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o

k
p =
f + 257 + x5 — triangle singularity
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Notations

Notations

k = k — algebraically closed field

p = (p1,p2,p3) — weights seqence, p; € Z, p; > 2
f=a" + x5 + x5 — triangle singularity

S = k[X1, X2, X3]/(f) — quotient polinomial algebra

L — the rank one abelian group on generators

fl, Xp, X3 with relations pl)_ﬁ :pzfz :]?3)_53 =7

S is L — graded algebra, with deg X; = X;
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Notations II

X = Proj"(S) — weighted projective line of type (p1, p2, p3)
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Notations II

X = Proj"(S) — weighted projective line of type (p1, p2, p3)
vect(X) — category of vector bundles on X

£ — subcategory of line bundles

vect(X) = vect(X)/[£] — stable category of vector bundles

f — domestic singularity, that is Euler characteristic

The complete list of those types is
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Notations

Notations II

X = Proj"(S) — weighted projective line of type (p1, p2, p3)
vect(X) — category of vector bundles on X

£ — subcategory of line bundles

vect(X) = vect(X)/[£] — stable category of vector bundles

f — domestic singularity, that is Euler characteristic

The complete list of those types is
(2,2,n) (n >2),(2,3,3), (2,3,4), (2,3,5).
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Motivation

(i) Sing™(S) = CM"(S) = MF"(S) [Buchweitz, Orlov]
(i) CM"(S) =2 vect(X) [Geigle-Lenzing]
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(i) Sing™(S) = CM"(S) = MF"(S) [Buchweitz, Orlov]
(i) CM"(S) =2 vect(X) [Geigle-Lenzing]

Sing"“(S) - singularity category of S

CM¥(S) - stable category of maximal L—graded
Cohen-Macaulay modules

MF"-(S) — homotopy category of L—graded matrix factorisations
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Motivation

Motivation

(i) Sing™(S) = CM"(S) = MF"(S) [Buchweitz, Orlov]
(i) CM"(S) =2 vect(X) [Geigle-Lenzing]

Sing"“(S) - singularity category of S

CM¥(S) - stable category of maximal L—graded
Cohen-Macaulay modules

MF"-(S) — homotopy category of L—graded matrix factorisations

of f

Describe those categories using the L—graded matrix factorisations of

f.

D. Kedzierski Matrix factorisations for domestic singularities



>torisation for rank 2 bundles
4) for the rank 4 bundle

Matrix factorisations
List of rix factorisations in the domestic case

Definition of matrix factorisation

Definition

An L—graded matrix factorisation of f is a pair (¢, 1)) of morphisms,
between [L—graded projective S—modules:

isations for domestic singularities



Definition
Matrix f: isation for rank 2 bundles
3, 4) for the rank 4 bundle

Matrix factorisations
List of a matrix factorisations in the domestic case

Definition of matrix factorisation

Definition

An L—graded matrix factorisation of f is a pair (¢, 1)) of morphisms,
between [L—graded projective S—modules:

Po -2 PL % Po@) 29 py(2),

such that

Y(@ oy =folp @, and Pod=folpp
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Definition
Matrix factorisation for rank 2 bundles
The case (2, 3, 4) for the rank 4 bundle

Matrix factorisations
List of a matrix factorisations in the domestic case

Definition of matrix factorisation

Definition

An L—graded matrix factorisation of f is a pair (¢, 1)) of morphisms,
between [L—graded projective S—modules:

Po -2 PL % Po@) 29 py(2),
such that

Y(@ oy =folp @, and Pod=folpp

These form a category where morphisms are considered up to
homotopy. Denote by MFX(f).
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Matrix factorisation for rank 2 bundles
The case 4) for the rank 4 bundle

Matrix fa
List of a matrix factorisations in the domestic case

From vect(X) to MF"(f)

E —indecomposable vector bundle of rank at least 2,




Definition
for rank 2 bundles
for the rank 4 bundle
orisations in the domestic case

Matrix factorisations

From vect(X) to MF"(f)
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Definition
for rank 2 bundles
for the rank 4 bundle
orisations in the domestic case

Matrix factorisations

From vect(X) to MF"(f)
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Definition
for rank 2 bundles
for the rank 4 bundle

Matrix factorisations
orisations in the domestic case

From vect(X) to MF"(f)

NN N A
avayd

3.
DU XX XA
NN AN

(E) J(E)
%
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Definition
for rank 2 bundles

- L T for the rank 4 bundle
Matrix factorisations
orisations in the domestic case

From vect(X) to MF"(f)

E —indecomposable vector bundle of rank at least 2,

NN SN
AN
XA X X
NN

SNANSN AN S
AW A
A A A A AKX
NN N N

B(E) I(E)=P(F)
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- L T for the rank 4 bundle
Matrix factorisations
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From vect(X) to MF"(f)

E —indecomposable vector bundle of rank at least 2,

NN SN
AN
XA X X
NN

SNANSN AN S
AW A
A A A A AKX
NN AN NN

B(E) I(E)=P(F)
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Definition
for rank 2 bundles
for the rank 4 bundle

Matrix factorisations
orisations in the domestic case

From vect(X) to MF"(f)

E —indecomposable vector bundle of rank at least 2,
NN SN
FAYa WY
AR

NSNS

SNANSN AN S
2L 3L 2l 3L
A A A A AKX
NN AN NN

¢ ¢

B(E) I(E)=P(F)
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Definition
for rank 2 bundles
for the rank 4 bundle

Matrix factorisations
orisations in the domestic case

From vect(X) to MF"(f)

E —indecomposable vector bundle of rank at least 2,
NN SN
FAYa WY
AR

NSNS

SNANSN AN S
2L 3L 2l 3L
A A A A AKX
NN AN NN

I(E)=P(F)
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Definition
Matrix factorisation for rank 2 bundles
- . The cz 4) for the rank 4 bundle
Matrix fact ons - N
List of a matrix factorisations in the domestic case

From vect(X) to MF"(f)

i=1

Il
_

é’alom E oz “FT @0

factorisations for dom




Matrix factorisations

From vect(X) to MF"(f)
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Matrix factorisations

From vect(X) to MF"(f)
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Definition
for rank 2 bundles
for the rank 4 bundle
orisations in the domestic case

Matrix factorisations

From vect(X) to MF"(f)

Hom(O(3),0(2) = Sz 5 == 1, ¢ € Ma,(S)
llftlng w (z) c Mz,»(k[X],Xz,Xfi])
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Definition
for rank 2 bundles
for the rank 4 bundle
orisations in the domestic case

Matrix factorisations

From vect(X) to MF"(f)

Hom(O(3),0(2) = Sz 5 == 1, ¢ € Ma,(S)
llftlng w (z) c Mz,»(k[X],Xz,Xfi])

Then matrix factorisation (¢, 1)) can be represented by two square
matrices of k[X|, X2, X3], such that¢p o ¢ = fTand p o ) = fI
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Definition
Matrix factori
The case (2, 3, 4) for the rank 4 bundle

Matrix factorisations
List of a matrix factorisations in the domestic case

Matrix factorisation for rank 2 bundles

Assume that X is given by a weight triple (p1, p2, p3).




Definition
Matrix factorisation for rank 2 bundles
The cas or the rank 4 bundle

Matrix factorisations .
List of a actorisations in the domestic case

Matrix factorisation for rank 2 bundles

Assume that X is given by a weight triple (p1, p2, p3).

Theorem (Kussin-Lenzing-Meltzer)

Let E be an indecomposable vector bundle of rank two.
Then E is the middle term of an non-split sequence

0 — L&) —E—LX —0

for some line bundle L and some X = Z?:l Iix;, with0 < [; < p; — 2.
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tion for rank 2 bundles
for the rank 4 bundle

Matrix factorisations . .
List of a matrix factorisations in the domestic case

Matrix factorisation for rank 2 bundles

Assume that X is given by a weight triple (p1, p2, p3).

Theorem (Kussin-Lenzing-Meltzer)

Let E be an indecomposable vector bundle of rank two.
Then E is the middle term of an non-split sequence

0 — L&) —E—LX —0
for some line bundle L and some X = Z?:l Iix;, with0 < [; < p; — 2.

Moreover
3
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Definition
Matrix factori
The case (2, 3, 4) for the rank 4 bundle

Matrix factorisations
List of a matrix factorisations in the domestic case

Matrix factorisation for rank 2 bundles

For E we obtain matrix factorisations, as follows




Definition
Matrix factorisation for rank 2 bundles
The case ( 4) for the rank 4 bundle

Matrix factorisations
List of a matrix factorisations in the domestic case

Matrix factorisation for rank 2 bundles

For E we obtain matrix factorisations, as follows
0 %’3—16 x1272—i xll’l—j
A
B0
R
T
xl3< 0 xll71—j _X1272—i
Xé _X’il_j 0 xg’3—k
T
for0 <j<p,0<i<pr,0<k<ps.
This work for any weight triple.

Y=
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actorisation for rank 2 bundles
The ¢ (2,3,4 the rank 4 bundle

Matrix factorisations ) /
List of a matrix factorisations in the domestic

rank 2 bundles in the domestic case

Assume X has domestic type.




Definition
Matrix factori
The case (2, 3, 4) for the rank 4 bundle

Matrix factorisations
List of a matrix factorisations in the domestic case

rank 2 bundles in the domestic case

Assume X has domestic type.
Then, for £ we obtain matrix factorisation q§2 =1,
with
—x xgz—l _x§3—k 0
& X2 X1 0 x’3’3_k
3 0 X1 xlzjz_]
0 x§ X2 —X1
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Definition
Matrix factorisation for rank 2 bundles
. P The case (2, 3, 4) for the rank 4 bundle
Matrix factorisations ( )
List of a matrix factorisations in the domestic case

The case (2, 3, 4) for the rank 4 bundle

Assume X = X(2,3,4)
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Definition
Matrix factorisation for rank 2 bundles
The case (2, 3, 4) for the rank 4 bundle

Matrix factorisations
List of a matrix factorisations in the domestic case

The case (2, 3, 4) for the rank 4 bundle

Assume X = X(2,3,4)
E —indecomposable vector bundle of rank 4,




Assume X = X(2,3,4)
E —indecomposable vector bundle of rank 4,

NS
N
N/
7N\
N
AN

NZ NS N v
PN AN
NNV N K
/N AN 2N
N 4NN K
NN N
N NN
NSNS\
NSNS N S
£NCAIN /N
NN N Y
NN N
NSNS/
YN AN SN
NN N Y
NN N

S
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Assume X = X(2,3,4)
E —indecomposable vector bundle of rank 4,

NN AN AN NN
INANAN SN NS
ANANANSAN S NS
N AN AN AN TN SN
INANANSN NS

S

Matrix factorisations for domestic singularities

SN SN
NSNS N Y
SN AN N
NSNS N Y
SN N
NSNS N Y
SN AN N




Assume X = X(2,3,4)
E —indecomposable vector bundle of rank 4,

AN AN AN N N N AN A
NN INTTN TN IN SN SN SN
ININININ ST NINSNSNS N
NANININ ST NN TN SN
INANNAN NSNS SN SN

°
°

Q
>
>
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Assume X = X(2,3,4)
E —indecomposable vector bundle of rank 4,

NN AN AN NN
INANAN SN NS
ANANANSAN S NS
N AN AN AN TN SN
NN ANSN NS

° ° ° ° (@)

SN SN
NSNS N Y
SN AN N
NSNS N Y
SN N
NSNS N Y
SN AN N

>

>

>




T!

Matrix factorisations
List ¢ natri

The case (2, 3, 4) for the rank 4 bundle

Assume X = X(2,3,4)
E —indecomposable vector bundle of rank 4,

NN AN AN N N AN AN AN A

NN INSIN NSNS SN SN

ANNNSON S NN NS NN

NANININ TN NN SN SN

SNANSNN NN AN SN SN
PB(E) = B(rxT) ®P(T) J(E) =3(rxT) ® I(T)
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Matrix factorisation for rank 2 bundles
. e The case (2, 3, 4) for the rank 4 bundle
Matrix factorisa s
List of a matrix factorisations in the domestic case

The case (2, 3,4)

Take the exact sequence

0— ~T L5 E, 55T —50.
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Matrix factorisation for rank 2 bundles
The case (2, 3, 4) for the rank 4 bundle

List of a matrix factorisations in the domestic case

The case (2, 3,4)

Take the exact sequence

0— ~T L5 E, 55T —50.

Then

P(E) = P(r<T) @ B(T),  I(E) =3(xT) @ I(T)
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Matrix factorisation for rank 2 bundles
e R The case (2, 3, 4) for the rank 4 bundle
Matrix factorisations ( )
List of a matrix factorisations in the domestic case

The case (2, 3,4)

Take the exact sequence

0— ~T L5 E, 55T —50.

Then
B(E) =B(xT)@P(T),  I(E)=3(xT)®I(T)

Let mr : B(T) — T, qr : T — J(T) be a projective cover and
injective hull of T
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Definition
Matrix factorisation for rank 2 bundles
e rank 4 bundle

Matrix factorisations
rix factorisations in the domestic case

The case (2, 3,4)

Take the exact sequence

0— ~T L5 E, 55T —50.

Then
B(E) =B(xT)@P(T),  I(E)=3(xT)®I(T)

Let mr : B(T) — T, qr : T — J(T) be a projective cover and
injective hull of T

= 3t B(T) — E | got = np, (Bxtk(P(T), T) = 0),
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Definition
Matrix factorisation for rank 2 bundles
e rank 4 bundle

Matrix factorisations
rix factorisations in the domestic case

The case (2, 3,4)

Take the exact sequence

0— ~T L5 E, 55T —50.

Then

P(E) = P(r<T) @ B(T),  I(E) =3(xT) @ I(T)

Let mr : B(T) — T, qr : T — J(T) be a projective cover and
injective hull of T

~ :P(T) — E| got=mr, (Bxth(P(T), xT) = 0),
— s E—J(rxT) | fos = qrr, (Bxti(T,3(7xT)) = 0).
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Matrix factorisation for rank 2 bundles
. e The case (2, 3, 4) for the rank 4 bundle
Matrix factorisa s
List of a matrix factorisations in the domestic case

The case (2, 3,4)

0 TxT
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Matrix factorisation for rank 2 bundles
The case (2, 3, 4) for the rank 4 bundle

Matrix factorisations
List of a matrix factorisations in the domestic

The case (2, 3,4)

t:B(T) — E|got=mr,s: E— JI(7xT) |fos=qnr

B(rxT) B(T)

T T T

0 T E




Definition
Matrix factorisation for rank 2 bundles
The case (2, 3, 4) for the rank 4 bundle

List of a matrix factorisations in the domestic case

The case (2, 3,4)

t:B(T) — E|got=mr,s: E— JI(7xT) |fos=qnr
0 —P(xT) ——P(xT) & P(T) ——F(T) —0

TorgT [fo71'.,.XT7 t ] T

0 T / E u

T 0
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Matrix factorisation for rank 2 bundles
The case (2, 3, 4) for the rank 4 bundle

List of a matrix factorisations in the domestic case

The case (2, 3,4)

t:B(T) — E|got=mr,s: E— JI(7xT) |fos=qnr

0 —"P(rxT) ——P(rxT) @ P(T) —P(T) —0

TorgT [f O T, ! ] T
0— T ! E g T—=0
9T qr




2 bundles
k 4 bundle

Matrix factorisations
ons in the domestic case

The case (2, 3,4)

t:B(T) — E|got=mr,s: E— JI(7xT) |fos=qnr

0 —P(xT) ——P(rxT) @ P(T) ——P(T) —0

TrxT [fo TrT, 1t } T
0— = T ! E g T——0
s
qrxT qr
[ qr o8 }
0—J(xT) —=J(xT) & I(T) 3(T)—0
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Definition
Matrix factorisation for rank 2 bundles
e rank 4 bundle

Matrix factorisations
rix factorisations in the domestic case

The case (2, 3,4)

t:B(T) — E|got=mr,s: E— JI(7xT) |fos=qnr

0 —P(xT) ——P(rxT) @ P(T) ——P(T) —0

TrxT [fo TrT, 1t } T
0— > 7xT ! E i T 0
s
qrxT qr
[ qr o8 }
0—J3(xT) ———=J3(T) ® 3(T) J(T) —0.

N qrT © T soft
{ ]UOWTXT’ t]:{ To qrom]
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Definition
Matrix factorisation for rank 2 bundles

The case (2, 3, 4) for the rank 4 bundle

List of a matrix factorisations in the domestic case

Matrix factorisations

Therefore we obtain a matrix factorisation for E, such that ¢> = f1,

where
[ —x; O —x% x% 0 xox3 0 0 7
0 —x1 ¥ x|x 0 0 0
—Xp x% xx 010 0 0 —X3
_ x% x% 0 x1]0 0 —xx3 O
=170 0 0 0 xx 0 X
0 0 0 010 x x% —X3
0 0 0 O0|x x¥ -x O
| 0 0 0O o0 x% —x% 0 —Xx1 |

torisations for domestic si



Definition
Matri tion for rank 2 bundles
e R for the rank 4 bundle
Matrix factorisations p S " q
S factorisations in the domesti

The case (2,3,3) :

E —indecomposable of rank 3, 0 < p(E) < —(J)
PB(E) = B O0),
yeA
I(E) = i *B(E) = @ OF - 33)
yeA
where A = {0, d, X, + 24, X, + 34, X3 + 24, X3 + 34}.
Obtain a matrix factorisation ¢> = fI, where

[ —x1 xx3 O fx% 0 x% ]
0 X1 —X3 0 X2 0
2 2
6= 0 —x3 —x1 xx3 O x5
x> 0 0 X1 X3 0
2 2
0 X5 0 X3 —X1 X2X3
L X3 0 X2 0 0 X1

torisations for domestic si




Definition
Matrix factorisation for rank 2 bundles
4) for the rank 4 bundle

Matrix factorisations N S " q
factorisations in the domestic case

The case (2,3,4)

rank 3 matrix factorisation ¢> = fI

—X1 0 X2 0 —X3 0
0 —X1 0 0 X2 X3
2 2
6= X5 XX3 X1 X3 0 0
0 0 x% —x1 0 —x
—xg' x% 0 xx3 x1 0
| xzxg x‘31 0 —x% 0 X1

isations for domestic singularities



Definition
Matri tion for rank 2 bundles
for the rank 4 bundle

Matrix factorisations S " q
factorisations in the domesti

The case (2,3,4)

rank 4 matrix factorisation ¢> = fI

—x; O —x% x% 0 xox3 0 0 7
0 —x x% x| x3 0 0 0
—X7 x% xx 010 0 0 —X3
_ x% x% 0 x1]0 0 —xx3 O
=170 0 0 0lu 0 e
0 0 0O 0|0 xp x% —X3
0 0 0 O0|x x¥ -x 0
| 0 0 0 o0 x% fx% 0 —Xx1 |

torisations for domestic si



Definition
Matri tion for rank 2 bundles
for the rank 4 bundle

Matrix factorisations S " q
factorisations in the domesti

The case (2,3,5)

rank 3 matrix factorisations gb,% =flfork=1,2

i —X1 0 X2 0 —X3 0
0 —x O 0 X2 X3
6 = x% X2X3 X1 x% 0 0
0 0 x% —X 0 —x
—xé' x% 0 xx3 X1 0
L xzxg x‘3‘ 0 —x% 0 X1
[ —x; O 0 —x 0 x3]]
0 —X1 0 x% x» 0
- 0 0O —x O —x% X
2 = —x3 xg X2X3 X 0 O
xzxg x% - 0 x 0
L xg‘ xzx% x% 0 0 x|




Definition

Matrix fa ion for rank 2 bundles

The case ) for th k 4 bundle

Listof ar actorisations in the domestic case

The case (2,3,5)

rank 4 matrix factorisations qﬁ% =flfork=1,2,

[ —x % —x3 0 0 0 —xx3 0 ]
X2 X1 0 xg 0 0 0 x2x§
-3 0 x B oxon 0 0 0
0 x% X2 —X1 0 —X2X3 0 0
=10 0 0 0 -x 2 - 0
2 3
0 0 0 0 x X1 0 X3
0 0 0 0 —x 0 X1 X3
L 0 0 0 0 0 x3 X2 —x |
[ —x x% x% 0 —X2X3 0 0 0
X2 X1 0 —xg 0 X2X3 0 0
x3 0 x 0 0 xx3 0
0 -2 x3 —x 0 0 0 —X2X3
“2=1 09 0 0 o x 2 X 0
1 2 3
0 0 0 0 v —x 0 —x
0 0 0 0 x 0 —x X
L 0 0 0 0 0 -3 o x|




Definition
Matrix factorisation for rank 2 bundles
The ¢ (2, 3, 4) for the rank 4 bundle

Matrix factorisations y o
List of a matrix factorisations in the domestic

The case (2,3,5)

rank 5 matrix factorisation ¢2 =1,

—x1 x5 —x 0 0 0 —xx2 0 0 0

xw xm 0 x3 0 0 0 0 0 -3

-2 0 x X 0 0 0 0 —xx O

0 x% X2 —X1 x% X2X3 0 0 0 0

_ 0 0 0 0 X1 0 0 X2 0 X3
=1 0 o0 o 0 0 x 0 -3 m 0
0 0 0 0 0 0 xi 0 3 —x

0 0 0 0 X - xox  —x 0 0

0 0 0 0 ¥ X X3 0 —x1 0

L 0 0 O 0 A xnd - 0 0 —Xx1




Definition

Matrix fa ion for rank 2 bundles

The case ) for th k 4 bundle

Listof ar actorisations in the domestic case

The case (2,3,5)

rank 6 matrix factorisation ¢* = fI,

¢ =
[ —x 0 0 —x» 0 x3 0 2 —xn 0 0 0
0 —-x 0 ¥ x 0 —xx3 0 x 0 0 0
0 0 —x 0 = x» B xx3 0 0 0 0
fx% x% X2X3 X1 0 0 0 0 0 0 fxg X
xzxg X5 —x% 0 X1 0 0 0 0 XpX3 0 x%
x‘g xzxg x% 0 0 X 0 0 0 x —XoX3 0
0 0 0 0 0 0 x 0 0 x 0 x3
0 0 0 0 0 0 0 x| 0 -3 x 0
0 0 0 0 0 0 0 0 x 0 2 —x
0 0 0 0 0 0 2 =3 xnxn —x 0 0
0 0 0 0 0 0 xx3 2 A 0 —x 0
L 0 0 0 0 0 0 ¥ xf =2 0 0 —Xx
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3, 4) for the rank 4 bundle
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Thank you for your attention!
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