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Notation

Throughout we use the following notation:
— k algebraically closed field or artinian ring.
— A finitely generated k-algebra.
— repy A\ - the space of d-dimensional representations of A.
— G = GLq4(k) - the d-dimensional general linear group over k.
— Mpxm(N) - the set of m x n-matrices with entries from A.
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The set-up

We shall consider the space of d-dimensional representations of A
overKk, i.e.

repg N = {f: N— Myxq4(k) | fis a k-algebra homomorphism}
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The set-up

We shall consider the space of d-dimensional representations of A
overKk, i.e.

repg N = {f: N— Myxq4(k) | fis a k-algebra homomorphism}

This space is all possible A structures on the vector space k9.
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The set-up

We shall consider the space of d-dimensional representations of A
overKk, i.e.

repg N = {f: N— Myxq4(k) | fis a k-algebra homomorphism}

This space is all possible A structures on the vector space k9.
Since A is finitely generated, say by A4, ..., A, we have an onto
map
gOZk<X1,...,Xt> — A
Xi = A
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The set-up

We shall consider the space of d-dimensional representations of A
overKk, i.e.

repg N = {f: N— Myxq4(k) | fis a k-algebra homomorphism}

This space is all possible A structures on the vector space k9.
Since A is finitely generated, say by A4, ..., A, we have an onto
map

gOZk<X1,...,Xt> — A
Xi — A

Hence one can view rep, A as the affine variety:

{(M)iz1,..t € Maxa(K)'| f(M)iz1,..t = 0 Vf € Ker g}

\

www.ntnu.no N T. Forbregd, Partial Orders on Representations of Algebras



The geometry

G acts on rep, A by conjugation, i.e. for ge G and m e rep, A
g=m: = (gMig=")i_1__+ The G-orbits correspond to the
isomorphism classes of A-modules on k.
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The geometry

G acts on rep, A by conjugation, i.e. for ge G and m e rep, A
g=m: = (gMig=")i_1__+ The G-orbits correspond to the
isomorphism classes of A-modules on k.

Let m,n e rep, A. If ne G = mthen m degenerates to n.
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The geometry

G acts on repy A by conjugation, i.e. for g e G and me repy A
g=m: = (gMig=")i_1__+ The G-orbits correspond to the
isomorphism classes of A-modules on kC.

Definition

Let m,n e rep, A. If ne G = mthen m degenerates to n.

By abuse of notation, for M, N d-dimensional A-modules, M
degenerates to N if ne G = m and denote this by M <y, N. Thus,

Sqeg IS @ partial order on repy A
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Degenerations

Theorem (Riedtmann '86, Zwara ’98)

Let M, N e rep, A, then the following are equivalent:

1. M<geq N
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Degenerations

Theorem (Riedtmann '86, Zwara ’98)

Let M, N e rep, A, then the following are equivalent:

1. M<geq N

2. There exists X € mod A and exact sequence
0—-X—XeM—N-—O0.

\
\

www.ntnu.no

T. Forbregd, Partial Orders on Representations of Algebras



Degenerations

Theorem (Riedtmann '86, Zwara ’98)

Let M, N e rep, A, then the following are equivalent:

1. M<geq N

2. There exists X € mod A and exact sequence
0—-X—XeM—N-—O0.

3. There exists Z € mod A and exact sequence
0O—-N—-MapZ—>Z—0.
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Degenerations

Theorem (Riedtmann '86, Zwara ’98)

Let M, N e rep, A, then the following are equivalent:

1. M<geq N

2. There exists X € mod A and exact sequence
0—-X—XeM—N-—O0.

3. There exists Z € mod A and exact sequence
0O—-N—-MapZ—>Z—0.

In fact Zwara showed that 2 (dually 3) is a partial order on finite
length modules for an artin algebra. Hence we may take rep, A to
be modules of length d over an artin algebra A.
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The Picture

M <goq N
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The Picture

M <deg N M <Vdeg N

Definition (virtual degeneration)

Let M, N e rep, A, then if there is X a A-module such that

M® X <4eq N ® X then M virtually degenerates to N.
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The Picture

Definition (Hom-relation)

Let M, N e rep, A, then M <pom N if for all X e mod A we have that
l(Homp (X, M) < £x(Homa (X, N).
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The Picture

M<eN = M<ggN —  M<pmN

deg
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The Picture

deg

For algebras of finite representation type, tame hereditary and
k[x].
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The Picture

M<gqN = M<uegN =  M<homN

Let Ag = k{X, Y)/{X?, Y2, XY + qYX) and Mz = A/(X + aY).
Then A@® S <y Ma @ M, @ S for all a, b € Py (k), however there
exists a, b such that A €geg Mz @ Mp.
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The Picture

M<gqN = M<uegN =  M<homN

Let Ag = k(X, Y)/(X?, Y2, XY + qYX) and M, = A/(X + aY).
ThenAN® S <deg M, @ My, @ S for all a, b € Py (k), however there
exists a, b such that A €geg Mz @ Mp.

Open problem in general.
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New orders

Letne Nand M, N e repyAthen M <, N if
L(M"JAM™) < £ (N"/A(N™)) holds for all Ae M pxn(N)
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New orders

Definition
Letne Nand M, N e rep, A then M <, N if
U(M"JAM™)) < £ (N"/A(N™)) holds for all Ae Mpxn(A)

Clearly this is a quasi-order for any n e N, i.e. reflexive and
transitive. However, anti-symmetry remains to be shown.
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Our Results

For M, N e rep, A and r, s € N we have
1. M <, N= M <s N whenever r > s, in particular <, is a
partial order whenever <, is, for all j > 0.

2. M<nomN = M <, Nforall neN.
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Our Results

For M, N e rep, A and r, s € N we have
1. M <, N= M <s N whenever r > s, in particular <, is a
partial order whenever <, is, for all j > 0.

2. M<nomN = M <, Nforall neN.

. ¥
To show 2 we consider the sequence A" — A" — X and get the
following commutative diagram

0— (/\n//\n(p’ M) - (An’M) - (An’ M)
2 2
M M? —— M7 joMT — 0
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Our Results

Auslander (1982) showed that <o is a partial order using
AR-sequences, later Bongartz (1989) generalized this to k
commutative ring and abelian k-categories. Also, in Bongartz’
proof it is shown that M ~ N if and only if £(A(X, M)) = ¢(A(X, N))
for a finite test set.
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Our Results

Auslander (1982) showed that <o is a partial order using
AR-sequences, later Bongartz (1989) generalized this to k
commutative ring and abelian k-categories. Also, in Bongartz’
proof it is shown that M ~ N if and only if £(A(X, M)) = £(A(X, N))
for a finite test set.

Proposition

Let M,Nerepy,Nandlet Lo = M@ N and L;,1 = rad(Enda(L;)) - L;
fori=1,...,rwithL,.4 =0and L, # 0. Then

M~ N <={(n(X, M) = £(x(X, N)) ¥X € add D[, L;.
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Our Results

Auslander (1982) showed that <o is a partial order using
AR-sequences, later Bongartz (1989) generalized this to k
commutative ring and abelian k-categories. Also, in Bongartz’
proof it is shown that M ~ N if and only if £(A(X, M)) = £(A(X, N))
for a finite test set.

Proposition

Let M,Nerepy,Nandlet Lo = M@ N and L;,1 = rad(Enda(L;)) - L;
fori=1,...,rwithL,.4 =0and L, # 0. Then

M~ N <={(n(X, M) = £(x(X, N)) ¥X € add D[, L;.

Key ingredient: lyama’s Finiteness of Representation Dimension,
more specefically End(@®]_, L;) has finite global dimension.
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Our Results

The relation < is a partial order on rep, A.
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Our Results

Theorem
The relation < is a partial order on rep, A.

The proof uses the preceeding proposition and the lemma:
M,N erepyAand X erepgs A If M <pog Nand N <25 M, then
e(/\(Xv M)) = g(/\(Xv N))

\
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Examples

1. A - the path algebra of the quiver A, with any orientation, then
<4 is a partial order and it coincides with <pom.
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Examples

1. A - the path algebra of the quiver A, with any orientation, then
<4 is a partial order and it coincides with <pom.

2. There cannot be a global n such that <, is a partial order on
repy A\ for any d. Namely, let 6: 0—A—B—C—0be an
almost split sequence. Then §*(X) = 0 for all X with
U X) < £(C).

\
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Open problems

1. If <, is a partial order, is it the same as <, 17
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Open problems

1. If <, is a partial order, is it the same as <, 17

2. Is <= <hom ON repy A, more generally is there a n such that

<p= \hom?
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