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Mutations of quivers with potential (Derksen, Weyman, Zelevinsky)

Categorification of every skew-symmetric cluster algebra.
Interpretation of F-polynomials, g-vectors in this context = proof of
important combinatorial conjectures of Fomin and Zelevinsky.

(Generalized) cluster categories

Also categorify cluster algebras. In this context, it makes sense to mutate
at several vertices.

Question
Explicit formula for mutation of quivers with potentials at several vertices?
Partial answer by Keller's green sequences.
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Notation

(Q, W) = (Qo, @1, W): a quiver with potential.
R=kQy. A= kQ@:. Ais a R-bimodule.

kQ R{(A
M= QW) = 5 =

o OW : A* — koq;
@ O+ W is the complete ideal generated by im OW.
Now, we take:

e KC Qo; K= Qo \ K; Qk: full subquiver supported by K;
® Rk = kK C kQo; R = kK C kQp;
@ A, = R,ARy for a,b € {K,K};
o N\ = /\R/‘\? = J(Qx,m(W)). We suppose that Ag is finite
dimensional.
Aim

Computing px(Q, W).
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Mutation

Example

X
NN,

= affy — y0e
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Mutation
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Mutation

Example
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Mutation

0 — Axk®Ak 2 AN QKA RNk ﬁ) Ak @Ak Nk HR NN = C — 0
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Mutation

0 — Axk®Ak 2 AN QKA RNk ﬁ) Ak @Ak Nk HR NN = C — 0
is a standard bimodule complex.

Remark

Exact in degree —1. cokery ~ Ak.
Exact if Ak is bimodule 3-Calabi-Yau.
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Mutation
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Mutation
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Mutation
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Mutation

KAK = KAK; %A = <Ax © Homp, (Y, X);
7AK = topk (X*);  kAg = ktop (H2(C) @p, X B Y)
A= Ak ® gAr ® Ak @ kAg : R-R-bimodule.
Example
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Mutation

KAK = KAK; %A = <Ax © Homp, (Y, X);
7AK = topk (X*);  kAg = ktop (H2(C) @p, X B Y)
A= KAk ® gAg ® KAk ® KAg © R-R-bimodule.

Example
» 5 ¢ ¢
= =" =5 £>169232_>(15@232
2N ' '
H/ AN BB BB
! ! : H2(C)@n X = " 3 3
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0 043/()* ’
AN Y\
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Remark: green sequence: 1,3,2,1 followed by 1 <> 2.
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Mutation
KAk = KAk
<Ak = topy (X¥)
A= KAK @RAR@RAK G

Example

Y
A
\

\* / *\\y
baﬁc) '\

Y
PN

S

W = af~y — vde

Remark: green sequence: 1
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Green sequence [applet by B. Keller]

File View Tools Clusters Repetition Diverse
Back| Forward] Add nodes]|Add arrows] el medes | Fresse n

odes | Done!

Click or drag nodes

,3,2, 1 followed by 1 <> 2. J




Mutation Green sequence [applet by B. Keller]

Quiver mutation
File View Tools Clusters Repetition Divers

» .
[5ack] Forvara |Ad nedes] Add arrows] Delete medes | Freese s

odes | Done!

KAk = KAk
KAk = topx (X7)
A= KAK @RAR@RAK G

Example

Y
/ (?(BC*
\

\* / *\\y
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Y
PN

S

W = af~y — vde

Click or drag nodes

Remark: green sequence: 1, 3,2, 1 tollowed by L <> Z.
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Mutation

KAK = KAK; %A = <Ax © Homp, (Y, X);
7AK = topk (X*);  kAg = ktop (H2(C) @p, X B Y)
A= KAk ® gAg ® KAk ® KAg © R-R-bimodule.

Example
2\ Y="75 =, &1@232_“15@232:X
g \ 5 )" 1 1
AN B¢ BB
le— 3 H2(C)®n, X = 3 3
\\ ) \\y K 2 2 2
0 ap’')* ’
W = afy — vée W = afy + axd® + af'y'(aB')"

+ By (BC)" + B'y(BO)" + 2(B¢)"x

Remark: green sequence: 1,3,2,1 followed by 1 <> 2.
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Mutation

3 (non unique) explicit potential W on R((A)).
Define 1} (A, W) = (A, W).
Conjecture (proven in some easy cases)

,u; induce a well define map:

{right equivalence classes of QPs} — {right equivalence classes of QPs}

which admits an inverse 1, defined in a similar way.

Proposition

If #K =1, ji3: is the DWZ mutation.

IfK = Ky H K> and F\’leé\:"-\);(2 =0, M; = ,u;% o M;I, 'u% = Iu,kl o ,LL%2.
Corresponds to maximal green sequences result when Q is acyclic.

©00O0

Corresponds to maximal green sequences result in explicitely

computed cases.
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Another example

u,v#0

PR

\
4

8/8

W =aBy+dBY

—af'vd' By — (uy+vy')de



Another example

u,v#0

PR

\4 /‘
\5, /
uafe*=—va' B e* N /V(Wé)*-FU(’YI‘;)*
4

@)

0

W =aBy+ '8y = af'va By — (uy+vy)oe

//\\

W= afy+d' By —apyd By — (uy+vy)d'e + (vy—uy )
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