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Introduction

Throughout this talk,

K algebraically closed field.

A basic indecomposable finite dimensional K-algebra.
(): finite connected acyclic quiver.

Qo: set of vertices of ().

We assume A = KQ/(R), R: set of relations.
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Motivation

Theorem (Gabriel)
Q :Dynkin quiver, qq :Euler form, X :Indecomposable K ()-module.

(1) dimX is a root of qq.
(2) 3 bijection

{indec. KQ-modules} — {positive roots of ¢g}.
X — dimX.

Aim Generalize Gabriel's Thm by higher dimensional AR theory.
(1) gl dimKQ <1 — gl.dimA < n.
(2) All modules — Nice modules (Cluster-tilting modules).
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n-representation-finite algebras

Definition

A : n-representation-finite algebra &
(1) gl.dim A < n.
(2) 3 n-CT module M, i.e.

addM = {X € modA | Ext\(M,X) =0 forany 0<i<n},
= {X € modA | Ext} (X, M) =0 forany 0<i<n}.

e X : Cluster indecomposable module &
X is indecomposable and X € addM.

Rem A is 1-representation-finite.
< gl.dim A <1 and A is representation-finite.
< A = KQ for a Dynkin quiver Q).
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. How to obtain cluster-indecomposable modules?

Theorem (lyama)

A : n-representation-finite algebra. Then basic n-CT module M is
unique and given by

M= @) = @ri(Dw),

>0 >0

where 7, := TQ" 7, 77 = 77Q~ (=Y (n-AR translations).

EX. 3

ME2LoLOLL®ILd I on(ly) ®nls) @ rn(ls)dTs(Is).
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Euler form

Assume gl.dim A < n. For z € 710l define

qa(7) = 2'(CyY'z.  (C, : Cartan matrix)

o 1100t & s (w) = 1.

Rem For X € modA, we have

ga(dimX) =) (—1)" dim Ext’(X, X).
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A :n-representation-finite, X :Cluster-indec.module, qx :Euler form.

(1) dimX /s a root of gx.
(2) 3 Injection

{Cluster-indec. A-modules} — {positive roots of g }.

X — dimX.

Definition
z € 79l . Cluster-root & 3 Cluster-indec.module X s.t. dim X = x.
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@ Gabriel's theorem —
BGP reflection functor, APR tilting modules.

@ n-APR tilting modules [lyama-Oppermann].
A generalization of APR-tilting modules.
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@ () : Dynkin quiver,
T, =7 P,® KQ/P; : APR tilting KQ-module,
K@ = Endgq(T}).
3 equivalence

(mod KQ)\{P;} — (mod KQ')\{L}.

@ A : n-representation-finite,
T; := 7, P, & A/P; : n-APR tilting A-module.
= I':= End,(T;) is n-representation-finite and has n-CT
I'-module M’.
= J equivalence

add(M/P,) — add(M'/I;).
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A criterion of cluster-roots

Q. Is any positive root of g, cluster-roots?
— NO.
— give a criterion of cluster-roots.
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®-sign-coherent

Definition

A : n-representation-finite algebra, ® := (—1)"C4C" Coxeter
matrix of A and x € Z|%!.

o © is B-sign-coherent & o™ (z) € Z|>QO°| or " (z) € Z|<QO°| for
Vm € Z. - -

o 7 is O-positive & ™ (x) € Z|>QO°| for Ym € Z.
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Cluster-roots are ®-sign-coherent. If n is even, then cluster-roots are
d-positive.

EX 3 2-representation-finite.
5----2

6----4----1.
N e () e () e (1) o (8

. @ @ @ @ > .

dimlg=5] =] —=(8)—=(5] =} | — diml,

0 0 0 0 1
1 0 0 0 1
N e (Y e (D) e (D) e (]

. ® ® ® ® > .

— (1 0 0 0 0
dmls=|1 ] =] =] =7 =10 | — dimls.
1 1 0 1 0
0 1 0 0 0
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Conjecture

A : 2-representation-finite algebra. Then ®-positive roots are
cluster-roots.
Namely, 3 bijection

{Cluster-indec.modules} iR {®-positive roots of ga}.

EX 3 2-representation-finite.

qa(z) =
2
Zier T — XLy —Tol3—ToTq—T3L5—T4Ts—T5L6+T1Ls+ToTs5+T4T6.
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All positive roots of ¢,.

All ®-positive roots are given by

They correspond bijectively to cluster-roots.
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If A is iterated tiled, the conjecture is true.
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EX 2-representation-finite algebra A := KQ/(R), which is iterated
tiled.

o o O

N1 g \a \a
NHVINENN

o (] @)

S

o

R = {cico — bsbsbsbaby, bia; }
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All positive roots of ¢,.

00000 00000 00000 00000 00000 00000 00000
100000 010000 110000 01000 01%900 , 11%900 000100
00000 00000 00000 00000 00000 00000
011100 111100 000010 000110 00%}10 , 01%}10 111110
00000 00000 00000 00000 00000 00000 00000
100000 110000 111000 111100 11%}10 , 00?901 000011
00000 00000 00000 00000 00000 00000 00000
001111 011111 000001 000011 00%}11 , 00¥311 011111
000 10000 10000 10000 10000 1000 100

000000 010000 011000 011100 01%}10 , 01%}11 01111
01000 01000 01000 01000 01000 00100 00100
001000 001100 001110 001111 00¥311 , 00?900 000100
00100 00100 00010 00010 00010 00010 00001
000111 000111 000000 000010 00?91 009911 000000
00001

000001
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All ®-positive roots
00001 00010 00100
<0000000> , <0000000> , <oooooo

00100 01000 10000
000111 ), | 001111 011111
0 0
to

01000 10000 00001 00001
000000 009900 , 009901 , 009901
OOOOO 00010 00100 01000
111111 , 009910 , 00%}00 , 00%900
OOOOO 00000 00000

111000 11?900 10?900 .

cluster—mdecomposable A-modaules.

00000 00000 00000
100000 ) , { 111110 ), ( 111100

They correspond bijectively
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Thank you for your attention!

Y. Mizuno (Nagoya) A Gabriel-type theorem for cluster tilting



