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ABSTRACT. A linear algebraic group G over a field k is called a Cayley
group if it admits a Cayley map, i.e., a G-equivariant birational isomor-
phism over k between the group variety G and its Lie algebra. A Cayley
map can be thought of as a partial algebraic analogue of the exponen-
tial map. A prototypical example is the classical “Cayley transform” for
the special orthogonal group SO, defined by Arthur Cayley in 1846. A
linear algebraic group G is called stably Cayley if G x Gy, is Cayley for
some r > 0. Here G;,, denotes the split r-dimensional k-torus. These
notions were introduced in 2006 by Lemire, Popov and Reichstein, who
classified Cayley and stably Cayley simple groups over an algebraically
closed field of characteristic zero.

In this paper we study reductive Cayley groups over an arbitrary
field k of characteristic zero. The condition of being Cayley is consid-
erably more delicate in this setting. Our main results are a criterion
for a reductive group G to be stably Cayley, formulated in terms of its
character lattice, and a classification of stably Cayley simple (but not
necessarily absolutely simple) groups.
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1. INTRODUCTION

Let k be a field of characteristic 0 and G be a connected linear algebraic
k-group. A birational isomorphism ¢: Lie(G) =5 G is called a Cayley map
if it is equivariant with respect to the conjugation action of G on itself and
the adjoint action of G on its Lie algebra Lie(G), respectively. A Cayley
map can be thought of as a partial algebraic analogue of the exponential
map. A prototypical example is the classical “Cayley transform” for the
special orthogonal group SO,, defined by Arthur Cayley [8] in 1846. A
linear algebraic group G is called Cayley if it admits a Cayley map and
stably Cayley if G xj GJ, is Cayley for some r > 0. Here G,, denotes the
split 1-dimensional torus. These notions were introduced by Lemire, Popov
and Reichstein [20]; for a more detailed discussion and numerous classical
examples, we refer the reader to [20, Introduction]. The main results of [20]
are the classifications of simple Cayley and stably Cayley groups in the case
where the base field k is algebraically closed and of characteristic 0. The
goal of this paper is to extend some of these results to the case where k is
an arbitrary field of characteristic 0.
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Example 1.1. If k is algebraically closed and G is a reductive k-group, then
by [20, Theorem 1.27] G is stably Cayley if and only if its character lattice
is quasi-permutation; see Definition 2.1.

Example 1.2. Let T be a k-torus of dimension d. By definition, T is Cayley
(respectively, stably Cayley) over k if and only if T' is k-rational (respectively,
stably k-rational). If k is algebraically closed, then 7'~ GZ, hence T is
always rational, and thus always Cayley. More generally, Voskresenskii’s
criterion for stable rationality [29, Theorem 4.7.2] asserts that T is stably
rational if and only if the character lattice X(T) is quasi-permutation (see
Definition 2.1).

It has been conjectured that every stably rational torus is rational. To
the best of our knowledge, this conjecture is still open. Moreover, we are
not aware of any simple lattice-theoretic criterion for the rationality of T'.

Note that the term “character lattice” is used in different ways in Ex-
amples 1.1 and 1.2. In both cases the underlying Z-module is X(T') (where
T =T x k, k is an algebraic closure of k, and T is a maximal torus of G in
Example 1.1) but the group acting on X(T') is the Weyl group W = W (G, T)
in Example 1.1 and the Galois group Gal(k) in Example 1.2. A key role in
this paper will be played by the character lattice X(G) of a reductive k-group
G, a notion that bridges the special cases considered in these two examples.
The underlying Z-module in this general setting is still X(T'), but the group
acting on it is the extended Weyl group W' = W x A, where W is the
usual Weyl group of G and A is the image of Gal(k/k) under the so-called
“x-action” (see Tits [27, §2.3] for a construction of the x-action). For the
definition of W see Section 4. Equivalently, X(G) is the character lattice
of the generic torus Tge, of G. This torus is defined over a certain transcen-
dental field extension Kjgep of k; see [29, §4.2]. Informally speaking, we think
of the Weyl group W as “the geometric part” of W', and of the image A
of the x-action as “the arithmetic part”. Examples 1.1 and 1.2 represent
two opposite extremes, where the group W' is “purely geometric” and
“purely arithmetic”, respectively. As we pass from a reductive group G to
its generic torus Tge,, the geometric part migrates to the arithmetic part,
while the overall group W' remains the same.

We are now ready to state our first main theorem.

Theorem 1.3. Let G be a reductive k-group. The following are equivalent:

(a) G is stably Cayley;

(b) for every field extension K/k, every maximal K-torus T C G is stably
rational over K;

(c) the generic Kgen-torus Tyen of G is stably rational;

(d) the character lattice X(G) of G is quasi-permutation.

Next we turn our attention to classifying stably Cayley simple groups over
an arbitrary field k of characteristic zero. The following results extend [20,
Theorem 1.28], where k is assumed to be algebraically closed.
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Theorem 1.4. Let k be a field of characteristic 0 and G be an absolutely
simple k-group. Then the following conditions are equivalent:

(a) G is stably Cayley over k;

(b) G is a k-form of one of the following groups:

SL3, PGL,, (n =2 orn >3 odd), SO,, (n >5), Sp,y,, (n >1), Ga,
or an inner k-form of PGL,, (n > 4 even).

Theorem 1.5. Let G be a simple (but not necessarily absolutely simple)

k-group over a field k of characteristic 0. Then the following conditions are

equivalent:

(a) G is stably Cayley over k;

(b) G is isomorphic to Ry, (G1), where l/k is a finite field extension and
G is either a stably Cayley absolutely simple group over l (i.e., one of
the groups listed in Theorem 1.4(b)) or an outer l-form of SOy.

Here Ry, denotes the Weil functor of restriction of scalars.

A key consequence of Theorem 1.3 is that, for a reductive k-group G,
being stably Cayley is a property of its character lattice. If “stably Cayley”
is replaced by “Cayley”, this is no longer the case, even for simple groups.
Indeed, the simple groups: SUg and split o, both defined over the field
R of real numbers, have the same character lattice; both are stably Cayley.
By a theorem of Iskovskikh [16], G2 is not Cayley over R (not even over C);
cf. [20, Proposition 9.10]. On the other hand, SUj is Cayley, see Borovoi—
Dolgachev [4, Thm. 1.2].

For reasons illustrated by the above example the problem of classifying
simple Cayley groups, in a manner analogous to Theorems 1.4 and 1.5,
appears to be out of reach at the moment. In particular, we do not know
which outer forms of PGL,, (if any) are Cayley, for any odd integer n > 5.
Note that all the inner forms of PGL,, over a field k of characteristic 0 are
Cayley, see [20, Example 1.11]. The outer forms of PGL,, for even n > 4
are not stably Cayley (and hence, not Cayley) by Theorem 1.4.

The rest of this paper is structured as follows. Sections 2—6 are devoted
to preliminary material on quasi-permutation lattices, automorphisms and
semi-automorphisms of algebraic groups over non-algebraically closed fields,
and (G, S)-fibrations. While some of this material is known, we have not
been able to find references, where the definitions and results we need are
proved in full generality. We have thus opted for a largely self-contained
exposition.

Theorem 1.3 is proved in Section 7. Theorem 1.4 is an easy consequence of
Theorem 1.3 and previously known results on character lattices of absolutely
simple groups from [20] and Cortella and Kunyavskii’s paper [13]; the details
of this argument are presented in Section 8. The proof of Theorem 1.5 relies
on new results of character lattices and thus requires considerably more
work. After passing to the algebraic closure k, we are faced with the problem
of classifying semisimple stably Cayley groups of the form G = H™/C,
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where H is a simply connected simple group over k and C C H™ is a
central subgroup. Our classification theorem for such groups is stated in
Section 9; see Theorem 9.1. The proof of Theorem 9.1, based on case-by-
case analysis, occupies Section 10-18. In Section 19 we deduce Theorem 1.5
from Theorem 9.1 by passing back from & to k.

2. PRELIMINARIES ON QUASI-PERMUTATION LATTICES

Let T" be a finite group. By a I'-lattice we mean a finitely generated
free abelian group M viewed together with an integral representation I' —
Aut(M). We also think of M as a Z[I'-module; by a morphism (or exact se-
quence) of lattices we mean a morphism (or exact sequence) of Z[I']-modules.
When we write “lattice”, rather than “I’-lattice”, we mean a I’-lattice for
some finite group I'. We say that a lattice is faithful if the underlying integral
representation is faithful. In those cases where we want to emphasize the
dependence on I', we will sometimes write a lattice as a pair (I', M). (The
integral representation I' — Aut(M) is assumed to be clear from the con-
text.) This notation will be particularly useful if we view M as a I'p-lattice
with respect to the different subgroups I'g of I'.

If o: T 5 I' is an isomorphism of finite groups, then by a (-isomorphism
of lattices (T', L), (I", L') we will mean an isomorphism 1: L = L’ such that

Y(yz) = p(y)(z) for all y € T,z € L.

By abuse of notation we will sometimes say that the lattices (I', M) and
(I, M') are isomorphic instead of “p-isomorphic” in two special cases: if
I' =T and ¢ = id, or (i) (I', M) and (I", M’) are ¢-isomorphic for some
o: I 51

Now let k be a field, Ty, = G2 be the split d-dimensional k-torus, T’ be
a finite group. By a multiplicative action of I' on T, we mean an action
by automorphisms of Ty, as an algebraic group over k. Recall that the
following objects are in a natural bijective correspondence:

(i) T-lattices of rank d (up to isomorphism);
(ii) integral representations ¢: I' — GL4(Z) (up to conjugacy in GL4(Z));
(iii) multiplicative actions I' = Auty_grp(Tsp1) (up to an automorphism of
Typ1 as an algebraic k-group).

A T-lattice L is called permutation if it has a Z-basis permuted by I'. We
say that two I'-lattices L and L’ are equivalent, and write L ~ L', if there
exist short exact sequences

0OL—>E—->P—0 and 0L E—>P =0

with the same I'-lattice E, where P and P’ are permutation I'-lattices. For
a proof that this is indeed an equivalence relation, see [10, Lemma 8]. Note
that if there exists a short exact sequence

0—-L—=L —-Q—0,
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where @ is a permutation I'-lattice, then the trivial short exact sequence
0L —-L —-0—=0

shows that L ~ L’. In particular, if P is a permutation I'-lattice, then the
short exact sequence

0—0—P—-P—0

shows that P ~ 0. If I-lattices L, L', M, M’ satisfy L ~ L' and M ~ M’
then L& M ~ L' @ M'.

Definition 2.1. A TI'-lattice L is called quasi-permutation if it is equivalent
to a permutation lattice, i.e., if there exists a short exact sequence

(2.1) 0—-L—P—P —0,
where both P and P’ are permutation I'-lattices.

Lemma 2.2. Let I'1 — [’ be a surjective homomorphism of finite groups,
and let L be a I'-lattice. Then L is quasi-permutation as a I'y-lattice if and
only if it is quasi-permutation as a I'-lattice.

Proof. 1t suffices to prove “only if”. Assume that L is quasi-permutation
as a I'j;-lattice and let I'y denote the kernel ker[I'; — I']. From the short
exact sequence (2.1) of I'i-lattices, where P and P’ are some permutation
I"1-lattices, we obtain the I'g-cohomology exact sequence

0— L— P'o— (P =0

(because L' = L and H'(Tg, L) = 0), which is a short exact sequence of
I-lattices. It is easy to see that P'0 and (P’)'° are permutation I'-lattices,
thus L is a quasi-permutation I'-lattice. O

We say that a I'-action on an algebraic variety X, defined over k, is lin-
earizable (respectively, stably linearizable) if X is I'-equivariantly birationally
isomorphic (respectively, I'-equivariantly stably birationally isomorphic) to
a finite-dimensional k-vector space V with a linear I'-action.

Remark 2.3. By the no-name lemma any two faithful linear actions of a finite
group I' on k-vector spaces V7 and V5 are stably I'-equivariantly birationally
equivalent; see, e.g., [20, Lemma 2.12(c)]. This makes stable linearizability
a particularly natural notion.

Lemma 2.4. Let L be a I'-lattice, and let T, be the associated split k-torus

with multiplicative T-action (i.e., X(T1) = L ).

(a) If L is a permutation lattice then the T'-action on Ty, is linearizable.

(b) L is quasi-permutation if and only if the T'-action on Ty, is stably lin-
earizable.

Proof. (a) Suppose L ~ Z[S] for some finite I'-set S. Let V' be the k-vector
space with basis (es)ses. Then V carries a natural (permutation) I'-action.
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The morphism 77, — V given by

t— Z s(t)es

s€S
is easily seen to be a I'-equivariant birational isomorphism.

(b) By Lemma 2.2 we may assume that I' acts faithfully on L. Let P
be a faithful permutation I'-lattice (e.g., P = Z[I']). Let V be the linear
representation of G constructed in part (a). It now suffices to show that the
following conditions are equivalent:

(i) L is quasi-permutation,

(ii) L ~ P,

(iii) 71, and Tp are I'-equivariantly stably birationally isomorphic,

(iv) Ty, and V are I'-equivariantly stably birationally isomorphic,

(v) T7, is stably linearizable.

Indeed, (i) and (ii) are equivalent by Definition 2.1. (ii) and (iii) are equiva-
lent by [19, Proposition 1.4]; note that, in the terminology of [19, §1.4] k(L)
is precisely the field of rational functions of T7,.

In the proof of part (a) we showed that Tp and V are I'-equivariantly
birationally isomorphic. Consequently, (iii) is equivalent to (iv). Finally,
(iv) = (v) by definition, and (v) = (iv) by the no-name lemma; see

Remark 2.3. O
Lemma 2.5 (cf. [20], Proposition 4.8). Let Wy,...,W,, be finite groups.
Foreachi=1,...,m, let V; be a finite-dimensional Q-representation of Wj.

SetV :=Vi®---BVy,. Suppose L C 'V is a free abelian subgroup, invariant
under W := Wy X -+ X Wp,.

If L is a quasi-permutation W -lattice, then L; := L NV, is a quasi-
permutation W;-lattice, for each i =1,...,m.

Proof. Tt suffices to prove the lemma for i = 1. Set V' := V/V} = V4 @
@& Vyand L' = L/Ly € V'. Then Wy acts trivially on V’ and on L/, in
particular, L' is a permutation Wi-lattice. It follows from the short exact
sequence of Wi-lattices

0—-L—-L—>L =0

that the Wi-lattices L1 and L are equivalent.
Now assume that L is a quasi-permutation W-lattice. Then it is a quasi-
permutation Wi-lattice, and hence so is L. O

Lemma 2.6 (cf. [20], Lemma 4.7). Let Wi,...,W,, be finite groups. For
each i = 1,...,m, let L; be a W;-lattice. Set W := Wy x --- x W,,, and
construct a W-lattice L .= L1 @® - D Ly,.

Then L is a quasi-permutation W -lattice if and only if L; is a quasi-
permutation W;-lattice for each i =1,...,m.

Proof. The “if” assertion is obvious from the definition. The “only if” as-
sertion follows from Lemma 2.5. O



8 M. BOROVOI, B. KUNYAVSKII, N. LEMIRE, AND Z. REICHSTEIN

Lemma 2.7. Let I' be a finite group and L a I'-lattice of rank 1 or 2. Then
L is quasi-permutation.

Proof. This is easily deduced from [29, §4.9, Examples 6, 7]. O

3. AUTOMORPHISMS AND SEMI-AUTOMORPHISMS OF SPLIT REDUCTIVE
GROUPS

3.1. Notational conventions. Let G be a split reductive group over a field
k. We will write T for a maximal k-torus of GG, B for a Borel subgroup, Z =
Z(Q) for the center of G, G* for G/Z, and T?! for T/Z. We identify G*
with the algebraic group Inn(G) of inner automorphisms of G. If g € G2 (k)
(or g € T*4(k)), we write inn(g) for the corresponding inner automorphism
of G.

We will sometimes refer to a pair (7, B), where T is a split maximal k-
torus and T' C B C G is a Borel subgroup defined over k, as a Borel pair. It
is well known that the natural action of G®*!(k) on the set of Borel pairs is
transitive and that the stabilizer in G2 (k) of a Borel pair (T, B) is T%(k).

Given a split maximal torus T C G, let RD(G,T) := (X,X",R,RY)
be the root datum of (G,T). Here X = X(T') is the character group of
T, XV = Hom(X,Z) is the cocharacter group of T, R = R(G,T) C X
is the root system of G with respect to T, and RV C XV is the coroot
system of G with respect to T'. The bijection R — R sending a root to the
corresponding coroot is a part of the root datum structure. For details, see
(25, §1.1] or [26, §7.4].

Given a Borel pair (T, B), let BRD(G, T, B) := (X, X", R, RY,A,AY) be
the based root datum of (G,T,B). Here A C R is the basis of R defined
by B, and AY C RV is the corresponding basis of RY. For details, see [25,
§1.9).

The automorphism group Aut(G) is known to carry the structure of a k-
group scheme; note however, that this k-group scheme may not be of finite
type. The automorphism groups Aut RD(G,T) and Aut BRD(G, T, B) are
closed group subschemes of Aut(G) defined over k. These k-group schemes
are discrete, in the sense that their identity components are trivial.

3.2. Semi-automorphisms. Let G be a connected reductive group over
an algebraic closure k& of k. We denote by SAut(G) the group of k/k-
semi-automorphisms of G. We view SAut(G) as an abstract group. For
a definition of a semi-automorphism, see [3, §1.1] or [14, §1.2]. (Note that in
these papers semi-automorphisms are called “semialgebraic” and “semilin-
ear” automorphisms, respectively.) If G is a k-form of G, then any element
o € Gal(k/k) defines a o-semi-automorphism o,: G — G, and any semi-
automorphism of G is of the form a = a o o, where ¢ € Gal(k/k) and
a: G — G is a k-automorphism of the k-group G.

Fix (T,B) as above. For any a € SAut(G) there exists g € éad(l%)
such that inn(g)(a(T),a(B)) = (T,B). The semi-automorphism inn(g)a
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of G defines a semi-automorphism of T depending only on a (since the
coset Tadg_l is uniquely determined). The automorphism of X = X(T))
induced by inn(g)a preserves R = R(G,T) and B and thus permutes the
elements of the basis A of R defined by B. In other words, it gives rise
to an automorphism BRD(G, T, B) — BRD(G, T, B), depending only on a,
which we denote by ¢z g(a).

Proposition 3.1. (a) ¢z 5: SAut(G) — Aut BRD(G, T, B) is a group ho-
momorphism.

(b) Inn(G) C Ker(¢r 5).
(¢c) Suppose (T’,EI) is another Borel pair for G. Choose u € éad(l%) so that
(T,B) = inn(u)(T’,Fl). Then the following diagram commutes

Aut BRD(G, T, B)
SAut (@) inn(u)*

Auwt BRD(G, T, B)).
Moreover, the automorphism inn(u)* in this diagram is independent of
the choice of u.

Proof. (a) Given a1, az € SAut(G), choose g1, g2 € G so that inn(g;) a;(T,B) =
(T, B). Then inn(gy) (a; inn(gz) a; ') € Inn(G); denote this inner automor-
phism by inn(g) for some g € G*'. Then inn(g)ajas(T, B) = (T, B) and
thus

¢ plaraz) = inn(g) araz = inn(gr) a1 inn(g2) a2 = o7 glar) o7 glaz) .
Therefore, @7 7 is a homomorphism.

(b) is obvious from the definition.

(¢) Let a € SAut(G). By our choice of u € éad, we have (T,B) =
inn(u)(Tl,F/). Choose g € Ead, as before, so that inn(g) a(T, B) = (T, B).
Then
inn(u 1) inn(g) (ainn(u) a=t) € Inn(G);

denote this automorphism by inn(g’) for some ¢’ € G One readily checks
that inn(¢')a(T’, B') = (T, B') and thus

@7 g (a) = inn(g') a = inn(u~") inn(g) ainn(u) = inn(u ') o7 5(a) inn(u),
as desired. To prove the last assertion of part (c), note that the coset uT’

is independent of the choice of u. Hence, so is the map inn(u)* in the
diagram. O



10 M. BOROVOI, B. KUNYAVSKII, N. LEMIRE, AND Z. REICHSTEIN

3.3. Automorphisms of split reductive groups.

Proposition 3.2 (cf. [24, Exposé XXIV, Thm. 1.3]). Let G be a split
connected reductive group defined over k, T C G be a split mazimal torus,
and B DT be a Borel subgroup of G defined over k. Set G := G Xy k.

(a) The composite homomorphism of abstract groups

ér.5: Aut(G) < SAut(G) =5 Aut BRD(G, T, B)

admits a Gal(k/k)-equivariant splitting (homomorphic section) v of the
form

¥: Aut BRD(G,T, B) — Aut(G, T, B) — Aut(G).
Here Aut(G, T, B) denotes the subgroup of Aut(G) consisting of auto-
morphisms that preserve the Borel pair (T, B).
(b) The homomorphism ¢r g of part (a) fits into a split short exact sequence

of abstract groups

— —. ¢7.B

1 — Inn(G) — Aut(G) — Aut BRD(G, T, B) — 1,
which comes from a split short exact sequences of group schemes over k
(3.1) 1— G*™ — Aut(G) -2 Aut BRD(G,T, B) — 1.

Note that since T is split over k, the Gal(k/k)-action on Aut BRD(G, T, B)
is trivial.

Proof. (a) Recall that a pinning of (G, T, B) is a choice of a nonzero X, C g,
for each o € A, where

Lie(G) = Lie(T) & P ga
acR
is the root decomposition, and A is the basis of R = R(G,T) associated
with B. By the isomorphism theorem, see [24, Exposé XXIII, Thm. 4.1] or
[12, Proposition 1.5.5], the canonical homomorphism

Aut(G, T, B, (Xa)aca) — Aut BRD(G, T, B)

is an isomorphism. Composing the inverse isomorphism with the natural
embeddings

Aut(G, T, B, (Xa)aea) = Aut(G, T, B) — Aut(G) — Aut(G),

we obtain a section 1 of ¢ g of the desired form.
(b) See [24, Exposé XXIV, Proof of Thm. 1.3]. O

Corollary 3.3. Every abstract subgroup M C Aut(G), containing Inn(G)
as a subgroup of finite index, is of the form M = M(k) for some linear
algebraic k-group M = Inn(G) x A C Aut(G). Here A C Aut(G,T,B) is a

finite k-group, all of whose k-points are defined over k.
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Proof. Set A’ := ¢7,p(M) C Aut BRD(G,T, B). Then A’ is a finite alge-
braic k-group all of whose k-points are defined over k. Set M = ¢~ 1(A’) C
Aut(G), where ¢: Aut(G) — AutBRD(G,T,B) is a homomorphism of
group k-schemes, as in (3.1). Then M is a group k-scheme and M (k) = 9.
Set A = ¢(A") C Aut(G, T, B), where v is the splitting of Proposition 3.2,
then M = Inn(G) x A. Since M has finitely many connected components,
and the identity component G®1 of M is an affine k-group, we conclude that
M is affine as well. In other words, M is a linear algebraic k-group, as

desired. O

4. THE CHARACTER LATTICE AND THE GENERIC TORUS

Throughout this section G will denote a connected reductive k-group,
not necessarily split, and 7' C G will denote a maximal k-torus. We write
G:=G xXpk, T =T Xy k, and choose a Borel subgroup B D T of G.

4.1. The character lattice of a reductive group.

Definition 4.1. (a) We define A5 to be the image of the composite ho-
momorphism

Gal(k/k) — SAut(@) 2% Aut BRD(G, T, B) — Aut X(T).
(b) We define the extended Weyl group W™ (G, T, B) by
WG, T, B) := W(G,T) - Arg C Aut X(T).

Note that We*(G, T, B) is a subgroup of Aut RD(G, T) (and thus of Aut X(T)),
because W (G, T) is normal in Aut RD(G, T). We call the pair (W*(G, T, B), X(T))
the character lattice of G.

Remark 4.2. Let T’_ C G be another maximal k-torus, and B oT bea
Borel subgroup of G. Then it is easy to see that for u as in Proposition
3.1(c), the isomorphism inn(u)*: X(T) — X(T/) induces an isomorphism of
groups

AT’E — AT’,E’
), X(T)) = (WG, 1", B)), X(T")).
,T,B),X(T)) is defined uniquely

and an isomorphism of lattices (W®(G, T,
In other words, the character lattice (We(
up to a canonical isomorphism.

Moreover, if T'= T" then Apg = wATEw_l for some w € W(G,T).
Thus different choices of B give rise to the same (and not just isomor-
phic) subgroups W™(G, T, B) or Aut X(T). For this reason we will write
WG, T) in place of WY(G, T, B) from now on.

Lemma 4.3. W™(G, T) = W(G,T)im Ay, where A\r: Gal(k/k) — Aut X(T)
is the usual action of the Galois group on the characters of T.

B
G

Proof. By the definition of ¢7 5, for any o € Gal(k/k) there exists w, €
W (G,T) such that o7 5(0) = w, Ar(0). O
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Corollary 4.4. Suppose G is a connected reductive k-group, T is a mazximal
k-torus, and K/k is a field extension such that k is algebraically closed in K .
Then WG, T) = W™ Gk, Tk) as subgroups of Aut X(T) = Aut X(T).
Proof. By Lemma 4.3, it suffices to show that im A7 = im A, . Since T splits
over k, the action of the Galois group Gal(K/K) on X(T) factors through
the natural homomorphism Gal(K /K) — Gal(k/k). By [18, Thm. VI.1.12],
this homomorphism is surjective. Thus im A7 = im A7, as desired. U

Lemma 4.5. Let T' be a mazimal k-torus of G and B O T be a Borel
subgroup of G. Then W™(G,T) is a semi-direct product: WG, T) =
W(G,T) x Arp.

Proof. Since AT,E C Aut BRD(G,T, B), every element of AT,E preserves
the basis A of R(G,T) corresponding to B, while in W(G,T) only the
identity element 1 preserves A. Thus W(G,T) N Ay 5 = {1}. By definition
W(G,T)- Apg =W (G, T), and the lemma follows. O

4.2. The generic torus. Let T' be a maximal k-torus of G and Tge, be
the generic torus of G. Recall that Tge, is defined over the field Kgep =
k(G/Ng(T)), where Ng(T) denotes the normalizer of T'in G. For details of
this construction, see [29, §4.2]. For notational simplicity we will write K
in place of Kgen for the remainder of this section.

Proposition 4.6. Let G be a connected reductive k-group and T be a maz-

imal k-torus. Then

(a) the image A of Gal(K /K) in Aut X(Tyen) coincides with W™ (G, Tyen)-

(b) The character lattice (A, X(Tyen)) of the generic torus is isomorphic to
the character lattice of G.

If G is semisimple then the proposition is an immediate consequence of a
theorem of Voskresenskii’s [29, Theorem 4.2.2]; cf. Lemma 4.5.

Proof. (a) We claim that the image of the Galois group Gal(K/kK) in
Aut X(Tgen) coincides with the Weyl group W (G, Tyen). If G is semisim-
ple this is Theorem 4.2.1 in [29]. In the general case, we consider the
derived subgroup G = [G,G] of G which is a connected semisimple
group. Consider the radical R of G (the identity component of the cen-
ter). Since G is reductive, R is a k-torus. The generic torus Tye, of G
and the generic torus Ty, C G of G are defined over the same field
K = k(G/Na(T)) = k(G /Ngae: (T N GT)). Note that Tyen = Tpep - Ric
and T", N R is finite. Hence, there is a canonical isomorphism

gen
X(Tgen) @ Q = X(Tyen) ®Q @ X(Rg) @ Q,
where X(Tgen) stands for X(Tgen). Let
p: Gal(K/kK) — Aut X(Tyen) ® Q,
p': Gal(K/kK) — Aut X(T,,) ® Q



STABLY CAYLEY GROUPS IN CHARACTERISTIC 0 13

be the corresponding actions. Since Rk splits over kK, the Galois group
Gal(K/kK) acts trivially on X(R). Hence, for every o € Gal(K/kK) we
have

p(o) = (p'(0),1) € Aut X(Tge,) ®Q x Aut X(Rg) @Q C Aut X(Tyen) ® Q.

By Voskresenskii’s theorem [29, Theorem 4.2.1], we have im p’ = W(G%r, Tgen)

and hence

imp = W(G%r’Tg/en) x {1} = W(Gfa Tgen)'

This proves the claim.

Now recall that by Lemma 4.3, W™ (G, Tyen) is generated by 2 and
W (Gr,Tgen). The claim tells us that, in fact, W(G g, Tgen) C 2. Hence,
W (G, Tyen) = 2.

(b) Consider two maximal tori in Gk, Tgen and Txg = T X} K. By
Remark 4.2 the lattices

(W (G, Tgen) X(Tgen)) and (W (G, T ), X(Tk))

are isomorphic. By part (a), the character lattice (2, X(Tgen)) of the generic
torus coincides with (W (G, Tyen), X(Tgen)). On the other hand, since
the k-variety G/Ng(T) is absolutely irreducible, k is algebraically closed in
K = k(G/Ng(T)). Thus by Corollary 4.4, (W*(G g, Tk),X(Tk)) coincides
with (We(G, T),X(T')), which is the character lattice of G. O

5. FORMS OF REDUCTIVE GROUPS

Let Ggp1 be a split connected reductive k-group. Recall that any k-form
G of Ggp is k-isomorphic to a twisted group .Gyp for some cocycle z €
Z1(k, Aut(Ggp1)). Sending z to .Gy gives rise to a natural bijective corre-
spondence between the non-abelian Galois cohomology set H'(k, Aut(Ggp1))
and the isomorphism classes of k-forms of Ggp1. For details on this, see e.g.
26, §611.3 and 12.3).

5.1. Choosing a “small” cocycle. Let G be a connected reductive k-
group, not necessarily split. Let T C G be a maximal torus, and let B D T
be a Borel subgroup. Let Gy, be a split k-form of G. We choose and fix a
k-isomorphism 6: @pl — G. Choose a Borel pair (T, spl, Bspl) in Gp1. After
composing  with an inner automorphism of G, we may (and shall) assume
that 0 takes (Tp1, Bspl) to (T, B). Then 6 induces isomorphisms Aut(G) —
Aut(GSpl), BRD(G, T, B) — BRD(GSPI, Tsph Bspl) = BRD(GSpl, TSp17 Bsp1)7
etc.

Definition 5.1. Let G, G, and 6 be as above. Let A5 denote the image
of Gal(k/k) in Aut BRD(G, T, B), as in Definition 4.1, it is a finite group.
Note that 6 induces an isomorphism

0.: Aut BRD(G,T, B) = Aut BRD(Ggp1, Tupl, Bspl)-
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Set Y4 := 0.(Ap5) C Aut BRD(Ggpl, Tipt, Bpt). We define Mg C Aut(Gyp)
to be the preimage of the finite group %4 in Aut(Ggp1) under

¢: Aut(Gspl) — Aut BRD(GSpl, Tspla Bspl) ;

see exact sequence (3.1) of Proposition 3.2(b) (for Ggp1). Then Mg is an
algebraic group defined over k; see Corollary 3.3. Set

W = 0,(W™(G,T)) C Aut X(Tip),

so that fwext — W (Gsp1, Tupi) - 9A. Note that the group W acts multi-
plicatively (i.e., by group automorphisms) on the split k-torus Typ).

Proposition 5.2. With the notation of Definition 5.1, G is isomorphic to
Gep for some cocycle z € Z(k, M¢).

Proof. For o € Gal(k/k) denote by 3(c) the semi-automorphism of G and by
Bspi(0) the semi-automorphism of G, induced by . Under the usual corre-
spondence between k-forms of Ggp and H(k, Aut(Ggp)), G is k-isomorphic
to .G, for the cocycle z(c) := 9B(0) o Bepi (o)L Gspl = Gspl, where 93(a) is
the image of 3(¢) under the isomorphism Aut(G) —— Aut(Gyp) induced
by 6.

It remains to show that z(c) € Mg(k), or equivalently, zprp(c) :=
07— 55— o z(0) lies in %A, for every o € Gal(k/k). Consider the diagram

plv spl

¥TB

SAut(G)

/
Bspl

Aut BRD(G, T, B)

— PTBgl
SAut(Gapl) — "~ Aut BRD(Gxp1, Topl, Bepl)s

where the vertical isomorphisms are induced by 6. The commutativity of
this diagram tells us that

28R (0) = 0.(7(0)) 0 51 (0) 77,
where v := @7 50 and vspl := P B © Bspi denote the actions of Gal(k/k)

on BRD(G, T, B) and on BRD(Gqpi1, Typt, Bspl) = BRD(Gepi, Tept, Bepi), e
spectively. Since the Galois group Gal(k/k) acts trivially on BRD(Gspi, Tupl, Bspi),
we see that yspi(0) = id and zgrp(o) = 04(y(0)). By definition, (o) €
Arg. Thus 2grp(0) € 0 (App) = 94, as desired. O

5.2. Forms of Cayley groups.

Lemma 5.3. Let G be a split reductive k-group, M be a closed k-subgroup
of Aut(G) containing Inn(G), and z € Z'(k, M).
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(a) If there exists an M -equivariant birational isomorphism f: G --+ Lie(G),
then .G is a Cayley group.

(b) If there exists an M -equivariant birational isomorphism f: G xp A" --»
Lie(G) xx A" for some r > 0, where M acts trivially on the affine space
A", then ,G is a stably Cayley group.

(¢) If G is Cayley, then any inner form of G is also Cayley.

(d) If G is stably Cayley, then any inner form of G is also stably Cayley.

Proof. (a) Since f is M-equivariant, we can twist f by z and obtain an
~M-equivariant birational isomorphism

2f: .G --+,Lie(G).

By functoriality of the twisting operation, ,Inn(G) = Inn(,G) C .M (|26,
Lemma 16.4.6]) and ,Lie(G) = Lie(,G). Thus ,f is an , M-equivariant (and,
in particular, Inn(,G)-equivariant) rational map ,G --» Lie(,G). Twisting
f~! by z in a similar manner, we see that . f is, in fact, a birational isomor-
phism, i.e., a Cayley map for ,G.

(b) Replace G by G x G, and apply part (a).

(¢) An inner form of G is, by definition, a twisted form .G, where z €
Z'(k,Inn(G)). If G is a Cayley group, then there exists an Inn(G)-equivariant
birational isomorphism f: G --+ Lie(G), hence by (a), .G is a Cayley group.

(d) If G is a stably Cayley group, then G xj G, is Cayley for some 7,
and we may identify Inn(G) with Inn(G x; G%,). If z € Z1(k,Inn(G)) =
ZY(k,Inn(G x1,GT,)), then by (b), the twisted group (G x;Gr,) = .G x, G,
is Cayley, hence ,G is stably Cayley. U

6. (G, S)-FIBRATIONS AND (G, S)-VARIETIES

The proof of Theorem 1.3 in the next section relies on the notions of
(G, S)-fibration and (G, S)-variety. This section will be devoted to prelimi-
nary material on these notions.

6.1. (G,S)-fibrations. Let G be a linear algebraic k-group and S be a k-
subgroup. Recall that a (G, S)-fibration is a morphism of k-varieties 7: X —
Y, where GG acts on X on the left, 7 is constant on G-orbits, and after a
surjective étale base change Y/ — Y there is a G-equivariant isomorphism
between G/S X; Y’ and X xy Y’ over Y/, cf. [9, §2.2]. If S = {1}, then a
(G, S)-fibration is the same thing as a left G-torsor. Note that in general,
X — Y can be both a (G, Sp)-fibration and a (G, Sq)-fibration for non-
isomorphic k-subgroups S1, 52 C G. However over an algebraic closure of k,
S1 and S5 become conjugate.

The following lemma generalizes well-known properties of torsors to the
category of (G, S)-fibrations.

Lemma 6.1. Let m: X — Y, m: X1 — Y1 and my: Xo — Y be (G, S)-
fibrations.
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(a) Every G-equivariant morphism f: X1 — X is a morphism of (G, S)-
fibrations, i.e., gives rise to a Cartesian diagram

X1 —f>X2

Y1 —Y5.

In other words, X1 = Xa Xy, Y1, where the G-action on Xa Xy, Y7 is
induced by the G-action on Xs.

(b) Every G-invariant closed (respectively, open) subvariety Xo C X is of
the form n=1(Yy) for some closed (respectively, open) subvariety Yy of Y.
In particular, X is itself the total space of a (G, S)-fibration 7 |x,: Xo —
Yp.

(c) The map f in part (a) is dominant if and only if f is dominant.

Proof. (a) We first define the map f: Y7 — Y3 locally in the étale topology
on Y. Let {U,} be an étale open cover of Y7 such that X is G-equivariantly
isomorphic to G/S X Uy, over each U,. Then over each Uy, the map m; has
a section sq: U, — 7T1_1(Ua), and we can define f by composing s, f and
9. The resulting local map is independent of the choice of s; these maps
patch up to a k-morphism f:Y; — Y5 by étale descent.

By the universal property of fibered products there exists a morphism
¢: Xi — Xo Xy, Y7 over Yj. This morphism is unique and hence, G-
equivariant. Thus it suffices to show that ¢ is an isomorphism. Note that ¢
is a G-equivariant morphism between (G, S)-fibrations over Y;. We want to
show that if Y7 = Y5 and f = id in the above diagram then f is an isomor-
phism. We do this by constructing f~!. Let {U,} be an étale local cover of
Y1, trivializing both X; and X5. That is, over each U,, X; and X5 are both
G-equivariantly isomorphic to G/S x;, U,. Hence, f~! is (uniquely) defined
and is G-equivariant over each U,. Once again, using étale descent, we
see that these local inverses patch together to a well-defined G-equivariant
k-morphism f~': Xy — X.

(b) Since open subsets are complements of closed subsets, it suffices to
consider the case where X is closed. We claim that 7(Xy) is closed in Y.
It is enough to check this claim locally in the étale topology, so we may
assume that X = G/S x; Y and 7 is the projection onto the second factor.
Since X is G-equivariant, Xy contains {1} x; 7(Xp). Moreover, since Xy
is closed, X contains {1} x m(X(). We conclude that 7(Xj) is contained in
m(Xp), i.e., m(Xp) is closed, as claimed.

After replacing Y by m(X) and X by 7~ !(m(Xp)), it now suffices to show
that if Xy C X is closed and G-invariant and 7(Xy) =Y then Xy = X. To
do this, we construct the inverse to the inclusion map Xy < X. We first do
this étale-locally, where we may assume X = G/S XY and hence, Xg = X,
then use étale descent to patch together local inverses into a morphism
X — X defined over Y.
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(c) By part (b), the closure of f(X1) in Xy is of the form 7, }(C) for some
closed subset C' C Y2. Thus f is dominant if and only if C' = Y5, that is, if
and only if f is dominant. (]

Let N := Ng(S) be the normalizer of S in G, W := N/S, and X — Y
be a (G, S)-fibration. Note that W is again a linear algebraic group over k.
Denote the S-fixed point locus in X by X°. The G-action on X induces
an N-action on X°. Since S acts trivially on X®, this N-action descends
to a W-action on X°. By trivializing the (G, S)-fibration X — Y over an
étale cover Y — Y, we see that X° — Y is in fact a W-torsor; see 9,
Proposition 2.9]. Conversely, starting with a W-torsor Z — Y, we can
build a (G, S)-fibration X — Y by setting X to be the “homogeneous fiber
space” G xN Z, i.e., the quotient of G xj, Z by the left N-action given by
n-(g,z) = (gn~!, nx). This quotient can either be constructed locally, in
the étale topology on Y, by descent, or globally as a geometric quotient in
the sense of geometric invariant theory. For details on these constructions,
we refer the reader to [9, §2.2].

Proposition 6.2. Let Vary be the category of quasi-projective varieties, and
Fibq ) be the functor from Vary to the calegory of sets which associates
to a quasi-projective variety Y the set of isomorphism classes of (G, S)-
fibrations over Y, and to a k-morphism of varieties Y — Y the pull-back
morphism which base-changes (G, S)-fibrations overY to Y. If S = {1}, we
will write Torg in place of Fibg g)-

Then the two constructions described above give rise to an isomorphism
between the functors Fibq sy and Tory .

Proof. See [9, Proposition 2.10]. O

6.2. (G, S)-varieties. A k-variety X with a left action of G is called a
(G, S)-variety if it contains a dense open subset X’ C X which is the total
space of a (G, S)-fibration X' — Y.

Lemma 6.3. Let G be a reductive k-group, T C G a mazimal k-torus,
and M be an algebraic subgroup of the group k-scheme Aut(G) containing
Inn(G). Then G and its Lie algebra Lie(G) are both (M, T*)-varieties.

In the case where M = Inn(G), the lemma was proved in [9, Proposition
4.3].

Proof. Being a (G, S)-variety is a geometric notion. That is, suppose k’/k
is a field extension. Then X is a (G, S)-variety over k if and only if X/ is a
(Gyr, Sy )-variety over k’. Thus, after replacing k by a suitable k', we may
assume that G and T are split.

We will only consider the M-action on Gj the case of the M-action on
Lie(G) is similar. By Corollary 3.3, M = Inn(G) x A, where A is a finite
group of automorphisms of G and every element of A preserves T

Our proof will rely on [9, Proposition 2.16]. To apply this proposition
we need to check that the M-action on G is stable, i.e., the M-orbit of
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x € G(k) is closed for = in general position. By [9, Corollary 4.2], the
conjugation action of G on itself is stable. Since A is a finite group, the
group M contains G®1 as a subgroup of finite index, and therefore the M-
action on G is also stable.

By [9, Proposition 2.15(i)], we can now conclude that G is an (M, S)-
variety for some subgroup S C M. Moreover, by [9, Proposition 2.16], in
order to show that we may take S = 729, it suffices to exhibit a dense subset
D C G(k) defined over k such that the stabilizer of every p € D in M is
conjugate to 724,

In fact, it suffices to construct a dense open subset U C T defined over k
such that the stabilizer of every p € U(k) is conjugate to T2!; we can then
take D to be the union of Inn(G)-translates of U(k).

Consider the set T"8 of regular points of T'. By [2, §12.2], T"8 is a dense
open subset of T defined over k. We claim that for ¢ € T"® in general
position, Stabys(t) = T, Indeed, suppose g € M stabilizes ¢. Since ¢ lies
in a unique maximal torus of G (see [2, Proposition 12.2(4)]), ¢(T") = T.
Equivalently, g lies in Ngaa(7%4) x A € M. The latter group acts on T via
its finite quotient W x A, and the W x A-action on T is faithful (see the
proof of Lemma 4.5). The fixed points of each element of W x A form a
proper closed subvariety of 7"°8. Removing these closed subvarieties from
T8, we obtain a dense open subset U C T such that Staby a(t) = {1} or
equivalently, Stabys(t) = T?! for every t € U, as desired. O

Proposition 6.4. Suppose X1 and Xo are (G, S)-varieties such that the
fized point loci X7 and X5 are irreducible. Set N := Ng(S), W := N/S.
Then

(a) every G-equivariant dominant rational map a: Xy --+ Xo restricts to a
W -equivariant dominant rational map (: Xf -— Xég .

(b) Every W -equivariant dominant rational map B: Xig -— Xég lifts to a
unique G-equivariant dominant rational map a: Xy --+ Xo.

(¢) Moreover, B is a birational isomorphism if and only if so is .

Proof. For i =1,2 let X/ be a G-invariant dense open subset of X; which is
the total space of a (G, S)-fibration, X! — Y;. Since each XZ-S is irreducible,
the non-empty open subset (X! )S is dense in XZ-S . Hence, the dominant ratio-
nal map X¢{ --» X5 restricts to a dominant rational map (X})% --» (X3)%,
and we may, without loss of generality, replace X; by X/ and thus assume
that X; is the total space of a (G, S)-fibration X; — Y;. Lemma 6.1(b) now
tells us that after removing a proper closed subset from Y] (and its preimages
from X7 and Xf), we may assume that f is regular. By Proposition 6.2,
X# =Y is a W-torsor for i = 1,2. By Lemma 6.1(a), o is a morphism of
(G, S)-fibrations, and 8 = o xS X? — X5 is a morphism of W-torsors.
By Proposition 6.2, Xis — Y is a W-torsor for i = 1,2. We thus obtain the
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following diagram

«

I~ M/
/. o\

(e}

Y1 Ys.

By Proposition 6.2, « restricts to g and g lifts to « in a unique way. More-
over, o and § induce the same morphism @ = : Y; — Ys.

By Lemma 6.1(c), « is dominant if and only if @ = 3 is dominant if and
only if 8 is dominant. This proves (a) and (b).

(c) If o is a birational isomorphism, then restricting a~! to X f , we obtain
an inverse for 8. Similarly, if 8 is a birational isomorphism, then extending
B~ to Xy --» X, we obtain an inverse for a. O

Corollary 6.5. Let G be a connected reductive k-group and T C G be a
mazximal k-torus. Then G is Cayley if and only if there exists a W(G,T)-

equivariant birational isomorphism T - Lie(T) defined over k.

Note that here, as before, we view the Weyl group W (G, T') as an algebraic
group over k.

Proof. By Lemma 6.3, with M = Inn(G), X; = G and X3 = Lie(G) are
both (Inn(G), T#)-varieties. The fixed point loci, Xfad =T and X2Tad =
Lie(T), are irreducible. The desired conclusion is now a direct consequence
of Proposition 6.4: there exists a G-equivariant birational isomorphism

a: G = X1 -=» Xy = Lie(G)

(i.e., a Cayley map for G) if and only if there exists a W (T)-equivariant
birational isomorphism 8: T = X{ D xr ' = Lie(T). O

7. PROOF OF THEOREM 1.3

(a) = (b). First suppose G is Cayley over k. Then G is Cayley over
K for every field extension K/k. Then by Corollary 6.5, every maximal
K-torus T of Gk is K-rational.

Now suppose G is stably Cayley over k, i.e., G x GJ, is Cayley for some
r > 0. Then the above argument shows that for every K-torus T of G,
T x G}, is K-rational. Hence, T is stably K-rational, as claimed.

(b) = (c) is obvious.

(c) <= (d). By Proposition 4.6, the character lattice X(G) of G is isomor-
phic to the character lattice of the generic torus Tye, of G. Since a torus 7' is
stably rational if and only if its character lattice X(7T') is quasi-permutation
(see [29, Theorem 4.7.2]), (c) and (d) are equivalent.
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(d) = (a). Let Ggp be a split k-form of G. Let (Typ1, Bspl) be a Borel
pair in Ggp defined over k, T be a maximal k-torus of G, and B be a Borel
subgroup defined over the algebraic closure k and containing 7. We choose
and fix an isomorphism 6: Gsp) — G taking (Typl, Bspl) to (T, B), and we
construct the subgroup Mg C Aut(Gsp1) using 6, as in Subsection 5.1. By
Proposition 5.2, G is isomorphic to ,Ggp for some cocycle z € Z Yk, Mg).
By Lemma 5.3(b), in order to show that G is stably Cayley, it suffices to
construct an Mg-equivariant birational isomorphism

(7.1) Gepl X GT, -=» Lie(Gyp)) x A

for some r > 0, where Mg acts trivially on the split torus G, and the affine
space A". By Lemma 6.3, X := Gyp X Gj,, and Xy := Lie(Gp1) x A" are
both (Mg, S)-varieties, where S := (Ty,)®d. By Proposition 6.4, in order
to construct an Mg-equivariant birational isomorphism (7.1), it suffices to
construct an Ny (S)/S-equivariant birational isomorphism X7 --» X5,
where Xy = Ty x GI,, X5 = Lie(Typ,) x A". Note that Ny, (9)/S is
isomorphic to the group YW C Aut X(Typ1) (see Subsection 5.1).

It thus remains to show that there exists a W*t-equivariant birational
isomorphism

(7.2) Tyor X GI, -=» Lie(Typ)) x A

for some r > 0. By the definition of YW, the lattice (YW X(Tyy)) is
isomorphic to the character lattice (V(G,T),X(T)) of G. By condition (d)
of the theorem, the character lattice of G is quasi-permutation, hence so is
the lattice (YW X(T4,1)). By Lemma 2.4(b), this implies that the ¢ Wet-
action on the split torus Ty is stably linearizable. In other words, Tyy is
OWext_equivariantly stably birationally isomorphic to a faithful linear repre-
sentation V of the finite group W, On the other hand, by Remark 2.3,
the vector space V' is W*t-equivariantly stably birationally isomorphic to
Lie(Typ1). Composing these two OWext_equivariant birational isomorphisms,
we see that Ty and Lie(Typ) are OWext_equivariantly stably birationally
isomorphic. In other words, (7.2) holds for a suitable r > 0, as claimed.
This completes the proof of Theorem 1.3. O

Corollary 7.1. Let k be a field of characteristic 0. Then every reductive
k-group G of rank < 2 is stably Cayley.

Proof. By Lemma, 2.7 the character lattice of G is quasi-permutation. Thus
G is stably Cayley by Theorem 1.3.

Alternatively, the generic torus of G is of dimension < 2 and hence, is
rational; see [29, §4.9, Examples 6, 7]. Once again, we conclude that G is
stably Cayley by Theorem 1.3. O
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8. PROOF OF THEOREM 1.4

To show that (a) = (b), suppose G is stably Cayley over k. Then Gj,
is stably Cayley over k, where k denotes an algebraic closure of k. By [20,
Theorem 1.28], Gy, is one of the following groups:

(8.1) SLs, SO, (n # 2,4), Spy,, (n > 1), PGL, (n > 2), G.

In other words, G is a k-form of one of these groups. (Note that the group
SL,, which appears in the statement of [20, Theorem 1.28], is isomorphic
to Spy.) If G is an outer form of PGL,, where n > 4 is even, then by [13,
Theorem 0.1] the generic torus of G is not stably rational, and by Theorem
1.3, G is not stably Cayley. Thus if G is stably Cayley, then G is one of the
groups listed in part (b).

It remains to prove that (b) = (a), i.e., that all groups listed in part (b)
are stably Cayley.

The classical Cayley transform shows that all forms of SO,, and Sp,,
are Cayley; see [20, Example 1.16]. All forms of the groups SL3 and Go
are of rank 2, hence their generic tori are rational by [29, Example 4.9.7],
and by Theorem 1.3, these groups are stably Cayley. Every inner form of
PGL,, is Cayley by [20, Example 1.11]; cf. also Lemma 5.3(c). Finally,
the generic torus of any form of PGL,, for n odd is rational, hence stably
rational by [30, Corollary of Theorem 8|. By Theorem 1.3, we conclude that
outer forms of PGL,, for n odd are stably Cayley. This completes the proof
of Theorem 1.4. O

9. STATEMENT OF THEOREM 9.1 AND FIRST REDUCTIONS

In view of Theorem 1.4 it is natural to ask for a classification of stably
Cayley semisimple groups, initially over an algebraically closed field of char-
acteristic zero. This problem turns out to be significantly more complicated;
a complete solution is out of reach at the moment; cf. Remark 9.3. Fortu-
nately, for the purpose of proving Theorem 1.5, we can limit our attention
to semisimple groups all of whose simple components are of the same type.
Theorem 9.1 stated below gives a classification of stably Cayley groups of
this form; this theorem will be a key ingredient in our proof of Theorem 1.5
in Section 19. The proof of Theorem 9.1 will occupy much of the remainder
of this paper.

Theorem 9.1. Let k be an algebraically closed field of characteristic 0 and
G be a semisimple k-group of the form H™/C, where H is a simple and
simply connected k-group and C is a central k-subgroup of H™. (In other
words, the universal cover of G is of the form H™.) Then G is stably Cayley
if and only if G is isomorphic to a direct product G1 Xy, --- X G, where
each G; is either a stably Cayley simple k-group (i.e., is one of the groups
listed in (8.1)) or SO4.

Note that SOy is semisimple but not simple. The “if” direction of Theo-
rem 9.1 is obvious, since the direct product of stably Cayley groups is stably
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Cayley. (As we mentioned in the previous section, SOy is Cayley via the
classical Cayley transform.) Thus we only need to prove the “only if” di-
rection. The proof will proceed by case-by-case analysis, depending on the
type of H. We begin with the following easy reduction.

Lemma 9.2. Let H be a simply connected simple group over an algebraically
closed field k and C be a central subgroup of H™ for some m > 1. Let H;
denote the it" factor of H™, m; denote the natural projection H™ — H;,
and C; = m;(C) C Z(H;), where Z(H;) denotes the center of H;. Assume
H™/C is stably Cayley. Then

(a) H;/C; is stably Cayley;
(b) H is of type A,, (n >1), B, (n>2), C, (n>3), D, (n>4), or Gs.

Proof. Part (a) is a direct consequence of [20, Prop. 4.8]. To prove part
(b), note that by [20, Thm. 1.28], H;/C} is of one of the types listed in the
statement of the lemma. O

We will now settle two easy cases of Theorem 9.1, where H is of type C,
(n > 3) and Gao.

Proof of Theorem 9.1 for H = Gg. Here Z(H) = {1}, so C C Z(H)™ is
trivial, and

H™/C = H™ = Gg Xp -+ X G (m times)

is a product of stably Cayley simple groups. U

Proof of Theorem 9.1 for H of type C,, (n > 3). Let H = Sp,,, and C be a
subgroup of Z(H)™ = u%'. We will show that if H™/C' is stably Cayley,
then C' = {1}.

Indeed, if H™/C is stably Cayley, then, by Lemma 9.2, so is H;/C;. Here
H; = Spy,,, and C; is a central subgroup (either ug or {1}). On the other
hand, by [20, Theorem 1.28], if the group Sp,,, /C; is stably Cayley for some
n > 3 then C; = {1}. Thus C projects trivially to every H;, which is only
possible if C'= {1}. We conclude that

H™/C = H™ = Spy,, X+ + Xk SPg,, (m times)
is a product of Cayley simple groups, as desired. O

Remark 9.3. We conjecture that Theorem 9.1 remains true for every semisim-
ple k-group G over an algebraically closed field k of characteristic 0, without
any additional assumption on the universal cover of G. That is, a semisimple
k-group is stably Cayley, if and only if it is isomorphic to a direct product
G1 Xp -+ X Gg, where each Gj is either a stably Cayley simple group or
SOy.
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10. QUASI-INVERTIBLE LATTICES

The proof of the “only if” direction of Theorem 9.1 in the remaining cases,
where H is of type A, B,, or Dy, is more involved. In this section, in prepa-
ration for this proof, we will describe a general method for showing that cer-
tain lattices are not quasi-permutation (and more generally, cannot even be
direct summands of quasi-permutation lattices). Our approach is originally
due to Voskresenskii. Proposition 10.6 is essentially [28, Theorem 7 and its
corollary]; see also [10, Proposition 1(ii)] and [11, Proposition 9.5(ii)]. For
the sake of completeness we supply short proofs for Lemmas 10.4 and 10.5
below.

Definition 10.1. A I'-lattice L is called quasi-invertible if it is a direct
summand of a quasi-permutation I'-lattice.

Lemma 10.2 (J.-L. Colliot-Thélene). A T'-lattice L is quasi-invertible if
and only if it fits into a short exact sequence

(10.1) 0—-L—-P—1—0,

where P is a permutation T-lattice and I is an invertible I'-lattice, i.e. a
direct summand of a permutation I'-lattice.

Proof. For a I'-lattice L we have a flasque resolution
0—-L—>P—>F—0,

where P is a permutation I'-lattice and F' is a flasque I'-lattice, see [10, §1]
or [21, Ch. 2] for the theory of flasque resolutions. We write [L]? for the
class of ' up to addition of a permutation lattice (note that F' is defined
up to addition of a permutation lattice). We have [L @ L] = [L]f @ [L/]".
If L is quasi-invertible, then L @ L’ is quasi-permutation for some L', hence
(L)@ [L]" = [L® L']! = 0. We see that [L] is invertible, hence L fits into
an exact sequence (10.1) with I invertible.

Conversely, if L fits into an exact sequence (10.1) with I invertible, say
I & J = P’ is permutation, then adding I to (10.1) twice on the left, and
then adding J twice on the right, we obtain an exact sequence

O—-Lpl Pl —>I1dJ—0,
which shows that L is quasi-invertible. O

Lemma 10.3 (J.-L. Colliot-Thélene). Let I'y — I be a surjective homomor-
phism of finite groups, and let L be a I'-lattice. Then L is quasi-invertible
as a I'1-lattice if and only if it is quasi-invertible as a I'-lattice.

Proof. We argue as in the proof of Lemma 2.2. It suffices to prove “only if”.
Assume that L is quasi-invertible as a I'1-lattice, then by Lemma 10.2, L fits
into a short exact sequence (10.1) of I';-lattices, where P is a permutation
I'1-lattice and I is an invertible T'j-lattice. Set 'y = ker[I'; — T']. From
(10.1) we obtain the I'p-cohomology exact sequence

0—=L—P°—=T1"—0
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(because L' = L and H'(TI'g, L) = 0), which is a short exact sequence of
I'lattices. It is easy to see that P'° is a permutation I'-lattice and I
is an invertible I'-lattice, hence by Lemma 10.2, L is a quasi-permutation
I"-lattice. O

Suppose (', L) and (I, L’) are ¢-isomorphic for some isomorphism ¢: I' —
I'/; for a definition of p-isomorphism, see the beginning of Section 2. Then
clearly L is permutation (respectively, quasi-permutation, respectively, quasi-
invertible) if and only if so is L'.

The Tate—Shafarevich group of a I'-lattice L is defined as

(T, L) = ker |[H*(T,L) - [[ H*Te, L)|,
Il

where I'c runs over the set of all cyclic subgroups of I'. If L is a quasi-
invertible I'-lattice, then for any subgroup IV C T we have (I, L) = 0,
cf. [21, Prop. 2.9.2(a)]. Note however, that there exist I'-lattices L such
that IHQ(F' , L) = 0 for every subgroup IV of I" but L is not quasi-invertible;
see the end of the proof of Prop. 12.4.

The following lemmas can be used to show that a given lattice is not quasi-
invertible. Let I be a finite group. Consider the norm homomorphism

Nr:Z — Z[I'], Nr(a) = aZs for a € Z,
sel
and the short exact sequence
(10.2) 0—7Z—Z[I'l— Jr — 0,

where Jr = coker Nr.

Lemma 10.4. Let ' be a finite group, and I' C T' any subgroup. Then
131, Jr) = H3 (', Z).

Proof. From (10.2) we obtain a cohomology exact sequence
(10.3) H*(I',Z[1)) — H*(I", Jr) — H3(I',Z) — H3(', Z[T)).

We have H(I",Z[I"]) = 0 for i > 1, hence H*(T',Z[[']) = 0 for i > 1, and
we see from (10.3) that H*(I", Jr) = H3(I',Z).
Now let I'. € I” be a cyclic subgroup. We have H%(T, Jr) = H3(T., 7).
By periodicity for cyclic groups, cf. [1, IV.8, Thm. 5], we have
H3(T.,7) = HY(., Z) = Hom(T., Z) = 0.

Thus H?(T, Jr) = 0 and consequently, IT*(TV, Jr) = H2(I", Jr) = H3(T',7Z).
0

Lemma 10.5. Let ' = Z/pZ x 7./ pZ, where p is a prime. Then H3(T',7) =
Z/pZ.
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Proof. For any group I', the group H?(I',Z) is canonically isomorphic to
H?(T',C*). The latter group is called the Schur multiplier of T'. For finite
abelian groups, the Schur multipliers were computed by Schur in [23, §4,
VIII]. In particular, by [23, §4, VIII], the Schur multiplier of Z/pZ x Z/pZ
is a cyclic group of order p, which proves the lemma.

An alternative proof based on modern references proceeds as follows.
For any finite group T, the group H3(T',Z) is dual to H3([',Z), cf. [T,
Thm. XIL.6.6] or [6, Thm. V1.7.4]. By definition H3(T', Z) = Hy(T',Z). For
an abelian group I' we have Ho(I',Z) = A?(T") (the second exterior power of
the Z-module I'), see [22, Thm. 3] or [6, Thm. V.6.4(c)]. Clearly A?(Z/pZ x
7.)pZ) = 7./pZ, hence Ho(Z/pZxZ)pZ,7) = 7./pZ and H>(Z/pZx 7| pZ, 7.) =
7/ pZ. O

As an immediate consequence, we obtain the following

Proposition 10.6. Let I' = Z/pZ x Z/pZ, where p is a prime. Then
I%(T, Jr) = Z/pZ, and therefore the T'-lattice Jr is not quasi-invertible.
O

The following example and subsequent proposition will be used in the
proof of Theorem 1.5 in Section 19.

Example 10.7. Let H be an outer k-form of PGL,, for some even integer
n > 4. Recall (see Section 8) that by [13, Theorem 0.1] the character lattice
of H is not quasi-permutation. In fact, it is shown in [13, §5.1] that the
character lattice of H is not quasi-invertible. Indeed, let T" be a maximal
k-torus of H. Note that W'(H,T) = S,, xZ/2Z and X(T) = ZAs,_1
on which W (H T) acts by permutations and sign changes. It is shown
in [13, §5.1] that there exists a subgroup I' of W*(H,T) isomorphic to
7./27. x 7./27, and a direct summand M of the I'-lattice X(T) isomorphic to
Jp. Then II*(T, M) # 0 and so II*(T', X(T)) # 0. This implies that the
We(H, T)-lattice X(T) is not quasi-invertible.

Proposition 10.8. Let k be a field of characteristic zero and H be a reduc-
tive algebraic k-group with mazximal k-torus T such that the character lattice
X(H) = (W™(H,T),X(T)) is not quasi-invertible. Then G := H x H' is
not stably Cayley for any reductive algebraic k-group H'.

Proof. Let T, T" and S = T x T" be maximal k-tori in H, H' and G, re-
spectively. By Theorem 1.3, it suffices to show that the character lattice
X(G) = (WG, 8),X(S)) is not quasi-invertible (and hence, not quasi-
permutation). By Lemma 4.3, the extended Weyl group W**(G, S) is gen-
erated by the Weyl group W (G, S) = W(H,T) x W(H',T") and the image

of the natural action A\g: Gal(k/k) — Aut(X(S)). Since both T" and T" are

defined over k, the image of \g preserves the direct sum decomposition

X(S) = X(T) @ X(T')
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and hence, so does W™ (G, S). Moreover, W™ (G, S) acts on X(T) via a
surjection 7: We(G, S) — W(H, T). By Lemma 10.3, X(T) is not quasi-
invertible as a We(G, S) lattice and, since X(T') is a direct summand of
X(S), we conclude that that X(S) is not quasi-invertible as a W(G, S)-
lattice. In other words, the character lattice X(G) = (W™ (G, ), X(9)) is
not quasi-invertible, and therefore G is not stably Cayley, as desired. U

11. A FAMILY OF NON-QUASI-INVERTIBLE LATTICES

We will now use the results of Section 10 to exhibit a large family of
non-quasi-invertible lattices (i.e., lattices that are not direct summands of
quasi-permutation lattices). These lattices will be used to complete the
proof of Theorem 9.1.

Let A be a Dynkin diagram, A = |J;~; A;, where A; are the connected
components of A. We assume that each A; is of type By, (I; > 1) or of
type Dy, (I; > 3). Note that B; = A; and D3 = Aj are allowed. The root
system R(A;) can be realized in a standard way in the space V; := Q% with
standard basis (g5)ses,, where S; is an index set consisting of /; elements,
see [, Planches II, IV].

Let S = |JS; (disjoint union). Consider the vector space V := P, Vi over
Q with standard basis (¢5)ses. Set

(11.1) B= %ng.

seS
We denote by M the additive subgroup in V' generated by 5 and by the basis
elements ¢4 for all s € S. In other words, M is generated by the vectors of
the form 1 > o +e,.

Denote the Weyl group W (A;) by W; and the Weyl group W(A) =
[, Wi by W. Consider the natural action of W on M. For s € S; let ¢
denote the automorphism of V; acting as —1 on ¢, and as 1 on all the other
gt (t € S;, t # s). The Weyl group W; = W (4A;) is the semidirect product of
the symmetric group S;,, acting by permutations of the basis vectors ¢, and
an abelian group ©;. If A; = By, then ©; = (¢s)ses,, in particular ¢, € W;.
If Aj =Dy, then ©; = (cscy)s scs;- In this case ¢s € Wy, but csey € Wi,
Proposition 11.1. Let A, S, M, and W be as above. Assume that |A] > 3.
Then the W -lattice M is not quasi-invertible.

Remark 11.2. Note that rank(M) = dim(V) = |A[. If |[A] =1 or 2 then M
is quasi-permutation by Lemma 2.7.

Proof. First we consider the case A = Dy. Then M is not quasi-permutation,
see [13, §7.1]. We will show that M is not quasi-invertible. Indeed, in [13,
§7.1] the authors construct a subgroup U C W of order 8, such that M re-
stricted to U is a direct sum of U-sublattices M = My & M3 of ranks 1 and

IThis group of order 8 is actually denoted by W in [13]. We use the symbol U here to
avoid a notational clash with the Weyl group Ws := W (A,).
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3, respectively. Now in [17, Theorem 1] it is stated that the U-lattice M3 is
not quasi-permutation, but it is actually proved that [Mg]ﬂ is not invertible.
Hence M3 is not a quasi-invertible U-lattice, and M is not a quasi-invertible
W -lattice.

From now on we will assume that A 2% Dy. Let I' = Z/2Z x Z/2Z =
{e,71,7%2,73}. Then by Proposition 10.6, II*(T,.Jp) = Z/2Z. The idea of
our proof is to construct an embedding

(11.2) t: =W

in such a way that M, restricted to ¢(I"), is isomorphic to a direct sum of a
submodule My ~ Jr and |S| — 3 T'-lattices of rank 1. This will imply that

I*(T, M) = II*(T, My) = WI*(T, Jr) = Z/27 # 0,

and hence M is not quasi-invertible. We will now fill in the details of this
argument in two steps.
Step 1. Construction of the embedding (11.2). We begin by par-

titioning each S; for ¢ = 1,...,m into three (non-overlapping) subsets S; 1,
Si2 and S 3, subject to the requirement that
(113) ‘Si,l‘ = ’Si,2’ = ’Si,?)‘ =1 (mod 2), if A; is of type Dli-

We then set U; to be the union of the S; 1, Uy to be the union of the S »,
and Uz to be the union of the S; 3, as 7 ranges from 1 to m.

Lemma 11.3. If |S| > 3 and A % Dy then the subsets S; 1, Si2 and S; 3 of
S; can be chosen, subject to (11.3), so that Uy, Us,Us # (.

To prove the lemma, note that if one of the A;, say Ay, is of type Dy,
where [ > 3 is odd, then we partition S7 into three non-empty sets of odd
order. If m > 2 then we partition .S; with ¢ > 2 as follows:

(11.4) Si1="9Si2 = () and Si3=95;.

Clearly Uy, Us, Us # (), as desired.

Similarly, if one of the A;, say Ay, is D;, where [ > 6 is even, then we
partition S into three non-empty sets of even order, and partition the other
S; (if any) as in (11.4) for ¢ > 2. Once again, Uy, Us, Us # ().

If one of the A;, say Aq, is of type D4, then by our assumption m >
2. We can now partition S so that each of Si; and Si2 has 2 elements
and S13 = 0, and partition S; as in (11.4) for every ¢ > 2. Once again,
Uy, Us, Uz # ().

Thus we may assume without loss of generality that every A; is of type
B;,. In this case condition (11.3) doesn’t come into play and the lemma is
obvious. This completes the proof of Lemma 11.3. O

We now define the embedding ¢ of (11.2) by

() = H cs € Aut(M) for »=1,2,3.
s€S\Us.
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Recall that I' = Z/27Z x 7./27 = {e,¥1,72,73}. One easily checks that the
map ¢: I' = Aut(M) defined this way is a group homomorphism. By (11.3),
its image is, in fact, in W. Moreover, since U,, # ) for all s = 1,2, 3, we
have S\ U,, # (), hence t(v,,) # id, i.e., t: T — W is injective. We identify
I' with (") C W.

Step 2. Construction of the submodule M. Now let

1
B ::7%(5) = 5 <Z Es — Z €s>
seU,. seSNU..
for 5 =1,2,3, where § is as in (11.1). Since the set 3, 81, 52, B3 is the orbit
of # under I', the sublattice My := Spany (8, p1, B2, #3) C M is I'-invariant.
Note that

(11.5) B+Be= ) es.

seU,,
Since Uy, Us and Us are non-empty and disjoint, 5+ 51, 8+ B2, and 5+ B3
are linearly independent. On the other hand,

B+ p1+ B2+ B3 =0.

Therefore, the I'-invariant sublattice My C M is of rank 3 and is isomorphic
(as a I'-lattice) to Jr := Z[I'|/Z.

It remains to show that M can be written as a direct sum of M, and
I’-lattices of rank 1. Indeed, for each » = 1,2, 3 choose an element u,, € U,
and set U, = U,, ~ {u,.}. (Note that U/, may be empty for some ). We set
S" = U] uUU,UU;. Tt follows from (11.5) that the abelian group generated
by the e, as s ranges over S’, together with 3, 31, 82, 83, contains both 3
and e, for every s € S and hence, coincides with M. Since rank(M) = |S|,
we conclude that the set {3,81,02} U{es | s € S’} is a basis of M. The
group I acts on g5 by +1. We see that the I'-lattice M is a direct sum of
My = Spany (3, 81, 32) and the T'-lattices Zes of rank 1, as s ranges over S’
Thus

HIQ(FaM) = ]HQ(FaMO) = IHQ(F’ JF) = Z/QZ’

and therefore M is not a quasi-invertible W-lattice, as desired. O

12. MORE NON-QUASI-INVERTIBLE LATTICES

In this section we continue to create a stock of non-quasi-invertible lattices
which will be used in the proof of Theorem 9.1.

Proposition 12.1. Let M = {(ay,a2,a3) € Z3 | a; +az +a3 =0 (mod 2)}
be the W := (Z/27)3-lattice with the action of (Z/27)% on M C Z3 coming
from the non-trivial action of Z/27 on 7Z. Then M is not quasi-invertible.

Proof. Let €1,€9,e3 be the standard basis of Z3. For i = 1,2,3 let ¢; € W
denote the automorphism of M taking &; to —e; and taking each of the
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other two ¢; to itself. Set o = cac3, T = cic2, p = cicac3. We consider the
following basis of M:

€1 =€&2 — €1, €2 =€&2 — &3, €3 = —&1 —E&3.

A direct calculation shows that in this new basis {e1, e2, €3}, the generators
o, 7, p of W are given by the following matrices:

0 0 1 ~1 -1 -1 -1 0 0
o= -1 -1 -1 |, 7= o 0o 1],p=| 0 -1 o0
1 0 0 0 1 0 0 0 -1

By [17, Theorem 1, case W3], our W-lattice M is not quasi-permutation.
Moreover, the pair (W, M) is isomorphic to (U, Ms), where M3 is the non-
quasi-invertible U-lattice we mentioned at the beginning of the proof of
Proposition 11.1. Therefore, M is not quasi-invertible. O

Let ZD3 denote the root lattice of D3. Recall that
ZD3 = {a1e1 + ases + ases | a; € Z, ay + ap + az € 272} € Q3,
where {1, 2,63} is the standard basis of Q% = QD3. The set
{e1 +e2, €1 —¢e9, e2—e3}

is a basis of ZD3.

Let m > 2. We consider (ZD3)™ C (QD3)™. Let L C (QDs3)™ be the
lattice generated by (ZD3)™ and the vector

Ve :=€1+E4+E7+ -+ E3m—2.

The group W (D3)™ acts on L.

Proposition 12.2. For m > 2, the W (D3)™-lattice L constructed above is
not quasi-invertible.

Proof. We consider the subgroup I' C W (D3)™ of order 4 generated by the
following two commuting elements of order 2:

a=(12) cyc5 crc8 ... C3m—2C3m—1,
b —C1C2 (45)
Here ¢; takes g; to —g;. Thus I = {e,a,b,ab} C W (D3)™. We show that
I%(T, L) = Z/27.
Indeed, let V' = (QD3)™ with the basis €1,...,e3,. Let Vy be the sub-
space of V' spanned by

€1,€2, €4,&5, --.,E3m—-2,E3m—1-

It is [-invariant. Set Ly = L N'Vj. Clearly L/Lg injects into V/Vj. Since T’
acts trivially on V/Vj, we see that L/Lg = Z™ with trivial I'-action. Thus
we have a short exact sequence of I'-lattices

0—-Lo—L—>7Z"—0.
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Since Z™ is a permutation I'-lattice, we see that
I*(T, L) = 1T, Lo).
We prove that ITI*(T, Ly) = Z/27.
For v € I we set vy = 7 - ve. If m > 2 we set
d=¢er+ew+ -+ Eam—2
If m = 2 we set 6 = 0. We obtain
Ve =€1+€4+6,

Vg = €9 — €4 — 0,
vp = —€1 + €5 + 6,
Vgh = —E9 — €5 — 0.
Clearly
Ve + Vg + Up + Vgp = 0.
Set My = (ve, Vg, Vb, Ugp), then My = Jp := Z[I']/Z, and by Proposition 10.6
we have II*(T, My) = Z/27.
Set 51 = ve, B2 = vy, B3 = vp. We set
B4 = €4 — €5,
Bs = €7 + €,
Be = €7 — €s,
Bom—1 = €3m—2 + €3m—1,
Bom = €3m—2 — E3m—1-
By Lemma 12.3 below, the set B := {f1,...,B2m} is a basis of Ly. We

have My = (51, B2, 83). Our I'-lattice Ly decomposes into a direct sum of
I"-sublattices

Lo = Mo @ (B1) D - D (Bam)-
For 4 < i < 2m the I'-lattice (f3;) is of rank 1, hence quasi-permutation,
and therefore ITT*(T, (3;)) = 0. It follows that III*(T, Ly) = MI*(T, My) =
7./27., hence HI*(T, L) = 7Z/27. Thus L is not a quasi-invertible W (D3)™-
lattice. O

Lemma 12.3. The set 8 :={f1,...,Bom} is a basis of L.

Proof. First note that 3 C L. Since the set B has 2m elements and the
lattice Lg is of rank 2m, it suffices to show that 3 generates L.

Recall that Ly = L NV, and that L is generated by (ZD3)™ and ve.
Since v, € Vp, we see that Ly is generated by v, and (ZD3)™ N V;. Since
ve = 1 € B, it suffices to prove that (ZD3)™NVy C (B). Clearly (ZD3)™NVjy
is generated by the vectors

€1+ €2 ,61 — €2, €4+€5, €4—€5, -.., €3m—2 T E3m—1, €3m—2 — E3m—1-
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Note that all the vectors in this list starting with €4 —e5 are clearly contained
in 3. It remains to show that the vectors e1+¢c9 ,£1—¢e9, €4+¢5 are contained

in (8).
Note that 26 € (8) (because 2e7 € (B),...,2e3m—2 € (B)). We have
P1+ B2 = ve +vg = €1 + €2,
hence 1 + €3 € (). We have
P14 B3 = ve + vp = €4 + €5 + 26,
hence g4 4+ €5 € (B). Since also €4 — 5 € B C (B), we see that 2e4 € (3).
We have
B1 — o = Ve — Vg = €1 — €2 + 2€4 + 2§,
hence €1 —e5 € (3). We conclude that (ZD3)™NVy C (3), hence 3 generates

Ly and is a basis of Lg. This completes the proofs of Lemma 12.3 and of
Proposition 12.2. U

We will now consider the root system A,,_;, which is embedded in Z",
see [5, Planche I]. Let ZA,_; denote the root lattice of A,_;, and let

Q1,Q9,...,0,_1 denote the standard basis of the root system A, _; and
of ZA,_1 (loc. cit). Let A, denote the weight lattice of A,_;, and let
w1, w2, ..., ws_1 denote the standard basis of A,, consisting of fundamental

weights (loc. cit).

Consider ZAy C As. The nontrivial automorphism o of the basis A =
{a1,as} = {e1 —e9,e90 —e3} (loc. cit) induces the automorphism (—1)0o(1,3)
of ZAs (where —1 € AutZ C AutZ?, (1,3) € S3 C AutZ?), and an auto-
morphism o, of S3 = W(Aj3) (namely, the conjugation by the transposition
(1,3)). ‘

Let m > 2. We consider (ZAs)™ C (A3)™. Let (ZA3)® c Ai(,f) be the it
factor. Let w§2)7 wél) be the basis of Agf) consisting of fundamental weights.

Let a = (ai,...,an) (a row vector), where each a; equals 1 or 2. In
particular, let 1, = (1,...,1). Let L, denote the (S3)"-lattice generated
by (ZA2)™ and the vector

m .
Ty = E aiwgl).
i=1

Proposition 12.4. For m > 2 and for any a as above (i.e., each a; equals
1 or 2), the (S3)™-lattice La is not quasi-invertible.

Proof. First we note that L, is ¢-isomorphic to L, with respect to some
automorphism ¢ of (S3)™ (for a definition of ¢-isomorphism, see the begin-
ning of Section 2).

Indeed, let oy, ay be the standard basis of the root system A, (and of
ZAQ) Let

1 1
wy = 5(2041 + ag), wy = 5(041 + 2a)
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be the fundamental weights, this is the standard basis of A3 (loc. cit.). Let
W1, w2 be their images in A3/ZAy = Z/37. Since

w1 +we = a1 +ag € ZA,,

we have w1 + w9 = 0, hence Wy = 2. Thus the nontrivial automorphism o
of the Dynkin diagram Ay takes W to Wy = 2y when acting on As/ZAs.

Now let a be as above. Write A = (A2)™, A = AjU---UA,,. For
each i = 1,...,m we define an automorphism 7; of A; = Ay. If a; = 1,
we set 7; = id, while if a; = 2, we set 7;, = 0;, where o; is the nontrivial
automorphism of A;. Then the automorphism 7 = [[, 7 of A = (A2)™ acts
on (A3)™ and takes Lq,, to L. We see that the (S3)™-lattices Lq,, and La
are T,-isomorphic, where 7, is the induced automorphism of (S3)”. Thus,
in order to prove that the (S3)™-lattice L, is not quasi-invertible, it suffices
to show that Lj,, is not quasi-invertible.

Let ozgi),oz;i) be the standard basis of (ZA3)®. Let w@,wgi) be the stan-
dard basis of Ag), then

)l i
wg) = §(2a§) + ag)).

Let a1,...,a3n_1 be the standard basis of ZAg,,—1. We denote by
Aly ..oy Agm—1 (rather than wi,...,wsy,—1) the standard basis of As,, con-
sisting of fundamental weights. Then we have (loc. cit.)

1
(12.1) M = 3—m((3m —1Dag + (Bm —2)ag + -+ - + 2a3m—2 + a3m—1)-
We embed (ZA3)™ into ZAs,,—1 as follows:

ozy) = Q3(;—1)+1> aéi) = Q3(i—1)+2
(i.e., agl) = aq, agl) — o, a§2) =y, a§2) — as, etc.). This embedding
induces an embedding
Y: (QA2)™ — QAszp-1.
Set
M = Agm NP((QA2)™).

We show that M = 1(L,,). Since by (12.1) the image of A1 in Ay, /ZAgm—1
is of order 3m, we see that As,, is generated by ZAgz,,_1 and A1, hence the

set {aq,...,a3m—1,A1} is a generating set for As,,. From (12.1) we see that
agm—1 = 3mA; — (3m — Dag — (3m — 2)ag — - -+ — 2a3;—2,
hence the set = := {a1,...,a3m-2,A1} is a basis for Ag,,. The subset
= = {ai, a0, ag, a5, ..., W3m_5,03m_4, O3m_2}

of Z is contained in M. Set N := Z[E\E N M C QAs;,—1, then clearly
M =7ZZ @ N. Since rank M = 2m = |Z/| + 1, we see that rank N = 1. The
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element
1
wi=mA —(m—1ag— (m—2)ag — - — A3m—3 = g((?)m -1
+(Bm —2)as + 3m —4)ay + (3m — 5)as + -+ - + 2a3m—2 + a3m—1)

is contained in N and indivisible in M, hence the one-element set {u} is a
basis of N, and =’ U {u} is a basis of M. Now

p—(m—1)(o1 + az) — (m = 2)( + as5) — - = Lagpm—2)+1 + A3(m—2)+2)

1
= 5((2a1 + o) + (204 + a5) + -+ (203m-_2 + A3m_1))

= gy +or” ™).

We see that M is generated by ¢ ((ZA2)™) and ¢(w§1) + w§2) +- wlm)),
hence M = ¢(Ly,,), thus M is isomorphic to Ly, . Therefore, it suffices to
prove that M is not quasi-invertible.
The quotient lattice As,, /M injects into the Q-vector space QAs,,—1 /1 ((QA2)™)
with basis @3, @g, . . . , @3(m—1) on which (S3)™ acts trivially. Thus we obtain
a short exact sequence

0— M — As,, —» ZM 1 =0,

where Z™ 1 is a trivial, hence permutation, (S3)™-lattice. It follows that
the (S3)™-lattices M and As,, are equivalent, and therefore it suffices to
show that As,, is not a quasi-invertible (S3)™-lattice.

Now we embed S3 x S3 into (S3)™ as follows: (s,t) € S3x Sz maps to
(s,t,...,t) € (S3)™. With the notation of [20, (6.4)] we have Agy, = Q3 (1).
By [20, Proposition 7.1(b)], with respect to the above embedding S x Sg —
(S3)™, we have

Q3m(1)85 x 85 ~ Nelsy x 85-
By [20, Proposition 7.4(b)], Ag is not a quasi-permutation Sz x Ss-lattice,
and it is actually proved there that [Ag]? (see [21, §2.7] for the notation) is
not an invertible S3 x Sg-lattice. It follows that Ag is not a quasi-invertible
Ss x Sz-lattice (although III?(I”,Ag) = 0 for every subgroup I' of S3 x S3).
Thus Ag,, is not a quasi-invertible S3 x Sg-lattice, hence it is not a quasi-
invertible (Ss)™-lattice. Thus Lj,, is not a quasi-invertible (S3)™-lattice,
and therefore L, is not a quasi-invertible (S3)™-lattice for any a as above.
This completes the proof of Proposition 12.4. U

13. STANDARD SUBGROUPS

In this and the next sections we will collect several elementary results
from combinatorial linear algebra, which will be needed to complete the
proof of Theorem 9.1.

Let eq,..., e, be the standard Z/nZ-basis of (Z/nZ)™. We say that a
subgroup S C (Z/nZ)™ is standard if S is generated by nieq,...,n.e, for
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some 1 < r < m and some integers ni,...,n,, where n; divides n;y; for
1=1,...,r—1

Let W be a finite group, P be a W-lattice, and A\: P — Z/nZ be a
surjective morphism of W-modules, where W acts trivially on Z/nZ. Given
a subgroup S of (Z/nZ)™, let P& denote the preimage of S in P™ with
respect to the homomorphism \™: P™ — (Z/nZ)™. We regard P§* as a
W-submodule of P™, where W acts diagonally on P™.

Lemma 13.1. Let W, P, n and X\ be as above. For every subgroup S C
(Z/nZ)™ there exists a standard subgroup Ss, C (Z/nZ)™ with the following
property: there exist an isomorphism gp: Pg' = Pg' of W-modules and an
automorphism g of (Z/nZ)"™ taking S to Ss; such that the following diagram

commutes:
)\m

P 5¢ (Z/nZ)™

P

gsbt = St (Z/nZ)m

Proof. The homomorphism A\": P™ — (Z/nZ)™ can be written as
A" =A®gzid: P Qg Z™ —— Z/nZ @z Z™.
Since for any g € GL,,(Z) = Aut(Z™) the diagram

A®idyzm
Py 2™ — 2" 7T @5 T
lidP@Jg lidl/nZ®g
A®idyzm
Py 2™ — 2" T @y T

commutes, it suffices to show that for every subgroup S C (Z/nZ)™ there
exists g € GL,,(Z) such that ¢g(S5) is standard.

Let 7w: Z™ — (Z/nZ)™ be the natural projection. Then 7~1(9) is a
finite index subgroup of Z™. There exist a basis bq,...,b, of Z™ and in-
tegers ni|na|... |nm, such that niby,...,nm,b, form a basis of 7=1(S);
cf. [18, Theorem II1.7.8]. Now let g € GL,,(Z) be the element that takes
the basis by,...,b,, to the standard basis of Z™. Then g(7~1(9)) is the
subgroup n1Z X - -+ X ny, Z of Z™ and thus Sy := ¢g(S) = (n1e1, ... nmem) =
(nye1,...,npe,) is standard, where r < m is the largest integer such that n
does not divide n,.. O

Set @ = ker A C P. For a subgroup S; C Z/nZ we set Pél = \"1(91), so
that Q C Pg, C P.

Corollary 13.2. Assume that S in Lemma 13.1 is cyclic. Then
Py = Pg & Q"
for some subgroup S1 C Z/nZ isomorphic to S.
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Proof. By Lemma 13.1, we have Pg" = Pg" . Since S is cyclic, say of order
s, the group Sy is generated by (n/s)e;. Set S1 = {((n/s)e1) C Z/nZ, then
clearly

ngsbt = Pél ® mel,
and the corollary follows. O

Corollary 13.3. Assume that S in Lemma 13.1 contains an element of
order n. Then Pg' has a direct summand isomorphic to P.

Proof. By Lemma 13.1, Pg" is isomorphic to Pg" for some standard subgroup
Sst C (Z/nZ)™. From the definition of a standard subgroup we see that

sztzpél@...@Pém’

where S; C Z/nZ is generated by n;e; (for i > r we take n; = 0). Since Syt
contains an element of order n, we see that ny = 1, hence 57 is generated

by ey, i.e.,, S1 = Z/nZ and Pél = P. Thus Pg" has a direct summand
isomorphic to P. O

14. COORDINATE AND ALMOST COORDINATE SUBSPACES

Let F be a field, F'™ be an m-dimensional F-vector space equipped with
the standard basis e; = (1,0,...,0),...,e, = (0,...,0,1).

Recall that the Hamming weight of a vector v = (a1,...,a;,) € F™ is
defined as the number of non-zero elements among ay,...,a;,. We will say
v € F™ is defective if its Hamming weight is < m or, equivalently, if at least
one of its coordinates is 0. The following lemma is well known; a variant of it
is used to construct the standard open cover of the Grassmannian Gr(m, d)
by d(m — d)-dimensional affine spaces, see, e.g., [15, §1.5]. For the sake of
completeness, we supply a short proof.

Lemma 14.1. Let V be a vector subspace of F™ of dimension d > 2. Then
V' has a basis consisting of defective vectors.

Proof. Let A be a d x m matrix whose rows form a basis of V. Then
V ={wA|we F},

Note that for any invertible d X d matrix B, the rows of BA will also form a
basis of V. Since the rows of A are linearly independent, A has a nondegen-
erate d x d submatrix M. Let B = M~'. Then the d x m matrix BA has a
d x d identity submatrix. Since d > 2, this implies that every row of BA is
defective. The rows of BA thus give us a desired basis of defective vectors
for V. O

Definition 14.2. We will say that a subspace V. C F™ is a coordinate
subspace if V' has a basis of coordinate vectors e;,,...,e;,, for some I =
{i1,...,iq} € {1,...,m}. We will denote such a subspace by F7.

In subsequent sections we will occasionally use this notation in the more
general setting, where F' is a commutative ring but not necessarily a field.
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In this setting F7 will denote the free F-submodule of F™ generated by
€i1y--56iy-
Lemma 14.3. Let V C F™ be an F-subspace. Suppose V N Fy is coordinate
for every I C {1,...,m}, then either

o V is the 1-dimensional subspace spanned by a vectora = (ay,...,ay),
where a1 0, ..., am, #0, or
e V is coordinate.

Proof. Assume that V' is not of the form Spanp(a), where a = (a1, ..., an)
and a1 #0,...,a,m # 0. Then V has a basis of defective vectors. Indeed, if
dim(V') = 1 this is obvious, since every vector in V' is defective. The case
where dim(V') > 2 is covered by Lemma 14.1.

Clearly v € F™ is defective if and only if v € Fy for some I C {1,...,m}.
Thus V is spanned by V N Fr, as I ranges over the proper subsets of
{1,...,m}. By our assumption, each V N F7 is coordinate and therefore
is spanned by coordinate vectors. We conclude that V' itself is spanned by
coordinate vectors, i.e., is coordinate, as desired. O

Definition 14.4. We will say that V' C F™ is almost coordinate if V has a
basis of the form

(14.1) Ciryerns€iny€jy F Chyy- s €j, F Eny,

where i1, ...,%,j1,.-.,Js, I, ..., hs are distinct integers between 1 and m.
We will refer to a basis of this form as an almost coordinate basis of V.

Remark 14.5. An almost coordinate subspace V' C F™ has a unique almost
coordinate basis. In other words, the set of integers {i1,...,4,} and the set
of unordered pairs {{j1,h1},...,{js, hs}} in (14.1) are uniquely determined
by V. Indeed, {i1,...,i,} is the set of subscripts ¢ € {1,...,m} such that
the coordinate vector e; lies in V. The set {{ji, 1}, {Jj2, ha},.-.,{Js, hs}}
is then the set of unordered pairs {j,h} such that j,h & {iy,...,i.} and
€;+ep € V.

Proposition 14.6. Let F = Z/2Z, and let V C F™ be an F-subspace for
somem > 4. Assume VN Fy is almost coordinate in Fr = (Z/27)" for every
I={i1,...,i,} ©{1,...,m}. Then either

o V is the 1-dimensional subspace spanned by (1,...,1), or

e V is almost coordinate.

Proof. Assume that V is not of the form Spanp {(1,...,1)}. Then, once
again, Lemma 14.1 tells us that V' has a basis of defective vectors, i.e., V is
spanned by V' N Fy, as I ranges over the proper subsets of {1,...,m}. By
our assumption, each V N F7 is almost coordinate and therefore is spanned
by vectors of Hamming weight 1 or 2. We conclude that V itself is spanned
by vectors of weight 1 or 2. Choose a spanning set of the form

(14.2) €i1y1€iy €1 T Chyye e, €5 T Epy
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of minimal total Hamming weight, i.e., with minimal value of r + 2s. Here
Z‘17--' 7iT7j17h17"' 7j87h8 € {17 7m}

and j1 # hi,...,Js # hs. We claim that (14.2) is an almost coordinate basis
of V, i.e.; that the subscripts

(14.3) TVUDUIT A TAUDUN Y ST

are all distinct. Clearly, Proposition 14.6 follows from this claim.

It thus remains to prove the claim. The minimality of the total Ham-
ming weight of our spanning set (14.2) implies that we cannot remove any
vectors, i.e., that it is a basis of V. In particular, the subscripts i1, ..., %,
and the pairs (j1,h1),. .., (Js, hs) are distinct. If there is an overlap among
subscripts (14.3), then, after permuting coordinates, we have either i1 = j;
or j; = jo. We will now show that neither of these equalities can occur.

If 41 = j1 then we may replace e;, + ep,, by

en, = (ejl —{—ehl) — e € V.

We will obtain a new spanning set consisting of vectors of weight 1 or 2 with
smaller total weight, a contradiction.

Now suppose j; = j2. Denote this number by j. Then V N Fy;p 5y}
contains the vectors

(14.4) ej +ep, and ej +ep, € V.

Since we are assuming that m > 4, {j,h1,he} € {1,...,m} and hence,
V' N F{j hy,hy) 18 almost coordinate. The subspace in F; 4, 4.} generated by
the two vectors (14.4) is cut by the linear equation

xj—i—mhl—i—th:O

and clearly is not almost coordinate. It follows that VNF(; 1, 1y} = F{jny ho}o
hence V' contains all three of the coordinate vectors ej, ej, and ep,. Replac-
ing e; + ey, and e; + ey, by ej,ep, and ep, in our spanning set, we reduce
the total weight by one, a contradiction. This completes the proof of the
claim and thus of Proposition 14.6. U

15. COORDINATE SUBSPACES AND QUASI-PERMUTATION LATTICES

Proposition 15.1. Let W be a finite group, M be a W -lattice and let
A M — F := Z/pZ be a surjective morphism of W -modules, where p is
a prime and W acts trivially on F. For any m > 1, and an F-subspace
S CV:i=Fm let Mg* be the preimage of S C F™ wunder the projection
AT M™ — B
Assume that
(a) M is a quasi-permutation W -lattice;
(b) the W™-lattice Mg} is not quasi-permutation for any 1-dimensional sub-
space S1 of F™ of the form S = Spanp{(ai,...,an)}, where a3 #
0, ...,a, #0.
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Then, given a subspace S C F™, Mg' is a quasi-permutation W™ -lattice if
and only if S is coordinate.

The following notation will be helpful in the proof of Proposition 15.1 and
in the subsequent sections.

Definition 15.2. Let W be a finite group, M be a W-module and m be a
positive integer. Given a subset I C {1,...,m}, we define the “coordinate
subgroup” Wy C W™ as

Wi = {(w1,...,wn) e W™ | w; =id if ¢ & I}.
We will also define the Wi-submodule M7 of M™ as
Mr:={(a1,...,am) € M |a; =01if ¢ & I}.
We shorten Wiy, My to Wi, M;.

Proof of Proposition 15.1. The “if” assertion is clear. We will prove “only
if” by induction on m. In the base case, m = 1, every subspace of V is
coordinate, so there is nothing to prove.

For the induction step, assume that m > 2 and that our assertion has
been established for all m’ < m. Suppose that for some subspace S C ™
the lattice Mg' is quasi-permutation. We want to show that S is coordinate.

Since Mg is quasi-permutation, Lemma 2.5 tells us that Mg N My is a
quasi-permutation Wi-lattice for every I C {1,...,m} (cf. Definition 15.2
above). But Mg' N M; = Mg, Fy» and so by the induction hypothesis SN Fy
is a coordinate subspace in Fy (and hence, in F™).

Now Lemma 14.3 tells us that either S is a 1-dimensional subspace of
F™ which does not lie in any coordinate hyperplane or S is a coordinate
subspace in F™. Our assumption (b) rules out the first possibility. Hence,
S is a coordinate subspace of F™, as claimed. O

16. PROOF OF THEOREM 9.1 FOR H OF TYPES A,,_1 (n >5), B,
(n>3) AND D,, (n > 4)

Starting from this section, we will prove Theorem 9.1 case by case.

Notation 16.1. Let R be an irreducible reduced root system. We denote
by @ = Q(R) the root lattice of R and by P = P(R) the weight lattice of R,
both lattices regarded as W := W(R)-lattices. Given a positive integer m
and a subset I C {1,...,m}, we define W; C W™, and the Wr-modules Q7
Pr, etc., as in Definition 15.2. The base field k is assumed to be algebraically
closed of characteristic zero.

16.1. Case A,_1 (n >5).

Theorem 16.2. Let G = (SL,,)"/C, where n > 5 and C is a subgroup of
(n)™ = Z(SL"). Then the following conditions are equivalent:

(a) G is Cayley,

(b) G is stably Cayley,
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(c) the character lattice X(G) is quasi-permutation,
(d) X(G) =Q™,
(e) G is isomorphic to (PGLy)™.
Proof. (a) = (b) is obvious.
(b) = (c) follows from [20, Thm. 1.27].
(d) = (e): clear.
(e) = (a): clear, because the group PGL,, is Cayley, see [20, Thm. 1.31],
and a product of Cayley groups is obviously Cayley.
The implication (¢) = (d) follows from the next proposition. O

Proposition 16.3. Let R = A,,_1, where n > 5. Suppose an intermediate
W -lattice L between Q™ and P™. is quasi-permutation. Then L = Q™.

Proof. We proceed by induction on m. The base case, m = 1, follows
from [20, Prop. 5.1]. For the induction step, assume that m > 2 and that
the proposition holds for m — 1. We will show that it also holds for m.

Set I :={2,...,m} C{1,2,...,m}and F = P/Q = Z/nZ. By Lemma 2.5,
L N Pr is a quasi-permutation Wi-lattice. By the induction hypothesis,
LNPr=Qr. Set S=L/Q™ C F™, then SN F; = 0. It follows that the
canonical projection S — F} is injective. As F' = Z/nZ, we have S = Z/dZ
for some divisor d of n.

In the notation of the beginning of Section 13, L = P& as a W-lattice
(where W acts on P™ diagonally). By Corollary 13.2,

(16.1) L=LeQ™ !,

where Q1 C L1 C P;. Clearly Q™! is quasi-permutation as a W-lattice
because so is @@ = ker[Z[S, /Sn—1] — Z]. By assumption, L is a quasi-
permutation W™-lattice, hence it is quasi-permutation as a W-lattice. Since
L and Q™! are quasi-permutation W-lattices, we see from (16.1) that L; ~
L1 ® Q™ '~ L ~ 0, so that L; is a quasi-permutation W-lattice. By [20,
Prop. 5.1] it follows that L; = Qi, hence S = 0, and P§" = Q™. Thus
L = Q™, which proves (d) for m and completes the proofs of Proposition
16.3 and Theorem 16.2. O

16.2. Case B,, (n > 3) and D,, (n > 4). Let n > 7, R be the root system
of Spin,, (of type B(,,_1)/2 for n odd or of type D,, 5, for n even) and M be
the character lattice of SO,,. If n is odd, then M = @Q; if n is even, then
QCMCP. Set F:=P/M=Z/27.

Theorem 16.4. Let G = (Spin,,)™/C, where n > 7, and C is a central
subgroup of (Spin,,)™. Then the following conditions are equivalent:

) G is Cayley,

) G is stably Cayley,

) the character lattice X(G) of G is quasi-permutation,

) X(G) = M™, where M = X(SO,,),

(e) G is isomorphic to (SOy,)™.

(a

(b
(c
(d
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Proof. Only (¢) = (d) needs to be proved; the other implications are easy.

Assume (c), i.e., X(G) is a quasi-permutation W™-lattice. Clearly Q™ C
X(G) ¢ P™. We claim that X(G) D> M™. If n is odd this is obvious,
because M™ = Q™. If n is even then by Lemma 2.5, X(G) N P; is a quasi-
permutation Wj-lattice. Now by [20, Thm. 1.28], we have X(G) N P; = M.
Thus X(G) D M1 @ -+ @ M, = M™, as claimed.

We will now show that X(G) = M™. Assume the contrary. Consider
the surjection \: P — P/M = Z/2Z. Set S = X(G)/M™ C (Z/2Z)™
then S # 0. In the notation of Lemma 13.1, we have X(G) = Pg". Since
S # 0, by Corollary 13.3 X(G) has a direct W-summand isomorphic to P. By
Proposition 11.1, P is not quasi-invertible, hence X(G) is not quasi-invertible
as a W-lattice. It follows that X(G) is not a quasi-invertible W™-lattice,
which contradicts (c¢). Thus (d) holds, as desired. O

Remark 16.5. Alternatively, we can prove Theorem 16.4 similar to the proof
of Proposition 16.3. Namely, we prove by induction that X(G) = M™ using
Corollary 13.2. Here we make use of the fact that by Proposition 11.1, P is
not quasi-permutation.

Remark 16.6. Proposition 16.3 cannot be proved by an argument analogous
to the proof of Theorem 16.4. Indeed, the proof of Theorem 16.4 relies
on the fact that X(Spin,,) is not quasi-invertible for n > 7 (see Proposition
11.1). On the other hand, X(SL,,) is quasi-invertible (though it is not quasi-
permutation) whenever n is a prime; see [11, Prop. 9.1 and Rem. 9.3].

17. PROOF OF THEOREM 9.1 FOR H OF TYPE A1 =B; =C;

We will continue using Notation 16.1. Let R = Aj. Set F = Q/P =
7.)27.

Let G = (SL2)™/C, where C is a subgroup of Z((SL2)™) = (u2)™. We
have Q™ C X(G) C P™. Set S :=X(G)/Q™ C F™ = (Z/2Z)™

Theorem 17.1. Let G = (SL2)™/C, where C is a subgroup of Z((SLg)™) =
(2)™. Then the following conditions are equivalent:

) G is Cayley,

G is stably Cayley,

the character lattice X(G) is a quasi-permutation W -lattice,
X(G)/Q™ is an almost coordinate subspace of F™ = (Z/27)™

G decomposes into a direct product of normal subgroups G1 X - -+ X Gs,

where each G; is isomorphic to either SLo, PGLy or SOy.

(a

(b
(c
(d) S
(e

Remark 17.2. The set of normal subgroups G, ..., G in part (e) is uniquely
determined by G; see Remark 14.5.

Proof of Theorem 17.1. Only the implication (¢) = (d) needs to be proved;
all the other implications are easy. The implication (¢) = (d) follows from
the next proposition. O
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Proposition 17.3. Let R = A1 and L be an intermediate W -lattice between
Q™ and P™, ie., Q™ C L C P™. Write S = L/Q™ C F™ = (Z/2Z)™.
Then L is quasi-permutation if and only if S is almost coordinate.

Proof. The “if” assertion follows easily from Lemmas 2.6 and 2.7. To prove
the “only if” assertion, we begin by considering three special cases which
will be of particular interest to us.

Case 1: m < 2. Here every subspace of (Z/27Z)™ is almost coordinate,
and condition (d) holds automatically.

Case 2: S is the line (1,,) = {0,1,,,} C (Z/2Z)™, where 1,,, = (1,...,1).

This S = (1,,) is not almost coordinate for any m > 3. Thus we need
to show that (c) does not hold, i.e., the lattice L = Py is not quasi-
permutation. This lattice is isomorphic to the lattice M described at the
beginning of Section 11, in the case where A is the disjoint union of m
copies of By (or, equivalently, of Aj) for m > 3. By Proposition 11.1,
for m > 3, the lattice M ~ L = P(me is not quasi-invertible, hence not
quasi-permutation, as claimed.

Case 3: m = 3. There are two subspaces S of (Z/2Z)? that are not
almost coordinate: (i) the line (13) and (ii) the 2-dimensional subspace cut
out by 1 + x5 + x3 = 0. Once again we need to show that in both of these
cases L is not quasi-permutation.

(i) is covered by Case 2 (with m = 3). If S is as in (ii), then L is
isomorphic to the lattice M defined in the statement of Proposition 12.1.
By this proposition, L is not quasi-invertible, hence not quasi-permutation,
as claimed.

We now proceed with the proof of the proposition by induction on m > 1.
The base case, where m < 3, is covered by Cases 1 and 3 above. For
the induction step assume that m > 4 and that the proposition has been
established for all m’ < m — 1.

Suppose that for some subspace S = L/Q™ C (Z/2Z)™ we know that L =
Pg' is quasi-permutation. Our goal is to show that S is almost coordinate.

Since L is quasi-permutation, by Lemma 2.5, we conclude that L N P;
is a quasi-permutation Wiy-lattice for every I = {iy,...,i,} € {1,...,m}.
By the induction hypothesis, (LN Pr)/Qr = S N Fr is an almost coordinate
subspace in Fr = (Z/2Z)".

Now Proposition 14.6 tells us that S is either the line (1,,), or almost
coordinate. If S is the line (1,,), then L is not quasi-permutation by Case 2,
contradicting our assumption. Thus S is almost coordinate, which completes
the proofs of Proposition 17.3 and Theorem 17.1. O

18. PROOF OF THEOREM 9.1 FOR H OF TYPES As, By = Cy, AND
A3 =D3

18.1. Case As. Once again, we will continue using Notation 16.1. Set
F:=P/Q ~17/3Z.
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Theorem 18.1. Let G = (SL3)™/C, where C is a subgroup of (u3)™ =
Z((SL3)™). Then the following conditions are equivalent:

(a) G is Cayley,

(b) G is stably Cayley,

(c) the character lattice X(G) is a quasi-permutation W™ -lattice,

(d) §:=X(G)/Q™ is a coordinate subspace of F™ ~ (Z/3Z)™,

(e) G decomposes into a direct product of normal subgroups G1 X - X Gy,
where each G; is isomorphic to either SLs or PGLg.

Proof. Once again, only the implication (¢) = (d) needs to be proved; the
other implications are easy.

Clearly Q™ C X(G) C P™; assume X(G) is quasi-permutation. The W-
lattices P and @ are quasi-permutation, see [20, Thm. 1.28]. If S C F™
is the 1-dimensional subspace (a) spanned by a vector a = (a,...,am)
such that a; # 0, ...,a, # 0, then from Proposition 12.4 it follows that
X(G) = P& is not a quasi-permutation W™-lattice, a contradiction. Now
by Proposition 15.1, X(G) = P§" is quasi-permutation if and only if S is
coordinate. This shows that (c) = (d). O

18.2. Case By = Cy. Set F := P/Q = 7,/2Z.

Theorem 18.2. Let G = (Sping)™/C, where C is a subgroup of the finite
k-group (u2)™ = ker[(Sping)™ — (SO5)™]|. Then the following conditions
are equivalent:

(a) G is Cayley,

(b) G is stably Cayley,

(c) the character lattice X(G) is quasi-permutation,

(d) S:=X(G)/Q™ is a coordinate subspace of F™ = (Z/2Z)™,

(e) G decomposes into a direct product of normal subgroups G1 X - -+ X Gg,

where each G; is isomorphic to either Sping = Sp, or SOs.

Proof. As in the proof of Theorem 18.1, we only need to establish the impli-
cation (¢) = (d). We have Q™ C X(G) C P™. The W-lattices P and (@ are
quasi-permutation, see [20, Thm. 1.28]. If S C F™ is the 1-dimensional sub-
space (1,,) spanned by the vector 1,, = (1,...,1) then by Proposition 11.1,
PP | is not a quasi-invertible W™-lattice. Now by Proposition 15.1, the

(Im)
W-lattice X(G) = P§* is quasi-permutation if and only if S is coordinate,
which completes the proof of the theorem. O

18.3. Case A3 = D3. Here P/Q ~ Z/4Z.

Theorem 18.3. Let G = (Sping)™/C, where C is a subgroup of Z(G) =
(a)™ = ker[(Sping)™ — (PSOg)™]. We have Q™ C X(G) C P™, where P,
Q and X(G) are the character lattices of PSQOg, Sping and G, respectively.
Then the following conditions are equivalent:

(a) G is Cayley,

(b) G is stably Cayley,
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(¢) X(G) is quasi-permutation,

(d) X(G) € (2P)™ and X(G)/Q™ is a coordinate subspace of (2P/Q)™ =

(e) G decomposes into a direct product of normal subgroups G1 Xj,- - - X G,
where each G; is isomorphic to either SOg or PSOg = PGLy.

Proof. Both SOg and PSOg = PGLy are Cayley; see [20, Introduction].
Consequently, (¢) = (a). Thus we only need to show that (c) = (d); the
other implications are immediate. Assume that X(G) is quasi-permutation.

First we claim that X(G) C (2P)™. Indeed, assume the contrary. Then
X(G)/Q™ contains an element of order 4. By Corollary 13.3, the W™-lattice
X(G) restricted to the diagonal subgroup W has a direct summand isomor-
phic to the character lattice P of Sping. By Proposition 11.1, the W-lattice
P is not quasi-invertible. We conclude that X(G) is not quasi-invertible as
a W-lattice and hence not a quasi-invertible W™ -lattice, contradicting our
assumption that X(G) is quasi-permutation. This proves the claim.

As we mentioned above, SOg and PSOyg are both Cayley. Hence, the W-
lattices 2P and @ are quasi-permutation. Set F' = 2P/Q ~ 7Z/27Z. 1If S :=
X(G)/Q™ C F™ is the 1-dimensional subspace (1,,) spanned by the vector
1,, = (1,...,1), then by Proposition 12.2, X(G) is not a quasi-invertible
W™-lattice, a contradiction. Now Proposition 15.1 tells us that the W™-
lattice X(G)/Q™ is coordinate in (2P/Q)™, and (d) follows. O

This completes the proof of Theorem 9.1.

19. PROOF OF THEOREM 1.5

In this section we deduce Theorem 1.5 from Theorem 9.1. Clearly (b)
implies (a), so we only need to show that (a) implies (b).

Let G be a stably Cayley simple k-group (not necessarily absolutely sim-
ple) and k be a fixed algebraic closure of k. Then G := G xj k is stably
Cayley over k and is of the form H™/C, where H is a simple and simply
connected k-group and C is a central k-subgroup of H™. By Theorem 9.1,
G= G X5 X5 Gy each G, 1 is either a stably Cayley simple group or
is isomorphic to SO, . (Recall that SO 4 1s stably Cayley and semisimple,
but is not simple.) Here we write G, j, for the factors in order to emphasize
that they are defined over k.

If H is not of type Aj, then the subgroups G, j are simple and hence,
intrinsic in G: they are the minimal closed connected normal subgroups of
dimension > 1. If H is of type A1, this is no longer obvious, since some of the
groups G,  may not be simple (they may be isomorphic to SO 47,;). However,
in this case the subgroups G, j are intrinsic in G as well by Remark 17.2.
Hence, in all cases, the Galois group Gal(k/k) permutes Gig .-+ G- Since
G is simple over k, this permutation action is transitive.

Let | C k be the subfield corresponding to the stabilizer of G, j in
Gal(k/k). Then G f and Gsqf = Gy X - - X5 G, f are Gal(k/l)-invariant,
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and we obtain [-forms of these two k-groups, which we will denote by Gy
and G>2;. Then G = Ry/;(G1,), where Gy, is either absolutely simple or
an [-form of SOy ;. In the latter case G, has to be an outer [-form of the
split I-form of SOy; otherwise G1; will not be [-simple and consequently, G
will not be k-simple.

Now consider the case when G is not an [-form of SO4;. Then Gy is
absolutely simple. Since G is stably Cayley over k,

(19.1) G xl = Gy x; G>g, is stably Cayley over .

It remains to show that Gy, is stably Cayley over [. Assume the contrary.
Note that G,  is stably Cayley over k. Comparing the classification of stably
Cayley simple k-groups over an algebraically closed field k of characteristic
0 in [20, Theorem 1.28] with the classification of stably Cayley absolutely
simple [-groups over a field [ of characteristic 0, not necessarily algebraically
closed, in Theorem 1.4, we see that G, is an outer [-form of PGL,; for
some even integer n > 4. Then by Example 10.7 the character lattice of G
is not quasi-invertible, and by Proposition 10.8 the product Gi; xX; G2,
cannot be stably Cayley over [, which contradicts (19.1). This contradiction
completes the proof of Theorem 1.5. O
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