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Abstract

In this paper, we define what we call (non)degenerate valued and graded division
algebras [Definition 3.1] and use them to give examples of division p-algebras that are
not tensor product of cyclic algebras [Corollary 3.17] and examples of indecomposable
division algebras of prime exponent [Theorem 5.2, Corollary 5.3 and Remark 5.5]. We

give also, many results concerning subfields of these division algebras.
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Preliminaries

Let F' be an associative ring with a unit and I' a totally ordered abelian group.
We say that F' is a graded ring of type I if there are subgroups F, (y € I') of F' such
that F' = @,erF, and F, F5 C F, s, for all 7, 6 € I'. In this case, the set 'p = {y € '
| F, # 0} is called the support of F.

If Fis a graded ring of type I' and € F, for some v € I'r, we say that z is
a homogeneous element of F'. In particular, if « is a nonzero element of F,, we say
that = has grade v and we write gr(x) = 7. We denote by F" [resp. F*] the set of
homogeneous [resp. nonzero homogeneous| elements of F. A graded ring F' which
is commutative and for which all nonzero homogeneous elements are invertible is
called a graded field. If in addition F' has support I' and there is a ring isomorphism
o F — Fy[l'] such that o(Fy) = Fy and o(F,) = Fyy for any v € I' — {0}, then F is
called a graded field of group-ring type.

Let F' be a commutative graded ring of type I'. A (left) algebra A over F' is called
a graded algebra over F' (of type I') if A is a graded ring of type I' and F, C A,,
for all v € I'. In particular, if F' is a graded field, then graded algebras over F' [resp.
commutative graded algebras over F'] for which homogeneous elements are invertible
are called graded division algebras (GDA) over F' [resp. graded field extensions of F.
If F' is the center of a graded division algebra A, then A is called a graded central
division algebra (GCDA) over F.

We recall that a graded field extension K of a graded field F' is totally ramified
over Fif [K : F] = (' : I'p). It is inertial over F if [K : F] = [K, : Fp] and K,
is separable over Fy. K is called tame over F'if K is separable over Fy and ' /T'p

has no p-torsion, where p = char(F'). Finally, K is purely wild over F' if K| is purely



inseparable over Fy and ' /T'r is a p-group. By [HW(1)99, Lemma 3.6], K/F is
purely wild if and only if Frac(E)/Frac(F) is purely inseparable.

Let F' be a graded field and Frac(F)q, an algebraic closure of Frac(F). We
recall that for any element A of the divisible hull Ap(= I'r ®z @) of T'r, there is
a unique grading on the polynomial ring F[X] extending the grading of F' and for
which X is a homogeneous element with gr(X) = A. We denote this grading by
F[X]™. A polynomial f € F[X] is called homogenizable if there is A € Ay such that
f e (F[X]M)h Let x € Frac(F)agy and denote by f; prec(r) its minimal polynomial
over Frac(F). We say that x is algebraic over F' if fa,Frac(F) 1 a homogenizable
polynomial of F[X]. If K is a graded field extension of F', we say that K is algebraic
over I if every homogeneous element of K is algebraic over F'.

Let Foy = F[{z € Frac(F)qu, | = is algebraic over F'}], then by [HW(1)99, Corollary
2.7(c)] Fuy is an algebraic graded field extension of F' and all subrings of Frac(F),
that are algebraic graded field extensions of F' are graded subfields of Fy;,. We call

F,4 'the’ algebraic closure of F.

If F'is a graded field and A is a graded division algebra over F', we denote by
Cq(A) the algebra of central quotients of A. Obviously, to the graded structure of A
corresponds a canonical valuation on Cq(A), defined by v(a) = gr(a) for any a € A*
(See [B98, §4] or [HW(2)99, §4]). We denote by HCq(A) the algebra Cq(A) ®@prac(r)
HFrac(F), where HFrac(F) is the Henselization of Frac(F') with respect to its

canonical valuation (see [E72, §16]).

Conversely, let E be a field and v a valuation of E. Then, the filtration of £ induced
by v yields a canonical graded field GE. Namely, let 7 = {z € E | v(z) > v}, EZ7
={z € E | v(zr) > v}. Obviously, E~7 is a subgroup of the additive group E7.



So, we can define the quotient group GE, = E7/E>Y. For x € E\{0}, we denote
by Z the element x + E>"®) of GEy). One can easily see that the additive group
GE = ©yerGE, with the multiplication law defined by zy = 2y is a graded field.

In the same way, if D is a valued division algebra over a field £ (we refer to [JW90]
for non-commutative valuative definitions used in this paper), then the filtration of
D by the principal fractional ideals yields a graded division algebra GD (see [B9S,
§4] or [HW(2)99, §4]). We recall that if F' is a graded field and A is a graded central
division algebra over F', then A is graded isomorphic to GHCq(A) by means of the
mapping x — T, where x is an arbitrary homogeneous element of A. Indeed, we have

Ag = (GHCq(A))o and I'y = Tgregay. We write A =, GHCq(A).

A valued central division algebra D over a field F is called defectless (over E) if
[D:E]=[D:E|(l'p:Tg), where [D : E] [resp. (I'p : I'g)] is the residue degree [resp.
ramification index| of D over E. If in addition, D is a field and [D : E] = (I'p : I'g),
we say that D is semiramified. If D has an inertial and a totally ramified maximal

subfields, we say that D is nicely semiramified (see [M05, Theorem 4]).

Let E be a Henselian valued field and D a defectless central division algebra over

E. We know that the map

vy+1T'g '—>‘9D(’7+FE) ca+— dad™?!

(d being an arbitrary element of D such that v(d) = ) is a surjective group homo-
morphism [JW90, Proposition 1.7]. We say that D is tame (over E) if it is defectless
over E, the center Z(D) of D is separable over E and the characteristic of E does
not divide the cardinality of the kernel of 6p.



We recall that if F'is a graded field and D is a graded central division algebra over
F, then HCq(D) is a tame central division algebra over H Frac(F') (See [HW(2)99,
Theorem 5.1]. It suffices also to apply [B95, Corollary 4.4]). Analogously, to the
valued case, we say that D is semiramified [resp., nicely semiramified| if Dy is a field
and [Dy : Ey) = (I'p : I'g) [resp., if D has an inertial and a totally ramified maximal

graded subfields].

It is well known that graded central division algebras over a graded field F' play
the same role as central division algebras over a Henselian valued field. Indeed,
their equivalent classes form a Graded Brauer group GBr(F') and there is a group
isomorphism GBr(F) — T Br(H Frac(F)), where T Br(H Frac(F)) is the tame part
of Br(HFrac(F)) [HW(2)99, Theorem 5.1]. Conversely, for any Henselian valued
field E, there is a canonical group isomorphism 7T'Br(E) — GBr(GE) [HW(2)99,
Theorem 5.3].

Now, let M/E be a finite-dimensional abelian field extension with Galois group
G; S = (0i)1<i<r be a basis of G (i.e. such that G = (01) @ ... ® (0,)); ¢ = ord(o;)
for 1 < i < r; M, (resp. M,;) be the subfield of M fixed by o; (resp. o; and o;);
N; (resp. N;j) be the norm of M/M,; (resp. M/M;;); and I = {(m4,...,m,) € IN" |
0 <m; <gq forl <i<r} Werecall that if M is a maximal subfield of a central
simple F-algebra A, then there exist invertible elements x4, ..., z, of A such that the
following conditions hold :

(0.1) A = ®perMa™, where 2™ = " .2 ;
(0.2) z;a = o;(a)x; fora € M and 1 <i <.
Let u;j = :Eixjxi_lxj_l and b; = o for 1 <4,j <r, then the matrices U = (u;;)1<i j<r

and B = (b;)1<i<, satisfy the following conditions (for 1 <i,7,k <) :



u;; and b; are non-zero elements of M ;

wj; = ug;
i(ujr) oy (ki) o (i) = wjntiniti; ;

Nij(uig) = 1;
o;(b:)b7 ! = Ni(uj).
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Conversely, for any pair of matrices (U, B) satisfying conditions 0.3 to 0.7, we
can construct a central simple E-algebra (M,G,U, B) = ®merM2™, where z; are
independent indeterminates that satisfy the following conditions : za = o;(a)z,

ziz; = wijziz and z = b; (See [ASTS, section 1]).

J.P. Tignol showed that conditions 0.3 to 0.7 mean that (U, B) is a 2-cocycle
with respect to a G-complex described in [T81, §1, p. 421]. Hence he denoted
(U, B) € Z2(G, M*). He wrote also Ugs(G, M*) to denote the set of matrices U (with
entries in M*) satisfying conditions (0.3) to (0.6). A matrix U € Ug(G, M*) is said
to be degenerate (with respect to the field extension M/FE) if there exist m,n € I
and a,b € M* such that the subgroup (¢™,c") of G, generated by ¢™ and o” is
non-cyclic, and uy, 5 = 0™ (a)a " o™ (b)b™!, where uy, = ™2™ (x™) " (2™) "' [ASTS,

Definition, p. 81].

Now, for a matrix U = (u;;)1<i i< of Us(G, M*), consider the amalgamated sum
M.E(z,...,z.) over E of M and the free E-algebra on the independent indetermi-
nates z; (1 < i < r); then let I be the ideal of M.E(z, ..., 2,.), generated by the
elements z;z; — w;;2;2; and za — 0;(a)z;, for 1 <i,7 <r and a € M. We recall that
the generic abelian crossed product (M, G, U) is the algebra of central quotients of
M.E{z,....,z.)/I. Let B = (b;)1<i<, be a matrix of M such that (U, B) € Z4(G, M*)
and let Z; = b;'z{, then the center of (M,G,U) is E(Z,...,Z,) [T81, §2, p. 428].



We have proved in [BM00, Theorem 1.1] that there is a graded field F' and a semi-
ramified graded division algebra D over F such that E(Zi,...,Z.) = Frac(F) and
(M,G,U) = Cq(D). The valuation of E(Z, ..., Z,.) defined by the graded structure
of F' will be called the canonical valuation of E(Z, ..., Z,).

Let M/E be as above an abelian finite-dimensional field extension, F' a graded field
with Fy = E and with support I'r and M F' the graded subfield of F;, generated by M
and F. Assume there is a totally ordered abelian group A containing I'r with ordering
extending that of I'r and suppose € : A — G is a group homomorphism with kernel
I'r. Let 0; € A such that €(d;) = oy, and consider a family (zs,)1<i<, of elements of
F* with g = 1 and gr(z,s,) = ¢:0;. For a cocycle (U, B) € Z%(G, M*), consider the
iterated twisted polynomial ring A := MF[Xy,..., X,;01,...,0,] defined by X; X, =
ui; X; X, Xia = 0;(a)X; for all 1 <4, <rand a € MF (see [AS, p. 78]), and let I
be the left ideal of A, generated by the elements X" — b;x,,5,. Then, I is a two-sided
ideal of A. Indeed, for any 1 <i,j <r, we have (X — b;xys,)X; = N;i(u;;) X; X7 —
Xjo7 (0i)ags, = Xj(o7 (Ni(uig)) X{ — 057 (bi)wges.) = Xjo7 (Niluig) ) (X — big,s,)-
So, we can consider the quotient ring (M F,e,G,U, B) := A/I. One can easily see
that (M F,e,G,U, B) is a semiramified graded division algebra over F'.

In the first section of the present paper we give some new results in Galois theory
of graded fields. In particular, we show that if E is a field and M is a defectless
normal finite-dimensional valued field extension of E, then GM is a normal graded
field extension of GE (and that we can drop the condition ’defectless’” when E is
Henselian) [Theorem 1.4]. We prove also that if E is a Henselian valued field, M is a
finite-dimensional field extension of F, g = > ;a; X" is a homogenizable irreducible

polynomial of GE[X] (a; € E) with a simple root a in GM and f = >" ,a; X", then



f is irreducible and has a simple root a in M such that @ = « [Proposition 1.5]. We
show also that if E is a Henselian valued field with residue characteristic p > 0 and
L is a purely wild [resp., a defectless simple purely wild| finite-dimensional graded
field extension of GE, then there is a defectless field [simple field] extension K of E
such that GK = L. Furthermore, K can be chosen to be a purely inseparable field
extension of £ when char(E) = p [Proposition 1.7]. Then, we use Proposition 1.5 to
give a new proof of [HW(1)99, Theorem 5.2] which for an arbitrary Henselian valued
field E establish a one-to-one correspondence between the set of isomorphism classes
of finite-dimensional tame field extensions of E' and the set of isomorphism classes of
finite-dimensional tame graded field extensions of GE [Corollary 1.8]. Finally, in the
last part of this section, we prove some results concerning cyclic and Kummer graded

field extensions.

The second section deals with the structure of nicely semiramified valued division
algebras. We recall that these algebras were defined in [JW90, Definition p.149]
to be defectless finite-dimensional valued division algebras with inertial and totally
ramified of radical type maximal subfields. As indicated in [JW90, p.128], nicely
semiramified division algebras appeared in [P176] as examples of division algebras
with nonzero SK;. They appeared also in the similarity decomposition of any tame
division algebra over a Henselian valued field [JW90, Lemma 5.14 and Lemma 6.2]. As
seen above, we have proved in [M05, Theorem 4] that any finite-dimensional central
division algebra over a Henselian valued field E with an inertial maximal subfield and
a totally ramified maximal subfield (not necessarily of radical type) [resp. split by an
inertial and a totally ramified field extensions of E] is nicely semiramified. We use in
this section this new characterization of nicely semiramified division algebras to give

many new properties describing them. We are precisely interested here in determining



relations between cyclic division p-algebras and nicely semiramified division algebras

over Henselian valued fields (see [Proposition 2.5 and Proposition 2.9]).

In the third section, we define what we call degenerate (valued and graded) division
algebras [Definition 3.1] and we determine when a tame semiramified division alge-
bra is degenerate [Proposition 3.6, Proposition 3.9, Proposition 3.11 and Proposition
3.12]. We prove also many equivalent statements for a semiramified graded division
algebra D over a graded field F' to be degenerate [Proposition 3.16]. In particular, we
show that D is degenerate if and only if DyFrac(F) is a degenerate maximal subfield
of Cq(D) (see [BMOO, Definition 0.12]). We use then nondegenerate division algebras
to give examples of division p-algebras that are not tensor products of cyclic algebras
[Corollary 3.17] (see also Remark 3.19(1)). As a consequence of Corollary 3.17, we
get a new proof of [AS78, Theorem 3.2] (see [Corollary 3.18]).

We show in the forth section many results concerning subfields of nondegener-
ate tame semiramified division algebras of prime power degree over Henselian valued
fields. In particular, we prove that a nondegenerate tame semiramified division alge-
bra D over a Henselian valued field £ with I'p/I'g non-cyclic cannot have a totally
ramified (non-trivial) subfield [Proposition 4.2]. This enables us to prove that if £
has residue characteristic p > 0, D is a nondegenerate tame semiramified division
algebra of degree a power of p over F with I'p/T'g non-cyclic, and K is a normal
subfield of D, then K is an inertial Galois subfield of D. Hence, there is a subgroup
H of Gal(D/FE) such that Gal(K/E) = Gal(D/E)/H. In particular, if K is a Galois
maximal subfield of D, then Gal(K/E) = Gal(D/E) [Proposition 4.3]. This Propo-
sition generalizes [S78, Theorem 3.1] and [McKO05, Theorem 2.3]. We prove also that
if char(E) is arbitrary, deg(D) is a power of a prime integer p and rk(I'p/T'z) > 3,
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then all abelian subfield of D are inertial over E [Proposition 4.9]. Then, we show
that if rk(I'p/T'g) is arbitrary but exzp(I'p/T'g) = p, then any non-maximal subfield
of D is inertial over E. Also, if K is a non-quaternion normal maximal subfield of D,
then K is either cyclic with dimension < p? or inertial over E [Theorem 4.11]. More
results for the case where char(E) does not divide deg(D) are proved at the end of

this section.

Finally, in the last section we prove that nondegenerate tame semiramified divi-
sion algebras of prime power degree over Henselian valued fields are indecomposable
[Theorem 5.2]. This can be used to construct indecomposable division algebras of

prime exponent (see [Remark 5.4]).

We will give in a next paper many results concerning prime to p-extensions of
nondegenerate inertially split division algebras of degree a power of p over a Henselian

valued field (where p is a prime positive integer).

1 Graded and valued field extensions

Let I be a graded field and E an algebraic graded field extension of F'. We recall that
E is called normal over F if every homogenizable irreducible polynomial of F'[X] that
has a root in E splits completely (i.e., into degree one factors) in E[X]. Let g be a
homogenizable irreducible polynomial of F[X]. Assume g has a root z € E\{0} and
let fi Frac(r) be the minimal polynomial of z over F rac(F'). By Claim A.1 comments
below, we have g = af; prac(r) for some a € F*. So, by [HW(1)99, Proposition 2.2
and corollary 2.5] x € E* . Therefore, E is normal over F' if and only if for any

r € B, [ Frac(r) splits into one degree polynomials in F[X].



1 GRADED AND VALUED FIELD EXTENSIONS 11

Lemma 1. 1 Let E/F be an algebraic graded field extension. Then, E is normal
over F if and only if Frac(E) is a normal field extension of Frac(F).

Proof. Suppose that E is normal over F' and consider a Frac(F')-isomorphism
o from Frac(E) into Frac(E)qyy. Let v € E* and let f; proqr) be its minimal
polynomial over Frac(F). Obviously, we have f, procry(o(z)) = 0. So, o(x) € E*.
See that we have Frac(E) = EFrac(F), hence o(Frac(E)) = Frac(E). Therefore,
Frac(FE) is a normal field extension of Frac(F).
Conversely, suppose that Frac(E) is a normal field extension of Frac(F) and let
x € E*. Then, f; proc(r) splits into one degree polynomials in Frac(£)[X]. Let y
be a root of f, prec(ry and let o be a Frac(F)-automorphism of Frac(E) such that
y = o(z). By [HW(1)99, Corollary 2.5(d)] the restriction of o to F is a graded
F-automorphism of E. So, y € E*.

Proposition 1. 2 Let E/F be a finite-dimensional graded field extension. Then the
following statements are equivalent :

(1) E/F is tame and normal.

(2) E is a Galois graded field extension of F'.

Proof. By [HW(1)99, Theorem 3.11(a), (b)] and Lemma 1.1.

Let E/F be a normal finite-dimensional graded field extension. As in the ungraded
case, we call the group G consisting of graded F-isomorphisms of £ into E,, the

Galois group of E/F.

Proposition 1. 3 Let E/F be a finite-dimensional normal graded field extension of
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Galois group G and let Fixg(E) be the graded subfield of E, elementwise invariant
under the action of G. Then, Fixg(E) is purely wild over F' and E is Galois over
Fizg(E). Moreover, if T is the tame closure of F' in E, then E = TFizq(E) =,
T ®@p Fizg(E).

Proof. Since E is normal over F', then by Lemma 1.1 Frac(E)/Frac(F) is a nor-
mal field extension. Moreover, we have Frac(E) = E ®p Frac(F), so Gal(E/F) =
Gal(Frac(E)/Frac(F)) -up to a group isomorphism- (See that by [HW(1)99, Corol-
lary 2.5(d)] the restriction to E of any o € Gal(Frac(E)/Frac(F)) is in Gal(E/F)).
By identification of Frac(E) and E ®p Frac(F'), for any element x € Frac(FE) there
are o € E and # € Frac(F) such that z = a ® § (indeed, we can write z = Y a; ® b;
where a; € F and b; € Frac(F). Let 0 # b € F such that h; := b;b € F for all i,
then we have z = (X a;h;) @ b71). So, for any o € Gal(Frac(E)/Frac(F)), o(x) = x
if and only if o(a) = a. Accordingly, Fizg(Frac(E)) = Fizg(E) @ Frac(F) =
Frac(Fizg(FE)). Therefore, by [Karp89, Proposition 7.7, p.283] and [HW(1)99, Theo-
rem 3.11(b) and Lemma 3.6], £/ Fizg(FE) is Galois and Fizg(FE)/F is purely wild. By
[HW(1)99, (3.8)], F'rac(T) is the separable closure of Frac(F') in Frac(E). Further-
more, we have TFizg(E) @ Frac(F) = Frac(T)Fizg(Frac(E)). So, by [Karp89,
Proposition 7.7, p.283] TFizg(E) @p Frac(F) = Frac(E). Therefore, TFizg(E) =
E. Remark that Frac(T) is separable over Frac(F') and Frac(Fizg(FE)) is purely
inseparable over Frac(F'). Therefore, T' and Fizg(F) are linearly disjoint over F.

Hence, £ =, T ®p Fizg(E).

Let E& be a Henselian valued field, M a finite-dimensional field extension of FE,

z;)™, a family of elements o such that v(z;) = v(x;) for a < 1,5 <nand suc
(x;)™, a family of el M h th (x;) (])f 111 7 d h



1 GRADED AND VALUED FIELD EXTENSIONS 13

that f := [T~ , (X —x;) is an element of E[X]. We aim to show here that [T/, (X — ;)
is an element of GE[X]. Let for m = (my,...,m,) € IN", supp(m) = {i | such that
m; # 0}, then let I}' = {m = (my,...,m,,) € IN" | card(supp(m)) = k and m; =0 or 1
for all 1 <i < n}. For any m = (my,...,my,) € I}, denote ™ = [L;cqupp(m) Ti- Then,

X =) = Y di, X resp. [T(X — &) = S0 d,. X"7F] | where dy = 1
[resp. dfy = 1] and dj, = X e pn (—1)" 2™ [resp. dj = Zen(—1)*37] (for 1 <k <n).
See that v(z™) = kv(x) for any m € I'. So, in GEpy)(= EF® /E>*@) we have
Ay, = Cerp (—1)Fa™ = Y (=1)F™ = d). So, [I72 (X — %) € GE[X].

Theorem 1. 4 Let E be a field and M a defectless finite-dimensional valued field
extension of E. If M is normal over E, then GM is normal over GE. If E is

Henselian, then this is true even if M is not defectless over E.

Proof. Let v be the valuation of M and let HM be the henselization of M with
respect to v [E72, §16]. Since M ® 3 HE = M and T'y; NIz = I'g, then by [Mor89,
Theorem 1] M ®p HE is a field. So, HM = MHE = M ®g HE. Moreover,
because M C HM, (GM)o = M = (GHM )y and T'gyr = Tgpar, then GM = GHM.
Similarly, GE = GHFE. Therefore, we can assume that F is Henselian.

Now, let x be an element of M and let f, g be the minimal polynomial of x over E.
M being normal over E, then we can write f, g = [T}, (X — z;), where z; = 0;(x)
for some 0; € Gal(M/E). Since E is Henselian, then v(x;) = v(x). Therefore, by
the above the polynomial [T}, (X — ;) is in GE[X]. Hence, the minimal polynomial

[z, Frac(cr) of T over Frac(GE) splits into one degree polynomials in GM[X].

Proposition 1. 5 Let E be a Henselian valued field, M a finite-dimensional field
extension of E, g = Y1y a@; X* a homogenizable irreducible polynomial of GE[X)], with
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a; € E, and f = Y ya; X", If g has a simple root o in GM, then f is irreducible

and has a simple root a in M such that a = «.

Proof. Since X — a divides g and g is homogenizable, then o € GM" and gr(a) =
gr(X). Therefore, o = € for some e € M. Let f, proc(cr) be the minimal polynomial
of v over Frac(GE). Then, by Claim A.1 comments below, g = 8 fa, prac(cr) for some
B € GE". Let I'y; be the value group of M (for the extension of the valuation of
E to M), Ay = 'y @z @ (the divisible hull of T'y/) and p = gr(g)(€ Ay). Then,
gr(a;) + igr(é) = p for all 1 < i < n when a; # 0. See that ay # 0 (because g is
irreducible). Hence e # 0.

We distinguish the following two cases:

i) If o = 0, then setting Y = é7'X, we get g = X", a;e’Y?, with Y = 1 as a simple
root in M. Therefore, by Hensel Lemma [E72, Corollary 16.6(iv)], there is a b € V),
(where V) is the valuation ring of the extension of the valuation of £ to M) such
that b =1 and Y7, a;(eb)’ = 0. So, eb is a root of f and eb = ¢ = .

ii) If u # 0, then setting ¢ = ae®, where ay, is a nonzero coefficient of f, Y = é71X
and h = ¢~'g, we get h = 2", ¢ 1a;e'Y". So again by Hensel Lemma, there is b € Vi,
such that ¢=! Y7 a;(eb)’ = 0 and b = 1. Hence, b is a root of f with eb = a.

Now to prove that f is irreducible, remark that because g = Bfs prac(cr), then
[GEla] : GE] = deg(g) = deg(f). Moreover, since f(a) = 0, then the mini-
mal polynomial f, g of a over E divides f, hence [Efa] : E] < deg(f). On the
other hand, we have [Efa] : E] > [G(E[a]) : GE] > [GE|a] : GE]. Therefore,
[Ela] : E] = [G(E[a]) : GE] = [GEa] : GE] = deg(g) = deg(f). So, f is irreducible.
(The reader can see that Ela] is necessaraly defectless over F).

a being a simple root of g, then g has deg(g) distinct roots. Let N be a normal field
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extension of E which contains M. By Theorem 1.4, GN is a normal graded field
extension of GE. Hence all the roots of g are in GN. Moreover, by the previous
part of this proof, for any root § of g there is a root d of f in N such that d = 4.
Therefore, f has deg(f) distinct roots. This shows that a is a simple root of f.

Remark 1.6 Let F be a Henselian valued field, g = 37 ,ad; X’ a homogenizable
irreducible polynomial of GE[X], with a; € E, and f = Y} ,a;X". If f has a root a
such that a is a root of g, then using the same arguments as in Proposition 1.5, f is

irreducible in F[X] and G(E[a]) = GE|a].

Proposition 1. 7 Let E be a Henselian valued field with residue characteristic p > 0
and L a purely wild [resp., simple purely wild] finite-dimensional graded field extension
of GE, then there is a defectless field extension [resp., simple field extension] K of E
such that GK = L. If char(E) = p, then K can be chosen to be a purely inseparable
field extension of E.

Proof. Let N be a normal field extension of F such that L C GN. Assume first
that L = GFEla] (for some a € N) and let p" = [L : GE]. Since Frac(L) is purely
inseparable over Frac(GE), then the minimal polynomial of @ over Frac(GE) is
g = X?" —a@". We have L N Frac(GE) C GN N Frac(GE) = GE. So, there is
b € F such that @ = b. Let f = X?" — b and let = be a root of f in N. Clearly,
T is a root of g. So, # = a (because 7¥" = a@*" in GN). By remark 1.6, we have
G(E[z]) = GE[Z] = GE[a] = L.

Now, let L be an arbitrary finite-dimensional purely wild graded field extension of
GE. Then, we can write L = GElay,...,a,]. Therefore, one can easily proceed by

induction on r to end the proof.
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As a consequence of Proposition 1.5, we have the following Corollary that gives ex-
plicitly the correspondence between (finite-dimensional) tame valued field extensions

over a Henselian valued field and tame graded field extensions.

Corollary 1. 8 [HW(1)99, Theorem 5.2] Let E be a Henselian valued field. Then,
the map K — GK gives a one-to-one correspondence between the set of isomorphism
classes of finite-dimensional tame field extensions of E and the set of isomorphism
classes of finite-dimensional tame graded field extensions of GE. Moreover, K is a
Galois tame (finite-dimensional) field extension of E if and only if GK is a Galois
(finite-dimensional) graded field extension of GE and in such a case Gal(K/E) is
isomorphic to Gal(GK/GE).

Proof. 1f K is a tame field extension of E, then obviously GK is a tame graded field
extension of GE. Let K’ be a tame field extension of E such that K’ = K. Since E
is Henselian, then clearly GK =, GK'. Conversely, if L is a tame finite-dimensional
graded field extension of GE, then we can write L = GE[Z4, ..., .|, where z; € Ey,
with Z; separable over Frac(GE). Assume first that » = 1 and let M = E[x,]. By
Proposition 1.5, there is a; € M such that @, = #; and [Efa;] : E] = [L : GE].
Hence, G(F[a1]) = L. By induction, assume there are ay,...,a,—1 € Exy,...,T,_1]
such that G(El[ay, ..., a,—1]) = GE|[Z1, ..., T,—1]. Then, again by Proposition 1.5, there
is a, € E[ry,...,2,] such that G(Flai,...,a,]) = L (this is obtained by applying
Proposition 1.5 on the field extension M/E’, where E' = Elay,...,a,_1]). Clearly,
K := Flay, ..., a,] is tame over E. If K’ is an other tame field extension of E such that
GK' =, L, then by Proposition 1.5, there is ¢} € K’ such that G(E[a}]) =, G(E|a41])

and both a} and a; have the same minimal polynomial over E. So, Ela}] = Ela].

By induction, we prove that K’ = K.
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Now, let K be a Galois tame finite-dimensional field extension of £. By Proposi-
tion 1.2 and Theorem 1.4, GK is a Galois graded field extension of GE. Since v is
Henselian, then for any ¢ € Gal(K/E), we can define a graded G E-automorphism
7 : GK — GK by extending the mapping ¥ — O'/(\SL’/). Let ¢ : G — Gal(GK/GE) be
the group homomorphism defined by ¢(c) = &, B be the valuation ring of the exten-
sion of v to K and let GV the ramification group of B over E. See that ¢(0) = idgx
if and only if v(% —1) > 0, for any z € K*. Otherwise said, ¢(0) = idgg if and
only if 0 € G¥. But GV = {idk} (since K is tame over E). Therefore, ¢ is injec-
tive. Remark that Gal(K/FE) and Gal(GK/GE) have the same cardinality (since
Gal(GK/GE) = Gal(Frac(GE)/Frac(GE))). So, ¢ is a group isomorphism.

Let M be a tame finite-dimensional field extension of E such that GM is a Galois
graded field extension of GF and consider a Galois tame finite-dimensional field exten-
sion N of F containing M. By the above GN is a Galois graded field extension of GE
[resp., of GM| and Gal(N/E) = Gal(GN/GE) [resp., Gal(N/M) = Gal(GN/GM)].
Since GM is a Galois graded field extension of GE, then Gal(GN/GM) is a normal
subgroup of Gal(GN/GE), therefore Gal(N/M) is a normal subgroup of Gal(N/E).

Hence, M is a Galois field extension of F.

Let F be a graded field and K a finite-dimensional graded field extension of F.
For an arbitrary abelian group A -namely for A = ', /T p- and a family ay, as..., a, of
elements of A, we say that aq, as..., a, are independent if the subgroup (ay, as, .., a,)
of A, generated by aj, as..., a,, equals ®_,(a;). We recall that K is called totally
ramified of radical type (T'RRT) over F if there are homogeneous elements t1, ..., t, €
F* and nonnegative integers nq, ..., n, such that the following conditions are satisfied:

(1) K = F[ti/™, ..., t}/"] and
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(2) gr(tl/m) +I'r (1 <4 < r) are independent elements of 'k /I'r, with order n;,

respectively.

One can see that in the same way as for TRRT valued field extensions (See [JW90,
Lemma 4.1]), a totally ramified finite-dimensional graded field extension K of F' is
TRRT over F if and only if there is a subgroup G of K*/F* such that the mapping
G — 'k /T'p, defined by zF* +— gr(z) + I'p, is a group isomorphism.

Lemma 1. 9 Let I’ be a graded field and K a totally ramified finite-dimensional
graded field extension of F'. Then, K is TRRT over F.

Proof. [M05, Lemma 1].

Corollary 1. 10 [Sch50, p.64, Theorem 3| Let E be a Henselian valued field and
K a tame totally ramified finite-dimensional field extension of E, then K is totally
ramified of radical type.

Proof. By Lemma 1.9 GK is totally ramified of radical type. Write GK =
GE[a1] ®cE ... ®cr GEla,] for some oy, ..., € GK* where gr(«;) + I'gp are in-
dependent elements of I'gx /T gE. Assume first that » = 1. By Proposition 1.5 there
is 1 € K such that ; = «; and [E[z1] : E] = [GE[ai] : GE] = [GK : GE].
Hence, E[r,] = K and v(E[z1]) = (gr(a1) + T'er) = (v(x1) + I'g). More gener-
ally, for an arbitrary positive integer r, by the above there are x; € K such that
[Elz;] : E] = [GE|oy] : GE] and v(w;) + I'g generates I'gy,,)/I's. Hence, by [Mor89,
Theorem 1] K = E[z1] ®p ... @ Elx,].
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Let F/F be a Galois finite-dimensional graded field extension. In the same
way as for ungraded fields, one may define the norm Ng/p of E/F (i.e. Npjp =
[loeca(e/r o(r) for all z € E). Then, the following lemma is a direct consequence of

[L84, Theorem 6.1, p323].

Lemma 1. 11 Let E/F be a finite-dimensional cyclic graded field extension with
dimension n and with Galois group generated by o and v € E*. Then, Ng/p(z) =1

if and only if there exists y € E* such that x = yo(y)™*

Proof. Assume that Ng/p(z) = 1. Then, Npyac(s)/Fracr)(2)(= Ng/p(x)) = 1. So, by
[L84, Theorem 6.1, p. 323] there is 2 € Frac(E)* such that x = zo(2)™'. We may
assume z € E*. Write z = 21 +...+ 2z, where z; (1 < i < r) are nonzero homogeneous
elements of £ with gr(z;) < gr(ziz1), for all 1 < i < r. Since o(z)xr = z and zx is

homogeneous, then for all 1 <1 <r, o(z;)z = z;. The converse is clear.

Remark that an alternative cohomological proof of Lemma 1.11 can be obtained

by considering the G-module E*.

Proposition 1. 12 Let F be a graded field with characteristic not dividing a positive
integer n, and assume Fy contains a primitive n'* root of unity (. Then, the following
statements hold :

(1) If E is a cyclic graded field extension of F' with dimension n, then there is x € E*
such that E = Flz|, ™ € F* and Gal(E/F) is generated by the graded F-isomorphism
o defined by o(x) = (x.

(2) Conversely, if a € F* and x is a root of the polynomial X™ —a in Fy,, then F[z]
is a cyclic graded field extension of F with [F[z]: F] = m dividing n and ™ € F.
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Proof. (1) Let o a generator of Gal(E/F). We have Ng/r(("') = 1, so by Lemma
1.11 there is « € E* such that o(z) = (z. Accordingly, o(z") = o(z)" = ((z)" = a™.
Hence, 2" € F*. Since o'(x)(= ('z) (1 < i < n) are pairwise distinct, then the
minimal polynomial of z over Frac(F') is X" — a"™. So, Flz| = E.

(2) By [L84, Theorem 6.2, p. 324] Frac(F)(z)/Frac(F) is cyclic with dimension m
dividing n and with 2™ € Frac(F)*. Hence, F[z]/F is cyclic of dimension m and by
[HW(1)99, Corollary 2.5(b)] ™ € Flx]* N Frac(F)* = F*.

Let F be a graded field with characteristic p > 0. Then, Galois graded p-extensions
of I are inertial over F', so they are exactly graded fields of the form K F'F, where
K runs over Galois p-extensions of Fy. This because Galois graded p-extensions
are necessarily inertial. Therefore, a graded field extension E/F of dimension a
power of p is cyclic if E = F(xq,...,x,), where z = (z1,...,2,) € W,(Ey) and
(2, . aR) — (21, ., xn) € Wio(Fy) (here W, (Ep) is the ring of Witt vectors asso-

ciated to the field Ey). In particular, cyclic extensions of degree p of F' are F[z],

where z is a root of a polynomial X? — X — a for some a € Fy with = ¢ Fy.

Let F' be a graded field and K a finite-dimensional abelian graded field extension
of F. We say that K is a Kummer graded field extension of F' if Fj contains a prim-
itive m'™ root of unity, where m is the exponent of Gal(K/F). In such a case, we
denote KUM(K/F) ={x € K* | 2™ € F'} and kum(K/F) = KUM(K/F)/F* (i.e.,
the quotient group). As for Kummer field extensions, one can see that kum(K/F') is

isomorphic to Gal(K/F).
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Let F' be a graded field of characteristic not dividing a positive integer n. Readily,

h

Fy contains a primitive n'* root of unity if and only if Frac(F) does (indeed, if £ is

" root of unity in Frac(F), then clearly F[{] is a graded field extension

a primitive n’
of F. So, [F[¢] : F| = [Frac(F[§]) : Frac(F)] = 1. Hence £ € Fp). Therefore,
for any finite-dimensional abelian graded field extension K of F', K is a Kummer
graded field extension of F' if and only if Frac(K) [resp. HFrac(K)] is a Kummer
field extension of Frac(F') [resp. HFrac(F)]. Moreover, if K is a Kummer graded
field extension of F', then kum(K/F') embeds canonically in kum(Frac(K)/Frac(F))
[resp. in kum(HFrac(K)/HFrac(F))]. Since both groups have the same cardi-
nality, then -up to a group isomorphism- kum(Frac(K)/Frac(F)) = kum(K/F)
[resp. kum(H Frac(K)/HFrac(F)) = kum(K/F)]. Obviously, this isomorphism can
be deduced easily from the fact that Gal(K/F) =, Gal(Frac(K)/Frac(F)) [resp.,
Gal(K/F) =, Gal(HFrac(K)/HFrac(F))], but the above shows that every class of
kum(Frac(K)/Frac(F)) [resp. kum(H Frac(K)/HFrac(F))] can be represented by

an element of KUM (K/F).

Proposition 1. 13 Let F be a graded field and K a totally ramified graded field
extension of F'. Let m be the exponent of ' /T'r. Then, the following statements are
equivalent :

(1) K is a Galois graded field extension of F'.

(2) K is a Kummer graded field extension of F.

h

(3) Fy contains a primitive m'™ root of unity.

If K satisfies these conditions, then Gal(K/F) = kum(K/F) =2 'k /Tp.

Proof. By [HW(1)99, Proposition 3.3].



2 NICELY SEMIRAMIFIED DIVISION ALGEBRAS OVER HENSELIAN VALUED FIELDS22

2 Nicely semiramified division algebras over Henselian val-

ued fields

Let I be a graded field and D a graded central division algebra over F'. We recall that
in the same way as for valued central division algebras, D is called nicely semiramified
(NSR) (over F)) if it has an inertial and a totally ramified (of radical type) maximal
graded subfields. We recall also that D is NSR (over F') if and only if Cq(D)
is NSR (over Frac(F)) ([B98, Proposition 6.4]). Moreover, Cq(D) is NSR (over
Frac(F)) if and only if HCq(D) is NSR (over HFrac(F)). Indeed, assume that
Cq(D)is NSR and let K [resp. L] be an inertial [resp. a T"RRT| maximal subfield of
Cq(D). Then, by [Mor89, Theorem 1], HK(= K ®prac(ry HFrac(F)) [resp. HL(=
L ®@prac(ry HFrac(F))] is an inertial [resp. a TRRT] maximal subfield of HCq(D).
Conversely, if HCq(D) is NSR, then it has an inertial [resp. a T'RRT| maximal
subfield K’ [resp. L']. So GK' [resp. GL'] is an inertial [resp. a totally ramified]
maximal graded subfield of D(=2, GHCq(D)). Hence D is NSR. Therefore, by the
above, Cq(D) is NSR.

The following lemma is the analogue of [JW90, Theorem 4.4]. It gives equivalent
statements for a graded central division algebra over a graded field to be NSR. In
condition 3(i) of this lemma, the graded field extensions L) are said to be linearly

disjoint if LY @p ... @p L®) is a graded field.

Lemma 2. 1 Let F be a graded field and D a graded central division algebra of degree
n over F. Then the following statements are equivalent :

(1) D is NSR.

(2) D is split by an inertial and a totally ramified graded field extensions of F.
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(3) D =2, (LW/F,01,t)) ®p ... @p (LW /F, 04,t;,), where LY o; and t; satisfy the

following conditions :

(i) LY are linearly disjoint cyclic inertial graded field extensions of F with dimen-
sion [LY : F] = n; and with Galois group generated by o; (1 <i<k), [IF,n; =n,
n/n;

(i) t; are nonzero homogeneous elements of F' such that gr(t;""") +nl'r are inde-

pendent elements of U'p/nl' g, with order n; (1 < i < k), respectively.

In such a case, Up/Tp = ®F_ (gr(t;)) + Tr).
Proof. [M05, Lemma 2].

Lemma 2. 2 Let E be a Henselian valued field and D a defectless central division

algebra over E. Then the following statements are equivalent :
(1) D is NSR over E.
(2) GD is NSR over GE.

Proof. [M05, Lemma 3].

Theorem 2. 3 Let E be a Henselian valued field and D a defectless central division
algebra over E. Then the following statements are equivalent:

(1) D is NSR.

(2) D has an inertial and a totally ramified mazimal subfields.

(3) D is split by an inertial and by a totally ramified field extensions of E.
Proof. [M05, Theorem 4].

Corollary 2. 4 Let E be a Henselian valued field and D a tame semiramified division

algebra over E, then the following statements are equivalent.
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(1) D is nicely semiramified.
(2) D has a totally ramified mazimal subfield.
(8) D is split by a totally ramified field extension of E.

Proof. Since D is tame semiramified, then D is an abelian field extension of FE.
So, D has an inertial maximal subfield (the inertial lift of D over E in D). Therefore,

our Lemma follows by Theorem 2.3.

Proposition 2. 5 Let E be a Henselian valued field of characteristic p > 0 and D
a tame semiramified division p-algebra over E. Then, the following statements are
equivalent.

(1) D is nicely semiramified.

(2) D is a tensor product of cyclic algebras.

(8) D has a purely inseparable mazximal subfield.

Proof. (1) = (2) This follows by [JW90, Theorem 4.4].
(2) = (3) Assume that D = D; ®p ... ®g D,, where D; are cyclic algebras. By [A61,
Theorem 26, p. 107], each D; contains a (simple) purely inseparable maximal subfield
K;. So, K := K| ®g ... ®g K, is a purely inseparable maximal subfield of D.
(3) = (1) Let K be a purely inseparable maximal subfield of D. Since D is defectless
over F and D is separable over . then K is totally ramified over E. So, D is nicely
semiramified (by Corollary 2.4).

Proposition 2. 6 Let E be a Henselian valued field and D an inertially split defect-
less central division algebra over E. Then the following statements hold :

(1) D is semiramified if and only if D is a field.
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(2) Let L be a field extension of E in D and let C' be the centralizer of L in D. If
D is semiramified, then C is also semiramified. Furthermore, if L is inertial over E
and D is nicely semiramified, then C' is nicely semiramified.

(8) Suppose D is semiramified and D = Dy @ Dy with Dy and Do inertially split.
Then, each D; is semiramified, D = Dy ® 5 Do, and T'p /Ty =T'p, /Tg xTp,/Tg (via
the canonical inclusion U'p, /Ty — T'p/T'g). Furthermore, if Dy and Dy are nicely
semiramified, then D is nicely semiramified.

(4) If D is semiramified with a cyclic inertial mazimal subfield, then D is nicely

semiramified and T'p /T is cyclic.

Proof. (1) This follows easily from the equality (I'p : I'z) = [Z(D) : E] obtained
from the isomorphism 6p, since Z(D) is separable over E (see [JW90, Lemma 5.1]).
(2) Clearly, C' is also inertially split. If D is semiramified, then by (1) C is also semi-
ramified (because C' C D). Assume L is inertial over E and D is nicely semiramified,
and let K be a totally ramified field extension of E that splits D, then by [Mor89,
Theorem 1], K ®p L is a totally ramified field extension of L that splits C, therefore
by Corollary 2.4 C' is nicely semiramified.

(3) By (1) D; are semiramified. Let L; be the inertial lift of the field D; over E in D;
-see [JW90, Theorem 2.8]-, and let L = L; ®p Lo, which is a subfield of D. Clearly,
L is inertial over FE, since it is a compositum of two inertial extensions of E. Hence,
L = D, ®p D,, which by dimension count must be all of D. Now, T’ p,/T'E acts triv-
ially on D, via 0p, as D; centralizes Dy; likewise I'p, /I' acts trivially on D;. Hence,
(Tp,/Tg) N (Tp,/Tk) must be trivial, since it acts trivially on all of D ® g Dy = D
and 0p is injective. Hence, (I'p, /T'g) X (I'p,/T'g) € I'p/T'E, and since these groups

have the same cardinality, they must be equal. Suppose that D; and D, are nicely
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semiramified, and let K; be a totally ramified maximal subfield of D;, then by [Mor89,
Theorem 1] K; ®p K is a totally ramified maximal subfield of D. So, D is nicely
semiramified.

(4) Let K be a cyclic inertial maximal subfield of D, then K (= D) is a cyclic field
extension of E. So, I'p/T'g is cyclic (since fp is an isomorphism). Let v+ 'z be a
generator of I'p/I'p and let x be an element of D with valuation . Then, E|x] is a

totally ramified maximal subfield of D. Hence, D is nicely semiramified.

Corollary 2. 7 Let E be a Henselian valued field of residue characteristic p > 0
and D a tame central division algebra of degree a power of p over E. Then, D is

semiramified if and only if D is a field.

Proof. Let K be a tame maximal subfield of D. Since D has degree a power of

p, then K is inertial over E. Therefore, our corollary follows by Proposition 2.6.

Remark 2.8 One can easily see that there are graded algebra analogues of Corollary
2.4, Proposition 2.5, Proposition 2.6 and Corollary 2.7. Indeed, let I’ be a graded
field and D a graded central division algebra over F'. Then D is semiramified if and
only if HCq(D) is semiramified, and D is nicely semiramified if and only if HCq(D)

is nicely semiramified.

Let A be a tame valued division algebra over a Henselian valued field £. We will
say that A is t-indecomposable, if for any tame division algebras B and C' over E

such that A =2 B ®g C, necessarily B or C' is trivial.

Proposition 2. 9 Let F' be a graded field of characteristic p > 0, D a semirami-
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fied graded division p-algebra over F' and K an immediate valued field extension of
Frac(F) for its canonical valuation (i.e., such that K = Frac(F) and 'y = I prac(ry)-
Then, the following statements are equivalent :

(1) D is cyclic.

(2) Dy is a cyclic field extension of Fy.

(8) T'p/T'F is a cyclic group.

(4) D has a simple purely wild mazimal graded subfield.

(5) D is indecomposable and nicely semiramified.

(6) D is nicely semiramified and exp(D) = deg(D).

(7) Cq(D)® pracr) K is nicely semiramified and exp(Cq(D)@prac(r)K) = deg(Cq(D) @ prac(r)
K).

(8) Cq(D) @prac(ry K is cyclic and indecomposable.

Furthermore, if HFrac(F) C K, then the above statements are equivalent to the fol-
lowing condition :

(9) Cq(D) @pracry K is cyclic and t-indecomposable.

Proof. (1) = (2) Assume that D has a cyclic maximal graded subfield K. By
[HW(1)99, Theorem 3.11] K is tame (hence inertial) over F. So, by [HW(1)99,
Remark 3.1] Do(= K)) is a cyclic field extension of Fy.

(2) < (3) By [B98, Proposition 6.1].

(3) = (4) Let x € D* such that gr(z)+ I'r generates I'p/I'r. Then, F[z] is a simple
totally ramified -hence a purely wild- maximal graded subfield of D.

(4) = (6) Clearly DoF' is an inertial maximal graded subfield of D. Let L be a
simple purely wild maximal graded subfield of D. As Dy is separable over Fj, then
L is totally ramified over F. So, D is nicely semiramified, and I'p/I'p(= 'y /T'p) is
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cyclic (because L is simple over F'). Therefore, by [B98, Proposition 6.5] exp(D) =
exp(l'p/Tr) = (Tp : Tr) = deg(D).

(6) = (5) Clear.

(5) = (1) By Lemma 2.1.

(6) = (7) We have G(Cq(D) ®@prac(r) K) =4 D. Indeed, let HK be the henselization
of K with respect to the (considered) valuation of K, then by [HW(1)99, Corollary
5.7] the following diagram is commutative :

Ext

TBr(HFrac(F)) = TBr(HK)
~| ~|
GBr(F) % GBr(GHK)

(where the horizontal maps are the scalar extension homomorphisms and the ver-
tical ones are the canonical group isomorphisms seen in the Preliminaries). Since
K is immediate over Frac(F), then GK =, GHK =, F. Moreover, we have
G(Cq(D) ®@pracry K) = G(Cq(D) @pracry HK). Hence, G(Cq(D) @pracr) K) =4 D.
Therefore, Cq(D) ®prac(ry K is nicely semiramified and deg(Cq(D) ®procr) K) =
deg(D) = exp(D) = exp(Cq(D) @prac(r) K).
(7) = (8) Obviously, Cq(D) ®@prac(r) K is indecomposable, so D is indecomposable.
Moreover, as seen above, we have D =2, G(Cq(D) @ prac(ry HK). So, D is nicely semi-
ramified. Hence, by Lemma 2.1, D (so Cq(D)) is cyclic. Therefore, C'q(D) ® prac(ry K
is cyclic.
Now, if HFrac(F) C K, then (8) = (9) is evident.
(9) = (1) Since Cq(D)® prac(ry K is t-indecomposable, GK =, F and G(Cq(D)® prac(r)
K) =, D, then D is indecomposable (it suffices to use the canonical group isomor-
phism T'Br(K) — GBr(GK)). Moreover, by [A61, Theorem 26, p. 107] Cq(D)® prac(r)
K has a purely inseparable maximal subfield L. See that Cq(D) ® prac(ry K is defect-
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less over K and Cq(D) ®@prae(r) K (= Dy) is separable over K (= Fy), so L is totally
ramified over K. Therefore, C'q(D) ® pree(ry K (hence D) is nicely semiramified. So,
by Lemma 2.1 D is cyclic.

Remark 2.10 More generally, if ' is a graded field of characteristic p > 0 and
D is a graded central division p-algebra over F', then in the same way as in [A61,
Theorem 26, p. 107], one can show that D is cyclic if and only if D contains a simple

purely wild maximal graded subfield (see Theorem C.6 comments below).

Let p be a prime positive integer and G a finite abelian p-group. Then, we can
write G = (01) @ ... ® (0,), where (0;) is the cyclic group generated by o;. We recall
that the number r is called the rank of G. We write r = rk(G).

(2.11) Now, let E be a Henselian valued field, D a nicely semiramified division alge-
bra of prime power degree over E and L a totally ramified of radical type maximal
subfield of D. Write L = E[t)/™, ..., t}/"], where v(t//™) + T (1 < i < r) are inde-
pendent elements of I'p /T'g, with order n;, respectively. Then, the integer r depends
only on D (because EBZT:l(v(t;/m) +TI'g) =0/ Tg =Tp/Tr). We call r the radical
length of D and we write r = rl(D). By definition, we have ri{(D) = rk(I'p/T'g).

In the same way, for a graded field I’ and a nicely semiramified graded division
algebra D over F, we define rl{(D) = rk(I'p/I'r). Obviously, we have rl(D) =
rl(HCq(D)).

Corollary 2. 12 Let F be a graded field of characteristic p > 0 and D a semiramified
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graded division p-algebra over F'. Then, D is nicely semiramified with radical length

r if and only if D is a tensor product of r cyclic graded division algebras.

Proof. f D = D, ®F ... ®p D,., where D; are cyclic graded division algebras, then
by Proposition 2.5, HCq(D) is nicely semiramified. So, D is nicely semiramified.
Moreover, by the graded version of Proposition 2.6(3) and Proposition 2.9, each D;
is semiramified (since D; are split by inertial graded field extensions of F') ; I'p/T'p =
I'p,/Tr®..®&p, /I'r and I'p,/T'F are cyclic. So, rl(D) = r. The converse follows
by Lemma 2.1.

3 Nondegenerate semiramified valued and graded division

algebras

Let M/E be a field extension and D a central division algebra over E. We denote by
D)y the central division algebra over M similar to D ® g M with respect to Br(M).
We recall that if M is a subfield of D, then up to an algebra isomorphism, we have
Dy = CM.

Definition 3.1 Let F be a Henselian valued field and D a central division alge-
bra of prime power degree over E. We say that D is degenerate if there is an inertial
field extension M of E in D such that Dy, is nicely semiramified (over M) with
radical length r > 2.

Proposition 3. 2 Let F be a Henselian valued field and D an inertially split central

division algebra of prime power degree over E. Then, D is degenerate if and only if
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there is a subfield K of D such that I'x /T g is non-cyclic.

Proof. Assume D is degenerate and let M be an inertial subfield of D such that
Dy is nicely semiramified with 71(Dys) > 2. Let K be a totally ramified maximal
subfield of C¥ | then FCgI/PM =TIk /T'g. So 'k /T'g is non-cyclic.

Conversely, suppose that there is a subfield K of D such that ' /T'g is non-cyclic.
Let L be a maximal subfield of D that contains K and let M be ’the’ inertial lift of
L over E in L, then L is a totally ramified maximal subfield of the inertially split

division algebra C¥. So, C¥ is nicely semiramified with r{(C¥) > 2.

Corollary 3. 3 Let E be a Henselian valued field such that E is finite. Then, any
wnertially split division algebra D of prime power degree over E is nondegenerate

cyclic nicely semiramified (over E) with exp(D) = deg(D).

Proof. Since FE is finite, then D is a cyclic field extension of E. Moreover, since D is
inertially split over E, then I'p /T is isomorphic to Gal(D/E). So, D is semiramified
and by Proposition 3.2, D is nondegenerate. Let v be the extension of the valuation
of E'to D and let x € D such that v(z)+I'g generates I'p/I'g. Then, E[z] is a totally
ramified maximal subfield of D. Hence, by Corollary 2.4 D is nicely semiramified.

Therefore, D is cyclic (because it is nondegenerate and nicely semiramified). More-

over, by [JW90, Lemma 5.15], we have exp(D) = exp(I'p/T'r) = (I'p : I'g) = deg(D).

Remark : By [P82, Proposition 17.6] any local field E is Henselian. Therefore,
Corollary 3.3 can be considered as a generalization of [P82, Corollary 17.8(b) and
Corollary 17.10(b)].

Henselian valued fields with finite residue fields are called generalized local fields. The
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reader can see the thesis of F.H. Chang [Ch04] for more results concerning division

algebras over these fields.

Corollary 3. 4 Let E be a Henselian valued field of characteristic p > 0 and D
a nondegenerate tame semiramified division p-algebra over E. Then, the following
statements are equivalent :

(1) D is cyclic.

(2) D is a tensor product of cyclic algebras.

(8) D is nicely semiramified.

(4) T'p/Tg is cyclic.

In such a case, we have exp(D) = deg(D) (hence D is indecomposable) and all purely

inseparable mazximal subfields of D are simple (i.e. of the form E[z] for some x € D*)

Proof. (1) = (2) Clear.
(2) = (3) By Proposition 2.5.
(3) = (4) Obvious (since D is nondegenerate).
(4) = (1) Since D is tame semiramified, then D is a Galois field extension of E with
Gal(D/E) isomorphic to I'p/T'p. Therefore, the inertial lift of D over E in D is a
cyclic maximal subfield of D.
Assume these conditions hold, then by [JW90, Lemma 5.15] exp(D) = exp(I'p/T'g) =
(I'p : T'g) = deg(D). Moreover, in this case, if K is a purely inseparable maximal
subfield of D, then K is totally ramified over E (because D is defectless over E and
D is separable over E). D being nondegenerate, then by Proposition 3.2 ' /T'g is
cyclic. Let z € K* with v(z) 4+ I'p generating I'x /I'g, then K = E[z].

Corollary 3. 5 Let E be a Henselian valued field of characteristic p > 0 and D



3 NONDEGENERATE SEMIRAMIFIED VALUED AND GRADED DIVISION ALGEBRAS 33

a nondegenerate tame semiramified division p-algebra over E. Then, the following
statements are equivalent :

(1) D is cyclic.

(2) GD is cyclic.

(8) D is nicely semiramified.

Proof. (1) < (2) This follows by Corollary 3.4 and Proposition 2.9.
(1) & (3) By Corollary 3.4.

Proposition 3. 6 Let E be a Henselian valued field and D a tame semiramified
division algebra of prime power degree over E. Then, the following statements are
equivalent.

(1) D is degenerate.

(2) There is an inertial subfield M of D such Dy is the tensor product of two (non-
trivial) nicely semiramified division algebras.

(3) There is an inertial subfield M of D such Dy is the tensor product of two (non-
trivial) cyclic nicely semiramified division algebras.

(4) There is an inertial subfield M of D such Dy is the tensor product of two (non-

trivial) cyclic nicely semiramified division algebras Dy and Dy with U'p, /Ty cyclic.

Proof. (2) = (1) Assume there is an inertial subfield M of D such Dy; = D1®p; Do,
where D; are non-trivial nicely semiramified division algebras. Then, by Proposition
26(3), I'p,,/Tsr =Tp, /Ty @& p, /T Let L; be a totally ramified maximal subfield
of D; (i = 1,2). Since I',/T'yy = I'p, /T ar, then by [Mor89, Theorem 1] Ly & Lo
is a totally ramified maximal subfield of Dy;. So, Dy is nicely semiramified with
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(1) = (4) If M is an inertial subfield of D such that D), is nicely semiramified with
radical length r > 2, then we can write C¥ = (M, /M, 01, a1)®...Qp (M, /M, 0., a,),
where M;, o; and a; satisfy the conditions of [JW90, Theorem 4.4(iii)]. We have
C M Moo M — Cg@M so OMMs=Mr o (N1 My, .M, /Ms...M,., 01, a1)@nrass..ar, (M Ms... M,/
My..M,, 05, a3). Let D; := (M;Ms...M, /Ms...M,,0;,a;) (1 <i < 2), then by [JW0,

Theorem 4.4] D; are nicely semiramified and I'p, /"y, are cyclic.

(4) = (3) and (3) = (2) Obvious.

Remark 3.7 Let E be a Henselian valued field of characteristic p > 0 and D a
tame semiramified division p-algebra. Then, Proposition 2.6 and Proposition 3.4, D
is degenerate if and only if there is an inertial subfield M of D such that D, is the

tensor product of more than two (non-trivial) cyclic tame division algebras.

(3.8) Let E be a Henselian valued field and D a tame division algebra over F, then
D is similar to a tensor product I @z N ®g T', where [ is an inertial central division
algebra over E/, N is a nicely semiramified division algebra over E and T is a totally
ramified central division algebra over £ (by [JW90, Lemma 5.15 and Lemma 6.2]). D
is semiramified if and only if T is trivial and N splits I. Indeed, if D is semiramified,
then T will be inertially split, hence trivial. Moreover, in this case, by [JW90, Lemma
5.15] N splits I. The converse follows also by [JW90, Lemma 5.15]. In what follows,
we aim to determine necessary and sufficient conditions for such tame semiramified

division algebra D to be nondegenerate.

Proposition 3. 9 Let E be a Henselian valued field, N a nicely semiramified divi-

ston algebra over E, I an inertial central division algebra over E and D the central
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division algebra over E similar to I @g N with respect to Br(E). Assume that D is
semiramified with prime power degree. Then, D is nondegenerate if and only if for

any subfield K of N, N/K is cyclic or Ix ¢ Dec(N/K).

Proof. Let M be an inertial subfield of D. By [JW90, Lemma 5.15] we have
D = N, so M is isomorphic to a subfield of N. Therefore, by Proposition 2.6(2) Ny,
is nicely semiramified. Moreover, since I is inertial, then by [JW90, Lemma 1.8] Iy,
is inertial (over M). Hence, by [JW90, Theorem 5.15] D, is nicely semiramified if
and only if Ij; € Dec(N/M) (see that Ny; = N). So, D is nondegenerate if and only
if for any subfield K of N, N/K is cyclic or I ¢ Dec(N/K).

(3.10) We recall that for a crossed product A over a field E and a Galois maxi-
mal subfield L of A, we say that L is degenerate in A if there is an intermediate field
K of L/F such that :

(1) Gal(L/K) is the direct sum of two cyclic subgroups (o;) and (o3), and

(2) the centralizer CX decomposes into a tensor product of two cyclic algebras,
split by the subfields K; and K, of L fixed respectively by oo and o7 (i.e. C’ff =
(K1/K,01,a1) @k (Ky/ K, 09, as) for some ay, a; € K*) [BM00, Definition 0.12].

Proposition 3. 11 Let E be a Henselian valued field, N a nicely semiramified divi-
sion algebra of prime power degree over E, I an inertial central division algebra over
E such that N is a mazimal subfield of I, and D the central division algebra over E
similar to I @ g N with respect to Br(E). Then, D is semiramified. Furthermore, D

is degenerate if and only if N is degenerate in I.
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Proof. Since N is a maximal subfield of I, then by [JW90, Lemma 5.15] D is
semiramified. Suppose that D is degenerate and let M be an inertial subfield of
D such that Dy is nicely semiramified with rl(Dy;) > 2. As previously seen in
the proof of Proposition 3.9, I, is inertial ; N, is nicely semiramified and D,
is similar to Ip; ®y Ny, so again by [JW90, Lemma 1.8 and Lemma 5.15] I; €
Dec(N/M). Let r = rk(Gal(N/M))(= rk(Gal(Dy/M)) = rl(Dy)), and write
N = K|, ®y; ... ®5 K,, where K;/M are cyclic field extensions (1 < i < ). Since
Iy; € Dec(N/M), then Iy = (Ky/M,01,a1) @y ... @y (K./M,0,,a,), where o; is
a generator of the cyclic field extension KZ-/M and a; € M*. Let L = K;...K,, then
I, = (K\L/L,o1,a1) ®p (KoL/L,02,as). So, N is degenerate in I.

Conversely, assume that N is degenerate in I and let L be an intermediate field of
N/E such that I, = (L1/L,7y,b1) ® (La/L, 79, by), where Ly ® Ly = N, 7; is a
generator of the cyclic field extension L;/L and b; € L*. Let M be the inertial lift of
L over E in D, then Iy; € Dec(N/M) and rl(Dyy) = rk(Gal(N/M)) = 2. So, D is

degenerate.

Proposition 3. 12 Let E be a Henselian valued field, D a tame semiramified division
algebra of prime power degree over E, and L ‘the’ inertial lift of D over E in D. Then,
D is degenerate if and only if L is degenerate in D.

Proof. If D is degenerate, then by Proposition 3.6 there is an inertial subfield
M of D such that C¥ is a tensor product of two cyclic nicely semiramified division
algebras D; and Do with I'p, /Ty cyclic. Write D; = (M;/M,0;,a;) (1 < i < 2),
where M; are inertial cyclic field extensions of E with Galois group generated by
o;, and a; € M*. Clearly, this implies that M; ®); M, is a degenerate maximal

subfield of C#. Moreover, by comparing the cardinalities, we have M; ®y; Mo = D.
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So, My ®p; My is isomorphic to L (because, M =M ®y M, = D), whence L is
degenerate in D.

Conversely, assume that L is degenerate in D and let K be a subfield of L satisfying
the conditions of (3.10). Write CK = (K,/K,01,a;) ®k (Ko/ K, 09,az), where K,
and K, are the subfields of L fixed by o, and o; respectively and ay, ay € K*,
and let D; = (K;/K,04,a;) (i = 1,2). By Proposition 2.6(2 and 3) C5 and D,
are semiramified. Moreover, K; is a cyclic inertial maximal subfield of D;, so again
by Proposition 2.6(4) D; is nicely semiramified and I'p,/I'x is cyclic. Hence, by
Proposition 2.6(3) C'5 is nicely semiramified with radical length r = 2. Therefore, D

is degenerate.

Proposition 3. 13 Let E be a Henselian valued field and D a tame semiramified
division algebra of prime power degree over E. If K is a subfield of D with (I'x : T'g)
mazimal, then K is a mazimal subfield of D. In particular, if K is totally ramified

over E and D is nondegenerate, then D 1is cyclic.

Proof. By Proposition 2.6(2) CK is semiramified. Since (I'x : ') is maximal,
then (ch :Tx) = 1. Hence, C5 = K. So, K is a maximal subfield of D. If K is
totally ramified over E, then by Corollary 2.4 D is nicely semiramified. If, we suppose
in addition that D is nondegenerate, then by Corollary 3.5 D is cyclic.

Remark 3.14 Let F be a graded field and D a graded central division algebra
over F. As for the valuative case, we say that D is degenerate if there is an inertial
graded subfield M of D such that D), is nicely semiramified with rI(Dj;) > 2. One
can then use the same arguments as in Proposition 3.2 to show that for an inertially

split graded central division algebra D over F', D is degenerate if and only if there is
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a graded subfield K of D such that I'x /' is non-cyclic. One can also see that there

are analogous graded versions for all the results we are given in this work.

Lemma 3. 15 Let E be a Henselian valued field and D a tame central division algebra

of prime power degree over E. Then, D is degenerate if and only if GD 1is degenerate.

Proof. Suppose that GD is degenerate and let K be an inertial graded subfield of
GD such that GDg is nicely semiramified with r{(GDg) > 2. Let M be the inertial
lift of Ky over E in D. Then, G(Dy) = GDk. So, by Lemma 2.2, D), is nicely
semiramified. Moreover, we have rl(Dy) = rl(GDk) > 2. Hence, D is degenerate.
Conversely, suppose that D is degenerate and let L be an inertial subfield of D
such that Dy, is nicely semiramified with r{(Dy) > 2. Then, clearly GDg/, is nicely
semiramified and r{(GDgr) = rli(Dy) > 2.

Proposition 3. 16 Let F' be a graded field, D a semiramified graded division algebra
of prime power degree over F, (L,v) an immediate valued field extension of Frac(F)
(for its canonical valuation) and HL the henselization of L with respect to v. Then,
the following statements are equivalent.

(1) D is degenerate.

(2) Cq(D) @prac(ry HL is degenerate.

(3) DoHL is degenerate in Cq(D) @prac(r) HL.

(4) DoL is degenerate in Cq(D) @ prac(ry L-

(5) DoFrac(F) is degenerate in Cq(D).

Proof. By [Mor89, Theorem 1] C'q(D) ® prec(ry HL is a division algebra (of center
HL). Since L is an immediate valued field extension of F'rac(F'), then so is HL.
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Therefore, GHL = F and G(Cq(D) @pracry HL) =, D. So, (1) & (2) follows by
Lemma 3.15.

(2) < (3) By Proposition 3.12.

(1) = (5) By the graded version of Proposition 3.6 there is an inertial graded subfield
M of D such that C¥ is a tensor product of two cyclic nicely semiramified graded
division algebras (M;/M, 0;,a;), where M; are inertial cyclic graded field extensions
of M with Galois group generated by o;, and a; € M*. So, up to an isomorphism, we

have :

Cont™ = OMN @ Frac(M) = (My/M, 01, a1) @ (Ma/M, 03, 05)) @ Frac(M)
= ((My/M,01,a1) @ Frac(M)) @pracmy (Ma/M, 09, a2) @n Frac(M))
= (Frac(My)/Frac(M), o1, a1) @prac(r) (Frac(My)/Frac(M), oz, as)

By the graded version of Proposition 2.6(3), we have M;®); My = Dy M, so Frac(M)® prac(a)
Frac(Ms) = DoFrac(F) (see that DoFrac(F) = DoFrac(M)). Moreover, it is clear

that Frac(M,) [resp. Frac(Ms)] is the subfield of DyFrac(F) fixed by oy [resp. by

o1]. This shows that DoFrac(F') is degenerate in Cq(D).

(5) = (4) and (4) = (3) Obvious.

Corollary 3. 17 Let E be a field, K a non-cyclic abelian field extension of E with
prime power dimension, G the Galois group of K over E, S a basis of G, U a
nondegenerate matriz of Us(G, K*), Z the center of the generic abelian crossed prod-
uct (K,G,U) and L an immediate field extension of Z (for its canonical valuation),
then (K,G,U) ®z L is semiramified but not nicely semiramified. In particular, if
char(E) = p and G is a p-group, then (K,G,U) ®z L is not a tensor product of
cyclic algebras. If p = 2 and exp((K,G,U) @z L) = 2, then (K,G,U) ®z L has an

wmwvolution of the first kind but is not a tensor product of 2-symbols.
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Proof. We have seen in [BM00, Theorem 1.1] that there is a graded field I’ and
a semiramified graded division algebra D over F' such that (K,G,U) = Cq(D).
Moreover, by [BM00, Proposition 0.13], U is nondegenerate (with respect to K/E
or equivalently to DoFrac(F)/Frac(F)) if and only if DyFrac(F) is nondegenerate
in C'q(D). So, by Proposition 3.16 D is nondegenerate. Therefore, D cannot be nicely
semiramified (because I'p /I'r(= @) is non-cyclic). The rest follows by Corollary 2.5.

Corollary 3. 18 [AS, Theorem 3.2] Let E be a field of characteristic p > 0, K a
finite dimensional non-cyclic abelian field extension of E with a Galois p-group G, S
a basis of G and U a nondegenerate matriz of Us(G, K*), then the generic abelian

crossed product (K, G, U) is non-cyclic.

Remark 3.19 (1) Let F' be a graded field with support I'r ; E = Fy ; M a finite-
dimensional abelian field extension of £ with Galois group G ; S a basis of G ; A a
totally ordered abelian group that contains I'r with ordering extending that of I'r ;
€ : A — G a group epimorphism with kernel I'r and (U, B) a cocycle of ZZ(G, M*).
We have seen in the preliminaries how to construct the semiramified graded division
algebra (M F,e, G, U, B). Assume that U is nondegenerate in M /E and let L be an im-
mediate field extension of Frac(F'). One can easily see that Corollary 3.17 is still true
if we replace the generic abelian crossed product (K, G,U) by Cq((MF,e,G,U, B)).
More generally, let F' be a graded field and D a semiramified graded division alge-
bra over F. Let x; € D* such that (gr(z;) + I'r)l_, is a basis of I'p/I'r and let
w; = :cixjxi_lxj_l and U = (uij)1<ij<r- Then, by [BMO0O0, Proposition 0.13] U is
nondegenerate with respect to Dy/Fy if and only if DoFrac(F') is nondegenerate in

Cq(D). Hence, by Proposition 3.16, U is nondegenerate with respecto to Dy/Fy if

and only if D is nondegenerate. It is easily seen that we can replace (K,G,U) in
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Corollary 3.17 by Cq(D) where D is a nondegenerate semiramified graded division
algebra.

(2) Let E be a field, (D, v) a defectless valued finite-dimensional division algebra over
E and HE the henselization of E with respect to the restriction of v to E. We say
that D is tame over F if D ® g HE is so over HE. In particular, if we suppose that
E' is the center of D, then D is tame over F if and only if GE is the center of GD.
Indeed, one can easily see that GE = GHE and GD = G(D ®@g HE). In the same
way, we can define nondegenerate valued central division algebras over a field £ (and
generalize many results of this paper) without assuming that E is Henselian.

(3) In [McKO05] the author defined what she called strongly degenerate matrices.
The reader can see that many results of this paper can be proved for non-strongly-
degenerate tame semiramified division algebras. In particular, this can be done for
Corollary 3.17 and all the results of next sections, but we dont know if there exist
really a non-strongly-degenerate tame semiramified division algebra over a Henselian
valued field that is degenerate or if the two definitions (strongly degenerate and de-

generate) coincide.

4 Subfields of nondegenerate tame semiramified division al-

gebras

Lemma 4. 1 Let F be a graded field and D a nondegenerate semiramified graded
division algebra of prime power degree p" over F with rk(Gal(Dy/Fy)) > 2. Let
d € D* such that d? € F. Then, d € DoF*. If in addition p = char(F'), then d € F™*.
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Proof. We will use the same argument as in the proof of [AS78, Lemma 3.1]. Let
x; € D* such that (gr(x;) + I'p)i_; is a basis of I'p/T'p. Then, D = DyFlxy, ..., x,].
Let ¢; = ord(gr(z;) + I'r), 0; = Op(gr(z;) + I'r), where 6p is the group isomorphism
of [B95, p.4278] (see also, [HW(2)99, (2.2), p.86]) and I = {m = (m4,...,m,) € IN"
| 0 < m; < g forall 1 < ¢ <r}. Then, we can write d = az™, where a € DoF*
and m € I. Suppose by contradiction that m # 0 and let D{* be the subfield
of Dy fixed by ¢™. Since d? € F*, then (6™)?(= Op(gr(d’) + T'r) = idp,. So,
[Dy : D'l = p. Let Ny be the norm of Dg/Dj*. Then, (ax™)? = Ny (a)(x™)? € F*.
Since rk(Gal(Dy/Fy)) > 2, then there is some 1 < j < r such that (¢™,0;) is non-
cyclic. We have Ny (a)(a™)P = x;(Np(a)(z™)P)a;" = (2;Na(a)z; ) (z;(a™)Pa; ") =
N (0j(a)) N (ujm)(x™)P = Na(oj(a)ujm)(@™)P. So, Np(oj(a)a  ujz) = 1. There-
fore, by Hilbert 90 Theorem, there is some b € Dy such that o;(a)a  ujz = o™(b)b".
But this is not possible since D is nondegenerate. Hence, m = 0. Remark that Dy is

separable over Fy, so DyF is tame over F. Therefore, if char(F') = p, then d € F*.

Proposition 4. 2 Let E be a Henselian valued field and D a nondegenerate tame
semiramified division algebra of prime power degree over E. If rk(I'p/T'g) > 2, then
D has no (non-trivial) totally ramified subfield (over E).

Proof. Suppose first that char(E) = p > 0 and deg(D) is a power of p. If K is a
totally ramified subfield of D, then GK is a purely wild graded field extension of GF.
So, for any = € GK, z[¢%:CGFl ¢ GE. Hence, by Lemma 4.1, x € GE. So, GK = GE.
This proves K = F.

Now, assume char(E) does not divide deg(D). Suppose that K is a non-trivial totally
ramified subfield of D. Let x € GK* such that gr(z) ¢ I'ge. If ord(gr(z)+Tgg) = p°
(for some s > 1), then 27° € GFE (since GE|[z] is totally ramified over GE). Therefore,
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s—1

by Lemma 4.1, 27" € DGE. A contradiction (since we will have p*~lgr(x) 4+ Tgp =

FGE)-

Theorem 4. 3 Let E be a Henselian valued filed of residue characteristicp >0, D a
nondegenerate tame semiramified division algebra of degree a power of p with I'p/T'g
non-cyclic, and K a normal subfield of D. Then, K is a Galois inertial field extension
of E. So, there is a subgroup H of Gal(D/E) such that Gal(K/E) = Gal(D/E)/H.
In particular, if K is a Galois mazimal subfield of D, then Gal(K/E) = Gal(D/E).

Proof. Let K be a normal subfield of D, then by Theorem 1.4, GK is a normal
graded field extension of GE. Let L be the graded subfield of GK elementwise
invariant by Gal(GK/GFE), then by Proposition 1.3 L is a purely wild graded field
extension of GE. Therefore, by Lemma 4.1, L = GE. Hence, again by Proposition
1.3, GK is a Galois graded field extension of GE. It follows by Corollary 1.8, that
K is a Galois field extension of E. Since [GK : GE] is a power of p and GK is tame

over GE, then GK is inertial over GE. So, K is inertial over E. The rest is obvious.

Corollary 4. 4 Let E be a Henselian valued filed of residue characteristic p > 0 and
D a nondegenerate tame semiramified division algebra of degree a power of p, then D

is cyclic if and only if T'p/Tg is cyclic.

Proof. Suppose that D is cyclic and let K be a cyclic maximal subfield of D, then
by Theorem 4.3 Gal(K/E) & Gal(D/E). Moreover, since D is tame semiramified,
then Gal(D/FE) 2 T'p/T'g, so I'p/T'g is cyclic. Conversely, if I'p/T'g is cyclic, then

‘the’ inertial lift of D over E in D is a cyclic maximal subfiled of D.

Corollary 4. 5 [S78, Theorem 3.2] Let E be a field of characteristic p > 0, K a
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non-cyclic abelian field extension of E with dimension a power of p, G the Galois
group of K over E, S a basis of G, U a nondegenerate matriz of Us(G, K*), and
L a Galois subfiled of the generic abelian crossed product (K,G,U), then there is a
subgroup H of G such that Gal(L/E) = G/H. In particular, if L is a Galois mazimal
subfield of (K,G,U), then Gal(L/E) = G.

Proposition 4. 6 Let E be a Henselian valued field and D a nondegenerate tame
semiramified division algebra of prime power degree over E. Assume rk(I'p/T'g) >
2, and let K be an elementary abelian subfield of D. Then, K is inertial over E.
Therefore, D is an elementary abelian crossed product if and only if Gal(D/E) is

elementary abelian.

Proof. Since K is an elementary abelian field extension of F, then we can write
K=K, ®p Ky ®p ... ®p K,, where K; are cyclic field extensions of F with [K; : E]
prime. By Proposition 4.2, K; cannot be totally ramified over F. Hence K; is iner-
tial over E. So, K is inertial over F. If K is in addition a maximal subfield of D,
then D(= K) is elementary abelian over E. Conversely, suppose that Gal(D/E) is
elementary abelian and let M be the inertial lift of D over E in D, then M is an

elementary abelian maximal subfield of D.

Remark 4.7 Let F' be a graded field and D a semiramified graded division alge-
bra of degree ¢ over F, where ¢ is a prime. Suppose Gal(Dy/Fyp) is cyclic and let
x € D* such that gr(x)+I'p generates I'p /', then F[z] is a totally ramified maximal
graded subfield of D. Hence, T' = F[z?] is a totally ramified graded subfield of D
with [T : F] = q. If we assume that Fy contains a primitive ¢'* root of unity, then T

is a cyclic graded field extension of F'. Let o be the Fy-automorphism of Dy defined
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by o(d) = z9dx~9, and let My be the subfield of Dy fixed by o, then let M = MyF.
Obviously, M[z9] is a graded subfield of D. Since M [resp. T is inertial [resp. totally
ramified] over F', then M[z9] = M ®p T. So, D has an elementary abelian maximal
graded subfield. Hence HCq(D) has an elementary abelian maximal subfield. This
shows that Proposition 4.6 is not true if deg(D) = ¢? and I'p /T is cyclic.

Proposition 4. 8 Let E be a Henselian valued field, D a nondegenerate tame semi-
ramified division algebra of prime power degree over E, and K a subfield of D. If
Gal(D/K) is non-cyclic, then K is inertial over E.

Proof. Let M be the inertial lift of K over E in K. Clearly, C¥ is a nondegenerate
tame semiramified division algebra (over M) and K is a totally ramified subfield of

CM. So, by Proposition 4.2, K = M.

Proposition 4. 9 Let E be a Henselian valued field and D a nondegenerate tame
semiramified division algebra of prime power degree over E. Assume rk(I'p/T'g) >3

and let K be an abelian subfield of D, then K 1is inertial over E.

Proof. Write K = K1 ®p Ko®g...®p K., where K; are cyclic field extensions of F.
Let N; be the inertial lift of K; over E in K;. Obviously, NV; is cyclic over E. So, K;
is cyclic over E. Therefore, D cannot be cyclic over K; (since rk(Gal(D/E)) > 3).

So, by Proposition 4.8 K; is inertial over E.

Lemma 4. 10 Let E be a Henselian valued field and D a nondegenerate tame semi-
ramified division algebra of prime power degree over E. Consider x € D* such that
v(x) # Tg. Then, Gal(D/E[x]) is cyclic. In particular, if exp(T'p/T'g) is prime, then
E[z] is a mazimal subfield of D.
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Proof. Let M be the inertial lift of E[z] over E in E[z]. Clearly, E[x] is a non-
trivial totally ramified subfield of C. So, by Proposition 4.2, Gal(D/M) is cyclic. If
exp(I'p/T'p) = pis a prime, then so is exp(Gal(D/E)). Hence, card(Gal(D/E[z])) <
p. See that we have [E[z] : E] > [E[z] : E] = [D : E|[D : E[z]]™' > deg(D)p~".
Hence, [E[z] : E] = deg(D).

Let H be a non-abelian group. We say that H is a quaternion group if H is of
order 8 and is generated by two elements a and b satisfying the following conditions
at=0"=1,a*>=10? and ba = a™'b. If K/F is a normal [resp., Galois] field extension
with a quaternion Galois group, we say that K is a quaternion (normal [resp., Galois])

field extension of E.

Theorem 4. 11 Let E be a Henselian valued field, p a prime integer and D a non-
degenerate tame semiramified division algebra of degree p™ (n € IN*) over E. Assume
exp(I'p/Tg) = p and let K be a subfield of D, then the following statements hold :
(1) if K is not mazximal in D, then K is inertial over E.

(2) if K is a non-quaternion normal maximal subfield of D, then K is either cyclic

with dimension < p? or inertial over E.

Remark that in the case of (1) and in the last case of (2) K is elementary abelian

over E.

Proof. (1) By Lemma 4.10.
(2) Since K is normal over E, then in the same way as seen in the proof of Theorem 4.3,
we prove that K is a Galois tame field extension of E. We will show first that if p # 2
and K is a Galois maximal subfield of D, then Gal(K/FE) is abelian. Suppose by con-
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tradiction that Gal(K/FE) is not abelian, then by Theorem B.11 in comments below
(or also by [Hab9, theorem 12.5.4, p. 190]) Gal(K/FE) has a non-normal subgroup H.
Let L be the subfield of K elementwise fixed by H. Then, L is a non-normal field ex-
tension of E. Hence, by Proposition 4.8 both Gal(D/K) and Gal(D/L) are non-trivial
cyclic groups. Moreover, since exp(Gal(D/E)) = exp(Tp/Tg) = p, then Gal(D/K)
and Gal(D/L) are of order p. We have L C K, so necessarily L = K. Let M be the
inertial lift of L over F in L. Then, up to an isomorphism, M is also the inertial lift of
K over E in K. So, K is totally ramified over M, and obviously I'y/Ty(= T'x /Tg)
is cyclic of order p. Hence, p < [K : L] < [K : M] = (I'x : I'py) = p. So, L = M. But
this is not true because L is not normal over E. Therefore, Gal(K/FE) is abelian.
Assume now that p = 2 and let’s prove that K is an abelian field extension of E. Sup-
pose by contradiction that K is a non-abelian Galois maximal subfield of D. Then,
in the same way as above, we show that all subgroups of Gal(K/FE) are normal. So,
by [Hab9, Theorem 12.5.4, p. 190] Gal(K/FE) is the direct product of a quaternion
group and an abelian group of exponent 2. Write Gal(K/E) = Hy x Hy, where H; is
a non-trivial quaternion group and Hs is a non-trivial abelian group of exponent 2,
and let K [resp., K| be the subfield of K elementwise invariant by Hy [resp., Hi],
then K = K; ®g K», but by (1) above both K and K are inertial over E. Hence, K
is an abelian field extension of E. A contradiction. This shows that K is necessarily
an abelian field extension of E.

Remark that if deg(D) > p* and Gal(K/E) is abelian, then by Proposition 4.9 K is
inertial over . Moreover, if deg(D) < p? and K is a non-cyclic abelian field extension
of E, then K = K| ®g K5, where K; are cyclic field extension of degree p over E. So,
again by (1) above both K; and K, (and hence K) are inertial over E.
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(4.12) Let F be a graded field and K a Galois finite-dimensional graded field exten-
sion of F'. Then, K is a Galois field extension of Fy. Indeed, let 0 € Gal(K/KyF') and
7 € Gal(K/F). For any a € (KoF)*, we have gr(t—(a)) = gr(a). So, 7(a) = ca for
some ¢ € Ky. Hence, T oo o077 !(a) = a. Therefore, Too o7 ! € Gal(K/KyF). This
shows that Gal(K/KyF) is a normal subgroup of Gal(K/F). So, KoF is a Galois
graded field extension of F'. Hence, by [HW(1)99, Remark 3.1] Kj is a Galois field
extension of Fy. In the same way, we prove that if L is a graded field extension of F
in K such that Ly = Ky, then L is a Galois graded field extension of F'. Therefore,
by Corollary 1.8 if E is a Henselian valued field, N a tame Galois finite-dimensional
field extension of E, and M is a field extension of E in N such that M = N, then M

is a Galois field extension of E.

Definition 4.13 Let G be an abelian group and H a non-trivial cyclic subgroup
of G. We say that H is maximally cyclic in G if there is no cyclic subgroup H' of G
such that H C H'.

Let E be a Henselian valued field and D a nondegenerate tame semiramified divi-
sion algebra of prime power degree over . We recall that we have previously seen in
the proof of Theorem 4.3 and also in the proof of Theorem 4.11 that if K is a normal

field extension of E, then K is a Galois field extension of E.

Proposition 4. 14 Let E be a Henselian valued field, D a nondegenerate tame semi-
ramified division algebra of prime power degree over E, and K a normal subfield of D
such that Gal(D/K) is cyclic. If Gal(D/K) is mazimally cyclic in Gal(D/E), then
the following statements hold :

(1) If deg(D) is odd, then K is an abelian field extension of E.
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(2) If deg(D) is a power of 2 and I'p /T'g is non-cyclic, then K is either a quaternion

or an abelian field extension of E.

Therefore, if rk(I'p/Tg) > 3 and K is not a quaternion field extension of E, then

K s inertial over E.

Proof. (1) Suppose by contradiction that Gal(K/E) is non-abelian. Then, by The-

orem B.11, there is a non-normal subgroup H of Gal(K/E). Let L be the subfield
of K elementwise invariant by H. By Proposition 4.8, Gal(D/L) is cyclic (indeed,
otherwise L would be inertial -hence normal- over E). Since Gal(D/K) is maxi-
mally cyclic in Gal(D/E) and Gal(D/K) C Gal(D/L), then K = L. So, by (4.12)
Gal(K/L) is a normal subgroup of Gal(K/FE). A contradiction.
(2) In the same way as above we prove that all subgroups of Gal(K/FE) are nor-
mal. Therefore, if K is non-abelian over E, then by [Ha59, Theorem 12.5.4, p.190]
Gal(K/FE) = Hy x Hy, where H; is a quaternion group and Hs is an abelian group
of exponent 2. Let K [resp., K5] be the subfield of K elementwise invariant by Hj
[resp., Hy]. Then, up to an isomorphism, we have K = K; ®p K,. Assume that
K; # E (for both i = 1,2), then Gal(D/K;) (i = 1,2) are non-cyclic (because we
have Gal(D/K) C Gal(D/K;) and Gal(D/K) is maximally cyclic in Gal(D/E)).
Therefore, by Proposition 4.8, K; and K, (and hence K) are inertial over E. But
this contradicts the fact that K is non-abelian over E. Therefore, K, or K5 is trivial.
This means that Ky or K, is totally ramified over E. So, by Proposition 4.2, either
K or K, is trivial. Remark that we cannot have K = K; because K is non-abelian
over E. Hence, K(= K3) is a quaternion field extension of E.

The rest of the proposition follows by Proposition 4.9.

Corollary 4. 15 Let E be a Henselian valued field and D a nondegenerate tame
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semiramified division algebra of prime power degree over E. Assume deg(D) is odd

and char(E) does not divide deg(D) and let K be a Galois mazimal subfield of D. If
(C'k :Tg) = exp(I'p/TEg), then K is abelian over E and rk(I'p/T'g) < 2.

Proof. Since D is nondegenerate, then 'y /I'g is cyclic. Moreover, since K is a
maximal subfield of D, then Gal(D/K) = T'x/Tg. Hence, Gal(D/K) is maximally
cyclic in Gal(D/E). So, by Proposition 4.14 K is abelian over E and rk(I'p/T'g) < 2

(because K is not inertial over E)).

(4.16) As a consequence of Corollary 4.15, under the hypotheses of Corollary 4.15,
if rk(I'p/Tg) > 3, x € D* with ord(v(z) + I'g) = exp(I'p/I'g), and L is a maximal
subfield of D that contains x, then L cannot be Galois over F.

Proposition 4. 17 Let F be a graded field, D a nondegenerate semiramified graded
division algebra of prime power degree p" over F with rk(I'p/Tr) > 3, and K a
Galois graded subfield of D such that [K : F] < pdeg(D)(exp(Tp/Tr))~'. Then, K

18 tnertial over F.

Proof. We will show that Gal(K/F) is abelian. Our Proposition follows then
by Proposition 4.9 -applied to HCq(D)- . Suppose that Gal(K/F') is not abelian
and suppose that [K : F| is minimal. By Proposition 4.8 Gal(Dy/Kj) is cyclic.
So, [Ky : Fy] > [Dy : Fo)(exp(Tp/Tr))~!. Remark that necessary (I'x : I'r) = p.
Indeed, if (' : I'r) # p, then there exists an intermediate graded field P such that
KoF C P C K. Since Py = Ky and K is Galois over F, then by (4.12) P is also
a Galois graded field extension of F. It follows by the minimality of [K : F] that
Gal(P/F) is abelian, hence P is inertial over F'. But this is not true (since KoF C P).
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So, (T : T'r) = p. Therefore, [K : F] > pdeg(D)exp(Tp : T'r)~'. A contradiction.

Corollary 4. 18 Let E be a Henselian valued field and D a nondegenerate tame
semiramified division algebra of prime power degree p" over E. Assume char(E)
does not divide deg(D) and suppose K is a Galois subfield of D with [K : E] <
pdeg(D)exp(Tp : Tg)~t. Then, K is inertial over E.

Definition 4.19 Let E be a Henselian valued field and K an abelian field extension
of E. We say that K is nice over E if there is an inertial field extension M of E
and a totally ramified field extension 7" of E such that K = M ®g T. We define nice

abelian graded field extensions in a similar way.

Proposition 4. 20 Let E be a Henselian valued field and K a tame abelian field
extension of E. Then, K is nice if and only if GK 1is nice.

Proof. 1f K is nice, then K = M ®g T, where M is inertial and T is totally ramified
over E. So, by the graded version of [Mor89, Theorem 1] GK = GM ®ggr GT.
Conversely, suppose that GK is nice. Then, GK = KGE ®@¢p T’ where T" is a totally
ramified graded field extension of GE. Let M be the inertial lift of K over E in K and
let uy, ..., u, be homogeneous elements of 7" such that I' /T'gep = (97(u1) + Tge) &
.. ® {(gr(u,) + Tgg). By Proposition 1.5, there are z; € K such that Z; = u; and
G(F[z;]) = GElu;). In particular, E[z;] are totally ramified over £, hence by [Mor89,
Theorem 1] T := Ex1] ®g ... ®g Ex,] is a totally ramified field extension of E. Once
again, by applying [Mor89, Theorem 1] (and by comparing the dimensions), we have
K =M ®g T (up to an isomorhism).

Lemma 4. 21 Let E be a Henselian valued field and K a nice cyclic field extension
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of prime power dimension over E. Then, K is either inertial or totally ramified over

E.

Proof. Let M [resp. T] be an inertial [resp. totally ramified] field extension of E
such that K = M ®g T. Then, Gal(K/FE) = Gal(M/FE) & Gal(T/FE). Remark that
Gal(K/F) is cyclic with prime power order. So, necessaraly Gal(M/E) or Gal(T/E)

is a trivial group. Therefore, either M or T is trivial.

Lemma 4. 22 Let E be a Henselian valued field with valuation v and D a semiram-

h

ified division algebra of degree n over E. Assume E contains a primitive n'" root of

unity. Then, the following statements are equivalent :

(1) D has an abelian maximal subfield K = M ®@g T, where M [resp. T] is a cyclic
inertial [resp. a cyclic totally ramified] field extension of E.

(2) There is a cyclic subfield M of D inertial over E and an element u of C¥ such
that v(u) + I'p generates I'cy /T'p and ulPM ¢ .

Proof. (1) = (2) By Proposition 2.6 C¥ is semiramified (over M), so [D : M] =
(I'epr : Tar). Moreover, K is a totally ramified maximal subfield of CM so[D: E]=
(Ck :Ta) = (I :T'g) = [T : E]. Since T is cyclic over E, then I'r/I'g(= Gal(T/E))
is cyclic. Let x € T such that I'r/T'g = (v(x) 4+ I'g), then GT = GE[Z] and the
minimal polynomial of & over Frac(GE) is X!T*Fl — IT*El Qo by Proposition 1.5
there is u € T such that T = Eu], ul"**! € E* and v(u) + 'y = v(z) + ['p.

(2) = (1) Since ulPM ¢ E* then [E[u] : E] < [D : M]. Moreover, since C¥ is
semiramified and v(u) + I'p generates I'ca /T'g, then D is a cyclic field extension of
M and [D : M| = card({v(u) + I'g)) < (T'gp) : I'e) < [Elu] : E]. Hence, Elu] is

totally ramified over £. Moreover, since I' g, /I'g is cyclic and E contains a primitive
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n'" root of unity, then E[u] is cyclic over E. Therefore, K := M ®g E[u] is an abelian

maximal subfield of D.

Proposition 4. 23 Let E be a Henselian valued field with valuation v and D a non-
degenerate tame semiramified division algebra of prime power degree over E. Then,
the following statements are equivalent.

(1) D has a nice abelian mazimal subfield.

(2) D has an abelian mazimal subfield K = T ®g M, where T is cyclic totally ramified
over E and M 1is cyclic inertial over E.

(8) D has a nice cyclic mazimal subfield.

(4) D has a cyclic inertial mazimal subfield.

(5) D has a non-trivial subfield which is totally ramified over E.

(6) Gal(D/E) is cyclic.

If E contains a primitive deg(D)™ root of unity, then the above conditions are
equivalent to the following :
(7) There a cyclic subfield M of D inertial over E and an element u of C¥ such that
v(u) + ' generates U /Ty and ulPM e .

Proof. (1) = (6) Let K be a nice maximal subfield of D. If K is inertial over F,
then K = D. So, Gal(D/E) is cyclic. If K is not inertial over E, then D contains a
non-trivial totally ramified subfield. So, by Proposition 4.2, Gal(D/E)(= T'p/Tg) is
cyclic.

(6) = (3) Clear (indeed, the inertial lift of D over E in D is a nice cyclic maximal
subfield of D).

(3) = (2) By Lemma 4.21.

(2) = (1) and (4) < (6) Obvious.
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(5) = (6) By Proposition 4.2.
(6) = (5) Let d € D* such that v(d) +I'g generates I'p/I'g, then E[d] is a non-trivial
totally ramified subfield of D.

h

If £ contains a primitive deg(D)™ root of unity, then (2) < (7) follows by Lemma

4.22.

5 Indecomposable division algebras

Lemma 5. 1 Let E be a Henselian valued field and D a nondegenerate tame semi-
ramified division algebra of prime power degree over E. Assume D = Dy Qg Ds,
where D; (i = 1,2) are non-trivial central division algebras over E, and let L; be a

mazimal subfield of D;. Then, L; = D;.

Proof. Since D; are non-trivial, then rk(I'p/I'g) > 2. Indeed, if T'p/T'g is cyclic,
then D is nicely semiramified. So, by [JW90, Lemma 5.15] exp(D) = exp(I'p/T'g) =
deg(D). Hence, D is indecomposable. A contradiction. Moreover, by Proposition
4.2, D; # E (for otherwise, all subfields of D; will be totally ramified over E).
Let L; be a maximal subfield of D;. Suppose by contradiction that L; # D;, then
rk(Gal(D1®@5Dsy/Ly)) > 2 (forif o € Gal(Dy/L)\{idp,} and 7 € Gal(Dy/E)\{idp,},
then o ® idp, and idp, ® T are non-comparable elements of Gal(D; ®z Do/ L)),
so rk(Gal(D/Ly)) > 2. Hence, by Proposition 4.8, L, is inertial over E. So, by
Proposition 2.6(1) D; is semiramified. Hence, L, = D;. The contradiction obtained
here shows that L; = D;. In the same way, we prove that if L, is a maximal subfield

of DQ, then [_/2 = Dg.

Theorem 5. 2 Let E be a Henselian valued field and D a nondegenerate tame semi-



5 INDECOMPOSABLE DIVISION ALGEBRAS 95

ramified division algebra of prime power degree over E. Then, D is indecomposable.

Proof. As seen above in the proof of Lemma 5.1, if I'p/I'g is cyclic, then D is
indecomposable. Assume that r7k(I'p /I'g) > 2 and suppose D = Dy ®g Do, where Dy
and D, are non-trivial central division algebras over E. Choose a subfield K of D;
with (I'k : I'g) maximal (among all subfields of D; and D). We can suppose ¢ = 1.
For an arbitrary element xs of Do, Klxs] is a subfield of D. So, by Proposition 3.2,
I'k(es)/T'E is cyclic (with prime power order). Hence, the subgroups of 'k, /I'g are
totally ordered by inclusion. In particular, we have I'g,,)/IT'r C I'x/T'r (We can not
have 'k /I'g C I'gle,)/T'r because (I'k : I'g) is maximal). So, I'p,/T'g is cyclic. Let
y € Dy such that v(y) +'p generates I'p, /T'g (v being the extension of the valuation
of E to D) and let Ly be a maximal subfield of Dy that contains y. By Lemma 5.1
Ly = Dy. Moreover, we have I'y, /'y = I'p, /T'p. Hence, Dy = Ly. A contradiction.

Corollary 5. 3 Let E be a field, K a finite dimensional non-cyclic abelian field ex-
tension of E with Galois group G, S a basis of G, U a nondegenerate matriz of
Us(G, K*), Z the center of the generic abelian crossed product (K, G,U) and L an im-
mediate field extension of Z for its canonical valuation. Assume card(G) = p™, where
p is a prime positive integer and n is an arbirary positive integer, then (K, G,U)®z L

15 an indecomposable division algebra.

Remark 5.4 Recently, Kelly L. Mckinnie has constructed tame semiramified inde-
composable division p-algebras of arbitrary degree and of exponent p (for p # 2)
[McKO05, Corollary 6.15]. Using the same arguments and Theorem 5.2 -instead of

[McKO05, Corollary 5.4]-, we get examples of tame semiramified indecomposable di-
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vision algebras of prime exponent ¢ and of degree ¢" for any prime ¢ # 2 and any

positive integer n (even for ¢ # char(E)).

Appendix

Claim A. 1 Let E/F be an algebraic graded field extension and g a homogenizable
irreducible polynomial of F[X]. Assume g has a root x € E\{0} and let f, prac(r) be
the minimal polynomial of x over Frac(F'). Then, g = afy prac(r) for some a € F*.

In particular, v € E*.

Proof. Since x is a root of g, then f, procr) divides g in Frac[X]. Let h €
Frac(F)[X] such that g = hfy prac(r). Obviously, we can write h = b~'h' [resp.
foFracry = ¢ f] with 1/, f" € F[X] and b,c € F. Let A € Ap (where Ap is
the divisible hull of I'z) such that g € (F[X]M)" It follows from the equality
(bc)g = W' f" that (bc)mg = R, f, where (bc),,, h., and f! are the components of
greater grade of be, b’ and f’, respectively. Since g is irreducible in F[X], then either
h,, or f;, is in F. Assume that h;, € F', then deg(g) = deg(f),) < deg(fe,Frac(r))-
So, deg(g) = deg(fz,rrac(r)) (since fu pracry divides g). If f) € F, then deg(g) =
deg(h},) < deg(h). So, deg(fz Frac(r)) = 0. But this is not true. See that we can write
g=as+a X +..4+a,X", where n is a positive integer and a; € F* forall 0 < i <n
(Indeed, write g = do + d1 X + ... + d, X", where d; € F and write d; = > (d;)-,
where (d;), € Fy. Since g is homogeneous (in F[X]™), then we can consider only
the (d;), where gr((d;),X") = gr(g)). Let ¢ = a,'g. Then, ¢’ = fu rrac(r) (since
g'(x) =0, deg(g') = deg(fz,Fracr))). SO, § = n fo,Frac(r)- In particular, f prac(r) is
homogeneous in F[X]™. So, x € E* (by [HW(1)99, Proposition 2.2 and corollary
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2.5)).

B Normal subgroups

Lemma B. 1 Let p be a prime positive integer and G a p-group, generated by two
noncommutative elements x and y such that ord(x) = p. Then either (x) (i.e. the

cyclic subgroup of G generated by z) or (y) is a non normal subgroup of G.

Proof. Let p™ = ord(y), then for every 0 < k < p, 0 < k' < p™, 2* # y*. Indeed,
otherwise we will have (x) = (z*) C (y), which contradicts the noncommutativity of =
and y. If (z) and (y) were both normal in G, then there would exist positive integers
rand s with 1 <7 < pand 1 < s < p™ such that y2"y~! = z and 27 1y*x = y. There-

fore (ya"y~')y = x(z~1y*x), hence yz" = y*x. Thus 2"~1 = y*~!. But this is not true.

In what follows, we proceed by contradiction to prove that if p is an odd prime
integer and G is a non abelian p-group, then necessarily G has a subgroup H which

is not normal in G.

B.2. Let G be a non abelian p-group such that all subroups of G are normal (in

G). We may assume that G has minimal cardinal. It follows from Lemma B.1, that
card(G) > p?. Let Z(G) be the center of G and G¢ := {afa~'37!| a, 8 € G} be the

commutator of G.

Claim B. 3 Under the hypotheses of (B.2), we have G¢ C Z(G).
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Proof. Since card(G) > 1, then by [L84, theorem 6.4, p. 25|, Z(G) # {1}. If
G/Z(G) has a non normal subgroup A, then H := {a € G| aZ(G) € A} would

be a non normal subgroup of G. A contradiction. Therefore, by the minimality of

card(G), G/Z(G) is necessarily abelian. So, G¢ C Z(G).
Claim B. 4 Under the hypotheses of (B.2), we have card(G°) = p.

Proof. Assume that card(G¢) > p and consider a subgroup G’ of G¢ with card(G') =
p. Since the cardinal of G is minimal, then either G/G" is abelian or G /G’ has a sub-
group A which is not normal in G/G’. See that G/G’ cannot be abelian since otherwise
we would have G¢ C G'. Also, if there was a non-normal subgroup A of G/G’, then

H :={a € G| aG" € A} would be a non normal subgroup of G. A contradiction.

Claim B. 5 Under the hypotheses of (B.2), if x and y are two non-commutative
elements of G, then every element z of G can be written in the form z = ax™y",
with a € Z(G), 0 < m,n < p. Thus, card(G/Z(G)) = p*. Precisely, G/Z(G) =
Z/pZ x Z|pZ.

Proof. Since G/(x) and G/(y) are abelian, then G° C (z) N (y). Let p" =
card({x)/G°) and p* = card({y)/G). Remark that card(G) being minimal, then
G = (z,y) (i.e. G is generated by z and y). Let u = zyx~'y~!, then 2Py = uPya? =
yaP ( since u € G and card(G°) = p.) So 2 € Z(G). By symmetry, we have also
y? € Z(G). Therefore, every element of G can be written in the form ax™y", with
a € Z(G) and 0 < m,n < p. Thus, the elements of G/Z(G) can be written as z™y",
with 0 < m,n < p (where Z = 2Z(G) and j = yZ(G).) So, card(G/Z(G)) < p°.
Remark that G/Z(G) can not be cyclic since otherwise G would be abelian. Hence
card(G/Z(G)) = p* and G/Z(G) X Z)pZ x ZZpZL.
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Claim B. 6 Under the hypotheses of (B.2), if p is an odd prime integer and if we
consider the map ¢ : G — G, defined by ¢(z) = 2P, then ¢ is a group homomorphism
and G? := ¢(G) C Z(G).

Proof. Let z,y € G and let u = zyr~'y~!. It is straightforword that (zy)? =
wu? uP~laPyP = (u'T PaPyP = aPyP (since u'T € G° and card(G°) = p). So, ¢ is a

group homomorphism. Since Py = uPya? = yaP, then ¢(G) C Z(G).

Obviously, Under the hypotheses of Claim B.6, G/ker(¢) = GP.
Claim B. 7 under the hypotheses of Claim B.6, we have ker(¢) C Z(G).

Proof. If ker(¢) € Z(G), then one can choose two non-commutative elements x
and y of G with = € ker(¢). Since G = (z,y) and ord(z) = p, then by Lemma B.1,

either (x) or (y) is not normal in G. A contradiction.
Claim B. 8 Under the hypotheses of (B.2), Z(G) is cyclic.

Proof. Let x and y be two non-commutative elements of G, and consider w € G
with ord(w) > p. Then Zy = yZ in G/{w). Hence v := zyxy~! € (w). In
particular, this is true for 1 # w € Z(G). Therefore, Z(G) is cyclic (for if Z(G) were
not cyclic, then it would have a decomposition Z(G) = (w;) x (wa) X .. X (wy) with
ord(w;) > p (1 <i<k)and k > 1. In particular, we have (w;) N (wqe) = {1}, hence

necessarily u = 1. But this is not true since = and y are non-commutative.)

Claim B. 9 Under the hypotheses of Claim B.6, ker(¢) = G°.
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Proof. Since G/ker(¢) is abelian (otherwise G would have a non normal subgroup),
then G¢ C ker(¢). Moreover, by Claim B.7, we have ker(¢) C Z(G). So ker(¢) is
cyclic (of exponent p). So ker(¢) = G°.

Claim B. 10 Under the hypotheses of Claim B.6, G/GP is cyclic with cardinal p.

Proof. Since G? = G /ker(¢), then card(G/GP) = p, so G/GP is cyclic.

Since G? C Z(G) and G/GP is cyclic, then G is abelian. But this contradicts the
hypotheses of Claim B.6. Therefore, we have the following Theorem.

Theorem B. 11 Let p > 2 be a prime integer and G a non abelian p-group. Then

G has a non normal subgroup.

C Cyclic graded p-algebras

We recall first the following facts concerning cyclic graded simple algebras. All these
results follow from analogous ones proved in the ungraded case (it suffices to use the

canonical embedding GBr(F') — Br(Frac(F')), defined by [D] — [D ®p Frac(F)]) :

(C.1) Let F be a graded field and L/F' a finite-dimensional cyclic graded field ex-
tension of degree n, then the following assertions hold (for arbitrary a, b € F™) :

(1) (L/F,0,a) = (L/F,c" a'), for any positive integer ¢ coprime to n.

(2) (L/F,0,a) ®F (L/F,0,b) is similar to (L/F, o, ab) with respect to GBr(F).
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(C.2) (1) Let L/F be a finite-dimensional cyclic graded field extension with Ga-
lois group generated by o, then the mapping a — [(L/F,0,a)] (a € F*) induces a
group isomorphism F*/Ny,p(L*) — GBr(L/F).

(2) Let N/F be a cyclic graded field extension with Galois group generated by 7 such
that F C L C N and let s = [N : L] and a € F*, then (N/F,7,a°) is similar to
(L/F,o,a) with respect to GBr(F).

Theorem C. 3 Let F' be a graded field with characteristic p > 0 and a a non-zero
homogeneous element of F' such that a'/? ¢ F. If D is a non-trivial graded central
division algebra split by F[a'/?], then there is a cyclic graded field extension L of
dimension p over F' such that D = (L/F,0,a), where o is a generator of Gal(L/F).

Proof. Since deg(D) = p and Fl[a'/?] splits D, then we can assume F[a'/?] is a
maximal graded subfield of D. Let = := a!/? and consider the graded F-automorphism
® : D~ D, defined by z — zzz~!. Since x ¢ F, then ® # idp. So, p = & — idp
is a non-zero graded F-space homomorphism of D. Clearly, we have ¢? = 0. Let r
be the greater positive integer such that ¢” # 0 and let z € D* such that ¢"(z) # 0.
Put v = ¢"}(2), w = ¢"(2) and b = w™v. One can easily check that ¢(b) = b+ 1.
Therefore, L := F[b] is a cyclic graded field extension of F' with Galois group generated
by o := ¢, and D = (L/F,0,a).

Theorem C. 4 Let F be a graded field with characteristic p > 0, a a non-zero ho-
mogeneous element of F' and A a non-trivial graded central simple algebra which
satisfies [A] € GBr(F[a'/*|/F) and [A] ¢ GBr(F[a"/?'|/F) for dall f < e, then
[A] = [(N/F,0,a)], where N/F is a cyclic graded field extension of dimension p® with

Galois group generated by o.
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Proof. Assume first that F[a'/?"] has dimension p® over F. We will proceed by
induction on e. The case ¢ = 1 was proved in Theorem C.3 above. Assume this
is true for e < n and let e = n. By the induction hypothesis there is a cyclic
graded field extension M of dimension p"~' over F[a'/?] such that A ®p F[a'/?] ~
(M/F[a''?],0,a"/?), where o is a generator of the Galois group of M/F[a'/?]. Clearly,
Frac(M) is a normal field extension of Frac(F) with Gal(Frac(M)/Frac(F)) =
Gal(Frac(M)/Frac(F[a'/?])). Moreover if N’ is the tame closure of F in M, then
by [HW(1)99, Proposition 3.7 and Definition 3.8] Frac(N') is the separable closure
of Frac(F) in Frac(M). Therefore by [Karp89, Proposition 7.7, p.283] Frac(M) =
Frac(N') ®prae(ry Frac(Fla'/?]) (up to an isomorphism). This shows that Frac(N’)
is a cyclic field extension of Frac(F'), hence by [HW(1)99, Theorem 3.11] N’ is a
cyclic graded field extension of F' (with Galois group generated by o/y/). Let K be
a cyclic field extension of Fy that contains IV such that [K : N]] = p (see [D82,
Lemma 2, p. 107]) and let N = KF (i.e. the graded field extension of F' gener-
ated by K). By, [HW(1)99, Remark 3.1] N is a cyclic inertial graded field exten-
sion of F' with Galois group generated by some 7 such that 7/xv = o/5. We have
A@p Fla'?] = [(M/F[a'/?],0,a'?)] = [(NF[a'/?]/F[a'/?],7,a)] = [(N/F,T,a) ®F
F[a*/?]]. So, [A] — [(N/F,7,a)] € GBr(F[a'/?]/F) and a'/? ¢ F. Hence, again
by Theorem C.3, [A] = [(N/F,7,a)] + [(T/F,0,a)], where T/F is a cyclic graded
field extension of dimension p with galois group generated by 6. We have either,
NNT = F orT C N. For the first case, we consider the graded subfield L of
N @5 T elementwise fixed by o :== 7" ® 0~'. By [D82, Lemma 9, p. 75] we have
[(Frac(N)/Frac(F),r,a)] + [(Frac(T)/Frac(F),0,a)] = [(Frac(L)/Frac(F), a,a)).
So, [((N/F,7,a)|+[(T/F,0,a)] = [(L/F, a,a)] (this follows from the canonical embed-
ding GBr(F) — Br(Frac(F)) defined by [D] — [D ®p Frac(F)]).
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Now, if we suppose that T C N, then there exists a positive integer ¢ coprime to
p such that 70 = 6. Since 1 + ¢p"~! and p" are coprime, then there is a posi-
tive integer s such that s(1 + tp"~!) = 1(mod p™). Hence, by (C.1 and C.2) above
(T/F.6,a)] = (T/F,6",a")] = [(N/F,7.a"”" )] So, [A] = (1 + tp" ") [(N/F,7,a)] =
(L+tp" H(N/F,7°,0%)] = [(N/F,7°,a)].

If F[a'/?"] has dimension p/ < p¢ over F, then F[a'/?"] = F[b'/?’], where a = 07"’
It follows by the above that [A] = [(N'/F,c’,b)], where N'/F is a cyclic graded field
extension with dimension p/. We can then apply (C.2(2)) to conclude.

Corollary C. 5 Let F be a graded field with characteristic p > 0, A a graded central

division algebra of degree p® over F. Assume that A has a simple purely wild maximal

graded subfield, then A is cyclic.

Theorem C. 6 Let F' be a graded field with characteristic p > 0 and D a graded
central division algebra of degree a power of p over F'. Then, D is cyclic if and only

if it has a simple purely wild mazximal graded subfield.

Proof : If D is cyclic, then we can write D = (L/F,0,a), where L is a a cyclic
maximal graded subfield of D, o is a generating element of the Galois group Gal(L/F)
and a is a nonzero homogeneous element of F'. Let n be the degree of D, then by
definition, there is a nonzero homogeneous element z of D such that D = @&, La*,

1

with 2" = a and zyz~" = o(y) for all y € L. Hence F[z] is a simple purely wild

maximal graded subfield of D. The converse follows by Corollary C.5.

The author would like to thank Pr. J.P. Tignol and Pr. A. Wadsworh for their
help.
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