Geometric aspects of finite and infinite dimensional Fleming-Viot processes

Ludger Overbeck^{123} Michael Röckner^3 Laboratoire de Probabilités Université Paris VI 4, Place Jussieu, Tour 56, 3^e étage 75252 Paris Cedex 05 France

Fakultät für Mathematik Universität Bielefeld Universitätsstraße 25 33615 Bielefeld Germany

Abstract

Some geometric aspects of Fleming-Viot processes are studied . In the finitedimensional case we give an analytic proof that the Fleming-Viot process with parent-independent mutation is the only one that has a symmetrizing measure. This gives rise to a new proof that there is a unique symmetrizing measure for the infinite-dimensional Fleming-Viot process with parent-independent mutation. We show that the finite dimensional Fleming-Viot process with parent-independent mutation is a time changed Brownian motion with respect to a proper metric, and in some special cases is even a Brownian motion itself. A sequence of these finite-dimensional Fleming-Viot processes converges in probability to the infinite dimensional Fleming-Viot process. The main result for the infinite-dimensional Fleming-Viot process is on its intrinsic metric. We prove that the intrinsic metric is uniformly equivalent to the metric defined by the total variation norm.

Mathematics Subject Classification Primary: 60J60, 60G57 Secondary: 58G32, 58G35, 60J45

1On leave from the Universität Bonn, Institut für Angewandte Mathematik, Wegelerstr. 6, 53115 Bonn, Germany

2Supported by the EEC-Individual Fellowship No. ERBCHBICT930682 3Partially supported by the SFB256 at the University of Bonn and by EEC-Grant SC1*CT92-0784

Contents

0 Introduction 1

1 Definitions and Preliminaries 3 1.1 Convenient coordinates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 2 Divergence form and reversibility 4 2.1 Divergence form . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4 2.2 Bilinear forms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 2.3 Closability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6 3 The Fleming-Viot process as a time-changed Brownian motion 7 3.1 Brownian motion on a manifold . . . . . . . . . . . . . . . . . . . . . . . . 7 3.2 Application to the Fleming-Viot process . . . . . . . . . . . . . . . . . . . 9

4 The infinite-dimensional Fleming-Viot process with parent-independent mutation. Reversibility and Approximation 10 4.1 Reversibility . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11 4.2 Approximation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14 5 The intrinsic metric of the parent-independent Fleming-Viot process 20 5.1 The intrinsic metric . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21 5.2 Application to Fleming-Viot processes . . . . . . . . . . . . . . . . . . . . 23

Appendix 24

References 29

0 Introduction

This paper is on the geometry of reversible Fleming–Viot processes. This type of measurevalued diffusions and its corresponding analytic quantities have been studied intensively in recent years. For excellent survey articles we refer to [EK93] and [D93] and the references therein. For a more analytic approach based on the theory of Dirichlet forms we refer to recent joint work by the authors and B. Schmuland (see [ORS95]).

The purpose of this paper is threefold: first, we give a complete analytic proof for the characterization of reversible Fleming–Viot processes in finite dimensions (leading to

1