Asymptotic Properties of Additive Functionals of Brownian Motion

Masayoshi Takeda Tusheng Zhang^∗

Summary

In this paper, we study the asymptotic behavior of additive functionals of Brownian motion which are not necessarily of bounded variation. The result is then applied to the Hilbert transform of the Brownian local time.

AMS Subject Classification (1991) Primary : 60J55, 60F10 Secondary: 31C25 Key words: additive functionals, Dirichlet forms , large deviations. Running head: asymptotic behavior of additive functionals.

∗Present address: Department of Engeneering, HSH, Skaregt 103, 5500 Haugesund, Nor- way 1

1 Introduction and Framework

A Borel measure μ on R^d is said to be in the Kato class K_d if

(i) lim_{α→0} [ sup_x ∫ |y−x|≤α |μ|(dy) |x − y|^{d−2} ] = 0 when d ≥ 3.

(ii) lim_{α→0} [ sup_x ∫ |y−x|≤α |μ|(dy)| ln(|y − x|^{−1}) ] = 0, when d = 2.

(iii) sup_x ∫ |y−x|≤1 |μ|(dy) < +∞ , when d = 1. Let ρ ∈ H^1_2 (R^d) with |∇ρ|^2 ∈ K_d, and let μ be a measure in the Kato class K_d. We introduce the following quadratic form on L^2(R^d):

Q(u, v) =^1_2 ∫ R^d ∇u(x) · ∇v(x)dx + 1 2 ∫ R^d ∇(uv)∇ρ(x)dx + ∫ R^d u(x)v(x)μ(dx) D(Q) = H^1_2 (R^d) (the Sobolev space of order 1)

(1.1)

This quadratic form is studied in [9] when d ≥ 3. It is shown that (Q, D(Q)) is a closed semibounded form on L^2(R^d). Although the results in [9] are stated for d ≥ 3 ,they still hold for d ≤ 2. For our applications we would like to mention several facts in the case d = 1. It is well-known that for any ϵ > 0, there exists c(ϵ) such that |u(x)|^2 ≤ ϵ ∫ x+1 x u^′(y)^2dy + c(ϵ) ∫ x+1 x |u(y)|^2dy , u ∈ H^1_2 (R) . (1.2)

Given any μ ∈ K_d; integrating both sides of (1.2) with respect to μ, we get ∫ R |u(x)|^2|μ|(dx) ≤ ϵ ∫ R u^′(y)^2dy ∫ y y−1 |μ|(dx) + c(ϵ) ∫ R u^2(y)dy ∫ y y−1 |μ|(dx)

≤ ϵ sup_x ∫ |x−y|≤1 |μ|(dy) ∫ R u^′(y)^2dy + c(ϵ) sup_x ∫ |x−y|≤1 μ(dy) ∫ R u^2(y)dy (1.3)

1