THE SPECIAL LINEAR VERSION OF THE PROJECTIVE
BUNDLE THEOREM

ALEXEY ANANYEVSKIY

ABSTRACT. A special linear Grassmann variety SGr(k,n) is the comple-
ment to the zero section of the determinant of the tautological vector bun-
dle over Gr(k,n). For a representable ring cohomology theory A(—) with
a special linear orientation and invertible stable Hopf map 7, including
Witt groups and M SL[n~1], we have A(SGr(2,2n + 1)) = A(pt)[e]/{e*"),
and A(SGr(2,2n)) is a truncated polynomial algebra in two variables over
A(pt). A splitting principle for such theories is established. We use the com-
putations for the special linear Grassmann varieties to calculate A(BSL,,)
in terms of the homogeneous power series in certain characteristic classes
of the tautological bundle.

1. INTRODUCTION.

The basic and most fundamental computation for oriented cohomology the-
ories is the projective bundle theorem (see [Morl] or [PS, Theorem 3.9]) claim-
ing A(P™) to be a truncated polynomial ring over A(pt) with an explicit basis
in terms of the powers of a Chern class. Having this result at hand one can
define higher characteristic classes and compute the cohomology of Grass-
mann varieties and flag varieties. In particular, the fact that cohomology of
the full flag variety is a truncated polynomial algebra gives rise to a split-
ting principle, which states that from a viewpoint of the oriented cohomology
theory every vector bundle is in a certain sense a sum of linear bundles. For
a representable cohomology theory one can deal with an infinite dimensional
Grassmannian which is a model for the classifying space BGL,, and obtain
even neater answer, the formal power series in the characteristic classes of the
tautological vector bundle.

There are analogous computations for symplectically oriented cohomol-
ogy theories [PW1]| with appropriate chosen varieties: quaternionic projec-
tive spaces H P" instead of the ordinary ones and symplectic Grassmannian
and flag varieties. The answers are essentially the same, algebras of truncated
polynomials in characteristic classes.

These computations have a variety of applications, for example theorems
of Conner and Floyd’s type [CF| describing the K-theory and hermitian K-
theory as quotients of certain universal cohomology theories [PPR1, PW4|.

In the present paper we establish analogous results for the cohomology
theories with special linear orientations. The notion of such orientation was
introduced in [PW3, Definition 5.1|. At the same preprint there was con-
structed a universal example of a cohomology theory with a special linear
orientation, namely the algebraic special linear cobordisms M SL, [PW3, Def-
inition 4.2]. A more down to earth example is derived Witt groups defined

by Balmer [Ball| and oriented via Koszul complexes [Ne2|. A comprehensive
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survey on the Witt groups could be found in [Bal2]. Of course, every oriented
cohomology theory admits a special linear orientation, but it will turn out
that we are not interested in such examples. We will deal with representable
cohomology theories and work in the unstable H (k) and stable SH (k) mo-
tivic homotopy categories introduced by Morel and Voevodsky [MV, V|. We
recall all the necessary constructions and notions in sections 2-4 as well as
provide preliminary calculations with special linear orientations.

Then we need to choose an appropriate version of "projective space" anal-
ogous to P and HP". Natural candidates are SL,,;/SL, and A" —{0}.
There is no difference which one to choose since the first one is an affine bundle
over the latter one, so they have the same cohomology. We take A" — {0}
since it looks prettier from the geometric point of view. There is a calcu-
lation for the Witt groups of this space [BG, Theorem 8.13| claiming that
WH*(A"! — {0}) is a free module of rank two over W*(pt) with an explicit
basis. The fact that it is a free module of rank two is not surprising since
A"t — 10} is a sphere in the stable homotopy category SH(k) and W*(—) is
representable [Hor|. The interesting part is the basis. Let 7 = O™ /O(-1)
be the tautological rank n bundle over A" — {0}. Then for n = 2k the
basis consists of the element 1 and the class of a Koszul complex. The latter
one is the Euler class e(7) in the Witt groups. Unfortunately, for the odd n
the second term of the basis looks more complicated. Moreover, for the ori-
ented cohomology theory even in the case of n = 2k the corresponding Chern
class vanishes, so one can not expect that 1 and e(7) form a basis for every
cohomology theory with a special linear orientation.

Here we introduce another principle. The maximal compact subgroup of
SL,(R) is SO,(R), so over R the notion of a special linear orientation of a
vector bundle derives to the usual topological orientation of the bundle. The
Euler classes of oriented vector bundles in topology behave themselves well
only after inverting 2 in the coefficients, so we want to invert in the algebraic
setting something analogous to 2. There are two interesting elements in the
stable cohomotopy groups 7**(pt) that go to 2 after taking R-points, a usual
2 € m%9(pt) and the stable Hopf map n € 7~1~1(pt) arising from the morphism
A% — {0} — P! In general 2 is not invertible in the Witt groups, so we will
invert 1. Moreover, recall a theorem due to Morel [Mor2| claiming that for
a perfect field there is an isomorphism @, 7™"(Spec k)[n~1] = WO°(k)[n,n~!],
so in a certain sense 7 is invertible in the Witt groups. In sections 5-6 we do
some computations justifying the choice of 7.

In this paper we deal mainly with the cohomology theories obtained as
follows. Take a commutative monoid (A4, m, e : S — A) in the stable homotopy
category SH (k) and fix a special linear orientation on the cohomology theory
A**(=). The unit e : S — A of the monoid (A, m, e) induces a morphism of
cohomology theories 7*(—) — A**(—) making A**(X) an algebra over the
stable cohomotopy groups. Set n = 1, that is

ANX) = A(X) /(L =),

It is an easy observation that A*(—) is still a cohomology theory, see Section 5.
For these cohomology theories we have a result analogous to the case of the
Witt groups.
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Theorem. There is an isomorphism
AT {0}) = A%(pt) @ A" (pt)e(T).

The relative version of this statement is Theorem 3 in section 7. Note that
there is no similar result for A*" — {0}.

In the next section we consider another family of varieties, called special
linear Grassmannians SGr(2,n) = SL, /P, where Pj stands for the derived
group of the parabolic subgroup P, i.e. Pj is the stabilizer of e; A e5 in the
exterior square of the regular representation of SL,. There are tautological
bundles 77 and 73 over SGr(2,n) of ranks 2 and n — 2 respectively. We have
the following theorem which seems to be the correct version of the projective
bundle theorem for the special linear orientation.

Theorem. For the special linear Grassmann varieties we have the next iso-
morphisms.
2n—2
A (SGr(2.2n) = @) A2 (p)e(T) @ A2 (pt)e(T5),
i=0
2n—1

A(SGr(2,2n+1)) = @D A (pt)e(T7)'.

Recall that there is a recent computation of the twisted Witt groups of Grass-
mannians [BC|. The twisted groups are involved since the authors use push-
forwards that exist only in the twisted case. We deal with the varieties with a
trivialized canonical bundle and closed embeddings with a special linear nor-
mal bundle in order to avoid these difficulties. In fact we are interested in the
relative computations that could be extended to the Grassmannian bundles,
so we look for a basis consisting of characteristic classes rather then push-
forwards of certain elements. It turns out that such bases exist only for the
special linear flag varieties with all but at most one dimension step being even,
i.e. we can handle SGr(1,7), SF(2,4,6) and SF(2,5,7) but not SGr(3,6).
Nevertheless it seems that one can construct the basis for the latter case in
terms of pushforwards.

Section 9 deals with symmetric polynomials and algebras of coinvariants
which appear in section 10 as the cohomology rings of maximal SL, flag
varieties,

SF(2n) = SLQ"/P2/,4,...,211727 SF(2n+1) = SL2n+1/P2/,4,...,2n'

We obtain an analogue of the splitting principle in Theorem 7 and its relative
version.

Theorem. Forn > 1 consider

s; =oi(e],e5,...,e2), t=oa,(er,e,...,6n)

o Cp

with o; being the elementary symmetric polynomials in n variables. Then we
have the following isomorphisms

(1) A°(SFEn) = A Ph)levseneal /15, 5, 501,
(2) A*(SF(2n+1)) = A*(pt)[e1, 2, ---,en]/<51,527 s
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Note that one can substitute the SL,/(SLy)"? instead of SF(n). These
answers and the choice of commuting SLs in SL, perfectly agree with our
principle that S L, (R) stands for SO,,(R), since S Ls(R) stands for the compact
torus S!, and the choice of maximal number of commuting SL, is parallel to
the choice of the maximal compact torus. We get the coinvariants for the Weyl
groups W(B,,) and W(D,,) and it is what one gets computing the cohomology
of SO,(R)/T.

At the end, in section 11, we assemble the calculations for the special linear
Grassmannians and compute in Theorem 8 the cohomology of the classifying
spaces in terms of the homogeneous formal power series.

Theorem. We have the following isomorphisms.
A*(BSLQn) = A*(pt) [[bl, ceey bn—la 6]]/7, s
A*(BSLopy1) = A*(pt) [[b1, ..., bn]], -

Finally, we leave for the forthcoming paper [An| the careful proof of the fact
that Witt groups arise from the hermitian K-theory in the described above
fashion, that is W*(X) = BO™*(X)/(1 — n). We give only a sketch of the
proof in Proposition 3. In the same paper we are going to prove the following
special linear version of the motivic Conner and Floyd theorem.

Theorem. Let k be a field of characteristic different from 2. Then for all
small pointed motivic spaces Y over k there is an isomorphism

MSL*7* (Y) ®MSL4*’2*(pt) W2*(pt) %J W*(Y)

Another application of the developed technique lies in the field of the equi-
variant Witt groups and we are going to address it in another paper.

Acknowledgement. The author wishes to express his sincere gratitude to
I. Panin for the introduction to the beautiful world of A'-homotopy theory
and numerous discussions on the subject of this paper. Also the author ac-
knowledges support of the RFFI-project 10-01-00551-a.

2. PRELIMINARIES ON SH(k) AND RING COHOMOLOGY THEORIES.

Let k be a field of characteristic different from 2 and let Sm/k be the
category of smooth varieties over k.

A motivic space over k is a simplicial presheaf on Sm/k. Each X € Sm/k
defines an unpointed motivic space Homg,, /k(—, X) constant in the simplicial
direction. We will often write pt for the Spec k regarded as a motivic space.

We use the injective model structure on the category of the pointed motivic
spaces M, (k). Inverting the weak motivic equivalences in M, (k) gives the
pointed motivic unstable homotopy category H, (k).

Let T = A'/(A' — {0}) be the Morel-Voevodsky object. A T-spectrum
M |[Jar| is a sequence of pointed motivic spaces (M, My, M, ...) equipped
with the structural maps o,: T A M, — M,1. A map of T-spectra is a
sequence of maps of pointed motivic spaces which is compatible with the
structure maps. We write M S(k) for the category of T-spectra. Inverting the
stable motivic weak equivalences as in |Jar| gives the motivic stable homotopy

category SH(k).
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A pointed motivic space X gives rise to a suspension 7T-spectrum %7°X. Set
S = ¥ (pty) for the spherical spectrum. Both H,(k) and SH (k) are equipped
with symmetric monoidal structures (A, pt;) and (A, S) respectively and

220: H, (k) — SH(k)

is a strict symmetric monoidal functor. We will usually omit the subscript T'
and write 3> for this functor.

Recall that there are two spheres in M,(k), the simplicial one S'9 = S! =
A'/9(AY) and Y = (G,,, 1). We write SP? for (S)"?~7A(G,,, 1) and 2P
for the suspension functor — A SP4. In the motivic homotopy category there
is a canonical isomorphism 7" = S*1,

Any T-spectrum A defines a bigraded cohomology theory on the category
of pointed motivic spaces. Namely, for a pointed space (X, z) one sets

APUX, x) = Homsy ) (X7 (X, z), XP1A)

and A**(X,z) = P, , AP(X, ). In case of j,i —j > 0 one has a canonical
suspension isomorphism AP4(X, z) & APTHTI(34 (X, x)). For an unpointed
space X we set AP9(X) = AP9(X,,+) with A*(X) defined accordingly. Set
7 (X) = S§“(X) to be the stable cohomotopy groups of X.

We can regard smooth varieties as unpointed motivic spaces and obtain
the groups AP?(X). Given a closed embedding i: Z — X of varieties we write
Th(i) for X/(X — Z). For a vector bundle £ — X set Th(E) = E/(FE — X)
to be the Thom space of E.

A commutative ring T-spectrum is a commutative monoid (A4, m,e) in
(SH(k), A,S). The cohomology theory defined by a commutative T-spectrum
is a ring cohomology theory satisfying a certain bigraded commutativity con-
dition described by Morel.

We recall the essential properties of the cohomology theories represented
by a commutative ring T-spectrum A.

(1) Localization: for a closed embedding of varieties i: Z — X with a
smooth X and an open complement j: U — X we have a long exact sequence

9 *, % . 24 *, % jA *, % 0 k—+1,% . z4
o= AYN(Th(i)) — A(X) — A (U) - A*(Th(i)) — ...

It is a special case of the cofiber long exact sequence.
(2) Nisnevich excision: consider a Cartesian square of smooth varieties

7= X

b

71X

where 7 is a closed embedding, f is etale and f’ is an isomorphism. Then
for the induced morphism g: Th(i') — Th(i) the corresponding morphism
gt A*(Th(i)) — A**(Th(i")) is an isomorphism. It follows from the fact
that ¢ is an isomorphism in the homotopy category.

(3) Homotopy invariance: for an A"-bundle p: £ — X over a variety X the
induced homomorphism p#: A**(X) — A**(E) is an isomorphism.
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(4) Mayer-Vietoris: if X = U; U U, is a union of two open subsets U; and
U, then there is a natural long exact sequence

o ATHX) = A (U) © A (Us) — A (UL N Uy) — A (X) — ..

(5) Cup-product: for a motivic space Y we have a functorial graded ring
structure

U: A(Y) x A% (V) — A (Y).

Also, for closed subsets i1: Z; — X and i9: Zy — X set i19: Z1 N Zy — X,
then we have functorial, bilinear and associative cup-product

U: A*(Th(ir)) x A**(Th(is)) — A**(Th(is)).

In particular, setting Z; = X we obtain an A**(X)-module structure on
A**(Th(iz)). All the morphisms in the localization sequence are homomor-
phisms of A**(X)-modules.

(6) Module structure over stable cohomotopy groups: for every motivic space
Y we have a homomorphism of graded rings 7**(Y) — A**(Y'), which de-
fines a 7*(pt)-module structure on A**(Y"). For a smooth variety X the ring

A**(X) is a graded 7**(pt)-algebra via 7%*(pt) — 7**(X) — A**(X).

(7) Graded e-commutativity [Morl]: let ¢ € 7%%(pt) be the element corre-
sponding under the suspension isomorphism to the morphism 7" — T, x —
—x. Then for every motivic space X and a € A%(X),b € AP9(X) we have

aUb=(—1)*Pd7UbUa.

Recall that €2 = 1.

3. SPECIAL LINEAR ORIENTATION.

In this section we recall the notion of a special linear orientation introduced
in [PW3] and establish some of its basic properties.

Definition 1. A special linear bundle over a variety X is a pair (E, \) with
F — X avector bundle and \: det E = Ox an isomorphism of line bundles.
An isomorphism ¢: (E,\) = (E',X) of special linear vector bundles is an
isomorphism ¢: E = E' of vector bundles such that X o (det ¢) = \.

Notation 1. Consider a trivialized rank n bundle O% over a smooth variety

X. There is a canonical trivialization det 0% = Ox. We denote the corre-
sponding special linear bundle by (O%, 1).

Lemma 1. Let (E, \) be a special linear bundle over a smooth variety X such
that E = O%. Then there exists an isomorphism of special linear bundles

¢: (E,\) = (0%, 1).

Proof. An exact sequence of algebraic groups

1—>5Ln—>GLnﬂ>Gm—>1

induces an exact sequence of pointed sets

H(X,GL,) & H(X,G,) — H'(X,SL,) & H'(X,GLy,)
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There is a splitting G,, — GL, for det, so p is surjective. Hence we have
keri = {x} and this means that, up to an isomorphism of special linear
bundles, there exists only one trivialization A: det O% — Ox. u

Lemma 2. Let Ey be a subbundle of a vector bundle E over a smooth variety
X. Then there are canonical isomorphisms

(1) det By ® det(E/E;) = det E,
(2) det EY = (det E)".

Proof. These isomorphisms are induced by the corresponding vector space
isomorphisms. In the first case we have A™V; @ A*(V/V}) = A™"V with

VN .. NV, QWL NA...ANWp —= V1N ... NUn AW A ... \Nwy,.
For the second isomorphism consider the perfect pairing
o A"V x A"VY = k
defined by
GI Ao AN, i NN f) = Z sign(o) foy(v1) - oo+ fomy(vp). O
0ESn

Definition 2. Let 7 = (£, Ag) be a special linear bundle over a smooth
variety X. By Lemma 2 there is a canonical trivialization Agv: det BV = Ox.
The special linear bundle 7V = (EY, Agv) is called the dual special linear
bundle.

Definition 3. Let A**(—) be a cohomology theory represented by a T-
spectrum A. A (normalized) special linear orientation on A®*(—) is a rule
which assigns to every special linear bundle (E, ) of rank n over a smooth
variety X a class th(E,\) € A*"(Th(E)) satisfying the following conditions
[PW3, Definition 5.1]:

(1) For an isomorphism f: (E,\) = (E',X) we have th(E,)\) =

fAth(E',N).

(2) For a morphism r: Y — X we have r4th(E,\) = th(r*(E,)\)) in
APn(Th(r*E)).

(3) The maps — U th(E,\): A%*(X) — A2 (Th(E)) are isomor-
phisms.

(4) We have

th(Ey ® By, A\ ® o) = qi'th(Ey, M) U g3'th(Ea, As),

where ¢y, g2 are projections from F;® E5 onto its summands. Moreover,
for the zero bundle 0 — pt we have th(0) =1 € A%°(pt).
(5) (normalization) For the trivial line bundle over a point we have
th(Op, 1) = X211 € A2Y(T).
The isomorphism — U th(E, \) is a Thom isomorphism. The class th(E, \) is
a Thom class of the special linear bundle, and

e(E,\) = z*h(E, \) € A*™"(X)
with natural z: X — Th(FE) is its Euler class.
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Remark 1. For a rank 2n special linear bundle (£, \) over a variety X we
have th(E,\) € A*?"(Th(FE)) and e(E,\) € A*™?"(X), so this classes are

universally central.

Recall that a symplectic bundle is a special linear bundle in a natural way,
so having a special linear orientation we have the Thom classes also for sym-
plectic bundles, thus a cohomology theory with a special linear orientation is
also symplectically oriented. We recall the definition of the Pontryagin classes
theory [PW1, Definition 14.1] which is equivalent to the symplectic orientation
via Thom classes.

Definition 4. Let A**(—) be a cohomology theory represented by a T-
spectrum A. A Pontryagin classes theory on A**(—) is a rule which assigns
to every symplectic bundle (F, ¢) over every smooth variety X a system of
Pontryagin classes p;(E, ¢) € A%*(X) for all 1 > 1 satisfying

(1) For (E1, ¢1) = (Ea, ¢2) we have p;(E1, ¢1) = pi(Es, ¢o) for all i.

(2) For a morphism r: Y — X and a symplectic bundle (F, ¢) over X we

have r(p;(E, ¢)) = pi(r*(E, ¢)) for all 4.
(3) For the tautological rank 2 symplectic bundle (£, ¢) over

HPl = Sp4/(5p2 X Sp2)

the elements 1, p;(F, ¢) form a A**(pt)-basis of A**(HP").
(4) For a rank 2 symplectic bundle (V, ¢) over pt we have p,(V, ¢) = 0.
(5) For an orthogonal direct sum of symplectic bundles (FE,¢)
(E1, ¢1) L (B2, ¢2) we have
i—1

pi(E,6) = pi(Er, 61) + Y picj(Er, 61)p;(Ez, $2) + pi( Es, )

Jj=1

~

for all i.
(6) For (E, ¢) of rank 2r we have p;(E, ¢) =0 for i > r.

We set p.(E,¢) =1+ 372 pi(E, §)t' to be the total Pontryagin class.

Every oriented cohomology theory possesses a special linear orientation
via th(E,\) = th(F), so one can consider K-theory or algebraic cobordism
represented by MG L as examples. We have two main instances of the theories
with a special linear orientation but without a general one. The first one
is hermitian K-theory [Sch| represented by the spectrum BO [PW2|. The
special linear orientation on BO™* via Koszul complexes could be found in
[PW2]. The second one is universal in the sense of [PW3, Theorem 5.9] and
represented by the algebraic special linear cobordism spectrum MSL [PW3,
Definition 4.2].

Notation 2. From now on A**(—) is a ring cohomology theory represented
by a commutative monoid in SH(k) with a fixed special linear orientation.

Lemma 3. Let X be a smooth variety. Then th(O%,1) = X*"1 and
th(Ox, —1) == 22’16.

Proof. 1t follows immediately from the conditions (4) and (5) and functoriality.
U
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Lemma 4. Let (E,\g) be a special linear bundle over a smooth variety X .
Then
e(E, \g) =ecUe(E,—\g).

Proof. Consider the bundle F @& Ox and denote the projections onto the sum-
mands by q1, ¢2. We have

(E®Ox, Ap®1) = (E® Ox, (—Ag) ® —1),
hence

Gth(E,  Ag) U ¢31 = gith(E, —Ag) U ¢ Xe€.
By the suspension isomorphism we obtain

th(E, \g) = th(E, —\g) Ue,

hence e(E,A\g) = eUe(E, —\g). O
Lemma 5. Let T be a rank 2 special linear bundle over a smooth variety X .

Then T =TV and e(T) = e(T").

Proof. Set T = (FE,\g). The trivialization A\g: A’E = Oy defines a sym-
plectic form on E and an isomorphism ¢: E — EV, thus it is sufficient to
check that

)\Ev ¢) det<;5 = )\E
It could be checked locally, so we can suppose that £ = 0% and, in view of
Lemma 1, (E, \g) = (0%, 1). Fixing a basis {ej, €2} such that e; Aes = 1 and
taking the dual basis {e, ey} for (O%)" we have

pler) =(e1 A=) =¢e3,  dlea) = (e2 A=) = —ef.
Thus we obtain
det p(ey Ney) = ey A(—e)) =¢] Ney
and

Apvdet g(e; Aey) = Apv(e] Aey) = 1. O

Notation 3. For a vector bundle E we denote by E° the complement to the
zero section. For a special linear bundle 7 = (E, \) we set T° = E°.

Definition 5. Let 7 be a rank n special linear bundle over a smooth variety
X. The Gysin sequence is a long exact sequence

S e xy BT e 0y Ly g (T0) G grtnleen )y Ly

obtained from the localization sequence for the zero section X — 7 via ho-
motopy invariance and Thom isomorphism.

Lemma 6. Let (E, Ag) be a special linear bundle over a smooth variety X .
(1) Let N be any other trivialization of det E. Then one has
APU(X)Ue(E, \g) = AY(X) Ue(E,Ny).
(2) For the dual special linear bundle (EY, Agv) one has
AP(X)Ue(E, \g) = A%(X)Ue(EY, A\pv).

Proof. Set n = rank E and denote the projections £° — X and EV® — X by
p and p’ respectively.
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(1) Consider the Gysin sequences corresponding to the trivializations Ag

and .
e(E, A
. AO,O(X) Ue(E,Ap) AQn,n(X) P AQn,n(EO) .
N L
= A%0(X) Ue(B:Xp) AZn,n(X)L)AZn,n(EO)_>___
We have

AY(X)YUe(E, \g) = kerp? = AY(X) Ue(E, Ny).
(2) Consider
Y = {(v.f) € Exx B f(v) = 1}.

Projections p;: Y — E® and py: Y — EY? have fibres isomorphic to
A"1 thus

A*7* (EO) ~ A*7* (Y) ~ A*’*(EVO)

and there is a canonical isomorphism A**(E°) = A**(EY?) over
A**(X). Now proceed as in the first part and consider the Gysin se-

quences.
e(E, A
o —— A%O(X) Ve(E\p) Azn,n(X)L)AQn,n(EO)_>___
Ue(EV,)\E\/) l p’A l
A A0,0(X) AQn,n(X) L AQn,n(E\/O) ..
We have

A" (X)Ue(E, \g) = ker p? = kerp'* = A®Y(X) Ue(EY, Apv). O
Lemma 7. Let T be a special linear bundle over a smooth variety X such

that there exists a nowhere vanishing section s: X — T. Then e(T) = 0.

Proof. Set rank T = n and consider the Gysin sequence

e jA
o A0 (x) BT g xy Iy g (TO)
The section s induces a splitting s for j4, thus j4 is injective and

e(T)=1Ue(T) =0, 0

4. PUSHFORWARDS ALONG CLOSED EMBEDDINGS.

In this section we give the construction of the pushforwards along the closed
embeddings with special linear normal bundles for a cohomology theory with
a special linear orientation. It is quite similar to the construction of such push-
forwards for oriented [PS, Nel| or symplectically oriented [PW1]| cohomology
theories and twisted Witt groups [Ne2].

Definition 6. Let i: Z — X be a closed embedding of smooth varieties. The
deformation space D(Z, X) is obtained as follows.

(1) Consider X x Al

(2) Blow-up it along Z x 0.
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(3) Remove the blow-up of X x 0 along Z x 0.

This construction produces a smooth variety D(Z, X) over Al. The fiber over
0 is canonically isomorphic to N; while the fiber over 1 is isomorphic to X
and we have the corresponding closed embeddings ig: N; — D(Z, X) and
i1: X — D(Z,X). There is a closed embedding 2: Z x A — D(Z, X) such
that over 0 it coincides with the zero section s: Z — N, of the normal bundle
and over 1 it coincides with the closed embedding i: Z — X. At last, we have
a projection p: D(Z,X) — X.
Thus we have homomorphisms of A**(X)-modules (via p*)

A (Th(N)) =2 A(Th(2)) <o A%(Th(3)).

These homomorphisms are isomorphisms, since in the homotopy category
H,(k) we have isomorphisms iy: Th(N;) = Th(z) and i;: Th(i) = Th(z)
[MV, Theorem 2.23|. We set

dit =it o (ig) "' AW (Th(Ny)) — A™*(Th(i))

to be the deformation to the normal bundle isomorphism. The functoriality of
the deformation space D(Z, X) makes the deformation to the normal bundle
isomorphism functorial.

Definition 7. For a closed embedding i: Z — X of smooth varieties a spe-
cial linear normal bundle is a pair (IV;,\) with NN; the normal bundle and
A: det N; = O, an isomorphism of line bundles.

Definition 8. Let i: Z — X be a closed embedding of smooth varieties with
a rank n special linear normal bundle (NV;, A). Denote by 74 the composition
of the Thom and deformation to the normal bundle isomorphisms,

ia=dd o (= Uth(N;, \)): A7) = A**(Th(i)).
For the inclusion z: X — Th(i) the composition
ig=24 00y ATTNZ) o AV(X)

is the pushforward map. Note that in general 74 depends on the trivialization
of det IV;.

Remark 2. We have an analogous definition of the pushforward map for a
closed embedding 7: Z — X in every cohomology theory possessing a Thom
class for the normal bundle N;. In particular, we have pushforwards in the
stable cohomotopy groups for closed embeddings with a trivialized normal
bundle (N, #), where 0: N; = O% is an isomorphism of vector bundles, since
there is a Thom class th(O%) = $2""1 and suspension isomorphism

us2nnl
—

T2 () 7 (Th(O)).

Notation 4. Let ¢: Z — X be a closed embedding of smooth varieties with a
rank n special linear normal bundle. Then using the notation of pushforward
maps the localization sequence boils down to

D e gy By g (x) I gnr(X - ) B Artnttan gy By
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In the rest of this section we sketch some properties of the pushforward
maps. The next lemma is similar to [PW1, Proposition 7.4].

Lemma 8. Consider the following pullback diagram with all the involved va-
rieties being smooth.

,L'/

X' =X xy V' v
| |
X : Y

Let 1,7 be the closed embeddings with special linear normal bundles (N;, \)
and (Ny, X') = (¢ Ny, g"*\). Then we have giy = 7'g"*.

Proof. 1t follows from the functoriality of the deformation to the normal bun-
dle and the functoriality of Thom classes. O

The next proposition is an analogue of [PW1, Proposition 7.6].

Proposition 1. Let T be a special linear bundle over a smooth variety X

with a section s: X — T meeting the zero section r transversally in Y. Then
for the inclusion i: Y — X and all b € A**(X) we have

i4i (D) = bUe(T).

Proof. Let z4: A**(Th(i)) — A**(X) and z4: A**(Th(T)) — A**(T) be
the extension of supports maps and let p: 7 — X be the structure map for
the bundle. Consider the following diagram.

A (X)) A A (T(T)) —2 A (T)

Uth(T)
: e
A (Y ) s A (Th(i)) — A(X)
The pullbacks along the two section of p are inverses of the same isomor-
phism p?, so s4 = r4. The right-hand square consists of pullbacks thus it is
commutative. The left-hand square commutes by Lemma 8. Hence we have
i4i% (D) = 247414 (0) = r* 2 (D Uth(T)) = bUe(T). O

The pushforward maps are compatible with the compositions of the closed
embeddings. The following proposition is similar to [Ne2, Proposition 5.1] and
the same reasoning works out, so we omit the proof.

Proposition 2. Let Z LY L X be closed embeddings of smooth varieties
with special linear normal bundles (Nj;, Aj;), (Ni, Ai), (1*Nj; /Ny, A;) such that
)\i X )‘j = >\]z Then
jaia = (Ji)a.
5. INVERTING THE STABLE HOPF MAP.

The Hopf map is the canonical morphism of varieties

H:A* - {0} — P!



THE SPECIAL LINEAR VERSION OF THE PROJECTIVE BUNDLE THEOREM 13

defined via H(z,y) = [z,y]. Pointing A* — {0} by (1,1) and P! by [1, 1] and
taking the suspension spectra we obtain the corresponding morphism

Y*H € Homsﬂ(k)(Z‘X’(AQ - {0}), EOOPI).

Recall that one has canonical isomorphisms A? — {0} 2 G AT and T =
P!/A' =2 P! in H,(k) (see Lemma 10 for the first one, the latter one is given
by x +— [z : 1]), thus, using the suspension isomorphism, we obtain an element

n €N (pt) = Homsy (E(A” — {0}), 2°P')

such that ¥32n = X H.

Let A**(—) be a bigraded ring cohomology theory represented by a com-
mutative monoid A € SH(k). Inverting n € A~5"!(pt) we obtain a new
cohomology theory with (2i,7) groups isomorphic to (2i + n,i + n) ones by
means of the cup product with n7". We identify these groups setting n = 1
and obtaining a graded cohomology theory:

AT(X) = A (X) @ae oy (A (pt) /(1= 1)),

A(X) 2 (A7 (X) @y A (o)1) ™

For the K-theory represented by BGL [PPR2| this construction gives
BGL (pt) = 0 since we have n € BGL™""(pt) = K_i(pt) = 0. As we will
see in Corollary 1 it is always the case that an oriented cohomology theory
produces a trivial cohomology theory. Thus we are interested in cohomology
theories with a special linear orientation but without a general one. Our run-
ning example is hermitian K-theory represented by the spectrum BO that
derives to the Witt groups.

Proposition 3. For every smooth variety X we have a natural isomorphism
BO'(X) = Wi(X).

Proof. We give only a sketch of the proof, for the detailed version see [An].

We have a canonical isomorphism BO!(X) = K Oggfp(X ) and in case of

2q — p < 0 we have KOgg_p(X) = WP~9(X). Thus for 2¢ — p < 0 there is
a natural isomorphism ¢: BOP?(X) = W?~9(X). One can show that it is
multiplicative, i.e. for every (p, ¢) and (p’, ¢') such that 2¢ — p,2¢' — p’ < 0 the
diagram

BO/(X) x BO"" (X) —= BOP*" 7+ (X)
o B
Wra(X) x WP =4 (X) Y. Wete'—a—d' (X))

is commutative. Moreover, for € BO " "!(pt) we have ¢(n) = 1. Define
: BO®*(X) — W*(X)[n,n7!] in the following way. For « € BO?(X) set

PPt 2¢—p<0
o) = (o Unp=2athyy=pt2a 2 — p > 0.

Regarding WP(X) as W??(X) and setting on the right-hand side degn =
(—1,—1) we turn % into a homomorphism of bigraded algebras. For 2¢ —p <
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0 we know that ¢: BO™(X) — WP 9(X)n P+ is an isomorphism. Thus
inverting 1 we obtain an isomorphism

¥ BO™ (X)) = W (X) [ 07", O
For the stable cohomotopy groups we have the following result by Morel
[Mor2].
Theorem 1. There exists a canonical isomorphism 7 (pt) = WO(pt).

Notation 5. From now on A*(—) denotes a graded ring cohomology theory
obtained from a bigraded ring cohomology theory represented by a commu-
tative monoid A € SH(k) with a fixed special linear orientation. Hence we
have Thom and Euler classes and all the machinery of theories with a special
linear orientation, including the Gysin sequences and pushforwards.

Remark 3. Note that from e-commutativity we have nUn = —eU(nUn), thus
inverting 1 we obtain € = —1.

Definition 9. Let E be a vector bundle over a smooth variety X. The total
Pontryagin class

b.(E) = p, (E@EV,( N é)) oy (E@EV,<_01 é))t

is called the total Borel class of the vector bundle E. We denote the even
Pontryagin classes by b;,

w6 = (B0 1))

and refer to them as Borel classes.

We defined Borel classes for arbitrary vector bundles without any additional
structure. For special linear bundles there is an interconnection between the
Borel classes and the Euler class. The following lemma shows it in the case of
rank 2 bundles and the general case would be dealt with in Corollary 4.

Lemma 9. Let T be a rank 2 special linear bundle. Then
bi(T) =1—e(T)**

Proof. Set T = (E, ). Let ¢ be the symplectic form on E corresponding to
A. There exists an isomorphism [Bal2, Examples 1.1.21, 1.1.22]

v 0 1 ~ o 0
(o (B o)) = (mem (0 5))
so we have

b.(E) = p(E, 9)p«(E, —¢) = (1 + pr(E, 9)t) (1 + p1 (B, —9)t) =
= (1+e(E,Nt)(1+e(E,—N)1).
By Lemma 4 and Remark 3 we have e(F, —)\) = —e(FE, \), thus
bo(E)=(1+e(Tt)(1 —e(T)t) =1—e(T)*. O
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6. PRELIMINARY COMPUTATION IN THE STABLE COHOMOTOPY GROUPS.

We are going to do preliminary computations involving 7**. Recall that for
this cohomology theory we have canonical Thom classes for the trivialized vec-
tor bundles th(O%) = ¥?™"1 and pushforwards i, for the closed embeddings
with a trivialized normal bundle (N, ).

We fix the following notation. For n > 1 let i: G,, — A" — {0} be a
closed embedding to the zeroth coordinate with ¢ — (¢,0,...,0). Identify the
normal bundle

N; 2 U =G, x A" c A" — {0}
with tNhe Zariski neighbourhood U of G,, and consider the trivialization
0: U — O  via

O(t,x1,...,2,) = (t,x1/t, 20, ..., Tp).

There is a pushforward map

in: T0(Gpn) — T (AT — {0})
induced by the trivialization 6. Let

9. wAn (AL [Q)) oy g2rln(phntly

be the connecting homomorphism in the localization sequence for the embed-
ding {0} — A"

Set X = A" — {0} and let z = (1,1,0,...,0) be a point on X. We need
the following well-known result.

Lemma 10. There is a canonical isomorphism in the homotopy category
¢: (X,2) = (G, 1) AT
that is a composition ¢ = ¢ ¢1 for isomorphisms
(X,2) 25 X/(X = Gy — {1})) & (Gy, 1) AT,

where ¢1 1s induced by the identity map on X and ¢s is induced by the inclu-
ston G,, x A" C X.

Proof. The first map ¢; is an isomorphism since X — (G,, — {1}) is Al-
contractible. The second isomorphism is induced by the excision isomorphism
(Gog, H) AT 2 X /(X — Gpy). O

Proposition 4. In the above notation we have Ji, (1) = X220ty
Proof. From the construction of the pushforward map we have
ir(1) = 2"d] (th(U, 0))

with 2™ being a support extension and d] a deformation to the normal bundle
isomorphism. Represent i as a composition

iiG, U2 X

and let s: Th(i;) — Th(i) be the induced isomorphism in the homotopy
category. Recall that for the total space of a vector bundle U there is a natural
isomorphism [Ne2, proof of Proposition 3.1] D(G,,,U) = U x A' and df = id.
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By the functoriality of the deformation construction we have dF = (s™)7!, so
we need to compute

02" (s™) " (th(U, 9)).
The choice of the point x on X induces a map r: (X, +) — (X, z) such that
r™ splits ¢"X 7109, i.e. ¢"N 00T = id.
7T2n,n(X)
i \

7T2n+1,n(T/\n+1) e 7.(.Zn,n((((]‘;m’ 1) A T/\n) - ﬂ.Qn,n(X’ SL’)

Decomposing z in
2 (X4, +) 5 (X, 2) 25 Th(i)
we obtain
92" (s™) " Hth(U,0)) = SH0(¢™) o™ H00r™ 2T (s7) T H(th(U, 6)) =
= SH(¢") A (s™) T (th(U, 9)).
We can represent the Thom class th(U,0) € 72"(Th(iy)) by the map
(t,z1, @9, ..., xy) > (Tt 20, ..., Tp).

Identifying one copy of T' with P! /A! we rewrite the above map in the follow-
ing way
Hy: (t, o, 29, ..., 20) = ([t, 1], 22, ..., 7).

Consider the following diagram.

(]P)l/Al) A T/\nfl

2
S1

Th(i) N/«Azion/w - A))AT/—> T?@)

(A2 = {0}, (1, 1) AT — 2 = X/(X — (G, — {1})) —2— (X, 2)

Here H, is defined by the same formula as H, and all the other maps are
given by the tautological inclusions, i.e. s; is induced by the inclusion U C
(A2 — {0}) x A""! sy and 1) are induced by (A? — {0}) x A"™! C X, j' is
given by the identity map on X and j is given by identity map on A? — {0}.
One can easily check that this diagram is commutative.

We can represent 27 (s™) " (¢th(U,6)) by the morphism

ﬁ[2j1/1f1¢1 = (22”727”71[{)7/1171(?1-

At last, there is the following commutative diagram consisting of isomor-
phisms.

(A% = {0}, (L, 1)) AT B X/(X = (G — {13)

of

(A2 = {0}) /(A2 = (G — (1)) AT <2 (G, ) AT AT
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As above, all the maps in the diagram are induced by the tautological inclu-
sions, 93 is induced by G,, x A’ € A? — {0} and 1, is given by the identity
map on A? — {0}.

Thus we can represent X50(¢™) 7127 (s™) "1 (¢th(U,6)) by the morphism

21,0<<22n72,n71H)w;1¢1¢fl¢2) — 21,0<<22n72,n71H),l/}171¢2) —
— 21,0((22n72,n71H),¢)271w3).

It remains to notice that 1) '¢)5 is a suspension of the canonical isomorphism
(G, 1) AT =2 (A% — {0}, (1,1)) we used to define 7, so we obtain 32" 2n+1p,
O

7. COMPLEMENT TO THE ZERO SECTION.

In this section we compute the cohomology of the complement to the zero
section of a special linear vector bundle. It turns out that there is a good
answer in terms of the characteristic classes only in the case of odd rank.

Recall that for a special linear bundle 7" we denote by 7° the complement
to the zero section. We start from the following lemma concerning the case of
a special linear bundle possessing a section.

Notation 6. We denote an operator of the U-product with an element by the
symbol of the element.

Lemma 11. Let T be a rank k special linear bundle over a smooth variety
X with a nowhere vanishing section s — T. Then for some a € AF=1(X) we
have an isomorphism

(1,0): A*(X) @ AT7F(X) = A(TY).
Proof. Consider the Gysin sequence

‘A

s AR S A (X)) D AT B A ) S
The section s induces a splitting s* for j4 hence gives a splitting r for d4.
We have the claim for a = r(1). O

We want to obtain an isomorphism which does not depend on the choice
of the section, so we act as in the projective bundle theorem for oriented
cohomology theories: take a certain special linear bundle over 7° and compute
its BEuler class.

Definition 10. Let p: E — X be a vector bundle over a smooth variety X.
The tautological line subbundle Lg of (p*E)|go could be trivialized by means
of the diagonal section A: E° — E° x x E. Hence, by lemma 2, for a special
linear bundle (E, \) there exists a canonical trivialization

)\TES det(p*E|E0/LE) i> OE‘O.
We obtain a special linear bundle Tz = ((p*E|go/Lg) , A7;,) over E°.

For the Witt groups there is a result by Balmer and Gille [BG, Theo-
rem 8.13|.
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Theorem 2. Let (E,\) = (OX*,1) be a trivialized special linear bundle of

odd rank over a point with n > 1. Then for e = e(Tg) € W?*(E°) we have an
1somorphism

(1,e): W*(pt) & W*>"(pt) = W*(E°).

We can derive an analogous result for A*(—) from our computation in stable
cohomotopy groups.

Lemma 12. Let (E,\) = ((’)g’gﬂ, 1), n > 1, be a trivialized special linear

bundle over a point. Then for e = e(Tg) € A*"(E°) we have an isomorphism
(1,e): A*(pt) @ A*2"(pt) = A*(EP).
Proof. Consider the Gysin sequence
o AT ) & A (pt) — AT(EY) 2 A () L

The bundle F is trivial hence e(E, A) = 0 and the Gysin sequence consists of
short exact sequences.

Consider the dual special linear bundle T;/. Taking the dual trivialization
of EY we obtain

V 0 Vv
E = {(ZL‘Q,...,I‘Qn,yo,...,yzn) € ' x FE |l‘0y0++l‘2n’y2n20}
There is a section s: E° — T with
8(3707371, T2, ... 7372n717372n) = (370, i,y T, 0,29, =T, ..., Top, _'T2n71>-

This section meets the zero section in G,, = {(¢,0,...,0)|t # 0}. Proposi-
tion 1 states that e(T) = i4(1) for the inclusion i: G,, — A?*"*! — {0} with
the trivialization of det N; arising from the trivialization of det T;/. Identify
N; 2 T)|g,, with U =G,, x A* C E° via

<t707"'70707y1"'7y2n) '_><t7y1,---,y2n)-

The isomorphism Arv: det T |g,, = Og,, arises from the canonical trivial-
ization of EV|g, and morphism ¢: EV — L}, = Og, with

¢(t7 Yo, Y1, - - aan) = (ta tyO)

Thus over t for y* = (yi, s, ..., s, ) we have

1/t 0 0 ... 0
0 ?/i yi yi”
MY AYEA - Ay =det | 0 w2 oyr o wy”
0 Yo You - Yo

and O(U,Ary) = (OF 1) with 0(t, y1, y2,- -, y2n) = (&, y1/t, Y2, - y2n) is
an isomorphism of special linear bundles.

Consider the following diagram with i, being a pushforward in stable co-
homotopy groups for the closed embedding ¢ with the trivialization 6 of the
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normal bundle.

AY(G,,) — 2 A(EP)

The left-hand side commutes since 6 is an isomorphism of special linear bun-
dles. The right-hand side of the diagram consist of the structure morphisms for
A and the boundary maps for the Gysin sequences of the inclusion {0} — E
hence commutes as well. Proposition 4 states that 0,i,(1) = 1, hence

Oale(Tg)) = 0aia(l) =1

and {1,e(T4)} forms a basis of A*(E") over A*(pt). There is a nowhere van-
ishing section of T/ @ T, constructed analogous to s defined above, so

e(Tg) = e(Tg @ T¢) = 0.
By Lemma 6 for some ay, aw, 81, o € A*(pt) we have

e= (a1 + B Ue(Ty)) Ue(Ty) = ar Ue(TH),

e(TH) = (a2 + B2 Ue(Te)) Ue = ay Uay U e(TH).

We already know that {1,e(74)} is a basis, then ap Uy = 1 and ay is
invertible. Hence {1,y Ue(Ty)} = {1,e} is a basis as well.
U

Corollary 1. Let A%*(—) be a oriented cohomology theory represented by a
commutative monoid A € SH(k). Then A (pt) = 0.

Proof. There is a natural special linear orientation on A**(—) obtained by set-
ting th(E, \) = th(E) with the latter Thom class arising from the orientation
on A**(—). Hence for a rank n special linear bundle we have e(E, \) = ¢, (E).
By the above lemma, for F = O;’t there is an isomorphism

(Les(Te)): A(pt) @ A" " (pt) = A" (EY).
Applying the Cartan formula we obtain ¢,(Ogo)c,(Tg) = c(O%), thus
¢2(Ti) = 0. The above isomorphism yields A" (pt) = 0. O

Having a canonical basis for a trivial bundle we can glue it into a basis in
the cohomology of the complement to the zero section of an arbitrary special
linear bundle of odd rank.

Theorem 3. Let (E,\) be a special linear bundle of rank 2n+1,n > 1, over
a smooth variety X. Then for e = e(Tg) we have an isomorphism

(1,€): A*(X) ® A2 (X) — A*(E°).

Proof. The general case is reduced to the case of the trivial vector bundle F via
the usual Mayer-Vietoris arguments. In the latter case we have a commutative
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diagram of the Gysin sequences

O—>A*<X) —>A*(EO) ﬂ)A*_QT%X) —
T L

with B = O2/*!. By Lemma 12 the element d4e (Tp) generates A*~*"(pt) as
a module over A*(pt), thus for a certain o € A*(pt) we have aUdse (Tp) = 1.
Using E = p*E’ we obtain

aUdae(Tg) = aUp?oae (Te) = 1,

s0 04 (e (Tg)) generates A*"(X) over A*(X). Hence (1, ¢) is an isomorphism.
0

Remark 4. In case of rank E = 1 one still has an isomorphism: a special linear
bundle of rank one is a trivialized line bundle, hence there is an isomorphism

AY(X) @ A (X) =2 A*(E°) = A (X x G,,)
induced by the isomorphism A*(pt) & A*(pt) = A*(G,,).

Corollary 2. Let T be a special linear bundle of odd rank over a smooth
variety X. Then e(T) = 0.

Proof. Set rank T = 2n + 1 and e = (7). Consider the Gysin sequence

o AVX) S AP () I A (T0) AN (X) S

The above calculations show that j4 is injective hence e = 0. U

8. SPECIAL LINEAR PROJECTIVE BUNDLE THEOREM.

Definition 11. For k < n consider the group

SLk *

_

Pk‘( 0 SLnk)'

The quotient variety SGr(k,n) = SL,/ P} is called a special linear Grassmann
variety.

Notation 7. Denote by 7; and 75 the tautological special linear bundles over
SGr(k,n) with rank 7; = k and rank 75 = n — k.

Remark 5. We have a projection SL, /P, — SL, /P identifying the special
linear Grassmann variety with the complement to the zero section of the deter-
minant of the tautological vector bundle over the ordinary Grassmann variety
Gr(k,n). This yields the following geometrical description of SGr(k,n): fix a
vector space V of dimension n. Then

SGr(k,n) ={(U <V,xe (A*U)°) | dimU = k}.
In particular, we have SGr(1,n) = A" — {0}.
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Theorem 4. For the special linear Grassmann varieties we have the following
1somorphisms.

2n—2
(1,e1,...,e7" % e): EB A2 (pt) @ A2 (pt) — A*(SGr(2,2n)),
1=0
2n—1
(Ler e}, ...ei"™): @ A% (pt) — A*(SGr(2,2n + 1)),

1=0

with ey = e(Ty), ea = e(Tz).

Proof. We are going to deal with several special linear Grassmann varieties
at once, so we will use 7;(r, k) for 7; over SGr(r, k) and abbreviate e(7;(r, k))
to e;(r, k) and e(T;(r,k)") to e/(r, k). The proof is done by induction on the
Grassmannian’s dimension.

The base case. We have SGr(2,3) = SGr(1,3) = A3 — {0} and under
these isomorphisms the bundle 7;(2,3)" goes to T2(1,3) which goes to Tos,
in the notation of definition 10. Note that rank 7;(2,3) = 2, thus 77(2,3) =
T1(2,3)" and e(71(2,3)) = e(7T1(2,3)"). Hence Lemma 12 gives the claim for
SGr(2,3).

Basic geometry. Fix a vector space V' of dimension k£ + 1, a subspace
W < V of codimension one and forms pu; € (A*1V)0 py € (A*W)0. Then
we have the following diagram constructed in the same vein as in the case of
ordinary Grassmannians:

SGr(2,k) —— SGr2,k+1) ~—21 vy

|

SGr(1,k)

the inclusion i corresponds to the pairs (U, u € (A*U)°) with U < W, dim U =
2; the open complement Y consists of the pairs (U, u € (A?U)°) with dim U =
2,dimU N W = 1; the projection p is given by p(U, ) = (U N W, ') where
p' is given by the isomorphism (U NW) ® V/W = A?U. Here i is a closed
embedding, j is an open embedding and p is an A*-bundle. Take an arbitrary
f € VV such that ker f = W. It gives rise to a constant section of the trivial

v
bundle (Ogg}n@’k“)) hence a section of T1(2,k + 1)¥. The latter section
vanishes exactly over i(SGr(2,k)). Note that we have rank 7;(2,k + 1) = 2
hence e} (2,k+ 1) = e1(2,k + 1).

k=2n-1. Consider the localization sequence.
L AT(SGr(2, 20— 1) B A(SGr(2,2n)) 15 AF(SGr(1,2n—1)) - ...

Lemma 12 states that {1,e3(1,2n — 1)} is a basis of A*(SGr(1,2n — 1)) over
A*(pt). We have j*T5(2,2n) = p*T3(1,2n — 1) and

74 (e2(2,2n)) = ey(1,2n — 1)
hence j4 is a split surjection (over A*(pt)) with the splitting defined by
11, e3(1,2n — 1) — ea(2,2n).
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Then i4 is injective. Hence to obtain a basis of A*(SGr(2,2n)) it is sufficient
to calculate the pushforward for a basis of A*2(SGr(2,2n —1)) and combine
it with {1, e2(2,2n)}. Using the induction we know that

{1,e1(2,2n —1),...,e1(2,2n — 1)>" 73}
is a basis of A*(SGr(2,2n —1)). We have i*(7;(2,2n)) = T1(2,2n — 1) hence
e1(2,2n — 1) = i(e1 (2, 2n)).
By Proposition 1 we have
ialer(2,2n — 1)) = e1(2,2n)"*!
obtaining the desired basis
{e1(2,2n),e1(2,2n)%, ..., e1(2,2n)"" 72 1, e2(2,2n)}
of A*(SGr(2,2n)) over A*(pt).
k=2n. Consider the localization sequence.
28 A42(SGr(2,20)) B AT(SGr(2,20 + 1)) 25 AF(SGr(1,20)) 2
Using the induction we know a basis of A*(SGr(2,2n)), namely
{1,e1(2,2n),e1(2,2n)%, ..., e1(2,2n)"" 2 e5(2,2n)}

and Lemma 11 gives us a non-canonical basis {1, a} for A*(SGr(1,2n)). Ex-
amine i4(e2(2,2n)). It can’t be computed using Proposition 1 since it seems
that e5(2, 2n) can not be pullbacked from A*(SGr(2,2n+1)), so we use the fol-
lowing argument. Consider a nontrivial vector w € W. It induces constant sec-
tions of O%’ér(mn) and O?(L;rréznﬂ) and sections of 73(2,2n) and T3(2,2n+1).
The latter sections vanish over SGr(1,2n — 1) and SGr(1,2n) respectively.
Here SGr(1,2n—1) corresponds to the vectors in W/(w) and SGr(1,2n) cor-
responds to the vectors in V/(w). Hence we have the following commutative
diagram consisting of closed embeddings.

SGr(1,2n — 1) - SGr(2, 2n)

SGr(1,2n) —— SGr(2,2n +1)
By Proposition 1 we have ey(2,2n) = r/,(1), so, using Proposition 2, we obtain
ia(e2(2,2n)) = rat’y(1). Notice that Ny is a trivial bundle of rank one. In fact,
there is a section of trivial bundle 7i(1,2n)" over SGr(1,2n) constructed

using the same element f such that ker f = W and this section meets the
zero section exactly at SGr(1,2n — 1). So we have

ia(e2(2,2n)) = rai’y (1) = rale](1,2n)) = ra(0) = 0.

We claim that keriy = A*(pt) Ues(2,2n) and Im j4 = A*(pt) U 1. We have
§4(1) = 1, hence 94(1) = 0 and

kerig =Imoy = A*(pt) U 0a(a).
The localization sequence is exact, so we have

e2(2,2n) = da(yUa) = y U da(a)
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for some y € A*(pt) and since e2(2,2n) is an element of the basis, y is not
a zero divisor. Consider the presentation of d4(«) with respect to the chosen
basis:

Oa(@) =zoUTl+ a1 Ue(2,2n) + -+ 29,9 Uer(2,2n)" 2 + 2 U ey(2, 2n).

We have y U da(a) = €2(2,2n), hence y Uz = 1 and every y U z; = 0, hence
x; = 0. Then d4(a) = 2z U ez(2,2n) and

keriy =Im0s = A*(pt) U da(a) = A*(pt) Uea(2,2n).
We have

OalzgUl+ 2 Ua) =21 U0a(e) =21 U 2zUes(2,2n),
hence Im j4 = ker 94 = A*(pt) U 1.

There is an obvious splitting for A*(SGr(2,2n+1)) i Im j4, 1+ 1. Then
calculating by the same vein as in the odd-dimensional case the pushforwards
for the basis of Coker 94, {e1(2,2n)'}, and adding to them {1}, we obtain the
desired basis of SGr(2,2n + 1)

{e1(2,2n +1),...,e1(2,2n + 1)>"" 1 1} O
Corollary 3. There is an isomorphism:
A*(pt)[el/<e2n72> 5 A*(SGr(2,2n — 1)),
induced by sending e to e(Ty).

Proof. Keep the notations from the proof of the theorem. It is sufficient to
show that e;(2,2n — 1)?"2 = (.
Consider a vector space V' of dimension 2n —1 and a collection of subspaces
W; <V of codimension one such that dim ﬂ?:l_Q W; = 1. Every subspace W;
\%
defines a section of (02%;%2,%—1)) and a section s; of 7T1(2,2n — 1)¥ in the
same vein as in the proof of the theorem. The section of (77(2,2n —1)¥)®2n—2
defined by (si, ..., So,_2) vanishes nowhere, hence by Lemma 7 we have
e1(2,2n — 1)*"7% = e((T1(2,2n — 1)V)®*" %) = 0.
O

Definition 12. Let 7 be a special linear bundle over a smooth variety X.
Then we define the relative special linear Grassmann variety SGr(k,T) in an
obvious way. This variety is a SGr(k, rank T )-bundle over X. Similarly to the
above, we denote by 77 and 75 the tautological special linear bundles over

SGr(k,T).

Theorem 5. Let T be a special linear bundle over a smooth variety X .
(1) If rank T = 2n then there is an isomorphism

2n—2

(Ler, e % e2): @D AT2(X) @ A2 (X) 5 A*(SGr(2,T)),
=0

with e = e(Th), ea = e(Tz).
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(2) Ifrank T = 2n + 1 then there is an isomorphism
2n—1
(Le e ...e ) @ A*(X) = A*(SGr(2,T)),
i=0

with e = e(Th).

Proof. The general case is reduced to the case of the trivial bundle 7 via the
usual Mayer-Vietoris arguments. The latter case follows from Theorem 4. [J

9. SYMMETRIC POLYNOMIALS.

In this section we deal with the polynomials invariant under the action
of the Weyl group W(B,) or W(D,,) and obtain certain spanning sets for
the polynomial rings. Our method is an adaptation of the one used in [Fu,
§ 10, Proposition 3|. The proof is quite straightforward but a bit messy.

Consider Z™ and fix a usual basis {ej,...,e,}. Let

W(B,) = {¢ € Aut(Z")| ¢(e;) = Le;}
be the Weyl group of the root system B, and let
W(D,) = {¢ € Aut(Z")| d(e;) = (=1)¥e;, (=1)2F =1}

be the Weyl group of the root system D,,. Identifying R = Z[ey, . . ., e,] with
the symmetric algebra Sym*((Z")") in a usual way, we obtain the actions of
these Weyl groups on R. Let Rg = RVB») and Rp = RY(P») be the algebras
of invariants.

For the elementary polynomials o; € Z[zy, . .., x,] consider

s;=oi(el,....e2), t=on(er,...,en).

One can easily check that Rg = Z[s1,...,s,] and Rp = Z[s1, ..., Sp_1,t].
In order to compute spanning sets for R over Rg and Rp we need "decreas-
ing degree" equalities provided by the following lemma.

Lemma 13. There exist homogeneous polynomials g;, h; € R such that

n n—1

2n 2n—1

ey’ = E 9iSi, €] = E his; + hnt.
i=1 i=1

Proof. Let Ip = (s1,...,8,) and Ip = (S1,...,5,_1,1) be the ideals generated
by the homogeneous invariant polynomials of positive degree. We need to
show that e?” € Iz and "' € Ip. Set Sp = R/Ip, Sp = R/Ip.

Consider Sg [[z]]. Since all the s; belong to Iz we have

(1—éx)(1 —ear)...(1 —ex) =1,
hence
(1—éx)(1—éex)...(1 —ex)=1+éex+eja’+ ...
Comparing the coefficients at 2™ we obtain €" = 0, thus e € Ip.
Consider Sp [[z]]. As above, we have

(1—e&2®)(1 —e?)...(1—e2a?) =1,

hence

(1+ez)(1 —ea?)(1—ea?).. . (1—-ea?)=1+ex+eéa +. ..

n
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=1 we obtain

Comparing the coefficients at z?
et = (1) e . .82 = (—1)" Heqes. . .6, = 0,
thus 2"~ ! € Ip. O
Proposition 5. In the above notation we have the following spanning sets:
(1) By ={e"ey?...ef | 0<m; <2n—2i+ 1}
spans R over Rp.

(2) 82 = {u1u2 oo Up—1

spans R over Rp.

€i+1€i42 ... Cn

{e’;ﬂi,ogmigzn—% }
U; =

Proof. In both cases proceed by induction on n. The base case of n = 1 is clear.
Denote by B] and B}, the spanning sets in R’ = Z[es, .. ., e,] and let s,,t' € R’
be the corresponding invariant polynomials. Note that s; = e;s,_; + s and
t= elt'.

It is sufficient to show that every monomial is a Rp (or Rp) linear com-
bination of the monomials of lesser total degree and monomials from the
corresponding spanning set.

(1) Consider a monomial f = efef?. . efn € R. In case of k; > 2n we can
use the preceding lemma and substitute Z gis; for €2 obtaining

kl 2n kg k
f E zgz 2 . 'enn
k:l 2n k:g kn

with deg g;ey 5. ..e;n < deg f, so we get the claim. Now suppose that
k1 < 2n. By the mduction we have

k _ /
eh2ebs | ekn E a;(sh, ., 8, )b

for some 0, € By and a; € Z[zy, ..., 7, 1]. We can assume that all the sum-
mands at the right-hand side are homogeneous of total degree ko + ... + k.
Since s; = eys)_; + s, one has

(815, 8n-1) = @ (3,17 o '7S/n—1) + Zeéﬁjl

for some f3;; € Rp. Thus we obtain
f= Zelflaj(sl,.. , Sn—1)b} —Z Mtlg 10
J

Note that e’flb; € B, so the first sum is a Rp-linear combination of the

monomials from the spanning set. If deg 8;; > 0 then deg e'f1+lb;- < deg f and
it is the case of the linear combination with lesser total degree. At last, in case
of deg ;; = 0 there are two variants: if ky +1 < 2n then we have ef“b’ € B,
otherwise k1 +[ > 2n and we can lower the total degree by using the precedmg
lemma.

(2) Consider a monomial f = ef'eh>. . .ek» € R. As above, in case of k; >
2n — 1 we can use the preceding lemma and lower the total degree, so suppose
that k; < 2n — 1. By induction we have

k o AN
eh2ebs | ekn E (8], ..., 8, o, 1)
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for some b, € By and o € Z[z1,. .., x,-1]. One has t* = s, | hence
/ / ~ / / / I~ / / /
a;(Sh, o, S0, t) = (ST, o Sh_og, Suq) FEQ (S, ., Sp_gs Spq)-

As above, we can substitute s; into a; and @; and obtain some Ejl, le € Rp.
Thus we have

f = Z ellﬂaj(sl, ey Sn—l)b;‘ + Z elflaj(sla ey Sn—l)t,b;‘—
J J

k1+l~ / k1+l/\ 11/
— E €1 ﬁjlbj — E €1 let bj.
j7l ]7l

In the first sum we have elfl b;» € B,. One has t’b;» € By, so in case of k; = 0
the second sum is a linear combination of the elements from the spanning set,
otherwise, if k; > 1, one can lower the total degree by carrying out t = e;t'.
The third sum is dealt with like the second one in (1), in case of deg 3;; = 0

we use that e’f1+lb; € B, or lower degree using the preceding lemma, otherwise

we lower degree by carrying out le. At last, in the forth sum we lower degree
by carrying out t = e;t’.
O

10. A SPLITTING PRINCIPLE.

In this section we assert a splitting principle for the cohomology theories
with a special linear orientation and inverted stable Hopf map. The principle
states that from the viewpoint of such cohomology theories every special linear
bundle is a direct sum of rank 2 special linear bundles and at most one trivial
linear bundle.

Definition 13. For k; < ky < --- < k,,, consider the group

SLk1 * C *

0 SLkgfkl e *

P]:?l,...,k}m71 : : ., :
0 0 ... SLiy k.,

and define a special linear flag variety as the quotient

SF(ki, ... km) = Sy, [Py,

m—1"

In particular, we are interested in the following varieties:
SF(2n) =SF(2,4,....2n), SF2n+1) =SF(2,4,...,2n,2n + 1).

These varieties are called maximal SLsy flag varieties.
For every special linear flag variety SF(ki,ko,..., k) there is an affine
variety

S.F(/{?l,]{?Q, .. ,km) = SLkm/<SLk1 X SLkgfkl X e X SLkm*km—l)'

Note that 3\./7:(k1, ko, ..., ky) is an A"-bundle over SF(ky, ks, ..., kny).
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Remark 6. The projection
S.F(kl,kg,,km):SLn/Plél km%SLn/Pkl km:-F(kl’kQ’---;km)

.........

yields the following geometrical description of the special linear flag varieties.
Consider a vector space V' of dimension k,,. Then we have

Sf(k’l,k’g,...,k’m) -
_ {(v1 < SV SV A ) | dimV =k, N € (A’wj)o}

Notation 8. Denote by 7; the tautological special linear bundles over
S.F(k?l, k?g, ey km) with rank’ﬁ = k’z — ki—l-

Definition 14. Let 7 be a special linear bundle over a smooth variety X.
Then we define the relative special linear flag variety SF1(ki, ks, ..., kpn)
with k,, = rank7 in an obvious way. This variety is a SF(k1, ko, ..., kn)-
bundle over X. We also define relative version of the maximal SL, flag variety,
SF(T), and relative versions for the affine coverings, SFr(ky, ks, .. ., k) and

SF(T).

Theorem 6. Let T be a rank k special linear bundle over a smooth variety X .
Then A*(SF7(2,4,...,2n,k)) is a free module over A*(X) with the following
basis:

o k is odd:
{efey? . ..enm | 0 <m; <k—2i},

e k is even:

{U1U2 oo Up

where e; = e(Ti, A\1).

J

e, 0<m; <k—2i
U; =
€i+1€i42 - - - Ent1

Proof. Proceed by induction on n. For n = 1 the claim follows from Theo-
rem 9.
Consider the projection

p: Y =8SFr(2,4,...,2n,k) > SFr(2,4,....2n—2,k) =Y

that forgets about the last subspace. Denote the tautological bundles over Y
by 7; and the tautological bundles over Y; by 7.

k is odd. Using an isomorphism Y = SGr(2,7,!) and Theorem 5 we obtain
that A*(Y) is a free module over A*(Y;) with the basis

B = {1,en,... ek*Q"}.

rn

Using the induction we have the following basis for A*(Y}):

B, = {e/lmlelzmQ...e/m”’l ’ 0<m; <k —22’},

n—1

with €} = (7). One has p*(T;) = T; and p”(e}) = e; for i < n—1. Computing
the pullback for B; and multiplying it with B we obtain the desired basis.
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k is even. This case is completely analogous to the previous one. We have
an isomorphism Y = SGr(2,7,)) then by Theorem 5 obtain that A*(Y) is a
free module over A*(Y;) with the basis

B:{u u :{enm",()gmngk—Qn }

€n+1
Using the induction we have the following basis for A*(Y]):
{e;’”i,ogmigk—% }
Ui = I /
€i+1€iv2- - Cn

Bl = {U1u2 oo Up—q

with €/ = e(T;'). Note that p*(7;) = T; and p?(e}) = e; for i < n—1. In order to
compute p(e) pass to SFg(2,4,...,2n, k), there we have p*T! = T, ® Tpy1
and p?(e!) = epeny1. Computing the pullback for B; and multiplying it with
B we obtain the desired basis of Y. O

Corollary 4. Let T be a rank 2n special linear bundle over a smooth variety
X. Then we have

(1) e(T) = e(T"),

(2) ba(T) = (=1)"e(T)*.
Proof. Consider p: SF (T) — X. From the theorem we have that p” is an
injection. Also we have that p*7T = @, 7; and p*T" = @, 7;’. Note that
rank 7; = 2, hence (T;, A7) = (T;Y,A7v) and we obtain p*T = p*T", so
pte(T) = pe(TY). By Lemma 9 we have

b T) = [ (1 - e(T)t2),
thus pAb,(T) = (=1) [T e(T0)? = (—1)"(pe(T))> O

Having the above corollary at hand we can write down the relations for
SGr(2,2n). Recall that the odd-dimensional case was computed in Corol-
lary 3.

Corollary 5. There is an isomorphism
A*(pt)[ela 62]/<€162’ 6%71—2 + (_1)716%) i> A*(SGT(Q, 2n)),
induced by sending e; and ey to e(T1) and e(T3) respectively.

Proof. In view of Theorem 4 it is sufficient to show that the relations from
the left-hand side hold. Passing to SGr(2,2n) we obtain

oze(o% ):e(ﬂ)em).

SGr(2,2n)

For the second relation compute the total Borel class:

1= b (0% ) = B(T0(T2) = (1= e(T)2) bu(Ta).

SGr(2,2n

Expanding b,(72) we have b, (T) = e(T1)? for k < n — 1. Thus, by the above
corollary, e(7;)?" 2 = (—=1)""te(T2)?. O

We finish this section with an explicit answer for the cohomology of maximal
SL, flag variety. Note that the answer looks like the ring of coinvariants for
the groups W(B,,) and W (D,,) rather then W(A,_;), although we deal with
the special linear group SL,.
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Theorem 7. Forn > 1 consider

s; =oi(e],e5,...,€2), t=oan(er,e,...,6,)

o Cp

with o; being the elementary symmetric polynomials in n variables. Then we
have the following isomorphisms

(1) 1- A*<pt)[el7€27 LR en]/<817 89y . 5n> i) A*<SF<27’L + 1)),
(2) do: A"PDles e enl i, s, s, 1) S ASF(20)),
induced by sending e; to e(T;).

Proof. First of all we show that the claimed relations on the Euler classes
hold. Passing to SF(2n + 1) and using Lemma 9 we obtain

n+1 n

2n+1 2 2
b (02) = TL0 () = [T (1 — (T #2),

i=1 i=1

hence
ér(si) = (1’0 (021) =0,
In the even case we can do the same calculations in order to obtain
Pa(si) = (=1)'b; (0%) =0,

moreover, we have

¢a(t) = [ [ e(To) = e(0%) = 0.
i=1
Hence the homomorphisms ¢, and ¢, are well-defined.
To finish the proof note that by Proposition 5 and Theorem 6 the spanning
set from the left-hand side goes to the basis of the right-hand side, so ¢; and
¢o are isomorphisms. O

11. THE COHOMOLOGY OF BSL,,.

This section is devoted to the computation of the cohomology ring of the

classifying spaces
BSLy, = lim SGr(n,m).
meN

The case of BSLs easily follows from Corollary 3. Then we deal with BS Lo,
using the calculations for the relative maximal SLs flag varieties, and in the
end using certain Gysin sequences compute the cohomology of BSLg, 1.

Recall that A* is constructed from a representable cohomology theory. In
this setting we have the following proposition relating the cohomology groups
of a limit space to the limit of the cohomology groups [PPR2, Lemma A.5.10].

Proposition 6. For any sequence of motivic spaces X, 4, Xy SN X3 By
and any p we have an exact sequence of abelian groups
0 — hm' AP (XG) — AP(lim Xy) — lim AP(X;) — 0.

1

Moreover, if all the if} are surjective, then lim" vanishes and we have

AP(ling X) = lim A7(X,).
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Lemma 14. For every m,n € N the A*(pt)-algebra A*(SGr(2n,2m+ 1)) is
generated by the classes by(T1), ..., bn_1(T1),e(T1).

Proof. Consider the covering
p:Y = 3?/7:(2,4,...,2n,2m+ 1) — SGr(2n,2m + 1)

splitting 77 into a sum of the rank 2 special linear bundles. Denote the tauto-
logical bundles over Y by 7/, 75, ..., 7, ., and the corresponding Euler classes

by €1,€2;,--.,Cny1.
By Theorem 6 applied to 7; we have that p? is injective. Also one has
p*Ti = @), T, hence
ple(Ti) = ouler,eq, ... en) =t
and, by Lemma 9,

p0i(T7) = oi(e2,e2,...,e2) = s
with o; being the elementary symmetric polynomials.
By Theorem 6 we also have that the set
y - e, 0<m; <k—2i
' €i+1€i4+2...€p ’

B = {U1U2 o Up—1

forms a basis of A*(Y) over p*A*(SGr(2n,2m + 1)). Note that by the same
theorem A*(Y') is generated as an A*(pt)-algebra by ej,es...,e,, thus by
Proposition 5 we know that B spans A*(Y) over A*(pt)[si,S2,...,Sn_1,1].
Since we have

A*(pt)[s1, 82, - - -, Sn_1,1] C prA*(SGr(2n,2m + 1))
it follows that A*(pt)[s1, 8o, ..., Sn_1,t] = prA*(SGr(2n,2m + 1)). O

Consider the sequence of embeddings

.= SGr(2n,2m+1) RN SGr(2n,2m+3) — ...
By the above lemma we know that i%, ., are surjective hence
AP(BSLy,) = lim AP(SGr(2n,2m + 1)) = @AP(SGT(Qn, m)).

The sequence of tautological special linear bundles T;(2n, m) over SGr(2n,m)
gives rise to a bundle 7 over BSLs,. We have a sequence of embeddings of
the Thom spaces

.= Th(Ti(2n,2m + 1)) 225 Th(T;(2n,2m + 3)) — ...

Since all the considered morphisms 7;(2n, k) — T1(2n, () are inclusions there
is a canonical isomorphism Th(7T) = lim 71(2n, m). For every k we have an
isomorphism

Uth(T1(2n,k
EE—

A*_QH(SGT(QTL k)) ) A* (Th<71 (2n7 k)))a

S0 jab 41 are surjective and

AP(Th(T)) = @ AP(T1(2n,m)).



THE SPECIAL LINEAR VERSION OF THE PROJECTIVE BUNDLE THEOREM 31

Notation 9. Let 7 be the tautological special linear bundle over BSLo,.
Denote by b;(T),e(T) € A*(BSLsy,) and th(T) € A*(Th(T)) the elements

corresponding to the sequences of classes of the tautological bundles,
bi(T) = (..., b:(T1(2n,m)), b;(TL(2n,m + 1)), ...),
e(T)=(...,e(Ti(2n,m)),e(T1(2n,m + 1)),...),
th(T) = (..., th(Ti(2n,m)), th(Ti(2n,m + 1)),...),
with 77(2n,m) being the tautological special linear bundles over SGr(2n, m).

The above considerations show that we have a Gysin sequence for the tau-
tological bundle over the classifying space BS La,.

Lemma 15. Let T be the tautological special linear bundle over BSLs,. Then
there exists a long exact sequence

o A2(BS L) Y A*(BSLan) L5 A*(BSLoy 1) S ...

Proof. For the zero section inclusion of motivic spaces BSLy, — T we have
the following long exact sequence.

o ANTHT)) = AY(T) = A(T) S ...

The isomorphisms

Uth(T1 (2n,k))
T

A2 (SGr(2n, k) Th(Ti(2n, k),

induce an isomorphism A*~?"(BSL,,) LN A*(Th(T)), so we can substi-
tute A*~2"(BSLs,) for the first term in the above sequence. Using homotopy
invariance we exchange 7 for BSLs,. By the definition of e(7) the first arrow
represents the cup product Ue(T).

We have isomorphisms

T° 2 lim SGr(1,2n — 1,m) 2 lim SGr(2n — 1, 1,m).
The sequence of projections

o —=SGr(2n—-1,1,m) —= SGr(2n—-1,1,m+1) — - --

| |

- —=SGr2n—1,m+1) ——=SGr(2n—1,m+2) —— - --

induces a morphism 77° L BSLs,_1. Note that
SGr(2n—1,1,m) = T(2n — 1,m + 1)°,

and 7 is an A* — {0}-bundle over BSLy, 1, so by [MV, Section 4, Propo-
sition 2.3] r is an isomorphism in homotopy category and we can substitute
A*(BSLg,—1) for the third term in the long exact sequence. O

Definition 15. For a graded ring R* let R* [[t]], be the homogeneous power
series ring, i.e. a graded ring with

R [[t]]z = {Z a;t"| dega; +idegt = k;} :
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Note that R*[[t]], = Jm R [t]/t", where the limit is taken in the category
of graded algebras. For example, considering R* = Z[x] and degrees degx =
1,degt =1 we have

Zia) 1], = \J {X_pia)t" € Zla] (1] | degpi +degt < k} .

keZ

We set R* [[t1,...,tn)], = R*[[t1, ..., tazal]y, [[En]],,-
Theorem 8. For dege = 2n,degb; = 2i we have isomorphisms
A*(pt) [[b1, - - -, b1, €]], — A*(BSLa,),
A*(pt) [[b1, - - -, ba)],, = A*(BSLapis).

Proof. The case of BSLy follows from Corollary 3 and Proposition 6, since
for the sequence

.= SGr(2,2m+1) — SGr(2,2m+3) — ...
the pullbacks are surjective and lim' vanishes yielding
A*(BSLy) = Jim A*(SGr(2,2m + 1)) = lim A*(pt) [e] /(e*™) = A" (pt) [[e]] .-

For the even case consider the sequences

= SF(Ti(2n,2m + 1)) -2 SF(T7(2n, 2m + 3)) — - -

lpm lpval

- — SGr(2n,2m+ 1) i SGr(2n,2m +3) —— - --

with 71(2n,m) being the tautological rank 2n special linear bundle over
SGr(2n,m). We have SF(T;(2n,2m + 1)) = SF(2,4,...,2n,2m + 1). By
Theorem 6 the pullbacks j4 are surjective, so lim' vanishes. By the same
theorem A*(SF(71(2n,2m+1))) is generated by the Euler classes of the tau-
tological bundles and for every polynomial f(eq, e, ..., e,) and 2m+1 > deg f
this polynomial is nonzero in A*(SF(7Ti(2n,2m + 1))). Thus we obtain

A*(im SF(T1(2n, 2m + 1))) = A*(pt) le1, e, ... enll,,
dege; = 2.

On the other hand we know that A*(BSLy,) = lim A*(SGr(2n, 2m + 1)).
By Lemma 14 and Theorem 6 p:: A*(SGr(2n,2m + 1)) is the subalgebra of
A (SF(Ti(2n,2m + 1))) generated by

PAb(TY) = si = 04(€2,€2,...,€2), ple(T)=t=ou(e1,e,...,6en).
Passing to the limit we obtain
p*A*<BSL2n) = A*<pt) [[817 <+ Sn—1, t]]h - A*<pt) [[617 €2, -, en]]h )

where s; = p*b;(T), t = p*e(T).

For the odd case consider the Gysin sequence from Lemma 15 for BS Lo, 2.
By the above calculations e(7) is not a zero divisor, so the the map Ue(T) is
injective and we have a short exact sequence

0— A*?"2(BSLan.0) Lel?), A*(BSLapy2) = A"(BSLapi1) — 0.
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Identifying A*(BS L, 1) with the homogeneous power series and removing e

we obtain the desired result. O
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