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Geometric introduction Isospectral and length-commensurable manifolds

Let M be a Riemannian manifold.

E (M) = spectrum of Laplace operator (eigenvalues with multiplicities)
L(M) = length spectrum (lengths of closed geodesics with multipl.)

L(M) = weak length spectrum (lengths of closed geodesics w/o
multiplicities)

M; and M, are commensurable if they have a common

finite-sheeted cover:

M

. N
M, M,
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Can one hear the shape of a drum?
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Question: Are My and My necessarily isometric (commensurable) if
(1) E(M;) = E(Mp), ie. My and M, are isospectral;
Can one hear the shape of a drum?

(2) ,C(M1) = ﬁ(Mz) (OI‘ L(Ml) = L(Mz)), ie. M1 and M2
are iso-length-spectral;

Example: Let M; and M, be spheres of radii r; and r;. Then
L(M;) ={2nr}. So, L(M;) =L(M;) = M; & M, are isometric.

(3)Q-L(M;) =Q-L(My), ie. My and M, are length-commensurable
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Geometric introduction Isospectral and length-commensurable manifolds

There exist isospectral (and iso-length-spectral), but not isometric

locally symmetric spaces - even Riemann surfaces (Vignéras, Sunada)
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Geometric introduction Isospectral and length-commensurable manifolds

There exist isospectral (and iso-length-spectral), but not isometric

locally symmetric spaces - even Riemann surfaces (Vignéras, Sunada)

Vignéras’s construction relied on arithmetic of quaternions;

Sunada’s construction was purely group-theoretic (and more general).

Both constructions produce commensurable manifolds.

Even though there are examples of noncommensurable isospectral
manifolds (Lubotzky et al.), it appears that commensurability is

the property that one may be able to establish in various situations.
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Conditions (1) & (2) are not invariant under passing
to a commensurable manifold, while condition (3)-
length-commensurability (Q-L(M;) = Q-L(My)) -is.
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Our project: Understand consequences of length-commensurability.
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Conditions (1) & (2) are not invariant under passing
to a commensurable manifold, while condition (3)-
length-commensurability (Q-L(M;) = Q-L(My)) -is.

Our project: Understand consequences of length-commensurability.

Conditions (1), (2) and (3) are related:
e For Riemann surfaces: £(M;) = E(My) < L(M;) = L(My)

@ For any compact locally symmetric spaces:

5(M1) = 5(M2) = L(Ml) = L(Mz)

So, results for length-commensurable locally symmetric spaces

imply results for isospectral spaces.
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Geometric introduction Isospectral and length-commensurable manifolds

Results of Prasad-R. and follow-up results of Garibaldi,
Garibaldi-R. answer key questions for arithmetically defined

locally symmetric spaces.
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Results of Prasad-R. and follow-up results of Garibaldi,
Garibaldi-R. answer key questions for arithmetically defined

locally symmetric spaces.

In particular:

@ we know when length-commensurability = commensurability

(answer depends on Lie type of isometry group)
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Geometric introduction Isospectral and length-commensurable manifolds

Results of Prasad-R. and follow-up results of Garibaldi,
Garibaldi-R. answer key questions for arithmetically defined

locally symmetric spaces.

In particular:

@ we know when length-commensurability = commensurability

(answer depends on Lie type of isometry group)

@ locally symmetric spaces length-commensurable to a given
arithmetically defined locally symmetric space form finitely

many commensurability classes.
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Let H? be d-dimensional real hyperbolic spaces.
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Geometric introduction Hyperbolic manifolds

Let H? be d-dimensional real hyperbolic spaces.

Isometry group of HY is G = PSO(d,1).

Arithmetically defined hyperbolic d-manifold is M = H?/T,
where T is an arithmetic subgroup of G.
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Geometric introduction Hyperbolic manifolds

Results were available only for d = 2 (A. REID) and 3 (A. REID et al.).
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Results were available only for d = 2 (A. REID) and 3 (A. REID et al.).

Theorem. Let M; and My be arithmetically defined hyperbolic d-manifolds.
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Geometric introduction Hyperbolic manifolds

Results were available only for d = 2 (A. REID) and 3 (A. REID et al.).

Theorem. Let M; and My be arithmetically defined hyperbolic d-manifolds.
(1) Suppose d is even or = 3(mod4).
If My and M, are not commensurable then after a possible
interchange of My and My, there exists Ay € L(My) such that
for any Ay, € L(Mp), the ratio A1/Ay is transcendental.

In particular, My and M, are not length-commensurable.
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(2) For any d =1(mod4) there exist length-commensurable, but

not commensurable, My and Mo.
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(2) For any d =1(mod4) there exist length-commensurable, but

not commensurable, My and M.

Further question: Suppose My and M, are not length-commensurable.
How different are L(My) and L(M;)?
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(2) For any d =1(mod4) there exist length-commensurable, but

not commensurable, My and M.

Further question: Suppose My and M, are not length-commensurable.
How different are L(My) and L(M;)?

Under minor additional conditions we prove the following:

Let F; be subfield of R generated by L(M;). Then

FiFr has infinite transcendence degree over Fi or F.
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(2) For any d =1(mod4) there exist length-commensurable, but

not commensurable, My and M.

Further question: Suppose My and M, are not length-commensurable.
How different are L(My) and L(M;)?

Under minor additional conditions we prove the following:

Let F; be subfield of R generated by L(M;). Then

FiFr has infinite transcendence degree over Fi or F.

So, L(M;) and L(Mp) are very much different.

(We have similar results for complex and quaternionic

hyperbolic spaces.)
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Weakly commensurable arithmetic groups Definition of weak commensurability

Weak commensurability

Let Gi and G, be two semi-simple groups over a field F

of characteristic zero.
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Weakly commensurable arithmetic groups Definition of weak commensurability

Weak commensurability

Let Gi and G, be two semi-simple groups over a field F

of characteristic zero.

@ Semi-simple g; € G;(F) (i =1,2) are weakly commensurable
if there exist maximal F-tori T; C G; such that g; € T;(F)

and for some x; € X(T;) (defined over F) we have

x1(81) = x2(g2) # 1.
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Weakly commensurable arithmetic groups Definition of weak commensurability

Weak commensurability

Let Gi and G, be two semi-simple groups over a field F

of characteristic zero.

@ Semi-simple g; € G;(F) (i =1,2) are weakly commensurable
if there exist maximal F-tori T; C G; such that g; € T;(F)

and for some x; € X(T;) (defined over F) we have

x1(81) = x2(g2) # 1.

@ (Zariski-dense) subgroups I'; C G;(F) are weakly commensurable
if every semi-simple 7; €'y of infinite order is weakly
commensurable to some semi-simple 7y, € Iy of infinite

order, and vice versa.
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Recall: given an F-torus T C GL,, an element t < T(F), and

a character x € X(T), the character value

where Ay, ..., A, are the eigenvalues of t (i.e. t is conjugate

to diag(Ay,---,Ay)), and ay,...,a, € Z.
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Recall: given an F-torus T C GL,, an element t < T(F), and

a character x € X(T), the character value

where Ay, ..., A, are the eigenvalues of t (i.e. t is conjugate

to diag(Ay,---,Ay)), and ay,...,a, € Z.

Pick  matrix realizations G; C GL,, for i=1,2.
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Recall: given an F-torus T C GL,, an element t < T(F), and

a character x € X(T), the character value

where Ay, ..., A, are the eigenvalues of t (i.e. t is conjugate

to diag(Ay,---,Ay)), and ay,...,a, € Z.

Pick  matrix realizations G; C GL,, for i=1,2.

Let ¢ € Gi(F) and g € Go(F) be semi-simple elements

with  eigenvalues

Ay, Ay and Ulsees Hnye
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Weakly commensurable arithmetic groups Definition of weak commensurability

Then g; and g» are weakly commensurable if

a n

by,
xi(gr) = A A = W = xa(g) #1

for some ay,...a,, and by,...b,, € Z.

1
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Weakly commensurable arithmetic groups Definition of weak commensurability

Example

Let

€ SL3(C).

hN

I
coN
o wo
~ oo

os]

I
o oo
o= o
~ oo
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Weakly commensurable arithmetic groups Definition of weak commensurability

Example
Let
20 0 6 0 O
A=|03 o0 ,B=[(01 0 € SL3(C).
0 0 1/6 0 0 1/6

Then A and B are weakly commensurable because

AM-Ay=2-3=6=pu.
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Weakly commensurable arithmetic groups Definition of weak commensurability

Example
Let
20 0 6 0 O
A=|03 o0 ,B=[(01 0 € SL3(C).
0 0 1/6 0 0 1/6

Then A and B are weakly commensurable because

AM-Ay=2-3=6=pu.

However, no powers A™ and B" (m,n#0) are conjugate.
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Weakly commensurable arithmetic groups Definition of weak commensurability

Commensurability vs. Weak Commensurability

MAIN QUESTION: What can one say about Zariski-dense subgroups
I C Gi(F) (i=1,2) given that they are weakly commensurable?
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Commensurability vs. Weak Commensurability

MAIN QUESTION: What can one say about Zariski-dense subgroups
I C Gi(F) (i=1,2) given that they are weakly commensurable?

More specifically, wunder what conditions are T7 and T»

necessarily ~ commensurable?

RECALL: subgroups H; and Hy of a group G are commensurable if

[H; : H1NHy] < oo for i=1,2.
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Weakly commensurable arithmetic groups Definition of weak commensurability

Commensurability vs. Weak Commensurability

MAIN QUESTION: What can one say about Zariski-dense subgroups
I C Gi(F) (i=1,2) given that they are weakly commensurable?

More specifically, wunder what conditions are T7 and T»

necessarily ~ commensurable?

RECALL: subgroups H; and Hy of a group G are commensurable if

[H; : H1NHy] < oo for i=1,2.

I'1 and I'; are commensurable up to an F-isomorphism between

G1 and Gy if there exists an F-isomorphism ¢: Gy — Gy such that
(% (1"1) and 1"2

are commensurable in usual sense.
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Weakly commensurable arithmetic groups Definition of weak commensurability

Algebraic Perspective

GENERAL FRAMEWORK: Characterization of linear groups in terms

of spectra of its elements.
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Weakly commensurable arithmetic groups Definition of weak commensurability

Algebraic Perspective

GENERAL FRAMEWORK: Characterization of linear groups in terms

COMPLEX REPRESENTATIONS OF FINITE GROUPS:
Let I' be a finite group,

pi: T — GL,(C) (i=1,2)
be representations. Then

P12 & Xp(8) = Xp(8) VgET,

of spectra of its elements.

where x,,(g) =trpi(g) =LA  (A1,..., Ay eigenvalues of p;(g))
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Weakly commensurable arithmetic groups Definition of weak commensurability

Algebraic perspective

@ Data afforded by weak commensurability is more convoluted

than data afforded by character of a group representation:

when computing
x(§) = A7 AT
one can use arbitrary integer weights ay,...,a,. So, weak

commensurability appears to be more difficult to analyze.
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Weakly commensurable arithmetic groups Definition of weak commensurability

Algebraic perspective

@ Data afforded by weak commensurability is more convoluted

than data afforded by character of a group representation:

when computing
x(§) = A7 AT
one can use arbitrary integer weights ay,...,a,. So, weak

commensurability appears to be more difficult to analyze.

e Example. Let I C SL,(C) be a neat Zariski-dense subgroup.
For d >0, let
I =(y'|yer).

Then any T@ C A CT is weakly commensurable to T.
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Weakly commensurable arithmetic groups Definition of weak commensurability

Algebraic perspective

@ Data afforded by weak commensurability is more convoluted

than data afforded by character of a group representation:

when computing
x(§) = A7 AT
one can use arbitrary integer weights ay,...,a,. So, weak

commensurability appears to be more difficult to analyze.

e Example. Let I C SL,(C) be a neat Zariski-dense subgroup.
For d >0, let
I =(y|yer).
Then any T@ C A CT is weakly commensurable to T.

So, one needs to limit attention to some special subgroups

in order to generate meaningful results.
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Weakly commensurable arithmetic groups Definition of weak commensurability

Geometric perspective

@ Weak commensurability (of fundamental groups) adequately

reflects length-commensurability of locally symmetric spaces.
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Weakly commensurable arithmetic groups Definition of weak commensurability

@ Weak commensurability (of fundamental groups) adequately

reflects length-commensurability of locally symmetric spaces.

We will demonstrate this for Riemann surfaces - for now.
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Weakly commensurable arithmetic groups Definition of weak commensurability

Geometric perspective

@ Weak commensurability (of fundamental groups) adequately

reflects length-commensurability of locally symmetric spaces.
We will demonstrate this for Riemann surfaces - for now.

@ Let G=SL,. Corresponding symmetric space:

SO2(R)\SLy(R) =H  (upper half-plane)
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Weakly commensurable arithmetic groups Definition of weak commensurability

Geometric perspective

@ Weak commensurability (of fundamental groups) adequately

reflects length-commensurability of locally symmetric spaces.
We will demonstrate this for Riemann surfaces - for now.

@ Let G=SL,. Corresponding symmetric space:

SO2(R)\SLz(R) =H  (upper half-plane)

@ Any (compact) Riemann surface of genus > 1 is of the form
M=H/T

where T C SL,(R) is a discrete subgroup (with torsion-free
image in PSL;(R)).
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Weakly commensurable arithmetic groups Definition of weak commensurability

Geometric perspective

@ Any closed geodesic ¢ in M corresponds to a semi-simple
yel, ie c=uc,.
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Weakly commensurable arithmetic groups Definition of weak commensurability

Geometric perspective

@ Any closed geodesic ¢ in M corresponds to a semi-simple
yel, ie c=uc,.

o It has length
(cy) = (1/ny) -logt,
where t, is eigenvalue of £ which is >1,

n, is an integer > 1.
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Weakly commensurable arithmetic groups Definition of weak commensurability

Geometric perspective

@ Any closed geodesic ¢ in M corresponds to a semi-simple
yel, ie c=uc,.

o It has length
(cy) = (1/ny) -logt,
where t, is eigenvalue of £ which is >1,

n, is an integer > 1.

NOTE: =7 is conjugate to ( v 0 )
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Weakly commensurable arithmetic groups Definition of weak commensurability

Geometric perspective

If Mi=H/T; (i=1,2) are length-commensurable then:

e for any nontrivial semi-simple <1 € I'y there exists

a nontrivial semi-simple 7, € I'; such that
ny -logt,, = ny-logt,,

for some integers ni,n; > 1, and vice versa.
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Weakly commensurable arithmetic groups Definition of weak commensurability

Geometric perspective

If Mi=H/T; (i=1,2) are length-commensurable then:

e for any nontrivial semi-simple <1 € I'y there exists

a nontrivial semi-simple 7, € I'; such that
ny -logt,, = ny-logt,,

for some integers ni,n; > 1, and vice versa.

So,
n. _ 42
t’h - t’Yz
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Weakly commensurable arithmetic groups Definition of weak commensurability

Geometric perspective

This means that

xi(m) = xa(r2) # 1
where y; is the character of the maximal R-torus T; C SL,

corresponding  to (é t91 ) —
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Weakly commensurable arithmetic groups Definition of weak commensurability

Geometric perspective

This means that

xi(m) = xa(rn) #1

where y; is the character of the maximal R-torus T; C SL,

corresponding  to (é t91 ) —

It follows that

I' and I, are weakly commensurable.
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Weakly commensurable arithmetic groups Arithmetic groups

Outline

© Weakly commensurable arithmetic groups

@ Arithmetic groups
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Philosophy: An arithmetic group is a group that “looks like” SL,(Z).
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Philosophy: An arithmetic group is a group that “looks like” SL,(Z).
More precisely: Let G C GL, be an algebraic Q-group. Set
G(Z) =GNGLy(Z).

Subgroups of G(F), where F/Q, commensurable with G(Z)

are called arithmetic.
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Philosophy: An arithmetic group is a group that “looks like” SL,(Z).
More precisely: Let G C GL, be an algebraic Q-group. Set
G(Z) =GNGLy(Z).

Subgroups of G(F), where F/Q, commensurable with G(Z)

are called arithmetic.

More generally: For a number field K and aset S of places of K,

containing all archimedean ones, O(S) denotes ring of S-integers.

Eg: If K=Q and S={o0,2} then O(S)=Z[1/2].
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Philosophy: An arithmetic group is a group that “looks like” SL,(Z).

More precisely: Let G C GL, be an algebraic Q-group. Set
G(Z) =GNGL,(Z).
Subgroups of G(F), where F/Q, commensurable with G(Z)

are called arithmetic.

More generally: For a number field K and aset S of places of K,

containing all archimedean ones, O(S) denotes ring of S-integers.

Given an algebraic K-group G C GL,, set G(O(S)) = GNGL,(O(S));

subgroups of G(F) (F/K) commensurable with G(O(S)) are
(K, S)-arithmetic.
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What is an arithmetic subgroup of an algebraic group whichis
NOT defined over a number field?
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What is an arithmetic subgroup of an algebraic group whichis
NOT defined over a number field?

E.g: What is an arithmetic subgroup of G(R) where

G=S0;(f) and f=x*+e-y*—m- 22
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What is an arithmetic subgroup of an algebraic group whichis
NOT defined over a number field?

E.g: What is an arithmetic subgroup of G(R) where

G=S0;(f) and f=x*+e-y*—m- 22

We define arithmetic subgroups of G(F) in terms of forms

of G over subfields of F that are number fields.
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What is an arithmetic subgroup of an algebraic group whichis
NOT defined over a number field?

E.g: What is an arithmetic subgroup of G(R) where

G=S0;(f) and f=x*+e-y*—m- 22

We define arithmetic subgroups of G(F) in terms of forms

of G over subfields of F that are number fields.

We can consider rational quadratic forms R-equivalent to f:

fA=x>4+y*—32 or fo=x>4+27 77
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Then SOs(f;)) ~SOs(f) over R, and
r,' = SO3(f1) N GL3(Z)

are arithmetic subgroups of G(R) for i=1,2.
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Then SOs(f;)) ~SOs(f) over R, and
r,' = SO3(f1) N GL3(Z)

are arithmetic subgroups of G(R) for i=1,2.

One can also consider K = Q(ﬁ) CR and f3=x*+y*— V222,
Then
I's = SO3(f3) N GL3(Z[\f2])

is an arithmetic subgroup of G(R) over K.
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Then SOs(f;)) ~SOs(f) over R, and
r,' = SO3(f1) N GL3(Z)

are arithmetic subgroups of G(R) for i=1,2.

One can also consider K = Q(ﬁ) CR and f3=x*+y*— V222,
Then
I's = SO3(f3) N GL3(Z[\f2])

is an arithmetic subgroup of G(R) over K.

One can further replace integers by S-integers, etc.
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Weakly commensurable arithmetic groups Arithmetic

Definition of arithmeticity

Definition. Let G be an absolutely almost simple algebraic group
over a field F, charF=0, and 7:G— G be isogeny onto

adjoint group.
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Weakly commensurable arithmetic groups Arithmetic

Definition of arithmeticity

Definition. Let G be an absolutely almost simple algebraic group
over a field F, charF=0, and 7:G— G be isogeny onto

adjoint group.

Suppose we are given:
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Weakly commensurable arithmetic groups Arithmetic groups

Definition of arithmeticity

Definition. Let G be an absolutely almost simple algebraic group
over a field F, charF=0, and 7:G— G be isogeny onto

adjoint group.

Suppose we are given:

©Q a number field K with a fixed embedding K — F;
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Weakly commensurable arithmetic groups Arithmetic groups

Definition of arithmeticity

Definition. Let G be an absolutely almost simple algebraic group
over a field F, charF=0, and 7:G— G be isogeny onto

adjoint group.

Suppose we are given:

©Q a number field K with a fixed embedding K — F;

@ a finite set S c VK containing Vfo;
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Weakly commensurable arithmetic groups Arithmetic groups

Definition of arithmeticity

Definition. Let G be an absolutely almost simple algebraic group
over a field F, charF=0, and 7:G— G be isogeny onto

adjoint group.

Suppose we are given:

©Q a number field K with a fixed embedding K — F;
@ a finite set S c VK containing Vfo;

© an F/K-form G of G, ie. rG~G over F.
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Weakly commensurable arithmetic groups Arithmetic groups

Definition of arithmeticity

Definition. Let G be an absolutely almost simple algebraic group
over a field F, charF=0, and 7:G— G be isogeny onto

adjoint group.

Suppose we are given:

©Q a number field K with a fixed embedding K — F;
@ a finite set S c VK containing Vfo;

© an F/K-form G of G, ie. rG~G over F.

Then subgroups I C G(F) such that m(I') is commensurable
with G(Ok(S)) are called (G,K,S)-arithmetic.
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Weakly commensurable arithmetic groups Arithmetic groups

Convention: S does not contain nonarchimedean v such that

G is Ky-anisotropic.
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Weakly commensurable arithmetic groups Arithmetic groups

Convention: S does not contain nonarchimedean v such that

G is Ky-anisotropic.

We do NOT fix an F-isomorphism ;G ~ G inn°3; by varying it

we obtain a class of groups invariant under F-automorphisms.
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Weakly commensurable arithmetic groups Arithmetic groups

Convention: S does not contain nonarchimedean v such that
G is Ky-anisotropic.

We do NOT fix an F-isomorphism ;G ~ G inn°3; by varying it

we obtain a class of groups invariant under F-automorphisms.

Proposition. Let Gy and Gy be connected absolutely almost
simple algebraic groups defined over a field F, (charF =0), and let
I'; C Gi(F) be a Zariski- dense (G;, K;, S;)-arithmetic group (i =1,2).

Then Ty1 and T, are commensurable up to an F-isomorphism
between Gy and Gy if and only if

oKy = Ky = K;
®51 = 5y

oGy and Gy are K-isomorphic.
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Weakly commensurable arithmetic groups Arithmetic groups

In above example, I'y, I'; and I's are pairwise noncommensurable.
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Weakly commensurable arithmetic groups Arithmetic groups

In above example, I'y, I'; and I's are pairwise noncommensurable.

Recall: fy =x2+y?>—32%, fo=x2+2y> —72%, f3=x%+y?> — /222

ey and I, are NOT commensurable b/c the corresponding
Q-forms G; = SO3(f1) and G, = SO3(f,) are NOT isomorphic

over Q.
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Weakly commensurable arithmetic groups Arithmetic groups

In above example, I'y, I'; and I's are pairwise noncommensurable.

Recall: fy =x2+y?>—32%, fo=x2+2y> —72%, f3=x%+y?> — /222

ey and I, are NOT commensurable b/c the corresponding
Q-forms G; = SO3(f1) and G, = SO3(f,) are NOT isomorphic
over Q.

eI'3 is NOT commensurable to either I'7 or I, b/c

they have different fields of definition:
Q(v2) for T3, and Q for T; and T5.
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Weakly commensurable arithmetic groups Results on weak commensurability

Outline

© Weakly commensurable arithmetic groups

@ Results on weak commensurability
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Weakly commensurable arithmetic groups Results on weak commensurability

Results of Prasad-R. and follow-up results Garibaldi, Garibaldi-R.
provide a (virtually) complete analysis of weak commensurability

for arithmetic groups.

In particular:
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Weakly commensurable arithmetic groups Results on weak commensurability

Results of Prasad-R. and follow-up results Garibaldi, Garibaldi-R.
provide a (virtually) complete analysis of weak commensurability

for arithmetic groups.

In particular:

e we know when weak commensurability = commensurability

(answer depends on Lie type of algebraic group)
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Weakly commensurable arithmetic groups Results on weak commensurability

Results of Prasad-R. and follow-up results Garibaldi, Garibaldi-R.
provide a (virtually) complete analysis of weak commensurability

for arithmetic groups.

In particular:

e we know when weak commensurability = commensurability

(answer depends on Lie type of algebraic group)

@ arithmetic groups weakly commensurable to a given one

form finitely many commensurability classes.
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Weakly commensurable arithmetic groups Results on weak commensurability

Theorem 1. Let Gy and Gy be two connected absolutely almost
simple algebraic groups defined over a field F of characteristic zero.
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Weakly commensurable arithmetic groups Results on weak commensurability

Theorem 1. Let Gy and Gy be two connected absolutely almost
simple algebraic groups defined over a field F of characteristic zero.

If there exist finitely generated Zariski-dense subgroups T'; C G;(F)

(i=1,2) that are weakly commensurable then

either Gy and Gy have the same Killing-Cartan type, or
one of them is of type B, and the other is of type C, (n > 3).
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Weakly commensurable arithmetic groups Results on weak commensurability

Theorem 1. Let Gy and Gy be two connected absolutely almost
simple algebraic groups defined over a field F of characteristic zero.

If there exist finitely generated Zariski-dense subgroups T'; C G;(F)

(i=1,2) that are weakly commensurable then

either Gy and Gy have the same Killing-Cartan type, or
one of them is of type B, and the other is of type C, (n > 3).

NOTE: groups of types B, and C, can indeed contain Zariski-dense

weakly commensurable subgroups.
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Weakly commensurable arithmetic groups Results on weak commensurability

Theorem 2. Let T; C G;(F) be a Zariski-dense (G;, K;, S;)-arithmetic
subgroup for i=1,2.

If T1 and Ty are weakly commensurable then K; =Ky and S; = S,.
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Weakly commensurable arithmetic groups Results on weak commensurability

Theorem 2. Let T; C G;(F) be a Zariski-dense (G;, K;, S;)-arithmetic
subgroup for i=1,2.

If T1 and Ty are weakly commensurable then K; =Ky and S; = S,.

The forms G; and G, may NOT be K-isomorphic in general,

but we have the following.
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Weakly commensurable arithmetic groups Results on weak commensurability

Theorem 2. Let T; C G;(F) be a Zariski-dense (G;, K;, S;)-arithmetic
subgroup for i=1,2.

If T1 and Ty are weakly commensurable then K; =Ky and S; = S,.

Theorem 3. Let Gy and Gy be of the same type different
from A,, Dpyi1 with n>1, and Es, and let T; C G;(F) be
a Zariski-dense (G;, K, S)-arithmetic subgroup.

If Ty and T are weakly commensurable then Gy ~ G, over K, and

hence Ty and T are commensurable (up to an F-isomorphism between Gy and Gy).
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Weakly commensurable arithmetic groups Results on weak commensurability

Theorem 2. Let T; C G;(F) be a Zariski-dense (G;, K;, S;)-arithmetic
subgroup for i=1,2.

If T1 and Ty are weakly commensurable then K; =Ky and S; = S,.

Theorem 3. Let Gy and Gy be of the same type different
from A,, Dpyi1 with n>1, and Es, and let T; C G;(F) be
a Zariski-dense (G;, K, S)-arithmetic subgroup.

If Ty and T are weakly commensurable then Gy ~ G, over K, and

hence Ty and T are commensurable (up to an F-isomorphism between Gy and Gy).

For types A, Dy,41 (n>1) and Es we have counterexamples.
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Weakly commensurable arithmetic groups Results on weak commensurability

Theorem 4. Let T'y C Gy(F) be a Zariski-dense (K, S)-arithmetic subgroup.

Then the set of Zariski-dense (K,S)-arithmetic subgroups Ty C Gy(F)
that are weakly commensurable to Ty, is a wunion of finitely many

commensurability classes.
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Weakly commensurable arithmetic groups Results on weak commensurability

Theorem 4. Let T'y C Gy(F) be a Zariski-dense (K, S)-arithmetic subgroup.

Then the set of Zariski-dense (K,S)-arithmetic subgroups Ty C Gy(F)
that are weakly commensurable to Ty, is a wunion of finitely many

commensurability classes.

Theorem 5. Let I'; C Gi(F) be a Zariski-dense (G;,K,S)-arithmetic
subgroup for i=1,2.

If Tv and T, are weakly commensurable then 1kg G1 = rkx Go;

in particular, if Gy is K-isotropic then so is Go.
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Back to geometry Length-commensurability vs. weak commensurability

Outline

© Back to geometry

@ Length-commensurability vs. weak commensurability
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Back to geometry Length-commensurability vs. weak commensurability

Notations

@ G a connected absolutely (almost) simple algebraic group /RR;

g = G(R)
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Back to geometry Length-commensurability vs. weak commensurability

Notations

@ G a connected absolutely (almost) simple algebraic group /RR;

g = G(R)

e £ a maximal compact subgroup of G;

X =K\G associated symmetric space, rkX =rkrG
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Back to geometry Length-commensurability vs. weak commensurability

Notations

@ G a connected absolutely (almost) simple algebraic group /RR;

g = G(R)

e £ a maximal compact subgroup of G;

X =K\G associated symmetric space, rkX =rkrG

o I' a discrete torsion-free subgroup of G, Xr=X/T
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Back to geometry Length-commensurability vs. weak commensurability

Notations

@ G a connected absolutely (almost) simple algebraic group /RR;

g = G(R)

e £ a maximal compact subgroup of G;

X =K\G associated symmetric space, rkX =rkrG
o I' a discrete torsion-free subgroup of G, Xr=X/T

e Xr is arithmetically defined if T is arithmetic (for S = VK)

as defined earlier
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Back to geometry Length-commensurability vs. weak commensurability

Notations

@ G a connected absolutely (almost) simple algebraic group /RR;

g = G(R)

e £ a maximal compact subgroup of G;

X =K\G associated symmetric space, rkX =rkrG
o I' a discrete torsion-free subgroup of G, Xr=X/T
e Xr is arithmetically defined if T is arithmetic (for S = VK)

as defined earlier

Given Gi, Gy, T; C G;:=Gj(R) etc. as above, we will denote
corresponding locally symmetric spaces by Xr,.
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Fact. Assume that Xr, and Xr, are of finite volume.
If Xr, and Xr, are length-commensurable then (under minor technical
assumptions) I'y and T, are weakly commensurable.
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Fact. Assume that Xr, and Xr, are of finite volume.
If Xr, and Xr, are length-commensurable then (under minor technical
assumptions) I'y and T, are weakly commensurable.

The proof relies:
@ in rank one case - on the result of Gel’fond and Schneider (1934):

if « and B are algebraic numbers # 0,1, then igg; is either

rational or transcendental.
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Fact. Assume that Xr, and Xr, are of finite volume.
If Xr, and Xr, are length-commensurable then (under minor technical

assumptions) I'y and T, are weakly commensurable.

The proof relies:

@ in rank one case - on the result of Gel’fond and Schneider (1934):

if « and B are algebraic numbers # 0,1, then igg; is either

rational or transcendental.

@ in higher rank case - on the following

Conjecture (Shanuel) If zi,...,z, € C are linearly independent
over Q, then the transcendence degree of field generated by

21

. Z,
Z1, e, 2Zn, €1,..., €7

is =>n.
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Back to geometry Some results
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© Back to geometry
@ Some results
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Back to geometry Some results

Theorem 6. Let Xr, be an arithmetically defined locally symmetric space.

e The set of arithmetically defined locally symmetric spaces Xr,
that are length-commensurable to Xr,, is a wunion of finitely
many commensurability  classes.

o It consists of a single commensurability class if Gy and Gy have
the same type different from A, Doyy1 with n>1 and Ee.
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Back to geometry Some results

Theorem 6. Let Xr, be an arithmetically defined locally symmetric space.

e The set of arithmetically defined locally symmetric spaces Xr,
that are length-commensurable to Xr,, is a wunion of finitely

many commensurability  classes.

o It consists of a single commensurability class if Gy and Gy have
the same type different from A, Doyy1 with n>1 and Ee.

Theorem 7. Let Xr, and Xr, be locally symmetric spaces of
finite volume, and assume that one of the spaces is
arithmetically defined.

If Xr, and Xr, are length-commensurable then compactness of

one of the spaces implies compactness of the other.
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Back to geometry Some results

Theorem 8. Let Xr, and Xr, be isospectral compact locally

symmetric  spaces.

If Xr, is arithmetically defined then so is Xr,.
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Back to geometry Some results

Theorem 8. Let Xr, and Xr, be isospectral compact locally

symmetric  spaces.

If Xr, is arithmetically defined then so is Xr,.

Theorem 9. Let Xr, and Xr, be isospectral compact locally
symmetric spaces, and assume that at least one of the spaces
is arithmetically  defined.

Then G = G, =: G.

Moreover, unless G is of type An, Doyi1 (n>1) or Eg,

spaces Xr, and Xr, are commensurable.
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