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This talk is based on joint work with Kazunori Nakamoto
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@ We show some equivalent condition to the irreducibility of a
representation of a group

@ Definition of representations of special class which we call
thick representations

@ Properties and some characterization of thick representations

@ Application: the classification of thick representations of
simple Lie groups
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V: a finite dimensional vector space over a field k
p: G — GL(V): a representation of a group G
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Definitions

What is irreducibility?

G: a group
V: a finite dimensional vector space over a field k
p: G — GL(V): a representation of a group G

The irreducibility of a finite dimensional representation
p: G — GL(V) is equivalent to a following conditon,

for any subspaces Vi, V5 of V with dim Vi = 1 and
dim V5 = dim V — 1 there exists g € G such that
p(g)VidVa=V.
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Definition of representations of special class

Then naturally we have following definitions.

Yasuhiro Omoda On the classification of thick representations



Definitions

Definition of representations of special class

Then naturally we have following definitions.

e We say that p: G — GL(V) is m-thick if for any subspaces
Vi, Vo of V with dim V; = m and dim V, = dim V' — m there
exists g € G such that p(g)Vi @ Vo = V.
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Definitions

Definition of representations of special class

Then naturally we have following definitions.

e We say that p: G — GL(V) is m-thick if for any subspaces
Vi, Vo of V with dim V; = m and dim V, = dim V' — m there
exists g € G such that p(g)Vi @ Vo = V.

e We also say that p: G — GL(V) is thick if p is m-thick for
each 0 < m<dimV.

Examplel

Suppose G = SL(C) and V = Vj is the vector space of binary
forms of degree d on which G acts naturally. Then this
representation is thick.
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Some characterization of thick representations

V: an n-dimensional vector space over a field k
V’: a d-dimensional subspace of V with 0 < d < n
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Some characterization of thick representations

V: an n-dimensional vector space over a field k
V’: a d-dimensional subspace of V with 0 < d < n
We can consider A9V’ as a non zero vector in A9V (which is

determined by A9V’ up to scalar).
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Properties and some characterization

Some characterization of thick representations

V: an n-dimensional vector space over a field k

V’: a d-dimensional subspace of V with 0 < d < n

We can consider A9V’ as a non zero vector in A9V (which is
determined by A9V’ up to scalar).

Definition

For a subspace W C A9V, we say that W is realizable if W
contains a non-zero vector A9V’ obtained by a d-dimensional
subspace V' of V.
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Properties and some characterization

Some characterization of thick representations

For a finite dimensional representationV of a group G

NV NV Ly pdimVy o equivariant perfect pairing
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Some characterization of thick representations

For a finite dimensional representationV of a group G
NV NV Ly pdimVy o equivariant perfect pairing
For a subspace W of AV

Wt :={y e NV |xAy=0forany x € N'V}

Yasuhiro Omoda On the classification of thick representations



Properties and some characterization

Some characterization of thick representations

For a finite dimensional representationV of a group G
NV NV Ly pdimVy o equivariant perfect pairing
For a subspace W of AV
Wt :={y e NV |xAy=0forany x € N'V}

We have a following characterization of thick representations.
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Properties and some characterization

Some characterization of thick representations

For a finite dimensional representationV of a group G
NV NV Ly pdimVy o equivariant perfect pairing
For a subspace W of AV
Wt :={y e NV |xAy=0forany x € N'V}

We have a following characterization of thick representations.

Proposition

V is not m-thick if and only if there exist G-invariant realizable
subspaces Wi C A™V and W, € A"~™V such that WlL = Ws.
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Properties and some characterization

Properties of thick representations

Definition
e We say that p: G — GL(V) is m-dense if the induced
representation A™V of G is irreducible.
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Properties and some characterization

Properties of thick representations

Definition
e We say that p: G — GL(V) is m-dense if the induced
representation A™V of G is irreducible.

e We also say that p: G — GL(V) is dense if p is m-dense for
each 0 < m < dim V.
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Properties and some characterization

Properties of thick representations

e We say that p: G — GL(V) is m-dense if the induced
representation A™V of G is irreducible.

e We also say that p: G — GL(V) is dense if p is m-dense for
each 0 < m < dim V.

Example2
Suppose G = SL,(C) and V = C" on which G acts naturally.
Then this representation is dense and thick.

N
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Properties and some characterization

Properties of thick representations

e We say that p: G — GL(V) is m-dense if the induced
representation A™V of G is irreducible.

e We also say that p: G — GL(V) is dense if p is m-dense for
each 0 < m < dim V.

Example2

Suppose G = SL,(C) and V = C" on which G acts naturally.
Then this representation is dense and thick.

Examplel

The vector space of binary forms of degree d is thick but not dense
if d> 3.
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Properties and some characterization

Properties of thick representations

Following properties show some relationship between these
definitions.

Yasuhiro Omoda On the classification of thick representations



Properties and some characterization

Properties of thick representations

Following properties show some relationship between these
definitions.

Proposition

For any finite dimensional representations of a group G, the
following implications hold for 0 < m < dim V:

m-dense = m-thick = 1-dense <= 1-thick <= irreducible.
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Properties and some characterization

Properties of thick representations

Following properties show some relationship between these
definitions.

Proposition

For any finite dimensional representations of a group G, the
following implications hold for 0 < m < dim V:

m-dense = m-thick = 1-dense <= 1-thick <= irreducible.

For any representation of a group G, the following implications
hold:

dense = thick = irreducible.
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Application

The classification of thick representations

From now on we assume that base field kK = C.
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The classification of thick representations

From now on we assume that base field kK = C.
G: a simple Lie group over C

B: a Borel subgroup of G

T C B a maximal torus

V: an irreducible representation over C of G
W(V): the set of weights of the maximal torus T in V

e We can regard W(V) as a poset with respect to the usual
root order and call it a weight poset.
(1w >~ for p,y € W(V) if and only if  — 7 is a nonzero sum
of simple roots with nonnegative coefficients.)
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Application

The classification of thick representations

From now on we assume that base field kK = C.
G: a simple Lie group over C

B: a Borel subgroup of G

T C B a maximal torus

V: an irreducible representation over C of G
W(V): the set of weights of the maximal torus T in V

e We can regard W(V) as a poset with respect to the usual
root order and call it a weight poset.
(1w >~ for p,y € W(V) if and only if  — 7 is a nonzero sum
of simple roots with nonnegative coefficients.)

e We say that V is weight multiplicity-free (WMF) if all weight
spaces in V are one dimensional.
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The classification of thick representations

Using the characterization of thick representations and the weight
theory of Lie groups, we can show following two lemmas.
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Application

The classification of thick representations

Using the characterization of thick representations and the weight
theory of Lie groups, we can show following two lemmas.

If a representation V of a simple Lie group G is thick, it is weight
multiplicity-free.
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Application

The classification of thick representations

Using the characterization of thick representations and the weight
theory of Lie groups, we can show following two lemmas.

Lemmal

If a representation V of a simple Lie group G is thick, it is weight
multiplicity-free.

Lemma?2

If a representation V of a simple Lie group G is thick, its weight
poset W(V) is a totally order set.
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Application

The classification of thick representations

Using the characterization of thick representations and the weight
theory of Lie groups, we can show following two lemmas.

Lemmal

If a representation V of a simple Lie group G is thick, it is weight
multiplicity-free.

Lemma?2

If a representation V of a simple Lie group G is thick, its weight
poset W(V) is a totally order set.

o

R. Howe classified weight multiplicity-free representations of simple
Lie groups in “Perspectives on Invariant Theory(1995)".
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Application

The classification of thick representations

Finally by these lemmas, Howe's classification and several
calculations we can obtain the classification of thick
representations.

Yasuhiro Omoda On the classification of thick representations



Application

The classification of thick representations

Finally by these lemmas, Howe's classification and several
calculations we can obtain the classification of thick
representations.

Before we show the classification, let’s recall definitions.

Definition
e We say that p: G — GL(V) is thick if for any subspaces

Vi, Vb of V with dim Vi +dim V5, = dim V there exists g € G
such that p(g)Vi @ Vo = V.
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The classification of thick representations

Finally by these lemmas, Howe's classification and several
calculations we can obtain the classification of thick
representations.

Before we show the classification, let’s recall definitions.

Definition
e We say that p: G — GL(V) is thick if for any subspaces
Vi, Vb of V with dim Vi +dim V5, = dim V there exists g € G
such that p(g)Vi @ Vo = V.
e We say that p: G — GL(V) is dense if the induced
representation A™V of G is irreducible for each
0<m<dmV.
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The classification of thick representations

Finally by these lemmas, Howe's classification and several
calculations we can obtain the classification of thick
representations.

Before we show the classification, let’s recall definitions.

Definition
e We say that p: G — GL(V) is thick if for any subspaces
Vi, Vb of V with dim Vi +dim V5, = dim V there exists g € G
such that p(g)Vi @ Vo = V.
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The classification of thick representations

Theorem
The list of thick representations of simple Lie groups is following.

(An,w1), (An,wn), (A1, mw1), (Bp,w1), (Ch,wi), (G2, w1).

In particular the list of representations of simple Lie groups which
is thick but not dense is following.

(Al, mwl)(m Z 3), (C,,,wl), (Gg,wl).
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Application

Thank youl!
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