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ABSTRACT. For a cellular variety X over a field k of characteristic 0 and an al-
gebraic oriented cohomology theory h of Levine-Morel we construct a filtration
on the cohomology ring h(X) such that the associated graded ring is isomor-
phic to the Chow ring of X. Taking X to be the variety of Borel subgroups
of a split semisimple linear algebraic group G over k we apply this filtration
to relate the oriented cohomology of G to its Chow ring. As an immediate
application we compute the algebraic cobordism ring of a group of type G2
and of some other groups of small ranks, hence, extending several results by
Yagita.

Using this filtration we also establish the following comparison result be-
tween Chow motives and h-motives of generically cellular varieties: any irre-
ducible Chow-motivic decomposition of a generically split variety Y gives rise
to a h-motivic decomposition of Y with the same generating function. More-
over, under some conditions on the coefficient ring of h the obtained h-motivic
decomposition will be irreducible. We also prove that if Chow motives of two
twisted forms of Y coincide, then their h-motives coincide as well.

1. INTRODUCTION

We work over the base field k of characteristic 0. For an algebraic oriented
cohomology theory h of Levine-Morel [11] and a cellular variety X of dimension N
we construct a filtration

h(X) =n?(x) 2aM(X) 2 ... 2™ (X) D0
on the cohomology ring such that the associated graded ring

Grn(X) = Pr?(X)/n D (X)

i>0

is isomorphic (as a graded ring) to the Chow ring CH*(X, A) of algebraic cycles
modulo rational equivalence relation with coefficients in a ring A. We exploit this
filtration and isomorphism in two different contexts:

First, we consider the (cellular) variety X = G/B of Borel subgroups of a split
semisimple linear algebraic group G over k. By [7, Prop. 5.1] the cohomology ring
h(G) can be identified with a quotient of h(G/B), so there is an induced filtra-
tion on h(G). One of our key results (Prop. 4.3) shows that CH"(G, A) covers the
associated graded ring Gr*h(G) and describes the kernel of this surjection. As
an immediate application for h =  (the algebraic cobordism of Levine-Morel) we
compute the cobordism ring for groups Gs, SOs, SO4, Spin, for n = 3,4,5,6
and PGL, for n > 2, in terms of generators and relations, hence, extending sev-
eral previously known results by Yagita [19]; as an application for h = K (the
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Grothendieck K() we construct certain elements in the difference between topo-
logical and the Grothendieck ~-filtration on Ky(X), hence, extending some of the
results by Garibaldi-Zainoulline [6].

The second deals with the study of h-motives of generically cellular varieties.
The latter is a natural generalization of the notion of the Chow motives to the
case of an arbitrary algebraic oriented cohomology theory of Levine-Morel. It was
introduced and studied by Nenashev-Zainoulline in [13] and Vishik-Yagita in [17].

Let A denote the coefficient ring of h and let A’ denote its i-th graded compo-
nent. We prove the following theorem which relates h-motives of generically cellular
varieties to its Chow motives:

Theorem A. Let X be a generically cellular variety over k, i.e. cellular over the
function field k(X). Assume that the Chow motive of X with coefficients in A°
splits as
MCH(Xa AO) = @R(i)@ci, C; Z 05
i>0

for some motive R which splits as a direct sum of twisted Tate motives R =
D=0 A°(5)®% over its splitting field.

Then the h-motive of X (with coefficients in A) splits as

M*(X) = P Rul(i)®"
i>0
for some motive Ry and over the same splitting field Ry splits as a direct sum of
twisted h-Tate motives R = €D, > A(5)®4s,

This result can also be derived from the arguments of [17] where it is proved that
sets of isomorphism classes of objects of category of Chow motives and 2-motives
coincide. However, our approach gives more explicit correspondence between idem-
potents defining the (Chow) motive R and the h-motive Ry. The latter allows us
to prove the following result concerning the indecomposability of the h-motive Ry:

Theorem B. Assume that A' = ... AN =0, where N = dim X.
If the Chow motive R is indecomposable (over A°), then the h-motive Ry is
indecomposable (over A).

and also the following comparison property:

Theorem C. Suppose that X,Y are generically cellular and Y is a twisted form
of X, i.e. Y becomes isomorphic to X over some splitting field.
If MCH(X,A%) = MCH(Y, AY), then M®(X) = M®(Y).

The paper is organized as follows: In section 2 we recall concepts of an algebraic
oriented cohomology theory h of Levine-Morel and the corresponding category of
h-motives. In section 3 we introduce the filtration on the cohomology ring h(X)
of a cellular variety X which plays a central role in the paper. In section 4 we
apply the filtration to obtain several comparison results between CH(G) and h(G).
In particular, in section 5 we compute the algebraic cobordism () for some groups
of small ranks and construct explicit elements in the difference of between the
topological and the ~-filtration on Ko(G/B). In section 6 we apply the filtration
to obtain comparison results between h-motives and Chow-motives of generically
split varieties.



MOTIVES AND ORIENTED COHOMOLOGY OF A LINEAR ALGEBRAIC GROUP 3

Acknowledgments. I am grateful to my PhD supervisor Kirill Zainoulline for use-
ful discussions concerning the subject of this paper. The work has been supported
by the Ontario Trillium Graduate Scholarship, RFBR grant 12-01-33057 and by
NSERC 396100-2010 and ERA grants of K. Zainoulline.

2. PRELIMINARIES

In the present section we recall notions of an algebraic oriented cohomology
theory, a formal group law and of a cellular variety. We recall the definition of the
category of h-motives with the inverted Tate object.

Oriented cohomology theories. The notion of an algebraic oriented cohomology the-
ory was introduced by Levine-Morel [11] and Panin-Smirnov [14]. Let Smy, denote
the category of smooth varieties over Spec k = pt. An algebraic oriented cohomol-
ogy theory h* is a functor from Smj” to the category of graded rings. We will
denote by f": h*(Y) — h*(X) the induced morphism f: X — Y and call it the
pullback of f. By definition, the functor h* is equipped with the pushforward map
fa: h*(X) — pdimY—dim X4y for any projective morphism f: X — Y. These
two structures satisfy the axioms of [11, Def. 1.1.2]. We denote its coefficient ring
h*(pt) by A*. As for the Chow groups, we will also use the lower grading for h, i.e.
h;(X) = h4mX=¢(X) for an irreducible variety X.

Formal group law. For an oriented cohomology theory h* there is a notion of the
first Chern class of a line bundle. For X € Smj and a line bundle L over X it is
defined as & (L) = 2Pz,(1) € h'(X) where 2: X — L is a zero section. There is a
commutative associative 1-dimensional formal group law F' over A* such that for
any two line bundles L; , Ly over X we have ¢} (L; ® Lo) = F(&(L1), A (L2)) [11,
Lem. 1.1.3]. We will use the notation x +p y for F(z,y). For any = we will
denote by —pz the unique element such that z +r (—pz) = 0. For any n € Z
we will denote by n -p z the expression  +p ... +p x (n times) if n is positive,
and (—px) +p ... +r (—rx) (—n times) if n is negative. By [11] there is a natural
transformation that commutes with pushforwards:

vx: QF(X) ®. A* = b*(X),

where . = Q(pt) is the Lazard ring and the map L* — A* is obtained by spe-
cializing the coefficients of the universal formal group law to the coefficients of the
corresponding F'.

Cellular and generically cellular varieties. A variety Y € Smy is called cellular if
there is a filtration of Y = Y5 2 Y; 2 ... 2 Y;, 2 0 such that each Y; \ Yiy; is a
disjoint union of affine spaces of the same rank ¢;: Y5\ Yiq1 = A [[... [TAY.

We call a variety X generically cellular if Xjx) is a cellular variety over the
function field k(X).

2.1. Example. Let G be a split semisimple algebraic group, B its Borel subgroup
containing a fixed maximal split torus 7" and W the corresponding Weyl group. For
any w € W let I(w) denote its length. Let wy € W denote the longest element of
W and N = [(w). It is well known that the flag variety X = G/B has the cellular
structure given by the Schubert cells X,,:

X=Xu,2 |J X2 |J Xw2...2Xc=0pt,
l(w)=N—-1 l(w)=N—2
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where X, is the closure of BwB/B in X.

2.2. Example. Let ¢ € Z'(k,G) be a 1-cocycle with values in G. Then the twisted
form ((G/B) of X = G/B provides an example of a generically split variety.

h-motives. The notion of h-motives for the algebraic oriented cohomology theory
h was studied by Nenashev-Zainoulline in [13], and Vishik-Yagita in [17]. We refer
to [17, §2] for definition of the category of effective h-motives. In the present paper
we will deal with the category of h-motives My with the inverted Tate object. It
is constructed as follows:

Let SmProj, denote the category of smooth projective varieties over k. Follow-
ing [5] we consider the category Corry, defined as follows: For X,Y € SmProj,
with irreducible X and m € Z we set

COTTm (X, Y) = hdimXer(X X Y)

Objects of Corry, are pairs (X, i) with X € SmProj, and i € Z. For X € SmProj,
with irreducible components X; define the morphisms

Homeor ((X,1), (Y, 5)) = [ [ Corri—j (X1, Y).
l

For a € Hom((X,z'), (Y,j)) and g3 € Hom((Y,j), (Z, k:)) the composition is given
by the usual correspondence product: aof = (pxz)u((py 2)*(8)  (pxy)*(cx)), where
PXy,Pyz,Pxz denote the projections from X X Y X Z onto the corresponding
summands.

Taking consecutive additive and idempotent completion of Corry, we obtain the
category My of h-motives with inverted Tate object. Objects of this category are
(LL; (X3, m4), p) where p is a matrix with entries p; ; € Corry, —,(X;, X;) such that
pop=p. Morphisms between objects are given by the set

Hom((J[(Xi,m3),p), (J[ (Y5, m5),0)) = g0 @D Corrn, —m,(Xi,¥;) op
]
considered as a subset of P, ; Corry, —m;(X;,Y;). This is an additive category
where each idempotent splits. There is a natural tensor structure inherited from
the category Corry:

(JI(xema),p) @ ([T m9),9) = (] (X0 % Yi,m +ny),p % q)
4,J
where p x g denotes the projector pe, j,)(iy,j2) = Piy i X Qjr g Xiy XY, — Xiy XY,

There is a functor M®: SmProj, — My that maps a variety X to the mo-
tive M*(X) = ((X,0),idx) and any morphism f: X — Y to the correspondence
(Tf)n(1) € hagimx(X xY) = Corrog(X,Y), where I'y: X — X x Y is the graph
inclusion. We will denote by A: X — X x X the diagonal embedding. Then Ap(1)
is the identity in Corre(X, X).

Denote M®(pt) by A and ((pt, 1),id,:) by A(1). We call A(1) the h-Tate motive.
We write A(n) for A(1)®™ and M®(X)(n) for M*(X)®A(n). The motive M®(X)(n)
is called the n-th twist of the motive M®(X).

By definition we have

n'(X) = Homug, (M™(X), A()) and h;(X) = Hom, (A(6), MP(X)).
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2.3. Lemma. For X € SmProj, with the structure morphism 7: X — pt any
isomorphism M™(X) = @, A(oy) corresponds to a choice of two A-basis sets

{Ti € h® (X)}l and {Cl € hy, (Xv)}Z
such that my(7;¢(j) = 655 in A and Y, (; @ 73 = Ay(1) in h(X x X).
Proof. In the direct sum decomposition M*(X) = @, A(e;) the i-th projection
pi: M*(X) — A(a;) is defined by an element 7; € h* (X) and the i-th inclusion

1t Aa;) = h(X) is defined by an element ¢; € hy,(X). Then by definition of the
direct sum we obtain

Wh(TiCj) = (S@j and ZCZ RT = Ah(l).

Let us check that {(;}; form a basis of h(X). Indeed, we have h(X) = €, hi(X) =

D, Homm, (M*(X),A(4)) = B; Homm, (B; Aai), A7) = B, Ao« and ¢; are
the images of standard generators. So {(;}; form a A-basis of h(X). Finally, since
{7:}i are dual to {¢;}i, {7} is also a basis. O

2.4. Remark. Observe that any isomorphism M®(X) = @ A(«;) gives rise (canon-
ically) to an isomorphism h*(X) = @, A*~*i.

3. FILTRATION ON THE COHOMOLOGY RING

In the present section we construct a filtration on the oriented cohomology h(X)
of a cellular variety X which will play an important role in the sequel.

3.1. Proposition. Assume that X is a cellular variety over k with the cellular
decomposition X = Xqg D X1 D ... 2 X, D 0 where X; \ Xit1 = Hm A% . Then
(1) the h-motive of X splits as M™(X) = @, Acu)®“ ;
(2) the Kinneth formula holds, i.e. the natural map h(X)®@ah(X) — h(X x X)
s an isomorphism;
(3) the specialization maps vx : UX)QA = h(X) andvxxx: QX xX)QA —
h(X x X) are isomorphisms.

Proof. By [5, Cor. 66.4] the Chow motive M“"(X) splits, then [17, Cor. 2.9] im-
plies that the motive M (X) splits into a sum of twisted Tate motives M*}(X) =
@D, L(a;)®e. By Lemma 2.3 there are elements ¢ € ho, (X) and 7% € b (X),
j € {1..c;} such that mq( %—Tﬁj/) = 8(i4).(r,j) and Ag(l) =3, ¢ @ 7. Denote

ro=v(¢h@1) and 725 = v(r;; @ 1). Since v commutes with pullbacks and push-
forwards, m (G775 ;) = 0(igy.( 41y and An(1) = 3, 5 ¢}, @7F;. Then by Lemma 2.3

we have M™(X) = @, Aa;)®, so (1) holds.
The Kiinneth map fits into the diagram
h(X) @A h(X)

(@1 A*fai) ®A (@J A*faj) - . @i,j A*fa-;*aj

where the bottom arrow is an isomorphism, so the Kiinneth formula (2) holds.

h(X x X)

Note that the natural map vx can be factored as follows

vx: QX)@A = OmHompaq, (6D Alew), A(m)) — Hom, (D Alai), A(m)) = h(X).
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Thus vx is an isomorphism. The same reasoning proves the statement for vxx x,
hence, (3) holds. O

3.2. Definition. Let X be a cellular variety. Consider two basis sets ¢; € hq, (X)
and 7; € h*(X) provided by Proposition 3.1 and Lemma 2.3. We define the
filtration h(Y (X) as the A-linear span

N—a; >l a; >l
We denote h(//+1)(X) = h®W(X)/n+Y (X) and Gr*h(X) = @, b/ (X) to be
the associated graded group. Lemma 3.4 implies that the latter is a graded ring.

3.3. Remark. In the case when the theory h is generically constant and satisfies the
localization property, the filtration introduced above coincides with the topological
filtration on h(X), i.e. with the filtration where the I-th term is generated over
A by classes [Z — X] of projective morphisms Z — X birational on its image
and dim X — dim Z < [. This fact follows from the generalized degree formula [11,
Thm. 4.4.7].

3.4. Lemma. h(W(X).n(2)(X) Cnhitk)(X).

Proof. We have 7’758 = Y ai({* in Q(X) for some a; € L. Then o; + a; =
deg(a;) + . Since deg(a;) <0, oy > o; + a; > Iy + I for any nontrivial a;. Since
= v(¢? ®1) we have Q}-‘(;-l = > (@ ® 1) with oy > a; + o = 13 +13. So
dmgl c h(l1+12)(X)_ O

3.5. Proposition. For a cellular X there is a graded ring isomorphism:
N
v: (PHn/ T (X) - CH(X, A).
=0

Proof. By Proposition 3.1 it is sufficient to prove the statement for h = 2. Observe
that Q(/1+1)(X) is a free L-module with the basis 7i? +h(*)(X) with a; = [ and
CH(X,L) is a free L-module with basis 7" with o; = [. Thus the L-module
homomorphism ¥; defined by

Uy (rf + (X)) = 771

3

is an isomorphism.
Let us check that ¥ = € ¥, preserves multiplication. For any i, we have

78 = S %
m

for some a,, € L. Then for any m we have deg(an,) + om = «; + ;. Then in
h(@ites/aitai+1) we have

TiQTJQ = Z am TSt modulo + h(ai+0‘f+1)(X)

am=a;+a;
Observe that L = Z and for all a,, € L such that deg(a,,) < 0 we have that
am ® 1z = 0 in Z. Thus tensoring (x) with 1z we get

CH

75 TJ»CH = Z (am @ 1)ToH.

am=0



MOTIVES AND ORIENTED COHOMOLOGY OF A LINEAR ALGEBRAIC GROUP 7

S0 Wa,ta, (75 + h(@tD(X) - TjQ +hlu (X)) = 761 . 7M. Hence, VU is a graded
ring isomorphism. (]

3.6. Lemma. U(¢* +n(*+D (X)) = (o1,

Proof. 1t is sufficient to show the statement for h = Q*. Consider the expansion
=3 a]—TJQ for some a; € L. with dega; +a; = N — ;. Since dega; < 0 we have

= Z ajTjQ mod QW=+ (X)),
dega;=0

Therefore, ¥ (¢ + QNI+ (X)) = (o1, -

4. ORIENTED COHOMOLOGY OF A GROUP

In the present section, using the filtration introduced in 3.2 we compute algebraic
cobordism for some groups of small ranks and for PGL,,, n > 2. We also construct
nontrivial elements in the difference between the topological and the v-filtration on
Ky(G/B).

In this section we assume that the associated to h weak Borel-Moore homology
theory satisfies the localization property of [11, Definition 4.4.6]. Examples of such
theories include h(—) = Q(—) ® A, or any oriented cohomology theory in the sense
of Panin-Smirnov [14].

Consider the variety X = G/B where G is a split semisimple algebraic group. Let
ma/p: G — X be the quotient map. According to Example 2.1 X is cellular. For
any w € W we fix a minimal decomposition w = s;, ...s;,, into simple reflections.
Denote the corresponding multiindex by I, = (i1,...4m) and consider the Bott-
Samelson variety X /B [4, §11]. Then p;,,: X;,/B — G/B is a desingularisation
of the Schubert cell X,,. Take

Cw = (P2, )0 (1) € Dy (X) = Homag, (A(I(w)), M*(X)

to be the embedding in the direct sum decomposition @,y A(l(w)) = M*(G/B).
So, with this choice of isomorphism M*(G/B) = @, oy A(l(w)) the basis given by
Lemma 2.3 coincides with the basis (7, constructed in [4, §13].

Let A[[T*]]r be the formal group algebra introduced by Calmes-Petrov-Zainoulline
in [4, §2], where T™ is the character lattice of T' and F' is the formal group law of
the theory h. There is the characteristic map c¢p: A[[T*]]r — h(G/B) such that
cr(za) = A(L(N)) for a character A. By [7, Prop. 5.1] there is a short exact
sequence

(1) 0 — ¢(Ir) — 1(G/B) e/ h(G) — 0,

where I denotes the ideal in A[[T*]]F generated by z,, for a € T*. By [4, Lem. 4.2]
there is a graded algebras isomorphism ¢: @5°_, I /IF"! — Si(T*) where Sj (T)
denotes the symmetric algebra over T*. Let F,, denote the additive formal group
law. We will need the following
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4.1. Lemma. The following diagram commutes:

o0 m /Tm Gre o0 m/m
@m:O IF /IFJrl 4 @m:O h( /m+1) (G/B)

C

S3(T%) H(G/B, A)

Proof. By definition, it is sufficient to prove that ¥ (pri(c2(£y))) = (L) Con-
sider the expansion c}(£y) = 3,7 we have that 7, € L° = Z for |w| = 1. Then
A(LN) =D (ry ® 14)7E and

U (pri(c}(Ly)) Z roTSH = L)) @ 17 = H(Ly). O
Jw|=1
4.2. Lemma. For the additive group law the induced filtration satisfies
¢(Ir,)CH(X, A) NCH (X, A) = > ¢(xa)CH' (X, A).

Proof. Note that c(Ia)CH(X A) is generated by the elements ¢(z,) € CH'(X, R).
For any element z = } ¢(za)ya of ¢(I,)CH(X,A) we have that z lies in the
CH'(X, A) if and only if y,, € CH" (X, A). Therefore ¢(I,)CH(X, A)NCH' (X, A) =
S e(zo)CH (X, A). O

Let h) (@) denote the image W}é/B(h(i)(G/B)) and let h/*+1 (@) denote the
quotient b (G)/n*+1(@).

4.3. Proposition. For every i there is an exact sequence:

0 - s - SRR - GG, ) 5 a0 (G) o

Proof. By [3, Prop. 2, §2.4] we obtain from (1) the short exact sequence:

(i) (%) i/i
0 “”’Eﬁff??}é) x) _, hgﬂg)&) N O I Te) )

By Lemma 4.2 applied to the case of additive formal group law, the above se-
quence turns into

0— ) e(xa)CH (X, R) — CH'(X,R) — CH(G,R) 0
Observe that for isomorphism (¥%)~! we have
()7 (3 elwa) CHT (X, 4)) = (i) © (L) ()
Then we get the following diagram with exact rows:
00— ¢(x)CH (X, A) — CH (X, A) — CH'(G, A\) —=0

(‘I/'L)—l

0 c(I)h(X)ﬁh(i)(X) h(i/iJrl)(X) h(Z/ZJrl)(G) 0

h(i+1)(X)

The latter sequence and (x) gives rise to the exact sequence

0 L0200, (DHDE) y CHY(G, A) - 1E/HD(@) 0. D
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4.4. Corollary. Assume that pullbacks pgf/IB (Xw,;) of Schubert cells generate CH(G)
as Z-algebra for some elements wi,...wy, in W. Then the pullbacks of Schubert
cells p}é/B(Cwi) generate h(G) as A-algebra.

Proof. By 4.3 classes of p}é/B (Cw,) generate the associated graded ring @, b/ *V(@).
Then p}é/B((wi) generate h(G), since the filtration is finite. O

The following observations will be useful for computations

i N~ Y(@/B v (G/B
4.5. Lemma. If CH(G) = 0 then “D2 (GS/B/) ) = 2 <é /}3)

4.6. Lemma. Assume that CH'(G) = 0. Then fori > 2
¢(I)h(G/B)NnD(G/B) = (1) hM(G/B) N1 (G/B)

Proof. Note that ideal ¢(I)h(G/B) is generated by c(z,) where o runs over the
basis of the character lattice. O

5. EXAMPLES OF COMPUTATIONS

The results of the previous section allow us to obtain some information concern-
ing the ring h(G) from CH(G). Moreover, in some cases it allows us to compute

n(G).

We follow the notation of the previous section. We denote @n(/i+1)(G) by
Gr*h(G). For a € h*(G) let @ € K/ (@) denote its residue class. Let o be the
projection CH* (G, A) — ®Gr* h(G).

Algebraic cobordism of Go. According to [12] we have

CH" (G2, 2) = Zlws] /(2 94

where z3 = 7% ({212), 7: G — G/B is the projection and (212 is the Schubert
cell corresponding to the word w = sss155. Let y3 denote the pullback s (Qg’w)
of the corresponding Schubert cell in the ring Q(G/B) (see Theorem 13.12 of [4]).
Observe that o3(z3) = y3. Since CH(G2,L) is generated by 1 and z3, Gr*Q(Gz) is
generated by 1 and 73. Then by[3, §2.8] Q(G?) is generated by 1 and y3 € Q) (Gy).
Since 2x3 = 0, then 2y3 so 2y3 € Q™ (Gy) which is zero since CH'(G2) = 0 for
i > 4. Thus 2y3 = 0 and 33 € Q) (Gy) = 0.
Let us now compute Q) (G5). Proposition 4.3 gives us the exact sequence

o (a QG QB (@
0 TR — LAGRLEICIN 11225 AO(G).

Note that since ¢(I)Q(G/B) is generated by c(z1) and c(z2). By Lemma 4.5 we
have

c(I)Q(G2/B) _ (€12121,(21212)2(G2/B)
O (Ga/B) 00 (Ga/B)

Then ¢(I) N Q) (Gy/B) /Y (Ga/B) equals to the set

{z = aCi2121 + bCa1212 | z € QP ).

It is enough to consider only a,b in QM (Gy/B) \ Q3 (Gs/B) since for a,b €
QO(Gy/B) \ Q1 (Gs/B) we have z ¢ Q) (Gy/B). So we consider

a = 11C12121 + 7221212 and b = s1(12121 + S2C21212 for 71,72, 51,52 € L.
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Using the multiplication table for G3/B from [4] we obtain that = equals
(ro + 514 52)C1212 + (371 4+ 72 + 51)C2121 + (12 + 51 4 3r1)a1Ci21 + (12 + s1)a1e12
modulo Q) (Gy/B). Then = € QG)(Gy/B)/Q®W (Gy/B) iff ro + 51 + s5 = 0 and
3r1 + ro + s1 = 0. Therefore, 5 + s1 = —3r; and s3 = 3r1. So
x4 QW (Gy/B) = —3r1a1(o12 + QW (G2 /B).

Hence, the kernel of L - 223 — Q©)(Gy) is generated by 3a;x3. Then

QP(Gs) =L/(2,3a1) - y3 = L/ (2, 1) - y3
and we obtain that

(2) Q(G2) = IL‘[y?’]/(yg%,,2y3,a1y3)'

Observe that taking the latter equality modulo 2 we obtain the result established
by Yagita in [19].
Algebraic cobordism of groups SO,,, Spin,, forn = 3,4 and m = 3,4,5,6. Accord-
ing to [12]
CH(Spin;) = Z for i = 3,4,5,6.
Then by Proposition 4.3 we obtain
(3) Q(Spin;) =L for i = 3,4,5,6.

We have CH(SO3) = Z[x1]/ (221, 23) where 71 = 7% ((ups, ). Since CH(SO3) =
0 for i > 2, Q@ (S03) = 0. For i = 1 two left terms of exact sequence of Proposi-
tion 4.3 coincide, so there is an isomorphism CH'(SO3) — QM) (SO3). Hence, we
obtain

(4) Q(S05) =Lyl /9y, 2, where y1 = 7% (Cups, ).
Since CH(SO4) = Z[z1]/(221,27) the same reasoning proves that
(5) Q(SO4) =Lyl /9y, 42).

Oriented cohomology of PGL,,.

5.1. Lemma. For any oriented cohomology theory h with the coefficient ring A and
the formal group law F we have

h(PGLn) = A[z]/(xn,nxn_l, .. (Z)xd, ce,nNT, N .T)

Proof. Consider the variety of complete flags X = SL,/B. Let F; denote the
tautological vector bundle of dimension ¢ over X. Let L1 = Fy and L; = F;/F;_4
for i = 2,...n. Then, by [9, Thm. 2.6] we have

h(X) 2 Alxy,...2,]/S(z1,. .. 20) (%)

where S(x1,...x,) denotes the ideal generated by positive degree symmetric poly-
nomials in variables z1,...xz,, and the isomorphism sends z; to the Chern class
(L;). The maximal split torus T' C SL,, consists of diagonal matrices with trivial
determinant. Let y; € T denote the character that sends the diagonal matrix to its
i-th entry. So, the character lattice equals to M = Zx1® ... ®Zxn/(x1+ ...+ Xn)-
Observe that L; coincides with the line bundle £(x;), so by definition we have that
x; = ¢(xi), where ¢: A[[M]]r — h(X) is the characteristic map. Note that the roots
of PGL,, = PSL,/uy, are equal mx1,X2 — X1,-- -5 Xn — X1-
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According to [7, 5.1] we have

h(PGL,) =h(X)/(c(nx1),c(x2 — x1)s-- -5 ¢(Xn — X1))-

Then in the quotient we have

c(xi) = c(x1 +xi — x1) = ¢(x1) +F c(xi — x1) = ¢(x1)-

Taking x = ¢(x1) by () we get
h(PGL,) = Alz]/(S(x,...,x),n F ).

According to [9] S(x1,...2y,) is generated by polynomials f, (), fn—1(Zn,ZTn-1),
vy f1(@p, ... x;) where fi(zn,...,z;) denotes the sum of all degree i mono-
mials in z,,...,z;. Note that (Z) equals to the number of degree d monomi-
als in n — d + 1 variables. Then substituting ;1 = ...z, = x we obtain that
a” na™"t, ()2, ... na generate the ideal S(z,...,x). O

5.2. Example. For a prime number p and 0 < d < p the coefficient (s) is divisible
by p. By [8, Rem. 5.4.8] over A/pA we have p-p x = pfo(x) + F1(aP). Thus, the
ideal I = (aP,paP~1t, ... (Z)xd, ...,pz, p-F x) is generated by zP, px. So for any
prime p we have

h(PGLy) = A[x]/(vaxpy
In the case h = K this agrees with [20, 3.6].

Topological and the ~y-filtration. Proposition 4.3 allows to estimate the difference

between the topological and the Grothendieck ~-filtration on Ky(G/B) for a split

linear algebraic group G. Namely, consider two filtrations on Ko(G/B):
y-filtration: v¢(G/B) = (c1(L()\)) | A € T*) [20, Definition 4.2],
topological filtration: 7¢(G/B) = ([Oy] | codim (V) > i).

5.3. Proposition. Let G be a split semisimple simply connected linear algebraic
group such that CH'(G) = 0 for 1 < i < n—1 and CH"(G) # 0. Let {, be a
Schubert cell such that 7°(¢) is nontrivial in CH"(G).

Then v*(G/B) + 7*Y(G/B) = 7(G/B) for i < n and the class of (X° is non-
trivial in 7"(G/B)/y"(G/B).
Proof. As shown in [15] K¢(G) = Z for a simply connected group G. Then char-
acteristic map c¢ is surjective [6, §1B]. We have Kél)(G/B) =71 = 4!, Note that
Kéz)(G/B) = 7. Then v'7°N 7% = 7% and the Proposition 4.3 gives us a short exact
sequence for all ¢ > 1:

0— LI - T — CH(G,Z[B, 87]) = 0.

Then for any 1 < i < n we have WITi_l/Tz'H = Ti/TiJrl. By induction we get
7t = 4% + 77+ for i < n and for i = n we get By induction we get 7t = 7 + 7¢+!
for i < n and for i = n we get

0— Loy — o — CH™(G, Z[B, B71]) — 0.

So for any nontrivial element of of CH"(G) the class of its preimage is nontrivial
in 77 /™. O
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6. APPLICATIONS TO h-MOTIVIC DECOMPOSITIONS

Throughout this section we consider a generically cellular variety X of dimension
N and an oriented cohomology theory h* that is generically constant and is associ-
ated with weak Borel-Moore homology h, which satisfies the localization property.
These assumptions imply that the generalized degree formula of Levine-Morel [11,
Theorem 4.4.7] holds. The aim of this section is to prove theorems A, B and C of
the introduction which provide a comparison between the Chow motive M (X) and
the h-motive M®(X) of X.

Let L be the splitting field of X and X = X XSpec k Spec L. Let p denote the
projection p: X x X — X x X. Since X is cellular, we may consider a filtration on
h(X) introduced in 3.2. Tt gives rise to a filtration on h(X x X) = h(X) ®a h(X).
Namely, we set

KX xX)= > n(X) @09 (X).
i+j=l
On h(X x X) we consider the induced filtration

(X x X) = ()~ (00 (X x X)).

Denote the quotient h (X x X)/h+1)(X x X) by h/*D (X x X) and denote
by pri: h(X x X) — b/ (X x X) the usual projection. Denote

b)) (X x X) =hD(X x X)Nhyy_i(X x X) and
b)) (X x X) =0 (X x X) Nhoy_i(X x X).
6.1. Lemma. There is a graded ring isomorphism
2N
o: @Pu/ (X x X) - CH (X x X, A).
i=0

Proof. Since

% R/ (X x @ ni/4) (%) @, @ R/ (X
1=0

and CH(X x X,A) = CH(X,A) ®5 CH(X,A) take ® = ¥ ® ¥, where ¥ is defined
in 3.5. ([
6.2. Remark. The restriction of ®; gives an isomorphism ®;: hg%i:l)(y x X) —
CH (X x X,A%).

The following lemma provides an h-version of the Rost Nilpotence Theorem:

6.3. Lemma. The kernel of the pullback map p*: End(M®(X)) — End(M*(X))
consists of nilpotents.

Proof. Consider a diagram

Q

End(M%(X)) —2— End(M%(X))

L l

End(M®%(X)) — End(M°" (X))
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where vertical arrows are ring homomorphisms that arise from the canonical map
Q(=) — CH(—). By [17, Prop. 2.7] they are surjective with kernels consisting of
nilpotents. The kernel of the bottom arrow consists of nilpotents by [18, Prop 3.1].
Then the kernel of the upper arrow consists of nilpotents as well.

Tensoring the upper arrow with A we obtain ker(p?)@A — Qn (X x X)®@A pi@zfl
QX x X)®A, so ker(p?) ® A covers the kernel of p? ®id, thus ker(p® ®id) consists
of nilpotents. Now the specialization maps fit into the commutative diagram.

Qi _
On(X x X)L A —227 L (X x X) @ A

lVXxX
h

h(X x X)

o

-

h(X x X)
where the right arrow is an isomorphism by 2.4 and 3.1, and the map vxxx is
surjective. So the kernel of the bottom map consists of nilpotents. (I

6.4. Lemma. We have KN+ (X x X) o V4 (X x X) € h(N++5) (X x X).

Proof. Consider a generator % ®T1, € h(N+9) (7 x X) where N — o, +a,, = N+
and Cp ® T € h(N+j)(X x X) where N — ayp + iy = N + j. The composition

(G @ Tn) 0 (Grr @ Tnr) = deg(TnCm/ ) (Cm @ Tnr) = On,m - (Cm ® Tnr)

is nonzero iff n = m’. In this case N—m+n' = (N—m+n)+(N—m'+n')— N >
N +i+ j. Thus {m ® 7 lies in kOVHH) (X x X). 0

6.5. Remark. Indeed, the lemma implies _that_h(N ) (Y x X) is a ring with respect
to the composition product, and hV+1 (X x X) is its two-sided ideal. Since the
composition of homogeneous elements is homogeneous, h%v)(y x X) is also a ring

with respect to the composition.

6.6. Lemma. The isomorphism ®y: hV/N+tD)(X x X) — CHY(X x X,A) is a
ring homomorphism with respect to the composition product.

Proof. This immediately follows from the fact that ® maps residue classes of (& @72
to (M @ oM. 0

6.7. Lemma. Let Y be a twisted form of X, i.e. Y = X = X. For every codi-
mension m consider the diagram, where p: X x X — X XY denotes the projection.

prmop"

By (X x X)

T®m
CH

CH™(X x Y,A%) — 2~ CH™(X x X, A?)

By (X X Y)

Then im(®™ o p™) C im pr,, o p*.

Proof. Note that CH™ (X x Y, A") is generated over A° by classes icu(1) where
i: Z = 7Z — X XY, Zis a closed integral subscheme of codimension m, Z € Smy
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and Z — Z is projective birational. Consider the Cartesian diagram

Z : Zr

i I

Xxp Y=  Xx.X

Since this diagram is transverse, then
Jno qh = ph oy and jou © qCH = pCH O icH-

By lemma 6.8 we have ®™ o jou(1) = pri(ju(1)). Then ™ o p“H(icu(1)) =
™ o0 jeu(1) = prim(ju(1)) = prm(p" 0 in(1)) € impry, o pl,. O
6.8. Lemma. Consider a morphism j: Z > X x1, X, where Z is a smooth ir-
reducible scheme and j is projective of relative dimension —m. It induces two
pushforward maps jy: (Z) —h(X x X) and jcu: CH(Z A) — CH(X x X, A).

Then jn(1) € B, (X x X) and & (ju (1)) = pron(ja(1)).

Proof. Observe that
Ja(1) = ja(1) ®L 1 and jeu(1) = jo(1) ®r 1z.

Expanding in the basis we obtain

1) = Z Tiy,ia Ty, 1) 7‘ for some r;, 4, € L. (%)
Since jo(1) is homogeneous of degree m, we have

Tiyip € LT T2, ()
Then for every nonzero r;, ;, we have a;, +a;, > m. So each 75/®75} € QU (X xX)
and, thus, jo(1) € Q0% (X x X). Taking () modulo Q™+ (X x X) we obtain
ja)+ QX xX) = D rmanl e+ QX xX).
Qi o, =m

If iy, + vy = m then 7y, 4, € L = Z by (). Thus taking ju(1) = jo(1) ®L 1 and
Jou(1) = ja(1) ®L 1z we get

Prm(Jn(1)) = prm( Z Ti1,iaT, ® T )

Qi Faj,=m

and
jen() =ja()@rLlz@zla = Y T 7"
Qi Fai,=m
Then @™ (jeu(1)) = prim(jn(1)), since @™ (7" @ 7)1) = pry, (7, @ 731). H

6.9. Lemma. The kernel of the composition homomorphism
praop®: BV (X x X) 5 0V (X x X) - b7V (X x X)
consists of nilpotents.

Proof. This follows from Rost nilpotence and the fact that hV+1 (X x X) is nilpo-
tent by Lemma 6.4. O
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6.10. Lemma. Let C be an additive category, A, B € Ob(C). Let f € Homc¢(A, B)
and g € Home (B, A)such that f o g — idp is nilpotent in the ring Endc(B) and
go f—ida is nilpotent in the ring Endc(A). Then A is isomorphic to B.

Proof. Denote o = ids — gf and B = idg — fg. Take natural n such that o™ =0
and 8"t = 0. Then gf = ids — « is invertible and (gf) ™! = ida + a+ ...+ o™
Analogously (fg)~! =idp + B3+ ...+ 8" So we have

gf(ida+ (ida —gf) +... 4+ (ida — gf)") = ida
Since (ida — gf)" = Y1 o(=1)*(7) ()", we have

g zn: <i(—1)i(zl) (fg)if> =ida ()

m=0 \:=0
and
fylidp + (idg — fg) + ...+ (idp — fg)") = idp

implies

> <Z(1>i <T) f(gf>i> g =idp. ()

m=0 \i=0
Then take

=3 (S ()uar) = 32 (S (7) o),
m=0 \7=0 m=0 \i=0

Then (%) implies gf1 = ids and (x*) implies fig = idp. So fi; and g establish
inverse isomorphisms between A and B. O

6.11. Corollary. Suppose p1 and ps are two idempotents in End(M®(X)) such that
p1 — pa is nilpotent. Then the motives (X,p1) and (X, p2) are isomorphic.

Proof. Take

f =p20op1 € Homp, ((X,p1), (X,p2)) and g = p1ops € Hompg, (X, p2), (X, p1)).

Let us check that f o g —id(x p,) = p2p1p2 — p2 = p2(p1 — p2)p2 is nilpotent.

It is sufficient to check that (pa(p1 — p2)p2)™ = p2(p1 — p2)"p2 for any m.
Note that if z € kerps Nimp; then (p1 — p2)(x) = x. Since p; — p2 is nilpotent,
x = 0. Thus, kerp, Nimp; = 0. Since ps is idempotent, imps N ker po = 0. Then
endomorphism p; — pg of M(X) = ker pa @ impy can be represented as the matrix

__(E1 E
b1 —p2 = 0 0

where F; is a homomorphism from im ps to im ps and E5 is a homomorphism from
ker ps to imps. We have

m Em™ EM™E E™ 0 m
p2(p1 — p2)"' P2 =p20( 5 "o 2) opy = ( 01 0) = (p2(p1 — p2)p2)™.

Then f o g —id(x p,) = p2(p1 — p2)p2 is nilpotent. Symmetrically, g o f —id(x
is nilpotent. So (X,p1) and (X, p2) are isomorphic by Lemma 6.10.

,P1)

We are now ready to prove theorems A, B and C of the introduction:
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Theorem A. Suppose X is generically cellular. Assume that there is a decompo-
sition of Chow motive with coefficients in A°

MCH(X, A% = @R ) (%)

such that over the splitting field L the motive R equals to the sum of twisted Tate
motives: R = @;n:o A°(B;).
Then there is a h-motive Ry such that

- @ Rh (Ozz)
=0

such that over the splitting field Ry, splits into the h-Tate motives Ry = G};n:o A(B;).

Proof. We may assume that ap = 0 in (x). Then each summand R(«;) equals to
(X, p;) for some idempotent p; and there are mutually inverse isomorphisms ¢; and
1; of degree «; between (X, pg) and (X, p;). So we have
e idempotents p; € CHY (X x X), Yp; = AX(1)
e isomorphisms ¢; € pooCHY T (X x X )op; and ; € p;oCHY =¥ (X x X )opy
e such that ¢; ov; = py and ; o ¢p; = p;
Consider the diagram of Lemma 6.7

W (X xy) —2mF o (DR X))

2N—m
T®m
CH

CH™(X x Y,A%) — X~ CH™(X x X, A"

By 6.7 the elements ®V o p(p;) and @V +%i o pCH(¢;) and &N~ o p©H(4);) lie
in impry o p®, impry_q, o p* and im pry 4, o p* respectively.

By Lemma 6.9 the kernel of pry o p": h%v) (X x X) — hg\J,V/NH)(Y x X) is
nilpotent. Then by [1, Prop. 27.4] there is a decomposition r; such that pry o
pi(ri) = pi-

Let us construct the isomorphisms between r; and ro. Let ¢ and 1} be some
preimages of ®V+i o p©H(¢,;) and @V~ o p“H(¢);). Then [16, Lem. 2.5] implies that
there are elements ¢ € rgy h%v)(X x X)r; and ) € r; h%v)(X x X)rg, such that
¢i Vi = ro1 and ¥, i, ; = 7 ;. So the h-motives (X,r;) and (X,ro)(a;) are
isomorphic. Taking Ry = (X, ro) we have

MM (X) =EP(X,ri) = (X, r0)( @Rh o).
=0 =0

Over the splitting field the motive R, becomes isomorphic to (X, pP(rg)) and
pry o p(ro) = @V (p(po)). Since the Chow motive (X,p°"(po1)) splits into
@, A°(8;) we have p™(po1) = 3, f; © g; with f; € CHY(X), g; € CHa,(X)
and weu(fig1) = ;1. Take ¢; and 7, to be the liftings of f; and g, in h(a]) (7)

and h(N aﬂ)(X ) respectively.
Note that ;v +hVNT1(X) = N (f;g;). Since AV TV (X) = 0, we have m(p;vi) =
7ou(fig1) = ;1. Then the element > ¢, ®v; is an idempotent in Corrg(X x X).
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Since
pra(p*(ro)) = N (0™ (po)) = pra (Y w5 ® 7)),
J
P (ro) — Y. ¢ ® 5 lies in AN FL(X x X), so is nilpotent. Then by Corollary 6.11
we obtain

Ry = (X, p"(ro)) = (XZ%‘ ©7;) = D AB;). O

6.12. Lemma. Assume that A' = ... AN = 0. Then hy(X x X) C h(N)(Y x X)
and in the diagram of Lemma 6.7

WX x v) NP n(VNTD(X < X))
T(PN
pCH . .

CHY(X x Y,A%) ————— CH"X x X, A?)

the inverse inclusion holds: impry o p* C im &V o p©H.

Proof. By the degree formula [11, Thm 4.4.7] h(X x X) is generated as A-module
by pushforwards iy(1), where i: Z — X x X is projective, Z € Smy, and i: Z —
i(Z) is birational. Following [11] we will denote such classes by [Z — X x X].
Then hy (X x X) is additively generated by elements A\[Z — X x X]u, where A is
homogeneous such that deg A + codim Z = N. Since A! = ... AN = 0, we have
codim Z > N. Then in (X x X) we have

[ZL — X x Y]Q = Zwi’jCi & T for some Wi € L.

Since all elements of the Lazard ring have negative degrees and_[Z L= X x X|a
has degree N, each (; ® 7; in the expansion is contained in Q") (X x X). Then

[ZL %YXY]]I = VYXY[ZL %YXY]Q Eh(N)(Y XY) and

[Z - X x X]n € h®™)(X x X). By the same reasons [Y — X x X] belongs to
hVHD (X x X) if codim Y > N. Then im pry o p* is generated over A® by classes
of [Z;, — X x X|n, where Z — X x X has codimension N.

By Lemma 6.8 for any Z — X x X of codimension N we have

pryop™([Z = X x X]u) = @Y 0 p“([Z = X x X]).

H

Then impry o p® € &Y o p© and the theorem is proven. O

Theorem B. Leth be oriented cohomology theory with coefficient ring A. Assume
that the Chow motive R is indecomposable over A° and A = ... = AN = 0. Then
the h-motive Ry from theorem A is indecomposable.

Proof. By definition, Ry = (X, rg) where r( is an idempotent in h%v)(X x X). If
Ry is decomposable, then ro = 1 + 2 for some idempotents in 71,72 € hy (X x X)
Then by Lemma 6.12 r;,79 € h%v)(X x X) and p; = (@)~ o pry o p*(ry) and
p2 = (&)~ Lo pry op®(re) are rational idempotents and p(pg) = p1 + p2. These
idempotents are nontrivial, since ker(®")~! o pry o p* is nilpotent. Hence, the
Chow motive R = (X, pg) is decomposable, a contradiction. O
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6.13. Example. If h = Q or connective K-theory, all the elements in the coefficient
ring have negative degree. Then Theorems A and B prove that h-motivic irreducible
decomposition coincides with integral Chow-motivic decomposition. This gives
another proof of the result by Vishik-Yagita [17, Cor. 2.8].

6.14. Example. Take h to be Morava K-theory h = K(n)*. The coefficient ring
is Fp[vn, v, '], where deg(v,) = —2(p™ — 1). In the case n > log, (4 + 1) The-
orems A and B prove that M%) (X) has the same irreducible decomposition as
Chow motive modulo p.

Theorem C. Suppose that X,Y are generically cellular and Y is a twisted form
of X, ie. Y =2X.
If MCH(X,A%) = MCH(Y, A?), then M®(X) = M®(Y).

Proof. Let f € CHY(X xY) and g € CHY(Y x X) be correspondences, that
give mutually inverse isomorphisms between M“%(X) and M“*(Y). Consider the
diagram

n (X x V) 2L (VNED (X ¢ X))

pCH

CHM(X x Y,A%) —— CHM(X x X, A%)

Then by Lemma 6.7 we can find f; € hg\z,v)(X xY)and g; € hg\j,v)(Y x X) such that
pry o pP(f1) = ®N(f) and pry o p*(g1) = ®V(g). Then gy o fi — Ax lies in the
kernel of the map

n(V(x x x) P p QN < X
which consists of nilpotents by Lemma 6.9. So g1 o fi — Ax is nilpotent. By the

same reasons f1 o g1 — Ay is nilpotent. Then M®(X) and M®(Y) are isomorphic
by Lemma 6.10 and the theorem is proven. (I
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