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2-hereditary algebras

K : algebrically closed field, D := HomK (−,K ).
Λ : basic, ring indecomposable, finite dimensional K -algebra.
gl.dimΛ = 2

ν2 := −
L

⊗DΛ ◦ [−2] : Db(mod Λ) → Db(modΛ)

◮ Λ : 2-hereditary ⇐⇒ ν i
2
Λ ∈ D2Z(mod Λ) for all i ∈ Z.

◮ Λ : 2-representation finite (2-RF)
⇐⇒ ∀P indec. proj. ν−mP

2
P is injective for some mP ≥ 0.

◮ Λ : 2-representation infinite (2-RI)
⇐⇒ ν−i

2
Λ ∈ modΛ for all i ≥ 0.

Theorem
Λ is 2-hereditary ⇐⇒ Λ is 2-RF or Λ is 2-RI.



Preprojective algebras

Π(Λ) := TΛ(Ext
2

Λ
(DΛ,Λ)) ≃

⊕
i≥0

HomD(Λ, ν
−i

2
Λ) ≃

⊕
i≥0

τ−i

2
Λ

Theorem
Λ : 2-RF ⇐⇒ Π(Λ) : finite dimensional selfinjective.

Λ : 2-RI ⇐⇒ Π(Λ) : bimodule 3-CY of Gorenstein parameter 1.

Remark

◮ 2-RF case by Iyama-Oppermann.

◮ 2-RI case by Amiot-Iyama-Reiten, Keller. See also

Minamoto-Mori.

◮ Λ = Π(Λ)0.

◮ Π(Λ) can be described using quivers with potential.



Quivers with potential and cuts

(Q,W ,C ) : quiver with potential and cut

◮ Q : quiver

◮ W : potential (linear combination of cycles in Q)

◮ C : cut (C ⊂ Q1, W homogenous of degree 1)

P(Q,W ,C ) := KQ/〈∂aW | a ∈ Q1〉 graded by C .

P(Q,W )C := P(Q,W ,C )0 = KQC/〈∂cW | c ∈ C 〉

We further assume that 〈∂cW | c ∈ C 〉 < KQC is admissible.



Construction of preprojective algebras

For Λ = KQ/〈r1, . . . , rm〉, we define (Q ′,W ,C ) such that
P(Q,W ,C ) ≃ Π(Λ).

◮ Q ′
0
= Q0

◮ Q ′
1
= Q1

∐
C

◮ C = {ρi : e(ri ) → s(ri ) | 1 ≤ i ≤ m}

◮ W =
∑

n

i=1
ρi ri

By Keller P(Q,W ,C ) ≃ Π(Λ).

P(Q ′,W )C ≃ KQ/〈∂ρiW | 1 ≤ i ≤ m〉 = Λ



Structure theorem for 2-hereditary algebras

Theorem
Let (Q,W ,C ) be a quiver with potential and cut.

◮ If (Q,W ) is selfinjective, then P(Q,W )C is 2-RF.

◮ If (Q,W ) is 3-CY, then P(Q,W )C is 2-RI.

◮ Every 2-hereditary algebra appears in this way.

Sources of 3-CY quivers with potential:

◮ Skew polynomial algebras in three variables.

◮ Consistent dimer models.
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P : simple projective. T := (Λ/P)⊕ τ−
2
(P).

EndΛ(T ) : 2-APR tilt of Λ.
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