Witt kernels of quadratic forms for purely inseparable
multiquadratic extensions in characteristic 2

Ahmed Laghribi

ABSTRACT. The aim of this note is to give a complete answer to the hyper-
bolicity of nonsingular quadratic forms over purely inseparable multiquadratic
extensions in characteristic 2. This completes partial computations in [MM].

1. Introduction

Let F denote a field of characteristic 2, and let W,(F) denote the Witt group
of nonsingular quadratic forms over F' [B2]. For a field extension K/F, there exists
a group homomorphism W, (F') — W, (K) induced by the inclusion F C K. An
important problem in the algebraic theory of quadratic forms is to compute the
kernel W, (K /F) of this homomorphism.

Let us recall some examples of field extensions K/F where W, (K/F) was com-
puted. It is well-known that W,(K/F') is trivial for K purely transcendental over
F'. Recently in [L2] some general results have been proved on W, (K/F) when K
is given by the function field of a quadratic form. Moreover, very few results are
known for K/F algebraic of finite degree, and the case of multiquadratic exten-
sions aroused a lot of interest. In characteristic 2, it is well-known that a quadratic
extension K/F is either separable and thus it is given by K = F(p~!(«)) where
o : K — K is the homomorphism defined by p(z) = 2% + x, or inseparable and
thus it is given by K = F'(y/«) for some « € F.

For ay,ay € F, we know the kernels for bi-quadratic extensions:

(1) Wo (F(p™ (1), 07 (a2))/F) = W(F) ® [1,en] + W(F) @ [1, a2

(2) Wq (F(o™ (on),v/02)/F) = W(F) ® [1, 01] + (1, az) @ Wo(F)
(3) Wy (F(Var, ag)[F) = (1, a1) @ Wo(F) + (1, az) @ W(F)
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where [, 3] denotes the quadratic form ax? + xy + By?; W(F) is the Witt ring of
regular symmetric bilinear forms over F'; ® is the action of W (F) on W, (F') [B2];
and (a1, -, ay) is the bilinear form Y"1, ayx;y; for ay, -+, ay, € F*.

The kernel (1) is due to Baeza [B2, Cor. 4.16, Page 128]. The “mixed” kernel
(2) is due to Ahmad [A]. The kernel (3) is also due to Baeza in the case of
quadratic extensions [B2, Lem. 4.3, Page 182], and due to Mammone and Moresi
in the case of bi-quadratic extensions [MM, Th. 2(i)]. Moreover, Mammone and
Moresi proved that, in general, the kernel (1) does not generalize to separable
tri-quadratic extensions [MM, Proposition 1], and the kernel (3) generalizes to
inseparable multiquadratic extensions provided that the W (F)-submodule I3W, (F)
of Wy(F') is trivial [MM, Th. 2(ii)] (see below for the definition of this submodule).

Our aim in this note is to prove that the kernel (3) generalizes to inseparable
multiquadratic extensions without additional hypothesis on the ground field F.
More precisely, we will prove the following theorem:

THEOREM 1. Let F be a field of characteristic 2. Then for any scalars
a1, ,an, € F (n>1), we have:

Wo (F(Var, - yon) [ F) = (1, a1) @ Wo(F) + - + (1, an) @ Wy (F).

Let us make a comment on the situation when the characteristic is different
from 2. Obviously, in this case a quadratic extension is of the form F(y/«) for some
« € F*. An analogue result of the kernel (1) has been proved by Elman, Lam and
Wadsworth [ELW, Th. 2.10, page 137]. Still in this case, Elman, Lam, Tignol
and Wadsworth constructed an example of a field for which the kernel (1) does not
generalize to the case of tri-quadratic extensions [ELTW, § 5, Page 1142].

For the proof of Theorem 1, we will begin by a generalization to the case of
purely inseparable multiquadratic extensions of a recent result by Aravire and Baeza
[AB] concerning the behaviour of differential forms under inseparable quadratic
extensions (Proposition 1). We also use a result by Kato [K] which establishes the
connection between nonsingular quadratic forms and differential forms of F' over
F2. We first reduce the proof of Theorem 1 to the case of a field which admits a
finite 2-basis, and then give a proof in this case.

We suppose that the reader is familiar with the algebraic theory of quadratic
forms in characteristic 2. For any unexplained notation and terminology we refer to
[B2] or [HL]. However, some definitions used here are taken from [HL], and some
of them differ from those introduced in [B2]. For this reason, we fix again some
rappels: A nonsingular quadratic form over F' is just an orthogonal sum of binary
quadratic forms of type [a, b] with a,b € F. The hyperbolic plane, denoted by H, is
the quadratic form [0, 0]. For n > 1, an n-fold Pfister form is a nonsingular quadratic
form of type (1,a1) ® -+ ® (1,ap,-1) ® [1,a,) for a3 # 0,--+ ;an—1 # 0,a, € F.
We denote it by ({(a1, - ,an]]. Let P,F (resp. GP,F) denote the set of n-fold
Pfister forms up to isometry (resp. the set {ar | « € F*, 7 € P,F}). We denote
by I"W,(F) the W (F)-submodule of W, (F) generated by GP, F.

Let Q7% denote the vector space of n-differential forms of F over F? (with
Q% = F), and let d : Q% — Q5" denote the differential operator defined by:

d(aday ANdas N - -+ Nday) = da Aday ANdas A - -+ A day,.
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For {b; | i € I} a 2-basis of F, and after choosing an ordering on the set I, we

get that {‘1;"1 Ao A Cg’# i1 <+ < zn} is an F-basis of Q. A result by Cartier
i in
[C] asserts the existence of a homomorphism @, : Qp — Q/dQ}! given on

generators by:

db; db; db; db;,
pn(:v ! /\~--/\—">:(m2—x) LA N —,

bi, bi, b, bi,,
We denote by H"F (resp. Qn(F)) the cokernel of g, (resp. the quotient
I"Wo(F) [T W, (F)).

An important result that we will use in this note is due to Kato [K], and asserts
that for any integer n > 1, there exists an isomorphism &, : Q,(F) — H"'F
given on generators by:

da1 dan_l

k, (<<a1,... ,an]]) —a, A

ai an-—1
2. A preliminary result

To prepare the proof of Theorem 1, we begin by a generalization of [AB, Lem.
2.18] to the case of purely inseparable multiquadratic extensions:

PRrOPOSITION 1. Let F be a field of characteristic 2 and oy, - ,qp € F*
(m >1). Then we have:
Ker (H"F — H"F (a1, - ,v/am)) = Z Qr A day.
i=1

Proor. Without loss of generality we may suppose that [F(y/aq,- - ,/0m) :
F] = 2™. We proceed by induction on m. The case m = 1 has been proved
by Aravire and Baeza [AB, Lem. 2.18]. Suppose m > 2 and that the propo-
sition is true as soon as we have a purely inseparable multiquadratic extension
of degree < 2™ over a field of characteristic 2. Let w € Q% be such that
w € Ker(H"F — H"F(\/a1, -+ ,/am)). Since Wp(/ay) € Ker(H"F(\/ay) —
H"F(\/ar, -+ ,\/an)), it follows from induction hypothesis that

(4) Wr(Ja7) = Zwi A day
i=2
for suitable wo, - ,wy, € Q;{\l/a)
Claim: In the equality (4), we may suppose wa, - ,wy, in Q}ffl, and thus

again by induction hypothesis applied to the field F'(/a7) we may conclude.
Hence, it suffices to justify the claim. Since oy € F*2, we may choose a 2-basis
B of F such that BU {,/a:} is a 2-basis of F'(/aq).
Let us now fix i € {2,--- ,m}. We have w; = 3 zlw! with 2} € F(,/a1)",

finite
and
i i i
CUJ — del /\ A /\denil
not zero with ¢j ,---,¢; € BU{/ar} (j1 <+ < jn-1).

e On the one hand, since the equality (4) is taken modulo pn(Q}(\/a)), we

may suppose, after changing if necessary x;w; by (wé)zw;-, that x; e F~.



e One the other hand, if there exists an indice j; such that in the expression

of w; (see above) we have cék = Jai, says ji = ji, then c§-2, “+, ¢, € B since
w} is not zero. But by using the differential operator d we get:
d {(m?,/al) clcé-2 ARERWA dc;n_1 A dal} = x;w; ANdo; +
Vaq (dx; A dc;'.2 AREEWA dcz»ni1 A dai) .
Hence, in H"F'(\/aq) we get
—_— (1) ; - B
ziwi Nday = (y/ar) (dx; ANdes, N Ndch A dozi>

2 . . .

(:) a1 (dxé A dc}2 ARREWN dc}”i1 A doz,)

where for (1) (resp. for (2)) we proceed modulo dQ’If{\l/a) (resp. modulo
pn(Q%(m))) Hence the claim. O

As a corollary of Kato’s result (cited before) and Proposition 1 we get the
following:

COROLLARY 1. With the same notation as in Proposition 1, we have:

m

Ker (Qn(F) — Qn (F(Var, -+ ,v/am))) = Y _ (1, aq) I TW,(F).

i=1

PROOF. Set L = F(\/ai, -+ ,/&m). We have a commutative diagram

! !
H*YF) — H*Y(L)

where the vertical arrows are given by the isomorphism k,, (k, as before), and the
horizontal arrows are induced by the inclusion F' C L. Hence, = € Ker(Q,,(F) —
Q,(L)) implies that k,(z) € Ker(H"'F — H""!'L). By Proposition 1 we de-

duce that k,(z) € > Q% ?Ada;, and by the isomorphism k, it is clear that
i=1

2 € 3 (Lo I TW,(F). Obviously, 3" (L, an) I"TW,(F) C Ker(Qu(F) —
i= i=1

1
Qn(L)). O
3. Proof of Theorem 1

With the same notation as in the theorem, let ¢ € W, (F(y/aq, - -+ ,/an)/F).
Set L = F(y/ai, -+ ,y/an) and ¢ = [a1,b1] L -+ L [am, by]. We will give the proof
in two steps.

1) Reduction to the case of a field with a finite 2-basis: Let Fy be
the finite field with two elements and Fy = Fo(ay, - ,an;a1,b1, - ,am,bm)-
The quadratic form ¢ is defined over the subfield Fj of F. Since ¢y is hyper-
bolic, and after viewing L?>™ as the underlying vector space of ¢y, there exist
vectors vy, ,v, € L*™, linearly independent over L, such that o (v;) = 0
and By, (v;,v;) = 0 where B, is the symmetric bilinear form associated to



or. Set v; = (wi,---,wh) with wi,--- w € L (1 <i < m). For any
(i,k)ye{1,---,m} x {1,---,2m} set

wy, = Z cilk Jn(\/al)i1 (Vo)

finite

with i; € {0,1} and c;k € F. Now let

N

K:FO (C::;lj“.’i" ‘Z:l7 , M k:l’ ’2m>

and
K'=K(Var, -, van).

Since K’ C L, the vectors vy, - -+ , v, are linearly independent over K’, and thus ¢y
is hyperbolic since vy, -+ ,v,, € (K')?™. Clearly, K has a finite 2-basis since it is
finitely generated over ;. Moreover, we may suppose that ¢ is not hyperbolic over
F, and thus it is not hyperbolic over K. Since an element of Y., (1, ;) Wy(K)
can be considered as an element of > | (1, ;) W,(F) after extending scalars to
F, we see that the proof can be reduced to the case of a field with a finite 2-basis.

2) Case where F has a finite 2-basis: If ng is the number of elements of a
2-basis, we deduce that the space Q% is trivial for i > ng. By Kato’s result and the
Hauptsatz of Arason and Pfister [B1, Satz 4.1], the group I'W,(F) is also trivial
for i > ng+ 1. Let r > 1 be such that ¢ € I"W,(F). Since ¢z, is hyperbolic,
we deduce that p € Ker(Q,(F) — Q,.(L)). It follows from Corollary 1 that

P e Y (L) I" "W, (F). Let p1,-++ ,pn € I"'W,(F) be such that
=1

(5) o LY (L)) ®p; € W, (F)
=1

n
It is clear that the form ¢’ := ¢ L > (1,a;) ® p; is hyperbolic over L. If ¢’ is
i=1
hyperbolic over F', then we are done. If not, we reproduce the same argument as
n
above for ¢’ to get ¢ L > (1,q;) ® p, € I""2W,(F) for some quadratic forms

=1
n

Py Py € TTWe(F), ie. @ i= ¢ L Y (L) @ (pj L pi) € I"P2Wy(F). If
1=1

¢" is hyperbolic over F, then ¢ € > (1, ;) ® W, (F') and we are done. If not, we
i=1

continue the process in order to get a quadratic form ¢ L Y (1, ;) ®9; € I*W,(F)
i=1

for some 01, - -, 0, € Wy (F) and k > ng+1, and thus to get a hyperbolic quadratic

form. ([

4. A question

Before we formulate a general question, let us recall that the function field of a
symmetric bilinear form B, denoted by F'(B), is the function field of the quadratic
form B defined by B(v) = B(v,v) for v € V, where V denotes the underlying vector
space of B (E is uniquely determined by the isometry class of B). In particular,
the function field of the bilinear form (1, ), a € F*, is the field F(z)(v/«) for x
a variable over F. Hence, Theorem 1 describes the kernels W, (F'(By) --- (By)/F)
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for B; = (1,a4) (1 <4 < mn). So in view of this it is natural to ask the following

question:

QUESTION 1. Let F be a field of characteristic 2, and let By,--- , B, be sym-
metric bilinear Pfister forms of dimension > 2 (n > 1). Is it true that the kernel
Wo(F(B1) -+ (Bn)/F) equals By @ Wy(F) +---+ B, @ Wy (F)?
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