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Notations

k = k – algebraically closed field

p = (p1, p2, p3) – weights seqence, pi ∈ Z, pi ≥ 2

f = xp1
1 + xp2

2 + xp3
3 – triangle singularity

S = k[X1,X2,X3]/(f ) – quotient polinomial algebra

L – the rank one abelian group on generators

~x1, ~x2,~x3 with relations p1~x1 = p2~x2 = p3~x3 := ~c

S is L – graded algebra, with deg Xi = ~xi
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Notations II

X = ProjL(S) – weighted projective line of type (p1, p2, p3)

vect(X) – category of vector bundles on X
L – subcategory of line bundles

vect(X) = vect(X)/[L] – stable category of vector bundles

f – domestic singularity, that is Euler characteristic

χX = 2−
3∑

i=1

(1− 1
pi
) > 0

The complete list of those types is

(2, 2, n) (n ≥ 2), (2, 3, 3), (2, 3, 4), (2, 3, 5).
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Motivation

Theorem

(i) SingL(S) ∼= CML(S) ∼= MFL(S) [Buchweitz, Orlov]

(ii) CML(S) ∼= vect(X) [Geigle-Lenzing]

SingL(S) – singularity category of S
CML(S) – stable category of maximal L–graded
Cohen-Macaulay modules
MFL(S) – homotopy category of L–graded matrix factorisations
of f

Goal
Describe those categories using the L–graded matrix factorisations of
f .
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Definition
Matrix factorisation for rank 2 bundles
The case (2, 3, 4) for the rank 4 bundle
List of a matrix factorisations in the domestic case

Definition of matrix factorisation

Definition
An L–graded matrix factorisation of f is a pair (φ, ψ) of morphisms,
between L–graded projective S–modules:

P0
φ−→ P1

ψ−→ P0(~c)
φ(~c)−→ P1(~c),

such that

ψ(~c) ◦ ψ = f ◦ 1P1(~c), and ψ ◦ φ = f ◦ 1P0(~c)

These form a category where morphisms are considered up to
homotopy. Denote by MFL(f ).
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From vect(X) to MFL(f )

E –indecomposable vector bundle of rank at least 2,
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O(~yi) E

;;

2r⊕
i=1
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2r⊕
i=1
O(~ti)

Hom(O(~y),O(~z)) ∼= S~z−~y =⇒ ψ, φ ∈ M2r(S)
lifting
=⇒ ψ, φ ∈ M2r(k[X1,X2,X3])

Then matrix factorisation (φ, ψ) can be represented by two square
matrices of k[X1,X2,X3], such that ψ ◦ φ = fI and φ ◦ ψ = fI
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Matrix factorisation for rank 2 bundles

Assume that X is given by a weight triple (p1, p2, p3).

Theorem (Kussin-Lenzing-Meltzer)
Let E be an indecomposable vector bundle of rank two.
Then E is the middle term of an non-split sequence

0 −→ L(~ω) −→ E −→ L(~x) −→ 0

for some line bundle L and some~x =
∑3

i=1 li~xi, with 0 ≤ li ≤ pi − 2.
Moreover

P(E) = L(~ω)⊕
3⊕

i=1
L(~x− (1 + li)~xi)

I(E) = L(~x)⊕
3⊕

i=1
L((1 + li)~xi + ~ω)
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Matrix factorisation for rank 2 bundles

For E we obtain matrix factorisations, as follows

ψ =


0 xp3−k

3 xp2−i
2 xp1−j

1
xp3−k

3 0 −xj
1 xi

2
xp2−i

2 xj
1 0 −xk

3
xp1−j

1 −xi
2 xk

3 0



φ =


0 xk

3 xi
2 xj

1
xk

3 0 xp1−j
1 −xp2−i

2
xi

2 −xp1−j
1 0 xp3−k

3
xj

1 xp2−i
2 −xp3−k

3 0


for 0 < j < p1, 0 < i < p2, 0 < k < p3.
This work for any weight triple.
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rank 2 bundles in the domestic case

Assume X has domestic type.

Then, for E we obtain matrix factorisation φ2 = fI,
with

φ =


−x1 xp2−1

2 −xp3−k
3 0

x2 x1 0 xp3−k
3

−xk
3 0 x1 xp2−1

2
0 xk

3 x2 −x1


for k = 1, . . . , p3 − 1
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The case (2, 3, 4) for the rank 4 bundle

Assume X = X(2, 3, 4)

E –indecomposable vector bundle of rank 4,
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The case (2, 3, 4) for the rank 4 bundle
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The case (2, 3, 4)

Take the exact sequence

0 −→ τXT
f−→ E4

g−→ T −→ 0.

Then

P(E) = P(τXT)⊕P(T), I(E) = I(τXT)⊕ I(T)

Let πT : P(T) −→ T , qT : T −→ I(T) be a projective cover and
injective hull of T

– ∃t : P(T) −→ E | g ◦ t = πT , (Ext1X(P(T), τXT) = 0),

– ∃s : E −→ I(τXT) | f ◦ s = qτXT , (Ext1X(T, I(τXT)) = 0).
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The case (2, 3, 4)

t : P(T) −→ E | g ◦ t = πT , s : E −→ I(τXT) | f ◦ s = qτXT

P(τXT) P(τXT)⊕P(T)
[

f ◦ πτXT , t
]

��

P(T)

0 // τXT
f // E s

qT ◦ g


��

g // T // 0

I(τXT) I(τXT)⊕ I(T) I(T) .

[
s

qT ◦ g

] [
f ◦ πτXT , t

]
=

[
qτXT ◦ πτXT s ◦ t

0 qT ◦ πT

]
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The case (2, 3, 4)

t : P(T) −→ E | g ◦ t = πT , s : E −→ I(τXT) | f ◦ s = qτXT

0 // P(τXT)

πτXT
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// P(τXT)⊕P(T) //

[
f ◦ πτXT , t

]
��

P(T)

πT
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// 0

0 // τXT
f //

qτXT
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E s
qT ◦ g


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g // T //

qT

��

0

0 // I(τXT) // I(τXT)⊕ I(T) // I(T) // 0.

[
s

qT ◦ g

] [
f ◦ πτXT , t

]
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0 qT ◦ πT
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The case (2, 3, 4)
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Therefore we obtain a matrix factorisation for E, such that φ2 = fI,
where

φ =



−x1 0 −x2
2 x2

3 0 x2x3 0 0
0 −x1 x2

3 x2 x3 0 0 0
−x2 x2

3 x1 0 0 0 0 −x3
x2

3 x2
2 0 x1 0 0 −x2x3 0

0 0 0 0 x1 0 x2
2 x2

3
0 0 0 0 0 x1 x2

3 −x2
0 0 0 0 x2 x2

3 −x1 0
0 0 0 0 x2

3 −x2
2 0 −x1


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The case (2, 3, 3) :

E –indecomposable of rank 3, 0 ≤ µ(E) < −δ(~ω)
P(E) =

⊕
~y∈A
O(~y),

I(E) = τ−3
X P(E) =

⊕
~y∈A
O(~y− 3~ω)

where A = {~0, ~ω,~x2 + 2~ω,~x2 + 3~ω,~x3 + 2~ω,~x3 + 3~ω}.
Obtain a matrix factorisation φ2 = fI, where

φ =



−x1 x2x3 0 −x2
2 0 x2

3
0 x1 −x3 0 x2 0
0 −x2

3 −x1 x2x3 0 x2
2

−x2 0 0 x1 x3 0
0 x2

2 0 x2
3 −x1 x2x3

x3 0 x2 0 0 x1


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The case (2,3,4)

rank 3 matrix factorisation φ2 = fI

φ =



−x1 0 x2 0 −x3 0
0 −x1 0 0 x2 x3
x2

2 x2x3 x1 x2
3 0 0

0 0 x3
3 −x1 0 −x2

−x4
3 x2

2 0 x2x3 x1 0
x2x3

3 x4
3 0 −x2

2 0 x1


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The case (2,3,4)

rank 4 matrix factorisation φ2 = fI

φ =



−x1 0 −x2
2 x2

3 0 x2x3 0 0
0 −x1 x2

3 x2 x3 0 0 0
−x2 x2

3 x1 0 0 0 0 −x3
x2

3 x2
2 0 x1 0 0 −x2x3 0

0 0 0 0 x1 0 x2
2 x2

3
0 0 0 0 0 x1 x2

3 −x2
0 0 0 0 x2 x2

3 −x1 0
0 0 0 0 x2

3 −x2
2 0 −x1


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The case (2,3,5)

rank 3 matrix factorisations φ2
k = fI for k = 1, 2

φ1 =



−x1 0 x2 0 −x3 0
0 −x1 0 0 x2 x3
x2

2 x2x3 x1 x2
3 0 0

0 0 x3
3 −x1 0 −x2

−x4
3 x2

2 0 x2x3 x1 0
x2x3

3 x4
3 0 −x2

2 0 x1



φ2 =



−x1 0 0 −x2 0 x3
0 −x1 0 x2

3 x2 0
0 0 −x1 0 −x2

3 x2
−x2

2 x3
3 x2x3 x1 0 0

x2x2
3 x2

2 −x3
3 0 x1 0

x4
3 x2x2

3 x2
2 0 0 x1


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The case (2,3,5)

rank 4 matrix factorisations φ2
k = fI for k = 1, 2,

φ1 =



−x1 x2
2 −x3

3 0 0 0 −x2x2
3 0

x2 x1 0 x3
3 0 0 0 x2x2

3

−x2
3 0 x1 x2

2 x2x3 0 0 0
0 x2

3 x2 −x1 0 −x2x3 0 0
0 0 0 0 −x1 x2

2 −x3
3 0

0 0 0 0 x2 x1 0 x3
3

0 0 0 0 −x2
3 0 x1 x2

2

0 0 0 0 0 x2
3 x2 −x1



φ2 =



−x1 x2
2 x3

3 0 −x2x3 0 0 0
x2 x1 0 −x3

3 0 x2x3 0 0
x2

3 0 x1 x2
2 0 0 x2x3 0

0 −x2
3 x2 −x1 0 0 0 −x2x3

0 0 0 0 x1 x2
2 x3

3 0
0 0 0 0 x2 −x1 0 −x3

3

0 0 0 0 x2
3 0 −x1 x2

2

0 0 0 0 0 −x2
3 x2 x1


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The case (2,3,5)

rank 5 matrix factorisation φ2 = fI,

φ =



−x1 x2
2 −x3

3 0 0 0 −x2x2
3 0 0 0

x2 x1 0 x3
3 0 0 0 0 0 −x2

3

−x2
3 0 x1 x2

2 0 0 0 0 −x2x3 0
0 x2

3 x2 −x1 x3
3 x2x3 0 0 0 0

0 0 0 0 x1 0 0 x2 0 x3

0 0 0 0 0 x1 0 −x2
3 x2 0

0 0 0 0 0 0 x1 0 x2
3 −x2

0 0 0 0 x2
2 −x3

3 x2x3 −x1 0 0
0 0 0 0 x2x2

3 x2
2 x3

3 0 −x1 0
0 0 0 0 x4

3 x2x2
3 −x2

2 0 0 −x1


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The case (2,3,5)

rank 6 matrix factorisation φ2 = fI,
φ =

−x1 0 0 −x2 0 x3 0 x2
3 −x2 0 0 0

0 −x1 0 x2
3 x2 0 −x2x3 0 x2

3 0 0 0
0 0 −x1 0 −x2

3 x2 x3
3 x2x3 0 0 0 0

−x2
2 x3

3 x2x3 x1 0 0 0 0 0 0 −x2
3 x2

x2x2
3 x2

2 −x3
3 0 x1 0 0 0 0 x2x3 0 x2

3
x4

3 x2x2
3 x2

2 0 0 x1 0 0 0 x3
3 −x2x3 0

0 0 0 0 0 0 x1 0 0 x2 0 x3
0 0 0 0 0 0 0 x1 0 −x2

3 x2 0
0 0 0 0 0 0 0 0 x1 0 x2

3 −x2
0 0 0 0 0 0 x2

2 −x3
3 x2x3 −x1 0 0

0 0 0 0 0 0 x2x2
3 x2

2 x3
3 0 −x1 0

0 0 0 0 0 0 x4
3 x2x2

3 −x2
2 0 0 −x1


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Thank you for your attention!
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