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Abstract

It is shown that if the abelianization of a cyclically presented group
is finite and the defining word is admissable then its natural HNN ex-
tension is the group of a high dimensional knot. As an example we
define a family of cyclically presented groups which contains Sieradski
groups, Fibonacci groups, and Gilbert-Howie groups. It is proven that
HNN extensions of these groups are LOG groups and so, are funda-
mental groups of complements of codimension two closed orientable
connected tamely embedded ¢-dimensional manifolds (¢ > 2).

1991 Mathematics Subject Classification: 20F34, 57MO05, 57Q45.

1 Introduction

In the present paper we study the natural HNN extension of cyclically pre-
sented groups. We shall prove that, under some assumptions, they are the
groups of a high dimensional knot, labelled oriented graph (LOG) groups
and a fundamental groups of complement of codimension two submanifold.

In section 2 (Theorem 1) we give conditions when the natural HNN ex-
tension of a cyclically presented group is high dimensional knot group. This
result improves on the main result of [15] and [16]. Next, we introduce a
family of cyclically presented groups which contains well-known Fibonacci
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groups [10], Sieradski groups [2], Gilbert-Howie groups [6], and groups of
some three-dimensional manifolds. In section 3 we shall prove (Corollary 2)
that the natural HNN extensions of the groups from the above family are
LOG groups. Hence, they are the fundamental groups of complements of
codimension two submanifolds. This section was mainly motivated by the
results of [6].

Recall some terminology which will be used below. A group G is said to
be cyclically presented [10] if for some n and w it has the presentation

G = Gu(w) = (z1,...,2, | w, n(w), ..., " (w)),

where 7 : IF,, — IF,, is an automorphism of the free group IF,, = (xy,...,x,)
of rank n given by n(z;) = x;41,i=1,...,n—1, n(z,) =z, and w € F,, is
a cyclically reduced word.

The polynomial associated with the cyclically presented group G, (w) is
given by

fu(t) = ﬁjait“,

where a; is the exponent sum of z; in w, 1 < i < n. We will say that the
word w is admissable if | f,(1)] = 1.

Obviously, 7 induces an automorphism ¢ : G, (w) — G, (w) given by
O(x;) = xjq, 1 = 1,...,n — 1 with ®(x,) = 2. Let us define the natural
HNN-extension G, (w) of the cyclically presented group G,,(w) :

Go(w) = {Gu(w),t |t gt = B(g), g€ Gn(w)}.

The presentation (xi,za,...|r1,79,...) of a group G is said to be a
Wirtinger presentation, if each relator r is of the form r = x; lwiglxjwij,
where z; and z; are some generators, and w;; is a word in GG. According
to [14], a group G can be realized as 7 (S*"2\ M%) (¢ > 2), where M* is
a closed, orientable, connected /-manifold tamely embedded in the (¢ + 2)-
sphere S“*2, if and only if G satisfies the following: (1) G is finitely pre-
sented; (2) G/G" = Z; (3) G is of weight one, i.e. there exists t € G such
that G/ <<t >>= {1} (here << t >> denotes the normal close of t in G);
(4) G has a Wirtinger presentation.

If we replace the condition (4) by the property Hs(G) = 0, we obtain
Kervaire’s conditions [13, Section 11D] for a group to be a ¢-knot group (¢ >
3). It was shown in [14] that any ¢-knot group has a Wirtinger presentation.
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A group G is said to be a LOG (labelled oriented graph) group if it can
be encoded by a labelled oriented graph in the following way [6]. Consider
a finite connected graph I' with the set of vertices V' = V(I') and the set
of edges £ = F(I'), and three maps i,7, A : £ — V which are respectively,
the initial vertex map, the terminal vertex map, and the labelling map. The
maps i and 7 together define an oriented graph structure on (V, £) in which
loops and multiply edges are allowed.

A labelled oriented graph I' determines the group presentation

G(I) = (VD) ] [r(e)] 7" [Me) " i(e) Me). e € E(I)).

A group G is said to be LOG group if it has a presentation G(I") for some
labelled oriented graph I'. As we see, LOG presentation is a Wirtinger pre-
sentation. So, the fundamental group of the complement to a codimension
two closed, orientable, tamely embedded f-manifold is a LOG group. Not
every labelled oriented graph gives rise to such a group. However, it was
shown in [8] that for each integer ¢ > 2, every labelled oriented tree gives rise
to the presentation of a ribbon /-disc complement. Moreover, it was shown
in [9] that if ' is a labelled oriented tree of diameter at most 3 then the
corresponding group G(I') is an HNN extension with finitely presented base.

2 The groups with admissable defining word

Denote by A, (w) = G,,(w)® the abelianization of the group G, (w).

Theorem 1. Let G,(w) be the natural HNN extension of a cyclically
presented group G,(w). Assume that the abelianization A,(w) is finite.
Then G, (w) is a {-knot group (¢ > 3) if and only if the word w is admissable.

Proof: For the proof we shall check the Kervaire’s conditions (cf. In-
troduction). First we prove that the automorphism ® is meridional if and
only if |f(1)| = 1; in other words, that the normal closure C,(w) in G,,(w)
of {g71®(g) | g € Gn(w)} is Gp(w) only for k = 1, where k = |f(1)] (cf. [7,
p. 123]). Indeed, there is an epimorphism

h:Guw) = Z =<v|~+"=1>

given by h(z;) =« for all i = 1,...,n. It is immediate from the definition of
® that C,(w) C kerh. Hence Hi(G,(w)) = Z if and only if k£ = 1. In fact,
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if £ = 1 then C,(w) = kerh and the abelianization of G,(w) is equal to Z.
In opposite side, if k£ # 1 then G # kerh and hence the abelianization of the
HNN extension has non-trivial torsions. That gives contradiction. So, from
now we assume that £ = 1 in our considerations.

Second we show that G, (w) is a normal closure of the element b = t~1x;.
In fact,
oy =ttt = t(tT )t =ttt

and fori =1,...,n we get
Tl = 1N eyt Y = (g )Y = il
Let B be a normal closure of b in G,,(w). Consider the canonical projection
p:Gn(w) — Gn(w)/B,

and denote p(z) = z for x € G, (w). Then z; = ... = Z,, = t. The assumption
|f(1)] = 1 holds ¢ = e, the neutral element. Therefore 7, = ... =z, =t=¢
and G,(w) = B. Thus G, (w) has weight 1.

Third from the short exact sequence of groups
1= Gw) = Gulw) — Z — 1
we have the Hochschild—Serre spectral sequence [1, p. 171]:
By = Hy(Z, Hy(Gn(w)).
So, it is enough to prove that
B3y = Hy(Z, Ho(Gy(w))) = 0,

B2y = H(Z ) (Go(w)) = Hi(Ga(w))z = 0,

and
Egy = Ho(Z, Hy(Gy(w))) = 0.

The first equality is obvious. For the proof of the next we shall use the Hopt’s
formula to get a 5-term exact sequence [1, p. 47]

Hy(Go(w)) — Hy(Z) — Hy(Gn(w))g — Hi(Gn(w)) — Hy(Z) — 0,

4



where the Z-action on Hy(Gp(w)) is induced by the conjugation action of
Gn(w) on G. We have Ho(Z) = 0, H1(Z) = Z. Tt was shown on the first step
that Hy(G,(w)) = Z. Thus

0 — Hi(Gn(w))g — Z — Z — 0,

and
Hi(Gn(w))z = 0.

We remark that Hy(G),(w)) = 0. In fact, from Hopf’s formula [1, p. 46| the
number of generators of the group Hy(G,(w)) is equal to r — g + s, where
g is a number of generators, r is a number of relations of the group G, and
s = rank(H; (G, (w)). In our case g = r = n, and from the assumption about
An(w) we get s = 0. So, Hy(Gn(w)) = 0 and E§, = 0. Summing up we
prove that Hy(G,(w)) = 0.

(|

Due to [10] there is a simple way to check if the abelianization A, (w) of
a cyclically presented group G, (w) is finite: A, (w) is infinite if and only if
fw(t) has a root in common with " — 1. Using it we get a new version of the
Theorem 1.

Theorem 1'. Assume that f,(t) has no roots in common with t" — 1.
Then G, (w) is a {-knot group (¢ > 3) if and only if | f,(1)| = 1.

Question: Let G,(w) be a cyclically presented group with an infinite
abelianization. ;From the proof of Theorem 1 the condition |f,(1)] = 1 is
necessary for G,(w) to be a -knot group. When this condition is sufficient?

Example 1. Let us consider the group

Ffl = Gu(z129 .. .xn_lx;k)

defined in [17]. If K = n or k = n — 2 then assumptions of the theorem are
satisfied. So, the natural HNN extensions of groups I'" and =2 are /-knot
groups ¢ > 3. Remark that T* are the fundamental groups of Seifert fibred
spaces whose Seifert invariants are described in [17].

Example 2. All groups presented in [5, Table 1] have admissable defining
word. Moreover, corresponding polynomials f,,(t) are Alexander polynomials
of 1-knots.



Example 3. For integers n > 2, » > 1, and k consider sets of inte-
gers qi,...,qy, and €g,€1,...,&,.. Define a family of groups with the cyclic
presentations by the following:

T .
CANC IR R
J— €0 g1 R Er—1 Er £0 £1 . Er_1 1
= G (ml g g Whgr (T Thktg D1 R g ) ) ;

where all suffices are by modulo n.

This family contains some well-known particular cases.
(1) The groups
Griln—1;-1,-1) = Gu(ay" o, 23) = G, (212225 ")

mn

are the Fibonacci groups F/(2,n) introduced by Conway. These groups with
even number of generators are fundamental groups of n-fold cyclic coverings
of the 3-sphere branched over the figure-eight knot [16]. It is well known that
these groups have a finite abelianization (cf. [10]).

(2) The groups

Ghi(m;1,1) = Gyl 14m 23 )

were introduced in [6] (and notated by H(n, m)), where their HNN-extensions
and asphericity were studied. In particular, the group G;’l(m; 1,1) has infi-
nite abelianization if and only if 6 divides n and m = 2 modulo 6 [11].

(3) The groups

Gi@,k(ma 17 1) = Gn(xl Ti4+m xl_—i{k)

were introduced in [3]. It is not difficult to see that the polynomial associated
with this group is equal to f,(t) = t™ — t* 4+ 1. By direct considerations one
can see that f,(f) has a common root with t" — 1 if and only if 6 divides n
and m = k + 1 modulo 6.

(4) The groups
r(2,4,002m 1,101 = Gy, (x1x3---x1+2T (w2x4---x2_r1) ,

n,l

are the generalized Sieradski groups S(r + 1,n) investigated in [2]. These
groups are fundamental groups of n-fold cyclic coverings of the 3-sphere
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branched over the torus knots T'(2r + 1,2). (cf. [2]). For r = 1 we get
the Sieradski groups notated by S(n) in [2]. The polynomial associated with

this group is equal to
2r

ful(t) = Z(—l)iti.
i=0
It is easy to see that f,(t) | (t*" — 1). Hence for 4r does not divide by n the
abelianization of the generalized Sieradski group is finite.
(5) The groups

Gri1(a:2q,...,q(r—1);1,1,...,1)

were considered in [12] (and have notations P(r,n,k,r — 1,q)), where as-
phericity and atoricity of groups with similar presentations were studied.
(6) The groups

Gpi(1,2,3,3,—(k—2),k—1,—(k—2),k—2,1)
-G, ( (k= 2)3315 o (k—2) k 224 (25 (k—=2) g—lxz(k 2) lg 2)- ) :
were considered in [4] (and notated by G2 (k)). These groups are fundamental
groups of n-fold cyclic coverings of the 3-sphere branched over the 2-bridge

8k — 13
knots oF =3 -

(7) The groups
Gi,1(17273;4;—(/€— D,k—2 —(k—1),k—2, _1)

- —(k-1) - k=1) k=2, —(k=1) k—2)—
ZGn(l&( )152%( 2b 227 (23 —( 21,4( )x’g 2) 1)

were considered in [4] (and notated by G (k)). These groups are fundamental
groups of n-fold cyclic coverings of the 3-sphere branched over the 2-bridge
knots (2k + 1)4.

Further to simplify notations we will write G, . (¢; €), where ¢ = (q1, ... . )
and € = (g, ...,&;). It is an easy observation that the word w is admissable
if |e,] = 1. As one can see, it holds for the above cases (1) — (7).

Corollary 1. Let G' = G, ,(¢;€) with |e,| = 1. If the abelianization G/ G"
is finite (or, equivalently, the polynomial

fw(t) = Ethr + (1 — tk)(gr,ltqr’l + ... 4+ glt‘h + 50)
has no roots in common witht"—1 ), then G] , (g; €) is a {-knot group (¢ > 3).
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3 LOG groups

In this section we will demonstrate that groups G, ;(¢;€) with |g;] = 1,i =
1,...,r have Wirtinger presentations and so, they are LOG groups. There-
fore these groups are codimension two manifold groups.

Theorem 2. A group G, ,(¢;€) has the following presentation:

<bl,...,bn,t | bi+1 :t_lbit, izl,...,n,

r—1 -1 r—1
éir_k""lr_(h‘fl = (Hbilk(T—l_i)"‘QT_Q'rl) t_l (Hbiii-k(r—l—i)+qT—q1~1)> (1)
i=0 1=0

where all suffices are by modulo n.

Proof: By the definition of the group, we have

T (== -1 -
Grn(T8) = (21, T t| i = Tt i=1,....n
€ g€t LSl g€ afo et er _
T Tidg T Uit = Tidh Tithrq " Tithbgo, ©= Loo-- ;1) (2)

The relations of the second type in (2) are pairwise conjugated. So, all
of them are equivalent to the relation

E0 ~E1 L b1 Er _ €0 €1 L1
1 Tivg " Titgrr Titgr = Titk Vitktqr ~ " Lltktgr (3)

Using 274, = tFaty, 1", from (3) we get

-1
Er _ €0 HE1 L pEr—1 —k €0 E1 L. el k
Litgr = (xl T1t+qr xl‘l'q'r—l) t (551 Titq $1+k+qr,1) ,
— — — Ep— .
s0, 2f,, t7" = v v, where v = 25°2%, -+ 277, .. Consider elements
b; =t *x;,i=1,....n, whence b;;, =t 'bt. Using 7, = tkbﬁqT we get

kper 4=k _ -1,k
VAR S A

that is 65" = v 1t Fy. As

1—I€+q'r

€0 €1 L. 2 —Qr—1 .6r—1 4qr—1
U =21 T14q Il-i-qr—zt xy 1 )

denoting w = vt~ -1, we get

bl

4= Qr—1 1=k 5 pqr
1_,€+qr—t L T R AR T A



whence

v, — B (4)

Next we will find the expression of w in terms of b;’s.
Suppose that gy = 0. By the direct calculations:

77 — €0 .E1 . Er—2 Qr—1 pEr—1
W = T1 Tiyq """ Tlgge_ 22 T

tk bEO tk 1+q1 . tk bi:_; = (qgr—1—k) b‘fr 1

— tk bEO tk bl—l—ql tk bET 3 tk t:l:(q»,«fl k)biq_ 2 4 (qgr—1—k) birfl

qr—2
— ¢tk pEo0 4k ..tk pEr-3 —(gr—1—2k) },fr—2 1
= R R BT, -t qu t=(a b; ol a b

tk bao tk b1+q] .. .tk bi:q?:« 3t (ar—1=2k) H bl-i—k (r—=1—9)+qi—qr—1

i=r—2

k k r—
t bEOt b1+q1t (q = Hb1+kr 1— 7z+(h qr—1

r—1

— +k peo 4—(gr—1—(r—1)k

= o e I T g
i=1

r—1

= trk_qr71 Hbi2+k 'I" 1— 7,)+qZ qr—1" (5)
=0

r—1

— i
Denote w = [] b kr—1—i
i=0

Then from (4) and (5) we have

i)+ qi—qr—1"

_~—1 k 1,—k
b1k+QTQT1_ t w_wt

and the theorem is proven.
O

Corollary 2. Ifk =1 and |g;| = 1 for i = 1,...,n then the group
7.1(q; €) has the following Wirtinger presentation:

(U7, Oty by b | B = b T, =10,

Y¥n )
‘ =& €; . _
t-7+1 - bT —J+a—ar— 1tjb7' —Jt+ai—ar-1° J= O ' T 2’
Ep . Epr—1 Epr—1
B, = by b ), (6)

where all indices are by modulo n.



Proof: Suppose k = 1 in (1) and denote ¢; = b’ (in particular

T—j+qi—qr—1
cr—1 = bi"*). Considering ty = t=1, t; = cgttoco, ..., tre1 = € totr_oCr_o.
we will get the presentation (6).

O

It follows from the presentation (6) that the group Gy ,(g;€) with |g;| =
1 is a LOG group. Corresponding labelled oriented graph is pictured in
Figure 1.

bflr_q'rf 1+1

bf]r_(Irfl-FQ

Fig. 1. The graph defining the group.
According to Introduction we get

Corollary 3. Any group G, ,(¢;€) with |&;| = 1,4 = 1,...,r is the fun-
damental group of the complement S*+?\ M* where M* is a closed orientable
connected tamely embedded (-manifold (¢ > 2).
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