Stochastic analysis on configuration spaces:

basic ideas and recent results

Michael Röckner

Fakultät für Mathematik Universität Bielefeld D 33615 Bielefeld (Germany)

Abstract The purpose of this paper is to provide a both comprehensive and summarizing account on recent results about analysis and geometry on configuration spaces Γ_X over Riemannian manifolds X. Particular emphasis is given to a complete description of the so–called “lifting– procedure”, Markov resp. strong resp. L^1–uniqueness results, the non–conservative case, the interpretation of the constructed diffusions as solutions of the respective classical “heuristic” stochastic differential equations, and a self–contained presentation of a general closability result for the corresponding pre–Dirichlet forms. The latter is presented in the general case of arbitrary (not necessarily pair) potentials describing the singular interactions. A support property for the diffusions, the intrinsic metric, and a Rademacher theorem on Γ_X , recently proved, are also discussed.

AMS Subject Classification Primary: 60G60, 82C22 Secondary: 31C25, 82C31, 60H07, 60J60, 53B99, 82C21 Key words and phrases: geometry of configuration spaces, mixed Poisson measures, canonical and grand canonical Gibbs measures, integration by parts, diffusion processes, stochastic dynamics, Dirichlet forms, irreducibility, ergodicity, extreme Gibbs measures, weak Sobolev spaces on configuration spaces, Rademacher theorem, intrinsic metric Running head: Analysis on configuration spaces

Contents

1 Introduction 3

2 Lifting the geometry from the base manifold to the configuration space 5 2.1 Test functions, flows, directional derivatives . . . . . . . . . . 7 2.2 Tangent bundle, gradient, vector fields and divergence . . . . . 8 2.3 Characterization of the volume elements as the mixed Poisson measures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 2.4 Laplacian and classical pre–Dirichlet form . . . . . . . . . . . 14

3 Infinite dimensional analysis and Brownian motion on configuration spaces 15 3.1 Dirichlet forms and operators . . . . . . . . . . . . . . . . . . 15 3.2 Markov uniqueness, essential self–adjointness and heat semigroup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17 3.3 Brownian motion . . . . . . . . . . . . . . . . . . . . . . . . . 26 3.4 Ergodicity in the free case . . . . . . . . . . . . . . . . . . . . 30

4 Classical Dirichlet forms on configuration spaces w.r.t. general measures 31 4.1 Closability, domains and Sobolev spaces . . . . . . . . . . . . 32 4.2 Quasi–regularity and corresponding diffusions . . . . . . . . . 37

5 Intrinsic metric on configuration spaces 40 5.1 Identification of the intrinsic metric for a class of measures . . 41 5.2 A Rademacher theorem . . . . . . . . . . . . . . . . . . . . . . 41 5.3 Potential-theoretic consequences . . . . . . . . . . . . . . . . . 42

6 Gibbs measures on configuration spaces 43 6.1 Grand canonical Gibbs measures . . . . . . . . . . . . . . . . 44 6.2 Canonical Gibbs measures . . . . . . . . . . . . . . . . . . . . 46 6.3 Closability of the corresponding Dirichlet forms . . . . . . . . 48

7 Integration by parts characterization of canonical Gibbs measures 56 7.1 Ruelle measures . . . . . . . . . . . . . . . . . . . . . . . . . . 57 7.2 Integration by parts characterization . . . . . . . . . . . . . . 61 2