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Abstract

Let F be a field with 2 = 0 and ϕ =¿ a1, . . . , an À an n-fold anisotropic
bilinear Pfister form over F with function field F (ϕ). In this paper we
compute ker[InF /In+1

F → InF (ϕ)/I
n+1
F (ϕ)] where IF ⊂ W (F ) is the maximal

ideal in the Witt ring W (F ) of F . We use this computation to prove a
n-linkage property of the subfields F 2(a1, . . . , an).

0. Introduction

In this paper F will denote throughout a field with 2 = 0. Let
Ω∗
F =

⊕∞

n=0Ω
n
F be the F -algebra of differential forms over F and let

d : ΩnF → Ωn+1
F (n ≥ 0) be the differential operator (see [Ca], [Ka],

[A-Ba 1]). In [Ka] (see also [Mi]) a homomorphism ℘ : ΩnF → ΩnF/dΩ
n−1
F

is defined on generators as follows

℘(x
dx1

x1

∧ · · · ∧ dxn
xn
) = (x2 − x)dx1

x1

∧ · · · ∧ dxn
xn

mod dΩn−1
F .

(if n = 0 we have the usual Artin-Schreier operator ℘(x) = x2 − x).
Let νF (n) = ker(℘) and Hn+1(F ) = coker(℘). In [Ka] it is shown
that νF (n) is additively generated by the pure logarithmic differentials
dx1

x1
∧ · · · ∧ dxn

xn
(xi ∈ F ∗ = F\{0}) and that there exists a natural

isomorphism

α : νF (n) ' I
n

F := InF/I
n+1
F(1)

given on generators by α( dx1

x1
∧· · ·∧ dxn

xn
) :=¿ x1, . . . , xn À mod In+1

F .
Here IF denotes the maximal ideal of even dimensional forms in the
Witt ring W (F ) of non-singular symmetric bilinear forms over F and
¿ x1, . . . , xn À is the n-fold Pfister form < 1, x1 > ⊗ · · ·⊗ < 1, xn >
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(see [Sa], [A-Ba 1] for basic definitions). If L/F is a field extension, let
νL/F (n) denote ker(νF (n) → νL(n)) and I

n

L/F = ker(I
n

F → I
n

L). Thus

α induces an isomorphism α : νL/F (n) ' I
n

L/F .
The purpose of this note is to compute νL/F (n) when L is the function

field of an anisotropic bilinear Pfister form and to relate this compu-
tation to some linking property of subfields of F . The computation of
Hn+1(L/F ) = ker(Hn+1(F ) → Hn+1(L)) is much more involved and
has been done in [A-Ba 2]. For any bilinear form ϕ over F we will
denote by F (ϕ) the function field of the quadric {ϕ(x, x) = 0}.
In Section 1 and 2 we compute νF (ϕ)/F (n) and I

n

F (ϕ)/F where
ϕ =¿ a1, . . . , an À. In section 3 we extend these computations to
νF (ϕ)/F (m), I

m

F (ϕ)/F , for arbitrary m ≥ 1. We will use the following
notions and notations taken from [Ca]. A 2-basis of F is a subset
{a1, a2, . . . } ⊂ F such that the elements {aε =

∏
i a

εi
i | ε = (εi)}

(here ε = (εi), runs over all sequences with εi = 0 or 1, and with 0
almost everywhere), form a basis of F over F 2 as a vector space. This

is equivalent with the fact that the forms
dai1
ai1
∧ · · · ∧ dain

ain
, i1 < · · · < in

are a F -basis of ΩnF for all n ≥ 0. Fixing such a 2-basis, let [ΩnF ][2] =⊕
i1<···<in

F 2 dai1
ai1
∧· · ·∧ dain

ain
. Then the space Zn

F = ker(d : Ω
n
F → Ωn+1

F )

has the direct sum decomposition Zn
F = [Ω

n
F ]

[2] ⊕ dΩn−1
F and we get a

homomorphism C : Zn
F → ΩnF given by

C

(
∑

i1<···<in

c2i1···in
dai1
ai1
∧ · · · ∧ dain

ain
+ dη

)
=

∑

i1<···<in

ci1···in
dai1
ai1
∧· · ·∧dain

ain

which obviously induces an isomorphism C : Zn
F/dΩ

n−1
F ' ΩnF . Al-

though the decomposition of Zn
F depends on the choice of the 2-basis,

the map C does not. We will call C the Cartier operator. It is easy
to see that νF (n) is characterized by: w ∈ νF (n) if and only if dw = 0
and C(w) = w.

1. νL/F (n) for L = F (¿ a1, . . . , an À)

Let ϕ =¿ a1, . . . , an À be an anisotropic n-fold bilinear Pfister
form over F . This means that {a1, a2, . . . , an} are part of a 2-basis
{a1, a2, . . . } of F . Let F 2(a1, . . . , an) be the subfield of F gener-
ated by a1, . . . , an over F

2 and let F 2(a1, . . . , an)
′ the additive sub-

group of pure elements
⊕

ε6=0 F
2aε, ε = (ε1, . . . , εn) ∈ {0, 1}n. Thus

F 2(a1, . . . , an) = DF (ϕ) is the set of elements of F represented by
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ϕ (including 0) and F 2(a1, . . . , an)
′ = DF (ϕ)

′ are the elements rep-
resented by the pure part ϕ′ of ϕ. Let L = F (ϕ) and set ΩnL/F =

ker(ΩnF → ΩnL). Then we have

νL/F (n) = Ω
n
L/F ∩ νF (n).

In [A-Ba 2] we have computed ΩmL/F for any m ≥ 0. The result is
1.1. Proposition.

ΩmL/F =





0 , if m < n

Ωm−n
F ∧ da1

a1

∧ · · · ∧ dan
an

, if m ≥ n.

1.2. Corollary.

νL/F (m) =





0 , if m < n

Ωm−n
F ∧ da1

a1

∧ · · · ∧ dan
an

⋂
νF (m) , if m ≥ n.

For the sake of completeness we will give a sketch of the proof of
1.1 at the end of this section. The rest of this section is devoted to
compute νL/F (n) = F da1

a1
∧ · · · ∧ dan

an
∩ νF (n).

1.3. Lemma. For any a ∈ F the following assertions are equivalent

1. ada1

a1
∧ · · · ∧ dan

an
∈ νF (n).

2. ℘(a) = a2 − a ∈ F 2(a1, . . . , an)
′.

Proof. Assume (1). Choose a 2-basis of F containing a1, . . . , an, say
{a1, . . . , an, . . . , aN} (we can assume without restriction that this basis
is finite). Then a =

∑
ε c

2
εa

ε, where ε = (ε1, . . . , εN) runs over {0, 1}N
and aε = aε11 · · · aεNN . It follows

da =
N∑

i=1

Di(a)dai

withDi(a) =
∑

ε c
2
εa

ε1
1 · · · âi · · · aεNN where ε runs over all ε’s with εi = 1.

Since ada1

a1
∧· · ·∧ dan

an
∈ νF (n) ⊂ ker(d), we obtain d(a)∧da1∧· · ·∧dan =

0, and this implies d(a) = c1da1+ · · ·+ cndan with some ci ∈ F . Hence
Di(a) = 0 for all i > n and we conclude cε = 0 whenever εi = 1 for
some i > n. Thus we have

a =
∑

ε=(ε1,... ,εn)

c2εa
ε ∈ F 2(a1, . . . , an)
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and

a
da1

a1

∧ · · · ∧ dan
an
=
∑

ε

c2ε
da1

a1−ε1
1

∧ · · · ∧ dan
a1−εn
n

.

From our assumption (1) and the definition of the Cartier operator
mentioned in the introduction, we obtain

a
da1

a1

∧ · · · ∧ dan
an

= C

(
a
da1

a1

∧ · · · ∧ dan
an

)

=
∑

ε

C

(
c2ε

da1

a1−ε1
1

∧ · · · ∧ dan
a1−εn
n

)
.

For any ε 6= 0, the form c2ε
da1

a
1−ε1
1

∧ · · · ∧ dan
a1−εn
n

is exact and hence

C(c2ε
da1

a
1−ε1
1

∧ · · · ∧ dan
a1−εn
n

) = 0. Thus we obtain

a
da1

a1

∧ · · · ∧ dan
an

= C

(
c20
da1

a1

∧ · · · ∧ dan
an

)

= c0
da1

a1

∧ · · · ∧ dan
an

i.e. a = c0. Therefore a = a2 +
∑

ε6=0 c
2
εa

ε, and this is precisely (2).

Conversely, assuming a = a2+
∑

ε6=0 c
2
εa

ε, ε = (ε1, . . . , εn) ∈ {0, 1}n,
we obtain

a
da1

a1

∧ · · · ∧ dan
an
= a2da1

a1

∧ · · · ∧ dan
an
+
∑

ε6=0

c2ε
da1

a1−ε1
1

∧ · · · ∧ dan
a1−εn
n

and hence C(ada1

a1
∧ · · · ∧ dan

an
) = ada1

a1
∧ · · · ∧ dan

an
and this implies (1).

Putting 1.2 and 1.3 together we obtain

1.4. Theorem. Let L = F (¿ a1, . . . , an À). Then

νL/F (n) =

{
a
da1

a1

∧ · · · ∧ dan
an
|a ∈ F with ℘(a) ∈ F 2(a1, . . . , an)

′

}
.

Proof of Proposition (1.1). The function field L = F (ϕ), where
ϕ =¿ a1, . . . , an À, can be described as follows: for any ε ∈ {0, 1}n,
different from (0, . . . , 0), let Xε be a variable and set K = F (Xε) for

the field generated by all this variables over F . Then L = K(
√
T ),

where T =
∑

ε6=0 a
εX2

ε (T is the pure part of ¿ a1, . . . , an À). We
proceed now in three steps:

1. ΩmK/F = 0. This is clear choosing a 2-basis B of F and enlarging
it to a 2-basis B ∪ {Xε, ε 6= 0} of K.
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2. If E = F (
√
a), a ∈ F\F 2, then ΩmE/F = Ω

m−1
F ∧ da. Since a 6∈ F 2,

we can choose a 2-basis of F containing a, say B = {a, ci i ∈ I}.
Then {√a, ci i ∈ I} is a 2-basis of E. If w ∈ ΩmE/F , set w =
(
∑

i1<···<im−1
ai1···im−1

dci1∧· · ·∧dcim−1
)∧da+

∑
i1<···<im

ai1···imdci1∧
· · ·∧dcim . Then in ΩmE we get

∑
i1<···<im

ai1···imdci1∧· · ·∧dcim =
0 and hence ai1···im = 0 for all i1 < · · · < im. This proves the
claim.

3. ΩmL/F = Ωm−n
F ∧ da1

a1

∧ · · · ∧ dan
an
, and if m < n, ΩmL/F = 0.

We just consider the case m ≥ n. We choose a 2-basis B =
{a1, . . . , an, . . . } of F and take w ∈ ΩmL/F . From (2) we get

w = u∧dT , u ∈ Ωm−1
K , where dT = k1da1+· · ·+kndan. k1, . . . , kn

being certain quadratic polynomials over F . Inserting da1 =
k−1

1 (k2da2+· · ·+kndan)+k−1
1 dT into u, we see that we may assume

u free from terms containing da1 in its basis expansion with re-
spect to the 2-basis B∪{Xε, ε 6= 0} ofK. Write w = w0+w1∧da1

with forms w0, w1 free from forms containing da1. Then in Ω
m
K

we have w0+w1 ∧ da1 = u∧ k1da1+u∧ (k2da2+ · · ·+ kndan), i.e.
(w1+ k1u)∧ da1 = w0+ u∧ (k2da2+ · · ·+ kndan). Since the form
on the right of this equation does not contain da1 in the 2-basis
expansion, we obtain w1 = k1u and therefore k1w = w1 ∧ dT .
Everything in this equation is defined over F [Xε, ε 6= 0], so
that a simple specialization of the variables proves that da1 di-
vides w in ΩmF . Thus w is divisible by da1, . . . , dan and hence by
da1 ∧ . . . ∧ dan. This proves the claim.

2. InL/F for L = F (¿ a1, . . . , an À)

Using the isomorphism α : νL/F (n) ∼= I
n

L/F and 1.4 we can now

describe I
n

L/F . But in order to apply α to a
da1

a1
∧ · · · ∧ dan

an
∈ νL/F (n) we

must express this form in terms of pure logarithmic differentials.

2.1. Examples. 1. If n = 1, i.e. a = a2 + c2a1 (see (1.4)), then

a
da1

a1

=
a2a1

aa1

da1

a1

=
a2a1

c2a2
1 + a

2a1

da1

a1

=
d(c2a2

1 + a
2a1)

c2a2
1 + a

2a1

and hence α(ada1

a1
) =¿ c2a2

1 + a
2a1 À mod IF .

2. If n = 2, i.e. a = a2 + c21a1 + c22a2 + c23a1a2 = a′ + a1a
′′, with

a′ = a2 + c22a2, a
′′ = c21 + c23a2 ∈ F 2(a2), a simple computation
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shows that d(aa1) ∧ da2 = a′da1 ∧ da2, and hence

a
da1

a1

∧ da2

a2

=
a2

a′
d(aa1)

aa1

∧ da2

a2

=
a2

a′
da2

a2

∧ d(aa1)

aa1

=
d(a2a

′)

a2a′
∧ d(aa1)

aa1

.

Thus α(ada1

a1
∧ da2

a2
) =¿ a2a

′, aa1 À mod I2
F .

Let us now consider the general situation. According to (1.3) we have
a = a2 +

∑
ε6=0 c

2
εa

ε = a′ + a1a
′′ with a′, a′′ ∈ F 2(a2, . . . , an). We claim

that there exist elements xi ∈ F 2(ai, . . . , an)
∗ with ada1

a1
∧ · · · ∧ dan

an
=

dx1

x1
∧ · · · ∧ dxn

xn
. The cases n = 1, 2 are clear because of (2.1). We have

a
da1

a1

∧ · · · ∧ dan
an
=
a2

a′
da2

a2

∧ · · · ∧ dan
an
∧ d(aa1)

aa1

.

Notice that the form a2

a′
da2

a2
∧· · ·∧ dan

an
is defined over F 2(a2, . . . , an). Set

a = a2/a′. We show that ℘(a) ∈ F 2(a2, . . . , an)
′, so the claim follows

by induction. In fact, we have ℘(a) = a2 + a = a2(a2 + a′)/a2, and
since

a′ = a2 +
∑

η 6=0

c2ηa
η2
2 · · · aηnn ,

η ∈ {0, 1}n−1, it follows ℘(a) =
∑

η 6=0

(acη
a′

)2
aη22 · · · aηnn ∈ F 2(a2, . . . , an)

′.

From ada1

a1
∧ · · · ∧ dan

an
= dx1

x1
∧ · · · ∧ dxn

xn
we obtain α(ada1

a1
∧ · · · ∧ dan

an
) =

¿ x1, . . . , xn À mod In+1
F , and this shows I

n

L/F ⊂ {¿ x1, . . . , xn À
mod In+1

F | x1, . . . , xn ∈ F 2(ai, . . . , an)
∗}. It is easy to check that the

other inclusion also holds. Thus we have shown.

2.2. Theorem. If L = F (¿ a1, . . . , an À), then
I
n

L/F =
{
¿ x1, . . . , xn À | x1, . . . , xn ∈ F 2(a1, . . . , an)

∗
}
.

Using the fact that I
n

L/F is a group, we obtain

2.3. Corollary. For any x1, . . . , xn, y1, . . . , yn ∈ F 2(a1, . . . , an)
∗, there

exist z1, . . . , zn ∈ F 2(a1, . . . , an)
∗ such that

¿ x1, . . . , xn À +¿ y1, . . . , yn À=¿ z1, . . . , zn À mod In+1
F .
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One can interpret this result as a sort of n-linkage property of the
subfields F 2(a1, . . . , an) relative to the field F in the sense of the fol-
lowing definition. Let E ⊂ F be a subfield. E is called n-linked relative
to F if for all x1, . . . , xn, y1, . . . , yn ∈ E∗, there exist z1, . . . , zn ∈ E∗

with ¿ x1, . . . , xn À + ¿ y1, . . . , yn À=¿ z1, . . . , zn À mod In+1
F

in W (F ).

3. νL/F (m) for L = F (¿ a1, . . . , an À)

The aim of this section is to extend the results of section 2 to arbi-
trary m, i.e. we will compute νL/F (m) for m ≥ 1. Since νL/F (m) =
ΩmL/F ∩ νF (m), we conclude νL/F (m) = 0 if m < n (see (1.1)). Thus we

assume m ≥ n, and hence νL/F (m) = Ω
m−n
F ∧ da1

a1
∧ · · · ∧ dan

an
∩ νF (m).

In order to characterize the forms w ∈ Ωm−n
F with w ∧ da1

a1
∧ · · · ∧ dan

an
∈

νF (m) we generalize the operator ℘(a) = a2 − a as follows (see [Ka],
[A-Ba 2]). Let {a1, . . . , an, . . . , aN} be a 2-basis of F which we assume
without restriction to be finite. Then any form η ∈ ΩqF , (q ≥ 1) can be
written in a unique way as

η =
∑

i1<···<iq

ci1···iq
dai1
ai1
∧ · · · ∧ daiq

aiq
.

We define ℘ : ΩqF → ΩqF by

℘(η) =
∑

i1<···<iq

℘(ci1···iq)
dai1
ai1
∧ · · · ∧ daiq

aiq

= η[2] − η
where η[2] =

∑
i1<···<iq

c2i1···iq
dai1
ai1
∧ · · · ∧ daiq

aiq
.

This definition obviously depends on the choice of the 2-basis {ai},
but if one changes the 2-basis, the new ℘ operator values differs from
the former values by exact forms, i.e. ℘(η) mod dΩq−1

F is independent
of the 2-basis. With this notation we have

3.1. Lemma. Let m ≥ n and w ∈ Ωm−n
F . Fix a 2-basis {a1, . . . , an,

. . . , aN} of F . Then the following assertions are equivalent

1. w ∧ da1

a1
∧ · · · ∧ dan

an
∈ νF (m).

2. ℘(w) ∈∑ε6=0 a
ε
[
Ωm−n
F

][2]
+ dΩm−n−1

F +
∑n

i=1Ω
m−n−1
F ∧ dai

(where aε = aε11 · · · aεnn and [ΩqF ]
[2] denotes the group of all η[2],

η ∈ ΩqF ).
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If m = n, we recover (1.3). Since the proof of (3.1) follows the same
pattern as the proof of (1.3), we will skip some details.

Proof of (3.1) Assume (2), i.e. we have

w = w[2] +
∑

ε6=0

aεA[2]
ε + dB +

n∑

i=1

Ei ∧ dai

with Ai ∈ Ωm−n
F , B,E1, . . . , En ∈ Ωm−n−1

F . It follows d(w ∧ η) = 0,
where η = da1

a1
∧ · · · ∧ dan

an
. Applying the Cartier Operator to w ∧ η we

get

C(w ∧ η) = C(w[2] ∧ η) = w ∧ η,

because aεA
[2]
ε ∧η, dB∧η are exact forms. This implies w∧η ∈ νF (m).

Let us now assume (1). Set w =
∑

i1<···<im−n
ci1...im−n

dai1
ai1
∧· · ·∧ daim−n

am−n
.

In what follows all computations will be modulo < da1, . . . , dan >. Let
k > n be the maximal index with w = R0 + akR1, R0, R1 differential
forms generated by dan+1

an+1
, · · · , daN

aN
over F 2(a1, . . . , ak−1). Let us write

R0 =M0 +M1 ∧ dak
ak
, R1 =M2 +M3 ∧ dak

ak
with forms M0, . . . ,M3 not

containing the differential dak and with coefficients in F
2(a1, . . . , ak−1).

It follows

dw = dM0 + akdM2 + dM1 ∧
dak
ak
+ ak(dM3 +M2) ∧

dak
ak

and since d(w ∧ η) = 0, we get d(M0 ∧ η) = 0, d(M2 ∧ η) = 0, d(M1 ∧
dak
ak
∧ η) = 0 and (dM3+M2)∧ dak

ak
∧ η = 0. Because of the choice made

above, we obtain d(M0) = 0, dM2 = 0, dM1 = 0, dM3 +M2 = 0. Thus
w = M0 +M1 ∧ dak

ak
+ d(akM3). Let w

′ = M0 +M1 ∧ dak
ak
. It follows

d(w′ ∧ η) = dw′ ∧ η = 0. Moreover w′ is generated by dan+1

an+1
, . . . , daN

aN

over F 2(a1, . . . , ak−1).
Repeating the above procedure with w′ we finally arrive at a decom-

position
w = w0 + dM

with w0 generated by
dan+1

an+1
, . . . , daN

aN
over F 2(a1, . . . , an), i.e. w =

∑
µ cµ

daµ
aµ
+dM , with cµ ∈ F 2(a1, . . . , an), and µ running over allm−n-

tuples µ = (i1, . . . , im−n) of integers with n+1 ≤ i1 < · · · < im−n ≤ N
and where aµ = ai1 · · · aim−n , daµ = dai1 ∧ · · · ∧ daim−n .
Let cµ =

∑
ε c

2
µ,εa

ε, where ε = (ε1, . . . , εn) ∈ {0, 1}n, aε = aε11 · · · aεnn .
Then

w =
∑

ε

aε

(
∑

µ

c2µ,ε
daµ
aµ

)
+ dM.
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Set Aε =
∑

µ cµ,ε
daµ
aµ
. Thus we have

w = A
[2]
0 +

∑

ε6=0

aεA[2]
ε + dM.

Using the fact that aεA
[2]
ε ∧ η, dM ∧ η ∈ dΩm−n−1

F , we conclude

C(w ∧ η) = C
(
A

[2]
0 ∧ η

)
= A0 ∧ η,

i.e. w ∧ η = A0 ∧ η. It follows w = A0 +H with H ∈< da1

a1
, . . . , dan

an
>.

Therefore
w = w[2] +

∑

ε6=0

aεA[2]
ε + dM +H ′

with H ′ ∈
∑n

i=1Ω
m−n−1
F ∧ dai

ai
. This proves the lemma.

3.2. Corollary. Let L = F (¿ a1, . . . , an À). Then

1. If m < n, νL/F (m) = 0.

2. If m ≥ n, then

νL/F (m) = {w ∧
da1

a1

∧ · · · ∧ dan
an

| w ∈ Ωm−n
F ,

with ℘(w) ∈
∑

ε6=0

aε
[
Ωm−n
F

][2]
+ dΩm−n−1

F +
n∑

i=1

Ωm−n−1
F ∧ dai}.

Using this decomposition of νL/F (m) and lemma (2.5) in [Ka], we
can show

3.3. Corollary. Let L = F (¿ a1, . . . , an À). Then

1. If m < n, I
m

L/F = 0

2. If m ≥ n,

I
m

L/F =
{
ψ ¿ x1, . . . , xn À | ψ ∈ Im−n

F , x1, . . . , xn ∈ F 2(a1, . . . , an)
∗
}

We will omit the details of the proof.
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