THE MAXIMAL LENGTH OF CLOUD–ANTICHAINS

Rudolf Ahlswede and Levon H. Khachatrian

Universität Bielefeld Institute of Problems Fakultät für Mathematik of Information and Automation Postfach 100131 Armenian Academy of Sciences 33501 Bielefeld Erevan–44, P. Sevak str. 1 Germany Armenia Visiting SFB “Diskrete Strukturen in der Mathematik”, Bielefeld.

1. Introduction

The notion of an antichain in a partially ordered set was generalized [2] and [3] to the seemingly natural notion of a “cloud–antichain” {A_i}^N_{i=1} . Whereas in antichains elements of a partially ordered set are compared in cloud–antichains sets of elements take their role. Elements in different sets A_i , called clouds, are required to be incomparable. Formally, for every two clouds A_i and A_j we have

A_i � A_j for all A_i ∈ A_i and all A_j ∈ A_j. (1.1)

In [3] further notions of cloud–antichains were introduced. Whereas the logical structure of the formula (1.1) suggests to speak of an antichain of type (∀, ∀) , the new notions in [3] are of the types (∀, ∃) , (∃, ∀) , and (∃, ∃) .

In the sequal we consider always the partially ordered set P = 2^{Ωn} , the power set of Ω_n = {1, 2, . . . , n} , with set theoretic containment as order relation. {A_i}^N_{i=1} is always a family of subsets of P . It is said to be of type (∃, ∀) , if for all i ≠ j

there exists an A_i ∈ A_i with A_i ⊄ A_j and A_i ⊅ A_j for all A_j ∈ A_j , (1.2)

it is of type (∀, ∃) , if for all i ≠ j

for all A_i ∈ A_i there exists an A_j ∈ A_j with A_i ⊄ A_j and A_i ⊅ A_j (1.3)

and it is of type (∃, ∃) , if for all i ≠ j there exists an A_i ∈ A_i

and there exists an A_j ∈ A_j with A_i ⊄ A_j and A_i ⊅ A_j . (1.4)

The maximal cardinalities N of such systems as functions of n are denoted by N_n(∃, ∀) , N_n(∀, ∃) , and N_n(∃, ∃) , resp.

Obviously, an analogously defined quantity N_n(∀, ∀) equals (_n ⌊^n2 ⌋ ) , because in an optimal configuration |A_i| = 1 and Sperner’s classical Theorem ([1]) applies. We also study systems with disjoint clouds. The maximal cardinalities are then denoted by M_n(∃, ∀) , M_n(∀, ∃) , and M_n(∃, ∃) , resp.

We call two functions f : N → N and g : N → N asymptotically equivalent and write f(n) ∼ g(n) , if

lim_{n→∞} f(n) g(n) = 1.