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Introduction

Mutations of quivers with potential (Derksen, Weyman, Zelevinsky)

Categorification of every skew-symmetric cluster algebra.
Interpretation of F -polynomials, g-vectors in this context ⇒ proof of
important combinatorial conjectures of Fomin and Zelevinsky.

(Generalized) cluster categories

Also categorify cluster algebras. In this context, it makes sense to mutate
at several vertices.

Question

Explicit formula for mutation of quivers with potentials at several vertices?

Partial answer by Keller’s green sequences.
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Notation

(Q,W ) = (Q0,Q1,W ): a quiver with potential.
R = kQ0. A = kQ1. A is a R-bimodule.

Λ = J(Q,W ) =
k̂Q

∂A∗W
=

R〈〈A〉〉
∂A∗W

∂W : A∗ → kQ ;
∂A∗W is the complete ideal generated by im ∂W .

Now, we take:

K ⊂ Q0; K = Q0 \ K ; QK : full subquiver supported by K ;
RK = kK ⊂ kQ0; RK = kK ⊂ kQ0;

aAb = RaARb for a, b ∈ {K ,K};
ΛK = Λ

ΛRKΛ = J(QK , π(W )). We suppose that ΛK is finite

dimensional.

Aim

Computing µK (Q,W ).
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Mutation

Example

2
β′

��β ''1

α

@@

δ ��

3γ
oo

ζ

��
4

ε

@@

5

W = αβγ − γδε

Y = βε∗

2
→

ε∗
3

2 2
1

ϕ−→

δ
1
3
2
1

⊕
ζ
3

2 2
1

→ δ
1 ⊕

ζ
3

2 2
1

= X

0 Y

ΛK ⊗ KAK
∗ ϕ //

∂W
��

ΛK ⊗ KAK

X 0

ΛK ⊗ Λ⊗ A
Id⊗π⊗π

// ΛK ⊗ ΛK ⊗ KAK

µ⊗Id

OO

Remark: X = ΛK ⊗Λ Λrad(ΛeK )
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Mutation

0→ ΛK⊗ΛK
α−→ ΛK⊗KAK

∗⊗ΛK
β−→ ΛK⊗KAK⊗ΛK

γ−→ ΛK⊗ΛK = C0 → 0

is a standard bimodule complex.

Remark

Exact in degree −1. coker γ ' ΛK .
Exact if ΛK is bimodule 3-Calabi-Yau.
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Mutation

K ÃK = KAK ; K ÃK = KAK ⊕ HomΛK
(Y ,X );

K ÃK = topK (X ∗) ; K ÃK = K top
(
H−2(C )⊗ΛK

X ⊕ Y
)

Ã = K ÃK ⊕ K ÃK ⊕ K ÃK ⊕ K ÃK : R-R-bimodule.

Example

2

β′

��β
''1

α

@@

δ
��

3γoo

ζ

��
4

ε

@@

5

W = αβγ − γδε

Y = βε∗

2
→

ε∗
3

2 2
1

ϕ−→
δ
1
3
2
1

⊕
ζ
3

2 2
1

→ δ
1 ⊕

ζ
3

2 2
1

= X

H−2(C )⊗ΛK
X =

β′∗β′ζ β′∗βζ
3 3

2 2 2

W̃ = αβγ + αxδ∗ + αβ′y ′(αβ′ζ)∗

+ βy ′(βζ)∗ + β′y(βζ)∗ + z(βζ)∗x

Remark: green sequence: 1, 3, 2, 1 followed by 1↔ 2.

Green sequence [applet by B. Keller]
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K ÃK = topK (X ∗) ; K ÃK = K top
(
H−2(C )⊗ΛK

X ⊕ Y
)
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Mutation

∃ (non unique) explicit potential W̃ on R〈〈Ã〉〉.
Define µ+

K (A,W ) = (Ã, W̃ ).

Conjecture

(proven in some easy cases)

µ+
K induce a well define map:

{right equivalence classes of QPs} → {right equivalence classes of QPs}

which admits an inverse µ−K defined in a similar way.

Proposition

1 If #K = 1, µ±K is the DWZ mutation.

2 If K = K1
∐

K2 and RK1ARK2 = 0, µ+
K = µ+

K2
◦ µ+

K1
, µ−K = µ−K1

◦ µ−K2
.

3 Corresponds to maximal green sequences result when Q is acyclic.

4 Corresponds to maximal green sequences result in explicitely
computed cases.
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Conjecture (proven in some easy cases)

µ+
K induce a well define map:

{right equivalence classes of QPs} → {right equivalence classes of QPs}

which admits an inverse µ−K defined in a similar way.

Proposition

1 If #K = 1, µ±K is the DWZ mutation.

2 If K = K1
∐

K2 and RK1ARK2 = 0, µ+
K = µ+

K2
◦ µ+

K1
, µ−K = µ−K1

◦ µ−K2
.

3 Corresponds to maximal green sequences result when Q is acyclic.

4 Corresponds to maximal green sequences result in explicitely
computed cases.

7 / 8



Mutation

∃ (non unique) explicit potential W̃ on R〈〈Ã〉〉.
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Another example

u, v 6= 0

2

β′

��β
''1

α′

77

α

HH

δ
��

3
γ′

jj
γtt

4

ε

@@

W = αβγ + α′β′γ′ − αβ′γα′βγ′ − (uγ+vγ′)δε

2

β′

��β
''1

α′

77

α

HH

uαβε∗=−vα′β′ε∗
δ′

��

3
γ′

jj
γtt

4
v(γδ)∗+u(γ′δ)∗

ε′

@@

θ

YY

W̃ = αβγ + α′β′γ′ − αβ′γα′βγ′ − (uγ+vγ′)δ′ε′ + (vγ−uγ′)δ′θε′

8 / 8



Another example

u, v 6= 0

2

β′

��β
''1

α′

77

α

HH

δ
��

3
γ′

jj
γtt

4

ε

@@

W = αβγ + α′β′γ′ − αβ′γα′βγ′ − (uγ+vγ′)δε

2

β′

��β
''1

α′

77

α

HH

uαβε∗=−vα′β′ε∗
δ′

��

3
γ′

jj
γtt

4
v(γδ)∗+u(γ′δ)∗

ε′

@@

θ

YY

W̃ = αβγ + α′β′γ′ − αβ′γα′βγ′ − (uγ+vγ′)δ′ε′ + (vγ−uγ′)δ′θε′

8 / 8


