THE SPECTRUM OF A MODULE CATEGORY

HENNING KRAUSE

Contents

0. Introduction 3 1. The functor category 12 1.1. Preliminaries 12 1.2. Purity 13 2. Definable subcategories 15 2.1. Definable subcategories 15 2.2. Saturation 18 2.3. The Ziegler topology 19 2.4. Definable quotient categories 20 2.5. Examples 21 3. Left approximations 22 3.1. Left almost split maps 23 3.2. Left approximations 25 3.3. Minimal left approximations 27 4. Duality 28 4.1. Purely equivalent and purely opposed modules 29 4.2. The dual of a definable subcategory 30 4.3. Pure-reflexive modules 30 5. Ideals in the category of finitely presented modules 33 5.1. Fp-idempotent ideals 33 5.2. Ideals generated by idempotents 37 6. Endofinite modules 38 6.1. The endocategory of a module 39 6.2. Σ-pure-injective modules 40 6.3. Product-complete modules 40 6.4. Endofinite modules 42 6.5. Generic modules 45 6.6. Ideals of finite length 47 7. Krull-Gabriel dimension 48 7.1. The Krull-Gabriel dimension of a ring 48 7.2. The Krull-Gabriel dimension of a module 50 8. The infinite radical 51 8.1. The preinjective dimension of a module 51 8.2. Transfinite powers of the Jacobson radical 53 9. Functors between module categories 56 9.1. Coherent functors 56 10. Tame algebras 59 10.1. Endofinitely tame algebras 59 10.2. Functors preserving tameness 60 1

2 HENNING KRAUSE

10.3. Representation embeddings 62 10.4. One-parameter families and generic modules 63 11. Rings of definable scalars 63 11.1. Rings of definable scalars 64 11.2. Calculus of fractions 66 11.3. Biendomorphism rings 67 11.4. Basic properties 68 11.5. Epimorphisms of rings 69 12. Reflective definable subcategories 71 12.1. Reflective definable subcategories 72 12.2. Φ-continuous modules 74 12.3. Definable and universal localizations 76 13. Sheaves 78 13.1. Sheaves on the Gabriel spectrum 78 13.2. The Zariski topology 82 13.3. Structure sheaves 83 13.4. Associated sheaves of modules 85 14. Tame hereditary algebras 86 14.1. Preliminaries 87 14.2. A parametrizing curve 90 15. Coherent rings 92 15.1. Preliminaries 92 15.2. Prime spectrum versus Gabriel spectrum 93 15.3. The global section functor 95 Appendix A. Locally coherent Grothendieck categories 97 A.1. Localization in abelian categories 97 A.2. Locally coherent Grothendieck categories 98 A.3. Localization in locally coherent Grothendieck categories 98 A.4. Locally noetherian categories 100 Appendix B. Dimensions 101 B.1. The dimension of an abelian category 101 B.2. The dimension of a modular lattice 103 Appendix C. Finitely presented functors and ideals 104 C.1. The category of finitely presented functors 104 C.2. Ideals in additive categories 105 References 106