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Setting

— Q finite quiver
— kQ path algebra, k field
— I admissible ideal, (J t ⊆ I ⊆ J2, J =< arrows>)
— Λ = kQ/I finite dimensional

— M ∈ mod Λ
0→ P1 → P0 → M → 0 projective presentation over kQ
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0 // P0I // P1 // ΩΛ(M) // 0
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The filtration
There exists a filtration of P0

. . . ⊆ P0Iκ+1 ⊆ P1Iκ ⊆ P0Iκ ⊆ · · · ⊆ P1I2 ⊆ P0I2 ⊆ P1I ⊆ P0I ⊆ P1 ⊆ P0

such that
Ω2κ

Λ (M) = P0Iκ/P1Iκ,

and
Ω2κ−1

Λ (M) = P1Iκ−1/P0Iκ.

The Bongartz resolution

There exists a projective resolution over Λ

· · · → P0I2/P0I3 → P1I/P1I2 → P0I/P0I2 → P1/P1I → P0/P0I → M → 0
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Gröbner bases
— B = {paths}, k -basis of kQ

— Length lexicographic order on B
• v1 < · · · < vr < α1 < · · · < αs
• p = β1 · · ·βn < γ1 · · · γm = q,

if n < m or βn0 < γn0 and βi = γi , for i < n0.

— x =
∑n

i=1 λibi ∈ kQ
Tip(x) = bi0 the biggest of the bi ’s.

— X ⊆ kQ, Tip(X) = {Tip(x), x ∈ X}
— NonTip(X) = B − Tip(X)

— I ⊆ kQ
G ⊆ I right Gröbner basis, if 〈Tip(G)〉 = 〈Tip(I)〉 as right ideals.

— G uniform and reduced, I =
∐

g∈G gkQ.
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Right uniform and reduced Gröbner bases exist for
— any ideal I ⊆ kQ,
— any submodule P′ ⊆ P of a sum of vertex projectives modules

P.

— They are finite.
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The equations

For all γ in NonTip(I) and g in G, consider the expression

γg =
∑
g′∈G

g′r (γ,g)
g′

with r (γ,g)
g′ in kQ.
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The algorithm

— M ∈ mod Λ

— 0→ P1 → P0 → M → 0 projective presentation over kQ such that

• P0 =
∐n

i=1 vikQ
• P1 =

∐m
j=1 wjkQ ⊆ P0, with {wj}j right uniform and reduced

Gröbner basis of P1

Recall the filtration:
. . . ⊆ P0Iκ+1 ⊆ P1Iκ ⊆ P0Iκ ⊆ · · · ⊆ P1I2 ⊆ P0I2 ⊆ P1I ⊆ P0I ⊆ P1 ⊆ P0

I =
∐

g∈G gkQ

• P0I =
∐

i,g(vig)kQ
• P1I =

∐
j,g(wjg)kQ
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Proposition 1

Let M be in mod Λ and 0→ P1 → P0 → M → 0 a projective
presentation of M as a right kQ-module. Suppose that
— P0 =

∐n
i=1 viR, where vi is in Q0 for all i = 1, . . . ,n, and

— P1 =
∐m

j=1 wjkQ ⊆ P0, where the elements
wj = (w1

j , · · · ,wn
j )T of P0 form a uniform, right reduced, right

Gröbner basis for P1.
Then w i

j is in Span{NonTip(I) ∪ G}, for all i = 1, . . . ,n and
j = 1, . . . ,m.
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Proposition 2

Let γ be in NonTip(I) and g be in G. Then in the equation

γg =
∑
g′∈G

g′r (γ,g)
g′ ,

r (γ,g)
g′ is in Span{NonTip(I) ∪ G}, for all g′ in G.
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The matrices
For each γ in NonTip(I) consider the matrix [γG], where the
columns are the vectors r (γ,g)

g′ , for all g’s.

Each entry of [γG] is in Span{NonTip(I) ∪ G}.

— Similarly define the matrices [gG], for each g in G.
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. . . ⊆ P0Iκ+1 ⊆ P1Iκ ⊆ P0Iκ ⊆ · · · ⊆ P1I2 ⊆ P0I2 ⊆ P1I ⊆ P0I ⊆ P1 ⊆ P0

— WIκ the matrix of P1Iκ ⊆ P0Iκ

— For κ = 0, the entries of W are in Span{NonTip(I) ∪ G}.

The algorithm

WIκ+1 is obtained from WIκ, by replacing each entry, by a linear
combination of the matrices [γG] and [gG].
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Monomial algebras
— Λ = kQ/I , I generated by monomials.
— Equations: γg = g′r (γ,g)

g′

• Columns of [γG] and [gG]:



0
...
p
...
0

, p path.

— The second syzygy of any module over a monomial algebra is
a direct sum of cyclic modules, generated by paths [Z]

• Columns of WI :



0
...
p
...
0

, p path.
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— fd(Λ) = sup{pdΛ(M)|M in mod Λ,pdΛ(M) <∞}
— fd(Λ) <∞ ([GKK]).

Finitistic dimension
Let Λ be a finite dimensional monomial algebra. Then
fd(Λ) ≤ 2(dimk Λ + 1).

— Key: repetition of the non-zero entries of the rows of the
matrices WIκ for κ > dimk Λ.
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Global dimension of finite dimensional
algebras
|G| = n
v vertex, {γv

s } = {arrows starting at v}.

Elementary Equations degree m

EEm(γv
s ,gm

t ) : γv
s gm

t =
∑nm

j=1 gm
j r (s,t,m)

j

Minimal Equations of degree m

MEm(γv
s ,gm

t ) : {· · · } =
∑nm

j=1 gm
j rj

{· · · } = kQ-combination of right hand sides of EE’s
rj ’s: coefficients
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Theorem
gldim Λ ≤ 2m if and only if for any vertex v the coefficients of
MEm(γv

s ,gm
t ) of any pair (γv

s ,gm
t ) that they are defined on, are in I.
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THANK YOU !
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