A Visualization of the Isometry Group Action

on the F omenk o–Matv eev–W eeks Manifold

Alexander M EDNYKH a, 1

and Andrei V ESNIN a,b, 2

a

Sob olev Institute of Mathematics, SB RAS

No v osibirsk-90, 630090, Russia

b

Departmen t of Mathematics, Pusan National Univ ersit y ,

Pusan 609-735, Korea

Abstract

The smallest kno wn three-dimensional closed orien table h yp erb olic manifold M

1

,

whic h v olume is equal to 0 . 94 . . . , w as obtained indep enden tly b y A. F omenk o and

S. Matv eev and b y J. W eeks. It is kno wn, that the isometry group of the manifold

M

1 is isomorphic to the dihedral group I D

6 of order 12. W e study the lattice of

the action of the isometry group on the manifold M

1 and obtain all orbifolds whic h

arised as the quotien t spaces.

1. In tro duction

In the presen t pap er w e study the prop erties of the smallest kno wn three-dimensional

closed orien table h yp erb olic manifold M

1

, whic h w as constructed indep enden tly b y A. F o-

menk o and S. Matv eev [ 7 ] and b y J. W eeks [ 13 ].

A three-dimensional h yp erb olic manifold can b e defined as a quotien t space M =

H I

3

/ Γ, where Γ is a discrete group of isometries of the three-dimensional Lobac hevsky

space H I

3

, acting without fixed p oin ts. The concept of the v olume in H I

3

is carried

o v er naturally to M . F urther w e will consider three-dimensional orien table h yp erb olic

manifolds of finite v olume.

The structure of the set of v olumes of three-dimensional h yp erb olic manifolds w as

describ ed b y W. Th urston and T. Jørgensen. According to the Th urston–Jørgensen

theorem [ 12 ], v olumes of three-dimensional h yp erb olic manifolds form a w ell-ordered

0

This researc h w as supp orted in part b y the Russian F oundation for Basic Researc h.

1

E-mail address: me dnykh@math.nsc.ru .

2

E-mail address: vesnin@math.nsc.ru and vesnin@arir ang.math.pusan.ac.kr .

non-discrete subset of the real line of the order t yp e ω ω

. In particular, there exists a

closed manifold with the smallest v olume.

The first manifold whic h pretended to b e the smallest closed manifold w as constructed

b y W. Th urston [ 12 ]. This manifold w as obtained b y (5 , − 1) Dehn surgery on the figure-

eigh t knot, and its v olume is equal to 0 . 98 . . . . But sev eral y ears later the another pre-

tender app eared.

In [ 13 ] J. W eeks calculated v olumes of h yp erb olic manifolds, obtained b y Dehn sur-

geries on h yp erb olic knots and links of the small order. It w as p ossible due to his nice

computer program SnapP ea [ 11 ]. As the result of the calculations, the closed h yp erb olic

manifold M

1 with the v olume equals to 0 . 94 . . . w as founded. The manifold M

1 w as

obtained b y Dehn surgeries with parameters (5 , − 2) and (5 , − 1) on b oth comp onen ts of

the Whitehead link. A t the same time, n umerous computer calculations of v olumes w ere

giv en b y A. F omenk o and S. Matv eev [ 7 ]. The manifold M

1 also w as app eared in their

list (but it w as obtained b y another w a y). F urther the manifold M

1 will b e referred to

as the F omenk o–Matv eev–W eeks manifold .

Moreo v er, A. F omenk o and S. Matv eev [ 7 ] conjectured the structure of the initial seg-

men t of the set of v olumes of three-dimensional h yp erb olic manifolds. In [ 5 ] C. Ho dgson

and J. W eeks refined the smallest manifolds computing a lot of v olumes b y SnapP ea

program.

In [ 9 ] E. Molnar constructed the fundamen tal p olyhedron in H I

3

for the fundamen tal

group of the manifold M

1 and remark ed, that the isometry group of this manifold con tains

the dihedral group I D

6 of order 12. Using computer calculation, it w as sho wn in [ 5 ], that

the isometry group of M

1 has exactly 12 elemen ts.

The aim of the presen t pap er is to describ e the lattice of the action of the isometry

group Isom ( M

1

) on the manifold M

1

. W e will obtain all orbifolds whic h arise as quotien t

spaces of M

1 b y the action of the subgroups of Isom ( M

1

). In particular, w e will describ e

the manifold M

1 as the t w o-fold co v ering of the 3-sphere, branc hed o v er the knot 9

49 and

as the cyclic three-fold co v ering of the 3-sphere, branc hed o v er the t w o-bridge knot 5

2

.

2. The lattice of the isometry group’s action

Let us consider the fundamen tal group Γ = π

1

( M

1

) of the F omenk o-Matv eev-W eeks

manifold M

1

. According to [ 9 ], the group Γ has the follo wing presen tation:

Γ = ⟨ a, b | abab

2

a

− 2

b

2

= baba

2

b

− 2

a

2

= 1 ⟩ . (1)

It w as observ ed b y E. Molnar [ 9 ], that the group Γ has the follo wing three automor-

phisms

{

a → a

− 1

,

b → b

− 1

,

{

a → b,

b → a, and

{

a → a,

b → a

− 1

b

− 1

.

(2)

By the Mosto w rigidit y theorem, there exist isometries r , s and t of the Lobac hevsky

space H I

3

suc h that