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Let p be a prime and G be a finite group
with p divides the order of group |G| and F
be a ring with characteristic p > 0.

For h € (G, the conjugation class generated
by h is:

Ch={g€G|EI:B€G:xhx_1 =g}

The centre of the group algebra FG, de-
noted by Z(FG) has basis

(CF = glhea).
geCy

The p-regular subspace of Z(FG)

Zy(FG) = span{C’;LI_ :pfo(h)}

is the subspace of Z(FG) spanned by class
sum of p’-element. We see that this defini-
tion depends only on the order of elements
in G.



While Z(F@G) is always a ring, this is not the
case for Z,(FG) (see [Meyer], [Meyer2],
[FanKulshammer], [EnsslenKulshammer]).

For any algebra A we define [A, A] as the
commutator subspace of A.

Given a symmetric K-algebra A with sym-
metrising form (, ), then for any K-basis
B of Z(A) we get a K-basis B* of A/[A, A]
by the condition

o)1 ifb=rc
(b, ") = { O otherwise

Hence we get an identification

(1) Z(A) % AJ[AA]

Sab = Y N

bcB veB!
This map depends on the choice of B and
the choice of the symmetrizing form (, ).
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e In particular Z(FG) can be identified with
FG/[FG, FG]. This isomorphism will give a
way to identify Zp/FG without depending
on the order of elements in G.

e Define the p-power map

up : FG/[FG,FG] — FG/[FG, FG]

with pup(a) = aP for every a € FG/[FG, FG].
This map is well-defined as shown by Kul-
shammer [Kulshammer].



Lemma 1 (SantikaZimmermann). Let F be a
field of characteristic p > 0, let G be a finite
group and let h € G. Then

h+[FG,FG] € () im(u},) if and only ifpto(h).
teN

e [ he above lemma says that an element C+
is in the basis of Z /FGif and only if h—l—

[FG, FG] € Ny im(uh).

e [ his condition on the above lemma does
not depend on the order of elements of G,
so we apply this condition to define Zp/A
for any symmetric algebra A.

Definition 1. Let A be an algebra and let
up o AJ[A, Al — A/[A, A]

with pp(a) = aP for every a € A/[A, Al.

The p-regular subspace Z, 1A of ZA is de-
fined as the pre-image of ﬂteN zm(,up) via the
identification 6 (1).



Let A be the symmetric Nakayama algebra N/},

where m divides n. The algebra A is the path
algebra of the quiver

2 B 3
a1 a3
/
1 4
am 4
AN v
Qm—1
m <—

modulo the relations : (eja;yq -+ pa;_1)™a; =
O for all 1 << m.



e A basis of ZA is given by union of B UB> U
B3, where By = {e1 + --- + em},

™m
By = {Y (a1 aina;—1)% 1 <k <n/m—1},
i=1

B3 = {(eeviq1 - aina;_1)™™ 1 <i<m}.

e A basis of A/[A, A] is given by

{617'” y Em, (a1a2°"am)k71 S k S n/m}

e [ he first step to find Zp/A IS to compute pt—
power of every basis elements of A/[A, A].

t
Since e; are idempotents, then e =e; for
all 1 <7< m, for all t € N.



e For other basis elements, we get that

((041042 ... am)k)(n/m)+1 —0

foralll <k <n/m. Thereforeonlyeq, - ,em
that are in the image of the p'-power map
uf, for every t € N.

e In Z these elements correspond to B3. There-
fore the p-regular subspace of A = N/, is
ZyA = spanB3.



e An algebra A (over an algebraically closed
field) is of dihedral type if it is a symmet-
ric and indecomposable algebra, its Cartan
matrix is non-singular, and the stable AR-
quiver consists of 1-tubes, at most two 3-
tubes, and a non-periodic components of
tree class ASS or Aj ». [Erdman]

e Any algebra of dihedral type with two sim-
ple modules is derived equivalent to the
basic algebra A’é’s = D(28B)%5(¢), where
k,s > 1 are integers and ¢ € {0,1} (see
[Holm]).



e T hese algebras are defined by path algebra
of quiver

Coe s

subject to relations

Bn=0,1y=0,78=0,a° =
c(aBy)F, (aBy)F = (Bya)k, n® = (vapB)*.

e Let us assume that the characteristic of F
is 2. Every block with a dihedral defect
group of order 2™ and two simple modules
is Morita equivalent to Aé’s (see [Erdman]).



e In [HoOImZimmermann], it is shown that a
basis of Z(A¥®) is given by

Z = {1, (af)" + (Bya)’ + (yapB)?,
(Bya)* 18y, (aBy)*, /|1 <i<k-1,1<j<s},

and a basis of AIE’S/[AIS’S,A’C“’S] is given by

B — {617627a7 a/B,‘Y7 R (a/B’Y)k_l?n? e 7778}'

e The first step to find ZQ/AIE’S is to com-
pute 2"-power of every basis elements of
AS® A, A7),

e Since eq and e, are idempotents, then el =

e1 and ezn = eo.
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e For other basis elements, we get that
((aBy))?" = aBy ... aBy(apy)™ ~(+D
k+1
= a(Bya. .. fy0) By(afy)2 (D)
k

= a(Bya)py(apy)? D)
= a(aBr)"Bry(apy)i2 ~*+D)

= a(af) e 18 v(apy)? ~HHD
=0

=0

for every 1 =1,...,k.



e For c =0, then o2 = 0.

o If c=1, then

ot = (af)?F = (apy)FTi(asy)k 1
= afy...afy(afy)" 1
k41
= a(Bya. .. Bya)By(aBy)F 1

k
a(Bya)By(afy)it
a(apy)*By(aBy) =

by using the relation v38 = 0.
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e Also, for every 1 =1,2,...,s,

- ~s+1 :~hs+1 :~hs+1
(772)2 — 7723?77,2 2s — (’yaﬁ)anZQ 2s

= (aBy)F (rap)F g2 2

which also equals to O by the same relation.

e [ hese show that only e; and e> that are
in the image of the 2"-power map ,Ug for
every n € N,

e These elements correspond to {(aB~v), n} C
Z. Therefore, ZQ/AIE’S = span{(aBv)*,n}.
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e An algebra A (over an algebraically closed
field) is said to be of semidihedral type if
A is symmetric and indecomposable, the
Cartan matrix of A is non-singular, and
the stable Auslander-Reiten quiver of A has
tube of rank at most 3, at most one 3-tube,
and non-periodic components isomorphic
to ZAZZ and ZDs. [Erdman]

e Any algebra of semidihedral type with two
simple modules is derived equivalent to one
of the two following classes.
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e The first class is algebra Alg’t = SD(QSB)If’t(c),
where integers k> 1,t > 2 and c € {0, 1}.

e [ hese algebras are defined by path algebra
p

o @, >® M

(o0 )

subject to relations

of quiver

Bn=0,77 = 0,78 = 0,a? = (Bya) 18y +
c(aBy)F, (aBy)F = (Bya)k, nt = (yaB)F.

e The only difference between A% and A%*
in algebra of dihedral type is the relation

a2 = (Bya)"" 1By + claBm)*.

14



Because our main concern is in A’é’t/[Alé’t, Al(f’t
and

(Bya)k =18y = [(Bya)k=18,~] (from the
relation v8 = 0)

then we can apply our result in dihedral
case to A’é’t.

The 2-regular subspace of Alg’t IS

ZyApt = span{(aBy)",n'}.
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The second class is algebra Bf’t = SD(Q%)g’t(c),
with £ > 1,t > 2 such that K+t > 4 and
ce{0,1}.

This algebra defined by the same quiver as
above, but subject to the relations

Bn = (apy)*tap, v =n""t =
(vaB) " tya, pn? = 0,n%y = 0,02 =
c(apy)®.

The basis for Bf’t/[Bf’t,Bf’t] (as shown in

[HolImZimmermann]) is

B — {617627a7 a/B’Y7 R (a/BfY)k_]-?,r]? c e ?nt}'

Idempotents e; and e> again are in the im-
age of ,ug for every natural number n.
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e For other basis elements, we get

(nz’)Qt — nt—lniQt—(t—l) — ,Yﬁnq;zt—(t—n — 0

for every 1 =1,...,t.

(@)™ = (aBy)*(apy)F(apy) 2T 2k

= (aBy)PaBy(aBy)F(apy) 2T -2k
= (aBy)* TaB(y(aBy)F2aB)yaby(apy) 2 2k
= (BN LaB)((vaB)F1ya)By(afy) 2T =2k

= (Bn) (1Y) By(aBy)2 2k = 0

for every 1 =1,... k.



e By the same method, we see that

a8 = (apy)* = (apy)k(aBy)F(aBy)?k = 0.

e Hence only e; and e, are in the image of
the 2"-power map u5 for every n € N.

e These elements correspond to {(aBv)", n}
in the centre of Bf’t. T herefore, ZQ/Bff’t =

span{(aBy)*, n'}.
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