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Motivation

Investigate Gorenstein projective modules M over a ring R.
(AKA modules of Gorenstein dimension zero, or totally reflexive
modules (TR))

Definition
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Ci projective
C acyclic, and HomR(C,P) acyclic for every projective P.
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Note: Projectives are Gorenstein projective — these are the
trivial ones.

Theorem (CPST)
R commutative local.
If ∃ one non-projective totally acyclic module, then either R is
Gorenstein (in which case every MCM is TR) or there exist
infinitely many TR’s.

Theorem (CJRSW)

R generic commutative local k-algebra with m3 = 0. Then
Brauer-Thrall I and II hold for the TR’s (k inifinite)

Thus: Pevtsova’s rationale applies ...
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An Example

R = k [x , y , z]/(x2, y2, z2, yz)

k -basis: 1, x , y , z, xy , xz ← not Gorenstein.

[x ] is indec. TR so is


x y 0 · · · 0
0 x y · · · 0

. . .
0 · · · 0 x y
0 · · · 0 0 x


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Steal an idea of Buchweitz

From the unpublished notes ...

The setup

P — additive category
C — a complex in P

Definition
C is acyclic if HomP(P,C) is acyclic ∀P ∈P.
C is moreover totally acyclic if HomP(C,P) is acyclic
∀P ∈P.

We consider certain triangulated subcategories of

KP — the homotopy category of complexes in P
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KtacP = {C ∈ KP | C is totally acyclic}
K−,bP = {C ∈ KP | Cn = 0 for n� 0 and C is eventually acyclic}

KbP = {C ∈ KP | Cn = 0 for |n| � 0}.

Definition
Define a function

β : KtacP → K−,bP

β(C) = C≥0

Brutal truncation at degree 0

Not a functor of triangulated categories ...
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But it induces one:

Note that KbP is a thick subcategory of K−,bP

Theorem (BJO)
Brutal truncation at degree 0

β : KtacP → K−,bP/KbP

β(C) = C≥0

is a fully faithful triangle functor.

Define

Db
sg(P) = K−,bP/KbP
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The defect category

Let C be a triangulated subcategory of KtacP

Definition

Db
C(P)

def
= Db

sg(P)/〈Imβ〉

Where 〈Imβ〉 is the thick closure of the image of β in Db
sg(A).

Thus Db
C(P) is a triangulated category, called the defect

category of C



Motivation Mindy What we’re going to do bout it The defect category Applications Mindy revisited

The defect category

Let C be a triangulated subcategory of KtacP

Definition

Db
C(P)

def
= Db

sg(P)/〈Imβ〉

Where 〈Imβ〉 is the thick closure of the image of β in Db
sg(A).

Thus Db
C(P) is a triangulated category, called the defect

category of C



Motivation Mindy What we’re going to do bout it The defect category Applications Mindy revisited

Overly restrictive applications

R commutative local ring

P = proj R

C = Ktac proj R

Theorem

Db
C(proj R) = 0⇐⇒ R is Gorenstein

(⇐=) is essentially Buchweitz

Theorem is a reformulation of Auslander-Bridger
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R commutative local ring

P = proj R

C = {C ∈ Ktac proj R | C has finite complexity to the left}

Theorem

Db
C(proj R) = 0⇐⇒ R is a complete intersection

Is a reformulation of Gulliksen’s result
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R commutative local ring

P = proj R, M an R-module

C = {C ∈ Ktac proj R | HomR(C,M)i = 0 for i � 0}

Theorem

Db
C(proj R) = 0⇐⇒ M has finite projective dimension
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The dimension of the defect category

The dimension (in then sense of Rouquier) of the defect
category gives a measure of the defect:

• C = {C ∈ Ktac proj R | HomR(C,M)i = 0 for i � 0}

dim Db
C(proj R) measures how badly M has infinite projective

dimension

• C = {C ∈ Ktac proj R | C has finite complexity to the left}

dim Db
C(proj R) measures relatively how many modules have

infinite complexity.

• C = Ktac proj R

dim Db
C(proj R) measures relatively how many modules are not

TR
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R = k [x , y , z]/(x2, y2, z2, yz)

k -basis: 1, x , y , z, xy , xz ← not Gorenstein.

[x ] is indec. TR so is


x y 0 · · · 0
0 x y · · · 0

. . .
0 · · · 0 x y
0 · · · 0 0 x


Goal: Compute the dimension of the defect category ...



Motivation Mindy What we’re going to do bout it The defect category Applications Mindy revisited

Dankeschön!
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