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Motivation

© Two simple questions associated with the structure of algebras.

o If an algebra is defined by generators and relations, the realization
problem is to reconstruct the algebra as a vector space with hopefully
explicit multiplication formulas on elements of a basis;

o If an algebra is defined in term of a vector space such as an
endomorphism algebra, it is natural to seek their generators and
defining relations.

© Examples:

@ Kac—Moody algebras, quantum enveloping algebras (QEAs) ...

@ Endomorphism algebras such as Iwahori-Hecke algebras, g-Schur
algebras and their generalization, degenerate Ringel-Hall algebras, ....

© Known realizations: Kac-Moody algebras (Kac, Peng—Xiao,...), the
+-part of quantum enveloping algebras (Ringel, ...), QEA of gl,
(Beilinson-Lusztig-MacPherson), ...

© The approaches are all different. | will talk about the BLM approach
in this talk.
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The (modified) BLM approach

© By the quantum Schur-Weyl duality, there exist Q(v)-algebra
homomorphisms:

& U(gl,) = Endgy()(R5") = 8(n, r), the g-Schur algebra

© Construct spanning set {A(j, )} aco=(n,r) for S(n, r) with certain
explicit multiplication formulas with structure constants independent
of r;

© Relations similar to the defining relations for U(gl,,) can be derived
from these formulas;

© Consider a quotient K(n) = @,>18(n, r) of U(gl,) and define a
completion K(n) = [],5; S(n, r);

© The subspace 24(n) spanned by all A(j) = >_,.; A(j, r) is a subalgebra
of K(n) isomorphic to U(gl,).
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The affine analogue

© By the quantum Schur-Weyl duality, there exist Q(v)-algebra
homomorphisms:

& U(g/I;) — Enday, () (") = 8x(n, r), the affine q-Schur algebra

@ Construct spanning set {A(j, r)}AeeAi(n,r) for Sx(n, r) with certain
explicit multiplication formulas with structure constants independent
of r (not enough!);

© Relations similar to the defining relations for U(gl,) for Chevalley
generators can be derived from these formulas;

Q Let Ku(n) = ©,>184(n, r) and define a completion Cx(n);
© The subspace 2I(n) spanned by all A(j)=>_,.,A(j,r)is a

conjectural subalgebra of Kx(n) isomorphic to U(g[;)
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Quantum Schur algebras
Quantum Schur algebras

Let Z = Z[v,v™!] be the ring of Laurent polynomials in indeterminate v.

@ The Hecke algebra H = H(r) associated to the symmetric group &,
is an associative Z-algebra generated by T;,1 < i < r — 1 subject to

the relations (where q = v?)
T2=@Q-1)Ti+q, T,Tj=T;T;, TiTizaTi= Tis1Ti Tit1.

1

Basis { Tw }wes, -
o For each A € A(n, r) := (N"),, putting xx =3, ce, Tw, the algebra

S(n, r) == Endy(Dren(nn o H)

is called the quantum Schur algebra.
@ This algebra Z-free with a basis ¢§7# indexed by triples (\, d, 1),
where A, ;i € A(n,r) and d € D) ,,. This is seen easily from

S(n,r) = EB Hom(x\H, x, H) = @X)\/H N Hx,.
)\,,LL )\“LL
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Quantum Schur algebras BLM Spanning set

@ There is a bijection
A dp) [ A e Nn,r),d €Dy} — O(n,r)

where ©(n, r) denote the set of matrices over N of size n whose
entries sum to r.

@ For each j(\,d,n) = A€ O(n,r), let [A] = vdAgbiM, where
da = Dizkj<l Ak

o Let ©F(n,r) ={A € O(n,r)]|ai;=0 for all i}.

@ For Ac ©%(n,r) and j € Z", define

A= > vM[A+diag())]
AEN(n,r—|A])

@ The set
{AG,r) | A€ ©*(n,r),j e N"}

forms a spanning set for S(n, r).
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Quantum Schur algebras Multiplication formulas

Theorem (BLM)

Assume1 < h<n. Fori € Zj,j € Z" and A € ©*(n), if we put

f(i) =f(i,A) = Zj}i ahj — Zj>i apy1), @i =€ —ejy1, and

Bi = —e; — ejt1, then the following identities hold in S(n,r) for all r > 0:

(1) 0G, NAG', r) = HWAG+§,r), A, r)0G, r) = < PAG +7, r).
3 gl .

(2) Ennt1(0,r)AG,r) = Z vf) [[ah’ 1+ ]](A + Eni — Ent1,i)( + o, 1)

i<hapyp,i=>1

+ Z Uf()[[ h,l ]](A+Eh7i Eh+1,i)(]ar)

i>h+1;ap41,i 21

4 yf i1 (A= Ept1,n)(d + an, r) = (A= Enp1,n)(J + Bn, 1)
1—0v2

- Tampa+ 17
+ pf (D) Hh Hah’h+l * ]] (A+ Enpi1)(ds r)-

1
(3) Eppr,n(0,0)AG r) =---.
o All formulas are independent of r.

o
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Affine quantum Schur algebras ~ Affine multiplication formulas

The affine analogue

Theorem (D-Fu)

Assume1 < h<n. Fori € Zj,j € Z and A € ©F(n), if we put

f(i)=f(i,A) = ZJ-;,- apj — ZJ->,- apt1,, then the following identities hold
in 8x(n, r) for all r > 0:

(1) 0(, AW, r) = FAAG +7,r), AG,r)0G, r) = S PAG+],r).
: i+1 .
@ Efna@0AGN = ¥ o0 as g - B )G+ adn)
i<h;ah+1,,-2l
+ Z v Hah7i1+ 1ﬂ (A+Epi — Epa )G r)
i>h+1ap1,2>1

+ Uf(h)ij"il (A - EhAJrl,h)(j + al%7 r) - (A - EhAJrl,h)(j + ﬂlAw r)
1—v2

. Tanpi+17 :
+ of (1) +n [{ h’h+11 ﬂ (A aF EhA,h+1)(L r).

EE . (0,NA(,r)="--

[l [
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Affine quantum Schur algebras ~ Affine multiplication formulas

A realization conjecture

Q Let ICy(n) be the algebra which has Z-basis {[A]} ace,(n) and
multiplication defined by [A] - [B] = 0 if co(A) # ro(B), and [A] - [B]
as given in Sx(n, r) if co(A) =ro(B) and r = |A|.

o ICA(n) = Br>08a(n, r)

@ Let K,\(n) be the vector space of all formal (possibly infinite)
Q(v)-linear combinations ZAei(n) Ba[A] which have the following
properties: for any x € N/,

{A € O,(n) | Ba#0, ro(A) =x}
{A € 0©x(n) | Ba#0, co(A) =x}

We obtain an associative algebra with identity element, the sum of all
diagonal matrices in ©,(n).

° I%A(n) = 1,50 Sa(n, r)

the sets are finite.

v
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Affine quantum Schur algebras ~ Affine multiplication formulas

BLM type basis

For A€ ©(n) and j € Z", define

AG) = > vM[A+diag(\)] = Y A, r) € Ku(n)

AeNy r>0

and let 2A5(n) be the subspace of Kx(n) spanned by

%= {AG) | A€ 6i(n),j € Z7}.

The set B, = {A(j) | A € ©F(n),j € Z"} forms a basis for 2Ax(n).

Call %, the BLM basis of 2,(n).

J. Du (UNSW) 13-17 August 2012 11 /16



Affine quantum Schur algebras ~ Affine multiplication formulas

Theorem

The algebra homomorphisms &, : U(g/I\n) — 8u(n, r) induce an algebra
homomorphism & : U(gl,) = Da(n) — KCa(n). (It is constructed by the
double Ringel-Hall algebras ®,(n).) Restriction gives rise to the following
algebra homomorphisms:

o & :U(sl,) = Ay(n) (D-Fu);

o £:5,(n)"° = Au(n), & : H(n)=° = Aa(n) ((VV]);

Im(§) = Ax(n). Equivalently, the Q(v)-space Ax(n) is a subalgebra of
KA(H).

@ The conjecture is true in the classical (v = 1) case. We now look at
this case.
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The conjecture Proof of the classical case

Loop algebra of gl,

@ Consider the loop algebra gA[,,(Q) = gl,(Q) ® Q[t, t71].
@ This algebra is identified with the matrix Lie algebra M, ,(Q) of all
Z x 7 matrices A = (a; j)i jez With ajj € Q such that
(a) ajj = di+n,j+n for i,j€Z,and
(b) for every i € Z, the set {j € Z | a; j # 0} is finite.

@ Thus, we obtain a natural action of ng on €q. Hence, an action of
U(gl,) on QF'.
@ This gives algebra homomorphisms

N U(gl,) = Su(n, r)g = Endge, (Q5")

for every r > 1.
@ Hence, an algebra homomorphism

W—Hnr- g[)—HCAn)@_HSAnr

r=0 r>1
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The conjecture Proof of the classical case

Realization of U(gl,)

Theorem (Deng-D-Fu)
The universal enveloping algebra U (gAI,,) of the loop algebra gA[,,(@) has a

basis {A[j] | A € ©F(n),j € N} which satisfies the following
multiplication formulas:

(1) Olet]ALl = Ali +ef] + (D ae.s) Alil:

SEZL
@) Eipl0Al = Y (ani+ DA+ Eh — Ehp )l
T
+ 30 (M)A B+ - e

0<i<p

Jn ..
=F (ah,h—f—a a4 1) Z ( ;’—E>(A + Eﬁ,h—f—a)h - ’eﬁ-i-e]’

0<i<Jhte

V.
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The conjecture Proof of the classical case

Realization of U(gl,)

Theorem (Deng-D-Fu)

(3)  EnnemalOAG = > (ahstmn + (A + Epimn — Eis)[0]

s¢{h,h—mn}
ap s=>1
Jh .
b 5 Gnsn 1) () (44 Bl - ]
0<t<h
Jh .
+ 3 0 (B) (A= B palli+ (- tlef)
0<t<h

forall1 < ht <n, j=(jx) €NJ, A= (ai)) € O5(n), e € {1,-1}, and
m € Z\{0}.
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The conjecture Proof of the classical case

THANK YOU!

J. Du
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