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ABSTRACT. We continue our study from [1] on the problem to bound the
number of symbols needed to obtain an element of the second K-group of a
rational function field with given ramification. Here we focus on the case of
Milnor K-groups modulo 2 for fields of characteristic different from 2. To a
given ramification sequence, we associate a quadratic form defined over the
base field and study its properties. In particular, we relate the Witt index of
the quadratic form to the minimal number of symbols necessary to represent
the ramification sequence.

KEYWORDS: Milnor K-theory, quadratic form, valuation, ramification
CrassiFicATION (MSC 2010): 12E30, 12G05, 12Y05, 19D45

1. INTRODUCTION

Let K, and K, denote the functors associating to a field its first and second
K-group. Let F be a field and let F' be the function field of the projective line
PL over E. Let Pgl) denote the set of closed points of PL.

Let m € N. There is a natural exact sequence

(11) 0 — K2E/m — KoF/m - P KiB(x)/m—K E/m — 0,

xe]l”};(l)

due to Tate (cf. [7, (2.3)]), where 0 denotes the ramification map. By a ram-
ification sequence we mean an element in the direct sum term whose image in
K, E/m is trivial and which therefore lies in the image of 0. The group Ky F/m
has a canonical set of generators, which are called symbols. Given a ramification
sequence p one may ask how many symbols are needed to obtain an element
¢ € KoF/m such that 9(§) = p. Without restrictions on E, in [1] for a ramifica-
tion sequence p we constructed an element £ € Ky F'/m such that 9(§) = p and ¢
is a sum of r symbols, where r is the integral part of the degree of p divided by
two. We further gave examples where this bound is best possible.

We continue our investigation of the problem of bounding the number of sym-
bols needed for representing a given ramification, but restricted to the case where
m = 2 and char(FE) # 2. Thus we consider the K-group koF' = KyF/2 which
by Merkurjev’s Theorem is naturally isomorphic to Bra(F'), the 2-torsion part

Date: October 20, 2016.



2 KARIM JOHANNES BECHER AND MELANIE RACZEK

of the Brauer group of F. Hence, the problem can be reinterpreted as a prob-
lem in terms of central simple algebras, where symbols correspond to quaternion
algebras.

In this setting we relate the problem to quadratic form theory. The connection
is made via pairs (f,g) of square-free coprime polynomials f,g € E[t]. On the
one hand, any ramification sequence can be represented by such a pair. On the
other hand, any such pair gives rise to a quadratic form over E, closely related
to the so-called Bezoutian of f and g introduced by Sylvester and Cayley.

In Section 2 we recall the necessary notions and statements from Milnor’s
K-theory involved in the above exact sequence (in the case of ky). In Section
3 we study the properties of the Bezoutian of a pair of polynomials (f,g) as
above in our setting. In particular, we characterise the isotropy of this form
(Proposition 3.4) and we obtain a reciprocity law (Corollary 3.9), which together
will be crucial in Section 5.

In Section 4 we consider a pair (f, g) coming from a specific representation of
a symbol and show that the associated Bezoutian is hyperbolic provided that the
symbol is unramified at oo (Proposition 4.4).

In Section 5, given a ramification sequence p we construct a sequence of poly-
nomials which yields a representation of p as a sum of symbols. If p is given by
the pair (f,g), we obtain an upper bound on the number of symbols needed to
represent p in terms of the Witt index of the Bezoutian of (f,g) (Theorem 5.9).
It refines the bound from [1, Theorem 3.10]: the larger the Witt index, the better
the improvement.

The final section illustrates our study by results and examples for ramification
sequences of small degree. In particular, we obtain a criterion for a ramification
sequence of degree four to be represented by a symbol (Theorem 6.1). This gen-
eralises a result due to Sivatski in [8, Prop. 1.4], which inspired our investigation.

2. PRELIMINARIES

Let F' be a field. Let ko F' denote the abelian group generated by symbols, which
are elements of the form {a,b} with a,b € F*, subject to the defining relations
that the pairing

{,} : F* X F* — kF

is bilinear, {a,1 —a} = 0 for any a € F*\ {1} and {a* b} =0 for all a,b € F*.
It follows from the defining relations that koF is 2-torsion and that, for any
a,b € F*, we have {a,b} = {b,a}, and further {a,b} = {a + b, —ab} provided
that b # —a. Let ki F denote the square class group F*/F*? in additive notation,
where we write {a} € ki F for the element given by the square class of a € F*
and thus have {a}+{b} = {ab} for a,b € F*. Note that k;F = K;F/2 fori = 1,2
in the notation used in the introduction.

By a global field we mean a field F' that is either a finite extension of Q or a
function field in one variable over a finite field.
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2.1. Proposition. If I' is a global field then every element of ko' is a symbol.

Proof. This follows from the corresponding statement for Ky F'. It was shown in
[6] that every element of KyF is a symbol, and as ko F' = K>F/2 our statement
follows. If char(F) # 2 then one can argue alternatively that by the Hasse-
Minkowski Theorem any quadratic form in six variables of determinant —1 is
isotropic, which implies the statement. 0

By a Z-valuation on a field we mean a valuation with value group Z. Given a
Z-valuation v on F' we denote by O, its valuation ring and by &, its residue field.
For a € O, let @ denote the natural image of a in k,. By [7, (2.1)], for n > 2 and
a Z-valuation v on F', there is a unique homomorphism 9, : ks F' — ki, such
that

({f.g}) =v(f) - {g} in k15,
for f € F* and g € OX. For f,g € F* we obtain that f~*9)¢"(/) € OX and

0,({f,9}) = {(=1)"V"9 f=@ gD} in kik, .

We turn to the situation where F is the function field of P}, over a field E. By
the choice of a generator, we identify F' with the rational function field E(t) in
the variable ¢ over E. Let P denote the set of monic irreducible polynomials in
E[t]. Any p € P determines a Z-valuation v, on E(t) that is trivial on E and
such that v,(p) = 1. There is further a unique Z-valuation v, on E(t) such that
Veo(f) = —deg(f) for any f € E[t] \ {0}. We set P’ =P U {oo}. For p € P’ we
write d, for d,, and we denote by £, the residue field of v,. Note that, for p € P,
E, is naturally isomorphic to E[t]/(p), and E is naturally isomorphic to E.

It follows from [7, Sect. 2] that the sequence

(2.2) 0 — kE — kE(t) 2% PrE, — 0

peEP
is split exact. We reformulate this fact and relate (2.2) to (1.1). We set

Wy(E) = P kE,.
peP!
(The index 2 is a reminiscence to the fact that we are working with Milnor K-
groups modulo 2.)

For p € P’, the norm map of the finite extension E,/E yields a group homo-
morphism k1 E, — ki E. Summation over these maps for all p € P’ yields a
homomorphism N : R,(E) — k1 E. Let Ro(E) denote the kernel of N. We call
9 = D,cp Op the ramification map. By [2, (7.2.4) and (7.2.5)] we obtain an exact
sequence

(2.3) 0 — kol — ko E(t) -2 RY(E) =5 kB — 0.

In particular, Rs(F) is equal to the image of 0 : ky E(t) — PR5(E). The elements
of Ry(E) are therefore called ramification sequences.
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The choice of the generator of F' over E fixes a bijection ¢ : IP’}E(I) — P and

for any x € IP)}E(I) a natural isomorphism between E(x) and Ey,). This identifies
@xeplE(l) k1E(x) with R, (F), and further the sequence (1.1) with (2.3). We will

work with (2.3) in the sequel.

For a finite set S C P’ we call ) _g[E, : E] the degree of S and denote it by
deg(S). For p = (pp)perr € RYH(E) we denote Supp(p) = {p € P' | p, # 0} and
deg(p) = deg(Supp(p)), and we call this the support and the degree of p.

Given a ramification sequence p € Rq(FE), we say that p is represented by
€ € kaE(t) if 0(§) = p. The problem at the centre of our study is to obtain a
good upper bound on the smallest n € N such that p is represented by a sum of
n symbols in ko E(t).

2.4. Example. Assume that the field F is finite. Then by Proposition 2.1 every
element of ko F(t) is a symbol. In particular, any ramification sequence in Ry (E)
is represented by a symbol.

Forz €e Rweset || =max{z € Z |z <z} and [z] =min{z € Z | z > z}.
In [1, Theorem 3.10] we proved the following statement:

2.5. Theorem. Any ramification sequence p € Ro(E) is represented by a sum of

n symbols for n = LdegT(p)J.

3. BEZOUTIANS

From now on we assume that the field E has characteristic different from 2. We
study a quadratic form given by two polynomials f, g € E[t] where g is square-
free and f is coprime to ¢g. This quadratic form is obtained by a transfer and
it is closely related to the Bezoutian of the polynomials f and ¢, introduced by
Sylvester and Cayley. We shall develop some rules of computation, including a
reciprocity law (Theorem 3.8).

We start by recalling some basic concepts and terminology from quadratic form
theory. For a non-degenerate quadratic form ¢ over E, we denote by [¢] its Witt
equivalence class, which we view as an element of the Witt ring WE.

For a € WE we denote by diman(«), the dimension of the unique anisotropic
quadratic form ¢ over E such that o« = [], and call this the anisotropic dimension
of a. In other terms, given a quadratic form ¢ over E, we have

dim(p) = diman([¢]) + 2iw ()

where dim(y) and iy (@) are the dimension and the Witt index of ¢. Unlike
the dimension, the anisotropic dimension of a non-degenerate quadratic form
depends only on its Witt equivalence class. Recall that the fundamental ideal
I E consists of the classes [p] of even-dimensional quadratic forms ¢ over E. We
denote by I*FE the square of this ideal. For a € E* we denote by [a] the class
in WE of the one-dimensional quadratic form (a) over E. Since quadratic forms
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over E are diagonalisable, W E is additively generated by the elements [a] with
a € E*. Note that the unity in WE is the Witt equivalence class [1], which
we simply denote by 1. The element 0 in W E' is given by the trivial quadratic
form. A quadratic form over F is said to be split if it is either hyperbolic or Witt
equivalent to a one-dimensional quadratic form. Recall that the discriminant of
a quadratic form ¢ over E is defined as the class of (—l)n( 5 det(M) in E*/E*?
where n = dim(p) and where M is the matrix of ¢ with respect to an arbitrary
E-basis. The discriminant is an invariant of the Witt equivalence class of a form.

Let g € E[t] be square-free. Let 6 denote the class of ¢ in E, = EJt]/(g),
n = deg(g), and let s, : E, — E be the E-linear form with s,(6") = 0 for
i=0,...,n—2and s,(0" ') = 1.

3.1. Proposition. Let f, g € Et] be coprime and § = t+(g) in E,. The quadratic
map

q: E, — E,x v s,(f(0)2?)
is non-degenerate. The quadratic form (Ey,q) has discriminant Ng, ;5(f(6))E"?.

The Witt index of this form is at least ij . In particular, if f is constant
then (E,,q) is split.

Proof. Set n = deg(g). Let B = (b;;);; € M,,(E) be given by

0] 1 waez 1

For 5,k =1,...,n we obtain that

Sg(f( ] 19k 1 mesg 61 lek 1

With Cy = (s,(67'6771)); ; € M,(F) and Cf = (so(f(0)0"16771)); ; € M, (E) we
obtain that Cy = C; - B and in particular

det(Cy) = det(Cy) - det(B) .
Note that Ng,/g(f(0)) = det(B) and

0O ... 0 1
C, = *

0

1 x ... %

in view of the definition of s,. Therefore

det(Cy) = (=1)12) - N, u(f(6)).
As C} is the matrix of the quadratic form ¢ with respect to the basis 1,6, ...,0" 1,

this confirms that the quadratic form (£, q) is non-degenerate of discriminant
NEQ/E(J‘"(G))EX2 € EX/E*%
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Furthermore, for k = LWJ the vectors 1,...,0% ! span a totally
isotropic subspace of (Ey, ¢), so the Witt index of (£, q) is at least k. O

We call the quadratic form in Proposition 3.1 the Bezoutian form of f modulo g.
We are indebted to J.-P. Tignol for pointing out to us a different way of obtaining
this quadratic form.

3.2. Proposition (Tignol). Let f,g € Et] be coprime such that g is monic and
square-free and deg(f) < deg(g). Set 8 =t + (g) in E,. For n = deg(g) let
A = (a;j);; € M,(E) be the symmetric matriz given by

g(X)f(Y) — f(X)g(Y) _ - i—1v,j—1
X _Vv = Z (lin Y .

ij=1
Then the quadratic forms
E, = E:x v s,(f(0)2®) and E"— E:uw u'Au
are 1sometric.

Proof. We factorize
9(X) = (X = 0)n(X)
with h(X) € E,[X]. By definition of A we have

- i—1pj—1 _ g(X)f(0) — g(0) f(X)
Z a; ; X" = ~ ¢

— h(X)/(6).

ij=1
We extend s, to an E[X]-linear map E,[X] — E[X]. We can write
AX)= X"+ h() X" 2+ + hyo(0)X + hy1(0)

with polynomials hy, ..., h,—1 € E[Y] of degree at most n — 1. Since g € E[X]
we obtain recursively for ¢ = 1,...,n — 1 that h; is monic of degree 7. Hence

$g(h(X)) = s4(hn-1(0)) = 1.
For any positive integer k we have
D af(0) XTI = (X))
ij=1
If 1 <k < n, then
(XF P DA(X) = g(X)(XF2  XF30 4 .. 4+ X073 +0772)
and s, maps the right side to 0, showing that
D aisg(f(O)PHE)XT = sy (X)) = s, (M(X)XFT!) = XA

4,j=1
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The last equality also holds for k = 1. Hence, for any i,k € {1,...,n}, we have

~ gk, J1 ifi=k
D aysy(F0) 07" >—{O .

j=1
This shows that A is the inverse of (sg(f(ﬁ)*10i+j*2))i ;» which is the representing

matrix of ¢ with respect to the E-basis (f(0)710")!; of E,. Finally, since A is
symmetric, it is congruent to A~!. This proves the statement. 0

More generally, for any two coprime polynomials f,g € E]t], denoting by n
the maximum of deg(f) and deg(g) the matrix A € M, (E) given by the formula
in Proposition 3.2 defines a non-degenerate n-dimensional quadratic form over
E, called the Hankel-Bezoutian of f and g. This quadratic form has interesting
properties and seems to have been studied considerably in the literature (cf. [3]).
The Bezoutian form of f modulo g coincides with the Hankel-Bezoutian of f
and ¢ in the situation of Proposition 3.2. In general, the two concepts behave
differently.

Given two polynomials f, g € Et] with g square-free and prime to f, we write

*(5)
)
for the class in W E given by the Bezoutian form of f modulo g.
3.3. Proposition. For any a € E* and f,g,h € E[t] with g square-free and

coprime to fh, one has
() rn(l)
g g

Proof. This follows directly from the properties of the transfer by which ‘B (g)
is defined. 0J

3.4. Proposition. Assume that the field E is infinite. Let f,g € E[t] be coprime
with g monic and square-free. Let 6 =t+(g) in E,. The following are equivalent:

(i) diman (% (%)) < deg(g).
(i1) There exists f' € Elt] such that deg(f') < deg(g) — 2 and f(0)f'(0) € E;*.

(i7i) There exists f' € FEIt| square-free such that deg(f') < deg(g) — 2,
des(f’) = deg(g) mod 2 and f(6)['(6) € B>

Proof. Let n = deg(g). Let E be an algebraic closure of E and Eg = E[t]/(g).

The equation

a= Z ci(a)0" " for o € Eg

i=1
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determines F-linear forms €ty Eg — E. Fori = 1,...,n we obtain a
quadratic form g; : Eg — B,z — cz(f(e)xz). The quadratic space (Ey, ¢1|g,)

over F is non-degenerate and its Witt equivalence class is ‘B (5) Hence, Con-

dition (¢) is equivalent to saying that (E,, ¢i|g,) is isotropic. In particular, (i)
implies (7). Trivially (zi¢) implies (i7). It remains to show that (i) implies (7).

Suppose that there exists z € E; with ¢i(z) = 0 # g2(2). Then a = f(#)z” €
EX and ci(a) = 0 # cz(a), whereby a = h(0) for a polynomial h € E[t] coprime
to g with deg(h) = n — 2. We write h = f’ - (* with f'.¢ € E[t] such that f’
is square-free. Then f(6)f'(f) € E)? and deg(f') = n — 2 — 2deg({), whereby
deg(f") < deg(g) — 2 and deg(f’) = deg(g) mod 2.

Hence, we are left with showing that the isotropy of (Ey, ¢1|g,) implies the
existence of x € E with qi(7) = 0 # ¢2().

Suppose first that n = 2. We choose any = € E, \ {0} with ¢;(z) = 0. As
Ey is reduced and f(f) € E, it follows that f(f)z* € E*, whereby z € E¥
and ¢o(x) # 0. Assume now that n > 3. Then ¢ is irreducible. Consider the
affine quadrics Q = {z € E, | qi(z) = 0} and Q' = {2 € E, | q2(z) = 0}.
It follows that () is irreducible as a topological space. We choose 3 € Eg with
c1(B) =0 # c2(B). As EX E“ there exists y € E such that 8 = f(6)y?, and
then ¢ (y) = 0 # ¢2(y). Hence Q z Q’ whereby @ \ Q@' is a non-empty Zariski
open subset of (). The complement of E “in E is a union of n affine hyperplanes,

and therefore does not contain Q. Hence ng N @ is a non-empty Zariski open

subset of (). As ( is irreducible we conclude that (Q\Q’)H(EQXHQ) = E’gxﬂ(Q\Q’)
is also a non-empty Zariski open subset of ). As (E,, ¢1) is isotropic, () is rational
over F. It follows that the set of E-rational points of () is dense in ). Hence
ng N(Q\Q') contains an E-rational point. In other words, there exists an element

v € ESN(Q\Q), and then ¢i(z) = 0 # q2(). O

In the sequel we give formulae for computing Bezoutians 5 (5) where both

f,g € E[t] are monic and square-free. Together with Proposition 3.3 this yields
means of computation for more general situations.

3.5. Proposition. For f, g1, g2 € E[t] pairwise coprime and with g; and ga monic

and square-free, we have that
9 g2

% (L)
9192

Proof. Set g = gi1g2. Let 0, 01, 05 be the images of t in E,, E,; and E,, respec-
tively. Define the map ¥ : £, © Ey, — E, by

W (hy(61) + ha(02)) = (h1g2 + hag1)(0).
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Then ¥ is a E-vector space isomorphism. For ¢ = 1,2 one has

Sgi = (Sg o\If) E

We consider the quadratic maps
q: B, = E: x> s,(f(0)z%) and
@it By = E: x> sq,((fgs—i)(0:)a7) fori=1,2.
For 1 = hy(601) and xo = hy(0y) we have VU(z1) = (h1g2)(0), V(z2) = (heg1)(0)
and U(x;)¥(zy) = 0, and therefore
q(U(w1+22)) = sy(f(0)(T(2r) + V(x2))?)
= sg(F(O)W(1)*) + 55 (f(0)V(22)?) + 254 (f(0) P (1) ¥(22))
= ((fh192>(9)) + Sg((fhzgl)(e))
= (5,0 U)((£g2h) (1)) + (54 0 ¥)((f9153)(62))
= 50, ((f92)(01) - 1) + 54, ((f91)(62) - 23)
= qi(71) + ga(22).
Hence W is an isometry between (Ey,,q1) L (Ey,,¢2) and (E,, q). O

3.6. Corollary. Let n € N and ay,...,a, € E* pairwise distinct and f € E|t]
such that f(a;) #0 fori=1,...,n. Then

5 (=) - Z o0 T os— )]

Proof. For g = []'_,(t — a;) we obtain by an iterative application of Proposi-
tion 3.5 that

( > ZEBUH]Z&Z— % aj)) :i [f(ai)H(ai—aj)].

i=1 ji

O

3.7. Corollary. Let fi, f2, 91,92 € E[t] with g1 and g monic, square-free, rela-
tively coprime and such that f; is coprime to g; fori =1,2. Then

B (ﬁ) LB (é) _ B (f192+f291) .
g1 92 9192

Proof. Let h = figs + fogi. For i = 1,2 we have that hg, , = f, g5, mod g;.
Using Proposition 3.5 and Proposition 3.3 we thus obtain that
(2)
92)

2 (o) 2 (5 o () =2 (5) o2
9192 9 g2 a1
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The Bezoutians studied here satisfy a reciprocity law, which will turn out to
be very useful in the sequel of the article.

3.8. Theorem. Let f,g € E|t] be monic, square-free and relatively coprime. Then

o(3)+=(5) - {1 vzt

Proof. 1t follows using Corollary 3.7 and Proposition 3.3 that

2(5) 2 (7) -2 (5) = (55) -2 ()

By Proposition 3.1 this element of W E' is given by the split quadratic form of
dimension deg(fg) and of trivial discriminant. This yields the statement. O

Given two elements «, 5 € WE, we write a ~ 3 if § = ca for some ¢ € E*,
that is, if a and 3 are given by quadratic forms over E that are similar.

3.9. Corollary. Let f,g € E[t] be square-free, relatively coprime and such that
deg(f) = deg(g) mod 2. Then

+(2)-2(3)

Proof. Let a,b € E* and f', ¢ € E[t| monic such that f = af’ and g = bg'.
Using Theorem 3.8 we obtain that

o (2)-bo(5) - (f) - ()

4. BEZOUTIANS RELATED TO A SYMBOL

We want to compute the Bezoutian of two coprime polynomials that come from
a particular representation of a symbol.

4.1. Proposition. Let o be a symbol in koE(t). Then there exist f,g € Elt]
square-free, coprime and with g of even degree such that

o={f9}
and 0,(c) = 0 for every prime factor p of f.

Proof. We choose ¢, 1, s € E[t] square-free and pairwise coprime with o = {gs, rs}.
Then

o={qs+rs,—qr} ={qs+rs—qr,(q+r)qrs}.
We thus have o = {f’, ¢’} for two coprime polynomials f’, ¢’ € E[t] such that ¢’
is a multiple of grs. We may assume that f’, ¢’ and f'(1 — ¢’) are all different
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from 1, because otherwise ¢ = 0 and the statement holds trivially. Using now

that 0={f",1—f'}={1—-9¢,¢}={f'(1—-¢),1— f(1 -4}, we rewrite
o={fgt={/dQ =)} ={r1-g)0-r0-9)d}.

At least one of the polynomials ¢, ¢'(1— f’) and (1— f'(1—¢’))¢’ has even degree.

Hence, in any case we obtain a representation

o= {f//’ g//}
with f” ¢"” € E|t] coprime and where ¢” is of even degree and a multiple of ¢rs.
We write f” = fh? and ¢"” = gh” with f,g € E[t] square-free and h,h/ € E[t].
Then f and g are coprime and square-free, g has even degree and

o={f 9}

Furthermore, f is coprime to ¢” and thus to ¢rs. Since o = {¢s, s} we conclude
that 0,(c) = 0 for every p € P not dividing ¢rs, so in particular for every prime
factor of f. O

4.2. Lemma. Let f,g,h € E[t] be monic, square-free and pairwise coprime, and
let a,b € E* be such that 0,({af,bgh}) =0 for every p € P not dividing g. Then

( 0 if (deg(f),deg(g),deg(h)) = (0,0,0) mod 2,

[0] = [ab]  if (deg(f),deg(g),deg(h)) = (0,0,1) mod 2,

[a] if (deg(f),deg(g),deg(h)) = (0,1,0) mod 2,

B (ﬂ) _ ) la] +[0] —[ad] if (deg(f),deg(g),deg(h)) = (0,1,1) mod 2,
g [a] —[ab]  if (deg(f),deg(g),deg(h)) = (1,0,0) mod 2,

[a] +[b]  if (deg(f) deg(g),deg(h))=(1,0,1)mod 2,

—[ab] if (deg(f),deg(g),deg(h)) = (1,1,0) mod 2,

( [0] if (deg(f),deg(g),deg(h)) = (1,1,1) mod 2,

Furthermore, if Ox({af,bgh}) =0, then
B af\ _ 0 if deg(g) is even,
g ) | la]+[b] = [ab] otherwise.
Proof. We have

B(5) =2 () == ()« L v

Set o = {af,bgh}. For every p € P dividing f we have {bgh} = 9,(c) = 0 in
ki1 E,. Hence, bgh is a square modulo f, whereby

o (4) = (§) =-wem (1)« { ) Do) een

For every p € P dividing h we have {af} = 0,(c) = 0. Hence af is a square
modulo A, whereby

% (i) m(2) - { [0 if deg(h) is even,

a| otherwise.



12 KARIM JOHANNES BECHER AND MELANIE RACZEK

This together shows the first part of the statement.
Note further that

0 if (deg(f),deg(gh)) = (0,0) mod 2,

du(o) = 4 tay if (deg(f), deg(gh)) = (0,1) mod 2
- {b} if (deg(f), deg(gh)) = (1,0) mod 2,
{—ab} if (deg(f),deg(gh)) = (1,1) mod 2.

Suppose now that d.(c) = 0. In each case where f or gh has odd degree, we
conclude that at least one of a,b and —ab is a square, that B (%) is split of
trivial discriminant and that [1] — [a] — [b] + [ab] = [(1, —a, —b,ab)] = 0. This
yields the second part of the statement. 0

4.3. Example. Let £ = Q, for a prime number p with p = 5mod 8. Hence
-1 € Q;Q and 2 ¢ Q;Z. For a = 2 and b = p, the polynomials f = t(t — 2),
g=(t—1)(t—p)(t+2p—2) and h = t — p+2 satisfy the conditions in Lemma 4.2

with (deg(f),deg(g),deg(h)) = (0,1,1) mod 2. In this case B (%) is given by
the anisotropic quadratic form (2, 2p, p).

4.4. Proposition. Let f,g,h € E[t] be square-free and pairwise coprime with
deg(g) even and such that 0,({f,gh}) =0 for all p € P not dividing g as well as

for p=o00. Then
%(i) —0.
g

Proof. This follows from Lemma 4.2. O

It follows from Proposition 4.1 that any symbol o € kyE(t) with 0x(c) = 0
has representations o = {f, g} = {f,gh} with f,¢g € E[t] and h = 1 such that
the conditions in Proposition 4.4 are satisfied.

5. SPLITTING SEQUENCES

Given ramification sequence p, we shall now construct a sequence of polyno-
mials that yields a representation of p as the ramification of a sum of symbols.
This leads to an improved bound on the length of such a representation of p.

Given g € E[t] monic and square-free and f € E[t] coprime to g, we denote by
R (%) the element p € Ry(F) defined by p, = {f} for p € P dividing g and by

pp = 0 for all other p € P.
For a finite subset S C P we set

Ps=]]r < Elt]
peES

and observe that this polynomial is monic and square-free.
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Consider a ramification sequence p € Ry(E). We fix a finite subset S C P
such that Supp(p) € SU{oc}. We set deg(S) = _ s deg(p) and g = Ps. Then

R (g) = p for a polynomial f € E[t] coprime to g which is determined by S up
to a square modulo g. We set

Bs(p) =B (i> :

g

The aim of this section is to relate p to Bg(p).

5.1. Proposition. We have the following:

(a) The discriminant of Bg(p) is the square class corresponding to po € k1 E.
(b) Bs(p) € IE if and only if deg(S) is even.
(c) Bs(p) € I’E if and only if deg(S) is even and ps = 0.

Proof. Part (b) is obvious and (c¢) follows from (a) and (b) by using [5, Chap. II,
Corollary 2.2]. It remains to show (a). Since p € Ro(E) = ker(N), we obtain in
k1 E that

0=N(p)= > Npyelp) =p<+ Y Npplp).

pESupp(p) peS

With g = Pg and f € E[t] coprime to g such that p =R <§>, it follows that

poo = > Npu(f +(p) = Ng,u(f +(9).

peS

By Proposition 3.1 the last term is given by the discriminant of B (%) = DBs(p).
OJ

5.2. Proposition. Letr € N, fo, ..., f. € E[t] square-free with f. € E* and such
that, with f,..1 =1, we have that f;_1 and f; are relatively coprime and f;_1fii1

1 a square modulo f; fori=1,...,r. Then
f (5]
R (—) =0 | Y {fon-afor: for1}
Jo —

Furthermore, for s = |{i € {1,...,r} | deg(f;) # deg(fi—1) mod 2}| we have

diman (‘B (ﬁ>) <s<r and diman‘B (£> = smod 2.
Jo fo

Proof. Fori=1,...,r we have that R (%) = 0 because f;_1 f;11 is a square

modulo f;. In particular R (%) =R (%) =0, as fry1 = 1.
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With n = [£] we obtain from the conditions that

a(kf;{f%_m,f%_l}) - a(ﬁj{fi_hfi})
-2 (3 (%) ()
- v () o ()
= () (S () e (7
- (5)

We prove the second part of the statement by induction on r. If r = 0 then

fi = 1 and diman(B (;Z-)) — deg(fo) = s = 0 and the claim holds trivially.

Suppose now that r > 0. For s’ = |[{i € {2,...,r} | deg(f;) # deg(fi—1) mod 2}|
we obtain by the induction hypothesis that

fo
fi
If deg(fo) = deg(f1) mod 2, then s = s’ and

B o () o (2
=(5)~=(5) = (3)-
If deg(fo) # deg(f1) mod 2, then s = ¢’ + 1 and
i AN AN
%(%)N (f1)+[0]_%(f1)+”’

for some ¢ € E*. In either case we conclude that

S

0

dlman%() s <r—1 and dlmaniB(f

= s mod 2.
)

diman ‘B < ) <s<r and diman‘B (ﬁ

)Esmon.
0

|
For r € N and fy, ..., f,. such as in Proposition 5.2 and with R (%) = p, we

call (fo,..., fr) a splitting sequence of p, and refer to the number r as its length.
We say that the splitting sequence (fo, ..., f,) is strictly decreasing if we have
deg(fi) < deg(fi—1) fori=1,...,r.

5.3. Corollary. Let r be the length of a splitting sequence of p. Then p is repre-
sented by a sum of n symbols for n = [7].

Proof. This is immediate from Proposition 5.2. U
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One may ask whether any representation of p by a given number of symbols
can be obtained from a splitting sequence via Proposition 5.2.

Having thus shown that a splitting sequence gives rise to a representation of p
by a sum of symbols, we turn to the problem of constructing splitting sequences of
small length. Recall that we are assuming throughout that Supp(p) C S U {oo}.

5.4. Proposition. There exists a strictly decreasing splitting sequence of p start-
ing with Pg. The length of any such splitting sequence is at most deg(S).

Proof. We set fo = Pg. If fo = 1 then (fy) is the desired sequence. Otherwise
deg(fo) > 0 and we choose f; € E[t] square-free and coprime to fy such that

deg(f1) < deg(fo) and 9%(%) = p. For ¢ > 1 with deg(f;_1) > 0 we choose

recursively f/ € E[t] as the unique polynomial with deg(f/) < deg(fi—1) and
fI = fi_o mod f;_; and then let f; denote the square-free part of f/, and we stop
the process and set 7 =i — 1 as soon as deg(f;_1) = 0. In this way we obtain a
strictly decreasing splitting sequence of p starting with Pg.

Suppose now that r € N is the length of a strictly decreasing splitting sequence
of p starting with Pg, say (fo,..., f). Asdeg(fi_1) —deg(f;) = 1fori=1,...,r
and further deg(f,) = 0, we conclude that

r

deg(S) = deg(fo) — deg(f,) = Z (deg(fi—1) — deg(fi)) > r .

5.5. Corollary. If dimanBgs(p) = deg(S), then the length of any strictly decreas-
ing splitting sequence of p starting with Pg is equal to deg(S).

Proof. Let g = Pg and choose f € E[t] coprime to g with R (i) =p. Let r e N
be the length of a strictly decreasing splitting sequence for p starting with g. As
Bs(p) =B (%) we obtain that dimanBg(p) < r < deg(S) by Proposition 5.2
and Proposition 5.4. Hence, if dimanBg(p) = deg(S) then r = deg(.5). O

We give an example where the hypothesis in Corollary 5.5 is satisfied for an
arbitrary given degree.

5.6. Example. Let Ey be a field, d > 3 and a4, ...,a4 € EJ pairwise different.
Let by,...,bq—1 be indeterminates over Ey and set £ = Ey((b1)) ... (bg—1)) and
bg =by---by_1. Consider

€= (L —a)t +ai, bi)
in ko E(t) and p = 0(§). Note that Supp(p) = {t — -2 | i

a;—1

deg(p) = d. Using Corollary 3.6 we obtain for S = Supp(p) th

Bs(p) = 2221 [bici]

for certain ¢y, ...,cq € Ey. It follows that dimanBg(p) = d = deg(S).

.,d} and thus
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5.7. Lemma. Assume that E is infinite. Let g € E[t] be square-free and f € E|t]
coprime to g. There exist m € N and square-free polynomials fi, ..., f € Elt]
such that, with fo = g and f_1 = f the following are satisfied fori=1,...,m:

e deg(fi) < deg(fi-1) — 2 and deg(f;) = deg(g) mod 2;
e fi_1 and f; are relatively coprime;
o fifi_o is a square modulo f;_1;

o deg(f,,) = diman‘B (%)

Furthermore, under these conditions

m < 3 (deg(g) — diman B (i)) and ‘B <fi_1> ~ B (i> fori=1,...,m.
g fi g

Proof. Assume r € N and polynomials fy, ..., f, with fy = g are given satisfying

all of the given conditions not involving diman ‘B % . Then by Corollary 3.9 we

Ji1 i \ Jiz2 .
%<f¢) %(fi—1>_€3(fi—l) fore=1,...,r.

Thus B <%) ~ B (%) and diman B (ff—*1> = diman ‘B (g) fori=1,...,r.

Furthermore, as deg(f;_1) — deg(f;) = 2 for i = 1,...,r and fo = g we obtain
that

have

=1

deg(g) — deg(f;) = (Z(deg(fi_l) - deg(fi))) > 2.

As deg(f,) > diman ‘B (%) = diman ‘B (g), we conclude that

r<t (deg(g) — diman B (§)> .

This shows the last part of the statement.
We now construct recursively a sequence of square-free polynomials as claimed.

We set f.1 = f and fo = g. Fori > 1, as long as deg(fi—;) > diman ‘B <%>
holds, we use Proposition 3.4 to obtain a square-free polynomial f; € E[t] coprime
to fi_1 such that deg(f;) < deg(fi—1) — 2, deg(f;) = deg(fi—1) mod 2 and f;f;_o

is a square modulo f;_;. As soon as deg(f;—;) = diman‘B (% holds, we stop

and set m = ¢ — 1. It follows from what we showed in the first part of the proof
that the recursion terminates after finitely many steps. OJ

5.8. Proposition. Assume that E is infinite. Set d = dimanBg(p). There exist
m € N and a strictly decreasing splitting sequence (fo, ..., farm) of p starting with
Pgs such that deg(f;) = deg(fi—1) mod 2 fori=1,...,m and deg(fimra_i) =1 for
i=0,....d
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Proof. Let fo = Pg and f_; € E[t] coprime to fy with R (%) = p. We choose
m € Nand fi,..., f,, € F[t] asin Lemma 5.7. Then deg(f,,) = d = dimanBg(p)

and ‘B (%) ~ ‘B (%) =DBgs(p). Set p/ =R (f’;:) By Proposition 5.4 and

Corollary 5.5 there exists a strictly decreasing splitting sequence of p’ of length
d starting with f,,, say (fm, ..., farm). Then (fo,..., farm) has the required
properties. O

5.9. Theorem. Any splitting sequence p with Supp(p) C SU{oc} is represented

deg(S)+diman Bs(p) -‘
1 .

by a sum of n symbols where n = {

Proof. Set d = diman*Bg(p). In view of Example 2.4 we may assume that F
is infinite. Let m € N and let (fy,..., form) be a strictly decreasing splitting
sequence of p starting with Pg and with the properties formulated in Proposi-
tion 5.8. We have m < $(deg(S) — d), whence d + m < 3(deg(S) + d). The
statement thus follows from Corollary 5.3. O

5.10. Remark. By Theorem 2.5 the ramification sequence p is represented by a

sum of n’ symbols for n’ = {degT(’))J symbols. Let us compare n’ with the value of

n in Theorem 5.9 that we obtain for S = Supp(p) \ {oo}. Obviously

deg(S) =
&(5) {deg(p) —1 if poo #0.

and diman Bg(p) < deg(S). We conclude that n < n’ except in the case where
deg(9) is odd, diman Bg(p) = deg(S) and po, = 0.

Let us look more closely at this case. With d = deg(S) = diman(Bgs(p)) we
obtain that n = di; = n'+1. The strictly decreasing splitting sequence obtained
from Lemma 5.7 which is used in the proof of Theorem 5.9 has length d. Denoting
this sequence (fo, ..., f1), we have that deg(f;) =d—ifori=1,...,d. Applying
Proposition 5.2 we obtain that p = 9(>_;_, ox) where oy = { fox—2for, for—1} for
k=1,...,nand fs41 = 1. Asdeg(f;) =i+ 1mod2 fori=0,...,d, it is easy
to see that O (o) =0for k=1,....,n— 1 and 0x(0y) = Oc({ fa—1, fa}) = {fa}
in k1 E. Hence, {fa} = 0D 1_, 0k) = poo = 0, whereby f; € E*%. This implies
that o, = {fs_1, fa} = 0 in ko E(t). We conclude that p = O( Z;i o).

Hence, in each case our method applied as in the proof of Theorem 5.9 yields
a representation of p by at most n’ symbols.

Note finally that if deg(p) is odd and diman Bg(p) = deg(p) — 4, then n’ = n.
In particular, if deg(p) = 5 and po, = 0, then n > n’ = 2, and we shall see in
Example 6.3 that even in the case where Bg(p) is split a single symbol may not
be sufficient to represent p.

In relation to Theorem 5.9 one may ask the following:
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5.11. Question. Let n € N be such that p is represented by a sum of n symbols.
Set S = Supp(p) \ {oo}. Is there an upper bound on diman Bg(p) in terms of n?

The following result answers Question 5.11 partially in the case where n = 1.

5.12. Theorem. Set S = Supp(p) \ {oco} and assume that deg(p) is even. If p is
represented by a symbol, then Bs(p) is split.

Proof. By Proposition 4.1 there exist square-free coprime polynomials f, ¢’ € E[t]
such that o = {f,¢'} and 9,(c) = 0 for all p dividing f. It follows that ¢’ = gh
with ¢ = Pg and h € E[t]. Then f,g,h € E[t] are square-free and coprime and

9,(cr) = 0 holds for all p not dividing g. Then d(c’) = R <§) and Bg(p) = B (i)

9
As deg(p) is even, the discriminant of Bg(p) is trivial if and only if deg(g) is even.

By Lemma 4.2 we have (deg(f),deg(g),deg(h)) # (0,1,1) mod 2 and if deg(g) is
odd, then B <§) is split. If deg(g) is even, whereby the discriminant of B <£)
is trivial, then Lemma 4.2 yields that ‘B (g) = 0.

6. RAMIFICATION SEQUENCES OF SMALL DEGREE

We conclude our study with a statement on ramification sequences of degree
four followed by a series of examples of ramification sequences of small degree.

6.1. Theorem. Assume that deg(p) = 4 and set S = Supp(p) \ {occ}. Then p is
represented by a symbol if and only if Bg(p) is split.

Proof. If E is infinite and dimanBg(p) < 1 then we conclude by Theorem 5.9
that p = d(o) for a symbol o € kyE(t). If F is finite then the same conclusion
holds trivially by Example 2.4. The converse follows from Theorem 5.12. U

6.2. Remark. Assume that deg(p) = 4 and let S = Supp(p) \ {oc}. If ps # 0,
then with d € E* such that p., = {d} in k1 E, it follows that [1] —[d]-Bs(p) = [n]
for a 2-fold Pfister form 7 over E. Then m is hyperbolic if and only if Bg(p) is
split, and by Theorem 6.1 this is if and only if p is represented by a symbol. In
the special case where S consists of three rational points, this characterisation
was given in [8, Prop. 1.4] with an explicit construction of the form 7, which can
actually be retrieved from Corollary 3.6.

In the case where p,, = 0, the criterion in Theorem 6.1 can be reformulated
in similar terms. In this case there is a unique 2-fold Pfister form 7 over E such
that Bg(p) ~ [r], and p is represented by a symbol if and only if 7 is hyperbolic.

Let p € My(F). The following example shows that Theorem 6.1 does not
extend to the case where deg(p) = 5.

6.3. Example. Set £ = {(t —1)(t+1)(t —2)(t—3), =1} +{t(t —1), 7} in kQ7(2).
Then S = Supp(9(§)) consists of the polynomials ¢ — m with m = —1,0, 1,2, 3.
By [4, Theorem 3.6] we have 0(§) # 0(o) for any symbol o in kyQ7(¢). Using
Corollary 3.6 we obtain that Bg(9(€)) = [1], whence B5(I(§)) is split.
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We are going to look at some examples where deg(p) = 6 and p,, = 0 and
where p is not represented by a symbol. In the first two examples we have that
Bs(p) = 0 for S = Supp(p). In particular, the converse of the implication in
Theorem 5.12 does not hold in general.

6.4. Example. We consider the field £ = Q, for a prime number p > 7. We find
a,a,b € Z\ pZ such that a* + 1 € Q* and o, b* + 1 ¢ Q)°. Set

E={(t" —a®)(t* = b%),a} + {t? + 1,p} € Q1)
By [4, Theorem 3.6] we have that 0(§) # 0(o) for all symbols o € kyQ,(t). We

set p = 9(§). Set S = Supp(p) and note that S consists of the prime factors of
(t? — a®)(t* — b*)(t* + 1). Hence deg(S) = 6. Computation yields that

) - 8 (=) o2 (UG )

2 +1

STy
= faen ()

6.5. Example. Consider £ = Q, for a prime number p = 43 mod 8. Set

E={t{t—1)(t—2)(t —3),2} + {t* + 1,p} € kaQp(t).
By [4, Theorem 3.6] we have that 0(§) # (o) for any symbol o € kQ,(t). Note
that S = Supp(9(€)) is the set of prime factors of g = t(t —1)(t —2)(t —3)(t*+1)
over Q,. Thus deg(S) = 6. Using that t(t —1)(t —2)(t —3) = —10mod t* + 1 a
similar computation as in Example 6.4 yields that Bg(9(£)) = 0.

By Theorem 5.9, assuming that deg(p) = 6 and p,, = 0, the vanishing of
diman Bg(p) implies that p = 9(oy + 02) for two symbols oy and o9 in ke E(t).
The following example shows that the converse to this statement does not hold.

6.6. Example. Consider ¢ = {(t* — 1)(#* — 2), —1} + {t(t — 3), 11} in ko Qy1(2).
Note that S = Supp(9(€)) consists of the factors of (> — 1)(t* — 2)¢(t — 3) and
thus has degree 6. A computation shows that Bg(9(§)) = [(1,1,11,11)] # 0 in
WQy;. Hence dimanB5(0(§)) = 4.

Recall that Bg(p) lies in the fundamental ideal IE if and only if deg(S) is
even. The following example illustrates that, in general, for finite subsets 57 and
Sy of P with deg(S;) = deg(S2) mod 2 and Supp(p) C S; NSy, we may have that

Bs, (p) # Bs,(p)-

6.7. Example. Consider £ = {t* — 1, -1} + {t* —t — 1,3} € k2Q3(¢) and set
p =0(§) and S = Supp(p). We have p,, = 0, and since —1 is a square in the
residue field of t2 4+ 1, we also have p;2,1(€) = 0. It follows that S consists of
the factors of (t2 — 1)(t* —t — 1). Hence deg(S) = 4, and a computation yields
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that Bs(p) = [(1,1,3,3)] # 0 in k2Qs. In particular, p is not represented by a
symbol, by Theorem 5.12. Another computation based on Theorem 3.8 further

shows that ) ) i
t°—t— t* — .
B <ﬁ) =B (m) =0in ]{]2@3.
For S" = S U {t? + 1} we obtain that Supp(p) = S C ', deg(S’) = 6 and
Pg = (t* — 1)(t* —t — 1). Since t* — 1 and ¢ —t — 1 are coprime, we conclude
by Proposition 3.5 that

Be(p) = B (_1“2 - ”) B (M) 04 Bs(p).

tt—1 2 —t—1
6.8. Question. Assume that deg(p) = 6 and ps, = 0. Set S = Supp(p). Does
any of the following two properties imply the other one?

(1) p=0(o1 + g3) for two symbols o1, 09 € ko E(t).
(17) dimanBg(p) < 4.
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