjectures describing the tropicalized canonical
functions in terms of the geometry of affine buildings, and give proofs
of some of them. The statements involve minimal networks and have
some resemblance to the max-flow/min-cut theorem, which also plays
a role in the proofs in unexpected ways. The conjectures can be
reduced to purely algebraic statements about valuations of lattices
that we argue are interesting in their own right.

One can view these conjectures as the first examples of intersection
pairings between higher laminations. They fit within the framework
of the Duality Conjectures of [FG1].
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1 Introduction

This paper has two goals: the first is to give a simple exposition of positive
configurations of points in the affine building; the second is to begin the study
of the rich geometry of this object. In particular, we lay out several conjectures
that give a geometric interpretation of the beautiful set of canonical functions
that were defined by Fock and Goncharov in [FG1]. These conjectures serve
as the first step towards defining the intersection pairing between higher lami-
nations, which is naturally a pairing between higher laminations for Langlands
dual groups.
We start with some motivation. The canonical functions were originally defined
on the space of configurations of three principal affine flags associated to the
group G = SLn(R) (with appropriate adjustments, one can let G = PGLn(R)
or GLn(R)). There is a canonical function fijk for every triple of non-negative
integers i, j, k such that i+ j + k = n.
To a principal affine flag, one can associate a horocycle in the symmetric space
X = G/K, where K ⊂ G is the maximal compact subgroup of G. One can
interpret the value of the canonical functions on a triple of affine flags in terms
of the minimal total weighted distance of a spanning network between the three
corresponding horocycles.
We are interested in the tropicalization of these functions, explained in [Le] and
[GS]. Whereas the canonical functions parameterize configurations of principal
affine flags, the tropicalized canonical functions parameterize (positive) virtual
configurations of points in the affine building associated to G. (The adjective
“virtual” is a technicality that will not be relevant for this paper, while the
adjective “positive” will be explained later on, and is not of central importance.)
The affine building associated to G is the natural tropical analogue of the
symmetric space.
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These tropicalized functions again should have a geometric interpretation: we
expect that they are given by the minimal total weighted distance of a spanning
network between three horocycles in the affine building. However, we would
rather work with points in the affine building than with horocycles. For this
reason, we conjecture that there is a more refined and simpler description of
these functions in terms of the geometry of configurations of points in the affine
building.
For our purposes, we will restrict our attention to configurations of points
in the affine building, which is the most important case. The extension to
virtual configurations is straightforward. So the question becomes: given a
configuration of three points in the affine building, how do we calculate, in a
geometric way, the value of the tropicalized functions f tijk on this configuration?
We conjecture that they are given by the minimal total weighted distance of a
spanning network between the three points in the affine building.
Let us elaborate on the conjecture. We will see below that the affine building
has a (non-symmetric) distance function valued in the coweight lattice. If x1
and x2 are points in the affine building, d(x1, x2) will be a dominant coweight.
Let x1, x2, x3 be any configuration of points in the affine Grassmannian. Let
ωi, ωj , ωk be fundamental weights of SLn with i+j+k = n. Then we conjecture
that

f tijk(x1, x2, x3) = min
p
{ωi · d(p, x1) + ωj · d(p, x2) + ωk · d(p, x3)},

where the minimum is taken over all p in the affine building.
The functions f tijk are defined in terms of finding the most negative value of
some determinant expression. On the other hand, the conjecture states that
the same quantity is computed by minimizing some weighted network. Thus
the maximum of one type of quantity is the minimum of another, and the
statement resembles max-flow/min-cut.
Below, we prove two special cases of the conjecture, which are in some sense
orthogonal:

1. the configuration of points x1, x2, x3 is small in a precise sense described
below

2. the points x1, x2, x3 all lie in an apartment of the building

We think that combining the approaches of these two special cases could pos-
sibly prove the entire conjecture. It is very interesting to us that our proofs of
both cases use max-flow/min-cut, but in each case in a very different way. We
think of these conjectures as a kind of max-flow/min-cut for affine buildings.

Acknowledgments We thank Po-Shen Loh and Aaron Pixton for helpful
conversations and their interest in this work. We are also grateful for the sup-
port of NSF Grant DMS-1041500 and the Math Olympiad Summer Program,
where much of this work was done.
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2 Background

2.1 Affine Grassmannian and affine buildings

We now begin by laying out the necessary definitions. First we will give an
introduction to the affine Grassmannian and the affine building.
Let us define the affine Grassmannian. Let G be a simple, simply-connected
complex algebraic group and let G∨ be its Langlands dual group. Let F be a
field, which for our purposes will always be R or C. Let O = F[[t]] be the ring
of formal power series over F. It is a valuation ring, where the valuation val(x)
of an element

x =
∑

k

akt
k ∈ F((t))

is the minimum k such that ak 6= 0.
Let K = F((t)) be the fraction field of O. Then

Gr(F) = Gr(G) = G(K)/G(O)

is the set of F-points of the affine Grassmannian for G. It can be viewed as a
direct limit of F-varieties of increasing dimension.
For G = SLn, a point in the affine Grassmannian corresponds to a finitely
generated, rank n, O-submodule of Kn such that if v1, . . . , vn are generators
for this submodule, then

v1 ∧ · · · ∧ vn = e1 ∧ · · · ∧ en,

where e1, . . . , en is the standard basis of Kn. We will often call such full rank
O-submodules lattices. G(K) acts on the space of lattices with the stabilizer of
each lattice being isomorphic to G(O), which acts by changing the basis of the
submodule while leaving the submodule itself fixed. We will later make use of
this interpretation.
The affine Grassmannian Gr also has a metric valued in dominant coweights:
the set of pairs of elements of Gr up to the action of G(K) is exactly the set of
double cosets

G(O)\G(K)/G(O).

These double cosets, in turn, are in bijection with the cone Λ+ of dominant
coweights of G. Recall that the coweight lattice Λ is defined as Hom(Gm, T ).
The coweight lattice contains dominant coweights, those coweights lying in the
dominant cone. For example, for G = GLn, the set of dominant coweights is
exactly the set of µ = (µ1, . . . , µm), where µ1 ≥ µ2 ≥ · · · ≥ µn and µi ∈ Z. Let
us explain why the set of double cosets is in bijection with the set of dominant
coweights.
Given any dominant coweight µ of G, there is an associated point tµ in the
(real) affine Grassmannian: to a coweight µ = (µ1, . . . , µm) we associate the
element of G(K) with diagonal entries t−µi , and then project to the affine
Grassmannian. Any two points p and q of the affine Grassmannian can be
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translated by an element of G(K) to t0 and tµ, respectively, for some unique
dominant coweight µ. This gives the identification of the double coset space
with Λ+.
Under this circumstance, we will write

d(p, q) = µ

and say that the distance from p to q is µ.
Let us collect some facts about this distance function d. Note that this distance
function is not symmetric; one can easily check that

d(q, p) = −w0d(p, q)

where w0 is the longest element of the Weyl group of G (recall that the Weyl
group acts on both the weight space Λ∗ and its dual Λ). However, there is a
partial order on Λ defined by λ > µ if λ−µ is positive (i.e., in the positive span
of the positive co-roots). Under this partial ordering, the distance function
satisfies a version of the triangle inequality. By construction, the action of
G(K) on the affine Grassmannian preserves this distance function.
We are interested in the affine Grassmannian, but not in its finer structure as a
variety. In fact, we will only consider properties of the affine Grassmannian that
depend on the above distance function, and possibly on some positive struc-
ture. For this reason, we will introduce affine buildings, a sort of combinatorial
skeleton of the affine Grassmannian.
Let us first introduce the affine building for G = PGLn. The affine Grass-
mannian for G = PGLn consists of lattices (finitely generated, rank n O-
submodules of Kn) up to scale: two lattices L and L′ are equivalent if L = cL′

for some c ∈ C((t)). The set of vertices of the affine building for PGLn is
precisely given by the points of the affine Grassmannian Gr(PGLn).
For any lattices L0, L1, . . . , Lk, there is a k-simplex with vertices at
L0, L1, . . . , Lk if and only if (replacing each lattice by an equivalent one if
necessary)

L0 ⊂ L0 ⊂ · · · ⊂ Lk ⊂ t−1L0.

This gives the affine building the structure of a simplicial complex. The affine
building for G = SLn is the same simplicial complex, but where we restrict
our attention to those vertices that come from the affine Grassmannian for
G = SLn.
The non-symmetric, coweight-valued metric we defined above descends from
the affine Grassmannian to the affine building. The notion of a geodesic with
respect to his metric is sometimes useful. For our purposes, a geodesic in
the building is a path that travels along edges in the building from vertex to
vertex, such that the sum of the distances from vertex to vertex is minimal (with
respect to the partial order defined above). It is a property of affine buildings
that geodesics exist. Note that in general there will be many geodesics between
two any points.
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2.2 Canonical functions

We now define the canonical functions of triples of affine flags, which will lead
up to the definition of the associated functions on triples of points in the affine
Grassmannian.
Let G = SLn and let U ⊂ G be the subgroup of unipotent upper triangular
matrices. An element of G/U is called a principal affine flag. In concrete terms,
a principal affine flag is given by a set of n vectors v1, . . . , vn where we only
care about the forms

v1 ∧ · · · ∧ vk
for k = 1, 2, . . . , n− 1. We will require that

v1 ∧ · · · ∧ vn

is the standard volume form.
We are interested in the space of (generic) triples of flags up to the left transla-
tion action of G. Suppose we have three flags F1, F2, F3 which are represented
by u1, . . . , un, v1, . . . , vn and w1, . . . , wn respectively. Fock and Goncharov
define a canonical function fijk of this triple of flags for every triple of non-
negative integers i, j, k such that i + j + k = n and i, j, k < n. It is defined
by

fijk(F1, F2, F3) = det(u1, u2, . . . , ui, v1, v2, . . . vj , w1, w2, . . . , wk),

and it is G-invariant by definition. Note that when one of i, j, k is 0, these
functions only depend on two of the flags. We can call such functions edge
functions, and the remaining functions face functions.
Given a cyclic configuration ofm flags, imagine the flags sitting at the vertices of
an m-gon, and triangulate the m-gon. Then taking the edge and face functions
on the edges and faces of this triangulation, we get a set of functions on a cyclic
configuration of flags.

Theorem 1. For any triangulation, the edge and face functions form a coordi-
nate chart. Different triangulations yield different functions that are related to
the original functions by a positive rational transformation (a transformation
involving only addition, multiplication and division) [FG1].

We will now analogously define the triple distance functions f tijk on a configu-

ration of three points in the affine Grassmannian for SLn. The functions f tijk
are the same as the functions Hijk, which were defined in a slightly different
way in [K]. Recall that the affine Grassmannian is given by G(K)/G(O). For
G = SLn, a point in the affine Grassmannian can be thought of as a finitely
generated, rank n O-submodule of Kn such that if v1, . . . , vn are generators for
this submodule, then

v1 ∧ · · · ∧ vn = e1 ∧ · · · ∧ en
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where e1, . . . , en is the standard basis of Kn.
Let x1, x2, x3 be three points in the affine Grassmannian, thought of as O-
submodules of Kn. For i, j, k as above, we will consider the quantity

fijk(x1, x2, x3) = −val(det(u1, . . . , ui, v1, . . . vj , w1, . . . , wk)) (1)

as u1, . . . , ui range over elements of the O-submodule x1, v1, . . . vj range over
elements of the O-submodule x2, and w1, . . . , wk range over elements of the O-
submodule x3. Define f tijk(x1, x2, x3) as the maximum value of of this quantity,
i.e., the largest value of

−val(det(u1, . . . , ui, v1, . . . vj , w1, . . . , wk))

as all the vectors u1, . . . , ui, v1, . . . vj , w1, . . . , wk range over elements of the
respective O-submodules x1, x2, x3.
There is a more invariant way to define f tijk. Lift x1, x2, x3 to elements g1, g2, g3,

of G(K), then project to three flags F1, F2, F3 ∈ G(K)/U(K). Then define f tijk
to be the maximum of −val(fijk(F1, F2, F3)) over the different possible lifts
followed by projection from G(K)/G(O) to G(K)/U(K).

Remark 2. The edge functions recover the distance between two points in
the affine Grassmannian (and hence also the affine building). First, let
fij(x1, x2) := f tij0(x1, x2, x3) for any x3, where i + j = n. Then fij(x1, x2) =
ωj · d(x1, x2) = ωi · d(x2, x1) where ωi is a fundamental weight for SLn.
Let us give a quick proof of this fact. Any two points x1, x2 in the affine
Grassmannian can be translated to the lattices generated by {e1, . . . , en} and
{t−µ1e1, . . . , t

−µnen} respectively, so that d(x1, x2) = µ = (µ1, . . . , µn). Here µ
is some coweight for SLn, so that µ1 ≥ µ2 ≥ · · · ≥ µn and µ1 + · · ·+ µn = 0.
Then

fij(x1, x2) = −val(det(t−µ1e1, . . . , t
−µj ej, ej+1, . . . , en))

= µ1 + · · ·+ µj = ωj · d(x1, x2).

2.3 Positive configurations and conjectures

Now we may define positive configurations of points in the affine building.

Definition 3. Let x1, x2, . . . xm be m points of the real affine Grassmannian.
Then x1, x2, . . . xm will be called a positive configuration of points in the affine
Grassmannian if and only if there exist ordered bases for xi,

vi1, vi2, . . . , vin,

such that for each 1 ≤ p < q < r ≤ m, and each triple of non-negative integers
i, j, k such that i+ j + k = n,

• f tijk(xp, xq, xr) = −val(det(vp1, . . . , vpi, vq1, . . . vqj , vr1, . . . , vrk))
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• the leading coefficient of det(vp1, . . . , vpi, vq1, . . . vqj , vr1, . . . , vrk) is posi-
tive.

Note that it is important in the above definition that we are taking the valu-
ations of the determinants of the first i (respectively j, k) vectors among the
bases for xp (respectively xq, xr), and not just any i (respectively j, k) vectors.

Remark 4. By the results of [Le], it is sufficient to verify the two conditions
above for only those triples p, q, r occuring in any one triangulation of the m-
gon. The valuation condition and the positivity condition for one triangulation
implies the these conditions for any other triangulation, and hence for an ar-
bitrary triple p, q, r.

We can now introduce our conjectures on the tropical functions f tijk. We need
some notation first. Let ωi be the i-th fundamental weight for SLn: ωi =
(1, . . . , 1, 0, . . . , 0) where there are i 1’s and n − i 0’s. Recall that for any two
points p, q in the affine Grassmannian, d(p, q) is an element of the coweight
lattice for SLn.

Conjecture 5. (Weak form) Let x1, x2, x3 be a positive configuration of points
in the affine Grassmannian. Then

f tijk(x1, x2, x3) = min
p
ωi · d(p, x1) + ωj · d(p, x2) + ωk · d(p, x3),

where the minimum is taken over all p in the affine Grassmannian.

There is a stronger, perhaps bolder, form of the conjecture, which is also inter-
esting, although it is less related to the geometry of laminations:

Conjecture 6. (Strong form) Let x1, x2, x3 be any configuration of points in
the affine Grassmannian. Then

f tijk(x1, x2, x3) = min
p
ωi · d(p, x1) + ωj · d(p, x2) + ωk · d(p, x3),

where the minimum is taken over all p in the affine Grassmannian.

We can make a few elementary observations.

Observation 7. On positive configurations of points in the affine building, the
functions f tijk only depend on metric properties of the configuration within the
building: if there is an isometry of the building mapping x1, x2, x3 to x′1, x

′
2, x
′
3,

then f tijk(x1, x2, x3) = f tijk(x′1, x
′
2, x
′
3) [Le]

Thus our conjecture is giving a more precise description of how the functions
fijk measure metric properties of the configuration.

Observation 8. One inequality in the conjecture is clearly true. We have that
for any configuration of points x1, x2, x3 in the affine Grassmanian,

f tijk(x1, x2, x3) ≤ min
p
ωi · d(p, x1) + ωj · d(p, x2) + ωk · d(p, x3),
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This observation follows from the fact that f tijk (in fact, fijk) is invariant
under the diagonal action of G(K) on x1, x2, x3, so it is enough to verify the
inequality in the case when p is the trivial lattice spanned by e1, . . . , en. Thus
the conjecture reduces to showing the other inequality.

Observation 9. If one of i, j, k is equal to 0, then the conjecture holds. In
particular, the conjecture is true for SL2. For example, if k = 0,

f tij0(x1, x2, x3) = ωi · d(p, x1) + ωj · d(p, x2)

for any p lying on a geodesic between x1 and x2.

Let x1, x2, . . . xm be any configuration of points in the affine Grassmannian,
with ordered bases for xi,

vi1, vi2, . . . , vin,

satisfying

f tijk(xp, xq, xr) = −val(det(vp1, . . . , vpi, vq1, . . . vqj , vr1, . . . , vrk)).

For any set of dominant coweights (λ1, λ2, . . . , λm), where

λi = (λi1, λi2, . . . , λin), λi1 ≥ λi2 ≥ · · · ≥ λin,

we can form the configuration of points

x′1, x
′
2, . . . x

′
m

where x′i has basis
t−λi1vi1, t

−λi2vi2, . . . , t
−λinvin

(it is easy to check the positivity of the configuration x′1, x
′
2, . . . x

′
m). We have

the following observation [Le]:

Observation 10. For sufficiently large coweights (λ1, λ2, . . . , λm), and any
1 ≤ p, q, r ≤ m, we have that

f tijk(x′p, x
′
q, x
′
r) = min

p
ωi · d(p, x′1) + ωj · d(p, x′2) + ωk · d(p, x′3).

In other words, the conjecture is true asymptotically.
Let us note that the previous observation was originally shown in [Le] for
positive configurations, but the same proof works for all configurations.

2.4 Relationship to the Duality Conjectures

The duality conjectures of Fock and Goncharov posit a relationship between
the spaces AG,S and XG∨,S where G∨ is the Langlands dual group to G. In
particular, the main part of the conjecture state that there should be a bijection
between XG∨,S(Zt) (the tropical points of XG,S) and a basis of functions for
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AG,S . This bijection should satisfy many compatibility relations which we will
not discuss here.
This pairing further specializes to a pairing

XG∨,S(Zt)×AG,S(Zt)→ Z.

The pairing works as follows: a point l ∈ XG∨,S(Zt) corresponds to a function
fl on AG,S. A point l′ ∈ AG,S(Zt) comes from a taking valuations of some
Laurent-series valued point xl′ ∈ AG,S(K). Then the pairing between l and l′

is defined by
(l, l′) = −valfl(xl′ ).

The value of (l, l′) is independent of the choice of the point xl′ , as the conjec-
tures state that fl should be a positive rational function on AG,S (in fact, it
should be a Laurent polynomial in the cluster co-ordinates).
Equivalently, we can describe the pairing as follows. Given a point l ∈
XG∨,S(Zt), take the corresponding function fl on AG,S. Then if l′ ∈ AG,S(Zt),
then

(l, l′) = f tl (l
′).

Points of XG∨,S(Zt) and AG,S(Zt) correspond to higher laminations for the
groups G∨ and G, respectively. The pairing between XG∨,S(Zt) and AG,S(Zt)
should realize the intersection pairing between higher laminations. When
G = SL2, this construction reduces to the usual intersection pairing between
laminations on a surface [FG1].
The functions fijk can be used to give all the cluster functions in a particular
cluster for AG,S . In particular, take a triangulation of the surface S. On each
triangle, we have a configuration of three flags, and we can therefore put the
functions fijk om each triangle. This gives all the functions in one cluster.
The cluster variables (in fact, all cluster monomials) in this cluster are part of
the basis parameterized by XG∨,S(Zt). Let f correspond to one of the functions
in one of the triangles in the triangulation of S. Then f is associated to the
tropical point of XG∨,S(Zt) where the corresponding tropical cluster x-variable
is 1 and all other x variables are set to 0. (For every cluster and cluster variable
for AG,S one can canonically associate a cluster and cluster variable for XG∨,S .
This is partly a reflection of the fact that the dual pair of spaces forms a cluster
ensemble.)
Our conjectures give a way of computing f t(l′) for l′ ∈ AG,S(Zt). Thus they
give a geometric interpretation of the intersection pairings. The pairing extends
linearly to a pairing between l ∈ XG∨,S(Zt) and l′ ∈ AG,S(Zt) whenever l
has positive co-ordinates in one of the cluster co-ordinate systems for XG∨,S

associated to a triangulation of S constructed in [FG1]. Thus they give the
pairing

XG∨,S(Zt)×AG,S(Zt)→ Z.

for any l′ ∈ AG,S(Zt) and l contained in a union of open cones inside XG∨,S(Zt).
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In the case whereG = SL2 the function f will correspond to an arc between two
punctures or marked points of S. We also have that a point l′ ∈ AG,S(Zt) de-
scribes an integral measured lamination, which consists of a weighted collection
on non-intersecting simple closed curves. In this case, f t(l′) is the intersection
number of the arc with the lamination l′. This intersection pairing extends
additively to any collection of weighted non-intersecting arcs.

3 Main theorem

In this section we prove some partial results towards the strong version of the
conjecture.
Because we will be dealing with the case of G = SLn, GLn or PGLn, and
because we would like to deal with all these cases uniformly we will reformulate
the conjectures in terms of lattices. By a lattice we mean a C[[t]]-submodule
of the vector space C((t))n generated by n vectors linearly independent over
C((t)). The simplest lattice is the “elementary” lattice E = C[[t]]n.
Let i1, . . . , ik be nonnegative integers that sum to n, and let L1, . . . , Lk be
lattices. Define the determinantal valuation

f ti1,...,ik(L1, . . . , Lk) =

max
vij∈Li

−val det(v11, . . . , v1ii , v21, . . . , v2i2 , . . . , vk1, . . . , vkik ).

We are primarily interested in the cases k = 1, 2, and 3.
The unary determinantal valuation

f tn(L) = max
vj∈L

−val det(v1, . . . , vn)

can easily be computed by choosing any C[[t]]-basis v1, . . . , vn for L.
As we saw previously, the binary determinantal valuation vij(L,M) is also well
understood:

Proposition 11. Let L and M be lattices. Then there exists g ∈ GLn(C((t)))
and integers a1 ≥ a2 ≥ · · · ≥ an such that

gL = 〈e1, e2, . . . , en〉
gM =

〈
t−a1e1, t

−a2e2, . . . , t
−anen

〉
.

Moreover, fij(gL, gM) = a1 + . . .+ aj and

f tij(L,M) = a1 + . . .+ aj +
if tn(L) + j[f tn(M)− a1 − · · · − an]

n
.

We see that the numbers a1, . . . , an are unique up to adding a fixed constant
to all of them (though g is far from unique).
We reformulate our main conjecture as saying that the ternary determinantal
valuation can be expressed in terms of the binary one.
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Conjecture 12. Let L, M , N be lattices and i, j, k nonnegative integers,
i+ j + k = n. Then

f tijk(L,M,N) = min
lattices P

(f ti,j+k(L, P ) + f tj,i+k(M,P ) + f tk,i+j(N,P )− 2f tn(P ))

which can also be written as

f tijk(L,M,N) =

min
lattices P

(f tijk(L, P, P ) + f tijk(P,M,P ) + f tijk(P, P,N) − 2f tijk(P, P, P ))

The inequality ≤ between the two sides is not difficult to prove (Observation 8);
hence the content of the conjecture is the existence of a lattice P for which
equality holds.

3.1 The case of three “close” lattices

Our first partial result is as follows:

Theorem 13. Conjecture 12 holds when E ⊆ L,M,N ⊆ t−1E. In particular,
one of the choices

tE, L,M,N,L+M,L+N,M +N,L+M +N

works for P .

Proof. If E ⊆ L ⊆ t−1E, then L is determined by its projection U1 to the space
Fn ≡ t−1E/E. Likewise M ≃ E ⊕ U2 and N ≃ E ⊕ U3, where U1, U2, and
U3 are subspaces of V = Fn. Now a system of three subspaces of an ambient
space

U1

��
U2

//V U3
oo

forms a representation of the quiver •

��
• // • •oo

of Dynkin type D4 and thus

can be expressed as a direct sum of its 12 irreducible representations, of which
3 are excluded since they correspond to non-injective maps. In the following
diagram, we assign names to the remaining 9 representation types and their
basis vectors:

Rep. A A′ A′′ B B′ B′′ C D S
U1 aℓ bℓ b′ℓ cℓ uℓ
U2 a′ℓ bℓ b′′ℓ cℓ vℓ
U3 a′′ℓ b′ℓ b′′ℓ cℓ uℓ + vℓ
V aℓ a′ℓ a′′ℓ bℓ b′ℓ b′′ℓ cℓ uℓ, vℓ sℓ

(2)
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To compute fijk(L,M,N), we must search for a choice of vectors u1, . . . , ui ∈ L,
v1, . . . , vj ∈ M , w1, . . . , wk ∈ N minimizing the valuation of the determinant
in (1). There is no reason not to choose vectors in either t−1V or V , and then
the valuation of the determinant depends only on the number of t’s involved,
as long as the n underlying vectors in V are linearly independent. So we have
the following interpretation.

Lemma 14. We have fijk(L,M,N) = g, where g is the maximum number
of linearly independent vectors that may be chosen from U1, U2, U3, with the
restriction that at most i vectors from U1, j from U2, k from U3 may be chosen.

Moreover, we may limit our vectors to the bases of U1, U2, U3 constructed
above. Now g depends in a purely combinatorial way on i, j, k, and the
multiplicities of the irreducible representations.
We will now interpret g as the maximum flow in a certain graph. Draw four
layers of vertices as follows:

• A single source vertex;

• One representation vertex for each of the irreducible components of the
representation of D4 determined by U1, U2, U3;

• Three U -vertices, labeled U1, U2, and U3;

• A single sink vertex.

Then draw arrows from each level to the next as follows:

• Each representation vertex is joined to the source with an arrow whose ca-
pacity is the dimension of the portion of V that it corresponds to (always
1 except for the representation D, where it is 2);

• Each representation vertex is joined to each U -vertex Um with an arrow
whose capacity is the dimension of the portion of Um that it corresponds
to (always 0 or 1); for future reference, the arrows with capacity 1 are
labeled with the appropriate basis vector of Ui.

• The three U -vertices U1, U2, and U3 are joined to the sink with arrows
of capacity i, j, and k, respectively.

Now it is readily verified that any choice of basis vectors satisfying the condi-
tions of Lemma 14 can be represented by a flow in this graph, where for each
vector chosen, one unit of fluid flows from the source through the appropriate
representation-to-U edge and then out the sink. Hence the maximum flow is
g. We turn our attention to the cuts of the constructed graph. Note that once
each of the Um is either cut from or “soldered” to the sink (the vertices may be
identified once the decision is made not to cut the edge), the graph becomes a
union of noninteracting subgraphs, one for each representation vertex. So the
minimal cut in each of the eight cases is easily determined:
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1. If all three Um are cut, no further cuts are necessary, and we obtain a cut
of capacity i+ j + k = n.

2. If two of the Um are cut, say U2 and U3, then the representation vertices
with connections to U1 (namely, those of type A, B, B′, C, and D)
can be dealt with by cutting these connections, which are labeled by the
basis vectors of U1. Hence there are cuts of capacity j + k+ dimU1 and,
symmetrically, i+ k + dimU2 and i+ j + dimU3.

3. If only one Um is cut, say U3, then we must further cut one unit for each
representation vertex of type A, A′, B, B′, B′′, or C, and two units for
each representation vertex of type D. This amounts to one unit for each
vector in a basis of U1 +U2. So we get cuts of capacity k+ dim(U1 +U2)
and, symmetrically, j + dim(U1 + U3) and i+ dim(U1 + U2).

4. Finally, if none of the Um are cut, then there is no better option than
cutting the inflow to each representation vertex, excepting those of type
S, for which of course no cut is necessary. So we get a cut of capacity
dim(U1 + U2 + U3).

So we have reached a second checkpoint in the computation of fijk:

Lemma 15. fijk(L,M,N) = min{i+j+k, j+k+dimU1, i+k+dimU2, i+j+
dimU3, k+dim(U1+U2), j+dim(U1+U3), i+dim(U1+U2), dim(U1+U2+U3)}.

Finally, we must relate the eight terms on the right-hand side of this lemma
to the right-hand side of Conjecture 12 for the lattices P listed in Theorem
13. The key is that in max-flow/min-cut, there is always a flow that uses every
edge of the minimal cut at full capacity. We will use this flow to bound the f•,•
terms from above, proving that the right-hand side is at most fijk(L,M,N),
since as previously remarked the reverse inequality is trivial (Observation 8).

1. If i+ j+ k is the minimal cut, then there are i vectors from U1, j vectors
from U2, and k vectors from U3, all linearly independent. Picking P = E,
we find fi,j+k(L,E) ≤ i by taking the i linearly independent vectors from
L and filling out with vectors from V . Calculating the other two terms
by symmetry, we get

fi,j+k(L, tE) + fj,i+k(M, tE) + fk,i+j(N, tE)− 2fn(tE)

≤ i+ j + k

= fi,j,k(L,M,N).

2. If j+k+dimU1 is the minimal cut, then there are dimU1 ≤ i vectors from
U1, j vectors from U2, and k vectors from U3, all linearly independent.
We will pick P = L. The most difficult term is fj,i+k(M,L) which can
be bounded by picking the j vectors from U2 and the basis for U1, filling

Documenta Mathematica 22 (2017) 1519–1538



Geometry of Positive Configurations. . . 1533

out with vectors from V , getting a bound of j+ dimU1. The other terms
are either symmetric or trivial, and we get

fi,j+k(L,L) + fj,i+k(M,L) + fk,i+j(N,L)− 2fn(L)

≤ dimU1 + j + dimU1) + k + dimU1)− 2(dimU1)

= j + k + dimU1 = fi,j,k(L,M,N).

3. If k + dim(U1 + U2) is the minimal cut, there is a basis for U1 + U2

consisting of at most i vectors from U1 and at most j vectors from U2,
and also k vectors chosen from U3 that are linearly independent from
U1 + U2. We pick P = L + M . For fi,j+k(L,L + M), it is possible to
pick all the vectors in the basis of U1 +U2 (at most i from L and j from
M) before filling out with V . The term fj,i+k(M,L + M) is symmetric,
while in fk,i+j(N,L +M) we can get the k linearly independent vectors
in U3 as well as a basis of L+M . So in all, we get

fi,j+k(L,L+M) + fj,i+k(M,L+M) + fk,i+j(N,L+M)− 2fn(L+M)

≤ dim(U1 + U2) + dim(U1 + U2) + k + dim(U1 + U2))− 2(dim(U1 + U2))

= k + dim(U1 + U2) = fi,j,k(L,M,N).

4. Finally, if dim(U1 + U2 + U3) is the minimal cut, then U1 + U2 + U3 has
a basis consisting of at most i vectors from U1, j vectors from U2, and
k vectors from U3. This can be used to bound all the terms if we pick
P = L+M +N :

fi,j+k(L,L+M +N) + fj,i+k(M,L+M +N)+

fk,i+j(N,L +M +N)− 2fn(L+M +N)

≤ dim(U1 + U2 + U3) + dim(U1 + U2 + U3) + dim(U1 + U2 + U3)

− 2(dim(U1 + U2 + U3))

= dim(U1 + U2 + U3) = fi,j,k(L,M,N).

Of course, the other 4 possibilities for the minimal cut are symmetric.

3.1.1 Connection to Konig’s theorem

The portion of our proof of Theorem 13 lying between Lemmas 14 and 15 can
be thought of as a combinatorial problem in linear algebra. It can be related
to some familiar theorems in combinatorics in a way which we now describe.
Hall’s theorem or Hall’s Marriage Lemma is frequently described in terms of
the following story: n boys are to be married off to m girls, and each boy-girl
pair either likes or dislikes one another. A matching in which all the boys are
paired exists if and only if no subset of the boys likes a strictly smaller subset
of the girls. Or, in the inanimate language favored by mathematicians:
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Theorem 16 (Hall). If S1, S2, . . . , Sr are sets, then a system of distinct rep-
resentatives of the Si (one from each set) exists if and only if for each subset
I ⊆ [r], ∣∣∣∣∣

⋃

i∈I
Si

∣∣∣∣∣ ≥ |I|.

A refinement of Hall’s theorem is Konig’s theorem. Instead of giving conditions
for a perfect matching to exist, it provides a formula for the maximum number
of disjoint pairs that may be made:

Theorem 17 (Konig). If S1, S2, . . . , Sr are sets, the maximum number of dis-
tinct representatives of the Si (at most one from each set) is

min
I⊆[r]

(∣∣∣∣∣
∑

i∈I
Si

∣∣∣∣∣+ r − |I|
)
.

In [M], Theorem 2, Moshonkin “linearized” Hall’s theorem in the sense of
replacing sets by vector spaces and adjusting conditions accordingly. His result
is:

Theorem 18 (Moshonkin). If V1, V2, . . . , Vr are subspaces of an ambient vector
space V , then a system of linearly independent representatives of the Vi exists
if and only if for each subset I ⊆ [r],

dim
∑

i∈I
Si ≥ |I|.

In a similar vein, we would like to state and prove the following linearization
of Konig’s theorem:

Theorem 19. If V1, . . . , Vr are subspaces of an ambient space V , the maximum
number of linearly independent representatives from different Vi’s is

min
I⊆[r]

[
dim

(∑

i∈I
Vi

)
+ r − |I|

]
. (3)

This result is applicable to our investigations in the following manner: if U1,
U2, U3 are subspaces, then the maximum number of linearly independent rep-
resentatives from different terms of the multiset

U1, . . . , U1︸ ︷︷ ︸
i

, U2, . . . , U2︸ ︷︷ ︸
j

, U3, . . . , U3︸ ︷︷ ︸
k

is the quantity g in the statement of Lemma 14. On the other hand, the
expression (3) clearly can only reach its minimal value when the index set I
includes either all or none of each of the three strings of repeated Ui. Thus
Theorem 19 provides an alternative proof of Lemma 15 from Lemma 14.
We now deduce Theorem 19 from Theorem 18. In fact, the two theorems are
readily found to be equivalent.
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Proof of Theorem 19. Let M be the subset I ⊆ [r] that minimizes (3). Denote

m = |M |,
K = [r]\M,

k = |K| = r −m,
W =

∑

i∈M
Vi,

n = dimW.

We will construct the requisite n+k linearly independent representatives in the
following way: we will find a basis for W whose elements come from distinct Vi,
and we will supplement this basis with vectors in the k spaces Vi, i ∈ K, which
are all linearly independent in the quotient space V/W . The proof will apply
the minimality condition to sets I which are respectively subsets and supersets
of M .
We begin with the second step. Let Ṽi be the image of Vi in V/W . For each
I ⊆ K, we have the condition

dim

( ∑

i∈M∪I
Vi

)
+ r − (m+ |I|) ≥ n+ k

which simplifies to

dim
∑

i∈I
Ṽi ≥ |I|.

So the Ṽi, i ∈ K satisfy precisely the condition of Theorem 18 and hence a
system of linearly independent representatives exists.
The first step is only slightly trickier. For each I ⊆M , we have

dim

(∑

i∈I
Vi

)
+ r − |I| ≥ n+ k

which simplifies to

dim
∑

i∈I
Vi ≥ |I| ≥ n−m+ |I|.

This would be the condition of Theorem 18 were it not for the summand n−m.
So we use a trick. Plugging I = ∅, we see that m ≥ n. Let V ′ = V ⊕Fm−n and
V ′i = Vi ⊕ Fm−n. Then the V ′i , i ∈ M , satisfy the conditions of Theorem 18
and we can find a basis of V ′ with one vector from each V ′i . Projecting down
to V , we have a spanning set, of which some n vectors form a basis.

Both Konig’s and Moshonkin’s theorems as well as our proof of Theorem 13
rely on max-flow/min-cut-type results. We believe that this is not accidental,
and that in general, defining intersection pairings between higher laminations
will involve proving statements about affine buildings that have the flavor of
max-flow/min-cut.
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3.2 Apartments

Let X = {x1, . . . , xn} be a basis for Kn over K. For any choice integers
c1, . . . , cn, the set of lattices of the form tcjxj , j = 1, 2, . . . , n form a subset of
the affind building called an apartment.

Our second result is a generalization of our conjecture in the situation where
L1, . . . , Lk all lie in the same apartment:

Theorem 20. If L1, . . . , Lk lie in the same apartment and i1, . . . , ik nonnega-
tive integers with sum n, then there exists a lattice P such that

f ti1,...,ik(L1, . . . , Lk) =
∑

j

f tij ,n−ij (Lj , P )− (n− 1)f tn(P ).

(Remark: We expect that the above generalization holds for general lattices
L1, . . . , Lk.)

Proof. Use the following combinatorial result:

Theorem 21 (Kuhn and Munkres). Let [cij ] be a real n× n matrix. Then the
maximal sum of a transversal of [cij ] equals the minimal sum

∑
i ai +

∑
j bj

where the ai and bj satisfy ai + bj ≥ cij for all i, j. If the cij are integers, the
a’s and b’s can be taken integral as well.

In our situation, we can first reduce to the case that k = n and all ij are 1. Then
write Li =

〈
t−ci1x1, . . . , t−cinxn

〉
. Using the multilinearity of the determinant,

we can assume that the value of fi1,...,ik is attained by taking the valuation
of the determinant of generators t−cijxj of the respective lattices. Since all
the i’s must be distinct as must the j’s, the valuation of the determinant is
a transversal −∑i ciσ(i) for some σ ∈ Sn. Therefore v1···1(L1, . . . , Ln) is the
maximal transversal sum in the matrix [cij ].

By Kuhn-Munkres, there exist integers ai and bj such that ai + bj ≥ cij and

f t1···1(L1, . . . , Ln) =
∑

i

ai +
∑

j

bj.

Choose the lattice

P =
〈
t−b1x1, . . . , t

−bnxn
〉
.

Obviously, equality ai+bj = cij must hold whenever cij belongs to the winning
transversal. So

f t1,n−1(Li, P ) = max
k

(
cik +

∑

j 6=k
bj

)
=
∑

j

bj + max
k

(cik − bk) =
∑

j

bj + ai.

Since f tn(P ) =
∑

j bj , we have the desired equality.
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4 Generalizations

Theorem 20 hints at some generalizations of conjectures. It is known that the
functions fi1,...,ik are cluster co-ordinates for k = 2, 3, 4, so that the correspond-
ing functions f ti1,...,ik also give intersection pairings between higher laminations.
In fact, we expect that this is true for all k.
Thus, in general, we conjecture that

f ti1,...,ik(L1, . . . , Lk) =
∑

j

f tij ,n−ij (Li, P )− (k − 1)f tn(P ).

Note that if L1, . . . Lk lie in the same apartment, then Theorem 20 gives the
above result. This gives one interpretation of the functions f ti1,...,ik in terms of
the geometry of the affine building.
Let us another interpretation when k = 4. We would like to calculate. We
conjecture f ti1,i2,i3,i4(L1, L2, L3, L4) is also given by the minimum of the two
following expressions:

f ti4,n−i4(L4, P ) + f ti1,n−i1(L1, P ) + f ti4+i1,i2+i3(P,Q)+

f ti2,n−i2(L2, Q) + f ti3,n−i3(L3, Q)− 2f tn(P )− 2f tn(Q)

where P and Q range over all lattices. If P and Q are normalized to have deter-
minant 1 (possibly by introducing fractional powers of t), we get the minimum
over P and Q of

f ti1,n−i1(L1, P ) + f ti2,n−i2(L2, P ) + f ti1+i2,i3+i4(P,Q)+

f ti3,n−i3(L3, Q) + f ti4,n−i4(L4, Q)

and
f ti4,n−i4(L4, P ) + f ti1,n−i1(L1, P ) + f ti4+i1,i2+i3(P,Q)+

f ti2,n−i2(L2, Q) + f ti3,n−i3(L3, Q).

If P = Q, these expressions reduce to the previous expression

f ti1,n−i1(L1, P ) + f ti2,n−i2(L2, P ) + f ti3,n−i3(L3, P ) + f ti4,n−i4(L4, P )− 3f tn(P ).

The content of our conjecture is that allowing P 6= Q does not change the
minimum.
Equivalently, it is given by the minimum over P and Q of (again assuming that
P and Q are normalized to have determinant 0)

d(P,L1) · ωi1 + d(P,L2) · ωi2 + d(P,Q) · ωi3+i4 + d(Q,L3) · ωi3 + d(Q,L4) · ωi4

and

d(P,L4) · ωi4 + d(P,L1) · ωi1 + d(P,Q) · ωi2+i3 + d(Q,L2) · ωi2 + d(Q,L3) · ωi3 .
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Thus we conjecture that f ti1,i2,i3,i4(L1, L2, L3, L4) is calculated by the mini-
mum distance of a weighted network connecting the Li. However, this network
can take one of two shapes (three if one counts the degenerate case P = Q
separately). One recognizes that these two different networks, along with the
weights along the networks, are identical to the spin networks that calculate
the untropicalized function fi1,i2,i3,i4 .
We believe that in many other more general cases, the functions correspond-
ing to points of XG∨,S(Zt) are calculated by some set equivalent spin networks
which calculate the same function, and that the associated tropical functions
are calculated by the minimal distance over these various weighted networks
inside the affine building. For example, when G = SL4 there are two inequiv-
alent spin networks with four leaves with weights ω2, ω1, ω2, ω3 in that cyclic
order. We believe that the corresponding tropical functions are given by the
minimums of

f t2,2(L1, P )+f t1,3(L2, P )+f t3,1(P,Q)+f t2,2(L3, Q)+f t3,1(L4, Q)−2f tn(P )−f tn(Q)

and

f t3,1(L4, P )+f t2,2(L1, P )+f t1,3(P,Q)+f t1,3(L2, Q)+f t2,2(L3, Q)−f tn(P )−2f tn(Q)

respectively. This points towards a general geometric interpretation of inter-
section pairings between higher laminations.

References

[FG1] V.V. Fock, A.B. Goncharov. Moduli spaces of local systems and
higher Teichmuller theory. Publ. Math. IHES, n. 103 (2006) 1-212.
math.AG/0311149.

[GS] A.B. Goncharov, L. Shen. Geometry of canonical bases and mirror sym-
metry. arXiv:1309.5922

[K] J. Kamnitzer. Hives and the fibres of the convolution morphism, Selecta
Math. N.S. 13 no. 3 (2007), 483-496.

[Le] I. Le. Higher Laminations and Affine Buildings. arXiv:1209.0812

[M] A.G. Moshonkin. Concerning Hall’s Theorem, from Mathematics in St.
Petersburg, eds. A. A. Bolibruch, A.S. Merkur’ev, N. Yu. Netsvetaev.
Amererican Mathematical Society Translations, Series 2, Volume 174,
1996.

Ian Le
Perimeter Institute for The-
oretical Physics
31 Caroline Street North,
Waterloo, Ontario, Canada,
N2L 2Y5

Evan O’Dorney
Department of Mathematics
Princeton University
Fine Hall, Washington Road
Princeton NJ 08544-1000
USA

Documenta Mathematica 22 (2017) 1519–1538



Documenta Math. 1539

Pseudo-Differential Operators, Wigner Transform

and Weyl Systems on Type I Locally Compact Groups
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1 Introduction

Let G be a locally compact group with unitary dual Ĝ , composed of classes of unitary
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Fourier transformation, it will be assumed second countable, unimodular and postlim-
inal (type I). The formula

[Op(a)u](x) =

∫

G

( ∫

Ĝ

Trξ
[
ξ(y−1x)a(x, ξ)

]
dm̂(ξ)

)
u(y)dm(y) (1)

is our starting point for a global pseudo-differential calculus onG ; it involves operator-
valued symbols defined on G× Ĝ . In (1) dm is the Haar measure of the group G , dm̂
is the Plancherel measure on the space Ĝ and for the pair (x, ξ) formed of an element
x of the group and a unitary irreducible representation ξ : G → B(Hξ) , the symbol
a(x, ξ) is essentially assumed to be a trace-class operator in the representation Hilbert
space Hξ . In further extensions of the theory it is important to also include densely
defined symbols to cover, for example, differential operators on Lie groups (in which
case one can make sense of (1) for such a(x, ξ) by letting it act on the dense in Hξ
subspace of smooth vectors of the representation ξ , see [19]).

Particular cases of (1) have been previously initiated in [39, 41] and then inten-
sively developed further in [8, 9, 11, 12, 17, 42, 43] for compact Lie groups, and
in [18, 19, 20] for large classes of nilpotent Lie groups (graded Lie groups), as far-
reaching versions of the usual Kohn-Nirenberg quantization on G = Rn , cf. [22] .
The idea to use the irreducible representation theory of a type I group in defining
pseudo-differential operators seems to originate in [44, Sect. I.2], but it has not been
developed before in such a generality. All the articles cited above already contain
historical discussions and references to the literature treating pseudo-differential op-
erators (quantization) in group-like situations, so we are not going to try to put this
subject in a larger perspective.

Let us just say that an approach involving pseudo-differential operators with
representation-theoretical operator-valued symbols has the important privilege of be-
ing global. On most of the smooth manifolds there is no notion of full scalar-valued
symbol for a pseudo-differential operator defined using local coordinates. This is un-
fortunately true even in the rather simple case of a compact Lie group, for which the
local theory, only leading to a principal symbol, has been shown to be equivalent to the
global operator-valued one (cf. [39, 42]). On the other hand, in the present article we
are not going to rely on compactness, on the nice properties implied by nilpotency, not
even on the smooth structure of a Lie group. In the category of type I second count-
able locally compact groups one has a good integration theory on G and a manageable
integration theory on Ĝ, allowing a general form of the Plancherel theorem, and this
is enough to develop the basic features of a quantization. Unimodularity has been
assumed, for simplicity, but by using tools from [10] it might be possible to develop
the theory without it.

More structured cases (still more general than those studied before) will hopefully be
analysed in the close future, having the present paper as a framework and a starting
point. In particular, classes of symbols of Hörmander type would need more than a
smooth structure on G . The smooth theory, still to be developed, seems technically
difficult if the class of Lie groups is kept very general. Of course, only in this setting
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one could hope to cover differential operators and certain types of connected applica-
tions. On the other hand, the setting of our article allows studying multiplication and
invariant operators as very particular cases, cf. Subsection 7.3.

The formula (1) is a generalisation of the Kohn-Nirenberg quantization rule for the
particular case G = Rn. But for Rn there are also the so-called τ -quantizations

[Opτ(a)u](x) =

∫

Rn

(∫

Rn
a
(
(1− τ)x + τy, η

)
ei(x−y)ηdη

)
u(y)dy ,

related to ordering issues, with τ ∈ [0, 1] , and the Kohn-Nirenberg quantization is its
special case for τ = 0. It is possible to provide extensions of the pseudo-differential
calculus on type I groups corresponding to any measurable function τ : G→ G . The
general formula turns out to be

[Opτ(a)u](x) =

∫

G

( ∫

Ĝ

Trξ

[
ξ(y−1x)a

(
xτ(y−1x)−1, ξ

)]
dm̂(ξ)

)
u(y)dm(y) , (2)

from which (1) can be recovered putting τ(x) = e (the identity) for every x ∈ G .
This formula and its integral version will be summarised in (37). The case τ(x) = x
is also related to a standard choice

[
OpidG(a)u

]
(x) =

∫

G

( ∫

Ĝ

Trξ
[
ξ(y−1x)a(y, ξ)

]
dm̂(ξ)

)
u(y) dm(y) , (3)

familiar at least in the case G = Rn (derivatives to the left, positions to the right). In
the presence of τ some formulae are rather involved, but the reader can take the basic
case τ(·) = e as the main example. Anyhow, for the function spaces we consider in
this paper, the formalisms corresponding to different mappings τ are actually isomor-
phic. Having in mind the Weyl quantization for G = Rn we deal in Section 4 with
the problem of a symmetric quantization, for which one has Opτ(a)∗ = Opτ(a⋆) ,
where a⋆ is an operator version of complex conjugation. We also note that if the
symbol a(x, ξ) = a(ξ) is independent of x, the operator Opτ(a) is left-invariant and
independent of τ , and can be rewritten in the form of the Fourier multiplier

F [Opτ(a)u] (ξ) = a(ξ)[Fu](ξ) , ξ ∈ Ĝ , (4)

at least for sufficiently well-behaved functions u, i.e. as an operator of “multiplica-
tion” of the operator-valued Fourier coefficients from the left.

One of our purposes is to sketch two justifications of formula (2), which both hold
without a Lie structure on G (we refer to [3, 30] to similar strategies in quite different
situations). They also enrich the formalism and have certain applications, some of
them included here, others subject of subsequent developments. Let us say some
words about the two approaches.

1. A locally compact group G being given, we have a canonical action by (left) trans-
lations on variousC∗-algebras of functions on G . There are crossed product construc-
tions associated to such situations, presented in Section 7.1: One gets ∗-algebras of
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scalar-valued functions on G × G involving a product which is a convolution in one
variable and a pointwise multiplication in the other variable, suitably twisted by the
action by translations. A C∗-norm with an operator flavour is also available, with re-
spect to which one takes a completion. Since we have to accommodate the parameter
τ , we were forced to outline an extended version of crossed products.
Among the representations of these C∗-algebras there is a distinguished one pre-
sented and used in Subsection 7.2, the Schrödinger representation, in the Hilbert space
L2(G) . If G is type I, second countable and unimodular, there is a nicely-behaved
Fourier transform sending functions on G into operator-valued sections defined over
Ĝ . This can be augmented to a partial Fourier transform sending functions on G× G

into sections over G × Ĝ . Starting from the crossed products, this partial Fourier
transform serves to define, by transport of structure, ∗-algebras of symbols with a
multiplication generalising the Weyl-Moyal calculus as well as Hilbert space repre-
sentations of the form (2). They are shown to be generated by products of suitable
multiplication and convolution operators.
The C∗-background can be used, in a slightly more general context, to generate co-
variant families of pseudo-differential operators, cf. Subsection 7.4. It also leads to
results about the spectrum of certain bounded or unbounded pseudo-differential oper-
ators, as it is presented in Subsection 7.4 and will be continued in a subsequent paper.

2. A second approach relies on Weyl systems. If G = Rn one can write

Op(a) =

∫

R2n

â(ξ, x)W (ξ, x) dxdξ ,

where the Weyl system (phase-space shifts)

{
W (ξ, x) := V (ξ)U(x) | (x, ξ) ∈ R2n

}

is a family of unitary operators inL2(Rn) obtained by putting together translations and
modulations. This is inspired by the Fourier inversion formula, but notice that W is
only a projective representation; this is a precise way to codify the canonical commu-
tation relations between positions Q (generating V ) and momenta P (generating U )
and Op can be seen as a non-commutative functional calculus a 7→ a(Q,P ) ≡ Op(a) .
Besides its phase-space quantum mechanical interest, this point of view also opens the
way to some new topics or tools such as the Bargmann transform, coherent states, the
anti-Wick quantization, coorbit spaces, etc.
In Section 3 we show that such a “Weyl system approach” and its consequences are
also available in the context of second countable, unimodular type I groups; in particu-
lar it leads to (2). The Weyl system in this general case, adapted in Definitions 3.1 and
3.3 to the existence of the quantization parameter τ , has nice technical properties (in-
cluding a fibered form of square integrability) that are proven in Subsection 3.1. This
has useful consequences at the level of the quantization process, as shown in Subsec-
tion 3.2. In particular, it is shown that Opτ is a unitary map from a suitable class of
square integrable sections over G × Ĝ to the Hilbert space of all Hilbert-Schmidt op-
erators on L2(G) . The intrinsic ∗-algebraic structure on the level of symbols is briefly
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treated in Subsection 3.3. In Subsection 3.4 we rely on complex interpolation and
non-commutative Lp-spaces to put into evidence certain families of Schatten-class
operators.

Without assuming that G is a Lie group we do not have the usual space of smooth
compactly supported functions readily available as the standard space of test functions.
So, in Section 5, we will be using its generalisation to the setting of locally compact
groups by Bruhat [4], and these Bruhat spaces D(G) and D′(G) will replace the usual
spaces of test functions and distributions in our setting. An important fact is that
they are nuclear. Taking suitable tensor products one also gets a space D(G × Ĝ) of
regularising symbols and (by duality) a space D ′(G × Ĝ) of “distributions”, allowing
to define unbounded pseudo-differential operators.
In Subsection 5.3 we show that pseudo-differential operators with regularising
operator-valued symbols can be used to describe compactness of families of vectors
or operators in L2(G) .

Besides the usual ordering issue (derivatives to the left or to the right), already appear-
ing for Rn and connected to the Heisenberg commutation relations and the symplectic
structure of phase space, for general groups there is a second ordering problem coming
from the intrinsic non-commutativity of G. The Weyl system used in Section 3 relies
on translations to the right, aiming at a good correspondence with the previously stud-
ied compact and nilpotent cases. Another Weyl system, involving left translations, is
introduced in Section 6 and used in defining a left quantization. It turns out that this
one is directly linked to crossed product C∗-algebras.

We dedicated the last section to a brief overview of quantization on (connected, sim-
ply connected) nilpotent Lie groups. Certain subclasses have been thoroughly exam-
ined in references cited above, so we are going to concentrate on some new features.
Besides the extra generality of the present setting (non-graded nilpotent groups, τ -
quantizations, C∗-algebras), we are also interested in the presence of a second for-
malism, involving scalar-valued symbols. We show that it is equivalent to the one
involving operator-valued symbols, emerging as a particular case of the previous sec-
tions. This is a rather direct consequence of the excellent behaviour of the exponential
function in the nilpotent case. On one hand, the analysis in this paper here outlines
a τ -extension of the scalar-valued calculus on nilpotent Lie groups initiated by Melin
[33], see also [24, 25] for further developments on homogeneous and general nilpotent
Lie groups. On the other hand, it relates this to the operator-valued calculus developed
in [18, 19].
After some basic constructions involving various types of Fourier transformations are
outlined, the detailed development of the pseudo-differential operators with scalar-
valued symbol follows along the lines already indicated. So, to save space and avoid
repetitions, we will be rather formal and sketchy and leave many details to the reader.
Actually the Lie structure of a nilpotent group permits a deeper investigation that was
treated in [19] and should be still subject of future research.

Thus, to summarise, the main results of this paper are as follows:
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• We develop a rigorous framework for the analysis of pseudo-differential opera-
tors on locally compact groups of type I, which we assume also unimodular for
technical simplicity.

• We introduce notions of Wigner and Fourier-Wigner transforms, and of Weyl
systems, adapted to this general setting. These notions are used to define and
analyse τ -quantizations (or quantization by Weyl systems) of operators mod-
elled on families of quantizations on Rn that include the Kohn-Nirenberg and
Weyl quantizations.

• We develop the C∗-algebraic formalism to put τ -quantizations in a more gen-
eral perspective, also allowing analysis of operators with ‘coefficients’ taking
values in different C∗-algebras. The link with a left form of τ -quantization
is given via a special covariant representation, the Schrödinger representation.
This is further applied to investigate spectral properties of covariant families of
operators.

• Although the initial analysis is set for operators bounded on L2(G), this can
be extended further to include densely defined operators and, more generally,
operators from D(G) to D′(G). Since G does not have to be a Lie group (i.e.
there may be no compatible smooth differential structure on G) we show how
this can be done using the so-called Bruhat space D(G), an analogue of the
space of smooth compactly supported functions in the setting of general locally
compact groups.

• The results are applied to a deeper analysis of τ -quantizations on nilpotent Lie
groups. On one hand, this extends the setting of graded Lie groups developed
in depth in [18, 19] to more general nilpotent Lie groups, also introducing a
possibility for Weyl-type quantizations there. On the other hand, it extends
the invariant Melin calculus [33, 25] on homogeneous groups to general non-
invariant operators with the corresponding τ -versions of scalar-symbols on the
dual of the Lie algebra;

• We give a criterion for the existence of Weyl-type quantizations in our frame-
work, namely, to quantizations in which real-valued symbols correspond to self-
adjoint operators. We show the existence of such quantizations in several set-
tings, most interestingly in the setting of general groups of exponential type.

In this paper we are mostly interested in symbolic understanding of pseudo-differential
operators. Approaches through kernels exist as well, see e.g. Meladze and Shubin [32]
and further works by these authors on operators on unimodular Lie groups, or Christ,
Geller, Głowacki and Polin [6] on homogeneous groups – but see also an alternative
(and earlier) symbolic approach to that on the Heisenberg group by Taylor [44].

As we have explained, there exist several approaches to global quantizations of oper-
ators on groups, such as those worked out in detail in [39] and [18] in the settings of
compact and nilpotent groups, respectively, as well as the approach by Melin [33, 25]
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for nilpotent groups. As both points of view are effective in different applications, one
motivation for this paper is to describe a link between them explaining how one could
go from one description to the other. As a byproduct of such a link we managed to
extend the Melin’s formalism to non-invariant operators. Observing the similarities
between the compact and nilpotent cases in [39] and [18], respectively, and based on
Taylor’s observation [44], another motivation for this paper is to put both approaches
in a single framework, that of locally compact groups of type I. While losing the re-
sults depending on the differential structure of the group as a manifold, this framework
is still effective in handling a scope of spectral questions. Some applications to this
end are given in Section 4. Moreover, it greatly extends the variety of settings where
such pseudo-differential analysis becomes available. Furthermore, as the Weyl quan-
tization is particularly effective for certain problems, an additional motivation for our
analysis comes from the desire to understand the nature of the Weyl quantization in
the settings when it is not even clear how to define the midpoint x+y2 for two points
x, y in the group. This problem becomes apparent already on the torus when such a
‘midpoint’ mapping is not continuous. Thus, in Section 4 we show that such Weyl-
type quantizations are still available in a large class of groups, including the class of
the exponential groups. The C∗-algebraic approach of Section 7 has been used in
[27] to prove Fredholm properties and to evaluate essential spectra of global pseudo-
differential operators. Other applications of the obtained constructions will appear
elsewhere. In particular, see [31] for applications in the case of nilpotent Lie groups
having flat coadjoint orbits, where further connections with Pedersen’s quantization
[37] are established.

2 Framework

In this section we set up a general framework of this paper, also recalling very briefly
necessary elements of the theory of type I groups and their Fourier analysis.

2.1 General

For a given (complex, separable) Hilbert space H , the scalar product 〈·, ·〉H will be
linear in the first variable and anti-linear in the second. One denotes by B(H) the
C∗-algebra of all linear bounded operators in H and by K(H) the closed bi-sided ∗-
ideal of all the compact operators. The Hilbert-Schmidt operators form a two-sided
∗-ideal B2(H) (dense in K(H)) which is also a Hilbert space with the scalar product
〈A,B〉B2(H) := Tr(AB∗) . This Hilbert space is unitarily equivalent to the Hilbert
tensor product H ⊗ H , where H is the Hilbert space opposite to H . The unitary
operators form a group U(H) . The commutant of a subset N of B(H) is denoted by
N ′.
Let G be a locally compact group with unit e and fixed left Haar measure m . Our
group will soon be supposed unimodular, so m will also be a right Haar measure. By
Cc(G) we denote the space of all complex continuous compactly supported functions
on G . For p ∈ [1,∞] , the Lebesgue spaces Lp(G) ≡ Lp(G;m) will always refer to
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the Haar measure. We denote by C∗(G) the full (universal) C∗-algebra of G and by
C∗red(G) ⊂ B

[
L2(G)

]
the reduced C∗-algebra of G . Recall that any representation π

of G generates canonically a non-degenerate represention Π of theC∗-algebraC∗(G) .
The notation A(G) is reserved for Eymard’s Fourier algebra of the group G .

The canonical objects in representation theory [14, 23] will be denoted by
Rep(G), Irrep(G) and Ĝ . An element of Rep(G) is a Hilbert space representa-
tion π : G → U(Hπ) ⊂ B(Hπ), always supposed to be strongly continuous. If it
is irreducible, it belongs to Irrep(G) by definition. Unitary equivalence of represen-
tations will be denoted by ∼=. We set Ĝ := Irrep(G)/∼= and call it the unitary dual
of G . If G is Abelian, the unitary dual Ĝ is the Pontryagin dual group; if not, Ĝ
has no group structure. A primary (factor) representation π satisfies, by definition,
π(G)′ ∩ π(G)′′ = C idHπ .

Definition 2.1. The locally compact groupG will be called admissible if it is second
countable, type I and unimodular.

Admissibility will be a standing assumption and it is needed for most of the main
constructions and results. There are hopes to extend at least parts of this paper to
non-unimodular groups, by using techniques of [10].

Remark 2.2. We assume that the reader is familiar with the concept of type I group.
Let us only say that for such a group every primary representation is a direct sum of
copies of some irreducible representation; for the full theory we refer to [14, 23, 21].
In [23, Th. 7.6] (see also [14]), many equivalent characterisations are given for a
second countable locally compact group to be type I. In particular, in such a case, the
notion is equivalent to postliminarity (GCR). Thus G is type I if and only if for every
irreducible representation π one has K(Hπ) ⊂ Π

[
C∗(G)

]
.

The single way we are going to use the fact that G is type I is through one main
consequence of this property, to be outlined below: the existence of a measure on the
unitary dual Ĝ for which a Plancherel Theorem holds.

Example 2.3. Compact and Abelian groups are type I. So are the Euclidean and
the Poincaré groups. Among the connected groups, real algebraic, exponential (in
particular nilpotent) and semi-simple Lie groups are type I. Not all the solvable groups
are type I; see [23, Th. 7.10] for a criterion. A discrete group is type I [45] if and only
if it is the finite extension of an Abelian normal subgroup. So the non-trivial free
groups or the discrete Heisenberg group are not type I.

Remark 2.4. We recall that, being second countable,G will be separable, σ-compact
and completely metrizable; in particular, as a Borel space it will be standard. The
Haar measure m is σ-finite and Lp(G) is a separable Banach space if p ∈ [1,∞) . In
addition, all the cyclic representations have separable Hilbert spaces; this applies, in
particular, to irreducible representations.
A second countable discrete group is at most countable.

We mention briefly some harmonic analysis concepts; full treatement is given in [14,
23]. The precise definitions and properties will either be outlined further on, when
needed, or they will not be explicitly necessary.
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Both Irrep(G) and the unitary dual Ĝ := Irrep(G)/∼= are endowed with (standard)
Borel structures [14, 18.5]. The structure on Ĝ is the quotient of that on Irrep(G) and
is called the Mackey Borel structure. There is a measure on Ĝ , called the Plancherel
measure associated to m and denoted by m̂ [14, 18.8]. Its basic properties, connected
to the Fourier transform, will be briefly discussed below.
The unitary dual Ĝ is also a separable locally quasi-compact Baire topological space
having a dense open locally compact subset [14, 18.1]. Very often this topological
space is not Hausdorff (this is the difference between ”locally quasi-compact” and
”locally compact”).

Remark 2.5. We are going to use a systematic abuse of notation that we now ex-
plain. There is a m̂-measurable field

{
Hξ | ξ ∈ Ĝ

}
of Hilbert spaces and a measur-

able section Ĝ ∋ ξ 7→ πξ ∈ Irrep(G) such that each πξ : G→ B(Hξ) is a irreducible
representation belonging to the class ξ . In various formulae, instead of πξ we will
write ξ , making a convenient identification between irreducible representations and
classes of irreducible representations. The measurable field of irreducible represen-
tations

{
(πξ,Hξ) | ξ ∈ Ĝ

}
is fixed and other choices would lead to equivalent

constructions and statements.

One introduces the direct integral Hilbert space

B2(Ĝ) :=

∫ ⊕

Ĝ

B2(Hξ) dm̂(ξ) ∼=
∫ ⊕

Ĝ

Hξ ⊗Hξ dm̂(ξ) , (5)

with the obvious scalar product

〈φ1, φ2〉B2(Ĝ) :=

∫

Ĝ

〈φ1(ξ), φ2(ξ)〉B2(Hξ)dm̂(ξ) =

∫

Ĝ

Trξ[φ1(ξ)φ2(ξ)∗] dm̂(ξ) ,

(6)
where Trξ refers to the trace in B(Hξ) . More generally, for p ∈ [1,∞) one defines
Bp(Ĝ) as the family of measurable fields φ ≡

(
φ(ξ)

)
ξ∈Ĝ for which φ(ξ) belongs to

the Schatten-von Neumann class Bp(Hξ) for almost every ξ and

‖φ‖
Bp(Ĝ):=

(∫

Ĝ

‖φ(ξ)‖pBp(Hξ) dm̂(ξ)
)1/p

<∞ . (7)

They are Banach spaces. We also recall that the von Neumann algebra of decompos-
able operators B(Ĝ) :=

∫ ⊕
Ĝ

B(Hξ) dm̂(ξ) acts to the left and to the right in the Hilbert

space B2(Ĝ) in an obvious way.

On Γ := G× Ĝ , which might not be a locally compact space or a group, we consider
the product measure m⊗ m̂ . It is independent of our choice for m (if m is replaced by
λm for some strictly positive number λ , the corresponding Plancherel measure will
be λ−1m̂) . Very often we are going to need Γ̂ := Ĝ × G (this notation should not
suggest a duality) with the measure m̂⊗m . We could identify it with Γ (by means of
the map (ξ, x) 7→ (x, ξ)) but in most cases it is better not to do this identification.
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Associated to these two measure spaces, we also need the Hilbert spaces

B2(Γ) ≡ B2
(
G× Ĝ

)
:= L2(G) ⊗B2(Ĝ) (8)

and

B2(Γ̂) ≡ B2
(
Ĝ× G

)
:= B2(Ĝ)⊗ L2(G) , (9)

also having direct integral decompositions.

2.2 The Fourier transform

The Fourier transform [14, 18.2] of u ∈ L1(G) is given in weak sense by

(Fu)(ξ) ≡ û(ξ) :=

∫

G

u(x)ξ(x)∗dm(x) ∈ B(Hξ) . (10)

Here and subsequently the interpretation of ξ ∈ Ĝ as a true irreducible representation
is along the lines of Remark 2.5. Actually, by the compressed form (10) we mean that
for ϕξ, ψξ ∈ Hξ one has

〈
(Fu)(ξ)ϕξ , ψξ

〉
Hξ :=

∫

G

u(x)
〈
ϕξ, πξ(x)ψξ

〉
Hξdm(x) .

Some useful facts [14, 18.2 and 3.3]:

• The Fourier transform F : L1(G)→ B(Ĝ) is linear, contractive and injective .

• For every ǫ > 0 there exists a quasi-compact subset Kǫ ⊂ Ĝ such that
‖(Fu)(ξ)‖B(Hξ)≤ ǫ if ξ /∈ Kǫ .

• The map Ĝ ∋ ξ 7→‖ (Fu)(ξ) ‖B(Hξ)∈ R is lower semi-continuous. It is even

continuous, whenever Ĝ is Hausdorff.

Recall [14, 22, 21] that the Fourier transform F extends (starting fromL1(G)∩L2(G))
to a unitary isomorphism F : L2(G) → B2(Ĝ) . This is the generalisation of
Plancherel’s Theorem to (maybe non-commutative) admissible groups and it will play
a central role in our work.

Remark 2.6. It is also known [26, 21] that F restricts to a bijection

F(0) : L2(G) ∩ A(G)→ B2(Ĝ) ∩B1(Ĝ) (11)

with inverse given by (the traces refer toHξ)

(
F−1(0) φ

)
(x) =

∫

Ĝ

Trξ[ξ(x)φ(ξ)]dm̂(ξ) . (12)
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Rephrasing this, the restriction of the inverse F−1 to the subspace B2(Ĝ) ∩B1(Ĝ)
has the explicit form (12), and this will be a useful fact. Note the consequence, valid
for u ∈ L2(G) ∩ A(G) and for m-almost every x ∈ G :

u(x) =

∫

Ĝ

Trξ[(Fu)(ξ)ξ(x)]dm̂(ξ) =

∫

Ĝ

Trξ[ξ(x)û(ξ)]dm̂(ξ) . (13)

In particular, this holds for u ∈ Cc(G) . The extension F(1) of F(0) to A(G) makes

sense as an isometry F(1) : A(G)→ B1(Ĝ) .

Combining the quantization formula (1) with the Fourier transform (10), we can write
(1) also as

[Op(a)u](x) =

∫

Ĝ

Trξ[ξ(x)a(x, ξ)û(ξ)]dm̂(ξ) , (14)

which can be viewed as an extension of the Fourier inversion formula (13).

Remark 2.7. By a formula analoguous to (10), the Fourier transform is even defined
(and injective) on bounded complex Radon measures µ on G . One gets easily

sup
ξ∈Ĝ
‖Fµ‖B(Hξ)≤‖µ‖M1(G) := |µ|(G) .

Remark 2.8. There are many (full or partial) Fourier transformations that can play
important roles, as

F ⊗ id : L2(G× G)→ B2(Γ̂) , id⊗F : L2(G× G)→ B2(Γ) . (15)

F ⊗F−1 : B2(Γ)→ B2(Γ̂) , F−1 ⊗F : B2(Γ̂)→ B2(Γ) . (16)

They might admit various extensions or restrictions.

3 Quantization by a Weyl system

In this section we introduce a notion of a Weyl system in our setting and outline
its relation to Wigner and Fourier-Wigner transforms. This is then used to define
pseudo-differential operators through τ -quantization for an arbitrary measurable func-
tion τ : G → G . The introduced formalism is then applied to study (involutive)
algebra properties of symbols and operators as well as Schatten class properties in
the setting of non-commutative Lp-spaces. One of the goals here is to give rigorous
understanding to the τ -quantization formula (2).

3.1 Weyl systems and their associated transformations

Let us fix a measurable function τ : G→ G . We will often use the notation τx ≡ τ(x)
to avoid writing too many brackets.

Definition 3.1. For x ∈ G and π ∈ Rep(G) one defines a unitary operator
W τ(π, x) in the Hilbert space L2(G;Hπ) ≡ L2(G)⊗Hπ by

[W τ(π, x)Θ](y) := π
[
y(τx)−1

]∗
[Θ(yx−1)] = π[τ(x)]π(y)∗[Θ(yx−1)] . (17)
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If π ∼= ρ , i.e. if ρ(x)U = Uπ(x) for some unitary operator U : Hπ → Hρ and for
every x ∈ G , then it follows easily that

W τ (ρ, x) = (id⊗ U)W τ (π, x)(id ⊗ U)−1.

We record for further use the formula

W τ ′

(π, x) =
[
id⊗ π(τ ′x)

][
id⊗ π(τx)∗

]
W τ(π, x)

=
[
id⊗ π

(
(τ ′x)(τx)−1

) ]
W τ(π, x)

(18)

making the connection between operators defined by different parametres τ, τ ′ as well
as the explicit form of the adjoint

[W τ(π, x)∗Θ](y) = π
[
yx(τx)−1

]
[Θ(yx)] .

One also notes that W τ(1, x) = R
(
x−1

)
, where R is the right regular representation

of G and 1 is the 1-dimensional trivial representation. In this case H1 = C , so
L2(G;H1) reduces to L2(G) .

Remark 3.2. One can not compose the operatorsW τ(π, x) andW τ(ρ, y) in general,
since they act in different Hilbert spaces. Note, however, that the family Rep(G)/∼=
of all the unitary equivalence classes of representations form an Abelian monoid with
the tensor composition

(π ⊗ ρ)(x) := π(x) ⊗ ρ(x) , x ∈ G ,

and the unit 1 (after a suitable reinterpretation in terms of equivalence classes). The
subset Ĝ = Irrep(G)/∼= is not a submonoid in general, but the generated submonoid,
involving finite tensor products of irreducible representations, could be interesting. It
is instructive to compute the operator in L2(G;Hπ ⊗Hρ)
[
W (π, x) ⊗ idρ

][
W (ρ, y)⊗ idπ

]
=
[
idL2(G) ⊗ ρ(x)⊗ idπ

]
W (π ⊗ ρ, yx) ; (19)

to get this result one has to identifyHπ⊗Hρ withHρ⊗Hπ . IfG is Abelian, the unitary
dual Ĝ is the Pontryagin dual group, the irreducible representations are 1-dimensional
and for ξ ≡ π ∈ Ĝ and η ≡ ρ ∈ Ĝ the identity (19) reads

W (ξ, x)W (η, y) = η(x)W (ξη, xy) .

Thus W : Ĝ × G → B[L2(G)] is a unitary projective representation with 2-cocycle
(multiplier)

̟ :
(
Ĝ× G

)
×
(
Ĝ× G

)
→ T , ̟

(
(ξ, x), (η, y)

)
:= η(x) .

Similar computations can be done for W τ with general τ .
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From now one we mostly concentrate on the family of operatorsW τ(ξ, x) where x ∈
G and ξ is an irreducible representation. Extrapolating from the case G = Rn, we call
this family a Weyl system.

Below, for an operator T in L2(G;Hξ) ∼= L2(G) ⊗ Hξ and a pair of vectors u, v ∈
L2(G) , the action of 〈Tu, v〉L2(G) ∈ B(Hξ) on ϕξ ∈ Hξ is given by

〈Tu, v〉L2(G) ϕξ :=

∫

G

[T (u⊗ ϕξ)](y)v(y) dm(y) ∈ Hξ . (20)

Definition 3.3. For (x, ξ) ∈ G× Ĝ and u, v ∈ L2(G) one sets

Wτ
u,v(ξ, x) := 〈W τ(ξ, x)u, v〉L2(G) ∈ B(Hξ) . (21)

This definition is suggested by the standard notion of representation coefficient func-
tion from the theory of unitary group representations. However, in general, Ĝ × G is
not a group,Wτ

u,v is not scalar-valued, and W τ(ξ, x)W τ(η, y) makes no sense.

Remark 3.4. Note the identity
〈
Wτ
u,v(ξ, x)ϕξ , ψξ

〉
Hξ =

〈
W τ(ξ, x)(u ⊗ ϕξ), v ⊗ ψξ

〉
L2(G;Hξ) , (22)

valid for u, v ∈ L2(G) , ϕξ, ψξ ∈ Hξ , (ξ, x) ∈ Γ̂ . It follows immediately from (21)
and (20). In fact (22) can serve as a definition ofWτ

u,v(ξ, x) .

Proposition 3.5. The mapping (u, v) 7→ Wτ
u,v defines a unitary map (denoted

by the same symbol) Wτ : L2(G) ⊗ L2(G) → B2(Γ̂) , called the Fourier-Wigner
τ -transformation.

Proof. Let us define the change of variables

cvτ : G× G→ G× G , cvτ (x, y) :=
(
xτ(y−1x)−1, y−1x

)
(23)

with inverse (
cvτ
)−1

(x, y) =
(
xτ(y), xτ(y)y−1

)
. (24)

Using the definition and the interpretation (20), one has for ϕξ ∈ Hξ

Wτ
u,v(ξ, x)ϕξ =

∫

G

[W τ(ξ, x)(u ⊗ ϕξ)](z)v(z) dm(z)

=

∫

G

v(z)u(zx−1) ξ
(
zτ(x)−1

)∗
ϕξ dm(z)

=

∫

G

v(yτ(x)) u(yτ(x)x−1) ξ(y)
∗
ϕξ dm(y)

=

∫

G

(v ⊗ u)
[(

cvτ
)−1

(y, x)
]
ξ(y)∗ϕξ dm(y) .

By using the properties of the Haar measure and the unimodularity of G , it is easy to
see that the composition with the map cvτ , denoted by CVτ , is a unitary operator in
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L2(G × G) ∼= L2(G) ⊗ L2(G) . On the other hand, the conjugation L2(G) ∋ w 7→
w ∈ L2(G) is also unitary. Making use of the unitary partial Fourier transformation

(F ⊗ id) : L2(G)⊗ L2(G)→ B2(Ĝ)⊗ L2(G) ,

one gets

Wτ
u,v = (F ⊗ id)

(
CVτ

)−1
(v ⊗ u) (25)

and the statement follows.

The unitarity of the Fourier-Wigner transformation implies the next irreducibility re-
sult:

Corollary 3.6. Let K be a closed subspace of L2(G) such that W τ(ξ, x)(K ⊗
Hξ) ⊂ K ⊗Hξ for every (ξ, x) ∈ Γ̂ . Then K = {0} or K = L2(G) .

Proof. Suppose that K 6= L2(G) and let v ∈ K⊥ \ {0} .

Let us examine the identity (22), where u ∈ K , (ξ, x) ∈ Γ̂ and ϕξ, ψξ ∈ Hξ . Since
W τ(ξ, x)(u⊗ ϕξ) ∈ K⊗Hξ , the right hand side is zero. So the left hand side is also
zero for ϕξ, ψξ arbitrary, soWτ

u,v(ξ, x) = 0 . Then, by unitarity

‖u‖2L2(G)‖v‖2L2(G) = ‖Wτ
u,v ‖2B2(Γ̂)

=

∫

G

∫

Ĝ

‖Wτ
u,v(ξ, x)‖2B2(Hξ) dm(x)dm̂(ξ) = 0

and since v 6= 0 one must have u = 0 .

Depending on the point of view, one uses one of the notationsWτ
u,v orWτ(u ⊗ v) .

We also introduce

Vτu,v ≡ Vτ (u⊗ v) := (F−1 ⊗F )Wτ
v,u =

(id⊗F )
(
CVτ

)−1
(v ⊗ u) ∈ L2(G) ⊗B2(Ĝ) ,

(26)

which reads explicitly

Vτu,v(x, ξ) =

∫

G

u
(
xτ(y)y−1

)
v
(
xτ(y)

)
ξ(y)∗dm(y) .

One can name the unitary mapping Vτ : L2(G) ⊗ L2(G) → B2(Γ) the Wigner
τ -transformation. We record for further use the orthogonality relations, valid for
u, u′, v, v′ ∈ L2(G) :

〈
Wτ
u,v,Wτ

u′,v′
〉
B2(Γ̂)

=
〈
u′, u

〉
L2(G)

〈
v, v′

〉
L2(G)

=
〈
Vτu,v,Vτu′,v′

〉
B2(Γ)

. (27)
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3.2 Pseudo-differential operators

Let, as before, τ : G→ G be a measurable map. The next definition should be seen as
a rigorous way to give sense to the τ -quantization Opτ(a) introduced in (2).
We note that in general, due to various non-commutativities (of the group, of the
symbols), there are essentially two ways of introducing the quantization of this type -
these will be given and discussed in the sequel in Section 6, see especially formulae
(71) and (72). In the context of compact Lie groups these issues have been extensively
discussed in [39], see e.g. Remark 10.4.13 there, and most of that discussion extends
to our present setting. One advantage of the order of operators in the definition (2) is
that the invariant operators can be viewed as Fourier multipliers with multiplication
by the symbol from the left (4), which is perhaps a more familiar way of viewing such
operators in non-commutative harmonic analysis. However, it will turn out that the
other ordering has certain advantages from the point of view of C∗-algebra theories.
We postpone these topics to subsequent sections.

Definition 3.7. For a ∈ B2(Γ) (with Fourier transform â :=
(
F ⊗ F−1

)
a ∈

B2(Γ̂)) we define Opτ(a) to be the unique bounded linear operator in L2(G) associ-
ated by the relation

opτa(u, v) =
〈
Opτ(a)u, v

〉
L2(G)

(28)

to the bounded sesquilinear form opτa : L2(G)× L2(G)→ C

opτa(u, v) :=
〈
â,Wτ

u,v

〉
B2(Γ̂)

=

∫

G

∫

Ĝ

Trξ
[
â(ξ, x)Wτ

u,v(ξ, x)∗
]
dm(x)dm̂(ξ) (29)

or, equivalently,

opτa(u, v) :=
〈
a,Vτu,v

〉
B2(Γ)

=

∫

G

∫

Ĝ

Trξ
[
a(x, ξ)Vτu,v(x, ξ)∗

]
dm(x)dm̂(ξ) . (30)

One says that Opτ(a) is the τ -pseudo-differential operator corresponding to the
operator-valued symbol a while the map a → Opτ(a) will be called the τ -pseudo-
differential calculus or τ -quantization.

To justify Definition 3.7, one must show that opτa is indeed a well-defined bounded
sesquilinear form. Clearly opτa(u, v) is linear in u and antilinear in v . Using the
Cauchy-Schwartz inequality in the Hilbert space B2(Γ̂) , the Plancherel formula and
Proposition 3.5, one gets

|opτa(u, v)| ≤ ‖ â‖
B2(Γ̂)‖Wτ

u,v ‖B2(Γ̂) = ‖a‖B2(Γ)‖u‖L2(G)‖v‖L2(G) .

This implies in particular the estimation ‖Opτ(a)‖B[L2(G)]≤‖a‖B2(Γ) . This will be
improved in the next result, in which we identify the rank-one, the trace-class and the
Hilbert-Schmidt operators in L2(G) as τ -pseudo-differential operators.

Theorem 3.8. 1. Let us define by

Λu,v(w) := 〈w, u〉L2(G) v , ∀w ∈ L2(G)
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the rank-one operator associated to the pair of vectors (u, v) . Then one has

Λu,v = Opτ
(
Vτu,v

)
, ∀u, v ∈ L2(G) . (31)

2. Let T be a trace-class operator in L2(G) . Then there exist orthonormal se-
qences (un)n∈N , (vn)n∈N and a sequence (λn)n∈N ⊂ C with

∑
n∈N |λn| <∞

such that

T =
∑

n∈N
λnOp

τ
(
Vτun,vn

)
. (32)

3. The mapping Opτ sends unitarily B2(Γ) onto the Hilbert space composed of
all Hilbert-Schmidt operators in L2(G) .

Proof. 1. By the definition (30) and the orthogonality relations (27), one has for
u′, v′ ∈ L2(G)

〈
Opτ(Vτu,v)u′, v′

〉
L2(G)

=
〈
Vτu,v,Vτu′,v′

〉
B2(Γ)

=
〈
u′, u

〉
L2(G)

〈
v, v′

〉
L2(G)

=
〈
Λu,vu

′, v′
〉
L2(G)

.

2. Follows from 1 and from the fact [46, pag. 494] that every trace-class operator T
can be written as T =

∑
n∈N λnΛun,vn with un, vn, λn as in the statement.

3. One recalls that Λ defines (by extension) a unitary map L2(G) ⊗ L2(G) →
B2
[
L2(G)

]
and that Vτ is also unitary and note that

Opτ = Λ ◦
(
Vτ
)−1

= Λ ◦
(
Wτ
)−1 ◦

(
F ⊗F−1

)
. (33)

Another proof consists in examining the integral kernel of Opτ(a) given in Proposition
3.9.

The unitarity of the map Opτ can be written in the form

Tr
[
Opτ(a)Opτ(b)∗

]
=

∫

G

∫

Ĝ

Trξ
[
a(x, ξ)b(x, ξ)∗

]
dm(x)dm̂(ξ) ,

where Tr refers to the trace in B
[
L2(G)

]
.

Proposition 3.9. If a ∈ B2(Γ) , then Opτ(a) is an integral operator with kernel
Kerτa ∈ L2(G× G) given by

Kerτa := CVτ (id⊗F−1)a . (34)
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Proof. Using the definitions, Plancherel’s Theorem and the unitarity of CVτ , one gets

〈Opτ(a)u, v〉L2(G) :=
〈
a,Vτu,v

〉
B2(Γ)

=
〈
a, (id⊗F )

(
CVτ

)−1
(v ⊗ u)

〉
L2(G)⊗B2(Ĝ)

=
〈

(id⊗F−1)a,
(
CVτ

)−1
(v ⊗ u)

〉
L2(G)⊗L2(G)

=
〈

CVτ (id⊗F−1)a, (v ⊗ u)
〉
L2(G)⊗L2(G)

=

∫

G

∫

G

[
CVτ (id⊗F−1)a

]
(x, y)(v ⊗ u)(x, y)dm(y)dm(x)

=

∫

G

(∫

G

[
CVτ (id⊗F−1)a

]
(x, y)u(y)dm(y)

)
v(x)dm(x) ,

completing the proof.

Remark 3.10. We rephrase Proposition 3.9 as

Opτ = Int ◦ Kerτ = Int ◦ CVτ ◦ (id⊗F−1) , (35)

where Int : L2(G× G)→ B2
[
L2(G)

]
is given by

[Int(M)u](x) :=

∫

G

M(x, y)u(y)dm(y) .

Now we see that Opτ actually coincides with the one defined in (2), at least in a certain
sense. Formally, using (34), one gets

Kerτa(x, y) =

∫

Ĝ

Trξ

[
a
(
xτ(y−1x)−1, ξ

)
ξ(y−1x)

]
dm̂(ξ) (36)

and this should be compared to (2). The formula (36) is rigorously correct if, for
instance, the symbol a belongs to (id⊗F )Cc(G×G) , since the explicit form (12) of the
inverse Fourier transform holds on FCc(G) ⊂ F

[
A(G)∩L2(G)

]
= B1(Ĝ)∩B2(Ĝ) .

Thus we reobtain the formula (2) as

[Opτ(a)u](x) =

∫

G

Kerτa(x, y)u(y)dm(y)

=

∫

G

(∫

Ĝ

Trξ

[
ξ(y−1x)a

(
xτ(y−1x)−1, ξ

)]
dm̂(ξ)

)
u(y)dm(y) .

(37)

Remark 3.11. If τ, τ ′ : G → G are measurable maps, the associated pseudo-
differential calculi are related by Opτ

′

(a) = Opτ(aττ ′) where, based on (35), one
gets

(id⊗F−1)aττ ′ =
[
(id⊗F−1)a

]
◦ cvτ ′ ◦

(
cvτ
)−1

. (38)
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One computes easily

cvτ
′τ (x, y) :=

[
cvτ

′ ◦
(
cvτ
)−1]

(x, y) =
(
xτ(y)τ ′(y)−1, y

)
. (39)

However, it seems difficult to turn this into a nice explicit formula for aττ ′ , but this
is already the case in the Euclidean space too. The crossed product realisation is nicer
from this point of view (when “turned to the right”). Using (47) one can write

Schτ
′

(Φ) = Schτ (Φττ ′) , (40)

with Φττ ′ = Φ ◦ cvτ ′τ . See also Remark 7.4.

3.3 Involutive algebras of symbols

Since our pseudo-differential calculus is one-to-one, we can define an involutive al-
gebra structure on operator-valued symbols, emulating the algebra of operators. One
defines a composition law #τ and an involution #τ on B2(Γ̂) by

Opτ(a#τb) := Opτ(a)Opτ(b) ,

Opτ(a#τ ) := Opτ(a)∗.

The composition can be written in terms of integral kernels as

Kerτa#τb = Kerτa • Kerτb ,

where, by (35),

Kerτ := CVτ ◦ (id⊗F−1)

and • is the usual composition of kernels

(M •N)(x, y) :=

∫

G

M(x, z)N(z, y)dm(z) ,

corresponding to Int(M •N) = Int(M)Int(N) . It follows that for a, b ∈ B2(Γ̂)

a#τ b =
(
Kerτ

)−1(
Kerτa • Kerτb

)

= (id⊗F ) ◦ (CVτ )−1
{[

CVτ ◦ (id⊗F−1)
]
a •
[
CVτ ◦ (id⊗F−1)

]
b
}
.

(41)
Similarly, in terms of the natural kernel involutionM•(x, y) := M(y, x) (correspond-
ing to Int(M)∗ = Int(M•)) , one gets

a#τ =
(
Kerτ

)−1[
(Kerτa)•

]
= (id⊗F ) ◦ (CVτ )−1

{([
CVτ ◦ (id⊗F−1)

]
a
)•}

.

(42)
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Remark 3.12. As a conclusion,
(
B2(Γ),#τ ,

#τ
)

is a ∗-algebra. This is part of a

more detailed result, stating that
(
B2(Γ), 〈·, ·〉B2(Γ),#τ ,

#τ
)

is an H∗-algebra, i.e.

a complete Hilbert algebra [14, App. A]. Among others, this contains the following
compatibility relations between the scalar product and the algebraic laws

〈
a#τb, c

〉
B2(Γ)

=
〈
a, b#τ#τ c

〉
B2(Γ)

,

〈a, b〉B2(Γ) =
〈
b#τ , a#τ

〉
B2(Γ)

,

valid for every a, b, c ∈ B2(Γ) . The simplest way to prove all these is to recall that
B2
[
L2(G)

]
is an H∗-algebra with the operator multiplication, with the adjoint and

with the complete scalar product 〈S, T 〉B2 := Tr[ST ∗] and to invoke the algebraic

and unitary isomorphism B2(Γ)
Opτ∼= B2

[
L2(G)

]
.

Formulae (41) and (42) take a more explicit integral form on symbols particular
enough to allow applying formula (12) for the inverse Fourier transform. Since, any-
how, we will not need such formulas, we do not pursue this here. Let us give, however,
the simple algebraic rules satisfied by the Wigner τ -transforms defined in (26) :

Corollary 3.13. For every u, v, u1, u2, v1, v2 ∈ L2(G) one has

Vτu1,v1#τ Vτu2,v2 = 〈v2, u1〉Vτu2,v1 (43)

and (
Vτu,v

)#τ
= Vτv,u . (44)

Proof. The first identity is a consequence of the first point of Theorem 3.8:

Opτ
(
Vτu1,v1#τ Vτu2,v2

)
= Opτ

(
Vτu1,v1

)
Opτ
(
Vτu2,v2

)

= Λu1,v1Λu2,v2

= 〈v2, u1〉Λu2,v1

= 〈v2, u1〉Opτ
(
Vτu2,v1

)
,

which implies (43) because Opτ is linear and injective.

The relation (44) follows similarly, taking into account the identity Λ∗u,v = Λv,u .

Remark 3.14. It seems convenient to summarise the situation in the following com-
mutative diagram of unitary mappings (which are even isomorphisms ofH∗-algebras):

L2(G) ⊗ L2(G) L2(G)⊗B2(Ĝ) B2(Ĝ)⊗ L2(G)

B2(Ĝ)⊗ L2(G) B2
[
L2(G)

]
L2(G) ⊗ L2(G)

✲id⊗F

❄
F⊗id

❍❍❍❍❍❍❍❥
Schτ

❄
Opτ

✛F
−1⊗F

✲
Poτ

✛
Λ

✻
Wτ

❍❍❍❍❍❍❨
Vτ
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For completeness and for further use we also included two new maps. The first one is
given by the formula Poτ := Opτ ◦

(
F−1 ⊗F

)
and it is the integrated form of the

family of operators
{
W τ (x, ξ) | (x, ξ) ∈ G× Ĝ

}
, defined formally by

Poτ(a) :=

∫

G

∫

Ĝ

Trξ
[
a(ξ, x)W τ (ξ, x)∗

]
dm(x)dm̂(ξ) . (45)

Here we can think that a =
(
F ⊗F−1

)
a . It is treated rigorously in the same way as

Opτ ; the correct weak definition is to set for u, v ∈ L2(G)
〈
Poτ(a)u, v

〉
L2(G)

=
〈
Opτ

[(
F−1 ⊗F

)
(a)
]
u, v
〉
L2(G)

=
〈
a,Wτ

u,v

〉
B2(Γ̂)

. (46)

The second one is the Schrödinger representation Schτ := Int ◦ CVτ defined for
Φ ∈ L2(G× G) by

[Schτ(Φ)v](x) :=

∫

G

Φ
(
xτ(y−1x)−1, y−1x

)
v(y) dm(y) . (47)

It satisfies Opτ = Schτ◦
(
id⊗F−1

)
and we put it into evidence because it is connected

to the C∗-algebraic formalism described in Subsection 7.2.

3.4 Non-commutative Lp-spaces and Schatten classes

Definition 3.15. For p ∈ [1,∞) we introduce the Banach space Bp,p(Γ̂) :=

Lp
[
G; Bp(Ĝ)

]
with the norm

‖a‖
Bp,p(Γ̂) :=

(∫

G

‖a(x)‖p
Bp(Ĝ)

dm(x)
)1/p

=
(∫

G

[ ∫

Ĝ

‖a(ξ, x)‖pBp(Hξ) dm̂(ξ)
]
dm(x)

)1/p
,

where the convenient notation a(ξ, x) := [a(x)](ξ) has been used.

Note that B1,1(Γ̂) ∼= B1(Ĝ)⊗L1(G) (projective completed tensor product), while
B2,2(Γ̂) ∼= B2(Γ̂) = B2(Ĝ) ⊗ L2(G) (Hilbert tensor product). The double index
indicates that the spaces Bp,q(Γ̂) := Lp

[
G; Bq(Ĝ)

]
could also be taken into account

for p 6= q .

To put the definition in a general context, we recall some basic facts about non-
commutativeLp-spaces [38, 48]. A non-commutative measure space is a pair (M , T )
formed of a von Neumann algebra M with positive cone M+ , acting in a Hilbert
space K , endowed with a normal semifinite faithful trace T : M+ → [0,∞] . One
defines

S+ := {m ∈M+ | T [s(m)] <∞} ,
where s(m) is the support of m , i.e. the smallest orthogonal projection e ∈ M
such that eme = m . Then S , defined to be the linear span of S+ , is a w∗-dense
∗-subalgebra of M . For every p ∈ [1,∞) , the map ‖·‖(p): S → [0,∞) given by

‖m‖(p) :=
[
T
(
|m|p

)]1/p
=
[
T
(
(m∗m)p/2

)]1/p
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is a well-defined norm. The completion of
(
S , ‖ · ‖(p)

)
is denoted by L p(M , T )

and is called the non-commutative Lp-space associated to the non-commutative mea-
sure space (M , T ) . The scale is completed by setting L∞(M , T ) := M . It can
be shown that L 1(M , T ) can be viewed as the predual of M and the elements of
L p(M , T ) can be interpreted as closed, maybe unbounded, operators in K [38].

We are going to need two important properties of these non-commutative Lp-spaces.

• Duality: if p 6= ∞ and 1/p + 1/p′ = 1 , then
[
L p(M , T )

]∗ ∼= L p′(M , T )
isometrically; the duality is defined by 〈m,n〉(p),(p′) := T (mn∗) (consequence
of a non-commutative Hölder inequality).

• Interpolation: the complex interpolation of these spaces follows the rule

[
L p0(M , T ),L p1(M , T )

]
θ

= L p(M ; T ) , θ ∈ (0, 1) ,
1

p
=

1− θ
p0

+
θ

p1
.

In our case the non-commutative measure space can be defined as follows: The von
Neumann algebra is

B∞,∞(Γ̂) = B(Ĝ) ⊗̃L∞(G) =

∫ ⊕

Ĝ

B(Hξ)dm̂(ξ) ⊗̃L∞(G)

(weak∗-completion of the algebraic tensor product). Denoting as before by Trξ the
standard trace in B(Hξ) , then on B(Ĝ ) one has [15, Sect II.5.1] the direct integral

trace Tr :=
∫ ⊕
Ĝ

Trξ dm̂(ξ) and on B(Ĝ) ⊗̃L∞(G) the tensor product [48, 1.7.5]
T := Tr ⊗

∫
G

of Tr with the trace given by Haar integration in the commutative
von Neumann algebra L∞(G) . Thus one gets the non-commutative measure space(
B∞,∞(Γ̂), T

)
. It is not difficult to show that the associated non-commutative Lp-

spaces are the Banach spaces Bp,p(Γ̂) introduced in Definition 3.15 ([48, 1.7.5] is
useful again). In particular, we have the following rule of complex interpolation:

[
Bp0,p0(Γ̂),Bp1,p1(Γ̂)

]
θ

= Bp,p(Γ̂) , θ ∈ (0, 1) ,
1

p
=

1− θ
p0

+
θ

p1
.

On the other hand, the Schatten-von Neumann ideals Bp
[
L2(G)

]
are the non-

commutative Lp-spaces associated to the non-commutative measure space(
B
[
L2(G)

]
,Tr
)
. So they interpolate in the same way.

Proposition 3.16. For every p ∈ [2,∞] one has a linear contraction

Wτ : L2(G)⊗ L2(G)→ Bp,p(Γ̂) . (48)

Proof. We have seen in Proposition 3.5 thatWτ is unitary if p = 2 . If we also check
the case p =∞ , then (48) follows by complex interpolation. But the uniform estimate

‖Wτ
u,v(ξ, x)‖B(Hξ)≤‖u‖L2(G)‖v‖L2(G)

is an immediate consequence of (22) and of the unitarity of W τ(ξ, x) in L2(G;Hξ) .
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For the next two results we switch our interest from Opτ to Poτ , given by (46), since
for such general groups G there is no inversion formula for the Fourier transform at
the level of the non-commutative Lp-spaces (the Hausdorff-Young inequality cannot
be used for our purposes).

Theorem 3.17. If a ∈ B1,1(Γ̂) = L1
[
G; B1(Ĝ)

]
then Poτ (a) is bounded in L2(G)

and ∥∥Poτ(a)
∥∥
B[L2(G)]

≤‖a ‖
B1,1(Γ̂) .

Proof. One modifies (46) to a similar definition by duality

〈
Poτ(a)u, v

〉
L2(G)

=
〈
a,Wτ

u,v

〉
(1),(∞)

:= T
(
a
[
Wτ
u,v

]∗)
,

based on the case p = ∞ of Proposition 3.16 and on the duality of the non-
commutative Lebesgue spaces.

By using complex interpolation between the end points p0 = 2 and p1 =∞ , one gets

Corollary 3.18. If p ∈ [1, 2] , 1
p + 1

p′ = 1 and a ∈ Lp
[
G; Bp(Ĝ)

]
, then Poτ(a)

belongs to Bp
′[
L2(G)

]
and
∥∥Poτ(a)

∥∥
Bp′ [L2(G)]

≤ ‖a‖
Bp,p(Γ̂) .

More refined results follow from real interpolation; the interested reader could write
them down easily.

4 Symmetric quantizations

Having in mind the well-known [22] Weyl quantization, we inquire about the existence
of a parameter τ allowing a symmetric quantization; if it exists, for emphasis, we
denote it by σ . By definition, this means that a#σ = a⋆ for every a ∈ B2(Γ) ,
where of course a⋆(x, ξ) := a(x, ξ)∗ (adjoint in B(Hξ)) for every (x, ξ) ∈ Γ . At the
level of pseudo-differential operators the consequence would be the simple relation
Opσ(a)∗ = Opσ(a⋆) , so “real-valued symbols” are sent into self-adjoint operators.

4.1 An explicit form for the adjoint

In order to study symmetry it is convenient to give a more explicit form of the invo-
lution (42); we need to alow different values of the parameter τ . For any measurable
map τ : G→ G , let us define

τ̃ : G→ G , τ̃(x) := τ
(
x−1

)
x . (49)

It is worth mentioning that if τ(·) = e then τ̃ = idG and if τ = idG then τ̃(·) = e . In
addition ˜̃τ = τ holds.

If G = Rn and τ := t idRn with t ∈ [0, 1] , one has τ̃ = (1 − t)idRn and the next
proposition is well-known for pseudo-differential operators on Rn.
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Proposition 4.1. One has Opτ(a)∗ = Opτ
′

(a⋆) for every a ∈ B(Γ) if and only if
τ ′ = τ̃ .

Proof. Hoping that Opτ(a)∗ = Opτ
′

(a⋆) for some τ ′ : G → G , by (35), one has to
examine the equality

([
CVτ ◦ (id⊗F−1)

]
a
)•

=
[
CVτ ′◦ (id⊗F−1)

]
a⋆.

This and the next identities should hold almost everywhere with respect to the product
measure m⊗m . Using the easy relation

[(id⊗F−1)a⋆](y, z) = [(id⊗F−1)a](y, z−1) ,

one gets immediately
([

CVτ ′◦ (id⊗F−1)
]
a⋆
)

(y, z) = [(id⊗F−1)a]
(
yτ ′(z−1y)−1, y−1z

)
. (50)

On the other hand
([

CVτ ◦ (id⊗F−1)
]
a
)•

(y, z) =
([

CVτ ◦ (id⊗F−1)
]
a
)

(z, y)

=
[
(id⊗F−1)a

](
zτ(y−1z)−1, y−1z

) (51)

and the two expressions (50) and (51) always coincide m ⊗ m-almost everywhere if
and only if

yτ ′(z−1y)−1 = zτ(y−1z)−1 , m⊗m− a.e. (y, z) ∈ G× G .

This condition can be transformed into

τ ′(z−1y) = τ
(
y−1z

)
z−1y , m⊗m− a.e. (y, z) ∈ G× G ,

which must be shown to be equivalent to τ ′ = τ̃ holding m-almost everywhere.
This follows if we prove thatA ⊂ G is m-negligible if and only ifM(A) := {(y, z) ∈
G×G | z−1y ∈ A} is m⊗m-negligible. Since m is σ-finite, there is a Borel partition
G = ⊔n∈NBn with m(Bn) <∞ for every n ∈ N . ThusM(A) = ⊔n∈NMn(A) , with

Mn(A) := {(y, z) ∈M(A) | z ∈ Bn} = {(y, z) ∈ G×Bn | y ∈ zA} .

Using the invariance of the Haar measure, one checks that (m ⊗ m)
[
Mn(A)

]
=

m(A)m(Bn) and the conclusion follows easily.

4.2 Symmetry functions

The measurable function σ : G → G is called a symmetry function if one has
Opσ(a)∗ = Opσ(a⋆) for every a ∈ B2(Γ) . When G is admissible and a symme-
try function exists we say that the group G admits a symmetric quantization. As a
consequence of Proposition 4.1 one gets
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Corollary 4.2. The map σ : G → G is a symmetry function if and only if for
almost every x ∈ G

σ(x) = σ(x−1)x . (52)

In particular, if σ is a symmetry function and a(·, ·) ∈ B2(Γ) is self-adjoint pointwise
(or m⊗ m̂-almost everywhere) then Opσ(a) is a self-adjoint operator in L2(G) .

The problem of existence of σ satisfying (52) seems rather obscure in general, so we
only treat some particular cases.

Proposition 4.3. 1. The product G :=
∏m
k=1Gk of a family of groups admit-

ting a symmetric quantization also admits a symmetric quantization.

2. The admissible central extension of a group admitting a symmetric quantization
by another group with this property is a group admitting a symmetric quantiza-
tion.

3. Any exponential Lie group (in particular any connected simply connected nilpo-
tent group) admits a symmetric quantization.

Proof. 1. Finite products of admissible groups are admissible. If σk is a symmetry
function for Gk , then σ

[
(xk)k

]
:=
(
σk(xk)

)
k

defines a symmetry function for G .

2. The structure of central group extensions can be described in terms of 2-cocycles up
to canonical isomorphisms. Let N be an Abelian locally compact group, H a locally
compact group and ̟ : H × H → N a 2-cocycle. On G := H × N one has the
composition law and the inversion

(h1, n1)(h2, n2) :=(h1h2, n1n2̟(h1, h2)) , (h, n)−1 :=
(
h−1, ̟(h−1, h)−1n−1

)
.

(53)
The properties of ̟ are normalisation ̟(h, eH) = eN = ̟(eH, h) , ∀h ∈ H , and the
2-cocycle identity

̟(h1, h2)̟(h1h2, h3) = ̟(h2, h3)̟(h1, h2h3) , ∀h1, h2, h3 ∈ H . (54)

We are given symmetry functions σH : H→ H and σN : N→ N thus satisfying

σH(h) = σH(h−1)h , σN(n) = σN(n−1)n = nσN(n−1) .

We define the measurable map σ : G→ G by

σ(h, n) : =
(
σH(h), σN

[
̟
(
σH(h−1), h

)
n
])

=
(
σH(h−1)h,̟

(
σH(h−1), h

)
nσN

[
̟
(
σH(h−1), h

)−1
n−1

])
;

(55)

the second line has been deduced from the first by using the properties of σH and σN
and the fact that N is commutative. We compute using (53) and (55)

σ
(
(h, n)−1

)
(h, n) = σ

(
h−1, ̟(h−1, h)−1n−1

)
(h, n)

=
(
σH(h−1), σN

[
̟
(
σH(h), h−1

)
̟(h−1, h)−1n−1

])
(h, n)

=
(
σH(h−1)h, n σN

[
̟
(
σH(h), h−1

)
̟(h−1, h)−1n−1

]
̟
(
σH(h−1), h

))
.

(56)

Documenta Mathematica 22 (2017) 1539–1592



Pseudo-Differential Operators on Type I Groups 1563

The first components in (55) and (56) are equal. The second ones would coincide if
one shows

̟
(
σH(h−1), h

)−1
= ̟

(
σH(h), h−1

)
̟(h−1, h)−1 ,

which is equivalent to

̟
(
σH(h), h−1

)
̟
(
σH(h−1), h

)
= ̟

(
h−1, h

)
. (57)

Taking in (54) h3 = h−12 = h and using the normalization of ̟ one gets

̟(h1, h
−1)̟(h1h

−1, h) = ̟(h−1, h) , ∀h1, h ∈ H .

Choosing h1 := σH(h) we get (57), because σH is a symmetry function.

3. Assume that G is a Lie group with Lie algebra g . It is known that the exponential
map exp : g → G restricts to a diffeomorphism exp : u → U , where u is a neigh-
borhood of 0 ∈ g (a ball centered in the origin, for example) and U is a neighborhood
of e ∈ G . The inverse diffeomorphism is denoted by log : U → u . One defines “the
midpoint mapping”

σ : U→ G , σ(x) :=

∫ 1

0

exp[s log x]ds . (58)

We claim that
xσ(x−1) = σ(x) = σ(x−1)x , ∀x ∈ G . (59)

We prove the second equality; the first one is similar:

σ(x−1)x =

∫ 1

0

exp
[
s log(x−1)

]
ds x

=

∫ 1

0

exp
[
− s log(x)

]
ds exp

[
log(x)

]

=

∫ 1

0

exp
[
(1− s) log(x)

]
ds

=

∫ 1

0

exp
[
s log(x)

]
ds = σ(x) .

An exponential group G is, by definition, a Lie group for which one can take u = g

and U = G (i.e. the exponential map is a global diffeomorphism), case in which
the symmetry function σ is globally defined. In addition G is admissible. Connected
simply connected nilpotent group are exponential, by [7, Th. 1.2.1].

Example 4.4. For G = Rn one just sets σ(x) := x/2 (getting finally the Weyl
quantization).
If σ is required to satisfy σ(·−1) = σ(·)−1 (e.g. being an endomorphism), (52) reduces
to x = σ(x)2 for almost every x , which is equivalent to “any” element in G having
a square root; such a group does admit a symmetric quantization. This fails for many
groups, as G := Zn for instance.
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5 Extension to distributions

Having started with the formalism involving symbols in B2(Γ) and operators bounded
on L2(G), it is useful to be able to extend it to e.g. unbounded symbols and to oper-
ators which are only densely defined on L2(G). If the group G is a Lie group (has a
smooth manifold structure), we can, for example, think of operators acting from the
space of test functions to the space of distributions, or of operators having e.g. poly-
nomial growth of symbols. Without assuming that G is a Lie group we do not have
the usual space of smooth compactly supported functions readily available as the stan-
dard space of test functions. So we will be using its generalisation to locally compact
groups by Bruhat [4], and these Bruhat spaces D(G) and D′(G) will replace the usual
spaces of test functions and distributions, respectively, in our setting.

5.1 Smooth functions and distributions – Bruhat spaces

The Bruhat spaces D(G) and D′(G) have been introduced in [4], to which we refer
for further details. Most of their properties hold for every locally compact group,
but in some cases second countability is also used. Postliminarity, unimodularity or
amenability are not needed.

A good subgroup of G is a compact normal subgroup H of G such that G/H is (iso-
morphic to) a Lie group. The family of all good subgroups of G will be denoted by
good(G) ; it is stable under intersections. We are going to assume first that

⋂

H∈good(G)
H = {e} . (60)

Denoting the connected component of the identity by G0 , this happens, for instance,
if G/G0 is compact, in particular if G is connected. If (60) holds, every neighborhood
of e contains an element of good(G) . Then G can be seen as the projective limit of
the projective family of Lie groups

{
G/H→ G/K | H,K ∈ good(G) ,K ⊂ H

}
.

For every good group H one sets D(G/H) := C∞c (G/H) with the usual inductive limit
topology. Functions on quotients are identified with invariant functions on the group
by the map jH(v) := v ◦ qH , where qH : G → G/H is the canonical surjection. Thus
on

DH(G) := jH[D(G/H)] ⊂ Cc(G) ⊂ C0(G)

one can transport the topology of D(G/H) .

Definition 5.1. The Bruhat space D(G) of the locally compact group G is the
topological inductive limit of the family of subspaces {DH(G) | H ∈ good(G)} of
Cc(G) .
The strong dual of D(G) is denoted by D′(G) ; it containsD(G) densely. Its elements
are called distributions.
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The space D(G) is barrelled and bornological. It is continuously and densely con-
tained in Cc(G) and complete. If G is already a Lie group, then {e} ∈ good(G) and
clearly D(G) = C∞c (G) .
The spaces D(G) and D′(G) are complete and Montel (thus reflexive) as well as nu-
clear.

We presented above the case in which our locally compact group satisfies⋂
H∈good(G) H = {e}. Following [4, Sect. 2], we briefly indicate what to do

without this assumption.
There exists an open subgroup G1 of G such that

⋂
H1∈good(G1)

H1 = {e} . Thus the
space D(G1) ⊂ Cc(G) is available. The group G is partitioned in classes modulo G1

to the left: G =
⋃
xG1 or to the right: G =

⋃
G1x . By left translations one generates

the subspaces D(xG1) of Cc(G) (with the transported topology); the elements are
particular types of continuous functions on G compactly supported in xG1 . Then
define DL(G) ⊂ Cc(G) to be the topological direct sum DL(G) :=

⊕D(xG1) . It
comes out that the similarly constructed DR(G) :=

⊕D(G1x) is the same subspace
of Cc(G) with the same topology. In addition, it does not depend on the choice of the
open subgroup G1 so it deserves the notation D(G) .
Then the construction of the space D′(G) follows similarly and all the nice properties
mentioned above still hold (cf. [4]). The main reason is the fact that topological direct
sums are rather easy to control. Subsequently we will have recourse to these Bruhat
spaces in the general case.

We are going to use the symbol ⊗ for the projective tensor product of locally convex
spaces; note, however, that this will only be applied to spaces known to be nuclear. By
the Kernel Theorem for Bruhat spaces [4, Sect. 5] one has

D(G× G) ∼= D(G)⊗D(G) ⊂ L2(G× G)

continuously and densely. Soon we are going to need the next result:

Lemma 5.2. The mapping

CV : D(G×G)→ D(G×G) , [CV(Ψ)](x, y) := Ψ[cv(x, y)] = Ψ
(
x, y−1x

)
(61)

is a well-defined topological isomorphism. Its inverse CV−1 is the operation of com-
posing with

cv−1 : G× G→ G× G , cv−1(x, y) :=
(
x, xy−1

)
.

By transposing the inverse one gets a topological isomorphism

CV :=
[
CV−1

]tr
: D′(G× G)→ D′(G × G) ,

which is an extension of the one given in (61) (this explains the notational abuse).

Proof. The proof is quite straightforward, but rather long if all the details are included,
so it is essentially left to the reader. Besides using the definitions and the standard tools
of duality, one should also note the following:
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• If H is a good subgroup of G , then H × H is a good subgroup of G × G and
(G× G)/(H× H) is canonically isomorphic to (G/H)× (G/H) .

• For H ∈ good(G) there is a Lie group isomorphism

cvH : (G/H)× (G/H)→ (G/H)× (G/H) ,

cvH(xH, yH) :=
(
(xH), (yH)−1xH

)
=
(
xH, y−1xH

)

and related to the initial change of variables cv through

cvH ◦
(
qH × qH

)
=
(
qH × qH

)
◦ cv .

This and the fact that cvH is a proper map easily allow us to conclude that
CV : DH×H(G× G)→ DH×H(G× G) is a well-defined isomorphism for every
good subgroup H .

• Let G1 be a subgroup of G ; then cv carries G1 × G1 into itself isomorphically.

• Let G1 be an open subgroup of G such that
⋂

H1∈good(G1)
H1 = {e} . Then the

family
{
H1 × H1 | H1 ∈ good(G1)

}
is directed under inclusion and

⋂

H1∈good(G1)

H1 × H1 = {(e, e)} .

Remark 5.3. Of course, the case τ(x) = x can be treated the same way. If one
tries to do the same for the change of variables cvτ , in general one encounters rather
complicated conditions relating the map τ to the family good(G) . However, if G

is a Lie group, good(G) has a smallest element {e} and thus D(G) coincides with
C∞c (G) . Then it is easy to see that the statements of the lemma hold if cvτ is proper
and τ : G→ G is a C∞-function.

5.2 Restrictions and extensions of the pseudo-differential cal-
culus

Let us define D(Ĝ) := F [D(G)] with the locally convex topological structure trans-
ported from the Bruhat space D(G) . One has D(G) ⊂ Cc(G) ⊂ L2(G) ∩ A(G)

(continuously and densely), so D(Ĝ) is a dense subspace of B2(Ĝ) ∩ B1(Ĝ) (with
the intersection topology) and of B2(Ĝ) . Thus the explicit form of the inverse (12)
holds on D(Ĝ) . One also has

u(e) =

∫

Ĝ

Trξ[(Fu)(ξ)]dm̂(ξ) , ∀u ∈ D(G) .

We are going to use the dense subspace

D
(
Γ
)
≡ D

(
G× Ĝ

)
:= D(G)⊗D(Ĝ) ⊂ B2(Γ) ,
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possessing its own locally convex topology, obtained by transport of structure and the
completed projective tensor product construction. Taking also into account the strong
dual, one gets a Gelfand triple D

(
Γ
)
→֒ B2(Γ) →֒ D ′

(
Γ
)

.

Proposition 5.4. The calculus Op : L2(G) ⊗B2(Ĝ)→ B2
[
L2(G)

]

• restricts to a topological isomorphism Op : D(G)⊗D(Ĝ)→ B
[
D′(G);D(G)

]
,

• extends to a topological isomorphismOp : D′(G)⊗D ′(Ĝ)→ B
[
D(G);D′(G)

]
.

Proof. The proof can essentially be read in the diagrams

D(G)⊗D(Ĝ) D(G)⊗D(G) ∼= D(G × G)

B
[
D′(G);D(G)

]
D(G × G)

✲id⊗F
−1

❄

Op

❄

CV

✛
Int

and

D′(G)⊗D ′(Ĝ) D′(G)⊗D′(G) ∼= D′(G× G)

B
[
D(G);D′(G)

]
D′(G× G)

✲id⊗F
−1

❄

Op

❄

CV

✛
Int

The vertical arrows to the right are justified by Lemma 5.2. We leave the details to the
reader.

Techniques from [29] could be applied to define and study large Moyal algebras of
vector-valued symbols corresponding to the spaces B

[
D(G)

]
and B

[
D′(G)

]
of opera-

tors.

5.3 Compactness criteria

The next result shows that compactness of sets, operators and families of operators in
the Hilbert space L2(G) can be characterised by localisation with pseudo-differential
operators with symbols in D(Γ) . We adapt the methods of proof from [28], whose
framework cannot be applied directly.
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Theorem 5.5. 1. A bounded subset ∆ ofL2(G) is relatively compact if and only
if for every ǫ > 0 there exists a ∈ D(Γ) such that

sup
u∈∆
‖Opτ (a)u− u‖L2(G) ≤ ǫ . (62)

2. Let X be a Banach space. An element T ∈ B
[
X , L2(G)

]
is a compact operator

if and only if for every ǫ > 0 there exists a ∈ D(Γ) such that

‖Opτ (a)T − T ‖B[X ,L2(G)] ≤ ǫ .

3. Let L ⊂ B[L2(G)] be a family of bounded operators. Then L ⊂ K[L2(G)]
and its closure in K[L2(G)] is compact if and only if for every ǫ > 0 there exists
a ∈ D(Γ) such that

sup
T∈L

(
‖Opτ (a)T − T ‖B[L2(G)] + ‖Opτ (a)T ∗ − T ∗‖B[L2(G)]

)
≤ ǫ .

Proof. 1. If ∆ is relatively compact, it is totally bounded. Thus, for every ǫ > 0 ,
there is a finite set F such that for each u ∈ ∆ there exists u′ ∈ F with ‖u−u′‖L2(G)

≤ ǫ/4 . This finite subset generates a finite-dimensional subspace HF ⊂ L2(G) with
finite-rank corresponding projection PF . Then for every u ∈ ∆ , recalling our choice
for u′ and the fact that PFu′ = u′, one gets

‖PFu− u‖L2(G) ≤‖PFu− PFu′ ‖L2(G) + ‖PFu′ − u′ ‖L2(G) + ‖u′ − u‖L2(G)

≤ 2 ‖u− u′ ‖L2(G)≤ ǫ/2 .

Let now M := supu∈∆ ‖u‖L2(G) ; if we find a ∈ D(Γ) such that

‖Opτ (a)− PF ‖B[L2(G)]≤ ǫ/2M (63)

one writes for every u ∈ ∆

‖Opτ (a)u−u‖L2(G)≤‖Opτ (a)u−PFu‖L2(G) + ‖PFu−u‖L2(G)≤ ǫ/2+ǫ/2 = ǫ

and the formula (62) is proved.
Since D(G × G) is dense in L2(G × G) , the subspace D(Γ) is dense in B2(Γ) .
Consequently, Opτ : B2(Γ) → B2[L2(G)] being unitary, one even gets an improved
version of (63) with the operator norm replaced by the Hilbert-Schmidt norm. This
finishes the “only if” implication.

We now prove the converse assertion. Fix ǫ > 0 and choose a ∈ D(Γ) such that

sup
u∈∆
‖Opτ (a)u− u‖L2(G)≤ ǫ/2 .

Since D(Γ) ⊂ B2(Γ) , the operator Opτ (a) is Hilbert-Schmidt, in particular com-
pact. The set ∆ is assumed bounded, thus the range Opτ (a)∆ is totally bounded.
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Consequently, there is a finite set E such that for each u ∈ ∆ there exists u′′ ∈ E
satisfying ‖Opτ (a)u− u′′ ‖L2(G)≤ ǫ/2 . Therefore

‖u− u′′ ‖L2(G)≤‖u−Opτ (a)u‖L2(G) + ‖Opτ (a)u− u′′ ‖L2(G)≤ ǫ/2 + ǫ/2 = ǫ ,

so the set ∆ is totally bounded, thus relatively compact.

2. The operator T is compact if and only if ∆ := T
(
{w ∈ X | ‖ w ‖X ≤ 1}

)
is

relatively compact in the Hilbert space L2(G) . By 1, this happens exactly when for
every ǫ > 0 there is a symbol a in D(Γ) such that

‖Opτ (a)T − T ‖B[X ,L2(G)] = sup
‖w‖X≤1

‖ [Opτ (a)− 1](Tw)‖L2(G)≤ ǫ .

3. The set L is called collectively compact if
⋃
T∈L

T
(
{u ∈ L2(G) | ‖ u ‖L2(G)≤

1}
)

is relatively compact in L2(G) . It is a rather deep fact [1, 34] that L is a relatively
compact subset of K[L2(G)] with respect to the operator norm if and only if both L
and L ∗ := {T ∗ | T ∈ L } are collectively compact. This and the point 2 lead to the
desired conclusion.

Remark 5.6. In Subsection 7.3 we are going to introduce multiplication operators
Mult(f) and left convolution operators ConvL(g) . Completing Theorem 5.5, one can
easily prove that a bounded subset ∆ of L2(G) is relatively compact if and only if for
every ǫ > 0 there exist f, g ∈ Cc(G) such that

sup
u∈∆

(
‖Mult(f)u− u‖L2(G) + ‖ConvL(g)u− u‖L2(G)

)
≤ ǫ .

Such type of results, in a much more general setting, have been proved in [16]. They
are not depending on the existence of a pseudo-differential calculus. On the other
hand, essentially by the same proof, we could assign f, g to the Bruhat space D(G) ,
which is not covered by [16].

6 Right and left quantizations

Our construction of the pseudo-differential calculus Opτ started from a concrete ex-
pression (17) for the Weyl system W τ ≡ W τ

R ; we set for x, y ∈ G , ξ ∈ Ĝ and
Θ ∈ L2(G,Hξ)

[W τ
R(ξ, x)Θ](y) := ξ

[
y(τx)−1

]∗
[Θ(yx−1)] . (64)

The extra index R hints to the fact that right translations are used in (64). Building
on (64) we constructed a “right” pseudo-differential calculus Opτ ≡ OpτR given on
suitable symbols a by

[OpτR(a)u](x) =

∫

G

(∫

Ĝ

Trξ

[
ξ(y−1x)a

(
xτ(y−1x)−1, ξ

)]
dm̂(ξ)

)
u(y)dm(y) .

(65)
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1570 Măntoiu and Ruzhansky

We recall that one gets integral operators, i.e. one can write

OpτR = Int ◦ KerτR = Int ◦ CVτ
R ◦ (id⊗F−1) , (66)

in terms of a partial Fourier transformation and the change of variables

cvτ ≡ cvτR : G× G→ G× G , cvτR(x, y) :=
(
xτ(y−1x)−1, y−1x

)
. (67)

Besides (64) there is (at least) another version of a Weyl system, involving translations
to the left, given by

[W τ
L(ξ, x)Θ](y) := ξ

[
(τx)−1y

]∗
[Θ(x−1y)] . (68)

Using it, by arguments similar to those of Subsections 3.1 and 3.2, one gets a left
pseudo-differential calculus

[OpτL(a)u](x) =

∫

G

(∫

Ĝ

Trξ

[
ξ(xy−1)a

(
τ(xy−1)−1x, ξ

)]
dm̂(ξ)

)
u(y)dm(y) ,

(69)
which can also be written as

OpτL = Int ◦ KerτL = Int ◦ CVτ
L ◦ (id⊗F−1) , (70)

in terms of a different change of variables

cvτL : G× G→ G× G , cvτL(x, y) :=
(
τ(xy−1)−1x, xy−1

)
.

Once again we get a unitary map OpτL : B2(Γ) → B2
[
L2(G)

]
and all the results

obtained above have, mutatis mutandis, analogous versions in the left calculus. In
particular, OpτL also have extensions to distribution spaces connected to the Bruhat
space, as in Section 5.

Remark 6.1. The parameter τ is connected to ordering issues even in the stan-
dard case G = Rn. In general, another ordering problem comes from the non-
commutativity of the group G and the non-commutativity of B(Hξ) for each irre-
ducible representation ξ : G → B(Hξ) . It is to this problem that we refer now. It is
worth writing again the two quantizations for the simple case τ(x) = e:

[OpR(a)u](x) =

∫

Ĝ

Trξ[ξ(x)a(x, ξ)û(ξ)]dm̂(ξ) , (71)

following easily from (65), and

[OpL(a)u](x) =

∫

Ĝ

Trξ[ξ(x)û(ξ)a(x, ξ)]dm̂(ξ) , (72)

following from (69). The two expressions coincide if G is Abelian, since then each
Hξ will be 1-dimensional. We will say more on this in Subsections 7.2 and 7.3.
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Remark 6.2. We note that the choices of left or right quantizations as in (71) and
(72) may lead to parallel equivalent (as in the case of compact Lie groups) or non-
equivalent (as in the case of graded Lie groups) theories. In the main body of the article
we adopted the conventions leading to OpR , mainly to recover the compact [39] and
the nilpotent [18] case (both already exposed in book form) as particular cases. But
the left quantization is connected to the formalism of crossed product C∗-algebras, as
will be seen subsequently, and this can be very useful for certain applications.
We also note that there may be no canonical way of calling the quantization “left” or
“right”. Thus, the terminology was opposite in [39, Remark 10.4.13], although it was
natural in that context. In the present paper, the adopted terminology is related to the
group actions in (64) and (68), respectively. It also seems natural from the formula
OpτL = SchτL ◦ (id ⊗ F )−1 obtained later in (83), where SchτL = r ⋊τ L appears
in (81) as the integrated form of the Schrödinger representation, with the left-regular
group action L given by [L(y)v](x) = v

(
y−1x

)
, and multiplication r(f)v = fv . In

any case, we refer to Section 7.2 for further interpretation of the quantization formulae
in terms of the appearing Schrödinger representations.

Remark 6.3. The measurable map σL : G → G is called a symmetry function
with respect to the left quantization if one has OpσLL (a)∗ = OpσLL (a⋆) for every a ∈
B2(Γ) . As in Proposition 4.1, one shows that OpτL(a)∗ = Opτ̂L(a⋆) , for τ̂(x) :=
x τ(x−1) , so σL must satisfy this time σL(x) = xσL(x−1) (almost everywhere). An
analog of Proposition 4.3 also holds. For central extensions, instead of (55), one must
set

σL(h, n) :=
(
σH(h), σN

[
̟
(
h, σH(h−1)

)
n
])
.

Note that, in the Lie exponential case, the function (58) is a symmetry function simul-
taneously to the left and to the right, cf. (59).

Let a be an element of B2(Γ) and τ, τ ′ : G→ G two measurable functions. One has

Opτ
′

L (a) = Int
[
Kerτ

′

L,a

]
and OpτR(a) = Int

[
KerτR,a

]
.

It is easy to deduce from (66) and (70) the connection between the left and the right
kernel:

Kerτ
′

L,a = CVτ ′

L

(
CVτ

R

)−1[
KerτR,a

]
,

meaning that one has Kerτ
′

L,a = KerτR,a ◦ cvτ,τ
′

R,L , where cvτ,τ
′

R,L :=
(
cvτR

)−1 ◦ cvτ
′

L is
explicitly

cvτ,τ
′

R,L(x, y) =
(
τ ′(xy−1)−1xτ(xy−1), τ ′(xy−1)−1xτ(xy−1)yx−1

)
.

This relation looks frightening, but particular cases are nicer. Setting τ(x) = e =
τ ′(x) for instance, one gets cve,e

R,L(x, y) =
(
x, xyx−1

)
, while τ = id = τ ′ leads to

cvid,id
R,L (x, y) =

(
yxy−1, y

)
.

Investigating when cvτ,τ
′

R,L = idG×G holds (leading to Opτ
′

L (a) = OpτR(a) for every
a), one could be disappointed. It comes out quickly that xyx−1 = y for all x, y is a
necessary condition, so the group G must be Abelian! Then τ = τ ′ is the remaining
condition.
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7 The C∗-algebraic formalism

In this section we describe a general formalism in terms of C∗-algebras that becomes
useful as a background setting for pseudo-differential operators, in particular allow-
ing working with operators with coefficients taking values in various Abelian C∗-
algebras. Especially, an interpretation in terms of crossed product C∗-algebras be-
come handy making use of C∗-dynamical systems and their covariant representations.
We introduce an analogue of the Schrödinger representation and its appearance in τ -
quantizations. Consequently, we investigate the role of multiplication and convolution
operators in describing general families of pseudo-differential operators. The formal-
ism is then used to investigate covariant families of pseudo-differential operators and
establish several results concerning their spectra.

7.1 Crossed product C∗-algebras

We change now the point of view and place the pseudo-differential calculus in the set-
ting of C∗-algebras generated by actions of our group G on suitable function algebras.
For a full general treatment of C∗-dynamical systems and their crossed products we
refer to [36, 47].

Definition 7.1. A C∗-dynamical system is a triple (A, θ,G) where

• G is a locally compact group with Haar measure m ,

• A is a C∗-algebra,

• θ : G→ Aut(A) is a strongly continuous action by automorphisms.

The third condition means that each θx : A → A is a C∗-algebra isomorphism, the
map G ∋ x 7→ θx(f) ∈ A is continuous for every f ∈ A and one has θx ◦ θy = θxy
for all x, y ∈ G .

Definition 7.2. 1. To a C∗-dynamical system (A, θ,G) we associate the Ba-
nach ∗-algebra structure onL1(G;A) (the space of all Bochner integrable func-
tions G→ A) given by

‖Φ‖(1) :=

∫

G

‖Φ(x)‖A dm(x) ,

(Φ ⋄Ψ)(x) :=

∫

G

Φ(y) θy
[
Ψ(y−1x)

]
dm(y) ,

Φ⋄(x) := θx
[
Φ(x−1)∗

]
.

2. Then the crossed productC∗-algebraA⋊θG := Env
[
L1(G;A)

]
is the envelop-

ing C∗-algebra of this Banach ∗-algebra, i.e its completion in the universal
norm

‖Φ‖univ := sup
Π
‖Π(Φ)‖B(H) ,

where the supremum is taken over all the ∗-representations Π : L1(G,A) →
B(H) .
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The Banach space L1(G;A) can be identified with the projective tensor product
A⊗L1(G) , and Cc(G;A) , the space of allA-valued continuous compactly supported
function on G , is a dense ∗-subalgebra of L1(G,A) and of A⋊θG (cf. [47]).

Definition 7.3. Let (A, θ,G) be a C∗-dynamical system. A covariant representa-
tion is a triple (r, T,H) where

• H is a Hilbert space,

• T : G→ U(H) is a (strongly continuous) unitary representation,

• r : A → B(H) is a ∗-representation,

• T (x)r(f)T (x)∗ = r [θx(f)] , for every f ∈ A and x ∈ G .

It is known that there is a one-to-one correspondence between

• covariant representations of the C∗-dynamical system (A, θ,G) ,

• non-degenerate ∗-representations of the crossed productA⋊θG .

We only need the direct correspondence: The integrated form of the covariant repre-
sentation (r, T,H) is uniquely defined by r⋊T : L1(G;A)→ B(H) , with

(r⋊T )(Φ) :=

∫

G

r[Φ(x)]T (x)dm(x) ;

then the unique continuous extension r⋊T : A⋊θ G → B(H) is justified by the
universal property of the enveloppingC∗-algebra.

This is the formalism one usually encounters in the references treating crossed prod-
ucts [36, 47]; in terms of pseudo-differential operators this would only cover the case
τ(·) = e , i.e. the Kohn-Nirenberg type quantization. To treat the general case of a
measurable map τ : G→ G , one needs the modifications

(Φ ⋄τΨ)(x) :=

∫

G

θτ(x)−1τ(y)[Φ(y)] θτ(x)−1yτ(y−1x)

[
Ψ(y−1x)

]
dm(y) , (73)

Φ⋄
τ

(x) := θτ(x)−1xτ(x−1)

[
Φ(x−1)

]∗
, (74)

in the ∗-algebra structure of L1(G;A) and the next modification of the integrated form
of a covariant representation (r, T,H) as

(r⋊τ T )(Φ) :=

∫

G

r
[
θτ(x)(Φ(x))

]
T (x) dm(x) . (75)

By taking enveloping C∗-algebras, one gets a family {A⋊τθ G}τ of C∗-algebras in-
dexed by all the measurable mappings τ : G→ G .
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Remark 7.4. In fact all these C∗-algebras are isomorphic: A⋊τ ′

θ G
νττ′−→ A⋊τθG is an

isomorphism, uniquely determined by its action on L1(G;A) defined as

(νττ ′Φ) (x) := θτ(x)−1τ ′(x)[Φ(x)] .

The family of isomorphisms satisfy

ντ1τ2 ◦ ντ2τ3 = ντ1τ3 , ν−1ττ ′ = ντ ′τ ,

and the relation r⋊τ
′

T = (r⋊τ T ) ◦ νττ ′ is easy to check. An important ingredient is
the fact that νττ ′ leaves the space L1(G;A) invariant (actually it is an isometry).

Remark 7.5. For further use, let us also examine ∗-morphisms in the setting of
crossed products (cf [47]). Assume that (A, θ,G) and (A′, θ′,G) are C∗-dynamical
systems and γ : A → A′ is an equivariant ∗-morphism, i.e. a ∗-morphism satisfying

γ ◦ θx = θ′x ◦ γ , ∀x ∈ G . (76)

One defines

γ⋊ : L1(G;A)→ L1(G;A′) ,
[
γ⋊(Φ)

]
(x) := γ[Φ(x)] . (77)

It is easy to check that γ⋊ is a ∗-morphism of the two Banach ∗-algebra structures and
thus it extends to a ∗-morphism γ⋊ : A⋊τθG→ A′⋊τθ′G . If γ is injective, γ⋊ is also
injective.

7.2 The Schrödinger representation and τ-quantizations

It will be convenient to assume that A is a C∗-subalgebra of LUCb(G) (bounded,
left uniformly continuous functions on G) invariant under left translations and that
[θy(f)](x) := f(y−1x) . The maximal choice A = LUCb(G) is very convenient, but
studying “pseudo-differential operators with coefficients of a certain type, modelled
by A”, can sometimes be useful. Applications and extensions will appear elsewhere.

For A-valued functions Φ defined on G and for elements x, q of the group, we are
going to use notations as [Φ(x)](q) = Φ(q, x) , interpreting Φ as a function of two
variables. The strange order of these variables is convenient to make the connection
with previous sections. We can also understand the action as given by θy(Φ(x))(q) =
Φ(y−1q, x) .
Thus on the dense subset L1(G;A) ⊂ A⋊τθG the composition law (73) becomes more
explicit

(Φ ⋄τΨ)(q, x) :=

∫

G

Φ
(
τ(y)−1τ(x)q, y

)
Ψ
(
τ(y−1x)−1y−1τ(x)q, y−1x

)
dm(y) ,

(78)
while the involution (74) becomes

Φ⋄
τ

(q, x) := Φ
(
τ(x−1)−1x−1τ(x)q, x−1

)
. (79)

Documenta Mathematica 22 (2017) 1539–1592



Pseudo-Differential Operators on Type I Groups 1575

Remark 7.6. If G admits a symmetric quantization to the left and τ ≡ σL is
a symmetry function to the left, as in Remark 6.3, the involution boils down to
Φ⋄

σL(q, x) := Φ
(
q, x−1

)
.

In the situation described above, we always have a natural covariant representation
(r, L,H) , called the Schrödinger representation, given in H := L2(G) by

[L(y)v](x) := v
(
y−1x

)
, r(f)v := fv ; (80)

thus L(y) is the unitary left-translation by y−1 in L2(G) and r(f) is just the operator
of multiplication by the bounded function f . The corresponding (modified) integrated
form

SchτL := r ⋊τL , (81)

computed as in (75), is given for Φ ∈ L1(G;A) and v ∈ L2(G) by the formula

[SchτL(Φ)v](x) =

∫

G

Φ
(
τ(z)−1x, z

)
v(z−1x) dm(z)

=

∫

G

Φ
(
τ(xy−1)−1x, xy−1

)
v(y) dm(y) .

(82)

The good surprise is that if we compose SchτL with the inverse of the partial Fourier
transform one finds again, at least formally, the left pseudo-differential representation
(69) and (70):

OpτL= SchτL ◦ (id⊗F )−1 = Int ◦ CVτL ◦
(
id⊗F−1

)
. (83)

It is worth comparing this expression of SchτL in (82) with (47).
To extend the meaning of (83) beyond the L2-theory and to take full advantage of
the C∗-algebraic formalism, one needs to be more careful. Recall that the Fourier
transform defines an injective linear contraction F : L1(G) → B(Ĝ) . We already
mentioned that L1(G;A) can be identified with the completed projective tensor prod-
uct A⊗L1(G) . Then, by [46, Ex. 43.2], one gets a linear continuous injection

idA⊗F : A⊗L1(G)→ A⊗B(Ĝ)

and we endow the image
(
idA⊗F

)[
A⊗L1(G)

]
with the Banach ∗-algebra structure

transported from L1(G;A) ∼= A⊗L1(G) through idA⊗F .
Let us denote by CτA the envelopping C∗-algebra A⋊τθ G of the Banach ∗-algebra
L1(G;A) (with the τ -structure indicated above). Similarly, we denote by Bτ

A the
envelopping C∗-algebra of the Banach ∗-algebra (idA⊗F )

[
A⊗L1(G)

]
. By the

universal property of the enveloping functor, idA⊗F extends to an isomorphism
FA : CτA → Bτ

A .
Now OpτL := SchτL ◦ F−1A defines a ∗-representation of the C∗-algebra Bτ

A in the
Hilbert space L2(G) , which is compatible with (83) when both expressions make
sense. It seems pointless to use different notations for the two basically identical
quantizations, one defined in the C∗-algebraical setting, starting from the Schrödinger
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representation, and the other introduced in Section 6, built on the family (68) of unitary
operators. The difference is merely a question of domains, but each of them can be still
extended or restricted (at least for particular classes of groups G ), being constructed
on the versatile operations Int ,CVτ ,F−1 .

Remark 7.7. Starting from (78) and (79), one also considers the transported com-
position

a#τb := FA
[
(F−1A a) ⋄τ (F−1A b)

]

defined to satisfy OpτL(a#τ b) = OpτL(a)OpτL(b) as well as the involution

a#
τ

:= FA
[
(F−1A a)⋄

τ
]

verifying OpτL(a#
τ

) = OpτL(a)∗.

Remark 7.8. As a consequence of Remark 7.4 (see also Remark 38) and of the
properties of envelopping C∗-algebras, there are isomorphisms µτ,τ ′ : Bτ

A → Bτ ′

A
leaving

(
idA⊗F

)[
L1(G;A)

]
invariant and satisfying

OpτL = Opτ
′

L ◦ µτ,τ ′ , τ, τ ′ : G→ G .

Therefore, the C∗-subalgebra

DA := OpτL
(
Bτ
A
)

= SchτL
(
CτA
)
⊂ B

[
L2(G)

]
(84)

is τ -independent. It could be called the C∗-algebra of left global pseudo-differential
operators with coefficients in A on the admissible group G .

Proposition 7.9. TheC∗-algebraDA is isomorphic to the reduced crossed product(
A⋊τθG

)
red

. If G is amenable, the representation OpτL : Bτ
A → DA ⊂ B

[
L2(G)

]
is

faithful.

Proof. Of course, it is enough to work with one of the mappings τ : G → G , for
instance for τ(x) = e . Since FA is an isomorphism, it suffices to study the ∗-
representation SchL := r ⋊ L : CA := A⋊θ G → B

[
L2(G)

]
and its range. For

this we are going to recall the left regular ∗-representation Left of the crossed product
in the Hilbert space H := L2(G× G) ∼= L2

(
G;L2(G)

)
and show that SchL and Left

are ”unitarily equivalent up to multiplicity”. The range of Left in B
[
L2(G × G)

]
is,

by definition, the reduced crossed product
(
A⋊τθG

)
red

. Since Left is injective if (and
only if) G is amenable [47], this would finish our proof.
The ∗-representation Left = r′ ⋊ L′ is the integrated form of the covariant represen-
tation (r′, L′,H ) given by

[r′(f)ν](q, x) := f(xq)ν(q, x) , x, q ∈ G , f ∈ A , ν ∈ L2(G× G) ,

[L′(y)ν](q, x) := ν(q, y−1x) , x, y, q ∈ G , ν ∈ L2(G× G) .

Then the unitary operatorW : L2(G× G)→ L2(G× G) defined by

(Wν)(q, x) := ν(q, xq)
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satisfies for all f ∈ A and y ∈ G

W ∗r′(f)W = idL2(G) ⊗ r(f) , W ∗L′(y)W = idL2(G) ⊗ L(y) ,

which readily implies the unitary equivalence at the level of ∗-representations

W ∗Left(Φ)W = idL2(G) ⊗ SchτL(Φ) , ∀Φ ∈ CA ,

and we are done.

Remark 7.10. Explicit descriptions of the C∗-algebras Bτ
A are difficult to achieve.

Even for G = Rn some of the elements of Bτ
A are not ordinary functions on (Rn)∗ ×

Rn .

Remark 7.11. Let us denote by C0(G) theC∗-algebra of all the continuous complex-
valued functions on G which converge to 0 at infinity (they are arbitrarily small outside
sufficiently large compact subsets). It is well-known [47] that the Schrödinger ∗-
representation sends C0(G)⋊θ G onto K

[
L2(G)

]
⊂ B

[
L2(G)

]
; it is an isomorphism

between C0(G)⋊θG and K
[
L2(G)

]
if and only if G is amenable. This provides classes

of compact global pseudo-differential operators:

K
[
L2(G)

]
= OpτL

(
Bτ
C0(G)

)
= SchτL

[
C0(G)⋊θG

]
, (85)

giving a characterisation of compact operators.

Remark 7.12. One sees that, in the process of construction of the crossed product
C∗-algebra, taking the completion in the envelopping norm supplies a lot of interesting
new elements. One has

L2(G×G) ∼= B2(Ĝ×G) ∼= B2
[
L2(G)

]
⊂ K

[
L2(G)

] ∼= C0(G)⋊θG = L1
(
G; C0(G)

)

(the last expression involves the closure in the enveloping norm), while L2(G × G)
and L1

(
G; C0(G)

)
are incomparable as soon as G is an infinite group. There are many

Hilbert-Schmidt operators whose symbols are not partial Fourier transforms of ele-
ments from the class L1

(
G; C0(G)

)
.

Remark 7.13. Recall that K
[
L2(G)

]
= OpτL

(
Bτ
C0(G)

)
is an irreducible family of

operators in L2(G) . So if B is a space of symbols containing (id⊗F )
[
Cc
(
G; C0(G)

)]

or B2(Γ̂) , and if OpτL(b) makes sense for every b ∈ B , then OpτL(B) is irreducible.
This happens, for instance, if B = Bτ

A and C0(G) ⊂ A . In many other situations
OpτL(B) could be reducible. Let us set [R(z)u](x) := u(xz) ; a simple computation
shows that R(z)OpτL(b)R(z−1) = OpτL(bz) , where bz(x, ξ) := b(xz, ξ) . Thus, if
b does not depend on the first variable, OpτL(b) commutes with the right translations
and irreducibility is lost for A := C . The same happens if A is defined through a
periodicity (invariance) condition with respect to some nontrivial closed subgroup of
G .
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7.3 Multiplication and convolution operators

We reconsider the Schrödinger covariant representation
(
r, L, L2(G)

)
of the C∗-

dynamical system (A, θ,G) where, as before, A ⊂ LUCb(G) is invariant under left
translations.

Let us define ConvL : L1(G)→ B
[
L2(G)

]
by the formula (interpreted in weak sense)

ConvL(f) :=

∫

G

f(y)L(y)dm(y) =

∫

G

f(y)W τ
L(1, y)(y)dm(y) . (86)

Clearly ConvL(f) is the operator of left-convolution with f : one has ConvL(f)v =
f ∗ v for every v ∈ L2(G) . It is easy to check the right-invariance:

ConvL(f)R(x) = R(x)ConvL(f) , ∀ f ∈ L1(G) , x ∈ G . (87)

The map ConvL extends to a C∗-epimorphism from the group C∗-algebra C∗(G) =
C⋊θG to the reduced group C∗-algebra C∗red(G) =

(
C⋊θG

)
red
⊂ B

[
L2(G)

]
, which

is an isomorphism if and only if G is amenable [47].

Of course, the family of right-convolution operators
{
u 7→ ConvR(f)u := u ∗ f |

f ∈ L1(G)
}

is also available and it has similar properties. The analog of (86) is in
this case

ConvR(f) :=

∫

G

f̌(y)R(y)dm(y) , with f̌(y) := f(y−1) .

Note the commutativity property

ConvL(f)ConvR(f ′) = ConvR(f ′)ConvL(f)

as well as the identities

ConvL(f)ConvL(f ′) = ConvL(f ∗ f ′) , ConvR(f)ConvR(f ′) = ConvR(f ′ ∗ f) .

Remark 7.14. More generally, one can also define ConvL(µ) and ConvR(µ) for any
bounded complex Radon measure µ ∈ M1(G) . Let us denote by L(G) := [L(G)]′′

the left von Neumann algebra of G and by R(G) := [R(G)]′′ the right von Neumann
algebra of G . One has ConvL

[
M1(G)

]
⊂ L(G) and ConvR

[
M1(G)

]
⊂ R(G) .

It is easy to check that

F ◦ ConvL(f) ◦F−1 = DecR(Ff ) and F ◦ ConvR(f) ◦F−1 = DecL(Ff ) ,

where

DecR(Ff) ,DecL(Ff) ∈ B(Ĝ) :=

∫ ⊕

Ĝ

B(Hξ) dm̂(ξ) ⊂ B
[
B2(Ĝ)

]

are decomposable (multiplication) operators defined for every ϕ ∈ B2(Ĝ) by

[DecR(Ff )ϕ](ξ) := ϕ(ξ)(Ff )(ξ) , [DecL(Ff)ϕ](ξ) := (Ff )(ξ)ϕ(ξ) .
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We want to compute OpτL(g ⊗ β) = SchτL
[
g ⊗ (F−1β)

]
, where g is some bounded

uniformly continuous function on G and the inverse Fourier transform of β belongs to
L1(G) . Of course we set (g ⊗ β)(x, ξ) := g(x)β(ξ) ∈ B(Hξ) . One gets the formula

([OpτL(g ⊗ β)]u) (x) =

∫

G

g
[
τ(xy−1)−1x

]
(F−1β)(xy−1)u(y) dm(y) ,

which is not very inspiring for general τ . But using the notation Mult(g) := r(g)
(a multiplication operator in L2(G) given in (80)) , one gets the particular cases, for
OpL ≡ OpeL:

(
[OpL(g ⊗ β)]u

)
(x) = g(x)

∫

G

(F−1β)(xy−1)u(y) dm(y)

= g(x)

∫

G

(F−1β)(z)u(z−1x) dm(z) ,

which can be rewritten

OpL(g ⊗ β) = Mult(g)ConvL(F−1β) , (88)

and ([
OpidL (g ⊗ β)

]
u
)

(x) =

∫

G

(F−1β)(xy−1)g(y)u(y) dm(y)

=

∫

G

(F−1β)(z)(gu)(z−1x) dm(y) ,

i.e.
OpidL (g ⊗ β) = ConvL(F−1β)Mult(g) . (89)

Thus in the quantization OpL ≡ OpeL the operators of multiplication stay at the left
and those of left-convolution to the right and vice versa for the quantization OpidL .

Remark 7.15. In both (88) and (89) left convolution operators appear. But using the
right quantization OpτR one gets

([OpτR(g ⊗ β)] u) (x) =

∫

G

g
[
xτ(y−1x)−1

]
(F−1β)(y−1x)u(y) dm(y) ,

with particular cases

OpR(g ⊗ β) = Mult(g)ConvR(F−1β) ,

OpidR(g ⊗ β) = ConvR(F−1β)Mult(g) ,

and this should be compared with (88) and (89).

Remark 7.16. As mentioned in Remark 7.8, the represented C∗-algebra

DA := SchτL (A⋊τθ G) = OpτL
[
FA(A⋊τθ G)

]
⊂ B

[
L2(G)

]
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is independent of τ . Actually it coincides with the closed vector space spanned by
products of the form Mult(g)ConvL(f) (respectively ConvL(f)Mult(g)) with g ∈ A
and, say, f ∈

(
L1 ∩ L2

)
(G) (or even f ∈ D(G)) . So this closed vector space is

automatically a C∗-algebra, although this is not clear at a first sight. The remote
reason is the last axiom of Definition 7.3.

Remark 7.17. In [11, 13], in the case of a compact Lie group G , precise character-
isations of the convolution operators belonging to the Schatten-von Neumann classes
Bp
[
L2(G)

]
are given. The main result [11, Th. 3.7] holds, with the same proof, for

arbitrary compact groups.
When G is not compact, the single compact convolution operator is 0 = OpτL(0) =
ConvL(0) = ConvR(0) . A way to see this is to recall Remark 7.11 and to note that
the constant function g = 1 belongs to C0(G) if and only if G is compact. Another,
more direct, argument is as follows: If G is not compact then R(x) converges weakly
to 0 when x → ∞ . Multiplication to the left by a compact operator would improve
this to strong convergence. But for u ∈ L2(G) and a compact ConvL(f) one has

‖ConvL(f)u‖L2(G) = ‖R(x)ConvL(f)u‖L2(G) = ‖ConvL(f)R(x)u‖L2(G) −→
x→∞

0

and this implies ConvL(f) = 0 . Replacing R(·) by L(·) , a similar argument shows
that the single compact right convolution operator is the null operator.

7.4 Covariant families of pseudo-differential operators

An important ingredient in constructing the Schrödinger representation has been the
fact that the C∗-algebra A was an algebra of (bounded, uniformly continuous) func-
tions on G . IfA is just an Abelian C∗-algebra endowed with the action ρ of our group
G , by Gelfand theory, it is connected to a topological dynamical system (Ω, ̺,G) . The
locally compact space Ω is the Gelfand spectrum of A and we have the G-equivariant
isomorphismA ∼= C0(Ω) if the action ρx of x ∈ G on C0(Ω) is given just by composi-
tion with ̺x−1 . In this section we are going to prove that to such a data one associates
a covariant family of pseudo-differential calculi with operator-valued symbols. For
convenient bundle sections h defined on Ω× Ĝ one gets families

{
Opτ(ω)(h) | ω ∈ Ω

}

of “usual” left pseudo-differential operators (the index L will be omitted). By co-
variance, modulo unitary equivalence, they are actually indexed by the orbits of the
topological dynamical system, while their spectra are indexed by the quasi-orbits in
Ω .
As before, the locally compact groupG is supposed second countable, unimodular and
type I, while τ : G→ G is measurable.
Since the Schrödinger covariant representation (80) no longer makes sense as it
stands, we are going to construct for each point ω ∈ Ω a covariant representation(
r(ω), L, L

2(G)
)

and then let the formalism act. One sets explicitly

[
r(ω)(f)u

]
(x) := f

[
̺x(ω)

]
u(x) , f ∈ C0(Ω) , u ∈ L2(G) , x ∈ G , (90)

[
L(y)u

]
(x) := u(y−1x) , u ∈ L2(G) , x, y ∈ G . (91)
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Proceeding as in Subsection 7.2, one constructs the integrated form Schτ(ω) := r(ω)⋊L
associated to the covariant representation

(
r(ω), L, L

2(G)
)

and then sets

Opτ(ω) := Schτ(ω) ◦ F−1C0(Ω) . (92)

As in Subsection 7.2, the isomorphism FΩ ≡ FC0(Ω) is the extension of the Banach
∗-algebra monomorphism

idC0(Ω)⊗F : L1
(
G; C0(Ω)

) ∼= C0(Ω)⊗L1(G)→ C0(Ω)⊗B(G)

to the enveloping C∗-algebra C0(Ω)⋊τρG ; the fact that A = C0(Ω) is more general
as before is not important. Setting Bτ

Ω ≡ Bτ
C0(Ω) for the enveloping C∗-algebra of(

idC0(Ω)⊗F
)[
L1
(
G; C0(Ω)

)]
(with the transported structure), we have the isomor-

phism
FΩ : C0(Ω)⋊τρG→ Bτ

Ω .

One gets for every section

{
h(ω, ξ) ∈ B(Hξ) | ξ ∈ Ĝ , ω ∈ Ω

}

from
(
idC0(Ω)⊗F

)[
L1
(
G; C0(Ω)

)]
a family of operators

{
Opτ(ω)(h) =

(
r(ω)⋊L

)(
FC0(Ω)h

)
∈ B

[
L2(G)

] ∣∣ ω ∈ Ω
}

given explicitly (but somewhat formally) by

[
Opτ(ω)(h)u

]
(x) =

∫

G

( ∫

Ĝ

Trξ
[
ξ(xy−1)h

(
̺τ(xy−1)−1x(ω), ξ

)]
dm̂(ξ)

)
u(y)dm(y) .

(93)
More generally, the family

{
Opτ(ω)(h) | ω ∈ Ω

}
makes sense for h ∈ Bτ

Ω , but it is

no longer clear when the symbol h can still be interpreted as a function on Ω× Ĝ .

Proposition 7.18. Let h ∈ Bτ
Ω . If ω, ω′ belong to the same ̺-orbit, thenOpτ(ω)(h)

and Opτ(ω′)(h) are unitarily equivalent.

Proof. The points ω, ω′ are on the same orbit if and only if there exists z ∈ G such
that ω′ = ̺z(ω) . In terms of the unitary right translation [R(z)u](·) := u(·z) , the
operatorial covariance relation

R(z)Opτ(ω)(h)R(z)∗ = Opτ(̺z(ω))(h) (94)

follows by an easy but formal calculation relying on (93). This can be upgraded to
a rigorous justification by a density argument, but it is better to argue as follows:
Formula (94) for arbitrary h ∈ Bτ

Ω is equivalent to

R(z)Schτ(ω)(Φ)R(z)∗ = Schτ(̺z(ω))(Φ) , ∀Φ ∈ C0(Ω)⋊τρG .
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Since Schτ(ω′) is the integrated form of the covariant representation
(
r(ω′), L, L

2(G)
)

indicated in (90) and (91), it is enough to prove

R(z)L(x)R(z)∗ = L(x) , ∀x, z ∈ G

and
R(z) r(ω)(f)R(z)∗ = r(̺z(ω))(f) , ∀ z ∈ G , f ∈ C0(Ω) .

The first one is trivial. The second one follows from
[
R(z) r(ω)(f)R(z)∗u

]
(x) =

[
r(ω)(f)R(z−1)u

]
(xz)

= f
[
̺xz(ω)

][
R(z−1)u

]
(xz)

= f
[
̺x
(
̺z(ω)

)]
u(x)

=
[
r(̺z(ω))(f)u

]
(x) ,

completing the proof.

Remark 7.19. In fact one has

Opτ(ω)(h) = OpτL
(
h(ω)

)
, with h(ω)(x, ξ) := h

(
̺x(ω), ξ

)
. (95)

This relation supplies another interpretation of the family
{
Opτ(ω)(h) | ω ∈ Ω

}
. We

can see it as being obtained by applying the left quantization procedure OpτL of the
preceding sections to a family

{
h(ω) | ω ∈ Ω

}
of symbols (classical observables)

defined in G × Ĝ , associated through the action ̺ to a single function h on Ω × Ĝ .
Note that this family satisfies the covariance condition

h̺z(ω)(x, ξ) = h(ω)(xz, ξ) , x, z ∈ G , ξ ∈ Ĝ , ω ∈ Ω . (96)

Using the reinterpretation (95), the unitary equivalence (94) can be reformulated only
in terms of the quantization OpτL as

R(z)OpτL
(
h(ω)

)
R(z)∗ = OpτL

(
h(̺z(ω))

)
,

which is easily proved directly using relation (96) if h is not too general.

We recall that a quasi-orbit for the action ̺ is the closure of an orbit. If Oω :=
̺G(ω) is the orbit of the point ω ∈ Ω , we denote by Qω := Oω = ̺G(ω) the
quasi-orbit generated by ω . As a preparation for Theorem 7.20, we decompose the
correspondance Φ 7→ Schτω(Φ) into several parts. The starting point is the chain

C0(Ω)
γω−→ C0(Qω)

βω−→ LUCu(G) ,

involving the restriction ∗-morphism

γω : C0(Ω)→ C0(Qω) , γω(f) := f |Qω
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and the composition ∗-morphism

βω : C0(Qω)→ LUCu(G) ,
[
βω(g)

]
(x) := g

[
̺x(ω)

]
.

Note that βω is injective, since ̺G(ω) is dense in Qω . Both these ∗-morphisms are
equivariant in the sense of Remark 7.5 if on C0(Ω) one has the action ρ , on C0(Qω)
its obvious restriction and on LUCu(G) the action θ of G by left translations, as in
Subsection 7.2. Correspondingly, one gets the chain

C0(Ω)⋊
γ⋊
ω−→ C0(Qω)⋊

β⋊
ω−→ LUCu(G)⋊

SchτL−→ B
[
L2(G)

]
.

We indicated crossed products of the formB⋊τG byB⋊ (leaving the actions unnoticed)
and the ∗-morphism δ⋊ acting between crossed products is deduced canonically from
an equivariant ∗-morphism δ by the procedure described in Remark 7.5. The arrow
SchτL is just the left Schrödinger representation of Subsection 7.2. It is easy to check
that

SchτL ◦ β⋊
ω ◦ γ⋊ω = Schτ(ω) , (97)

which also leads to recapturing (95) after a partial Fourier transformation.

Note that some points ω ∈ Qω′ could generate strictly smaller quasi-orbits Qω ⊂
Qω′ . On the other hand a quasi-orbit can be generated by points belonging to different
orbits, so Proposition 7.18 is not enough to prove the following result.

Theorem 7.20. Suppose that the group G is admissible and amenable and that
h ∈ Bτ

Ω .

1. If ω, ω′ generate the same ̺-quasi-orbit, then Opτ(ω)(h) and Opτ(ω′)(h) have
the same spectrum.

2. If (Ω, ̺,G) is a minimal dynamical system then all the operators Opτ(ω)(h) have
the same spectrum.

3. Assume that Ω is compact and metrizable and endowed with a Borel probabil-
ity measure µ which is ̺-invariant and ergodic. Then the topological support
supp(µ) is a ̺-quasi-orbit and one has µ

[{
ω ∈ Ω | Oω = supp(µ)

}]
= 1 .

The operators Opτ(ω)(h) corresponding to points generating this quasi-orbit

have all the same spectrum; in particular sp
[
Opτ(ω)(h)

]
is constant µ-a.e.

Proof. 1. Let us denote by Qω := ̺G(ω) the quasi-orbit generated by ω and similarly
for ω′. We show that if Qω ⊂ Qω′ then sp

[
Opτ(ω)(h)

]
⊂ sp

[
Opτ(ω′)(h)

]
and this

clearly implies the statement by changing the role of ω and ω′. Actually, by (92),
under the stated inclusion of quasi-orbits, one needs to show that sp

[
Schτ(ω)(Φ)

]
⊂

sp
[
Schτ(ω′)(Φ)

]
for every element Φ of the crossed product C0(Ω)⋊τρG .

The basic idea, trivial consequence of the definitions, is the following: If Υ : C′ → C

is a ∗-morphism between two C∗-algebras and g′ is an element of C′, then sp[Υ(g′) |
C] ⊂ sp

[
g′ | C′

]
, and we have equality of spectra if Υ is injective. The notation

indicates the C∗-algebra in which each spectrum is computed.
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In our case, by (97), one can write

Schτ(ω)(Φ) =
[
SchτL◦ β⋊

ω

][
γ⋊ω (Φ)

]
and Schτ(ω′)(Φ) =

[
SchτL ◦ β⋊

ω′

][
γ⋊ω′(Φ)

]
.

Since G is amenable SchτL is injective and, as remarked before, β⋊
ω and β⋊

ω are always
injective. Thus we are left with proving that

sp
[
γ⋊ω (Φ) |C0(Qω)⋊

]
⊂ sp

[
γ⋊ω′(Φ) |C0(Qω)⋊

]
, (98)

assuming the inclusion Qω ⊂ Qω′ of quasi-orbits. We use now

Υ ≡ γ⋊ω′,ω : C0(Qω′)⋊τρG→ C0(Qω)⋊τρG ,

which is obtained by applying the functorial construction of Remark 7.5 to the covari-
ant restriction ∗-morphism

γω′,ω : C0(Qω′)→ C0(Qω) , γω′,ω(f) := f |Qω .

Note that γω = γω′,ω ◦ γω′ (succesive restrictions), which functorially implies γ⋊ω =
γ⋊ω′,ω ◦ γ⋊ω′ . Then γ⋊ω (Φ) = γ⋊ω′,ω

[
γ⋊ω′(Φ)

]
and (98) and thus the result follows.

2. In a minimal dynamical system, by definition, all the orbits are dense. Thus any
point generates the same single quasi-orbit Q = Ω and one applies 1.

3. The statement concerning the properties of supp(µ) is contained in [2, Lemma
3.1]. Then the spectral information follows applying 1. once again.

The final point of Theorem 7.20 treats “a random Hamiltonian of pseudo-differential
type”. Almost everywhere constancy of the spectrum in an ergodic random setting
is a familiar property proved in many other situations [5, 35]. But note that a pre-
cise statement about the family of points giving the almost sure spectrum is available
above.

8 The case of nilpotent Lie groups

We now give the application of the introduced construction to the case of nilpotent Lie
groups. Two previous main approaches seem to exist here. The first one uses the fact
that, since the exponential mapping is a global diffeomorphism, one can introduce
classes of symbols and the symbolic calculus on the group from the one on its Lie
algebra. This allows for operators on a nilpotent Lie group G to have scalar-valued
symbols which can be interpreted as functions on the dual g′ of its Lie algebra. Such
approach becomes effective mostly for invariant operators on general nilpotent Lie
groups [33, 24, 25], see also [44] for the case of the Heisenberg group. The second
approach applies also well to noninvariant operators on G and leads to operator-valued
symbols, as developed in [18, 19]. This is also a special case (with τ(·) = e) of τ -
quantizations developed in this paper.
We now extend both approaches to τ -quantizations with the link between them pro-
vided in Remark 8.5.
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8.1 Some more Fourier transformations

Let us suppose that G is a nilpotent Lie group with unit e and Haar measure m ; it
will also be assumed connected and simply connected. Such a group is unimodular,
second countable and type I, so it fits in our setting and all the previous constructions
and statements hold.
Let g be the Lie algebra of G and g′ its dual. If Y ∈ g and X ′ ∈ g′ we set 〈Y |X ′〉 :=
X ′(Y ) . We shall develop further the theory in this nilpotent setting, but only to the
extent the next two basic properties are used:

1. the exponential map exp : g→ G is a diffeomorphism, with inverse log : G→
g , [7, Th. 1.2.1];

2. under exp the Haar measure on G corresponds to the Haar measure dX on g

(normalised accordingly), cf [7, Th. 1.2.10].

It follows from the properties above that Lp(G) is isomorphic to Lp(g) . Actually, for
each p ∈ [1,∞] , one has a surjective linear isometry

Lp(G)
Exp−→ Lp(g) , Exp(u) := u ◦ exp

with inverse

Lp(g)
Log−→ Lp(G) , Log(u) := u ◦ log .

There is a unitary Fourier transformation F : L2(g) → L2(g′) associated to the
duality 〈· | ·〉 : g× g′ → R . It is defined by

(Fu)(X ′) :=

∫

g

e−i〈X|X
′〉u(X)dX ,

with inverse given (for a suitable normalization of dX ′) by

(F−1u′)(X) :=

∫

g′

ei〈X|X
′〉u′(X ′)dX ′.

Now composing with the mappings Exp and Log one gets unitary Fourier transfor-
mations

F := F ◦ Exp : L2(G)→ L2(g′) , F−1 := Log ◦ F−1 : L2(g′)→ L2(G) ,

the second one being the inverse of the first. They are defined essentially by

(Fu)(X ′) =

∫

g

e−i〈X|X
′〉u(expX)dX =

∫

G

e−i〈log x|X
′〉u(x)dm(x) ,

(F−1u′)(x) =

∫

g′

ei〈log x|X
′〉u′(X ′)dX ′.
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1586 Măntoiu and Ruzhansky

Recalling Plancherel’s Theorem for unimodular second countable type I groups, one
gets finally a commuting diagram of unitary transformations

L2(G) L2(g)

B2(Ĝ) L2(g′)

✲Exp

❄

F

❅
❅
❅
❅❅❘

F

❄

F

✲
I

The lower horizontal arrow is defined as I := F ◦ F−1 = F ◦ Exp ◦F−1 and is
given explicitly on B1(Ĝ) ∩B2(Ĝ) by

(Iφ)(X ′) =

∫

G

∫

Ĝ

e−i〈log x|X
′〉Trξ

[
φ(ξ)ξ(x)

]
dm(x)dm̂(ξ) .

Remark 8.1. If G = Rn it is possible, by suitable interpretations, to identify G ∼ Ĝ

with g and with g′ (as vector spaces) and then the three Fourier transformations F ,F
and F will concide and I will become the identity.

8.2 A quantization by scalar symbols on nilpotent Lie groups

To get pseudo-differential operators one could start, as in Subsection 7.2, with a C∗-
dynamical system (A, θ,G) where A is a C∗-algebra of bounded left-uniformly con-
tinuous functions on G which is invariant under the action θ by left translations. We
compose the left Schrödinger representation (82) with the inverse of the partial Fourier
transform

id⊗ F : (L1 ∩ L2)(G;A)→ A⊗ L2(g′) ,

finding the pseudo-differential representation

OpτL := SchτL ◦ (id⊗ F−1) = Int ◦ CVτL◦
(
id⊗ F−1

)
(99)

which can afterwards be extended to the relevant envelopingC∗-algebra. One gets

[
OpτL(s)u

]
(x) =

∫

G

∫

g′

ei〈log(xy
−1)|X′〉s

(
τ(xy−1)−1x,X ′

)
u(y) dm(y)dX ′ , (100)

so OpτL(s) is an integral operator with kernel Kerτ(s) : G× G→ C given by

Kerτ(s)(x, y) =

∫

g′

ei〈log(xy
−1)|X′〉s

(
τ(xy−1)−1x,X ′

)
dX ′ .

Examining this kernel, or using directly (99), one sees that (100) also defines a unitary
mapping

OpτL : L2(g′ × G)→ B2
[
L2(G)

]
.

Actually there is a Weyl system on which the construction of pseudo-differential op-
erators with symbols s : g′ × G→ C can be based:
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Definition 8.2. For (x,X ′) ∈ G × g′ one defines a unitary operator Wτ
L(x,X ′)

in L2(G) by

[Wτ
L(x,X ′)u](z) : = ei〈log[τ(x)

−1z]|X′〉u(x−1z)

= ei〈log[τ(x)
−1z]|X′〉[L(x)u](z) .

By direct computations, one shows the following

Lemma 8.3. Let us denote by Q the operator of multiplication by the variable in
L2(G) . For any pairs (x,X ′), (y, Y ′) ∈ G× g′ one has

Wτ
L(x,X ′)Wτ

L(y, Y ′) = Υτ
[
(x,X ′), (y, Y ′);Q

]
Wτ

L(xy,X ′ + Y ′) ,

where Υτ
[
(x,X ′), (y, Y ′);Q

]
is the operator of multiplication by the function

z 7→ Υτ
[
(x,X ′), (y, Y ′); z

]
= exp

{
i
[
〈 log

[
τ(x)−1z

]
− log

[
τ(xy)−1z

]
| X ′ 〉−

− 〈 log
[
τ(xy)−1z

]
− log

[
τ(y−1)x−1z

]
| Y ′ 〉

]}
.

Remark 8.4. The family C(G;T) of all continuous functions on G with values in the
torus is a Polish group and the mapping Υ : (G × g′) × (G × g′) → C(G;T) can be
seen as a 2-cocycle. We are not going to pursue here the cohomological meaning and
usefulness of these facts.

In terms of the Weyl system
{
Wτ

L(x,X ′) | (x,X ′) ∈ G× g′
}

one can write

OpτL(s) :=

∫

G

∫

g′

s̃(X ′, x)Wτ
L(x,X ′) dm(x)dX ′ ; (101)

we used the notation s̃ := (F ⊗ F−1)s . The technical details are similar but simpler
than those in Subsection 3.2 and are left to the reader.

Remark 8.5. One also considers the composition ♯τ defined to satisfy the equality
OpτL(r ♯τ s) = OpτL(r)OpτL(s) , as well as the involution ♯τ verifying OpτL(s♯τ ) =
OpτL(s)∗. Then

(
L2(g′ × G), ♯τ ,

♯τ
)

will be a ∗-algebra. It is isomorphic to the ∗-

algebra
(
B2(Ĝ×G),#τ ,

#τ
)

defined in Subsection 3.3. Actually one has the follow-
ing commutative diagram of isomorphisms:

L2(G)⊗ L2(G) L2(G)⊗B2(Ĝ)

L2(G)⊗ L2(g′) B2[L2(G)]

❍❍❍❍❍❍❍❥
SchτL

✲id⊗F

❄
id⊗F

❄
OpτL

✲
OpτL

One justifies this diagram by comparing (99) with (83). The conclusion of this dia-
gram is that for simply connected nilpotent Lie groups the “operator-valued pseudo-
differential calculus” OpτL with symbols defined on G × Ĝ can be obtained from the
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“scalar-valued pseudo-differential calculus” OpτL (which provides a quantization on
the cotangent bundle G× g′ ∼= T ′(G)) just by composing at the level of symbols with
the isomorphism (id⊗ F) ◦ (id⊗F )−1 = id⊗

(
F ◦F−1

)
.

Remark 8.6. In Prop. 4.3 we have shown that a connected simply connected nilpo-
tent Lie group G admits a symmetric quantization, corresponding to the map τ = σ
given by (58) globally defined. With this choice one also has s♯σ(x,X ′) = s(x,X ′)
for every (x,X ′) ∈ G× g′ .

Remark 8.7. A right quantization OpτR with scalar symbols is also possible; for
completeness, we list the main quantization formula

OpτR := SchτR ◦ (id⊗ F−1) ≡ Int ◦ CVτR◦
(
id⊗ F−1

)
, (102)

where CVτR is the change of variables given by the composition with the mapping

cvτ ≡ cvτR : G× G→ G× G , cvτR(x, y) :=
(
xτ(y−1x)−1, y−1x

)
, (103)

see also (23). Here, SchτR := Int ◦ CVτR also allows for an integrated interpretation
similar to (81). More explicitly, OpτR can be written as

[
OpτR(s)u

]
(x) =

∫

G

∫

g′

ei〈log(y
−1x)|X′〉s

(
xτ(y−1x)−1, X ′

)
u(y) dm(y)dX ′ , (104)

so OpτR(s) is an integral operator with kernel Kerτ(s),R : G× G→ C given by

Kerτ(s),R(x, y) =

∫

g′

ei〈log(y
−1x)|X′〉s

(
xτ(y−1x)−1, X ′

)
dX ′ .

Consequently, we have the commutative diagram of isomorphisms of H∗-algebras

L2(G)⊗ L2(G) L2(G)⊗B2(Ĝ)

L2(G)⊗ L2(g′) B2[L2(G)]

❍❍❍❍❍❍❍❥
SchτR

✲id⊗F

❄
id⊗F

❄
OpτR

✲
OpτR

where all the listed mappings in this diagram are unitary, and where Opτ = OpτR is
the τ -quantization formula (2) that we have started with, and so

Opτ = OpτR = OpτR ◦
[
id⊗

(
F ◦F−1

)]
.
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[31] M. Măntoiu and M. Ruzhansky: Quantizations on Nilpotent Lie Groups and
Algebras Having Flat Coadjoint Orbits, arXiv:1611.07581

[32] G.A. Meladze and M.A. Shubin: Algebras of Pseudodifferential Operators
on Unimodular Lie Groups, (Russian) Dokl. Akad. Nauk SSSR, 279, no. 3,
542–545, (1984).

Documenta Mathematica 22 (2017) 1539–1592



Pseudo-Differential Operators on Type I Groups 1591

[33] A. Melin: Parametrix Constructions for Right Invariant Differential Opera-
tors on Nilpotent Groups, Ann. Global Anal. Geom., 1, no. 1, 79–130, (1983).

[34] W. Palmer: Totally Bounded Sets of Precompact Linear Operators, Proc.
AMS, 20, 101-106, (1969).

[35] L. A. Pastur and A. Figotin: Spectra of Random and Almost Periodic Opera-
tors, Springer Verlag, Berlin, 1992.

[36] G. Pedersen: C∗-Algebras and their Automorphims Groups, LMS Mono-
graphs, 14, Academic Press, San Diego, 1979.

[37] N. V. Pedersen: Matrix Coefficients and a Weyl Correspondence for Nilpotent
Lie Groups. Invent. Math. 118, 1–36, (1994).

[38] G. Pisier and Q. Xu: Non-commutative Lp-spaces, unpublished manuscript,
(1999).

[39] M. Ruzhansky and V. Turunen: Pseudo-differential Operators and Symme-
tries, Pseudo-Differential Operators: Theory and Applications 2, Birkhäuser
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Abstract. Let M,N be finitely generated modules over a local
complete intersection R. Assume that all the modules TorRi (M,N)
are zero for i > 0. We prove that the cohomological support of M ⊗R
N (in the sense of Avramov-Buchweitz) is equal to the geometric
join of the cohomological supports of M,N . This result gives a new
connection between two active areas or research, and immediately
produces several interesting corollaries. Naturally, it also raises many
intriguing new questions about the homological properties of modules
over a complete intersection, some of which are investigated in this
work.

2010 MSC Classification: 13D07

1 Introduction

Let (R,m, k) be a local complete intersection and M a finitely generated R-
module. Inspired by the ideas of Quillen in modular representations context,
Avramov and Buchweitz in [6] defined a geometric object attached to the total
Ext module

⊕
ExtiR(M,k). It was originally called the support variety, or

cohomological support of M , and denoted by V ∗(M) (see Section 2 for details).
In this paper, we shall refer to this object as the cohomological support. It is
a closed subscheme of Pc−1k , where c is the codimension of R.
The following is an immediate consequence of the theory of cohomologi-
cal supports developed in [6]: if M,N are non-zero and Tor-independent,
i.e. TorRi (M,N) = 0 for i > 0, then V ∗(M), V ∗(N) are disjoint and

dim V ∗(M ⊗R N) = dimV ∗(M) + dimV ∗(N) + 1.
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One of our main results in this paper gives a geometric clarification of this for-
mula, by proving that under the above hypothesis, the cohomological support
of M ⊗RN is actually the join of V ∗(M), V ∗(N). Here, the join of two disjoint
closed subschemes is the closure of the union of all the lines joining two points,
one from each subscheme.

Theorem 1.1 (Theorem 3.1,Theorem 4.7). Let R be a local complete intersec-
tion, and M,N ∈ mod(R) with M,N 6= 0.

1. If Tor>0(M,N) = 0, then

V ∗(M ⊗N) = Join(V ∗(M), V ∗(N)).

2. If Ext>0(M,N) = 0, then

V ∗(Hom(M,N)) = Join(V ∗(M), V ∗(N)).

Thus, we provide a link between the theory of cohomological support to a very
classical concept of algebraic geometry. Unsurprisingly, this immediately leads
to many corollaries and interesting questions, some of them we also address in
this work.

The proof of the first part of Theorem 1.1 occupies Section 3. It combines
homological and geometric techniques (the preparatory materials are collected
in Section 2). In Section 4, we give some quick corollaries including the The-
orem 1.1 (2). In Section 5, we collect some examples regarding the case when
Tori(M,N) do not vanish. While computing these examples, we noticed certain
patterns involving the asymptotic behaviour of V ∗(Tori(M,N)), motivating us
to pose a couple of questions. Furthermore, in Section 5, we list a few situa-
tions which give us positive answers to our questions. In these investigations,
we show the following.

Theorem 1.2 (Corollary 5.10). Let (R,m, k) be a local complete intersection
of codimension c and M and N finitely generated R-modules. Fix m ∈ N. If
Tori(M,N) eventually has finite length, then there exists a ν ∈ N such that for
any n ≥ ν

V ∗(Torn(N,M)) ∪ V ∗(Torn+2m(N,M)) ∪ · · · ∪ V ∗( Torn+2mc(N,M))

=

∞⋃

i=ν

V ∗(Tori(M,N)).

In particular, there exists an l ∈ N such that

∞⋃

i=0

V ∗(Tori(M,N)) =
l⋃

i=0

V ∗(Tori(M,N)).
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2 Background

2.1 The ring of cohomological operators

The study of cohomological supports over complete intersection rings was ini-
tiated by Avramov and Buchweitz in [6]. For the entirety of this section,
(R,m, k) will be a local complete intersection of codimension c such that
R̂ = Q/(f1, . . . , fc) where Q is a regular local ring and f = f1, . . . , fc a regular

sequence not contained in the square of the maximal ideal of Q. Let k̃ be
the algebraic closure of k. The cohomological support of a finitely generated
R-module M is essentially the support of ExtR̂(M̂, k) as a module over the
polynomial ring S = k[χ1, . . . , χc]. We will now elaborate on this defintion.
Let X be a finitely generated R̂-module. We recall a construction from [13]
which gives an action of S on ExtR̂(X, k). Let (F•, ∂) be a free resolution of

X over R̂. Each Fn = R̂in and we may view ∂ as a sequence of matrices with
entries in R̂. Let F̃n = Qin and ∂̃ be the lift of ∂ to F̃•. Since ∂2 = 0, we know
that ∂̃2 is a sequence of matrices whose entries are in the ideal (f1, . . . , fc).
Thus we may write

∂̃2 =
c∑

i=1

fiΦ̃i

where Φ̃i is a sequence of matrices with entries in Q. Set Φi = Φ̃i⊗R̂. Eisenbud
shows in [13] that multiplication by Φi is a degree -2 chain map from F• → F•.
It follows that Φ induces a degree 2 operator χi on

ExtR̂(X, k) =
∞⊕

i=0

Exti
R̂

(X, k).

It is also shown in [13] that the oeprators χi commute with eachother,
i.e. χiχj = χjχi. Thus we can extend the action of the χi linearly to an ac-
tion of the polynomial ring S = k[χ1, . . . , χc], turning Ext(X, k) into a graded
S-module, where each χi is degree 2. Furthermore, Eisenbud shows in [13] that
this action is independent of our choices of F• and Φ̃i and that ExtR̂(X, k)
is actually a finitely generated S-module. The ring S is known as the ring
of cohomological operators and has been the focus of much study including
[3, 5, 7, 13, 18]. In fact, there are several equivalent methods for constructing
the action of S on Ext(X, k), the first of which was given in [14]: see [9] for a
detailed discussion.
The following result shows that the action is actually invariant up to a change
of coordinates of the ideal generated by the regular sequence.

Theorem 2.1 ([13, Proposition 1.7], cf. [9, (3.1)]). Let f1, . . . , fc and f
′
1, . . . , f

′
c

be two regular sequences of a regular local ring Q which generate the same ideal.
Write

fi =

c∑

j=1

qi,jf
′
j
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with each qi,j ∈ Q. Letting χ1, . . . , χc and χ′1, . . . , χ
′
c be the cohomological

operators associated to f1, . . . , fc and f ′1, . . . , f
′
c respectively, we have

χ′j =

c∑

i=1

qi,jχi

Thus the matrix (qi,j) acts as a change of basis matrix, changing the coordinates

of Pc−1
k̃

. When k = k̃, any change of coordinates of Pc−1
k̃

corresponds to

choosing a different regular sequence which generates the ideal (f1, . . . , fc).
This important fact is critical to several proofs in this document, thus we state
it precisely.

Proposition 2.2. Assume that k is algebraically closed and set I = (f1, . . . , fc)
where f1, . . . , fc is a regular sequence of a regular local ring Q. Let

ϕ : Pc−1k → Pc−1k

be an automorphism, i.e. a change of coordinates. Then there exists a regular
sequence f ′1, . . . , f

′
c generating I such that ϕ∗(χi) = χ′i where χ1, . . . , χc and

χ′1, . . . , χ
′
c are the cohomological operators associated to f1, . . . , fc and f

′
1, . . . , f

′
c

respectively.

Proof. Set ψ = ϕ−1, and let ϕ̃ and ψ̃ be the lifts of ϕ and ψ in Q such that
φ̃ = ϕ̃−1. We can regard ϕ̃ and ψ̃ as a matrices whose entries are qi,j ∈ Q and
pi,j ∈ Q respectively. Set

f ′i =

c∑

i=1

pi,jfj.

By Nakayama’s lemma, f ′1, . . . , f
′
c generates I, and since there are c elements,

f ′1, . . . , f
′
c is necessarily a regular sequence. However since ϕ̃ψ̃ is the identity,

we also have

fi =

c∑

j=1

qi,jf
′
j .

It follows from Theorem 2.1 that

χ′j =

c∑

i=1

qi,jχi = ϕ∗(χj).

2.2 Cohomological supports

With the machinery of the cohomological operators in place, we may now
discuss cohomological supports. Using the notation of the last subsection, we
define

V (Q, f ;X) = {ā ∈ Ac
k̃
| g(ā) = 0 ∀g ∈ annS Ext(X, k)}

where k̃ is the algebraic closure of k.
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Definition 2.3. Let R be a complete intersection ring. Following [6], for a
finitely generated R-module M , the cohomological support, denoted V ∗(M), is
the projectivization in Pc−1

k̃
of the cone V (Q, f ; M̂). Occasionally, V ∗R(M) will

be used to indicate which ring is used to compute the cohomological support.

Proposition 2.4 ([6, Theorem 5.3]). For any finitely generated R-module M ,
V ∗(M) is independent of the choices of Q, and f up to a change of coordinates.

Remark 2.5. What we call the cohomological support is referred to as the
support variety in [6] and other works. In [8], the terminology cohomological
support and cohomological variety are both used. Since geometers generally
require varieties to be irreducible closed subsets and since V ∗(M) is generally
not irreducible, we have decided to use the term cohomological support.

Remark 2.6. In [6] and in other works, the authors consider V ∗(M) as a cone
in Ac

k̃
. To facilitate the statement of certain results, we have found it easiest

to work in projective space.

The following is a combination of the results [6, Theorem 5.6,Theorem 6.1].

Theorem 2.7. For finitely generated R-modules M and N , the following are
equivalent.

1. V ∗(M) ∩ V ∗(N) = ∅
2. Tor≫0(M,N) = 0

3. Ext≫0(M,N) = 0

4. Ext≫0(N,M) = 0

Hence cohomological supports encode homological information about a module.
The following result gives another description of cohomological supports.

Theorem 2.8 ([6, Theorem 2.5],[3, Corollary 3.11]). Suppose that the residue
field k is algebraically closed. For any module M ∈ mod(R), we have

V ∗(M) = {(a1, . . . , ac) ∈ Pc−1k | pdQ/(ã1f1+···+ãcfc) M̂ =∞}
where ãi is a lift in Q of ai.

From this result and Lemma 2.17, we can easily deduce these corollaries.

Corollary 2.9. For a finitely generated R-module M , V ∗(M) = ∅ if and only
if pdM <∞. Also V ∗(k) = Pc−1

k̃
.

Corollary 2.10. Let f1, . . . , fc be a regular sequence of a regular local ring Q,
and let k[χ1, . . . , χc] be the ring of cohomological operators for Q/(f1, . . . , fc).
Take n such that 1 ≤ n ≤ c. Let H be the linear space defined by

χn+1 = · · · = χc = 0.

For any module M over Q/(f1, . . . , fc),

V ∗Q/(f1,...,fn)(M) = V ∗Q/(f1,...,fc)(M) ∩H.
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Corollary 2.11. Suppose M ∈ mod(R) and x ∈ R is regular on M . Then
V ∗(M) = V ∗(M/xM).

Proof. Let x̃ ∈ Q be a lift of x. Then x̃ is still regular on M and so M has
finite projective dimension over Q/a if and only if M/x̃M = M/xM does too.
The result now follows from Theorem 2.8.

A generalization of Corollary 2.9 exists involving complexity.

Definition 2.12. For a sequence (an)n≥0 of nonnegative integers, we can define
the complexity

cx(an)n≥0 = min{deg f | f ∈ Q[t] an ≤ f(n) ∀n≫ 0}+ 1.

For a module M , we set cxM = cx βn(M).

A module has finite projective dimension if and only if cxM = 0. Since R is a
complete intersection of codimension c, cx k equals c.

Proposition 2.13 ([6, Theorem 5.6]). For any R-module, we have
dimV ∗(M) = cxM − 1.

Remark 2.14. Note that in the previous result, we consider V ∗(M) as a closed
set of projective space instead of a cone in affine space.

The following are useful results on cohomological supports.

Theorem 2.15 ([10, Corollary 2.3],[8, Theorem 7.8]). If k is algebraically
closed, for each closed set V ⊆ Pc−1k there is a maximal Cohen-Macaulay mod-
ule M such that V ∗(M) = V .

When working with cohomological supports, it is important to be able to reduce
to the case where R is complete and k is algebraically closed. These two results
which allow us to do this.

Lemma 2.16. For any R-module M , we have V ∗R(M) = V ∗
R̂

(M̂).

Lemma 2.17 ([6, Lemma 2.2],[11, App., Théorèm 1, Corollaire])). There exists
a local complete intersection ring (R̃, m̃, k̃) of codimension c such that R̃ is a
flat extension of R, mR̃ = m̃, and the induced map k → k̃ is the inclusion of k
into its algebraic closure. Furthermore, we have V ∗R(M) = V ∗

R̃
(M ⊗ R̃).

2.3 Thick subcategories

There is a deep connection between cohomological supports and the thick sub-
categories of mod(R). This connection begins with the following result.

Proposition 2.18 ([6, Theorem 5.6]). If

0→ X1 → X2 → X3 → 0
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is exact, then
V ∗(Xi) ⊆ V ∗(Xj) ∪ V ∗(Xl)

with {i, j, l} = {1, 2, 3}. In particular, V ∗(M) = V ∗(ΩM). Furthermore

V ∗(X ⊕ Y ) = V ∗(X) ∪ V ∗(Y )

Definition 2.19. A subcategory C ⊆ mod(R) is thick if

1. R ∈ C

2. C is closed under direct summands, that is if X ⊕ Y ∈ C then X,Y ∈ C

3. C has the two out of three property, that is if 0 → X1 → X2 → X3 → 0
and Xi, Xj ∈ C, then Xl ∈ C with {i, j, l} = {1, 2, 3}.

Let ThickM denote the smallest thick category containing M .

The thick subcategories of R are in bijection with the thick subcategories of
the triangulated category MCM(R), the stable category of maximal Cohen-
Macaulay modules. The category of modules of finite projective dimension is
thick. We can generalize this example: by Proposition 2.18, for any V ⊆ Pc−1

k̃
,

the category
{M ∈ mod(R) | V ∗(M) ⊆ V }

is thick. In fact, cohomological supports are used to classify the thick subcat-
egories in the complete intersection in [20], and, in the zero dimensional case,
[12, Remark 5.12]. The proceeding result follows from the classification of thick
subcategories [20, Remark 10.7].

Theorem 2.20. For two modules M,N ∈ mod(R), V ∗Rp(Mp) ⊆ V ∗Rp(Np) for
every p ∈ SingR if and only if ThickM ⊆ ThickN where ThickM and ThickN
are the smallest thick subcategories containing M and N .

Remark 2.21. The full classification theorem in [20] utilises the full scheme
structure of Pc−1k instead of the closed points of Pc−1

k̃
, a context considered in

other works such as [6]. The difference between such approaches are subtle and
beyond the scope of this article.

2.4 Geometric join

In this subsection we give attention to another construction central to this
paper.

Definition 2.22. Let U, V ⊆ Pnk be Zariski closed sets. We define the join of
U and V to be

Join(U, V ) =
⋃

u∈U v∈V
u6=v

line(u, v)

where line(u, v) is the projective line containing u and v.
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Remark 2.23. When U and V are disjoint Zariski closed sets, we may simplify
this definition to

Join(U, V ) =
⋃

u∈U v∈V
line(u, v).

and we still obtain a closed set, see [15, Example 6.17]. In most contexts in
this paper, we will be taking the join of disjoint sets.

Remark 2.24. There is some ambiguity with this definition when V is empty.
To that end, we establish the following convention:

Join(U, ∅) = U.

This is the convention followed in [1]. We justify this convention by considering
the join in affine space: the empty set corresponds to the the zero point and
the join of the cone and the zero point is simply the original cone.

The following in anopther interesting fact about joins.

Lemma 2.25 ([15, Proposition 6.13,Example 6.14]). If U and V are irreducible
closed sets, then Join(U, V ) is also irreducible.

To visualize the join, consider the following easy examples. The join of two
distinct points is a projective line, and the join of two skew lines is a three
dimensional projective linear space. In fact, the join of any two linear spaces
is the smallest linear space containing both of them.

Theorem 2.26 ([1, 1.1]). For two closed sets U, V ⊆ Pnk , we have

dim Join(U, V ) ≤ dimU + dimV + 1

and if U ∩ V = ∅, then

dim Join(U, V ) = dimU + dimV + 1.

The converse is not true, and, in fact, it is not known in general when
dim Join(U, V ) = dimU + dimV + 1 in the case U ∩ V 6= ∅ . In particular, an
active topic of research is understanding when Join(V, V ) 6= 2 dimV + 1.

3 Joins of cohomological supports

In this section, let (R,m, k) be a local complete intersection of codimension c.
The goal of this section is to prove our first main result of this paper, namely
the following theorem.

Theorem 3.1. Let R be a local complete intersection, andM,N ∈ mod(R) with
M,N 6= 0. If Tor>0(M,N) = 0, then V ∗(M ⊗N) = Join(V ∗(M), V ∗(N)).

We prove Theorem 3.1 in a few steps. First we cite a critical fact.
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Lemma 3.2 ([19, Proposition 2.1]). If Tor>0(M,N) = 0, then cx(M ⊗ N) =
cxM + cxN .

We now prove a special case of the main result.

Lemma 3.3. If R has codimension two and Tor>0(M,N) = 0 with M,N 6= 0,
then

V ∗(M ⊗N) = Join(V ∗(M), V ∗(N)).

Proof. By Lemma 2.16 and Lemma 2.17, we may assume that R is complete
and k is algebraically closed. If pdM, pdN < ∞, then pdM ⊗ N < ∞ and
the conclusion is clear.
Assume that pdM = pdN = ∞. Since V ∗(M) and V ∗(N) are disjoint,
nonempty, and lie in P1

k, we know that dim V ∗(M) = dimV ∗(N) = 0. There-
fore, the complexity of both M and N is one. Since Tor>0(M,N) = 0, the
complexity of M ⊗N is two, and thus dimV ∗(M ⊗N) = 1. This means that

V ∗(M ⊗N) = P1
k = Join(V ∗(M), V ∗(N)).

We now assume that pdM < ∞ and pdN = ∞. Using the conventions in
Remark 2.11, we may assume that M 6= 0. We wish to show that V ∗(M⊗N) =
V ∗(N). Letting

0→ Rnt → · · · → Rn0 →M → 0

be a free resolution, the sequence

0→ Nnt → · · · → Nn0 →M ⊗N → 0

is exact, implying V ∗(M ⊗N) ⊆ V ∗(N). By Lemma 3.2, we have

cx(M ⊗N) = cxM + cxN = cxN.

Therefore dimV ∗(M⊗N) is the same as dimV ∗(N). So if V ∗(N) is irreducible,
we are done. In particular, if dimV ∗(N) = 1, then V ∗(N) = P1

k and we are
done.
So suppose dim V ∗(N) = 0, that is V ∗(N) = {p1, . . . , pn} where pi are points.
The short exact sequence 0 → ΩN → Rm → N → 0 yields the short exact
sequence

0→M ⊗ ΩN →Mm →M ⊗N → 0.

But since V ∗(M) is empty, we have V ∗(M ⊗ ΩN) = V ∗(M ⊗N) by Proposi-
tion 2.18. Thus, since V ∗(N) = V ∗(ΩN) we may assume that N is maximal
Cohen-Macaulay by replacing N with a sufficiently high syzygy. Therefore, by
Theorem 3.1 of [10], we may write N = N1 ⊕ · · · ⊕ Nn with V ∗(Ni) = {pi}.
Since each V ∗(Ni) is irreducible, we have

V ∗(M ⊗N) = V ∗(M ⊗N1 ⊕ · · · ⊕M ⊗Nn)

= V ∗(M ⊗N1) ∪ · · · ∪ V ∗(M ⊗Nn) = {p1} ∪ · · · ∪ {pn} = V ∗(N)

which completes the proof.
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Proposition 3.4. If Tor>0(M,N) = 0 with M,N 6= 0, then

Join(V ∗(M), V ∗(N)) ⊆ V ∗(M ⊗N).

Proof. By Lemma 2.16 and Lemma 2.17, we may assume that R is complete
and k is algebraically closed. We proceed by induction on the codimension
of R, which we will denote by c. When c = 1, the cohomological supports
lie in P0

k, a point. Thus the cohomological support of a module is either that
point or empty, depending on whether or not the module has finite projective
dimension. Since Tor>0(M,N) = 0, the result follows from the equality

cxM + cxN = cxM ⊗N.

If c = 2, the statement is true by Lemma 3.3.
Now suppose that c ≥ 3. It suffices to show that for any hyperplane H ⊆ Pc−1k

we have
Join(V ∗(M), V ∗(N)) ∩H ⊆ V ∗(M ⊗N) ∩H

Since c ≥ 2, any hyperplane is a linear space with dimension at least one.
Therefore, for any x ∈ V ∗(M)∩H and y ∈ V ∗(N), the projective line between
x and y is also in H . Because of this, we have

Join(V ∗(M), V ∗(N)) ∩H = Join(V ∗(M) ∩H,V ∗(N) ∩H).

Thus we need to show that

Join(V ∗(M) ∩H,V ∗(N) ∩H) ⊆ V ∗(M ⊗N) ∩H.

To that end, we fix a hyperplane H . Now may write R = Q/(f1, . . . , fc) where
Q is a regular local ring and f1, . . . , fc is a regular sequence. By Proposition
2.2, we may change our coordinate system and assume that H = V (χ1) where
k[χ1, . . . , χc] is the ring of cohomological operators. Set T = Q/(f2, . . . , fc) and
f = f1. Note that T is a complete intersection with codimT = c−1, f is regular
on T , and R = T/(f). For any module X ∈ mod(R), V ∗R(X) ∩H = V ∗T (X) by
Corollary 2.10. Therefore we need to show that

Join(V ∗T (M), V ∗T (N)) ⊆ V ∗T (M ⊗N).

Since TorR>0(M,N) = 0, by [4, Lemma 9.3.8], we have TorT1 (M,N) = M ⊗N
and TorT>1(M,N) = 0. It follows that TorT>0(M,ΩT N) = 0. After tensoring
0→ ΩT N → T t → N → 0 with M , we get the exact sequence

0→M ⊗N →M ⊗ ΩT N →M t →M ⊗N → 0.

Thus, by induction and the above exact sequence, we have

Join(V ∗T (M), V ∗T (N)) = Join(V ∗T (M), V ∗T (ΩT N))

⊆ V ∗T (M ⊗ ΩT N) ⊆ V ∗T (M ⊗N) ∪ V ∗T (M).
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Note, that we can only choose ΩT N to not be zero. A similar argument using
ΩT M gives us

Join(V ∗T (M), V ∗T (N)) ⊆ V ∗T (M ⊗N) ∪ V ∗T (N).

This implies that

Join(V ∗T (M), V ∗T (N)) ⊆ V ∗T (M ⊗N) ∪ (V ∗T (M) ∩ V ∗T (N)) = V ∗T (M ⊗N)

proving the claim.

Lemma 3.5. Suppose that c = codimR ≥ 2, R is complete, and k is al-
gebraically closed. Fix M ∈ mod(R) such that V ∗R(M) = q for some point
q ∈ Pc−1k . For any p ∈ Pc−1k distinct from q, there exists an L ∈ MCM such
that V ∗R(L) = p and V ∗R(M ⊗ L) = Join(p, q).

Proof. As R is complete, we write R = Q/(f1, . . . , fc) where Q is a regular
local ring and f is a regular sequence. After a change of coordinates, we may

assume that p = (1, 0, 0, . . . , 0). Set T = Q/(f1), X = Ωd−1T k where d = dimQ,
and L = X/(f2, . . . , fc)X . We prove that L is our desired module.

First, we show that V ∗(L) = p. Since pdT L =∞, it follows from Theorem 2.8
that p ∈ V ∗(L). Take any point p′ ∈ Pc−1k such that p′ 6= p. By Theorem 2.15,
there exists a Y ∈ mod(R) such that p′ = V ∗(Y ). It follows from Theorem 2.8
that pdT Y <∞. Furthermore, we have TorRi (Y, L) ∼= TorTi (Y,X) for all i > 0,
and thus TorR≫0(Y, L) = 0. Therefore V ∗(Y ) ∩ V ∗(L) = ∅ and so p′ /∈ V ∗(L).
We now have V ∗(X) = {p} as claimed.

Set l = Join(p, q). We now show that V ∗(M ⊗ L) = l. By proposition 3.4,
we have l ⊆ V ∗(M ⊗ L). Take any point r /∈ l. We claim that r is not in
V ∗(M⊗L). After changing coordinates, we may assume that r = (0, 1, 0, . . . , 0).
Set S = Q/(f1, f2) and X ′ = X/f2X . Let l′ be the projective line defined by
p and r. Since r /∈ l, we have q /∈ l′. Hence Corollary 2.10 implies that

V ∗S (M) = V ∗R(M)∩ l′ = ∅. Therefore, TorR
′

≫0(M,X ′) = 0. However, since X ′ is

maximal Cohen-Macaulay over S, Lemma 4.4 implies that TorS>0(M,X ′) = 0.
Since M ⊗ L ∼= M ⊗X ′, and since codimS = 2, Lemma 3.3 implies that

V ∗S (M ⊗ L) = V ∗S (M ⊗X ′) = Join(V ∗S (M), V ∗S (X ′)) = V ∗S (X ′).

By Corollary 2.10 and Corollary 2.11, we have

V ∗S (X ′) = V ∗S (L) = V ∗R(L) ∩ l′ = p.

Therefore, we have p = V ∗S (M ⊗L) = V ∗R(M ⊗L)∩ l′ by Corollary 2.10. Since
r is in l′, r is not in V ∗(M ⊗ L), as desired.

We now proceed with the proof of the main result of this paper.
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Proof of Theorem 3.1. By Lemma 2.16 and Lemma 2.17, we may assume that
R is complete and k is algebraically closed. Proposition 3.4 gives us one con-
tainment, which leaves us to show the reverse containment:

V ∗(M ⊗N) ⊆ Join(V ∗(M), V ∗(N)).

We will proceed by induction using induction on

α(M,N) = 2 depthR − depthM − depthN.

Assume for the moment that we have shown the base case, i.e. the theorem is
true when when α(M,N) = 0, which is precisely the case when both M and
N are maximal Cohen-Macaulay. Suppose that α(M,N) > 0. Then one of the
modules, say M , is not maximal Cohen-Macaulay, and

α(ΩM,N) = α(M,N)− 1.

Tensoring the short exact sequence 0→ ΩM → Rs →M → 0 with N yields

0→ ΩM ⊗N → Ns →M ⊗N → 0.

By induction, we have the following

V ∗(M ⊗N) ⊆ V ∗(N) ∪ V ∗(ΩM ⊗N)

⊆ V ∗(N) ∪ Join(V ∗(ΩM), V ∗(N)) = Join(V ∗(M), V ∗(N))

which yields the desired inclusion.
We now prove the base case. Assume that α(M,N) = 0 or, equivalently, that
M and N are maximal Cohen-Macaulay modules. First we show the theorem
when V ∗(M) is simply a single point, say q. Take any p /∈ Join(V ∗(M), V ∗(N)).
By Lemma 3.5, there exists maximal Cohen-Macaulay module L such that
V ∗(L) = p and V ∗(M ⊗ L) = Join(p, q) = Join(V ∗(M), V ∗(L)). However,
since p /∈ Join(V ∗(M), V ∗(N)), there are no lines containing p, q and a point
in V ∗(N). Therefore V ∗(M ⊗ L) = Join(p, q) and V ∗(N) are disjoint. Since
M,N,L are all maximal Cohen-Macaulay, this shows that Tor>0(M,L) = 0 and
also Tor>0(M ⊗ L,N) = 0. Now let A•, B•, C• be free resolutions of L,M,N
respectively. Then, (M ⊗ L) ⊗ C• is quasi-isomorphic to Tot•(A• ⊗ B• ⊗ C•)
which is quasi-isomorphic to A• ⊗ (M ⊗N). Therefore

Tori(L,M ⊗N) ∼= Tori(M ⊗ L,N) = 0

for all i ≫ 0. This implies that V ∗(M ⊗ N) does not contain p = V ∗(L),
yielding the desired containment.
Now we show the general case. Again, take a point p /∈ Join(V ∗(M), V ∗(N)).
By Theorem 2.15, there exists an L ∈ mod(R) with V ∗(L) = p. In the previous
paragraph, we have shown that V ∗(M ⊗ L) = Join(V ∗(M), V ∗(L)). Thus the
argument in the previous paragraph still applies, completing the proof.
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4 Corollaries of Theorem 3.1

We now state some interesting corollaries of Theorem 3.1. The following is
immediate.

Corollary 4.1. If N is not zero and Tor>0(M,N) = 0, then

V ∗(M) ⊆ V ∗(M ⊗N).

From this we derive a plethora of other corollaries.

Corollary 4.2. If N 6= 0 and Tor>0(M,N) = 0, then the following hold.

1. Ext≫0(M ⊗N,L) = 0⇒ Ext≫0(M,L) = 0

2. Ext≫0(L,M ⊗N) = 0⇒ Ext≫0(L,M) = 0

3. Tor≫0(M ⊗N,L) = 0⇒ Tor≫0(M,L) = 0

Proof. The previous corollary shows that V ∗(M ⊗ N,L) = ∅ implies that
V ∗(M,L) = ∅.

Corollary 4.3. Suppose Tor>0(M,N) = 0. If

SingR ⊆ suppN ∪ (specR\ suppM)

then M is in ThickM ⊗N . In particular, if R is an isolated singularity, then
Tor>0(M,N) = 0 implies that M,N ⊆ ThickM ⊗N when M,N 6= 0.

Proof. First note that Tor>0(Mp, Np) = 0 for every p ∈ specR. Let p ∈ SingR.
Then either p ∈ suppN or p /∈ suppM . Then Corollary 4.1 implies that
V ∗Rp(Mp) ⊆ V ∗Rp((M ⊗ N)p) for all p ∈ SingR. The result then follows by
Theorem 2.20.

The next results use the following lemma.

Lemma 4.4. Suppose R is a complete intersection ring and either M or N is
maximal Cohen-Macaualay. If Tor≫0(M,N) = 0, then Tor>0(M,N) = 0.

Proof. If not, then for every n ∈ N, there exists a cosyzygy M ′ of M such that
Torn(M ′, N) 6= 0 and Tor≫0(M ′, N) = 0. But this contradicts the fact that
complete intersections are AB; see [17, Corollary 3.4].

We may also use Theorem 3.1 to construct modules with linear cohomological
supports.

Corollary 4.5. Assume that k is algebraically closed and R is complete. Set
pi = (0, . . . , 1, . . . , 0) ∈ Pc−1k be the point that is one in the ith position and
zeros elsewhere. Let L be the affine span of p1, . . . , pn. Set

Xi =
Ωd−1Q/(fi)

k

(Ωd−1
Q/(fi)

k)(f1, . . . , f̂i, . . . , fc)
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where d = dimQ. Then X1 ⊗ · · · ⊗Xn is maximal Cohen-Macaulay and L =
V ∗(X1 ⊗ · · · ⊗Xn).

Note that by Proposition 2.2, after changing coordinate any linear space of
Pc−1k is of the form of

L = V ∗(X1 ⊗ · · · ⊗Xn).

Proof. By Theorem 2.8, V ∗(Xi) = {pi}. We work by induction on n. When
n = 1, we are done. So assume the statement is true for n − 1. Let L′ be the
affine span of p1, . . . , pn−1. The induction hypothesis implies that V ∗(Xn−1) =
L′. Since Xn is maximal Cohen-Macaulay , Tor>0(X1⊗· · ·⊗Xn−1, Xn) = 0 by
Lemma 4.4. Then X1⊗ · · ·⊗Xn is maximal Cohen-Macaulay and by Theorem
3.1, we have

V ∗(X1 ⊗ · · · ⊗Xn) = Join(V ∗(X1 ⊗ · · · ⊗Xn−1), V ∗(Xn)) = Join(L′, pn) = L

proving the claim.

The main result of this paper also prevents certain tor modules from vanishing.

Corollary 4.6. SupposeM1, . . . ,Mc+1 are nonfree maximal Cohen-Macaulay
modules. Then for some i ∈ {1, . . . , c},

Torn(M1 ⊗ · · · ⊗Mi,Mi+1) 6= 0

for infinitely many n.

Proof. Proceeding by contradiction, suppose that

Tor≫0(M1 ⊗ · · · ⊗Mi,Mi+1) = 0

for each 1 ≤ i ≤ c. Inducting on i, we will show two statements: first that

V ∗(M1 ⊗ · · · ⊗Mi) = Join(V ∗(M1), . . . , V ∗(Mi))

for each i in {1, . . . , c}, and second that V ∗(M1 ⊗ . . . ⊗Mi) contains a linear
space of dimension i− 1. When i = 1, the statement is trivial. So suppose the
statement is true for i. Since R is a complete intersection and eachMi+1 is max-
imal Cohen-Macaulay, Lemma 4.4 implies that Tor>0(M1⊗· · ·⊗Mi,Mi+1) = 0.
By Theorem 3.1, it follows that

V ∗(M1 ⊗ · · · ⊗Mi ⊗Mi+1) = Join((V ∗(M1), . . . , V ∗(Mi)), V
∗(Mi+1))

= Join(V ∗(M1), . . . , V ∗(Mi+1))

Furthermore, let L be the dimension i linear space in V ∗(M1 ⊗ · · · ⊗ Mi)
guaranteed by the induction hypothesis. Take x ∈ V ∗(Mi+1) which exists
since Mi+1 is not free. Now x is not in L and so

Join(L, x) ⊆ V ∗(M1 ⊗ · · · ⊗Mi+1).

But Join(L, x) is a linear space of dimension i+ 1, proving the claim.
Now the contradiction is clear, for there is a c-dimensional linear space con-
tained in V ∗(M1 ⊗ · · · ⊗Mc+1) which is a closed subset of Pc−1.
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We now prove our second main result, Theorem 1.1 (2), which is the analogue
of Theorem 3.1 for Ext.

Theorem 4.7. Suppose R is a complete intersection ring and M,N ∈ mod(R).
If Ext>0(M,N) = 0, then V ∗(Hom(M,N)) = Join(V ∗(M), V ∗(N)).

Proof. Since Ext>0(M,N) = 0, [2, Lemma 2.5] implies that M is maximal
Cohen-Macaulay. By [16, Proposition 3.6], we have the following exact sequence

Tor2(TrM,N)→ Hom(M,R)⊗N → Hom(M,N)→ Tor1(TrM,N)→ 0

where TrM is the Auslander-Bridger transpose of M . However, since R is
Gorenstein, TrM is an inverse syzygy of M , i.e. there exists an exact sequence

0→M → F → G→ TrM → 0

with F,G free. So Tor≫0(TrM,N) = 0. Since TrM is again Cohen-Macaulay,
it follows from Lemma 4.4 that Tor>0(TrM,N) = 0. Therefore, the above
short exact sequence gives us the isomorphism M∗ ⊗N ∼= Hom(M,N).
Since V ∗(M) = V ∗(M∗), we know that Tor≫0(M∗, N) = 0. Since M is max-
imal Cohen-Macaulay, Lemma 4.4 implies Tor>0(M∗, N) = 0. Therefore, by
Theorem 3.1 we have

V ∗(Hom(M,N)) = V ∗(M∗ ⊗N)

= Join(V ∗(M∗), V ∗(N)) = Join(V ∗(M), V ∗(N))

This result provides an elementary proof of the following result.

Corollary 4.8. If Ext>0(M,N) = 0, then cx Hom(M,N) = cxM + cxN .

Proof. It follows from the previous theorem, Theorem 2.26, and Proposition
2.13 that

cx Hom(M,N) = dim Join(V ∗(M), V ∗(N)) + 1

= dimV ∗(M) + dimV ∗(N) + 2 = cxM + cxN

5 Questions and examples

What happens to Theorem 3.1 if we remove the assumption that all the Tor
modules vanish? The following two examples show that in general neither
containment holds.
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Example 5.1. Let k be a field and set R = k[x, y]/(xy). Now the modules
M = R/(x+ y) and N = R/(x− y) have finite projective dimension. However,
we have

Join(V ∗(M), V ∗(N)) = ∅ + V ∗(M ⊗N) = P0
k̃

showing that V ∗(M ⊗N) is not always contained in Join(V ∗(M), V ∗(N), even
if Tor≫0(M,N) = 0.

Example 5.2. Set R = Q[a, b, c]/(a2 − b2, b3 − c3) and

M =coker

[
8ab2c2 + 4abc3 + 6b2c3 + 8ac4 + 6bc4 + c5 3ab+ 4b2 + 7ac+ 7bc+ 4c2

4ab2c2 + 6abc3 + 9b2c3 + ac4 + 9bc4 + 4c5 4ab+ 5b2 + 3ac+ 5bc+ 5c2

]

N =
R

(8ab2c+ 8b2c2 + 6ac3 + 5bc3 + c4, 3ab+ 2b2 + 3ac+ 2bc+ 9c2)
.

An easy computation in Macaulay2 shows that

cxM = 0 cxN = 2 cxM ⊗N = 1.

This shows that Join(V ∗(M), V ∗(N)) = V ∗(N) * V ∗(M ⊗N).

We now give an example where none of the modules involved have finite pro-
jective dimension.

Example 5.3. Set R = Q[a, b, c, d]/(a2 − b2, b2 − c2, d2) and define the ideal

I =

(
3

5
a+

8

7
b+

5

2
c, 2a+

1

2
b+ 3c, d

)
.

A simple computation in Macaulay2 shows that

V ∗(I) = V (3740x1 + 477x2)

V ∗(I ⊗ I) = V (0) = P2
Q̃

Where Q̃[x1, x2, x3] is the ring of cohomological operators over the algebraic
closure of Q. Since V ∗(I) is linear, we have

Join(V ∗(I), V ∗(I)) = V ∗(I) + V ∗(I ⊗ I).

Example 5.4. Let R = Q[a, b, c]/(a2, b2, c2) and I = (b) and J = (ab). An
easy computation yields V ∗(R/I) = V (x1, x3) and V ∗(R/J) = V (x1) where
Q̃[x1, x2, x3] is the ring of cohomological operators over the algebraic closure
of Q. Now because V ∗(R/J) is a linear space containing V ∗(R/I), we have

Join(V ∗(R/I), V ∗(R/J)) = V ∗(R/J) *
* V ∗(R/J ⊗R/I) = V ∗(R/(I + J)) = V ∗(I).
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The authors wondered if there was a relation between the asymptotic behaviour
of V ∗(Tori(M,N)) and Join(V ∗(M), V ∗(N)). Investigations using Macaulay2
compelled them to ask the following questions.

Question 1. Does
n⋃

i=0

V ∗(Tori(M,N))

stabilize as n tends to infinity?

Question 2. For any modules M and N , do we have the following?

Join(V ∗(M), V ∗(N)) ⊆
∞⋃

i=0

V ∗(Tori(M,N))

It seems that these statements cannot be made any stronger. For instance,
Example 5.3 shows that we cannot hope to replace the containment in Question
2 with equality. Similarly, the following example shows that V ∗(Tori(M,N))
need not stabelize.

Example 5.5. Let k be a field and set R = k[x, y]/(xy). It is easy to show that
Torodd(R/(x), R/(y)) = 0 and Toreven(R/(x), R/(y)) ∼= k. The projective
dimension of the former is obviously finite, and the projective dimension of the
latter is infinite. Thus V ∗(Tori(R/(x), R/(y))) cannot stabilize.

For closed sets U, V ∈ Pnk , it is known that dim Join(U, V ) ≤ dimU + dimV +
1. It is not known when precisely this equality is strict. This question is
particularly interesting when U = V and has been the subject of much research.
As the following shows, Question 1 and Question 2 are actually related to this
topic.

Proposition 5.6. Suppose Question 1 and Question 2 have positive answers.
Then for any modules M and N over a complete intersection ring,

dim Join(V ∗(M), V ∗(N)) ≤ max
i∈N

cx Tori(M,N)− 1.

Proof. The result is obvious after recalling that dimV ∗(Tori(M,N)) =
cx Tori(M,N)− 1.

The rest of this paper will discuss special cases where we know Question 1 and
2 to be true. First, we note that Question 1 has a positive answer when R is a
hypersurface, because over such rings Tori(M,N) is eventually periodic.

Proposition 5.7. Questions 1 and 2 have positive answers when
Tor≫0(M,N) = 0.
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Proof. The first question is trivially true in this case. We prove that the second
question is true using induction on the smallest n such that Tor>n(M,N) = 0.
When n = 0, the the statement follows from Theorem 3.1. So suppose n > 0.
Then we have Tor>n−1(ΩM,N) = 0 and so by induction, we have

Join(V ∗(M), V ∗(N)) = Join(V ∗(ΩM), V ∗(N))

⊆
∞⋃

i=0

V ∗(Tori(ΩM,N))

=

∞⋃

i=2

V ∗(Tori(M,N)) ∪ V ∗(ΩM ⊗N).

Note that M is not free and so ΩM is not zero. The short exact sequence

0→ ΩM → Rm →M → 0

yields
0→ Tor1(M,N)→ ΩM ⊗N → Nm →M ⊗N → 0.

It follows that V ∗(ΩM ⊗ N) ⊆ V ∗(N) ∪ V ∗(M ⊗ N) ∪ V ∗(Tor1(M,N)) and
hence

Join(V ∗(M), V ∗(N)) ⊆
∞⋃

i=0

V ∗(Tori(M,N)) ∪ V ∗(N).

Similarly, we have

Join(V ∗(M), V ∗(N)) ⊆
∞⋃

i=0

V ∗(Tori(M,N)) ∪ V ∗(M)

but since V ∗(M) ∩ V ∗(N) = ∅, this shows the desired result.

It is interesting that the corresponding statement in Question 1 holds for Ext.
We thank Mark Walker for bringing the following argument to our attention.

Proposition 5.8. Let (R,m, k) be a local complete intersection of codimension
c and M and N finitely generated R modules. Fix m ∈ N. There exists a ν ∈ N
such that for any n ≥ ν

V ∗(Extn(N,M)) ∪ V ∗(Extn+2m(N,M)) ∪ · · · ∪ V ∗( Extn+2mc(N,M))

=

∞⋃

i=ν

V ∗(Exti(M,N)).

In particular, there exists an l ∈ N such that

∞⋃

i=0

V ∗(Exti(M,N)) =
l⋃

i=0

V ∗(Exti(M,N)).
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When m = 1, the first statement shows that the union of c terms of the
sequences V ∗(Ext2i(M,N)) and V ∗(Ext2i+1(M,N)) stabilises.

Proof. Let S = R[χ1, . . . , χc] be the ring of cohomological operators. Recall
that Ext(M,N) is a graded S-module and that each χi has degree 2. Take any
m ∈ N, and let

K• = K•(χ
m
1 , . . . , χ

m
c ; Ext(M,N))

be the Koszul complex of powers of the cohomological operators on the S-
module Ext(M,N). Note that this is a complex of graded S-modules. There-
fore, in degree n, we get a complex of R-modules

0→ Extn+(c+1)m(M,N)→Extn+(c)m(M,N)
a1 → Extn+(c−1)m(M,N)

a2

→ · · · → Extn+m(M,N)
ac−1 → Extn(M,N)→ 0

where ai =
(
c
i

)
.

Since Ext(M,N) is finitely generated over R[χ1, . . . , χn], we know that the
homology of K• is annihilated by some power of the ideal (χ1, . . . , χc), and
thus is concentrated in low degrees. In particular, the complex K• is exact in
all degrees larger than some constant ν ∈ N. Since the differentials of K• have
degree 2m, this means that for any n ≥ ν, the above complex is exact.
We can conclude two statements:

V ∗(Extn+(c+1)m(M,N)) ⊆
c⋃

i=0

V ∗(Extn+im(M,N))

V ∗(Extn(M,N)) ⊆
c+1⋃

i=1

V ∗(Extn+im(M,N)).

Working inductively, and shifting n, we can use these two statements to prove
the first claim. The second claim follows by taking l = ν + n+ (c+ 1)m.

The idea of taking the Koszul complex over the ring of cohomological operators
originates in [7]

Remark 5.9. The same argument works in a more general situation. Let R
be Noetherian ring which is not necessarily commutative or local. Suppose a
Noetherian graded commutative ring S concentrated in non-negative degrees
acts on D(R) (see [8] for the relevant definitions and examples). Suppose fur-
ther that for complexes M,N , Ext(M,N) is finitely generated as an S module.
Letting x1, . . . , xc be a generating set of ideal S>0 ⊆ S, the Koszul complex

K•(x
m
1 , . . . , x

m
c ; Ext(M,N))

yields a similar conclusion regarding the objects suppS Ext(Exti(M,N), L)
where L is an object in D(R).
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Under certain conditions, we prove a dual version of Proposition 5.8.

Corollary 5.10. Let (R,m, k) be a local complete intersection of codimension
c and M and N finitely generated R-modules. Fix m ∈ N. If Tori(M,N)
eventually has finite length, then there exists a ν ∈ N such that for any n ≥ ν

V ∗(Torn(N,M)) ∪ V ∗(Torn+2m(N,M)) ∪ · · · ∪ V ∗( Torn+2mc(N,M))

=

∞⋃

i=ν

V ∗(Tori(M,N)).

In particular, there exists an l ∈ N such that

∞⋃

i=0

V ∗(Tori(M,N)) =
l⋃

i=0

V ∗(Tori(M,N)).

This gives an affirmative answer to Question 1 in the isolated singularity case.

Proof. By replacing M and N with high enough syzygies, we may assume that
M and N are maximal Cohen-Macaulay. We claim two things. First, we claim
that Exti(M,N∗) also eventually has finite length where N∗ = Hom(N,R).
Second, we claim that eventually

Extd(Exti(M,N∗), R) ∼= Tori+d(M,N).

By [6, Theorem 5.6], it follows that eventually

V ∗(Exti(M,N∗)) = V ∗(Extd(Exti(M,N∗), R)),

and the corollary is now clear.

To prove the first claim, note that Tor
Rp

i (Mp, Np) ∼= Tori(M,N)p eventually
vanishes for every p ∈ specR\m. Since Rp is also complete intersection, [17,
Theorem 2.1, Proposition 4.3] and implies that ExtiRp

(Mp, N
∗
p ) vanishes for all

i > dimRp. Therefore, Exti(M,N∗) is eventually finite length.
Now we prove the second claim. Let F• and G• be resolutions of M and N
respectively, and let I• be an injective resolution of R. We have the following
quasi-isomorphism

F• ⊗G• ∼= Hom(Hom(F• ⊗G•, R), R) ≃ Hom(Hom(F•,Hom(G•, R)), I•)

≃ Hom(Hom(F•, N
∗), I•)

where the second to last quasi-isomorphism is because R is Gorenstein and N
is maximal Cohen-Macaulay. Letting

E0
i,j = Hom(Hom(Fi, N

∗), I−j)

we get a spectral sequence converging to Tori−j(M,N). Note that since I• is
a bounded complex, the sequence does indeed converge. Furthermore, we have

E2
i,j = Ext−j(Exti(M,N∗), R).

Documenta Mathematica 22 (2017) 1593–1614



Cohomological Support and the Geometric Join 1613

However, since eventually Exti(M,N∗) has finite length, for i ≫ 0, E2
i,j = 0

for all j 6= −d. Furthermore, since E0
i,j = 0 for all j not in [−d, 0], it follows

that eventually

Tori+d(M,N) = E2
i,−d = Extd(Exti(M,N∗), R).
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Résumé. Le principe de Batyrev et Manin et ses variantes donnent
une interprétation conjecturale précise pour le terme dominant du
nombre de points de hauteur bornée d’une variété algébrique dont
l’opposé du faisceau canonique est suffisamment positif. Comme l’a
clairement montré le contre-exemple de Batyrev et Tschinkel la mise
en œuvre de ce principe nécessite l’exclusion de domaines d’accumula-
tion qui sont le plus souvent déterminés en procédant par récurrence
sur la dimension de la variété. Cette méthode ne donne cependant
pas de critère direct permettant de dire si un point rationnel donné
doit être exclu ou pas. L’ambition de cet article est de définir une
mesure de la liberté d’un point rationnel de sorte que les points d’une
liberté suffisante se répartissent effectivement de manière uniforme sur
la variété, c’est-à-dire qu’ils soient distribués sur l’espace adélique as-
socié à la variété conformément à la mesure de distribution adélique
introduite dans un article antérieur de l’auteur. De ce point de vue,
les points assez libres devraient être ceux qui respectent le principe
de Batyrev et Manin.
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1. Introduction

Le programme développé par Y. I. Manin et ses collaborateurs dans les années
1980 ([BM] et [FMT]) a permis une compréhension en profondeur du compor-
tement asymptotique du nombre de points de hauteur bornée sur les variétés
algébriques et en particulier sur les variétés dont l’opposé du faisceau canonique
est suffisamment positif, telles que les variétés de Fano.
Un des points-clefs de ce programme est le concept de sous-variété accumula-
trice [BM, p. 30], qu’on peut décrire, au sens le plus faible, comme une sous-
variété stricte de la variété considérée dont la contribution au nombre total de
points sur la variété n’est pas négligeable. Lorsque la hauteur choisie n’est pas
relative à l’opposé du faisceau canonique, la variété peut être réunion de telles
sous-variétés, c’est ainsi le cas pour le produit de deux droites projectives,
cette situation est décrite plus en détail par V. V. Batyrev et Y. Tschinkel
dans [BT3]. Supposons maintenant que la hauteur est relative à l’opposé du
fibré canonique. Le contre-exemple de V. V. Batyrev et Y. Tschinkel à la ques-
tion initiale de V. V. Batyrev et Y. I. Manin [BT2] montre que, même dans le
cas d’une variété de Fano, la réunion de ces sous-variétés peut, en général, être
Zariski dense. Différentes études basées sur la géométrie des variétés ont révélé
que cette situation est en fait très générale ([LTT] et [BL]).
L’esprit du programme de Manin est qu’en dehors de ces sous-variétés accu-
mulatrices, le comportement asymptotique du nombre de points de hauteur
bornée s’interprète en termes d’invariants globaux de la variété. Dans [Ru],
C. Le Rudulier fait sauter un verrou supplémentaire en démontrant que sur
certains espaces de Hilbert les sous-variétés accumulatrices au sens précédent
sont denses pour la topologie de Zariski, mais le nombre de points de hauteur
bornée sur le complémentaire se comporte de la façon espérée. Comme nous le
verrons plus loin, C. Le Rudulier donne également un exemple d’un ensemble
mince faiblement accumulateur qui ne s’obtient pas à partir d’une réunion de
sous-variétés faiblement accumulatrices.
Dans [Pe1, §3], nous allions plus loin sur la question de la distribution asymp-
totique, en construisant une mesure de probabilité sur l’espace adélique corres-
pondant à la variété, qui donnerait conjecturalement la distribution asympto-
tique des points de hauteur bornée en dehors des sous-variétés accumulatrices.
Notons au passage que pour cette mesure, les points adéliques d’une sous-
variété stricte forment un ensemble de mesure nulle, il en résulte que cette
distribution asymptotique ne saurait être valable que sur le complémentaire
des sous-variétés accumulatrices au sens précédent.
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La méthode décrite dès l’article de V. V. Batyrev et Y. I. Manin pour trouver
les sous-variétés accumulatrices est de procéder par réccurence sur la dimen-
sion des sous-variétés. En effet, si l’on note B la borne choisie pour la hau-
teur, le comportement asymptotique attendu sur une variété V en dehors des
sous-variétés accumulatrices est de la forme CBa log(V )b−1, où a et b ont des

interprétations géométriques. À partir de ces invariants géométriques, on peut
donc définir une notion de sous-variétés géométriquement accumulatrices : ce
sont celles pour lequel la prédiction pour le nombre de points de la sous-variété
est au moins du même ordre de grandeur que celui prédit pour la variété dans
son ensemble. Cette approche s’est révelé très efficace dans la plupart des cas
connus jusqu’à aujourd’hui.
Toutefois, elle a l’inconvénient de ne pas donner de critère permettant
de déterminer directement si un point rationnel donné doit être exclu du
dénombrement. Il est alors enrichissant de comparer cette situation avec l’ana-
logue géométrique. Dans l’étude des espaces de morphismes d’une courbe dans
une variété donnée, il convient de considérer les morphismes très libres dont les
déformations permettent de couvrir la variété. Ces morphismes sont aisément
caractérisés à l’aide des pentes de l’image inverse du fibré tangent sur la courbe.
Or la géométrie d’Arakelov et notamment la théorie des pentes développée par
J.-B. Bost fournissent un analogue arithmétique à ces pentes. Toutefois, comme
toujours dans cette traduction, l’invariant obtenu au lieu d’être entier est réel
et on peut donc être confronté à des situations où la pente minimale d’une
famille de points rationnels tend vers 0.
L’ambition de ce texte est donc d’utiliser les pentes de la géométrie d’Arakelov
pour définir un invariant qui mesure la liberté d’un point rationnel. L’invariant
que nous construisons est un élément de l’interval réel [0, 1]. Il fait intervenir
le choix d’une métrique adélique dont on munit la variété, métrique qui est
l’analogue dans notre cadre adélique d’une métrique riemannienne. Dans les
exemples étudiés, nous montrons que les points qu’il convient d’exclure ont
une liberté qui tend vers 0 lorsque leur hauteur tend vers +∞, ce qui permet
d’énoncer une variante de la conjecture raffinée de Batyrev et Manin qui ne
semble pas en contradiction avec les exemples considérés ici.
Certes, il convient de relativiser les progrès que permettent ce nouvel invariant
en raison de la difficulté de sa détermination en général ; néanmoins c’est un
invariant très naturel et les quelques indices qui suivent confirment sa capacité
à détecter une obstruction à la distribution uniforme des points rationnels.
Ce texte est organisé de la façon suivante : on commence par fixer le cadre
géométrique, avant de préciser la notion de métrique adélique. Le paragraphe
suivant consiste en des rappels sur les notions de pentes, ce qui nous permet
de définir l’invariant qui est l’objet de cet article. Nous en donnons ensuite
quelques propriétés élémentaires avant d’introduire une nouvelle variante du
principe de Batyrev et Manin, la formule empirique (F). Le reste de l’article
est consacré à l’application de la notion de liberté à divers exemples ou contre-
exemples connus : l’espace projectif, le produit de variétés, les quadriques, le
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contre-exemple de V. V. Batyrev et Y. Tschinkel ainsi que ceux de C. Le
Rudulier.
Je remercie T. Browning, É. Gaudron et D. Loughran pour plusieures discus-
sions et suggestions qui m’ont permis d’améliorer ce texte.

2. Cadre

On fixe un corps de nombres K. Pour toute K-algèbre commutative A et toute
variété V sur K, on note VA le produit schématique V ×Spec(K) Spec(A) et
V (A) l’ensemble MorSpec(K)(Spec(A), V ) des A-points de V .
On note Val(K) l’ensemble des places du corps de nombres K. Soit w une place
de K. On note Kw le complété de K pour w. Soit v la place de Q déduite de w
par restriction, on pose

|x|w = |NKw/Qv
(x)|v

pour x ∈ Kw. Si Kw est isomorphe au corps des complexes, | · |w correspond au
carré du module, sinon l’application | · |w est une valeur absolue représentant w.
Cette normalisation permet d’écrire la formule du produit pour K sous la forme

(1)
∏

w∈Val(K)

|x|w = 1

pour x ∈ K×.

Convention 2.1. Dans la suite, on ne considère que de belles variétés sur K,
c’est-à-dire des variétés projectives lisses et géométriquement intègres sur le
corps de nombres K.

3. Métriques adéliques

3.1. Normes w-adiques. Nous introduisons maintenant une notion de norme
classique sur les espaces vectoriels sur les complétés du corps de nombres K.

Définition 3.1. Soit w une place de K. Soit E un espace vectoriel sur le
corps complété Kw. Dans ce texte, on appelle norme w-adique une application
‖ · ‖w : x 7→ ‖x‖w de E dans R qui vérifie les conditions suivantes

(i) On a la relation ‖λx‖w = |λ|w ‖x‖w pour λ ∈ Kw et x ∈ E ;
(ii) Si w est une place ultramétrique, alors on a l’inégalité ‖x + y‖w 6

max(‖x‖w, ‖y‖w) pour x, y ∈ E ;
(iii) Si w est une place réelle, alors ‖x+ y‖w 6 ‖x‖w + ‖y‖w ;

(iv) Enfin, si w est complexe, alors ‖x+ y‖1/2w 6 ‖x‖1/2w + ‖y‖1/2w ;

Nous dirons que cette norme est classique si elle vérifie en outre les conditions
suivantes :

(ii′) Si w est ultramétrique, l’image de ‖ · ‖w est contenue dans l’image de
la valeur absolue | · |w ;

(iii′) Si w est réelle, il existe une forme quadratique définie positive q sur E

telle que ‖x‖w =
√
q(x) ;

(iv′) Si w est complexe, il existe une forme hermitienne définie positive ϕ
sur E telle que ‖x‖w = ϕ(x, x).
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Remarque 3.2. On notera que pour une place ultramétrique w, la donnée d’une
norme classique ‖ ·‖w sur un Kw-espace vectoriel E est équivalente à la donnée
du Ow-module

E = { x ∈ E | ‖x‖w 6 1 },
qui est libre de rang la dimension de E. En outre, pour tout x ∈ E, on a dans
ce cas l’égalité

‖x‖w = min{|λ|−1w , λ ∈ Kw {0} tels que λx ∈ E }.

3.2. Normes adéliques. Dans ce paragraphe, la lettre V désigne une belle
variété sur K. Du point de vue de la géométrie d’Arakelov, une hauteur va être
définie à partir d’un fibré en droites muni de normes.

Définition 3.3. Soit E un fibré vectoriel sur V . On note π : E → V son mor-
phisme structural. Pour toute extension L de K et tout x ∈ V (L), on note E(x)
le L-espace vectoriel π−1(x). Soit w ∈ Val(K). Une norme w-adique sur E est
une application ‖ · ‖w : x 7→ ‖x‖w de E(Kw) dans R>0 vérifiant les conditions
suivantes :

(i) Pour tout x ∈ V (Kw), la restriction de ‖ · ‖w à E(x) est une norme
w-adique.

(ii) Pour tout ouvert U de V et toute section s de E sur U , l’application
de U(Kw) dans R donnée par x 7→ ‖s(x)‖w est continue pour la topologie
w-adique.

Cette norme ‖ · ‖w est dite classique si sa restriction à E(x) est classique pour
tout x ∈ V (Kw).

Exemple 3.4. On suppose donné un modèle de V sur Ow, c’est-à-dire un schéma
V projectif et lisse sur Ow muni d’un isomorphisme de VKw sur VKw et un
modèle de E au-dessus de V , c’est-à-dire un fibré vectoriel E au-dessus de V
muni d’un isomorphisme de fibrés vectoriels de EKw sur EKw . Alors, comme
V est projective, l’application naturelle de V (Ow) dans V (Kw) est bijective.
Soit x ∈ V (Kw). Soit x̃ le point correspondant de V (Ow). Alors x̃∗(E ) définit
un sous-Ow-module de E(x), que l’on notera E (x), qui est libre de rang la
dimension de E(x). Par la remarque 3.2, cela définit une norme classique sur
E(x). On obtient ainsi une norme w-adique classique sur E qu’on dira associée
au modèle E de E.

Définition 3.5. Soit E un fibré vectoriel au-dessus de V . Une norme adélique
sur E est une famille (‖ · ‖w)w∈Val(K), où ‖ · ‖w est une norme w-adique sur
E pour tout w ∈ Val(K), de sorte que la condition suivante soit vérifiée : il
existe un ensemble fini de places S et un modèle E de E sur l’anneau OS des
S-entiers tels que pour toute place w ∈ Val(K) S, la norme ‖ · ‖w soit la
norme associée à EOw . On dira que cette norme adélique est classique si toutes
les normes ‖ · ‖w sont classiques.
Un fibré vectoriel ( resp. fibré en droites) adéliquement normé sur V est la
donnée d’un fibré vectoriel (resp. un fibré en droites) E au-dessus de V ,
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muni d’une norme adélique. Un fibré adélique désigne, dans ce texte, un fibré
adéliquement normé dont la norme est classique.
Dans ce texte, nous réserverons la terminologie ≪ métrique adélique sur V ≫

2

à la donnée d’un norme adélique classique sur le fibré tangent TV de V .

Exemples 3.6. a) Le fibré en droites trivial V ×A1
K, muni des normes natu-

relles ‖ · ‖w définies par (x, λ) 7→ |λ|w pour w ∈ Val(K) est un fibré vectoriel
adéliquement normé qu’on dira également trivial. Considérons l’ensemble F
des familles (fw)w∈K, où fw est une application continue de V (Kw) dans R>0

pour tout w ∈ Val(K), et où fw est constante de valeur de 1 en dehors d’un
ensemble fini de places. Alors l’application qui à un élément (fw)w∈K de F
associe la famille (fw‖ · ‖w)w∈Val(K) est une bijection de F sur les normes
adéliques sur le fibré en droites trivial.
b) Plus généralement, soit L un fibré en droites et soit (‖ · ‖w)w∈Val(K) une
norme adélique sur L. Toute norme adélique sur le fibré L est de la forme
(fw‖ · ‖w)w∈Val(K) pour une unique famille (fw)w∈K de F . Cela découle du
fait que si E et E ′ sont des modèles d’un fibré vectoriel E sur un anneau de
S-entiers OS , alors il existe un ensemble fini de places S′ contenant S de sorte
que l’isomorphisme de EK sur E ′K provienne d’un isomorphisme de EOS′ sur
E ′

OS′
.

c) Soient E (resp. E′) un fibré vectoriel sur la variété V muni d’une norme
adélique classique (‖ · ‖w)w∈Val(K) (resp.(‖ · ‖′w)w∈Val(K)). Alors on définit une
norme adélique classique (‖ · ‖′′w)w∈Val(K) sur le fibré vectoriel E ⊕ E′ par les
conditions suivantes :

(i) Si w ∈ Val(K) est une place non archimédienne, alors on pose
‖(y, y′)‖′′w = max(‖y‖w, ‖y′‖′w) pour tout x ∈ V (Kw), tout y ∈ E(x) et tout
y′ ∈ E′(x).

(ii) Si w est une place réelle de K, alors on pose

‖(y, y′)‖′′w = (‖y‖2w + ‖y′‖′w
2
)1/2

pour tout x ∈ V (Kw), tout y ∈ E(x) et tout y′ ∈ E′(x).
(iii) Si w est une place complexe, alors on définit ‖(y, y′)‖′′w = ‖y‖w + ‖y′‖′w

pour tout x ∈ V (Kw), tout y ∈ E(x) et tout y′ ∈ E′(x).

Le fibré vectoriel adéliquement normé ainsi obtenu sera appelé la somme directe
des fibrés vectoriels adéliquement normés E et E′.
d) Soient E (resp. E′) un fibré vectoriel sur la variété V muni d’une norme
adélique classique (‖ · ‖w)w∈Val(K) (resp.(‖ · ‖′w)w∈Val(K)). Alors il existe une
unique norme adélique classique (‖ · ‖′′w)w∈Val(K) sur le fibré vectoriel E ⊗ E′
qui vérifie :

‖y ⊗ y′‖′′w = ‖y‖w‖y′‖′w
pour w ∈ Val(K), x ∈ V (Kw), y ∈ E(x) et y′ ∈ E′(x). Le fibré vectoriel
adéliquement normé ainsi obtenu sera appelé le produit tensoriel des fibrés
vectoriels adéliquement normés E et E′.

2Dans des textes antérieurs, j’ai appelé métrique adélique ce que j’appelle ici plus juste-
ment norme adélique pour éviter des confusions.
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e) Soit E un fibré vectoriel sur V muni d’une norme adélique que l’on note
(‖ · ‖w)w∈Val(K). Soit F un sous-fibré de E. La famille de normes (‖·‖′w)w∈Val(K)

sur le fibré vectoriel F définie par les relations

‖y‖′w = ‖y‖w
pour w ∈ Val(K), x ∈ V (Kw) et y ∈ F (x) est une norme adélique appelée
la restriction de la norme adélique de E à F . Si la norme adélique de E est
classique, sa restriction à F l’est également.
f) On conserve les notations de l’exemple précédent. Soit w ∈ Val(K), on définit
une application E/F (Kw)→ R+ par

‖y‖′′w = inf
y∈y
‖y‖w

pour w ∈ Val(K), x ∈ V (Kw) et y ∈ E(x)/F (x). Mais comme cette borne
inférieure est atteinte, ‖ · ‖′′w est une norme sur le fibré E/F . En outre, si ‖ · ‖w
est défini par un modèle E et la restriction ‖ · ‖′w par un sous-fibré F , alors la
norme ‖ · ‖′′w est définie par le quotient E /F .
La norme adélique (‖ ·‖′′w)w∈Val(K) sur le fibré vectoriel E/F est appelée norme
déduite de la norme adélique de E par passage au quotient. Supposons que
la norme adélique de E soit classique. La norme qui s’en déduit par passage
au quotient l’est également. De manière plus précise, soit w une place de K et
soit x un élément de V (Kw). Si w est une place finie, alors le sous-Ow-module de
E(x)/F (x) associé à ‖·‖′′w est le quotient du Ow-module associé à ‖·‖w par son
intersection avec l’intersection avec F (x) ; si w est réelle (resp. complexe) alors
la projection définit un isomorphisme d’espace quadratique (resp. hermitien)
de l’orthogonal de F (x) sur E/F (x).
g) Soit E un fibré adélique et n un entier positif. On définit une norme adélique
classique sur le fibré ΛnE de façon à obtenir une structure de λ-anneau sur l’an-
neau de Grothendieck des fibrés vectoriels munis de normes adéliques classiques
(pour la définition de cette structure, voir [Be, §2], pour une telle structure
pour les fibrés hermitiens, voir [Ro]). En particulier, si E est une somme di-
recte F ⊕ F ′, les normes choisies doivent être compatibles avec l’isomorphisme
canonique de ΛnE sur ⊕

p+q=n

ΛpF ⊗ ΛqF ′.

Soit w une place de K et x ∈ V (Kw) si w est non-archimédienne, la restriction
de ‖ · ‖w à ΛnE(x) est donné par le Ow-module engendré par les produits
y1 ∧ · · · ∧ yn, où yi ∈ E(x) avec ‖yi‖w 6 1 pour i ∈ {1, . . . , n}. Si w est une
place archimédienne, alors on prend la norme associée à la forme bilinéaire
caractérisée par la formule

〈x1 ∧ · · · ∧ xn, y1 ∧ · · · ∧ yn〉ΛnE = det(〈xi, yi〉E),

où x1, . . . , xn, y1, . . . , yn ∈ E(x) et 〈·, ·〉E désigne la forme définissant la norme
sur E(x). En particulier, si (e1, . . . , er) est une base orthonormée de E(x), alors
les produits ei1 ∧ · · · ∧ ein avec 1 6 i1 < i2 < · · · < in 6 r forment une base
orthonormée de ΛnE(x). En prenant pour n le rang de E, on munit ainsi le
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fibré det(E) = ΛnE d’une structure de fibré en droite adéliquement normé. En
particulier, une métrique adélique sur V permet de définir une norme adélique
classique sur le fibré anticanonique ω−1V = det(TV ).
h) Soit X une belle variété sur K et soit f : X → Y un morphisme de
variétés. Soit E un fibré vectoriel au-dessus de Y muni d’une norme adélique
(‖ · ‖w)w∈Val(K). Soit x ∈ X(K). On peut identifier f∗(E)(x) avec E(f(x)).
Pour tout place w de K, la norme ‖ · ‖w sur E(f(x)) induit donc une norme
sur f∗(E)(x). Le fibré vectoriel f∗(E) muni de la norme adélique ainsi définie
est appelé l’image inverse par f du fibré vectoriel adéliquement normé E.

Définition 3.7. Soient E et F des fibrés adéliquement normés au-dessus
de V . On note (‖ · ‖w)w∈Val(K) (resp. (‖ · ‖′w)w∈Val(K)) la norme adélique sur E
(resp. F ).
Un plongement de E dans F est un morphisme ϕ de fibrés vectoriels de E
dans F tel que pour toute place w de K, tout point x appartenant à V (Kw)
et tout y ∈ E(x), on ait ‖ϕ(y)‖′w = ‖y‖w.
Les fibrés vectoriels adéliquement normés E et F seront dits équivalents si et
seulement s’il existe un isomorphisme de fibrés vectoriels ϕ : E → F et une
famille (λw)w∈Val(K) de nombres réels tels que

(i) L’ensemble {w ∈ Val(K) | λw 6= 1 } est fini ;
(ii) Le produit

∏
w∈Val(K) λw vaut 1 ;

(iii) On a la relation ‖ϕ(y)‖′w = λw‖y‖w pour tout w ∈ Val(K), tout point
x ∈ V (Kw) et tout y ∈ E(x).

L’ensemble des classes d’équivalence de fibrés en droites munis d’une norme
adélique pour la relation d’équivalence précédente forme un groupe pour le
produit tensoriel, qu’on note H (V ).

Exemple 3.8. Dans le cas où V = Spec(K), la donnée d’un fibré adélique sur V
est équivalente à celle d’un K-espace vectoriel de dimension finie n muni d’une
famille de normes classiques (‖ · ‖w)w∈Val(K) de sorte que, pour toute base
(e1, . . . , en) de E, il existe un ensemble fini de places S tel que

∥∥∥
n∑

i=1

xiei

∥∥∥
w

= max
16i6n

(|xi|w)

pour toute place w en dehors de S et tout (x1, . . . , xn) ∈ Kn
w. L’ensemble M

des éléments x de E tels que ‖x‖w 6 1 pour toute place finie w de K est alors
un OK-module projectif de rang constant n. Notons qu’inversement ‖·‖w est la
norme w-adique définie par M⊗OKOw, si bien que la donnée d’un fibré adélique
sur Spec(K) est également équivalente à celle d’un réseau adélique sur K, c’est-
à-dire d’un OK-module projectif M de rang fini constant muni, pour tout place
archimédienne w d’une norme classique ‖ · ‖w sur Mw = M ⊗OK Kw.
En particulier, un fibré en droites sur Spec(K) muni d’une norme adélique
adélique est défini par un K-espace vectoriel E de dimension un muni d’une
famille de normes (‖ · ‖w)w∈Val(K) de sorte que, pour tout élément non nul e
de E, l’ensemble de places {w ∈ Val(K) | ‖e‖w 6= 1} soit fini. Par la formule du
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produit (1), le produit
∏
w∈Val(K) ‖e‖w est indépendant de l’élément non nul e

de E et on peut définir le degré de E par la formule

(2) d̂eg(E) = − log

( ∏

w∈Val(K)

‖e‖w
)
.

Supposons que le degré de E soit égal à 0. Soit e un élément non nul de E et
posons λw = ‖e‖−1w pour w ∈ Val(K). Alors l’application linéaire ϕ : K → E
qui envoie 1 sur e définit un isomorphisme de fibré adélique du fibré adélique
trivial (exemple 3.6 a)) sur E muni de la norme adélique (λw‖ · ‖w)w∈Val(K).
Par conséquent, le degré définit un isomorphisme de groupes de H (Spec(K))
sur R.

Proposition 3.9. Soient E et F des fibrés vectoriels adéliquement normés
au-dessus de la variété V et soit ϕ un morphisme de fibrés vectoriels de E
dans F . On note (‖ · ‖w)w∈Val(K) ( resp. (‖ · ‖′w)w∈Val(K)) la norme adélique
sur E ( resp. F ). Alors il existe une famille (λw)w∈Val(K) de nombres réels tels
que

(i) L’ensemble {w ∈ Val(K) | λw 6= 1 } est fini ;
(ii) On a la relation ‖ϕ(y)‖′w 6 λw‖y‖w pour tout w ∈ Val(K), tout point

x ∈ V (Kw) et tout y ∈ E(x).

Démonstration. Soit P(E) le fibré projectif sur V correspondant aux droites
des fibres de E. Pour tout v ∈ T , on considère l’application

ρv : P(E)(Kv)→ R>0

définie par la relation ‖ϕ(y)‖′v = ρv(x)‖y‖v pour tout x ∈ P(E)(Kv) et tout
y non nul appartenant à la droite correspondante de E. Comme P(E)(Kv)
est compact, l’application ρv est majorée et atteint sa borne supérieure qu’on
note λv. Pour presque toute place finie v de K, le morphisme ϕ est induit
par un morphisme de E vers F , pour un modèle E (resp. F ) de E (resp. F )
définissant la norme considérée. Pour toute telle place, on a λv 6 1. Cela prouve
la proposition. �

Notations 3.10. Sous les hypothèses de la proposition, pour toute place v
de K et tout x de V (Kv), on note ~ϕx~v le plus petit nombre réel λ > 0 tel
que

‖ϕ(y)‖v 6 λ‖y‖v
pour y ∈ E(x). Si x appartient à V (K), on pose également

~ϕx~ =
∏

v∈Val(K)

~ϕx~v.

3.3. Hauteurs d’Arakelov. Rappelons maintenant comment un fibré en
droites muni d’une norme adélique permet de définir une hauteur sur une
variété.
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Définition 3.11. Soit K un corps de nombres et V une belle variété sur K. On
appelle hauteur d’Arakelov sur V un fibré en droites sur V muni d’une norme
adélique. Soit L une hauteur d’arakelov sur V et x ∈ V (K) un point rationnel
de V . L’image inverse x∗(L) de L par x (exemple 3.6 h)) définit un élément
du groupe H (Spec(K)). La hauteur logarithmique de x relativement à L est
définie par

hL(x) = d̂eg(x∗(L)).

La hauteur exponentielle de x relativement à L est définie par

HL(x) = exp(hL(x)).

Exemple 3.12. Munissons Rn+1 de sa structure euclidienne usuelle et, pour un
nombre premier p, l’espace vectoriel Qn+1

p de la norme usuelle :

‖(x0, . . . , xn)‖p = max
06i6n

(|xi|p).

En identifiant l’ensemble des points de l’espace projectif sur un corps K à celui
des droites de Kn+1, l’espace tangent en la droite L peut s’identifier au quotient
L∨ ⊗Kn+1/L∨ ⊗ L. Les normes précédentes induisent par restriction, produit
tensoriel et quotient une métrique adélique sur l’espace projectif, et donc une
norme adélique sur ω−1Pn

Q
. La hauteur correspondante est donnée par

Hn(x) = d̂eg(TxP
n(Q)) =

√√√√
n∑

i=0

x2i .

n+1

si x = (x0 : . . . : xn) avec x0, . . . , xn des entiers relatifs premiers entre eux dans
leur ensemble.

4. Pentes à la Bost

4.1. Pentes d’un réseau adélique. Nous allons tout d’abord rappeler la
définition des pentes arithmétiques pour un réseau adélique.

Définition 4.1. Soit E un K-espace vectoriel de dimension finie muni d’une
part d’un OK-sous-module M projectif de rang constant égal à la dimension
de E et, pour toute place archimédiennew de K, d’une norme classique ‖·‖w sur
E ⊗K Kw. Soit n la dimension de E, la construction de l’exemple 3.6 g) munit
alors det(E) = ΛnE d’une norme adélique et on définit le degré arithmétique
de E par la relation

d̂eg(E) = d̂eg(det(E)),

où la définition dans le cas de la dimension 1 est donnée par la formule (2). Par
définition, le degré arithmétique de l’espace vectoriel nul est 0.

Remarque 4.2. Ce degré peut également être décrit de la façon suivante :
les normes sur E définissent une norme euclidienne sur le R-espace vectoriel
ER = E ⊗Q R qui est isomorphe à la somme directe de R-espaces vectoriels
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⊕
w|∞E ⊗K Kw. Notons ι le plongement canonique de E dans ER. Le mo-

dule ι(M) est un réseau de ER et, d’après [Ga, définition 4.1, lemmes 4.4 et
4.5], le degré est donné par

d̂eg(E) = − log(Vol(ER/ι(M))) + n log(Vol(KR/OK))

où Vol(ER/ι(M)) est, par définition, le volume euclidien d’un domaine fonda-
mental pour le réseau ι(M), et K est muni des normes (| · |w)w∈Val(K).

Exemple 4.3. Plaçons-nous dans le cas où K = Q, soit E un Q-espace vec-
toriel muni d’un réseau Λ et d’une norme euclidienne ‖ · ‖. Pour toute droite
vectorielle F de E, le degré arithmétique de F pour la structure induite est
− log(‖f‖) où f est un des deux générateurs de l’intersection Λ ∩ F .

Définition 4.4. Étant donné un réseau adélique E de dimension n, le polygône

de Newton P(E) de E est l’enveloppe convexe des points (dim(F ), d̂eg(F ))
du plan où F décrit l’ensemble des sous-espaces vectoriels de E munis des
structures adéliques induites. Le covolume des sous-réseaux de E étant minoré,
le polygône est borné supérieurement par le graphe d’une application affine par
morceaux et on définit une application mE de [0, n] dans R par la relation

(3) mE(x) = sup{y ∈ R | (x, y) ∈P(E)}
pour tout x de [0, n]. Les pentes arithmétiques de E sont alors donnée par

µi(E) = mE(i)−mE(i − 1)

pour i ∈ {1, . . . , n}. Ce sont les pentes des segments formant le graphe de mE .

Remarques 4.5. a) Notons que nous avons les inégalités

µn(E) 6 µn−1(E) 6 . . . 6 µ1(E)

et la relation
n∑

i=1

µi(E) = d̂eg(E).

b) On a également la relation µi(E) = −µn+1−i(E∨) pour 1 6 i 6 dim(E)
où E∨ désigne l’espace dual de E [BK, (3.5)].
c) Dans le cadre du programme de Batyrev et Manin, il est naturel d’utiliser
des hauteurs qui ne sont pas normalisées, et donc ne sont pas invariantes par
extension de corps. De façon cohérente, nous n’utilisons pas les pentes norma-
lisées : contrairement à Bost [Bos, p. 195] nous ne divisons pas par le degré
du corps de nombres. Ces pentes ne sont donc pas invariantes par extension de
corps.

Notations 4.6. Avec les notations de la définition précédente, on notera
également µmax(E) pour µ1(E) et µmin(E) pour µn(E). La pente de E est

la moyenne des pentes : µ(E) = d̂eg(E)
dim(E) .

Remarques 4.7. a) La notion de pentes a été généralisée par E. Gaudron aux
normes non classiques [Ga].
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b) Suivant [Ga, définition 5.18] et [Th], le i-ème minima de E, noté λi(E) peut
être défini comme la borne inférieure des nombres θ ∈ R>0 tels qu’il existe une
famille de nombres réels strictement positifs (θw)w∈Val(K) presque tout égaux
à 1, avec θ =

∏
w∈Val(K) θw, et une famille libre (x1, . . . , xi) de E vérifiant les

inégalités
‖xi‖w 6 θw

pour i ∈ {1, . . . , n} et w ∈ Val(K). Le théorème de Minkowski permet d’obtenir
une constante explicite CK de sorte que

0 6 log(λi(E)) + µi(E) 6 CK

pour i ∈ {1, . . . , n} ; cet encadrement est donné par E. Gaudron dans [Ga,
théorème 5.20], compte tenu du fait que ∆(E) = 1 dans notre cas, avec une
référence à un travail de T. Borek [Bo].

4.2. Pentes d’un point rationnel. Nous allons maintenant appliquer cette
construction aux points rationnels d’une variété

Définition 4.8. Soit V une belle variété de dimension n sur le corps de
nombres K. Soit E un fibré adélique sur la variété V . Soit r le rang du fibré E.
Étant donné un point rationnel x de V , les pentes de x relativement à E sont
données par la formule µEi (x) = µi(E(x)) où i ∈ {1, . . . , r}.
En particulier, lorsque la variété V est muni d’une métrique adélique, les pentes
de x sont les pentes arithmétiques de l’espace tangent TxV . On les note sim-
plement µi(x) pour 1 6 i 6 n.

Remarques 4.9. a) La somme
∑n
i=1 µi(x) est le degré arithmétique de l’espace

tangent TxV c’est à dire le degré arithmétique de la fibre en x du fibré antica-
nonique, qui n’est rien d’autre que la hauteur logarithmique de x relativement
à ce fibré.
b) La définition des pentes dans le cadre arithmétique est un analogue de
celle introduite pour les fibrés vectoriels sur les courbes algébriques. Plus
précisément, soit C une courbe projective, lisse et géométriquement intègre
sur un corps k et soit V une bonne variété sur k. Étant donné un morphisme
de variétés ϕ de C dans V , le polygône d’Harder-Narasimhan du fibré vecto-
riel φ∗(TV ) est défini comme l’enveloppe convexe des couples (rg(F ), deg(F ))
où F décrit l’ensemble des sous-fibrés de φ∗(TV ). Les pentes d’un point ra-
tionnel µi(x) définies ici correspondent donc aux pentes µi(φ

∗(TV )). Dans le
cas particulier où la courbe C est la droite projective sur k, le fibré φ∗(TV ) est
isomorphe à une unique somme directe

⊕n
i=1 O(ai) avec a1 > a2 > . . . > an et

on a les égalités µi(φ
∗(TV )) = ai pour 1 6 i 6 n.

Notations 4.10. Avec les notations de la définition précédente, on définit

h(x) =

n∑

i=1

µi(x) et H(x) = exp(h(x))

pour tout point rationel x de V . La fonction H : V (K) → R ainsi définie est
donc une hauteur exponentielle relative au fibré anticanonique.
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On pose également µmin(x) = µn(x), µmax(x) = µ1(x) et µ(x) = µ(TxV ) =
h(x)/n.

4.3. Liberté d’un point rationnel. Nous allons utiliser les pentes définies
au paragraphe précédent pour définir une notion de liberté pour les points ra-
tionnels. Cette notion est inspirée de la notion de courbe très libre. De manière
plus précise, le fait d’avoir une liberté strictement positive pour un point ra-
tionnel correspond au fait d’être très libre pour un morphisme de la droite
projective dans la variété. Notons que cette notion de mesure de la liberté, qui,
à la connaissance de l’auteur, n’a pas été formalisé dans le cadre géométrique,
pourrait également avoir un intérêt dans ce cadre-là.

Définition 4.11. Soit V une belle variété de dimension n > 0 sur le corps de
nombres K. On suppose que la variété V est munie d’une métrique adélique.
Pour tout point rationnel x de V , la liberté de x est le nombre réel

l(x) =
µmin(x)

µ(x)

si µmin(x) > 0 et vaut 0 sinon.

Remarques 4.12. a) Soit x un point rationnel de V . Rappelons que µ(x) = h(x)
n

n’est rien d’autre que la moyenne des pentes.
b) Par définition, l(x) ∈ [0, 1].
c) La liberté l(x) est nulle si et seulement si la pente minimale est négative.
d) On a l’égalité l(x) = 1 si et seulement toutes les pentes sont égales :

µ1(x) = µ2(x) = · · · = µn(x) =
h(x)

n
.

Cela revient à dire que l’espace tangent TxV est semi-stable (cf. [BC, §1.2]).
C’est par exemple le cas sur Q si le réseau dans TxV est engendré par une base
orthonormale.
e) La liberté d’un point rationnel dépend du choix de la métrique sur V . Nous
verrons dans le paragraphe suivant que cette dépendance diminue avec la hau-
teur du point considéré.
f) Bien que nos conventions font que les pentes d’un point ne sont pas stables
par extension de corps, la liberté d’un point rationnel est, quant à elle, stable
par extension de corps.
g) La remarque 4.7 b) fournit une constante C de sorte que

|µn(x) − log(λ1(TxV
∨))| 6 C.

Par conséquent, à un terme borné près, la condition l(x) 6 ǫ pour un point
x ∈ V (K) peut être vue comme l’existence d’un élément y ∈ TxV ∨ tel que

∏

w∈Val(K)

‖y‖w 6 H(x).ǫ

L’objectif du reste de cet article est de motiver le slogan suivant

Slogan 4.13. Les mauvais points d’une variété du point de vue de
l’équidistribution sont ceux dont la liberté est réduite.
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5. Propriétés élémentaires

5.1. Dépendance de la liberté en la métrique. Nous commençons par
un résultat élémentaire concernant les morphismes de fibrés.

Lemme 5.1. Soit V une belle variété sur le corps de nombres K, Soient E
et F des fibrés vectoriels adéliquement normés au-dessus de V et soit ϕ un
morphisme de fibrés vectoriels de E dans F . Alors, il existe une constante
réelle C > 0 telle que, pour tout point x de V (K) en lequel l’application induite
ϕx : E(x)→ F (x) est surjective, on a

mF (x)∨(i) 6 mE(x)∨(i) + C

pour i ∈ {0, . . . , rg(F )}. En particulier,

µmin(E(x)) 6 µmin(F (x)) + C.

Démonstration. Par dualité, le morphisme ϕ définit un morphisme ϕ∨ de F∨

dans E∨. Soit x un élément de V (K) en lequel ϕx est surjectif. L’application
linéaire ϕ∨x est injective. Pour tout sous-espace H de F (x)∨ de dimension k et
tout y ∈ ΛkH , en utilisant les notations 3.10, on a les relations

‖ ∧k ϕ(y)‖w 6 ~ ∧k ϕ∨x~w‖y‖w
pour w ∈ Val(K), ce qui implique l’inégalité

d̂eg(ϕ∨x (H)) > d̂eg(H)− log(~ ∧k ϕ∨x~).

En posant Cx = max16k6rg(F )(log(~ ∧k ϕ∨x~)), on en déduit que

mF (x)∨(i) 6 mE(x)∨(i) + Cx

pour 1 6 i 6 rg(F ). Compte tenu de la proposition 3.9, il existe une constante
C > 0 telle que Cx 6 C pour tout x ∈ V (K). En particulier, on obtient
l’inégalité

µ1(F (x)∨) 6 µ1(E(x)∨) + C.

La formule de la remarque 4.5 b) donne alors l’inégalité

µmin(E(x)) 6 µmin(F (x)) + C

ce qui permet de conclure. �

Remarque 5.2. Notons que la preuve donne en fait une inégalité plus précise :

µmin(E(x)) 6 µmin(F (x)) + max
16k6rg(F )

( log(~ ∧k ϕ∨x~)

k

)
.

Comme annoncé, nous allons maintenant démontrer que la liberté dépend peu
de la métrique choisie.

Lemme 5.3. Soit V une belle variété sur le corps de nombres K, soit E un
fibré vectoriel de rang r sur V . Donnons-nous des normes adéliques classiques
(‖ · ‖w)w∈Val(Q) et (‖ · ‖′w)w∈Val(Q) sur E. On note µEi et µE

′

i les fonctions de
pentes associées. Il existe une constante réelle C > 0 telle que

|µEi (x)− µE′

i (x)| 6 C
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pour i ∈ {1, . . . , r} et x ∈ V (K).

Démonstration. En appliquant le lemme 5.1 à l’endomorphisme identité, on
obtient que les applications x 7→ m′E(x)(i) −mE(x)(i) sont bornées. Le lemme

en résulte. �

Proposition 5.4. Soit V une belle variété sur le corps K, munie de deux
métriques. On note l et l′ les fonctions libertés associées à ces métriques et
h la fonction hauteur définie par la première d’entre elles. Alors il existe une
constante réelle C > 0 telle que

|l(x)− l′(x)| < C

h(x)

pour tout x ∈ V (K) tel que h(x) > 0.

Démonstration. Notons µi (resp. µ′i) les fonctions de pente correspondant à la
première métrique (resp. la seconde). On primera de même la notation pour la
hauteur. Il résulte du lemme 5.3 qu’il existe des constantes réelles strictement
positives C1 et C2 telles que

|µn(x)− µ′n(x)| 6 C1 et |h(x)− h′(x)| 6 C2

pour x ∈ V (K). Par définition, on a la majoration |l(x)−l′(x)| 6 1, il suffit donc
de démontrer le résultat lorsque h(x) > 2C2. Notons qu’on a alors les inégalités
h′(x) > h(x)−C2 > h(x)/2 et, par conséquent, 1/h′(x) < 2/h(x). Si µ′n(x) 6 0
et µn(x) 6 0, on a l(x) = l′(x) = 0 ce qui démontre le résultat. Si µ′n(x) < 0
et µn(x) > 0, alors on obtient les relations l(x) = nµn(x)/h(x) 6 nC1/h(x). Si
µ′n(x) > 0 et µn(x) < 0, on obtient de même l′(x) 6 2nC1/h(x). Enfin si les
deux pentes minimales sont strictement positives, on a les inégalités

|l(x)− l′(x)| = n

∣∣∣∣
µn(x)

h(x)
− µ′n(x)

h′(x)

∣∣∣∣ 6
nC1

h(x)
+
nµ′n(x)C2

h(x)h′(x)
6
nC1 + C2

h(x)
. �

5.2. Liberté et morphismes de variétés

Proposition 5.5. Soient X et Y de belles variétés sur K de dimensions res-
pectives m et n et soit ϕ : X → Y un morphisme de variétés. Alors il existe
une constante C > 0 telle qu’en tout x ∈ X(K) en lequel l’application tangente
Txϕ est surjective,

µmin(x) 6 µmin(ϕ(x)) + C.

Si, en outre, h(x) est strictement positif, Il en résulte que

l(x) 6
mh(ϕ(x))

nh(x)
l(ϕ(x)) +

mC

h(x)
.

Démonstration. La première assertion résulte du lemme 5.1 appliqué au mor-
phisme tangent Tϕ : TX → ϕ∗(TY ), la seconde de la définition de la li-
berté. �

Remarque 5.6. Il résulte de cette proposition que, si y ∈ Y (K) et Xy désigne
la fibre de ϕ au-dessus de y, alors la liberte l(x) converge vers 0 lorsque h(x)
tend vers +∞ dans Xy(K) en dehors des points critiques.
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Le résultat suivant montre le lien entre la liberté d’une courbe rationnelle et
celle de ses points.

Notations 5.7. Soit ϕ : P1
K → V un morphisme de variétés, le fibré ϕ∗(TV ) est

isomorphe à un unique fibré de la forme
⊕n

i=1 OP1
K

(ai) avec a1 > a2 > . . . > an.

On note µi(ϕ) = ai pour i ∈ 1, . . . , n et deg(ϕ) =
∑n

i=1 µi(ϕ). On définit alors
la liberté de ϕ comme le nombre rationnel l(ϕ) = nµn(ϕ)/ deg(ϕ) si µn(ϕ) > 0.
On pose l(ϕ) = 0, si µn(ϕ) < 0.

Proposition 5.8. Soit ϕ : P1
K → V un morphisme de variétés non constant,

alors

a) Si µn(ϕ) < 0, alors l(ϕ(x)) = 0 pour tout x de P1(K) en dehors
d’une partie finie ;

b) Si µn(ϕ) > 0, alors l(ϕ(x)) converge vers l(ϕ) dans P1(K) pour le
filtre de Fréchet du complémentaire des parties finies.

Démonstration. On peut munir ϕ∗(TV ) de deux métriques : d’une part de celle
déduite par image inverse de la métrique de V , et d’autre part de celle issue de
l’isomorphisme de ϕ∗(TV ) sur

⊕n
i=1 OP1

K
(µi(ϕ)). D’après le lemme 5.3, on en

déduit que

µn(ϕ(x)) = µϕ
∗(TV )

n (x) = µn(ϕ)h1(x) +O(1)

et

h(ϕ(x)) = deg(ϕ)h1(x) +O(1)

où h1(x) désigne une hauteur sur P1
K relative au fibré OP1

K
(1). L’assertion a)

en résulte par définition de la liberté. D’autre part, comme le morphisme ϕ est
non constant, l’application dérivée de ϕ donne un morphisme non trivial de
OP1

K
(2) dans ϕ∗(TV ) ce qui prouve que µ1(ϕ) > 2. En particulier, dans le cas

b), deg(ϕ) > 0 ce qui complète la preuve. �

6. Empirisme

6.1. Rappels sur la constante empirique. Nous allons rappeler ici l’in-
terprétation envisagée pour la constante qui apparâıt dans le terme dominant
du nombre de bons points rationnels de hauteur bornée. Une première version
de cette constante a d’abord été définie dans [Pe1]. Par la suite, Batyrev et
Tschinkel dans [BT1] l’ont corrigée en rajoutant le facteur entier β(V ). De-
puis, une réinterprétation de cette constante par Salberger dans [Sal] et les
nombreux exemples connus ont confirmé son intérêt. D’autre part, Batyrev et
Tschinkel l’ont généralisée dans le cas où la hauteur n’est pas relative au fibré
anticanonique [BT3] mais cette généralisation sort du cadre de cet article.
Dans ce paragraphe, la lettre V désigne une belle variété munie d’une métrique
adélique. Pour pouvoir définir la constante, nous supposerons en outre que

(i) Les groupes de cohomologie Hi(V,OV ) sont nuls pour i = 1 ou 2 ;
(ii) Le groupe de Picard géométrique de V est un Z-module libre de rang

fini.
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Pour toute place v de K, on note dxv la mesure de Haar sur Kv normalisée de
la façon suivante :

– Si v est une place réelle, alors dxv est la mesure de Lebesgue usuelle
sur R ;

– Si v est une place complexe, alors dxv = idz dz = 2dxdy ;
– Sinon

∫
Ov

dxv = 1.

La métrique adélique sur V induit une norme adélique (‖ · ‖v)v∈Val(K) sur le
faisceau anticanonique. Rappelons la construction de la mesure de Tamagawa à
partir de cette norme adélique. Pour tout place v de K, on peut alors définir une
mesure borélienne sur l’espace V (Kv) donnée dans un système de coordonnées
locales (x1, x2, . . . , xn) par la formule

ωv =

∥∥∥∥
∂

∂x1
∧ · · · ∧ ∂

∂xn

∥∥∥∥
v

dx1,v . . .dxn,v .

La formule de changement de variables [We, §2.2.1] permet de montrer que
cette expression est bien indépendante du système de coordonnées choisi.

Lemme 6.1. Soit v une place de K. Supposons que la norme ‖ · ‖v est définie
par un modèle projectif et lisse V de V sur l’anneau des entiers Ov de Kv. Soit
mv l’idéal maximal de Ov et Fv le corps Ov/mv ; pour tout entier k notons

πk : V (Kv) −→ V (Ov/m
k
v)

l’application de réduction modulo mkv . Alors ωv est la mesure naturelle ca-
ractérisée par les relation

(4) ωv(π
−1
k (X)) =

♯X

♯Fnkv

où k parcourt les entiers strictement positifs et X les parties de l’ensemble fini
V (Ov/mkv). En particulier, on a l’égalité

ωv(V (Kv)) = dv(V ) =
♯V (Fv)

♯Fnv
.

Démonstration. Cette propriété est locale, il suffit donc de démontrer la for-
mule (4) dans le cas où X est un singleton. Comme V est supposée projective
et lisse sur Ov, on choisit un plongement V → PN

Ov
de sorte que les fonc-

tions rationnelles x1 = X1

X0
, . . . , xn = Xn

X0
forment un système de coordonnées

sur l’image inverse W de X dans V (Ov) et que ( ∂
∂x1

, . . . , ∂
∂xn

) donne la Ov-
structure sur le fibré tangent TV|W . L’application f : W → Kn

v définie par

(x1, . . . , xn) préserve alors la congruence modulo mkv et ∂
∂x1
∧ · · · ∧ ∂

∂xn
est de

norme 1 sur W . Par conséquent, il existe x0 ∈ Kn
v de sorte que

ωv(π
−1
k (X)) =

∫

x0+mkv

dx1,v . . . dxn,v = ♯F−nkv . �

Comme dans [Pe1, §2.1], il résulte alors de la formule de Lefschetz et de la
conjecture de Weil démontrée par Deligne [De], que, sous les hypothèses (i)
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et (ii) faites ci-dessus, on a pour presque toute place v de K la formule

ωv(V (Kv)) = dv(V ) = 1 +
1

♯Fv
Tr(Frv |Pic(VFv

⊗Q)) +O(♯F−3/2v ).

Suivant le principe de construction des mesures de Tamagawa sur les espaces
adéliques, cela amène à la renormalisation suivante :

Définition 6.2. On fixe une extension galoisienne L de K qui déploie le groupe
de Picard de V . Notons S une partie finie de Val(K) contenant l’ensemble des
places archimédiennes ainsi que les places se ramifiant dans l’extension L/K.
Pour tout v ∈ Val(K) S, La substitution de Frobenius correspondant à une
extension w de v à K sera notée (w,L/K) (cf. [Se1, §1.8]). On pose alors, pour
tout nombre complexe s dont la partie réelle ℜ(s) est strictement positive,

Lv(s,Pic(V )) =
1

Det(1− ♯F−sv (w,L/K) | Pic(V ))
.

et, pour tout nombre complexe s tel que ℜ(s) > 1,

LS(s,Pic(V )) =
∏

v∈Val(K)−S
Lv(s,Pic(V )),

se produit convergeant d’après [Art, théorème 7]. La mesure de Tamagawa sur
l’espace adélique V (AK) est alors définie par

ωV =
lims→1(s− 1)tLS(s,Pic(V )

√
dK

dim(V )

∏

v∈Val(K)

1

Lv(1,Pic(V ))
ωv.

Remarque 6.3. Notons que cette mesure est indépendante du choix de l’en-
semble S. Par contre, elle dépend de la métrique adélique dont est équipée V .

Comme l’a fait remarquer Swinnerton-Dyer, le bon domaine d’intégration pour
la valeur de la constante est forcément l’adhérence des points rationnels dans
l’espace adélique. Toutefois cette adhérence n’est a priori pas connue, ce qui
pourrait empêcher de calculer explicitement la constante dans des cas parti-
culiers. En conséquence, comme c’est maintenant usuel dans l’exploration du
programme de Batyrev et Tschinkel, nous allons supposer implicitement que
l’obstruction de Brauer-Manin [Ma] à l’approximation faible est la seule. Rap-
pelons rapidement la construction de cette obstruction (cf. [Pe3] pour un survol
plus détaillé). On note Br(F ) = H2(F,Gm) le groupe de Brauer d’un corps F .
La théorie du corps de classe global (cf. [NSW, theorem 8.1.17]) donne une
suite exacte

(5) 0 −→ Br(K) −→
⊕

v∈Val(K)

Br(Kv)

∑
v∈Val(K) invv−−−−−−−−−−→ Q/Z −→ 0.

Notons Br(V ) = H2
ét(V,Gm) le groupe de Brauer cohomologique de V . Pour

toute extension L de K et tout L-point x de V , la fonctorialité du groupe de
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Brauer donne un morphisme de spécialisation évx : Br(V ) → Br(L). On peut
donc définir un accouplement de Br(V )× V (AK) dans Q/Z par

〈A, (xv)v∈Val(K)〉 =
∑

v∈Val(K)

invv(évxv (A))

pour A ∈ Br(V ) et (xv)v∈Val(K) ∈ V (AK). Autrement dit, pour tout point x
de l’espace des adèles, on obtient un morphisme de groupes ωx : Br(V )→ Q/Z
donné par A 7→ 〈A, x〉. Compte tenu de la suite exacte (5), ce morphisme est
trivial si le point x provient d’un point rationnel et on appelle ωx l’obstruction
de Brauer-Manin en x. Par continuité des applications considérées, l’adhérence
des points rationnels dans l’espace adélique est contenue dans l’espace de Brauer
Manin :

V (AK)Br = { x ∈ V (AK) | ωx = 0 }.
Définition 6.4. Rappelons que V désigne une belle variété munie d’une
métrique adélique et que V vérifie les conditions (i) et (ii). On définit alors
le nombre de Tamagawa-Brauer-Manin de V par

τBr(V ) = ωV (V (AK)Br).

Pour compléter la définition de la constante empirique, il reste à multiplier ce
nombre par deux invariants de la variété, dont nous rappelons maintenant la
définition.

Définition 6.5. On définit la constante α(V ) par la formule

α(V ) =
1

(t− 1)!

∫

C1
eff (V )∨

e−〈ω
−1
V ,y〉dy

où on note C1
eff(V ) le cône fermé de Pic(V ) ⊗Z R engendré par les classes de

diviseurs effectifs et C1
eff(V )∨ le cône dual :

C1
eff(V )∨ = { y ∈ Pic(V )⊗Z R∨ | ∀x ∈ C1

eff(V ), 〈x, y〉 > 0 }.
La mesure sur Pic(V )⊗Z R∨ est normalisée de façon à ce que le réseau défini
par Pic(V )∨ soit de covolume 1.

Remarque 6.6. Un simple changement de variables montre que cette constante
α(V ) peut être également vue comme le volume, convenablement normalisé, de
l’intersection du cône C1

eff(V )∨ avec l’hyperplan affine d’équation 〈ω−1V , y〉 = 1
(cf. [Pe1, définition 2.4]). On en déduit que, dans le cas où le cône effec-
tif C1

eff(V ) est engendré par un nombre fini de classes de diviseurs effectifs,
la constante α(V ) est rationnelle. C’est le cas dans les exemples considérés
ultérieurement.

Définition 6.7. La constante β(V ) est l’entier

β(V ) = ♯H1(K,Pic(V )).

Remarque 6.8. Rappelons que l’introduction de ce terme est due à Batyrev et
Tschinkel [BT1].
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Définition 6.9. Dans cet article, la constante empirique associée à la variété V
munie de sa métrique adélique est

C(V ) = α(V )β(V )τBr(V ).

Remarque 6.10. Salberger dans [Sal] a donné une interprétation naturelle de
la constante en termes des torseurs versels au-dessus de la variété, qu’on peut
décrire de la façon suivante : les torseurs versels sont munis d’une forme de jauge
qui définit une mesure canonique sur l’espace des adèles associé. La constante
s’interprète alors en termes de la somme, sur les différentes classes de torseurs
versels ayant un point adélique, du volume d’un domaine d’adèles convenable
(cf. également [Pe2]).

6.2. Formule empirique améliorée. Dans l’étude des espaces de modules
de courbes rationnelles, les courbes très libres sont caractérisées par le fait
que leurs pentes sont strictement positives. Comme nous allons le voir dans
les exemples qui suivent, dans le contexte arithmétique, les points d’une sous-
variété faiblement accumulatrice fixée semblent avoir une liberté qui tend vers 0.
Toutefois, les points vérifiant la condition l(x) < ε pour un nombre réel ε < 1
peuvent contribuer au terme principal du nombre de points de hauteur bornée,
même dans le cas d’une variété homogène comme P1

Q ×P1
Q. Cela nous amène

à considérer une condition plus faible dans la formule empirique suivante.

Définitions 6.11. On notera D l’ensemble des applications ε de l’inter-
valle [1,+∞[ dans ]0, 1[ continues et décroissantes telles que

(i) L’application ε tend vers 0 en +∞ ;
(ii) Pour tout α ∈ ]0, 1], l’application t 7→ log(t)αε(t) tend vers +∞ en

+∞.

Soit V une belle variété de dimension n > 0 sur le corps de nombres K. On
suppose V munie d’une métrique adélique. Soit ε une application de D . Pour
tout B > 1 on définit l’ensemble des points ε-libres et de hauteur inférieure
à B :

V (K)ε–lH6B = { x ∈ V (K) |H(x) 6 B et l(x) > ε(B) } .
Si un multiple de la classe du faisceau anticanonique ω−1V peut s’écrire comme
la somme d’un faisceau ample et d’un diviseur à croisement normaux stricts,
on dira que la variété est vaste3.

Remarque 6.12. Les fonctions ε envisagée sont du type

t 7→ max(1, log(log(t)))−α

pour un réel α > 0.

Formule empirique 6.13. Soit V une belle variété sur K de dimension stric-
tement positive et munie d’une métrique adélique. On fait les hypothèses sui-
vantes :

(i) La variété V est vaste ;

3Le terme anglais ≪ big ≫ signifie une grande taille à la fois en hauteur et en largeur, le
terme ≪ vaste ≫ convient donc pour traduire une condition plus forte que la simple grosseur.
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(ii) Les groupes de cohomologie Hi(V,OV ) sont nuls pour i = 1 ou 2 ;
(iii) Le groupe de Picard géométrique de V est un Z-module libre de rang

fini ;
(iv) Les points rationnels de V sont denses pour la topologie de Zariski ;

On note t le rang de Pic(V ). Pour une application ε convenable de l’en-
semble D ,

(F) ♯V (K)ε–lH6B ∼ C(V )B log(B)t−1

lorsque B tend vers +∞.

Remarque 6.14. À la connaissance de l’auteur, on ne dispose à l’heure actuelle
d’aucun résultat pour une variété V dont la partie transcendante du groupe
de Brauer, c’est-à-dire l’image de l’extension des scalaires Br(V )→ Br(V ) est
non nulle. On n’a donc pas d’exemple permettant de confirmer que la constante
β(V ) = H1(k,Pic(V )) est la bonne dans une telle situation.

6.3. La distribution asymptotique. Comme déjà expliqué dans [Pe1, §5]
la validité de la formule empirique pour tout choix de métrique implique
une équidistribution des points rationnels vis-à-vis de la mesure de probabi-
lité à densité continue obtenue en renormalisant la mesure introduite dans la
définition de la constante empirique.
Pour parler d’équidistribution nous allons commencer par rappeler quelques
notions concernant les mesures de comptage. Pour toute partie finie non vide
X de l’espace adélique, la mesure de comptage associée à X est la mesure
définie sur V (AK) par

δX =
1

♯X

∑

x∈X
δx ,

où δx désigne la mesure de Dirac en x. SoitB > 1 ; lorsque l’ensemble V (K)ε–lH6B

est fini et non vide, on note δε–lH6B la mesure ainsi associée à V (K)ε–lH6B .

Définition 6.15. Sur l’espace adélique, sous les hypothèses (i) à (iv) de la
formule empirique 6.13, qui garantit en particulier que l’espace de Brauer-
Manin n’est pas vide, nous définissons également une mesure de probabilité
borélienne supportée par l’espace de Brauer-Manin à partir de la mesure ωV :

µV (U) =
1

ωV (V (AK)Br)
ωV (U ∩ V (AK)Br).

Remarque 6.16. Notons que si V (AK)Br = V (AK), cette mesure est le produit
des mesures µV,v = 1

ωv(V (Kv))
ωv qui est convergent. Par le lemme 6.1, pour

presque toute place finie v, la mesure de probabilité µV,v est donnée par la
mesure de probabilité définie par un modèle V de V sur Ov, caractérisée par la
relation

(6) ωv(π
−1
k (X)) =

♯X

♯V (Ov/mkv)

où k parcourt les entiers entiers strictement positif et X les parties de
V (Ov/mkv), en notant πk la réduction modulo mkv. Cette remarque s’étend sans
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peine mutatis mutandis au cas où V (AK)Br = W × ∏v 6∈S V (Kv), pour un

ensemble fini S de places et une partie W ouverte et fermée dans
∏
v∈S V (Kv).

Distribution empirique 6.17. Sous les hypothèses (i) à (iv) de la formule
empirique, pour toute application ε de D ,

(E) δε–lH6B −→ µV

au sens faible lorsque B tend vers ∞.

Remarque 6.18. Cette distribution empirique implique que l’obstruction de
Brauer-Manin à l’approximation faible est la seule.

7. Compatibilité avec les exemples

7.1. L’espace projectif

7.1.1. Minoration de la liberté. Nous allons tout d’abord donner une expression
pour la liberté d’un point de l’espace projectif et en déduire que cette liberté est
minorée par une constante strictement positive. Pour l’expression de la liberté,
nous allons d’abord fixer une métrique sur l’espace projectif, qui généralise
l’exemple 3.12. Soit n un entier strictement positif. Notons E = Kn+1. Soit w
une place de K. On définit une norme ‖ · ‖w sur E⊗KKw qu’on peut identifier
avec Kn+1

w par les formules :

(i) ‖y‖w =
√∑n

i=0 y
2
i si w est une place réelle ;

(ii) ‖y‖w =
∑n

i=0 |yi|2 si w est une place complexe ;
(iii) ‖y‖w = max06i6n(|yi|w) sinon

pour tout y = (y0, . . . , yn) ∈ Kn+1
w . Aux places non archimédiennes, la norme

est donc définie par le OK-module On+1
K et

d̂eg(E) = (n+ 1) d̂eg(K) = 0.

Notons s : P(E)→ Spec(K) le morphisme structural. Les normes précédentes
définissent une norme adélique sur le fibré vectoriel s∗(E). En considérant le
fibré OPn

K
(−1) comme un sous-fibré de s∗(E), on peut munir OPn

K
(−1) d’une

norme adélique. Mais le fibré tangent est canoniquement isomorphe à un quo-
tient de OPn

K
(1)⊗OPn

K

s∗(E), ce qui permet de le munir de la norme adélique

induite. Si F est un sous-espace vectoriel de E, il est muni de la norme adélique
induite.

Proposition 7.1. Soit x un point de l’espace projectif Pn(K). Alors

l(x) =
n

n+ 1
+ min

F

(
−n d̂eg(F )

codimE(F )h(x)

)
,

où F décrit l’ensemble des sous-espaces vectoriels stricts de E contenant la
droite vectorielle correspondant à x et codimE(F ) = dim(E)− dim(F ).

Remarque 7.2. Si n = 1, l’unique F qui intervient est la droite vectorielle
correspondant à x ce qui redonne l(x) = 1

2 + 1
2 = 1, formule qui découle

directement de la définition de la liberté dans ce cas.
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Lemme 7.3. Pour tout sous-espace vectoriel F de E on a la relation

− d̂eg(F ) > 0.

Démonstration. Choisissons une partie I de l’ensemble {0, . . . , n} de sorte que
la projection (x0, . . . , xn) 7→ (xi)i∈I définisse un isomorphisme de K-espaces
vectoriels de F sur Kdim(F ). Compte tenu des normes choisies, cette projec-
tion induit des projections orthogonales lorsqu’on tensorise par un complété
archimédien. L’image de l’intersection MF = F ∩ On+1

K est contenue dans

O
dim(F )
K . Donc

Vol(FR/MF ) > Vol(K⊗Q R/OK)dim(F ).

On conclut en appliquant la remarque 4.2 �

Démonstration de la proposition 7.1. Notons D la droite vectorielle de E cor-
respondant à x. L’espace tangent à Pn(E) en x est canoniquement isomorphe
au quotient D∨⊗E/K où l’injection de K dans le produit tensoriel D∨⊗E est
la composée de l’isomorphisme canonique de K sur D∨ ⊗D et du plongement
de D∨ ⊗D dans D∨ ⊗ E.
Soit F ′ un sous-espace vectoriel de TxP

n(E). On note F̃ ′ son image inverse

dans D∨ ⊗ E. Il existe un unique sous-espace vectoriel F de E tel que F̃ ′ soit
D∨⊗F . L’espace vectoriel F ′ est donc isomorphe au quotient D∨⊗F/K. Cet
isomorphisme est compatible avec les normes adéliques choisies, il en résulte
que

d̂eg(F ′) = d̂eg(F ) + dim(F ) d̂eg(D∨) = d̂eg(F )− dim(F ) d̂eg(D)

D’un autre côté, la hauteur de x n’est rien d’autre que le degré arithmétique
de l’espace tangent en ce point, c’est à dire qu’elle est donnée par la formule

h(x) = −(n+1) d̂eg(D). Par définition du polygône de Newton, on obtient que
le valeur de mTxPnK

(n− 1) est donnée par

max
F

(
d̂eg(F )− dim(F ) d̂eg(D) + (n+ 1) d̂eg(D)

n+ 1− dim(F )

)
− (n+ 1) d̂eg(D)

=− n d̂eg(D) + max
F

(
d̂eg(F )

codim(F )

)
,

où F parcourt l’ensemble des sous-espaces vectoriels stricts de E contenant D.
Par conséquent,

µn(TxP
n
K) = − d̂eg(D) + min

F

(
− d̂eg(F )

codim(F )

)
.

Compte tenu du lemme 7.3, cette quantité est positive. La définition de la
liberté de x et l’expression pour la hauteur de x donne les relations

l(x) =
n

h(x)
µn(Tx(PnK)) =

n

n+ 1
+ min

F

(
−n d̂eg(F )

codimE(F )h(x)

)
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comme annoncé. �

Corollaire 7.4. Avec la norme définie ci-dessus, la liberté d’un point ration-
nel de l’espace projectif de dimension n est minorée par n

n+1 .

Démonstration. Cela résulte de la proposition et du lemme 7.3. �

Remarques 7.5. a) Ce résultat dépend de la métrique adélique choisie ; en effet,
il est possible de modifier une métrique adélique de façon à donner une valeur
arbitraire dans [0, 1] à la liberté d’un point fixé. Toutefois, compte-tenu du
lemme 5.3, pour tout espace projectif P de dimension n muni d’une métrique
adélique et tout α < n

n+1 , l’ensemble

{ x ∈ P(K) | l(x) < α }
est fini.
b) Notons également que si l’on choisit un sous-espace vectoriel strict F de E,
alors la liberté d’un point x de P(F ) ⊂ P(E) tend vers n

n+1 lorsque sa hau-
teur tend vers +∞. Le lemme 7.7 qui suit montre que ce comportement est
≪ atypique ≫.

Corollaire 7.6. Pour tout choix de métrique adélique, l’espace projectif
vérifie la formule empirique (F) et la distribution empirique (E).

Démonstration. Rappelons que ε(B) tend vers 0 lorsque B tend vers +∞. Pour
la hauteur choisie dans ce paragraphe, compte tenu du corollaire 7.4, il existe
un nombre réel B0 tel que l’ensemble des points rationnels de l’espace projectif
vérifiant l(P ) 6 ε(B) soit vide pour tout B > B0. Pour une hauteur arbitraire,
lorsque B > B0, il résulte de la proposition 5.4 que tout point rationnel de
l’espace projectif tel que l(P ) 6 ε(B) a une hauteur bornée par une constante
réelle. Le résultat découle alors des propositions 6.1.1 et du corollaire 6.2.17 de
[Pe1], qui se basent en partie sur l’étude de S. Schanuel [Sc]. �

7.1.2. liberté moyenne. Nous allons maintenant démontrer que le nombre de
points de l’espace projectif dont la liberté vérifie l(x) < 1 − η est négligeable
devant B et donne donc une contribution négligeable.

Proposition 7.7. Il existe une constante C > 0 telle que, pour tout η > 0 on
ait la majoration

♯{ x ∈ Pn(K) | H(x) 6 B et l(x) < 1− η } < CB1−η

pour tout nombre réel B > 1.

Démonstration. Par la remarque 7.2, le résultat est vrai pour n = 1. On sup-
pose donc n > 2. Compte tenu de la proposition 7.1, la condition l(x) < 1− η
est équivalente à l’existence d’un sous-espace F de E de codimension c qui
contient la droite D correspondant à x et tel que

n

n+ 1
− n d̂egF

c h(x)
6 1− η
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c’est-à-dire

(7) − d̂eg(F ) 6
c

n

( 1

n+ 1
− η
)
h(x).

Considérons un instant la grassmannienne Gr(n + 1 − c, E) des sous-espaces
de codimension c dans E. L’espace tangent en un point F est canoniquement
isomorphe à l’espace vectoriel Hom(F,E/F ). On en déduit que la hauteur lo-
garithmique de F , relativement au fibré anticanonique de la grassmannienne
peut être donné par

h(F ) = −c d̂eg(F ) + (n+ 1− c) d̂eg(E/F ) = −(n+ 1) d̂eg(F ).

D’après l’estimation du nombre de points de hauteur bornée sur la grassman-
nienne (cf. [FMT, §2]), il existe donc une constante C telle que le nombre de

sous-espaces F de codimension c de E tels que − d̂eg(F ) 6 log(P ) soit majoré
par CPn+1 pour tout P > 1.
D’autre part, pour un sous-espace F fixé, on reprend la démonstration de
S. Schanuel dans [Sc]. Pour chaque classe d’idéaux a dans OK, on choisit un
idéal a de OK représentant a. On considère alors l’ensemble D(F, a, B) des
droites D ⊂ F avec H(D) 6 B pour lesquelles il existe (x0, . . . , xn) ∈ D∩On+1

K

tel que a = (x1, . . . , xn). Soit Λa le OK-module an+1∩F ; il forme un réseau du
R-espace vectoriel F ⊗Q R ; la longueur minimale d’un vecteur de Λa admet
une minoration indépendante de F .
Pour toute place archimédienne w, notons Ew = E ⊗K Kw. On identifie ER =
E ⊗Q R avec

⊕
w|∞Ew. Soit

log :
∏

w|∞
Ew {0} →

∏

w|∞
R

l’application (xw)w|∞ 7→ (log(‖xw‖w))w|∞ et soit σ l’application linéaire sur
L =

∏
w|∞R donnée par (xw)w|∞ 7→

∑
w|∞ xw et pr la projection orthogonale

de L sur ker(σ). Rappelons que l’application

log :
∏

w|∞
K∗w → L

donnée par (xw)w|∞ 7→ (log(|xw |w))w|∞ envoie O∗K sur un réseau Λ de ker(σ).
On note ∆ un domaine fondamental pour Λ dans ker(σ), donné par une base
de Λ. On considère le domaine B définit par la relation

B =
{
y ∈

∏

w|∞
Ew {0}

∣∣∣ pr(log(y)) ∈ ∆ et σ(log(y)) 6 0
}
.

L’ensemble log−1(pr−1(∆)) est le domaine fondamental pour l’action du
groupe O∗K modulo les racines de l’unité µ∞(K) tel qu’il est défini par Schanuel
[Sc, p. 437]. L’ensemble B est invariant par les applications de la forme

(8) (xw)w|∞ 7→ (σw(xw))w|∞

où σw est une isométrie de l’espace euclidien Ew.
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L’espace FR = F ⊗QR, vu comme sous-espace de ER est la somme directe des
Fw = F ⊗K Kw pour w | ∞. Il existe donc une famille d’isométries (σw)w|∞
telle que l’application donnée par (8) envoie FR sur F0R, où F0 est donné
par l’annulation des c dernières coordonnées. L’ensemble BF = F ⊗Q R ∩B
est donc isométrique à l’ensemble BF0 . Le domaine BF est donc un domaine
borné dont le bord est une réunion finie d’images d’applications de classe C 1

et le nombre d’applications lipshitziennes intervenant ainsi que les constantes
de Lipschitz ne dépend pas de F .
Le cardinal de l’ensemble D(F, a, B) est majoré par le nombre de points de Λa

dans le domaine dilaté TBF , où le nombre réel T est défini par la relation B =
N(a)−n−1T [K:Q](n+1). D’autre part, le réseau Λa est un sous-groupe d’indice

fini de ΛOK
. À l’aide de [MV, p. 437, lemma 2], on obtient donc une majoration

du nombre de droites dans D(F, a, B) de la forme

C

(
B

dim(F )
n+1

exp(− d̂egF )
+B

dim(F )−1
n+1

)
.

À l’aide d’une sommation par partie on en déduit que le cardinal des droites
D avec H(D) 6 B qui sont contenues dans un sous-espace F de codimension c
vérifiant (7) est majoré par

C
(
Bn

c
n ( 1

n+1−η)+n+1−c
n+1 +B(n+1) cn( 1

n+1−η)+n+1−c−1
n+1

)

= C(B1−cη +B1− n−c
n(n+1)

−n+1
n cη).

La proposition s’obtient en sommant cette majoration sur c ∈ {1, . . . , n}. �

Remarque 7.8. Cette proposition implique que le cardinal de l’ensemble

Pn(K)µmax6log(B) = { x ∈ Pn(K) | µmax(x) 6 log(B) }

est minoré par une expression de la forme CεB
n(1−ε) pour tout ε > 0. En effet,

si l(x) > 1− η, alors µmin(x) > h(x)
n (1− η) et donc

µmax(x) 6 h(x) − (n− 1)µmin(x) 6
h(x)

n
(1 + (n− 1)η).

Par conséquent, si on pose ε = 1 − (1 + (n − 1)η)−1, les conditions l(x) >

1 − η et H(x) 6 Bn(1−ε) entrâınent la condition µmax(x) 6 log(B). Il semble
raisonnable d’espérer que le cardinal de cet ensemble est en fait équivalent à
une expression de la forme C′(PnK)Bn.

Corollaire 7.9. La moyenne de la liberté, définie par

1

♯Pn(Q)H6B

∑

x∈Pn(Q)H6B

l(x)

converge vers 1 lorsque B tend vers +∞.
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Démonstration. Par la proposition précédente, pour tout η > 0, et tout B > 1,

1 >
1

♯Pn(Q)H6B

∑

x∈Pn(Q)H6B

l(x) > (1− η)(1 − CB−η). �

7.2. Le produit de variétés

7.2.1. Préliminaires. Nous allons commencer par un lemme classique sur les
pentes d’une somme directe.

Lemme 7.10. Soient E1 et E2 des espaces vectoriels munis de normes adéliques
classiques de dimensions respectives n1 et n2. On désigne par P(E1) et P(E2)
les polygônes de Newton correspondants. Alors le polygône de Newton de la
somme E1 ⊕ E2 est

P(E1 ⊕ E2) = P(E1) + P(E2).

En particulier, on a la relation µn1+n2(E1 ⊕ E2) = min(µn1(E1), µn2(E2)).

Démonstration. Soit F un sous-espace vectoriel de E1 ⊕E2. Notons p1 la pro-
jection de E1 ⊕ E2 sur E1. On a une suite exacte

0 −→ E2 ∩ F −→ F −→ p1(F ) −→ 0.

Par définition de la somme de fibrés adéliquement normés (cf. l’exemple 3.6
c)), pour toute place w, la projection induite de (E1 ⊕E2)⊗Kw sur E2 ⊗Kw

est 1-lipschitzienne, et, par conséquent,

d̂eg(F/(E2 ∩ F )) 6 d̂eg(p1(F )) et d̂eg(F ) 6 d̂eg(E2 ∩ F ⊕ p1(F )).

Le polygône P(E1⊕E2) est donc l’enveloppe convexe de l’ensemble des points

de la forme (dim(F1) + dim(F2), d̂eg(F1) + d̂eg(F2)) où Fi est un sous-espace
vectoriel de Ei pour i ∈ 1, 2. Cela démontre la première assertion. Compte tenu
de la définition des fonctions m, on obtient l’égalité

mE1⊕E2(n1 + n2 − 1) = max(mE1(n1−1) + d̂eg(E2), d̂eg(E1) +mE2(n2−1)).

La seconde relation en découle. �

7.2.2. Un cas particulier. Avant de passer au cas général du produit de deux
variétés, nous allons traiter le cas particulier d’un produit de droites projectives
qui illustre bien la notion de liberté.

Proposition 7.11. Soit n un entier strictement positif. Pour toute applica-
tion ε de D , la variété (P1

K)n vérifie la formule empirique 6.13.

Démonstration. Dans cette preuve, V désigne (P1
K)n. Le fibré tangent TV

est isomorphe à la somme des images inverses des fibres OP1
K

(2) et on mu-

nit V de la métrique induite par les métriques utilisées pour P1
K, suivant

l’exemple 3.6 c). Soit x = (x1, . . . , xn) un point rationnel de V . L’espace tan-
gent TxV est isomorphe à

⊕n
i=1 TxiP

1
K et on déduit du lemme précédent que

µn(x) = min16i6n(µ1(xi)). Mais µ1(xi) = h(xi) ce qui donne la formule

l(x) =
nmin16i6n(h(xi))∑n

i=1 h(xi)
.
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Fixons B > 2 et ε un nombre réel strictement positif. Il nous faut donc estimer
le cardinal de l’ensemble

{
(x1, . . . , xn) ∈ P1(K)n

∣∣∣∣∣
n∑

i=1

h(xi) 6 min
(

log(B),
n

ε
min

16i6n
(h(xi))

) }
,

qu’on note V (K)l>εH6B , à partir de l’estimation de E. Landau [Lan]

♯{ x ∈ P1(K) | h(x) 6 log(B) } = cB +O(B1−δ)

avec c = C(P1
K) et δ > 0. On fixe temporairement η avec 0 < η < 1. Soit

t = (t1, . . . , tn) ∈ Rn
>0. On écrit |t| = ∑n

i=1 ti. On a donc

♯

{
(x1, . . . , xn) ∈ P1(K)n

∣∣∣∣∣(h(xi))16i6n ∈
n∏

i=1

[ti, ti + η]

}

= cne|t|(eη − 1)n +O(e|t|−δmin16i6n(ti))

= cne|t|ηn + O(e|t|ηn+1) +O(e|t|−δmin16i6n(ti)).

(9)

On considère alors le simplexe compact ∆ε(B) de Rn
>0 défini par l’inégalité

n∑

i=1

ti 6 min(log(B),
n

ε
min

16i6n
ti).

Notons que, si t ∈ ∆ε(B), le terme d’erreur de (9) est majoré par O(e|t|ηn+1)+
O(e(1−δε/n)|t|). Quadrillons maintenant Rn

>0 par des cubes de côté η ; le nombre

de cubes rencontrant le bord de ∆ε(B) est majoré par O((log(B)/η)n−1). En
faisant une comparaison entre somme et intégrale on obtient donc l’estimation

♯V (K)l>εH6B = cn
∫

∆ε(B)

e|t|dt +O(B log(B)nη) +O

((
log(B)

η

)n
B1−δε/n

)
,

les constantes implicites dans les O étant indépendantes de ε. En prenant η =

B−δε/2n
2

on obtient un terme d’erreur en O(log(B)nB1−δε/(2n2)). L’intégrale
vaut BPε(log(B)) où Pε est un polynôme de degré n − 1 et de coefficient
dominant 1

(n−1)! + O(ε). En utilisant l’égalité C(V ) = 1
(n−1)!c

n, on en déduit

la formule empirique 6.13. �

Remarque 7.12. Il convient de noter que cette démonstration donne un ex-
cellent contrôle du terme d’erreur, mais avec une constante différente, si on
considère les points de liberté strictement supérieure à un nombre réel ε fixé.
En particulier, le polynôme en log(B) dans ce cas ne provient que de l’intégrale∫
∆ε(B)

e|t|dt . Cette situation est en contraste avec l’étude faite par S. Page-

lot [Pa] de (P1
Q)2H6B . En effet, dans ce cas, un calcul direct démontre que

chaque fibre verticale ou horizontale au dessus d’un point rationnel P de la

droite projective a une contribution équivalente à
C(P1

K)
H(P ) B dans l’estimation
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asymptotique et contribue donc au deuxième terme du polynôme B. Minorer
la liberté des points décomptés par ε majore cette contribution par

C(P1
K)

H(P )
min(B,H(P )2/ε).

7.2.3. Cas général. Revenons maintenant au cas général. Soient V1 et V2 de
belles variétés de dimensions respectives n1 et n2 strictement positives. On les
suppose munies de métriques adéliques. Pour i ∈ {1, 2}, on note pi la projection
de V1×V2 sur Vi, hi la hauteur logarithmique définie par la métrique sur Vi et
li la fonction liberté associée. Comme le fibré tangent T (V1×V2) est isomorphe
à la somme directe p∗1TV1 ⊕ p∗2TV2, on peut munir V1 × V2 de la métriques
induite sur la somme directe (cf. exemple 3.6 c)).

Proposition 7.13. Soient (x1, x2) ∈ V1 × V2(K). Si h1(x1) ou h2(x2) est
négatif alors l(x1, x2) = 0. Dans le cas contraire, on a la relation

l(x1, x2) = (n1 + n2)
min(l2(x2)h2(x2)/n2, l1(x1)h1(x1)/n1)

h1(x1) + h2(x2)
.

Démonstration. En effet, dans ce cas on a µni(TxiVi) = hi(xi)li(x)/ni pour
i ∈ {1, 2} et on applique le lemme 7.10. �

Remarque 7.14. Comme noté dans un cadre plus général dans la remarque 5.6,
si on fixe un point x1 de V1(K), la liberte de y ∈ p−11 (x1) tend vers 0 quand sa
hauteur tend vers +∞.

On pose n = n1 + n2. Soient ε et ε′ des applications de l’ensemble D introduit
dans la définition 6.11. On note ε′ > ε si ε′(B) > ε(B) pour B > 1. Dans le
théorème qui suit, on désigne par ε une application de l’ensemble D qui vérifie,
en plus des conditions (i) et (ii) de la définition 6.11, la condition suivante :

(iii) L’application t 7→ log(t)1/2ε(t) est croissante.

Théorème 7.15. On suppose que les variétés V1 et V2 vérifient les conditions
(i) à (iv) de la formule empirique et que, pour i ∈ {1, 2} et toute application ε′

de l’ensemble D telle que ε′ > n2
i

2n2 ε
2, on ait l’estimation (F) :

♯Vi(K)ε
′–l
Hi6B = C(Vi)B log(B)ti−1(1 + oε′(B)),

avec ti = rg(Pic(Vi)). Alors on a l’expression

♯(V1 × V2)(K)ε–lH6B = C(V1 × V2)B log(B)t1+t2−1(1 + oε(B)).

Démonstration. Quitte à remplacer ε par l’application donnée par
t 7→ min(12 , ε(t)), nous pouvons, sans perte de généralité, supposer qu’on

a l’inégalité ε(1) 6 1
2 . Soit i ∈ {1, 2}. Étant donné une application ε′ comme

dans l’énoncé du théorème, l’application de [1,+∞[ dans N définie par

B 7→ Vi(K)ε
′–l
Hi6B

est croissante. La condition li(x) > ε′(B) impose l’inégalité

Hi(x) > 1, si bien qu’elle vaut 0 en 1. En outre, elle est égale à sa limite à
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droite en tout point, donc nulle sur un voisinage de 1. On peut donc poser,
pour t > 1,

ηi,ε′(t) = sup
B>t

∣∣∣∣∣
Vi(K)ε

′–l
Hi6B

C(Vi)B log(B)ti−1
− 1

∣∣∣∣∣ .

Cela définit une application décroissante qui converge vers 0 lorsque B tend
vers +∞.

Remarque 7.16. Si S est un ensemble fini d’applications ε′ comme ci-dessus.
L’application définie par la relation ηi,S(t) = maxε′∈S ηi,ε′ jouit de propriétés
analogues.

Soit (x1, x2) un point rationnel du produit. Par la proposition 7.13, la condition
l(x1, x2) > ε(B) implique tout d’abord que h1(x1) > 0 et h2(x2) > 0. Par suite,
elle implique également les inégalités

l1(x1) >
n1

n
ε(B) et l2(x2) >

n2

n
ε(B).

On note dans la suite ε1 = n1

n ε et ε2 = n2

n ε. Nous allons découper la preuve en
une série de lemmes.

Lemme 7.17. Soit λ ∈ ]0, 1[ et soit ε′ = λε. Soit B > 1, pour tout P ∈ [B1/2, B],
on a les inégalités

ε′(B) 6 ε′(P ) 6 2ε′(B),

et, pour tout P ∈ [Bε
′(B), B], on a

ε′(B) 6 ε′(P ) 6
√
ε′(B).

Démonstration. Les inégalités de gauche résultent du fait que ε est supposée
décroissante. Comme t 7→ log(t)ε′(t) est croissante, on a

log(B1/2)ε′(B1/2) 6 log(B)ε′(B)

ce qui donne la première majoration. De même, l’inégalité
√

log(Bε′(B))ε′(Bε
′(B)) 6

√
log(B)ε′(B)

permet de prouver la seconde. �

Lemme 7.18. Le cardinal de l’ensemble des (x1, x2) ∈ V1 × V2(K) vérifiant les
conditions

H1(x1) 6 B1/2, H2(x2) 6 B1/2, l1(x1) > ε1(B) et l2(x2) > ε2(B)

est, à une constante près, majoré par B log(B)t1+t2−2.

Démonstration. Le lemme précédent permet de majorer le cardinal considéré
par celui de l’ensemble des (x1, x2) ∈ V1 × V2(K) tels que

H1(x1) 6 B1/2, H2(x2) 6 B1/2, l1(x1) >
1

2
ε1(B1/2) et l2(x2) >

1

2
ε2(B1/2)

et on applique les hypothèses du théorème à 1
2ε1 et 1

2ε2. �
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Liberté et accumulation 1645

Par symétrie, compte tenu du dernier lemme, il nous suffit d’estimer le cardinal
de l’ensemble des (x1, x2) ∈ V1 × V2(K) tels que

H1(x1) > B1/2, H1(x1)H2(x2) 6 B, et l(x1, x2) > ε(B).

La condition sur la liberté est la conjonction des deux conditions suivantes :

(i) l1(x1) >
h1(x1) + h2(x2)

h1(x1)
ε1(B) ;

(ii) l2(x2) >
h1(x1) + h2(x2)

h2(x2)
ε2(B).

Sous les hypothèses H1(x1) > B1/2, H2(x2) > 1 et H1(x1)H2(x2) 6 B, on a

h1(x1) + h2(x2)

h1(x1)
∈ [1, 2] et

h1(x1) + h2(x2)

h2(x2)
∈
[

log(B)

2h2(x2)
+ 1,

log(B)

h2(x2)

]
.

On introduit les quatres conditions suivantes

(i+B) l1(x1) > ε1(B), (i−B) l1(x1) > 2ε1(B),

(ii+B) l2(x2) >

(
log(B)

2h2(x2)
+ 1

)
ε2(B), (ii−B) l2(x2) >

log(B)

h2(x2)
ε2(B).

Comme l2(x2) 6 1, la condition (ii+B) implique que H2(x2) > B
ǫ2(B)

2 .
Considérons maintenant les conditions

(iii+B) l2(x2) > ǫ2(B) et H2(x2) > B
ε2(B)

2 ;

(iii−B) l2(x2) >
√
ǫ2(B) et H2(x2) > B

√
ε2(B).

Alors, sous les hypothèses précédentes, on a les implications

(i−B) =⇒ (i) =⇒ (i+B)

et

(iii−B) =⇒ (ii−B) =⇒ (ii) =⇒ (ii+B) =⇒ (iii+B).

Pour P ∈ [B
1
2 , B], on note N+

1 (P,B) (resp. N−1 (P,B)) le cardinal des x1 ∈
V1(K) tels que H1(x1) 6 P et qui vérifient la condition (i+B) (resp. (i−B)). On

note E +
2 (B) (resp. E−2 (B)) l’ensemble des x2 ∈ V2(K) tels que H2(x2) 6 B

1
2

et qui vérifient la condition (iii+B) (resp. (iii−B)). Le nombre qui nous intéresse
est minoré (resp. majoré) par

∑

x2∈E
−
2 (B)

(
N−1

(
B

H2(x2)
, B

)
−N−1 (B

1
2 , B)

)
,

(resp. par

∑

x2∈E
+
2 (B)

(
N+

1

(
B

H2(x2)
, B

)
−N+

1 (B
1
2 , B)

)
 .

En appliquant une nouvelle fois le lemme 7.18, nous constatons que la contri-
bution de

∑
x∈E

+
2
N+

1 (B
1
2 , B) est négligeable devant B log(B)t1+t2−1. Il nous

reste à estimer la somme pour le terme principal.
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Lemme 7.19. Il existe une application η′1 : [1,+∞[→ R décroissante et tendant
vers 0 en +∞ telle que∣∣∣∣

N1(P,B)

C1(V )P log(P )t1−1
− 1

∣∣∣∣ 6 η′1(B)

pour N1 ∈ {N+
1 , N

−
1 }, B > 1 et P ∈ [B

1
2 , B].

Démonstration. Comme P ∈ [B
1
2 , B], le lemme 7.17 donne les inégalités

1
2ε1(P ) 6 ε1(B) 6 ε1(P ). En appliquant la remarque 7.16 à l’ensemble S =

{ 12ε1, ε1, 2ε1} on obtient une application décroissante η1 de sorte que les termes

d’erreur du lemme soient majorés par η1(P ). L’application η′1 : B 7→ η1(B1/2)
satisfait alors la conclusion du lemme. �

Ce lemme nous permet donc de nous ramener à estimer

∑

x2∈E2(B)

1

H2(x2)
log

(
B

H2(x2)

)t!−1

pour E2 ∈ {E +
2 , E

−
2 }. On considère l’application fB : [1, B

1
2 ] → R définie par

P 7→ 1
P (log(B)− log(P ))t1−1. On note g+B (resp. g−B) l’application qui à P ∈

[1, B
1
2 ] associe le cardinal des x ∈ V2(K) tels que H2(x) 6 P et l2(x) > ε2(B)

(resp. l2(x) >
√
ε2(B)). En utilisant les notations des intégrales de Stieltjes

(cf. [Te, §I.0.1]), les sommes ci-dessus se mettent donc sous la forme

(10)

∫ B
1
2

Bǫ′(B)

fB(u)dgB(u) = [fB(u)gB(u)]B
1
2

Bǫ′(B) −
∫ B

1
2

Bǫ′(B)

f ′B(u)gB(u)du ,

où ε′ ∈ {ǫ2,
√
ǫ2} et gB ∈ {g+B, g−B} ; l’égalité vient de la formule d’Abel qui

s’écrit ici comme une intégration par partie.

Lemme 7.20. Il existe une application η′2 : [1,+∞[→ R décroissante et tendant
vers 0 en +∞ telle que∣∣∣∣

gB(P )

C2(V )P log(P )t2−1
− 1

∣∣∣∣ 6 η′2(B)

pour B > 1, P ∈ [Bε2(B), B
1
2 ] et gB ∈ {g+B, g−B}.

Démonstration. Comme P ∈ [Bε2(B), B
1
2 ], le lemme 7.17 donne les inégalités

ε2(P )2 6 ε2(B) 6 ε2(P ). En appliquant la remarque 7.16 à l’ensemble S =
{ε22, ε2,

√
ε2}, on obtient une application décroissante η2 de sorte que les termes

d’erreur du lemme soient majorés par η2(P ). L’application η′2 : B 7→ η2(Bǫ2(B))
satisfait alors la conclusion du lemme puisque l’application B 7→ log(B)ε2(B)
est croissante et tend vers +∞ en +∞. �

Fin de la preuve du théorème 7.15. La dérivée de l’application fB est donné
par f ′B(t) = −1/t2 si t1 = 1 et par

f ′B(t) =
−1

t2
((log(B)− log(t))t1−1 + (t1 − 1)(log(B)− log(t))t1−2)
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si t1 > 2. Il résulte du lemme 7.20 que

[fB(u)gB(u)]B
1
2

Bε′(B) 6 fB(B
1
2 )gB(B

1
2 )

6 C(V2) log(B
1
2 )t1−1 log(B

1
2 )t2−1(1 + η′2(B))

6 C(V2) log(B)t1+t2−2(1 + η′2(B)).

Ce terme est donc négligeable devant log(B)t1+t2−1. D’autre part, pour tous
nombres réels λ, µ tels que 0 < λ < µ < 1 et pour tout entier m > 1, on a les
égalités

∫ Bµ

Bλ

1

u2
(log(B)− log(u))m−1u log(u)t2−1du

= log(B)t2+m−1
∫ Bµ

Bλ

(
1− log(u)

log(B)

)m−1(
log(u)

log(B)

)t2−1
d

(
log(u)

log(B)

)

= log(B)t2+m−1
∫ µ

λ

(1− u)m−1ut2−1du .

Comme les applications ε2 et
√
ε2 convergent vers 0 en +∞, le terme de droite

de (10) est équivalent à

C(V2) log(B)t1+t2−1
∫ 1

2

0

(1− u)t1−1ut2−1du .

Le cardinal de l’ensemble des (x1, x2) ∈ V1 × V2(K) tels que

H1(x1) > B1/2, H1(x1)H2(x2) 6 B, et l(x1, x2) > ε(B)

est donc équivalent à

C(V1)C(V2)B log(B)t1+t2−1
∫ 1

2

0

(1− u)t1−1ut2−1du .

Par symétrie, le cardinal de l’ensemble des (x1, x2) ∈ V1 × V2(K) tels que

H2(x2) > B1/2, H1(x1)H2(x2) 6 B, et l(x1, x2) > ε(B)

est équivalent à

C(V1)C(V2)B log(B)t1+t2−1
∫ 1

1
2

(1 − u)t1−1ut2−1du .

Mais compte tenu des propriétés de la fonction bêta, on a l’égalité
∫ 1

0

(1 − u)t1−1ut2−1du =
(t1 − 1)!(t2 − 1)!

(t1 + t2 − 1)!
.

Il nous reste pour conclure à rappeler la formule suivante (cf. [Pe1, proposi-
tion 4.1]) :

C(V1 × V2) =
(t1 − 1)!(t2 − 1)!

(t1 + t2 − 1)!
C(V1)C(V2). �
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Remarques 7.21. a) Le terme d’erreur donné par cette démonstration est ex-
plicite mais assez pitoyable, en particulier si on le compare avec celui obtenu
dans le cas particulier d’un produit de droites projectives. Nous manquons ac-
tuellement d’exemples pour savoir quel résultat optimal pourrait être attendu
ici.
b) Notons que l’ensemble défini par

V (K)µmax6B = { x ∈ V (K) | µmax(x) 6 log(B) }.
aurait l’avantage de se comporter mieux avec le produit de variétés puisque
l’ensemble V1 × V2(K)µmax6log(B) est tout simplement le produit des ensembles
Vi(K)µmax6log(B).

7.2.4. Équidistribution. L’équidistribution au sens de la distribution empi-
rique 6.17, est également stable par produit. On conserve les notations
précédant le théorème 7.15.

Théorème 7.22. On suppose que les variétés V1 et V2 vérifient les conditions
(i) à (iv) de la formule empirique et que, pour i ∈ {1, 2} et toute application ε′ ∈
D telle que ε′ > n2

i

2n2 ε
2 la variété Vi vérifie la formule empirique (F) et la

distribution (E). Alors V1 × V2 vérifie également (E).

Démonstration. Compte tenu de [Pe1, §3] et du théorème précédent, il suffit de
vérifier que, pour tout bon ouvert W ⊂ V1 × V2(AK), c’est-à-dire tout ouvert
dont le bord ∂W est de mesure nulle pour la mesure adélique, le cardinal de
l’ensemble (V1 × V2(K) ∩W )ε–lH6B est équivalent à

α(V1 × V2)β(V1 × V2)ωV1×V2(W ∩ V (AK)Br)B log(B)t!+t2−1.

En outre, il suffit de le démontrer pour les ouverts qui sont de la forme W1×W2

où W1 (resp. W2) est un bon ouvert de V1 (resp. V2). La démonstration s’obtient
alors en remplaçant simplement Vi(K) par Vi(K) ∩Wi pour i ∈ {1, 2} dans la
démonstration du théorème 7.15. �

7.3. Compatibilité avec la méthode du cercle. Il est connu que les
résultats de la méthode du cercle sont compatibles avec la version initiale du
principe de Batyrev et Manin ([FMT, §1.4] et [Pe1, corollaire 5.4.9]) en prenant
comme ouvert de Zariski la variété elle-même. La difficulté ici, comme dans le
cas de l’espace projectif, est donc de démontrer que les points de petite liberté
et de hauteur bornée donnent une contribution négligeable.
Soit V une intersection complète lisse de m hypersurfaces de degrés respec-
tifs d1, . . . , dm dans l’espace projectif PNK avec di > 2 pour i appartenant à
{1, . . . ,m}. On pose |d| =

∑m
i=1 di. On suppose que la dimension n = N −m

de V vérifie n > 3. Rappelons que, dans ce cas, le torseur universel de V s’iden-
tifie au cône épointé W ⊂ AN+1

K {0} au-dessus de V . On note π la projection
de W vers V . On munit l’espace projectif de la même métrique adélique qu’au
paragraphe 7.1. Le fibré tangent de V est alors un sous-fibré de l’image inverse
de TPNK sur V et on le munit de la métrique adélique induite.
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Proposition 7.23. Soit x ∈ V (K) et soit y ∈ π−1(x). Alors la liberté l(x) est
donnée par l’expression

n

h(x)
max

(
0,min

F

(
d̂eg(TyW )− d̂eg(F )

n+ 1− dim(F )

)
− d̂eg(D)

)

qui, à un terme O( 1
h(x)) près, peut s’écrire

n

N + 1− |d| max

(
0, 1 + min

F

(
m− |d| − (N + 1− |d|) d̂eg(F )/h(x)

n+ 1− dim(F )

))

où F décrit l’ensemble des sous-espaces stricts de TyW contenant y.

Remarque 7.24. Par la remarque 4.7 b), à un terme en O( 1
h(x) ) près, il suffit

de considérer les hyperplans F de TyW . La condition l(x) < ε(B) se traduit
donc essentiellement par l’existence d’un hyperplan F ⊂ TyW tel que

− d̂eg(F ) 6

(
ε(B)

n
+
|d| − 1− n
N + 1− |d|

)
h(x).

Cette condition peut être vue comme l’existence d’un ≪ petit ≫ vecteur dans
le réseau dual du réseau TyW ∩ ZN+1.

Démonstration. Notons E = Kn+1 et D la droite de l’espace vectoriel E cor-
respondant au point x. L’espace tangent TxV s’identifie alors au quotient de
l’espace D∨ ⊗ TyW par D∨ ⊗D. Soit F ′ un sous-espace de TxV . Il existe un
unique sous-espace F de TyW contenant D tel que F ′ corresponde par l’iden-
tification précédente au quotient de D∨ ⊗ F par D∨ ⊗D. Par conséquent,

d̂eg(F ′) = d̂eg(F ) + dim(F ) d̂eg(D∨) = d̂eg(F )− dim(F ) d̂eg(D).

Or h(x) vaut d̂eg(TxV ) = d̂eg(TyW )−(n+1) d̂eg(D). Par conséquent, la pente
minimale µn(TxV ) est donnée par la formule

min
F

(
d̂eg(TyW )− (n+ 1) d̂eg(D)− (d̂eg(F )− dim(F ) d̂eg(D))

n− (dim(F )− 1)

)

= min
F

(
d̂eg(TyW )− d̂eg(F )

n+ 1− dim(F )

)
− d̂eg(D).

En divisant par h(x)/n, on obtient l’expression de la liberté. Pour la deuxième
expression, il suffit de remarquer que

|h(x) + (N + 1− |d|) d̂eg(D)|
est majoré par une constante puisque le fibré anticanonique est isomorphe à
OV (N + 1− |d|). �

Remarque 7.25. Contrairement au cas de l’espace projectif, on ne peut
évidemment pas espérer, en général, trouver de minimum absolu strictement
positif pour la liberté. Par exemple, P1 × P1 se réalise comme une quadrique
déployée et on a vu que la borne inférieure de la liberté dans ce cas est nulle.
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De même, si on considère une surface cubique, les points sur les 27 droites de
la surface ont forcément une liberté nulle à l’exception près d’un nombre fini
d’entre eux.

Proposition 7.26. Soit Q une quadrique projective lisse de dimension n > 3
sur Q, Alors pour tout application ε de l’ensemble D , on a l’équivalence

♯Q(Q)ε–lH6B ∼ C(Q)B

quand B tend vers +∞.

Démonstration. Compte tenu de [Pe1][corollaire 5.4.9] qui repose sur le résultat
très général de Birch [Bir], il suffit de démontrer que dans ce cas particulier, le
nombre de points x de la quadrique vérifiant H(x) 6 B et l(x) < ε(B) sont en
nombre négligeable. Dans ce cas particulier, la formule de la proposition 7.23
donne

l(x) > 1 + min
F

(
−1− n d̂eg(F )/h(x)

n+ 1− dim(F )

)
+O

(
1

h(x)

)
.

Soit W ⊂ An+1
Q {0} le cône épointé au-dessus de la quadrique Q. Soit y

un représentant de x dans Qn+1. La condition l(x) < ε(B) implique donc
l’existence d’un sous-espace vectoriel F de TyW de codimension 1 dans cet
espace tel que

− d̂eg(F ) 6 C +
1

n
ǫ(B) log(B).

En reprenant le raisonnement fait pour démontrer la proposition 7.7, le nombre

de tels sous-espaces est majoré à une constante près par B
n+2
n ε(B) et chacun

d’entre eux contient au plus C′B
n
n+1 points x avec H(x) < B, ce qui permet

de conclure. �

Remarque 7.27. Malheureusement, cette preuve ne s’étend pas directement au
cas du degré d > 3.

8. Compatibilité avec les contre-exemples

L’objectif de cette partie de l’article est de vérifier que la condition sur la liberté
détecte bien les mauvais points. Nous allons donc passer en revue un certain
nombre de contre-exemples connus à la question initiale de Batyrev et Manin et
analyser la liberté des points rationnels des variétés faiblement accumulatrices
dans chacun de ces cas.

8.1. Rappels sur les parties accumulatrices. Commençons par rappeler
quelques notions concernant les sous-ensembles accumulateurs. Pour les ensem-
bles minces, on étend la définition de Serre [Se2, §9.1] de la façon suivante :

Définition 8.1. Soit V une bonne variété sur le corps de nombres K, une
partie mince de V (K) est une partie M telle qu’il existe un morphismes de
variétés π : X → V qui vérifie les deux conditions suivantes :

(i) La partie M est contenue dans l’image π(X(K)) ;
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(ii) La fibre de π au point générique est finie et l’application π n’a pas de
section rationnelle.

Remarque 8.2. Il convient de noter qu’avec cette définition, l’ensemble des
points rationnels d’une courbe elliptique est mince. En effet en choisissant un
système de représentants (P1, . . . , Pk) du quotient fini E(K)/2E(K), on définit

l’application π :
∐k
i=1E → E qui envoie un point P de la i-ème copie de E sur

2P + Pi.

D’après [Se2, §13.1, théorème 3], dans l’espace projectif, la contribution du
nombre de points de hauteur bornée d’un ensemble mince est négligeable. Du
point de vue du programme de Batyrev et Manin, un ensemble mince qui ne
vérifie pas cela est pathologique. Définissons cela plus précisément.

Définition 8.3. Soit V une bonne variété sur K munie d’une métrique adélique
et soit M une partie mince non vide de V (K). On dit que M est faiblement
accumulatrice si pour tout ouvert U de V pour la topologie de Zariski qui
rencontre l’adhérence de M , il existe un ouvert de Zariski non vide W de V (K)
tel que

lim
B→+∞

♯(M ∩ U(K))H6B

♯(W (K))H6B
> 0,

la limite supérieure étant considérée dans R ∪ {+∞}.
Les contre-exemples connus à la question initiale de Batyrev et Manin pro-
viennent d’ensembles minces faiblement accumulateurs qui sont denses pour la
topologie de Zariski.

8.2. Les surfaces. Dans le cas des surfaces, les ensembles accumulateurs
connus sont donnés par des courbes exceptionnelles, que nous définissons ici
comme les courbes rationnelles lisses d’auto-intersection négative. Nous parle-
rons de belle surface pour une belle variété de dimension 2.

Proposition 8.4. Soit S une belle surface sur K et soit L une courbe excep-
tionnelle de S. Alors l(x) = 0 pour tout point x de L(K) en dehors d’un nombre
fini.

Démonstration. Par la formule d’adjonction, on a la relation

deg(ωL) = L.L+ L.ωS

où le point désigne le degré d’intersection. Comme L est une courbe rationnelle
exceptionnelle, on en déduit que L.ω−1S < 2. Fixons un isomorphisme ϕ : P1

K →
L. On obtient l’inégalité µ1(ϕ) + µ2(ϕ) < 2. Mais l’application Tϕ fournit un
morphisme non nul de OP1

K
(2) dans ϕ∗(TS), ce qui prouve que µ1(ϕ) > 2 et

donc µ2(ϕ) < 0. On applique alors la proposition 5.8. �

Remarque 8.5. La proposition indique que pour toute application ε appartenant
à D , le cardinal de l’intersection de l’ensemble S(K)ε–lH6B avec L(K) est majoré
par une constante indépendante de B.
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8.3. Les fibrations. Rappelons que le contre-exemple de V. V. Batyrev et
Y. Tschinkel [BT2] repose sur le fait géométrique que, dans une fibration,
le rang du groupe de Picard d’une fibre peut varier en étant éventuellement
supérieur au rang du groupe de Picard de la fibre générique, auquel cas le
nombre de points sur chacune de ces fibres peut faire apparâıtre une puissance
de log(B) supérieure à celle attendue pour l’ensemble de la variété. Nous allons
maintenant voir que le fait d’imposer en outre une minoration sur la liberté
borne la hauteur des points considérés dans une fibre donnée si bien qu’il n’y
a plus de contradiction entre le nombre de points esperé dans une fibre et celui
espéré pour la variété.

Proposition 8.6. Soit X et Y de belles variétés de dimensions respectives m
et n avec n < m. Soit ϕ : X → Y un morphisme dominant. Soit ε une applica-
tion de D . Il existe une constante C telle que, pour tout point rationnel y de Y
qui n’est pas une valeur critique pour ϕ, tout point x de Xy(K)ε–lH6B vérifie

H(x) 6 min(B, (CH(y))
m

nε(B) ).

Démonstration. Cela découle de la proposition 5.5 et du fait que la liberté de
y est majorée par 1. �

Remarque 8.7. Le minimum est donné par le deuxième terme dès que

H(y) <
1

C
B
nε(B)
m .

Calcul 8.8. Nous allons maintenant tenter d’expliquer comment cette proposi-
tion apporte conjecturalement une réponse au contre-exemple de V. V. Batyrev
et Y. Tschinkel. Ce contre-exemple est donné par l’hypersurface X de P3

Q×P3
Q

d’équation
∑3
i=0 YiX

3
i = 0. Notons ϕ : V → P3

Q la seconde projection. Pour

tout point y = (y0 : y1 : y2 : y3) de P3(Q) on désigne par Xy la fibre correspon-

dante qui est une surface cubique non singulière si
∏3
i=0 yi 6= 0. L’application

H : X(Q)→ R définie par

H(x, y) = H3(x)H3(y)3,

avec la hauteur H3 de l’exemple 3.12, est une hauteur sur V relative au fibré
anticanonique. On note T l’ensemble des points y ∈ P3(Q) en lesquels la fibre
Xy est non singulière et a un groupe de Picard de rang strictement supérieur
à 1. Pour tout y ∈ T , on note Uy le complémentaire des 27 droites de Xy. On
fera l’hypothèse qu’il existe une constante Cy > 0 vérifiant

♯Uy(Q)H6B 6 CyB log(B)5

pour y ∈ T et B > 2 et qu’il existe un nombre δ > 0 tel que
∑

{y∈T |H(y)>B}
Cy 6 B−δ.

Cette hypothèse est, à la connaissance de l’auteur, compatible avec le compor-
tement attendu pour le nombre de points de hauteur bornée sur une surface
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cubique. Choisissons 0 < η < 3
5 . Sous les hypothèses précédentes, on obtient

les majorations
∑

y∈T
♯Uy(Q)ε–lH6B

6
∑

{y∈T |H(y)6Bηε(B)}
Cy(CH(y))

5
3ε(B) log(B)5 +

∑

{y∈T |H(y)>Bηε(B)}
CyB log(B)5

6 C′C
5

3ε(B)Bη
5
3 (1+ε(B)) log(B)5 + C′B1−ηδε(B) log(B)5,

pour une constante C′ convenable. Compte tenu de la condition (ii) intro-
duite dans la définition 6.11 pour l’ensemble D , le terme B1−ηε(B) log(B)5

est négligeable devant B. En prenant η < 3
5 , les conditions (i) et (ii) de cette

définition assure que le premier terme est également négligeable devant B. Sous
l’hypothèse faite sur les fibres dont le groupe de Picard est grand, la condition
de minoration de la liberté rendrait donc bien négligeable la contribution de
cet ensemble mince.

Remarque 8.9. Il est important de noter que la liberté d’un point ne distingue
pas les points dans les ≪ mauvaises ≫ fibres, c’est-à-dire celles pour lesquelles
le rang du groupe de Picard est strictement plus grand que 1. Du point de
vue de la liberté, tout point de grande hauteur au-dessus d’un point de petite
hauteur est considéré comme ≪ mauvais ≫. De prime abord, on peut croire que
c’est un défaut de cet invariant. Néanmoins, l’appartenance à une fibre dont le
groupe de Picard est grand n’est pas stable par extension de corps. En fait, de
ce point de vue, tout point est potentiellement mauvais : il suffit de passer à
une extension qui déploie l’action du groupe de Galois sur le groupe de Picard
de la fibre ; a contrario, la liberté d’un point rationnel est stable par extension
de corps.

8.4. Des exemples de C. Le Rudulier. Dans sa thèse, C. Le Rudulier a
construit de nouveaux contre-exemples à la question initiale de V. Batyrev et
Y. Manin [Ru]. Ces exemples sont des espaces de modules de Hilbert pour des
surfaces.

8.4.1. Le cas du produit de droites projectives. Nous allons commencer par
rappeler les détails d’un de ces contre-exemple. On considère la variété V
définie comme le schéma de Hilbert des points de degré deux sur la surface
S = P1

Q × P1
Q. On note Y le produit symétrique Sym2(S). La variété Y

est singulière le long de l’image ∆ de la diagonale de S2 et le morphisme de
Hilbert-Chow f : V → Y est une désingularisation de Y . On dispose également
du morphisme de projection g : S2 → Y . On note Z = f−1(∆). L’ensemble
M = f−1(g(S2(Q))) − Z(Q) est une partie mince dans V mais dense pour la
topologie de Zariski. D’autre part, on a un morphisme

p1 : Sym2(P1
Q)×P1

Q → V

provenant de l’application

(P1
Q)2 ×P1

Q → (P1
Q ×P1

Q)2
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donnée par ((x, y), z) 7→ ((x, z), (y, z)). On obtient également un morphisme

p2 : P1
Q × Sym2(P1

Q)→ V

par symétrie. On notera Z ′ l’adhérence de la réunion des images de p1 et p2
dans V . L’ensemble U0 = V Z ∪ Z ′ est un ouvert de Zariski non vide de V .
Le théorème 5.1 de [Ru] contient le résultat suivant :

Théorème 8.10 (C. Le Rudulier). Il existe un nombres réel c > 0 tel que pour
tout ouvert non vide U de V contenu dans U0 on ait les équivalences

♯(U(Q) ∩M)H6B ∼ cB log(B)3

et
♯(U(Q) M)H6B ∼ C(V )B log2(B),

quand B tend vers +∞.

Remarque 8.11. Comme le rang du groupe de Picard de V vaut 3, le terme de
droite de la seconde équivalence correspond au comportement espéré pour la
version raffinée du principe de Batyrev et Manin.

Les points de l’ensemble mince M peuvent êtres caractérisés de la façon sui-
vante : on considère le morphisme de variétés

∆ : Sym2(P1
Q) = P2

Q −→ P2
Q

définie par ∆(a : b : c) = (a2 : b2 − 4ac : c2). On obtient alors par composition
un morphisme qu’on note ∆1

V −→ Sym2(S) −→ (Sym2(P1
Q))2

∆◦pr1−→ P2
Q.

On définit de même ∆2 : V → P2
Q. On note également � : P2

Q → P2
Q l’applica-

tion définie par (u : v : w) 7→ (u2 : v2 : w2). Les éléments de M sont les éléments
de V (Q) dont les images par ∆1 et ∆2 sont dans l’image de l’application �.
Le calcul fait dans le paragraphe précédent pour les fibrations s’applique aussi
bien à ∆1 qu’à ∆2, si bien que la liberté d’un point d’une fibre fixée de ∆1 ou
de ∆2 tend vers 0.

Remarque 8.12. Cet argument repose de façon cruciale sur le fait que le rang
du groupe de Picard de P1

Q ×P1
Q est strictement supérieur à 1. Cet argument

peut être étendu aux autres surfaces de Del Pezzo dont le groupe de Picard
vérifie cette condition.

8.4.2. Le cas du plan projectif. Dans ce paragraphe, la lettre V désigne le
schéma de Hibert des points de degré deux sur le plan projectif. On note
également Y le produit symétrique Sym2(P2

Q) et f de V vers Y le morphisme
de Hilbert-Chow qui est l’éclatement de Y le long de l’image ∆ de la diagonale.
On désigne par g la projection de (P2

Q)2 dans Y et par U0 le complémentaire de

f−1(∆) dans V . Soit M = f−1(g(P2(Q)2)) ∩ U0(Q). L’ensemble M est mince
mais dense dans V pour la topologie de Zariski. D’après [Ru], on peut choisir
une hauteur H relative à ω−1V sur V de sorte qu’on ait la relation

H(P ) = H2(x)3H2(y)3
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pour tous x, y ∈ P2(Q) et tout P ∈ V (Q) tel que f(P ) = g(x, y). Rappelons
l’enoncé du théorème 3.7 de [Ru] :

Théorème 8.13 (C. Le Rudulier). a) Pour tout ouvert U non vide de V , on
a l’équivalence

♯(U(Q) ∩M)H6B ∼
8

ζ(3)2
B log(B).

lorsque B tend vers +∞.
b) On a l’équivalence

♯(U0(Q) M)H6B ∼ C(V )B log(B).

Nous allons en démontrer un corollaire :

Corollaire 8.14. a) Pour tout fermé strict F de V on a

♯(F (Q) ∩M)H6B = o(B log(B)).

b) Pour tout ouvert non vide U de V , il existe une hauteur H relative à l’opposé
du fibré canonique sur V telle que le quotient

♯U(Q)H6B

CH(V )B log(B)

ne converge pas vers 1 lorsque B tend vers +∞, où CH(V ) désigne ici la
constante empirique associée à la norme adélique choisie sur le fibré ω−1V .

Remarques 8.15. a) La première assertion signifie que la partie M n’est pas
réunion de sous-variétés faiblement accumulatrices et ne peut donc pas être
détectée par une méthode de récurrence sur la dimension.
b) La seconde assertion implique que la formule (2.3.1) de [Pe1] n’est pas
vérifiée, bien que la réponse à la question initiale de Batyrev et Tschinkel soit
positive dans ce cas.

Démonstration. La première assertion du corollaire est une conséquence de
l’assertion a) du théorème de Cécile Le Rudulier. Pour l’assertion b) nous allons
nous inspirer d’une idée de D. Loughran, en nous basant sur le lemme suivant :

Lemme 8.16. Il existe une partie fermée F de V (AQ) qui contient M et qui

est de mesure nulle pour toute mesure définie par une norme adélique sur ω−1V .

Démonstration. Le schéma de Hilbert considéré est défini sur Z[ 12 ] avec une
bonne réduction en tout nombre premier impair. Soit p un nombre premier
impair. Dans V (Fp), il y a trois types de points :

a) Ceux sur l’image inverse de ∆ ;
b) Ceux correspondant à des paires de points distincts de P2(Fq) ;
c) Les points de degré deux dans P2

Fq
.

On note Na(p), Nb(p) et Nc(p) le cardinal des trois ensembles correspondants.
Ils sont donnés par

Na(p) = (1 + p+ p2)(1 + p), Nb(p) =
(1 + p+ p2)(p+ p2)

2
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et

Nc(p) =
p4 − p

2
.

En particulier Nb(p)/♯V (Fp) converge vers 1/2 lorsque le nombre premier p
tend vers +∞. Notons Vb(p), pour p premier impair, l’ensemble des points de
V (Qp) qui se réduisent modulo p en un point de type b). Alors l’ensemble

F = V (R)× V (Q2)×
∏

p6∈{2,∞}
Vb(p).

est une partie fermée de V (AQ) qui contient M et de mesure nulle pour toute

mesure induite par une norme adélique sur ω−1V . �

Fin de la preuve du corollaire 8.14. Soit U un ouvert non vide de V . On rai-
sonne par l’absurde en supposant que pour tout choix de norme le quotient
converge vers 1. Par la démonstration de l’assertion (c) de la proposition (3.3)
de [Pe1], les points de U(Q) vérifie la propriété (EU ) de [Pe1, §3]. En appli-
quant cela au complémentaire du fermé F donné par le lemme précédent, il en
résulte que le quotient

♯(U(Q) ∩M)H6B

♯U(Q)H6B

tend vers 0 quand B tend vers +∞, ce qui contredit l’assertion a) du théorème
de C. Le Rudulier. �

En ce qui concerne les pentes, contrairement au cas précédent, on ne dispose
pas d’un morphisme de variétés ϕ qui permette d’utiliser la proposition 8.6
et qui vérifie en outre ϕ(M) 6= ϕ(V (Q)). Toutefois, l’application qui à une
paire de points distincts {P1, P2} associe la droite projective (P1P2) définit un
morphisme surjectif de variétés V → P2

Q dont la fibre au-dessus d’une droite

projective D est isomorphe à Hilb2(D), c’est-à-dire à un plan projectif. Compte
tenu de la proposition 8.6, il existe une constante C de sorte que, pour tout
point x de M donné par une paire {P1, P2} contenue dans une droite D du
plan projectif, la condition l(x) > ε(B) implique

H(P1)H(P2) 6 CH(D)
2

ε(B) .

Cette condition ne découle pas d’une condition de la forme l(P1, P2) > ε′(B) où
(P1, P2) est vu comme un point de P2(Q)2. Il n’y a donc plus de contradiction
directe entre le résultat connu pour (P2

Q)2 et celui espéré pour V . Toutefois

je n’ai pas réussi à démontrer que le cardinal M ε–l
H6B est effectivement de la

forme o(B log(B)) ce qui prouverait que les pentes permettent d’écarter assez
de mauvais points dans ce cas particulier. Une étude plus approfondie de ce cas
mériterait d’être faite.
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9. Conclusion

À l’issu de ce travail, l’auteur est persuadé que les pentes de l’espace tangent
donnent effectivement un indicateur fidèle permettant de détecter les points qui
s’accumulent. Toutefois il est encore difficile de prédire avec certitude quelle
condition précise se révèlera la plus efficace pour poursuivre le programme
de Batyrev et Manin. Deux critères de nature différente apparaissent ici :
la condition l(x) > ǫ(B), qui vient s’ajouter à la condition de hauteur, et
la condition µmax(x) 6 log(B). Si le second point de vue amène un change-
ment de paradigme plus profond, il peut être plus naturel. Une troisième solu-
tion consisterait à imposer une minoration sur la pente minimale de la forme
µmin(x) > η log(log(B)). Cette solution qui peut être plus facile à vérifier dans
certains cas a l’inconvénient que l’ensemble des ≪ bons ≫ points diminue avec B,
elle n’a donc pas été retenue par l’auteur pour des raisons métamathématiques.
Seule l’étude d’autres cas permettra de trancher définitivement.
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Séminaire Bourbaki 56-ème année, 2003/04, n◦ 931.

[Ro] D. Roessler, Lambda-structure on Grothendieck groups of hermitian vec-
tor bumdles, Israel J. Math. 122 (2001), 279–304.
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1. Introduction

We continue a study of quadratic forms and modules over semirings, begun
in [8] and [10], where now we face a general problem over the so called supertrop-
ical semrings, as explained in §1.3 and §1.7 below. Exhibiting the contribution
of the present paper, our approach is indicated in §1.8. For the reader’s con-
venience we first recall basic terminology and results, mainly from [8] and [10],
but also from other sources.

1.1. Modules over a semiring. A (commutative) semiring R is a set R
equipped with addition and multiplication such that (R,+, 0) and (R, · , 1) are
abelian monoids with natural elements 0 := 0R and 1 := 1R respectively,
and multiplication distributes over addition in the standard way. In other
words, R satisfies all the properties of a commutative ring except the existence
of negation under addition. R is called a semifield if every nonzero element
of R is invertible, i.e., R \ {0} is an abelian group.
A module V over a semiring R (called also a semimodule) is an abelian monoid
(V,+, 0V ) equipped with a scalar multiplication R×V → V , (a, v) 7→ av, such
that all the customary axioms of modules over a ring are satisfied: a1(bv) =
(a1b)v, (a1 + a2)v = a1v + a2v, a1(u + v) = a1u + a1v for all a1, a2, b ∈ R,
u, v ∈ V . We usually write 0 for both 0R and 0V , and 1 for 1R, and often speak
about elements of V as “vectors” and elements of R as “scalars”.

1.2. Quadratic forms on a free module. For any module V over a semir-
ing R, a quadratic form on V is a function q : V → R with

q(ax) = a2q(x)

for any a ∈ R, x ∈ V, together with a symmetric bilinear form b : V × V → R
such that

(1.1) q(x+ y) = q(x) + q(y) + b(x, y)

for any x, y ∈ V. Here “symmetric bilinear” has the obvious meaning, but –
in contrast to the case where R is a ring – b is often not uniquely determined
by q. We call such b a companion of q, or say that b accompanies q.
In this paper we assume throughout that V is a free R-module with base
(εi | i ∈ I), i.e., every vector x ∈ V is a linear combination

(1.2) x =
∑

i∈I
xiεi

with unique family of scalars (xi | i ∈ I) ⊂ R, only finitely many xi 6= 0, called
the coordinates of x.
Then, after choosing a companion b of q, a quadratic form q : V → R can be
written as (for notational convenience we choose a total order on I):

(1.3) q(x) =
∑

i∈I
αix

2
i +

∑

i<j

αijxixj ,

where αi = q(εi) and αij = b(εi, εj), cf. [8, §1].
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Although the case that I is infinite is relevant for applications, we assume in
this and the next introductory subsection that I = {1, . . . , n} is finite, for
simplicity. Then, as customary, the presentation (1.3) of a quadratic from q is
written as a triangular scheme

(1.4) q =




α1 α12 · · · α1n

α2 · · · α2n

. . .
...
αn




using square brackets. A quadratic form may have presentations by different
triangular schemes (cf. [8, §1]). To cope with this difficulty, we use the sign ∼=
(“equivalent”) to indicate such a case.
Note that the entries αi in (1.4) are uniquely determined by q, since αi = q(εi).
If R is embeddable as subsemiring in a ring R′, then also the αij are uniquely
determined by q, since by identifying R ⊂ R′ we have

αij = q(εi + εj)− q(εi)− q(εj).
However, this situation is far apart from the semirings in this paper, the so
called “supertropical semirings”, to be described bellow.

1.3. The problem. Assume that (εi | i ∈ I) is a fixed base of a module V .
We search for families of scalars

(1.5) (µi | 1 ≤ i ≤ n) ∪ (µij | 1 ≤ i < j ≤ n)

with the following property: For any two equivalent triangular schemes



α1 α12 · · · α1n

α2 · · · α2n

. . .
...
αn



∼=




α1 β12 · · · β1n
α2 · · · β2n

. . .
...
αn




also 


µ1α1 µ12α12 · · · µ1nα1n

µ2α2 · · · µ2nα2n

. . .
...

µnαn



∼=




µ1α1 µ12β12 · · · µ1nβ1n
µ2α2 · · · µ2nβ2n

. . .
...

µnαn


 .

Then the multiplication of the entries of a triangular scheme by the scalars µi
and µij yields a well defined map of the set Quad(V ) of all quadratic forms
on V into itself. These maps are the “basic operations” on quadratic forms
appearing in the title of the paper.
Two quadratic forms q1, q2 on V can be added by the rule

(q1 + q2)(x) = q1(x) + q2(x),

and a quadratic form q can be multiplied by a scalar a ∈ R by the rule

(aq)(x) = a · q(x).
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In this way, the set Quad(V ) becomes an R-module.
The above presentation (1.3) of a quadratic form q translates to

(1.6) q =
∑

i∈I
αidi +

∑

i<j

αijhij ,

with di, hij defined by

(1.7) di(x) = x2i , hij(x) = xixj ,

where as before the xi are the coordinates of x, cf (1.2).
We read off from (1.6) that the di and hij generate the R-module Quad(V ),
which gives us a linear algebraic interpretation of the basic operations as certain
endomorphisms of the R-module Quad(V ), as follows. An endomorphism ϕ of
Quad(V ) is called basic (w.r. to a given base (εi | i ∈ I) of V ) if it maps the
submodules Rdi (1 ≤ i ≤ n) and Rhij (1 ≤ i < j ≤ n) to itself, and so

ϕ(di) = µidi, ϕ(hij) = µijhij ,

with scalars µi, µij , called the coefficients of the basic endomorphism ϕ. It
is now immediate that these systems of coefficients are the same families of
scalars as occurring for the basic operations (cf. (1.5)), and so basic operations
are the same objects as basic endomorphisms in a different disguise.
In general the set of basic endomorphisms of Quad(V ) depends on the choice
of the base (εi | i ∈ I) of V . But, when R is a supertropical semiring (to
be discussed below), the framework of the present paper, it happily turns our
that any free module V has only one base up to scalar multiplication by units
[8, Theorem 0.9], a phenomenon for which we use the catch-phrase “V has
unique base”. Actually, this property holds over a much broader class of semir-
ings than the supertropical ones [11, §1].
If V has unique base, then the set of endomorphisms of Quad(V ) is independent
of the choice of the base (εi | i ∈ I) of V (also for infinite I). In fact, if (ε′i | i ∈ I)
is another base, ε′i = uiεi, with units ui of R, then the generators of Quad(V )
associated to this base are

(1.8) d′i = µ−2i di, hij ; = µ−1i µ−1j hij ,

as easily verified. Thus in the presence of the unique base property, the problem
of finding basic endomorphisms of Quad(V ) gains extra momentum.

1.4. Supertropical semirings. A semiring R is called supertropical ([8, Def-
inition 0.3] and [3, §3]) if e := 1 + 1 is an idempotent (i.e., e = 1 + 1 =
1 + 1 + 1 + 1 = e+ e), and the following axioms hold for all a, b ∈ R :

If ea 6= eb, then a+ b ∈ {a, b},(1.9)

If ea = eb, then a+ b = eb.(1.10)

Then the ideal eR of R is a semiring with unit element e, which is bipotent,
i.e., for any u, v ∈ eR the sum u+ v is either u or v. It follows that eR carries a
total ordering, compatible with addition and multiplication, which is given by

u ≤ v ⇔ u+ v = v.
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The addition in a supertropical semiring is determined by the map a 7→ ea and
the total ordering on eR as follows: If a, b ∈ R, then

(1.11) a+ b =





b if ea < eb,

a if ea > eb,

eb if ea = eb.

In particular (taking b = 0 in (1.11) or in (1.10)), for any a ∈ R
(1.12) ea = 0 ⇒ a = 0,

in other terms

(1.12’) a+ a = 0 ⇒ a = 0.

Note also that

(1.13) e + 1 = e,

as follows from (1.11) for a = e and b = 1.
For later use we quote another fact, true in any supertropical semiring R:

(1.14) (a+ b)2 = a2 + b2

for all a, b ∈ R, cf. [8, p.65].
When R is a supertropical semiring, the elements of T (R) := R\(eR) are called
tangible elements, and those of G(R) := (eR) \ {0} are called ghost elements.
The zero of R is regarded both as tangible and ghost. The semiring R itself is
called tangible if R is generated by T (R) as a semiring. Clearly, this happens
iff eT (R) = G(R). If T (R) 6= ∅, then the set

R′ := T (R) ∪ eT (R) ∪ {0}
is the largest subsemiring of R which is tangible supertropical. (We have dis-
carded the “superfluous” ghost elements.) The map

νR : R→ eR

is a homomorphisms of semirings, which we call the ghost map of R. When
there is no ambiguity, we write T , G, ν for T (R), G(R), νR. Sometimes we
adhere to the very convenient “ν-notation” for a, b ∈ R: a ≤ν b means that
ea ≤ eb, a ∼=ν b (“ν-equivalent”) means that ea = eb, while a <ν b means that
ea < eb.
We call a supertropical semiring a supersemifield if all nonzero tangible el-
ements are invertible in R and all nonzero ghost elements are invertible in
the bipotent subsemiring eR, whence both T and G are abelian groups under
multiplication.
Supertropical semirings have been previously introduced as a tool to refine
certain aspects of tropical geometry (e.g. [13]), linear algebra [6, 7], starting
with [2], and tropical valuation theory [3]. Up to now supertropical semifields
have been prevalent in applications, but more general supertropical semirings
are definitely needed for any coherent theory (cf. e.g. [3, 4, 5]). The relevance
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of quadratic forms over supertropical semirings to classical quadratic forms
over rings is explained in [8, §9].

1.5. Partial orderings on R, V, and Quad(V ). Assume that V is any mod-
ule over a supertropical semiring R. Then it is known from more general facts
(e.g. [10]), that the binary relation defined by

(1.15) x ≤ y ⇔ ∃z ∈ V : x+ z = y

for any x, y ∈ V is a partial ordering on V . For the reader’s convenience, we
provide a direct argument giving this important fact. Reflexivity (x ≤ x) and
transitivity (x ≤ y, y ≤ z ⇒ x ≤ z) are evident, but antisymmetry is subtler.
Given x, y, z, w such that x + z = y, y + w = x, we need to verify that x = y.
First we get x+ (z+w) = x, then x+ e(z+w) = x. From (1.13) we infer that
ez+ z = ez, and so y = x+ z = x+ ez+ ew+ z = x+ ez+ ew = x, as desired.
The ordering (1.15) is called the minimal ordering of V , since it is the coarsest
(partial) ordering on V compatible with addition, such that 0 ≤ x for all
x ∈ V . In particular we have a minimal ordering on R itself. It is immediate
that scalar multiplication is compatible with both minimal orderings, i.e., for
a, b ∈ R, x, y ∈ V ,

a ≤ b, x ≤ y ⇒ ax ≤ by.
Note also that, if V is free with base (εi | i ∈ I), then

∑

i∈I
xiεi ≤

∑

i∈I
yiεi ⇔ ∀i ∈ I : xi ≤ yi.

In this paper, the sign “≤” is used for both orderings on R and V . These
orderings lead to a “functional ordering” on Quad(V ), again denoted by “≤”,
defined for q1, q2 ∈ Quad(V ) as

q1 ≤ q2 ⇔ ∀x ∈ V : q1(x) ≤ q2(x).

On the other hand, since Quad(V ) is an R-module, it carries a minimal order-
ing, denoted here by “�”. Definition (1.15) now reads as: If q1, q2 are quadratic
forms on V , then

q1 � q2 ⇔ ∃χ ∈ Quad(V ) : q1 + χ = q2.

The functional ordering refines the minimal ordering, q1 � q2 ⇒ q1 ≤ q2. The
interplay between these orderings is the major theme in the second half of [10],
whose results will be very useful below.

1.6. The submodules QL(V ) and Rig(V ) of Quad(V ). A quadratic form q
on a module V over a semring R is called quasilinear if the zero bilinear form
b = 0 is a companion of q, i.e., ( cf. (1.1))

q(x+ y) = q(x) + q(y)

for all x, y ∈ V , and q is called rigid if q has only one companion. It is obvious
that the set QL(V ) of all quasilinear forms on V is an R-submodule of Quad(V ).
Assuming that the R-module V is free with base (εi | i ∈ I) and R is supertrop-
ical, we have the forms di and hij with i, j ∈ I, i < j, cf. (1.7). In consequence
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of property (1.14) of R, every di is quasilinear. On the other hand a quadratic
form q is rigid iff q(εi) = 0 for all i ∈ I [8, Theorem 3.5] 1. This implies that
the set Rig(V ) of all rigid forms on V is a submodule of Quad(V ) and that all
forms hij (i < j) are rigid.
Having this starting point, it is an easy matter to verify that both QL(V ) and
Rig(V ) are free modules with bases

D0 := {di | i ∈ I}, H0 :=
{
hij | i > j

}

respectively [10, Proposition 7.2]. For any κ ∈ QL(V ) and ρ ∈ Rig(V ) we have
(as a special cases of (1.3)) the presentations

(1.16) κ =
∑

i∈I
κ(εi)di.

ρ =
∑

i<j

b(εi, εj)hij =
∑

i<j

ρ(εi + εj)hij ,

where b is the unique companion of ρ [8, §4]. From these presentations it follows
that the functional ordering of Quad(V ) restricts on both QL(V ) and Rig(V )
to the minimal ordering on these free modules [10, Proposition 7.3].
Every q ∈ Quad(V ) has a decomposition

(1.17) q = qQL + ρ

with qQL ∈ QL(V ) and ρ ∈ Rig(V ), as it is now evident from (1.3). Moreover,
for any decomposition (1.17) clearly q(εi) = qQL(εi), and so we infer from
(1.16) that

qQL =
∑

i∈I
q(εi)di,

which proves that qQL is uniquely determined by q. We call qQL the quasilinear
part of q and ρ in (1.17) a rigid complement of qQL in q. Most often ρ is not
unique [8, §6 and §7].
If I is finite and a triangular scheme for q is given (cf. (1.4)), then qQL is
represented by the diagonal part of the scheme, while the upper triangular
part gives a rigid complement of qQL in q. We have

Quad(V ) = QL(V ) + Rig(V ),

QL(V ) ∩ Rig(V ) = {0},
but nevertheless Quad(V ) is not a direct sum of the submodules QL(V ) and
Rig(V ), as soon as Rig(V ) 6= {0}, i.e., |I| > 1. Indeed, then different indices i, j
give us a relation

di + dj = di + dj + hij ,

since, in consequence of (1.14), a2 + b2 = a2 + b2 + ab for any a, b ∈ R.

1More generally, this remains true if the semiring R has the properties (1.12’) and (1.14)
[loc. cit].
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1.7. A refinement of the problem in §1.3 for R supertropical. As
before we assume that the semiring R is supertropical and V is free with base
(εi | i ∈ I). We then have the set of generators B0 = D0∪H0 of Quad(V ) with

D0 := {di | i ∈ I} and H0 :=
{
hij | i < j

}
,

which up to multiplication by scalars does not depend on the choice of the base
(εi | i ∈ I), cf. (1.8). We call a submodule Z of Quad(V ) basic, if Z is generated
by a subset B′0 of B0, which then is a union D′0 ∪H′0 with D′0 ⊂ D0, H′0 ⊂ H0.
In this case necessarily D′0 = D0 ∩ Z, H′0 = H0 ∩ Z and so B′0 = B0 ∩ Z. For
these intersections we write D0(Z),H0(Z), B0(Z) respectively.
Instead of the basic endomorphisms of Quad(V ) addressed in §1.3, in the
present paper we search, more generally, for endomorphisms of a fixed ba-
sic submodule Z of Quad(V ) that map each submodule Rq, q ∈ B0(Z) into
itself. Such map ϕ is called a basic endomorphism of Z.
Given a fixed base (εi | i ∈ I) of V , we denote by I [2] the set of all 2-element
subsets of I, and write

(1.18) D0(Z) = {di | i ∈ K}, H0(Z) =
{
hij | {i, j} ∈M

}
,

where K ⊂ I, M ⊂ I [2]. Then a basic endomorphisms ϕ of Z is determined by
a family of scalars

(1.19) (µi | i ∈ K) ∪ (µij | {i, j} ∈M),

which we again call the coefficients of ϕ, via the formulas (i ∈ K, {i, j} ∈M)

ϕ(di) = µidi, ϕ(hij) = µijhij .

In the case that I = {1, . . . , n} is finite, we may use triangular schemes to
present quadratic forms. Now the refined problem means that we focus on
quadratic forms which are represented by a scheme as in (1.4), with zero entries
at fixed places (i, j), i ≤ j, namely at (i, i), with i /∈ K and {i, j} /∈M .
The task is to find all systems of scalars (µi)∪(µij) such that any two equivalent
schemes of this type remain equivalent after multiplication of entries by the
scalars µi and µij respectively. So this is indeed a very natural expansion of
the problem described at the beginning of §1.3.
In what follows we call a basic submodule of Quad(V ) simply a basic module.
A basic endomorphisms ϕ of a given basic module is called a basic projector
on Z, if its coefficients are all 1 or 0, and thus ϕ(z) = z or 0 for any z ∈ B0(Z).
Then X = ϕ(Z) is a basic module with X ⊂ Z and ϕ is uniquely determined
by X . We call these submodules X of Z the basic projections of Z.
For example, QL(V ) is a basic projection of Quad(V ) whose associated basic
projector is the endomorphism πQL of Quad(V ) which maps any q ∈ Quad(V )
to its quasilinear part qQL. But Rig(V ) is not a basic projection of Quad(V )
whenever Rig(V ) 6= {0}, i.e., |I| > 1. Indeed, the existence of an endomorphism
of Quad(V ) with ϕ(di) = 0 for all i ∈ I and ϕ(hij) = hij for i 6= j is prevented
by the relations di + dj = di + dj + hij .
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1.8. Paper outline and main results. §3 and §4 are devoted to a study
of basic projectors to obtain a classification of all basic projections of a ba-
sic module Z in combinatorial terms under the mild assumption that eR is
“multiplicatively unbounded”, i.e., for any x, y ∈ G there exists some z ∈ G
such that y < xz (cf. Corollary 3.6 and Theorem 3.12). In particular it turns
out (without the assumption of multiplicatively unboundedness) that any basic
module X ⊂ Z with D0(X) = D0(Z) is a basic projection of Z. The associated
projectors are constructed in §3 for Z = Quad(V ) under the name of partial
quasilinearizations. For any subset Λ of the set I [2] of 2-element subsets of I
we have a basic projector

πΛ,QL : q 7−→ qΛ,QL

on Quad(V ) with πΛ,QL(di) = di for i ∈ I, πΛ,QL(hij) = hij for {i, j} ∈ Λ, and
πΛ,QL(hij) = 0 otherwise. This projector then restricts to a basic projector
on Z for any basic module Z ⊂ Quad(V ). Its image is a basic module X ⊂ Z
with

D0(X) = D0(Z), H0(X) = {hij ∈ H0(Z) | {i, j} ∈ Λ ∩M}
in Notation (1.18).
A basic module Z is a direct sum X⊕Y of basic modules X and Y iff B0(Z) is
a disjoint union of B0(X) and B0(Y ) and both X and Y are basic projections
of Z (Proposition 4.2). Thus it is not surprising that the classification of the
basic projections of Z in §3 in combinatorial terms leads to a description of all
(possibly infinite) direct decompositions of Z, again in a combinatorial way. In
particular we learn in §4 that Z has (up to permutation of summands) only
one decomposition Z =

⊕
α∈A Zα, such that all Zα are indecomposable basic

modules, and these components Zα of Z can be described combinatorially.
In the important special case that for every hij ∈ H0(Z) both di and hij are
in Z, and so are elements of D0(Z), this description can be given in terms of
graphs. We associate to Z a graph Γ(Z) whose sets of vertices and edges are
D0(Z) and H0(Z) respectively, an edge hij connecting the vertices di and dj ,
and we call the module Z graphic. It turns out that the components Zα of Z are
again graphic and the graphs Γ(Zα) are precisely all path components of Γ(Z)
(Theorem 4.18). Starting from this, we also obtain, under a mild restriction of
the supertropical semring R, a description of all components of Z when Z is
not graphic (Corollary 4.19).
In the last three sections §5–§8 we work on more general basic endomorphisms
than basic projectors. The main result in §5 is that, under still mild conditions
on R (in particular if the semiring eR is cancellative), every basic endomor-
phism ϕ of a basic module Z yields a basic projector pϕ on Z by the rule
pϕ(z) = z if ϕ(z) 6= 0 and pϕ(z) = 0 otherwise, for z ∈ B0(Z). Conversely,
given a basic projector π on Z we can describe all basic endomorphisms ϕ of Z
with pϕ = π, called the satellites of π (Theorem 5.17 and Corollary 5.18).
In §6 we develop other ways to obtain new basic endomorphisms from old ones.
Given scalars µ, υ ∈ R, we say that υ is obedient to µ, if υ ≤ν µ and υ is faithful
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to µ in the following sense: for all x, y ∈ R, if µx = µy, then υx = υy. Assume,
for simplicity, that Z is graphic and ϕ is a basic endomorphism of Z with system
of coefficients (µi | i ∈ K) ∪ (µij | {i, j} ∈ M), cf. (1.19). Then it turns out
that every tuple of scalars (µi | i ∈ K) ∪ (υij | {i, j} ∈M), with υij obedient
to µij for all i, j, is again the coeffient system of some basic endomorphism ψ
of Z (Theorem 6.9). We call such a basic endomorphism ψ an H-modification
of ϕ. To give the flavor we point out what this theorem means in the case that
Z = Quad(V ), ϕ = idZ , I = {1, . . . , n}. It says that for any family of scalars
(λij | 1 ≤ i < j ≤ n) with λij ≤ν 1 for all i, j the assignment




α1 α12 · · · α1n

α2 · · · α2n

. . .
...
αn


 7−→




α1 λ12α12 · · · λ1nα1n

α2 · · · λ2nα2n

. . .
...
αn




is a well defined basic operation on Quad(V ). The reason is that every λij is
clearly obedient to 1.
Starting again with the system of coefficients (µi | i ∈ K) ∪ (µij | {i, j} ∈M)
of ϕ we call a basic endomorphism ψ of Z a D-modification of ϕ if for the
coefficients (υi | i ∈ K) ∪ (υij | {i, j} ∈ M) of ψ we have υij = µij for all
{i, j} ∈M and µi ≤ν υi for all i ∈ K. While for H-modifications we obtained a
best possible result, here our knowledge is less complete. We only know that a
tuple (υi)∪ (µij) is the coefficient system of a basic endomorphism ψ if µi ≤ υi
for all i ∈ K (minimal ordering ≤ instead of ν-dominance ≤ν), cf. Theorem 6.9.
In the last section §8 we determine, for a tangible supersemifield, R, all basic
endomorphisms of any basic module Z. If Z is “linked”, i.e., Z is graphic
and Γ(Z) has no isolated vertices (the main case to be studied), it turns out
that the possible coefficient systems (µi | i ∈ K)∪ (µij | {i, j} ∈M), cf. (1.19)
are given by the condition

µ2
ij ≤ν µiµj ,

provided that the ghost map νR : T (R) ։ G(R) is not bijective. Otherwise
there may exist more basic endomorphisms, cf. Theorem 8.5.

2. Partial quasilinearisation

Henceforth, R is a supertropical semiring and V is a free R-module with base
(εi | i ∈ I). Let I [2] denote the set of 2-element subsets of I. We choose a total
ordering of I and often identify I [2] with the set of pairs (i, j) ∈ I × I such
that i < j. If Λ is a subset of I [2], let Λc denote the complement I [2] \ Λ.
We define a quasilinear quadratic form di on V for every i ∈ I by

(2.1) di(x) = x2i

and a rigid quadratic form hij for every i, j ∈ I with i 6= j by

(2.2) hij(x) = xixj .
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Here, as always, the xi are the coordinates of the vector x ∈ V, x =
∑
i∈I xiεi.

We work with the bases (di | i ∈ I) and (hij | (i, j) ∈ I [2]) of the free R-modules
QL(V ) and Rig(V ), respectively.
For any set Λ ⊂ I [2] we introduce the free submodule

Rig(Λ, V ) :=
∑

{i,j}∈Λ
Rhij .

Rig(Λ, V ) is a lower set in the R-module Quad(V ) both in the minimal and
the functional ordering of Quad(V ). Clearly

(2.3) Rig(V ) = Rig(Λ, V )⊕ Rig(Λc, V ).

In other words, for any rigid form ρ on V we have a unique decomposition
ρ = ρ1 + ρ2 with ρ1 ∈ Rig(Λ, V ) and ρ2 ∈ Rig(Λc, V ). We call ρ1 and ρ2 the
Λ-component and Λc-component of ρ, respectively.

Definition 2.1. We call a form q ∈ Quad(V ) Λ-quasilinear, if q is quasilinear
on the submodule Rεi +Rεj for every {i, j} ∈ Λ.

Λ-quasilinearity of q means that for every {i, j} ∈ Λ the set Cij(q) in the
companion table of q (cf. [8, §6]) contains zero. Notice that a priori every
set Cii(q) contains zero, cf. [8, Example 2.4].

Proposition 2.2. q is Λ-quasilinear iff the set Rig(q) of rigid complements
of qQL in q contains some ρ ∈ Rig(Λc, V ).

Proof. This is a consequence of the 1-1-correspondence between the off-diagonal
companions of q and the rigid complements of qQL in q described in [8, Propo-
sition 4.6]. �

Given Λ ⊂ I [2] we intend to associate to any q ∈ Quad(V ) a Λ-quasilinear form
qΛ,QL ∈ Quad(V ) in a somewhat canonical way, generalizing the map q 7→ qQL

from Quad(V ) to QL(V ). The key to do this is provided by the following lemma.

Lemma 2.3. Let Λ ⊂ I [2] and q0 ∈ QL(V ). Further let ρ, ρ′ ∈ Rig(V ) be given,
and let ρ1, ρ

′
1 denote the Λ-components of ρ, ρ′, respectively.

(a) If q0 + ρ ≤ q0 + ρ′, then q0 + ρ1 ≤ q0 + ρ′1.

(b) If q0 + ρ � q0 + ρ′, then q0 + ρ1 � q0 + ρ′1.

To prove the lemma we use part of the following notation, that shall also be
helpful later.

Notation 2.4. Let J be a subset of the index set I.

(a) VJ :=
∑
i∈J

Rεi is a free submodule of V. It comes with a natural R-linear

projection πJ : V → VJ , given by πJ (εi) = εi for i ∈ J, πJ (εi) = 0 for
i ∈ I \ J. We also have the inclusion mapping iJ : VJ →֒ V, with
iJ(εi) = εi for every i ∈ J.
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(b) Any form ϑ ∈ Quad(VJ ) gives us a form

ϑI := ϑ ◦ πJ ∈ Quad(V ).

(c) Given q ∈ Quad(V ), we define

qJ := (q|VJ )I = q ◦ iJ ◦ πJ ∈ Quad(V ).

Proof of Lemma 2.3. We write q0 =
∑
i∈I

αidi, ρ =
∑
i<j

αijhij , ρ
′ =

∑
i<j

βijhij

with αi, αij , βij ∈ R.

(a): We have
∑

i∈I
αidi +

∑

i<j

αijhij ≤
∑

i∈I
αidi +

∑

i<j

βijhij

From this we get for any i < j in I, (q0 + ρ){i,j} ≤ (q0 + ρ′){i,j}, which reads

(∗) αidi + αjdj + αijhij ≤ αidi + αjdj + βijhij .

Using (∗) for every {i, j} ∈ Λ, we obtain
∑

i∈I
αidi +

∑

{i,j}∈Λ
αijhij ≤

∑

i∈I
αidi +

∑

{i,j}∈Λ
βijhij .

This means that q0 + ρ1 ≤ q0 + ρ′1.

(b): Same argument, employing � instead of ≤ . �

Corollary 2.5. Assume that q ∈ Quad(V ) and ρ, ρ′ ∈ Rig(q). Given Λ ⊂ I [2],
let now ρ2, ρ

′
2 denote the Λc-components of ρ, ρ′. Then qQL + ρ2 = qQL + ρ′2.

Proof. This follows by applying part a) of the lemma to the inequalities
qQL + ρ ≤ qQL + ρ′ and qQL + ρ′ ≤ qQL + ρ, using Λc instead of Λ. (We
could, equally well, use Lemma 2.3.(b).) �

Definition 2.6. Given q ∈ Quad(V ) and Λ ⊂ I [2], we choose a rigid comple-
ment ρ of qQL in q and define

(2.4) qΛ,QL := qQL + ρ2,

with ρ2 the Λc-component of ρ. Evidently, this form is Λ-quasilinear. We
call qΛ,QL the Λ-quasilinearisation of q.

Corollary 2.5 tells us that qΛ,QL does not depend on the choice of the rigid

complement ρ in q. If Λ = I [2], then qΛ,QL = qQL, while if Λ = ∅, then qΛ,QL = q.

Scholium 2.7. Let I = {1, 2, . . . , n}. We describe a given quadratic form
q : V → R by a triangular scheme

q =



α1α12 . . . α1n

. . .
...
αn


 ,

cf. §1.2. The quadratic form qΛ,QL is then given by the triangular scheme,
where every entry αij with {i, j} ∈ Λ is replaced by zero.
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Remark 2.8.

(i) If q1, q2 ∈ Quad(V ), then

(q1 + q2)Λ,QL = (q1)Λ,QL + (q2)Λ,QL.

(ii) If q ∈ Quad(V ) and λ ∈ R, then
(λq)Λ,QL = λ · qΛ,QL.

Let QL(Λ, V ) denote the R-submodule of Quad(V ) consisting of all Λ-
quasilinear forms on V ; in other terms

(2.5) QL(Λ, V ) = QL(V ) + Rig(Λc, V ).

We have a natural map

(2.6) πΛ,QL : Quad(V )→ QL(Λ, V ),

sending q ∈ Quad(V ) to its Λ-quasilinearization qΛ,QL. It is R-linear by Re-
mark 2.8. Since πΛ,QL is additive, it is also plain that πΛ,QL respects the
minimal ordering on Quad(V ), i.e.,

(2.7) q � q′ ⇒ qΛ,QL � q′Λ,QL.

Viewing every map πΛ,QL as an endomorphism of the R-module Quad(V ), we
may state that

πM,QL ◦ πΛ,QL = πM,QL,

if M ⊂ Λ ⊂ I(2). In particular (Λ = M), πΛ,QL ∈ EndR(Quad(V )) is a projec-
tor. It can be characterized in terms of the minimal ordering of Quad(V ) as
follows.

Proposition 2.9. For any q ∈ Quad(V ) the form qΛ,QL is the unique maximal
form κ � q, which is Λ-quasilinear.

Proof. If κ is Λ-quasilinear and κ � q, we conclude by (2.7) that κ =
κΛ,QL � qΛ,QL. �

Problem 2.10. For which supertropical semirings R, sets Λ ⊂ I [2], and qua-
dratic forms q′ on R(I), is it true that q ≤ q′ implies qΛ,QL ≤ q′Λ,QL?

In addition to the cases where we know that q ≤ q′ means the same as q � q′

(cf. [10, Corollaries 9.11 and 9.12 ]), there is one case where we can give an
answer now, for any supertropical semiring R.

Proposition 2.11. Let Λ = {{k, ℓ} | k ∈ J, ℓ ∈ I \ J} for some subset J of I.

(a) If ϑ ∈ Quad(V ), then ϑ is Λ-quasilinear iff ϑ is quasilinear on VJ ×
VI\J .

(b) If ϑ, q ∈ Quad(V ) and ϑ ≤ q, then ϑΛ,QL ≤ qΛ,QL. Moreover, qΛ,QL

is the unique maximal Λ-quasilinear form κ on V (in the functional
ordering of Quad(V )) with κ ≤ q.
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Proof. (a): If ϑ is Λ-quasilinear, ϑ has a companion b with b(εk, εℓ) = 0 for
k ∈ J , ℓ ∈ I \ J . It follows that b(VJ × VI\J ) = 0, and so ϑ is quasilinear on
VJ × VI\J . The converse is trivial.

(b): Let

q =
∑

i∈I
αidi +

∑

i<j

αijhij .

Then, using Notation 2.4, we may write

qΛ,QL =

(∑

i∈J
αidi +

∑

i<j
i,j∈J

αijhij

)
+

(∑

i/∈J
αidi +

∑

i<j
i,j /∈J

αijhij

)

= (q | VJ )I + (q | VI\J)I

= qJ + qI\J .

We have V = VJ ⊕ VI\J and obtain for any x ∈ VJ , y ∈ VI\J the formula

qΛ,QL(x+ y) = q(x) + q(y).

(N.B. This proves again that q is quasilinear on VJ × VI\J .)
If κ is Λ-quasilinear and κ ≤ q, then κ is quasilinear on VJ × VI\J (as just
proven again), and κ(x) ≤ q(x), κ(y) ≤ q(y) for x ∈ VJ , y ∈ VI\J , and hence

κ(x+ y) = κ(x) + κ(y) ≤ q(x) + q(y) = qΛ,QL(x+ y).

�

3. Basic modules and basic projections

We repeat that in the whole paper V is a free module over a supertropical
semiring R and {εi | i ∈ I} is a base (mostly fixed) of V . Let I [2] denote
the set of all 2-element subsets of I. The R-module Quad(V ) has the set of
generators B0 := D0∪̇H0 with

D0 := {di | i ∈ I} and H0 :=
{
hij | {i, j} ∈ I [2]

}
,

where d(x) = x2i and hij = xixj for x =
∑

i∈I xiεi, as said above. Assume
now that eR is multiplicatively unbounded, i.e., that for any x, y ∈ G there
exists z ∈ G such that y < xz (cf. [10, Definition 6.4]).2 Then, as proved in
[10, §7], the set of generators B0 of Quad(V ) is uniquely determined by the
R-module Quad(V ) up to multiplication by units of R. More precisely, the set
B := R∗B0, consisting of all products λq with λ ∈ R∗, q ∈ B0, coincides with
the set of all “basic elements” of Quad(V ) (cf. [10, Definition 6.1]) and also
with the set of all “primitive” (loc. cit.) indecomposable elements of Quad(V )
[10, Theorem 7.8, Corollary 7.9 ]. Moreover, as has been shown in [10, §8], each
of the sets

D := R∗D0, H := R∗H0,

2This property implies that the set R\{0} is closed under multiplication [10, Remark 6.5],
i.e., R has no zero divisors.
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is uniquely determined by the R-module Quad(V ), up to multiplication by
units. It now makes sense to extend the notation B0, D0, H0 as follows, and
to define “basic submodules” of Quad(V ) without referring to a base of R.

Definition 3.1. Choosing sets of representatives D0 and H0 of the orbit sets
D/R∗ and H/R∗, we obtain a set B0 := D0∪̇H0 which obviously generates
the R-module Quad(V ). We call B0 a basic set of generators of Quad(V ). 3

Usually we choose the sets

(3.1) D0 := {di | i ∈ I} and H0 :=
{
hij | {i, j} ∈ I [2]

}

derived from a base {εi | i ∈ I} of the free R-module V , cf. (2.1), (2.2). Then
we call B0 := D0 ∪ H0 a geometric basic set of generators of Quad(V ). 4

Definition 3.2.

(a) We call an R-submodue Z of Quad(V ) basic if Z is spanned by a sub-
set S of B0, i.e., every q ∈ Z has a presentation q =

∑
s∈S αss with

s ∈ S, αs ∈ R, almost all αs = 0.

(b) If this holds, then S is uniquely determined by Z, namely S = Z ∩B0,
as follows immediately from the fact that every s ∈ S is primitive and
indecomposable. We call S a basic set of generators of Z, and also
write Z =

∑
RS (while RS just means the set of all products RS with

λ ∈ R, s ∈ S).
If Z1 and Z2 are basic submodules of Quad(V ), then the modules Z1 +Z2 and
Z1 ∩ Z2 are again basic in Quad(V ). We have

(Z1 + Z2) ∩B0 = (Z1 ∩B0) ∪ (Z2 ∩B0)

and, of course,

(Z1 ∩ Z2) ∩B0 = (Z1 ∩B0) ∩ (Z2 ∩B0),

whence

Z1 ⊂ Z2 ⇔ Z1 ∩B0 ⊂ Z2 ∩B0.

Caution: If S1 ∩ S2 = ∅, Z1 =
∑
RS1, Z2 =

∑
RS2, then Z1 ∩ Z2 = {0}, but

Z1 + Z2 is not necessarily the direct sum of the modules Z1 and Z2.

We already met preeminent basic submodules of Quad(V ). Both QL(V ) and
Rig(V ) are basic in Quad(V ). If Λ is any subset of the set I [2] of two element
subsets of I, then the submodule QL(Λ, V ) consisting of the Λ-quasilinear forms
on V (cf. Definition 2.1) is basic. Also the submodule Rig(Λ, V ) of Rig(V )
(cf. (2.3)) is basic in Quad(V ).
We are ready for the key definitions of this section.

Definition 3.3. Assume that Z is a basic submodule of Quad(V ).

3Recall that the R-module Quad(V ) is not free [10, Proposition 7.10].
4Usually not every basic set of generators of Quad(V ) is geometric. In the present paper

we do not exploit this phenomenon thoroughly.
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(a) We call an endomorphism π of the R-module Z a basic projector on Z
if π maps every q ∈ B0 ∩ Z either to itself or to zero. Clearly, then
π = π2 and both X := π(Z), Y = π−1(0) are basic submodules of
Quad(V ) with Z = X + Y , X ∩ Y = {0}. Indeed X is generated by
the set {q ∈ B0 ∩ Z | π(q) = q}, while Y is generated by {q ∈ B0 ∩
Z | π(q) = 0}.

(b) We call X a basic projection of the R-module Z and Y a basic projec-
tion kernel in Z, and we also call (Z,X) a basic projection pair.

(c) Whenever it is convenient, we identify the basic projector π : Z → Z
with the associated projection map Z ։ X.

(d) Notice that the projector π : Z → Z is uniquely determined both by
the pair (Z,X) and the pair (Z, Y ). We write π = πZ,X . We call
Y = π−1(0) the kernel of the projector π, and usually write Y = ker(π).
If q ∈ X then obviously

π−1(q) = q + ker(π).

(e) For the sake of brevity we often call a basic submodule Z of Quad(V )
simply a “ basic module”, suppressing the reference to the free R-
module V , as long as V is kept fixed.

The primordial example of a basic projection is provided by Z = Quad(V ),
X = QL(V ), Y = Rig(V ). It gives us the quasilinear-rigid decomposi-
tions of any quadratic form q on V treated in [8]. More generally the
Λ-quasilinearizations of q, defined in §2, are provided by Z = Quad(V ),
X = QL(Λ, V ), Y = Rig(Λ, V ), cf. (2.4), (2.5). 5

Remark 3.4. Assume that Z is a basic R-module.

(a) If X is a basic projection of Z, then for any basic module W the inter-
section X ∩W is a basic projection of Z ∩W , and πZ∩W,X∩W is the
restriction of πZ,X to W . In particular, if W ⊂ Z, then

πW,X∩W = πX,Z |W.
(b) If X1, X2 are basic projections of Z, then X1 ∩X2 is also a basic pro-

jection of Z and

πZ,X1∩X2 = πZ,X1 · πZ,X2 = πZ,X2 · πZ,X1 .

(The products are taken in EndR(Z).) If Yi is the kernel of πZ,Xi
(i = 1, 2), then Y1 + Y2 is the kernel of πZ,X1∩X2 .

(c) More generally, if (Xi | i ∈ K) is a family of basic projections of Z,
then X =

⋂
i∈K

Xi is a basic projection of Z. Given q ∈ B0(Z), we have

πZ,X(q) = q if q ∈ Xi for every i ∈ K and πZ,X(q) = 0 otherwise. We
write πZ,X =

∏
i∈K

πZ,Xi .

5A major reason for our interest in basic projectors is the desire to obtain similar decom-
positions when q is confined to a fixed proper basic submodule Z of Quad(V ).
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(d) If X1, X2 are basic projections of Z with X1 ∩X2 = {0}, then X1 +X2

is also a basic projection of Z and

πZ,X1+X2 = πZ,X1 + πZ,X2 .

(e) If X is a basic projection of Z and U is a basic projection of X, then
U is a basic projection of Z and

πZ,U = πX,U ◦ πZ,X
(where now πZ,X is identified with the associated projection map
Z ։ X).

We strive for a combinatorial description of all basic projection pairs within
the fixed R-module Quad(V ).

Notation 3.5. Given a basic module Z, we set

D0(Z) = D0 ∩ Z, H0(Z) = H0 ∩ Z, B0(Z) = B0 ∩ Z = D0(Z) ∪ H0(Z),

furthermore

∆(Z) := {i ∈ I | di /∈ D0(Z)},
and

Λ(Z) := {{i, j} ∈ I [2] | hij /∈ H0(Z)}.
Thus

B0(Z) = {di | i /∈ ∆(Z)} ∪ {hij | {i, j} /∈ Λ(Z)}.
Notice that if X and Z are basic R-modules then

X ⊂ Z ⇔ ∆(X) ⊃ ∆(Z), Λ(X) ⊃ Λ(Z).

Corollary 3.6. Assume that Z is a basic module and N is a subset of I [2]

containing Λ(Z). Then the basic submodule X of Z with ∆(X) = ∆(Z) and
Λ(X) = N is a basic projection of Z. The associated basic projector πZ,X is
the restriction to Z of the N -partial quasi-linearization πN,QL (cf. (2.6)).

Proof. This follows from Remark 3.4.a, since X = Z∩QL(N, V ) and QL(N, V )
is a basic projection of Quad(V ) with associated projector πN,QL. �

By this corollary we know all basic projections X of Z with ∆(X) = ∆(Z),
i.e., D0(X) = D0(Z).

Lemma 3.7. Assume that X is a basic projection of a basic module Z, and
that Λ(X) = Λ(Z) =: Λ. Let i 6= j be indices such that {i, j} /∈ Λ, i /∈ ∆(Z),
j /∈ ∆(Z). Then i /∈ ∆(X), j /∈ ∆(X).

Proof. Let π = πZ,X . In Z we have the relation (cf. [10, Eq. (7.10)])

di + dj + hij = di + dj .

Now {i, j} /∈ Λ, whence π(hij) = hij . Applying π to the relation we obtain

π(di) + π(dj) + hij = π(di) + π(dj).
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Suppose that di ∈ ∆(X). This means that π(di) = 0 and so

π(dj) + hij = π(dj).

But this is impossible in both cases π(dj) = 0, π(dj) = dj . Thus π(di) 6= 0,
i.e., i /∈ ∆(X). For the same reason j /∈ ∆(X). �

Convention 3.8. Up to the end of this section, we assume that the supertrop-
ical semiring, R, besides multiplicative unboundedness, satisfies the following
condition.

(†) If a, b ∈ R and there exists some c0 ∈ R such
that ac ≤ bc for all c ≥ c0, then a ≤ b.

This condition is a rather mild hypothesis, as the following proposition reveals.
We introduce the set

canc(G) := {c ∈ G | ∀a, b ∈ G : ac = bc⇒ a = b},
consisting of the “cancellative” elements of G.

Proposition 3.9. Assume that the set canc(G) is unbounded in G, and further-
more that T is closed under multiplication and eT is unbounded in G. Then R
has Property (†).

Proof. Let a, b ∈ R and assume that ac ≤ bc for all c ≥ c0 in R, for some c0 ∈ R.
We want to verify that a ≤ b. If a <ν b then a < b, and we are done. Henceforth
assume that a ≥ν b. Then ac ≥ν bc for all c ∈ R, and we conclude that ac ∼=ν bc
for all c ≥ c0. Since canc(G) is unbounded, this implies a ∼=ν b. If a, b ∈ eR
this means that a = b; and if a ∈ T and b ∈ G, then a ∼=ν b implies a < b.
Assume finally that b ∈ T and pick u ∈ T with u ≥ c0, which is possible
since eT is unbounded in G. Now au ≤ bu ∈ T and au ∼=ν bu. This forces
au = bu. Thus au ∈ T . which implies a ∈ T . From a ∼=ν b and a, b ∈ T we
conclude again that a = b. Thus a ≤ b in all cases. �

Theorem 3.10. Let Z be a basic module, Λ := Λ(Z), ∆ := ∆(Z). Assume
that i ∈ I is an index with di ∈ Z.

(a) There exists a basic projector π on Z with ker(π) = Rdi iff the following
condition holds:

CΛ,∆(i): If k ∈ I \ {i} and {i, k} /∈ Λ, then k ∈ ∆.

(b) This projector π, if it exists, is compatible with the functional order-
ing ≤ (restricted to Z), i.e., if q, q′ ∈ Z, q′ ≤ q, then π(q) ≤ π(q′).

Proof. By Lemma 3.7 condition CΛ,∆(i) is necessary for the existence of π.
Assuming now that CΛ,∆(i) holds, we want to show that π exists and respects
the functional ordering on Z. Without loss of generality we may assume that I
is finite, I = {1, . . . , n}, and i = 1, furthermore that h1j ∈ Z for 2 ≤ j ≤ r,
but h1j /∈ Z for r < j ≤ n, with some r ∈ {1, . . . , n}.
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We claim that, given presentations

(∗) q = α1d1 +
∑

1<j≤r
α1jh1j +

∑

1 < k ≤ r
r < ℓ ≤ n

αkℓhkℓ +
∑

i>r

αidi +
∑

i,j>r

αijhij ,

(∗∗) q′ = β1d1 +
∑

1<j≤r
β1jh1j +

∑

1 < k ≤ r
r < ℓ ≤ n

βkℓhkℓ +
∑

i>r

βidi +
∑

i,j>r

βijhij ,

of two forms q, q′ ∈ Z with q ≤ q′, then

(1) α1j ≤ β1j for 1 < j ≤ r;
(2) αkℓ ≤ βkℓ for 1 < k ≤ r, r < ℓ ≤ n;

(3)
∑
i>r

αidi +
∑
i,j>r

αijhij ≤
∑
i>r

βidi +
∑
i,j>r

βijhij .

If this is proven, then first assuming that q = q′, we learn that, if we omit in the
presentation (∗) the summand α1d1, we obtain a quadratic form q̃ ∈ Z which
is independent of the presentation (∗), and thus we have a well defined basic
projection π : q 7→ q̃ with kernel Rd1. (Use the claim for q ≤ q′ and q′ ≤ q.)
Then using the claim in general, we learn that if q ≤ q′, then π(q) ≤ π(q′),
establishing (a) and (b).

Proof of (3): The projector

πJ : q 7→ (q|VJ )I = qJ

(cf. Notation 2.4) with J = {i | r < i ≤ n} obviously respects the
functional ordering on Quad(V ). Applying πJ to q ≤ q′ we obtain (3).

Proof of (1): Given i with 1 < i ≤ r we insert in (∗) and (∗∗) the vector
ε1 + cεi with c running through R, and obtain from q ≤ q′ that

(∗ ∗ ∗) α1 + cα1i ≤ β1 + cβ1i

for all c ∈ R. Choosing here c = 0 gives α1 ≤ β1. If β1i = 0 then
cα1i ≤ β1 for all c ∈ R. By multiplicative unboundedness of eR, we
have some c0 ∈ eR such that cβ1i >ν β1 for all c ≥ c0 and then obtain
from (∗ ∗ ∗) that cα1i ≤ cβ1i for all c ≥ c0, which by property (†)
implies α1i ≤ β1i. Thus α1i ≤ b1i in both cases.

Proof of (2): Let 1 < k ≤ r, r < ℓ ≤ n. we insert in (∗) and (∗∗) the
vector cεk + εℓ with c running through R, and obtain from q ≤ q′ that

αℓ + cαkℓ ≤ βℓ + cβkℓ

for all c ∈ R. This implies αℓ ≤ βℓ and αkℓ ≤ βkℓ by the same
arguments as before.

�

We are ready to determine all basic projections X of a basic module Z. In
view of Corollary 3.6 it suffices to look for those submodules X of Z where
Λ(X) = Λ(Z), equivalently H0(X) = H0(Z).
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Definition 3.11. We say that two elements di and dj, i 6= j, of D0(Z) are
linked in Z if hij ∈ Z.
Note that the condition CΛ,∆(i) from Theorem 3.10 means that di is not linked
in Z to any dj ∈ Z.
Theorem 3.12. Let X and Z be basic modules with X ⊂ Z and
H0(X) = H0(Z). Then X is a basic projection of Z iff any two elements
di, dj ∈ D0(Z) which are linked in Z are both elements of D0(X). In more
imaginative terms: we obtain all basic projections X of Z with H0(X) = H0(Z)
by discarding from D0(Z) some elements which are not linked in Z to other
elements of D0(Z).

Proof. (⇐): Lemma 3.7 means that, if X is a basic projection of Z, then this
condition holds.

(⇒): Let Λ = Λ(Z), ∆ = ∆(Z), and

E := E(Z) = {i ∈ I | CΛ,∆(i) holds }
= {i ∈ I | di ∈ Z, di is not linked to any di ∈ Z}.

Theorem 3.10 assures that for every i ∈ E there exists a basic projector ϑi
on Z with kernel Rdi. It now follows by Remark 3.4.c that for any subset K
of E the basic projection

(3.2) ϑK =
∏

i∈K
ϑi : Z → Z

has kernel
∑

i∈K Rdi. Thus

D0(ϑK(Z)) = {di ∈ D0(Z) | i /∈ K}
and, of course, H0(ϑK(Z)) = H0(Z). �

Corollary 3.13. Let Z be any basic module. Among the basic projections X
of Z with H0(X) = H0(Z) there is a unique minimal one, Xmin. All basic
submodules X of Z with Xmin ⊂ X are basic projections of Z, of course with
H0(X) = H0(Z).

Theorem 3.14. With the hypotheses of Convention 3.8, let Z be any basic
submodule of Quad(V ). Then any basic projector π of Z with π(q) = q for
all H0(Z) respects the functional ordering on Z:

q ≤ q′ ⇒ π(q) ≤ π(q′).

Proof. Clear from Theorem 3.10.b, since such a projector has the shape ϑK
given in (3.2). �

4. Direct decompositions; linked versus free modules

In this section, as well as in §5 and §6, it will be good to keep the following
simple fact in mind.
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Lemma 4.1. Assume that ϕ : X → Y is a linear map between R-modules X
and Y (with R supertropical as always). Assume that S is a subset of Y which
is convex w.r. to the minimal ordering � (i.e., if s, t ∈ S, y ∈ Y and s � y � t,
then y ∈ S). Then the preimage ϕ−1(S) is convex in X. In particular (take
S = {0}) the kernel ϕ−1(0) of ϕ is a convex submodule of X.

Proof. This is evident, since ϕ is additive and so x � x′ implies ϕ(x) � ϕ(x′).
�

Note that a submodule S of an R-modules X is convex w.r. to the minimal
ordering on X iff S is a lower set in X , since we always have 0 ∈ S.

In the sequel we assume that eR is mutiplicatively unbounded and Z is a “basic
module”, i.e., Z is a basic submodule of Quad(V ) for V a fixed free R-module
with base {εi | i ∈ I}, cf. Definitions 3.2 and 3.3. We want to get insight into
the presentations of Z as a direct sum of submodules (which then are again
basic modules).

We start with two easy facts.

Proposition 4.2. Assume that X and Y are two basic submodules of a basic
module Z with X ∩ Y = {0} and X + Y = Z.

(a) The following are equivalent
(1) Z = X ⊕ Y ;

(2) Both X and Y are basic projections of Z;

(3) Both X and Y are basic projection kernels of Z.

(b) If (1)-(3) hold the both X and Y are convex submodules of Z.

Proof. a): Since the elements of B0(Z) are indecomposable, it follows from
X ∩ Y = {0} and X + Y = Z that B0(Z) is the disjoint union of B0(X) and
B0(Y ). Thus the implication (1)⇒ (2) is obvious. Furthermore, if X is a basic
projection of Z, then Y is the associated projection kernel, i.e., Y = π−1Z,X(0).

The same holds for X,Y interchanged. This makes the implications (2)⇔ (3)
evident.

(2) ⇒ (1): Let z ∈ Z and z = x + y with x ∈ X , y ∈ Y . Then πZ,X(x) = x,
πZ,X(y) = 0, πZ,Y (x) = 0, πZ,Y (y) = y, whence πZ,X(z) = x, πZ,Y (z) = y.
Thus x and y are uniquely determined by z, which proves that Z = X ⊕ Y.
b): Obvious from Lemma 4.1, since X = π−1Z,Y (0) and Y = π−1Z,X(0). �

Proposition 4.3. Assume that {Xα | α ∈ A} is a family of convex submodules
of Z with X =

∑
α∈AXα and Xα∩Xβ = 0 for α 6= β. Then each Xα is a basic

submodule of Z, and the basic set of generators B0(Z) is the disjoint union of
the sets B0(Xα).

Proof. Since the elements of B0(Z) are indecomposable, it follows from X =∑
α∈AXα and Xα ∩ Xβ = {0} for α 6= β that every element of B0(Z) is

contained in some Xα, α ∈ A. Let X ′α denote the R-submodule spanned by
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Xα∩B0(Z). This is the maximal basic module of Z containingXα. Since B0(Z)
is the union of the sets Xα ∩B0(Z) it is clear that Z =

∑
α∈AX

′
α.

Picking any α ∈ A, we will be done by verifying that Xα = X ′α. Let x ∈ Xα

and write x =
∑

β∈A x
′
β with x′β ∈ X ′β (almost all x′β = 0). Clearly x′β � x

for all β and thus x′β ∈ Xα. If β 6= α, then x′β ∈ Xα ∩ Xβ = {0}, and so

x = x′α. �

But if X and Y are convex submodules of the basic module X+Y = Z, where
X ∩ Y = {0}, then it is not necessarily true that Z is the direct sum of X
and Y , as the following key example shows.
As usual, we call an R-module U decomposable if there exist submodules
U1 6= U , U2 6= U such that U = U1 ⊕ U2; otherwise, we call U indecom-
posable.

Example 4.4. Let I = {1, 2} and let Z = Quad(V ) = Rd1 +Rd2 +Rh12. Then

Rd1 ∩ (Rd2 +Rh12) = {0},
and Rd2 + Rh12 is convex in Z since it is the kernel of a basic projector
π1 : Z → Rd1, namely the composite of πQL : Z → Rd1 + Rd2 and the
basic projector of the free module Rd1 + Rd2 onto Rd2. For the same reason
Rd1 +Rh12 is also convex in Z.
We verify directly that Rd1 is convex in Rd1 + Rh12 and so is convex in Z.
Indeed, if αd1 + βh12 � γd1 with α, β, γ ∈ R, then βh12 � γd1. A fortiori
βh12 ≤ γd1, which means that βx1x2 ≤ γx21 for all x1, x2 ∈ R. In particular for
x1 = 1 we obtain βx2 ≤ γ for all x2 ∈ R, which forces β = 0 by multiplicative
unboundedness.
But Z is not the direct sum of the convex submodules Rd1 and Rd2 +Rh12. In
fact d1 + d2 = d1 + d2 + h12, while d2 6= d1 + h12. (Insert x1ε1 + ε2 with some
x1 >ν 1.) Neither is Z the direct sum of Rd2 and Rd1 + Rh12. We conclude
that Z is indecomposable.

Remark 4.5. Hypothesis (†) in Convention 3.8 is not needed in this example.
If (†) holds in addition to multipicativity unboundedness, then it is immediate
from Theorem 3.10 that Rd2 + Rh12 is free. Also Rd1 + Rh12 is free, and so
all proper basic submodules of Z are free.

Definition 4.6.

(a) We call a basic module Z linked if
(i) for every hij ∈ Z both di and dj are in Z;

(ii) for each di ∈ Z there exists some j 6= i such that hij ∈ Z, and so
di is linked in Z to some dj ∈ Z (cf. Definition 3.11).

(b) We call

Eij := Rdi +Rdj +Rhij (i, j ∈ I, i 6= j)

an elementary linked module. Thus Z is linked iff Z is the sum of all
elementary linked modules contained in Z.

Documenta Mathematica 22 (2017) 1661–1707



Basic Operations on Supertropical Quadratic Forms 1683

(c) Given any basic module Z we denote the sum of all Eij ⊂ Z by Zlink,
which is the maximal linked submodule of Z. We call it the linked core
of Z.

Example 4.4 shows that every elementary linked module is indecomposable.
The formation of linked cores behaves well with respect to direct sums.

Proposition 4.7. If (Zα | α ∈ A) is any family of basic R-modules, then
(⊕

α∈A
Zα

)

link

=
⊕

α∈A

(
Zα
)
link

.

This is an immediate consequence of the fact that every elementary linked
module is indecomposable, together with the following easy lemma.

Lemma 4.8. Assume that Z is a basic module and (Xα | α ∈ A) is a family of
submodule such that

Z =
⊕

α∈A
Xα.

Then for any convex submodule W of Z we have

W =
⊕

α∈A′

W ∩Xα

where A′ := {α ∈ A | W ∩Xα 6= 0}. In particular, when W is indecomposable,
W ⊂ Xα for some α ∈ A′.
Proof. We have a family (πα | α ∈ A) of basic projectors πα : Z → Z at
hands with πα(Z) = Xα. It follows that παπβ = πβπα = 0 for α 6= β and∑

α∈A πα = idZ (which means that, given q ∈ Z, almost all values πα(q) are
zero and

∑
α∈A πα(q) = q). Now πα(z) � z for every z ∈ Z, α ∈ A, and thus

πα(W ) ⊂W for every α ∈ A. By restriction we obtain a family of projectors

π′α = πα|W : W →W, α ∈ A′.
Since π′απ

′
β = π′βπ

′
α = 0 for α 6= β and

∑
α∈A′ π′α = idW , it is immediate that

W =
⊕

α∈A′ π′α(W ) =
⊕

α∈A′ W ∩Xα.
6 �

Proposition 4.9. Assume that Convention 3.8 is in force. Then Z is free iff
Zlink = 0.

Proof. When Z is free, all its basic submodules are free, and so Z cannot
contain any elementary linked module, whence Zlink = 0. (N.B. In this ar-
gument hypothesis (†) is not needed.) Conversely, if Zlink = 0, we know
by Theorem 3.12 that Z ∩ Rig(V ) is a basic projection of Z with kernel
Z ∩ QL(V ). (All di ∈ D0(Z) may be discarded from the list B0(Z).) But

6In this proof our standard assumption that eR is multiplicatively unbounded is not
needed.
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also Z ∩QL(V ) is a basic projection of Z, namely the image of the restriction
πQL : Quad(V ) ։ QL(V ) to Z. Thus

Z = (Z ∩QL(V ))⊕ (Z ∩Rig(V )).

Since both QL(V ) and Rig(V ) are free, Z is also free. �

Given a basic submodule X of Z, we call the unique basic module Y with
X + Y = Z, X ∩ Y = {0}, the basic complement Y of X in Z.

Theorem 4.10. Assume that Convention 3.8 is in force. Then, the basic com-
plement of Zlink, Y , in Z is free and Z = Zlink ⊕ Y.
Proof. Y does not contain any elementary linked module, and thus is free by
the preceding proposition. We will be done by verifying that both Zlink and Y
are basic projections of Z.
By mapping all the hij ∈ Y to zero we obtain a basic projector Z ։ Z1 with

H0(Z1) = H0(Z) \ H0(Y ) = H0(Zlink), D0(Z1) = D0(Z),

cf. Corollary 3.6. We have Z1 ⊃ Zlink and

D0(Z1) = D0(Y ) ∪̇ D0(Zlink),

but no di ∈ D0(Y ) is linked to any dj ∈ D0(Z1), and thus Theorem 3.10 gives
us a basic projector Z1 ։ Zlink. Composing the two projectors we obtain a
basic projector π1 : Z ։ Zlink.
On the other hand by mapping all hij ∈ H0(Zlink) to zero we obtain a basic
projector Z ։ Z2 with

H0(Z2) = H0(Z) \ H0(Zlink) = H0(Y ), D0(Z2) = D0(Y ) ∪̇ D0(Zlink).

As no di ∈ D0(Zlink) is linked to any dj ∈ D0(Y ), we obtain a basic projector
Z2 ։ Y , again by Theorem 3.10, which together with Z ։ Z2 yields a basic
projector π2 : Z ։ Y. The projectors π1 and π2 together entail Z = Zlink⊕ Y.

�

We denote the basic complement Y of Zlink in Z by Zfree, and obtain

Z = Zlink ⊕ Zfree.

Corollary 4.11. Suppose Z is a basic module and Convention 3.8 is in force,
then Zfree is the unique maximal basic free submodule of Z which is a direct
summand of Z.

Proof. Let Z = X ⊕ T with X free. Then (cf. Proposition 4.7)

Zlink = Xlink ⊕ Tlink = Tlink,

and T = Tlink ⊕ Tfree. We conclude that

Z = X ⊕ Tlink ⊕ Tfree
and also Z = Zlink ⊕ Zfree = Tlink ⊕ Zfree, whence Zfree = X ⊕ Tfree. �

Definition 4.12. We call any indecomposable direct summand X 6= 0 of a
basic module Z a component of Z.
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We start out to determine the components of a basic R-module Z under Con-
vention 3.8. First an easy preliminary lemma, valid over any supertropical
semiring R.

Lemma 4.13. Assume that
⊕
α∈A

Zα is a direct decomposition of Z, where

each Zα is indecomposable and 6= 0. Then these Zα are precisely all com-
ponents of Z.

Proof. Let X be a basic nonzero submodule of Z. By Lemma 4.8

X =
⊕

α∈A
X ∩ Zα.

If X is indecomposable then X = X∩Zα for a unique α ∈ A, whence X ⊂ Zα. If
Y is the basic complement ofX in Z so that Z = X⊕Y , then Zα = X⊕(Y ∩Zα).
Since Zα is indecomposable, this implies that X = Zα. �

Definition 4.14.

(a) We call a basic module Z graphic if for any hij ∈ H0(Z) both di and dj
are in Z.

(b) When Z is graphic, we define the graph Γ(Z) (simple, undirected, with-
out loops) as follows. Γ(Z) has the sets of vertices and edges

Ver(Γ(Z)) = D0(Z) and Edg(Γ(Z)) = H0(Z).

An edge hij connects the vertices di, dj.
7

(c) A basic module Z has a unique maximal submodule which is graphic,
denoted Zgraph. B0(Zgraph) is obtained from B0(Z) by omitting every
hij ∈ Z with di /∈ Z or dj /∈ Z.

Note that Z is linked iff Z is graphic and Γ(Z) has no isolates vertices. When
Convention 3.8 holds, clearly Z is graphic iff H0(Zfree) is empty.

Remark 4.15. Γ(Quad(V )) is the complete graph over the vertex set
{di | i ∈ I}, and thus may be seen as the graph (I, I [2]). For any subgraph Γ′

of Γ(Quad(V )) there exists a unique graphic module Z with Γ(Z) = Γ′.

Next we describe the components of graphic modules in graph theoretic terms.
As before we tacitly assume that G is multiplicatively unbounded.

Proposition 4.16. Assume that Z is a graphic module and (Xα | α ∈ A) is
a family of submodules of Z. For each α ∈ A let Jα := {i ∈ I | di ∈ Xα}. The
following are equivalent:

(i) Z =
⊕
α∈A

Xα;

(ii) Each Xα is graphic and Γ(Z) is the disjoint union of the graphs Γ(Xα),
for which we write

7It would be more precise to consider D(Z) and H(Z) respectively as sets of vertices and
edges, but the present setting has proved to be more convenient.
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Γ(Z) =
⊔

α∈A
Γ(Xα).

When (i) and (ii) hold, the projection Z ։ Xα is given, for q ∈ Z, by (cf.
Notation 2.4)

(4.1) πα(q) = (q|VJα)I .

Proof. a) Assume that Z is the direct sum of the Xα. If hij ∈ Xα for some
i, j ∈ I, then the di and dj are elements of Z, since Z is graphic. The ele-
mentary linked submodule Eij of Z is indecomposable (cf. Example 4.4) and
Eij ∩ Xα 6= {0}. By the (essentially trivial) Lemma 4.8 we conclude that
Eij ⊂ Xα. Thus Xα is graphic. It now follows directly from Definition 4.14
that

Γ(Z) =
⊔

α∈A
Γ(Xα).

b) We now assume that Γ(Z) is the disjoint union of the graphs Γ(Xα), α ∈ A.
Firstly this implies that Z =

∑
α∈AXα. For each α ∈ A we define a map

πα : Z → Z by formula (4.1). Let J := {i ∈ I | di ∈ Z}, so that J is the
disjoint union of the sets Jα. Given i ∈ J we have (di|VJα)I = di for i ∈ Jα
and (di|VJα)I = 0 otherwise. Given different i, j ∈ J we have a similar story:
(hij |VJα)I = hij when {i, j} ⊂ Jα and zero otherwise. This proves that πα is a
basic projector on Z with image Xα, and furthermore that παπβ = 0 if α 6= β
and

∑
α∈A πα = idZ . It is now obvious that the sum

∑
α∈AXα is direct with

associated projectors πα. �

Corollary 4.17. A graphic module Z is indecomposable iff the graph Γ(Z) is
connected.

Proof. We argue by contradiction. If Z = X1 ⊕ X2 with X1 6= 0, X2 6= 0,
then by Proposition 4.16 both X1, X2 are graphic and Γ(Z) = Γ(X1) ⊔ Γ(X2);
so Γ(Z) is not connected. Conversely, assume Γ(Z) = Γ1⊔Γ2 and let Xi denote
the graphic submodule of Z with Γ(Xi) = Γi (i = 1, 2). Then Z = X1⊕X2 by
Proposition 4.16, and thus Z is decomposable. �

Theorem 4.18. Assume that Z is a graphic module. Let (Γγ | γ ∈ C) denote
the set of components of the graph Γ(Z), arbitrarily indexed, and for every
γ ∈ C let Zγ denote the graphic module with Γ(Zγ) = Γγ. Then

Z =
⊕

γ∈C
Zγ

and the Zγ are precisely all components of the basic module Z.

Proof. We know by Proposition 4.16, that Z is the direct sum of the Zγ and
by Corollary 4.17 that the Zγ are indecomposable. It follows from Lemma 4.8
that the Zγ are all components of Z. �

We emphasize that in our study of the components of a basic module Z up to
now hypothesis (†) has not been needed. But if (†) holds, then we know that
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Z = Zlink ⊕ Zfree. Applying Theorem 4.18 to Zlink, we obtain the following
corollary.

Corollary 4.19. Assume that Convention 3.8 is in force. Let Z be a basic
module, and let (Zγ | γ ∈ C) denote the set of components of Z indexed in
some way. Then

Z =
⊕

γ∈C
Zγ .

Furthermore, Zlink is the direct sum of those components Zγ, which are not
free, while Zfree is the direct sums of all others. They are free of rank one.

5. Basic endomorphisms and their associated projectors

As before R is a supertropical semiring. Let Z be a basic module over R, i.e., a
basic submodule of Quad(V ), for V a fixed free R-module V , cf. Definitions 3.2
and 3.3. While in §3 and §4 we studied basic projectors on Z, we now proceed
to the more general “basic endomorphisms” of Z. We denote the set of endo-
morphisms of Z by EndR(Z) or simply End(Z). This is an R-algebra in the
obvious sense. As before we work with the set of generators B0 = D0 ∪ H0,

D0 := {di | i ∈ I}, H0 :=
{
hij | {i, j} ∈ I [2]

}

of Quad(V ) derived from a fixed base of V , cf. (3.1). By intersection with Z
it gives a “basic set of generators” B0(Z) = D0(Z)∪H0(Z), cf. Notation 3.5.

Definition 5.1. An endomorphism ϕ of Z is called basic, if ϕ(Rq) ⊂ Rq for
every q ∈ B0, whence

ϕ(di) = µidi, ϕ(hij) = µijdij

for all di ∈ Z, hij ∈ Z, with elements µi, µij in R, which we name the coeffi-
cients of ϕ. The set of all basic endomorphisms of Z, denoted by Endb(Z), is
a commutative subalgebra of End(Z).

We remark that for any basic submodule Z ′ of Z, every ϕ ∈ Endb(Z) restricts
to a basic endomorphism ϕ|Z ′ of Z ′. Note also that the basic projectors on Z
are precisely the basic endomorphisms of Z with all coefficients in {0, 1}. They
are idempotents of the R-algebra Endb(Z).8

Example 5.2. If ρ is an endomorphism of the free R-module V , then for every
quadratic form q : V → R, the composite q ◦ ρ : V → R is again a quadratic
form on V , and so we obtain an endomorphism

ρ∗ : q 7→ q ◦ ρ,
of the R-module Quad(V ). We call these ρ∗ the geometric endomorphisms of
Quad(V ). If ρ itself is “basic”, i.e., ρ(εi) = µiεi for every i ∈ I with some
µi ∈ R, then an easy computation shows that

ρ∗(di) = µ2
i di, ρ∗(hij) = µiµjhij ,

8There exist other idempotents, e.g. ϕ = e idZ .
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whence ρ∗ is a basic endomorphism of Quad(V ). We denote this endomor-
phism by γµ, where µ := (µi | i ∈ I), and call the γµ the geometric basic
endomorphisms of Quad(V ).

These endomorphisms γµ are the “easy” basic endomorphisms of Quad(V ).
Every tuple µ = (µi | i ∈ I) ∈ RI gives such an endomorphism with system of
coefficients

(µ2
i | i ∈ I) ∪ (µiµj | {i, j} ∈ I [2]).

By restriction we obtain for γµ a basic endomorphism γZ,µ := γµ|Z, and then
have the following upshot of Example 5.2.

Proposition 5.3. Let Z be a basic module and set I(Z) := (i ∈ I | di ∈ Z).
Every tuple µ = (µi | i ∈ I(Z)) yields a unique basic endomorphisms γZ,µ of Z
with

γZ,µ(di) = µ2
i di

for all di ∈ Z and

γZ,µ(hij) = µiµjhij

for all hij ∈ Z.
We call the γZ,µ the geometric basic endomorphisms of Z. They form a subset
of Endb(Z), closed under multiplication. Note that this set does not depend
on the choice of the base {εi | i ∈ I} of V .
In particular we have the geometric basic projectors of Z at hands. These
are the endomorphisms γZ,µ with µi ∈ {0, 1} for all i ∈ I(Z), and thus they
correspond uniquely to the subsets J = {i ∈ I(Z) | µi = 1} of I(Z).

Notations 5.4. We denote the basic projection coming from such a set J
by πZ,J . In the most important case, namely Z = Quad(V ), we write πJ
instead of πQuad(V ),J and so

πZ,J = πJ |Z
for J ⊂ I(Z).

Proposition 5.5.

(a) For any J ⊂ I the geometric basic projector πJ on Quad(V ) can be
also described by the formula (q ∈ Quad(V ))

(5.1) πJ(q) = (q|VJ )I =: qJ ,

cf. Notation 2.4.
More generally, for any J ⊂ I and ϕ ∈ Endb(Quad(V )), q ∈ Quad(V ),
we have the formula

(5.2) (ϕπJ )(q) = (ϕ(q)|VJ )I = ϕ(q)J .

(b) Given subsets J,K of I, we have πJπK = πJ∩K . If J ∩ K is empty,
then πJ∪K = πJ + πK .
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Proof. (a): (5.1) is the formula (5.2) in the special case that ϕ is the identity
map. In order to verify (5.2) it is suffices to check this formula for every
q ∈ B0 = D0∪H0. Let (µi)∪ (µij) be the family of coefficients of ϕ. If i, j ∈ J ,
i 6= j, then

(ϕπJ )(di) = ϕ(di) = µidi,

(ϕπJ )(hij) = ϕ(hij) = µijhij ,

while

(ϕπJ )(dk) = 0 if k /∈ J,
(ϕπJ )(hkℓ) = 0 if {k, ℓ} 6⊂ J.

(ϕ(q)|VJ )I has exactly the same values for all q ∈ B0.

(b): Obvious by considering the coefficients of the occurring projectors, or
(better) the endomorphisms of V including these geometric endomorphisms of
Quad(V ). �

In the case of |J | ≤ 2 we simplify the notation by writing

(5.3) πi := π{i}, πij := π{i,j}.

These projectors will play a very helpful role later.
All basic endomorphisms of Quad(V ) can be built from basic endomorphisms
of the elementary linked submodules of Quad(V ) (cf. Definition 4.6) as follows.

Lemma 5.6 (Pasting Lemma). Let Z = Quad(V ). Assume that
(ϕij | {i, j} ⊂ I) is a family of basic endomorphisms ϕij ∈ Endb(Eij),
Eij = Rdi +Rdj +Rhij. Assume further that ϕij |Rdi = ϕik|Rdi for any three
distinct i, j, k ∈ I. Then there is a unique ϕ ∈ Endb(Z) with ϕ|Eij = ϕij , for

all {i, j} ∈ I [2].
Proof. We have elements µi, µij in R with

ϕ(di) = µidi, ϕ(hij) = µijhij

for all {i, j} ∈ I [2]. The basic endomorphism ϕ of Z with system of coefficients
(µi)∪ (µij) has the required properties, and clearly is the unique one, provided
that ϕ exists.
For notational convenience we choose a total ordering on I. If q ∈ Quad(V ),
and two presentations of q are given,

q =
∑

i∈I
αidi +

∑

i<j

αijhij =
∑

i∈I
αidi +

∑

i<j

βijhij(A)

(of course with only finitely many scalars αi, αij , βij 6= 0 ), we need to verify
that

∑

i∈I
αiµidi +

∑

i<j

αijµijhij =
∑

i∈I
αiµidi +

∑

i<j

βijµijhij .(B)

Documenta Mathematica 22 (2017) 1661–1707



1690 Z. Izhakian and M. Knebusch

For any pair i < j in I we apply the projector πij to (A), viewed as a map
onto Eij , and then the map ϕij . We obtain

αiµidi + αjµjdj + αijµijhij = αiµidi + αjµjdj + βijµijhij .

Since this holds for all i < j, (B) is now evident.
From B we conclude that there is a well defined map ϕ : Quad(V )→ Quad(V )
sending any q =

∑
i∈I αidi +

∑
i<j αijhij to

∑
i∈I αiµidi +

∑
i<j αijµijhij .

It is obvious that this map ϕ is a basic endomorphism and ϕ(di) = µidi,
ϕ(hij) = µijhij for all i < j. �

Remark 5.7. If I is finite, then

ϕ =
∑

i<j

ϕij ◦ πij ,

with πij the basic projector from (5.3), viewed as a map from Quad(V ) onto Eij ,
since πij |Eij = idEij , πkℓ|Eij = 0 for {k, ℓ} 6= {i, j}.

Theorem 5.8 (Extension Theorem). Let ϕ be a basic endomorphism of a
graphic module Z ⊂ Quad(V ), and for every di ∈ D0 \ D0(Z) choose a
scalar vi ∈ R. Then there exists a unique ψ ∈ Endb(Quad(V )) such that
ψ|Z = ϕ, ψ(di) = vidi for di /∈ Z, and ψ(hij) = 0 for all hij /∈ Z.

Proof. We choose a family (ψij | i < j) of endomorphisms ψij ∈ Endb(Eij)
as follows. When Eij ⊂ Z we set ψij = ϕ|Eij . When Eij 6⊂ Z, whence
hij /∈ Z, we define ψij : Eij → Eij as ψij(di) = µidi with µi = vi if di /∈ Z,
and ψij(di) = ϕ(di) if di ∈ Z. We define ψij(dj) by the same rule, set-
ting ψij(hij) = 0. This map ψij is the composite of the quasilinear projector
πQL|Eij and an endomorphism of the free module Rdi + Rdj with prescribed
values for di, dj , and thus is well defined. By construction it is clear that for
any three different indices i, j, k we have ψij(di) = ψik(di). Thus the past-
ing Lemma 5.6 applies and yields a basic endomorphism ψ of Quad(V ), which
clearly extends ϕ. �

In particular, we can choose in Theorem 5.8 all vi = 0 to obtain an extension
ψ = ϕ̃ of ϕ to Quad(V ) with ϕ̃(q) = 0 for all q ∈ B0 \B0(Z). We call ϕ̃ the
extension of ϕ by zero.

Convention 5.9. Up to end of §5 we assume, usually without explicitly stating
it, that for R and Z one of the two following conditions holds.

Hypothesis A: G is multiplicatively unbounded and Z is a graphic module.

Hypothesis B : G is multiplicatively unbounded and has property (†), cf.
Convention 3.8. Here Z can be any basic module.

Recall that, since G is assumed to be multiplicatively unbounded, the set R\{0}
is closed under multiplication ([10, Remark 6.5]).
We are ready for a central result of this section.
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Theorem 5.10. Given a basic endomorphism ϕ of Z there exists a unique
basic projector on Z, denoted by pϕ, such that any q ∈ B0(Z) has the image
pϕ(q) = q if ϕ(q) 6= 0 and pϕ(q) = 0 if ϕ(q) = 0.

Proof. a) We assume Hypothesis A. We extend ϕ to a basic endomorphism
ψ of Quad(V ) in some way, which is possible by Theorem 5.8. It suffices to
prove the theorem for ψ instead of ϕ. Restricting pψ to Z we then obtain the
desired pϕ. Thus we furthermore assume that Z = Quad(V ).
We employ the Pasting Lemma 5.6. For any two indices i 6= j in I let
ϕij := ϕ|Eij . We define a basic projector pij on Eij as follows. If ϕ(di) 6= 0,
ϕ(dj) 6= 0, ϕ(hij) 6= 0 we take pij = idEij . If ϕ(di) 6= 0, ϕ(dj) 6= 0,
but ϕ(hij) = 0 we choose for pij the quasilinear projection πQL|Eij , i.e.,
pij(di) = di, pij(dj) = dj , pij(hij) = 0. If ϕ(di) = ϕ(dj) = 0, whence also
ϕ(hij) = 0, we choose pij = 0.
There remains the case that exactly one of the vectors ϕ(di), ϕ(dj) is not zero,
say ϕ(di) = µidi, µi 6= 0, ϕ(dj) = 0. Let ϕ(hij) = µijhij . Applying ϕ to the
relation

di + dj + hij = di + dj ,

we obtain µidi+µijhij = µidi. Inserting the vector x = vi+cvj for any c ∈ R we
obtain that µi+ cµij = µi for all c ∈ R. Since G is multiplicatively unbounded,
this forces µij = 0, i.e., ϕ(hij) = 0. Now define pij as the composite of
πQL|Eij with the obvious projection from Rdi+Rdj to Rdi. Then pij(di) = di,
pij(dj) = pij(hij) = 0.
By construction pij(di) = pik(di) for any three different indices i, j, k ∈ I. Thus
there exists a basic endomorphism p of Quad(V ) with p|Eij = pij for any i 6= j.
It is the projector pϕ we were looking for.

b) We assume now Hypothesis B. By Theorem 4.10 there is a decomposition
Z = Y1 ⊕ Y2 with Y1 = Zlink and Y2 a free module. Given ϕ ∈ Endb(Z),
we have ϕ(Yi) ⊂ Yi for i = 1, 2, and thus ϕ = ϕ1 ⊕ ϕ2 with ϕi ∈ Endb(Yi).
As just proved there exists a unique basic projector π1 = pϕ1 on Y1 with
π1(q) = q ⇔ ϕ1(q) 6= 0 for all q ∈ B0(Y1). Since Y2 is free we trivially
also have a unique basic projector π2 on Y2 such that for all q ∈ B0(Y2)
π2(q) = q ⇔ ϕ2(q) 6= 0. The projector pϕ := π1 ⊕ π2 on Z has the required
property addressed in the theorem. �

We call pϕ the basic projector associated to ϕ. We now strive for a charac-
terization of the image and the kernel of pϕ in terms of the image and kernel
of ϕ.

Definition 5.11. Given an R-submodule M of Quad(V ), let Mb denote the
unique maximal basic submodule of Quad(V ) contained in M , and let M b

denote the unique minimal basic submodule of Quad(V ) containing M . Mb

and M b are respectively called the basic core and basic hull of M .

It is obvious that

B0(Mb) = B0 ∩M,
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but determining B0(M b) can be difficult. For example, if M = Rq with
q ∈ Quad(V ), then D0(M b) consists of all di showing up in qQL, while H0(M b)
is the minimal subset of H0 appearing in a rigid complement of qQL, in other

terms, the minimal subset Λ ⊂ I [2] such that q is Λc-quasilinear. But there
is an extended class of submodules M of Quad(V ) at hands, for which the
determination of B0(M b) is trivial.

Definition 5.12. We call a submodule M of Quad(V ) diagonal if

(5.4) M =
∑

i∈I
aidi +

∑

i<j

aijhij

with ideals (= R-submodules) ai, aij of R.

We read off from (5.4) that

D0(M b) := {di | ai 6= 0}, H0(M b) :=
{
hij | aij 6= 0

}
.

Examples 5.13.

(a) Every basic module Z is diagonal.

(b) Every submodule of Quad(V ) that is convex in the minimal ordering �
of Quad(V ) is easily seen to be diagonal.

(c) If M is a diagonal submodule of a basic module Z, then for any
ϕ ∈ Endb(Z) also ϕ(M) is diagonal.

(d) Intersections and sums of families of diagonal submodules of Quad(V )
are diagonal.

(e) R(di + dj) is not diagonal if i 6= j. (This module has the basic hull
Rdi +Rdj.)

Proposition 5.14. If ϕ is a basic endomorphism of a basic module Z
then ϕ(Z) is a diagonal module and pϕ(Z) = ϕ(Z)b. The kernel ϕ−1(0) is
itself basic and so

p−1ϕ (0) = ϕ−1(0) = ϕ−1(0)b.

Proof. It is evident that the modules ϕ(Z) and ϕ−1(0) are diagonal by Exam-
ples 5.13.(b) and (c). By definition of pϕ we have

B0(pϕ(Z)) = {q ∈ B0(Z) | pϕ(q) = q}
= {q ∈ B0(Z) | ϕ(q) 6= 0} = B0(ϕ(Z)b),

which proves that pϕ(Z) = ϕ(Z)b. In the same way

B0(p−1ϕ (0)) = {q ∈ B0(Z) | pϕ(q) = 0}
= {q ∈ B0(Z) | ϕ(q) = 0},

whence p−1ϕ (0) = ϕ−1(0)b. But ϕ−1(0) is already basic. Indeed, if∑n
1 λiqi ∈ ϕ−1(0) with qi ∈ B0, λi 6= 0, then

∑n
1 λiϕ(qi) = 0, whence

λiϕ(qi) = 0, and so all ϕ(qi) = 0, since R has no zero-divisors. �

Therefore, pϕ = π can also be characterized by the property that, for all q ∈Z,
π(q) 6= 0 iff ϕ(q) 6= 0.
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Example 5.15. Let µ = (µi | i ∈ I) ∈ RI. Then the geometric basic endomor-
phism γµ of Quad(V ) (cf. Example 5.2) has the associated basic projector πJ
(cf. Notation 5.4) with J = {i ∈ I | µi 6= 0}.
We turn to the inverse problem of analyzing the set of basic endomorphisms ϕ
with pϕ = π for a given basic projector π.

Definition 5.16. Let Z be a basic module.

(a) We denote the set of all basic projectors on Z by Pb(Z).

(b) If π ∈ Pb(Z), then we call an endomorphism ϕ ∈ Endb(Z) with pϕ = π
a satellite of π; the set of these ϕ is denoted by Stl(π).

It will be helpful to work in Endb(Z) with a partial ordering finer than the
minimal ordering, analogous to our setting for Z itself. Given ϕ, ψ ∈ Endb(Z),
we define

ϕ ≤ ψ ⇔ ∀z ∈ Z : ϕ(z) ≤ ψ(z),

where on the right hand side “ ≤′′ stands for the function ordering on
Z ⊂ Quad(V ). We call this finer relation ≤ the function ordering on Endb(Z),
in contrast to the minimal ordering which is denoted by � and defined as

ϕ � ψ ⇔ ∃χ ∈ Endb(Z) : ϕ+ χ = ψ.

Given ϕ, ψ ∈ Endb(Z) with coefficients systems (µi) ∪ (µij) and (υi) ∪ (υij),
respectively, then ϕ ≤ ψ iff µi ≤ υi, µij ≤ υij for all i with di ∈ Z and all {i, j}
with hij ∈ Z.
Theorem 5.17. Assume that either Hypothesis A or B holds, and that there
exists some ϑ ∈ G with ϑ < e. Let π be a nonzero basic projector on Z with
B0(π(Z)) finite (e.g. B0(Z) is finite, i.e., Z is finitely generated). Then a
basic endomorphism ϕ of Z is a satellite of π iff there exist α, β ∈ R \ {0} such
that

απ ≤ ϕ ≤ βπ;

in other terms, Stl(π) = conv≤((Rπ) \ {0}). As usual, conv≤ stands for the
convex hull in Endb(Z) (equivalently, in EndR(Z)) with respect to the function
ordering.

Proof. Let {qj | j ∈ J} denote the set B0(Z). Let

ϕ(qj) = µjqj (j ∈ J)

with µj ∈ R, and write

K := {j ∈ J | π(qj) = qj},
which by assumption is a finite set. By definition, ϕ is a satellite of π iff

K = {j ∈ J | µj 6= 0}.
When this holds, set

eµk = min{eµj | j ∈ K},
eµℓ = max{eµj | j ∈ K}.
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Set β := eµℓ. If eµk < e set α := eµ2
k, otherwise take α = ϑ. For these

parameters we have α ≤ µj ≤ β for all j ∈ K, and so απ ≤ ϕ ≤ βπ. Conversely,
if this holds for α, β 6= 0, then for any q ∈ B0(Z) we have ϕ(q) 6= 0 iff π(q) 6= 0,
i.e., π(q) = q. Thus ϕ is a satellite of π. �

The finiteness assumption in Theorem 5.17 is not essential; it can be easily
extended to the case in which V has an infinite basis {εi | i ∈ I}, as follows:

Corollary 5.18. Assume that either Hypothesis A or B holds, and that there
is some ϑ < e in G. Let π ∈ Pb(Z) and ϕ ∈ Endb(Z). Then ϕ is a satellite
of π iff for every finite subset K of I there exist αK , βK ∈ R \ {0} such that

αK(π|ZK) ≤ ϕ|ZK ≤ βK(π|ZK),

where ZK := (Z ∩ VK)I = πK(Z) for VK =
∑

i∈K Rεi, and πK is the (geo-

metric) basic projector (5.1) on Quad(V ) with image Quad(VK)I (cf. Propo-
sition 5.5).

Theorem 5.19. Given π1, π2 ∈ Pb(Z), both the minimum π1 ∧ π2 and the
maximum π1 ∨ π2 exist in (Endb(Z),≤), namely

π1 ∧ π2 = π1π2, π1 ∨ π2 = pπ1+π2 .

Proof. This follows from the fact that for any q ∈ B0(Z) we have

(π1π2)(q) = q iff π1(q) = q and π2(q) = q,

while

pπ1+π2(q) = q iff π1(q) + π2(q) 6= 0 iff π1(q) = q or π2(q) = q.

�

Now the following is immediate.

Scholium 5.20. Suppose π1, π2 ∈ Pb(Z). Then

(a)

π1 ≤ π2 ⇔ π1π2 = π1 ⇔ π1(Z) ⊂ π2(Z);

(b)

(π1 ∧ π2)(Z) = π1(Z) ∩ π2(Z),

(π1 ∨ π2)(Z) = π1(Z) + π2(Z),

and thus π 7→ π(Z) embeds Pb(Z) as a sublattice into the boolean lattice
of all basic submodules of Z. �

Thus we have a restriction map

τZ : Endb(Z) ։ Pb(Z), ϕ 7→ pϕ

from the commutative R-algebra Endb(Z) to the distributive lattice Pb(Z).
Concerning the fibers of τZ , i.e., the satellite sets, note that if π1 ≤ π2 then
π1 Stl(π2) ⊂ Stl(π1). More generally, for any π1, π2 ∈ Pb(Z) we have

π1 Stl(π2) ⊂ Stl(π1π2).
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It turns out that each fiber of τZ is closed under addition and multiplication.
More generally the following holds.

Proposition 5.21. Let π1, π2 ∈ Pb(Z). Then

Stl(π1) + Stl(π2) ⊂ Stl(π1 ∨ π2) and

Stl(π1) · Stl(π2) ⊂ Stl(π1π2).

Proof. Let ϕ1 ∈ Stl(π1), ϕ2 ∈ Stl(π2). Fixing q ∈ B0(Z), we have

ϕ1(q) = µ1q, ϕ2(q) = µ2q

with µ1, µ2 6= 0, and so πi(q) = q if µi 6= 0 (i = 1, 2). Now (π1 ∨ π2)(q) = q
iff (π1 + π2)(q) 6= 0 iff µ1 + µ2 6= 0 iff (ϕ1 + ϕ2)(q) 6= 0. This proves that
ϕ1 + ϕ2 ∈ Stl(π1 ∨ π2).
Furthermore, (π1π2)(q) = q iff π1(q) 6= 0 and π2(q) 6= 0 iff µ1 6= 0 and µ2 6= 0
iff µ1µ2 6= 0 iff (ϕ1ϕ2)(q) 6= q, since R has no zero divisors. This proves that
ϕ1ϕ2 ∈ Stl(π1π2). �

Moreover, it is evident, say by Corollary 5.18, that for every π ∈ Pb(Z)
the set Stl(π) is convex in the function ordering on Endb(Z), and that
(R \ {0}) Stl(π) ⊂ Stl(π).

6. Modifications of basic endomorphisms

Up to now the only explicit examples of basic endomorphisms, which we have
met, are the basic projectors (§3, §4) and the geometric basic endomorphisms
(cf. §5, Example 5.2 and Proposition 5.3). We now look for procedures to
obtain new basic endomorphisms from old ones. We start with a definition and
a lemma valid in any supertropical semiring R. We intensely use the ν-notation,
cf. §1.4.

Definition 6.1. Given µ, υ ∈ R, we say that υ is obedient to µ if

(1) υ ≤ν µ,
(2) ∀x, y ∈ R: µx = µy ⇒ υx = υy.

Remarks 6.2.

(a) If υ is obedient to µ and ω is obedient to υ, then ω is obedient to µ.

(b) If υ is obedient to µ then, for any ω ∈ R, υω is obedient to µω.

(c) We conclude from a) and b) that if υ1 is obedient to µ1 and υ2 is
obedient to µ2, then υ1υ2 is obedient to µ1µ2.

(d) Every λ ≤ν 1 in R is obedient to 1.

(e) When R is a supersemifield, every υ ∈ R is obedient to any µ ≥ν υ,
where µ ∈ T .

(f) If υ is obedient to µ and υ ∈ T , then also eυ is obedient to µ, but most
often υ is disobedient to eυ.

Lemma 6.3. Assume that υ ∈ R is obedient to µ ∈ R and that a+ µb = a+ µc
for a, b, c ∈ R. Then a+ υb = a+ υc.
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Proof. 1) Assume first that a <ν µb. Then

a+ µb = µb = a+ µc

which implies a <ν µc. Indeed, otherwise we would have a ≥ν µc, whence

a+ µb = a+ µc ∼=ν a <ν µb,

a contradiction. We conclude that a + µc = µc, which implies µb = µc and
then υb = υc by Property (2) in Definition 6.1, whence a+ υb = a+ υc.

2) The remaining case is a ≥ν µb, in which

a ∼=ν a+ µb = a+ µc,

whence a ≥ν µc. Thus by Property (1) in Definition 6.1

(∗) a ≥ν υb, a ≥ν υc.
We run through three subcases.

2.a: Suppose a ∈ G. Then (∗) implies directly that a+ υb = a = a+ υc.

2.b: Suppose a ∈ T and a >ν µb. Then

a = a+ µb = a+ µc,

which forces a >ν µc, since a ∈ T . A fortiori a >ν υb and a >ν υc;
thus

a+ υb = a = a+ υc.

2.c: Suppose a ∈ T and a ∼=ν µb. Then

a+ µb = ea = a+ µc,

which forces eµb = eµc, since a ∈ T . By Property (2) we obtain
eυb = eυc. Recall from (∗) that υb ≤ν a. Thus, either υb ∼=ν υc ∼=ν a,
which gives a + υb = ea = a + υc, or υb ∼=ν υc <ν a, which gives
a+ υb = a = a+ υc.

We have proved that in all cases a+ υb = a+ υc. �

The lemma ensures the following fact about quadratic forms, valid for any
module V over a supertropical semiring.

Lemma 6.4. Assume that υ ∈ R is obedient to µ ∈ R. Let q0, q1, q′1 be quadratic
forms on the R-module V such that q0 + µq1 = q0 + µq′1 then

q0 + υq1 = q0 + υq′1.

Proof. For every x ∈ V we have q0(x)+µq1(x) = q0(x)+µq′1(x) and we conclude
by Lemma 6.3 that q0(x) + υq1(x) = q0(x) + υq′1(x). �

In the following we assume as before that V is a free quadratic R-module with
base {εi | i ∈ I}, and that |I| > 1, discarding a trivial case.

Documenta Mathematica 22 (2017) 1661–1707



Basic Operations on Supertropical Quadratic Forms 1697

Theorem 6.5. Assume that Z is a graphic submodule of Quad(V ). As before,
we write

(6.1) D0(Z) := {di | i ∈ K}, H0(Z) :=
{
hij | {i, j} ∈M

}
,

with K ⊂ I, M ⊂ I [2]. Assume that ϕ is a basic endomorphism of Z, having
the system of coefficients

(µi | i ∈ K) ∪ (µij | {i, j} ∈M),

and furthermore that a family (υij | {i, j} ∈ M) of elements of R is given
such that υij is obedient to µij for every {i, j} ∈M . Then there exists a basic
endomorphism ψ of Z having the coefficient system

(µi | i ∈ K) ∪ (υij | {i, j} ∈M).

Proof. a) We first prove the theorem for the special case that I = {1, 2} and

Z = Quad(V ) = E12 = Rd1 +Rd2 +Rh12.

In this case ϕ ∈ Endb(Z) has three coefficients µ1, µ2, µ, where µ = µ12, and
we are given an element υ = υ12 of R obedient to µ. Then

ϕ(d1) = µ1d1, ϕ(d2) = µ2d2, ϕ(h12) = µh12,

and we claim that there is a basic endomorphism ψ of E12 with ψ(di) = ϕ(di),
for i = 1, 2, but ψ(h12) = υh12.
Given q ∈ Quad(V ) with two presentations

(1) q = α1d1 + α2d2 + αh12 = α1d1 + α2d2 + βh12,

the existence of ψ means that in this situation (1) always

(2) µ1α1d1 + µ2α2d2 + υαh12 = µ1α1d1 + µ2α2d2 + υβh12

holds. Applying ϕ to (1) we obtain

(3) µ1α1d1 + µ2α2d2 + µαh12 = µ1α1d1 + µ2α2d2 + µβh12.

Using Lemma 6.4 with

q0 = µ1α1d1 + µ2α2d2, q1 = αh12, q′1 = βh12,

we see that indeed (2) is a consequence of (3).

b) We employ the Pasting Lemma 5.6 to prove the theorem for Z = Quad(V )
in general. Given {i, j} ∈ I [2], let

ϕij := ϕ|Eij ∈ Endb(Eij),

having the coefficients µi, µj , µij . By step a), for every {i, j} ∈ I [2], there exists
ψij ∈ Endb(Eij) with coefficients µi, µj , υij . Suppose i, j, k are different indices,
then

ψij(di) = µidi = ψik(di).

Thus Lemma 5.6 applies and gives us a basic endomorphism ψ of Quad(V )
with ψ|Eij = ψij for every {i, j} ∈ I [2]. This basic endomorphism has the

desired system of coefficients (µi | i ∈ I) ∪ (υij | {i, j} ∈ I [2]).
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c) Finally, we prove the theorem in its full generality. Given an endomorphism
ϕ ∈ Endb(Z), we extend it to a basic endomorphism ϕ̃ ∈ Endb(Z) with coeffi-
cients (µ̃i | i ∈ I) ∪ (µ̃ij | {i, j} ∈ I [2]), where µ̃i = µi when i ∈ K, otherwise
µ̃i = 0, and µ̃ij = µij for {i, j} ∈ M , otherwise µ̃ij = 0 (extension by zero,
cf. Theorem 5.8). We further extend the family (υij | {i, j} ∈ M) to a family
(υ̃ij | {i, j} ∈ M) by setting υ̃ij = υij when {i, j} ∈M and υ̃ij = 0 otherwise.

It is evident that υ̃ij is obedient to µ̃ij for any {i, j} ∈ I [2].
By step b) there exists a basic endomorphism ψ̃ of Quad(V ) with coefficients

(µ̃i | i ∈ I) ∪ (υ̃ij | {i, j} ∈ I [2]). The restriction ψ := ψ̃|Z has the desired
system of coefficients (µi | i ∈ K) ∪ (υij | {i, j} ∈M). �

Definition 6.6. The above endomorphism ψ ∈ Endb(Z) is called an H-
modification of ϕ ∈ Endb(Z).

Comment. We may interpret the pair (Z,ϕ) as a weighted graph by assigning
weights to the edges and to the vertices of the graph Γ(Z) of Z, namely weight µi
to the vertex di ∈ VerΓ(Z) and weight µij to the edge hij ∈ EdgΓ(Z). For
example, for Z = Quad(V ) and I = {1, 2, 3} we have the weighted triangle

µ3•
µ23

❈❈
❈❈

❈❈
❈❈

❈
µ13

④④
④④
④④
④④
④

µ1• µ12
•µ2

If, say, R is cancellative, we obtain all H-modifications of ϕ by lowering the
ν-values of the edges.

Definition 6.7. Let Z be a graphic submodule of Quad(V ). Let K ⊂ I,
and let ϕ be a basic endomorphism of Z, having the system of coefficients
(µi | i ∈ K) ∪ (µij | {i, j} ∈ M), according to the notation in The-
orem 6.5. We say, that a basic endomorphism ψ of Z with coefficients
(υi | i ∈ K) ∪ (υij | {i, j} ∈ M) is a D-modification of ϕ, if µij = υij
for {i, j} ∈ M , but µi ≤ν υi for i ∈ K, in other terms ψ(hij) = ϕ(hij) for all
hij ∈ Z, while ψ(di) ≥ν ϕ(di) for all di ∈ Z.

Open Problem 6.8. In contrast to the situation of H-modifications we do not
know whether for every list of coefficients (υi | i ∈ K) ∪ (µij | {i, j} ∈ M),
where υi ≥ν µi for all i ∈ K, a D-modification of ϕ exists .

In general we only have the following weaker result.

Theorem 6.9. Given a basic endomorphism ϕ on a graphic submodule Z with
coefficients (µi | i ∈ K) ∪ (µij | {i, j} ∈M), as in the notation of Theorem 6.5,
and a family (υi | i ∈ K) in R such that µi ≤ υi (minimal ordering instead
of ν-dominance), there exists a basic endomorphism ψ of Z with coefficients
(υi | i ∈ K) ∪ (µij | {i, j} ∈M).
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Proof. We prove the theorem for the case that I = {1, 2} and Z = Quad(V ).
Then, the general case can be obtained as in the proof of Theorem 6.5.
Let

Z = Quad(V ) = E12 = Rd1 +Rd2 +Rh12.

and let ϕ(d1) = µ1d1, ϕ(d2) = µ2d2, ϕ(h12) = µh12. For any given ω1, ω2 ∈ R
we obtain a basic endomorphism χ of Z with coefficients (ω1, ω2, 0) by com-
posing the quasilinear projection

πQL : E12 → Rd1 +Rd2

with the endomorphism d1 7→ ω1d2, d2 7→ ω2d2 of the free module Rd1 + Rd2.
Then ψ := ϕ+χ has the coefficients (µ1 +ω1, µ2 +ω2, µ). The elements µi+ωi
with ωi running through R, are precisely all υi ≥ µi. �

It is not difficult to provide D-modifications which are not covered by Theo-
rem 6.9.

Examples 6.10. Set Z = E12 = Rd1 +Rd2 +Rh12.

(a) Choose t1, t2 ∈ Te with t1 6= 1, t2 6= 1. Then (t21, t
2
2, t1t2) is the co-

efficient system of a geometric basic endomorphism ϕ0 of Z, which
has an H-modification ϕ with (t21, t

2
2, 1). Now ϕ is a D-modification of

idZ =̂(1, 1, 1). It is easy to find a supertropical semiring R where such ti
exist with t2i 6= 1 (i = 1, 2), cf. e.g. [3, Construction 3.16].

(b) Let µ ∈ Te where µ 6= 1. Then µ idZ has the H-modification (µ, µ, 1),
which is a D-modification of idZ .

In the same vein we obtain the following interesting class of basic endomor-
phisms.

Proposition 6.11. Assume that Z = E12 = Rd1 +Rd2 +Rh12. Given a triple
(u1, u2, v) ∈ R3 with u1 ∼=ν u2 ∼=ν 1, v <ν 1, there is a well defined basic
endomorphism ϕ of Z which maps any quadratic form

q =

[
α1 α

α2

]
to

[
u1α1 vα

u2α2

]
.

Proof. Let ψ := u1π1 + u2π2, where πi is the basic projector onto Rdi, and
χ := v idZ . Then ψ and χ map q to

[
u1α1 0

u2α2

]
and [ vα1 vα

vα2
], respectively,

and so ϕ := ψ + χ maps q to [ u1α1 vα
u2α2

], as desired, since ui + v = ui, for
i = 1, 2. �

7. The characteristic projectors

We assume in the whole section that Z is a basic module over a supertropical
semiring R such that for every ϕ ∈ Endb(Z) there exists a basic projector
p = pϕ associated to ϕ, i.e., for any generator q ∈ B0(Z) of Z we have p(q) = q
if ϕ(q) 6= 0 and p(q) = 0 if ϕ(q) = 0. We know from §5 that this holds under one
of the hypotheses A, B listed in Convention 5.9, but there may be also other
cases where it is true. Our goal is to associate a projector p̃ on the R-module Z
to ϕ which better reflects the nature of ϕ than pϕ.
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We will use the following simple fact.

Lemma 7.1. Let ϕ ∈ Endb(Z) and p = pϕ. Then pϕ = ϕ.

Proof. Since Endb(Z) is commutative, pϕ = ϕp. Let q ∈ B0(Z). If ϕ(q) 6= 0
the p(q) = q, whence ϕ(p(q)) = ϕ(q). If ϕ(q) = 0 then p(q) = 0, whence again
ϕ(p(q)) = ϕ(q). Thus ϕp = ϕ. �

We define a function χ : R→ R taking values in {0, 1, e}, as follows.

χ(x) =





1 if x ∈ T ,
e if x ∈ G,
0 if x = 0.

Note that for every x ∈ R
(7.1) χ(x)x = x

and that

(7.2) χ(x)2 = χ(x).

We emphasize that in this section it is not necessary to assume that T = R\eR
or G = eR \ {0} is closed under multiplication.
As previously (cf. (6.1)) we use the labeling

D0(Z) := {di | i ∈ K}, H0(Z) :=
{
hij | {i, j} ∈M

}
,

with K ⊂ I, M ⊂ I [2].

Theorem 7.2. Let ϕ be a basic endomorphism of Z with coefficients

(µi | i ∈ K) ∪ (µij | {i, j} ∈M).

Then there exists a basic endomorphism p̃ of Z with coefficients

(χ(µi) | i ∈ K) ∪ (χ(µij) | {i, j} ∈M).

Proof. Assume that two presentations of a quadratic form q ∈ Z are given,

q =
∑

i∈K
αidi +

∑

{i,j}∈M
αijhij

=
∑

i∈K
αidi +

∑

{i,j}∈M
βijhij .

Then

ϕ(q) =
∑

i∈K
µiαidi +

∑

{i,j}∈M
µijαijhij

=
∑

i∈K
µiαidi +

∑

{i,j}∈M
µijβijhij .
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We introduce the quadratic forms

q′ =
∑

i∈K
χ(µi)αidi +

∑

{i,j}∈M
χ(µij)αijhij ,

q′′ =
∑

i∈K
χ(µi)αidi +

∑

{i,j}∈M
χ(µij)βijhij .

Then

(∗) ϕ(q′) = ϕ(q′′)

since µi(χ(µi)) = µi, µij(χ(µij)) = µij in consequence of (7.1). Applying p to
equation (∗), we infer from Lemma 7.1 that q′ = q′′, completing the proof. �

Employing property (7.2) of χ it follows that (p̃)2 = p̃, and so p̃ is a projector
of the R-module Z. We call p̃ the characteristic projector of ϕ (or, associated
to ϕ), and denote it by p̃ϕ.
Theorem 7.2 implies the following.

Scholium 7.3. For any q ∈ B0(Z)

p̃ϕ(q) =





q if ϕ(q) ∈ T q,
eq if ϕ(q) ∈ Gq,
0 if ϕ(q) = 0.

Corollary 7.4. p̃ϕ is a satellite of pϕ.

Proof. Let p̃ := p̃ϕ, p := pϕ, q ∈ B0(Z). Trivially p̃(q) 6= 0 iff ϕ(q) ∈ T q ∪ Gq
and p(q) 6= 0 iff ϕ(q) 6= 0. Since T ∪ G = R \ {0} and the R-module Rq is free,
it is evident that ϕ(q) ∈ T q ∪ Gq iff ϕ(q) 6= 0. Thus p̃(q) 6= 0 iff p(q) 6= 0. �

There remains the problem of finding all basic endomorphisms of Z with co-
efficients in {0, 1, e}. They then appear as characteristic projectors of basic
endomorphisms, in particular of themselves. We denote the set of these pro-
jectors by P ′b(Z). Our goal is to determine all elements of P ′b(Z) in the case
that Z is graphic, but first we have some general observations on P ′b(Z).
Since {0, 1, e} is a subsemiring of R consisting of idempotents, it is evident
that P ′b(Z) is a subsemiring of the commutative semiring Endb(Z) consisting
of idempotents. In the good case that 0, 1, e are the only idempotents of R,
P ′b(b) is the set of all idempotents of Endb(Z). In the degenerate case that
e = 1, i.e., eR = R, we have P ′b(Z) = Pb(Z).
We now search for the elements of P ′b(Z) in the case that Z = Quad(V ) with
I = {1, 2}, so

Z = E12 = Rd1 +Rd2 +Rh12.

Identifying each p ∈ P ′b(Z) with its triple of coefficients, we have to find out
which triples (µ1, µ2, µ) with entries in {0, 1, e} are elements of P ′b(Z). We may
assume that e 6= 1.
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The set Pb(Z) of basic projectors of Z = E12 is a subset of P ′b(Z), closed under
multiplication. It consists of the five triples

(0, 0, 0), (1, 0, 0), (0, 1, 0), (1, 1, 0), (1, 1, 1).

The finite sums of these triples constitute the subsemiring P ′′b (Z) of P ′b(Z),
which is generated by Pb(Z). It contains beside Pb(Z) the nine triples

(e, 0, 0), (0, e, 0), (e, 1, 0), (1, e, 0),

(e, e, 0), (e, 1, 1), (1, e, 1), (e, e, 1), (e, e, e).

But the triples (1, 1, e), (e, 1, e), (1, e, e) which are not in P ′′b (Z) (as long as
e 6= 1) are nevertheless in P ′b(Z), as a consequence of Theorem 6.5 on H-
modifications, since (1, 1, 1), (e, 1, 1), (1, e, 1) are in P ′b(Z) and e is obedient
to 1.
We have verified

Lemma 7.5. P ′b(E12) contains all triples (µ1, µ2, µ) with entries in {0, 1, e}
such that µ1 6= 0, µ2 6= 0 whenever µ 6= 0, equivalently, such that µ2 ≤ν µ1µ2.

Under very mild conditions on the supertropical semiring R we now see that
the triples from Lemma 7.5 exhaust the set P ′b(Z).

Lemma 7.6. Assume that eR contains an element z > e. Then all triples
(µ1, 0, µ), (0, µ2, µ) with µ 6= 0 are not in P ′b(Z).

Proof. Suppose that (e, 0, e) ∈ P ′b(Z), where Z := E12. We conclude from the
relation d1 + d2 = d1 + d2 + h12 that ed1 = ed1 + eh12, which means that

ex21 = ex21 + ex1x2

for any x1, x2 ∈ R. Inserting here x1 = e and x2 = z ∈ G with z > e, we obtain
that e = e + z = z, a contradiction. Thus (e, 0, 0) /∈ P ′b(Z). We conclude by
Theorem 6.9 that the triples (0, 0, e) and (1, 0, e) both are not in P ′b(Z) since
otherwise (e, 0, e) would be a D-modification of one of these triples (since 0 < e
and 1 < e), and so an element of P ′b(Z). This proves that no triple (µ1, 0, µ)
with µ 6= 0 is in P ′b(Z). By symmetry also no triple (0, µ2, µ) with µ 6= 0 is
in P ′b(Z). �

Theorem 7.7. Assume that there exists some z ∈ eR with z > e. Furthermore
assume that the basic module Z is graphic and (µi | i ∈ K)∪ (µij | {i, j} ∈M)
is a tuple of elements in {0, 1, e}. Then there exists a projector p ∈ P ′b(Z) with
these coefficients iff, whenever {i, j} ∈ M and µi = 0 or µj = 0, also µij = 0,
in other terms iff, µ2

ij ≤ν µiµj for all {i, j} ∈M.

Proof. Since the Pasting Lemma 5.6 and the Extension Theorem 5.8 hold with-
out any restriction on the supertropical semiring R, we can repeat the first two
paragraphs in the proof of Theorem 5.10, showing that it suffices to verify
Theorem 7.7 in the very special case that Z = E12, which has be done above
(Lemmas 7.5 and 7.6). �
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8. The basic endomorphisms over a tangible supertropical
semifield

In this section we address the “absolute” existence problem for basic endomor-
phisms, focussing on the case of Z = Quad(V ), I = {1, 2}, i.e.,

Z = Quad(V ) = Rd1 +Rd2 +Rh12.

At the moment R may be any supertropical semiring. Given a triple
(µ1, µ2, µ) ∈ R3, we enquire whether a basic endomorphism ϕ of Z with coef-
ficients µ1, µ2, µ exists, i.e., with

ϕ(d1) = µ1d1, ϕ(d2) = µ2d2, ϕ(h12) = µh12.

Since d1 + d2 = d1 + d2 + h12, we have the necessary condition for existence
of ϕ that

(8.1) µ1d1 + µ2d2 = µ1d1 + µ2d2 + µh12,

which means an equivalence of triangular schemes 9

[
µ1 µ

µ2

]
∼=
[
µ1 0

µ2

]
.

Problem 8.1. For which supertropical semirings R is Condition (8.1) suffi-
cient for the existence of a basic endomorphism of Z = Quad(V ) = Rd1 +
Rd2 +Rh12 with coefficients µ1, µ2, µ?

While in the last sections, starting from §3, we have been eager to impose
only mild restrictions on the supertropical semiring R, we now solve this prob-
lem for the class of tangible supersemifields. We start with a general lemma,
implementing a previous argument in different context.

Lemma 8.2. A triple (µ1, µ2, µ) ∈ R3 serves as the coefficients of a basic en-
domorphism of Z = Rd1 + Rd2 + Rh12 precisely if, for any q ∈ Z, any two
different presentations

(A) q =

[
α1 α

α2

]
=

[
α1 β

α2

]

ensue an equivalence

(B)

[
µ1α1 µα

µ2α2

]
∼=
[
µ1α1 µβ

µ2α2

]
.

Proof. If (A) implies (B), then the map ϕ : Z → Z given by

ϕ

([
α1 α

α2

])
=

[
µ1α1 µα

µ2α2

]
,

or in other terms as

ϕ(α1d1 + α2d2 + αh12) = α1µ1d1 + α2µ2d2 + αµh12,

9In the terminology of [8, §1]: The “formal” quadratic forms
[ µ1 µ

µ2

]

,
[

µ1 0
µ2

]

present

the same “functional” quadratic form.
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is well defined and obviously is an endomorphism of Z, which is basic with
coefficients µ1, µ2, µ. Conversely, if such basic endomorphism exists, then (A)
implies (B). �

From now on R is a tangible supersemifield, which we tacitly assume to be
nontrivial.10 Condition (8.1) means that the quadratic form q = [ µ1 µ

µ2 ] is
quasilinear, q = qQL, equivalently 0 ∈ C12(q). By [8, §7] (cf. there [8, Propo-
sition 7.9], [8, Theorem 7.11]) this holds iff either µ2 ≤ν µ1µ2 or R is discrete
and µ2 ∼=ν π

−1µ1µ2, µ1, µ2 ∈ G. We are ready to prove

Theorem 8.3. Assume that R is a tangible supersemifield and (µ1, µ2, µ) ∈ R3.
Then a basic endomorphism of Z := Quad(V ) = Rd1 +Rd2+Rh12, I = {1, 2},
with coefficients (µ1, µ2, µ) exists iff

µ2 ≤ν µ1µ2,

excluding the degenerate case that R is discrete and Te = {1}, in which every
(µ1, µ2, µ) ∈ G3 with µ2 = π−1µ1µ2 yields a basic endomorphism,

Proof. a) As commented above, we may restrict to the case of triples (µ1, µ2, µ)
with either µ2 ≤ν µ1µ2 or R is discrete and µ2 ∼=ν π

−1µ1µ2, where µ1, µ2 ∈ G.

b) Assume that µ2 ≤ν µ1µ2. Given q ∈ Z with two presentations (A) and
α 6= β, we verify that (B) is valid, assisted again by [8, Theorems 7.11 and 7.12].
We start with the case that α2 ≤ν α1α2 and β2 ≤ν α1α2. Then

(µα)2 ≤ν (µ1α1)(µ2α2) and (µβ)2 ≤ν (µ1α1)(µ2α2),

and thus both forms in (B) are quasilinear, whence
[
µ1α1 µα

µ2α2

]
∼=
[
µ1α1 0

µ2α2

]
∼=
[
µ1α1 µβ

µ2α2

]
.

By [8, Theorem 7.11] the remaining case to be considered is that R is discrete
and α2 ∼=ν π

−1α1α2, possibly with α and β interchanged. Then, by the same
theorem, β ∼=ν α if α2 ∈ T or α1 ∈ T , while β ≤ν α if both α1, α2 are in G.
If µ2 <ν µ1µ2, then

(µα)2 ≤ν (µ1α1)(µ2α2) and (µβ)2 ≤ν (µ1α1)(µ2α2),

and as before we conclude that (B) is valid.
Let µ2 ∼=ν µ1µ2, then

(µα)2 ∼=ν π
−1(µ1α1)(µ2α2).

If β <ν α then µβ <ν µα, and µ1α1, µ2α2 ∈ G, since α1, α2 ∈ G. Thus (B) is
valid, cf. [8, Theorem 7.12]. If β ∼=ν α then µβ ∼=ν µα, and (B) holds again by
[8, Theorem 7.12] (regardless whether µiαi is ghost or tangible). We conclude
that, whenever µ2 ≤ν µ1µ2, the triple (µ1, µ2, µ) yields a basic endomorphism.
Finally, we consider the case that R is discrete and µ2 ∼=ν π−1µ1µ2, where
µ1, µ2 ∈ G. We choose α1, α2, α, β in R such that

α2 ∼=ν π
−1α1α2

∼=ν β
2,

10This means that G 6= {e}. If G = {e}, all problems discussed here seem to be trivial.
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whence α ∼=ν β, but, if possible, µα 6= µβ. Then

(µα)2 ∼=ν π
−2(µ1α1)(µ2α2) ∼=ν (µβ)2.

Thus (B) fails when µα 6= µβ, and we conclude that (µ1, µ2, µ) does not provide
a basic endomorphism.
For µ ∈ T we may choose α ∈ T and β = eα. When µ ∈ G, we need the
group Te to be nontrivial, since otherwise α ∼=ν β implies α = β. Therefore we
choose α, β ∈ T with α 6= β, α ∼=ν β, α

2 ∼=ν π
−1α1α2. Thus only in the subcase

that µ ∈ G, Te = {1} the triple (µ1, µ2, µ) yields a basic endomorphism. �

We now obtain a partial answer, to Problem 8.1 as follows.

Theorem 8.4. Assume that R is a tangible supersemifield. Let Z = Quad(V )
with I = {1, 2}, i.e.,

Z := Quad(V ) = Rd1 +Rd2 +Rh12.

Assume that (µ1, µ2, µ) ∈ R3 is a triple with

(8.2) µ1d1 + µ2d2 + µh12 = µ1d1 + µ2d2.

(a) If R is dense, then there exists a basic endomorphism of Z with coeffi-
cients (µ1, µ2, µ).

(b) If R is discrete there always exist triples in R3 satisfying (8.2) which
do not yield basic endomorphisms. These are the (µ1, µ2, µ) ∈ R3 with
the following properties:

I. If Te 6= {1}:
µ2 ∼=ν π

−1µ1µ2, µ1, µ2 ∈ G;

II. If Te = {1}:
µ2 ∼=ν π

−1µ1µ2, µ1, µ2 ∈ G, µ ∈ T .
Proof. Recall that (8.2) holds iff either µ2 ≤ν µ1µ2 or R is discrete
µ2 ∼=ν π−1µ1µ2, and µ1, µ2 ∈ G. Comparing this with the conditions in
Theorem 8.3 under which (µ1, µ2, µ) yields a basic endomorphism of Z, we
obtain the claim. �

Theorem 8.3 readily generalizes to an existence theorem for basic endomor-
phisms of a linked module Z, as follows. (We consider first the case that
Z = Quad(V ) and adhere to the standard notation (3.1) for D0 and H0.)

Theorem 8.5. Assume that R is a tangible supersemifield.

(a) If Te 6= {1}, then a family

(µi | i ∈ I) ∪ (µij | i < j)

in R serves as the system of coefficients of a basic endomorphism
of Quad(V ) iff

(8.3) µ2
ij ≤ν µiµj

for all i, j ∈ I with i < j. The same holds when Te = {1} and R is
dense.
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(b) When R is discrete and Te = {1}, Condition (8.3) has to be replaced
by the more complicated condition, that for all i < j either µ2

ij ≤ν µiµj
or

µ2
ij
∼=ν π

−1µiµj , (µi, µj , µij) ∈ G3.
(c) Mutatis mutandis, all this remains true if we replace Quad(V ) by any

linked submodule Z of Quad(V ).

Proof. This follows from Theorem 8.3 by the same line of thought as in parts
(b) and (c) of the proof of Theorem 6.5, using the Pasting Lemma 5.6. �

When Z is a basic R-module, and R is a tangible supersemifield, then
Z = Zlink ⊕ Y with Y a free R-module (cf. Theorem 4.10). Every basic
endomorphism ϕ of Z is a direct sum ϕ = ϕ1⊕ϕ2, with ϕ1 and ϕ2 basic endo-
morphisms of Zlink and Y respectively. Since Y is free there are no restrictions
on the coefficients system of ϕ2, and therefore we know all the endomorphisms
of Z. We omit the details.

Remark 8.6. As a consequence of Theorems 8.5 and 6.9, Problem 6.8 about D-
modifications has a positive answer when R is a tangible supersemifield. Every
change of coefficients µi 7→ υi (i ∈ K), prescribed in Definition 6.7 for a given
basic endomorphism ϕ is realized by a D-modification of ϕ. Here we do not
need to bother about the case that Te = {1}, since then Problem 6.8 vanishes:
If υi ≤ν µi, then υi ≤ µi.
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Abstract. We introduce the notion of discrete cusp for a weighted
graph. In this context, we prove that the form-domain of the magnetic
Laplacian and that of the non-magnetic Laplacian can be different.
We establish the emptiness of the essential spectrum and compute the
asymptotic of eigenvalues for the magnetic Laplacian.
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1 Introduction

The spectral theory of discrete Laplacians on graphs has drawn a lot of atten-
tion for decades. The spectral analysis of the Laplacian associated to a graph is
strongly related to the geometry of the graph. Moreover, graphs are discretized
versions of manifolds. In [MoT, GM], it is shown that for a manifold with cusps,
adding a magnetic field can drastically destroy the essential spectrum of the
Laplacian. The aim of this article is to go along this line in a discrete setting.
We recall some standard definitions of graph theory. A graph is a triple
G := (E ,V ,m), where V is a countable set (the vertices), E : V × V → R+

is symmetric, and m : V → (0,∞) is a weight. We say that G is simple if
m = 1 and E : V × V → {0, 1}.
Given x, y ∈ V , we say that (x, y) is an edge (or x and y are neighbors) if
E(x, y) > 0. We denote this relationship by x ∼ y and the set of neighbors of
x by NG(x). We say that there is a loop at x ∈ V if E(x, x) > 0. A graph is
connected if for all x, y ∈ V , there exists a path γ joining x and y. Here, γ is
a sequence x0, x1, ..., xn ∈ V such that x = x0, y = xn, and xj ∼ xj+1 for
all 0 ≤ j ≤ n − 1. In this case, we set |γ| := n. A graph G is locally finite if
|NG(x)| is finite for all x ∈ V . In the sequel, we assume that:
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1710 Sylvain Golénia and Françoise Truc

All graphs are locally finite, connected with no loops.

We endow a graph G := (E ,V ,m) with the metric ρG defined by

ρG(x, y) := inf{|γ|, γ is a path joining x and y}.

The space of complex-valued functions acting on the set of vertices V is denoted
by C(V) := {f : V → C}. Moreover, Cc(V) is the subspace of C(V) of functions
with finite support.
We consider the Hilbert space

ℓ2(V ,m) :=

{
f ∈ C(V),

∑

x∈V
m(x)|f(x)|2 <∞

}

with the scalar product 〈f, g〉 :=
∑
x∈V m(x)f(x)g(x).

We equip G with a magnetic potential θ : V × V → R/2πZ such that we have
θx,y := θ(x, y) = −θy,x and θ(x, y) := 0 if E(x, y) = 0. We define the Hermitian
form

QG,θ(f) :=
1

2

∑

x,y∈V
E(x, y)

∣∣f(x)− eiθx,yf(y)
∣∣2 ,

for all f ∈ Cc(V). The associated magnetic Laplacian is the unique non-negative
self-adjoint operator ∆G,θ satisfying 〈f,∆G,θf〉ℓ2(V,m) = QG,θ(f), for all f ∈
Cc(V). It is the Friedrichs extension of ∆G,θ|Cc(V), e.g., [CTT3, RS], where

(∆G,θf)(x) =
1

m(x)

∑

y∈V
E(x, y)

(
f(x)− eiθx,yf(y)

)
,

for all f ∈ Cc(V). We set

degG(x) :=
1

m(x)

∑

y∈V
E(x, y),

the degree of x ∈ V . We see easily that ∆G,θ ≤ 2 degG(·) in the form sense, i.e.,

0 ≤ 〈f,∆G,θf〉 ≤ 〈f, 2 degG(·)f〉, for all f ∈ Cc(V). (1)

Moreover, setting δ̃x(y) := m−1/2(x)δx,y for any x, y ∈ V , 〈δ̃x,∆G,θδ̃x〉 =
degG(x), so ∆G,θ is bounded if and only if supx∈V degG(x) is finite, e.g. [KL, Go].
Another consequence of (1) is

D
(

deg
1/2
G (·)

)
⊂ D

(
∆

1/2
G,θ

)
, (2)

where D
(

deg
1/2
G (·)

)
:=

{
f ∈ ℓ2(V ,m), degG(·)f ∈ ℓ2(V ,m)

}
. However, the

equality of the form-domains

D
(

deg
1/2
G (·)

)
= D

(
∆

1/2
G,θ

)
(3)
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is wrong in general for a simple graph, see [Go, BGK]. In fact if θ = 0, (2) is
equivalent to a sparseness condition and holds true for planar simple graphs,
see [BGK]. We refer to [BGKLM] for a magnetic sparseness condition. On a
general weighted graph, if (3) holds true,

σess(∆G,θ) = ∅ ⇔ (∆G,θ + 1)−1 is compact⇔ lim
|x|→∞

degG(x) =∞,

where |x| := ρG(x0, x) for a given x0 ∈ V . Note that the limit is independent
of the choice of x0. Besides if the latter is true and if the graph is sparse
(simple and planar for instance), [BGK] ensures the following asymptotic of
eigenvalues,

lim
n→∞

λn (∆G,θ)

λn
(
degG(·)

) = 1, (4)

where λn(H) denotes the n-th eigenvalue, counted with multiplicity, of a self-
adjoint operator H , which is bounded from below.
The technique used in [BGK] does not apply when the graph is a discrete cusp
(thin at infinity), see Definition 2.5. The aim of this article is to establish new
behaviors for the asymptotic of eigenvalues for the magnetic Laplacian in that
case, and also to prove that the form-domain of the non-magnetic Laplacian
can be different from that of the magnetic Laplacian, see Theorem 2.14. We
found the inspiration by mimicking the continuous case, which was studied in
[MoT, GM].
Let us present a flavour of our results (in particular of Theorem 2.14) by intro-
ducing the following specific example of discrete cusp :

Example 1.1 Let n ≥ 3 be an integer and consider G1 := (E1,V1,m1), where

V1 := N, m1(n) := exp(−n), and E1(n, n+ 1) := exp(−(2n+ 1)/2),

for all n ∈ N and G2 := (E2,V2, 1) a simple connected finite graph such that
|V2| = n. Set θ1 := 0 and θ2 such that Holθ2 6= 0. Let G := (E ,V ,m) be the
twisted Cartesian product G1 ×V2 G2, given by:





m(x, y) := m1(x),
E ((x, y), (x′, y′)) := E1(x, x′)× δy,y′ + δx,x′ × E2(y, y′),
θ ((x, y), (x′, y′)) := δx,x′ × θ2(y, y′),

for all x, x′ ∈ V1 and y, y′ ∈ V2. Then there exists a constant ν > 0 such that
for all κ ∈ R/νZ

σess(∆G,κθ) = ∅ ⇔ D
(

∆
1/2
G,κθ

)
= D

(
deg

1/2
G (·)

)
⇔ κ 6= 0 in R/νZ

Moreover:
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1) When κ 6= 0 in R/νZ, we have:

lim
λ→∞

Nλ (∆G,κθ)

Nλ
(
degG(·)

) = 1,

where Nλ(H) := dim ran1]−∞,λ](H) for a self-adjoint operator H.

2) When κ = 0 in R/νZ, the absolutely continuous part of the ∆G,κθ is

σac (∆G,κθ) =
[
e1/2 + e−1/2 − 2, e1/2 + e−1/2 + 2

]
,

with multiplicity 1 and

lim
λ→∞

Nλ
(
∆G,κθP⊥ac,κ

)

Nλ
(
degG(·)

) =
n− 1

n
,

where Pac,κ denotes the projection onto the a.c. part of ∆G,κθ.

We now describe heuristically the phenomenon. Compared with the first case,
the constant (n− 1)/n that appears in the second case encodes the fact that a
part of the wave packet diffuses. Moreover, switching on the magnetic field is
not a gentle perturbation because the form domain of the operator is changed.
By Riemann-Lebesgue Theorem, the particle, which is localized in the a.c. part
of the operator, escapes from every compact set. More precisely, for a finite
subset X ⊂ V and all f ∈ D(∆G,0)

‖1X(·)eit∆G,0Pac,0f‖ → 0, as t→∞.
In the first case, when the magnetic potential is active, the spectrum of ∆G,κθ
is purely discrete. The particle cannot diffuse anymore. More precisely, for a
finite subset X ⊂ V and an eigenvalue f of ∆G,κθ such that f |X 6= 0, there is
c > 0 such that:

1

T

∫ T

0

‖1X(·)eit∆G,κθf‖2 dt→ c, as T →∞.

The particle is trapped by the magnetic field.

· · ·

Diffusion

Magnetic effect

Representation of a discrete cusp:

The magnetic field traps the particle by spinning it,

whereas its absence lets the particle diffuse.
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We now describe the structure of the paper. In Section 2.1, we recall some
properties of the holonomy of a magnetic potential. In Section 2.2 we present
our main hypotheses and several notions of (weighted) product for graphs.
We introduce the notion of discrete cusp and analyze it under the light of the
radius of injectivity. Then in Section 2.3 we give a criteria concerning the
absence of essential spectrum. Next, in Section 2.4, we refine the analysis and
give our central theorem, a general statement for discrete cusps, computing
the form domain and the asymptotic of eigenvalues. We finish the section by
proving Theorem 1.1.

Notation: N denotes the set of non negative integers and N∗ that of the
positive integers. We denote by D(H) the domain of an operator H . Its
(essential) spectrum is denoted by σ(H) (by σess(H)). We set δx,y equals 1 if
and only if x = y and 0 otherwise and given a set X , 1X(x) equals 1 if x ∈ X
and 0 otherwise.

Acknowledgments: We would like to thank Colette Anné, Michel Bonne-
font, Yves Colin de Verdière, Matthias Keller, and Sergiu Moroianu for useful
discussions. SG and FT were partially supported by the ANR project GeRaSic
(ANR-13-BS01-0007-01) and by SQFT (ANR-12-JS01-0008-01).

2 Main results

2.1 Holonomy of a magnetic potential

We recall some facts about the gauge theory of magnetic fields, see [CTT3, HS]
for more details and also [LLPP] for a different point of view. We recall that a
gauge transform U is the unitary map on ℓ2(V ,m) defined by

(Uf)(x) = uxf(x),

where (ux)x∈V is a sequence of complex numbers with |ux| ≡ 1 (we write
ux = eiσx). The map U acts on the quadratic forms QG,θ by U⋆(QG,θ)(f) =
QG,θ(Uf), for all f ∈ Cc(V). The magnetic potential U⋆(θ) is defined by:

U⋆(QG,θ) = QG,U⋆(θ).

More explicitly, we get:

U⋆(θ)xy = θx,y + σy − σx.
We turn to the definition of the flux of a magnetic potential, the Holonomy.

Proposition 2.1 Let us denote by Z1(G) the space of cycles of G. It is is a
free Z−module with a basis of geometric cycles γ = (x0, x1) + (x1, x2) + . . .+
(xN−1, xN ) with, for i = 0, · · · , N − 1, E(xi, xi+1) 6= 0, and xN = x0. We
define the holonomy map Holθ : Z1(G)→ R/2πZ, by

Holθ ((x0, x1) + (x1, x2) + · · ·+ (xN , x0)) := θx0,x1 + · · ·+ θxN ,x0 .
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Then

1) The map θ 7→ Holθ is surjective onto HomZ(Z1(G),R/2πZ).

2) Holθ1 = Holθ2 if and only if there exists a gauge transform U so that
U⋆(θ2) = θ1.

In consequence Holθ1 = Holθ2 if and only if the magnetic Laplacians ∆G,θ1 and
∆G,θ2 are unitarily equivalent.

Lemma 2.2 Let G := (E ,V ,m) be a connected graph such that 1 ∈ ker ∆G,0.
Let θ be magnetic potential. Then ker ∆G,θ 6= {0} if and only if Holθ = 0.

Remark 2.3 By construction of the Friedrichs extension, the domain of ∆G,0
is given by

D(∆G,0) =



f ∈ ℓ

2(V ,m), x 7→ 1

m(x)

∑

y∈V
E(x, y)(f(x) − f(y)) ∈ ℓ2(V ,m)





⋂
Cc(V)

(‖·‖2+QG,0(·))1/2
.

The hypothesis 1 ∈ ker ∆G,0 is trivially satisfied if G is a finite graph. In
general, it is satisfied if and only if:

(∗) 1 belongs to the closure of Cc(V) with respect to the norm (‖ · ‖2 +
QG,0(·))1/2.

A sufficient condition to guarantee (∗) is that the following two conditions hold
true:

1) G is of finite volume, i.e., such that
∑

x∈V m(x) <∞,

2) ∆G,0 is essentially self-adjoint on Cc(V).

Proof: If Holθ = 0 then ∆G,θ is unitarily equivalent to ∆G,0 by Proposition
2.1 and 1 ∈ ker(∆G,0) 6= {0} by hypothesis.
Conversely, let f 6= 0 with ∆G,θf = 0 and hence QG,θ(f) = 0. This implies that
all terms in the expression of QG,θ(f) vanish. In particular, if E(x, y) 6= 0 we
have

f(x) = eiθx,yf(y). (5)

Assume that there is a cycle γ = (x0, x1, . . . , xN = x0), such that Holθ(γ) 6= 0.
Using (5), we obtain that

f(xi) = e−iHolθ(γ)f(xi) .

for all i = 0, . . . , N − 1. Therefore f |γ = 0. Then, since f 6= 0, there is
x ∈ V such that f(x) 6= 0. Using again (5) and by connectedness between
x and γ, it yields that f(x) = 0. Contradiction. Therefore if there exists
f ∈ ker (∆G,θ) \ {0} then Holθ = 0. �

We exhibit the following coupling constant effect.
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Corollary 2.4 Let G := (E ,V ,m) be a connected graph of finite volume, i.e.,
such that

∑
x∈V m(x) <∞ and let θ be a magnetic potential such that Holθ 6= 0.

Assume that the function 1 is in ker ∆G,θ. Then there is ν ∈ R such that

ker ∆G,λθ 6= {0} ⇔ λ = 0 in R/νZ.

Proof: Let Φ : (R,+) → (HomZ(Z1(G),R/2πZ),+) be defined by Φ(λ) :=
Holλθ. It is a homomorphism of group. Hence its kernel is a subgroup of
(R,+). In particular it is either dense with respect to the Euclidean norm or
equal to νZ for some ν ∈ R, e.g., [Bou, Section V.1.1]. Suppose by contradiction
that the kernel is dense. Since for any cycle γ of G, the map λ 7→ Holλθ(γ) is
continuous from R to R/2πZ, we infer that Holλθ(γ) = 0 for all λ ∈ R. Hence,
Φ(λ) = 0 for all λ ∈ R. This is a contradiction with Holθ 6= 0. We conclude
that there is ν ∈ R such that ker(Φ) = νZ, i.e., using Proposition 2.1, that

{λ ∈ R, ker ∆G,λθ 6= {0}} = {λ ∈ R,Holλθ = 0} = νZ.

This ends the proof. �

2.2 The setting

Given G1 := (E1,V1,m1) and G2 := (E2,V2,m2), the Cartesian product of G1
by G2 is defined by G := (E ,V ,m), where V := V1 × V2.





m(x, y) := m1(x)×m2(y),
E ((x, y), (x′, y′)) := E1(x, x′)× δy,y′m2(y) +m1(x)δx,x′ × E2(y, y′),
θ ((x, y), (x′, y′)) := θ1(x, x′)× δy,y′ + δx,x′ × θ2(y, y′),

We denote by G := G1×G2. This definition generalizes the unweighted Cartesian
product, e.g., [Ha]. It is used in several places in the literature, e.g., [Ch][Section
2.6] and in [BGKLM] for a generalization.

· · · · · ·

The graph of Z× Z/3Z

The terminology is motivated by the following decomposition:

∆G,θ = ∆G1,θ1 ⊗ 1 + 1⊗∆G2,θ2,

where ℓ2(V ,m) ≃ ℓ2(V1,m1)⊗ ℓ2(V2,m2). The spectral theory of ∆G,θ is well-
understood since

eit∆G,θ = eit∆G1,θ1 ⊗ eit∆G2,θ2 , for t ∈ R.
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We refer to [RS][Section VIII.10] for an introduction to the tensor product of
self-adjoint operators.

In this paper, we are motivated by a geometrical situation. A hyperbolic man-
ifold of finite volume is the union of a compact part and of a cusp, e.g., [Th,
Theorem 4.5.7]. The cusp part can be seen as the product of (1,∞) × M ,
where (M, gM ) is a possibly disconnected Riemannian manifold, endowed with
the metric,

y−1(dy2 + gM ).

On the cusp part, the infimum of the radius of injectivity is 0.

To analyze the Laplacian on this product one separates the variables and obtain
a decomposition which is not of the type of a Cartesian product, e.g., [GM,
Eq. (5.22)] for some details. We aim at mimicking this situation and introduce
a modified Cartesian product. Given G1 := (E1,V1,m1) and G2 := (E2,V2,m2)
and I ⊂ V2, we define the product of G1 by G2 through I by G := (E ,V ,m),
where V := V1 × V2 and





m(x, y) := m1(x) ×m2(y),
E ((x, y), (x′, y′)) := E1(x, x′)× δy,y′

(∑
z∈I δy,z

)
+ δx,x′ × E2(y, y′),

θ ((x, y), (x′, y′)) := θ1(x, x′)× δy,y′ + δx,x′ × θ2(y, y′),

for all x, x′ ∈ V1 and y, y′ ∈ V2. We denote G by G1 ×I G2. If I is empty, the
graph is disconnected and of no interest for our purpose. If |I| = 1, G1×I G2 is
the graph G1 decorated by G2, see [SA] for its spectral analysis in the unweighted
case. If I = V2 and m = 1, we notice that G1 ×I G2 = G1 × G2.

· · · · · ·

The graph of Z The graph of Z/3Z

· · · · · ·

The graph of Z×I Z/3Z, with |I| = 1
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· · · · · ·

The graph of Z×I Z/3Z, with |I| = 2

· · · · · ·

The graph of Z×I Z/3Z, with |I| = 3

Under the representation ℓ2(V ,m) ≃ ℓ2(V1,m1)⊗ ℓ2(V2,m2),

degG(·) = degG1(·)⊗ 1I(·)
m2(·) +

1

m1(·) ⊗ degG2(·) (6)

and

∆G,θ = ∆G1,θ1 ⊗
1I(·)
m2(·) +

1

m1(·) ⊗∆G2,θ2 . (7)

If m is non-trivial, we stress that the Laplacian obtained with our product is
usually not unitarily equivalent to the Laplacian obtained with the Cartesian
product. However, there is a potential V : V → R such that ∆G1×G2 is unitarily
equivalent to ∆G1×V2G2 + V (·), in ℓ2(V ,m).

Definition 2.5 Set G1 := (E1,V1,m1), G2 := (E2,V2,m2), and I ⊂ V2. We
say that G = G1×IG2 is a discrete cusp if the following hypotheses are satisfied:

(H1) m1(x) tend to 0 as |x| → ∞,

(H2) G2 is finite,

(H3) ∆G1,θ1 is bounded (or equivalently supx∈V1 degG1(x) <∞).

We now motivate the choice of the above hypotheses by discussing the radius
of injectivity. We start by defining a different metric on V , this choice is
motivated by the works of [CTT2] and [MiT] but it needs a small adaptation
for our purpose.

Definition 2.6 Given G := (E ,V ,m), the weighted length of an edge (x, y) ∈
E defined by:

LG
(
(x, y)

)
:=

√
min

(
m(x),m(y)

)

E(x, y)
.
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Given x, y ∈ V, we define the weighted distance from x to y with respect to
this length by:

ρLG (x, y) := inf
γ

|γ|−1∑

i=0

LG
(
γ(i), γ(i+ 1)

)
,

where γ is a path joining x to y and with the convention that ρLG (x, x) := 0
for all x ∈ V.

Remark 2.7 Since G is assumed connected, ρLG is a metric on V. Observe
that, by [Ke, Section 3.2.5], ρLG belongs to the class of intrinsic metrics if
and only if the combinatorial vertex degree is bounded. We refer to [Ke] for a
general definition, historical references, properties, and applications. However,
since Propositions 2.9 and 2.10 do not hold in general with an arbitrary intrinsic
metric, we stick to our specific choice of metric.

We turn to the definitions of the girth and of the weighted radius of injectivity.
This is essentially a weighted version of the standard ones, e.g, [EGL].

Definition 2.8 Given G := (E ,V ,m), the girth at x ∈ V of G w.r.t. the
weighted length LG is

girth(x) := inf{LG(γ),

γ simple cycle of unweighted length ≥ 3 and containing x},
where simple cycle means a closed walk with no repetitions of vertices and edges
allowed, other than the repetition of the starting and ending vertex. We use
the convention that the girth is +∞ if there is no such cycle.

girth(G) := inf
x∈V

girth(x).

The radius of injectivity (at x) of G with respect to LG is half the girth (at x).
We denote the radius of injectivity by rad(G) (at x by rad(x) respectively)

Note that with this definition, the radius of injectivity of a tree is +∞.

Proposition 2.9 Given G1 := (E1,V1,m1) and G2 := (E2,V2,m2) and I ⊂ V2
Assume that G := G1 ×I G2 is a discrete cusp. We have:

1) rad(G1) > 0.

2) If rad(G2) <∞, then rad(G) = 0.

Proof: (1) Assume that rad(G1) = 0. Then for all ε > 0, there is x ∼ y
in V1 such that LG1

(
(x, y)

)
< ε. In particular, we have degG1(x) > ε−2 or

degG1(y) > ε−2. This is in contradiction with (H3).
(2) Since rad(G2) < ∞, for all x ∈ V1, there is a pure cycle contained in
{x} ×V2. Moreover, for all x ∈ V1 and a ∼ b in V2, since E(x, x) = 0, we have:

LG1×IG2
(
((x, a), (x, b))

)
=
√
m1(x)LG2

(
(a, b)

)

Documenta Mathematica 22 (2017) 1709–1727



The Magnetic Laplacian Acting on Discrete Cusps 1719

By (H1) we obtain that rad(G) = 0. �

In contrast with this result we see that under the same hypotheses, the Carte-
sian product is not small at infinity. More precisely, we have:

Proposition 2.10 Set G1 := (E1,V1,m1) and G2 := (E2,V2,m2). Assume that
(H1), (H2), and (H3) are satisfied. Then rad(G1 × G2) > 0.

Proof: Assume that rad(G1 × G2) = 0. For all ε > 0, there are x1 ∼ y1 in V1
and x2 ∼ y2 in V2 such that

ε > LG1×G2
(
((x1, x2), (x1, y2))

)
= LG2

(
(x2, y2)

)

or ε > LG1×G2
(
((x1, x2), (y1, x2))

)
= LG1

(
(x1, y1)

)
.

The first line is in contradiction with (H2) and the second line with (H3). �

2.3 Absence of essential spectrum

We have a first result of absence of essential spectrum. We refer to [CTT3] for
related results based on the non-triviality of Holθ in the context of non-complete
graphs. See also [BGKLM] for similar ideas.

Proposition 2.11 Set G1 := (E1,V1,m1), G2 := (E2,V2,m2), and G := G1 ×I
G2, with |I| > 0. Assume that (H1), (H2), and Holθ2 6= 0 hold true. Then
∆G,θ has a compact resolvent, and

Nλ
(
m−11 (·)⊗∆G2,θ2

)
≥ Nλ(∆G,θ), for all λ ≥ 0.

Proof: Note that

∆G,θ ≥
1

m1(·) ⊗∆G2,θ2

in the form sense on Cc(V). Since (H1) and (H2) hold, Lemma 2.2 ensures
that 0 is not in the spectrum of (∆G2,θ2). Hence the spectrum of the r.h.s. is
purely discrete. By the min-max Principle, e.g., [Go, RS], ∆G,θ has a compact
resolvent. �

2.4 The asymptotic of the eigenvalues

From now on, we focus on the case when the graph is a discrete cusp and aim
at a more precise result. To start off, we give the key-stone of our approach:

Proposition 2.12 Set G1 := (E1,V1,m1), G2 := (E2,V2,m2), and I ⊂ V2
non-empty. Assume that G := G1 ×I G2 is a discrete cusp. We set

M := sup
x∈V1

degG1(x) ×max
y∈V2

(1/m2(y)) <∞. (8)
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We have:

1

m1(·) ⊗ degG2(·) ≤ degG(·) ≤ 1

m1(·) ⊗ degG2(·) +M, (9)

1

m1(·) ⊗∆G2,θ2 ≤ ∆G,θ ≤ 2M +
1

m1(·) ⊗∆G2,θ2 , (10)

in the form sense on Cc(V).

Proof: Use (1), (6), and (7). �

We work in the spirit of [Go, BGK, BGKLM] and compare the Laplacian
directly with the degree.

Proposition 2.13 Set G1 := (E1,V1,m1), G2 := (E2,V2,m2), and I ⊂ V2
non-empty. Assume that G := G1 ×I G2 is a discrete cusp. Set M as in (8).
We have:

inf σ(∆G2,θ2)

maxy∈V2 degG2(y)

(
degG(·)−M

)
≤ ∆G,θ ≤ 2M + 2 degG(·), (11)

in the form sense on Cc(V).

Moreover, assuming that inf σ(∆G2,θ2) > 0, then D(∆
1/2
G,θ ) = D

(
deg

1/2
G (·)

)
.

Furthermore, since lim|x|→∞ degG(x) =∞, ∆G,θ has a compact resolvent and

0 <
inf σ(∆G2,θ2)

maxy∈V2 degG2(y)
≤ lim inf

n→∞
λn(∆G,θ)

λn(degG(·)) ≤ lim sup
n→∞

λn(∆G,θ)

λn(degG(·)) ≤ 2.

Proof: Use (10) and (1) to get

inf σ(∆G2,θ2)

maxy∈V2 degG2(y)

1

m1(·) ⊗ degG2(·) ≤ ∆G,θ ≤ 2M +
2

m1(·) ⊗ degG2(·),

Then apply (9) to obtain (11). Concerning the statement about the eigenvalue
this follows from the standard consequences of the min-max Principle, e.g.,
[Go]. �

Here, trying to compare directly ∆G,θ to degG to get sharp results about eigen-
values is too optimistic because it is unclear how to obtain constants arbitrarily
close to 1 in front of degG , as in [Go, BGK]. To obtain some sharp asymptotics
for the eigenvalues of ∆G,θ, as in (15), we will use directly (10) and analyze
very carefully the operator m−11 (·)⊗∆G2,θ2 .
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Theorem 2.14 Set G1 := (E1,V1,m1), G2 := (E2,V2,m2), and I ⊂ V2 non-
empty. Assume that G := G1 ×I G2 is a discrete cusp. We obtain that

D(∆
1/2
G,θ ) = D

(
m
−1/2
1 (·)⊗∆

1/2
G2,θ2

)
. (12)

Moreover, we have:

1) ∆G,θ has a compact resolvent if and only if Holθ2 6= 0.

2) If Holθ2 6= 0, then

D(∆
1/2
G,θ ) = D

(
deg

1/2
G (·)

)

and

lim
n→∞

λn (∆G,θ)

λn
(
m−11 (·)⊗∆G2,θ2

) = 1. (13)

Furthermore, setting M as in (8),

Nλ−2M
(
m−11 (·)⊗∆G2,θ2

)
≤ Nλ(∆G,θ) ≤ Nλ

(
m−11 (·)⊗∆G2,θ2

)
, (14)

for all λ ≥ 0.

Proof: First note that (12) follows directly from (10). Denoting by
{gi}i=1,..,|V2| the eigenfunctions associated to the eigenvalues {λi}i=1,..,|V2| of

∆G2,θ2 , where λj ≤ λj+1, we see that the eigenfunctions of m−11 (·) ⊗∆G2 are
given by {δx ⊗ gi}, where x ∈ V1 and i = 1, .., |V2|. Then, using (H1), we
observe that

σ
(
m−11 (·)⊗∆G2

)
= m−11 (V1)× {λ1, . . . , λ|V2|} = m−11 (V1)× {λ1, . . . , λ|V2|}.

Besides, 0 ∈ σ
(
m−11 (·)⊗∆G2

)
if and only if 0 is an eigenvalue of m−11 (·)⊗∆G2

of infinite multiplicity if and only if λ1 = 0 if and only if Holθ2 = 0, by Lemma
2.2. Moreover, recalling (H1), we see that all the eigenvalues of m−11 (·)⊗∆G2
which are not 0 are of finite multiplicity. Therefore, m−11 (·)⊗∆G2 has a compact
resolvent if and only if Holθ2 6= 0. Combining the latter and (10), the min-max
Principle yields the first point.
We turn to the second point and assume that Holθ2 6= 0. The equality of the
form-domains is given by (11). Taking in account (10), the min-max Principle
ensures the asymptotic behavior of λn and the inequalities (14). �

Remark 2.15 In the case when Holθ2 = 0, for instance when θ2 = 0, we see

that the form-domain is m
−1/2
1 ⊗ P⊥ker(∆G2,θ2

). In particular, the form-domain

is not that of degG(·). Indeed if the two form-domains are the same, the closed
graph theorem yields the existence of c1 > 0 and c2 > 0 so that

c1 degG(·)− c2 ≤ m−1/21 ⊗ P⊥ker(∆G2,θ2
),
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in the form sense on Cc(V). However, note that 0 ∈ σess
(
m
−1/2
1 ⊗ P⊥ker(∆G2,θ2

)

)
,

whereas deg(·) has a compact resolvent. This is a contradiction with the min-
max Principle. We obtain:

D
(

∆
1/2
G,θ

)
= D

(
deg1/2(·)

)
⇔ Holθ2 6= 0

⇔ ∆G,θ has a compact resolvent.

In (13), we exhibit the behaviour of the eigenvalues in terms of an explicit and
computable mean. We now aim at comparing the asymptotic with that of the
degree, as in [Go, BGK]. The new phenomenon is that we are able to obtain a
constant different from 1 in the asymptotic.

Corollary 2.16 Let G1 := (E1,V1,m1), G2 := (E2,V2,m2), and I ⊂ V2 non-
empty such that G := G1×IG2 is a discrete cusp. Suppose that degG2 is constant
on V2 and take θ2 such that Holθ2 6= 0. Then, for all a ∈ [1,+∞[, there exists

G̃1 := (Ẽ1,V1, m̃1) such that

1) G̃ := G̃1 ×I G2 is a discrete cusp.

2) E1 and Ẽ1 have the same zero set.

3) degG̃1(x) ≤ degG1(x) for all x ∈ V1.

4) ∆G̃,θ is with compact resolvent, and

lim
λ→∞

Nλ
(

∆G̃,θ

)

Nλ
(
degG̃(·)

) = a. (15)

Proof: We choose m̃1 and Ẽ1 later. We denote by {λi}i=1,...,|V2| the eigenvalues
of ∆G2,θ2 . Since Holθ2 6= 0, we have λi 6= 0 for all i = 1, . . . , |V2|. This yields:

Nλ
(

1

m̃1
(·)⊗∆G2,θ2

)
=

∣∣∣∣
{

(x, i),
λi

m̃1(x)
≤ λ

}∣∣∣∣ =

|V2|∑

i=1

∣∣∣∣∣

(
1

m̃1

)[−1]([
0,
λ

λi

])∣∣∣∣∣ ,

where [−1] denotes the reciprocal image. On the other hand,

Nλ
(

1

m̃1(·) ⊗ degG2

)
= |V2| ×

∣∣∣∣∣

(
1

m̃1

)[−1]([
0,

λ

degG2

])∣∣∣∣∣ .

Moreover, from (9) we get

Nλ−M (m̃−11 (·)⊗ degG2) ≤ Nλ(degG̃(·)) ≤ Nλ(m̃−11 (·)⊗ degG2), (16)

for all λ ≥ 0, where M is given by (8).
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Step 1: We first aim at a = 1 in (15). Thanks to Lemma 2.18, we choose m̃1

and Ẽ1 such that the three first points are satisfied and

∣∣∣∣
{
x ∈ V1,

1

m̃1(x)
≤ λ

}∣∣∣∣ ∼ ln(λ), as λ→∞,

where ∼ stands for asymptotically equivalent. We obtain:

Nλ
(

1
m̃1(·) ⊗∆G2,θ2

)

Nλ
(

1
m̃1(·) ⊗ degG2

) ∼
∑|V2|
i=1 (ln(λ)− ln(λi))

|V2|(ln(λ)− ln(degG2))
→ 1, as λ→∞. (17)

and for all c ∈ R,

Nλ−c
(

1

m̃1(·) ⊗ degG2

)
∼ |V2| ln(λ− c) ∼ |V2| ln(λ)

∼ Nλ
(

1

m̃1(·) ⊗ degG2

)
, as λ→∞. (18)

Combining the latter with (16), we infer that for all c ∈ R

Nλ−c
(

1

m̃1(·) ⊗ degG2

)
∼ Nλ(degG̃(·)), as λ→∞. (19)

Using now (17), this yields that for all c ∈ R

Nλ−c
(

1

m̃1(·) ⊗∆G2,θ2

)
∼ Nλ(degG̃(·)), as λ→∞. (20)

Finally recalling (14), we infer that

Nλ
(

∆G̃,θ

)
∼ Nλ

(
degG̃(·)

)
, as λ→∞.

In other words, there are m̃1 and Ẽ1 such that the three first points are satisfied
and such that (15) is satisfied with a = 1.
Step 2: We turn to the case a > 1 in (15). Given α > 0,. Thanks to Lemma

2.18, we choose m̃1 and Ẽ1 such that the three first points are satisfied and

∣∣∣∣
{
x ∈ V1,

1

m̃1(x)
≤ λ

}∣∣∣∣ ∼ λα, as λ→∞,

We obtain:

Nλ
(

1
m̃1(·) ⊗∆G2,θ2

)

Nλ
(

1
m̃1(·) ⊗ degG2

) ∼
λ→∞

1

|V2|

|V2|∑

i=1

(
degG2
λi

)α
=: F (α).
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First note that
lim
α→1+

F (α) = 1.

Next, the sum of the eigenvalues (counted with multiplicity) of ∆G2,θ2 is equal to
|V2| degG2 . Therefore, there exists at least one eigenvalue λi, with 1 ≤ i ≤ |V2|
so that degG2 > λi. In particular

lim
α→+∞

F (α) = +∞.

Finally, by continuity of F , we obtain that for all a > 1 there is α > 1 such
that F (α) = a. To conclude, repeating the end of step 1, we obtain that for

all a > 1, there are m̃1 and Ẽ1 such that the three first points are satisfied and
such that (15) is satisfied. �

Remark 2.17 In [Go, BGK], the asymptotic in Nλ was not discussed since
the estimates that they obtain seem too weak to conclude. Being able to compute
Nλ in an explicit way, as in (15), is a new phenomenon.

We have used the following lemma:

Lemma 2.18 Let G1 := (E1,V1,m1) be a graph satisfying (H1) and (H3) in
Definition 2.5 and let f : [1,+∞) → [1,+∞) be a continuous and strictly

increasing function that tends to +∞ at +∞. There exists G̃1 := (Ẽ1,V1, m̃1)
such that

1) E and Ẽ have the same zero set.

2) (H1) and (H3) are satisfied for G̃1.

3) degG̃1(x) ≤ degG1(x) for all x ∈ V1.

4) We have: ∣∣∣∣
{
x ∈ V1,

1

m̃1(x)
≤ λ

}∣∣∣∣ ∼ f(λ), as λ→∞,

where ∼ stands for asymptotically equivalent.

Proof: Without any loss of generality, one may suppose that f(1) = 1. Let
φ : N∗ → V1 be a bijection. Set:

m̃1(φ(n)) :=
1

f [−1](n)
,

where [−1] denotes the reciprocal image. Note that (H1) is satisfied. Moreover,

∣∣∣∣
{
x ∈ V1,

1

m̃1(x)
≤ λ

}∣∣∣∣ = |{n ∈ N∗, n ≤ f(λ)}| = ⌊f(λ)⌋+ 1 ∼ f(λ),
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as λ→∞. Finally, we set:

Ẽ1(x, y) := E1(x, y)
min(m̃1(x), m̃1(y))

max(m1(x),m1(y))
.

The first point is clear. For (H3), note that degG̃1(x) ≤ degG1(x) for all x ∈ V1.
�

We end this section by proving the results stated in the introduction.

Proof of Theorem 1.1: Let us consider G1 := (E1,V1,m1), where

V1 := N, m1(n) := exp(−n), and E1(n, n+ 1) := exp(−(2n+ 1)/2),

for all n ∈ N and G2 := (E2,V2, 1) a simple connected finite graph such that
|V2| = n. Set G := G1 ×V2 G2, θ1 := 0 and θ2 such that Holθ2 6= 0.
In the spirit of [GM], we denote by P le

κ the projection on ker(∆G2,κθ2) and by
P he
κ is the projection on ker(∆G2,κθ2)⊥. Here le stands for low energy and he

for high energy.
We have that ∆G,κθ := ∆le

G,κθ ⊕∆he
G,κθ, where

∆le
G,κθ := ∆G1,0 ⊗ P le

κ ,

on (1 ⊗ P le
κ )ℓ2(V ,m), and

∆he
G,κθ := ∆G1,0 ⊗ P he

κ +
1

m1(·) ⊗ P
he
κ ∆G2,κθ2 ,

on (1 ⊗ P he
κ )ℓ2(V ,m).

By Lemma 2.2, Corollary 2.4, and Remark 2.15, there exists ν > 0 such that

P le
κ = 0 ⇔ Holκθ2 6= 0

⇔ κ 6= 0 in R/νZ ⇔ D
(

∆
1/2
G,κθ

)
= D

(
deg

1/2
G (·)

)
.

The proof of Theorem 2.14 gives the first point. Assume that κ ∈ R/νZ. Let
U : ℓ2(N,m1)→ ℓ2(N, 1) be the unitary map given by Uf(n) :=

√
m1(n)f(n).

We see that:

U∆le
G,κθU

−1 = ∆N,0 + (e−1/2 − 1)δ0 + e1/2 + e−1/2 − 2 in ℓ2(N),

where ∆N,0 is related to the simple graph of N. By using for instance some
Jacobi matrices techniques, it is well-known that the essential spectrum of
∆le
G,κθ is purely absolutely continuous and equal to

σac(∆
le
G,κθ) = [e1/2 + e−1/2 − 2, e1/2 + e−1/2 + 2],

with multiplicity one, e.g., [We]. It has a unique eigenvalue and it is negative.
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We turn to the high energy part. Denote by {λi}i=1,...,n, with λi ≤ λi+1, the
eigenvalues of ∆G2,κθ2 . Recall that λ1 = 0 due to the fact that Holκθ2 = 0. By
(10),

1

m1(·) ⊗∆G2,κθ2P
he
κ ≤ ∆G,κθ(1⊗ P he

κ ) ≤ 2M +
1

m1(·) ⊗∆G2,κθ2P
he
κ .

Hence, ∆G,κθ(1⊗ P he
κ ) has a compact resolvent and

Nλ−2M
(
m−11 (·)⊗∆G2,κθ2P

he
κ

)
≤ Nλ

(
∆G,κθ(1 ⊗ P he

κ )
)

≤ Nλ
(
m−11 (·)⊗∆G2,κθ2P

he
κ

)
,

for all λ ≥ 0. Finally:

Nλ( 1
m1(·) ⊗∆G2,κθ2P

he
κ )

Nλ
(

1
m1(·) ⊗ degG2

) ∼
∑n

i=2 ln(λ)− ln(λi)

n(ln(λ) − ln(degG2))
→ n− 1

n
, as λ→∞.

We conclude with (18) for a = 1. �
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Abstract. We prove homological stability for both general linear
groups of modules over a ring with finite stable rank and unitary
groups of quadratic modules over a ring with finite unitary stable
rank. In particular, we do not assume the modules and quadratic
modules to be well-behaved in any sense: for example, the quadratic
form may be singular. This extends results by van der Kallen and
Mirzaii–van der Kallen respectively. Combining these results with
the machinery introduced by Galatius–Randal-Williams to prove ho-
mological stability for moduli spaces of simply-connected manifolds of
dimension 2n ≥ 6, we get an extension of their result to the case of
virtually polycyclic fundamental groups.

2010 Mathematics Subject Classification: 19G05, 19B10, 19B14,
57S05

1. Introduction and Statement of Results

We say that the sequence X1
f1−→ X2

f2−→ X3
f3−→ · · · of topological spaces sat-

isfies homological stability if the induced maps (fk)∗ : Hk(Xn) −→ Hk(Xn+1)
are isomorphisms for k < An+ B for some constants A and B. In most cases
where homological stability is known it is extremely hard to compute any par-
ticular Hk(Xn). However, there are several techniques to compute the stable
homology groups Hk(X∞) and homological stability can therefore be used to
give many potentially new homology groups.
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1.1. General Linear Groups. In [19], van der Kallen proves homological
stability for the group GLn(R) of R-module automorphisms of Rn. For the
special case where R is a PID, Charney [4] had earlier shown homological sta-
bility. In the first part of this paper we consider the analogous homological
stability problem for groups of automorphisms of general R-modules M ; we
write GL(M) for these groups. In order to phrase our stability range we define
the rank of an R-module M , rk(M), to be the biggest number n so that Rn

is a direct summand of M . The stability range then says that the rank of
M has to be big compared to the so-called stable rank of R, sr(R). In par-
ticular, the stable rank of R needs to be finite which holds for example for
Dedekind domains and more generally algebras that are finite as a module over
a commutative Noetherian ring of finite Krull dimension.

Theorem A. The map

Hk(GL(M);Z)→ Hk(GL(M ⊕ R);Z),

induced by the inclusion GL(M) →֒ GL(M ⊕ R), is an epimorphism for k ≤
rk(M)−sr(R)

2 and an isomorphism for k ≤ rk(M)−sr(R)−1
2 .

For the commutator subgroup GL(M)′ the map

Hk(GL(M)′;Z)→ Hk(GL(M ⊕R)′;Z)

is an epimorphism for k ≤ rk(M)−sr(R)−1
3 and an isomorphism for k ≤

rk(M)−sr(R)−3
3 .

We emphasise that M is allowed to be any module over R. For example over the
integers, M could be Z/100Z⊕Z100. We also get statements for polynomial and
abelian coefficients. The full statement of our theorem is given in Theorem 2.9.
This part of the paper can be seen as a warm up for the heart of the algebraic
part of this paper, which is homological stability for the automorphism groups
of quadratic modules.

1.2. Unitary Groups. A quadratic module is a tuple (M,λ, µ) consisting of
an R-module M , a sesquilinear form λ : M ×M → R, and a function µ on M
into a quotient of R, where λ measures how far µ is from being linear. The
precise definition is given in Section 3.1. The basic example of a quadratic
module is the hyperbolic module H , which is given by(

R2 with basis e, f ;

(
0 1
ε 0

)
;µ determined by µ(e) = µ(f) = 0

)
.

For a quadratic module M we write U(M) for its unitary group, i.e. the group
of all automorphisms that fix the quadratic structure on M . Mirzaii–van der
Kallen [15] have shown homological stability for the unitary groups U(Hn) and
our Theorem B below extends this to general quadratic modules.
We write g(M) for the Witt index of M as a quadratic module, which is defined
to be the maximal number n so that Hn is a direct summand of M . In our
stability range we use the notion of unitary stable rank of R, usr(R), which
is at least as big as the stable rank and also requires a certain transitivity
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condition on unimodular vectors of fixed length. Analogously to Theorem A
the Witt index of M has to be big in relation to the unitary stable rank of R.
In particular, usr(R) needs to be finite which is the case for both examples
given above of rings with finite stable rank.

Theorem B. The map

Hk(U(M);Z)→ Hk(U(M ⊕H);Z)

is an epimorphism for k ≤ g(M)−usr(R)−1
2 and an isomorphism for k <

g(M)−usr(R)−2
2 .

For the commutator subgroup U(M)′ the map

Hk(U(M)′;Z)→ Hk(U(M ⊕H)′;Z)

is an epimorphism for k ≤ g(M)−usr(R)−1
2 and an isomorphism for k <

g(M)−usr(R)−3
2 .

We again emphasise that M can be an arbitrary quadratic module – in par-
ticular, it can be singular. As in the case for general linear groups, we get
an analogous statement for abelian and polynomial coefficients. The full state-
ment is given in Theorem 3.25.
To show homological stability for both the automorphism groups of modules
and quadratic modules we use the machinery developed in Randal-Williams–
Wahl [18]. The actual homological stability results are straightforward ap-
plications of that paper assuming that a certain semisimplicial set is highly
connected. Showing that this assumption is indeed satisfied is the main goal
in Chapters 2 and 3.

1.3. Moduli Spaces of Manifolds. Our theorem in the unitary case can
also be used to extend the homological stability result for moduli spaces
of simply-connected manifolds of dimension 2n ≥ 6 by Galatius–Randal-
Williams [9] to certain non-simply-connected manifolds.
For a compact connected smooth 2n-dimensional manifold W we write
Diff∂(W ) for the topological group of all diffeomorphisms of W that restrict
to the identity near the boundary, and call its classifying space BDiff∂(W ) the
moduli space of manifolds of type W . As in the algebraic settings described
previously there is a notion of rank: Define the genus of W as

g(W ) :=

= sup{g ∈ N | there are g disjoint embedding of Sn × Sn \ int(D2n) into W}.
Let S denote the manifold ([0, 1]× ∂W ) # (Sn × Sn). We get an inclusion

Diff∂(W ) −֒−→ Diff∂(W ∪∂W S)

by extending diffeomorphisms by the identity on S. This gluing map then has
an induced map on classifying spaces which we denote by s. Galatius–Randal-
Williams have shown that for simply-connected manifolds of dimension 2n ≥ 6
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the induced map

s∗ : Hk(BDiff∂(W )) −→ Hk(BDiff∂(W ∪∂W S))

is an epimorphism for k ≤ g(W )−1
2 and an isomorphism for k ≤ g(W )−3

2 . The
following extends this result to certain non-simply-connected manifolds.

Theorem C. Let W be a compact connected manifold of dimension 2n ≥ 6.
Then the map

s∗ : Hk(BDiff∂(W )) −→ Hk(BDiff∂(W ∪∂W S))

is an epimorphism for k ≤ g(W )−usr(Z[π1(W )])
2 and an isomorphism for k ≤

g(W )−usr(Z[π1(W )])−2
2 .

For a virtually polycyclic fundamental group, e.g. a finitely generated abelian
group, the unitary stable rank of its group ring is known to be finite by
Crowley-Sixt [6]. Combining Theorem C with [8, Cor. 1.9] yields a compu-
tation of Hk(BDiff∂(W )) in the stable range.

Acknowledgements. These results will form part of my Cambridge PhD
thesis. I am grateful to my supervisor Oscar Randal-Williams for many in-
teresting and inspiring conversations and much helpful advice. I would like to
thank the anonymous referee for pointing out a gap in an earlier version of this
paper and their valuable input towards solving this. I was partially supported
by the “Studienstiftung des deutschen Volkes” and by the EPSRC.

2. Homological Stability for General Linear Groups

This chapter treats the case of automorphism groups of modules. For the case
of modules of the form Rn for some ring R there are several results available
already, e.g. results by Charney [4] for R a Dedekind domain and by van der
Kallen [19] for R with finite stable rank.
We consider the case of general modules over a ring with finite stable rank.
The approach we use to show homological stability is what has become the
standard strategy of proving results in this area. It has been introduced by
Quillen [17] and afterwards used in various contexts by Charney [4], Dwyer [7],
Maazen [13], van der Kallen [19], Vogtmann [23], and Wagoner [24]. For us
it is convenient to use the formulation in Randal-Williams–Wahl [18]. This
mainly involves showing the high connectivity of a certain semisimplicial set.
We start by generalising a complex introduced by van der Kallen and show
its high connectivity. Even though this complex is not exactly the one needed
for the machinery of Randal-Williams–Wahl, it is good enough to deduce the
high connectivity of that semisimplicial set. We can then immediately extract
a homological stability result for various coefficients systems.
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2.1. The Complex and its Connectivity. Following [19], for a set V we
define O(V ) to be the poset of ordered sequences of distinct elements in V
of length at least one. The partial ordering on O(V ) is given by refine-
ment, i.e. we write (w1, . . . , wm) ≤ (v1, . . . , vn) if there is a strictly increas-
ing map φ : {1, . . . ,m} → {1, . . . , n} such that wi = vφ(i). We say that
F ⊆ O(V ) satisfies the chain condition if for every element (v1, . . . , vn) ∈ F
and every (w1, . . . , wm) ≤ (v1, . . . , vn) we also have (w1, . . . , wm) ∈ F . For
v = (v1, . . . , vn) ∈ F , we write Fv for the set of all sequences (w1, . . . , wm) ∈ F
such that (w1, . . . , wm, v1, . . . , vn) ∈ F . Note that if F satisfies the chain con-
dition and v, w ∈ F then (Fv)w = Fvw . We write F≤k for the subset of F
containing all sequences of length ≤ k.
We write GL(M) for the group of automorphisms of general R-modules M .
A sequence (v1, . . . , vn) of elements in M is called unimodular if there are
R-module homomorphisms

f1, . . . , fn : R→M and φ1, . . . , φn : M → R

such that fi(1) = vi and φj ◦ fi = δi,j · 1R. An element v ∈ M is called
unimodular if it is unimodular as a sequence in M of length 1. The condition
φj ◦ fi = δi,j · 1R holds if and only if the matrix (φj ◦ fi(1))i,j is the identity

matrix. In fact, for a sequence to be unimodular it is enough to find φ̃1, . . . , φ̃n

so that the matrix
(
φ̃j ◦ fi(1)

)
i,j

is invertible.

Lemma 2.1. Given a sequence (v1, . . . , vn) in M and R-module homomor-
phisms

f1, . . . , fn : R→M and φ̃1, . . . , φ̃n : M → R

so that fi(1) = vi and the matrix
(
φ̃j ◦ fi(1)

)
i,j

is invertible. Then (v1, . . . , vn)

is already unimodular.

Proof. Let A−1 denote the inverse of the matrix
(
φ̃j ◦ fi(1)

)
i,j

. We define

R-module homomorphisms φj : M → R as follows:

φ1 ⊕ · · · ⊕ φn : M
φ̃1⊕···⊕φ̃n−−−−−−−→ Rn

·A−1

−−−→ Rn,

where φj(m) is the j-th entry of the vector φ1 ⊕ · · · ⊕ φn(m). By construction
we have φj(vi) = δi,j and therefore the sequence (v1, . . . , vn) is unimodular. �

Let R∞ denote the free R-module with basis e1, e2, . . . and let M∞ denote the
R-module M ⊕R∞. Then we write U(M) for the subposet of O(M) consisting
of unimodular sequences in M . Note that for (v1, . . . , vn) ∈ M it is the same
to say the sequence is unimodular in M or it is unimodular in M ⊕R∞.

Definition 2.2. A ring R satisfies the stable range condition (Sn) if for every
unimodular vector (r1, . . . , rn+1) ∈ Rn+1 there are t1, . . . , tn ∈ R such that the
vector (r1 + t1rn+1, . . . , rn + tnrn+1) ∈ Rn is unimodular. If n is the smallest
such number we say R has stable rank n, sr(R) = n and it has sr(R) = ∞ if
such an n does not exist.
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Note that the stable range in the sense of Bass [3], (SRn), is the same as our
stable range condition (Sn−1). The absolute stable rank of a ring R, asr(R),
as defined by Magurn–van der Kallen–Vaserstein in [14] is an upper bound for
the stable rank, i.e. sr(R) ≤ asr(R) ([14, Lemma 1.2]). In the following we give
some of the well-known examples of rings and their stable ranks.

Examples 2.3.

(1) A commutative Noetherian ring R of finite Krull dimension d satisfies
sr(R) ≤ d+ 1. In particular, if R is a Dedekind domain then sr(R) ≤ 2
([10, 4.1.11]) and for a field k, the polynomial ring K = k[t1, . . . , tn]
satisfies sr(K) ≤ n+ 1 ([21, Thm. 8]).

(2) More generally, any R-algebra A that is finitely generated as an R-
module satisfies sr(A) ≤ d+ 1, for R again a commutative Noetherian
ring of finite Krull dimension d. [14, Thm. 3.1] or [10, 4.1.15]

(3) Recall that a ring R is called semi-local if R/J(R) is a left Artinian
ring, for J(R) the Jacobson radical of R. A semi-local ring satisfies
sr(R) = 1. [10, 4.1.17]

(4) Recall that a group G is called virtually polycyclic if there is a sequence
of normal subgroups

G = G0 ⊲ G1 ⊲ . . . ⊲ Gn−1 ⊲ Gn = 0

such that each quotient Gi/Gi+1 is cyclic or finite. Its Hirsch num-
ber h(G) is the number of infinite cyclic factors. For a virtually poly-
cyclic group G we have sr(Z[G]) ≤ h(G) + 2. [6, Thm. 7.3]

For an R-module M we define the rank of M as

rk(M) := sup{n ∈ N | there is an R-module M ′ such that M ∼= Rn ⊕M ′}.
Using this notion we can phrase the following theorem. Here and in the follow-
ing, we use the convention that the condition of a space to be n-connected for
n ≤ −2 (and so in particular for n = −∞) is vacuous.

Theorem 2.4.

(1) O(M) ∩ U(M∞) is (rk(M)− sr(R)− 1)-connected,
(2) O(M) ∩ U(M∞)(v1,...,vk) is (rk(M) − sr(R) − k − 1)-connected for

(v1, . . . , vk) ∈ U(M∞).

In [19, Thm. 2.6 (i), (ii)] van der Kallen has proven this theorem for the special
case of modules of the formRn. Our proof of Theorem 2.4 adapts the techniques
and ideas that he has used. Note that the integer sdim used in [19] satisfies
sr(R) = sdim − 1. Just as in van der Kallen’s proof, we use the following
technical lemma several times in the proof of Theorem 2.4.

Lemma 2.5. Let F ⊆ U(M∞) satisfy the chain condition. Let X ⊆ M∞ be
a subset.

(1) Assume that the poset O(X) ∩ F is d-connected and that, for all se-
quences (v1, . . . , vm) in F \O(X), the poset O(X)∩F(v1,...,vm) is (d−m)-
connected. Then F is d-connected.
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(2) Assume that for all sequences (v1, . . . , vm) in F \ O(X), the poset
O(X)∩F(v1,...,vm) is (d−m+ 1)-connected. Assume further that there
is a sequence (y0) of length 1 in F with O(X) ∩ F ⊆ F(y0). Then F is
(d+ 1)-connected.

Outline of the proof. The proof of [19, Lemma 2.13] also works in this set-
ting, where we use the obvious modification of [19, Lemma 2.12] to allow
F ⊆ U(M∞) so that it fits into our framework. �

We are not the first ones that have the idea of showing homological stability for
automorphism groups of modules more general than Rn: In [19, Rmk. 2.7 (2)]
van der Kallen has suggested a possible generalisation of his results using the
notion of “big” modules as defined in [22].

Proof of Theorem 2.4. Analogous to the proof of [19, Thm. 2.6] we will also
show the following statements.

(a) O(M ∪ (M + e1)) ∩ U(M∞) is (rk(M)− sr(R))-connected,
(b) O (M ∪ (M + e1))∩U(M∞)(v1,...,vk) is (rk(M)− sr(R)− k)-connected

for (v1, . . . , vk) ∈ U(M∞).

Recall that e1 denotes the first standard basis element ofR∞ inM∞ = M⊕R∞.
The proof is by induction on g = rk(M). Note that statements (1), (2), and
(b) all hold for g < sr(R) so we can assume g ≥ sr(R). Statement (a) holds for
g < sr(R) − 1 so we can assume g ≥ sr(R) − 1 when proving this statement.
The structure of the proof is as follows. We start by proving (b) which enables
us to deduce (2). We will then prove statements (1) and (a) simultaneously by
applying statement (2).
We may suppose M = Rg ⊕ M ′ for an R-module M ′, since the posets in
statements (1), (2), (a), and (b) only depend on the isomorphism class of M .
We write x1, . . . , xg for the standard basis of Rg.
Proof of (b). For Y := M ∪ (M + e1) we write F := O(Y ) ∩ U(M∞)(v1,...,vk).

Let d := g − sr(R)− k, so we have to show that F is d-connected.
In the case g = sr(R) we only have to consider k = 1. Then we have to
show that F is non-empty. The strategy for this part is as follows: We define
a map f ∈ GL(M∞) so that Y is fixed under f as a set and the projection
of f(v1) onto Rg, f(v1)|Rg , is unimodular. Then the sequence (f(v1)|Rg , e1)
is unimodular in M∞. We will show that, therefore, the sequence (f(v1), e1)
is also unimodular in M∞ and so is the sequence (v1, f

−1(e1)). Since e1 ∈ Y
and the automorphism f fixes Y setwise we get f−1(e1) ∈ Y and thus F is
non-empty as it contains f−1(e1).
We start by writing

v1 =

g∑

i=1

xiri + p+ a,
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where ri ∈ R, p ∈ M ′, and a ∈ R∞. Since v1 is unimodular there is an R-
module homomorphism φ : M∞ → R satisfying φ(v1) = 1. In particular,

1 = φ(v1) =

g∑

i=1

φ(xi)ri + φ(p+ a),

which shows that (r1, . . . , rg, φ(p + a)) ∈ Rg+1 is unimodular. As g = sr(R)
there are t1, . . . , tg ∈ R such that the sequence

(r1 + t1φ(p+ a), . . . , rg + tgφ(p+ a))

is unimodular. Now consider the map

M∞ = Rg ⊕M ′ ⊕R∞ f−→ M∞ = Rg ⊕M ′ ⊕R∞
(a1, . . . , ag, q, b) 7−→ (a1 + t1φ(q + b), . . . , ag + tgφ(q + b), q, b),

which is invertible. The map f satisfies f(Y ) = Y and the projection of
f(v1) onto Rg is unimodular. Thus, by definition there are homomorphisms
f1 : R → M∞ and φ1 : M∞ → R so that f1(1) = f(v1)|Rg and φ1 ◦ f1 = 1R.
Note that we can assume that φ1 is zero away from Rg as otherwise we can
restrict to Rg before we apply φ1. This shows that the sequence (f(v1)|Rg , e1) is
unimodular by choosing φ2 : M∞ → R to be the projection onto the coefficient
of e1. For the sequence (f(v1), e1) we change f1 to map 1 to f(v1) but keeping

all other homomorphisms the same then the matrix
(
φ̃j ◦ fi(1)

)
i,j

is an upper

triangular matrix with 1’s on the diagonal. In particular, it is invertible, so the
sequence (f(v1), e1) is unimodular by Lemma 2.1. Since f is an automorphism
of M∞ the sequence (v1, f

−1(e1)) is also unimodular. By construction we have
f(Y ) = Y and so in particular f−1(e1) ∈ Y . Hence, F is non-empty as it
contains f−1(e1).
Now consider the case g > sr(R). As in the case above there is an f ∈ GL(M∞)
such that f(Y ) = Y and f(v1)|Rg is unimodular. The group GLg(R) acts
transitively on the set of unimodular elements in Rg (by [20, Thm. 2.3 (c)]).
This only holds in the case g > sr(R) so the case g = sr(R) had to be proven
separately. Hence, there exists a map ψ ∈ GLg(R) ≤ GL(M∞) such that
ψ(f(v1)|Rg ) = xg. By applying ψ ◦ f , considered as an automorphism of M∞,
to M∞, without loss of generality we can assume that the projection of v1
to Rg is xg. We define

X := {v ∈ Y | the xg-coordinate of v vanishes}
= (Rg−1 ⊕M ′) ∪ (Rg−1 ⊕M ′ + e1).

We now check that the assumptions of Lemma 2.5 (1) are satisfied. Notice that

U(M∞)(v1,...,vk) = U(M∞)(v1,v′2,...,v′k),

for v′i = vi + v1 · ri for ri ∈ R, as the span of v1, v
′
2, . . . , v

′
k is the same as that

of v1, v2, . . . , vn. As the projection of v1 to Rg is xg, we may choose the ri so
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that the xg-coordinate of each v′i vanishes.

O(X) ∩ F = O(X) ∩ O(Y ) ∩ U(M∞)(v1,...,vk)

= O((Rg−1 ⊕M ′) ∪ (Rg−1 ⊕M ′ + e1)) ∩ U(M∞)(v′2,...,v′k).

Therefore, by the induction hypothesis, O(X)∩F is d-connected. Analogously,
for (w1, . . . , wl) ∈ F \ O(X) we get

O(X) ∩ F(w1,...,wl)

= O(X) ∩ O(Y ) ∩ U(M∞)(v1,...,vk,w1,...,wl)

= O((Rg−1 ⊕M ′ ∪ (Rg−1 ⊕M ′ + e1))) ∩ U(M∞)(v′2,...,v′k,w′
1,...,w

′
l)
,

which is (d − l)-connected by the induction hypothesis. Therefore,
Lemma 2.5 (1) shows that F is d-connected.
Proof of (2). Let us write

X :=
(
Rg−1 ⊕M ′

)
∪
(
(Rg−1 + xg)⊕M ′

)
.

Then we have

O(X) ∩
(
O(M) ∩ U(M∞)(v1,...,vk)

)

= O
(

(Rg−1 ⊕M ′) ∪
(
(Rg−1 + xg)⊕M ′

))
∩ U(M∞)(v1,...,vk),

which is (d− k − 1)-connected by (b) after a change of coordinates.
Similarly, for (w1, . . . , wl) ∈ O(M) ∩ U(M∞)(v1,...,vk) \ O(X) we have

O(X) ∩
(
O(M) ∩ U(M∞)(v1,...,vk)

)
(w1,...,wl)

= O(X) ∩
(
O(M) ∩ U(M∞)(v1,...,vk,w1,...,wl)

)
,

which is (d− k − l− 1)-connected by the above. Hence, by Lemma 2.5 (1) the
claim follows.
Proof of (1) and (a). Recall that we now only assume g ≥ sr(R) − 1. By in-

duction let us assume that statement (a) holds for Rg−1 ⊕M ′ and we want to
deduce it for M = Rg⊕M ′. Before we finish the induction for (a) we will show
that this already implies statement (1) for M = Rg ⊕M ′. For this consider X
to be as in the proof of (2) and d := g − sr(R). Then

O(X) ∩ (O(M) ∩ U(M∞))

= O
(

(Rg−1 ⊕M ′) ∪
(
(Rg−1 + xg)⊕M ′

))
∩ U(M∞)

is (d − 1)-connected by (a) after a change of coordinates. The remaining as-
sumption of Lemma 2.5 (1), i.e. that O(X) ∩ (O(M) ∩ U(M∞))(v1,...,vm) is

(d − m − 1)-connected, we have already shown in the proof of (2). Thus,
O(M) ∩ U(M∞) is (g − sr(R)− 1)-connected which proves statement (1).
To prove (a) we will apply Lemma 2.5 (2) for X = M and y0 = e1. Consider

(v1, . . . , vk) ∈ O(M ∪ (M + e1)) ∩ U(M∞) \ O(X).
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Without loss of generality we may suppose that v1 /∈ X as otherwise we can
permute the vi. By definition of X the coefficient of the e1-coordinate of v1 is
therefore 1. Analogous to the proof of (b) we have

O(X) ∩ O(M ∪ (M + e1)) ∩ U(M∞)(v1,...,vk)
∼= O(M) ∩ U(M∞)(v′2,...,v′k),

where v′i := vi+v1ri is chosen so that the e1-coordinate of v′i is 0 for all i. This
is (d− k)-connected by (1) for k = 1 and by (2) for k ≥ 2. By construction we
have

O(X) ∩ O(M ∪ (M + e1)) ∩ U(M∞) ⊆ (O(M ∪ (M + e1)) ∩ U(M∞))(e1)

and thus we can apply Lemma 2.5 (2) to show that O(M ∪ (M +e1))∩U(M∞)
is (g − sr(R))-connected which proves (a).
When showing statement (a) for M = Rg ⊕M ′ we only used statement (1) for
M = Rg ⊕M ′ which follows from (a) for Rg−1 ⊕M ′ so this is indeed a valid
induction to show both statements (1) and (a). �

The following propositions are consequences of the path-connectedness of
O(M) ∩ U(M∞) and therefore, by Theorem 2.4, hold in particular for R-
modules M such that rk(M) ≥ sr(R) + 1. The statements and proofs are
[9, Prop. 3.3] and [9, Prop. 3.4] respectively for the case of general R-modules.

Proposition 2.6 (Transitivity). If φ0, φ1 : R → M are split injective mor-
phisms of R-modules and the poset O(M) ∩ U(M∞) is path-connected, then
there is an automorphism f of M such that φ1 = f ◦ φ0.

Proof. Note that an R-module map R → M is defined by where it sends the
unit 1 of the ring R. Suppose first that (φ1(1), φ2(1)) is in O(M) ∩ U(M∞).
This implies

M ∼= φ1(R)⊕ φ2(R)⊕M ′

for some R-module M ′ and that there is an automorphism of M which inter-
changes the φi(R) and fixes M ′. Consider the equivalence relation between mor-
phisms f : R→M of differing by an automorphism of M . We have just shown
that two morphisms corresponding to two adjacent vertices in O(M)∩U(M∞)
are equivalent. But the poset is path connected by assumption, and hence, all
vertices are equivalent. �

Proposition 2.7 (Cancellation). Let M and N be R-modules with M ⊕R ∼=
N ⊕R. If the poset O(M ⊕ R) ∩ U(M∞) is path-connected, then there is also
an isomorphism M ∼= N .

Proof. As in the proof of Proposition 2.6 we can assume that the isomorphism
φ : M⊕R→ N⊕R satisfies φ|R = idR. Thus, by considering quotient modules
we get

M ∼= M ⊕R
R

∼= φ(M ⊕R)

φ(R)
=
N ⊕R
R

∼= N. �
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2.2. Homological Stability. We now prove homological stability of gen-
eral linear groups over modules (Theorem 2.9), which induces in particular
Theorem A, using the machinery of Randal-Williams–Wahl [18]. We write
(fR-Mod,⊕, 0) for the groupoid of finitely generated free right R-modules and
their isomorphisms. In order to apply the main homological stability theo-
rems in [18] we need to show that the corresponding category UfR-Mod :=
〈fR-Mod, fR-Mod〉 defined in [18, Sec. 1.1] satisfies the required axioms, i.e.
it is locally homogeneous and satisfies the connectivity axiom LH3. Note that
local homogeneity at (M,R) for an R-module M satisfying rk(M) ≥ sr(R)
follows from [18, Prop. 1.6] and [18, Thm. 1.8 (a), (b)]. The following lemma
verifies the axiom LH3 from the connectivity of the complex considered in
Theorem 2.4.

Lemma 2.8. The semisimplicial set Wn(M,R)• as defined in [18, Def. 2.1] is⌊n+rk(M)−sr(R)−2
2

⌋
-connected.

The proof adapts the ideas of the proof of [18, Lemma 5.9]. Here, we just
comment on the changes that have to be made to the proof of [18, Lemma 5.9]
in order to prove the above lemma.

Outline of the proof. We define X(M)• to be the semisimplicial set with p-
simplices the split injective R-module homomorphisms f : Rp+1 → M , and
with i-th face map given by precomposing with the inclusion Ri ⊕ 0⊕Rp−i →
Rp+1. We write U(M) for the simplicial complex with vertices the R-module
homomorphisms v : R → M which are split injections (without a choice of
splitting), and where a tuple (v0, . . . , vp) spans a p-simplex if and only if the
sum v0 ⊕ . . .⊕ vp : Rp+1 →M is a split injection.
Note that the poset of simplices of X(M)• is equal to the poset O(M)∩U(M∞)
and that, given a p-simplex σ = 〈v0, . . . , vp〉 ∈ U(M), the poset of simplices of
the complex (LinkU(M)(σ))ord• equals the posetO(M)∩U(M∞)(v0,...,vp). Hence,
by applying Theorem 2.4 and arguing as in the proof of [18, Lemma 5.9] we
get that U(M ⊕Rn) is weakly Cohen–Macaulay (as defined in [9, Sec. 2.1]) of
dimension n+ rk(M)− sr(R).
As in the proof of [18, Lemma 5.9] we want to show that the assumptions
of [11, Thm. 3.6] are satisfied. The complex Sn(M,R) is a join complex over
U(M ⊕ Rn) by the same reasoning as in the proof in [18]. In order to show
that π(LinkSn(M,R)(σ)) is weakly Cohen–Macaulay of dimension n+ rk(M)−
sr(R)−p−2 for each p-simplex σ ∈ Sn(M,R) we apply Proposition 2.7 instead
of [18, Prop. 5.8] in the proof of [18, Lemma 5.9]. This shows that the remaining
assumptions of [11, Thm. 3.6] are satisfied. Applying this and [18, Thm. 2.10]
then yields the claim. �

Applying Theorems [18, Thm. 3.1], [18, Thm. 3.4] and [18, Thm. 4.20] to
(UfR-Mod,⊕, 0) yields the following theorem which directly implies Theo-
rem A.
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Theorem 2.9. Let F : UfR-Mod→ Z-Mod be a coefficient system of degree r
at 0 in the sense of [18, Def. 4.10]. Then for s = rk(M)− sr(R) the map

Hk(GL(M);F (M))→ Hk(GL(M ⊕R);F (M ⊕R))

is

(1) an epimorphism for k ≤ s
2 and an isomorphism for k ≤ s−1

2 , if F is
constant,

(2) an epimorphism for k ≤ s−r
2 and an isomorphism for k ≤ s−2−r

2 , if F
is split polynomial in the sense of [18],

(3) an epimorphism for k ≤ s
2 − r and an isomorphism for k ≤ s−2

2 − r.
For the commutator subgroup GL(M)′ we get that the map

Hk(GL(M)′;F (M))→ Hk(GL(M ⊕R)′;F (M ⊕R))

is

(4) an epimorphism for k ≤ s−1
3 and an isomorphism for k ≤ s−3

3 , if F is
constant,

(5) an epimorphism for k ≤ s−1−2r
3 and an isomorphism for k ≤ s−4−2r

3 ,
if F is split polynomial in the sense of [18],

(6) an epimorphism for k ≤ s−1
3 − r and an isomorphism for k ≤ s−4

3 − r.

3. Homological Stability for Unitary Groups

The aim of this chapter is to prove the analogue of Theorem 2.9 for the case
of unitary groups of quadratic modules. This again uses the formulation of the
standard strategy to prove homological stability by Randal-Williams–Wahl [18].
In this setting we consider the complex of hyperbolic unimodular sequences in
a quadratic module M . For the special case where M is a hyperbolic module
this has been considered in [15] but the general case requires new ideas. We
prove its high connectivity and deduce the assumptions for the machinery of
Randal-Williams–Wahl.

3.1. The Complex and its Connectivity. Following [1] and [2] let R be
a ring with an anti-involution : R→ R, i.e. r = r and rs = s r. Fix a unit ε ∈
R which is a central element of R and satisfies ε = ε−1. Consider a subgroup Λ
of (R,+) satisfying

Λmin := {r − εr | r ∈ R} ⊆ Λ ⊆ {r ∈ R | εr = −r} =: Λmax

and rΛr ⊆ Λ for all r ∈ R. An (ε,Λ)-quadratic module is a triple (M,λ, µ),
where M is a right R-module, λ : M ×M → R is a sesquilinear form (i.e. λ is
R-antilinear in the first variable and R-linear in the second), and µ : M → R/Λ
is a function, satisfying

(1) λ(x, y) = ελ(y, x),
(2) µ(x · a) = aµ(x)a for a ∈ R,
(3) µ(x+ y)− µ(x)− µ(y) = λ(x, y) mod Λ.
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The direct sum of two quadratic modules (M1, λ1, µ1) and (M2, λ2, µ2) is given
by the quadratic module (M1 ⊕M2, λ1 ⊕ λ2, µ1 ⊕ µ2), where

(λ1 ⊕ λ2)((m1,m2), (m′1,m
′
2)) := λ1(m1,m

′
1) + λ2(m2,m

′
2),

(µ1 ⊕ µ2)(m1,m2) := µ1(m1) + µ2(m2),

for mi,m
′
i ∈Mi. The unitary group is defined as

U(M) := {A ∈ GL(M) | λ(Ax,Ay) = λ(x, y), µ(Ax) = µ(x) for all x, y ∈M}.
The hyperbolic module H over R is the (ε,Λ)-quadratic module given by

(
R2 with basis e, f ;

(
0 1
ε 0

)
;µ(e) = µ(f) = 0

)
.

We write Hg for the direct sum of g copies of the hyperbolic module H .
Examples of unitary groups for the quadratic module Hg with various choices
of (R, ε,Λ) can be found in [15, Ex. 6.1].

Definition 3.1. A ring R satisfies the transitivity condition (Tn) if the group
EUε(Hn,Λ), which is the subgroup of U(Hn) consisting of elementary matrices
as defined in [15, Ch. 6], acts transitively on the set

Cεr (R,Λ) := {x ∈ Hn | x is unimodular, µ(x) = r mod Λ}
for every r ∈ R. The ring R has unitary stable range (USn) if it satisfies the
stable range condition (Sn), as defined in Definition 2.2, as well as the transi-
tivity condition (Tn+1). We say that R has unitary stable rank n, usr(R) = n,
if n is the least number such that (USn) holds and usr(R) = ∞ if such an n
does not exist.

The transitivity condition (Tn), and hence, the unitary stable range (USn) are
conditions on the triple (R, ε,Λ) and not just on R. However, to make our
notation consistent with the literature we write usr(R) as introduced above
which drops both ε and Λ.
As remarked in [15, Rmk. 6.4] we have usr(R) ≤ asr(R) + 1 for the absolute
stable rank of Magurn–van der Kallen–Vaserstein [14]. In the special case where
the involution on R is the identity map (which implies that R is commutative),
we have usr(R) ≤ asr(R). We now give some well-known examples of rings and
their unitary stable rank.

Examples 3.2. The following examples work for any anti-involution on R and
every choice of ε and Λ.

(1) Let R be a commutative Noetherian ring of finite Krull dimension d.
Then anyR-algebraA that is finitely generated as an R-module satisfies
usr(A) ≤ d+ 2. [14, Thm. 3.1]

(2) A semi-local ring satisfies usr(R) ≤ 2. [14, Thm. 2.4]
(3) For a virtually polycyclic group G we have usr(Z[G]) ≤ h(G)+3, where

h(G) is the Hirsch length as defined in Example 2.3 (4). [6, Thm. 7.3]
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A sequence (v1, . . . , vk) of elements in the quadratic module (M,λ, µ) is called
unimodular if the sequence is unimodular in M considered as an R-module (see
Section 2.1). We say that the sequence is λ-unimodular if there are elements
w1, . . . , wk in M such that λ(wi, vj) = δi,j , where δi,j denotes the Kronecker
delta. We write U(M) and U(M,λ) for the subposet of unimodular and λ-
unimodular sequences in M respectively.
Note that every λ-unimodular sequence is in particular unimodular. The fol-
lowing lemma shows that there are cases where the converse is also true.

Lemma 3.3. Let the sequence (v1, ..., vk) be unimodular in M . If there is a sub-
module N ⊆ M containing the vi such that λ|N is non-singular, then the se-
quence (v1, ..., vk) is λ-unimodular in N .

Proof. Let (v1, . . . , vk) be a unimodular sequence in M . This means that there
are maps f1, . . . , fk : R → M with fi(1) = vi and maps φ1, . . . , φk : M → R
with φj ◦ fi = δi,j ·1R. Note that this implies that φj(vi) = δi,j . Now, λ being
non-singular on N means that the map

N −→ N∗

v 7−→ λ(−, v)

is an isomorphism. Hence, there arew′1, . . . , w
′
k ∈ N such that λ(−, w′i) = φi(−)

on N . Defining wi := w′iε then yields

λ(wi, vj) = λ(w′iε, vj) = ελ(vj , w′i)ε = εεφi(vj) = δi,j . �

We call a subset S of a quadratic module (M,λ, µ) isotropic if µ(x) = 0 and
λ(x, y) = 0 for all x, y ∈ S. Let IU(M) denote the set of λ-unimodular
sequences (x1, . . . , xk) in M such that x1, . . . , xk span an isotropic direct sum-
mand of M . We write HU(M) for the set of sequences ((x1, y1), . . . , (xk, yk))
such that (x1, . . . , xk), (y1, . . . , yk) ∈ IU(M), and λ(xi, yj) = δi,j . This
can also be thought of as the set of quadratic module maps Hk → M .
We call IU(M) the poset of isotropic λ-unimodular sequences and HU(M)
the poset of hyperbolic λ-unimodular sequences. We say that the sequence
x = ((x1, y1), . . . , (xk, yk)) ∈ HU(M) is of length |x| = k.
Let MU(M) be the set of sequences ((x1, y1), . . . , (xk, yk)) ∈ O(M ×M) sat-
isfying

(1) (x1, . . . , xk) ∈ IU(M),
(2) for each i we have either yi = 0 or λ(xj , yi) = δj,i,
(3) the span 〈y1, . . . , yk〉 is isotropic.

We identify the poset IU(M) withMU(M)∩O(M×{0}) and the posetHU(M)
with MU(M) ∩ O(M × (M \ {0})).
In order to phrase the main theorem of this section we introduce the following
notion: For an (ε,Λ)-quadratic module (M,λ, µ) define the Witt index as

g(M) := sup{g ∈ N | there is a quadratic module P such that M ∼= P ⊕Hg}.
Theorem 3.4. The poset HU(M) is

⌊ g(M)−usr(R)−3
2

⌋
-connected and for every

x ∈ HU(M) the poset HU(M)x is
⌊ g(M)−usr(R)−|x|−3

2

⌋
-connected.
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For the special case where the quadratic module M is a direct sum of hyper-
bolic modules Hn, Theorem 3.4 has been proven by Mirzaii–van der Kallen
in [15, Thm. 7.4]. Galatius–Randal-Williams have treated the case of general
quadratic modules over the integers.
In order to prove Theorem 3.4 we need the following lemma which extends
[15, Lemma 6.6] to the case of general quadratic modules. Note, however, that
the proof is not an extension of the proof of [15, Lemma 6.6] but rather uses
techniques of Vaserstein [21]. A similar statement has been given by Petrov
in [16, Prop. 6]. However, Petrov considers hyperbolic modules which are
defined over rings with a pseudoinvolution and only allows ε = −1. He also
states his connectivity range using a different rank, called the Λ-stable rank,
which we shall not discuss.

Lemma 3.5. Let P ⊕ Hg be a quadratic module. If g ≥ usr(R) + k and
(v1, . . . , vk) ∈ U(P ⊕ Hg, λ) then there is an automorphism φ ∈ U(P ⊕ Hg)
such that φ(v1, . . . , vk) ⊆ P ⊕ Hk and the projection of φ(v1, . . . , vk) to the
hyperbolic Hk is λ-unimodular.

The following section contains the necessary foundations as well as the proof
of Lemma 3.5.

3.2. Proof of Lemma 3.5. Following [21] an (n + k)× k-matrix A is called
unimodular if it has a left inverse. Note that the matrix A is unimodular if and
only if the matrix CA is unimodular for any invertible matrix C ∈ GLn+k(R).
A ring R is said to satisfy the condition (Skn) if for every unimodular (n+k)×k-
matrix A, there exists an element r ∈ Rn+k−1 such that

(
1n+k−1 r⊤

0 1

)
· A =

(
B
u

)
,

where the matrix B is unimodular and u is the last row of A.
Note that condition (S1

n) is the same as condition (Sn). Furthermore, Vaserstein
shows in [21, Thm. 3 ′] shows that the condition (Skn) is equivalent to the
condition (Sn).

3.2.1. n×k-Blocks. Given a quadratic R-module M we define an n×k-block A
for M to be an n×k-matrix (ri,j)i,j with entries in R together with k anti-linear

maps f1, . . . , fk : M → R. We will write this data as

A =




r1,1 . . . r1,k
...

...
rn,1 . . . rn,k
f1 . . . fk


 .
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Note that with this notation an n× k-block has in fact n+ 1 rows. We refer to
the row of maps (f1, . . . , fk) as the last row of A. Given an (n+ 1)× (n+ 1)-
matrix of the form 



s1,1 . . . s1,n m1

...
...

...
sn,1 . . . sn,n m2g

0 . . . 0 s


 ,

where s, si,j ∈ R, mi ∈M , we can act with it from the left on an n×k-block A
by matrix multiplication, where we define

mi · fj := fj(mi) and s · fj := fj(− · s).
We can act from the right on the block A with a k×k-matrix with entries in R
again by matrix multiplication, where we define fj ·r to send an element m ∈M
to fj(m) · r for r ∈ R.

Definition 3.6. We say that an n× k-block A is unimodular if there is a k×
(n+ 1)-matrix AL of the form



r′1,1 . . . r′1,n m′1

...
...

...
r′k,1 . . . r′k,n m′k




with r′i,j ∈ R and m′i ∈M , such that AL ·A = 1k, where the multiplication is

again given by matrix multiplication, with m′i · fj as defined above.

Note that the n× k-block A is unimodular if and only if any of the following
blocks is unimodular:




1 0
0

A
...
0
f



,

(
1n v⊤

0 1

)
· A,

(
C 0
0 1

)
· A, or A ·

(
1 v
0 1n

)
,

for a vector v ∈ Rn and a matrix C ∈ GLn(R).

Definition 3.7. An n×k-block A for M is matrix reducible if there is a vector
m ∈Mn such that (

1n m⊤

0 1

)
·A =

(
B
u

)
,

where the n× k-matrix B is unimodular and u is the last row of the block A.

Proposition 3.8. If k + sr(R) ≤ n + 1 then every unimodular n × k-block A
is matrix reducible.

Matrix reducibility is preserved under certain operations as the following propo-
sition shows (cf. proof of [21, Thm. 3 ′]).
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Proposition 3.9. Let A be an n× k-block for M . Then A is matrix reducible
if and only if the block obtained from A by doing any of the following moves is
matrix reducible.

(1) Multiply on the left by a matrix of the form
(

1n v⊤

0 1

)
,

for an element v ∈Mn.
(2) Multiply on the left by a matrix of the form

(
C 0
0 1

)
,

for a matrix C ∈ GLn(R).
(3) Multiply on the right by a matrix D ∈ GLk(R).

Proof. Note that each of the above moves may be inverted by a move of the
same type. It is therefore enough to show that if A is matrix reducible then so
is the block obtained from A by doing one of the above moves. Let m ∈ Mn

be the sequence showing that the block A is matrix reducible, i.e. we have
(

1n m⊤

0 1

)
·A =

(
B
u

)
,

where the n× k-matrix B is unimodular.
Statement (1) follows from the fact that multiplying two of these matrices with
last column (v1, 1) and (v2, 1) respectively yields another matrix of this form
whose last column is given by (v1 + v2, 1).
To show (2) we can write

(
C 0

0 1

)
·A =

[(
C 0

0 1

)
·
(

1n m⊤

0 1

)
·
(

C−1 0

0 1

)]
·
[(

C 0

0 1

)
·
(
B
u

)]
,

where the product of the first three matrices is
(

1n Cm⊤

0 1

)

and the product of the last two matrices is

(
CB
u

)
. Note that multiplying

a unimodular matrix by an invertible matrix on either side yields again a uni-
modular matrix. Thus, −Cm⊤ is the corresponding sequence for the block

(
C 0
0 1

)
· A.

For (3) note that multiplying the matrix

(
B
u

)
on the right by D yields a ma-

trix

(
BD
u′

)
. As noted in part (2), the matrix BD is also unimodular so m is

also the sequence to show that the block AD is matrix reducible. �
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Proof of Proposition 3.8. Let us write the unimodular n× k-block as

A =




r1,1 . . . r1,k
...

...
rn,1 . . . rn,k
f1 . . . fk


 .

The proof is by induction on k.
Let k = 1. Since the block A is unimodular, there is a left inverse AL :=
((r′1)⊤, . . . , (r′n)⊤, (m′)⊤) of A for vectors r′i ∈ Rk and m′ ∈ Mk. Hence, the
sequence (r1,1, . . . , rn,1, f1(m′1)) ∈ Rn+1 is unimodular by construction and
since n+ 1 > sr(R) there are v1, . . . , vn ∈ R such that the sequence

(r1,1 + v1f1(m′1), . . . , rn,1 + vnf1(m′1))

is unimodular. Defining mi := m′ · vi then yields the base case.
Let us assume that the statement is true for k − 1 and consider the case k >
1. Since A is a unimodular block, in particular the first column (r1, f1)⊤ is
unimodular having a left inverse (r′1,1, . . . , r

′
1,n,m

′
1) which is the first row of the

left inverse AL of A. Hence, the sequence (r1,1, . . . , rn,1, f1(m
′
1)) is unimodular.

By assumption we have n+1 > sr(R), so there is a vector v := (v1, . . . , vn) ∈ Rn
such that the sequence

r′1 := r1,1 + v1f1(m′1), . . . , rn,1 + vnf1(m′1) ∈ Rn

is unimodular. Thus, there is an C ∈ GLn(R) such that Cr′1 = (1, 0, . . . , 0).
Consider the block

A1 :=

(
C 0
0 1

)
·
(

1n (m′1v1, . . . ,m
′
1vn)⊤

0 1

)
· A.

Then A1 is of the form 


1 u′

0

A′
...
0
f1




for an (n− 1)× (k− 1)-block A′ for M . Now, by Proposition 3.9 the block A is
matrix reducible if and only if the block A1 is matrix reducible. Proposition 3.9
also implies that this is equivalent to the block

A2 := A1 ·
(

1 −u′
0 1n

)
=




1 0
0

A′′
...
0
f1




being matrix reducible. Therefore, it is enough to show that the block A2 is
matrix reducible. Since the block A is unimodular, so is A2 as remarked above.
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This implies that the block A′′ is unimodular as well. Hence, by the induction
hypothesis there is a vector m ∈Mn−1 such that

(
1 −u′
0 1n

)
· A′′ =

(
B̃
ũ

)
,

where the matrix B̃ is unimodular and ũ is the last row of A′′. Thus,



1 0 0

0 1n−1 m⊤

0 0 1


 · A2 =




1 0

∗ B̃
∗ ũ


 ,

where the matrix

(
1 0

∗ B̃

)
is unimodular since B̃ is unimodular. �

The next proposition is an extension of [21, Thm. 1].

Proposition 3.10. Let k + sr(R) = n+ 1 and l > 0 then for any unimodular
(n+ l)× k-block A there is a vector m ∈Mn such that




1n 0 m⊤

0 1l 0

0 0 1



· A =

(
B
u

)
,

where the (n+l)×k-matrix B is unimodular and u is the last row of the block A.

Proof. Since A is a unimodular (n + l) × k-block by Proposition 3.8 there is
an element m̃ ∈Mn+l such that

(
1n+l m̃⊤

0 1

)
· A =

(
B1

u1

)
,

where the (n + l) × k-matrix B1 is unimodular and u1 = u is the last row of
the block A. Since l > 0 and n+ l− k ≥ sr(R) we can now apply the condition
(Skn+l−k) to the unimodular matrix B1 to get an element v ∈ Rn+l−1 such that

(
1n+l−1 v⊤

0 1

)
·B1 =

(
B2

u2

)
,

where the (n+ l− 1)× k-matrix B2 is unimodular and u2 is the last row of the
matrix B1. Together we get




1n+l−1 v⊤ 0

0 1 0
0 0 1


 ·

(
1n+l m̃⊤

0 1

)
· A =



B2

u2
u1


 .
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Notice that the product of the first two matrices can be written in the form



1n+l−1 ∗ ∗
0 1 ∗
0 0 1


 ,

where the last column has entries in the module M and the rest of the matrix
has entries in the ring R. Iterating this yields a matrix

C :=




1n ∗ ∗

0

1 ∗ ∗
∗0

. . . ∗
0 0 1

0 0 1




and C ·A is a matrix of the form

(
B′

B′′

)
, where B′ is an n×k-matrix and B′′ is

an (l + 1)× k-block. The matrix B′ is unimodular by construction. Note that
row operations involving only the rows of B′′ do not change the matrix B′.
Hence, we can change the above matrix C to be of the form

C′ :=




1n ∗ ∗

0 1l 0

0 0 1



.

Again, C′ · A is a matrix of the form

(
B′

B̃′′

)
, where B′ is the same matrix as

above and, hence, unimodular. Instead of dividing this matrix into the first n
and the last l+ 1 rows, let us now divide it into the first n+ l and the last row,

written as

(
B′′′

u

)
, where u is by construction the last row of the matrix A.

Since the matrix B′ is unimodular, so is the matrix B′′′. Row operations on B′′′

correspond to multiplying B′′′ on the left by invertible matrices which keeps
the matrix unimodular. Hence, we can perform row operations on C′ using all
but the last row to get a matrix of the form




1n 0 m⊤

0 1l 0

0 0 1



.

This finishes the proof. �

We immediately get the following corollary.
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Corollary 3.11. Let k + sr(R) = n + 1 and l > 0 then for any unimodular
(n+ l)×k-block A there is a vector m ∈Mn and an n× l-matrix Q with entries
in R such that




1n Q m⊤

0 1l 0

0 0 1



· A =



B1

B2

u


 ,

where the n× k-matrix B1 is unimodular and

(
B2

u

)
are the last l + 1 rows of

the block A.

Proof. The matrix C′ constructed in the proof of Proposition 3.10 is the re-
quired matrix. �

3.2.2. Orthogonal Transvections. Following [14, Ch. 7] let e and u be elements
in the quadratic module (M,λ, µ) satisfying µ(e) = 0 and λ(e, u) = 0. For
x ∈ µ(u) we define an automorphism τ(e, u, x) of the quadratic module M by

τ(e, u, x)(v) = v + uλ(e, v)− eελ(u, v)− eεxλ(e, v).

As noted in [14] this is an element of the unitary group U(M). If e is λ-
unimodular, the map τ(e, u, x) is called an orthogonal transvection.
The following is the last ingredient in order to prove Lemma 3.5.

Proposition 3.12. ([18, Prop. 5.12]) Let M be a quadratic module and M ⊕
H ∼= Hg+1. If g ≥ usr(R) then M ∼= Hg.

Proof of Lemma 3.5. In the following we adapt the ideas of Step 1 in the proof
of [14, Thm. 8.1]. Let (v1, . . . , vk) be a λ-unimodular sequence in the quadratic
module P ⊕Hg with g ≥ usr(R) + k. Recall that we want to show that there
is an automorphism φ ∈ U(P ⊕Hg) such that φ(v1, . . . , vk) ⊆ P ⊕Hk and the
projection of φ(v1, . . . , vk) to the hyperbolic Hk is λ-unimodular. Denoting the
basis of Hg by e1, f1, . . . , eg, fg we can write

vi = pi +

g∑

l=1

elA
i
l +

g∑

l=1

flB
i
l for pi ∈ P and Ail , B

i
l ∈ R.

As the sequence (v1, . . . , vk) is λ-unimodular, there are

wi = qi +

g∑

l=1

ela
i
l +

g∑

l=1

flb
i
l for qi ∈ P and ail , b

i
l ∈ R
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satisfying

δi,j = λ(wi, vj) = (qi, a
i
1, b

i
1, . . . , b

i
g)




λ|P 0 0 · · ·
0 0 1 · · ·
0 ε 0
...

...
. . .







pj
Aj1
Bj1
...
Bjg




= λ(qi, pj) +

g∑

l=1

ailB
j
l + ε

g∑

l=1

bilA
j
l

Note that a sequence (v1 . . . , vk) is λ-unimodular if and only if its associated
block

A(v1,...,vk) :=




A1
1 . . . Ak1

B1
1 . . . Bk1
...

...
B1
g . . . Bkg

λ(−, p1) . . . λ(−, pk)




is unimodular. Since g−k+1 > sr(R) by Proposition 3.10 there are p̃1, . . . , p̃g ∈
P such that 



12g

p̃1
0
...
p̃g
0

0 1



· A(v1,...,vk) =

(
B
u

)
,

where the matrix B is unimodular. Strictly speaking this is not of the form
of Proposition 3.10 but we can reorder the basis of the matrix part to get the
above statement. Now, for yi ∈ µ(p̃i) consider the following composition of
transvections

φ̃ := τ(eg ,−p̃gε, yg) ◦ . . . ◦ τ(e1,−p̃1ε, y1).
Then by induction we have

φ̃(vi) = vi +

g∑

j=1

(
−p̃jεBij + ejλ(p̃j , pi)−

(
ejε

j−1∑

l=1

λ(p̃j , p̃l)B
i
l

)
− ejyjεBij

)
,

where we have used the identity εε = 1 several times.
Next, we show that the projection of φ̃(v1, . . . , vk) to Hg is λ-unimodular.
For this we explain how the the block Aφ̃(v1,...,vk) is obtained from the block

A(v1,...,vk) and show that the matrix part of the block Aφ̃(v1,...,vk) is unimod-

ular. Adding
∑g

j=1−p̃jεBij to vi for each i corresponds to changing only the
last row of the block A(v1,...,vk) and so doesn’t affect its matrix part. Adding∑g

j=1 ejλ(p̃j , pi) to vi for 1 ≤ i ≤ k corresponds to the following multiplication
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on the level of blocks: 


12g

p̃1
0
...
p̃g
0

0 1



· A(v1,...,vk).

As we have seen above this is

(
B
u

)
with B a unimodular matrix. Adding the

terms
g∑

j=1

−ejε
j−1∑

l=1

λ(p̃j , p̃l)B
i
l and

g∑

j=1

−ejyjεBij

corresponds to multiplying the block A(v1,...,vk) from the left by matrices of the
forms (

C1 0
0 1

)
and

(
C2 0
0 1

)

respectively, where C1 is a lower triangular matrix with 1’s on the diagonal and
C2 is an upper triangular matrix with 1’s on the diagonal. In particular, both
C1 and C2 are invertible. Note that all of the three above steps only change
the coefficient of the ei, by adding on multiples of the coefficients of the fi and
the last row. Therefore, applying φ̃ to (v1, . . . , vk) corresponds to multiplying
A(v1,...,vk) from the left by the product of the above matrices:

(
C2 0
0 1

)
·
(
C1 0
0 1

)
·




12g

p̃1
0
...
p̃g
0

0 1



· A(v1,...,vk) =

(
C2C1B
u

)
.

Since B is unimodular so is C2C1B. This corresponds to the projection of
φ̃(v1, . . . , vk) to Hg which is therefore also unimodular.

Now applying [15, Lemma 6.6] yields a hyperbolic basis {ẽ1, f̃1, . . . , ẽg, f̃g}
of Hg such that

φ̃(v1)|Hg , . . . , φ̃(vk)|Hg ∈ 〈ẽ1, f̃1, . . . , ẽk, f̃k〉 =: U.

Note that this does not need to be the standard basis of Hg, hence, we need to
find an automorphism ψ ofHg that sends the above basis ẽ1, f̃1, . . . , ẽg, f̃g to the

standard basis inHg. Then φ := (1P⊕ψ)◦φ̃will be the required automorphism.
Let V denote an orthogonal complement of U in Hg, i.e. U ⊕ V ∼= Hg. We
have g − k ≥ usr(R) and hence Proposition 3.12 implies V ∼= Hg−k. Let
ψ denote the automorphism of Hg which sends U to the first k copies of H
in Hg and V to the last g − k copies. Using the above definition of φ we
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then have φ(v1, . . . , vk) ⊆ P ⊕Hk and the projection of φ(v1, . . . , vk) to Hk is
unimodular. �

We get the following version of [14, Thm. 8.1], but phrased in terms of the
unitary stable rank instead of the absolute stable rank.

Corollary 3.13. Let r ∈ R and (M,λ, µ) be a quadratic module satisfying
g(M) ≥ usr(R)+1. Then U(M) acts transitively on the set of all λ-unimodular
elements v in M satisfying µ(v) = r + Λ.

Proof. For g = g(M) there is a quadratic module P such that M ∼= P ⊕Hg.
We write e1, f1, . . . , eg, fg for the basis of Hg. We show that we can map
a λ-unimodular element v with µ(v) = r + Λ to e1 + rf1.
By Lemma 3.5 there is an automorphism φ ∈ U(P⊕Hg) such that φ(v) ⊆ P⊕H
and the projection of φ(v) to the hyperbolic H is unimodular. Hence, by the
transitivity condition (Tg) we can map the projection of φ(v) (considered in
Hg) to e1 + b′f1 having the same length as the projection of φ(v). Thus, we
have mapped v to the element p+ e1 + f1b

′ for some element p ∈ P . Applying
the orthogonal transvection τ(f1ε,−p, x) for some x ∈ µ(p) maps p+ e1 + f1b

′

to e1 + f1b, with b = b′ + λ(p, p)− x. We have

r + Λ = µ(v) = µ(e1 + f1b) = b+ Λ

and

τ(f1ε, 0, b− r)(e1 + f1b) = e1 + f1r. �

By Lemma 3.3 this is a generalisation of [9, Prop. 3.3] which treats the special
case of quadratic modules over the integers. Note that our bound is slightly
better than the bound given in the special case.
Adapting the proof of [14, Cor. 8.3], using Corollary 3.13 instead of [14,
Thm. 8.1] yields the following improvement to Proposition 3.12. Note that
Step 6 of [14, Thm. 8.1] still works in our setting.

Corollary 3.14. Let M and N be quadratic modules and M ⊕H ∼= N ⊕H.
If g(M) ≥ usr(R) then M ∼= N .

In contrast to Proposition 3.12, both M and N can be general quadratic mod-
ules and, in particular, both can be non-hyperbolic modules. As in the previous
corollary, this bound is slightly better than the bound given in [9, Prop. 3.4]
which only treats the case R = Z.

3.3. Proof of Theorem 3.4. For the proof of Theorem 3.4 we follow a strat-
egy similar to the proof of [15, Thm. 7.4]. As we have seen in Lemma 3.3, in
the hyperbolic case every unimodular sequence is already λ-unimodular. In the
case of general quadratic modules, however, a unimodular sequence of length 1,
(v1), need not be λ-unimodular and more generally, (v1, . . . , vk, u1, . . . , ul) is
not necessarily λ-unimodular, even if the individual sequences (v1, . . . , vk) and
(u1, . . . , ul) are λ-unimodular. The following lemma, however, shows that in
certain circumstances this implication is still valid.
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Lemma 3.15. Let (v1, . . . , vk) ∈ U(M,λ) be a λ-unimodular sequence in M and
let w1, . . . , wk ∈M be such that λ(wi, vj) = δi,j.

(1) We haveM = 〈v1, . . . , vk〉⊕〈w1, . . . , wk〉⊥ as a direct sum of R-modules
(i.e. the summands are not necessarily orthogonal with respect to λ).

(2) If (u1, . . . , ul) ∈ U(M,λ) is a λ-unimodular sequence with λ(wi, uj) = 0
for all i, j then the sequence (v1, . . . , vk, u1, . . . , ul) is λ-unimodular.

(3) Let ui = xi + yi for xi ∈ 〈v1, . . . , vk〉 and yi ∈ 〈w1, . . . , wk〉⊥.
Then (v1, . . . , vk, u1, . . . , ul) is λ-unimodular if and only if
(v1, . . . , vk, y1, . . . , yl) is λ-unimodular.

Proof. For (1) consider the map

k⊕

i=1

λ(wi,−) : M −→ Rk

which sends vi to the i-th basis vector in Rk. The vi define a splitting, and
hence

M = 〈v1, . . . , vk〉 ⊕Ker

(
k⊕

i=1

λ(wi,−)

)
= 〈v1, . . . , vk〉 ⊕ 〈w1, . . . , wk〉⊥.

For (2) let z1, . . . , zl ∈ M such that λ(zi, uj) = δi,j . Replacing zi by

zi −
∑k
n=1 wnλ(zi, vn) shows that the sequence (v1, . . . , vk, u1, . . . , ul) is λ-

unimodular since we have

λ(wi, vj) = δi,j λ

(
zi −

k∑

n=1

wnλ(zi, vn), vj

)
= λ(zi, vj)− λ(zi, vj) = 0

λ(wi, uj) = 0 λ

(
zi −

k∑

n=1

wnλ(zi, vn), uj

)
= λ(zi, uj) = δi,j .

To prove (3) we first assume that the sequence (v1, . . . , vk, y1, . . . , yl) is λ-
unimodular. Hence, there are w′1, . . . , w

′
k, z1, . . . , zl ∈M such that

λ(w′i, vj) = δi,j λ(zi, vj) = 0

λ(w′i, yj) = 0 λ(zi, yj) = δi,j .

Note that since yi ∈ 〈w1, . . . , wk〉⊥ we could choose w′i to be wi for all i.
Since we have xj ∈ 〈v1, . . . , vk〉 and λ(zi, vj) = 0 for all i, j we have λ(zi, uj) =

λ(zi, yj) = δi,j . Replacing w′i by w′i−
∑l
n=1 znλ(w′i, un) shows that the sequence

(v1, . . . , vk, u1, . . . , ul) is λ-unimodular:

λ

(
w′i −

l∑

n=1

znλ(w′i, un), vj

)
= λ(w′i, vj) = δi,j λ(zi, vj) = 0

λ

(
w′i −

l∑

n=1

znλ(w′i, un), uj

)
= λ(w′i, uj)− λ(w′i, uj) = 0 λ(zi, uj) = δi,j .
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Now, assuming that the sequence (v1, . . . , vk, u1, . . . , ul) is λ-unimodular we
have elements w′1, . . . , w

′
k, z1, . . . , zl ∈M satisfying

λ(w′i, vj) = δi,j λ(zi, vj) = 0

λ(w′i, uj) = 0 λ(zi, uj) = δi,j .

As above we have λ(zi, yj) = λ(zi, uj) = δi,j . Replacing w′i by w′i −∑l
n=1 znλ(w′i, yn) yields

λ

(
w′i −

l∑

n=1

znλ(w′i, yn), vj

)
= λ(w′i, vj) = δi,j λ(zi, vj) = 0

λ

(
w′i −

l∑

n=1

znλ(w′i, yn), yj

)
= λ(w′i, yj)− λ(w′i, yj) = 0 λ(zi, yj) = δi,j ,

which shows that the sequence (v1, . . . , vk, y1, . . . , yl) is λ-unimodular. �

To prove Theorem 3.4 we need an analogue of Theorem 2.4 for the complex of
λ-unimodular sequences in a quadratic module. For this we use the following
notation. Let S ⊆ M be a subset of a quadratic module M . We write I(S, µ)
for the set of all elements v ∈ S satisfying µ(v) = 0.

Theorem 3.16. LetM = P⊕Hg and N be quadratic modules withM⊕H ⊆ N .

(1) O (I(P ⊕ 〈e1, . . . , eg〉, µ)) ∩ U(N, λ) is (g − usr(R)− 1)-connected,
(2) O (I(P ⊕ 〈e1, . . . , eg〉, µ)) ∩ U(N, λ)(v1,...,vk) is (g − usr(R) − k − 1)-

connected for every sequence (v1, . . . , vk) ∈ U(N, λ).

This is the natural generalisation of Theorem 2.4 to the case of quadratic
modules. (Only considering N ’s of the form M ⊕H∞ is not sufficient for our
proof of Lemma 3.20, see Remark 3.21.) We can write N as Q⊕Hg(M)⊕Hn for
some n ≥ 1, where Hg(M) is the hyperbolic part of M and Q is some quadratic
module. With this notation we have P ⊆ Q⊕Hn−1, where Hn−1 denotes the
last n− 1 copies of H in Hn ⊆ N . In particular, P is not necessarily contained
in Q.
The proof is an adaptation of the proof of Theorem 2.4 for which we use the
following results.

Proposition 3.17. Let N be a quadratic module with Hk ⊆ N for k ≥ usr(R).
For a λ-unimodular element v ∈ N there is an automorphism φ ∈ U(N) such
that the projection of φ(v) to Hk ⊆ N is λ-unimodular and the automorphism φ
fixes (Hk)⊥ ⊕ 〈e1, . . . , ek〉 as a set.

Note that in comparison with Lemma 3.5 the bound for k in the above propo-
sition is slightly lower than in the lemma. Hence, we get a weaker conclusion
here, having to restrict to more copies of the hyperbolic module H to get λ-
unimodularity, and we cannot guarantee that the image of v under φ lands
outside certain copies of H .
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Proof. We adapt the ideas of the first part of the proof of Lemma 3.5. We can
write N = Q⊕Hk for some quadratic module Q. Then

v = p+

k∑

i=1

eiAi + fiBi for p ∈ Q and Ai, Bi ∈ R.

As v is λ-unimodular, there is

w = q +

k∑

i=1

eiai + fibi for q ∈ Q and ai, bi ∈ R

satisfying

1 = λ(w, v) = (q, a1, b1, . . . , bk)




λ|Q 0 0 · · ·
0 0 1 · · ·
0 ε 0
...

...
. . .







p
A1

B1

...
Bk




= λ(q, p) +

k∑

i=1

aiBi + εbiAi.

Hence, using the notation from the proof of Lemma 3.5, the 2k× 1-block for Q
associated to v

Av =




A1

B1

...
Bk

λ(−, p)




is unimodular. Since k ≥ usr(R) by Proposition 3.10 there are p1, . . . , pk ∈ Q
such that for m = (p1, 0, . . . , pk, 0) we get

(
12k m⊤

0 1

)




A1

B1

...
Bk

λ(−, p)




=

(
b
u

)
,

where the vector b ∈ Hk is unimodular. As in the proof of Lemma 3.5 this
application of Proposition 3.10 involves reordering the basis of the matrix part.
Following the proof of Lemma 3.5, for yi ∈ µ(pi) we consider the following
composition of transvections

φ := τ(eg ,−pgε, yg) ◦ . . . ◦ τ(e1,−p1ε, y1).
Then by induction we have

φ(v) = v +

g∑

j=1

(
−pjεBj + ejλ(pj , p)−

(
ejε

j−1∑

l=1

λ(pj , pl)Bl

)
− ejyjεBj

)
.
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By construction the automorphism φ fixes (Hk)⊥ ⊕ 〈e1, . . . , eg〉 as a set. �

Lemma 3.18. Let N be a quadratic module with Hk ⊆ N for some k and v ∈ N
so that the projection of v to Hk−1 ⊕ 0 ⊆ Hk ⊆ N is λ-unimodular. There are
w ∈ 〈ek, fk〉, u ∈ Hk−1, and x ∈ µ(u) such that λ(w, τ(ek , u, x)(v)) = 1 and
for every subset S ⊆ (Hk)⊥ the transvection τ(ek, u, x) fixes S⊕〈e1, . . . , ek〉 as
a set.

Saying that the automorphism φ fixes S ⊕ 〈e1, . . . , ek〉 as a set for every S ⊆
(Hk)⊥ is the same as saying that it is the identity on the associated graded for
the filtration 0 ≤ 〈e1, . . . , ek〉 ≤ (Hk)⊥ ⊕ 〈e1, . . . , ek〉 but we prefer the above
formulation as this is of the form we use later on.

Proof. Since the projection of v to Hk−1 is λ-unimodular there is an element

z ∈ Hk−1 such that λ(z, v) = 1. For u := z(λ(fk, v)− 1)ε and any x ∈ µ(u)
we have

τ(ek, u, x)(v) = v + uλ(ek, v)− ekελ(u, v)− ekεxλ(ek, v)

= v + uλ(ek, v) + ek(1− λ(fk, v)− εxλ(ek, v)).

Since u is contained in Hk−1 the second summand does not affect the coeffi-
cients of ek and fk. The third summand changes the coefficient of ek to be
1− εxλ(ek, v) and leaves all other coefficients fixed. Defining w := ekxε+ fkε
we get

λ(w, τ(ek, u, x)(v)) = λ(ekxε+ fkε, ek(1− εxλ(ek, v)) + fkλ(ek, v))

= λ(ekxε, λ(ek, v)fk) + λ(fkε, (1− εxλ(ek, v))ek)

= εxλ(ek, v) + 1− εxλ(ek, v)

= 1.

Thus, choosing u, x, and w as above shows the claim since the constructed
transvection fixes S ⊕ 〈e1, . . . , ek〉 as a set for every subset S ⊆ (Hk)⊥. �

Proof of Theorem 3.16. Analogous to the proof of Theorem 2.4 we will also
show the following statements:

(a) O
(
I
(
P⊕(〈e1, . . . , eg〉∪〈e1, . . . , eg〉+eg+1), µ

))
∩U(N, λ) is (g−usr(R))-

connected,

(b) O
(
I
(
P ⊕ (〈e1, . . . , eg〉 ∪ 〈e1, . . . , eg〉 + eg+1), µ

))
∩ U(N, λ)(v1,...,vk) is

(g − usr(R)− k)-connected for all (v1, . . . , vk) in U(N, λ).

Here, we write N = Q⊕Hg⊕H for some quadratic module Q and (eg+1, fg+1)
for the basis of the last copy of the hyperbolic H in N .
The proof is by induction on g. Note that statements (1), (2), and (b) all hold
for g < usr(R) so we can assume g ≥ usr(R). Statement (a) holds for g <
usr(R)− 1 so we can assume g ≥ usr(R)− 1 when proving this statement. The
structure of the proof is the same as in the proof of Theorem 2.4: We start by
proving (b) which enables us to deduce (2). We will then prove statements (1)
and (a) simultaneously by applying statement (2).
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In the following we write Eg = 〈e1, . . . , eg〉.
Proof of (b). For Y := P ⊕ (Eg ∪ (Eg + eg+1)) we write F := O(I(Y, µ)) ∩
U(N, λ)(v1,...,vk). Let d := g − usr(R) − k, so we have to show that F is d-
connected.
For g = usr(R) the only case to consider is k = 1, where we have to show that
F is non-empty. By Proposition 3.17 there is an automorphism φ ∈ U(N) such
that the projection of φ(v1) to Hg ⊆ N is λ-unimodular and φ fixes Y as a set.
Then the sequence (φ(v1)|Hg , eg+1) is λ-unimodular in N . In particular, there
is an element w1 ∈ Hg such that λ(w1, φ(v1)|Hg ) = 1 and λ(w1, eg+1) = 0. Now
Lemma 3.15 (2) applied to u1 = eg+1 shows that the sequence (φ(v1), eg+1) is
λ-unimodular. Hence, the sequence (v1, φ

−1(eg+1)) is also λ-unimodular. By
construction we have φ−1(eg+1) ∈ Y and thus, F is non-empty as it contains
the element φ−1(eg+1).
Now consider the case g > usr(R). By Proposition 3.17 there is an automor-
phism φ of N such that the projection of φ(v1) to Hg−1 is λ-unimodular.
Using Lemma 3.18 we get u ∈ Hg−1, x ∈ µ(u), and w1 ∈ 〈eg, fg〉 such
that λ(w1, τ(eg, u, x)(φ(v1))) = 1. By construction, both φ and τ(eg, u, x) fix
P ⊕ (Eg ∪ (Eg + eg+1)) as a set. Hence, the automorphism ψ := τ(eg, u, x) ◦ φ
defines an isomorphism

F = O(I(Y, µ)) ∩ U(N, λ)(v1,...,vk)

∼=
��

O(I(Y, µ)) ∩ U(N, λ)(ψ(v1),...,ψ(vk)) = ψ(F )

Writing ui := ψ(vi) we have λ(w1, u1) = 1 with w1 ∈ 〈eg, fg〉. This argument
only works if g > usr(R) so we had to treat the case g = usr(R) separately.
We want to use Lemma 2.5 (1) to show that ψ(F ), and hence F , is d-connected.
We define

X := I({v ∈ Y | v|〈eg ,fg〉 = 0}, µ) = I(P ⊕ (Eg−1 ∪ (Eg−1 + eg+1)), µ)

and u′i := ui − u1λ(w1, ui) for i > 1, forcing λ(w1, u
′
i) = 0. We have

O(X) ∩ ψ(F ) = O(X) ∩ U(N, λ)(u1,...,uk)

= O(I(P ⊕ (Eg−1 ∪ (Eg−1 + eg+1)), µ)) ∩ U(N,λ)(u1,u
′
2,...,u

′
k
)

= O(I(P ⊕ (Eg−1 ∪ (Eg−1 + eg+1)), µ)) ∩ U(N,λ)(u′
2,...,u

′
k
),

where the second equality holds as the span of u1, u
′
2, . . . , u

′
k is the same as

the span of u1, u2, . . . , uk and the third equality can be seen as follows: The
inclusion ⊆ of the second line into the third is obvious. For the other inclusion,
⊇, let (x1, . . . , xl) ∈ O(I(P ⊕ (Eg−1 ∪ (Eg−1 + eg+1)), µ)) ∩ U(N, λ)(u′

2,...,u
′
k)

.

We have λ(w1, xi) = 0 since w1 ∈ 〈eg, fg〉 and λ(w1, u
′
i) = 0 by construction of

the u′i. Thus, by Lemma 3.15 (2) the sequence (x1, . . . , xl, u1, u
′
2, . . . , u

′
k) is λ-

unimodular. In particular, the sequence (x1, . . . , xl) is an element of O(I(P ⊕
(Eg−1 ∪ (Eg−1 + eg+1)), µ)) ∩ U(N, λ)(u1,u′

2,...,u
′
k)

.
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Thus, by the induction hypothesis O(X) ∩ ψ(F ) is d-connected. Analogously,
for (w1, . . . , wl) ∈ ψ(F ) \ O(X) we get

O(X) ∩ ψ(F )(w1,...,wl)

= O(X) ∩ U(N, λ)(u1,...,uk,w1,...,wl)

= O(I(P ⊕ (Eg−1 ∪ (Eg−1 + eg+1)), µ)) ∩ U(N, λ)(u′
2,...,u

′
k,w

′
1,...,w

′
l)
,

which is (d − l)-connected by the induction hypothesis. Therefore,
Lemma 2.5 (1) shows that ψ(F ) is d-connected. Since F and ψ(F ) are
isomorphic, F is therefore also d-connected.
Proof of (2). Let us write

X := I (P ⊕ (Eg−1 ∪ (Eg−1 + eg)), µ) .

Then we have

O(X) ∩
(
O(I(P ⊕ Eg, µ)) ∩ U(N, λ)(v1,...,vk)

)

= O (I(P ⊕ (Eg−1 ∪ (Eg−1 + eg)), µ)) ∩ U(N, λ)(v1,...,vk),

which is (d− 1)-connected by (b).
Similarly, for (w1, . . . , wl) ∈ O(I(P ⊕Eg, µ))∩U(N, λ)(v1 ,...,vk) \O(X) we have

O(X) ∩
(
O(I(P ⊕ Eg, µ) ∩ U(N, λ)(v1,...,vk)

)
(w1,...,wl)

= O(X) ∩ U(N, λ)(v1,...,vk,w1,...,wl),

which is (d− l−1)-connected by the above. Hence, by Lemma 2.5 (1) the claim
follows.
Proof of (1) and (a). Note that we now only assume g ≥ usr(R)− 1. By induc-

tion let us assume that statement (a) holds for P ⊕ (Eg−1 ∪ (Eg−1 + eg)) and
we want to show it for P ⊕ (Eg ∪ (Eg + eg+1)). Before we finish the induction
for (a) we will show that this already implies statement (1) for P ⊕ Eg. For
this let X be as in the proof of (2) and d := g − usr(R). Then

O(X) ∩ (O(I(P ⊕ Eg, µ)) ∩ U(N, λ))

= O(I(P ⊕ (Eg−1 ∪ (Eg−1 + eg)), µ)) ∩ U(N, λ)

is (d− 1)-connected by (a). The complex

O(X) ∩ (O(I(P ⊕ Eg, µ)) ∩ U(N, λ))(v1,...,vm)

is (d −m − 1)-connected as we have already shown in the proof of (2). Thus,
O(I(P ⊕ Eg, µ)) ∩ U(N, λ) is (g − usr(R) − 1)-connected by Lemma 2.5 (1)
which proves statement (1).
To prove (a) we will apply Lemma 2.5 (2) for X = I(P ⊕Eg, µ) and y0 = eg+1.
Consider

(v1, . . . , vk) ∈ O(I(P ⊕ (Eg ∪ (Eg + eg+1)), µ)) ∩ U(N, λ) \ O(X).

Without loss of generality we may suppose that v1 /∈ X as otherwise we can
permute the vi. By definition of X the coefficient of the eg+1-coordinate of v1
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is therefore 1. Using Lemma 3.15 (2) as in part (b) above we have

O(X) ∩O(I(P ⊕ (Eg ∪ (Eg + eg+1)), µ)) ∩ U(N, λ)(v1,...,vk)

= O(X) ∩ U(N, λ)(v′2,...,v′k),

where v′i := vi − v1λ(fg+1, vi) is chosen so that the coefficient of the eg+1-
coordinate of v′i is 0 for all i > 1. This is (d − k)-connected by (1) for k = 1
and by (2) for k ≥ 2. By construction we have

O(X) ∩ O(I(P ⊕ (Eg ∪ (Eg + eg+1)), µ)) ∩ U(N, λ)

⊆ (O(I(P ⊕ (Eg ∪ (Eg + eg+1)), µ)) ∩ U(N, λ))(eg+1)

and thus, Lemma 2.5 (2) implies that O(I(P ⊕(Eg∪(Eg+eg+1)), µ))∩U(N, λ)
is (g − usr(R))-connected which proves (a).
Note that when showing statement (a) for P ⊕ (Eg ∪ (Eg + eg+1)) we only used
statement (1) for P ⊕Eg which follows from (a) for P ⊕ (Eg−1 ∪ (Eg−1 + eg))
so this is indeed a valid induction to show both statements (1) and (a). �

In the following we write U(M,λ, µ) := O(I(M,µ)) ∩ U(M,λ).

Corollary 3.19. Let M and N be quadratic modules with M ⊕H ⊆ N .

(1) O(M) ∩ U(N, λ, µ) is (g(M)− usr(R)− 1)-connected,
(2) O(M) ∩ U(N, λ, µ)v is (g(M) − usr(R) − |v| − 1)-connected for every

v ∈ U(N, λ, µ),
(3) O(M) ∩ U(N, λ, µ) ∩ U(N, λ)v is (g(M) − usr(R) − |v| − 1)-connected

for every v ∈ U(N, λ).

For the special case where the quadratic module M is a direct sum of hyperbolic
modules Hn, Corollary 3.19 has been proven by Mirzaii–van der Kallen in [15,
Lemma 6.8]

Proof. We write g = g(M) and M = P ⊕Hg.
For (1) let W := I(P ⊕ 〈e1, . . . , eg〉, µ) and F := O(M) ∩ U(N, λ, µ). Then we
have

O(W ) ∩ F = O(W ) ∩ U(N, λ) and O(W ) ∩ Fu = O(W ) ∩ U(N, λ)u,

for every u ∈ U(M,λ, µ). Thus, by Theorem 3.16 the poset O(W ) ∩ F is
(g− usr(R)− 1)-connected and O(W )∩Fu is (g− usr(R)− |u| − 1)-connected.
Now, by Lemma 2.5 (1) the poset F is (g − usr(R)− 1)-connected.
To show (3) we choose W as above and F as the complex O(M)∩U(N, λ, µ)∩
U(N, λ)v . As before, using Lemma 2.5 (1) yields the claim. Note that state-
ment (2) is a special case of statement (3). �

Lemma 3.20. For an element (v1, . . . , vk) ∈ U(M,λ, µ) the poset
O(〈v1, . . . , vk〉⊥) ∩ U(M,λ, µ)(v1,...,vk) is (g(M) − usr(R) − k − 1)-connected,
where ⊥ denotes the orthogonal complement with respect to λ.

For the special case where M is a sum of hyperbolic modules Hn this has been
done by Mirzaii-van der Kallen in [15, Lemma 6.9].
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Proof. Let g = g(M) and M = P ⊕ Hg. By Lemma 3.5 we can assume
without loss of generality that v1, . . . , vk ∈ P ⊕Hk and the projection to the
hyperbolic Hk is λ-unimodular. In particular, there are w1, . . . , wk ∈ Hk such
that λ(wi, vj) = δi,j . Defining

W := I(〈v1, . . . , vk, w1, . . . , wk〉⊥, µ)

and F := O(〈v1, . . . , vk〉⊥) ∩ U(M,λ, µ)(v1,...,vk)

we have

O(W ) ∩ F = O(W ) ∩ U(M,λ, µ)(v1,...,vk) = O(W ) ∩ U(M,λ, µ),

where the second equality holds by Lemma 3.15 (2) as W ⊆ 〈w1, . . . , wk〉⊥. By
construction we have Hg−k ⊆ W . Hence, O(W ) ∩ F is (g − k − usr(R) − 1)-
connected by Lemma 3.19 (1). By Lemma 3.15 (1) we can write M =
〈v1, . . . , vk〉 ⊕ 〈w1, . . . , wk〉⊥, where we mean a direct sum of R-modules. Con-
sider (u1, . . . , ul) ∈ F \ O(W ). We can write ui = xi + yi for xi ∈ 〈v1, . . . , vk〉
and yi ∈ 〈w1, . . . , wk〉⊥. Note that (y1, . . . , yl) is in U(M,λ) but not necessarily
in U(M,λ, µ). Using Lemma 3.15 (2) and (3) we have

O(W ) ∩ F(u1,...,ul) = O(W ) ∩ U(M,λ, µ) ∩ U(M,λ)(y1,...,yl)

which is (g − k − usr(R) − l − 1)-connected by Lemma 3.19 (3). Using
Lemma 2.5 (1) now finishes the proof. �

Remark 3.21.

(1) We could apply Corollary 3.19 (2) directly to O(〈v1, . . . , vk〉⊥) ∩
U(M,λ, µ)(v1,...,vk) using that Hg(M)−k ⊆ 〈v1, . . . , vk〉⊥. However,
this would only imply that the complex is (g(M) − usr(R) − 2k − 1)-
connected.

(2) In the proof of Lemma 3.20 we cannot assume that the yi’s lie in
〈v1, . . . , vk, w1, . . . , wk〉⊥ ⊕ H∞. Hence, we need Theorem 3.16 in the
generality it is stated.

Let V be a set and F ⊆ O(V ). For a non-empty set S we define the poset
F 〈S〉 as

F 〈S〉 := {((v1, s1), . . . , (vk, sk)) ∈ O(V × S) | (v1, . . . , vk) ∈ F}.
Lemma 3.22. Let g(M) ≥ usr(R) + k. For ((v1, w1), . . . , (vk, wk)) ∈ HU(M)
we define V := 〈v1, . . . , vk〉, W := 〈w1, . . . , wk〉, and Y := V ⊥ ∩W⊥. Then

(1) IU(M)(v1,...,vk)
∼= IU(Y )〈V 〉,

(2) HU(M) ∩MU(M)((v1,0),...,(vk,0))
∼= HU(X)〈V × V 〉,

(3) HU(M)((v1,w1),...,(vk,wk))
∼= HU(Y ).

For the case of hyperbolic modules this has been done in [15, Lemma 7.2].

Proof. We follow the proofs of [5, Lemma 3.4] and [5, Thm. 3.2].
For (1) note that IU(M)(v1,...,vk) ⊆ O(V ⊥). Let (u1, . . . , ul) ∈ O(V ⊥). We

have V ⊥ = V ⊕ Y by Lemma 3.15 (1) and therefore ui = xi + yi for some
xi ∈ V and yi ∈ Y . By Lemma 3.15 (3) the sequence (u1, . . . , ul, v1, . . . , vk) is
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λ-unimodular if and only if the sequence (y1, . . . , yl, v1, . . . , vk) is λ-unimodular,
which holds if and only if the sequence (y1, . . . , yl) is λ-unimodular by
Lemma 3.15 (2). Furthermore, we have µ(ui) = µ(yi) and λ(ui, uj) = λ(yi, yj)
since (v1, . . . , vk) ∈ IU(M). Therefore, 〈u1, . . . , ul, v1, . . . , vk〉 is isotropic if
and only if 〈u1, . . . , ul〉 is isotropic and we get an isomorphism

IU(M)(v1,...,vk) −→ IU(Y )〈V 〉
(u1, . . . , ul) 7−→ ((y1, x1), . . . , (yl, xl)).

A similar argument to the above forHU(M)∩MU(M)((v1,0),...,(vk,0)) ⊆ O(V ⊥×
V ⊥) shows (2). Statement (3) holds by construction of Y . �

The proof of [15, Thm. 7.4] uses the connectivity of the poset of isotropic
λ-unimodular sequences in the hyperbolic module Hn, IU(Hn), given in [15,
Thm. 7.3]. The following result is the analogous statement for general quadratic
modules.

Theorem 3.23. The poset IU(M) is
⌊ g(M)−usr(R)−2

2

⌋
-connected and for every

x ∈ IU(M) the poset IU(M)x is
⌊ g(M)−usr(R)−|x|−2

2

⌋
-connected.

Outline of the proof. The proof is analogous to the proof of [15, Thm. 7.3],
where we use Lemma 3.5 instead of [15, Lemma 6.6], Lemma 3.20 instead
of [15, Lemma 6.9], and Lemma 3.22 instead of [15, Lemma 7.2]. Note that [15,
Lemma 7.1] can easily be seen to hold in case of general quadratic modules. �

Outline of the proof of Theorem 3.4. The proof is analogous to the proof of [15,
Thm. 7.4]. The only changes that need to be made are the modifications
described in the proof of Theorem 3.23 as well as using Theorem 3.23 instead
of [15, Thm. 7.3]. �

3.4. Homological Stability. We now show homological stability for uni-
tary groups over quadratic modules (Theorem 3.25). This induces in particu-
lar Theorem B. As in the previous chapter we use the machinery of Randal-
Williams–Wahl [18]. Let (R, ε,Λ)-Quad be the groupoid of quadratic mod-
ules over (R, ε,Λ) and their isomorphisms. We write f(R, ε,Λ)-Quad for the
full subcategory on those quadratic modules which are finitely generated as
R-modules. Since this is a braided monoidal category it has an associated
pre-braided category Uf(R, ε,Λ)-Quad.
By Corollary 3.14 and [18, Thm. 1.8 (a)] the category Uf(R, ε,Λ)-Quad is
locally homogeneous at (M,H) for g(M) ≥ usr(R) + 1. Axiom LH3 is verified
by the following Lemma which for the special case of hyperbolic modules is
shown in [18, Lemma 5.13].

Lemma 3.24. Let M be a quadratic module with g(M) ≥ usr(R) + 1. Then the

semisimplicial set Wn(M,H)• is
⌊n+g(M)−usr(R)−3

2

⌋
-connected.

Proof. As in the proof of [18, Lemma 5.13], the poset of simplices of the
semisimplicial set Wn(M,H)• is equal to the poset HU(M ⊕ Hn) considered
in Section 3.1. Hence, they have homeomorphic geometric realisations. The
claim now follows from Theorem 3.4. �
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Applying Theorems [18, Thm. 3.1], [18, Thm. 3.4] and [18, Thm. 4.20] to the
quadratic module (Uf(R, ε,Λ)-Quad,⊕, 0) yields the following theorem which
directly implies Theorem B.

Theorem 3.25. Let F : Uf(R, ε,Λ)-Quad→ Z-Mod be a coefficient system of
degree r at 0 in the sense of [18, Def,. 4.10]. Then for s = g(M)− usr(R) the
map

Hk(U(M);F (M))→ Hk(U(M ⊕H);F (M ⊕H))

is

(1) an epimorphism for k ≤ s−1
2 and an isomorphism for k ≤ s−2

2 , if F is
constant,

(2) an epimorphism for k ≤ s−r−1
2 and an isomorphism for k ≤ s−r−3

2 , if
F is split polynomial in the sense of [18],

(3) an epimorphism for k ≤ s−1
2 − r and an isomorphism for k ≤ s−3

2 − r.
For the commutator subgroup U(M)′ we get that the map

Hk(U(M)′;F (M))→ Hk(U(M ⊕H)′;F (M ⊕H))

is

(4) an epimorphism for k ≤ s−1
3 and an isomorphism for k ≤ s−3

3 , if F is
constant,

(5) an epimorphism for k ≤ s−2r−1
3 and an isomorphism for k ≤ s−2r−4

3 ,
if F is split polynomial in the sense of [18],

(6) an epimorphism for k ≤ s−1
3 − r and an isomorphism for k ≤ s−4

3 − r.

4. Homological Stability for Moduli Spaces of High Dimensional
Manifolds

Let P be a closed (2n−1)-dimensional manifold, and let W and M be compact
connected 2n-dimensional manifolds with identified boundaries ∂W = P =
∂M . In this chapter we follow Galatius–Randal-Williams [9]. All statements
and definitions are contained in the previous version, however, we use the
numbering of what we understand will be the final version. We say that M
and W are stably diffeomorphic relative to P if there is a diffeomorphism

W#Wg
∼= M#Wh

relative to P , for some g, h ≥ 0, where Wg := #g(Sn × Sn) for g ≥ 0. Let
Mst(W ) denote the set of 2n-dimensional submanifolds M ⊂ (−∞, 0] × R∞

such that

(1) M ∩ ({0}×R∞) = {0}×P and M contains (−ε, 0]×P for some ε > 0,
(2) the boundary of M is precisely {0} × P , and
(3) M is stably diffeomorphic to W relative to P .

We use the topology on Mst(W ) as described in [9, Ch. 6]. We write M(W )
for the model of the classifying space BDiff∂(W ) defined in [9], which as a set
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is the subset of Mst(W ) given by those submanifolds that are diffeomorphic
to W relative to P . With this notion we have

Mst(W ) =
⊔

[T ]

M(T ),

where the union is taken over the set of compact manifolds T with bound-
ary ∂T = P , which are stably diffeomorphic to W relative to P , one in each
diffeomorphism class relative to P . The stabilisation map is the same as con-
sidered in [9] and is given as follows: We choose a submanifold S ⊂ [−1, 0]×R∞
with collared boundary ∂S = {−1, 0} × P = S ∩ ({−1, 0} × R∞), such that S
is diffeomorphic relative to its boundary to ([−1, 0]×P )#W1. If P is not path
connected, we also choose in which path component to perform the connected
sum. Gluing S then induces the self-map

s = − ∪ S : Mst(W ) −→ Mst(W )

M 7−→ (M − e1) ∪ S,
that is, translation by one unit in the first coordinate direction followed by
union of submanifolds of (−∞, 0] × R∞. Note that by construction we have
M ∪P S ∼= M#W1 relative to P , and hence M ∪P S is stably diffeomorphic
to W if and only if M is.
As in the previous chapters, we have a notion of genus: Writing Wg,1 :=
Wg \ int(D2n) the genus of a compact connected 2n-dimensional manifold W is

g(W ) := sup{g ∈ N | there is an embedding Wg,1 →֒W}
and the stable genus of W is

g(W ) := sup
k≥0
{g(W#Wk)− k | k ∈ N}.

Note that since the map k 7→ g(W#Wk) − k is non-decreasing and bounded

above by bn(W )
2 , where bn(W ) is the n-th Betti number of W , the above supre-

mum is finite. The following theorem shows homological stability for the graded
spaces (in the sense of [9, Def. 6.6])Mst(W )g ⊂Mst(W ), which are those man-
ifolds M ∈ Mst(W ) satisfying g(M) = g. Note that by definition of the stable
genus, the map s defined above restricts to a map s : Mst(W )g →Mst(W )g+1.
For the case of simply-connected compact manifolds Galatius–Randal-Williams
have shown homological stability for the spaces M(W )g in [9, Thm. 6.3].

Theorem 4.1. Let 2n ≥ 6 and W be a compact connected manifold. Then the
map

s∗ : Hk(Mst(W )g) −→ Hk(Mst(W )g+1)

is an epimorphism for k ≤ g−usr(Z[π1(W )])
2 and an isomorphism for k ≤

g−usr(Z[π1(W )])−2
2 .

This in particular implies that for any manifold W with boundary P , the
restriction

s : M(W ) −→M(W ∪P S)
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induces an epimorphism on homology in degrees satisfying k ≤
g(W )−usr(Z[π1(W )])

2 and an isomorphism in degrees satisfying k ≤
g(W )−usr(Z[π1(W )])−2

2 . Since g(W ) ≤ g(W ) this implies Theorem C.
Using Example 3.2 (3) we get a special case of Theorem 4.1.

Corollary 4.2. Let 2n ≥ 6 and W be a compact connected manifold whose
fundamental group is virtually polycyclic of Hirsch length h. Then the map

s∗ : Hk(Mst(W )g) −→ Hk(Mst(W )g+1)

is an epimorphism for k ≤ g−h−3
2 and an isomorphism for k ≤ g−h−5

2 .

This theorem applies in particular to all compact connected manifolds with
finitely generated abelian fundamental group, and hence, in particular for finite
fundamental groups.
Another consequence of the above theorem is the following cancellation result
which in the case of simply-connected manifolds has been done in [9, Cor. 6.4].
The statement is closely related to [6, Thm. 1.1].

Corollary 4.3. Let 2n ≥ 6 and P be a (2n−1)-dimensional manifold. Let W
and W ′ be compact connected manifolds with boundary P such that W#Wg

∼=
W ′#Wg relative to P for some g ≥ 0. If g(W ) ≥ usr(Z[π1(W )]) + 2, then
W ∼= W ′ relative to P .

Proof. Analogous to the proof of [9, Cor. 6.4], where we apply Theorem 4.1
instead of [9, Thm. 6.3]. �

The proof of Theorem 4.1 is analogous to that of [9, Thm. 6.3] which treats
the case of simply-connected manifolds. The idea is to consider the group of
immersions of (Sn×Sn)\int(D2n) into a manifold. Equipping this with a bilinear
form that counts intersections and a function that counts self-intersections we
get a quadratic module. The precise construction is the content of the following
section. The high connectivity shown in the previous chapter then implies
a connectivity statement for a complex of geometric data associated to the
manifold. This is the crucial result in order to show homological stability
which we do in Section 4.2.

4.1. Associating a Quadratic Module to a Manifold. In order to relate
the objects in this chapter to the algebraic objects considered in Section 3.1
we want to associate to each compact connected 2n-dimensional manifold W
a quadratic module (Itnn (W ), λ, µ) with form parameter ((−1)n,Λmin). This
will be a Z[π1(W, ∗)]-module given by a version of the group of immersed n-
spheres in W with trivial normal bundle, with pairing given by the intersection
form, and quadratic form given by counting self-intersections, both considered
over the group ring Z[π1(W, ∗)]. For the rest of this chapter we drop the
basepoint ∗ from the notation and just write π1(W ).
To make this construction precise we fix a framing bSn×Dn ∈ Fr(Sn × Dn) at
the basepoint in Sn × Dn as defined in [9, Ch. 5]. We can now generalise [9,
Def. 5.2], following the construction in the proof of [25, Thm. 5.2].
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Definition 4.4. Let 2n ≥ 6 and W be a compact connected 2n-dimensional
manifold, equipped with a framed basepoint, i.e. a point bW ∈ Fr(W ), and
an orientation compatible with bW .

(1) We consider the ring Z[π1(W )] with involution given by g :=
w1(g)g−1 ∈ Z[π1(W )], where w1(g) is the first Stiefel–Whitney class
of g. Recall that the first Stiefel–Whitney class can be viewed as the
homomorphism π1(W )→ Z× = {−1, 1} which sends a loop to 1 if and
only if it is orientation preserving.

Let Ifrn (W ) be the set of regular homotopy classes of immersions
i : Sn × Dn # W equipped with a path in Fr(W ) from Di(bSn×Dn) to
bW . We write In(W ) for the set of regular homotopy classes of im-
mersions Sn # W equipped with a path in W from a fixed basepoint
in Sn to the basepoint ∗ in W . We define Itnn (W ) to be the image of
the map Ifrn (W ) → In(W ) which is given by forgetting the framing.
Since an immersion Sn #W is frameable if and only if it has a trivial
normal bundle, the set Itnn (W ) is given by regular homotopy classes of
immersions with a trivial normal bundle.

Using Smale-Hirsch immersion theory we can identify In(W ) with
the n-th homotopy group of n-frames in W . This induces an (abelian)
group structure on In(W ). The π1(W )-action is given by concatenating
a loop in W with the path corresponding to an element in In(W ) as
described in [25, Thm. 5.2]. Now, Itnn (W ) is a Z[π1(W )]-submodule of
In(W ).

(2) Let a, b ∈ Itnn (W ) be two immersed spheres, which we may suppose
meet in general position, i.e. transversely in a finite set of points. For
a point p in a let γa(p) denote a path from the basepoint ∗ to p in a.
Since 2n ≥ 6 such a path is canonical up to homotopy. For p ∈ a∩ b we
define γ(a,b)(p) to be the concatenation of γa(p) followed by the inverse
of γb(p).

Let us fix an orientation of W at the basepoint ∗ and transport the
orientation to p along a. Then ε(a,b)(p) is defined to be the sign of
the intersection of a and b with respect to this orientation at p. Given
these notions we define a map

λ : Itnn (W )× Itnn (W ) −→ Z[π1(W )]

(a, b) 7−→
∑

p∈a∩b
ε(a,b)(p)γ(a,b)(p).

(3) Let a ∈ Itnn (W ) be an immersed sphere in general position and let
p ∈ Sn × {0} be a point in a. We write γ(p) for the path from the
basepoint ∗ to p in the universal cover of the image of a in W .

At a self-intersection point of a two branches of a cross. By choosing
an order of these branches we can define ε(p, q) as above. Recall that
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Figure 1. Definition of γ(p, q).

Λmin = {γ − εγ | γ ∈ Z[π1(W )]}. We define a map

µ : Itnn (W ) −→ Z[π1(W )]/Λmin

a 7−→
∑

{p,q}⊂Sn
ia(p)=ia(q)

p6=q

ε(p, q)γ(p, q),

where ia is an immersion of Sn corresponding to a and γ(p, q) is the
loop in a based at the basepoint ∗ given by the concatenation of a(γ(p))
and the inverse of a(γ(q)), see Figure 1. The definition of Λmin guar-
antees that the order of the points p, q is not relevant, i.e. we have
ε(p, q)γ(p, q) ≡ ε(q, p)γ(q, p) mod Λmin.

Remarks 4.5.

(1) The (abelian) group structure on Itnn (W ) is given by forming the con-
nected sum along the path as described in [25, Ch. 5].

(2) The proof of [25, Thm. 5.2 (i)] shows that both maps λ and µ are
well-defined.

(3) We show that we can always change a by an isotopy so that every point
in a ∩ b yields a summand in λ(a, b), i.e. so that no two intersection
points give summands that cancel. The idea is to pair up intersection
points that give the same element in Z[π1(W )] but with opposite signs,
and to use the Whitney trick to kill these intersection points. Figure 2
shows a sector of a and b in W with two intersection points p and q.
Both paths γ(a,b)(p) and γ(a,b)(q) correspond to g in π1(W ) and the
points p and q have opposite signs. If this is the case the loop e is
contractible. Hence, we can fill in a 2-disc and use the Whitney trick
in order to move a away from b in the sector shown in the picture.

The subsequent lemma generalises [9, Lemma 5.3]. The proof is analogous to
the proof of [9, Lemma 5.3], again using [25, Thm. 5.2].
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Figure 2. Using the Whitney trick.

Lemma 4.6. The triple (Itnn (W ), λ, µ) is a ((−1)n,Λmin)-quadratic module.

4.2. Proof of Theorem 4.1. We denote by H the manifold we obtain from
W1,1 by gluing [−1, 0]× D2n−1 onto ∂W1,1 along an oriented embedding

{−1} × D2n−1 −→ ∂W1,1.

We choose this embedding once and for all. After smoothing corners, H is
diffeomorphic to W1,1 but contains a standard embedding of [−1, 0]× D2n−1.
By an embedding of H into a manifold W we mean an embedding that maps
{0} × D2n−1 into ∂W and the rest of H into the interior of W . We define
the embeddings e and f of Sn into H as the inclusion Sn →֒ Sn × Dn given
by x 7→ (x, 0) followed by the maps [9, (5.2)] and [9, (5.3)] respectively (see
Figure 3). The embedding e together with a path in H from the basepoint
of e(Sn) to the basepoint (0, 0) in [−1, 0] × D2n−1 ⊆ H defines an element
e ∈ Itnn (H). Since H is simply-connected the choice of path is unique up to
isotopy. Analogously, we get an element f ∈ Itnn (H). Hence, an embedding φ
of H into W yields a hyperbolic pair φ∗(e), φ∗(f) in Itnn (W ). As described
in [9, Ch. 5] this can be extended to a map

Kδ(W ) −→ HU(Itnn (W )),

where Kδ(W ) denotes the simplicial complex as defined in [9, Def. 5.1] and
HU(Itnn (W )) is the simplicial complex defined in Section 3.1. We use this map
to deduce the connectivity of |Kδ

•(W )| = |Kδ(W )| from the connectivity of
HU(Itnn (W )) which we have shown in Section 3.1. This is the content of the
next theorem. For the case of simply-connected manifolds this has been done
in [9, Lemma 5.5], [9, Thm. 5.6], and [9, Cor. 5.10].

Theorem 4.7. Let 2n ≥ 6 and W be a compact connected 2n-dimensional
manifold. Then the following spaces, defined in [9, Ch. 5], are all⌊ g(W )−usr(Z[π1(W )])−3

2

⌋
-connected:
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Figure 3. Definition of e and f in H .

(1) |Kδ
•(W )|,

(2) |K•(W )|,
(3) |K•(W )|.

For the proof of this theorem we want a modified version of Theorem 3.4 using
the following definition: The stable Witt index of a quadratic module M is

g(M) := sup
k≥0
{g(M ⊕Hk)− k}.

By definition we have g(M) ≤ g(M) and if the stable Witt index is big enough
we in fact have equality, as the following corollary shows.

Lemma 4.8. If g(M) ≥ usr(R) then we have g(M) ≥ g(M).

Proof. For g = g(M) we know that M⊕Hk ∼= P⊕Hg⊕Hk for some k. If k = 0
we immediately get g(M) ≥ g. If k > 0 we get M ⊕Hk−1 ∼= P ⊕Hg⊕Hk−1 by
Corollary 3.14. Applying this argument inductively then yields g(M) ≥ g. �

Using the above correspondence between the Witt index and the stable Witt
index we can now state Theorem 3.4 in terms of the stable Witt index.

Corollary 4.9. The poset HU(M) is
⌊ g(M)−usr(R)−3

2

⌋
-connected and

HU(M)x is
⌊ g(M)−usr(R)−|x|−3

2

⌋
-connected for every x ∈ HU(M).

Remark 4.10. Analogous to the above we can define the stable rank of an R-
module M as

rk(M) := sup
k≥0
{rk(M ⊕Rk)− k}.

As in the case of the stable Witt index this coincides with the rank of M
if rk(M) ≥ sr(R). This can be shown similarly to the proof of Lemma 4.8
by inductively applying Theorem 2.4 and Proposition 2.7. Using this we get
a version of Theorem 2.4 in terms of the stable rank.

Proof of Theorem 4.7. For |Kδ
•(W )| the proof is analogous to the proof of [9,

Lemma 5.5] and hence we just comment on the changes we have to make in
order to show the above statement. Note that the complex Ka(Itnn (W ), λ, µ)
as defined in [9, Def. 3.1] is the same as HU(Itnn (W )).
For g = g(Ifrn (W ), λ, µ) we have g(W ) ≤ g and hence it is sufficient to show

that |Kδ
•(W )| is

⌊ g−usr(Z[π1(W )])−3
2

⌋
-connected.
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For k ≤ g−usr(Z[π1(W )])−3
2 we consider a map f : ∂Ik+1 → |Kδ

•(W )|, which,
as in [9], we may assume is simplicial with respect to some piecewise linear
triangulation ∂Ik+1 ∼= |L|. By Corollary 4.9 and composing with the map
constructed above we get a nullhomotopy f : Ik+1 → |HU(Itnn (W ))|. We have
to show that this lifts to a nullhomotopy F : Ik+1 → |Kδ

•(W )| of f .
By Corollary 4.9 the complex HU(Itnn (W )) is locally weakly Cohen–Macaulay

(as defined in [9, Sec. 2.1]) of dimension
⌊
g−usr(Z[π1(W )])

2

⌋
≥ k+1. Hence, there

is a triangulation Ik+1 ∼= |K| extending L which satisfies the same properties
as in [9].
We choose an enumeration of the vertices in K as v1, . . . , vN such that the
vertices in L come before the vertices in K \ L. We inductively pick lifts of
each f(vi) ∈ HU(Itnn (W )) to a vertex F (vi) ∈ Kδ

•(W ) given by an embedding
ji : H →W satisfying the properties (i) and (ii) in the proof of [9, Lemma 5.5]
which control how the images of every two such embeddings intersect. By
construction, the vertices in L already satisfy the required properties (i) and
(ii), so we can assume that f(v1), . . . , f(vi−1) have already been lifted to maps
j1, . . . , ji−1, satisfying properties (i) and (ii). Then vi ∈ K\L yields a morphism
of quadratic modules f(vi) = h : Hhyp → Itnn (W ), where Hhyp is the hyperbolic
module defined in Chapter 3, which we want to lift to an embedding ji satisfying
properties (i) and (ii). The element h(e) is represented by an immersion x :
Sn #W with trivial normal bundle satisfying µ(x) = 0 and a path in W from
the basepoint of Sn to the basepoint ∗ of W . By the Whitney trick (which works
in our case, but we have to use it over the group ring Z[π1(W )] as described in
Remark 4.5 (3)) we can replace x by an embedding j(e) : Sn →֒ W . Similarly,
h(f) yields an embedding j(f) : Sn →֒W , along with another path in W .
Using the Whitney trick again, we can arrange for the embeddings j(e) and j(f)
to intersect transversally in exactly one point. Hence, by picking a trivialisation
of their normal bundles, this induces an embedding W1,1 →֒ W . To extend this
map to an embedding H →֒ W of manifolds, note that both h(e) and h(f)
come with a path to the basepoint. The proof in [9] forgets both paths and
chooses a new one later on (which works since W is simply-connected and hence
oriented). Instead, we can keep track of the path coming from h(e). This can
be viewed as an embedding [−1, 0] × {0} →֒ W . This then has a thickening
by definition which gives an embedding H →֒ W . Analogous to the proof
of [9, Lemma 5.5] we can show that the properties (i) and (ii) hold, and hence
conclude the connectivity range.
The proof for the case |K•(W )| is an easy extension of the proof of [9, Thm. 5.6],
where we use Corollary 4.9 instead of [9, Thm. 3.2] and hence get a slightly
weaker connectivity range.
The remaining case follows exactly as in [9, Cor. 5.10]. �

In the above proof, we have lifted the chosen nullhomotopy f : Ik+1 →
|HU(Itnn (W ))| and do not have to use the “spin flip” argument as in [9]. Apply-
ing the above approach of keeping track of the path of h(e) instead of forgetting
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both paths and choosing some path in the end would also make the “spin flip”
argument in the proof of [9, Lemma 5.5] unnecessary.

Outline of the proof of Theorem 4.1. The proof of Theorem 4.1 is analogous
to the proof of [9, Thm. 6.3]. The assumption of W being simply-connected
is only used in [9, Lemma 6.9] so we just need to show that the map given

in [9, Lemma 6.9] is
⌊ g−usr(Z[π1(W )])−1

2

⌋
-connected for a compact connected

manifold W of dimension 2n ≥ 6 that is not necessarily simply-connected. But
this follows from the proof of [9, Lemma 6.9] by using Theorem 4.7 (3) instead
of [9, Cor. 5.10]. �

Remark 4.11. We can combine the above results with the results from Ku-
pers in [12] for homeomorphisms, PL-homeomorphisms and homeomorphisms
as a discrete group of high-dimensional manifolds. Note that the machinery
in Kupers’ paper does not rely on the manifolds being simply-connected but
rather the input does (i.e. the connectivity of a certain complex uses that the
manifold is simply-connected). Therefore, by using our more general theorem
(Theorem 3.4) as the input, we can replace the assumption of the manifold be-
ing simply-connected by the group ring of the fundamental group having finite
unitary stable rank.

4.3. Tangential Structures and Abelian Coefficient Systems. In
the remaining part of this chapter we extend Theorem 4.1 in two different
ways. One is by considering moduli spaces of manifolds with some additional
structure and the other is by taking homology with coefficients in certain local
coefficient systems. We follow the approach of [9, Ch. 7].
A tangential structure is a map θ : B → BO(2n), where B is a path-connected
space. Let γ2n → BO(2n) denote the universal vector bundle. A θ-structure on
a 2n-dimensional manifold W is a bundle map (fibrewise linear isomorphism)

ℓ̂W : TW → θ∗γ2n, with underlying map ℓW : W → B. We defineMst,θ(W, ℓ̂P )
to be the set of manifolds M ∈ Mst(W ) with ∂M = P equipped with a θ-

structure extending ℓ̂P for a fixed pair (P, ℓ̂P ). As in the previous section we

can also define the subsetMθ(W, ℓ̂P ) ⊆Mst,θ(Wℓ̂P ) given by pairs (M, ℓ̂M ) ∈
Mst,θ(W, ℓ̂P ) with M ∈M(W ). Using the topology described in [9, Ch. 7] and
the correspondence

Mst,θ(W, ℓ̂P ) =
⊔

[T ]

Mθ(T, ℓ̂P ),

where the union is taken over the set of compact manifolds T with ∂T = P ,
which are stably diffeomorphic to W , one for each diffeomorphism class relative
to P , turns both sets into spaces.
We say that a θ-structure on Sn ×Dn is standard if it is standard in the sense
of [9, Def. 7.2]. The embeddings e and f defined in Section 4.1 yield embeddings

e1, f1, . . . , eg, fg : Sn −→Wg,1.
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We say that a θ-structure ℓ̂ : TWg,1 → θ∗γ2n on Wg,1 is standard if there is
a trivialisation of the normal bundle of Sn (i.e. a framing on Sn) such that the

structures e∗i ℓ̂ and f
∗
i ℓ̂ on Sn × Dn are standard.

Let ℓ̂S be a θ-structure on the cobordism S ∼= ([−1, 0]×P )#W1 which is stan-
dard when pulled back along the canonical embedding φ′ : W1,1 → S. Writing

ℓ̂P for its restriction to {0}×P ⊂ S, and ℓ̂′P for its restriction to {−1}×P , we
obtain the following map

s = − ∪ (S, ℓ̂S) : Mst,θ(W, ℓ̂′P ) −→ Mst,θ(W, ℓ̂P )(4.1)

(M, ℓ̂M ) 7−→ ((M − e1) ∪ S, ℓ̂M ∪ ℓ̂S).

As in [9] we define the θ-genus for compact connected manifolds with θ-
structure as

gθ(M, ℓ̂M ) = max

{
g ∈ N

∣∣∣∣
there are g disjoint copies of W1,1 in M ,
each with standard θ-structure

}

and the stable θ-genus as

gθ(M, ℓ̂M ) = max{gθ
(

(M, ℓ̂M )♮k(W1,1, ℓ̂W1,1)
)
− k | k ∈ N},

where the boundary connected sum is formed with k copies of W1,1 each

equipped with a standard θ-structure ℓ̂W1,1 . As in the previous section, we

can use the function gθ to consider Mst,θ(W, ℓ̂P ) as a graded space (in the

sense of [9, Def. 6.6]) Mst,θ(W, ℓ̂P )g. With this notation, the stabilisation
map s defined above then restricts to a map

s : Mst,θ(W, ℓ̂′P )g →Mst,θ(W, ℓ̂P )g+1.

We will now introduce a class of local coefficient systems. Since the spaces
considered here are usually disconnected and do not have a preferred basepoint,
local coefficients can be considered as a functor from the fundamental groupoid
to the category of abelian groups. Note that this is closely related to the
corresponding definitions in [18]. Then an abelian coefficient system is a local
coefficient system which has trivial monodromy along all nullhomologous loops.

Theorem 4.12. Let 2n ≥ 6, W be a compact connected manifold, and L be

a local coefficient system on Mst,θ(W, ℓ̂P ). Considering twisted homology with
coefficients in L we get a map

s∗ : Hk(Mst,θ(W, ℓ̂′P )g; s
∗L) −→ Hk(Mst,θ(W, ℓ̂P )g+1;L).

(1) If L is abelian then s∗ is an epimorphism for k ≤ g−usr(Z[π1(W )])
3 and

an isomorphism for k ≤ g−usr(Z[π1(W )])−3
3 .

(2) If θ is spherical in the sense of [9, Def. 7.4] and L is constant, then

s∗ is an epimorphism for k ≤ g−usr(Z[π1(W )])
2 and an isomorphism for

k ≤ g−usr(Z[π1(W )])−2
2 .
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For the case of simply-connected compact manifolds Galatius–Randal-Williams
have shown in [9, Thm. 7.5] that the above stabilisation map s∗ is an isomor-
phism in a range.

Given a pair (W, ℓ̂W ) ∈Mθ(W, ℓ̂′P ), we writeMθ(W, ℓ̂W ) ⊂Mθ(W, ℓ̂′P ) for the

path component containing (W, ℓ̂W ). By Theorem 4.12 the map

s : Mθ(W, ℓ̂W ) −→Mθ(W ∪P S, ℓ̂W ∪ ℓ̂S)

is an isomorphism on homology with (abelian) coefficients in a range of degrees

depending on gθ(W, ℓ̂W ).
The proof of Theorem 4.12 is analogous to the proof of Theorem 4.1. We

define a quadratic module for a pair (W, ℓ̂W ) ∈ Mθ(W, ℓ̂′P ) as follows: Let

Itnn (W, ℓ̂W ) ⊆ Itnn (W ) be the subgroup of those regular homotopy classes of
immersions i : Sn #W (together with a path in W ) that have a trivialisation of

the normal bundle of Sn such that the θ-structure i∗ℓ̂W on Sn×Dn is standard.
The bilinear form λ and the quadratic function µ on Itnn (W ) restrict to the

subgroup Itnn (W, ℓ̂W ) and hence define a quadratic module (Itnn (W, ℓ̂W ), λ, µ).
As in the previous section this gives a map of simplicial complexes

Kδ(W, ℓ̂W ) −→ HU(Itnn (W, ℓ̂W )),

where the complex Kδ(W, ℓ̂W ) is defined in [9, Def. 7.14].
The following proposition is the analogue of Theorem 4.7 (3). For the case of
simply-connected manifolds this has been shown in [9, Prop. 7.15].

Proposition 4.13. Let 2n ≥ 6, W be a compact connected 2n-dimensional

manifold, and ℓ̂W be a θ-structure on W . Then the space |K•(W, ℓ̂W )| (defined
in [9, Def. 7.14]) is

⌊ g(W,ℓ̂W )−usr(Z[π1(W )])−3
2

⌋
-connected.

Outline of the proof. We have already seen in the previous section that an em-
bedding i : Wg,1 →֒ W yields elements e1, f1, . . . , eg, fg ∈ Itnn (W ). If there is

a trivialisation of the normal bundle such that the θ-structure i∗ℓ̂W is stan-
dard these elements are also contained in the subgroup Itnn (W, ℓ̂W ). In par-

ticular, we get g(Itnn (W, ℓ̂W )) ≥ g(W, ℓ̂W ) and the complex HU(Itnn (W, ℓ̂W ))
is locally weakly Cohen–Macaulay (as defined in [9, Sec. 2.1]) of dimension⌊ g(W,ℓ̂W )−usr(Z[π1(W )])

2

⌋
by Corollary 4.9.

We first show that the complex |Kδ(W, ℓ̂W )| is
⌊ g(W,ℓ̂W )−usr(Z[π1(W )])−3

2

⌋
-

connected by arguing as in the proof of Theorem 4.7 (1). There we described
how to get a lift F : Ik+1 → |Kδ(M)| of the map

f : Ik+1 → |HU(Itnn (W, ℓ̂W ))| → |HU(Itnn (W ))|.
As shown in the proof of [9, Prop. 7.15] we can turn this into a lift Ik+1 →
|Kδ(W, ℓ̂W )|.
The connectivity of |K•(W, ℓ̂W )| now follows as in Theorem 4.7. �

Outline of the proof of Theorem 4.12. This proof is is based on the proof of [9,
Thm. 7.5] and we therefore just describe the changes that we have to make
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to that proof. Note that the simply-connected assumption is only used in [9,
analogue of Lemma 6.9] so we only have to show that the map considered

in that statement is
⌊ gθ(W,ℓ̂W )−usr(Z[π1(W )])−1

2

⌋
-connected for a compact and

connected manifold W of dimension 2n ≥ 6. But this follows analogously to
the proof of [9, analogue of Lemma 6.9] by applying Proposition 4.13 instead
of [9, Prop. 7.15] as in the original proof. This also explains the slightly lower
bound in our case. Throughout this proof we need to replace [9, Thm. 6.3] in
the proof of [9, Thm. 7.5] by Theorem 4.1. �
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