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ABSTRACT. Let G1 and G2 be absolutely almost simple algebraic groups of
types By and C, respectively defined over a number field K. We determine
when (G and G2 have the same isomorphism or isogeny classes of maximal K-
tori. This leads to the necessary and sufficient conditions for two Zariski-dense
S-arithmetic subgroups of G; and G2 to be weakly commensurable.
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1. INTRODUCTION AND THE STATEMENT OF MAIN RESULTS

This paper has two interrelated goals: first, to complete the investigation of
weak commensurability of S-arithmetic subgroups of almost simple algebraic groups
begun in [PR09], and second, to contribute to the classical problem of characterizing
almost simple algebraic groups having the same isomorphism or the same isogeny
classes of maximal tori over the field of definition.

Let G1 and G2 be two semi-simple algebraic groups over a field F' of characteristic
zero, and let I'; C G;(F) be a (finitely generated) Zariski-dense subgroup for i =
1,2. We recall in §7 below the notion of weak commensurability of I'y and T's
introduced in [PR09]. (This notion was inspired by some problems dealing with
isospectral and length-commensurable locally symmetric spaces, and we state some
geometric consequences of our main results in (7.1) and (7.2).) We further recall
that the mere existence of Zariski-dense weakly commensurable subgroups implies
that G; and G5 either have the same Killing-Cartan type, or one of them is of type
B¢ and the other is of type C;. Moreover, cumulatively the results of [PR09], [PR10]
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and [Garl2] give, by and large, a complete picture of weak commensurability for
S-arithmetic subgroups of almost simple algebraic groups having the same type.

On the other hand, weak commensurability of S-arithmetic subgroups in the case
where (G is of type By and G2 is of type C; has not been investigated so far—it was
only pointed out in [PR09] that S-arithmetic subgroups corresponding to the split
forms of such groups are indeed weakly commensurable (see also Remark 2.6 below).
Our first theorem provides a complete characterization of the situations where S-
arithmetic subgroups in the groups of types B and C are weakly commensurable.
In its formulation we will employ the description, introduced in [PR09, §1], of S-
arithmetic subgroups of G(F), where G is an absolutely almost simple algebraic
group over a field F of characteristic zero, in terms of triples (G, K,.S) consisting
of a number field K C F, a finite subset S of places of K, and an F/K-form G of
the adjoint group G — we briefly recall this description in §6.

The following definition will enable us to streamline the statements of our results.

Definition 1.1. Let §; and Gs be absolutely almost simple algebraic groups of
types By and C; with ¢ > 2, respectively, over a number field K. We say that G;
and Gy are twins (over K) if for each place v of K, both groups are simultaneously
either split or anisotropic over the completion K,,.

Theorem 1.2. Let G; and G2 be absolutely almost simple algebraic groups over
a field F of characteristic zero having Killing-Cartan types By and Cy (¢ > 3)
respectively, and let T'; be a Zariski-dense (G;, K, S)-arithmetic subgroup of G;(F)
fori=1,2. Then T'1 and s are weakly commensurable if and only if the groups G1
and Go are twins.

If Zariski-dense (91, K1, S1)- and (G2, K2, Sa2)-subgroups are weakly commensu-
rable then necessarily K; = K5 and S; = Sy by [PR09, Th. 3], so Theorem 1.2 in
fact treats the most general situation. Furthermore, for £ = 2 we have By = Cy, so
(1 and G5 have the same type; then I'y and I's are weakly commensurable if and
only if §1 ~ G5 over K by [PR09, Th. 4]. This shows that the assumption ¢ > 3
in Theorem 1.2 is essential—the excluded case of £ = 2 is treated in Theorem 1.5
below.

Turning to the second problem, of characterizing almost simple algebraic groups
having the same (isomorphic classes of) maximal tori, we would like to point out
that, as we will see shortly, one gets more satisfactory results if instead of talking
about isomorphic groups one talks about isogenous ones. We recall that algebraic
K-groups H; and Hs are called isogenous if there exists a K-group H with central
K-isogenies m;: H — H;, i = 1,2. For semi-simple K-groups G1 and Gs, this
amounts to the fact that the universal covers G; and G5 are K-isomorphic, and
for K-tori T and 75 this simply means that there exists a K-isogeny 17 — Tb.
Furthermore, we say that two semi-simple K-groups G; and G2 have the same
isogeny classes of maximal K-tori if every maximal K-torus T; of GGy is K-isogenous
to some maximal K-torus T3 of G2, and vice versa. Unsurprisingly, K-isogenous
groups have the same isogeny classes of maximal tori. Using the results from [PR09)
and [Garl2], we prove the following partial converse for almost simple groups over
number fields.
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Proposition 1.3. Let G1 and G2 be absolutely almost simple algebraic groups over
a number field K. Assume that G1 and G4 have the same isogeny classes of maximal
K-tori. Then at least one of the following holds:
(1) G1 and Gy are K-isogenous;
(2) Gy and G2 are of the same Killing-Cartan type, which is one of the follow-
ing: Ay (€ > 1), Dagr1 (€ > 1), or Eg;
(3) one of the groups is of type By and the other of type Cy for some £ = 3.

We will prove the proposition in §8. As Theorem 1.5 below shows, it is possible
for two isogenous, but not isomorphic, groups to have the same isomorphism classes
of maximal K-tori, so the conclusion in (1) cannot be strengthened even if we
assume that G; and G have the same maximal tori. On the other hand, for each
of the types listed in (2) one can construct non-isomorphic simply connected, hence
non-isogenous, groups of this type having the same tori [PR09, §9], so these types
are genuine exceptions. In this paper, we will sharpen case (3). Specifically, we
prove the following in §6.

Theorem 1.4. Let G1 and G2 be absolutely almost simple algebraic groups over a
number field K of types By and C; respectively for some £ > 3.

(1) The groups G1 and G2 have the same isogeny classes of maximal K -tori if
and only if they are twins.

(2) The groups G1 and G2 have the same isomorphism classes of mazimal K -
tori if and only if they are twins, Gy is adjoint, and Go is simply connected.

We note that one can give examples of groups GG; and G of types By and Cy
respectively over the field R of real numbers, that are neither split nor anisotropic
but nevertheless have the same isomorphism classes of maximal R-tori (see Example
3.6). This shows Theorem 1.4, unlike many statements about algebraic groups over
number fields, is not a global version of the corresponding theorem over local fields.
What is crucial for the proof of Theorem 1.4 (and also Theorem 1.2) is that if the
real groups G; and Gy are neither split nor anisotropic with G; adjoint and Gs
simply connected then they cannot have the same maximal R-tori (see Corollary
3.4).

The special case Bs = C;. Theorem 1.4 completely settles the question of when
the groups of types By and C; have isogenous tori for ¢ > 3. The case where ¢ = 2
is special because the root systems Bs and Cy are the same.

Let G; and G2 be groups of type Bo = C5. They have the same isogeny classes
of maximal tori if and only if they are isogenous by Lemma 8.1 below or [PR09,
Th. 7.5(2)]. In particular, when G; and Gs are both adjoint or both simply con-
nected, they have the same isogeny classes of maximal tori if and only if G; ~ G»
if and only if they have the same maximal tori. It remains only to give a condition
for G; and G2 to have the same maximal tori when one is adjoint and the other is
simply connected, which we now do.

Theorem 1.5. Let ¢q1, g2 be 5-dimensional quadratic forms over a number field K.
The groups G1 = SO(q1) and G2 = Spin(ge) have the same isomorphism classes of
maximal K-tori if and only if

(1) q1 is similar to q2; and
(2) q1 and g2 are either both split or both anisotropic at every completion of K.
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Notation. For a number field K, we let VX denote the set of all places, and let
VE (resp., VfK ) denote the subset of archimedean (resp., nonarchimedean) places.
Given a reductive algebraic group G defined over a field K, for any field extension
L/K we let tky, G denote the L-rank of G, i.e., the dimension of a maximal L-split
torus.

We write 7(a) for the symmetric bilinear form (z,y) — a>.._; #;y; on K", and
adopt similar notation for quadratic forms and hermitian forms.

In §6, we systematically use the following: for G; and G5 absolutely almost
simple groups of types By and C; respectively, we put Gh1 for the adjoint group of
G1 (“SO”), and G for the simply connected cover of Ga (“Sp”).

2. STEINBERG’S THEOREM FOR ALGEBRAS WITH INVOLUTION

Our proofs of Theorems 1.2 and 1.4 rely on the well-known fact that groups
of classical types can be realized as special unitary groups associated with simple
algebras with involutions, so their maximal tori correspond to certain commuta-
tive étale subalgebras invariant under the involution. This description enables us
to apply the local-global principles for the existence of an embedding of an étale
algebra with an involutory automorphism into a simple algebra with an involution
[PR10]. To ensure the existence of local embeddings, we will use an analogue for
algebras with involution of the theorem, due to Steinberg [Ste65], asserting that if
Gy is a quasi-split simply connected almost simple algebraic group over a field K
and G is an inner form of Gy over K then any maximal K-torus T of G admits a
K-defined embedding into Gy. The required analogue roughly states that if (A, )
is an algebra with involution such that the corresponding group is quasi-split then
any commutative étale algebra with involution (F, ) that can potentially embed in
(A, 7) does embed. It can be deduced from the original Steinberg’s theorem along
the lines of [Gil04, Prop. 3.2(b)], but in fact one can give a simple direct argument.
To our knowledge, this has not been recorded in the literature. Further, the argu-
ment for type B, (in Proposition 2.5) extends with minor modifications to other
types. So, despite the fact that we will only use this statement for algebras corre-
sponding to groups of type B, and C,,, we will give the argument for all classical
types. We begin by briefly recalling the types of algebras with involution arising in
this context, indicating in each case the étale subalgebras that give maximal tori.

Description of tori in terms of étale algebras. Let A be a central simple
algebra of dimension n? over a field L of characteristic # 2, and let 7 be an involution
of A. Set K = L™. We recall that 7 is said to be of the first (resp., second) kind if
the restriction 7|y, is trivial (resp., nontrivial). Furthermore, if 7 is an involution of
the first kind, then it is either symplectic (i.e., dimg A™ = n(n—1)/2) or orthogonal
(i.e., dimg AT =n(n+1)/2).

We also recall the well-known correspondence between involutions on A = M, (L)
and nondegenerate hermitian or skew-hermitian forms on L™, cf. [KMRT98]: given
such a form f, there exists a unique involution 74 such that

flaz,y) = f(z,74(a)y)
for all z,y € L™ and all a € A; then the pair (M, (L), 7f) will be denoted by Ay.
Moreover, f is symmetric (resp., skew-symmetric) if and only if 7/ is orthogonal
(resp., symplectic). Conversely, for any involution 7 there exists a form f on L™ of
appropriate type such that 7 = 7, and any two such forms are proportional. (Note
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that for involutions of the second kind one can pick the corresponding form to be
either hermitian or skew-hermitian as desired.)

Type A;. Let (A,7) be a central simple L-algebra of dimension n? with an invo-
lution 7 of the second kind. Then G = SU(A,7) is an absolutely almost simple
simply connected K-group of type ?A, with £ = n—1, and conversely any such group
corresponds to an algebra with involution (A, 7) of this kind. Any 7-invariant étale
commutative subalgebra F C A gives a maximal K-torus

of GG, and all maximal K-tori are obtained this way (see, for example, [PRI10,
Prop. 2.3]). The group G is quasi-split if and only if A = M, (L) and 7 = 75, where
h is a nondegenerate hermitian form on L™ of Witt index [n/2].

Type By (€ > 2). Let A = M, (K) with n = 2¢ + 1, and let 7 be an orthogonal
involution of A. Then 7 = 7; for some nondegenerate symmetric bilinear form f
on K™, and

G = SU(4,7) = SO(f)

is an adjoint group of type By, and every such group is obtained this way. Further-
more, maximal K-tori T of G bijectively correspond to maximal commutative étale
T-invariant subalgebras F of A (of dimension n) such that dimyx E™ = ¢+ 1 under
the correspondence given by

T= RE/K(GLl) NG = SU(E,T|E)
Furthermore, any such algebra admits a decomposition
(2.1) (E,7)=(F',7") x (K,idk)

where E' C FE is a T-invariant subalgebra of dimension 2¢. Finally, the group G is
quasi-split (in fact, split) if and only if f has Witt index £.

Type C; (£ > 2). Let A be a central simple K-algebra of dimension n? with n = 2¢,
and let 7 be a symplectic involution of A. Then G = SU(A, 1) is an absolutely
almost simple simply connected group of type Cy, and all such groups are ob-
tained this way. Maximal K-tori of G correspond to maximal commutative étale
T-invariant subalgebras E C A (of dimension n) such that dimg E™ = ¢ in the
fashion described above. The group G is quasi-split (in fact, split) if and only if
A = M, (K). Then 7 = 75 where f is a nondegenerate skew-symmetric form on
K™; there is only one equivalence class of such forms, so in this case G ~ Sp,,.
Type 2Dy (£ > 4). Let A be a central simple K-algebra K-algebra of dimension n?
where n = 2¢, and let 7 be an orthogonal involution of A. Then G = SU(A4, 7) is an
almost absolutely simple K-group of type 2D, which is neither simply connected
nor adjoint, and any K-group of this type is K-isogenous to such a group. Maximal
K-tori of G correspond to maximal commutative étale 7-invariant subalgebras £ C
A (of dimension n?) such that dimyx E™ = ¢. The group G is quasi-split if and only
if A= M,(K) and 7 = 7; where f is a symmetric bilinear form on K™ of Witt
index £ — 1 or /.
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Summary. Thus, if A is a central simple L-algebra of dimension n? (and L = K for
all types except %A;) then maximal K-tori of the algebraic K-group G' = SU(A, )
correspond in the manner described above to maximal abelian étale T-invariant
subalgebras £ C A with dim;, F = n such that for 0 = 7|5 we have

n ifO'|L7éidL

2.2 dim B7 =
22) e {["T“] if o], = idy.

(Note that the condition is automatically satisfied if o|;, # idy.)

Now, let (F, o) be an n-dimensional commutative étale L-algebra with an invo-
lution satisfying (2.2). Then the question of whether the K-torus T'= SU(F,0)°
can be embedded into G = SU(A, 7) where A is a central simple L-algebra of di-
mension n? with an involution 7 such that o|;, = 7| translates into the question if
there is an embedding (F, o) < (A, 1) of L-algebras with involution, which we will
now investigate in the cases of interest to us. We note that if G is quasi-split then
in all cases A = M,,(L). In this case, the universal way to construct an embedding
(E,0) < (M,(L),7) is described in the following well-known statement.

Proposition 2.1. Let (E, o) be an n-dimensional commutative étale L-algebra with
an involution o.

(i) For any b € E*, the map ¢p: E x E — K given by

ov(2,y) =tre/(z-b-o(y))
is a nondegenerate sesqui-linear form, which is hermitian or skew-hermitian
if and only if b is such.
(ii) Let b € E* be hermitian or skew-hermitian, and let T4, be the involution
on A :=Endy(F) ~ M, (L) corresponding to ¢p; then the regular represen-
tation of E gives an embedding

(E,U) — (AvT%) = A%

of algebras with involution.

(iii) Let 7 be an involution on A = M, (L), and let f be a hermitian or skew-
hermitian form on L™ such that 7y = 7. Then the following conditions are
equivalent:

(a) There exists b € E* of the same type as f such that ¢p is equivalent
to f.
(b) There exists a form h on E ~ L™ which is equivalent to f and satisfies

(2.3) h(ax,y) = h(z,0(a)y) for all a,z,y € E.

(¢) There exists an embedding (E,0) < (A,7) as L-algebras with involu-
tions.

Sketch of proof. The nondegeneracy of ¢, in (i) follows from the fact that the L-
bilinear form on E given by (z,y) + trg,r(zy) is nondegenerate as E/L is étale;
other assertions in (i) and (ii) are immediate consequences of the definitions. The
implications (a) = (b) = (c) in (iii) are obvious, and the equivalence (a) < (c)
(which we will not need) is established in [PR10, Prop. 7.1]. O

We also note that in fact any nondegenerate hermitian/skew-hermitian form h
on E satisfying (2.3) is of the form ¢, for some b € E* of the respective type.
Indeed, since the form ¢, is nondegenerate, we can write h in the form h(x,y) =
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trg/n(z-g(o(y))) for some K-linear automorphism g of £. Then (2.3) implies that
g is E-linear, and therefore is of the form g(x) = bx for some b € E*, which will
necessarily be of appropriate type.

Example 2.2 (involutions of the first kind). According to Proposition 2.2 in
[PR10], if L = K and (E,0) is a K-algebra with involution of dimension n = 2¢
satisfying (2.2) then
(E,0) = (F[3]/(8* — d),0)
where F' = E°, d € F*, and 6(J) = —¢.
For invertible b € E? and z;,y; € F', we have

Pu(w1 + Y10, v2 + Y20) = trp/x (bx172 — bdy1y2) = trp/k (2b(T122 — dy1Y2)),

S0 ¢y is the transfer from F' to K of the symmetric bilinear form (2b, —2bd). Clearly,
if £is F' x F, then ¢y is hyperbolic.

The example gives the entries in the ¢, column of Table 1.

Proposition 2.3 (type C). Let (E, o) be an étale K-algebra of dimension n = 2¢
with involution satisfying (2.2). Then for every symplectic involution T on M, (K),
there is a K-embedding (E, o) — (M, (K),T).

Proof. Tt follows from the structure of (F, o) in the example that there exists a skew-
symmetric invertible b € E (one can take, for example, the element corresponding
to 9); then by Proposition 2.1(i), the form ¢, is nondegenerate and skew-symmetric.
On the other hand, since 7 is symplectic, we have 7 = 7 for some nondegenerate
skew-symmetric form f on K™. As any two such forms are equivalent, our assertion
follows from Proposition 2.1(iii). O

To handle the algebras corresponding to types B and D, we need the following.

Lemma 2.4. Let (E,0) be a commutative étale K -algebra with involution of di-
mension n = 2{ satisfying (2.2). Then there exists a nondegenerate symmetric
bilinear form h on E that satisfies (2.3) and has Witt index > £ — 1.

Proof. If K is finite then one can take, for example, h = ¢1, so we can assume in
the rest of the argument that K is infinite. It follows from the description of F
that, for K an algebraic closure of K,

(E®KF70®1dK) = (M7ﬂ>

where M = Hle(f x K) and p acts on each copy of K x K by switching
components. Viewing M as an affine n-space, consider the K-defined subvari-
ety M_ = {x € M | u(x) = —x}. Clearly, M_ is a K-defined vector space, so
the K-points E_ := M_ N E are Zariski-dense in M_. On the other hand, let
U C M be the Zariski-open subvariety of elements with pairwise distinct compo-
nents; then any x € U generates M as a K-algebra. Furthermore, it is easy to see
that UNM_ #0,s0 UNE_ # ().

Fix e € UN E_; then 1,e,...,e" ! form a K-basis of E. For € E we define
¢i(x) for i =0,...,n —1so that z = 31" ¢;(x)e’. Set

h(z,y) = cn-2(z0(y)).
Clearly, h is symmetric bilinear and satisfies (2.3). Let us show that h is nonde-
generate. If x = Z?:_Ol ci(z)e’ is in the radical of h, then so is o(x), and therefore
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also x4 := Zf;é coi(x)e? and z_ = Zf;é c2ir1(1)e?*. From h(zy,1) = 0,
h(xy,e?) = 0, etc., we successively obtain that ¢, _o(z) = 0, ¢,_a(x) = 0, etc.,
ie., 74 = 0. Furthermore, we have 0 = h(z_,e™!) = —c,_1(z). Then from
h(z_,e) =0, h(z_,e®) = 0, etc., we successively obtain ¢, _3(x) =0, ¢,_5(x) = 0,
etc. Thus, z_— = 0, hence x = 0, as required. It remains to observe that the
subspace spanned by 1, e, ..., e‘"2 is totally isotropic with respect to h. (I

Remark. In an earlier version of this paper, we constructed h in Lemma 2.4 in the
form h = ¢, using some matrix computations. The current proof, which minimizes
computations, was inspired by [BG11, §5].

Proposition 2.5 (type B). Let (E, o) be an étale K -algebra of dimension n = 2¢+1
with involution satisfying (2.2). If T is an orthogonal involution on A = M, (K)
such that T = 1§ where f is a nondegenerate symmetric bilinear form on K" of
Witt index ¢ then there exists an embedding (E,0) — (A, 7) of K-algebras with
wnvolution.

Proof. Pick a decomposition (2.1), and then use Lemma 2.4 to find a form A’ on
E' with the properties described therein. We can write h' = h} L hl where h}
is a direct sum of ¢ — 1 hyperbolic planes and h), is a binary form. Choose a 1-
dimensional form A" so that h), L h’ is isotropic, and consider h = b’ L h” on
E = FE’' x K. Then h is a nondegenerate symmetric bilinear form on E satisfying
(2.3) and having Witt index £. So, h is equivalent to f, hence (E, o) embeds in
(A, 7) by Proposition 2.1(iii). O

Remark 2.6. Let now Gp be the K-split adjoint group SOsg¢y1 of type By and
Gy be the K-split simply connected group Spy, of type C; where ¢ > 2. It was
observed in [PR09], Example 6.7, that G; and G2 have the same isomorphism
classes of maximal K-tori over any field K of characteristic # 2. This was derived
from the fact that G; and G2 have isomorphic Weyl groups using the results of
[Gil04] or [Rag04]. Now, we are in a position to give a much simpler explanation
of this phenomenon. Indeed, G; = SU(A;,7) where Ay = Mar1(K) and 71 is an
orthogonal involution on A; corresponding to a nondegenerate symmetric bilinear
form on K21 of Witt index £, and Go = SU(Ay, 7») where Ay = Moy(K) and 75
is a symplectic involution on A5 corresponding to a nondegenerate skew-symmetric
form on K2¢ Any maximal K-torus T of Gg is of the form SU(Es,o3) where
E5 is a 2¢-dimensional commutative To-invariant subalgebra of Az, 02 = m2|g,,
with (Fg,09) satisfying (2.2). Set (E1,01) = (Ea,02) x (K,idk). According to
Proposition 2.5, there exists an embedding (E7,01) < (A1, 71), which gives rise
to a K-isomorphism between T5 and the maximal K-torus T3 = SU(E1,01) of
G1. This, combined with the symmetric argument based on Proposition 2.3, yields
the required fact. Then, repeating the argument given in loc. cit., we conclude
that if K is a number field then for any finite subset S C VE containing VX, the
S-arithmetic subgroups of G; and G5 are weakly commensurable.

Turning now to type Dy, we first observe that if (E,0) is a K-algebra with
involution of dimension n = 2¢ satisfying (2.2) then the determinant — viewed as
an element of K> /K>*? — of the symmetric bilinear form ¢, for invertible b € E°
does not depend on b (cf. [BCKMO03, Cor. 4.2]) and will be denoted d(E, o). Now,
if 7 is an involution on A = M,,(K) that corresponds to a symmetric bilinear form
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f on K™ having determinant d(f) then it follows from Proposition 2.1(iii) that an
embedding (E,0) < (A,7) can exist only if d(E,0) = d(f) in K*/K*2,

Proposition 2.7. Let (E,0) be an étale K-algebra of dimension n = 2¢ with
involution satisfying (2.2). If T is an orthogonal involution on A = M, (K) such
that T = 7y where f is a nondegenerate symmetric bilinear form on K" of Witt
index > {—1 such that d(E, o) = d(f) (in K*/K*?) then there exists an embedding
(E,0) = (A, 7) of K-algebras with involution.

Proof. Let h be the symmetric bilinear form on E constructed in Lemma 2.4. As we
observed after Proposition 2.1, h is actually of the form h = ¢; for some invertible
be E?, sod(h)=d(E,o). We can write h = hy L ho where hy is a direct sum of
¢ — 1 hyperbolic planes and hg is a binary form. Similarly, f = f; L fo where f;
is a direct sum of ¢ — 1 hyperbolic planes and fs is binary. Then d(F,o) = d(f)
implies that d(he) = d(f2), so he and f5 are similar. Thus, a suitable multiple of &
is equivalent to f, and our claim follows from Proposition 2.1(iii). O

Finally, we will treat algebras corresponding to the groups of type A,. Here L
will be a quadratic extension of K and all involutions will restrict to the nontrivial
automorphism of L/K.

Proposition 2.8 (type A). Let (E,o0) be an étale n-dimensional L-algebra with
involution. If T is a unitary involution on A = M, (L) such that T = Ty where
f is a hermitian form on L™ having Witt index m := [n/2], then there exists an
embedding (E,o0) — (A, 7) of L-algebras with involution.

Proof. Tt is enough to construct a nondegenerate hermitian form on E that satisfies
(2.3) and has Witt index m. If K is finite, one can take, for example, h = ¢1, so
we can assume that K is infinite. Set ' = E° so that E = F ®k L. Since K is
infinite, arguing as in the proof of Lemma 2.4, one can find e € F so that F = K|e].
Then any =z € E admits a unique presentation of the form = = Z;:Ol e' @ ci(x)
with ¢;(z) € L. Define
h(:L', y) = Cnfl(zo-(y))'

It is easy to see h is a hermitian form satisfying (2.3); let us show that it is non-
degenerate. If z is in the radical of h then from h(z,1) = 0, h(z,e) = 0, etc., we
successively obtain that ¢,—1(z) = 0, ¢p—2(x) = 0, etc. Thus, x = 0, proving the
nondegeneracy of h. Since 2(m —1) < n— 1, the subspace spanned by 1,e¢,...,e™™!
is totally isotropic, hence the Witt index of h is m, as required. O

3. MAXIMAL TORI IN REAL GROUPS OF TYPES B AND C

This section is devoted to determining the isomorphism classes of maximal tori
in certain linear algebraic groups, primarily of types B and C, over the real numbers.
Recall that every torus 1" over R is R-isomorphic to the product

(3.1) (GL1)™ x (RE)p(GL1))? x (Reym(GLy))”

for uniquely determined nonnegative integers «, 3, [Vos98, p. 64], and then the
group T'(R) is topologically isomorphic to (R*)® x (S1)# x (C*)7, where S! is the
group of complex numbers of modulus 1. The fact that T is isomorphic to a maximal
R-torus of a given reductive R-group G typically imposes serious restrictions on the
numbers «, § and . To illustrate this, we first consider the following easy example.
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Example 3.1. Every mazimal R-torus in G = GL,, m, where H is the algebra of
Hamiltonian quaternions, is isomorphic to (Rg/r(GL1))". Indeed, every maximal
R-torus in G is of the form Rp/r(GL1) where E is a maximal commutative 2n-
dimensional étale subalgebra of A = M, (H). Any commutative 2n-dimensional
étale R-algebra FE is isomorphic to R® x C” with a + 2y = 2n. But in order for
E to have an R-embedding in A, we must have o = 0 and then v = n (cf. [PR10,
2.6]), so our claim follows.

We now recall the standard notations for some classical real algebraic groups. We
let SO(r,n —r) denote the special orthogonal group of the n-dimensional quadratic
form ¢ = r(1) L (n — r)(—1). Similarly, we let Sp(r,n — r) denote the special
unitary group of the n-dimensional hermitian form h = r(1) L (n —r){(—1) over H
with the standard involution. Every adjoint R-group of type By is isomorphic to
some SO(r,n —r) for n = 2¢ + 1 and some 0 < r < n, and every nonsplit simply
connected R-group of type C; is isomorphic to Sp(r, ¢ — r) some 0 < r < £.

Lemma 3.2 (Adjoint By over R). The mazimal R-tori in G = SO(r,n —r), where
n = 2¢+1, are of the form (3.1) with a++2v = £ and a+2y < s := min(r,n—r).

Proof. Let 7 be the involution on A = M, (K) that corresponds to the symmetric
bilinear form f associated with the quadratic form ¢ = (1) L (n —r)(—1) so that
G = SU(A, 7). Let T be a maximal R-torus of G written in the form (3.1). Since
the rank of G is £, we immediately obtain

dimT =a+ 42y =1L

Furthermore, we have T' = SU(FE, o) where ' C A is a 7-invariant maximal commu-
tative étale subalgebra, ¢ = 7|g, and (2.2) holds. There are exactly 4 isomorphism
classes of indecomposable étale R-algebras with involution, which are listed in Ta-
ble 1. Using this information, we can write

(E,0) =R% x (R x R)®* x C% x (C x C)%

where the involutions on factors are as in the table. Comparing this with the
structure of T', we obtain d3 = «, d3 = 5, and d4 = 7. According to Proposition
2.1(iii), there exists b € E° such that ¢, is equivalent to f. But the Witt index of f
is s (which equals the R-rank of G), and the Witt index of ¢y, is > d2 + 2d4. Thus,
a+ 2y < s. (We note that tkg T' = « + ~, immediately yielding the restriction
a+ v < s. So, the restriction we have actually obtained is stronger than one can a
priori expect.)

Conversely, suppose a, (3, v satisfy the two constraints, and assume that r > n—r
(otherwise we can replace the quadratic form ¢ defining G with —¢q); in particular,
r > {. Consider the étale R-algebra

(E,0) =R x (RxR)*x CP x (Cx C)" =: (Fy1,01) X -+ x (E4,04)

of dimension 1 + 2« + 28 + 4v = 2/ + 1 = n where the involutions on the factors
R, R x R,... are as described in Table 1. (Clearly, E satisfies (2.2).) Let us show
that there exists b = (b1,...,bs) € E7 such that ¢, is equivalent to f. Set by =
((1,1),...,(1,1)) and by = ((1,1),...,(1,1)). Then the quadratic form associated
with the bilinear form (¢2,4)(,,5,) on Eo x Ey is equivalent to (a + 2v)((1) L
(—1)). Since t :== (n —r) — (& + 2v) > 0, we can choose by = +1 and b3 =
(£1,...,£1) so that the quadratic form associated with (¢1,3)(,,b,) 15 equivalent
to (264+1—1¢)(1) L t(—1). Then b = (by,...,bs) is as required. By Proposition
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E o | ¢y forbe E° SU(E, o)
R Id (b) {1}

R xR switch (1,-1) GL;
C conjugation (b, b) R((Cl/)R(GLl)

CxC switch (1,-1) @ (1,-1) Rg/r(GL1)
TABLE 1. Isomorphism classes of indecomposable étale R-algebras

with involution and their associated symmetric bilinear forms and
unitary groups.

2.1(iii), there exists an embedding (E,o0) < (A, 7), and therefore an R-defined
embedding SU(E, o) — SU(A,7) = G. Finally, it follows from our construction
and Table 1 that T'= SU(E, o) is a torus having the required structure. O

Lemma 3.3 (Simply connected C; over R). The mazimal R-tori in the group G =
Sp(r,€—r) are of the form (3.1) witha« =0, 8+2v=/{ and v < s := min(r,{ — 7).

Proof. Let 7 be the involution on A = M,(H) that gives rise to the hermitian form
f=r{1) L ({—-r)(—1), so that G = SU(A, 7). Every maximal R-torus T of G is
of the form T' = SU(E, o) for some (2¢)-dimensional étale 7-invariant subalgebra
E of A, where 0 = 7|g and condition (2.2) holds. As in Example 3.1, F ~ C* as
R-algebras, and therefore

(E,0) = C% x (C x C)*

where the involutions on C and C x C are as in Table 1. Then in (3.1) for T =
SU(E, o) we have « = 0, § = 61 and v = d2. By dimension count, we get 542y = £.
Furthermore,
vy=r1rkp T < rkgp G = s.
Conversely, suppose that 7" has parameters «, 8 and v satisfying our constraints.
Consider
(E,0) =CP x (C x C)"

with the involutions as above, and assume (as we may) that £ — r < r. Note that

o 5 2)

defines an embedding of algebras with involutions C x C — (M>(H), ) where
O(x) = J~'z'J with J = (9}), where Z is obtained by applying quaternionic
conjugation to all entries. Consider the involution § on A given by 0(z) = J~1ztJ
where

J=diag(l,...,1, —1,...,—1, J,....J).
—_——— ——— ——
Ty B—(r—) Y
Then it follows from our construction that there exists an embedding (E,o) <
(A,0). Noting that (A,7) ~ (A, 0), we obtain an embedding (FE,c) < (A, ). So,
there exists an R-embedding SU(FE, o) < SU(A,7) = G, and it remains to observe
that T = SU(E, o) is a torus having the required structure. (I
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Alternatively, the results of Lemmas 3.2 and 3.3 can be deduced from the more
general classification of maximal R-tori in simple real algebraic groups obtained in
[DT94]. For the reader’s convenience we have included the direct proofs above,
written in the same language as the rest of the paper.

Corollary 3.4. Let G1 be an adjoint real group of type By, and let G be a simply
connected real group of type Cp. The groups G1 and G2 have the same isomorphism
classes of mazximal R-tori if and only if G1 and Go are either both split or both
anisotropic.

Proof. Since every R-anisotropic torus 7' is of the form (R((Cl/)R(GLl))dimT, there
is nothing to prove if both groups are anisotropic. If both groups are split, our
claim follows from Remark 2.6. Clearly, G; and G2 cannot have the same maximal
tori if one of the groups is anisotropic and the other is isotropic. So, it remains to
consider the case where both groups are isotropic but not split. Then G; contains
the torus with « =1, 8 = £ — 1, and v = 0 by Lemma 3.2, but G2 does not by
Lemma 3.3. [l

Remark 3.5. Our argument shows that if G is isotropic and G is not split then
(1 has a maximal R-torus that is not isomorphic to any R-torus of G3. Moreover,
by Lemma 3.2, a maximal R-torus 77 of G; that contains a maximal R-split torus
has parameters a = s, 8 = £ — s and v = 0, hence does not allow an R-embedding
into Go. In particular, if G; = SO(n—1,1) and G2 is not split then every isotropic
maximal R-torus of G is not isomorphic to a subtorus of Gs.

Example 3.6 (Absolute rank 3). As an empirical illustration of the landscape over
R, we divide the 14 real groups of types Bs and Cs into equivalence classes under
the relation “have isomorphic collections of maximal tori”. For forms of SO7 or Spg,
the maximal tori are described by Lemmas 3.2 and 3.3. Also, the four anisotropic
(compact) forms obviously make up one equivalence class. For the other groups
one can use a computer program such as the Atlas software [AdC09] to find the
maximal tori. In summary, the groups SO(1,6), SO(2,5), and Spin(2,5) are each
their own equivalence class, and we find the following non-singleton equivalence
classes:

{4 anisotropic forms}, {Spg,SO(4,3)}, {PSpg,Spin(4,3)},
and  {Sp(1,2), PSp(1,2),Spin(1,6)}.

In particular, Spin(1,6) and PSp(1,2) have the same isomorphism classes of max-
imal tori and yet are neither both split nor both anisotropic. This situation is
dual to the one considered and eliminated in Corollary 3.4 (adjoint B, and simply
connected Cy).

For completeness, we mention the (much easier) analogue of Corollary 3.4 for
non-archimedean local fields.

Lemma 3.7. Let G and Gy be absolutely almost simple groups of type By and Cy
respectively, with £ > 3, over K a nonarchimedean local field of characteristic # 2.
The following are equivalent:

(1) The groups G1 and G2 have the same isogeny classes of maximal K -tori.
(2) I“kK Gl = I“kK GQ.
(3) Gy and Gy are split.
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Proof. (1) obviously implies (2). Suppose (2) and that G2 is not split. Then
[6/2] =tk Go =tk Gy > £ — 1,

but this is impossible because £ > 3, hence (3).

To prove (3) = (1), we may assume that G is split adjoint and G is split simply
connected. Combining Propositions 2.3 and 2.5 with (2.1) gives that G; and G»
have the same isogeny classes of maximal tori. (I

4. LOCAL-GLOBAL PRINCIPLES FOR EMBEDDING ETALE ALGEBRAS WITH
INVOLUTION

The last ingredient we need to develop before proving Theorem 1.4 in §6 is a
result guaranteeing in our situation the validity of the local-global principle for
the existence of an embedding of an étale algebra with involution into a simple
algebra with involution. This issue was analyzed in [PR10]: although the local-
global principle may fail (cf. Example 7.5 in loc. cit.), it can be shown to hold
under rather general conditions. For our purposes we need the following case.

Let (E, o) be an étale algebra with involution over a number field K of dimension
n = 2m and satisfying (2.2). Then E = F[z]/(z? — d) where F = E° is an m-
dimensional étale K-algebra and d € F'*, with the involution defined by = — —=z
as in Example 2.2. We write F' = H;:1 F; where F} is a field extension of K,
and suppose that in terms of this decomposition d = (di,...,d,). Let 7 be an
orthogonal involution on A = M, (K).

Proposition 4.1. [PR10, Theorem 7.3] Assume that for every v € VX there exists
a K,-embedding
Ly (E R Ky, 0 ® ide) — (A R Ky, ®ide).
If the following condition holds
() for every finite subset V. C VE | there exists vo € VE\V such that
for j=1,....r, if dj & F)°, then d; ¢ (Fj ®©x Kuy)*%;

then there exists an embedding v: (E,0) < (A, 7). Furthermore, (¢) automatically
holds if F' is a field.

We will now derive from the proposition the following statement, in which n can
be odd or even.

Lemma 4.2. Let K be a number field, let (E, o) be an n-dimensional étale algebra
with involution satisfying (2.2), and let T be an orthogonal involution on A =
M, (K). Assume that for every v € VE there is an embedding

Ly: (E R KU,O' [ ide) — (A R KU,T ®ide).

Then in each of the following situations

(1) n< 5, or

(2) there is a real v € VE such that (E ®k K,,0 ® idk,) is isomorphic to

(C,7)™ or (C,7)™ x (R,idg) depending on whether n = 2m orn =2m+1,

there exists an embedding v: (E o) — (A,T).
Proof. First, we will reduce the argument to the case of even n, i.e. when E satisfies
one of the following conditions:

(') n=2or 4, or
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(2') there is a real v € VE such that (F ®x K,,0 ® idk,) is isomorphic to
€.
Indeed, let n = 2m + 1 and suppose E satisfies condition (1) or (2) of the lemma.
Then by [PR10, Prop. 7.2], (E,0) = (E’,0’) x (K,idk) and there exists an or-
thogonal involution 7/ on A’ = M,,_;(K) such that for every v € VE there is an
embedding

L;: (El R KU,O'I@ide) — (AI R KU,TI(X)ide),

and the existence of an embedding ¢': (E’,0’) < (A’,7') is equivalent to the ex-
istence of an embedding ¢: (F,0) < (A, 7). Clearly, E’ satisfies the respective
condition (1’) or (2'). So, if we assume that the lemma has already been estab-
lished for E’, then the existence of ¢ follows.

Now, suppose that dimyx E = 2m and E satisfies (2.2). Write E = F[z]/(2? — d)
where F = E7 =[[/_, Fj, d = (di,...,d,) with d; € F;*. Assume that there exist
K-embeddings ¢, : Fj < K such that if

M=pi(F1) - or(Fy) and N=M(/pi1(dr),...,Ver(dr))

then there is A € Gal(N/M) with the property

(4.1) A ( <pj(dj)> = —\/pj(d;) whenever d; ¢ F* for j=1,...,r.

Let P be the normal closure of N over K, and let 4 € Gal(P/K) be such that
ulny = A. By Chebotarev’s Density Theorem [CF10, Ch. 7, 2.4], for any finite
V C VK| there exists a nonarchimedean vg € VE \ V that is unramified in P and
for which the Frobenius automorphism Fr(wg|vg) is p for a suitable extension wg |vo.
Then it follows from (4.1) that d; ¢ (Fj, )** for any j such that d; ¢ F;*, and
therefore condition (¢) holds.

Let now (E,0) be an étale algebra with involution satisfying (1') or (2) for
which embeddings ¢, exist for all v € V. In order to derive the existence of
¢ from Proposition 4.1, we need to check (¢), for which it is enough to find an
automorphism A as in the previous paragraph. Suppose that (1’) hods. Then
F = E? has dimension 1 or 2 respectively. Since we don’t need to consider the
case where F is a field (cf. Proposition 4.1), the only remaining case is where
F = K x K. Clearly, K(v/d1,+/ds) always has an automorphism A such that
)\(\/E) = 7\/d7 if d; ¢ K*?, as required. Finally, suppose that (2’) holds. Then
Fog K, ~R™ and d = (01,...,0m,) in R™ with §; < 0 for all &. Then for any
embeddings ¢;: F; — C we have ¢;(F;) C R and the restriction A of complex
conjugation satisfies A(,/d;) = —,/d; for all j, concluding the argument. O

Remark. Example 7.5 in [PR10] shows that there exists (F, o) with E of dimension
6 for which the local-global principle for embeddings fails, so in terms of dimension
the condition (1) in Lemma 4.2 is sharp.

For convenience of further reference, we will also quote the local-global principle
for embeddings in the case of symplectic involutions.

Lemma 4.3. [PR10, Th. 5.1] Let A be a central simple K -algebra of dimension
n? with a symplectic involution T (then, of course, n is necessarily even), and let
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(E,0) be an n-dimensional étale K -algbra with involution satisfying (2.2). If for
every v € VE there erists an embedding

L (E®r Ky,0 ®idg,) = (A®k K, 7®idgk,),
then there exists an embedding (E, o) < (A, 7).

5. FUNCTION FIELD ANALOGUE OF THEOREM 1.4

We recall the following immediate consequence of the rationality of the variety
of maximal tori (see [Har68] or [PR94, Cor. 7.3]) which will be used repeatedly:
Let G be a reductive algebraic group over a number field K ; then given any v € VE
and any mazimal K,-torus T") of G there exists a mazimal K -torus T' of G that
is conjugate to T") by an element of G(K,). In particular, for any v € VX there
exists a maximal K-torus T of G such that rkx, T = rkg, G. It follows that if G;
and G2 are reductive K-groups having the same isogeny classes of maximal K-tori
then

(5.1) rkg, G1 =1kg, Go for all v € VE.

The remark made in the previous paragraph remains valid for global function
fields, which can be used to give the following analogue of Theorem 1.4: Suppose
G; and G4 are absolutely almost simple algebraic groups of types By and C; (¢ > 3)
over a global field K of characteristic > 2. The groups G1 and G have the same
isogeny classes of mazimal K -tori if and only if they are split. Indeed, if the two
groups have the same isogeny classes of maximal K-tori, then both groups are K-
split for every v (by (5.1) and Lemma 3.7), hence both groups are K-split (by the
Hasse Principle). The converse holds by Remark 2.6.

6. PROOF OF THEOREM 1.4

Throughout this section GG; and G2 will denote absolutely almost simple alge-
braic groups of types By, and C; for some ¢ > 3 defined over a number field K. In
1.1 we defined what it means for G; and Gy to be twins. We now observe that
since G; and G5 cannot be K,-anisotropic for v € VfK , they are twins if and only
if both of the following conditions hold:

(6.1) rkr, G1 =1kg, Go = ( for all v € VfK
(6.2) kg, G1 = rkg, Go = 0 or £ for all v € VX,

We also note that if G; and G2 are twins over K then they remain twins over any
finite extension L/K. If K has r real places, then (by the Hasse Principle) there
are exactly 4 - 2" pairs of K-groups G1, G2 that are twins, equivalently, 2" pairs if
one only counts the groups G; and G up to isogeny.

Now, let G; and G2 be as above, with GG; adjoint and G2 simply connected.
Then G; = SU(A4;,7;) for ¢ = 1,2 where A1 = M,,(K), ng = 2 + 1 and the
involution 77 is orthogonal, and A is a central simple K-algebra of dimension n3
with ny = 2¢ and the involution 7 is symplectic. Any maximal K-torus 7T; of G;
is of the form SU(F;,0;) where E; C A; is an n;-dimensional étale 7;-invariant
K-subalgebra and o; = 7;|g, so that (2.2) holds. For i = 1, we can always write

(E1,01) = (B}, 0%) x (K,idk). For i = 2, we set (Ey,04) = (E2,02) x (K,idg).
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Proposition 6.1. Let (A1, 71) and (A2, 72) be algebras with involution as above,
and assume that G1 = SU(A1,71) and G2 = SU(A2,72) are twins. If (E1,01) is
isomorphic to an ni-dimensional étale subalgebra of (A1, m1) satisfying (2.2) then
(EY, 01) is isomorphic to a subalgebra of (As,12). Conversely, if (Es,09) is isomor-
phic to an na-dimensional étale subalgebra of (As, o) satisfying (2.2) then (Ey ,05)
is isomorphic to a subalgebra of (A1, 71). Thus, the correspondences

(B1,01) = (By,0%) and (By,02) — (Ef,0f)
implement mutually inverse bijections between the sets of isomorphism classes of

ny- and na-dimensional étale subalgebras of (A1, 71) and (Ag,2) that are invariant
under the respective involutions and satisfy (2.2).

Proof. If we have rkgx, G1 = rkx, Go = ¢ for all v € VOIO( then the groups G
and Gy are K-split by (6.1) and the Hasse Principle. Then 71 corresponds to a
nondegenerate symmetric bilinear form of Witt index ¢, and As = M,,(K) with
7o corresponding to a nondegenerate skew-symmetric form. In this case, our claim
immediately follows from Propositions 2.3 and 2.5, as in Remark 2.6. So, we may
assume that there is a real vy € VOIO( such that 1rkKU0 G = ﬂ(KUO G2 = 0. Observe
that given any real v € VOIO( satisfying rkx, G1 = rkx, G2 = 0, the data in Table
1 shows that that for any nj;-dimensional 7i-invariant étale subalgebra F; C A
satisfying (2.2) and o1 = 71|g, we have

(6.3) (E) @k K,,01 ®idg,) ~ (C,7)" x (R,idg),

and for any no-dimensional o-invariant étale subalgebra Fo C Aj satisfying (2.2)
and o9 = 72|g, we have

(6.4) (Ey @K K, 00 ®idg,) ~ (C,7)".

Let (E1,01) be as in the statement of the proposition. We first show that for any
v € VX there is an embedding

Ly: (E{ R KU,O'Il ®idKu> — (AQ R KU,TQ ®idKU)-
If rkx, G1 = tkg, G2 = £, this follows from Proposition 2.3. Otherwise, v is real,
and rkx, G1 = rkg, G2 = 0, so we see from (6.3) that
(B} ®k K,, 01 ®idg,) ~ (C,7)".

Then the existence of ¢, follows from the argument given in the proof of Lemma 3.3.
Now, applying Lemma 4.3 we obtain the existence of an embedding ¢: (F},0]) —
(A2, 72), as required.

Conversely, let (E2,02) be as in the proposition. Then arguing as above (us-
ing Proposition 2.5 and the proof of Lemma 3.2) we obtain the existence of local
embeddings

Lyt (E;r QK KU,USr ®idg,) = (A1 @k Ky, 11 ® idk,)
for all v € VE. Tt follows from (6.4) that
(Ef @k Ky, 03 ®@idg,) ~ (C,)" x (R,idg).
This enables us to use Lemma 4.2 which yields the existence of an embedding

(Ey,05) = (A1, 71), completing the argument. O

The following consequence of the proposition proves the “if” component in both
parts, (1) and (2), of Theorem 1.4.
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Corollary 6.2. Let G1 and G2 be absolutely almost simple algebraic groups of types
B¢ and Cy respectively that are twins. Then

(i) Gy and Gy have the same isogeny classes of maximal K -tori.
(ii) If Gy is adjoint and Go is simply connected then G and Ga have the same
isomorphism classes of maximal K -tori.

Proof. (ii) easily follows from the proposition, and (i) is an immediate consequence
of (ii). O

Remark 6.3. The assumption £ > 3 was never used in Proposition 6.1 and Corollary
6.2. So, these statements remain valid also for ¢ = 2, which will be helpful in § 8.

We now turn to the proof of the “only if” direction in both parts of Theorem
1.4 where the assumption ¢ > 3 becomes essential and will be kept throughout the
rest of the section. This direction requires a bit more work and involves the notion
of generic tori. To recall the relevant definitions, we let G denote a semi-simple
algebraic K-group, and fix a maximal K-torus T of G. Furthermore, we let ®(G,T)
denote the corresponding root system, and let K denote the minimal splitting field
of T over K. The natural action of Gal(Kr/K) on the group of characters X (T')
gives rise to an injective group homomorphism

0r: Gal(K7/K) — Aut(®(G,T)).

Then T is called generic (over K) if 0p(Gal(Kr/K)) contains the Weyl group
W(G,T). As the following statement shows, generic tori with prescribed local
properties always exist.

Proposition 6.4. [PR09, Corollary 3.2] Let G be an absolutely almost simple al-
gebraic K-group, and let V.C VX be a finite subset. Suppose that for each v € V
we are given a mazimal K,-torus T") of G. Then there exists a mazimal K -torus
T of G which is generic over K and which is conjugate to T™") by an element of
G(K,) for allve V.

We now return to the situation where G; and G5 are absolutely almost simple
K-groups of types By and C; (¢ > 3) respectively. We let Gh1 denote the adjoint
group of G, and Gg the simply connected cover of G5. Furthermore, given a
maximal K-torus T; of G;, we let Tf denote the image of T; in GE if 1 =1 and the
preimage of T; in GE if i =2.

Proposition 6.5. Let T; be a generic mazimal K-torus of G; where i = 1,2. If

there exists a K -isogeny w: T; — T3_; onto a mazimal K -torus of Gs—; then there
erist a K-isomorphism Tih ~ Tgﬂ-.

The proof below is an adaptation of Lemma 4.3 and Remark 4.4 in [PR09].

Proof. We have K7, = K7, =: L, and let G = Gal(L/K). Then 07, is an isomor-
phism of G on W; = W(G;,T;) for j =1,2. The isogeny m induces a G-equivariant
homomorphism of character groups n*: X (T5_;) — X(T;). Let XE = X(Tf); we
need to prove that there is a G-equivariant isomorphism 1: X gﬂ- - X f (We recall
that Xf is the subgroup of X (77) generated by all the roots in ®; = ®(Gy,T1),
and Xg is generated by the weights of the root system ®3 = &(Ga,Ts).)
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To avoid cumbersome notations, we will assume that ¢ = 1. (This does not
restrict generality as along with 7 there is always a K-isogeny 7': T5_; — T;.)
Consider

d):W*@idR: VQ :X(TQ) ®ZR—)X(T1) ®ZR:VQ
and p: Wo — W defined by p = 61, o 9;21. Then the fact that 7#* is G-equivariant
implies that

(6.5) o(w-v) = p(w) - p(v) for all veVy, we Ws.

On the other hand, it follows from the explicit description of the root systems
as in [Bou02] that there exists a linear isomorphism ¢q: Vo — V4 and a group
isomorphism pg: Wy — Wi such that

(6.6) do(w - v) = po(w) - po(v) for all v e Vy, we Wo,

¢o takes the short roots of @5 to the long roots of @1, and (1/2)¢o takes the long
roots of ®5 to the short roots of ®1, consequently gbo(XQh) = Xf. (Note that we
identify W; with the Weyl group of the root system ®;.)

We claim that there exists a nonzero A € R and z € W; such that

d(v) =X z-¢o(v) and p(w) = z- po(w) - 2=+ for all v € Vo, w € Wh.
Indeed, it was shown in [PR09, Lemma 4.3] (using that ¢ > 3) that a suitable
multiple ' = A7! - ¢ takes the short roots of ®; to the long roots of ®», and
(1/2)¢o takes the long roots of @ to the short roots of ®;. Then z := ¢’ o ¢y ' is
an automorphism of @1, hence can be identified with an element of W;. This gives

the formula for ¢, and then the formula for u follows from (6.5) and (6.6).
Put ¢ :== A~! - ¢. Then

V(X3) = 2(¢0(X3)) = X7,
and v is G-equivariant, as required. (I

Corollary 6.6. Let T; be a generic mazimal K -torus of G;. If there exists v € V
such that Tih does not allow a K,-defined embedding into Ggﬂ- then T; is not K-
isogenous to any maximal K -torus T5_; of Gs—;. Thus, if G1 and G2 have the same
isogeny classes of mazimal K-tori then Gh1 and Gg have the same isomorphism
classes of mazximal K,-tori for allv e V.

Proof. The first assertion immediately follows from the proposition. To derive the
second assertion from the first, we observe that given v € V and a maximal K-
torus 7; of GE that does not allow a K,-embedding into Gg_i, we can find a maximal

K-torus T; of G; such that Tf is conjugate to 7; by an element GE(KU). O

Proof of Theorem 1.4, “only if”. Assume G; and G2 have the same isogeny classes
of maximal K-tori. Then by Corollary 6.6, Gh1 and Gg have the same isomorphism
classes of maximal K,-tori for all v. It follows that G; and Gy are twins (by
Corollary 3.4 for v real and Lemma 3.7 for v finite), completing the proof of part
(1) of Theorem 1.4.

Now suppose that G; and G5 have the same isomorphism classes of maximal
K-tori, in particular, there is a K-isomorphism 7m: 77 — 715 between two generic
K-tori. Then as in the proof of Proposition 6.5, 7* induces ¢: Vo — Vi which
necessarily satisfies ¢(X(T2)) = X(T1) and gb(X(TQh)) = X(Tf). Since X(Tf) C
X(Ty) and X(T%) D X(Ty), this is possible only if both inclusions are in fact
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equalities, i.e., G; = Gh1 and Gy = Gg. This completes the proof of part (2) of
Theorem 1.4. (I

7. WEAKLY COMMENSURABLE SUBGROUPS AND PROOF OF THEOREM 1.2

We begin by recalling the notion of weak commensurability of Zariski-dense
subgroups introduced in [PR09]. Let G; and G2 be semi-simple algebraic groups
over a field F of characteristic zero, and let I'; C G;(F) be a Zariski-dense subgroup
for ¢ = 1,2. Semi-simple elements v; € I'; are weakly commensurable if there exist
maximal F-tori T; of G; such that «; € T;(F) and for some characters x; € X (T;)
we have

x1(71) = x2(72) # 1.

Furthermore, the subgroups I'y and I's are weakly commensurable if every semi-
simple element 1 € I'; of infinite order is weakly commensurable to some v, € T’y
of infinite order, and vice versa.

The focus in [PR09] was on analyzing when two Zariski-dense S-arithmetic sub-
groups in absolutely almost simple algebraic groups are weakly commensurable.
This analysis was based on a description of such S-arithmetic groups in terms of
triples, which we will now briefly recall. Let G be a (connected) absolutely almost
simple algebraic group defined over a field F' of characteristic zero, G be its adjoint
group, and 7: G — G be the natural isogeny. Suppose we are given the following
data:

e a number field K with a fixed embedding K — F;

e a finite set .S of valuations of K containing all archimedean valuations; and

e an I//K-form G of G (i.e., a K-defined algebraic group such that there
exists an F-defined isomorphism of algebraic groups G ~ G, where G is
the group obtained from G by the extension of scalars F/K).

(Note that it is assumed in addition that S does not contain any nonarchimedean
valuations v such that G is K,-anisotropic.) We then have an embedding ¢: §(K) —
G(F) and a natural S-arithmetic subgroup G(Og (S)), where O () is the ring of S-
integers in K, defined in terms of a fixed K-embedding § < GL,, i.e. §(Ok(S5)) =
G(K)NGL,(Ok(S)). A subgroup I of G(F') such that 7(T") is commensurable with
1(S(OK(S9))) is called (G, K, S)-arithmetic. (It should be pointed out that we do
not fix an F-defined isomorphism G ~ G in this definition, and by varying it we
obtain a class of subgroups invariant under F-defined automorphisms of G in the
obvious sense.)

It was shown in [PR09] that if G; is absolutely almost simple and I'; is Zariski-
dense and (9;, K;, S;)-arithmetic for i = 1,2 then the weak commensurability of I'y
and I's implies that K1 = Ky =: K and 51 = S; =: S, and additionally either G
and G9 are of the same type or one of them is of type By and the other is of type
Cy for some ¢ > 3. That paper also contains many precise conditions for two S-
arithmetic subgroups to be weakly commensurable in the case where G; and G2 are
of the same type. The goal of this section is to prove Theorem 1.2 which provides
such conditions when one of the groups is of type By and the other of type C,
(£ = 3). In conjunction with the previous results, this completes the investigation
of weak commensurability of S-arithmetic subgroups in absolutely almost simple
groups over number fields.
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Proof of Theorem 1.2. Let G1 and G be absolutely almost simple algebraic groups
of types By and Cy (¢ > 3) respectively defined over a number field K, and let T;
be a Zariski-dense (G;, K, S)-arithmetic subgroup of G;.

Suppose that §; and G, are twins. Then by Theorem 1.4, they have the same
isogeny classes of maximal K-tori. This automatically implies that 'y and I'y are
weakly commensurable. To see this, we basically need to repeat the argument
given in [PR09, Example 6.5], which we also give here for the reader’s convenience.
First, we may assume without any loss of generality that G; and G4 are adjoint (cf.
Lemma 2.4 in [PR09]), hence I'; C G;(K). Let 71 € 'y be a semi-simple element of
infinite order, and let 77 be a maximal K-torus of §; that contains ;. Then there
exists a K-isogeny ¢: Ty — T5 onto a maximal K-torus T5 of G5. The subgroup
o(T1(K) NTy) is an S-arithmetic subgroup of T»(K), so there exists n > 0 such
that vo := p(71)" € T'2. Let x1 € ¢*(X(T2)) be a character such that y1(v1) is not
a root of unity, and let x2 € X (T3) be such that ¢*(x2) = x1. Then

(nx1)(11) = xa(n)" = x2(v2) # 1,
which implies that I'; and I's are weakly commensurable.

Conversely, suppose that I'y and I'y are weakly commensurable. According to
[PRO9, Theorem 6.2], this in particular implies that

rkg, §1 =rkg, Go for all v e VK,

As we have seen in Lemma 3.7, for v € VfK and the groups under consideration, the
equality of ranks implies that both groups are actually K,-split, verifying condition
(6.1) in § 6. Assume that condition (6.2) fails for a real vy € V.X. Then by Corollary
3.4, there is an i € {1,2} and a maximal K, -torus 7; of §¢ that does not allow a
K,,-embedding into Sg_i; obviously 7; is K,,-isotropic. Let Ti(vo) be a maximal
Ky,-torus of G; such that (T7)(*0) = 7;. Furthermore, for v € S\ {vo} we let TZ-(U)

denote a maximal K,-torus of G; such that rkg, Ti(”) =rkg, 9;. Using Proposition
6.4, we can find a maximal K-torus T; of G; that is generic and that is conjugate
to T by an element of G;(K,) for all v € S U {vg}. Then clearly

rkg T; := Zrka T, >0
veES
as tkg §; > 0. By Dirichlet’s Theorem [PR94, Theorem 5.12], the group of S-
integral points T;(Ok (S)) has the following structure: H x Z? where d = rkg T; —
rkg T;. Since T; is obviously K-anisotropic, we conclude that there exists v; €
T;(K)NT; of infinite order (as in the previous paragraph, we are assuming that G
and Go are adjoint, hence I'; C §;(K) for j = 1,2). Then +; is weakly commen-
surable to some semi-simple y3_; € I's_; of infinite order. Let T3_; be a maximal
K-torus of G3_; containing v3—;. By the Isogeny Theorem [PR09, Theorem 4.2,
the tori 7; and T5_; are K-isogenous. Using Proposition 6.5, we conclude that Tf
and T??—i are K-isomorphic. This implies that over K,,, the torus 7T; ~ Tf has an
embedding into Gs—;. A contradiction, proving (6.2), and completing the proof of
Theorem 1.2. O

As we already mentioned, the notion of weak commensurability was introduced in
order to tackle some differential-geometric problems dealing with length-commen-
surable and isospectral locally symmetric spaces, and we would like to conclude
this section with a sample of geometric consequences of the results of the current
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paper established in [PR11]. For a Riemannian manifold M, we let L(M) denote
the weak length spectrum of M, i.e., the collection of lengths of all closed geodesics
in M. Two Riemannian manifolds M; and M, are called length-commensurable if
Q- L(My) = Q- L(M2).
Let My be an arithmetic quotient of the real hyperbolic space HP (p > 5),
(7.1) || and My be an arithmetic quotient of the quaternionic hyperbolic space
Hi; (¢ > 2). Then My and My are not length-commensurable.

Theorem 1.2 is used to handle the case p = 2n and ¢ = n — 1 for n > 3; for other
values of p and ¢, the claim follows from [PR09, Th. 8.15].

Now, let X1 be the symmetric space of the real Lie group G; = SO(n+1,n), and
let X2 be the symmetric space of the real Lie group G2 = Sp,,, where n > 3.

Let M; be the quotient of X; by a (G;, K)-arithmetic subgroup of G; for
1=1,2. If §1 and G2 are twins then

7.2
(72) Q- L(Ms) = X-Q- L(My) where A:,/i;‘f.

(We refer to [PR09], § 1, for the notion of arithmeticity and the explanation of
other terms used here.) We finally note that even though one can make X; and X
length-commensurable by scaling the metric on one of them, this will never make
them isospectral [Yeull].

8. PROOFS OF PROPOSITION 1.3 AND THEOREM 1.5

Proof of Proposition 1.3. We can assume that G; and G2 are connected absolutely
almost simple adjoint K-groups having the same isogeny classes of maximal K-tori.
Assume that provisions (2) and (3) of the proposition do not hold; let us show that
(1) must hold. First, by [PR09, Theorem 7.5], G; and G have the same Killing-
Cartan type. Furthermore, if L; is the minimal Galois extension of K over which
G; becomes an inner form then Ly = Lo; in other words, G; and G5 are inner twists
of the same quasi-split K-group. So, the required assertion is a consequence of the
following lemma. O

Lemma 8.1. Let G; and Gy be connected absolutely almost simple adjoint K-
groups of the same Killing-Cartan type which is different from Ay (£ > 1), Dagi1
(¢ > 1) or Eg. Assume that G1 and Gy are inner twists of the same quasi-split
K -group (which holds automatically if G1 and Ga are not of type D). If G1 and G2
have the same isogeny classes of maximal K-tori then G1 ~ Gs.

Proof. First, suppose that the groups are not of type D. As we have seen in § 5,
the fact that G; and G5 have the same isogeny classes of maximal K-tori implies
that rkgx, G1 = tkg, Go for all v € VE. For groups of one of the types under
consideration, this implies that G; ~ G over K, for all v € VX and then our
assertion follows from the Hasse principle for Galois cohomology of adjoint groups
(see [PRO9, § 6] for details of the argument).

Now, suppose the groups are of type Doy for some ¢ > 2. There exists a maximal
K-torus T of G; that is generic and such that rkx, Th = rkg, K G1 at every place v
where at least one of G; or Gs is not quasi-split. (Note that the set of such v’s is
finite, cf. [PR94, Theorem 6.7].) By hypothesis, T} is isogenous to a maximal K-
torus T of G5, which is necessarily also generic. Following Lemma 4.3 and Remark
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4.4 in [PR09], one finds a K-isomorphism 7} — T5 that extends to a K-isomorphism
G1 — G3. Then our assertion follows from Theorem 20 in [Garl2]. O

Proof of Theorem 1.5. The “if” direction is actually contained in Corollary 6.2—
see Remark 6.3. For the “only if” direction, we first observe that if G; and G5 have
the same isomorphism classes of maximal K-tori then by Lemma 8.1 the groups
SO(q1) and SO(gz) are isomorphic, hence the forms g; and g are similar, yielding
assertion (1). Thus, we can assume that G; = SO(q) and G5 = Spin(g) for a single
quadratic form gq.

To prove assertion (2), it is enough to show that if v € V¥ is such that the Witt
index of ¢ over K, is 1 then there exists a 2-dimensional K,-torus 77 that has a
K,-embedding into GG; but does not allow a K,-embedding into G3. For this we
pick a quadratic extension L/K, and set

Ty = GLy xR{) ¢ (GLy).

We can write ¢ = ¢’ L ¢” where ¢’ is a hyperbolic plane. Then SO(¢’) = GL;
and SO(q¢") = PSLy,p where D is a quaternion division algebra over K,,. Since L
embeds in D, the torus R(Ll/)KU (GL1) embeds in SLy p and then also in PSL; p.
It follows that T} embeds in G; = SO(g). On the other hand, let 7o C G2 be
a maximal K,-torus that splits over L. We can identify G2 with SU(A, 7) where
A = My(D) with D a quaternion division algebra over K and 7 is a symplectic
involution on A. Let Es be the K,-subalgebra of A generated by T2(K,). Then
Es®p, L~ L* Asin § 3, we conclude that (Es, 7|, ) is isomorphic to (L, o) x (L, o)
where o is the nontrivial automorphism of L, or to (L x L, \) where A is the switch

involution. Then T = SU(E», 7|g,) is isomorphic respectively to R(Ll/)K (GL1)? or

Ri/x, (GLq). Neither such torus can be isomorphic to T7. [l

9. ALTERNATIVE PROOFS VIA GALOIS COHOMOLOGY

Although the main body of the paper demonstrates the effectiveness (and in
fact the ubiquity) of the technique of étale algebras in dealing with maximal tori
of classical groups, it is worth pointing out that some parts of the argument can
also be given in the language of Galois cohomology of algebraic groups. In this
section, we will illustrate such an exchange by giving a cohomological proof of the
“if” direction of Theorem 1.4(2), i.e., of Corollary 6.2(ii).

Our main tool is Proposition 9.1, for which we need some notation. Let G be
a connected semi-simple algebraic group over a number field K. Fix a maximal
K-torus T of G, and let N = Ng(T) and W = N/T denote respectively its nor-
malizer and the corresponding Weyl group. For any field extension P/K, we let
Op: HY(P,N) — H'(P,W) denote the map induced by the natural K-morphism
N — W, and let

C(P) := Ker (H'(P,N) — H'(P,G));

its elements are in one-to-one correspondence with the G(P)-conjugacy classes of
maximal P-tori in G, see for example [PR09, Lemma 9.1] where this correspondence
is described explicitly. There is an obvious K-defined map W — Aut T', so for any
& € H'(K,W) one can consider the corresponding twisted K-torus ¢7'.
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Proposition 9.1. Assume that there exists a subset Vo C VE such that G is K,-
anisotropic for all v € Vo and is K,-split for all v € VE\ Vi. Then the sequence

0 [Trv
(9.1) C(K) —— HY K, W) =5 Tl,ey, H' (Ko, W)
15 exact.
Here p, denotes the natural restriction map H'(K, W) — HY(K,, W).

Proof. If Vy is empty then it follows from the Hasse principle for adjoint groups
[PR94, Theorem 6.22] that G is K-split. In this case it was shown by Gille
[Gil04] and Raghunathan [Rag04] (or earlier by Kottwitz [Kot82]) that 0k (C(K)) =
HY(K,W), and our claim follows. So, we will assume in the rest of the argument
that Vj is not empty.

We first prove that p,0x = 0 for all v € Vh. Given £ € C(K), one can pick
g € G(K) such that n(c) := g~'o(g) belongs to N(K) for all ¢ € Gal(K/K),
and the cocycle o +— n(o) represents £&. Then the maximal torus T/ = gTg~*! is
defined over K. Now, let v € V. According to our definitions, G is anisotropic
over K, = R, so it follows from the conjugacy of maximal tori in compact Lie
groups that T and T are conjugate by an element of G(K,). Then the one-to-one
correspondence between the elements of C(K,,) and the G(K,)-conjugacy classes of
maximal K,-tori in G (or a simple direct computation) implies that the image of £
under the restriction map C(K) — C(K,) is trivial, and hence the image of 05 (&)
under the restriction map H'(K, W) — H(K,, W) is trivial as well.

Now suppose that G is simply connected; we verify that every £ € Ny,ey, ker p,
is in the image of 0. Pick v € V. Since ¢ lies in the kernel of H' (K, W) —
H(K,, W), the twisted torus ¢7T' is K,-isomorphic to T, hence K, anisotropic (as
G is K,-anisotropic). Thus,

Ker (HQ(K,gT) =TT, . HA(E, gT)) —0

by [PR09, Prop. 6.12]. Invoking now [PR09, Th. 9.2], we see that to prove the in-
clusion ¢ € 0x (C(K)), it is enough to show that p,(¢) € 0k, (C(K,)) for allv € VE,
If v € Vj then by construction p,(§) is trivial, and there is nothing to prove. Oth-
erwise, the group G is K,-split, so by the result of Gille-Kottwitz-Raghunathan we
have 0k, (C(K,)) = H*(K,, W), and the inclusion p,(¢) € 0k, (C(K,)) is obvious.
Since § was arbitrary, we have proved that Nker p, contains the image of k.

In case G is not simply connected, we fix a K-defined universal cover 7: G — G
of G and use the tilde to denote the objects associated with G. Then 7 yields a
K-isomorphism of W and W and we have a commutative diagram

(k) —s my (W) P [T HY(K,, W)

I H H

(k) —2 HY(K, W) L2 [T, HY(K,, W),

The top row is exact by the previous paragraph, hence Nker p,, contains the image

We now begin to work our way towards the proof of Theorem 1.4(2)/Corollary
6.2(ii). Let G be adjoint of type By and let G5 be simply connected of type C, for
some £ > 2. We will use a subscript ¢ € {1,2} to denote the objects associated with
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G;. In particular, we let T; denote a maximal torus of G;, and let N; = Ng, (T})
and W; = N;/T; be its normalizer and the Weyl group. Then W; naturally acts on
T; by conjugation. We say that the morphisms of algebraic groups ¢: 77 — T and
: W1 — Wy are compatible if

o(w-t) =P(w) - o(t) forallteTy, we Wi.

Lemma 9.2. One can pick mazimal K-tori T; of G; for i = 1,2 so that there exist
compatible K-defined isomorphisms

p: Ty =Ty and : W; — Wa.

Proof. Imitating the argument given in [PR94, Proposition 6.16], it is easy to see
that there exists a quadratic extension L/K that splits both G and G3. Indeed, let
V; be the (finite) set of places v € V& such that G; does not split over K,,, and let
V = V1 UVa. Pick a quadratic extension L/ K so that the local degree [L,, : K,] = 2
for all v € V and w|v. We claim that L is as required. By the Hasse principle, it
is enough to show that both G; and G5 split over L,, for any w € VL. For a given
w, we let v € VE be the place that lies below w. If v ¢ V then by our construction
G and G» split already over K,, and there is nothing to prove. If v € V then
[Ly : Ky] = 2, and then the proof of [PR94, Proposition 6.16] that Gy and G2 split
over L,,, as required.

Now, let 0 € Gal(L/K) be a generator. According to [PR94, Lemma 6.17],
for each ¢ € {1,2}, there exists an L-defined Borel subgroup B; of G; such that
T; == B; N BY is a maximal K-torus of G; that splits over L. Considering the
action of o on the root system ®(G;,T;), we see that it takes the system of pos-
itive roots corresponding to B; into the system of negative roots. For groups of
types By and Cy, this implies that o acts on the character group X (7;) as multi-
plication by (—1). It easily follows from the description of the corresponding root
systems (cf. [Bou02]) that there exist compatible (in the obvious sense) isomor-
phisms ¢*: X(T3) — X(T1) (of abelian groups) and ¢: W; — Wa (of abstract
groups considered as subgroups of GL(X (T1)) and GL(X (T3))). Then ¢* gives rise
to an isomorphism ¢: 77 — Ty of algebraic groups that is compatible (as defined
above) with ¢ (which can be considered as a morphism of algebraic groups). It re-
mains to observe that since o acts on X (77) and X (7%) as multiplication by (—1),
both ¢ and ¢ are K-defined (in fact, o acts on Wy and Wy trivially). O

Remark. If both groups G; and G5 are K-split then one can, of course, take for T}
and T5 their maximal K-split tori.

For the rest of the paper, we fix compatible K-defined isomorphisms
O T = T and °: WP — W2,

(Thus, we henceforth slightly change the notations used in Lemma 9.2.) Given
arbitrary maximal K-tori T; of G; for i = 1,2, we pick elements g; € G(K) so that

T; = g1 g; ",

and then for any o € Gal(K/K), the element n;(c) := g; *o(g;) belongs to N?(K).
Let ¢ = ¢(g1,92) be the morphism 77 — T5 defined by

o(t) = g2¢° (97 "tg1)g5 "

and let v¥: N? — W? denote the canonical morphism.
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Lemma 9.3. If

(9.2) P2 (1 (n1(0))) = 9 (na(0)) for all o € Gal(K/K)

then ¢ = (g1, g2) is defined over K.

Proof. We need to show that ¢ commutes with every o € Gal(K/K). Since ¢ is

defined over K, for any t € T1(K), we have
a(p(t)) = 0(g2)¢°(0(91) o (t)o(g1))o(g2) ™

= g2m2(0) " (n1(0) " gy ' () gima ()2 (o) g3 !

= g2 [ (15 (n2(9))) - (7 (n1(0))) - (97 "o (t)91)) ] 95 -
Since ¢° is compatible with ¢°, condition (9.2) implies that the latter reduces to

920" (g1 o (t)g1)gz ' = (o (t)).
It follows that o(p(t)) = p(o(t)), i.e. ¢ commutes with o, as required. O
Pursuant to the above notations, for an extension P/K and i = 1,2, we set
€;(P) =Ker (H'(P,N?) - H'(P,G;)),

and let 0;p: H'(P,N?) — H'(P,W?) denote the canonical map (induced by v;).
The isomorphism H (K, W) — H(K, W) induced by ¢° will still be denoted by
PO,
Lemma 9.4. Assume that
(9.3) V0(€1(K)) = Ca(K).

Then fori =1 or2, given any mazimal K-torusT; of G; and an element g; € Gi(K)
such that T; = giTZ—Ogi_l, there exists gs—; € Gs—;(K) such that the mazimal torus
Tsi:=gs—iT5;95"

and the isomorphism
©(91,92): Tr = T

are K-defined. Thus, in this case G1 and Go have the same isomorphism classes
of maximal K -tori.

Proof. To keep our notations simple, we will give an argument for ¢ = 1 (the
argument in the case ¢ = 2 is totally symmetric). As above, we set ni(o) =
gito(g1) € NY(K) for 0 € Gal(K/K), observing that these elements define a
cohomology class n; € C1(K). Then (9.3) implies that there exists he € Ga(K)
such that for the cohomology class mg € C2(K) defined by the elements mq(o) =
hyto(hs) € NY(K), we have
’lbo(el}((nl)) = 92K(m2) n Hl(K, Wg)

Then there exists wy € Wo(K) such that
(9.4) PO (10 (n1(0))) = wy 1w (ma(0))o(ws) for all o € Gal(K/K).
Picking 22 € N9(K) so that v9(z;) = wy, and setting

g2 = hazo and na(0) =g, o(g2) € NJ(K) for o € Gal(K/K),
we obtain from (9.4) that (9.2) holds. Then g is as required. Indeed, the fact

that no(0) € NY(K) implies that Ty = goT9 g, * is defined over K, and Lemma 9.3
yields that the morphism ¢(g1,92): T1 — T4 is also defined over K. O
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Proof of Corollary 6.2(ii). Suppose that G and G are twins, and let Vj be the set
of all archimedean places v € V& such that G; and G5 are both K,-anisotropic.
Then for any v € VE \ 1, both G; and Go are K,-split. Then according to
Proposition 9.1 we have

irc (€i(K)) = ker (H' (K, W0) = [ H' (K., WD)

for i = 1,2, and as g : WY — W2 is an isomorphism, condition (9.3) holds, and
the claim follows from Lemma 9.4. O

Remark. It follows from the explicit description of the root systems of types B, and
Cy that the isomorphism ¢ in Lemma 9.2 can be chosen so that for ¢t € T1(K) there
exist A1,...,A\¢ € K* such that the values of the roots o € ®(G1,T1) on t are

A =10 and XFUXTY, dj=1. 0 0 #
and the values of the roots a € ®(G2,T2) on ¢(t) are
A2 i=1,0 and AFLXTL di=1, 0 i #

Then any identification of the form (g1, g2) also has this property, which was used
in [PR11].

Alternatively, suppose that G; for ¢ = 1,2 is realized as SU(A;, 7;) as described
in the beginning of §6. Let F; be a (11 ® idg)-invariant maximal commutative
étale K-subalgebra of A; ®x K satisfying (2.2), and let o1 = 7i|g,. Then in
the notations of §6, the algebra (Ef,c}) admits a K-embedding embedding into
(A @ K, 7 ®idg), and we let (Fy,09) the image of this embedding. It is easy
to see that if we let T; denote the maximal torus of G; defined by (FE;,0;) then
the isomorphism T} ~ T coming from the isomorphism of algebras (Ff,o]) =~
(E9,02) is the same as the isomorphism coming from the description of the root
systems (cf. the proof of Lemma 9.2); in particular, it is compatible with the natural
isomorphism of the Weyl groups. So, the assertion of Lemma 9.2 means that given
any K-algebras with involution (A;,71) and (As,72) as above, there exists a 71-
invariant maximal commutative étale K-subalgebra E; of A; that satisfies (2.2)
and is such that for o1 = 71|g,, the algebra (Ej,o}) admits an embedding into
(A2, 03). Moreover, by Corollary 6.2(ii), if the corresponding groups G; and Gs
are twins then the correspondence (Ey,01) — (E1,0}) gives a bijection between
the sets of isomorphism classes of maximal commutative étale K-subalgebras of
(A1,71) and (Agz, 72) that are invariant under the respective involutions and satisfy
(2.2). Thus, we recover Proposition 6.1.
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