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Definition
A k-linear hom-finite triangulated category .7 with shift functor ¥ is said

to be Calabi-Yau category if an iterated shift functor £ = [n] is a Serre
functor for some n > 0.

If so then the minimal n > 0 having this property is called the Calabi—Yau
dimension of .7, and it is denoted by CYdim(.7). If 7 is not Calabi-Yau,
we set CYdim(.7) = oo.
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Definition

A k-linear hom-finite triangulated category .7 with shift functor X is said
to be Calabi-Yau category if an iterated shift functor ¥ = [n] is a Serre
functor for some n > 0.

If so then the minimal n > 0 having this property is called the Calabi-Yau
dimension of .7, and it is denoted by CYdim(.7"). If .7 is not Calabi-Yau,
we set CYdim(.7) = oo.
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Stable Calabi-Yau dimension of a selfinjective algebra

If A is selfinjective then the stable module category mod-A is a triangulated
category with the shift given by the inverse Q7! of Heller's syzygy functor.
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Stable Calabi-Yau dimension of a selfinjective algebra
If A is selfinjective then the stable module category mod-A is a triangulated
category with the shift given by the inverse Q7! of Heller's syzygy functor.

Definition
The stable Calabi-Yau dimension of A is the Calabi-Yau dimension of the
stable module category of A.

CYdim(A) = CYdim(mod-A)

[K. Erdmann, A. Skowroriski, “ The stable Calabi-Yau dimension of tame
symmetric algebras." 2006]
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Stable Calabi-Yau dimension of a selfinjective algebra

If A is selfinjective then the stable module category mod-A is a triangulated
category with the shift given by the inverse Q7! of Heller's syzygy functor.

Definition

The stable Calabi-Yau dimension of A is the Calabi-Yau dimension of the
stable module category of A.

CYdim(A) = CYdim(mod-A)

[K. Erdmann, A. Skowroriski, “ The stable Calabi-Yau dimension of tame
symmetric algebras." 2006]

Proposition

Let A be a selfinjective algebra. Then CYdim(A) =n iffn >0 is the least
number s.t. Q" =yt
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K. Erdmann and A. Skowroniski described connected selfinjective algebras
of the stable Calabi-Yau dimensions 0 and 1.

CYdim(A) =0

< A is a Nakayama algebra of Loewy length at most 2.
CYdim(A) =1 < A=z Mat,,(k[x]/(z")) for n > 3.
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K. Erdmann and A. Skowronski described connected selfinjective algebras
of the stable Calabi-Yau dimensions 0 and 1.

CYdim(A) =0 < A is a Nakayama algebra of Loewy length at most 2.
CYdim(A)=1 < A= Mat,,(k[z]/(2™)) for n > 3.
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Let @ be a quiver with an involution a — @ of arrows s.t. -

The preprojective algebra of @) is a bound quiver algebra
P(Q) = kQ/I where I is the principal ideal I = % (1(1)

ac@1
The associated graph A = Ag of the quiver with an involution @ is
obtained by replacing each set of arrows {a,a} by an undirected edge.
If the involution a — @ acts freely then the graph A determines the
preprojective algebra completely, and hence it is denoted by P(A).
It is well-known that the algebra P(A) is finite dimensional iff A is
one of the Dynkin graphs A,,,D,,, Eg.7s. Moreover, in this case, the
algebra P(A) is selfinjective. These algebras are called preprojective
algebras of Dynkin type.
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@ Let Q be a quiver with an involution a — @ of arrows s.t.
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@ Let Q be a quiver with an involution a — @ of arrows s.t.

a
L

~——
a

The preprojective algebra of @ is a bound quiver algebra

P(Q) = kQ/I where I is the principal ideal I = ( > aﬁ)
aeQ1
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Reminder of preprojective algebras

a
@ Let Q be a quiver with an involution a — @ of arrows s.t. - -

a
The preprojective algebra of @) is a bound quiver algebra
P(Q) = kQ/I where I is the principal ideal I = ( > aﬁ)
aeQ1
@ The associated graph A = Ag of the quiver with an involution @ is
obtained by replacing each set of arrows {a,a} by an undirected edge.
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Reminder of preprojective algebras

a
@ Let Q be a quiver with an involution a — @ of arrows s.t. - -

a
The preprojective algebra of @) is a bound quiver algebra
P(Q) = kQ/I where I is the principal ideal T={ > aﬁ)
aeQ1
@ The associated graph A = Ag of the quiver with an involution @ is
obtained by replacing each set of arrows {a,a} by an undirected edge.

@ If the involution a — @ acts freely then the graph A determines the
preprojective algebra completely, and hence it is denoted by P(A).

@ It is well-known that the algebra P(A) is finite dimensional iff A is
one of the Dynkin graphs A,,,D,,, E¢ 75. Moreover, in this case, the
algebra P(A) is selfinjective. These algebras are called preprojective
algebras of Dynkin type.
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The preprojective algebra of type L,, is the algebra P(Qy,, ), where Qr,, is
the following quiver with an (not free) involution.

(0 ——

Qn-3 - Qn-
.. =—/—=n-2
a@p [o%

Q-3
This is a finite dimensional selfinjective algebra.

Associated quiver L,, := AQL“

(Ce

2 .
>n—1
Qp-2

We will denote this algebra by P(L,,).
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The preprojective algebra of type L, is the algebra P(Qx,, ), where Qy,, is
the following quiver with an (not free) involution.

ap 31
e=F C 0 1
ag aq

Qn-3
This is a finite dimensional selfinjective algebra.
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Preprojective algebra of type L,

The preprojective algebra of type L, is the algebra P(Qx,, ), where Qy,, is
the following quiver with an (not free) involution.

(o) (e%1 Q-3 Qn-2
ez C 0 1 .. n-2 n-1
ag

a1 QAn-3 Qn-2

This is a finite dimensional selfinjective algebra.

Associated quiver L, := Ag,

(e . . .

We will denote this algebra by P(L,,).
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K. Erdmann and A. Skowronski presented the following not fully correct
statement.

Proposition (not fully correct)

Let A be a preprojective algebra of Dynkin type or of type L,, except types
A, Ay L. Then CYdim(A) = 2.

Of course, it is right for algebras of Dynkin type but it does not work for
algebras of type L,,.
Proposition
Let A=P(L,) be a preprojective k-algebra of type L,, forn>2. Then A
is a symmetric algebra and the following statements hold.

@ char(k)=2 = CYdim(A)=2

@ char(k)#2 = CYdim(A)=5
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statement.

K. Erdmann and A. Skowronski presented the following not fully correct

Let A be a preprojective algebra of Dynkin type or of type L,, except types
A1, A2, L1. Then C_Ydlm(A) = %.
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CYdim(A) =2

K. Erdmann and A. Skowroniski presented the following not fully correct
statement.

Proposition (not fully correct)

Let A be a preprojective algebra of Dynkin type or of type L,, except types
Al, AQ, Ll. Then C_Ydlm(A) =2,

Of course, it is right for algebras of Dynkin type but it does not work for
algebras of type L,,.
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CYdim(A) =2

K. Erdmann and A. Skowroniski presented the following not fully correct
statement.
Proposition (not fully correct)

Let A be a preprojective algebra of Dynkin type or of type L,, except types
Al, AQ,Ll. Then C_Ydlm(A) =2,

Of course, it is right for algebras of Dynkin type but it does not work for
algebras of type L,,.
Proposition

Let A=P(L,) be a preprojective k-algebra of type L,, forn >2. Then A
is a symmetric algebra and the following statements hold.

@ char(k) =2 = CYdim(A4)=2
o char(k)#2 = CYdim(A)=5
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@ An algebra A is algebra of quaternion type if A is connected,
symmetric, tame, the Cartan matrix of A is nonsingular, and the stable

Auslander-Reiten quiver I'y of A consists only of tubes of rank at
most 2.

e K.Erdmann proved that any algebra of quaternion type is Morita
equivalent to one of 12 types of symmetric bound quiver algebras
(given by certain quivers with certain relations). We will call the list of

these 12 types of algebras Erdmann’s list of algebras of quaternion
type.
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Reminder of algebras of quaternion type

@ An algebra A is algebra of quaternion type if A is connected,
symmetric, tame, the Cartan matrix of A is nonsingular, and the stable
Auslander-Reiten quiver I'y of A consists only of tubes of rank at
most 2.
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Reminder of algebras of quaternion type

@ An algebra A is algebra of quaternion type if A is connected,
symmetric, tame, the Cartan matrix of A is nonsingular, and the stable
Auslander-Reiten quiver I'y of A consists only of tubes of rank at
most 2.

@ K.Erdmann proved that any algebra of quaternion type is Morita
equivalent to one of 12 types of symmetric bound quiver algebras
(given by certain quivers with certain relations). We will call the list of
these 12 types of algebras Erdmann’s list of algebras of quaternion
type.
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K.Erdmann and A.Skowronski proved that the stable Calabi-Yau dimension
of any algebra of quaternion type is equal to 3.

| wanted to find a property simple enough to check for selfinjective bound
quiver algebras A = Q) /I which satisfies the following conditions:

@ it must be formulated in terms of the quiver @ and the ideal I;
@ it must follow that CYdim(A) = 3;

@ it must be satisfied for all algebras from the Erdmann’s list of algebras
of quaternion type.

Having so-called DTI-family of relations is a property of this kind. Now we
will define it.
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K.Erdmann and A.Skowronski proved that the stable Calabi-Yau dimension
of any algebra of quaternion type is equal to 3.
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CYdim(A) = 3

K.Erdmann and A.Skowronski proved that the stable Calabi-Yau dimension
of any algebra of quaternion type is equal to 3.

| wanted to find a property simple enough to check for selfinjective bound
quiver algebras A = kQ/I which satisfies the following conditions:
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CYdim(A) = 3

K.Erdmann and A.Skowronski proved that the stable Calabi-Yau dimension
of any algebra of quaternion type is equal to 3.

| wanted to find a property simple enough to check for selfinjective bound
quiver algebras A = kQ/I which satisfies the following conditions:

@ it must be formulated in terms of the quiver Q and the ideal I;
@ it must follow that CYdim(A) = 3;
@ it must be satisfied for all algebras from the Erdmann’s list of algebras
of quaternion type.
Having so-called DTI-family of relations is a property of this kind. Now we
will define it.
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@ Let A=kQ/I be a bound quiver algebra. Let o be an arrow in Q. We
denote by % :kQ - A® A the linear map defined on paths by the
formula:
O(araz...am)
0” B 1=

Z oy ...0—1 ® Qg1 ... Oy

@ Let J =(Q1) <kQ. We use the following denotation

[
top([) :=

JI+1J
and 7 : I - top(I) is the canonical projection.
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o Let A=EkQ/I be a bound quiver algebra. Let a be an arrow in Q. We
formula:

d(ay...«

denote by % :kQ - A ® A the linear map defined on paths by the
oo’

i:ai:

«O>» «Fr «E>» «E>» Q>
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Definition of DTI-family of relations

@ Let A=FkQ/I be a bound quiver algebra. Let o be an arrow in Q. We

denote by % :k(Q - A ® A the linear map defined on paths by the

formula:

8(0&10(2 Y 0%
Oa

1 Q=

o Let J=(Q1) <kQ. We use the following denotation

I

top(D) = 777

and 7 : I - top(I) is the canonical projection.
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Let us denote tw(Y a; ® b;) = Y. b; ® a;.

Let A =%Q/I be a bound quiver algebra. A QQ1-indexed family
X ={ra}acq, of elements in I we call a

(differentially twist invariant) if the following properties are satisfied:

(DTI-1) rq €ejle; foraii—j. <=

(DTI-2) m, =tw (‘)r“) for any «, 8 € Q1.

(DTI-3) the family 7% = {m(ra) }aeq, is a basis in top([).

<O < Fr <= «=» QA



Let us denote tw(Y a; ® b;) = ¥ b; ® a;.

(DTI-1) rq €ejle; for o

(e
=J

T
(DTI-2) d” =tw (07") for any «, 8 € Q1.
(DTI-3) the family 7

={m(ra)}aeq, is a basis in top([).
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Definition of DTI-family of relations

Let us denote tw(Y a; ® b;) = X b; ® a;.
Definition
Let A =%Q/I be a bound quiver algebra. A QQ1-indexed family

R ={ra}tacg, of elements in I we call a DTI-family of relations
(differentially twist invariant) if the following properties are satisfied:
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Definition of DTI-family of relations

Let us denote tw(Y a; ® b;) = X b; ® a;.
Definition

Let A =%Q/I be a bound quiver algebra. A QQ1-indexed family
R ={ra}tacg, of elements in I we call a DTI-family of relations

(differentially twist invariant) if the following properties are satisfied:

(0%
(DTI-1) ro cejle; foracii—j.  -<_
To
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Definition of DTI-family of relations

Let us denote tw(Y a; ® b;) = X b; ® a;.
Definition

Let A =%Q/I be a bound quiver algebra. A QQ1-indexed family
R ={ra}tacg, of elements in I we call a DTI-family of relations

(differentially twist invariant) if the following properties are satisfied:

(DTI-1) ro cejle; foraii—j4. < >

(DTI-2) %% = tw(%%) for any o, B € Q1.
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Definition of DTI-family of relations

Let us denote tw(Y a; ® b;) = X b; ® a;.
Definition

Let A =%Q/I be a bound quiver algebra. A QQ1-indexed family
R ={ra}tacg, of elements in I we call a DTI-family of relations

(differentially twist invariant) if the following properties are satisfied:

(DTI-1) ro cejle; foraii—j4. < >

(DTI-2) a—ﬁ :tw(ar"‘) for any o, B € Q1.

(DTI-3) the family 7.7 = {m(ra) }aeq, is a basis in top([).
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denotation quiver

relations with denoted
DTI-family of relations
Tag
4 /‘(l(\ = a1a2
Nak [e%)) )
A3 5 0 =1 Foy = Q200
Fay = 0O
a9 ) (0]
2
oo 7 Ty
(DTI-1) obvious
()/‘““
(DTI_Q) Oaq

=e1 ® (a;

Oraq
: =09 ® e
Oag <

ora
o Oa ]U N
(DTI-3) all paths of length at least 3 lie in JI + IJ. It follows that
top(1) = (Tag, Tays Tas)

ora
= ‘m‘( - )
Jdap
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denotation quiver

relations with denoted
Nak
A3y

DTI-family of relations

Tag = 102
[e % ay

Tay = Q200

Tay = G001
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denotation quiver

relations with denoted
DTI-family of relations
T
; ) Tag = 0102
Ag{gk :O . * 1‘\ Tay, = Qa0
\ / Tay = QOO
a2 a1 ;
2
Tag " T e
(DTI-1) obvious
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denotation quiver

relations with denoted
DTI-family of relations
TC‘O
; ) Fag = Q10
Aévgk :O - . 1\ Tay = Q20
\ / Tay = 0OOU
a2 oL
Tag R T e .'Tal
(DTI-1) obvious
Orag T Orag Oraq
(DTI-2) Jay S€1® Q2 HotF@m®e = ob= W( Joro )
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Example of an algebra with DTI-family of relations

denotation quiver relations with denoted
DTI-family of relations

Tag
V o Tag = 102
0
ANak .Oﬁ-l‘\ Tay = Q20
\ / Tay = Q0O
B a9 aq H
Tag . 7 e Taqp

(DTI-1) obvious

6‘1”&0 _

(DTI-2)

87‘,1 8""0( 8Ta
=e1 ® ag; WDI=O¢2®€1 = 0&10 =tW(W01)

(DTI-3) all paths of length at least 3 lie in JI + IJ. It follows that
tOp(I) = <roco77noc17r042)
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denotation &

quiver relations with denoted
assumption
Nak
- l/IAI/I

DTI-family of relations
n divides m + 1

7 \ M Ta; = Q+10G4+2 - -« Qe
n-1 2 0<i<n
Qn _»\ }/(\l
) V4
; ra = 37— a
o <\<::()::::i rg =Y,

it
a

it

v

r~y = of.
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denotation &
assumption

quiver relations with denoted
DTI-family of relations
ANak
n,m @0
|
o -1 4 Y Ta; = Qj4106G42 .+« - Qjpm
n divides m + 1 ! )
n-1 2 0<i<n
an_g\ /042
B
— o 00—
2

ro = fy-a?,

rg =4,

Ty = of8.
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CYdim(A) =3.

Let A=kQ/I be a selfinjective bounded quiver algebra with DTI-family of

relations non isomorphic to the algebras k[x]/(z") and AYSE. Then
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CYdim(A) =3.

Let A=kQ/I be a selfinjective bounded quiver algebra with DTI-family of
relations.

relations non isomorphic to the algebras k[x]/(z") and AYSE. Then

Every algebra from Erdmann’s list of quaternion algebras has DTI-family of
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CYdim(A) =3.

Let A=kQ/I be a selfinjective bounded quiver algebra with DTI-family of
relations non isomorphic to the algebras k[x]/(z™) and Aj

]\7’ gk Then

Every algebra from Erdmann'’s list of quaternion algebras has DTI-family of
relations.

2%(a,b)

o = a2 = (Ba)* 18 - aa?,
o(Ce s rg = B2 - (aB)"la - b,

4 4
a®, B
«O» «Fr» «Z» «E>» = Q>



P(L.) = P(QL,)

Qu, :

@ char(k)=2 = CYdim(A)=2

Let A=P(L,) be a preprojective k-algebra of type L,, forn >2. Then A
o char(k)+2 = CYdim(A)=5

is a symmetric algebra and the following statements hold.
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Let us denote A =P(L,).

Steps of the proof:
@ A is a symmetric algebra.
e So CYdim(A) = n iff n is the least number s.t. Q" ~Id.
o We have to prove that Q° = Id and Q' ¢ Id for 1 <i < 5.

o O%.(A) 2 A, where 7: A > A is an automorphism s.t. 7(e;) = ¢; and

T(a) = —a for i € Qp, v € Q1.
o Hence Q3(M) 2 M ®4 Q3. (A) 2 M,. It follows that Q° = Id

@ The main problem here is to prove that 23 = (-), £1d as
endofunctors on mod-A.
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If n>2 and char(k) # 2 then CYdim(P(L,)) =5
Let us denote A = P(Ly,,).
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If n>2 and char(k) # 2 then CYdim(P(L,)) =5
Let us denote A = P(Ly,,).

Steps of the proof:

@ A is a symmetric algebra.



Main ideas of the proof that CYdim(P(L,)) =5

If n>2 and char(k) # 2 then CYdim(P(L,)) =5

Let us denote A = P(L,).

Steps of the proof:
@ A is a symmetric algebra.
e So CYdim(A) = n iff n is the least number s.t. Q" ~Id.
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@ A is a symmetric algebra.
e So CYdim(A) = n iff n is the least number s.t. Q" ~Id.
@ We have to prove that Q26 =Id and Q' ¢ Id for 1 <i <5.
o 03.(A) = A, where 7: A — Ais an automorphism s.t. 7(e;) = ¢; and
T(a) = —a for i € Qp, v € Q.
@ Hence Q3(M) = M &4 Q3. (A) = M.. It follows that Q° = Id

@ The main problem here is to prove that Q% = (), ¢ 1d as
endofunctors on mod-A.
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@ We assume the contrary, that there is an isomorphism of endofunctors
f:1d > (=), on the category mod-A.
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@ We assume the contrary, that there is an isomorphism of endofunctors
f:1d > (=), on the category mod-A.

@ We consider the module M := Py/rad?(Py), where Py = ey A, and
prove that Hom 4 (M, M) = Hom (M, M)
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@ We assume the contrary, that there is an isomorphism of endofunctors
f:Id - (=), on the category mod-A.

o We consider the module M := Py/rad?(Py), where Py = ey A, and
prove that Hom 4 (M, M) = Hom (M, M)

e We prove that M = M, but there is NO an isomorphism
Sy i M — M, s.t. the following diagram is commutative in mod-A.

M £ M
f]wjg fMLE
M, £ M,
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@ We assume the contrary, that there is an isomorphism of endofunctors
f:Id - (=), on the category mod-A.

o We consider the module M := Py/rad?(Py), where Py = ey A, and
prove that Hom 4 (M, M) = Hom (M, M)

e We prove that M = M, but there is NO an isomorphism
Sy i M — M, s.t. the following diagram is commutative in mod-A.

M £ M
f]wjg fMLE
M, £ M,

@ The equality Hom 4 (M, M;) = Hom (M, M) follows that there is no
such an isomorphism even in mod-A.
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@ We assume the contrary, that there is an isomorphism of endofunctors
f:Id - (=), on the category mod-A.

o We consider the module M := Py/rad?(Py), where Py = ey A, and
prove that Hom 4 (M, M) = Hom (M, M)

e We prove that M = M, but there is NO an isomorphism
Sy i M — M, s.t. the following diagram is commutative in mod-A.

M £ M
f]wjg fMLE
M, £ M,

@ The equality Hom 4 (M, M;) = Hom (M, M) follows that there is no
such an isomorphism even in mod-A.

@ So f:Id - (=), is NOT a natural transformation. It contradicts to
the assumption! O
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Thank you for your attention!



