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Throughout this talk

I : a small category, G : a group.

k : @ commutative ring.

k-Cat := the 2-category of small k-categories.

k-Ab := the 2-category of small abelian k-categories.
lk-Tri := the 2-category of small triangulated k-cats,
where 2-categories := strict 2-categories
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1. Introduction

An easy example.
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2. From group actions to colax functors

-G:o.gra-w‘o. Rejard G acat (Uﬁ,G,‘) /
Then “a G-actisn on o bcat T~ = “o functsr X 6 —> k-Cal

* —s> €
In +his case, we have £/G = Gr(X), ar  Oxta
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2. From group actions to colax functors

‘G.‘o.gm'o-«f. Rejard G a cat G*),G,‘)

({4 1
Then “a C-actisn on o bcat £ = “o functor X 6 —> k-Cal

* —s> €
In +his case, we have £/G = Gr(X), ar  Oxta

e F.on Olu'l'oeor of o k-cat £ (e3- E=3°(modl) , F=T'[1] ) with a g-inv
F—F,n 4. SFF, s: F F 34,
~ ‘a Pseud,O-Fur\C'l‘or"

=" (n>0)

@k x|, G (e2)

¥ —s ™ (n<o)

@) : infin. ey clic P with gen. @

o Lixt) =1ty But x(@adM+ X@") X(0") ingen. Lo FF.

1, w(ad)#EXx(a')
\¢ A fom. of nat iso X, - x@ 0" S XE)X(A') defined by 7 and g

In this case vt have f/(i-_) =Gr (.
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2. From group actions to colax functors
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Dfn. €: a 2-cat (eg. k-Cot)

A colox functer X = I — € consits of data -

o X ' I,—C, o mey

e X !Ij) =~ L(XE, X)) amop (i,;€I,)

o X;: X(8)=>1yy a 2-mer ind (i€ L) X(‘UT
o Xpp: X(ba)=> X(D)X(@) & 2-mer in€ (22> in I,)
that satisfy the axioms:

v
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Dfn. € : a 2-cat (e.g. k-Cot)
A colox functer X+ I —> € consits of data :
o X' I,—=C, oo mop

e X !Ij) =~ L(XE, X)) amop (i,;€I,) X,

e X, X(8;) =1y a 2-mer indC (el) X(ﬂ;)T ( X (&)

° Xb,ﬁ-: X(bo)=> X(B)X(0) a 2-msr in€ (-Z>-=25 iy I,) Xt X, o

that .sqt‘is{:'g, the axioms : X (ba) I
Coun ity coassocabivily

X(a) X x@)

X(4,)
X = — X,
xaf.)| %t




EXm. Acomonad Ton acat & (s a colax fun 1= Gt

Dfn. € : a 2<ar.
CDP:= the 2-cal obtwined from € by veversing the I-morphisms.
€= = the 2-cat obtnined from € by veuversing the 2-morphisms.
CT =)= (€

Dfn. A Q&X‘FAHU{-OT' I—=-C is a Cola.)(-ﬁd'\ I_>C°°.
A pseudofunddot is a cofaxfun X:1=>C with VX; X, 2-isc°
A fundtor I=€ is a colaxfm X I € with VX, X}, identrhies.
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3. Grothendieck constructions

X I —=kOCF a colax fonctor

cen I- o@‘agm crf b-cal® o Ib—fum fars

Y
A C@@@i Gr(x) o olefinsd o follrs

%‘L G«(x) ::L_l {[4 )= . X ‘ ‘ely DCéX/[)O}
céI %(Z]
Mor Vo, B eGrix),, Gr(X)(x, 59) = X[ (X, §)
1/ A /ﬂ
A& /j) XOJO
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EXm. X :=A4(A) ' I —k-Cal a funcler

A . _
[i:_'_’ 4, A.&«@a%

J A

(1) I=PQ path-cat of a guirer Q
> G(X)Z AQ patreatover A, A, bQ

2) I=S a POSet
= Gr(x) £AS incidemce caf of S opech, Ay oS
() =G o rmonsid
= Gr(X) 2 AG monaid o.f? cff G over & A@“_‘Z&G
@ (9000t (1), () LT=KQIR), R:a Guiwrer, R:ehbirus
= Grix)= Ag—h| Gg.heR) = A@, (B (3—h|gher))
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4. Induced pseudofunctors

Dfn.  B,C. 2-categories
Ob; A colax functer X B —>C€ is defined similarlg by data
e X'B, —€, : awmop
o X Bl = CIXD,XG) o e (¢;6BxB,)
¢ X, X(AD=21Nyy & 2-mer in €, c€B,

o Xy o X(b)=>X (X 0 2omerin €, (Zj=>k in By (natural in b,a)
an d by +Ho same axioms os before.

I

Fti)
X(i) —> X'ti)

X f“/ | X'@)
X(J) > X (J)
F)

(Wa:v—=>; in 1)

A lax transformotion (F ¢)° X — X’

N g
3

2mor A modification o (F,.¥)=>(F)¥)

These form & 2- cpcteor-at Cala.x(mg C)

is r‘-egqrou.o( s A 2—cod with ald 2-mor® denhtes’ CoLaX(I 4[.)

Y po.ssd:le +o de{-me ©4 X ~ X- 10/17



DfN. A lax finctor B=> € is o colax fn B—C*
A pseudpfuncor is a cofaxfun X B—=>C with VX; X, 2-iss°
A 2- funchor B+ € is a colax fum X.B—=> € with VX, X, identrhies.
P

Exm. Mod' © lk-Cat ——?IL-N:-OO is a 2-functor
‘ Mod € = kGt (T, Mod k)
FlL = ] (-F7
¢ M2 et = hGat (O Med )
Mod : k-Cot —= k-Ab (s a pseudofunctor
- Mod
Flo— | ®F | F= EL.F0), b
C Mod ¢/
D k-Modlot — k-Tri isa _PS&AAOF\«!\(‘/{-M-.
A 8 A-

Fl o | LF
al B A 11/17



Thm. Lel BC.Dbe 2cat” 5D psewdofun

TI’\E/I/\

EI&KBV) | UM[B,@ — %(B/@B (S 0. pseudofun.

X /X
a - \/ot /
(F, ¥) <;‘>(Ff\’) > V(EY) <i>) VIEY)
Ny AY
N VX

MAOJ>(@-qud@af D 5> b Tri
pseu dofur psemclofiun,

fpply 5 T2 -Gt

COr.  Chl Mol Cobooe (T b-Cot) — Colas (T, b-b)  amd
X = Mad X

Colo (L, o8 »Mod) - Colo (T, b-Cod) — ol (T, bTri )

Y > J(MedX)
anre PSEAJLOLOFuncjl‘DV‘S.

12/17



Rmk. X:I—>k-Cat - a colax fundor

=
(1) Moed X :1— AL o col ax f'mc}m-

. Mod X[,) - o
o |, > @, K@ X Xl -X0) -bimodda
)|t Mod XI;) ) XY, X () 60)

2) DModX) i I — k-Trt o cofax funtot

2 oS (Mugh i)
f
Al ‘ 7 l -éiK/)X%&>
)| 1 ‘
B (Hloel X))
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Dfn. | ot X X e Colox (1 k-Cot)

RN s D(Mod X) o S(Mad X' ore equuimlent
o The 2—cal E:ﬂ;x[l: [Mfmj

Pep |
<i1; 3 (F ) OMed X) — D (Med X') 2 Jomesr <t

o (1) tri = Ve Lo
{ ° “g/(Ot) C1so boe I, = (F ). I~€W&@mzmt

DMt X[4)) o A Meod X L2)

&®F
5
-
——
2
T BN\ e
A
(
% F
\_/><§
g
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5. Gluing derived equivalences together

Thm.(A) X ., X'e Colax (I, k-CF)
1y x ATxS

J/ ﬂﬂ[ X/:Ib_lomalct(ve ey k Dt )

[2) X/ T o KE(FQ’X)/ HFT z%éﬁ%\\m? Colox sudcol )erX
(T-epm)  Ioeqar (Lo T hilking VieT,)

(= (X) % (v (X/j

(PP VE, ekt




Exm. 3<né&N.
0~ Q'.3 ah~1
I=FPQ. Q: 2 —>3—>—>7

Define -F.,md‘&rs X, X 1= ut-Ca:t o 'FU'QLO'WS

= = .8.=8. o = ,..-,l:‘l
¥,y o/, &= {d“-l-ld‘, —o/ ﬁ_, Fj-l-l_oz %PJ BJ-H Ity (J { )
s

B Y

Viel,, Xti): 1227332~ v\_,‘P’i
o-1
Va, 4=+l X)X s Xii+1).

X
&

X(az) ¥

X
@

x@a ¥
X@ -
X{al',) Jl
X (6) .

pann
L0
W

R

("’;)

) ﬁ“u =9, Pi—lo(i—l @f—l=0'
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Exm. 3<nelN
I=PQ, Q: 2 —>3—> -—>N

Define -F.,md‘&rs X, X 1= ut-Ca:t o 'FU'QLO'WS

1\ % Xl' -1

P"exo, XD 422> 65 Y Y =0
\_/
XI
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H)

X
&

Xy
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("’;)
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, X(:
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' XIJ(:Q:
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Exm. 3<n &N o
I=PQ. Q: 2 ZaS
Defne fundes X, X' 1 T = k-Cat o foblows.
o o d,;.. %1% =0, B =0, %58 = By (j=t.-+1)
Eﬁelb, XL 47327332 0 L(' B, =0, By, B0

Bs P2 B
Va, i1+, X)) X C s X6+ 1.

— ’ 1. T: Xl-l
Viely, XD 4=2=> = | Y Yyn§=0 (;€Z/iZ)
k_/
X! 7, |
Vo :ti—=2etl, X(@): X)X+ dafined L.} 1d, s get Y 00, T 0y (=28
. T
— R ‘:J:_’Pz
X(D: 12 X'(2): 122
X ¥ IR Py . Xay b T\
X3 12 °2°3 ql X'® . 1—=>2-—>3
X A P -l’ Pz" Pz L Pz X'(a ¥ ;R—K\
X@ 1222324 X@: 1 —>2->3-24
X(xy) ¥ RN Xty ¥ TS )
X (€) . 122338423 “3\L x(l;') j=—>2—>3—24—>F5
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1 1
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