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Regular and integer block of O(sln)

Definition (Bernstein, Gelfand, Gelfand)

Category O(sln) =






M∈mod -U(sln)

∣
∣
∣
∣
∣
∣

M is finitely generated
M is hn semisimple
dimC U((sln)+).m <∞







O(sln) decomposes into blocks Oλ(sln) for some λ ∈ h∗n

h∗n = {λ = (λ1, . . . , λn−1) | λi = λ(Eii − Ei+1,i+1) ∈ C}

Oλ(sln) is regular and integer if λi ∈ N0, 1 ≤ i ≤ n − 1

Sym(n)↔ {indecomposable projectives of Oλ(sln)}
σ [P(σ · λ)]

A(n) :=Endsln

(
⊕

σ∈Sym(n) P(σ · λ)
)

= CQ(n)/I(n)



Regular and integer block of O(sln)

Definition (Bernstein, Gelfand, Gelfand)

Category O(sln) =






M∈mod -U(sln)

∣
∣
∣
∣
∣
∣

M is finitely generated
M is hn semisimple
dimC U((sln)+).m <∞







O(sln) decomposes into blocks Oλ(sln) for some λ ∈ h∗n

h∗n = {λ = (λ1, . . . , λn−1) | λi = λ(Eii − Ei+1,i+1) ∈ C}

Oλ(sln) is regular and integer if λi ∈ N0, 1 ≤ i ≤ n − 1

Sym(n)↔ {indecomposable projectives of Oλ(sln)}
σ [P(σ · λ)]

A(n) :=Endsln

(
⊕

σ∈Sym(n) P(σ · λ)
)

= CQ(n)/I(n)

Oλ(sln) ∼ mod−A(n)



Regular and integer block of O(sln)

Definition (Bernstein, Gelfand, Gelfand)

Category O(sln) =






M∈mod -U(sln)

∣
∣
∣
∣
∣
∣

M is finitely generated
M is hn semisimple
dimC U((sln)+).m <∞







O(sln) decomposes into blocks Oλ(sln) for some λ ∈ h∗n

h∗n = {λ = (λ1, . . . , λn−1) | λi = λ(Eii − Ei+1,i+1) ∈ C}

Oλ(sln) is regular and integer if λi ∈ N0, 1 ≤ i ≤ n − 1

Sym(n)↔ {indecomposable projectives of Oλ(sln)}
σ [P(σ · λ)]

A(n) :=Endsln

(
⊕

σ∈Sym(n) P(σ · λ)
)

= CQ(n)/I(n)

Oλ(sln) ∼ mod−A(n)



The quiver Q(n) of A(n)



The quiver Q(n) of A(n)

Q(n) = (Q0(n), Q1(n))

Q0(n)←→ Sym(n)



The quiver Q(n) of A(n)

Q(n) = (Q0(n), Q1(n))

Q0(n)←→ Sym(n)

Q1(n)! coefficients µ(σ, τ) of Kazhdan-Lusztig polynomials



The quiver Q(n) of A(n)

Q(n) = (Q0(n), Q1(n))

Q0(n)←→ Sym(n)

Q1(n)! coefficients µ(σ, τ) of Kazhdan-Lusztig polynomials

σ, τ ∈ Q0(n)



The quiver Q(n) of A(n)

Q(n) = (Q0(n), Q1(n))

Q0(n)←→ Sym(n)

Q1(n)! coefficients µ(σ, τ) of Kazhdan-Lusztig polynomials

σ, τ ∈ Q0(n) ⇒ µ(σ, τ) =
∣
∣
∣

{

β ∈ Q1(n) | σ
β
→ τ

}∣
∣
∣



The quiver Q(n) of A(n)

Q(n) = (Q0(n), Q1(n))

Q0(n)←→ Sym(n)

Q1(n)! coefficients µ(σ, τ) of Kazhdan-Lusztig polynomials

σ, τ ∈ Q0(n) ⇒ µ(σ, τ) =
∣
∣
∣

{

β ∈ Q1(n) | σ
β
→ τ

}∣
∣
∣

= µ(τ, σ)



The quiver Q(n) of A(n)

Q(n) = (Q0(n), Q1(n))

Q0(n)←→ Sym(n)

Q1(n)! coefficients µ(σ, τ) of Kazhdan-Lusztig polynomials

σ, τ ∈ Q0(n) ⇒ µ(σ, τ) =
∣
∣
∣

{

β ∈ Q1(n) | σ
β
→ τ

}∣
∣
∣

= µ(τ, σ)

=



The quiver Q(n) of A(n)

Q(n) = (Q0(n), Q1(n))

Q0(n)←→ Sym(n)

Q1(n)! coefficients µ(σ, τ) of Kazhdan-Lusztig polynomials

σ, τ ∈ Q0(n) ⇒ µ(σ, τ) =
∣
∣
∣

{

β ∈ Q1(n) | σ
β
→ τ

}∣
∣
∣

= µ(τ, σ)

=

{
1 if σ ⊳ τ (Bruhat order),



The quiver Q(n) of A(n)

Q(n) = (Q0(n), Q1(n))

Q0(n)←→ Sym(n)

Q1(n)! coefficients µ(σ, τ) of Kazhdan-Lusztig polynomials

σ, τ ∈ Q0(n) ⇒ µ(σ, τ) =
∣
∣
∣

{

β ∈ Q1(n) | σ
β
→ τ

}∣
∣
∣

= µ(τ, σ)

=

{
1 if σ ⊳ τ (Bruhat order),
0 if σ and τ are incomparable,



The quiver Q(n) of A(n)

Q(n) = (Q0(n), Q1(n))

Q0(n)←→ Sym(n)

Q1(n)! coefficients µ(σ, τ) of Kazhdan-Lusztig polynomials

σ, τ ∈ Q0(n) ⇒ µ(σ, τ) =
∣
∣
∣

{

β ∈ Q1(n) | σ
β
→ τ

}∣
∣
∣

= µ(τ, σ)

=

{
1 if σ ⊳ τ (Bruhat order),
0 if σ and τ are incomparable,
? in general.



The quiver Q(n) of A(n)

Q(n) = (Q0(n), Q1(n))

Q0(n)←→ Sym(n)

Q1(n)! coefficients µ(σ, τ) of Kazhdan-Lusztig polynomials

σ, τ ∈ Q0(n) ⇒ µ(σ, τ) =
∣
∣
∣

{

β ∈ Q1(n) | σ
β
→ τ

}∣
∣
∣

= µ(τ, σ)

=

{
1 if σ ⊳ τ (Bruhat order),
0 if σ and τ are incomparable,
? in general.

= µ(Φn(σ),Φn(τ))



The quiver Q(n) of A(n)

Q(n) = (Q0(n), Q1(n))

Q0(n)←→ Sym(n)

Q1(n)! coefficients µ(σ, τ) of Kazhdan-Lusztig polynomials

σ, τ ∈ Q0(n) ⇒ µ(σ, τ) =
∣
∣
∣

{

β ∈ Q1(n) | σ
β
→ τ

}∣
∣
∣

= µ(τ, σ)

=

{
1 if σ ⊳ τ (Bruhat order),
0 if σ and τ are incomparable,
? in general.

= µ(Φn(σ),Φn(τ))

= µ(Un(σ),Un(τ))



The quiver Q(n) of A(n)

Q(n) = (Q0(n), Q1(n))

Q0(n)←→ Sym(n)

Q1(n)! coefficients µ(σ, τ) of Kazhdan-Lusztig polynomials

σ, τ ∈ Q0(n) ⇒ µ(σ, τ) =
∣
∣
∣

{

β ∈ Q1(n) | σ
β
→ τ

}∣
∣
∣

= µ(τ, σ)

=

{
1 if σ ⊳ τ (Bruhat order),
0 if σ and τ are incomparable,
? in general.

= µ(Φn(σ),Φn(τ))

= µ(Un(σ),Un(τ))
Q1(n)  Q1(n + 1)



The quiver Q(n) of A(n)

Q(n) = (Q0(n), Q1(n))

Q0(n)←→ Sym(n)

Q1(n)! coefficients µ(σ, τ) of Kazhdan-Lusztig polynomials

σ, τ ∈ Q0(n) ⇒ µ(σ, τ) =
∣
∣
∣

{

β ∈ Q1(n) | σ
β
→ τ

}∣
∣
∣

= µ(τ, σ)

=

{
1 if σ ⊳ τ (Bruhat order),
0 if σ and τ are incomparable,
? in general.

= µ(Φn(σ),Φn(τ))

= µ(Un(σ),Un(τ))
Q1(n)  Q1(n + 1)

µ(σ, τ)



The quiver Q(n) of A(n)

Q(n) = (Q0(n), Q1(n))

Q0(n)←→ Sym(n)

Q1(n)! coefficients µ(σ, τ) of Kazhdan-Lusztig polynomials

σ, τ ∈ Q0(n) ⇒ µ(σ, τ) =
∣
∣
∣

{

β ∈ Q1(n) | σ
β
→ τ

}∣
∣
∣

= µ(τ, σ)

=

{
1 if σ ⊳ τ (Bruhat order),
0 if σ and τ are incomparable,
? in general.

= µ(Φn(σ),Φn(τ))

= µ(Un(σ),Un(τ))
Q1(n)  Q1(n + 1)

µ(σ, τ) = µ((k, . . . , n + 1)·σ, (k, . . . , n + 1)·τ)



The quiver Q(n) of A(n)

Q(n) = (Q0(n), Q1(n))

Q0(n)←→ Sym(n)

Q1(n)! coefficients µ(σ, τ) of Kazhdan-Lusztig polynomials

σ, τ ∈ Q0(n) ⇒ µ(σ, τ) =
∣
∣
∣

{

β ∈ Q1(n) | σ
β
→ τ

}∣
∣
∣

= µ(τ, σ)

=

{
1 if σ ⊳ τ (Bruhat order),
0 if σ and τ are incomparable,
? in general.

= µ(Φn(σ),Φn(τ))

= µ(Un(σ),Un(τ))
Q1(n)  Q1(n + 1)

µ(σ, τ) = µ((k, . . . , n + 1)·σ, (k, . . . , n + 1)·τ)

= µ(σ ·(k, . . . , n + 1), τ ·(k, . . . , n + 1))



Example.



Example. The quiver Q(n) of A(n) for n = 2, 3, 4



Example. The quiver Q(n) of A(n) for n = 2, 3, 4

Q(2)

(21)

(12)

Q(3)

(321)

(312) (231)

(132) (213)

(123)

Q(4)

(1234)

(2134) (1324) (1243)

(2314) (3124) (2143) (1342) (1423)

(3214) (2341) (2413) (3142) (4123) (1432)

(3241) (2431) (3412) (4213) (4132)

(3421) (4231) (4312)

(4321)



Example. The quiver Q(n) of A(n) for n = 2, 3, 4

Q(2)

(21)

(12)

Q(3)

(321)

(312) (231)

(132) (213)

(123)

Q(4)

(1234)

(2134) (1324) (1243)

(2314) (3124) (2143) (1342) (1423)

(3214) (2341) (2413) (3142) (4123) (1432)

(3241) (2431) (3412) (4213) (4132)

(3421) (4231) (4312)

(4321)



Example. The quiver Q(5) of A(5) from Q(4)

(1234)

(2134) (1324) (1243)

(2314) (3124) (2143) (1342) (1423)

(3214) (2341) (2413) (3142) (4123) (1432)

(3241) (2431) (3412) (4213) (4132)

(3421) (4231) (4312)

(4321)



Example. The quiver Q(5) of A(5) from Q(4)

(12345)

(21345) (13245) (12435)

(23145) (31245) (21435) (13425) (14235)

(32145) (23415) (24135) (31425) (41235) (14325)

(32415) (24315) (34125) (42135) (41325)

(34215) (42315) (43125)

(43215)



Example. The quiver Q(5) of A(5) from Q(4)

(4, 5) · σ

(12345)

(21345) (13245) (12435)

(23145) (31245) (21435) (13425) (14235)

(32145) (23415) (24135) (31425) (41235) (14325)

(32415) (24315) (34125) (42135) (41325)

(34215) (42315) (43125)

(43215)

(12354)

(21354) (13254) (12534)

(23154) (31254) (21534) (13524) (15234)

(32154) (23514) (25134) (31524) (51234) (15324)

(32514) (25314) (35124) (52134) (51324)

(35214) (52314) (53124)

(53214)



Example. The quiver Q(5) of A(5) from Q(4)

(4, 5) · σ

(3, 4) · σ

(12345)

(21345) (13245) (12435)

(23145) (31245) (21435) (13425) (14235)

(32145) (23415) (24135) (31425) (41235) (14325)

(32415) (24315) (34125) (42135) (41325)

(34215) (42315) (43125)

(43215)

(12354)

(21354) (13254) (12534)

(23154) (31254) (21534) (13524) (15234)

(32154) (23514) (25134) (31524) (51234) (15324)

(32514) (25314) (35124) (52134) (51324)

(35214) (52314) (53124)

(53214)

(12353)

(21453) (14253)

(24153) (41253) (21543)

(42153) (24513) (25143)

(42513) (25413) (45123)

(45213) (52413)

(54213)



Example. The quiver Q(5) of A(5) from Q(4)

(12345)

(21345) (13245) (12435) (12354)

(31245) (23145) (21435) (14235) (21354) (13425) (13254) (12534) (12453)

(32145)(41325)(24135)(14253)(23415)(31254)(23154)(14325)(21534)(21453)(15234)(31425)(13524)(13452)

(41253)(31524)(34125)(42135)(32415)(25134)(51234)(32154)(24315)(14352)(41325)(15324)(21543)(23451)(23514)(15243)

(43125)(42315)(51324)(34215)(52134)(24513)(32514)(41523)(31542)(32451)(25314)(41352)(51243)(42153)(34152)(25143)(35124)

(35214)(42513)(52143)(53124)(51423)(43152)(43215)(45123)(51342)(25341)(52314)(42351)(34512)(15432)(41532)(34251)

(54123)(53214)(53142)(35241)(51432)(45213)(45132)(53241)(43512)(35412)(43251)(52413)(42531)(25431)

(54213) (54132) (53412) (53241) (45312) (52431) (45231) (43521) (35421)

(54312) (54231) (53421) (45321)

(54321)

Φ5



Example. The quiver Q(5) of A(5) from Q(4)

(12345)

(21345) (13245) (12435) (12354)

(31245) (23145) (21435) (14235) (21354) (13425) (13254) (12534) (12453)

(32145)(41325)(24135)(14253)(23415)(31254)(23154)(14325)(21534)(21453)(15234)(31425)(13524)(13452)

(41253)(31524)(34125)(42135)(32415)(25134)(51234)(32154)(24315)(14352)(41325)(15324)(21543)(23451)(23514)(15243)

(43125)(42315)(51324)(34215)(52134)(24513)(32514)(41523)(31542)(32451)(25314)(41352)(51243)(42153)(34152)(25143)(35124)

(35214)(42513)(52143)(53124)(51423)(43152)(43215)(45123)(51342)(25341)(52314)(42351)(34512)(15432)(41532)(34251)

(54123)(53214)(53142)(35241)(51432)(45213)(45132)(53241)(43512)(35412)(43251)(52413)(42531)(25431)

(54213) (54132) (53412) (53241) (45312) (52431) (45231) (43521) (35421)

(54312) (54231) (53421) (45321)

(54321)

Φ5



Example. The quiver Q(5) of A(5) from Q(4)

(12345)

(21345) (13245) (12435) (12354)

(31245) (23145) (21435) (14235) (21354) (13425) (13254) (12534) (12453)

(32145)(41325)(24135)(14253)(23415)(31254)(23154)(14325)(21534)(21453)(15234)(31425)(13524)(13452)

(41253)(31524)(34125)(42135)(32415)(25134)(51234)(32154)(24315)(14352)(41325)(15324)(21543)(23451)(23514)(15243)

(43125)(42315)(51324)(34215)(52134)(24513)(32514)(41523)(31542)(32451)(25314)(41352)(51243)(42153)(34152)(25143)(35124)

(35214)(42513)(52143)(53124)(51423)(43152)(43215)(45123)(51342)(25341)(52314)(42351)(34512)(15432)(41532)(34251)

(54123)(53214)(53142)(35241)(51432)(45213)(45132)(53241)(43512)(35412)(43251)(52413)(42531)(25431)

(54213) (54132) (53412) (53241) (45312) (52431) (45231) (43521) (35421)

(54312) (54231) (53421) (45321)

(54321)

Φ5



Example. The quiver Q(5) of A(5) from Q(4)

(12345)

(21345) (13245) (12435) (12354)

(31245) (23145) (21435) (14235) (21354) (13425) (13254) (12534) (12453)

(32145)(41325)(24135)(14253)(23415)(31254)(23154)(14325)(21534)(21453)(15234)(31425)(13524)(13452)

(41253)(31524)(34125)(42135)(32415)(25134)(51234)(32154)(24315)(14352)(41325)(15324)(21543)(23451)(23514)(15243)

(43125)(42315)(51324)(34215)(52134)(24513)(32514)(41523)(31542)(32451)(25314)(41352)(51243)(42153)(34152)(25143)(35124)

(35214)(42513)(52143)(53124)(51423)(43152)(43215)(45123)(51342)(25341)(52314)(42351)(34512)(15432)(41532)(34251)

(54123)(53214)(53142)(35241)(51432)(45213)(45132)(53241)(43512)(35412)(43251)(52413)(42531)(25431)

(54213) (54132) (53412) (53241) (45312) (52431) (45231) (43521) (35421)

(54312) (54231) (53421) (45321)

(54321)

Φ5



Example. The quiver Q(5) of A(5) from Q(4)

(12345)

(21345) (13245) (12435) (12354)

(31245) (23145) (21435) (14235) (21354) (13425) (13254) (12534) (12453)

(32145)(41325)(24135)(14253)(23415)(31254)(23154)(14325)(21534)(21453)(15234)(31425)(13524)(13452)

(41253)(31524)(34125)(42135)(32415)(25134)(51234)(32154)(24315)(14352)(41325)(15324)(21543)(23451)(23514)(15243)

(43125)(42315)(51324)(34215)(52134)(24513)(32514)(41523)(31542)(32451)(25314)(41352)(51243)(42153)(34152)(25143)(35124)

(35214)(42513)(52143)(53124)(51423)(43152)(43215)(45123)(51342)(25341)(52314)(42351)(34512)(15432)(41532)(34251)

(54123)(53214)(53142)(35241)(51432)(45213)(45132)(53241)(43512)(35412)(43251)(52413)(42531)(25431)

(54213) (54132) (53412) (53241) (45312) (52431) (45231) (43521) (35421)

(54312) (54231) (53421) (45321)

(54321)

Φ5



Example. The quiver Q(5) of A(5) from Q(4)

(12345)

(21345) (13245) (12435) (12354)

(31245) (23145) (21435) (14235) (21354) (13425) (13254) (12534) (12453)

(32145)(41325)(24135)(14253)(23415)(31254)(23154)(14325)(21534)(21453)(15234)(31425)(13524)(13452)

(41253)(31524)(34125)(42135)(32415)(25134)(51234)(32154)(24315)(14352)(41325)(15324)(21543)(23451)(23514)(15243)

(43125)(42315)(51324)(34215)(52134)(24513)(32514)(41523)(31542)(32451)(25314)(41352)(51243)(42153)(34152)(25143)(35124)

(35214)(42513)(52143)(53124)(51423)(43152)(43215)(45123)(51342)(25341)(52314)(42351)(34512)(15432)(41532)(34251)

(54123)(53214)(53142)(35241)(51432)(45213)(45132)(53241)(43512)(35412)(43251)(52413)(42531)(25431)

(54213) (54132) (53412) (53241) (45312) (52431) (45231) (43521) (35421)

(54312) (54231) (53421) (45321)

(54321)

Φ5



Example. The quiver Q(5) of A(5) from Q(4)

(12345)

(21345) (13245) (12435) (12354)

(31245) (23145) (21435) (14235) (21354) (13425) (13254) (12534) (12453)

(32145)(41325)(24135)(14253)(23415)(31254)(23154)(14325)(21534)(21453)(15234)(31425)(13524)(13452)

(41253)(31524)(34125)(42135)(32415)(25134)(51234)(32154)(24315)(14352)(41325)(15324)(21543)(23451)(23514)(15243)

(43125)(42315)(51324)(34215)(52134)(24513)(32514)(41523)(31542)(32451)(25314)(41352)(51243)(42153)(34152)(25143)(35124)

(35214)(42513)(52143)(53124)(51423)(43152)(43215)(45123)(51342)(25341)(52314)(42351)(34512)(15432)(41532)(34251)

(54123)(53214)(53142)(35241)(51432)(45213)(45132)(53241)(43512)(35412)(43251)(52413)(42531)(25431)

(54213) (54132) (53412) (53241) (45312) (52431) (45231) (43521) (35421)

(54312) (54231) (53421) (45321)

(54321)

Φ5



Relations of A(n)



Relations of A(n)

A(n) is quadratic ⇒ I(n) = 〈{ρ | ρ =
∑

i ci (σ → νi → τ)}〉

Let σ, τ ∈ Sym(n) and {ν1, . . . , νm} = {ν | σ → ν → τ ∈ Q(n)} 6= ∅

νi is a neighbour of σ and τ for any i

1. |l(σ)− l(τ)| = 0 2. |l(σ)− l(τ)| = 2

1.1. σ = τ σ

ν1 νi· · ·

νi+1 · · · νm

2.1. σ > τ

σ

ν1· · ·νm

τ

2.2. σ > τ

τ

ν1· · ·νm

σ

1.2. σ 6= τ σ

ν1 νi· · ·

νi+1 · · · νm

τ

νi not a neighbour of σ or τ for some i
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