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Notation
K — algebraically closed field

algebra — basic, indecomposable, finite-dimensional K-algebra
A algebra

mod A — category of finite-dimensional right A-modules

I' 4 — Auslander Reiten quiver of A

Definition
C a component of I'4
@ C is regular if C contains neither a projective module nor
an injective module
@ C is semiregular if C does not contain both a projective
module and an injective module

A\
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Theorem (Liu, Zhang)

A algebra, C regular component of T 4.
Then C contains an oriented cycle < C is a stable tube.

Definition
C stable tube if C is of the form ZA/(7"), for some r > 1.

Theorem (Liu)

A algebra, C semiregular component of I 4.
Then C contains an oriented cycle < C is a semiregular tube
(ray tube or coray tube).
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Definition
C ray tube if C is obtained from a stable tube ZA, /(") by a
finite number (possible empty) of ray insertions.

C coray tube if C is obtained from a stable tube ZA.,/(7") by a
finite number (possible empty) of coray insertions.

ray coray
tube tube

An algebra A is said to be of semiregular tubular type if all
components in 4 are semiregular tubes (ray tubes or coray
tubes).

Problem
Describe all algebras A of semiregular tubular type.

—
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Tubular algebra (Ringel) — a tubular (branch) extension B of a tame concealed
algebra C of one of the tubular types (2,2, 2, 2), (3,3,3), (2,4,4), or (2,3, 6).
B tubular algebra. Then

@ gl.dmB=2

@ rkKy(B) =6,8,9,10

@ B is triangular, nondomestic of polynomial growth

@ [z is of the form

- ﬁﬁﬂ‘ﬂiﬁ;

758 \/qe(@+ T

P(B) a unique preprOJectlve component, Q(B) a unique preinjective component
TE a Py (K)-family of ray tubes containing at least one projective module

T2 a Py (K)-family of coray tubes containing at least one injective module

7:73 a Py (K)-family of stable tubes, for g € Q" (the set of positive rational
numbers)

The tubular families 7},‘3, g € QT, are of the same tubular type (2,2, 2,2),
(3,3,3), (2,4,4), or (2,3,6), denoted by (B).
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. Ringel ,
Bis a tubular algebra 9% . Bis a cotubular algebra

B cotubular algebra — a tubular (branch) coextension B of a tame
concealed algebra C of one of the tubular types (2,2, 2, 2), (3, 3, 3),
(2,4,4),0r(2,3,6)

An algebra A is called quasitilted (Happel-Reiten-Smalg) if
gl.dmA <2andpd, X <1oridg X <1 for any indecomposable
module X in mod A

An algebra A is called tame (Drozd) if, for any dimension d, there
exists a finite number of K[x]-A-bimodules M;, 1 < i < ng4, which are
free of finite rank as left K[x]-modules and all but finitely many
isomorphism classes of indecomposable modules in mod A of
dimension d are of the form K[x]/(x — \) ®x) M; for some A € K and
someie{1,...,n4}
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Theorem (Skowronski)

Let A be a quasitilted algebra. The following conditions are equivalent.
(i) Aistame.
(i) The Euler form x 4 of A is weakly nonnegatiwe.
(iii)y A is a tame tilted algebra or a tame semiregular branch
enlargement of a tame concealed algebra.

A tame semiregular branch enlargement of a tame concealed algebra
C < A atame quasitilted algebra of canonical type

AU the maximal branch coextension of C inside A (left part of A)
A) the maximal branch extension of C inside A (right part of A)

Y Y Y
A A A

AU (respectively, A)) is a representation-infinite algebra of
Euclidean type or a tubular algebra

A:

A0
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B a tame quasitilted algebra of canonical type. Then I'g is of the form

SN

7B a Py (K)-family of semiregular tubes separating P& from QB
PB = PB” is one of the forms

o P8Y = p(B"), if B! is tilted of Euclidean type

o PEY =p(BN)vTE" v (\/qe(@+ 7}75(”>, if B() is a tubular algebra
08 = 08" is one of the forms

o 08" = 9(B"), it B is tilted of Euclidean type

o 05" (\/qu+ 78" ) v 787 v 9(B"), it B" is a tubular algebra
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Periodic sequences of tame quasitilted algebras of

canonical type

= (B4, By, ...,B,_1, By) periodic sequence of tame quasitilted
algebras of canonical type

@ B; atame quasitilted algebra of canonical type, for any

ie{1,...,n}.
° B(') B(') a tubular algebra forany i € {1,...,n}, where
B(/) _ B(/)
+1

@ Bi¥Bjforanyi#jc{1,...,n}
{(B) tubular type of B

t(B) = (¢(B"), tBY),. B('))) ((8), tB"), ... t(BY,))
2

n-tuple of sequences from {(2,2,2,2),(3,3,3), (2, 4 4) (2,3,6)}
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B = (By, By, ...,B,_1,Bn) a periodic sequence of tame
quasitilted algebras of canonical type

B ~~ R(B) locally bounded K-category

R(B) is an infinite periodic pushout glueing to the algebras

B1a "aBn
RB)= U R(B)m
mez+
RB)y=B1 U B U u B u B
B =B o ® e o0 St 7 g0 L
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B = (B4, By, ...,B, 1, Bp) a periodic sequence of tame quasitilted
algebras of canonical type
B ~~ R(B) locally bounded K-category
By,Bo,...,B, 1, B, are convex subcategories of R(IB)
R(B) admits a K-linear automorphism gg such that
gB(Bﬁl)) = Bf,’) and gg acts freely on the objects of R(B)

G a group of K-linear automorphisms of R(B) is called admissible
if G acts freely on the objects of R(B) and has finitely many orbits

Proposition

LetB = (By,Bs,...,B, 1, Bn) be a periodic sequence of tame
quasitilted algebras of canonical type and G a group of K-linear
automorphisms of R(B). The following statements are equivalent.

(i) G is an admissible group of automorphisms of R(B).
(i) G = (vgg) for some m > 1 and a rigid automorphism ¢ of R(B).

v

(An automorphism ¢ of R(B) is said to be rigid if o(B;) = B; for any
ie{1,...,n})



Tame algebras of semiregular tubular type

B =(By,Bs,...,B,_1,By) periodic sequence of tame quasitilted
algebras of canonical type

R(B) locally support-finite (Dowbor-Skowronski) locally bounded
K-category

R(B
TAE) = Voo Ta
e forq e Z, EH(B) is a P1(K)-family of semiregular tubes
e forqge Q\Z, TqR(B) is a IP1(K)-family of stable tubes

‘ﬁﬁﬁ‘ﬁﬂﬁ’

RB TRE) R(B)
qu—1 ®) o quQO ® T vqe@1 Tq

Q' =Qn(i-1,i)
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G admissible group of K-linear automorphisms of R(IB)

A= R(B)/G associated orbit algebra

F = F®G . R(B) — R(B)/G = A Galois covering

Fx : mod R(B) — mod A the push-down functor

R(B) locally support finite implies (by Dowbor-Skowronski density
theorem) that F) is dense and 'y = M)/ G

Hence A= R(B)/G is a tame algebra of semiregular tubular type and

I 4 is of the form
vV ¢ v ¢4
qeqQy! qeQ?
=
qeQ, 2 ‘. oF 9€Q;

where ¢4 = F (77®) for any g € Q*
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Definition

An algebra A is said to be standard if A admits a Galois
covering R — R/G with R a simply connected locally bounded
category and G an admissible group of K-linear
automorphisms of R.

Theorem
Let A be an algebra. The following statements are equivalent.
(i) A is a standard tame algebra of semiregular tubular type.

(i) A= R(B)/G, for a periodic sequence B of tame quasitilted
algebras of canonical type and an admissible infinite cyclic
group G of K-linear automorphisms of the locally bounded
category R(B).

Conjecture

Every tame algebra of semiregular tubular type is a standard
tame algebra.
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Example

KO = 09*0,81/:07;)
av =0, =0,66 =0,6p =0,

forsome A, u € K \ {0,1}




