A zoo of l_1-embeddable polytopal graphs�

M.Deza CNRS, Ecole Normale Supérieure, Paris

V.P.Grishukhin CEMI, Russian Academy of Sciences , Moscow

Abstract

A simple graph G = (V, E) is called l_1-graph if, for some λ,n 2 N, there exists a vertex-addressing of each vertex v of G by a vertex a(v) of the n-cube H_n preserving, up to the scale λ, the graph distance, i.e. d_G(v, v^′) = λd_{Hn} (a(v), a(v^′)) for all v 2 V . We distinguish l_1-graphs between 1-skeletons of a variety of well known classes of polytopes: semiregular, regular-faced, zonotopes, Delaunay polytopes of dimension

ˇ 4 and several generalizations of prisms and antiprisms.

1. Introduction 2. Some notations and properties of polytopal graphs and hypermetrics 2.1 Vector representations of l_1-metrics and hypermetrics 3. Regular-faced polytopes

3.1 Regular polytopes 3.2 Semiregular (not regular) polytopes 3.3 Regular-faced (not semiregular)polytopes of dimension ≥ 4 4. Prismatic graphs

4.1 Moscow and Globe graphs 4.2 Stellated k-gons 4.3 Cupolas 4.4 Antiwebs 4.5 Capped antiprisms, towers and fullerenes 5. 92 regular-faced (not semiregular) polyhedra 6. Zonotopes 7. Delaunay polytopes 8. Small l_1-polyhedra and examples of polytopal hypermetrics 9. t-embedding in l_1 Appendix: figures

�The authors has been supported by DFG–Sonderforschungsberich 343 “DISKRETE STRUKTUREN IN DER MATHEMATIK” UNIVERSITÄT Bielefeld as well as by DIMANET–THE EUROPEAN NET- WORK ON DISCRETE MATHEMATICS, EU Contract #ERBCHRXCT 940429

1 Introduction

A connected simple graph G is called an l_1-graph if its (shortest path) distance matrix d_G, seen as a metric space (d, X) on the set X of vertices of G, is embeddable isometrically into some l^m_1 -space. The l^m_1 -space is R^m with l_1-metric d_{l1} (x, y) = ||x − y||_{l1} = m∑ i=1 |x_i − y_i|. Equivalently, see [AsDe80], G is an l_1-graph iff d_G is embedded isometrically into the restriction of l^n_1 on an n-cube up to a certain scale λ . Clearly, λ = 1 (respectively, λ = 2) means that G is an isometric subgraph of the n-cube graph (respectively, of the n-half-cube graph). We denote these embeddings by G → H_n (respectively, G →^1_2 H_n).

Any metric subspace A of l^m_1 is (see [Dez60]) hypermetric, i.e. it satisfies ∑ 1≤i<j≤n b_ib_jd_{l1} (x_i, x_j) ≤ 0 (1)

for every distinct x_1, x_2, ..., x_n ∈ A, b := (b_1, ..., b_n) ∈ Z^n, and ∑n i=1 b_i = 1. Clearly, in the special case b = (1, 1, −1) the above inequality is the classical triangle inequality. Call the above inequality 5-gonal (2k+1-gonal, respectively) if b = (1, 1, 1, −1, −1) ( ∑ i |b_i| = 2k+1, respectively). Call a graph G hypermetric (5-gonal, (2k+1)-gonal), if d_G is hypermetric (respectively, satisfies 5-gonal, the (2k + 1)-gonal inequalities). Any (2k + 1)-gonal graph is (2k − 1)-gonal, [Dez60], but K_{2k+1} − C_{k+1} is an example of a (2k − 1)-gonal which is not (2k + 1)-gonal for any k ≥ 2. So, for a graph G the following chain of implications holds (G → H_{n2} ) ⇒ (G → 1 2 H_{n1} ) ⇒ l_1-graph ⇒ hypermetric ⇒ (2k + 1)-gonal ⇒ 5-gonal

In this paper we systematically study well known polytopal graphs in connection within the above chain of notions, in particular, looking for l_1-graphs within 1-skeletons of polytopes with a degree of euclidean regularity. These polytopes include: regular-faced polyhedra, semi-regular polytopes, zonotopes, Delaunay polytopes of dimension ≤ 4, and some generalizations of prisms and antiprisms. In [DeSt96] one can find a related study of isometric, up to a scale, embeddings of 1-skeletons of infinite graphs (of Archimedean and Laves plane tilings) into cubic lattices.

Here are other instances of embeddings of graphs which are related to our subject: 1) well known cubical graphs (induced subgraphs of hypercubes) and a hypercube embedding with a small distortion (of distances) used in computer architecture.

2) isometric (or isometric with a small distortion) embeddings of graphs into other (than l_1-spaces) normed spaces; see [LLR95] and the huge bibliography there.

The following criterion for a graph G to be an l_1-graph is known, [Shp93], [DeGr93]: G is an l_1-graph iff it is an isometric subgraph of the direct product of half-cubes and Cocktail-Party graphs K_{m×2} (1-skeleton of the cross-polytope β_m). Even, a good polynomial algorithm for a recognition of l_1-graphs is known [DeSp96]. So “raisons d’etre” for this paper are the following: