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Notation

v

k an algebraically closed field

v

A = kQa/la where Q4 is a finite quiver and /4 is an
admissible ideal of kQa

ea the identity element of A

v

v

indA the category whose objects are isomorphism classes of
indecomposable right A-modules
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Pullback of algebras
:

The bounded quiver
:

The oriented pullback

Pullback of algebras

Classes of algebras

A x C defined by

Let A, B and C be algebras. Given two epimorphisms fa: A — B
and fc: C — B the pullback of f4 and f¢ is the subalgebra of

R ={(a,c) € Ax C | fa(a) = fc(c)}
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Pullback of algebras
:

The bounded quiver
:

Purpose

The oriented pullback

Classes of algebras

Let A, B and C be algebras and f4: A — B and fc: C — B be

epimorphisms. Let R be the pullback of 4 and fc. We want to find
relations between properties of A, B and C and properties of R.
(1) bounded quiver

(2) category of modules

(3) classes of algebras (hereditary, shod, quasitilted, etc)

o = = E A
:
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» Qp full and convex subquiver of Q4 and Q¢
>» LNkQe =IcNkQp = Ip

«O> «Fr <« > < 3 QA
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The case in question

v

A=kQa/la and C = kQc/Ic
Qg full and convex subquiver of Q4 and Q¢
IaNkQs =IcNkQRp = Ig

B = kQg/Ig = egAeg = egCeg is a common quotient of A
and C

v

v

v

v

fa: a+—> egaeg and fc: c — egceg are epimorphisms

(=] [ = =
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.
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The case in question

v

A=kQa/la and C = kQc/Ic

Qg full and convex subquiver of Q4 and Q¢

IhNkQpg = Ic NkQp := Ip

B = kQg/Ig = egAeg = egCeg is a common quotient of A
and C

> fa: a— egaeg and fc: ¢ — egcep are epimorphisms

v

v

v

v

The pullback is R = {(a,c) € Ax C | egaeg = egceg}

(=] [ = =
; ;
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and QB — Qc.

Let R be the pullback of f4: A— B and fc: C — B. Let

> Qr = Qa HQB Qc be the pushout of the inclusion Qg — Qa

> [r be the ideal of kQr generated by /4, Ic and the paths
linking (Qa)o \ (QB)o and (Qc)o \ (@5 )o-
Then R = kQR//R.
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The pullback: Qr = b——"

2251

]

«O>» «Fr «E» < 3 QA
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The pullback: Qr = 4;5>

2251
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«O>» «Fr «E» < 3 QA
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The pullback: Qr = 4;5>
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Remark:

» (Mr)o: objects of indR
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Remark:
» (Fr)o: objects of indR
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In this case indR # indA U indC
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Let R be the pullback of f4: A— B and fc: C — B. We say that
R is an oriented pullback if its bounded quiver satisfies

» there is no path from (Qg)o to (Qc)o \ (RB)o and neither
from (Qa)o \ (QB)o to (Qc)o

«O>» «Fr» «E» «=>» = QA
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Pullback of algebras
:

The bounded quiver

The oriented pullback

The oriented pullback
In this case,

Classes of algebras

> P(x) = Pa(x) for any x € (Qa)o

» P(x) = Pc(x) for any x € (Qc)o \ (Qs)o
> [(x) = Ic(x) for any x € (Qc)o

=] = = E = Al
:
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Special kinds of oriented pullback

Condition «(IPTZ87)

(1) Qp: ® < @ < --- < o, with no relations;

(2) for each arrow av: x — y in (Qg)1 and each path ¢: z ~> y
from z € (Qc)o \ (QB)o to y there is a path ¢: z ~» x from z
to x such that Yo — ¢ € Ic.

Let R be the pullback of f4: A — B and fc: C — B such that Qg
satisfies Condition *. Then

indR = indAUindC

o = = E E 9ODac
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Let R be the pullback of f4: A — B and fc: C - B. We say that
R is a Dynkin oriented pullback if it is an oriented pullback and
its bounded quiver satisfies the following conditions:

1. B is an hereditary algebra and each connected component is
of Dynkin type with an unique sink;

2. for each arrow @ x — y in (Qg)1 and each path ¢: z ~~ y

from z € (Qc)o \ (QB)o to y then there is a path ¢: z ~» x
from z to x such that Yo — ¢ € Ic.

«O>» «Fr» «E»>» « ) = DA
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Let R be the Dynkin oriented pullback of A— B and C — B.
Then

indR = indAUindC

Pullback of finite dimensional algebras

«O>» «Fr « > < > = DA
R R R RRRSESSSS—SSSS

Universidade de Sdo Paulo



3
Q=Y
2
1<-3<4
2

N <— W
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Pullback of algebras
:

Example

The bounded quiver

The oriented pullback

Classes of algebras

5<—14
1
N

V8=—9<-10=_11

N AR
< 12<—13
where (QA)O \ (QB)O = {1} and (Qc)o \ (QB)O = {13 14 15}
this case Qg has two components: D5 and Eg
Pullback of finite dimensional algebras
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» Ais shod < pdM <1 or idM <1 for any M € indA
> A is quasitilted < A is shod and gl.dimA <2

«O0>» «F>» «=» « » = Q>
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Let R be the oriented pullback of A— B and C — B. Then
» if M € indA then pdM = pd,M

» if M € indC then idM =idcM

Let R be the oriented pullback of A — B and C — B such that A
shod algebra.

and C are hereditary algebras. If indR = indA U indC then R is a
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Let R be the oriented pullback of A— B and C — B. Then
gl.dimR < max{gl.dimA, gl.dimC} + pd,B

Let R be the oriented pullback of A — B and C — B such that A

and C are hereditary algebras. Then gl.dimR < 2.
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Let R be the oriented pullback of A — B and C — B such that A
and C are hereditary algebras. If indR = indA U indC then R is a
quasitilted algebra.

«O> «Fr <« > < 3 QA
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and C are hereditary algebras. If indR = indAU indC then R is a
quasitilted algebra.

Let R be the Dynkin oriented pullback of A — B and C — B such
algebra.

that A and C are hereditary algebras.Then R is a quasitilted

Let R be the oriented pullback of A — B and C — B such that A

Pullback of finite dimensional algebras
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M <X —=Xo—= = Xe—=M' =X €caddM Vi=1,.., ¢t
Let R be the oriented pullback of A - B and C — B such that
R is a tilted algebra.

DA’ is a convex R-module. If A and C are hereditary algebras then

«O0>» «Fr «Z» « > = Q>
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Let R be the oriented pullback of A— B and C —» B. If Ais
hereditary then DA’ is a convex R-module.
Let R be the oriented pullback of A— B and C — B. If Aand C
are hereditary algebras then R is a tilted algebra.
«O>» «F> «Z>» «E)»
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Thank you!
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