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Abstract In this paper we define a notion of Witt group for sesquilinear forms in
hermitian categories, which in turn provides a notion of Witt group for sesquilin-
ear forms over rings with involution. We also study the extension of scalars for
K-linear hermitian categories, where K is a field of characteristic # 2. We finally
extend several results concerning sesquilinear forms to the setting of systems of
such forms.
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Introduction

There exists a classical notion of Witt group for hermitian forms over rings with
involution (see for instance [6] and [8]). However, there is no analogous notion for
sesquilinear forms. In this paper we define, based on an equivalence of categories
proven in [5], a notion of Witt group for sesquilinear forms in hermitian categories.
In particular we obtain a notion of Witt group for sesquilinear forms over a ring
with involution.

We then study the extension of scalars for K-linear hermitian categories, where
K is a field of characteristic # 2, and we prove its injectivity in the case of an
extension of odd degree and a hermitian category in which all idempotents split.

We also introduce the notion of system of sesquilinear forms over a ring with
involution and we generalize several results proven in [5] to systems of sesquilinear
forms.
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81. Sesquilinear and hermitian forms over rings with involution

Let A be a ring. An involution on A is by definition an additive map o : A — A
such that o(ab) = o(b)o(a) for all a,b € A and o? is the identity. Let V be a
right A-module of finite type. A sesquilinear form over (A, o) is a biadditive map
s: V xV — A satisfying the condition s(az,by) = o(a)s(z,y)b for all x,y € V
and all a,b € A. The orthogonal sum of two sesquilinear forms (V,s) and (V’, s')
is by definition the form (V & V', s @ s’) defined by

(s@s) e, ydy)=s(zy)+s@,y)

for all z,y € V and 2/,y € V'. Two sesquilinear forms (V,s) and (V’,s") are
called isometric if there exists an isomorphism of A-modules f : V=V’ such that

s'(f(z), f(y)) = s(x,y) for all z,y € V.

Let V* = Homyu(V, A). Then V* has a structure of right A-module given by
f(x)-a = o(a)f(z) for all @ € A, f € V* and a € A. We say that V is
reflezive if the homomorphism of right A-modules ey : V' — V** defined by
ev(2)(f) =o0(f(z)) for all z € V and f € V* is bijective.

A sesquilinear form (V)s) over (A,o) induces two homomorphisms of left A-
modules V' — V*, called its left, respectively right adjoint, namely s; : V — V*
defined by s;(z)(y) = s(z,y) and s, : V — V* given by s,(x)(y) = o(s(y, z)) for
all z,y € V. We observe that s, = sjey.

Let € = £1. A sesquilinear form (V, s) over (A, o) is called e-hermitian if V is a
projective A-module and o(s(z,y)) = es(y,x) for all z,y € V, ie. s, =€s,.. A
I-hermitian form is also called a hermitian form. An e-hermitian form (V) s) is
called unimodular if s; (or equivalently s,.) is bijective. There exists a classical
notion of Witt group for unimodular e-hermitian forms over (4, o) (see e.g. [6]).
Denote by Gr¢(A, o) the Grothendieck group of isometry classes of unimodular
e-hermitian forms over (A, o), with respect to the orthogonal sum. A unimodular
e-hermitian form over (A, o) is called hyperbolic if it is isometric to a form H(V),
where V' is a finitely generated projective right A-module and

HV): VeV -V eV

r+y—y+eey(x), Ve e Vy e V™.

The quotient of Gr(A,o) by the subgroup generated by the unimodular e-
hermitian forms is called the Witt group of unimodular e-hermitian forms over

(A, 0) and is denoted by W¢(A, o).

Let us denote by 8(A, o) ( H(A, o) ) the category of sesquilinear (respectively
unimodular e-hermitian) forms over (A, ¢). The morphisms of these categories
are isometries. For simplicity let H(A, o) = H'(4, ).



82. Hermitian categories

The aim of this section is to recall some basic notions about hermitian categories
as presented in [8] (see also [6], [7]).

§2.1. Preliminaries

Let C be an additive category. Let * : € — € be a duality functor, i.e. an
additive contravariant functor with a natural isomorphism (E¢)cee : id — **
such that EfEc« = ide- for all ¢ € €. An additive category with a duality
functor is called a hermitian category. A sesquilinear form in the category € is a
pair (C, s), where C'is an object of € and s : C'— C*. A sesquilinear form (C, s)
is called unimodular if s is an isomorphism. Let ¢ = £1. An e-hermitian form in
the category € is a sesquilinear form (C,s) such that s = es*Ex. A 1-hermitian
form is also called a hermitian form. Orthogonal sums of forms are defined in
the obvious way. Let (C,s) and (C’,s") be two sesquilinear forms in €. We say
that these forms are isometric if there exists an isomorphism f : C=C" in the
category € such that s = f*s'f.

Denote by H¢(C) the category of unimodular e-hermitian forms in the category
€. The morphisms are isometries. For simplicity let H(C) = H'(€).

The hyperbolic unimodular e-hermitian forms in € are the forms isometric to Hy,,
Q € C, given by

Hg = €Bg ®idg- : QB Q" = Q™ d Q" ~ (Q& Q)"

The quotient of the Grothendieck group of isometry classes of unimodular e-
hermitian forms in € (with respect to the orthogonal sum) by the subgroup
generated by the hyperbolic forms is called the Witt group of unimodular e-
hermitian forms in € and is denoted by W¢(€). For simplicity set W (€) = W1(C).

We observe that if we take C to be the category of reflexive right A-modules of
finite type, then the notion of sesquilinear form coincides with the one defined in
the preceding section. Analogously, if we take € to be the category of projective
right A-modules of finite type, then the notion of hermitian form coincides with
the one defined in the preceding section.

Let (M, *) and (M, %) be two hermitian categories. A duality preserving functor
from (M, %) to (M, *) is an additive functor F' : M — M’ together with a natural
isomorphism ¢ = (ips)aren @ F* — *F. This means that for any M € M there
exists a natural isomorphism iy, : F(M*)=F(M)* such that for all N € M and
f € Homy (M, N) the following diagram commutes:



F(N*) =5 F(M)

PNy 222 Py

For A = 41, a duality preserving functor F'is called A\-hermitian if iy« F'(epr) =
Niyepony for all M € M. Let e = £1. We recall from [6], pp. 80-81 that a
A-hermitian functor F': M — M’ induces a functor

Herm®(F) : H(M) — HAM)

(M, h) = (F(M), iy F(h)),

which preserves orthogonal sums and hyperbolicity. Therefore it induces a ho-
momorphism between the corresponding Witt groups:

Herm'(F) : WE(M) — WM.

If F is fully faithful, then Herm(F') is also fully faithful. Moreover, if F' is an
equivalence of categories, then Herm®(F') is also an equivalence of categories and
the induced group homomorphism Herm®(F) is bijective.

§2.2. Transfer into the endomorphism ring

The aim of this subsection is to introduce the method of transfer into the endo-
morphism ring, which allows us to pass from the abstract setting of hermitian
categories to that of a ring with involution, which is more concrete. This method
will be extensively applied in section 4.

Let M be a hermitian category and M be an object of M, on which we suppose
that there exists a unimodular e;-hermitian form hg for a certain ¢y = 1. De-
note by E the endomorphism ring of M. According to [7], lemma 1.2, the form
(M, h) induces on E an involution o, defined by o(f) = hy ' f*ho for all f € E.

We say that an idempotent e € E splits if there exist an object M’ € M and
morphisms i : M — M, j : M — M’ such that ji = idy; and ij = e.

Denote by M|y, the full subcategory of M which has as objects all the objects of
M isomorphic to a direct summand of a finite direct sum of copies of M and by
P(F) the category of finitely generated projective right E-modules. We consider
the following functor:

F = Hom(M, —) : M|y — P(E)
N — Hom(M, N), VN € M|y
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f = F(f), Vf € Hom(N,N"), VN, N" € M|y,

where for all ¢ € Hom(M, N), F(f)(g) = fg. In [7], proposition 2.4 it has been
proven that this functor is fully faithful and duality preserving with respect to
the natural isomorphism i = (ix)yenqy, : F* — *F given by in(f) = F(hy' fren)
for every N € M|y, and f € Hom(M, N*). In addition, if all the idempotents of
M|y split, then F is an equivalence of categories. By computation we easily see
that F is eg-hermitian.

§2.3. Ring extension and genus in hermitian categories

In this subection we introduce the notions of extension of rings and genus in
hermitian categories.

Let C be an additive category and R be a commutative ring with unity. By
extension of scalars from Z to R we obtain a new category, denoted by C ®z R
and called the extension of the category C to the ring R. Its objects are the same
as those of € and for two such objects M and N set

Homeg,r(M, N) = Home(M, N) ®7 R.

It is straightforward to check that in this way we obtain an additive category. If,
in addition, there is a duality functor % in the category C, then C ®7z R becomes a
hermitian category by setting (f®a)* = f*®a forall M, N € €, f € Home(M, N)
and a € R.

For each prime spot p of Q we denote by €, the category € ®z Z,.

Let € be an additive category. Two sesquilinear forms s : M — M* and ¢t : N —
N* in the category € are said to be in the same genus if for all primes p of Q
there exist F), € Home(M, N), and G, € Home(N, M), such that F,G, and G, F,
are equal to the identity and in addition F)(t ® 1)F}, = s ® 1. This is equivalent
to saying that the extended sesquilinear forms (M, s ® 1) and (N, ¢ ® 1) become
isometric in the extended category €, for every p.

§2.4. K-linear hermitian categories and scalar extension

The aim of this section is to give an introduction to the theory of K-linear hermi-
tian categories. Their consideration is motivated by the idea of defining a notion
of scalar extension in hermitian categories.

2.4.1. Definition Let K be a field. A K-linear category is an additive cat-
egory M such that for every M, N € M, the set Homy (M, N) has a structure
of finite-dimensional K-vector space such that the composition of morphisms is
K-bilinear. An additive functor F' : M — N between two K-linear categories is
called K-linear if for any M, N € M, the induced map

Fyn - Homy (M, N) — Homy(F (M), F(N))
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is K-linear.

A K-linear hermitian category is a K-linear category together with a K-linear
duality functor.

Let (M, *) be a K-linear hermitian category and consider a finite field extension
L of K. We define the extension of the category M to L as being the category
My, with the same objects as M and with the morphisms given by

Homyy, (M, N) = Homy(M, N) @ L

for all M, N € M. It is clear that the category My, is L-linear.

If in M there is a K-linear duality functor * then we can define a duality functor
in M in the following way: on objects it coincides with the duality functor of
M and for morphisms set (f ® a)* = f*®a for all f € Homy (M, N), M\,N € M
and a € L and then extend by additivity.

The scalar extension functor from M to My, is defined by
:RL/K M= ML

M — M, VM e M
f— f®l1, Vf € Hom(M, N).

It is straightforward to check that the functor R,k is 1-hermitian. As we have
seen in §2.1, it induces for every € = +1 a group homomorphism

Herme(fRL/K) : WEM) — We(Mp),

called restriction map.

83. Sesquilinear forms over rings with involution and hermitian cate-
gories

In this section we prove that the category of sesquilinear forms over a ring with
involution is equivalent with the category of unimodular hermitian forms in a
suitably constructed hermitian category. We also define a notion of Witt group
for sesquilinear forms in hermitian categories. In particular we obtain a notion
of Witt group for sesquilinear forms over rings with involution, which generalizes
the analogous notion for unimodular hermitian forms.

83.1. An equivalence of categories

Let M be an additive category. On the model of [5], §3, we construct the category
of double arrows of M, denoted by M®). Its objects are of the form (M, N, f, g),
where M, N € M and f,g € Hom(M, N). A morphism from (M, N, f,g) to



(M',N', f',¢') is a pair (¢,1), where ¢ € Hom(M, M’) and ¢ € Hom(N, N') sat-
isfying the conditions ¥ f = f'¢ and 1g = ¢'¢. Then M® is obviously an additive
category. If in addition there is a duality functor * in M, then M® becomes a
hermitian category by defining the dual of (M, N, f, g) as being (N*, M*, g*, f*)
and setting E n,rq) = (enrs en).

We define a functor F : §(M) — H(M®P) as follows. Let (M, s) be a sesquilin-
ear form in M. Then (M, M* s, s*ey) is an object of M) and it is easy to
check that (eps,idps+) defines a unimodular hermitian form on it. Set F(M,s) =
(M, M*,s,s*epn), (enr,idps+)). For an isometry ¢ : (M, s) — (M’, s") of sesquilin-
ear forms in M set F/(¢) = (¢, ¢* 7).

We also define a functor G in the opposite direction: for every object (M, N, f, g)
of M® and any unimodular hermitian form (&1, &) on it set G((M, N, f, g), (€1,&)) =
(M, & f). For a morphism (Aq, Ay) between two unimodular hermitian forms in

M(2) define G()\l, )\2) = )\1.
3.1.1. Theorem The functors F' and G realize an equivalence between the
categories S(M) and H(M®P).

Proof. The proof is completely analogous to the one of [5], theorem 4.1.

§3.2. Hyberbolic sesquilinear forms

Using the functor G we can define a notion of hyperbolicity for sesquilinear forms
in M, which will in turn lead to a notion of Witt group.

3.2.1. Definition A sesquilinear form in M is called hyperbolic if it is isometric
to a form G(P, s), where (P, s) € H(M®?) is hyperbolic.

Let (A,o0) be a ring with involution. Taking M to be the category of reflexive
right A-modules of finite type we obtain a notion of hyperbolicity for sesquilinear
forms over (A, o).

We have the following explicit characterization of hyperbolic sesquilinear forms
over (A,0):

3.2.2 Proposition A sesquilinear form (V,s) over (A, o) is hyperbolic if and
only if there exist two reflexive right A-modules of finite type M and N and two
A-linear homomorphisms f,g : M — N such that (V, s) is isometric to the form
(M @® N*, Hnn, 1)), given by

Hongg) : (M N)x (Mo NT) — A

(1 + y1, w2 + y2) — y1(g(x2)) + o(y2(f(21))), V1,29 € M, YY1,y € N*.



Proof. For all Q = (M, N, f,g) € M® the hyperbolic unimodular hermitian
form Hg in M@ is defined by

Ho=Eq®idg- : Q Q" - Q" @ Q" ~ (Qa Q")
hence G(Hg) is given by
GHg) : M®N*—- M"& N™

r+y— g (y) +en(f(z)), Ve e M, vy € N*.
It is easy to identify this form with I;TQ. OJ

Particularizing the last proposition, we obtain:

3.2.3. Proposition

a) The hyperbolic hermitian forms over (A, o) are given, up to isometry, by the
forms (M ®© N*, Hiyn,5)), where M and N are two reflexive right A-modules
of finite type and f : M — N is an A-linear homomorphism.

b) The hyperbolic unimodular sesquilinear forms over (A,o) are given, up to
isometry, by (M & N*, Hon,pg)), where M and N are two reflexive right
A-modules of finite type and f,g: M — N are two A-linear isomorphisms.

c) The hyperbolic unimodular hermitian forms over (A, o) are given, up to isom-
etry, by (M @ M* Hy), where M is a reflexive right A-module of finite type
and

Hy : (MM )x (Mo M)— A

(1 +y1, 22 + y2) = y1(x2) + 0(y2(x1)), Vo1, 51 € M, Yyi,y2 € M™.

Proof. It is straightforward to check that the form (M @ N*,I:T(M,NJ,Q)) is
hermitian if and only if f = g and that it is unimodular if and only if f and ¢ are
isomorphisms. The point c) follows from a) and b) and from the fact that the
forms (M & N*, I;T(M7N,f7f)) and (M @ M*, H,,) are isometric via the isomorphism
of A-modules idy; @ f*: M & N*=>M & M*. [J

3.2.4. Definition Let Grg(M) be the Grothendieck group of isometry classes
of sesquilinear forms in M, with respect to the orthogonal sum. It is easy to
check that the isometry classes of hyperbolic sesquilinear forms form a subgroup
of Grg(M), which we denote by Hg(M). The Witt group of sesquilinear forms in
the category M is defined to be the quotient

Ws(M) = Grg(M)/Hg(M).



Taking M to be the category of reflexive right A-modules of finite type we obtain
a notion of Witt group for sesquilinear forms over (A, o). We observe that in the
case of unimodular hermitian forms our definition coincides with the well-known
one.

§3.3. Finiteness results concerning the genus of sesquilinear forms

In this subsection we prove a finiteness result concerning the genus of sesquilinear
forms, based on the methods of [5], §9. For a ring A we denote by T'(A) the Z-
torsion subgroup of A. If R is a ring containing Z, then we say that A is R-finite
if Ap = A®z R is a finitely generated R-module and T'(A) is finite.

3.3.1. Theorem Let A be a ring and o be an involution on A. Let (V,s) be
a sesquilinear form over (A, o) and assume that End (V') is Q-finite. Then the
genus of (V,s) contains only a finite number of isometry classes of sesquilinear
forms.

Proof. The functor F' defined in §3.1 induces a bijection between the genus
of (V,s) and the genus of F(V,s). Denote by E the endomorphism ring of
(V,V*, s1,5.) in M. Since End 4 (V') is Q-finite and E is a subring of End4 (V) x
End4(V*) ~ Endas (V) x End4(V), E is Q-finite too. ;From [3], theorem 3.4 it
follows that the genus of F'(V, s) contains only a finite number of isometry classes
of unimodular hermitian forms, which implies that the genus of (V,s) contains
only a finite number of isometry classes of sesquilinear forms.

84. The restriction map for K-linear hermitian categories in odd degree
extensions

It is well-known that if K is a field of characteristic # 2 and L/K is an extension of
odd degree, then the restriction map rz,x : W(K) — W(L) is injective. The aim
of this section is to prove an analogous result for K-linear hermitian categories.

Let K be a field of characteristic # 2 and M be a K-linear hermitian category.
Let L be a finite extension of K, M be the extension of the category M to L
and Ry, : M — My, be the scalar extension functor, as defined in §2.5.

4.1. Theorem Suppose that all the idempotents of M split and that the extension
L/K is of odd degree. Then for all e = £1 the map

Herm (Ry/x) : WE(M) — W(Mp)
18 injective.

This result will follow as an immediate corollary from the following one.



4.2. Theorem Let M be an object of M that admits a unimodular hermitian
or skew-hermitian form. Suppose that all the idempotents of M|y split and that
the extension L/K is of odd degree. Then for all e = +1, the map

Herm" (R} ) : WE(M|ar) = W (M|ar)

18 1njective.

Proof of theorem 4.2 Denote by hg a unimodular €)-hermitian form on M.
Since the category M is K-linear, the endomorphism ring F of M in M has a
structure of finite-dimensional K-algebra. According to [7], lemma 1.2, hg induces
on F a K-linear involution, denoted by o. Clearly the endomorphism ring E’ of
M in M, equals F ®f L and is a finite-dimensional L-algebra. We also observe
that (M, hor) is a unimodular €p-hermitian form in My, and that it induces by

[7], lemma 1.2 the involution o ® id;, on E’. We have an obvious 1-hermitian
functor of extension of scalars

Rk = Mlar = Mplar.
We recall from §2.2 that there are two fully faithful ¢y-hermitian functors
T My - P(E),

F:Mply — P(E®k L).

We denote by Ry x the obvious functor of scalar extension
Rk : P(E) = P(E ®k L).

It is straightforward to prove that the following diagram commutes:

M|y —2—P(E @k L)

| 22

M| Sl P(E)

For ¢ = £1 the above diagram induces a commutative diagram on the level of
unimodular hermitian forms:

Herm*® (9’ .
T (M| ar) T, g0 (B @ L, o @ idr)
Herm* (RJLVI/K)T THermﬁeO (Rr/K)
j—C€<M‘M) Herm® (%) j_(:eg()(E’O_)

and one on the level of Witt groups:
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Herm® (F)

W5<ML|M) WEE()(E ®K L,O’@idL)
Hme(my/,()T THerm“O(RL/K)
W5<M‘M) Herm (Sr) WEE()(E’O_)

Let (N, g) and (N, ¢') € H(M]ar) be such that
Herme(fRﬁ/[/K)(N,g) = Herme(R%K)(N/agl)

in We((Mp)|a). It follows that

Hermc(ff”’)(Hermc(iR%K)(N, 9)) = Hermc(ﬁ"’)(Hermc(RJL‘d/K)(N', q))
in W (E @k Lo ®idr). As the last diagram above commutes, we obtain

Horm' ™ (Ry ) (Horm' (F)(V, g)) = Horm Ry i) (Florm () (N, ).

By [4], proposition 1.2, the map Herm " (R, /K) is injective, so we deduce that
Herm (F)(N, g) = Herm (F)(N’, ¢') in We(E, o). Since in the category M|y
all idempotents split, the functor F is an equivalence of categories and hence
the group homomorphism Herm (F) : W¢(M|y) — W (E, o) is bijective (see
§2.1). It follows that (N,g) = (N, ¢’) in W¢(M]|s). We conclude that the map
ME(R%K) is injective.

Proof of theorem 4.1 Let (N, g) € H¢(M) be such that Herm" (R, x)(N, g) is
hyperbolic. This means that (N,g ® 1) is a hyperbolic unimodular e-hermitian
form in the category My, so in the category M|y too. Hence HermE(Rg/K)(N, g) =

0 and from to the injectivity of the map Herm'(RY /i) We deduce that (N, g) is

hyperbolic in M|y, so in M too. In conclusion the map HermE(RL/K) is injective.

85. Systems of sesquilinear forms

In this section we generalize results proven in [5] to systems of sesquilinear forms.
We first construct an equivalence of categories as in [5], §4.

§5.1. Preliminaries

Let A be a ring with an involution ¢ and I be a set. A system of sesquilinear
forms over (A, o) is (V,(s;)icr), where V is a reflexive right A-module of finite
type and for all i € I, (V,s;) is a sesquilinear form over (A,o). A morphism
between two systems of sesquilinear forms (V) (s;)ier) and (V7, (s});er) consists of
an isomorphism of A-modules f : V>V’ such that for every ¢ € I and x,y € V
we have s)(f(z), f(y)) = si(z,y). Let us denote by 8)(A, o) the category of
systems of sesquilinear forms over (A, o).

11



Denote by J the disjoint union of two copies of I. We define the category of
J-arrows between reflexive A-modules as being the category M) constructed
in the following way: its objects are of the form (V, W, (fi, g:)icr), where V
and W are two reflexive A-modules of finite type and for all i € I, f;,g; :
V' — W are homomorphisms of A-modules. A morphism from (V, W, (fi, g:)icr)
to (V/, W' (fl,q})icr) is a pair (¢,¢), where ¢ : VSV' and ¢ : WSW' are
isomorphisms of A-modules such that for all i € I we have ¢f; = fl/¢ and
1g; = gi¢. By defining direct sums in the obvious way we see that M) is an
additive category. Let (W* V* (gF, f)ier) be the dual of (V, W, (fi,9:)icr) and
set Eqvw,(fio0er) = (év,ew). This defines a duality on the category M. We
observe that if the set I has one element, then M) coincides with the category
constructed in [5], §3.

We define a functor ¥ : 80 (A, o) — M) in the following way: Let (V, (s)icr)
be an object of 8Y)(A, o) and for all i € I let sy : V — V* and s;. : V — V* be
the left, respectively the right adjoint of (Vs;) (cf. §1). Then (V,V*, (s, Sir)icr)
is an object of M) and it is easy to check that (ey,idy~) defines a unimodular
hermitian form on it. Let W(V, (s;)icr) = (V, V¥, (su, Sir)icr), (ev,idy~)). For
a morphism ¢ : (V, (s;)icr) — (V', (s})icr) of systems of sesquilinear forms over
(A, 0) set W(p) = (¢, " ).

5.1.1. Theorem The functor ¥ is an equivalence of categories between 8 (A, o)
and H(MW)).

Proof.  The proof is analogous to the one of [5], theorem 4.1. The functor
® : H(MY)) — 8(A, o) which realizes, together with ¥, the desired equivalence
of categories is defined in the following way: Let ((V, W, (f;, gi)icr), (v, %)) be an
object of H(MM). For every i € I define a sesquilinear form s; : V xV — A
by si(z,y) = (dgi)(x)(y) for all z,y € V and set S((V, W, (fi, gi)ic1), (¢, ) =
(V, (8i)ier). For a morphism A = (A1, A2) between two objects of H(MM)) set
D(A) = ;.

If (V,(s;)icr) is a system of sesquilinear forms over (A, o), then we denote by
q(V, (si)icr) the corresponding object (V,V*, (s, si)icr) of the category M),
We next describe, following [5], §5, the set of isometry classes of systems of

sesquilinear forms over (A, o) corresponding by theorem 5.1.1 to a given object
of the category M),

Let us fix a system of sesquilinear forms (Vp, (s¢;)ier) over (A, o) and consider
the unimodular hermitian form ny, = (ey,,idyz) on Qo = q(Vo, (s0i)ier). Let E
be the endomorphism ring of the object Qo in M), The form 7y, induces an
involution ~ on F, defined by f: 77\701 [y, for all f € E, where f* denotes the
dual of f in MY). As in [5], §5 we denote by H(", E*) the set of equivalence
classes for the equivalence relation defined on {f € FE| f: f} by: f=fif there
exists a g € £ such that gfg = f’. Analogously to [5], theorem 5.1 we obtain:
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5.1.2. Theorem The set of isometry classes of systems of sesquilinear forms
(V, (8:)icr) over (A, o) such that q(V, (si)icr) ~ Qo is in bijection with H(", E*).
Proof. The proof is analogous to the one of [5], theorem 5.1. For every
system of sesquilinear forms (V) (s;)ier) over (A, o) such that q(V, (s;)ier) ~ Qo
the unimodular hermitian form (ey,idy+) on ¢(V, (s;)icr) induces a unimodular
hermitian form 7, on @)y. The desired bijection is given by:

{{(V. (s)ien)] | (V, (s1)icr) € 8P(A,0), ¢(V, (si)ier) = Qo} = H(, EX)

[(V, (s3)ier)] = v v

§5.2. Witt’s cancellation theorem

Let K be a field of characteristic # 2, A be a finite-dimensional K-algebra and o
be an involution on A. Analogously to [5], theorem 6.1, a cancellation theorem
holds for systems of sesquilinear forms over (A, o):

5.2.1. Theorem Let (V,(si)icr), (V',(8h)icr) and (V",(s!)icr) be systems of
sesquilinear forms over (A, o) such that

(V' (si)ier) @ (V, (si)ier) = (V", (87)ier) @ (V, (5i)ier)-

Then we have (V' (s))icr) =~ (V" (s])ier)-

Due to the equivalence between the categories §)(A, o) and H (M) given by
theorem 5.1.1, it is enough to prove that Witt’s cancellation theorem holds in the
category H(M)). This can be proven as in [5], proposition 6.2.

§5.3. Springer’s theorem

In this subsection we prove an analogue of Springer’s theorem for systems of
sesquilinear forms defined over finite-dimensional algebras with involution.

Let K be a field of characteristic # 2, A be a finite-dimensional K-algebra and
o be a K-linear involution on A. We also consider a finite extension L of K, the
finite-dimensional L-algebra A; = A®k L and the L-linear involution o;, = o®idy,
on Ay. If (V,(s;)ier) is a system of sesquilinear forms over (A, o), then we denote
by (V,(Si)ier) = (VL, ((8i)1)icr) the system of sesquilinear forms over (A, or)
obtained by extension of scalars.

5.3.1. Theorem Suppose that L]/ K is an extension of odd degree. Let (V, (S;)ier)
and (V' (s))icr) be two systems of sesquilinear forms over (A, o). If (V, (si)icr)L
and (V',(s))ier)r are isometric over (Ap,or), then (V,(s;)ier) and (V',(s})ier)
are isometric over (A, o).

13



Proof.  The proof is analogous to the one of [5], theorem 7.1 and uses the
equivalence of categories given by theorem 5.1.1.

85.4. Weak Hasse principle

The well-known weak Hasse principle states that if two quadratic forms defined
over a global field k of characteristic # 2 become isometric over all the completions
of k, then they are already isometric over k. The aim of this section is to generalize
this result to the case of systems of sesquilinear forms defined over a skew field
with involution. Throughout this section we suppose that I is finite.

For results concerning the weak Hasse principle for systems of hermitian or
quadratic forms over fields see [1], respectively [2]. A weak Hasse principle for
sesquilinear forms defined over a skew field with involution has been proven in
[5]-

Let K be a field of characteristic # 2, D be a finite-dimensional skew field with
center K and o be an involution on D. Denote by k the fixed field of ¢ in K.
Then either £ = K (when ¢ is said to be of the first kind) or K is a quadratic
extension of k£ and the restriction of ¢ to K is the non-trivial automorphism of K
over k (in which case o is said to be of the second kind or a unitary involution).

Suppose that k is a global field. For every prime spot p of k, let k, be the
completion of k at p, K, = K ®; k, and D, = D ®;, k,. Then D, is an algebra
with center K, and consider on it the involution 0, = o ® idy,. Then from any
sesquilinear form (V) s) over (D, o) we obtain by extension of scalars a sesquilinear
form (V,,s,) over (D,,0,), where V, = V ®; k, is a free right D,-module of
rank dimp(V'). Hence we obtain a notion of extension of scalars for systems of
sesquilinear forms over (D, o) by setting (V, (8;)ier)p = (Vy, ((Si)p)icr)-

We say that the weak Hasse principle holds for systems of sesquilinear forms over
(D, o) if any two systems of sesquilinear forms (V] (s;);er) and (V' (s});cr) over
(D, o) that become isometric over all the completions of k (i.e. (V}, ((si)p)ier) =
(Vo ((8)p)ier) over (D, 0,) for every prime spot p of k) are already isometric
over (D, o).

For the problem of determining when the weak Hasse principle holds we will use
the ideas developed in [5]. We denote by M) ( (M,))) ) the category of J-arrows
between reflexive D— (resp. D,~) modules. Let us fix a system of sesquilinear
forms sy over (D, o). Consider a system of sesquilinear forms s over (D, o) that
becomes isometric to sg over all the completions of k. Denote by ¢(s) the object
of M) corresponding to s by the equivalence of categories given in theorem 5.1.1.
For every prime spot p of k we have (sg), ~ s,, hence ¢((s0),) =~ ¢(s,). Since
¢ commutes with base change, we obtain ¢(sg), >~ ¢(s), and since I is finite, it
follows that g(sg) =~ q(s).
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Denote by E the endomorphism ring of g(sg) in M. The unimodular hermitian
form n,, = (ey,,idy;) defined on ¢(sp) induces an involution ~on E. For every p
let B, = E' ®y kj,, on which we consider the involution ~, =~ ® id,. By theorem
5.1.2 it is clear that if the localisation map

©:HCE) = [[HG. E))

p

is injective, then the weak Hasse principle holds for systems of sesquilinear forms
over (D,o). As in [5], §8, we prove the following:

5.4.1. Theorem If o is a unitary involution, then the map ® is injective
and hence the weak Hasse principle holds for systems of sesquilinear forms over

(D,o).

§5.5. Finiteness results

In this section we generalize theorem 3.3.1 and the results proven in [5], §9 to
systems of sesquilinear forms. Following §2.3 we say that two systems of sesquilin-
ear forms over (A, o) are in the same genus if they become isometric over all the
extensions of A to Z,, where p is a prime.

Fix a system of sesquilinear forms (V/, (s;);er) over (A, o) and denote by q(V, (s;)icr)
the corresponding object (V,V*, (54, sir)icr) of M) and by E its endomorphism
ring in M), Tt is straightforward to prove the following results using the meth-
ods of [5], §9 and the equivalence of categories F : 8(V(A4, o) — H(MW)) given
by theorem 5.1.1:

5.5.1. Theorem If there exists a non-zero integer m such that Enda (V) is
Z[1/m]-finite, then there exist only finitely many isometry classes of systems of
sesquilinear forms on V.

5.5.2. Theorem Let N be an object of M) and assume that there exists a
non-zero integer m such that Endy ) (N) is Z[1/m]-finite. Then there exist only

finitely many isometry classes of systems of sesquilinear forms (V,(8;)ier) over
(A, o) such that q(V, (s;)ier) ~ N.

5.5.3. Theorem If there ezists a non-zero integer m such that Enda (V') is
Z[1/m]-finite, then (V,(s;)icr) contains only finitely many isometry classes of
orthogonal summands.

5.5.4. Theorem If End(V) is Q-finite, then the genus of (V, (s;)icr) contains
only a finite number of isometry classes of systems of sesquilinear forms.
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