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§0. Motivation

(1) To study irreducible representations of
discrete subgroups : SL(2, Z), PSL(2, Z),
and so on.

(2) To classify several types of irreducible
representations of several groups.

(3) Thickness and denseness are basic and
essential.
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§1. Preliminaries

G : a group
k : a field
V : a vector space over k with dimk V = n
ρ : G → GL(V ) : a representation of G

Definition 1 (thick). ρ : G → GL(V )
is m-thick if
for any subspaces V1 and V2 of V with dim V1 =
m and dim V2 = n−m, there exists g ∈ G
such that

(ρ(g)V1)⊕ V2 = V.

ρ : G → GL(V ) is thick if ρ is m-thick for
each 0 < m < n.



4

G : a group
k : a field
V : a vector space over k with dimk V = n
ρ : G → GL(V ) : a representation of G

Definition 2 (dense). ρ : G → GL(V )
is m-dense if the induced representation
(∧mρ) : G → GL(∧mV ) is irreducible.

ρ : G → GL(V ) is dense if ρ is m-dense
for each 0 < m < n.
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Proposition 3. For 0 < m < n,

m-dense =⇒ m-thick =⇒ irreducible

and

1-dense ⇐⇒ 1-thick ⇐⇒ irreducible.

In particular,

dense ⇒ thick ⇒ irreducible.
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G : a group
k : a field
V : a vector space over k with dimk V = n
ρ : G → GL(V ) : a representation of G

Definition 4 (absolutely thick and dense).
ρ : G → GL(V ) is absolutely thick if ρ⊗k

k : G → GL(V ⊗k k) is thick for an alge-
braic closure k of k.

ρ : G → GL(V ) is absolutely dense if

ρ⊗k k : G → GL(V ⊗k k) is dense.
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Remark 5.
ρ : absolutely thick
⇐⇒ ρ⊗k Ω : G → GL(V ⊗k Ω) is thick

for any algebraically closed field Ω over k

abs. dense ⇒ abs. thick ⇒ abs. irreducible
⇓ ⇓ ⇓

dense ⇒ thick ⇒ irreducible
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§2. Moduli of absolutely irreducible
representations

Definition 6.
(Sch) : category of schemes
(Sets) : category of sets

Γ(X,OX) : the ring of global functions on a scheme X .

Let us consider the contravariant functor:

Repn(G) : (Sch)op → (Sets)
X 7→ {ρ : G → GLn(Γ(X,OX)) a representation } ,

ρ : G → GLn(Γ(X,OX)) is called an n-
dimensional representation of G on X .
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Repn(G) : (Sch)op → (Sets)
X 7→ {ρ : G → GLn(Γ(X,OX)) a representation } ,

Proposition 7. The functor Repn(G) is
representable by an affine scheme.

Definition 8. The group scheme PGLn

over Z acts on Repn(G) by ρ 7→ P−1ρP
for ρ ∈ Repn(G) and P ∈ PGLn.
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Definition 9. For an n-dimensional rep-
resentation ρ : G → GLn(Γ(X,OX)) on a
scheme X , ρ is absolutely irreducible if

for each x ∈ X the induced rerepsentation
ρ ⊗ k(x) : G → GLn(k(x)) is absolutely
irreducible, where k(x) := OX,x/mX,x is
the residue field of x.

Remark 10. The scheme

Repn(G)air := {ρ : abs. irreducible}
is an open subscheme of Repn(G) which is
invariant under PGLn-action.
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Theorem 11. There exists a universal
geometric quotient of Repn(G)air by PGLn.

Definition 12. We call

Chn(G)air := Repn(G)air/PGLn

the moduli of n-dimensional absolutely ir-
reducible representations of G.
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Fm := 〈α1, α2, . . . , αm〉 : free group of
rank m

Proposition 13. For m > 1, the mod-
uli Chn(Fm)air is a smooth irreducible
scheme over Z of relative dimension (m−
1)n2 + 1.
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§3. Moduli of absolutely thick representa-
tions

Definition 14. For an n-dimensional rep-
resentation ρ : G → GLn(Γ(X,OX)) on a
scheme X , ρ is absolutely thick if

for each x ∈ X the induced rerepsentation
ρ ⊗ k(x) : G → GLn(k(x)) is absolutely
thick, where k(x) := OX,x/mX,x is the
residue field of x.
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Definition 15. For an n-dimensional rep-
resentation ρ : G → GLn(Γ(X,OX)) on a
scheme X , ρ is absolutely dense if

for each x ∈ X the induced rerepsentation
ρ ⊗ k(x) : G → GLn(k(x)) is absolutely
dense, where k(x) := OX,x/mX,x is the
residue field of x.
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Theorem 16.

Repn(G)thick := {ρ : abs. thick rep.}
is an open subscheme of Repn(G)air which
is invariant under PGLn-action.

Moreover, the universal geometric quo-
tient

Chn(G)thick := Repn(G)thick/PGLn.

exists.

We call Chn(G)thick the moduli of
n-dimensional absolutely thick representa-
tions of G.
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Key Point.“Thickness is open”.

To show openness of absolutely thickness,
we prove that

Repn(G)air \ Repn(G)thick

is closed.
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Lemma 17. For an n-dimensional rep-
resentation ρ : G → GL(V ) of G over a
field k, ρ is not m-thick if and only if

there exist G-invariant ”realizable” sub-
spaces W1 ⊆ ∧mV and W2 ⊆ ∧n−mV
such that W1 ∧W2 = 0.

Here we say W ⊆ ∧mV is realizable if
there exist v1, . . . , vm ∈ V such that 0 6=
v1 ∧ · · · ∧ vm ∈ W .
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Claim 1.

Repn(G)× Gr(d,∧mAn)× Gr(d′,∧n−mAn)
⊇ Y (d,∧m(n),∧n−m(n))⊥real

:=

(ρ, W1, W2)
W1 ⊆ Om : rank d realizable G-inv
W2 ⊆ Om : rank d′ realizable G-inv
W1 ∧W2 = 0


is closed. Here d′ :=

(n
m

)
− d.

Claim 2. Since
q1 : Repn(G)× Gr(d,∧mAn)× Gr(d′,∧n−mAn)

→ Repn(G)

is proper, q1(Y (d,∧m(n),∧n−m(n))⊥real) is
closed.
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Remark 18. Similary, we can also con-
struct the moduli of absolutely dense rep-
resentations.

Repn(G)air ⊇ Repn(G)thick ⊇ Repn(G)dense
↓ ↓ ↓

Chn(G)air ⊇ Chn(G)thick ⊇ Chn(G)dense
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§4. Free groups case

Fm := 〈α1, α2, . . . , αm〉 : free group of
rank m

Lemma 19. The symmetric group Sn is
generated by (12) and (123 · · ·n).

Lemma 20. Sn has a dense representa-
tion of dimension n− 1 over C.
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Theorem 21. Chn(F2)dense 6= ∅. More-
over,

Chn(Fm)dense 6= ∅
and

Chn(Fm)thick 6= ∅
for m ≥ 2.
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Theorem 22. The moduli schemes
Chn(Fm)dense and Chn(Fm)thick are ir-
reducible smooth scheme over Z of rela-
tive dimension (m− 1)n2 + 1 for m ≥ 2.
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Theorem 23.Let G be an arbitrary group.
For n ≥ 4 and 1 < m < n − 1, we have
a morphism

φ : Chn(G)dense → Ch(n
m)(G)air

[ρ] 7→ [∧m(ρ)].

Then Imφ ⊆ Chn(G)non−thick.

“Exterior produces No thick rep-
resentations!”


