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Conventions

Λ � a �nite-dimensional algebra over a �eld k ,

modΛ = �nite-dimensional right Λ-modules.

If Λ = kQ/I , for a bound quiver (Q, I ), then

modΛ ≡ repk(Q, I ) 3 M = ({Mi}i∈Q0
, {Mα}α∈Q1

),

• Mi - vector space over k (Mi = kni ),

• Mα : Ms(α) → Mt(α) - k-map (Mα ∈Mnt(α)×ns(α)
(k))

(modmatΛ = matrix modules).
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Canonical algebras

Since now k = k .

De�nition. Canonical algebra = k-algebra Λ(p,λ) = kQp/Ip,λ,
with �xed p = (p1, p2, . . . , pt) ∈ N t , t ≥ 2,
λ = (λ3, . . . , λt) ∈ (k∗) t−2,
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and Ip,λ C kQp is an ideal generated by all
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(We can assume that λ3 = 1).



Tubular canonical algebras

De�nition. Tubular canonical algebra = canonical algebra
Λ = Λ(p,λ), where p equals:
(2, 2, 2, 2), (3, 3, 3), (2, 4, 4), or (2, 3, 6).

In case p = (2, 2, 2, 2), Λ depends on one parameter
λ = λ4.

Set p := lcm(p) (= max(p) in tubular case).

Tubular canonical algebras are tame of polynomial (linear) growth
representation type (but non-domestic).
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Tubular canonical algebras - module invariants

Λ = a �xed tubular canonical algebra.

For M ∈ modΛ we de�ne its rank and degree:

rk(M) := dimkM0 − dimkM~c ,

deg (M) :=
t∑

i=1

p

pi

pi−1∑
j=1

dimkMj~xi

− p · dimkM~c

and (if M is indecomposable) its slope: µ (M) := deg (M)
rk(M) ∈ Q̄,

where Q̄ = Q ∪ {∞}.



Tubular canonical algebras - module invariants

Λ = a �xed tubular canonical algebra.

For M ∈ modΛ we de�ne its rank and degree:

rk(M) := dimkM0 − dimkM~c ,

deg (M) :=
t∑

i=1

p

pi

pi−1∑
j=1

dimkMj~xi

− p · dimkM~c

and (if M is indecomposable) its slope: µ (M) := deg (M)
rk(M) ∈ Q̄,

where Q̄ = Q ∪ {∞}.



Tubular canonical algebras - the module category

The structure of the Auslander-Reiten quiver ΓΛ:

ΓΛ = P t (
∐
q∈Q̄′
T̃q) tQ

where Q̄′ := Q̄ \ (0, p)

, and:

P is a preprojective component;

each T̃q, q ∈ Q̄′, is a P1(k)-family of tubes of type p,
almost all are stable except two cases:

T̃p contains tube obtained by coray deletion from a stable
tube of rank p (⇒ contains projective),

T̃0 contains tube obtained by ray deletion from a stable
tube of rank p (⇒ contains injective);

Q is a preinjective component.

• µ(M) = q, for all M ∈ T̃q and q ∈ Q̄′.
• T̃q ⊇ T̃ h

q = homogeneous tubes. Non-homogeneous tubes in each

T̃q have �parameters�: 0, 1,∞ ∈ P1(k) (and λ in case (2, 2, 2, 2)).
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Tubular canonical algebras - the module category

One describes the correspondence:

slope Ringel's index

Q̄′ = Q̄ \ (0, p) ↔ Q≥0 ∪ {∞}
p 7→ 0

p + m 7→ 1− p
p+m

∞ 7→ 1

−m 7→ 1 + p
m

0 7→ ∞

Each regular indecomposable M is determined by data:
[q, c , s, `], where q = slope, c = parameter of a tube,
s = quasi-socle, ` = quasi-length.

Lenzing-Meltzer, Dowbor-Hübner:
[q, c , s, `] 7→ dim ([q, c, s, `]) ∈ K0(Λ) = NQ0 .

Dowbor-Meltzer-M. (2010):
[q, c , s, `] 7→ getMod([q, c, s, `]) ∈ modmatΛ,
for c ∈ {0, 1,∞, λ}.

Goal:

to describe the modules for the remaining (homogeneous) c 's...
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Bimodules - generalities

Λ � a �nite-dimensional k-algebra,

R � a commutative k-algebra,

modR⊗kΛ = R-Λ-bimodules �n. gen. as R-modules,

modR⊗kΛ ⊇ modRΛ = R-free.

If Λ = kQ/I , for a bound quiver (Q, I ), then

modRΛ ≡ repR(Q, I ) 3 B = ({Bi}i∈Q0
, {Bα}α∈Q1

),

• Bi - �n. gen. free R-module (Bi = Rni ),

• Bα : Bs(α) → Bt(α) - R-map (Bα ∈Mnt(α)×ns(α)
(R))

(modmat
R Λ = matrix bimodules).
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Bimodules - generalities

Let R = k[T ]f , f ∈ k[T ].

We call B ∈ modRΛ a parametrizing bimodule if:

− ⊗R B : modR → modΛ

induce an injection between the sets of isoclasses of
indecomposables and preserve A-R sequences.

In other words, the specializations

B(c , `) := R/(T − c)` ⊗R B,

for (c, `) ∈ (k \ Z(f ))× N+, form 1-parameter family
T̃ h = {Tc}c∈k\Z(f ) of homogeneous tubes in modΛ consisting of
modules with dimension vectors in N·rank(B).

(We say B is a parametrizing bimodule for the family T̃ h).
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Bimodules - generalities

Example. Λ = kQ, where Q =

HHHj
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R Λ

R = k[T ]f , f = T (T − 1).

B(c , `) ∼=
HHHj

k`[
J`(c)
I`

]
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[
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] k`
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∈ modmat Λ

Note: there are three tubes of rank 2 (with �parameters� 0, 1,∞).

[Dlab-Ringel: bimodules for remaining Euclidean quivers.]

Remark. For a tubular canonical algebra Λ one can expect
parametrizing bimodules indexed by Q̄′.
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The main result - bimodules for integral slopes

k[T ] 3 fp :=

{
T (T − 1)(T − λ), if p = (2, 2, 2, 2),
T (T − 1), if p 6= (2, 2, 2, 2).

Theorem (Dowbor-Meltzer-M.)

Let Λ = Λ(p,λ) be a tubular canonical algebra. Then for any
n ∈ Z≥p the matrix bimodule

(B(n))fp

is a parametrizing bimodule for T̃ h
n , where

{B(n)}n∈Z≥p ⊆ modmat
k[T ]Λ

is the family described below.

• T̃ h
n , for n ∈ Z≤0, is parametrized by ((B(p−n))tr) fp ,

• the remaining (non-integer) slopes � Piotr Dowbor's talk.
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The main result - bimodules for integral slopes

Notation: For any m ∈ N, we denote by X = Xm and Y = Ym the
matrices

X =

1 . . .

1

0 · · · 0

, Y =

0 · · · 0

1

. . .

1

 ∈ M(m+1)×m(k).

We set

Zλ = Zλm := Xm + λYm, for λ ∈ k ,

we write Z = Z 1
m,

I = Im � the identity matrix,

Ẋ := Xm+1, Ẏ := Ym+1, Ż := Zm+1, Ż
λ = Zλm+1,

İ := Im+1, Ï := Im+2.

[We also consider the empty matrices, i.e. for m = 0.]
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Zλ = Zλm := Xm + λYm, for λ ∈ k ,

we write Z = Z 1
m,

I = Im � the identity matrix,

Ẋ := Xm+1, Ẏ := Ym+1, Ż := Zm+1, Ż
λ = Zλm+1,

İ := Im+1, Ï := Im+2.

[We also consider the empty matrices, i.e. for m = 0.]



Bimodules for integral slopes for (2, 2, 2, 2;λ)

B(n), n = 2 + 2m: B(n), n = 2 + 2m + 1:[
1 + 2m

1 + 2m

(m + 1) + m

2(m + 1) m + (m + 1) 2m

] [
1 + m + (m + 1)
1 + m + (m + 1)

2(m + 1)
(m + 1) + (m + 2) 2(m + 1) m + (m + 1)

]



0...
0
T

X

0...
0
1

X

 [
0 ···0 0 ···0

I

I

]


1
0...
0

Y

1
0...
0

Y

 [
0 ···0 0 ···0

I

I

]
[
İ

Z

] [
Z

I

]
[
Zλ

İ

] [
I

Zλ

]






0...
0
T

X

0...
0
1
λ

Ẋ


[

0 ···0 0 ···0

I

İ

]


1
0...
0

Y

1
λ
0...
0

Ẏ


[

0 ···0 0 ···0

I

İ

]
[
İ

Ż

] [
Z

İ

]
[
İ

Żλ

] [
Zλ

İ

]





(3, 3, 3), bimodules B (n), n = 3+ 3m




0...
0
1

0...
0
T

X

0...
0
1

0...
0
1

X

0...
0
1

0...
0
0

X




1 0 ···0 0 ···0 0 ···0
0 0 ···0 0 ···0 0 ···0
0...
0

I

0...
0

I

0...
0

I


 0 ···0 0 ···0 0 ···0

I

I

I




İ
0...
0

1
0...
0

Y

0...
0

Y


 İ

0 ···0 0 ···0 0 ···0

I

I

 [
Y

I

I

]

[
Z

İ

İ

] [
I

Z

İ

] [
I

I

Z

]





(3, 3, 3), bimodules B (n), n = 3+ 3m + 1




0...
0
1

0...
0
T

X

0...
0
1

0...
0
1

X

0...
0
1
1

0...
0
0
0

Ẋ




1 0 ···0 0 ···0 0 ···0
0 0 ···0 0 ···0 0 ···0
0...
0

I

0...
0

I

0...
0

İ


 0 ···0 0 ···0 0 ···0

I

I

İ




İ
0...
0

1
0...
0

Y

0...
0

Ẏ


 İ

0 ···0 0 ···0 0 ···0

I

İ

 [
Y

I

İ

]

[
İ

İ

Ż

] [
Z

İ

İ

] [
I

Z

İ

]





(3, 3, 3), bimodules B (n), n = 3+ 3m + 2





0...
0
1

0...
0
T

X

0...
0
1
1

0...
0
1
1

Ẋ

0...
0
1
1

0...
0
0
0

Ẋ




1 0 ···0 0 ···0 0 ···0
0 0 ···0 0 ···0 0 ···0
0...
0

I

0...
0

İ

0...
0

İ


 0 ···0 0 ···0 0 ···0

I

İ

İ




İ
0...
0

1
1
0...
0

Ẏ

0...
0

Ẏ


 İ

0 ···0 0 ···0 0 ···0

İ

İ

 [
Y

İ

İ

]

[
İ

Ż

Ï

] [
İ

İ

Ż

] [
Z

İ

İ

]





(2, 4, 4), bimodules B (n), n = 4+ 4m




0...
0
T

0...
0
1

X

0...
0
1

0...
0
0

X

0...
0
1

0...
0
1

X

0...
0
0

0...
0
1

X





0 ···0 0 ···0 0 ···0 0 ···0
0 ···0 0 ···0 0 ···0 0 ···0

I

I

I

I





İ
0...
0

0...
0

1
0...
0

0
0...
0

Y

0
0...
0

1
0...
0

Y

0...
0

0...
0

Y





İ
0...
0

0 ···0 1 0 ···0 0 ···0 0 ···0
0 ···0 0 0 ···0 0 ···0 0 ···0

0...
0

I

0...
0

I

0...
0

I





İ
0 ···0 0 ···0 0 ···0 0 ···0

I

I

I




Y

I

I

I




Z

İ

İ

İ




I

Z

İ

İ




I

I

Z

İ



I

I

I

Z







(2, 4, 4), bimodules B (n), n = 4+ 4m + 1




0...
0
T

0...
0
1

X

0...
0
1

0...
0
0

X

0...
0
1

0...
0
1

X

0...
0
0
0

0...
0
1
1

Ẋ





0 ···0 0 ···0 0 ···0 0 ···0
0 ···0 0 ···0 0 ···0 0 ···0

I

I

I

İ





İ
0...
0

0...
0

1
0...
0

0
0...
0

Y

0
0...
0

1
0...
0

Y

0...
0

0...
0

Ẏ





İ
0...
0

0 ···0 1 0 ···0 0 ···0 0 ···0
0 ···0 0 0 ···0 0 ···0 0 ···0

0...
0

I

0...
0

I

0...
0

İ





İ
0 ···0 0 ···0 0 ···0 0 ···0

I

I

İ




Y

I

I

İ




İ

İ

İ

Ż




Z

İ

İ

İ




I

Z

İ

İ




I

I

Z

İ







(2, 4, 4), bimodules B (n), n = 4+ 4m + 2




0...
0
T

0...
0
1

X

0...
0
1

0...
0
0

X

0...
0
1
1

0...
0
1
1

Ẋ

0...
0
0
0

0...
0
1
1

Ẋ





0 ···0 0 ···0 0 ···0 0 ···0
0 ···0 0 ···0 0 ···0 0 ···0

I

I

İ

İ





İ
0...
0

0...
0

1
0...
0

0
0...
0

Y

0
0
0...
0

1
1
0...
0

Ẏ

0...
0

0...
0

Ẏ





İ
0...
0

0 ···0 1 0 ···0 0 ···0 0 ···0
0 ···0 0 0 ···0 0 ···0 0 ···0

0...
0

I

0...
0

İ

0...
0

İ





İ
0 ···0 0 ···0 0 ···0 0 ···0

I

İ

İ




Y

I

İ

İ




İ

İ

Ż

Ï




İ

İ

İ

Ż




Z

İ

İ

İ




I

Z

İ

İ







(2, 4, 4), bimodules B (n), n = 4+ 4m + 3




0...
0
T

0...
0
1

X

0...
0
1
1

0...
0
0
0

Ẋ

0...
0
1
1

0...
0
1
1

Ẋ

0...
0
0
0

0...
0
1
1

Ẋ





0 ···0 0 ···0 0 ···0 0 ···0
0 ···0 0 ···0 0 ···0 0 ···0

I

İ

İ

İ





İ
0...
0

0...
0

1
1
0...
0

0
0
0...
0

Ẏ

0
0
0...
0

1
1
0...
0

Ẏ

0...
0

0...
0

Ẏ





İ
0...
0

0 ···0 1 0 ···0 0 ···0 0 ···0
0 ···0 0 0 ···0 0 ···0 0 ···0

0...
0

İ
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İ







(2, 3, 6), bimodules B (n)

Six series: for
n = 6 + 6m + i ,

i = 0, 1, 2, 3, 4, 5.



Remarks

The fact that those bimodules:

appear in a �nite number of series,

are given by such �nice� spare matrices, compatible in each
tubular type,

was not a priori clear.

We have obtained such appearance of bimodules thanks to:

a periodical nature of (functorial) techniques we applied,

certain not completely trivial computer algebra facts
concerning matrix calculus over k[T ] we used.
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About the construction - main steps

Step 1: construct a proj. pres. ∀ homogeneous mod. H(c,`) ∈ T̃p:

0 −→ P
(c,`)
1 −→

F (c,`)
P

(c,`)
0 −→ H(c,`) −→ 0.

It can be done s.t.:

B := Coker

(
k[T ]⊗kP

(1)
1 −→

F (T ,1)
k[T ]⊗kP

(1)
0

)
is a parametrizing bimodule for T̃ h

p , i.e. B(c , `) = H(c,`) ∀c,`.
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About the construction - main steps

Step 2: precisely describe how the functor ∆(n), for n ∈ N:

Db(cohX)
Sn //

∼=
��

Db(cohX)

∼=
��

Db(modΛ)
∆(n) // Db(modΛ)

behave on modmat Λ, where S is induced by the shift functor

O(~xt)⊗− : cohX→ cohX.

In particular
∆(n)| : T̃p → T̃p+n

is an equivalence on homogeneous modules.
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About the construction - main steps

Step 3: compute

k[T ]⊗k∆(n)(P
(1)
1 ) −→

∆(n)(F (T ,1))
k[T ]⊗k∆(n)(P

(1)
0 )

for all n ∈ N.

Step 4: prove that B(p+n) := Coker(∆(n)(F (T ,1))) belong to

modk[T ]Λ and is a parametrizing bimodule for T̃ h
p+n.

Step 5: compute the explicit matrices of B(p+n) (Smith forms of
T -matrices...).
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Final remark

We checked that the specializations

B(n)(c , `) = k[T ]/(T − c)` ⊗k[T ] B
(n),

for (c , `) ∈ (k \ Z(fp))× N indeed:

have appropriate dimension vectors,

are indecomposable (their endomorphism algebras turned
out to be local),

are Hom-orthogonal (i.e. for �xed slope n,

HomΛ(B(n)(c, `),B(n)(c ′, `′)) = 0

for any c , c ′ ∈ k \ Z(fp), c 6= c ′ and `, `′ ≥ 1).
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