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ABSTRACT. Let F be a field with char(F) # 2. We prove Vishik’s conjecture stating
that for any positive integer n and any anisotropic quadratic form ¢ over F' lying in the
n-th power I" of the fundamental ideal I of the Witt ring of F', either dim(¢) > 2" or
dim(¢) = 2"t — 2¢ for some i € {1,2,...,n + 1}. This provides a complete solution of
an old-standing problem in the algebraic theory of quadratic forms. The proof is based
on computations in the Chow groups of direct products of projective quadrics (involving
the Steenrod operations); the method developed can be also applied to other types of
algebraic varieties.
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1. INTRODUCTION

In this text F' is a field with char(F) # 2. Let I" for some n > 1 be the n-th power
of the fundamental ideal I (of the classes of the even-dimensional quadratic forms) of the
Witt ring W(F). An old-standing question in the algebraic theory of quadratic forms
asks about the possible values of dimension of an anisotropic quadratic form ¢ over F
such that [¢] € I", where [¢] is the class of ¢ in W (F).

Examples with dim(¢) = 2" — 27 for each i € {1,2,...,n + 1} are easy to construct
(see Remark 7.2). A classical theorem of J. Arason and A. Pfister [1, Hauptsatz| states
that dim(¢) is never between 0 = 27! — 271 and 27 = 271 — 2" Also it is known that
every value between 2" and 2" + 2"~1 = 27l — 971 is impossible (A. Pfister for n = 3,
[18, Satz 14]; D. Hoffmann for n = 4, [6, main thm.|; A. Vishik for all n, [23], see also [22,
thm. 1.5] 1).
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2 N. KARPENKO

Finally, A. Vishik has shown that all even values > 2"™! are possible ([22, thm. 4.12],
see also §7 here) and suggested the following

Conjecture 1.1 (Vishik, [22, conject. 4.11]). ? If ¢ € I" and dim(¢) < 2", then
dim(¢) = 2" — 2% for some i € {1,2,...,n+1}.

In the present text we prove this conjecture (see §6), obtaining a complete answer
to the question about possible dimensions of anisotropic quadratic forms whose classes
lie in ™. The proof closely follows the method of [12], but involves essentially more
computations. As [12] as well, it makes use of an important property of the quadratic
forms satisfying the hypotheses of Conjecture 1.1 established by A. Vishik in [22]. Here
we give an extended version of this result (see Proposition 4.28) with an elementary,
complete, and self-contained (in particular, independent of [22]) proof.

In the proof of Conjecture 1.1 we work with projective quadrics rather than with qua-
dratic forms themselves. The method of proof is explained in §3; it certainly applies to
other types of algebraic varieties (in place of quadrics).

Acknowledgements. This work was completed during the last week of September 2003
when I was visiting the University of Alberta; an important part of this work was writ-
ten down during the first week of November 2003 when I was visiting the Universitat
Gottingen, where I gave a course of lectures on the subject. I am very grateful to both
institutions for hospitality and stimulating conditions. Besides I would like to mention
that numerous remarks of A. S. Merkurjev improved very much the final version of this
text.

2. NOTATION AND PRELIMINARY OBSERVATIONS

Everywhere in the text, X is a smooth projective quadric over F' of an even dimension
D = 2d or of an odd dimension > D = 2d + 1 given by a non-degenerate quadratic form
¢. We write X" for the direct product X x --- x X (over F') of r copies of X and we
write Ch(X") for the image of the restriction homomorphism Ch(X") — Ch(X") where
X = Xy with a fixed algebraic closure F' of F' and Ch(.) stays for the modulo 2 total
Chow group. We say that an element of Ch(X") is rational, if it lies in the subgroup
Ch(X") C Ch(XT).

A basis of the group Ch(X) (over Z/2Z) consists of h* and [;, i € {0,1,...,d}, where
h stays for the class of a hyperplane section of X while /; is the class of an i-dimensional
linear subspace® lying on X. Moreover, a basis of the group Ch(X™) for every r > 1 is
given by the exterior products of the basis elements of Ch(X) (see, e.g., [11, §1] for an
explanation why this is a basis). Speaking about a basis or a basis element (or a basis

2A. Vishik announced (for the first time in June 2002) that he has a proof of Conjecture 1.1; his proof
however is not available.

3Only the even-dimensional case is important for our main purpose; the odd-dimensional case is
included for the sake of completeness.

“In the case of even D and i = d (and only in this case) the class I; depends on the choice of the subspace:
more precisely, there are two different classes of d-dimensional subspaces on X and no canonical choice
of one of them is possible; we do not care about this however and we just choose one of them, call it I4
and “forget” about the other one which is equal to h?® — I.
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cycle: we will often apply the word “cycle” to an element of a Chow group) of Ch(X"),
we will always refer to the basis described above. By the decomposition of an element
a € Ch(X") we always mean its representation as a sum of basis cycles. We say that a
basis cycle 3 is contained in the decomposition of v (or simply “is contained in o), if 5
is a summand of the decomposition. More generally, for two cycles o/, € Ch(X"), we
say that o is contained in «, or that o/ is a subcycle of o (notation: o C «), if every
basis element contained in o/ is also contained in «.

A basis element of Ch(X") is called non-essential, if it is an exterior product of powers
of h (including h° = 1 = [X]); the other basis elements are called essential. An element
of Ch(X") which is a sum of non-essential basis elements, is called non-essential as well.
Note that all non-essential elements are rational simply because h is rational.’

The multiplication table for the ring Ch(X) is determined by the rules h**! =0, h-1; =
li_y (i € {d,d—1,...,0}; we adopt the agreement that [_; = 0), and I3 = (D+1)-(d+1)-ly
(see [8, §2.1] and [9, §1.2.1]). The multiplication tables for the rings Ch(X") (for all » > 2)
follows by

(Brx - % B) - (B % o x BL) = Buffy < - % BB

The cohomological action of the topological Steenrod algebra on Ch(X") (see [2] for
the construction of the action of the topological Steenrod algebra on the Chow group of
a smooth projective variety; originally Steenrod operations in algebraic geometry were
introduced (in the wider context of motivic cohomology) by V. Voevodsky, [24]) is de-
termined by the fact that the total Steenrod operation S: Ch(X") — Ch(X") is a (non-
homogeneous) ring homomorphism, commuting with the exterior products and satisfying
the formulae (see [11, §2 and cor. 3.3])

SRy =R (L+h), S) =1 - (1+ k)P ie{0,1,...,d}

(in order to apply these formulae, one needs a computation of the binomial coefficients
modulo 2, done, e.g., in [13, lemma 1.1]).
The group Ch(X) is easy to compute. First of all one has

Lemma 2.1. If the quadric X is anisotropic (that is, X (F) =), then Cho(X) ¥ lo.

Proof. If Iy € Cho(X), then the variety X contains a closed point z of an odd degree
[F(z): F]. It follows that the quadratic form ¢ is isotropic over an odd degree extension
of the base field (namely, over F(z)) and therefore, by the Springer-Satz (see [20, thm.
5.3]), is isotropic already over F'. O

Corollary 2.2. If X is anisotropic, then the group Ch(X) is generated by the non-
essential basis elements.

Proof. Tf the decomposition of an element a € Ch(X) contains an essential basis element
l; for some i # D/2, then I; € Ch(X) because I; is the i-dimensional homogeneous
component of a (and Ch(X) is a graded subring of Ch(X)). If the decomposition of an

5There are at least two direct ways to show that h is rational: (1) h is the pull-back of the hyperplane
class H with respect to the embedding of X into the projective space, and H is rational; (2) h is the first

Chern class of [O%(1)] € Ko(X), and [O5(1)] = res([Ox(1)]) is rational.
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element o € Ch(X) contains the essential basis element [; for i = D /2, then the (D/2)-
dimeI}sional homogeneous component of o is either Ipy or Ip/o + hP/2 and we still have
l; € Ch(X). Tt follows that lo = [; - h* € Ch(X), a contradiction with Lemma 2.1. O

Now assume for a moment that the quadric X is isotropic but not completely split (that
is, ip(X) < d), write a for the Witt index ip(X) of X (defined as the Witt index ip(¢) of ¢,
see [20, def. 5.10 of ch. 1]), and let X be the projective quadric given by the anisotropic
part ¢y of ¢ (one has dim(Xy) = dim(X) — 2a; the case dim(Xy) = 0 is possible). We
consider a group homomorphism pr: Ch(X) — Ch(X,) determined on the basis by the
formulae h' — h'=% and I; — [;_, (here we adopt the agreement h' = 0 and I; = 0 for all
negative i). Also we consider a backward group homomorphism in: Ch(X,) — Ch(X)
determined by the formulae h* +— h'™® and [; — l;,, for 1 € {0,1,...,d — a}.

Let r be a positive integer. For every length r sequence i1, ...,%, of integers satisfying
i; €0, a]U[D —a+1, D], we define a group homomorphism

pri, i Ch(X") — Ch(X})
with s = #{i;| i; = a}, called projection. Let {j; < --- < js} be the set of indices
such that i;, = a. We put J; = {j| i; < a} and J, = {j| i; > a}. Then we define
pri, . (a1 X - X a,) for a basis element oy X -+ - X . as pr(a;,) X -+ x pr(a;,) as far as
o; =, for any j € J; and a; = hP~% for any j € Jy,; we set pry, (a1 X -+ X o) =0
otherwise.

Also we define a backward group homomorphism in;, ;. : Ch(X3) — Ch(X"), called
inclusion, by

My, (BL X o X Bg) = a1 X - Xy
for a basis element ) x --- x 3, where a; = [;; for j € Jj, a; = hP=ii for j € J,, and
aj, = in(fy) for k=1,2,...,s.

Proposition 2.3 (cf. [12, lemma 2.2]). In the notation introduced right above, the direct
sum ~ o
@© pri:Ch(X) — @ ChX")
(41 ,... i) (150eir)
of all projections is an isomorphism with the inverse given by the sum of all inclusions.
Under these isomorphisms, rational cycles correspond to rational cycles.

Proof. By the Rost motivic decomposition theorem for isotropic quadrics (original proof
is in [19], generalizations are obtained in [10] and [4]), there is a motivic decomposition
(in the category of the integral Chow motives)

(%) X~ZdZ(1)® - dZa—1)® Xo(a) ®Z(D —a+1)D--- ®Z(D)

(where Z is the motive of Spec F', while M (i) is the i-th Tate twist of a motive M). Rasing
to the r-th power, we get a motivic decomposition of the variety X”; each summand of
this decomposition is a twist of the motive of X§ with s varying between 0 and r. If we
numerate the summands of the decomposition (k) by their twists, then the summands of
the decomposition of X" are numerated by the sequences

i1,...,0, with i; €0, a|U[D—a+1, DJ.

Moreover, the (i1, ..., 4, )-th summand is X§(i; + - - - + i,-), where s = #{i;| i; = a}.
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In order to finish the proof of Proposition 2.3, it suffices to show that the projec-
tion morphism to the (i1, ...,%,)-th summand considered on the Chow group and over
F' coincides with pr; ; while the inclusion morphism of the (iy,...,i,)-th summand
considered on the Chow group and over F' coincides with iy, .. Clearly it suffices to
check this for 7 = 1 only. For i # D/2, this is particularly easy to do because of the
relation dimgz/o7(Ch;(X)) < 1. Indeed, Ch;(Z(k)) = 0 for k # i. Therefore for any i
with @ < i < D —a, i # D/2, the projection and the inclusion between Ch;(X) and
Ch;_,(X,) are isomorphisms and, as a consequence, they interchange the only non-zero
elements of these two groups (which are I; and I;_, if i < D/2, or hP~% and hP~i=2 if
i > D/2). For i < a, the projection and the inclusion are isomorphisms between Ch,(X)
and Z /27 = Ch;(Z(7)) and the only non-zero element of the first Chow group is /;. Fi-
nally, for i > D — a, the projection and the inclusion are isomorphisms between Ch;(X)
and Z/27 and the only non-zero element of the Chow group is h”~".

For i = D/2 (here we are in the case of even D, of course), the basis of the group
Ch;(X) is given by the elements h? and l;, while the basis of the group Ch,;_,(Xy) is
given by the elements h%~® and l4_,. The subgroups Chy(X) C Chy(X) and Chy_,(Xy) C
Chy_.(Xo), however, are 1-dimensional, generated by h? and h%=¢ (because l4_, & Ch(Xj)
by Corollary 2.2). Since these subgroups are interchanged by the projection and the
inclusion, h¢ corresponds to h%~®. Now there are only two possibilities for the element
of Chy(X) corresponding to ly_, € Chy_o(Xp): either this is I4 or this is Iy + h%. Which
one of these two possibilities takes place depends on the construction of the motivic
decomposition (x); but a given motivic decomposition can be always corrected in such
a way that the first possibility takes place (one can simply use an automorphism of the
variety X interchanging ly_, with lg_q + h979). O

The “most important” summand in the motivic decomposition of X" is, of course,
X{. We introduce a special notation for the projection and the inclusion related to this
summand: pr” = pr, ., and in" = in, ,.

Corollary 2.4. The (mutually semi-inverse) homomorphisms
pr": Ch(X") — Ch(X{) and in": Ch(X]) — Ch(X")

(for any r > 1) map rational cycles to rational cycles; moreover, the induced homomor-
phism pr”: Ch(X") — Ch(X]) is surjective. O

Now we get an extended version of Corollary 2.2 which reads as follows:

Corollary 2.5. For an arbitrary quadric X (isotropic or not) and any integer i one has:

l; € Ch(X) if and only if ig(X) > i (where io(X) = io(¢) is the Witt index).

Proof. The “it” part of the statement is trivial. Let us prove the “only if” part using an
induction on i. The case of i = 0 is served by Lemma 2.1.

Now we assume that ¢ > 0 and [; € Ch(X). Since l; - h = l;_1, the element [;_; is
rational as well, and by the induction hypothesis io(X) > 7. If ig(X) = 4, then the image
of [; € Ch(X) under the map pr': Ch(X) — Ch(Xy) equals Iy and is rational by Corollary
2.4. Therefore, by Lemma 2.1, the quadric X is isotropic, a contradiction. U
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We recall that the splitting pattern sp(¢) of an anisotropic quadratic form ¢ is defined
as the set of integers

sp(¢) = {dim(¢g)o| F/F is a field extension}

(here ¢ stays for the quadratic form over the field E obtained from ¢ by extending the
scalars; (¢g)o is the anisotropic part of ¢g).

The splitting pattern can be obtained using the generic splitting tower of M. Knebusch
(arbitrary filed extensions of F' are then replaced by concrete fields). To construct this
tower, we put F; = F(X), the function field of the projective quadric X given by ¢. Then
we put ¢; = (¢p, )o and write X; for the projective quadric (over the field Fy) given by
the quadratic form ¢;. We proceed by setting Fy, = Fi(X;) and so on until we can (we
stop on Fy such that dim(¢y) < 1). The tower of fields ' C F; C --- C F} obtained this
way is called the generic splitting tower of ¢ and (see [15])

sp(¢) = {dim(¢), dim(¢r, o, - - ., dim(¢g, Jo} = {dim(¢), dim(¢y), ..., dim(¢y)}

(the integer h = h(¢) is the height of ¢; note that the elements of sp(¢) are written down
in the descending order).

An equivalent invariant of ¢ is called the higher Witt indices of ¢ and defined as follows.
Let us write the set of integers {ig(¢g)| E/F a field extension}, where iy(¢g) is the usual
Witt index of ¢g, in the form

{0:i0(¢)<i1<i1+12<-"<il+i2+"'+ih}.

The sequence of the positive integers iy, ..., 1y is called the higher Witt indices of ¢. For
every q € {0,1,...,h}, we also set

g =iq(@) =0 +i1 + - +ig =1(dF,) .
Clearly, one has
{0 =1jo0,i1,---,jn} = {lo(¢r)| E/F is a field extension}

(this set of integers is sometimes also called the splitting pattern of ¢ in the literature).
The following easy observation is crucial:

Theorem 2.6. The splitting pattern as well as the higher Witt indices of an anisotropic
quadratic form ¢ (of some given dimension) are determined by the group
Ch(X*) = @ Ch(X") .

r>1
Proof. The pull-back homomorphism g;j: Ch(X") — Ch(XE)l()) with respect to the mor-
phism of schemes g; : X;{)I() — X7 given by the generic point of, say, the first factor
of X", is surjective. It induces an epimorphism Ch(X") —— C_h(X;z)l()), which is a re-
striction of the epimorphism Ch(X") —— Ch()_(;&)) mapping each basis element of the
shape h® x 3 with 3 € Ch(X" 1) to B € Ch()_(;&)) and killing all other basis elements.
Therefore the group Ch(X*) determines the group Ch(X;( X)). In particular, the group
Ch(Xp(x)) is determined, so that we have reconstructed ip(Xp(x)) = 11(X) (see Corollary
2.5). Moreover, by Corollary 2.4, the group Ch(X, ) determines the group Ch(X7) (via
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the surjection pr*; X; staying for the anisotropic part of Xp(x)), and we can proceed by
induction. O

Remark 2.7. The proof of Theorem 2.6 makes it clear that the statement of this theorem
can be made more precise in the following way. If for some ¢ € {1,2,...,h} the Witt
indices 1iy,...,1,_; are already reconstructed, then one determines i; =j, —ig—1 — - — 11
by the formula

j, = max{j| the product h° x A" x --- x h¥s~' x [;_; is contained in a rational cycle} .

Remark 2.8. Concluding this section, we would like to underline that the role of the
algebraic closure F in the definition of the group Ch(X*) is secondary: the group Ch(X*)
(used in the definition of Ch(X*)) has to be interpreted as the direct limit lim Ch(X})
taken over all field extensions E/F. The homomorphism Ch(X*) — lim Ch(X}) is an
isomorphism. More generally, the homomorphism Ch(X},) — lim Ch(X7},) for a given E/F
is an isomorphism if and only if the quadratic form ¢ is completely split (in particular, for
any E/F with completely split ¢z, there is a canonical isomorphism Ch(X}) = Ch(X*),
coinciding with the composition reslg} 7 OTeSE/p, where E is a field containing F and F).
3. STRATEGY OF PROOF

As shown in Theorem 2.6, the group Ch(X*) determines the splitting pattern of the
quadratic form ¢. In its turn, the splitting pattern of ¢ determines the powers of the
fundamental ideal of the Witt ring containing the class of ¢. At least it is easy to prove

Lemma 3.1. Let ¢ be an even-dimensional anisotropic quadratic form and let n > 1 be
an integer. We write p for the least positive integer of sp(¢) (note that p is a power of 2,
[20, thm. 5.4(i)]). If [¢] € I™, then p > 2.

Proof. We assume that [¢] € I"(F). Let E//F be a field extension such that dim(¢g)o = p.
Since 0 # [(¢r)o] € I™(E), we get that p > 2" by the Arason-Pfister theorem. O

Remark 3.2. It is not needed in this paper but nevertheless good to know that the
converse statement to Lemma 3.1 is also true. This is a hard result, however. It is proved
in [16, thm. 4.3].

Now we are able to describe the strategy of our proof of Conjecture 1.1. Let us consider
a power I" of the fundamental ideal. Let ¢ be an anisotropic quadratic form with [¢] € 1™,
having some dimension prohibited by Conjecture 1.1. The group Ch(X*), where X is the
projective quadric given by ¢, should satisfy some restrictions listed bellow. This group
is a subgroup of Ch(X*), the later one depends only on the dimension of ¢. So, we
prove Conjecture 1.1, if we check that every subgroup of Ch(X*), satisfying the list of
restrictions, can not be Ch(X*) for the form ¢ (see Lemma 3.1 with Theorem 2.6). This
is the way we prove Conjecture 1.1.

And here is the list of restrictions on Ch(X*) considered as a subset of Ch(X*) (a big
part of this list is of course valid for an arbitrary smooth projective variety in place of the
quadric X):

Proposition 3.3. Assuming that the quadric X is anisotropic,® we have:

6 Anisotropy is important only for (4), (8), (9), and (10).
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(1) Ch(X™) is closed under addition and multiplication;

(2) Ch(X*) is closed under passing to the homogeneous components (with respect to
the grading of the Chow group and to the x-grading);

(3) Ch(X*) contains h® = [X] and h* = h (and therefore contains h* for alli > 0);

(4) [Springer-Satz]
Ch(X™) does not contain ly;

(5) for every r > 1, Ch(X") is closed under the automorphisms of Ch(X") given by
the permutations of factors of X,

(6) for every r > 1, Ch(X*) is closed under push-forwards and pull-backs with respect
to all r projections X" — X"~' and to all v diagonals X" — X" (taking in
account the previous restriction, it is enough to speak only about the first projection

X1 XTg X+ X Tpt=>Tg X+ X Tp
and the first diagonal
L1 XTg X oo+ XTpt—=>T1 XT1 XAy X Ty

here);
(7) Ch(X*) is closed under the total Steenrod operation

S: Ch(X*) — Ch(X*) ;

(8) [A. Vishik, “Size of binary correspondences”|
if Ch(X?2) 2 h® x I;+1; x h® for some integer i > 0, then the integer dim(X) —i+1
s a power of 2;

(9) [“Inductive restriction”]
the image of Ch(X**1) under the composition

Ch(X**1) —% Ch(Xpy,) 2 Ch(X})

)
(g7 is introduced in the proof of Theorem 2.6, pr* in Corollary 2.4) should coincide
with Ch(X}) and therefore should satisfy all restrictions listed in this proposition
(including the current one);

(10) [“Supplement to inductive restriction”]
for any integer v > 2, any integer s € [1, r), and any projection Ty i Of

Proposition 2.3, the image of Ch(X") under pr; , : Ch(X") — Ch()?f(i1 """ i’”)) is

010

inside of (jh(Xf(i1 """ ir)) (reconstructed by (9)).

Proof. Only the property (8) needs a proof. We note that this property does not seem
to be a consequence of the others. It is proved in [13, thm. 5.1] by some computation
in the integral Chow group of X*, not in the modulo 2 Chow group (although involving
modulo 2 Steenrod operations) (the original proof is in [7, thm. 6.1]; it makes use of
higher motivic cohomology).

More precisely, the case of i = 0 is proved in [13, thm. 5.1]. In order to reduce the
general case to the case of i = 0, we take an arbitrary subquadric Y C X of codimension
i and pullback the cycle h® x I; + I; x h® with respect to the imbedding Y2 «— X?2. The
result is h° x Iy + lp x h® € Ch(Y?). Therefore, dim(Y) + 1 is a power of 2 by [13, thm.
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5.1]. Since dim(Y) = dim(X) — 4, it follows that the integer dim(X) — ¢ + 1 is the same
power of 2. 0

Remark 3.4. Obviously, one can write down some additional restrictions on Ch(X*).
However, all restrictions I know are consequences of the restrictions of Proposition 3.3.
For instance, Ch(X*) should be stable with respect to the exterior products; but this is a
consequence of the stability with respect to the internal products (1) and the pull-backs
with respect to projections (6). Another example: the image of the total Chern class
c: Ko(X*) — Ch(X*) restricted to Ko(X*) (note that Ko(X*) is computed for quadrics
[21] and, more generally, for all projective homogeneous varieties [17]) should be inside
of Ch(X*); but it is already guarantied by the fact that Ch(X*) is closed under addition
and multiplication (1) and contains h° and h' (3).” One more example: Ch(X?) should
be closed under the composition of correspondences (see [5, §16] for the definition of
composition of correspondences); but the operation of composition of correspondences is
produced by pull-backs and push-forwards with respect to projections together with the
operation of multiplication of cycles.

Remark 3.5. Let us remark that all operations involved in the list of restrictions of
Proposition 3.3 are easy to compute in terms of the basis elements. The multiplication in
Ch(X*) was described in the previous §; a formula for the total Steenrod operation was
given already as well. Also the operations used in the inductive restriction are computed
(see Corollary 2.4 and the proof of Theorem 2.6). As to the pull-backs and push-forwards
with respect to the first projection pr: X"*! — X7 and to the first diagonal §: X" —
X"+ they are computed for basis elements 3y, 31, ..., 3, € Ch(X) as follows:

pr(BL x -+ X 53;) = hOX By %X B
) Bixeex B, i By = o,
prolfox fuxooxfr) = {0, otherwise;
F(Box B x---xB) = (Bo-f1)xBax--XxB;
5B x - % B) = é(ﬁlxm)-A;xﬁgx---xﬁr:
(R° x By) - A) x By x -+ X B, ;

where A € Ch(X?) is the class of the diagonal computed in Corollary 3.9.

Remark 3.6. One can obviously simplify a little bit the list of restrictions of Proposition
3.3. For instance, instead of stability under the push-forwards with respect to the diago-
nals, it suffices to require that the cycle Zfzo(hi X I; + 1; x h'), related to the diagonal,
lies in Ch(X?) (see Remark 3.5 and Corollary 3.9). Also the inductive restriction is not
so restrictive as it may seem to: the group Ch(X}) automatically satisfies most of the
required restrictions.

Remark 3.7. Looking at the list of restrictions, it is easy to see that every group Ch(X™)
determines Ch(X<"). Moreover, one can show that Ch(X?) determines the whole group

"However the property with the Chern class can be a good replacement for (3) when transfering this
theory to other algebraic varieties in place of the quadric X.
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Ch(X™*). ® Since Ch(X) is a subgroup of the finite group Ch(X4?), it follows, in particular,
that the invariant Ch(X?) (of the quadratic forms ¢ of a given dimension) has only a finite
number of different values (this way one also sees that Conjecture 1.1 can be checked for
any concrete dimension by computer).

We will often use the composition of correspondences, even for the cycles on bigger than
2 powers of X: this is a convenient way to handle the things. Namely, for o € Ch(X")
and o/ € Ch(X ’“'), we may consider « as a correspondence, say, from X" ! to X, and we
may consider o as a correspondence from X to X" ~!: then the composition o o « is a
cycle in Ch(X"*'~2), and here is the formula for composing the basis elements (we put
here this obvious formula because it will be used many times in our computations):

Lemma 3.8. The composition (' o 3 € Ch(X"+"'=2) of two basis elements
B=px--x[B €Ch(X") and =08, x--xf,eCh(X")

is equal to By X -+ X Br_q1 X By X -+ X B, if B - B] = lo; otherwise the composition (' o 3
15 0. O

Corollary 3.9. For the diagonal class A € Ch(X?), one has:
d . .
A= (R xlij4+1; xh)+(D+1)-(d+1)-(h* x h%) .
i=0

In particular, the sum Y0 (h* x I; + 1; x h') is always rational.

Proof. Using Lemma 3.8, it is straight-forward to verify that the cycle given by the above
formula acts (by composition) trivially on any basis cycle of Ch?(X?). O

4. CYCLES ON X?

We are using the notation introduced in § 2. In particular, X is the projective quadric
of an even dimension D = 2d or of an odd dimension D = 2d + 1 given by a quadratic
form ¢ over the field F. In this § we assume that X is anisotropic. Let i;,...1, be the
higher Witt indices of ¢ (with b being the height of ¢). We write S for the set {1,2,...,b}
and we set j, =1 + iy +--- +1, for every g € S.

An “important” as well as the “first interesting” part of the group Ch(X*) is the group
Ch(X?) and especially Chp(X?) = (th(XQ) (note that, due to the Rost nilpotence
theorem ([19], see also [3]), the latter group detects all motivic decompositions of X).
The group Chp(X?) was studied intensively by A. Vishik (see, e.g., [23]). In the next
§ we reproduce most of his results concerning this group. Actually we give an extended
version of these results describing the structure of a bigger group, namely of the group
Ch="(Xx?).

Originally, Vishik’s results are formulated in terms of motivic decompositions of X; by
this reason, their proofs use the Rost nilpotence theorem for quadrics, which is not used in
the present text at all. Here we simplify the formulation; we also give a different complete
self-contained proof and show that all these results are consequences of the restrictions
on Ch(X*) listed in Proposition 3.3. More precisely, we start with some general results

81t would be interesting to rewrite all restrictions of Proposition 3.3 in terms of the group Ch(X4).
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concerning an arbitrary anisotropic quadric X; the proofs of these results use neither the
restriction provided by the Steenrod operation, nor the “size of binary correspondences”
restriction; a summary of these results is given in Theorem 4.24. Proposition 4.28, ap-
pearing in the very end of the section, contains the result on the so called small quadrics
(Definition 4.27), needed in the proof of Conjecture 1.1; its proof uses the “size of binary
correspondences” restriction (the Steenrod operation does still not show up).

We start by the following easy observation:

Lemma 4.1. For an even D = dim(X), the basis element Iy x l; € Chp(X?) does not
appear in the decomposition of a rational cycle.

Proof. We assume the contrary. Let a be a cycle in Chp(X?) containing [ x l;. Then the
push-forward with respect to the projection onto the second factor pr: X? — X of the
cycle a - (h? x h?) is rational and equals l; or h? + Iy (because pr, (3 - (h* x h)) is I, for
B = (lgx1q), h for 8 = lgx h?, and 0 for every other basis cycle 8 € Chp(X?)). Therefore
the cycle [, is rational, showing that X is hyperbolic (Corollary 2.5), a contradiction. [

Lemma 4.2. Ifay,ay € C_hSD(XQ), then the cycle ay Nag is rational (where the notation
a1 N ay means the sum of the basis cycles contained simultaneously in oy and in as).

Proof. Clearly, we may assume that «; and as are homogeneous of the same dimension
D + 7 and do not contain any non-essential basis element. Then the intersection (modulo

the non-essential elements) is computed as oy Nay = a0 <a1 - (hY x h’)) (see Lemma
3.8). 0

Definition 4.3. We write Che(X*) for the subgroup of Ch(X*) generated by the essential
basis elements. We set Che(X*) = Che(X*) N Ch(X*) . Note that the group Che(X*)
is a subgroup of Ch(X*) isomorphic to the quotient of Ch(X*) by the subgroup of the
non-essential elements.

Definition 4.4. A non-zero cycle of C_hSD(X %) is called minimal, if it does not contain any
proper rational subcycle. Note that a minimal cycle does not contain non-essential basis
elements, i.e., lies in Che(X?). Also note that a minimal cycle is always homogeneous.

A very first structure result on C_hSD(X %) reads as follows:

Proposition 4.5. The minimal cycles form a basis of the group Che="(X?). Two differ-
ent minimal cycles do not intersect each other (here we speak about the notion of inter-
section of cycles introduced in Lemma 4.2). The sum of the minimal cycles of dimension
D is equal to the sum Z?:o h x l; +1; x h* of all D-dimensional essential basis elements
(excluding lq X 1y in the case of even D).

Proof. The first two statements of Proposition 4.5 follow from Lemma 4.2. The third
statement follows from previous ones together with the rationality of the diagonal cycle
(see Corollary 3.9). O

Definition 4.6. Let o be a homogeneous cycle in Ch=?(X?). For every i with 0 < i <
dim(a) — D, the products a - (h® x h?), a - (h! x h*™1), and so on up to a - (b x h%) will
be called the (i-th order) derivatives of oe. Note that all derivatives are still in Ch=P(X?)
and that all derivatives of a rational cycle are also rational.
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Lemma 4.7. (1) Each derivative of any essential basis element 3 € Che="(X?) is
an essential basis element.
(2) For anyr > 0 and any essential basis cycles 31, 32 € Chep,.(X?), two derivatives
By (hit x hY) and By - (R x h#?) of By and By coincide only if 1 = Ba, i1 = s,
and j1 = Ja.

Proof. (1) If B € Chep,,(X?) for some r > 0, then, up to transposition, 8 = h? X l;,,
with ¢ € [0, d —r]. An arbitrary derivative of 3 is equal to 8- (k7' x h/2) = R0 X 1;4 4,
with some ji, jo > 0 such that j; + jo < r. We have 0 < i + j; < d and therefore hi*7t is
a basis element. We also have d > i 4 r — j, > 0 and therefore [;,_j, is a basis element
too.

Statement (2) is trivial. O

Remark 4.8. For the sake of visualization, it is good to think of the basis cycles of
Ch=P(X?) (with lpy X Ip/y excluded by the reason of Lemma 4.1) as of points of the
“pyramid”

o O O O

Xk Kk Kk Kk O k Kk Kk kK k
(D = 8 on the picture; for an odd D the pyramid has no “step”, see, e.g., the picture of
Remark 4.12), where the o-s stay for the non-essential basis elements while the *-s stay
for the essential ones; the point on the top is h® x h?; for every i € {0,1,..., D}, the
i-th row of the pyramid represents the basis of Ch’(X?) (in the case of even D, the D-th
row is the basis without l; x ;) ordered by the codimension of the first factors (starting
with h®x?). For any o € Che="(X?), we can put a mark on the points representing basis
elements contained in the decomposition of «; the set of marked points is the diagram of
a. If a is homogeneous, the marked points lie in the same row. Now it is easy to interpret
the derivatives of a: the diagram of an i-th order derivative is a projection of the marked
points of the diagram of a to the i-th row bellow along some direction. The diagram of
every derivative of a has the same number of marked points as the diagram of o (Lemma
4.7). The diagrams of two different derivatives of the same order are shifts (to the right
or to the left) of each other.
Lemma 4.9. The following conditions on a homogeneous cycle o € (thD(XQ) are equiv-
alent:

(1) « is minimal;

(2) all derivatives of a are minimal;

(3) at least one derivative of v is minimal.

Proof. Derivatives of a proper subcycle of a are proper subcycles of the derivatives of «;
therefore, (3) = (1).

In order to show that (1) = (2), it suffices to show that two first order derivatives
a- (h® x k') and a - (h' x h%) of a minimal cycle o are minimal. In the contrary case,
replacing eventually « by its transposition, we come to the situation where the derivative
a- (h® x k') of a minimal « is not minimal. It follows that the cycle a - (b x h'), where
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i = dim(«) — D, is not minimal too; let o be its proper subcycle. Taking the composition
a o ¢ and removing the non-essential summands, we get a proper subcycle of a (see
Lemma 3.8). O

Corollary 4.10. The derivatives of a minimal cycle are disjoint.

Proof. The derivatives of a minimal cycle are minimal (Lemma 4.9) and pairwise dif-
ferent (Lemma 4.7). Two different minimal cycles are disjoint by Lemma 4.2 (see also
Proposition 4.5). O

Lemma 4.11. Let o be an element of Chpyr_1(X?) with some k > 1. For any q €
{1,...,b} and for any non-negative i with i, — k < i < i,, the cycle o contains neither
the product hia-17% x li,_1+ivk—1 nor the transposition of this product.

Proof. Let us assume the contrary: for some k£ > 1, some g € {1,...,h}, and some ¢ with
i, — k < i < i,, there exists a rational cycle a containing the product hla=1+ x by tith—1
or the transposition of this product. If o contains the transposition of the product, we
replace a by the transposition of . Passing to the (¢ — 1)-th field of the generic splitting
tower and using the projection of Corollary 2.4, we come to the situation where ¢ = 1 and
« contains the product h? x [;,4_; such that i, —k < i < i;. The projection Pro_iiy (Qr(x))
is a rational cycle on X; containing livk—1-i, (note that i + k —1—1i; > 0). We get a
contradiction with Corollary 2.2. U

Remark 4.12. In order to “see” the statement of Lemma 4.11, it is helpful to mark by
e the essential basis elements which are not “forbidden” by this lemma (we are speaking
about the pyramid of basis cycles drawn in Remark 4.8). We will get isosceles triangles
based on the lower row of the pyramid. For example, if X is a 29-dimensional quadric
with the higher Witt indices 4, 3,5,2 (such a quadric X does not exist in reality, but is
convenient for the illustration), then the picture looks as follows:

Definition 4.13. The triangles of Remark 4.12 will be called the shell triangles (their
bases are shells in the sense of A. Vishik). The shell triangles in the left half of the
pyramid are counted from the left starting by 1. The shells triangles in the right half
of the pyramid are counted from the right starting by 1 as well (so that the symmetric
triangles have the same number; for any ¢ € S, the bases of the ¢-th triangles have (each)
i, points). The rows of the shell triangles are counted from bellow starting by 0. The
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points of rows of the shell triangles (of the left ones as well as of the right one) are counted
from the left starting by 1.

Lemma 4.14. For every rational cycle o € (thD(X2), the number of the essential basis
cycles contained in o is even (that is, the number of the marked points in the diagram of

any a € Che=P(X?) is even).

Proof. We may assume that o is homogeneous, say, o € Chp,x(X?), k > 0. Let n be the
number of the essential basis cycles contained in a. The pull-back §*(«) of o with respect
to the diagonal 6: X — X? produces n - I, € Ch(X). By Corollary 2.2, it follows that n
is even. U

Lemma 4.15. Let oo € Ch(X?) be a cycle containing f = W' x I;,_y for some g € S =
{1,2,...,bh} (this B is the top of the q-th left shell triangle). Then « also contains the
transposition of [3.

Proof. Replacing F' by the field F,_; of the generic splitting tower of F', X by X,_;, and
o by pr(ag, ), we come to the situation where ¢ = 1.

Then we replace a by its homogeneous component containing 5 and apply to it Lemma
4.11 (with k =1i;). Let us assume that the transposition of 8 is not contained in a.

By Lemma 4.11 «a does not contain any of the essential basis cycles having h? with
0 < i < iy as a factor; therefore the number of the essential basis elements contained in «
and the number of the essential basis elements contained in pr?(apx)) € Ch(X?) differ
by 1. In particular, these two numbers have different parity. However, the number of the
essential basis elements contained in « is even by Lemma 4.14. By the same lemma, the
number of the essential basis elements contained in pr?(ap(x)) is even too. U
Definition 4.16. A minimal cycle a € GhSD(X2) is called primordial, if it is not a
positive order derivative of another rational cycle.

Lemma 4.17. Let o € Ch(X?) be a minimal cycle. Assume that for some q € S, the
cycle a contains hia—1 x li,~1. Then « is symmetric and primordial.

Proof. The cycle ao N t(a) (where t(«) is the transposition of «; intersection of cycles
is defined in Lemma 4.2) is symmetric, rational (Lemma 4.2), contained in «, and, by
Lemma 4.15, still contains k=t x [; _; (in particular, N ¢(er) # 0). It coincides with «
by the minimality of a.

It is easy to “see” that « is primordial looking at the picture of Remark 4.12 (because
a contains the top point of some shell triangle). Nevertheless, let us do the proof by
formulae. If there exists a rational cycle  # « such that « is a derivative of 3, then
there exists a rational cycle 8’ such that « is an order one derivative of ', that is,
a=p0-(h"xh')ora=p0-(ht xh°. In the first case 3’ should contain the basis
cycle hla=t x [; , while in the second case 3’ contains We—1~! x [; _;. However, these both
cases are not possible by Lemma 4.11 (take k = i, + 1 with ¢ = 0 for the first case and
i =i4_1 — 1 for the second case). O

It is easy to see that a cycle o with the property of Lemma 4.17 exists at least for ¢ = 1:

Lemma 4.18. There exists a cycle in Chpyi,_1(X?) containing h° x l;, ;.



HOLES IN I" 15

Proof. Take a preimage of l;, -1 € Ch(Xp(x)) under the surjection Ch(X?) —— Ch(Xr(x))
given by the pull-back with respect to the morphism Xp(x) — X? produced by the generic
point of the first factor of X?2. d

The following lemma is proved already in [11] (under the name of “Vishik’s principle”),
but only for odd-dimensional quadrics and by a different as here method.

Lemma 4.19. For any cycle p € Chp(X?), any ¢ € S, and any i € [1, i,], the element
Rla—1Fi=1 % li,_1+i—1 1s contained in p if and only if the element l;,_; X h;,_; is contained
in p.

Proof. Clearly, it is enough to prove Lemma 4.19 for ¢ = 1 only. Let p be a counter-
example to Lemma 4.19. Replacing p by its transposition, if necessary, we can come to
the situation where p 3 I;, ; x k""" and p Z h'~! x [;,_; for some i € [1, i].

Let a be the cycle of Lemma 4.18. The composition 3 = (¢(a) - (k™! x h°)) o p (where
t(a) is the transposition of ) is a rational homogeneous cycle containing l;, ; x h° and
not containing A"~ x Iy, _;. Therefore v = ¢(5- (k=" x h°)) is a rational cycle containing
h° x Iy and not containing l;, 1 x h'*~!. Tt follows that the composition oo is a rational

cycle containing kY x I, _; and not containing I, 1 x h°, a contradiction with Lemma
4.15. O

To announce the result which follow, we prefer to use the language of picture rather
then the language of formulae:

Corollary 4.20. The diagram of an arbitrary o € C_hSD(XQ) has the following property:
for any q € S and any integers i > 1 and k > 0, the i-th point of the k-th row of the q-th
left shell triangle is marked if and only if the i-th point of the k-th row of the g-th right
shell triangle is marked (see Definition 4.13 for the agreement on counting the rows and
the points of the shell triangles).

Proof. The case of k = 0 is treated in Lemma 4.19 (while Lemma 4.15 treats the case of
“maximal” k). The case of an arbitrary k is reduced to the case of k = 0 by taking a k-th
order derivative of a. O

Remark 4.21. By Corollary 4.20, it follows that the diagram of a cycle in ChSD(X 2) is
determined by, say, the left half of itself.

Example 4.22. As an application of the results on X? obtained by now (first of all, of
Corollary 4.20), we give a short (simpler as the original) proof of the main result of [11],
which can be stated as follows: if ¢ is an anisotropic quadratic form and 2" is the biggest
power of 2 dividing the difference dim(¢p) — i;(¢), then i;(¢) < 2". For the proof, assume
that i; = i;(¢) > 2" and consider the Steenrod operation S? () of a homogeneous cycle
a € (thD(X2) containing h® x [;, _; (for the existence of o see Lemma 4.18; note that
5% () is still inside of Ch™"(X?) just because of the inequality i; > 27). Since
dlm(fz 11) . (hO % li1_1_2r)

and the binomial coefficient is odd, we get that S? (o) 3 h° x li, _1_s-. On the other hand,
a F i, 1 x hifor any i € [1,i; —1] by Lemma 4.11; consequently, S?" (o) Z l;, _1_or4s X b

SZ(R° x I, _y) = h° x ¥ (Ii,_1) = <
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for these 7; in particular, this is so for ¢ = i; — 1. Now, applying Corollary 4.20, we get
that S? (o) Z h° x I, _1_or, a contradiction.

The following lemma generalizes Lemma 4.18:

Lemma 4.23. Let ¢ € S. Assume that the group Chp(X?) contains a cycle vy such that
(1) v does not contain any h' x l; with i < jg_1;
(2) v contains h* x l; for some integer i € [j,—1, i4) (note that the interval is semi-
open,).
Then the group C_hD+iq,1(X2) contains a cycle o such that o > Rt x li,-1 and a Z
h' X liyi,—1 for any i <jg1.

Proof. We use an induction on ¢g. In the case of ¢ = 1, the assumption of Lemma 4.23 is
always true (think of v = A); the cycle « is constructed in Lemma 4.18. In the remaining
part of the proof we assume that g > 1.

Let ¢ be the smallest integer such that v > hle-17% x li,_1+i- As a first step, we proof
that the group C_hSD(X2) contains a cycle & containing hls—*" x I; _; and none of h? x I,
with j <j,—1 + (if ¢ = 0 then we can take o = o/ and finish the proof).

Applying the induction hypothesis to the quadric X; with the cycle pr?(ypx)) €
Ch(X?) (and using the inclusion homomorphism of Corollary 2.4), we get a cycle in
(]_hD+iq_1(X?,( x)) containing W=t x [, _y . One of its derivatives is a homogeneous cycle
in (jh(Xf,( x)) containing A=t x [ _; . Therefore the group Ch(X?) contains a homo-
geneous cycle containing h® x b=t x [, _; . Considering it as a correspondence of the
middle factor of X? into the product of two outer factors, composing it with 7, and taking
the pull-back with respect to the first diagonal X? — X3, we get the required cycle o/.

The highest order derivative o’ - (h'a~!7* x h°) of o/ contains h'e~! x [; _; . By Lemma
4.19, it also contains [, _, x hl=' . Therefore its transposition contains hl—' x I _, .
Replacing v by the constructed rational cycle, we come to the situation with ¢ = 0 (see
the second paragraph of the proof), finishing the proof. O

We come to the main result of on the structure of C_hSD(X 2) for an arbitrary anisotropic
projective quadric X:

Theorem 4.24. The set of the primordial (see Definition 4.16) cycles TI € Che=P(X?)
has the following properties.

(1) All derivatives of all cycles of I1 are minimal and pairwise different; they form a
basis of Che=P(X?).
(2) Every cycle in 11 is symmetric.
(3) For every w € 11, there exists one and only one ¢ = f(n) € S ={1,2,...,h} such
that
(a) dim(m) =D +1i, — 1;
(b) m Fh' X ligi,—1 for any i <jg_1;
(C) ™2 hla—1 x qu—l-
(4) The map f: 11 — S thus obtained is injective, its image consists of ¢ € S such that
there exists a cycle a € ChSD(X2) satisfying a > h* x Iy for some i € [j,_1, jq)
and o F h' X Iy for any i € [0, j,_1) (in particular, f(II) 3 1).
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Proof. We construct a chain of subsets
@IHQCH1C"'CHh

of the set Il such that for every ¢ € S, all highest derivatives of all cycles of II, are minimal
and pairwise different, and their sum contains h* x [; for all ¢ < j,. The procedure looks
as follows. If for some ¢ € S the set II,_; is already constructed, we decide whether we
set I, = I1,_; U {7} with certain cycle m or we set II, = II,_;. To make this decision,
we consider the sum « of all highest derivatives of all cycles of II,_;. We know that «
contains h' x [; for all i € [0, j,—1). If @ also contains h’ x [; for all i € [j,_1, j,), then we
set II, = II,_; otherwise the cycle v = a + A satisfies the hypothesis of Lemma 4.23, and
we set 1T, = I,y U {7} with 7 being the minimal cycle containing hl=-' x I;, 1 (7 exists
and has Property (3b) by Lemma 4.23; 7 is primordial by Lemma 4.17).

The set IT thus constructed has all properties claimed for II in Theorem 4.24. Indeed
the elements of Il are symmetric by Lemma 4.17. The sum of all highest derivatives of
all elements of Iy contains h* x [; for all 4; therefore this sum also contains the remaining
basis elements I; x h for all i (see Lemma 4.19). It follows that every D-dimensional
minimal cycle is a derivative of an element of II;. Consequently, every minimal cycle in

(thD(X %) is a derivative of of a cycle of IIy. It follows that IT, = II. All minimal cycles
form a basis according to Proposition 4.5. Il

As easy as important information on relations between the primordial cycles on X? and
on X2 is as follows:

Proposition 4.25. Let I be the set of all primordial cycles for X; let 11; be the set of
all primordial cycles for Xy. As usual we set i; =1i;(X). One has:

(1) #II -1 < #ILy;
(2) ’I,fH % ho x l11,1 + lilfl X ho, then #H < #Hl

Proof. Let us extend the function f: IT — S on the set of all non-zero cycles in Che=?(X?),
defining f(a) as the minimal ¢ € S such that o 3 h' x [, for some i € [j,_1, j,) and
a F h' x Iy for any i € [0, j,_1). By Item 4 of Theorem 4.24 (which is a consequence of
Lemma 4.23), the image of the extended f coincides with f(IT). Let f,: Che="(X?) — S
be the same map for the quadric X;. We denote as II' the set Il without the primordial
cycle containing hY x [;, _; (this is the primordial cycle whose image under f is 1). For
any 7 € I’ the cycle pr?(m) € Che(X?) is non-zero and f;(pr?(m)) = f(7) — 1. It follows
that #11; = #f1(I1;) = #Im(f1) > #f(II') = #II' = #I1 — 1, and the first statement of
Proposition 4.25 is proved.

If now I # h° x i, _1 +1;,—1 X h°, then pr?(mp(x)) is non-zero for every w € II. Note that
for the cycle m € II containing h°® x [;,_y, one has fi(pr?(n)) € fi(pr*(Il')) (because 7 is
disjoint with all derivatives of the cycles of II' and, consequently, pr?(r) is disjoint with
all derivatives of the cycles of pr?(Il')). Therefore #I1 < #II;, and the second statement
of Proposition 4.25 is proved as well. U

We need some more notation.

Definition 4.26. For any r > 1, the symmetric group S, acts on the group Ch(XT) by
permutations of factors of X”. If « € Ch(X"), we write Sym(«) for the “symmetrization”
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of «, that is,
Sym(a) = > s(a) .
SESy
Definition 4.27. A non-zero anisotropic quadratic form ¢ over F is said to be small if for
some positive integer n (which is uniquely determined by dim(¢) by the Arason-Pfister
theorem) one has ¢ € I"™ while dim ¢ < 2""!. A projective quadric is small if so is the
corresponding quadratic form.

The following result is an extended version of [22, thm. 4.1].

Proposition 4.28. Let X be a small 2d-dimensional quadric of the first Witt index
a=11(X). Then
(1) the integer a divides all the higher Witt indices i1, ...,1y of X; in particular, it
divides d +1 =1 4 - - - +1ip;
(2) the cycle

(d+1)/a B
7=Sym|[| > RO—Dae s | e Chagra_1(X?)

=1

18 rational; B
(3) moreover, for every k > 0 the Chow group Chag,y(X?) is generated by the non-
essential basis elements and the cycles

T (WP x hRY i =12, a—k
(in particular, for k > a, this Chow group consists of the non-essential elements
only).
Proof. Let II be the set of primordial cycles. It suffices to show that #I1 = 1 (then the
unique element 7 € IT automatically has the form and the property required). We prove
it using an induction on h = h(X). If h = 1, then #II = 1, since generally 1 < #I1 < b.
Now we assume that h > 2. Let us consider the quadric X; (over the field F(X))
and let II; be the set of primordial cycles for X;. Then #II; = 1 by the induction
hypothesis, and we get what we need by Item 2 of Proposition 4.25, if we check that

the cycle Sym(h° x I,_1) is not rational. By Item 8 of Proposition 3.3, this cycle can be
rational only if the integer 2d — (a — 1) + 1 = 2d — a + 2 is a power of 2. Since however

2" < dim(¢y) =2d +2—2a < 2d —a+2 < 2d + 2 = dim(¢) < 2",
the integer 2d — a + 2 is not a power of 2. 0
Remark 4.29. Proposition 4.28 holds also for anisotropic ¢ with [¢] € I" and dim(¢) =
2"+ (the same proof is valid for such ¢ as well).
5. CYCLES ON X3

Let ¢ be a small quadratic form and let n be the positive integer such that [¢p] € I™
while dim(¢) < 2", We recall that X stays for the projective quadric given by ¢. Let
us write down the dimension of ¢ as a sum of powers of 2:

dim(g) =2"+2" +--- 42" n>ng > >n, > 1.



HOLES IN I" 19

In this section we assume that m > 2, that the height of ¢ is at least 3, and that the
first two higher Witt indices of ¢ are as follows: i;(¢) = 2"~ and iy(¢) = 2171, To
simplify the formulae which follow, we introduce the notation

a=1i1(¢9); b=1ix(9); c=1i3(¢)
and
d=dim(X)/2=2"""42m 4. gl 1,
Here is our main construction:

Proposition 5.1 (cf. [12, prop. 2.7]). The group Ch(X?) contains a homogeneous cycle
(d—a+1)/b '
n= Sym Z ho X h(z_l)b—Hl X lib-l—a—l + ,u, )
i=1

where 1/ is a sum of only those essential basis elements which contain neither h° nor h'
with a [ i.

Proof. Let X7 be the projective quadric (over the field F(X)) given by the anisotropic
part of the form ¢p(x). Applying Item 2 of Proposition 4.28 to the quadric X; (taking
in account that i;(X;) = i2(X) = b and dim(X;) = 2(d — a)), we , in particular, get that
the group Ch(X?) contains the cycle

(d—a+1)/b "
6/ = Sym Z h(zi ) X lib—l .
=1

Therefore (see Corollary 2.4), the group C_h(X%( x)) contains the cycle

(d—a+1)/b

B = in*(3') = Sym ( > pli—Dbta o lib+a_1> )

i=1
The pull-back homomorphism g; : Ch(X?) — C_h(Xf,( x)) With respect to the morphism

g1 : X?v(x) — X3, given by the generic point of the first factor of X3, is surjective.

Therefore, there exists a homogeneous cycle u € Ch(X?) such that ¢gi(u) = 3. Note that
gt sends every basis cycle of the type h® x ¢ x £ to ¢ x £ while killing the other basis
elements. Consequently we have

(@-atl)fp
= h"x Sym > ROEDbFa s o1 | +e,

=1

where ¢ is a sum of some basis cycles which do not have h° on the first factor place.
We now proceed by transforming the cycle p in such a way that p does not leave the
group Ch(X?) and g¢}(u) remains the same.
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By Proposition 4.28 (now applied to X itself), the cycle

=1

(d+1)/a
Y = Sym Z h(z_l)a X lm_l . (ho X ha_l) =

(d+1)/a A
Z (h(z—l)a X l(ifl)a + lia—l % hza—l)
i=1
is in Ch(X?). Considering it as a correspondence, we replace p by the composition p o7,
where 1 € Ch(X; x X, x X3) is considered as a correspondence from X; to X, x X3 (all
X; are copies of X). Now a basis element h'x?x? occurs in the decomposition of y only
if 7 is divisible by a (see Lemma 3.8).

Considering p as a correspondence from X, to X; x X3 and replacing it by the com-
position z o 7, ¥ we come to the situation where a basis element ? x héx? occurs in the
decomposition of p only if ¢ is divisible by a (while all previously established properties
of p still hold).

Finally, considering i as a correspondence from X3 to X; X X5 and replacing it by
the composition p oy, we come to the situation where a basis element ?x? x h® occurs
in the decomposition of p only if 7 is divisible by a (while all the previously established
properties of p still hold).

The last change we apply to u is as follows: we remove all non-essential basis cycles in
the decomposition of p. We claim that now our cycle p has the required shape.

Let us write pg for the sum of those summands in the decomposition of p which have
h® as at least one factor. To finish the proof of the proposition, it suffices to check that

(d—a+1)/b '
po=Sym | S ROx a1

=1

First of all let us check that none of the 3 basis cycles obtained from h® x h® x [,_;
by a permutation of factors appears in the decomposition of py. We assume that the
cycle h? x hY x I,_; does appear and we pull-back p with respect to the morphism g5 :
Xpxxx) = X 3 given by the generic point of the product of the first two factors of X3.
We get
Ch(Xp(xxx)) 2 gia(tt) = gia(h® X B° X 1) = I

showing that the Witt index of the quadric Xp(x.x) is at least b (see Corollary 2.5).
However this Witt index coincides with i;(X) = a and a is smaller than b (actually
a < b/2). The contradiction obtained shows that the cycle h® x h° x [,_; does not appear
in the decomposition of 5. For every permutation of h x h® x [,_; we get the same result
simply by changing in the appropriate way the numeration of the factors.

It follows that pg = g1+ o + p3, where p; is the sum of summands in the decomposition
of ;1 such that A is their i-th factor. By the construction of ;1 we known that

(d—at1)/b
pli=bbta 5 lib-l—a—l) :

m:hOXSym<

=1

9Strictly speaking, this is t12 (tu(u) o 'y), where ¢, is the automorphism of Ch(X?) induced by the
transposition of the first two factors of X3.
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and it suffices to check that pus = t19(p1) and ps = ty3(pq) with ¢y; staying for the
automorphism of the Chow group Ch(X?) given by the transposition of the first and i-th
factor of X?3.
In order to see that us = t12(p1), we pull-back the cycle u to X2 with respect to the
morphism
(512X2—>X3, L1 X Togr— 1 XT1 X To

given by the diagonal map of the first factor of X? into the product of the first two
factors of X®. The decomposition of the homogeneous cycle 6} (1) € Chagyp_1(X?) does
not contain any non-essential cycle. Therefore, since b > a, 0;(u) = 0 by Proposition
4.28. On the other hand, 07 (u1) contains h* X Iy, 1 while neither 87 (ug) nor 05 (pu — po)
do. It follows that d7(u2) contains h® X l,,_1 as well and consequently ps contains the
basis cycle h® x h® x [, 4_1. Now we use the pull-back with respect to the morphism
ga: XI%( x — X 3 given by the generic point of the second factor of X3. The homogeneous
cycle g5(1) = g5(p2) lies in (jh(X%(X))7 contains the basis cycle h* X ly,,_1, and does not
contain any non-essential basis element. Passing to the anisotropic part X; of Xp(x) and
using Corollary 2.4, we get a homogeneous cycle  in Ch(X?2), namely n = pr?(g;(u)),
which contains h° x [,_; and does not contain any non-essential cycle. Note that g3 (u2)
is in the image of in?: Ch(X?) — Ch()_(%(X)), so that uy can be reconstructed from 7.
By Proposition 4.28 it follows that

(d—a+1)/b
n= Sym Z h(l_l)b X lib—l .

i=1
Consequently

, @-atnfp
G(ne) = () =Sym | 3 ATl
i=1
and fip = t1o(p1).
The equality p3 = t13(u1) is checked similarly. O

We remark that the “defect part” u’ of the cycle u does not appear in [12, prop. 2.7]
when working with a small quadric of height 2. In our case here, the height of X is at
least 3, 1/ does really exist and represents an additional difficulty. The main observation
which is crucial to overcome this difficulty is as follows:

Lemma 5.2. Let i/ be as in Proposition 5.1. In the decomposition of ;i we consider the
basis elements with h* on the i-th factor place and write p; for their sum. Then each of
the cycles 1}, t1a(1h), and t13(wsy) is the sum of some of the following (¢ — b)/a elements

(d=b—a+1)/c ) )

Xj = he x Sym Z h(z—l)c+b+a % lic+b+a—1 . (h(]—l)a % hc—b—]a)
i=1

where j € {1,2,...,(c—10b)/a}.

Proof. Clearly, it suffices to prove the statement on ) (the statements on uf and p} are
proved in the same way interchanging the roles of the three factors of X?3).
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Let us go over the function field F(X). We still have u € Ch(X ?,( xy)- Therefore
pry(u) € Ch(X3}), where X; is the anisotropic part of Xp(x) and pr¥ : Ch()_(g(x)) —
Ch(X?}) is the projection of Corollary 2.4. We note that pr3 (1) = pr (¢'). Moreover,
/ is in the image of the inclusion in3 : Ch(X3) — Ch(X ii( x)) because every h* which is
a factor of a basis element in the decomposition of i/ has i > a and every [; which is a
factor of a basis element in the decomposition of y' has i > a as well (just look at the
dimension of y'). Therefore i/ can be reconstructed from its image under pri, namely,
W= inX (pric (1)) ) i

Now we move from Ch(X?}) to Ch ((X1)}xyx,)) using gi (the pull-back with re-
spect to the morphism given by the generic point of the first factor of X?). Note that
gi(pr () = gi(pr(p})) and the cycle pri (1)) can be reconstructed from its image
under gj. Moreover the cycle gi(pr¥ (1)) is in the image of the inclusion in%, : Ch(X3) —
Ch ((X'l)%(xl)), where X, is the anisotropic part of (X1)p(x)(x,).- In order to see it, we
note that every basis cycle in the decomposition of g*(pr3 (1)) is equal to APD% x Iy 501
for some ¢ > 1. Clearly, such a basis cycle is in the image of mgﬁ if and only if (—1)a > b.
So, if the cycle gi(pr (u})) is not in the image of in%,, then its decomposition contains
the basis element h"~Y% x [, ;,_1 with some i such that (i — 1)a < b. It follows that the
decomposition of the rational cycle

PTad—20—(i-1)aa(91 (pr (1)) € Ch(Xy)

contains l;,_1. This is a contradiction because X, is anisotropic and therefore the group
Ch(X5) does not contains essential elements (Corollary 2.2).

So, one can reconstruct the cycle gi(pr(i})) from its image under the projection
prk,: Ch ((Xl)%( X)( Xl)) — Ch(X2) and for our purposes it is sufficient to determine this
image. To do so, we apply Proposition 4.28 to the quadric X, getting that the cycle

(pr, og; © pr)(1y) € Chag_p—q-1(X3)

is the sum of some essential generators of the group Chag 4 o 1(X2) indicated in Item
3 of Proposition 4.28 (we note that dim(Xy) = 2(d —b —a) so that 2d —b—a — 1 =
dim(X5) + b+ a — 1 < dim(X,) + ¢ — 1). Finally, taking in account that i’ for a given i
can be a factor of a basis element appearing in the decomposition of (pr%, og; o pr ) (1)
only if 7 is divisible by a, we get the desired description of the cycle y]. 0

6. PROOF OF CONJECTURE 1.1

In this § we prove Conjecture 1.1. Suppose that this conjecture is not true, that is,
over some field F' and for some positive integer n, there exists a quadratic form ¢ over F
with [¢] € I"™ and with dim(¢) prohibited by Conjecture 1.1. Note that n is at least 4 (see
§1). In the splitting pattern of the form ¢, let us choose the smallest number dim(¢g)o
prohibited by Conjecture 1.1. Let us replace the form ¢ by this (¢g)o (and F by E) and
write X for the projective quadric given by the new ¢. Note that dim(¢) > 27 + 271
([23] (the original proof), or [14, thm. 4.4], or [12]). Moreover,

dlm(¢F(X))0 =2" + 2”71 ) A~ 2n+1 _9gm
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for some m with 3 < m <n —1 and dim(¢) = 2" + 2" 4 ... + 2™ 4 2i; where i; = i;(¢)
is the first Witt index of ¢. Note that i; < 2™~! simply because dim(¢) < 2""!. Now it
follows by [11, conject. 0.1] or by Item 1 of Proposition 4.28 (take in account that the
highest Witt index of ¢ is 2"~1) that i, = 2P~ for some integer p satisfying 1 < p < m—1,
and dim(¢) = 2" + 2" 1 + ... 4 2™ 4 2P, Since ¢ is a counter-example, p is not m — 1, so
that 1 < p <m — 2 in fact.

Finally, [11, conject. 0.1] (or Item 1 of Proposition 4.28) and the fact that all dimensions
dim(¢g)o < dim(¢) are allowed by Conjecture 1.1, allows one to determine all further
higher Witt indices of ¢ (compare with the proof of Corollary 6.2). They are as follows
(starting from iy): 2m~1 2m=2 . 2"~1 meaning that the splitting pattern of ¢ consists
of the partial sums of the sum 2" + 277! 4 ... 4 2™ 4 27 Therefore the hypothesis of
the preceding § (and, in particular, the hypothesis of Proposition 5.1 and Lemma 5.2) are
satisfied.

To simplify the formulae which follow, like we did in the previous §, we introduce the
notation

a=1i(p) = 2771 b= ia(¢) = 2ml o= iz(p) =2™
and
d= d1m(X)/2 = 2n—1 +2n—2 + .. _|_2m—1 +2P—1 —1.

Let us consider the cycle u € Ch(X?) of Proposition 5.1 as a correspondence from X
to X?; let us consider the cycle S2¢(yu) - (h® x h® x h*~1) € Ch(X?) as a correspondence
from X2 to X (where S’ stays for the degree i component of the total Steenrod operation
S). Then we may take the composition of correspondences

o (S*(p) - (B° x B® x h*~1)) € Ch(X") .
Let us additionally consider the morphism
52X22X1XX2—>X1><X2><X3XX4:X4, T1 X Tt T1 X Tg XT1 X T

(all X; are copies of X) given by the product of the diagonals X; — X; x X3 and
Xy — Xy x X, (that is, § is the diagonal morphism of X?).

The following proposition contradicts to Proposition 4.28 (note that dim(¢) = 2d + b —
2a — 1 > 2d + a) and proves therefore Conjecture 1.1.

Proposition 6.1. Let i € Ch(X?) be the cycle of Proposition 5.1. Then the decomposi-
tion of the cycle

£=6" (u o (S () - (h° x h° x hb—l))) € Chagyp2a_1(X?)
contains the basis cycle h® X lp_,_1.

Proof. 1t is easy to see that each power of h which is a factor of a basis element involved in
the decomposition of the cycle po (S2¢(u) - (h° x h® x h*~1)) is a multiple of a. Therefore
the same is true for the cycle &.
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As before, we set g = u — p’. We have:
€ = 0" (1o 0 (5™ (u0) - (A" x A x H"™1)) )+
5 (,/ o (S2(u') - (h® x hO x hb—l)))+
5" (1 0 (8 (po) - (h® x ® x B1)) )+
6" (1o 0 (S2(1) - (A x B x B"1)) ),
and we consider each of these four summands separately, one by one.
First summand. First of all we compute S%*(p). For every summand h° x hU—D0+e x
lipra—1 in the decomposition of pg, and for any r # a with 1 < r < 2a, we have:

Sr(R=Db+a)y — (1., 1) = 0 (for r = 2a the relation 4alb, that is, b # 2a, is used)
while S?(h0—Db+a) = p=Db+20 and S%(1;, 4 1) = lp_1. Therefore

S2a(h0 % h(i—l)b—i—a % lib—l—a—l) _ hO % h(z‘—l)b+2a % lib—l

and
(d—a+1)/b

SQa(uO) _ Sym ( Z 1O % h(i—l)b+2a « lib—l) )
i=1
Now we can calculate the composition

Lo © (SQG(MO) - (R® x A x hb_l))

(see Lemma 3.8). The basis cycles which appear in the decomposition of 5%*(y) - (h° x
h® x h®~1) have on the third factor place the following elements:

(*) hb*l’ hib+2afl7 l(i—l)b-

On the other hand, the basis elements which appear in the decomposition of p itself have
on the first factor place the following:

(s5) RO, pU=bbta

It is straight-forward to see that the only pair of elements, one from (x), one from (xx),
with the product Iy is (lp, h°) (look at the indices modulo 2a). Therefore

po © (S*(po) - (K° x h” x h'71)) =

(d—a+1)/b
ROx Sym [ 3 ROUMO sl g ] ] o (Sym(R® x A*) x Iy) =

=1

(d—a+1)/b
Sym(ho X h2a) X Sym Z h(271)b+a X libJra,l .

i=1

Applying 6* to the cycle obtained, we get

(d=at1)/b ‘
Sym | S AU ROV e ] = AT X Byt A+ .

=1



HOLES IN I" 25

It remains to show that the “remaining part” of £ does not contain the basis cycle h* x
lbfafl-

Second summand. A basis cycle of the shape h*x? x hYx? can be involved in the
decomposition of

M/ o (S2a(,u/) . (hO % hO % hbfl))
only if z,y > a. In this case §*(h*x? X h¥x?) = h*T¥x? with x 4+ y > a, therefore the
cycle

5 (;/ o (S2(s') - (h% x h? x hb—l)))

does not contain the basis element h® X l[,_,_1.

Third summand. In order to check that the cycle
5 (MI o (52 (o) - (h° x h° x hbfl)))

does not contain the basis element hA* X [,_,_1, it suffices to check that the number of
basis elements in the decomposition of the composition

o (5% () - (00 x WO x W)
is even (note that we replaced u' by pb, the notation being introduced in Lemma 5.2, and
we replaced po by g1, the notation p; being introduced in the proof of Proposition 5.1 for
the sum of the basis elements contained in the decomposition of y having h° on the first

factor place). For this, due to Lemma 5.2, it suffices to check that every of the (¢ —b)/a
compositions

tia(xg) 0 (5% () - (" x B® x B*71)) | j € (1, (¢ —b)/a]

contains an even number of basis elements. We show this by a straight-forward computa-
tion. The point is that the number of summands in the decomposition of every ; is even
and either each or none of the summands “produces” a basis element in the composition
(moreover, in the first case, precisely one basis element is produced by each summand of
the cycle x;).

Let us do the computation. The cycles S2*(ju;) - (h° x k% x h*~1) and x; (for a fixed j)
are equal respectively to h® x o and to h® x (3, where

(d—at1)/b ‘
o = h(zfl)b+2a % l(i—l)b + libfl % hzb+2a71 :
=1
while
(@boarfe .
B= 3 Al e 41)amt + lietb—(j-2)ja—1 X BTUTHE

i=1
and we just need to check that the composition 5o« is a sum of an even number of basis
cycles. There are two different cases depending on the value of j. If the product ja is not
0 modulo b, then every product of every second factor of the basis cycles appearing in the
decomposition of o (namely, I;_1y, and hit+2a=1) by every first factor of the basis cycles
appearing in the decomposition of 8 (namely, A=V and ;.1 (;_9),-1) is different
from Iy (to see this, look at the indices modulo b). Therefore, the composition of every
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basis cycle appearing in the decomposition of a with every basis cycles appearing in the
decomposition of 3 is 0, and so, o« = 0 in this case.

In the contrary case — the case with ja =0 (mod b) — for every basis cycle y in the
decomposition of [ there is precisely one basis cycle x in the decomposition of a such
that y oz # 0 (note that y o x is a basis cycle in this case). Since the number of basis
cycles in the decomposition of [ is even (equal to the integer (d — b — a + 1)/c doubled),
the composition 3 o « is the sum of an even number of basis cycles.

Fourth summand. We finish the proof of Proposition 6.1 considering the cycle
5 (MO o (S2(y') - (h° x h? x hb-l))) .

We replace p/ by py and, furthermore, pj by x; with some j € [1, (¢ —b)/a]. Also, we
replace o by pe. We are going to show that the number of the basis elements of the
shape h®x? x h?x? appearing in the decomposition of the composition

pa 0 (S(x;) - (h° x h® x ")
is even (this will finish the proof of Proposition 6.1). We have x; = h® x § and py =
tlg(ho X Oé) with

(d—a+1)/b '
a= > RUDFa s oo 1+ Lipyay x WOTDPFO
i=1
@=boatife e
B= > AUl e anyant F lictb—(j—2)a—1 X BTEITDE

i=1
Therefore the number we are looking for is the number of summands in the decomposition
of ao (S*(B) - (R® x h*71)).

We can compute the Steenrod operation S?* on the summands of the decomposition of
3. The formula depends on the value of 7 modulo 4 because of the rules (here S<% stays

for Znga Sk):

hi ifi=0 (mod 4);
§<2a(piay = hz:a + pli e | ifi=1 (mod 4);
h' + RG+2e if § =2  (mod 4);
R 4 pltDe L pli+2)eif j =3 (mod 4),

while (here recall that S(I;) = 1; - (1 4+ h)**~! d+1=a (mod b), and 4a divides b):

lm_l + l(i—?)a—l ifi=0 (mod 4),
S§2a(lm_1> _ liafl + l(z‘—l)a—l lfl =1 (mod 4)7
lia—1 ifi=2 (mod 4);

lia—l + l(i—l)a—l + l(i—2)a—1 ifi=3 (HlOd 4)

Assume that j =0 (mod 4) or j =1 (mod 4). Then, applying the above formulae, we
get that S?*(3) = 0, and there is nothing more to prove in this case.
Now we assume that j =2 (mod 4) or j =3 (mod 4). Then

S*(B) - (h® x h*™") =B+ Bs
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where
ﬁl — ﬂ . <h2a % hb_l) —
(d=b—a+1)/c bt et (i
2 pU=Detbt(+2)a Limt)etbi(41)a + licb—ja—1 X BT ~G=Da-1
while

52 — ﬁ . (h() % hb+2a—1) _

(d—b—a+1)/c
> pli=Detbtia o li—1)etbr(G—1)a + lictb—(j—2)a—1 X pictb=(i=3a=1
i=1
If j = 3 (mod 4), then the compositions « o ; and « o ; are 0 because so are the
compositions of any basis cycles included in « with any basis cycle included in (; or [,
(look at the indices modulo 2a). If j =2 (mod 4), then « o ; = 0 too and by the same
reason (look at the indices modulo 4a). Finally, assume that j = 2 (mod 4) and consider
the composition o 3y. For every basis cycle y in the decomposition of (3, there is precisely
one basis cycle x in the decomposition of « such that z oy # 0 (note that z oy is a basis
cycle in this case). Since the number of basis cycles in the decomposition of (35 is even
(equal to the integer (d — b — a + 1)/c doubled), the composition « o 3y is the sum of an
even number of basis cycles. U

Conjecture 1.1 is proved. The following supplement is now easy to get:

Corollary 6.2. Let ¢ be a small quadratic form with dim(¢) = 2"t —2™ m € [1, n+1].
Then the splitting pattern {dim(¢g)o| E/F is a field extension} of the form ¢ coincides
with the set {27+t — 20421 (in particular, the height of ¢ is equal to n+1 —m).

Proof. By Conjecture 1.1 proved above, dim(¢p(x))o = 2"t —2" for some r € [m+1, n+1].
But by [11, conject. 0.1] (or by Item 1 of Proposition 4.28 taking in account that the
highest Witt index of ¢ is 2*71), it follows that only the value r = m + 1 is possible.
Proceeding this way (with the form (¢r(x))o and so on), we get the result. O

7. POSSIBLE DIMENSIONS

Let us recall some standard notation concerning quadratic forms: one writes (ay, ..., a,),
where ay,...,a, € F, for the quadratic form
2 2
F'"—=F | (z1,...,2,) — a1y + - - + a2}, ;

(a1, ..., an,) for the n-fold Pfister form
<1, —CL1> R R <1, —an> s
and ((ai,...,a,)’ for the pure subform of the above Pfister form (see [20, def. 1.1 of ch.

4]).
The following result provides, in particular, examples for all dimensions which are not
prohibited by Conjecture 1.1.
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Theorem 7.1 (A. Vishik). Take any integers n > 1 and m > 2. Let k be a field (of
char(k) #2), t;, ti;; (i=1,...,m, j=1,...,n) variables, and

F=k(ti, tij)1<i<m, 1<j<n

the field of rational functions in all these variables.
The splitting pattern of the quadratic form

=t (trs et Lo Lt (s e s tn)

over F' is
{2 =2 i=n+1n,..., 1} U (2ZN[2", m-2"]) .

Proof. First of all, it is easy to see that all the integers 27! —2¢ are in the splitting pattern
of ¢. Indeed, the anisotropic part of ¢ over the field E obtained from F' by adjoining the
square roots of t31,t41 ..., tm1, of t1 and of —ty, is isomorphic to the (generalized Albert)
form

{tir, . ti) L — ({tar, ..., ton )

(the primes ’ mean the pure subforms of the Pfister forms) of dimension 2"™! — 2: the
splitting pattern of this form is {2"*1 — 27} because this set is the splitting pattern of any
anisotropic (27! — 2)-dimensional quadratic form whose class lies in I™ (Corollary 6.2).

Now let us assume that some (at least one) even integers of the interval 2", m - 27
are not in the splitting pattern of ¢. Among all such integers we take the smallest one
and call it a; let b be the biggest integer smaller that a and lying in the splitting pattern;
let ¢ be the smallest integer greater that a and lying in the splitting pattern. Let E be
the field of the generic splitting tower of ¢ such that dim(y)) = ¢ for ¢» = (¢g)o. Let Y be
the projective quadric given by the quadratic form 1. Let 7 € Ch(Y?) be the cycle of the
set IT of Theorem 4.24 with f(7) = 1. We claim that 7 = Sym(h° x I;, ;) for i; = i;(Y).
Indeed, since iy = (¢ —b)/2 > 1 and iy(Y) = 1forall ¢ € S = SY) = {1,2,....,h}
(h is the height of ¢) such that dim(¢,) € [2"T' — 2, b], the cycle 7 does not contain
Rttt 5y -1 for such ¢ (Lemma 4.11), and also @ Z h* X l;4i,—1 for any
i e {1,2,...,i — 1} (Lemma 4.11 as well). Finally, for the integer ¢ € S such that
dim(tp,) = 2" — 2, the cycle pr’(rg,) € Ch(Y}?) (the homomorphism pr?: Ch(Y3 ) —
Ch(Y?) is defined in Corollary 2.4) has the dimension

dim(Yy) +i; — 1 > dim(Y,) + 1 = dim(Y;) + 11 (Yy)

and therefore is 0 by Item 3 of Proposition 4.28.
We have shown that 7 = Sym(h° x [;, ;). By Item 8 of Proposition 3.3, it follows that
the integer dim(Y') —i; + 1 is a power of 2, say 2P. Since

dm(Y)—i1+1=(c—2)—(c—b)/24+1=(b+c)/2—-1,

the integer 27 sits inside of the open interval (b, c); therefore, satisfying 2" < 2P < m-2",
the integer 2P is not in the splitting pattern of the quadratic form ¢. But all the integers
< m - 2" divisible by 2" are evidently in the splitting pattern of ¢. The contradiction
obtained proves Theorem 7.1. U
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Remark 7.2. Of course, the dimensions 2! — 2¢ can be realized more directly by the
tensor products of Pfister forms and generalized Albert forms (u v, w. are variables):

[1

[2

3]
[4]

(u1,. .. ui—1) ® ( {(v1, ... S ngr-a) L = (wy, ... awn+1—i>>/) :
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