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k algebraically closed field
Q tame or wild quiver without oriented cycles
rep, Q category of finite dimensional k-representations of Q
r its Auslander-Reiten quiver
T the Auslander-Reiten translation
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k algebraically closed field
Q tame or wild quiver without oriented cycles
rep, Q category of finite dimensional k-representations of Q
r its Auslander-Reiten quiver
T the Auslander-Reiten translation

The Auslander-Reiten quiver has infinitely many components:

one preprojective oo many regular one preinjective
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ﬂ Structure of regular components
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e Introduction to exceptional components
© Question 1 of Kerner

@ Answer to question 1

e Answer to question 2

@ Question 2 of Kerner
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Let Q be tame. Each regular component of I' is a standard stable tube
of some rank n:
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Let Q be tame. Each regular component of I' is a standard stable tube
of some rank n:

| |
| |
| |
o o
I

'\/\/ \/\/
NN /\/\.

D G G L R o =X

where the left and right dashed lines are identified.
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Let Q be tame. Each regular component of I' is a standard stable tube
of some rank n:

| |
| |
| |
o o

'\/\/ \/\/'
NN /\/\.

D G G L R o =X

where the left and right dashed lines are identified. The quasi-simple
representations 7™ X are Hom-orthogonal bricks.
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The wild case

From now on let Q be wild. Each regular component of I is of shape
ZA:
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The wild case

From now on let Q be wild. Each regular component of I is of shape
ZA:

INNSNSN
NSNS\ NS
/ \ / N\ / NS \

72 X 72X
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The wild case

From now on let Q be wild. Each regular component of I is of shape
ZA:

INNSNSN
NSNS\ NS
/ \ / N\ / NS \

72 X 72X

We will now consider morphisms between the quasi-simple
representations Hom(X, 7" X).
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Morphisms between quasi-simple representations

Theorem (Baer, Kerner)
Let X be a regular representation of Q.
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Theorem (Baer, Kerner)
Let X be a regular representation of Q.
° Hom(X,7"X) =0 form < 0
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Let X be a regular representation of Q.
@ dim Hom(X,7"X) =0 form <« 0
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Morphisms between quasi-simple representations

Theorem (Baer, Kerner)

Let X be a regular representation of Q.
@ dim Hom(X,7"X) =0 form <« 0
@ dim Hom(X,7mX) ™=5° 0

Nils Mahrt (Universitat Bielefeld) Exceptional components ICRA 2012 6/11



Morphisms between quasi-simple representations

Theorem (Baer, Kerner)

Let X be a regular representation of Q.
@ dim Hom(X,7"X) =0 form < 0
@ dim Hom(X,7mX) ™=5° 0

\

Definition (Kerner)

Let C be a regular component containing bricks without
self-extensions. Let X € C be quasi-simple.
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Morphisms between quasi-simple representations

Theorem (Baer, Kerner)

Let X be a regular representation of Q.
@ dim Hom(X,7"X) =0 form < 0
@ dim Hom(X,7mX) ™=5° 0

\

Definition (Kerner)

Let C be a regular component containing bricks without
self-extensions. Let X € C be quasi-simple.

@ Define I = min{m > 0| Hom(X, 7"X) # 0}.
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Morphisms between quasi-simple representations

Theorem (Baer, Kerner)

Let X be a regular representation of Q.
@ dim Hom(X,7"X) =0 form < 0
@ dim Hom(X,7mX) ™=5° 0

\

Definition (Kerner)

Let C be a regular component containing bricks without
self-extensions. Let X € C be quasi-simple.

@ Define I = min{m > 0| Hom(X, 7"X) # 0}.
@ We call C exceptional, if there is an m > [ with Hom(X, 7™ X) = 0.
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Morphisms between quasi-simple representations

Theorem (Baer, Kerner)
Let X be a regular representation of Q.
@ dim Hom(X,7"X) =0 form < 0

@ dim Hom(X,7mX) ™=5° 0

\

Definition (Kerner)

Let C be a regular component containing bricks without
self-extensions. Let X € C be quasi-simple.

@ Define I = min{m > 0| Hom(X, 7"X) # 0}.
@ We call C exceptional, if there is an m > [ with Hom(X, 7™ X) = 0.
@ Define s = min{m > 0| Hom(X, 7™X) # 0, Hom(X, 7™*1X) = 0}.

m 1123|456 |7|8
dimHom(X,7"X) 0|0 (1|0 |0 |1|1|2

Example:

Nils Mahrt (Universitat Bielefeld) Exceptional components ICRA 2012 6/11



Morphisms between quasi-simple representations

Theorem (Baer, Kerner)
Let X be a regular representation of Q.
@ dim Hom(X,7"X) =0 form < 0

@ dim Hom(X,7mX) ™=5° 0

Definition (Kerner)

Let C be a regular component containing bricks without
self-extensions. Let X € C be quasi-simple.

@ Define I = min{m > 0| Hom(X, 7"X) # 0}.
@ We call C exceptional, if there is an m > [ with Hom(X, 7™ X) = 0.
@ Define s = min{m > 0| Hom(X, 7™X) # 0, Hom(X, 7™*1X) = 0}.

Question (Kerner)
Is s = | for each exceptional component?

Nils Mahrt (Universitat Bielefeld) Exceptional components ICRA 2012 6/11



Answer

Let Q be the quiver:

O<—0=<—0=<—0—>0—>0

/

O=<—0O0=<—-0

N

o
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Answer

Let Q be the quiver:

O<—0=<—0=<—0—>0—>0

/

O<—O0=<—0

N

o

Let X be the indecomposable representation of Q with dimension
vector
221000

dmX = | 321
2
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Answer

Let Q be the quiver:

O<—0=<—0=<—0—>0—>0

/

O=<—0O0=<—-0

N

o

Let X be the indecomposable representation of Q with dimension
vector

) 221000
dmX = | 321
- 2

Existence and Uniqueness follow from Kac’s theorem.
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Answer

Let Q be the quiver:

O<—0=<—0=<—0—>0—>0

/

O=<—0O0=<—-0

N

o

Let X be the indecomposable representation of Q with dimension

vector
) 221000
dmX = ( 321 ) .
- 2

Existence and Uniqueness follow from Kac’s theorem.

X lies in an exceptional component with| =4 ands =7. \
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Sketch of proof

@ Calculate dim7r™X form=1,...,8.
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Sketch of proof

@ Calculate dimr™X form=1,...,8.
m 1 2 3 4
. 321100 211110 222211 222110
dim7"X | 321 321 321 210
- 1 2 1 1
m 5 6 7 8
) 221111 211000 221100 322210
dim7™X | o211 221 321 321
- 1 1 2 1
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Sketch of proof

@ Calculate dim7"X form=1,...,8.
@ Calculate the Euler form (dim X,dimr"X) form=1,...,8.
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Sketch of proof

@ Calculate dim7r™X form=1,...,8.

@ Calculate the Euler form (dim X,dimr"X) form=1,...,8.
m 1/2|3|4|5/6|7|8
(dim X, dim77X) [-1[o[o[1[1[1][1]0
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Sketch of proof

@ Calculate dim7"X form=1,...,8.
@ Calculate the Euler form (dim X,dim7™X) form=1,...,8.
m 112|3(4|5/6|7|8
(dim X,dim7"X) | -1 0|01 |1[1]1/|0
dimHom(X, 7™X)
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Sketch of proof

@ Calculate dim "X form=1,...
@ Calculate the Euler form (dim X, di

,8.

m 1273 5 78
(dim X,dim77X) [ -1 [0 [0 1[1]1]0
dimHom(X, 7™X)

Theorem (Ringel)

ForY,Z € rep, Q: (dim Y,dimZ) =

dimHom(Y,Z) —dimExt'(Y, 2).
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Sketch of proof

@ Calculate dim7"X form=1,...,8.
@ Calculate the Euler form (dim X,dim7™X) form=1,...,8.
m 112|3(4|5/6|7|8
(dim X,dim7"X) | -1 0|01 |1[1]1/|0
dimHom(X, 7™X)

Theorem (Ringel)
ForY,Z e rep, Q: (dim Y,dim Z) = dimHom(Y, Z) — dimExt' (Y, 2).

@ Hom(X,7*X) # 0.
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Sketch of proof

@ Calculate dim7"X form=1,...,8.
@ Calculate the Euler form (dim X,dim7™X) form=1,...,8.
m 112|3(4|5/6|7|8
(dim X,dim7"X) | -1 0|01 |1[1]1/|0
dimHom(X, 7™X)

Theorem (Ringel)
ForY,Z e rep, Q: (dim Y,dim Z) = dimHom(Y, Z) — dimExt' (Y, 2).

@ Hom(X,74X) # 0. Hence X is regular.
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X is quasi-simple

Consider 78X instead of X.
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X is quasi-simple

Consider 78X instead of X. C is of shape ZA..:

NSNS\
NN SN\
VAWV ANVAN
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X is quasi-simple

Consider 78X instead of X. C is of shape ZA..:
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X is quasi-simple

Consider 78X instead of X. C is of shape ZA..:

/\/\ /\/\
\/\/ \/\/
o/ \2y/ \Y/ \Y/ N
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X is quasi-simple

Consider 78X instead of X. C is of shape ZA..:

/\/\ /\/\
\/\/ \/\/
o/ \2y/ \Y/ \Y/ N

dim 78X =dimY +dim7Y +dimr2Y
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X is quasi-simple

Consider 78X instead of X. C is of shape ZA..:

/\/\ /\/\
\/\/ \/\/
o/ \2y/ \Y/ \Y/ N

dm78X =dimY +dimrY + dimr2Y

< 211000 ) < 777000 ) ( 777000 ) ( 777000 )
221 777 + 777 + 77
? ?
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X is quasi-simple

Consider 78X instead of X. C is of shape ZA..:

VAV ANVANVAN
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X is quasi-simple

Consider 78X instead of X. C is of shape ZA..:

VAV ANVANVAN
\/\/\/\/
/\/\/\/\

dim 78X =dim Y +dim7Y

( 211000 > ( 777000 ) < 777000 )
221 = 77 + 77
1 ? ?
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Sketch of proof

@ Calculate dim7"X form=1,...,8.
@ Calculate the Euler form (dim X,dim 7" X) form=1,...,8.
m 1/12|3|4|5/6|7|8
(dim X,dim7™"X) | -1 |0 |0 |1|1|1]|1]0
dimHom(X, 7mX)

Theorem (Ringel)
ForY,Z € rep, Q: (dim Y,dim Z) = dimHom(Y, Z) — dim Ext1(Y, Z).

@ Hom(X,74X) # 0. Hence X is regular.
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Sketch of proof

@ Calculate dim7"X form=1,...,8.
@ Calculate the Euler form (dim X,dim 7" X) form=1,...,8.
m 112|3|4|5|6|7]|8

(dimX,dim7"X) | -1 0|01 |1[1]1/|0
dimHom(X, 7mX)

Theorem (Ringel)
ForY,Z € rep, Q: (dim Y,dim Z) = dimHom(Y, Z) — dim Ext1(Y, Z).

@ Hom(X, 4X) +# 0. Hence X is regular.
@ X is quasi-simple.

Theorem (Kerner)

For m > 2, X a quasi-simple regular brick: Ext'(X,7™X) = 0.
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@ Calculate dim7"X form=1,...,8.
@ Calculate the Euler form (dim X,dim 7" X) form=1,...,8.
m 1/12|3|4|5/6|7|8
(dim X,dim7™"X) | -1 |0 |0 |1|1|1]|1]0
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Theorem (Ringel)
ForY,Z € rep, Q: (dim Y,dim Z) = dimHom(Y, Z) — dim Ext1(Y, Z).

@ Hom(X, 4X) +# 0. Hence X is regular.
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Kerner’s second question

The representation X has dimension vector

dim X — < 32121000 ) '
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Kerner’s second question

The representation X has dimension vector

dim X — ( 32121000 ) '

The support of X is the subquiver

O=<—0O0=<——-0
O<—0O0=<—0

o

Nils Mahrt (Universitat Bielefeld) Exceptional components ICRA 2012 11/11



Kerner’s second question

The representation X has dimension vector

dim X — ( 32121000 ) '

The support of X is the subquiver

O=<—0O0=<——-0
O<—0O0=<—0

o

which is of type E;7.
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Kerner’s second question

The representation X has dimension vector

dim X — < 3%21000 ) '

The support of X is the subquiver

O<—0=<—-0
O<—0O0=<—-0

o

which is of type E7. Kerner has proved that each exceptional
component has a non-sincere representation with tame or
representation-finite support.
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Kerner’s second question

The representation X has dimension vector

dim X — < 3%21000 ) '

The support of X is the subquiver

O=<—0O0=<——-0
O<—0O0=<—0

o

which is of type E7. Kerner has proved that each exceptional
component has a non-sincere representation with tame or
representation-finite support.

Question (Kerner)

Does the representation-finite case occur?
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Kerner’s second question

The representation X has dimension vector

dim X — < 3%21000 ) '

The support of X is the subquiver

O=<—0O0=<——-0
O<—0O0=<—0

o

which is of type E7. Kerner has proved that each exceptional
component has a non-sincere representation with tame or
representation-finite support.

Question (Kerner)

Does the representation-finite case occur?

Yes.
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