ICM 1998, Berlin, Aug. 18–27

Abstracts of Plenary and Invited Lectures

Section:

13. Combinatorics

1991 MS Classification: 5, 14, 20 Zelevinsky, Andrei, Northeastern University, Boston, USA Multisegment duality, canonical bases and total positivity

The traditional interaction of representation theory, algebraic geometry and algebraic combinatorics involves:

ffl finite-dimensional representations of symmetric and general linear groups; ffl geometry of flag varieties and Schubert varieties; ffl combinatorics of Young tableaux and related algorithms. New concepts in representation theory such as Lusztig’s canonical bases [8] and Kashiwara’s crystal bases [5] require new geometric and combinatorial tools. The new triad includes:

ffl representations of reductive groups over p-adic fields and of their Hecke algebras; quantum groups and their canonical bases;

ffl geometry of quiver representation varieties and totally positive varieties; ffl combinatorics of rational polyhedral convex cones and polytopes, their lattice points, and their piecewise-linear transformations. We illustrate this interplay with a particular piecewise-linear involution, the multisegment duality. It was introduced in [12, 13] in the context of representations of general linear groups over a p-adic field. It also naturally appears in the geometry of quiver representations, and in the study of canonical bases for quantum groups. On the combinatorial side, it is closely related to Schützenberger’s involution on Young tableaux [11], as demonstrated in [2]. In a joint work with H. Knight [6], a closed formula for the multisegment duality was obtained using the machinery of network flows. In this talk, we give a new combinatorial interpretation of the multisegment duality as an intertwining map between two piecewise-linear actions of the Lascoux-Schützenberger plactic monoid [7]; this leads to a generalization and a new proof of the Mœglin-Waldspurger recursive description [10]. The multisegment duality is a special case of Lusztig’s piecewise-linear transition maps between various combinatorial parametrizations of the canonical basis for the unipotent part of the quantum general linear group. In a joint work with A. Berenstein and S. Fomin [1], closed formulas for these maps were obtained using a parallelism discovered by Lusztig [9] between canonical bases and total positivity. Combinatorial tools used in [1] include a geometric presentation of the reduced decompositions for the symmetric group by pseudo-line arrangements, and the tropical semiring (or (min, +)- algebra) appearing in combinatorial optimization and control theory. The

ICM 1998 Berlin � Plenary and Invited Lectures

2 13. Combinatorics

classical theory of totally positive matrices and its recent generalization to an arbitrary reductive group due to Lusztig [9] give rise to other algebraic and combinatorial problems. If time allows, some results in this direction obtained in [1, 3, 4] will be presented.

References 1. A. Berenstein, S. Fomin and A. Zelevinsky, Parametrizations of canonical bases and totally positive matrices, Adv. in Math. 122 (1996), 49–149. 2. A. Berenstein and A. Zelevinsky, Canonical bases for the quantum group of type A_r and piecewise-linear combinatorics, Duke Math. J. 82 (1996), 473–502.

3. A. Berenstein and A. Zelevinsky, Total positivity in Schubert varieties, Comment. Math. Helv. 72 (1997), 128–166.

4. S. Fomin and A. Zelevinsky, Double Bruhat cells and total positivity, Pré–publication 1998/08, IRMA, Université Louis Pasteur, Strasbourg, 1998.

5. M. Kashiwara, On crystal bases of the q-analogue of universal enveloping algebras, Duke Math. J. 63 (1991), 465–516.

6. H. Knight and A. Zelevinsky, Representations of quivers of type A and the multisegment duality, Adv. in Math. 117 (1996), 273–293. 7. A. Lascoux and M. -P. Schützenberger, Le monoide plaxique, in: Noncommutative structures in algebra and geometric combinatorics (Naples, 1978), pp. 129–156, Quad. “Ricerca Sci. “ 109, CNR, Rome, 1981. 8. G. Lusztig, Canonical basis arising from quantised enveloping algebras, J. Amer. Math. Soc. 3 (1990), 447–498.

9. G. Lusztig, Total positivity in reductive groups, in: Lie theory and geometry: in honor of Bertram Kostant, Progress in Mathematics 123, Birkhäuser, 1994.

10. C. Mœglin and J. L. Waldspurger, Sur l’involution de Zelevinski, J. Reine Angew. Math. 372 (1986), 136–177.

11. M. -P. Schützenberger, Promotion des morphismes d’ensembles ordonnés, Discrete Math. 2 (1972), 73–94.

12. A. Zelevinsky, Induced representations of reductive p-adic groups II, Ann. Sci. E. N. S. 13 (1980), 165–210.

13. A. Zelevinsky, A p-adic analog of the Kazhdan-Lusztig conjecture, Funct. Anal. Appl. 15 (1981), 83–92.

ICM 1998 Berlin � Plenary and Invited Lectures