The semi-simple zeta function of Shimura varieties associated to quaternion algebras

Harry Reimann^†

Abstract

For the Shimura variety Sh_{D,C} attached to a quaternion division algebra D over a totally real number field F and a sufficiently small open compact subgroup C of D^×(A_f ), and for every rational prime p which is unramified in F and such that C = C_p × C^p where C_p is a maximal compact subgroup of D^×(Q_p ) and C^p is a subgroup of D^×(A^p_f ), the semi-simple local zeta function Z^{ss}_p (Sh_{D,C} , s) is expressed as a product of integral powers of semi-simple local L–functions of automorphic representations of D^×(A ). In an appendix a mistake occuring in the constructions of Langlands and Rapoport needed to state their conjecture on the reduction of a Shimura variety in the most general case is corrected. This conjecture is proved for Sh_{D,C} up to a question concerning the reduction of abelian varieties of CM–type which is discussed in another appendix.

1991 Mathematics Subject Classification:

Primary 11G18, 11G40, 14G10, 14G35; Secondary 11F70, 11F72, 11G15, 14K10.

† Fakultät für Mathematik, Universität Bielefeld, PF 100131, D–33501 Bielefeld, Germany (reimann@mathematik.uni–bielefeld.de)

– 1 –

Contents

Contents Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 Part I 1 The basic embedding . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 2 A reduction of Sh_G . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14 3 The local structure of ~Sh_G . . . . . . . . . . . . . . . . . . . . . . . . . . 21 4 Isogeny types of F –valued points . . . . . . . . . . . . . . . . . . . . . . 29 5 The structure of an isogeny class . . . . . . . . . . . . . . . . . . . . . . 36 6 A reduction of Sh_D . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44 7 Points on ~Sh_D with values in finite fields . . . . . . . . . . . . . . . . . . 55

Part II

8 The semi-simple local zeta function . . . . . . . . . . . . . . . . . . . . . 60 9 Orbital and twisted orbital integrals . . . . . . . . . . . . . . . . . . . . 63 10 The trace formula . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71 11 Semi-simple automorphic L–functions . . . . . . . . . . . . . . . . . . . 75

Appendix A A1 A mysterious invariant of a CM–type . . . . . . . . . . . . . . . . . . . . 80 A2 Polarized abelian varieties over F . . . . . . . . . . . . . . . . . . . . . . 84 A3 The comparison of invariants . . . . . . . . . . . . . . . . . . . . . . . . 89

Appendix B B1 Construction of algebraic groupoids . . . . . . . . . . . . . . . . . . . . . 95 B2 The quasi-motivic groupoid . . . . . . . . . . . . . . . . . . . . . . . . . 102 B3 The conjecture of Langlands and Rapoport . . . . . . . . . . . . . . . . . 113 References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120

– 2 –