Primer on CPP Geometry

Peter Greenberg

Institut Fourier, Grenoble

Our purpose is to describe some basic ideas and constructions in C^1, piecewise– projective (CP P for short) geometry on the circle. This geometry seems to provide a good context in which to discuss (see definition 1.1), the Higman–Thompson group G (see [Br], [GhS]) and certain of its subgroups (see [G2]).

This report was written during a visit to the SFB at the University of Bielefeld, to which I am very grateful. Conversations with Ross Geoghegan and Vlad Sergiescu were both encouraging and helpful.

0.1 Introduction

We require some notation. Consider the action of PSL_2 R on H, the hyperbolic disk, by linear fractional transformations. The action extends to a transitive action on S^1 = R ∪ {∞}. Let, for x ∈ S^1, A_x (respectively P_x) denote the subgroup fixing x (resp. fixing x and with derivative 1 at x). The elements of P_x are called parabolic, and A_∞ = {( r^b_r 0^1_r ) : r > 0, b ∈ R } = {x −→ r^2x + b} P_∞ = {( 1 t 0 1 ) : t ∈ R } = {x −→ x + t} ≃ R.

The circle is given the usual counterclockwise orientation.

Definition 0.1.1 A homeomorphism g : V −→ f between open subsets of S^1 is C^1, piecewise–projective (we write g ∈ CP P ) if g has a continuous derivative, and if there is a discrete subset S of V such that for every connected component of V − S, g|_C ≡ g_c, where g_c ∈ PSL_2 R. Denote by CP P (S^1) the group of CP P homeomorphismus of S^1.

If g ∈ CP P , g : V −→ f and x ∈ V , then g^l_x, g^r_x, the left and right germs of g at x, are the elements of PSL_2 R such that g|_{(x−ε,x)} ≡ g^l_x, g|_{(x,x+ε)} ≡ g^r_x, for some small ε. Define the change at x by D_xg ≡ (g^r_x)^{−1}g^l_x. Since g is C^1, D_xg ∈ P_x for all x. The set bk(g) of breakpoints of g is the set of x such that D_xg ≠ id. Note that bk(g) is a finite set if g ∈ CP P (S^1).

Proposition 0.1.1.1 Let bk(g) = {x_1, . . ., x_n} in counterclockwise order. Then D_{xn} g∘ . . . ∘ D_{x1} g = id.

Proof: For all i, 1 ≤ i < n, we have g^r_{xi} = g^l_{xi+1} , and g^r_{xn} = g^l_{x1} .

The result follows. 1