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Main aim

In [D–Du–Fu] (A double Ringel–Hall algebra approach to affine quantum
Schur–Weyl theory), two approaches of classifying simple representations
of affine q-Schur algebras have been given:

the upward approach: applying the classification of simple modules
over affine Hecke algebras of type A due to Zelevinsky and Rogawski
(indexed by multisegments).

the downward approach: applying the classification of finite
dimensional simple polynomial representations of quantum affine gln
given by Frenkel–Mukhin (indexed by dominant Drinfeld polynomials).

Main aim: Identify the two classifications above.
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Quantum affine gln

Fix q ∈ C× = C\{0} (which is not a root of unity).

The quantum affine algebra Uq(ĝln) is the C-algebra generated by
x±i,s (1 ≤ i < n, s ∈ Z), k±1i and gi,t (1 ≤ i ≤ n, t ∈ Z\{0}) with
relations:

(1) kik
−1
i = 1 = k−1

i ki, [ki, kj ] = 0, [ki, gj,s] = 0, [gi,s, gj,t] = 0;
(2) kix

±
j,s = q±(δi,j−δi,j+1)x±j,ski;

(3) [gi,s, x
±
j,t] =


0 if i 6= j, j + 1,

±q−is [s]s x
±
i,s+t, if i = j,

∓q(1−i)s [s]s x
±
i−1,s+t, if i = j + 1;

(4) [x+i,s, x
−
j,t] = δi,j

φ+
i,s+t−φ

−
i,s+t

q−q−1 ;

(5) x±i,sx
±
j,t = x±j,tx

±
i,s, if |i− j| > 1;

(6) [x±i,s, [x
±
j,t, x

±
i,p]q]q = −[x±i,p, [x

±
j,t, x

±
i,s]q]q, if |i− j| = 1;

(7) [x±i,s+1, x
±
j,t]q±cij = −[x±j,t+1, x

±
i,s]q±cij .

where [x, y]a = xy − ayx.
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relations:

(1) kik
−1
i = 1 = k−1

i ki, [ki, kj ] = 0, [ki, gj,s] = 0, [gi,s, gj,t] = 0;
(2) kix

±
j,s = q±(δi,j−δi,j+1)x±j,ski;

(3) [gi,s, x
±
j,t] =


0 if i 6= j, j + 1,

±q−is [s]s x
±
i,s+t, if i = j,

∓q(1−i)s [s]s x
±
i−1,s+t, if i = j + 1;

(4) [x+i,s, x
−
j,t] = δi,j

φ+
i,s+t−φ

−
i,s+t

q−q−1 ;

(5) x±i,sx
±
j,t = x±j,tx

±
i,s, if |i− j| > 1;

(6) [x±i,s, [x
±
j,t, x

±
i,p]q]q = −[x±i,p, [x

±
j,t, x

±
i,s]q]q, if |i− j| = 1;

(7) [x±i,s+1, x
±
j,t]q±cij = −[x±j,t+1, x

±
i,s]q±cij .

where [x, y]a = xy − ayx.
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Quantum affine sln

Here φ±i,s are defined by the generating function:

Φ±i (u) := k̃±1i exp(±(q − q−1)
∑
m≥1

hi,±mu
±m) =

∑
s≥0

φ±i,±su
±s,

where k̃i = ki/ki+1 and

hi,m = q(i−1)mgi,m − q(i+1)mgi+1,m (1 ≤ i < n).

The C-subalgebra generated by x±i,s, k̃
±1
i , and hi,m (1 ≤ i < n,

s,m ∈ Z, m 6= 0) is the quantum enveloping algebra Uq(ŝln)

(This is the so-called Drinfeld new presentation of Uq(ŝln)).
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Bangming Deng (BNU) Affine q-Schur Algebras ICRA 2012, Bielefeld 5 / 17



Quantum affine sln

Here φ±i,s are defined by the generating function:

Φ±i (u) := k̃±1i exp(±(q − q−1)
∑
m≥1

hi,±mu
±m) =

∑
s≥0

φ±i,±su
±s,

where k̃i = ki/ki+1 and

hi,m = q(i−1)mgi,m − q(i+1)mgi+1,m (1 ≤ i < n).

The C-subalgebra generated by x±i,s, k̃
±1
i , and hi,m (1 ≤ i < n,

s,m ∈ Z, m 6= 0) is the quantum enveloping algebra Uq(ŝln)
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Double Ringel–Hall algebras of cyclic quivers

Let D(4) denote the double Ringel–Hall algebra of the cyclic quiver
4 = 4n with n vertices. (Ringel, J.A. Green, and Xiao)

Following Schiffmann and Hubery, D(4) can be generated by
k±1i , Ei, Fi (1 ≤ i ≤ n) and z±m (m ≥ 1) with z±m being primitive and
central. The subalgebra generated by k̃±1i , Ei, and Fi (1 ≤ i ≤ n)

gives the Jimbo–Drinfeld presentation of Uq(ŝln). Moreover, there is
a Hopf algebra isomorphism

D(4)
∼−→ Uq(ĝln).

taking z±m 7−→ θ±m := m
[m]q

q±m(g1,±m + · · ·+ gn,±m).
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a Hopf algebra isomorphism

D(4)
∼−→ Uq(ĝln).
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taking z±m 7−→ θ±m := m
[m]q

q±m(g1,±m + · · ·+ gn,±m).

Bangming Deng (BNU) Affine q-Schur Algebras ICRA 2012, Bielefeld 6 / 17



Double Ringel–Hall algebras of cyclic quivers

Let D(4) denote the double Ringel–Hall algebra of the cyclic quiver
4 = 4n with n vertices. (Ringel, J.A. Green, and Xiao)

Following Schiffmann and Hubery, D(4) can be generated by
k±1i , Ei, Fi (1 ≤ i ≤ n) and z±m (m ≥ 1) with z±m being primitive and
central. The subalgebra generated by k̃±1i , Ei, and Fi (1 ≤ i ≤ n)

gives the Jimbo–Drinfeld presentation of Uq(ŝln). Moreover, there is
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The Tensor space

Ω: C-vector space with basis {ωs | s ∈ Z}
There is a natural D(4)-module structure on Ω defined by

Ei · ωs= δs,i+1ωs−1, Fi · ωs = δs,iωs+1,

ki · ωs = qδs,iωs, and z±m · ωs = ωs∓mn (i ∈ I, s ∈ Z,m ≥ 1).

Thus, for each r ≥ 1, the above action induces an action of D(4)
on Ω⊗r via the Hopf algebra structure on D(4), that is, Ω⊗r is
a left D(4)-module.
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Affine Hecke algebras of type A

Following Varagnolo–Vasserot, there is a right HM(r)-module
structure on Ω⊗r, where HM(r) is the affine Hecke akgebra of type A,
i.e., C-algebra generated by Ti, X

±1
j (i = 1, . . . , r − 1, j = 1, . . . , r)

with relations

(Ti + 1)(Ti − q2) = 0,

TiTi+1Ti = Ti+1TiTi+1, TiTj = TjTi (|i− j| > 1),

XiX
−1
i = 1 = X−1i Xi, XiXj = XjXi,

TiXiTi = q2Xi+1, XjTi = TiXj (j 6= i, i+ 1).

The two actions on Ω⊗r commute, i.e., Ω⊗r becomes a
D(4)-HM(r)-bimodule. Moreover, it induces a surjective algebra
homomorphism:

ξr : Uq(ĝln) ∼= D(4)� EndHM(r)(Ω
⊗r) =: SM(n, r).

The algebra SM(n, r) is called the affine q-Schur algebra.
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ξr : Uq(ĝln) ∼= D(4)� EndHM(r)(Ω
⊗r) =: SM(n, r).

The algebra SM(n, r) is called the affine q-Schur algebra.

Bangming Deng (BNU) Affine q-Schur Algebras ICRA 2012, Bielefeld 8 / 17



Affine Hecke algebras of type A

Following Varagnolo–Vasserot, there is a right HM(r)-module
structure on Ω⊗r, where HM(r) is the affine Hecke akgebra of type A,
i.e., C-algebra generated by Ti, X

±1
j (i = 1, . . . , r − 1, j = 1, . . . , r)

with relations

(Ti + 1)(Ti − q2) = 0,

TiTi+1Ti = Ti+1TiTi+1, TiTj = TjTi (|i− j| > 1),

XiX
−1
i = 1 = X−1i Xi, XiXj = XjXi,

TiXiTi = q2Xi+1, XjTi = TiXj (j 6= i, i+ 1).

The two actions on Ω⊗r commute, i.e., Ω⊗r becomes a
D(4)-HM(r)-bimodule. Moreover, it induces a surjective algebra
homomorphism:
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ξr : Uq(ĝln) ∼= D(4)� EndHM(r)(Ω
⊗r) =: SM(n, r).

The algebra SM(n, r) is called the affine q-Schur algebra.

Bangming Deng (BNU) Affine q-Schur Algebras ICRA 2012, Bielefeld 8 / 17



Affine Hecke algebras of type A

Following Varagnolo–Vasserot, there is a right HM(r)-module
structure on Ω⊗r, where HM(r) is the affine Hecke akgebra of type A,
i.e., C-algebra generated by Ti, X

±1
j (i = 1, . . . , r − 1, j = 1, . . . , r)

with relations

(Ti + 1)(Ti − q2) = 0,

TiTi+1Ti = Ti+1TiTi+1, TiTj = TjTi (|i− j| > 1),

XiX
−1
i = 1 = X−1i Xi, XiXj = XjXi,

TiXiTi = q2Xi+1, XjTi = TiXj (j 6= i, i+ 1).

The two actions on Ω⊗r commute, i.e., Ω⊗r becomes a
D(4)-HM(r)-bimodule. Moreover, it induces a surjective algebra
homomorphism:

ξr : Uq(ĝln) ∼= D(4)� EndHM(r)(Ω
⊗r) =: SM(n, r).

The algebra SM(n, r) is called the affine q-Schur algebra.

Bangming Deng (BNU) Affine q-Schur Algebras ICRA 2012, Bielefeld 8 / 17



Affine Hecke algebras of type A

Following Varagnolo–Vasserot, there is a right HM(r)-module
structure on Ω⊗r, where HM(r) is the affine Hecke akgebra of type A,
i.e., C-algebra generated by Ti, X

±1
j (i = 1, . . . , r − 1, j = 1, . . . , r)

with relations

(Ti + 1)(Ti − q2) = 0,

TiTi+1Ti = Ti+1TiTi+1, TiTj = TjTi (|i− j| > 1),

XiX
−1
i = 1 = X−1i Xi, XiXj = XjXi,

TiXiTi = q2Xi+1, XjTi = TiXj (j 6= i, i+ 1).

The two actions on Ω⊗r commute, i.e., Ω⊗r becomes a
D(4)-HM(r)-bimodule. Moreover, it induces a surjective algebra
homomorphism:
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A Morita equivalence

Suppose n ≥ r. Then the functor

F : HM(r)-Mod −→ SM(n, r)-Mod, M 7−→ Ω⊗r ⊗HM(r) M

is an equivalence. It also induces a category equivalence between
HM(r)-mod and SM(n, r)-mod.

Each simple SM(n, r)-module is finite dimensional.
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The upward approach

A segment s of length k = |s| with center a ∈ C× is by definition a
sequence

s = (aq−k+1, aq−k+3, . . . , aqk−1) ∈ (C×)k.

Let Sr be the set of multisegments s = (s1, . . . , sp) with
|s1|+ · · ·+ |sp| = r.

[Zelevinsky, Rogawski] For each s ∈ Sr, there is an associated simple
HM(r)-module Vs. Moreover, the set

{Vs | s ∈ Sr}

is a complete set of simple HM(r)-modules.
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The upward approach

Define
S (n)
r = {s = (s1, . . . , sp) ∈ Sr | |si| ≤ n, ∀i}.

Theorem 1 (D–Du–Fu)

The set
{Ω⊗r ⊗HM(r) Vs | s ∈ S (n)

r }

is a complete set of simple SM(n, r)-modules.
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The downward approach

Following Frenkel–Mukhin, an n-tuple of polynomials in C[u]
Q = (Q1(u), . . . , Qn(u)) with constant terms 1 is called dominant if,
for each 1 ≤ i ≤ n− 1, the ratio

Qi(uq
i−1)/Qi+1(uq

i+1)

is a polynomial in u. Let Q(n) be the set of dominant n-tuples of
polynomials.

[Frenkel–Mukhin] For each Q ∈ Q(n), there is an associated finite
dimensional simple representation L(Q) of Uq(ĝln). Moreover, the set

{L(Q) | Q ∈ Q(n)}

is a complete set of finite dimensional simple polynomial
representations of Uq(ĝln).
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The downward approach

Define

Q(n)r =
{
Q = (Q1(u), . . . , Qn(u)) ∈ Q(n) | r =

∑
1≤i≤n

degQi(u)
}
.

Theorem 2 (D–Du–Fu)

The set {
L(Q) | Q ∈ Q(n)r

}
forms a complete set of simple SM(n, r)-modules.
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Identification of simple SM(n, r)-modules

For s = (s1, . . . , sp) ∈ Sr with

si = (aiq
−µi+1, aiq

−µi+3, . . . , aiq
µi−1) ∈ (C×)µi ,

define Qs = (Q1(u), . . . , Qn(u)) ∈ Q(n)r by setting for 1 ≤ i ≤ n,

Qi(u) = Pi(uq
−i+1)Pi+1(uq

−i+2) · · ·Pn(uqn−2i+1),

where
Pi(u)=

∏
1≤j≤p
µj=i

(1− aju).

Theorem 3 (D–Du–Fu, D–Du)

For each s ∈ S
(n)
r , there is an isomorphism of SM(n, r)-modules:

Ω⊗r ⊗HM(r) Vs
∼= L(Qs).
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Key points in the proof

Case n > r [D–Du–Fu]:

a category equivalence of Chari–Pressley from the category of finite
dimensional HM(r)-modules to the category of finite dimensional
Uq(ŝln)-modules of type 1 which are of level r as Uq(sln)-modules.

a detailed analysis of the actions of the central elements z±m on
pseudo-highest weight vectors.
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Key points in the proof

Case n ≤ r [D–Du]:

Choose N > r ≥ n. There is a natural embedding

ι : Uq(ĝln) −→ Uq(ĝlN ).

In this case, Uq(ĝln) and Uq(ĝlN ) act on Ω⊗r(n) and Ω⊗r(N). There is
also a natural embedding

κ : Ω⊗r(n) −→ Ω⊗r(N).

Then these two actions are “compatible” with the embedding ι.

Apply the fact that SM(n, r) is a centralizer subalgebra of S4(N, r).
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Thank You !
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