SYMMETRIC POWERS OF SYMMETRIC BILINEAR FORMS
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ABSTRACT. We study symmetric powers of classes of symmetric bilinear forms in the
Witt-Grothendieck ring of a field of characteristic not equal to 2, and derive their basic
properties and compute their classical invariants. We relate these to earlier results on
exterior powers of such forms.
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1. INTRODUCTION

Throughout this paper, K will be a field of characteristic different from 2.

Given a finite-dimensional K-vector space V' and a non-negative integer k, denote by
/\kV the k-fold exterior power of V, and by S*V the k-fold symmetric power of V. It
is well-known that the ring of isomorphism classes of finite-dimensional K-vector spaces
under direct sum and tensor product is a A\-ring, with the exterior powers acting as the \-
operations (associated to elementary symmetric polynomials) and the symmetric powers
being the “dual” s-operations (associated to complete homogeneous polynomials). The
exterior and symmetric powers are in fact functors on the category of finite-dimensional
K-vector spaces and K-linear maps, special cases of the Schur functors which arise in
representation theory (see, for example, [2] or [3]). A natural question to ask is whether
we may define such “Schur powers” of symmetric bilinear and quadratic forms as well.

Let ¢ be a symmetric bilinear form on an n-dimensional vector space V' over K. Bourbaki
(see [1, Ch. 9, eqn. (37)]) defined on A"V the k-fold exterior power A"¢ of ¢ by:

/\kgp(vl A ANvg,wp A= Awg) = det(o(v;,w;))  forall vy, ... v, wy,...,wp €V

for 1 < k < n; A" := the zero form for k& > n; and A\’ = (1). A"p is again a
bilinear form and is symmetric if ¢ is symmetric. Serre remarked on exterior powers
(for integral forms) in [14]. In [11] we established the basic facts about exterior powers
of a symmetric bilinear form, including formulas for their classical invariants. There we
obtained a diagonalisation for the k-fold exterior power of the form ¢ = (ay,...,a,) as

/\kgp = J_ <ai1 T aik>7
1< << <n

which is just the k' elementary symmetric polynomial in the n one-dimensional sum-
mands (ay), ..., (a,) of ¢. We also saw that the k-fold exterior power A" is well-defined
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on elements of the Witt-Grothendieck ring W (K ) but not on the Witt ring W (K). Fur-

ther, we showed that /V[7(K ) is a A-ring with the exterior powers as the A-operations, and
hence derived annihilating polynomials in W (K).

Given a symmetric bilinear form ¢ of dimension n, there are two approaches to extending
the concept of k-fold exterior power of ¢, giving two classes of definition:

(A) those based on the Bourbaki determinant approach;
(B) those based on evaluating other symmetric polynomials at the one-dimensional forms

{(ar), ..., {ay).

The first class has the advantage of being computable for any given symmetric bilinear
form, (not necessarily diagonal) before passing to /W(K ). Also, it is coordinate-free in
a way that the second class is not. It may even be defined over rings where we do not
have a Diagonalisation theorem. The main disadvantages of this class of definition are
that it does not work in /W(K ) in characteristic different from zero, and in any case is
not consistent with the A-ring structure on /W(K ) (that is, it does not satisfy a certain
identity which symmetric powers in a A-ring must satisfy — see Remark 3.8).

The second class has the advantages of/]\aeing independent of field characteristic and
consistent with the A-ring structure on W (K). However, it requires the form to be a
sum of degree-one elements, i.e. a diagonalised form, and so is dependent on choice of
coordinates, and less intrinsic.

In characteristic other than 2, we may use the one-one correspondence between quadratic
forms and symmetric bilinear forms to define corresponding powers for quadratic forms.

In this article we give these definitions for the symmetric powers and examine their classi-
cal invariants and their relation to the exterior powers. This material formed part of the
author’s Ph. D. thesis [9]. In a later paper [10], we will explore the different ways (both
classes (A) and (B)) in which, for any partition 7 of a positive integer k, we may define
a “Schur power” of a form .

2. NOTATION AND BACKGROUND

For z € R, [x] will denote the greatest integer less than or equal to z. We will denote by
Sk the symmetric group on k£ symbols. All vector spaces will be finite-dimensional.

For the meaning of such terms as bilinear and quadratic forms, isometry, the Witt-
Grothendieck ring, etc., see, for example, [13]. For the definitions of k-fold exterior power
and symmetric power of a finite-dimensional vector space see, for example, [3] or [2]. For
A-ring terminology, see [6].

Unless otherwise stated, by “form” we will mean “symmetric bilinear form”. Juxtaposition
will denote—according to context—a product of forms i) = p ® b = ¢ - 1, or a scalar
multiple of a form: if ¢ = (a,...,a,), then Ap = (Aay, ..., Aa,). We will use a cross to
denote an integer times a form: n X ¢ means the orthogonal sum of ¢ with itself n times.

We recall the following well-known result, similar to that for exterior powers:
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Proposition 2.1. Let V and W be vector spaces over K and let k be a positive integer.
Then

SEVew)= g Ve sw
i+j=Fk
Definition 2.2. The permanent of a k x k matrix A = (a;;) with entries in a commu-
tative ring is

per(A) = Z Q1o(1) ** * Ako(k)-

og€ESy,

Remark 2.3. The permanent is a generalised matriz function — like the determinant,
except that the trivial character of Sy, rather than the sign character, is used to weight
the summands. It shares some properties of the determinant — e.g. multiplying a row
or column of the matrix by a scalar multiplies the permanent by that scalar — but is not
multiplicative. For more details, see [12, Chapter 7].

The next two easily-proven results give properties of the permanent which are useful for
us. By the direct sum of two square matrices A and B, we will mean the square matrix

A
A® B := (O B

Lemma 2.4. Let A and B be square matrices, possibly of different sizes. Then
per(A @ B) = (per A)(per B).

), where O stands for the appropriately sized zero matrices.

a a .. a
) a a e a )
Lemma 2.5. The permanent of the k X k matriz | . . | is kla®.
a a/ ... a

3. FACTORIAL SYMMETRIC POWERS OF SYMMETRIC BILINEAR FORMS

We first look at the class (A) definition of k-fold symmetric power of a bilinear form. This
definition appears in [5] (at least for k = 2).

Definition 3.1. Let V be a vector space of dimension n over K. Let ¢ : VXV — K bea
bilinear form, and let k£ be a positive integer. We define the k-fold factorial symmetric
power of ¢,

Ste: SFV x SFV — K
by
Sk¢<x1 Ty Y1 yk) = per (Q()(l'“ yy))lgzngka

where - is the multiplication in the symmetric algebra of V. We define §% to be (1), the
identity form of dimension 1. Clearly Sy = ¢.

S*y is easily seen to be a bilinear form and is symmetric if ¢ is symmetric. If ¢ is the
quadratic form associated to ¢, we write S¥q for the quadratic form associated to S*y.

Remark 3.2. A diagonalisation and the determinant of this form may then be found in a
similar manner to those of the exterior powers as done in [11]; we will see, however, that
they involve the field elements 2!, 3!, etc, hence the term “factorial symmetric power”.
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Lemma 3.3. Let {v1,...,v,} be a set of pairwise orthogonal vectors with respect to a
symmetric bilinear form ¢, and let (uy,...,ug) and (wy, ..., wy) be two ordered k-tuples
with w;, w; € {vy,...,v,} for each i,j € {1,... k}. Suppose that for somer € {1,...,n}
the number of w; which are equal to v, differs from the number of w; which are equal to
vy. Then for each o € Sy, there exists i € {1,...,k} such that p(u;, wyg)) = 0.

Proof. Without loss of generality, suppose that u;,, = -+ = u;, = v, ui,,, # vy, ...,
u;, # vy and that w;, = -+ = w;, = w;,, = v,. Let 0 € Sj.
Ifi € {i1,...,is} and 0(i) & {j1,...,Jst1}, we are done, since in this case ¢(u;, We(;)) = 0.

So suppose that for each ¢ € {iy,...,is} we have o (i) € {ji1,...,Js+1}. Then by injectivity
of the permutation o, we may choose m such that

o im) & {i1,... 05}

Setting i = o' (jn), we have u; # v, and wyp) = w;, = Ur, S0 V(U W) = 0 as
required. O]

Remark 3.4. Consider the symmetric power S*¢ defined by

S*p(ur - - ug, wy - - - wy) = per(p(us, wy)).
Lemma 3.3 says that if we choose the u;, w; from the pairwise orthogonal set {vy,...,v,},
and for some r the number of u; which are equal to v, differs from the number of w; which
are equal to v,, we will have

Sk(p(ul .. .uk7w1 .. .wk) g O
For,

per(p(u;, wj)) = Z (U1, Wo(1)) - -+ Uk, Wo(k))
€Sy,
and in each summand in the sum over Sy, at least one of the multiplicands will be 0 by
the last lemma.

Proposition 3.5. Let V' be a vector space of dimension n over K and let p = (a1, ..., ay,)
be a diagonalisation of a symmetric bilinear form on V. Let k be a positive integer. Then
S*¢ is a symmetric bilinear form of dimension (nHZ_l) and has a diagonalisation of the
form

k. _ kil k‘il
S Y = | <k;z-1!ai1 e kzil!ail >
1<iy<--<ij<n
ki 4tk =k

Proof. Let {v1,...,v,} be an orthogonal basis for V', with ¢(v;, v;) = a; and ¢(v;,v;) =0
for 4,5 € {1,...,n}, i # j. Let k be a positive integer. Since a basis for S*V is

k;
R

{0 vy 1<iy <o <ip<n}={or 0,
n+k—1).

we have immediately that the form S*¢ has dimension ( v

Without loss of generality, we may restrict attention to basis elements of S*V, by bilin-
earity of S*¢. Let vfli ~--v;, " and U;)fl -+ -v;’™ be two basis elements of S*V, and consider
k

k Rip R P Pam
S gD(Uil Vi Uy Yjm )

1 ki
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If vfll <o-v, " and vi“ -0 are not the same element of S*V, then by Remark 3.4 the

2% Jm
k kiy ki P Dijm ;
permanent S"p(v; " -+ v, v -+ ov™) will be 0.

kil “ .. kil k

Thus it suffices to consider S* (v, v, v, ’UZZ) By orthogonality of {vy,...,v,}
we get that the matrix (¢(v;,,v;,)) is a direct sum of matrices,

i1

@i, v Q @iy -0 Qj, a;
(p(vi,,v5,)) = T b T b--- D
i, o Q iy 0 Ay, a;

Then by Lemmata 2.4 and 2.5, per(¢(v;,,v;,)) = k la) ---k;l-l!a:”. Hence S*¢ is repre-

i1 21
TL*Hf*l) X (TH*kfl

] ; ), with entries as claimed. O

sented by a diagonal matrix of size (
Remark 3.6. Observe that if ¢ = (ay, ..., a,) and char K < k, then the first term (k!a¥) in
the diagonalisation of S¥¢ will be 0. Thus det S¥¢ will be 0 and so S*¢ will be singular
regardless of whether or not ¢ is singular. This is why we are effectively restricted to
characteristic 0 when considering factorial symmetric powers.

From [11, Proposition 4.1], a diagonalisation of the k-fold exterior power /\k<p of a sym-
metric bilinear form ¢ = (ay,...,a,) is N"p = J—1§11<---<ik§n<ai1 ---a;,). By choosing
each of the k;; = 1 in the orthogonal sum in the statement of Proposition 3.5, we pick out
the summands of the type (a;, - --a;,). Thus A" is a subform of S¥¢.

Many of the remarks in [11, §4] about /\kgp hold for S*y also. If ¢ is a hyperbolic form over
a formally real field then S§*¢ may or may not be hyperbolic, since (by [11, Remark 4.2])
its subform A"¢ may or may not be hyperbolic: if A"y has an anisotropic part, so has
Skp. Also, for example, S%(a,b) = (3a®, 3b%, 2a%b, 2b%a) by Proposition 3.5, and so for the
hyperbolic form (1, —1) we have 8*(1, —1) = (3, =3, —2,2), which is hyperbolic.
Non-isometric forms may have isometric k-fold symmetric powers. For example, let ¢ =
(1,2,3), ¥ = (1,6,3) over a field K in which 3 is not a square, so by comparison of
determinants ¢ and ¢ are not isometric. Now A*¢ = (2,3,6) ~ (6,3,2) = A*¢, and so

SPo=Np L (2-1%2-222.30) ~ A% L (2-1%,2-6%,2-3%) = S%.

If ¢ is an isotropic form then S¥p will also be isotropic, since its subform /\kgo is isotropic,
as seen in [11, Remark 4.3].

The same argument as in [11, Remark 4.4] shows that if ¢ is an anisotropic form then
S*p need not be anisotropic: since ¥y has dimension greater than that of /\kgp, the
dimension of S*¢ will exceed the u-invariant whenever the dimension of /\kcp does.

Remark 3.7. Provided we are in characteristic 0, S¥p is well-defined on isometry classes
and on elements of the Witt-Grothendieck ring W (K'). This is a special case of a result
in [10] based on work in [4], but we sketch a proof for S* now.

Let V = Vi be the category of finite-dimensional K-vector spaces, let C = Cg be the
category of finite-dimensional K-bilinear spaces, and let D = Dy be the category whose
objects and morphisms are as follows. An object is a pair (V,+) where V is a finite-
dimensional K-vector space and v is a vector space homomorphism v : V. — V*. A
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morphism in Homp((V,7), (W,0)) is a vector space homomorphism f : V' — W such
that f*od o f = . Then one easily shows that as categories, C = D via the functor
© ~ @ where  : V — V* is the adjoint of . Next, one has that ¢ is symmetric if and
only if the linear map (@)* : (V*)* =V — V* is equal to ¢.

Now call a functor F : V ~» V a x-functor if there is a (natural) map of functors
h:Fox — xoF. Call (F,h) a symmetric x-functor if for every V', h satisfies h(V*) =
h(V)* : F(V*)*) = F(V) — F(V*)*. One shows that: a x-functor (F,h) induces a
functor (V, ¢) ~ (Fr(V), Fr(e)) on C in a canonical way; if h(1V) is an isomorphism for
all W and (V] ¢) is non-degenerate, then (F,(V'), Frn(¢)) is non-degenerate; and if (F,h)
is a symmetric *-functor and (V, ¢) is symmetric, then (F,(V), Fr(p)) is symmetric. To
conclude, one shows that the maps

hee (V) = h(V) : SH(V*) — S¥(V)*
determined by
RV) () (01 0k) = D Yoy (1) -+ Yo(ry (V)
€Sk

make S* into a symmetric *-functor and that hgx (V') is an isomorphism for all finite-
dimensional vector spaces V', provided K has characteristic 0. The functor induced by S*
on C is then S* and S* is well-defined on elements of W (K).

Remark 3.8. The definition of factorial symmetric powers is not consistent with the A-ring
structure on the Witt-Grothendieck ring, for the following reason. In order for operations
s in a A\-ring to play the role of symmetric powers, they must satisfy the relation (see [6,

page 31])
D (—1) N ()8 (z) = 0.
i+j=k
Straightforward computation shows that for the example of ¢ = (a, b, c), we get
> (1) N'pS’¢ = (2a, 2b,2c) — (6a, 6b, bc)
i+j=3
in the Witt-Grothendieck ring. This will be 0 if and only if (6a, 6b, 6¢) and (2a, 2b, 2¢) are

isometric. But det(6a, 6b,6¢) = 6abe, while det(2a,2b,2¢) = 2abc, and these will not be
equal unless 3 is a square in K.

Invariants of factorial symmetric powers. We will work out the determinant and
(for k = 2) the Hasse invariant of S¥y now, and the signature in Remark 4.15 later.

Proposition 3.9. Let ¢ be a symmetric bilinear form of dimension n. Then

n+k—1
det(skgp):D.(detgp)( ) where D = H kil ek )
1<i <--<i;<n
kiy 4tk =k

In particular, for k = 2,

det(S?p) = 2"(det )",
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Proof. Write ¢ = (aq,...,a,) in diagonal form, so det ¢y = ajay---a,. From the diago-
nalisation of S* in Proposition 3.5, we have that its determinant is

det(s’w:( 11 k:'k:')( 1T k)

1<i1 <<y <n 1<t <<y <n
kiy+tkiy =k kit +ki=k

n+k—1
k

of S*¢), and each term is itself a product of k of the a;. So altogether we have
n+k—1k (n+k—1)!
Kin—11  (k—1l(n—1)
of the scalars a;, multiplied together. Since there are n of the a;, and each occurs equally
often, we have that each occurs

I (n+k-1)! (n+k—l)!_(n+k—1)

The second product is symmetric in aq, ..., a,, it consists of ( ) terms (the dimension

nk=D)'(n—1! (k=1!(n)

n

times, giving

det(S*0) = D-(aras---an) ("0 )
= D (detyp) (ntﬁil)

where we write

1<ii < <<n
ki1+"'+/€il:k

When k£ = 2, 2! occurs n times and 1! occurs (g) times, giving D = 2!---2!1!...1! =27
n+k—1 n+1
and D - (det <p)( )= D - (det gp)( n) = 2"(det )™, This completes the proof. [

Proposition 3.10. Let ¢ be a form of dimension n with determinant d. Then
5(S%0) = s(A%p) = s(p)"(d, =1) (" D=2/

Proof. Write ¢ = (ay,...,a,) in diagonal form. From Proposition 3.5,

S%p = ( J_ <ai1ai2>>J_<2a%,...,2ai)

1<i1<ia<n
= Ao Lnx(2).
Now the Hasse invariant of n x (2) is [];;(2,2) = (2,2)""1/2 and its determinant is 2",
Also, by [11, Proposition 5.1], det( /\ng) = d"!. By properties of the Hasse invariant,
s(8%) = s(N'9)(2,2)"" V(2" det(\p))
S(NZ)(2, 1) R )
= s(A\’p)(2, —1)"" V2, a)" D,

Now (2,-1) = (2,1 —2) = lgyxk) and n(n — 1) is an even integer, so this becomes
5(8%p) = s(\"¢) and the result follows from [11, Corollary 11.3]. O
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Algebraic properties of factorial symmetric powers. As for /\’C in [11], we examine
how S* behaves with respect to scalar multiplication and orthogonal sum of forms.

Repeated application of the property of a permanent that multiplying a row or column
of the matrix by a scalar multiplies the permanent by that scalar gives us that S* is
k-homogeneous with respect to scalar multiplication, that is,

k  kak ozS"Qp if k is odd;
S<a¢)_a5¢_{5kg@ if £ is even.

Proposition 3.11. Let ¢ and 1 be symmetric bilinear forms over K and let k be a
positive integer. Then

Sk L) = | S-S

i+j=Fk

Proof. Let ¢, 1 and k be as in the statement. Suppose that ¢ acts on a vector space V'
of dimension n, and 1 acts on a vector space W of dimension m. Let {vy,...,v,} and
{w1, ..., wy,} be orthogonal bases for V and W with respect to ¢ and 1 respectively.

Let U =V & W, so U is the underlying space for ¢ L 1, with basis

{v1,.. ., Up, w1, ..., Wy}

By Proposition 2.1, this result is true for the underlying vector spaces and we now show
it is also true of the forms.

Let o(v;,v;) = a; for i =1,...,n, and Y(w;, w;) = apqj for j=1,... ,m.

ki 7 Z'r ki’r s
Let (ki la;" -k 'a "k ok a

Zr+l ’L r4+1 trds ipgs

diagonalisation of Sk(<p L), where 1 < iy <+ <@ <N <idgyg <+ <lpys <n+m.
Let ¢ = ki, +---+k;, and j =k; ., +---+ k.. Then (k:il!affl ---kir!af:r> is a one-

) be a one-dimensional summand in the

. . . . . . 1 . g1 lpts
dimensional summand in the diagonalisation of S*(y), while (Kipyilay 0 Ky Jtag o)
is a one-dimensional summand in the diagonalisation of S”(¢). Thus

kil K. ki?"-!—s kil K. kir-ﬁ-l kir+s
(kilag ki lag -k Jtag 700 = (kalag o K lag ) (K tag T Ry Jtag )

is a one-dimensional summand in the diagonalisation of S’y - §7¢). Each such summand
of 8%(p L 1) is thus a summand of S’y - 8§71 for some i and j with i + j = k and by
dimension count, there is a one-one correspondence between one-dimensional summands
of 8*(p L 1) and one-dimensional summands of Lo S’y - 8§79, This completes the
proof. Il

Remark 3.12. We may view the fact that S*(p L ) = J_Hj:k S'p-871) as giving another

pre-A-ring structure on /W(K ), incompatible with the first. In particular, the dimension
map dim is not an augmentation with respect to this pre-A-ring structure, as it does not
commute with the A-operations: if ¢ has dimension n, then dim §*(yp) = (’”k "), but
in Z, \¥(n) = (Z) Moreover, with respect to this pre-A-ring structure, no element ¢ of

W(K ) has finite degree.
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4. NON-FACTORIAL SYMMETRIC POWERS OF SYMMETRIC BILINEAR FORMS

We now look at the class (B) definition of symmetric power. Recall that the £ complete
homogeneous polynomial in indeterminates X,..., X, is

Ho= S Xy Xy= 3 xXPoxl

1<iy <-<ig<n Foy ot =
consisting of all distinct monomials of degree k in the Xq,..., X,,.

Definition 4.1. Given a diagonalisation (a1, ...,a,) of a symmetric bilinear form ¢ of
dimension n, we define the k-fold non-factorial symmetric power of ¢,

S¥ay, ... an) = Hip({ay),. .., {a,))

= J_ <ai1 e aik)

1< <<i<n

k; ki
— J_ (@i -ap)

kiy 4tk =k

Remark 4.2. This definition is the same as the characterisation of $*(ay, ..., a,) given in
Proposition 3.5, except for factorials: hence “non-factorial”. S¥¢ is defined over fields of
arbitrary characteristic, unlike S¥¢ (¢ is regular <= no a; is 0 <= S*y is regular).

Since the £*® elementary symmetric polynomial is homogeneous of degree k, every term
in it occurs in the complete homogeneous polynomial Hy. Thus /\kcp is a subform of S¥y.

By the Fundamental Theorem of symmetric functions, the complete homogeneous poly-
nomial Hy, being a symmetric function, has a unique expression as a polynomial in the
elementary symmetric polynomials. In our context, the elementary symmetric polynomial
E; is the exterior power A', which we know to be well-defined on the Witt-Grothendieck
ring from [11]. Thus S* is well-defined on the Witt-Grothendieck ring.

S* unlike S*, is consistent with the A-ring structure on the Witt-Grothendieck ring, since
(see [6], [8]) the elementary symmetric polynomials F; and the complete homogeneous
polynomials H; satisfy precisely the relation

> (-1YEH;=0.
i+j=k

Many of the remarks in [11, §4] about /\kgp hold for S*¥¢ also. As with S*yp, if ¢ is a
hyperbolic form over a formally real field then S¥¢ may or may not be hyperbolic, since

its subform /\kgo may or may not be hyperbolic. And, for the hyperbolic form (1, —1),
S3(1,—1) = (1, —1,—1,1) is also hyperbolic.

Again, non-isometric forms may have isometric k-fold symmetric powers. Let ¢ = (1,2, 3),
1 = (1,6,3) be as in Remark 3.6 over a field K in which 3 is not a square. Then ¢ and
Y are not isometric, but A*p and A\* are isometric. So

S = A’ L (12,22,3%) ~ A%y L (12,6%3%) = S*.

If ¢ is an isotropic form then S*y will also be isotropic, since its subform /\ktp is isotropic.
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If ¢ is an anisotropic form then S*p need not be anisotropic: since dim S*p > dim /\kgo,
we have that dim S*¢ > u(K), the u-invariant of K, whenever dim A"¢ > u(K).

Invariants of non-factorial symmetric powers.

Proposition 4.3. Let ¢ be a symmetric bilinear form of dimension n, and let k be a
positive integer. Then
n+k—1)

det(S*p) = (det gp)( n
In particular, for k = 2, det(S%p) = (det ¢)"t1.
Proof. Write ¢ = (ay,...,a,), so det ¢ = ayaz - - - a,. Then
Sk<a17'--aan> :Hk(<al>a'-‘ 7<ak>>: J_ <ai1"'aik>
1< S <ig<n

in diagonal form and so its determinant is

det(S*(ay, ..., a,)) = H Wiy * Qg

1<ip << <n

By the proof of Proposition 3.9, this is just (det @) (Hs_l), and the result follows. O

Proposition 4.4. Let ¢ be an n-dimensional symmetric bilinear form over K and let k
be a positive integer. Then

i=0 =0

Proof. Let ¢ = (ay,...,a,) and let ¢ = (a?,... ,a?). Let <aff1 -~~aZi‘) be an arbitrary

r '

one-dimensional summand in the diagonalisation of S¥¢ in Definition 4.1.

Write each k;; = 2r;; +¢;; where r;, = [k;;/2] and ¢;, is 0 or 1 according as to whether
ki; is even or odd, respectively. Then

k:il kil o 27"1'1 2Til 6i1 Eil
i e i = i . i ...ail
S0
k’il kil 21”,'1 2Til Eil Eil
<ai1 e ail > = <a"i1 e ail > ’ <a’i1 e ail >
— 2riy iy _ 2\7; 2\, \ j : :
Suppose that > r;; = 4. Then (a; " ---a; ") = ((aj )™ -+ (a;)") is a one-dimensional

i €iq Eipy - . . k—21 .
summand of S* and (a;,* - - - ;") is a one-dimensional summand of A" ~¢, each uniquely

determined by the integers k;,, ..., k;, describing (afll -++a;"). Conversely, given two such

terms ((a? )" -+~ (a2)™) from S%) and (a;" ---a;") from A* >, we can recover the k;,.

Hence, as forms,

[k/2]
ki k; i k—2i
Sk%p: J_ aill'”aizZ:J_Sw'/\ ®-
Finally, since ¢ = (a?,... ,a2) ~ n x (1), the dimension formula for symmetric powers

gives S%p o~ ("*171) x (1) and the result follows. O

(2
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Remark 4.5. Let K be a field with ordering P. Since the signature is a ring homomor-
phism, Proposition 4.4 allows us to calculate the signature of S¥¢ in terms of signatures
of various A\'(p), which we can compute from [11, Proposition 10.1]. For example, we
have the next two results. We first need some notation. We define, for positive integers
k and n, a polynomial D¥(t) € Z[t] as the k x k determinant

t 1
n t 2 0
DE(t) :=det | ¢
n t k-1
t n t

(In the notation of [11, Definition 9.13], this would be Df~1(¢).)

Corollary 4.6. Let ¢ be an n-dimensional symmetric bilinear form over a field K, having
signature v with respect to the ordering P of K, and let k be a positive integer. Then

[k/2] . [k/2] - k—2i—1
. n+1—1Y\ . Y n+i— 1\ DE2=1(r
sinp(5°) = Y- ("1 stV = 3 (M) g

- (4 - ?
1=0 1=0

Proof. The first equality follows from Proposition 4.4 and the fact that sign, is a ring
homomorphism. The second equality follows from [11, Proposition 10.1]. O

Corollary 4.7. Let ¢ be a symmetric bilinear form of signature 0 over an ordered field
K and let k be an odd positive integer. Then the symmetric power S*¢p has signature 0.

Proof. Let signp(p) = 0. If k is odd, so is each k — 2i for i = 0,... , [k/2]. Then by [11,
Corollary 10.5], each signp( /\k_m(p) = 0. The result follows from Corollary 4.6. O]

Remark 4.8. As a dual to the determinant formula in [11, Remark 9.4], there is the
formula

P -1
P, P -2 0
k! x H = det '
Ppy Pro - P —k+1
P. P ... B P

(see [8, 8, page 20]) where the P; are the power sums in Xy,..., X, that is, the Adams
operations ¥; in the A-ring W (K). By [11, Proposition 9.20],

; n x (1), for j even,
\Ij](gp):{ (1) J

©, for j odd,
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SO
p —1
n ¢ =2 0
k! x SK(p)y=det| ¢ n
v —-k+1
n ¥

Definition 4.9. We define a polynomial C*(¢) € Z[t] as the k x k determinant

t —1 t 1
n t =2 0 n t 2 0
CFt):=det | ¢ . . - =per| t
s n t —k+1 .on ot k—1
t n t oot n t

Clearly, C*(t) is of degree k, and k! x S*¥(p) = C¥(y).

Lemma 4.10. Let n,k be positive integers. Then the polynomial C(t) is monic and is
even (respectively odd) according as k is even (respectively odd).

Proof. We first establish the recurrence relation

Cr(t) =tCy () + (k= D(n+ k= 2)C;72()  (¥)

by expanding the determinant in Definition 4.9 along the rightmost column.

We now proceed by complete induction on k. Fix n. Clearly CL(t) = ¢, C%(t) = t* + n,
so the result is true for £ = 1 and k = 2. Suppose the result is true for 1, 2,... k — 1.
Comparing degrees in () shows that

leading term of C*(t) = t(leading term of C*~1(t))
so C*(t) is monic by the induction hypothesis. Moreover, C*~1(¢) has opposite parity to
Ck=2(t) by the induction hypothesis, so the parity of tC¥~1(¢) is equal to the parity of

Ck=2(t). Thus the parity of k — 2 is the parity of the right hand side of (x), so it is the
parity of C¥(¢), completing the proof. O

Remark 4.11. This gives an alternative proof of Corollary 4.7. Let k be an odd positive
integer, and let ¢ be a symmetric bilinear form of signature 0 with respect to the ordering

P of K. By Lemma 4.10, C* is odd, so C*(0) = 0. Since signp : W(K) — Zis a
ring-homomorphism, signy S*¢ = C*(signp ¢)/k! = C*(0)/k! = 0.

Proposition 4.12. Suppose that k = 2l is an even positive integer, and ¢ is a symmetric
bilinear form with signp ¢ = 0 and dimension n = 2m. Then

, m+1—1
signp (S*p) = ( ] )
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Proof. As above, signp(S*p) = C¥(signp p)/k! = C*(0)/k!. Setting ¢t = 0 in the recur-
rence relation (x) in Lemma 4.10, we get
CrO0) = (k=1)(n+k—2)C;?(0)
= (k=1)(n+k—-2)(k=3)(n+k—4)---3(n+2)1(n)
-1
= 117+ +2)),

§=0
Now write k! = (21)! = []/_( (2 + 1)(2j + 2).
Then
-1
) (27 4+ 1)(2m + 2j)
sign(S* =
gn(57y) JHO (27 + 1)(2j +2)
_ ﬁ m —i—j

which completes the proof. Il

Corollary 4.13. Let ¢ be a hyperbolic form and let k be a positive integer. Then S*yp is
hyperbolic if and only if k is odd.

Corollary 4.14. Let ¢ be a hyperbolic form of dimension n = 2m, so p =m x (1,—1)
and let k = 2l be an even positive integer. Then

S = (m+ll—1> y <1>L%<(n+;§_1) B <m+ll—1)> < (1—1),

Remark 4.15. S*y differs from S* only in that its one-dimensional summands are mul-
tiplied by factorials 1!,2!,... € K. Each such factorial is a positive integer times the field
identity and so is positive with respect to any ordering of an ordered ﬁeld Multiplication
by such a factorial will not change the sign of any summand (affl x au "y of Sk and so
all of the above results about the signature of S*¢ apply to ¥y as well.

Remark 4.16. Proposition 4.4 does not hold for factorial symmetric powers, as may be
seen from the simple example of ¢ = (a, b, ¢) and §>¢ = (abc, 2a, 2b, 2¢, 2a, 2b, 2c¢, 6a, 6b, 6¢).
However, another form can be used instead of the ("*!™') x (1) in Proposition 4.4.

Proposition 4.17. Let ¢ be an n-dimensional symmetric bilinear form over K and let
k be a positive integer. Then

[k/2]

where for each i from 0 to [k/2], ¥; is the ("Jr; 1)—dzmensi0nal form given by
9= | ((2i1 4+ D2is + 1)1+ (g + 1N (2ig2ig1)! -+ (200)]),
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the orthogonal sum being over all iy, ..., 1, with iy + -+ 1, = 1.

Proof. This proof proceeds in a similar way to the proof of Proposition 4.4, and is left as
a straightforward exercise. Of course, ¥y = (1). O
Example 4.18. Some examples of the forms 9J); are as follows.

(a) From the proof of Proposition 3.10, 820 = A*¢ L n x (2). Here k = 2, and i = 1

corresponds to n X (2) = (2!,... ,2!) x (1), which is
(+<(2'0)!”'(2@f)m!(2 ) x (1) = (iﬁ%ﬁl«zml---<2z'n>!>) x A%.
Thus

Sp =Ny L ( 1 <<2z‘1)!---<27:n>!>) x N
which is in the form of Proposition 4.17 above.
(b) For k=4 and i = 1 we get

O o= | (200 D120z + DI24s)! - (200)!) =2 % (6) L (n—2) x (2).

7/1++'Ln:1
The following result is [11, Theorem 11.2].

Theorem 4.19. Let (V,p) be a quadratic space of dimension n and determinant d, and
let k be a positive integer. Then the Hasse invariant of /\kgo 18

s(N'p) = s(¢)*(d, ~1)°

() ()

Remark 4.20. The Hasse invariants of S¥¢ and S*¢ are alike but not so much so that
we can treat them simultaneously. Our approach is: we know the Hasse invariant of an
exterior power, so we can write a symmetric power in terms of exterior powers and thence
(for small k) get formulae for the Hasse invariant of a symmetric power.

where

Proposition 4.21. Let ¢ be a form of dimension n with determinant d. Then

s(5%0) = s(N'p) = s(p)"(d, 1) D=2/
and so s(S%p) = s(S%p).

Proof. From Proposition 4.4, S2¢ = A’¢ L nx A% = A’¢ L n x (1). From the
definition of the Hasse invariant, it is clear that adding copies of the identity form does
not alter the Hasse invariant, and so s(S2¢) = s(A\%p). O

Proposition 4.22. Let ¢ be a form of dimension n with determinant d. Then
s(8%p) = s(p)°(d, -1)!
n—2

’wheree:( , )—I—n:%(n2—3n+6) and f = ((El)) +(n—1)(g‘).
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Proof. From Proposition 4.4, S%¢ = A’¢ L nx Ao = A’ L n x ¢. One computes
s(\’¢) using [11, Theorem 11.2],

(V) = s, -1 (3,

It can easily be shown that s (n x ¢) = s(p)"(d, _1)(3). Also, det(n x ¢) = d™ and, by

[11, Proposition 5.1], det(A’p) = d("2"). The result follows from a computation, using a
standard formula for the Hasse invariant of a product of two forms ¢, @2 of dimensions
n1 and ns respectively, and with determinants d; and ds respectively:

501 ® 92) = 5(i01)" 5(2)" (dy, do)" "> (dy, o) (F) (o, dp) (%)
(See, for example, [7, Proposition 9]). O

Algebraic properties of non-factorial symmetric powers. Since Hj is a homoge-
neous polynomial, S* is k-homogeneous with respect to scalar multiplication. The next
result is true in any A-ring with operations s* arising from the Hj, (see [6, page 47]).

Proposition 4.23. Let ¢ and 1 be symmetric bilinear forms over K and let k be a
positive integer. Then

S Ly)y= | S'o- .

it+j=k
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