Divisibility Properties of Functions Counting Subgroups of Finite Index in Virtually Free Groups

Anja Gabriele Meyer

Contents

Introduction 1

1 Background and Preliminaries 7 1.1 Graphs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 1.2 Graphs of Groups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 1.3 Virtually free groups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 1.4 The functions b_Γ(λ) and a_Γ(λ) . . . . . . . . . . . . . . . . . . . . . . . . 13 1.5 The type τ(Γ) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16 1.6 An alternative recursive description of b_Γ(λ) . . . . . . . . . . . . . . . . 18

2 Divisibility properties of the function b_Γ(λ) 21 2.1 The case μ(Γ) = 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21 2.2 The case μ(Γ) = 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22 2.3 The case μ(Γ) = 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51 2.4 Further results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

3 Divisibility properties of the function s_Γ(n) 85 3.1 The Hadamard product of P-recursive functions . . . . . . . . . . . . . . 88 3.2 The groups Γ = C_p ∗ C_p . . . . . . . . . . . . . . . . . . . . . . . . . . . 98 3.2.1 The group Γ = C_3 ∗ C_3 . . . . . . . . . . . . . . . . . . . . . . . . 98 3.2.2 The group Γ = C_5 ∗ C_5 . . . . . . . . . . . . . . . . . . . . . . . . 117 3.3 The groups Γ = C_2 ∗ C_p . . . . . . . . . . . . . . . . . . . . . . . . . . . 136

Appendix 141

References 145