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Abstract

Given a characteristic zero field £ and a dominant morphism of affine algebraic
k-groups ¢ : G — C one can form a functor from k-algebras to abelian groups
R+— F(R) := C(R)/u(G(R)). Assuming that C' is commutative we prove that this
functor satisfies a purity theorem for any regular local k-algebra. Few examples are
considered in the very end of the preprint.

1 Introduction

Let F be a covariant functor from the category of commutative rings to the category of
abelian groups. For any domain R consider the sequence

F(R) — — @ff )/F(R,)

where p runs over the height 1 primes of R. We say that F satisfies purity for R if this
sequence — which is clearly a complex — is exact. The purity for R is equivalent to the
following property

() Im[F(R,) — F(K)] = Im[F(R) — F(K)].
htp=1

Let k be a characteristic zero field and k be its algebraic closure. By a linear algebraic
k-group we mean a reduced affine group k-scheme. In particular, a linear algebraic k-group
is always k-smooth. The main results of this paper is the following purity theorem

Theorem 1.0.1 (A). Let
w:G—C

be a dominant morphism of linear algebraic k-groups, with C commutative. Let A be a
local Ting of a smooth algebraic variety X over k. The functor

F: R~ C(R)/i(G(R))
satisfies purity for A.
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Theorem 1.0.2 (B). Let R be a reqular local ring containing the field k. Let
w:G—C
be a dominant morphism of linear algebraic k-groups, with C' commutative. The functor
T A C(A)/u(G(A))

satisfies purity for R. If K is the fraction field of R this statement can be restated in an
explicit way as follows: given an element ¢ € C(K) suppose that for each height 1 prime
ideal p in A there exist a, € C(Ry), g, € G(K) with a = ay - u(gp) € C(K). Then there
exist gm € G(K), am € C(R) such that

a = any - 1t(gm) € C(K).

After the pioneering articles [C-T/P/S] and [R] on purity theorems for algebraic
groups, various versions of purity theorems were proved in [C-T/O], [PS], [Z], [Pa]. The
most general result in the so called constant case was given in [Z, Exm.3.3]. This re-
sult follows now from our Theorem (A) by taking G to be a k-rational reductive group,
C =Gy and p : G — G,y @ dominant k-group morphism. The papers [PS], [Z], [Pa]
contain results for the nonconstant case. However they only consider specific examples of
algebraic scheme morphisms p: G — C.

It seems plausible to expect purity theorem in the following context. Let R be a
regular local ring. Let p: G — T be a smooth dominant morphism of R-group schemes
with an R-smooth reductive group scheme G and an R-torus 7. Let F be the covariant
functor from the category of commutative rings to the category of abelian groups given
by S — T(S)/u(G(S)). Then F should satisfies purity for R provided that R contains an
infinite field. It might even happen that F satisfies purity for any regular local ring R.

Another functor for which one should expect purity is the following one. Let R be a
regular local ring, G and G’ smooth reductive R-group schemes, 7 : G — G’ a smooth
dominant R-group scheme morphism. Assume Z = ker(7) is finite étale of multiplicative
type over R. The boundary operator 0, p : G'(R) — Hle (R, Z) makes sense and is a
group homomorphism [Se, Ch.II, §5.6, Cor.2|. For an R-algebra S set

F(S) = He (S, Z) /Tm(0rs)- (1)

It seems plausible that the functor F satisfies purity for R provided that R contains an
infinite field. It may even happen that, for any regular local ring R, JF satisfies purity.
Theorem [2.0.4] states that this is the case if R contains an infinite field & of characteristic
zero and G, G’ and 7 are already defined over k.

Note that we use transfers for the functor R — C(R), but we do not use at all the
norm principle for the map u: G — C.

The preprint is organized as follows. In Section 2 we construct norm maps following
a method from [SV, Sect.6]. In Section 3 we prove the main geometric Lemmas[1.2.3 and
1.2.5. In Section 4 we discuss unramified elements. A key point here is Lemma In



Section 5 we discuss specialization maps. A key point here is Corollary [1.4.6. In Section
6 we prove Theorem (A). In Section 7 we prove Theorem (B). In Section 8 we consider
the functor (1) and prove in2.0.4 a purity theorem for it. Finally in Section 9 we collect
several examples.

Acknowledgments The author thanks very much M.Ojanguren for useful discus-
sions on the subject of the present article.

1.1 Norms

Let kK C K C L be field extensions and assume that L is finite separable over K. Let
K*°P be a separable closure of K and

o, K —- K 1<i<n

the different embeddings of K into L. As in §1, let C' be a commutative algebraic group
scheme defined over k. We can define a norm map

by
Nk () = H C(oi)(ar) € C(K*7)7) = C(K) .

Following Suslin and Voevodsky [SV, Sect.6] we generalize this construction to finite flat
ring extensions. Let p: X — Y be a finite flat morphism of affine schemes. Suppose that

its rank is constant, equal to d. Denote by S¢(X/Y) the d-th symmetric power of X over
Y.

Lemma 1.1.1. There is a canonical section
Nyyy 1Y — SHX/Y)
which satisfies the following three properties:
(1) Base change: for any map f:Y' — Y of affine schemes, putting X' = X xy Y’ we
have a commutative diagram
N / !
Y’ X /Y; Sd(X//Y/)
f lsd(ldxxn
N
Y L SAX/)Y)




(2) Additivity: If fi : X1 — Y and fy : Xo — Y are finite flat morphisms of degree dy
and dy respectively, then, putting X = X1 [[Xa, f = fill fo and d = dy + dy, we
have a commutative diagram

SU(X,/Y) % S%(X,/Y) ° . SUX/Y)

NXI/YXNXQ/Y NX/Y

where o s the canonical imbedding.

(3) Normalization: If X =Y and p is the identity, then Nx,y is the identity.

Proof. We construct a map Nx/y and check that it has the desired properties. Let
B = k[X] and A = k[Y], so that B is a locally free A-module of finite rank d. Let
B® = B®4 B®4---®4 B be the d-fold tensor product of B over A. The permutation
group &, acts on B®? by permuting the factors. Let S%(B) C B®? be the A-algebra of
all the G4-invariant elements of B®?. We consider B®? as an S%(B)-module through the
inclusion S¢(B) C B®¢ of A-algebras. Let I be the kernel of the canonical homomorphism
B® — A%B) mapping by ®@ - - @ by to by A - - Abg. Tt is well-known (and easily checked
locally on A) that I is generated by all the elements z € B®¢ such that 7(x) = x for some
transposition 7. If s is in S4(B), then 7(sz) = 7(s)7(x) = sz, hence sz is in S¥(B) too.
In other words, I is an S?(B)-submodule of B®?. The induced S¢(B)-module structure
on A%(B) defines an A-algebra homomorphism

¢ 5UB) — Enda(\(B)) .

Since B is locally free of rank d over A, A%(B) is an invertible A-module and we can
canonically identify Ends(A\%(B) with A. Thus we have a map

0:854B)— A
and we define
Trxy :Y — S4UX)
as the morphism of Y-schemes induced by ¢. The verification of properties (1), (2) and
(3) is straightforward. O

Let now C' be a commutative k-group scheme and f : X — C' any morphism. We
define the norm Nx,y(f) of f as the composite map

TTX/Y

y 10, gd(xy 2D, qioy 5 o 2)

Here we write 7 x 7 for the group law on C'. The norm maps Nx/y satisfy the following
conditions



(1) Base change: for any map f: Y’ — Y of affine schemes, putting X’ = X xy Y’ we
have a commutative diagram

ox) Y oixry

NX/Yl J/NX’/Y’

o) L= o)

(2) multiplicativity: if X = X; II X, then the diagram commutes

o(x) Y oixy) x O(Xy)
NX/Yl Jle/YNxz/y
cly) —<4 C(Y)

(3) normalization: if X =Y and the map X — Y is the identity then Ny/y = idc(x).

1.2 Geometric lemmas

In this Section few geometric lemmas will be proved. Let k be a field of characteristic
zero. The main result of this Section are the lemmas [1.2.3/ and [1.2.5] Lemma[1.2.3 is a
refinement of [OP, Lemma 2] and Lemma [1.2.5 is a refinement of Quillen’s trick.

Lemma 1.2.1. Let F be a field of characteristic zero and let S be an F-smooth algebra
which is a domain of dimension 1. Let mg be a mazimal ideal with S/mg = F. Let
my, My, ..., m, be different maximal ideals of S (it might be that mg = m; for an index i).
Then there ezists an element 3 € S such that S is finite over F[3] and

(1) the ideals n; == m; N F[t] (i = 1,2,...,n) are all different from each other and
different from ng := my N F[t] provided that my is different from m;’s;

(2) the extension S/F[t] is étale at each m;’s and at my;
(3) F[5]/ni = S/my for each i =1,2,....,n;
(4) no = BF[3].

Proof. Consider a closed imbedding Spec(S) < A% and use a generic linear projection
to AlF
L]

Lemma 1.2.2. Under the hypotheses of Lemmal1.2.1 let 0 # f € S be an element that
does not belong to a mazximal ideal different of mg, my,...,m,. Let N(f) = Ng/pg be the
norm of f. Then for an element 5 € S satisfying (1) to (4) of Lemmal1.2.1 one has

(a) N(f) = fg for an element g € S;



(b) fS+gS=S5;
(¢) the map F[B]/(N(f)) — S/(f) is an isomorphism.

Proof. 1t is straightforward.
L]

Lemma 1.2.3. Let A be a local essentially smooth k-algebra with a maximal ideal m.
Let A[t] C R be an Alt]-algebra which is essentially smooth as a k-algebra and is finite
over the polynomial algebra Alt]. Assume R/mR is a domain and assume there exists an
element h € R\ mR such that Ry, is A-smooth. Let € : R — A be an A-augmentation
and I = ker(e). Given an f € R with 0 # ¢(f) € A one can find an s € R salisfying the
following conditions

(1) R is finite over A[s];

(2) R/sR=R/I x R]J for certain ideal J;
(3) J+ fR=R;

(4) (s—1)R+ fR=R;

(5) if N(f) = Ngyagg(f) then N(f) = fg € R for certain g € R
(R/A[t] is a projective module since R and A[t] are regular and R is finite over Alt]);

(6) fR+gR=R;
(7) the composition map A[s]/(N(f)) — R/(N(f)) — R/(f) is an isomorphism.

Proof. Replacing t by t —€(t) we may assume that €(¢) = 0. Since R is finite over A[t] and
R/fR is finite over A we conclude that A[t]/(N(f)) is finite over A, hence A/(tN(f)) is
finite over R too. So setting u = tN(f) we get an integral extension A[t]/AJu]. Consider

the characteristic polynomial of the operator R Y. R as an Alu]-module operator. This
polynomial vanishes on ¢ f and its free coefficient is N(¢f) up to a sing. Thus N(tf) =tfg
for an element g € R. Now replacing ¢ by u we may assume that R/A[t] is still integral,
e(t)y =0and t € fR. In fact, u = N(ft) = ftg and whence e¢(u) = €(t)e(fg) = 0 and
u € fR.

We use below “bar” to denote the reduction modulo the ideal mR. Let FF = A = A/m.
By the assumption of the lemma the F-algebra R is an F-smooth domain of dimension
1. Let m;,my,..., m, be different maximal ideals of R dividing f and let my = ker(e).
Let 3 € R be such that the extension R/F[] satisfies the conditions (1) to (4) of Lemma
1.2.1.

Let o € R be a lift of 3, that is @ = 3 in R. Replacing a by a — e(a) we may assume
that e(a) = 0 and still & = f.

Let a” + pi(t)a™ ' + -+ + p,(t) = 0 be an integral dependence equation for a. Let
N be an integer large than the max{2,deg(p;(t))}, where i = 1,2,... ,n. Then for any



r € kX the element s = o — rtV is such that ¢ is integral over A[s]. Thus for any r € k>
the ring R is integral over A[s].

On the other hand the element 5 = & — rt" still satisfies the conditions (1) to (4) of
Lemma 1.2.1 because for any ¢ = 1,2,...,n one has t € m;.

We claim that the element s € R is the required element (for almost all r € k*).

In fact, for almost all » € £ the element s satisfies the conditions (1) to (4) of Lemma
[OP, Lemma 2]. It remains to show that the conditions (5) to (7) are satisfied for all
re k.

To prove (5) consider the characteristic polynomial of the operator R L Rasan Als]-
module operator. This polynomial vanishes on f and its free coefficient is £N(f) (the
norm of f). Thus f* —a;f" ' +--- &£ N(f) =0 and N(f) = fg for an element g € R.

To prove (6) one has to check that this ¢ is a unit modulo the ideal fR. It suffices to
check that § € R is a unit modulo the ideal fR. The field F = A/m, the F-algebra S = R,
its maximal ideals my, my, ..., m, and the element satisfy the hypotheses of Lemma/1.2.2]
with 3 replaced by 5. Now g is a unit modulo the ideal fR by the item (b) of Lemma
1.2.2.

To prove (7) note that R/fR and A[s]/(N(f)) are finite A-modules. So it remains
to check that the map ¢ : A[s|]/(N(f)) — R/fR is an isomorphism modulo the maximal
ideal m. For that it suffices to verify that the map ¢ : F[3]/(N(f)) — R/fR is an
isomorphism where N(f) := Ng/ . Now @ is an isomorphism by the item (¢) of Lemma
1.2.2. The lemma follows.

0

Corollary 1.2.4. Under the hypotheses of Lemmal1.2.3 let K be the quotient field of A,
Ry = R4 K and e = e ®@4id : R — K. Consider the inclusion K[s] C Ryx. Then
the norm N(f) € K[s| does not vanish at the points 1 and 0 of the affine line Alk.

Proof. The condition (4) of[1.2.3]implies that N(f) does not vanish at the point 1. Since
ex(f) # 0 € K the conditions (2) and (3) imply that N(f) does not vanish at 0 either.
0

Lemma 1.2.5. Let X be a geometrically irreducible k-smooth affine variety of dimension
d. Let x € X be a closed point, 0 # f € k[X] and Z be the vanishing locus of f. Then
there exists a commutative diagram

X 2 Ad

Ad—l

(3)

with a linear projection pr such that

(1) there exists a principle open set X, C X containing the fibre ¢ 'q(x) such that the
map q : X, — A% is smooth;

(2) the fibre ¢ 'q(x) is geometrically irreducible;



(3) the map o is finite;
(4) the map q|z : Z — A is finite;

(5) k(x)=k(q(x)).

Proof. Bertini plus generic projection. Consider a closed imbedding X — A}, the closure
X of X in the projective space P? and the complement X, of X in X. Let Z be the
closure of Z in P? and Z,, be the complement of Z in Z. Since dimX = d one has
dimX, =d — 1. Set P! = P} — A?. Now extend the scalars to an algebraic closure k
of k. Let z1, 2y, ..., 2, € X(k) be the points of x®; k. Let IT C Pg_l be a linear subspace
of dimension n — d which is general in the sense that

(i) IN X,  consists of finitely many points;
(i) INZy, 7 =0;

(iii) if < II,z; > is the space generated by II and by an z; then the < II, z; > NXj, is
k-smooth and irreducible for each i = 1,2,...,n;

(iv) <II,z; >#<II,z; > for i # j. The requirement (4i7) can be satisfied by a Bertini
type theorem for a hyperplane section crossing a given rational point because we
are in characteristic zero.

Since the set of linear spaces Il satisfying conditions (i) to (éi7) is an open set of a
Grassmannian we may choose a II which is already defined over the ground field k. We
may then choose a hyperplaneplane m C II of dimension n — d — 1, defined over k and
such that

TNX, 5 #0. (4)

O

Now consider the linear projection P} \ 7 — P7. Its restriction to X defines a finite
morphism p: X — P%. And its restriction to X defines a finite morphism p : X — A¢,
because it is a base change of p by means of the open imbedding A{ — P{.

The linear projection with the center II defines a morphism ¢ : X — AZ‘I which
clearly fits in the commutative diagram (3) with a linear projection pr: A¢ — A‘,i_l. We
claim that these p, ¢ and pr are the required morphisms.

To prove this recall that g is finite. The morphism ¢|z : Z — Az_l is finite too,
because I1N Z,, = 0. Condition (5) is satisfied because p ®; k separates the closed points
x;’s of the scheme = @ k. The fibre of the morphism p ®j, k over the point x; coincides
with the intersection < II,x; > NXg for each ¢ = 1,2,...,n. After the scalar extension
k to k the scheme theoretic fibre of ¢ over ¢(x) becomes a disjoint union of the fibres of
q ®y k over the points (¢ ® k)(z;). Since k(q(z)) = k(x) and for each i the intersection
< II,x; > NXj is irreducible we conclude that the fibre ¢ '¢(x) is irreducible too, and
thus condition (2) is verified. Since for each i the intersection < I, z; > NX} is smooth
we conclude that the scheme theoretic fibre of ¢ over ¢(z) is smooth too. Thus condition
(1) is satisfied. The lemma is proved.



1.3 Unramified elements

Let k be the characteristic zero field. We work in this section with the category of com-
mutative k-algebras. Let F be a covariant functor from the category of commutative
k-algebras to the category of abelian groups. Let K be a field containing k and R C K
be a k-subalgebra whose field of fractions is K. We define the subgroup of R-unramified
elements of K as
Frr(K) = ﬂ [m[ff(Rp) — F(K)],
peSpec(R)(M)

where Spec(R)™" is the set of hight 1 prime ideals in R. Obviously the image of F(R) in
F(K) is contained in F,, r(K). In most cases F(R,) injects into F(K) and F,, g(K) is
simply the intersection of all F(R,).

A basic functor we are interested in is the following one. Let p : G — C be the

morphism of linear algebraic k-groups from Theorem 1.0.1. For a commutative k-algebra
R set

F(R) = C(R)/u(G(R)). (5)
For an element o € C(R) we will write a for its image in F(R). In this section we will

write F for the functor (5), the only exception being Lemma [1.3.61 We will repeatedly
use the following result

Theorem 1.3.1 ([C-T/O]). Let H be a linear algebraic group over the field k. Let R be
a discrete valuation ring with a fraction field K. Then the map of pointed sets

Hy(R, H) — Hy(K, H)
induced by the inclusion R C K has the trivial kernel.

Corollary 1.3.2 ([Ni]). Let R be a discrete valuation ring with fraction field K. The
map F(R) — F(K) is injective.

Proof. Let H be the kernel of y. Then the boundary map 0 : C(R) — Hg (R, H) fits in
a commutative diagram

C(R)/W(G(R)) —— C(K)/u(G(K))
H)\(R,H) —— HL(K H).

in which the vertical arrows have trivial kernels. The bottom arrow has trivial kernel by
Theorem 1.3.1. Thus the top arrow has trivial kernel too.

Lemma 1.3.3. Let p : G — C' be the morphism of linear algebraic groups. Let H =
ker(p). Then for any field K the boundary map 0 : O(K)/u(G(K)) — Hy(K, H) is
mjective.



Proof. For a K-rational point t € C set H; = p~'(t). The action by left multiplication
of H on H; makes H; into a left principal homogeneous H-space and moreover 0(t) €
H}, (K, H) coincides with the isomorphism class of H,. Now suppose that s,t € C(K)
are such that d(s) = 0(t). This means that H; and H, are isomorphic as principal
homogeneous H-spaces. We must check that for certain ¢ € G(K) one has t = sg.

Let K*? be a separable closure of K. Let ¢ : H;, — H; be an isomorphism of left
H-spaces. For any r € Hy(K*®) and h € Hy(K*?) one has

()~ ) = B () = ().

Thus for any o € Gal(K*?/K) and any r € Hi(K?*") one has

() = () 07) = ()

which means that the point u = r~'¢(r) is a Gal(K*®? / K)-invariant point of G(K**). So
u € G(K). The following relation shows that the v coincides with the right multiplication
by u. In fact, for any r € H(K*%?) one has 1(r) = rr~'4(r) = ru. Since v is the right
multiplication by u one has ¢ = su(u), which proves the lemma.

O

Let K be afield and  : K* — Z be a discrete valuation vanishing on k. Let A, be the
valuation ring of . Let A, and K, be the completions of A, aind K Witp respect to x.
Let i : K — K, be the inclusion. By Lemma [1.3.2 the map F(A4,) — F(K,) is injective.

~

We will identify F(A,) with its image under this map. Set

~

F,(K) = ir (F(A,)).

The inclusion A, < K induces a map F(A,) — F(K) which is injective by Lemma
1.3.2. So both groups F(A) and F,(K) are subgroups of F(K'). The following lemma shows
that F,(K) coincides with the subgroup of F(K) consisting of all elements unramified at
x.

Lemma 1.3.4. F(A,) = F,.(K).

Proof. We only have to check the inclusion F,(K) C F(A,). Let a, € F,(K) be an
element. It determines the elements a € F(K) and & € F(A,) which coincide when
regarded as elements of F(K,). We denote this common element in F(K,) by a,. Let
H = ker(u) and let 9 : C(—) — Hg (—, H) be the boundary map.

Let & = 0(a) € Hy(K, H), § = (a) € Hy(A,, H) and &, = 0(a,) € Hi(K,, H).
Clearly, é and & both coincide with fx when regarded as elements of Hét(Kxa H). Thus
one can glue & and é to get a &, € Hék(Ax, H) which maps to £ under the map induced by
the inclusion A, — K and maps to £ under the map induced by the inclusion A, — A,.

We now show that £, has the form 0(al,) for a certain a/, € F(A,). In fact, observe

that the image ¢ of ¢ in Hg, (K, G) is trivial. By Theorem the map

Hét(Awa G) - Hét(K, G)

10



has trivial kernel. Therefore the image ¢, of &, in Hg,(A,, G) is trivial. Thus there exists
an element a/, € F(A,) with 9(a)) = &, € Hi (A,, H).

We now prove that a/, coincides with a, in F,(K). Since F(A,) and F,(K) are both
subgroups of F(K), it suffices to show that a!, coincides with the element a in F(K). By
Lemma [1.3.3 the map

F(K) % HL (K, H)
is injective. Thus it suffices to check that d(a)) = 9(a) in H} (K, H). This is indeed
the case because 0(al,) = &, and d(a) = &, and &, coincides with & when regarded over
K. We have proved that a/, € F(A,) coincides with a, in F,(K). Thus the inclusion
F.(K) C F(A,) is proved, whence the lemma.
0

Lemma 1.3.5. Let A C B be a finite extension of Dedekind k-algebras. Let 0 # f € B
be such that B/ fB is reduced.

Suppose Npja(f) = fg € B for a certain g € B coprime with f. Suppose the composite
map A/N(f)A — B/N(f)B — B/fB is an isomorphism. Let F' and E be the quotient
fields of A and B respectively. Let 3 € C(By) be such that B € F(E) is B-unramified.
Then, for a = Ng/p(B3), the class & € F(F) is A-unramified.

Proof. The only primes at which @ could be ramified are those which divide N(f). Let p
be one of them. Check that & is unramified at p.

To do this we consider all primes g1, qs, ..., q, in B lying over p. Let q; be the unique
prime dividing f and lying over p. Then

with Bcu = Ap. If F, E are the fields of fractions of A and B then
E®Fp:Eq1 X o xEqn

and E,, = F,. We will write E; for Ey, and B; for By,. Let @1 = (61, ..., 6,) € C(E)) X
-+ x C(E,). Clearly for i > 2 ; € C(B;) and 8y = u(v)p; with 8] € C(B;) = C(A,
and 71 € G(E1) = G(F},). Now a ® 1 € C(F}) coincides with the product

ﬁlNLQ/f(p (B2) - Nﬁn/f{p (Br) = M(’Yl)[ﬁiNﬁz/f{p (B2) - Nin/f(p (Bn)]-

Thus a ® 1 = B{Nm/iﬂ, (B2) -+ N i, (Bn) € F(A,). Let i : F — F, be the inclusion and
i : F(F) — F(F,) be the induced map. Clearly i.(a) = a ® 1 in F(F,). Now Lemma
1.3.4 shows that the element & € F(F') belongs to F(A,). Hence & is A-unramified.

O

Lemma 1.3.6 (Unramifiedness Lemma). Let F be a covariant functor from the cate-
gory of commutative k-algebras to the category of abelian groups. Let S and R be noethe-

rian domains with quotient fields K and L respectively. Let S - R be an injective flat

11



homomorphism of finite type and let j : K — L be the induced inclusion of the quotient
fields. Then for each localization R' O R of R the map

jo s F(K) — F(L)
takes S-unramified elements to R'-unramified elements.

Proof. Let v € K* and let t be height 1 primes of R’. Then ¢ = RNt is a height 1 prime
of R. Let p = SNgq. Since the S-algebra R is flat of finite type one has ht(q) > ht(p).
Thus ht(p) is 1 or 0. The commutative diagram

FK) —— F(L)

I I

F(Sp) —— F(RY)

shows that the class j.(v) is in the image of F(R.) and hence the class j.(v) € F(L) is
R’-unramified.
0

1.4 Specialization maps

In this Section we consider the functor R — F(R) defined by (5). For a regular ring
R containing k and each height one prime p in R we construct specialization maps s, :
Forr(K) — F(k(p)), where K is the quotient field of R and k(p) is the residue field of R
at the prime p.

Definition 1.4.1. Let Ev, : C(R,) — C(k(p)) and ev, : F(R,) — F(k(p)) be the maps
induced by R, — k(p). Define a homomorphism s, : Ty r(K) — F(k(p)) by sp(a) =
evy(@) where & is a lift of o in F(Ry). Corollary1.3.2 shows that the map s, is well-
defined. It is called the specialization map. The map evy, is called the evaluation map at
the prime p.

Obviously for a € C(Ry,) one has sy(@) = Evy(a) € F(k(p)).

Lemma 1.4.2 ([H]). Let H be a linear algebraic group over the field k. Let R be a
k-algebra which is a Dedekind domain with quotient field K. If & € Hlét(K7 H) is an
R-unramified element for the functor Hy(—,H) then & can be lifted to an element of
Hift(Rv H)

Proof. Patching.
]

Theorem 1.4.3. Let K be a field of characteristic zero and let H be a linear algebraic
group over K. Then the canonical map Hy,(K, H) — Hy(K][t], H) is bijective.

Proof. Let i : {0} — Alg be the origin of the affine line. Let i* : H} (K[t], H) —
H}. (K, H) be the pull-back map. To prove the theorem we need the following
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Claim 1.4.4. The following two statements are equivalent.
(1) For any linear algebraic group H over K the map i* is injective.
(2) For any linear algebraic group H over K the map i* has the trivial kernel.

Clearly the first statement implies the second one. Now suppose the second statement
holds and prove the first one. For that consider ¢,¢" € Hy, (K[t], H) and set & = i*(£), &), =
i*(&'). Let Hy be the inner form of the group H with respect to the H-torsor H,y. For
any K-scheme S there is a well-known bijection ¢g : H}, (S, H) — Hg (S, Hy) between
non-pointed sets. It takes the H-torsor Hy X i S to the trivial Hy-torsor Hy X i S, where
Ho is an H-torsor over K representing the class &. These bijections respect K-scheme
morphisms. Suppose & = &, then

(9a1(8)) = dr (&) = * = ox (&) = *(¢a1(€")) € He (K, Ho).

So ¢a1(€) = * = pai(€) € H(K[t], Hy). Whence ¢ = & and the injectivity follows.
With this Claim in hand prove the theorem as follows.

The surjectivity of the map ¢* is obvious. To prove its injectivity just use the Claim
and mimic the proof of [C-T/O, Thm.2.1, Property P2]. Let p : Alx — Spec(K) be the
structural morphism. Since p o7 = id and ¢* is bijective p* is bijective.

]

We need the following theorem.

Theorem 1.4.5 (Homotopy invariance). Let k be the field and p : G — C be the
algebraic group morphism from Theorem|1.0.1. Let k C K be a field extension and K (t)
be the rational function field in one variable. Let R — F(R) be the functor defined in 5.
Then one has

F(K) = Fnr i (K1),
Proof. Injectivity is clear, because the composition
F(K) — Fun(K(t) = F(K)

coincides with the identity (here s is the specialization map at the point zero defined in
4.6).

It remains to check the surjectivity. Let a € F,,,(K(t)) and let H = ker(u). Then by
Lemma 1.3.2 the element d(a) € HL(K (), H) is a class which for every z € A1 belongs
to the image of H,(O,, H). Thus by Lemma(1.4.2] d(a) can be represented by an element
¢ € HL(K]t], H), where K|[t] is the polynomial ring. By Theorem|1.4.3} the map

Hey (K, H) — Hy(K[t], H)

13



is an isomorphism. Then & = p(&) for an element & € HL (K, H). Consider the diagram

at > & > %

1 —— F(K (1)) > HL(K(t), H) — HL(K(t),G)

ap ——— &

in which all the maps are canonical and all the vertical arrows have trivial kernels. Since
€ goes to the trivial element in HL(K(t),G), one concludes that & goes to the trivial
element in HY, (K, G). Thus there exists an element ay € F(K) such that d(ag) = &. The
map F(K(t)) — HL(K(t), H) is injective by Lemma [1.3.3. Thus €(aq) = a.

0

Corollary 1.4.6. Let R — F(R) be the functor defined in (3). Let
S0, S1 - ?un(K(t)) — gj(K)
be the specialization maps at zero and at one (at the primes (t) and (t-1)). Then sy = s;.

Proof. Tt is an obvious consequence of Theorem ]

1.5 Proof of Theorem (A)

Proof. By assumption there exists a smooth d-dimensional k-algebra S = k[t1,ta, ..., ;]
and a prime ideal p in R such that A = S,. We first reduce the proof to the case in
which p is maximal. To do this, choose a maximal ideal m containing p. Since k is of
characteristic zero it is infinite. By a standard general position argument we can find
d algebraically independent elements X7, ..., X, such that S is finite over k[X7,..., X]
and étale at m. After a linear change of coordinates we may assume that S/p is finite
over B = k[X1,...,X,,], where m is the dimension of S/p. Clearly S is smooth over B
at m and thus, for some h € S\ m, the localization S}, is smooth over B. Let 8 be the
set of nonzero elements of B, k' = $7'B the field of fractions of B and S’ = §°1S),. The
prime ideal p’ = 8 !p), is maximal in ', the k’-algebra S’ is smooth and S = Sy

From now on and till the end of this proof we assume that A = Ox , is the local ring of
a closed point x of a smooth d-dimensional irreducible affine variety X over k. Replacing
k by its algebraic closure in k[X] we may assume furthermore that this X is a k-smooth
geometrically irreducible affine variety over k.

Let £ € C(K) be such that the £ € F(K) is A-unramified. We may assume that
¢ € C(k[X]g) for an appropriative non-zero f € k[X| with a reduced k-algebra k[X]/(f).
Shrinking X we may assume that & € F(k[X];) is k[X]-unramified. By Lemma [1.2.5 we
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can find a commutative diagram

X ? Ad

Ad—l

with a linear projection pr and a function h € k[X] such that the conditions (1) to (5) of
are satisfied. Let U = Spec(A) the point x € X is the closed point of U. Consider the
Cartesian square of schemes

Px

X X
id r
U U Ad-l

where r = ¢|y, X = U X pa-1 X, p is the first projection and ¢ is the diagonal map.
Applying base change by means of r to the diagram (6) we get a commutative triangle

A

x U x Al (7)

NS

with a finite surjective X\. Set f = p%(f) and h = p%(h), where h is from the condition
(1) of Lemmal[1.2.5.

Now check that the field k, the k-algebra A with the maximal ideal m := m,, the ring
R of regular functions on the affine scheme X, the inclusion \* : A[t] < R induced by
A, the function h, the A-augmentation € := A* : R — A and the function f satisfy the
assumption of Lemma

As a local ring of a k-smooth variety A is essentially k-smooth. Since r is essentially
smooth and X is k-smooth, X is essentially k-smooth and so is R. Since p is finite R is
finite over A[t] too. Since k(q(x)) = k(z) and the fibre of ¢ over ¢(z) is geometrically
irreducible so is the fibre of p over x € U. This implies that R/m is a domain. By base
change, the open subscheme X, contains the closed fibre of p and the restriction of p to
Xy, is smooth. The assumptions are satisfied.

Now we can find an s € R satisfying the conditions (1) to (7) of Lemma [1.2.3. The
function s defines a finite morphism 7 : X — U x Al. Since X and Y := U x Al are
regular schemes and 7 is finite surjective it is finite and flat by a theorem of Grothendieck
[E, Cor.18.17]. So for any map f : Y — Y of affine schemes, putting X' = X xy Y we
have the norm map given by (2)

C(X") — CY).

Set D = Spec(R/J) and D; = Spec(R/(s — 1)R). Clearly D, is the scheme theoretic
pre-image of U x {1} and the disjoint union Dy := D[[J(U) is the scheme theoretic
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pre-image of U x {0} under the morphism 7. In particular D is finite flat over U. We
will write A for §(U). Recall that £ € C(k[X]¢) and set ¢ = p%(§) € C(Ry). Since the
function f € R is co-prime to the ideals J and (s—1)R one can form the following element

€' = No,ju((lp, )Ny (Clp) ™" € C(U) := C(A). (8)

Claim 1.5.1 (Main). One has & = &g in F(K), where K is the fraction field of both
k[X] and k[U] = A.

To complete the proof, it remains to prove the claim. To do this it is convenient to
fix some notations. For an A-module M set Mg = M ®4 K, for an Y-scheme Z set
Zx = Spec(K) xy Z, for a Y-morphism ¢ : Z — W set px = Spec(K) xy ¢. Clearly one
has Ax = K, Ux = Spec(K), Xk = Spec(Rg) and (Al x Uk)g is just the affine line
Alg. TIts closed subschemes Uy x {1} and Ux x {0} coincide with the points 1 and 0
of Alg. The morphism px : Xx — Spec(K) is smooth by the condition (1) of Lemma
1.2.3. The morphism 7 is finite flat and fits in the commutative triangle

X L
k‘ /

Spec(K)

Alg 9)

One has Dy = Spec(Rk/Jk), D1,k = Spec(Rk /(s —1)Rk). Clearly Dy i is the scheme
theoretic pre-image of the point {1} € Alx and the disjoint union Dy := D [[ Ak is
the scheme theoretic pre-image of the point {0} € Al under the morphism 7. Let

(s = Nix)/xan(C) € C(K(AL) = C(K(s)).

To prove Claim [1.5.1 we need the following one:
Claim 1.5.2. The class (s € F(K(s)) is K[s]-unramified.

Assuming this claim we complete the proof of Claim [1.5.1L By Claim we can
apply the specialization maps to ;. By Corollary 1.4.6 the specializations at 0 and 1 of
the element ( coincide, that is

Sl(Cs) = SO(CS) € 9:([() (10)

By Corollary [1.2.4 the function Ng, /xs(f) € K[s] does not vanishes as at 1, so at 0
and by the condition (5) of Lemma 1.2.3 one has (, € C'(K[s]n(s)). Using the relation
between specialization and evaluation maps described in Definition 1.4.1 one has a chain
of relations

EUI(CS) = SI(C_S) = SO(C_S) = EUO(QS) S ?(K) (11>

Base change and the multiplicativity properties of the norm map (2) imply relations

EUl(CS) = NDI,K/UK(C|®1,K) (12)
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and
EU()(CS) = NDKHAK/UK (C‘DKL{AK) = NDK/UK (ClDK)NAK/UK (ClAK) (13>

So we have a chain of relations in F(K)

NDl,K/UK(C|'D1,K) = EUl(CS) = EUO(gs) = NDK/UK<C|'DK) ’ NAK/UK(C|AK)

By the normalization property of the norm map (2) one has Na, v, ((lax) = 6%(C).
Since 65 (¢) = €x € C(K) we have a chain of relations in F(K)

gK - 6?(«:) = NAK/UK(C’AK) = NDLK/UK(C|DLK> ’ (NDK/UK(€|DK))_1

By the base change property of the norm map (2) one has

€k = Ny /Ui (€01 s ) N (Clpi) ™ € C(Uke) := C(K). (14)

So & = €. Claim [1.5.1 follows.

It remains to prove Claim[1.5.2. Recall that the class £ € F(k[X];) is k[X]-unramified.
Since q|x, : X, — A%t is flat (it is smooth) sois 7 : U — X3, — AL Since the px : X —
X is the base change of 7 it coincides with a composition map X <— X} X pga-1 X KNy e
where ¢ X id is a flat morphism of finite type. By Lemma the class ¢ € F(Ry) is
R-unramified. Thus the same class ¢ when regarded in F(K[Xg]s) is K[Xx]-unramified.

Now check that the inclusion of K-algebras K[s] C Rx = K[Xg| and the function
f € R satisfy the hypotheses of Lemma 1.3.5. We first check that the K-algebra Ry /f Rk
is reduced. Recall that the ring k[X]/(f) is reduced. As we mentioned above, the morphism
px : X — X is essentially smooth, hence the ring R/(f) is reduced too and thus its
localization Rk /fRk is reduced. Since the extension K[s] C Rx = K[Xg| and the
functions f € R satisfy the conditions (5) to (7) of Lemma [1.2.3] they also satisfy the
hypotheses of Lemma[1.3.5. Thus by Lemma the class (, is K[s]-unramified. This
implies Claim [1.5.2. The proof of the theorem is completed.

0

1.6 Proof of Theorem (B)

Proof. To prove Theorem (B) we now recall a celebrated result of Dorin Popescu (see [P]
or, for a self-contained proof, [Sw]).

Let k£ be a field and R a local k-algebra. We say that R is geometrically reqular
if ¥’ ®, R is regular for any finite extension k" of k. A ring homomorphism A — R
is called geometrically regular if it is flat and for each prime ideal q of R lying over p,
Ry/pRy = k(p) ®4 Ry is geometrically regular over k(p) = A,/py.

Observe that any regular local ring containing a field & is geometrically regular over
the prime field of k.

Theorem 1.6.1 (Popescu’s theorem). A homomorphism A — R of noetherian rings
s geometrically reqular if and only if R is a filtered direct limit of smooth A-algebras.
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Proof of Theorem B. Let R be a regular local ring containing the field k. Since £ is of
characteristic zero one can apply Popescu’s theorem. So R can be presented as a filtered
direct limit of smooth k-algebras A,, We first observe that we may replace the direct
system of the A,’s by a system of essentially smooth local k-algebras. In fact, if m is the
maximal ideal of R, we can replace each A, by (Aa)pa’ where p, = mN A,. Note that in
this case the canonical morphisms ¢, : A, — R are local and every A, is a regular local
ring, in particular a factorial ring.

Let now L be the field of fractions of R and, for each «, let K, be the field of fractions
of A,. For each index « let a, be the kernel of the map ¢, : A, — R and B, = (Ay)a,-
Clearly, for each «, K, is the field of fractions of B,. The composition map A, — R — L
factors through B, and hence it also factors through the residue field k. of B,. Since R
is a filtering direct limit of the A,’s we see that L is a filtering direct limit of the B,’s.

Let £ € C(L) be such that the class £ € F(L) is R-unramified. We need the following
two lemmas.

Lemma 1.6.2. Let B = Ox, be the local ring of a k-smooth variety at a point x. Let
k(x) be its residue field and K be its field of fractions. Let n,p € F(B) be such that

nc = pic € F(K). Then n(z) = plx) € F(k(x)).
Lemma 1.6.3. There exists an index v and an element §, € C(B,) such that the class
€ € F(K,) is Ag-unramified.
Assuming these two claims we complete the proof as follows. Consider a commutative
diagram
R
L

Pa

By Lemma/1.6.3 the class &, € F(K,) is Ao-unramified. Hence by Theorem A there exists
an element 1 € C(A,) such that &, =7 € F(K,). By Lemmal1.6.2 the elements &, and
71 have the same image in F(k,). Hence £ € F(L) coincides with the image of the element
©a(n) in F(L). It remains to prove the two Lemmas.

Proof of Lemma|1.6.2. Induction on dim(B). The case of dimension 1 follows fromThe-
orem [1.3.1. To prove the general case choose an f € B such that n = p € F(By). Let 7
be a regular parameter in B without common factors with f and let B = B/7B. Then
for the image 7 — p of n — p in F(B) we have (1= p); = (n — p); = 0 € F(Bj). By the
inductive hypotheses one has n —p =0 € F(B). Thus n(z) = p(z) € F(k(x)).

Proof of Lemma1.6.3. Choose an f € R such that £ is defined over Ry. Then ¢ is
ramified at most at those hight one primes p, ..., p, which contains f. Since the class
¢ € F(L) is R-unramified there exists, for any p;, an element o; € G(L) and an element
& € C(Ry,) such that & = pu(0;)& € C(L). We may assume that &; is defined over Ry, for
some h; € R — p,; and that o; is defined over R,, for some g; € R.
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We can find an index « such that A, contains lifts f,, 14, ras G1a, - -5 Gra and
moreover

(1) C(Aa,yz,) contains a lift &, of £,
(2) C(Aapn,,) contains a lift of & o of &,
(3) G(Aag,.) contains a lift of o;, of o;.

Since none of the fo, hiqa, ..., hra, Gias - - -, gro vanishes in R, the elements &4, &1 4, -+, &ira
and 014, ...,0,, may be regarded as elements of C(B,) and G(B,) respectively.

We know that & ,(0; ) and &, map to the same element in C'(L). Hence replacing o
by a larger index, we may assume that &, = & o/1(0i.0) € C(Bs). We claim that the class
£, € F(K,) is Ap-unramified. To prove this note that the only primes at which &, could
be ramified are those which divide f,. Let g, be one of them. Check that &, is unramified
at qo. Let ¢, € A, be a prime element such that ¢,A, = qo. Then g,r, = f, for an
element r,. Thus gr = f € R for the images of ¢, and r,, in R. Since the homomorphism
Vo : Aq — R is local, ¢ € mg. The relation ¢gr = f shows that ¢ € p; for some index 1.
Thus ¢, € ¢, (pi) and g, C ¢, (pi). On the other hand h;, € A, — v, (p;), because
hi € R —p;. Thus h;, € Ay — qo. Now the relation &, = & op1(0:0) € C(B,) with
i € C(Aap,,.) shows that &, is unramified at q,. Thus &, is unramified at each hight
one prime in A, containing f,. Since &, € C(A,,s.,) we conclude that £, is Ap-unramified.
The lemma follows. The theorem is proved.

L]

2 Applications

In this Section we prove a purity theorem for reductive groups. Let G be a reductive
group over the characteristic zero field k and Z - G a closed central subgroup of G.
Let G' = G/Z be the factor group, 7 : G — G’ be the projection. For any k-algebra R

consider the boundary operator 0, p : G'(R) — Hg, (R, Z). It is a group homomorphism
[Se, Ch.I1, §5.6, Cor.2|. Set

F(R) = H (R, Z)/Im(5. R).

Theorem 2.0.4. Let R be a regqular local ring containing the field k. The functor &
satisfies purity for R. If K is the fraction field of R this statement can be restated in an
explicit way as follows:

given an element € € H, (K, Z) suppose that for each height 1 prime ideal p in R there
exist & € HY(Ry, Z), g, € G'(K) with € = &, + 6:(g9p) € Hy(K,Z). Then there exist
ém € HY(R,Z), gm € G'(K), such that

£ =&+ 0n(gm) € Hy(K, Z).
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Proof. Since G is reductive the group Z is of multiplicative type. So we can find a
commutative separable k algebra [ and a closed embedding Z — R, /k(Gm, ;) into the
permutation torus 7% = Ry (G, ;). Let Gt = (G xT")/Z and T =T"/Z, where Z is
embedded in G x T diagonally. Clearly G*/G = T. Consider a commutative diagram

{1} {1}

G/1_d>G/
7r ot
5t ut
{1} G G* T {1}
i it id
B} ——=2——=1+—=T—{1}

{1

with exact rows and columns. For a local k-algebra A one has H} (A, 7F) = {*} by
Hilbert 90 and this diagram gives rise to a commutative diagram of pointed sets

HL (A, G —=HL (A, G

T W;"T
wh A 1 g 1
G+ (A) - T(A) - Hét(A7 G) - Hét<A7 G+>
ir id ix z’jT
+ KA %4 111 p
THA) —=T(A) —=Hy(A, 2) {*}
671'
G'(4)

with exact rows and columns. It follows that 7 has trivial kernel and one has a chain of
group isomorphisms

H} (A, 2)/Im(0r.4) = ker(m,) = ker(j1) = T(A)/ut (GH(A)).

Clearly these isomorphisms respect k-homomorphisms of local k-algebras. The functor
A T(A)/ut(G1(A)) satisfies purity for the regular local k-algebra R by Theorem (B).
Hence the functor A — Hg, (A, Z)/Im(d, 4) satisfies purity for R. O

3 Examples

We follow here the notation of The Book of Involutions [KMRT]. The field k is a charac-
teristic zero field. The functors (15) to (29) satisfy purity for regular local rings containing
k as follows either from Theorem or from Theorem (B).

20



(1)

Let G be a simple algebraic group over the field k, Z a central subgroup, G' = G/Z,
m : G — G’ the canonical morphism. For any k-algebra A let 6,z : G'(R) —
H}, (R, Z) be the boundary operator. One has a functor

R— HL (R, Z)/Tm(5, R). (15)

Let (A,0) be a finite separable k-algebra with an orthogonal involution. Let 7 :
Spin(4,0) — PGO™ (A4, o) be the canonical morphism of the spinor k-group scheme
to the projective orthogonal k-group scheme. Let Z = ker(w). For a k-algebra R
let 6z : PGO™ (A, 0)(R) — H} (R, Z) be the boundary operator. One has a functor

R Hi (R, Z)/Im(0R). (16)

In (2a) and (2b) below we describe this functor somewhat more explicitly following
[KMRT).

Let C(A,0) be the Clifford algebra. Its center [ is an étale quadratic k-algebra.
Assume that deg(A) is divisible by 4. Let (A, o) be the extended Clifford group
[KMRT, Definition given just below (13.19)]. Let o be the canonical involution of
C(A, o) as it is described in [KMRT, just above (8.11)]. Then ¢ is either orthogonal
or symplectic by [KMRT, Prop.8.12]. Let u: Q(A, o) — Ry/i(G,yy) be the multiplier
map defined in [KMRT, just above (13.25)] by p(w) = o(w) w. Set R; = R®yl. For
a field or a local ring R one has H}, (R, Z)/Im(0g) = R /u(2A,o)(R)) by [KMRT,
the diagram in (13.32)]. Consider the functor a

R B [u(A,0)(R)). 17)
It coincides with the functor R +— Hg, (R, Z)/Im(dg) on local rings containing k.
Now let deg(A) = 2m with odd m. Let 7 : I — [ be the involution of I/k. The

kernel of the morphism R; /(G ) -, Ry 1(Gyy,y) coincides with Gy, x. Thus id—7
induces a k-group scheme morphism which we denote id — 7 : R; /k(Gm,l) /G —
Ry/i(Gpoy). Let p: Q(A,0) — Ryi(Giyny) be the multiplier map defined in [KMRT,
just above (13.25)] by pu(w) = o(w) - w. Let & : Q(A,0) — Riyx(Guy)/Gmy be
the k-group scheme morphism described in [KMRT, Prop.13.21]. The composition
(id — 7) o k lands in Ryi(Gpy). Let U C Gy X Ryyi(Gpy) be a closed k-subgroup
consisting of all (a, z) such that a* = Ny (2).

Set . = (i, [(id — 7)o k] - p2) : Q(A,0) — G X Ryyi(Gypy). This k-group scheme
morphism lands in U. So we get a k-group scheme morphism . : Q(A,0) — U.
On the level of k-rational points it coincides with the one described in [KMRT) just
above (13.35)]. For a field or a local ring one has

Hg (R, 2)/Im(0r) = U(R)/{(Nije(@), a")la € R} - pa(Q(A, 0)(R))].
Consider the the functor
R = UR)/{(Nijp(@), o)l € B} - 1 (Q(A, 0)(R))]. (18)
It coincides with the functor R+ Hg, (R, Z)/Im(dg) on local rings containing k.
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(3)

Let I'(A, o) be the Clifford group k-scheme of (A,o). Let Sn: I'(A,0) — G, be
the spinor norm map. It is dominant. Consider the functor

R+ R*/Sn(I(A,0)(R)). (19)

Purity for this functor was originally proved in [Z, Thm.3.1]. In fact, ['(A4,0) is
k-rational.

We follow here the Book of Involutions [KMRT, §23]. Let A be a separable finite
dimensional k-algebra with center [ and k-involution o such that k coincides with all

o-invariant elements of [, that is £ = [?. Consider the k-group schemes of similitudes
of (A,0):
Sim(A,0)(R) ={a € A} |a-ogr(a) € I}

We have a k-group scheme morphism p : Sim(A,0) — G, a — a-o(a). It gives
an exact sequence of algebraic k-groups

{1} — Iso(A4,0) — Sim(A4,0) — G, x — {1}.
One has a the functor
R+— R*/u(Sim(A,0)(R)). (20)

Purity for this functor was originally proved in [Pa, Thm.1.2]. Various particular
cases are obtained considering unitary, symplectic and orthogonal involutions.

In the case of an orthogonal involution o the connected component GO (A, o)
[IKMRT, (12.24)] of the similitude k-group scheme GO(A, o) := Sim(A, o) has the
index two in GO(A, o). The restriction of u to GOT(A, o) is still a dominant
morphism to G,, ;. One has a functor

R R /u(GOT (A, 0)(R)) (21)

It seems that its purity does not follow from [Pa, Thm.1.2]. In fact we do not know
whether the norm principle holds for 1 : GO (4, 0) — G,, 4 or not.

Let A be a central simple algebra (csa) over k and Nrd : GLy 4 — G, the reduced
norm morphism. One has a functor

R +— R*/Nrd(GLj a(R)). (22)
Purity for this functor was originally proved in [C-T/O, Thm.5.2].

Let (A,0) be a finite separable k-algebra with a unitary involution such that its
center [ is a quadratic extension of k. Let U(A, o) be the unitary k-group scheme.
Let U;(1) be an algebraic tori given by N;/; = 1. One has a functor

R = U(1)(R)/Nrd(Uao(R)) = {or € B[ Nyjp(er) = 1}/Nrd(Uaq(R))  (23)
where Nrd is the reduced norm map. Purity for this functor was originally proved

in [Z, Thm.3.3].
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(7)

(10)

(11)

With the notation of example (5) choose an integer d and consider the k-group
scheme morphism g : GLi 4 X G — Gy given by (v, a) — Nrd(a) - a®. One has
a functor

R R*/u[GLy 4 X Gpy)(R)] = R*/Nrd(A) - R** (24)

Purity for this functor was originally proved in [Z, Thm.3.2].
With the notation of example (5) choose an integer d and consider the functor

R Ui(1)(R)/[Nrd(Uao(R)) - {a € B[ Nyjw(ar) = 1}] (25)
Purity for this functor was originally proved in [Z, Thm.3.2].

Let G1,G5,C be affine k-group schemes. Assume that C' is commutative and let
w1 Gy — C, ug : Go — C be k-group scheme morphisms and p : Gy X Gy — C' be
given by 1(g1,92) = 1(g1) - pa(gz2). One has a functor

R = C(R)/ul(Gy x G2)(R)] = C(R)/[111(G1(R)) - p2(Ga(R))] (26)

In this style one could get a lot of curious examples of functors, one of which is
given here.

Let (Aj,01) be a finite separable k-algebra with an orthogonal involution. Let A
be a csa over k. Let py be the multiplier map for (A;, 01) and Nrdsy be the reduced
norm for As. One has a functor

R = R*/[1(GO* (A1, 01)(R)) - Nrda(Aj ) - R*]. (27)

Let A be a csa of degree 3 over k, Nrd the reduced norm and Trd be the reduced
trace. Consider the cubic form on the 27-dimensional k-vector space A x A x A
given by N := Nrd(z) + Nrd(y) + Nrd(z) — Trd(zyz). Let Iso(A, N) be the k-group
scheme of isometries of N and Sim(N) be the k-group scheme of similitudes of
N. It is known that Iso(N) is a normal algebraic subgroup in Sim(A, N) and the
factor group coincides with G,, . So we have a canonical k-group morphism (the
multiplier) p : Sim(N) — Gy, x. Now one has a functor

R — R*/u(Sim(N)(R)). (28)

Note that the connected component of Iso(N) is a simply connected algebraic k-
group of the type Fjg.

Let (A,0) be a csa of degree 8 over k with a symplectic involution. Let V' C A be
the subspace of all skew-symmetric elements. It is of dimension 28. Let Pfd be the
reduced Pfaffian on V' and Trd be the reduced trace on A. Consider the degree 4 form
on the space V x V given by F := Pfr(z) 4+ Pfr(y) — 1/4Trd((zy)2) — 1/16Trd (xy)’.
Consider the symplectic form on V' x V' given by ¢((x1,y1), (22, y2)) = Trd(z1ys —
xoy1). Let Iso(F') (resp. Iso(¢)) be the k-group scheme of isometries of the pair F
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(resp. of ¢)). Let Sim(F") (resp. Sim(¢)) be the k-group scheme of similitudes of F’
(resp. of ¢). Set G = Iso(F) NIso(¢) and GT = Sim(F') N Sim(¢). It is known that
G is a normal algebraic subgroup in G and the factor group coincides with G, .
So we have a canonical k-group morphism p : Gt — G,,x. Now one has a functor

R— R*/u(G"(R)). (29)

Note that G is a simply-connected group of the type Fx.
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