SCATTERING PROBLEM FOR LOCAL PERTURBATION OF FREE QUANTUM GAS.

YU. G. KONDRATIEV, A. YU. KONSTANTINOV, M. RÖCKNER, AND G. V. SHCHEPAN’UK

Abstract. Scattering theory for perturbations of the intrinsic Dirichlet (Laplace-Beltrami) operator H0 = − divΓ ∇Γ on L2(Γ, πz), ie the space of πz-square integrable functions on the configuration space Γ over R^d, is studied. Here πz denotes Poisson measure with intensity z. We show that for an arbitrary regular non-zero potential V the standard wave operators W �(H0, H0 + V ) do not exist, and propose to consider Dirichlet operators of perturbed Poisson measures instead of potential perturbations of the Hamiltonian H0. As case studies, cylindric smooth densities and finite volume Gibbs perturbations of the Poisson measure are considered. In these cases the existence of the corresponding wave operators is proved.

KEY WORDS: Scattering theory, Poisson analysis, Dirichlet forms. RUNNING HEAD: Scattering problem for quantum gas

Introduction

Finite as well as zero temperature states of free quantum gases are usually described in terms of the Araki– Woods representation (see, eg, [5]). In particular, the free Bose gas of zero density has a standard representation in Fock space, which leads to the known Schrödinger representation in the functional realization of the Fock space as a space of functions square integrable with respect to the corresponding Gaussian measure, see eg, [4]. In contrast to this, the free Bose gas of positive density cannot be properly described in the Gaussian space representation, and a rigorous mathematical description of the ground state for this system can only be achieved in terms of Poisson analysis (see [3] as well as the references and historical comments therein).

In this paper we study scattering theory for different types of perturbations of the intrinsic Dirichlet (Laplace– Beltrami) operator H_0 = − div^Γ ∇^Γ on L_2(Γ, π_z) [1], where π_z is the Poisson measure with Lebesgue intensity measure zdx, z > 0, and Γ is the corresponding configuration space over R^d . It should be mentioned here that from the physical point of view the operator H_0 is the energy operator, or Hamiltonian, of the corresponding system of the free Bose gas [3]. In Section 2 we show that for an arbitrary regular non-zero potential perturbation V the standard wave operators W^±(H_0, H_0 + V ) do not exist. (An analogous result in the Gaussian case is well known, see eg [4].) Hence, to study scattering theory for the pair of operators H_0 and H_0 + V , we need some renormalization of the perturbed Hamiltonian H_0 + V . As in the case of Gaussian analysis [4], such a renormalization can be given by the Dirichlet operator of a perturbed Poisson measure (see [2, 3]). In Section 3 we consider perturbations of π_z by cylindric smooth densities and prove existence of the corresponding wave operators. Most important from the mathematical physics point of view is the case of a local perturbation of the Poisson measure by a Gibbs factor, describing a locally perturbed Bose gas in which interactions between particles take place only in a fixed bounded domain of R^d .

But first, we need to recall the notions of configuration space, Poisson measure and the corresponding Dirichlet form [1, 2] (Section 1).

1. Poisson analysis and intrinsic differential geometry of Poisson spaces

In this section we provide a brief review of Poisson analysis and the intrinsic differential geometry of the corresponding Poisson spaces needed for this article. For a more detailed exposition of different aspects of Poisson

Date: 30 May 1998.

Bonn University, 53013 Bonn, Germany, e-mail: kondratiev@wiener.iam.uni-bonn.de ; BiBoS research center, Bielefeld University, D 33615, Bielefeld, Germany; Institute for Mathematics of the Ukrainian National Science Academy, 3 Tereshchenkivs’ka St, MSP, Kyiv-4, 252601, Ukraine.

Department for Mathematics, Kyiv University, 64 Volodymyrs’ka St, 252033, Kyiv, Ukraine, e-mail: konst@faust.kiev.ua. Department for Mathematics, Bielefeld University, D 33615 Bielefeld, Germany, e-mail: roeckner@mathematik.uni-bielefeld.de. Institute for Mathematics of the Ukrainian National Science Academy, 3 Tereshchenkivs’ka St, MSP, Kyiv-4, 252601, Ukraine;

e-mail: gena@imat.gluk.apc.org. 1

2 KONDRATIEV, KONSTANTINOV, RÖCKNER, AND SHCHEPAN’UK

analysis and the intrinsic differential geometry of Poisson spaces as well as their applications to quantum field theory and statistical mechanics see [7, 8, 1, 2, 3, 18, 20, 13, 14, 12, 16] and the references therein.

Let L(Λ), Λ ⊆ R^d , denote the system of all bounded Borel subsets in Λ and define the configuration space Γ over R^d as the set of all locally finite configurations in R^d , ie

Γ := { γ ⊂ R^d | #(γ ∩ Λ) < ∞ for all Λ ∈ L(R^d )^},

#(γ ∩ Λ) being the cardinality of the set γ ∩ Λ.

Let BΛ(Γ), Λ ∈ B(R^d ), be the σ-algebra on Γ generated by all mappings of the form

Γ ∋ γ → #(γ ∩ Λ^′) ∈ Z_+ := {0, 1, 2, . . . },

where Λ^′ ∈ L(Λ). We set B(Γ) := BRd(Γ).

The Poisson measure π_{z̃} over B(Γ) is defined so that for all Λ ∈ L(R^d ) and any B_Λ(Γ)-measurable function F ≥ 0 ∫ Γ F (γ)π_{z̃} (dγ) = exp [ − ∫ Λ z̃(x)dx ]^∞∑ n=0 1 n! ∫ Λ^n F ( {x_i}^n_{i=1} ) (z̃dx)^1_n, (1.1)

where (z̃dx)^1_n := z̃(x_1) . . . z̃(x_n) dx_1 . . . dx_n and z̃ is some non-negative function from L^{loc}_1 (R^d ). The existence of π_{z̃} is insured by Kolmogorov’s theorem.

Let us set for an arbitrary B(R^d )-measurable function f over R^d with bounded essential support ⟨f, γ⟩ := ∑ x∈γ f(x). This means that we identify a configuration γ ∈ Γ with the following point measure over B(R^d ): γ ≡ ∑ x∈γ δ_x, where δ_x is Dirac-measure at the point x, ie, for all A ∈ B(R^d )

δ_x(A) = { 1, if x ∈ A, 0, otherwise.

Lemma 1. Let ξ ∈ S(R^d ), Λ ∈ L(R^d ), and let F : Γ → R be a B_Λ(Γ)-measurable function and z̃ ∈ L^{loc}_1 (R^d ). Then ∫ Γ e^{⟨ξ,γ⟩}F (γ)π_{z̃} (dγ) = exp [ ∫ R^d (e^{ξ(x)} − 1)z̃(x)dx ] ∫ Γ F (γ)π_{z̃e}ξ (dγ), (1.2) provided the integrals with respect to z̃dx and the Poisson measure π_{z̃e}ξ in the right-hand side of (1.2) exist.

Proof. Since D(R^d ) := C^∞_0 (R^d ) is dense in S(R^d ), it is enough to prove (1.2) for ξ ∈ D(R^d ). We may assume that Λ ⊃ supp ξ. Then, using formula (1.1), we obtain: ∫ Γ e^{⟨ξ,γ⟩}F (γ)π_{z̃}(dγ) = exp [ − ∫ Λ z̃(x)dx ]^∞∑ n=0 1 n! ∫ Λ^n e^{ξ(x1)+···+ξ(xn)}F ( {x_i}^n_{i=1} ) (z̃ dx)^1_n =

= exp [ ∫ Λ (e^{ξ(x)} − 1)z̃(x)dx ] exp [ − ∫ Λ z̃(x)e^{ξ(x)}dx ]^∞∑ n=0 1 n! ∫ Λ^n F ( {x_i}^n_{i=1} ) (z̃e^ξ dx)^1_n =

= exp [ ∫ R^d (e^{ξ(x)} − 1)z̃(x)dx ] ∫ Γ F (γ)π_{z̃e}ξ (dγ).

For an arbitrary measurable function f_n over R^{dn} with bounded essential support and γ ∈ Γ we define a Wick monomial ⟨f_n, : γ^{⊗n} :⟩ as a function of γ ∈ Γ by the following formula [12] ⟨f_n, : γ^{⊗n} :⟩ := ∑ {x_1,...,x_n}⊂γ ∑ π∈Sn^{fn(xπ(1), . . . , xπ(n)), (1.3)} where S_n denotes the group of all permutations of the set {1, . . . , n}.