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Ehrhart theory background

e P C RY is a d-dimensional lattice polytope.
e nP:={np: p € P} is the n-th dilate of P, n € N.
Definition

The function
ehrp(n) := [nP N Z9|

is a polynomial in n (Ehrhart, 1962), known as the Ehrhart
polynomial of P.

(source: Computing the Contin-
uous Discretely, M. Beck & S.
Robins, Springer, 2007)
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Change of basis

Study ehrp(n) in different basis:
{59,078 () and {761 (") (0

d d
e ehrp(n) = > hi("+2_k) and ehrp(n) = > £(".1).
k=0 k=0

Proposition

For every lattice polytope P of dimension d, for every 0 < k < d,

he >0, £ > 0.
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Example

Let P = [0, 1]? be the 2-dimensional unit cube. Then

[ ehrp(n) = |nP N Z?| = [[0,n]> N Z9| = (n+1)?,

g (D=0 4 (C
(n+1) = f5("g") + £ ("

hence

(hZ;v Iv h;) = (]-7 170)'

(fb*? f;l_*a f2*) = (47572) 1 6

The 6 dilate of P = [0, 1]2.
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Generating function

The f*- and h*-vector can also be defined through the Ehrhart
series of P:

d * _k
_ohiz
Eh(z) i= 1+ Y ehrn(n)2” = 402
n>1
d k41
1—=~z
k=—1

where we let f*; ;= 1.
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Unimodular simplex

Let P := A be a unimodular d-dimensional simplex, i.e., lattice
equivalent to conv{(0, ...,0), (1, ...,0), ..., (0, ..., 1)} C RY.

Then, for A we have [hj, ..., %] = [1,0,...,0] and

e e [ fd+1\ [d+1 d+1
)= [ (T () (00)]

Notice that [f*;, fy, ..., f;] is symmetric.
This is the only lattice polytope with symmetric f*-vector!

1

- Does [f*;, fy, ..., ;] look familiar? :

image source: Wikipedia
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f-vectors

Definition
For a d-dimensional polytopal complex C, let

f(C):={f1,fo,...,fq}, fx =#{k-dimensional faces in C}.
For a d-dimensional polytope P, let

f(P):={f1,f,....;fa—1}, fx = #{k-dimensional faces in P}.

If P admits a unimodular triangulation T then
f*(P)=f(T).

P = [0, 1]2, T = T1UT2

f*(P) = (f—*17 fb*7 f;l.*7 f2*) - (1747 57 2)
f(T)=(f1,fo,f, )= (1,4,5,2)
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h*-vectors

There are several inequalities holding among the coefficients of the
h*-vector of a d-dimensional lattice polytope P, for example:

e R S A /R P SRRREY
for k =0,...,[%] — 1 (Hibi, 1990).
If hY # 0 then
hg+hi+---+hg <hj+hy_ +--+hy_,
for k =0,...,d (Stanley, 1991),
and 1< hy<hg for k=2,..,d—1(Hibi, 1994).

Is h*(P) unimodal for every lattice polytope P?
(e, 3jihg<--<hi <hi>hy > >hy)
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Higashitani (2012) constructed an infinite family of simplices with
nonunimodal h*-vectors.

The simplex of dimension 15 such that
By = conv{O, €1, €2, ..., €14, W},

where w = (1,1,...,1,131,131,...,131,132),
7 ) 7 .

has h*-vector

h*(A,) = (1,0,0,...,0,131,0,0,...,0).
7 7

What about the unimodality of f*-vectors?
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Nonunimodal f*-vectors

The simplex of dimension 15 such that
Ay = conv{0, e, e, ..., e14, W},

where w = (1,1,...,1,131,131,...,131,132),
=Y ¥

has f*-vector

F*(Ay) =(1, 16, 120, 560, 1820, 4368, 8008, 11440, 13001,
12488, 11676, 11704, 10990, 7896, 3788, 1064, 132).

In particular, f§f > f < fii > f}.

So far, this is the smallest-dimensional example we have found.

Hence f*-vectors are not unimodal in general!
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Inequalities for f-vectors

Let P be a d-dimensional polytope that is simplicial, i.e., all its
faces are simplices. Bjorner showed that f(P) is not unimodal for
all P, but ...

Theorem (Bjorner,1981)
The f-vector of a simplicial d-polytope P with d > 3 satisfies

> > fyg

fi<fo<h<---< ngj—l < ngJ and fL3(d471)J71

In fact, for p with [4] < p < L@J, there is a
simplicial d-polytope whose f-vector is unimodal with a peak at p:

f,1<fo<f1<-"<fp,1<fp>fp+1>"'>fd_1.
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Shape of f-vectors

Theorem (Bjorner,1986)
Moreover, f(P) = (fb, fl, ceey fk, ceey fL%J’ ceey fd—2—k7 fd—l—ka 000g) fd—l)
satisfies

fk < fa—2—k,

fu < fg—1—k,

for 0 < k < L(dzjj

Thus, this is roughly how the
“shape” of the face lattice of
simplicial polytopes looks like.

(G. Ziegler, Lectures on Polytopes, Springer, 1995)

Are there analogous inequalities for f*-vectors?
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Inequalities for f*-vectors

Theorem (BDHV)
The f*-vector of a d-dimensional lattice polytope, d > 2, satisfies

f—*1<ﬂ)*<ﬂ*<'”<fL*gj—1§fL*gj and fL“ 1 > s> fy

Moreover, for the bounds | 4] and [3%=1| we have:

If P is the d-dimensional unimodular simplex A then

If P is the d-dimensional cube [—1, 1]d then
ff<fy< <fL-”" 1 > > ]

holds (at least) for d < 9.
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Inequalities for f*-vectors

Theorem (BDHV)

The f*-vector of a d-dimensional lattice polytope, d > 2, satisfies

fI<fy<ff<---< f[kgj—1 < fL*%J and f["%,lJ > > f]L

When P is the unimodular simplex, the theorem holds
by Bjorner’s inequalities for f-vectors.

The proof makes use of the relation between f* and h* vectors,
and the inequalities given by Hibi:

hg+hg 1+ +hg_x < hg+h+-+ hy

fork=0,..., L%J — 1, for a d-dimensional lattice polytope P.
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Gorenstein polytopes

Definition

We say that the d-dimensional lattice polytope P is Gorenstein of
index g, g > 1, whenever the polynomial h*(P; z) := Z‘Z:O hyz
has degree d + 1 — g and is symmetric with respect to its degree.

The 5-dimensional unit cube P = [0, 1]° with h*-vector
h*(P) = (1,26,66,26,1,0)
is Gorenstein of index 2.

Theorem (BDHV)
Let P be a d-dimensional Gorenstein polytope of index g. Then

1 d+1-—
fE> o>y, > >f for k==[d—1+ ari-gl).
=% 2 2

Inequalities for f™-vectors



Proposition (BDHV)
Let P be a d-dimensional lattice polytope. Then,

fk* < fjf2fk and fk* S f(;kflflﬁ for O S k S (d _ 3)

Moreover, if b # 0 and h*(P) # (1,1, ...,1) then

d
fi <fiy, for 0<k< >

and fy <f}.

It follows that for every d-dimensional lattice polytope:
min{fy, f;} < f;, for 0<k<d.

The analogous question for f-vectors is harder. Bardny asked it in
1997 and it was only recently answered positively:

min{fy, fg_1} < fx, for 0 <k <d—1 (Hinman, 2022+).
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Examples of unimodal f*-vectors

It directly follows from the theorem that polytopes of
dimension 2 < d < 6 have unimodal f*-vectors. In fact:

Proposition (BDHV)

The f*-vector of a d-dimensional lattice polytope, where
1 < d <10, is unimodal.

Another family of unimodal f*-vectors is the following:

Proposition (BDHV)
Let P be a d-dimensional lattice polytope such that

hi =0 for k > 4.

Then f*(P) is unimodal with a peak either at f*, or f* .
L3 [3]+1
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Questions

Future work:
Compute f*-vectors for other families of polytopes.

Is £*(P) unimodal when P admits a unimodular
triangulation?

Are there polytopes with unimodal h*-vector and
nonunimodal f*-vector?

So far we know that for a lattice d-dimensional polytope P,
f*(P) is unimodal when d < 10, but unimodality fails for
polytopes of order 15. Can we close this gap for 11 < d < 147
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