HNN extension of cyclically presented groups^∗

Andrzej Szczepański Andrei Vesnin

January 3, 2000

Abstract

It is shown that if the abelianization of a cyclically presented group is finite and the defining word is admissable then its natural HNN extension is the group of a high dimensional knot. As an example we define a family of cyclically presented groups which contains Sieradski groups, Fibonacci groups, and Gilbert-Howie groups. It is proven that HNN extensions of these groups are LOG groups and so, are fundamental groups of complements of codimension two closed orientable connected tamely embedded ℓ-dimensional manifolds (ℓ ≥ 2). 1991 Mathematics Subject Classification: 20F34, 57M05, 57Q45.

1 Introduction

In the present paper we study the natural HNN extension of cyclically presented groups. We shall prove that, under some assumptions, they are the groups of a high dimensional knot, labelled oriented graph (LOG) groups and a fundamental groups of complement of codimension two submanifold.

In section 2 (Theorem 1) we give conditions when the natural HNN extension of a cyclically presented group is high dimensional knot group. This result improves on the main result of [15] and [16]. Next, we introduce a family of cyclically presented groups which contains well-known Fibonacci

∗This research was done under the project ”Research in groups” at the Banach Center in Warszawa. The first author was supported in part by University of Gdańsk (grant BW– 5100–5–0259–9). The second author was supported in part by the Russian Foundation for Basic Research (grant number 98–01–00699).

groups [10], Sieradski groups [2], Gilbert-Howie groups [6], and groups of some three-dimensional manifolds. In section 3 we shall prove (Corollary 2) that the natural HNN extensions of the groups from the above family are LOG groups. Hence, they are the fundamental groups of complements of codimension two submanifolds. This section was mainly motivated by the results of [6].

Recall some terminology which will be used below. A group G is said to be cyclically presented [10] if for some n and w it has the presentation

G = G_n(w) = ⟨x_1, . . . , x_n | w, η(w), . . . , η^{n−1}(w)⟩,

where η : IF_n → IF_n is an automorphism of the free group IF_n = ⟨x_1, . . . , x_n⟩ of rank n given by η(x_i) = x_{i+1}, i = 1, . . . , n − 1, η(x_n) = x_1, and w ∈ IF_n is a cyclically reduced word.

The polynomial associated with the cyclically presented group G_n(w) is given by

f_w(t) = n∑ i=1 a_it^{i−1},

where a_i is the exponent sum of x_i in w, 1 ≤ i ≤ n. We will say that the word w is admissable if |f_w(1)| = 1.

Obviously, η induces an automorphism Φ : G_n(w) → G_n(w) given by Φ(x_i) = x_{i+1}, i = 1, . . . , n − 1 with Φ(x_n) = x_1. Let us define the natural HNN-extension G_n(w) of the cyclically presented group G_n(w) :

G_n(w) = {G_n(w), t | t^{−1}gt = Φ(g), g ∈ G_n(w)}.

The presentation ⟨x_1, x_2, . . . | r_1, r_2, . . .⟩ of a group G is said to be a Wirtinger presentation, if each relator r is of the form r = x^{−1}_i w^{−1}_{ij} x_j w_{ij} , where x_i and x_j are some generators, and w_{ij} is a word in G. According to [14], a group G can be realized as π_1(S^{ℓ+2} \ M^ℓ) (ℓ ≥ 2), where M^ℓ is a closed, orientable, connected ℓ-manifold tamely embedded in the (ℓ + 2)- sphere S^{ℓ+2}, if and only if G satisfies the following: (1) G is finitely presented; (2) G/G^′ ∼= ZZ; (3) G is of weight one, i.e. there exists t ∈ G such that G/ << t >>= {1} (here << t >> denotes the normal close of t in G); (4) G has a Wirtinger presentation.

If we replace the condition (4) by the property H_2(G) = 0, we obtain Kervaire’s conditions [13, Section 11D] for a group to be a ℓ-knot group (ℓ ≥ 3). It was shown in [14] that any ℓ-knot group has a Wirtinger presentation.

A group G is said to be a LOG (labelled oriented graph) group if it can be encoded by a labelled oriented graph in the following way [6]. Consider a finite connected graph Γ with the set of vertices V = V (Γ) and the set of edges E = E(Γ), and three maps i, τ, λ : E → V which are respectively, the initial vertex map, the terminal vertex map, and the labelling map. The maps i and τ together define an oriented graph structure on (V, E) in which loops and multiply edges are allowed.

A labelled oriented graph Γ determines the group presentation

G(Γ) = ⟨V (Γ) | [τ(e)]^{−1} [λ(e)]^{−1} i(e) λ(e), e ∈ E(Γ)⟩.

A group G is said to be LOG group if it has a presentation G(Γ) for some labelled oriented graph Γ. As we see, LOG presentation is a Wirtinger presentation. So, the fundamental group of the complement to a codimension two closed, orientable, tamely embedded ℓ-manifold is a LOG group. Not every labelled oriented graph gives rise to such a group. However, it was shown in [8] that for each integer ℓ ≥ 2, every labelled oriented tree gives rise to the presentation of a ribbon ℓ-disc complement. Moreover, it was shown in [9] that if Γ is a labelled oriented tree of diameter at most 3 then the corresponding group G(Γ) is an HNN extension with finitely presented base.

2 The groups with admissable defining word

Denote by A_n(w) = G_n(w)^{ab} the abelianization of the group G_n(w).

Theorem 1. Let G_n(w) be the natural HNN extension of a cyclically presented group G_n(w). Assume that the abelianization A_n(w) is finite. Then G_n(w) is a ℓ-knot group (ℓ ≥ 3) if and only if the word w is admissable.

Proof: For the proof we shall check the Kervaire’s conditions (cf. Introduction). First we prove that the automorphism Φ is meridional if and only if |f(1)| = 1; in other words, that the normal closure C_n(w) in G_n(w) of {g^{−1}Φ(g) | g ∈ G_n(w)} is G_n(w) only for k = 1, where k = |f(1)| (cf. [7, p. 123]). Indeed, there is an epimorphism

h : G_n(w) → ZZ_k = < γ | γ^k = 1 >

given by h(x_i) = γ for all i = 1, . . . , n. It is immediate from the definition of Φ that C_n(w) ⊂ kerh. Hence H_1(G_n(w)) = ZZ if and only if k = 1. In fact, if k = 1 then C_n(w) = kerh and the abelianization of G_n(w) is equal to ZZ. In opposite side, if k ≠ 1 then G ≠ kerh and hence the abelianization of the HNN extension has non-trivial torsions. That gives contradiction. So, from now we assume that k = 1 in our considerations.

Second we show that G_n(w) is a normal closure of the element b = t^{−1}x_1. In fact, t^{−1}x_2 = t^{−1}(tx_1t^{−1}) = t(t^{−1}x_1)t^{−1} = tbt^{−1}, and for i = 1, . . . , n we get

t^{−1}x_i = t^{−1}(t^{i−1}x_1t^{−(i−1)}) = t^{i−1}(t^{−1}x_1)t^{−(i−1)} = t^{i−1}bt^{−(i−1)}. Let B be a normal closure of b in G_n(w). Consider the canonical projection ρ : G_n(w) → G_n(w)/B, and denote ρ(x) = x̄ for x ∈ G_n(w). Then x̄_1 = . . . = x̄_n = t̄. The assumption |f(1)| = 1 holds t̄ = e, the neutral element. Therefore x̄_1 = . . . = x̄_n = t̄ = e and G_n(w) = B. Thus G_n(w) has weight 1.

Third from the short exact sequence of groups 1 → G_n(w) → G_n(w) → ZZ → 1 we have the Hochschild–Serre spectral sequence [1, p. 171]: E^2_{p,q} = H_p(ZZ, H_q(G_n(w))).

So, it is enough to prove that E^2_{2,0} = H_2(ZZ, H_0(G_n(w))) = 0, E^2_{1,1} = H_1(ZZ, H_1(G_n(w))) = H_1(G_n(w))ZZ = 0, and E^2_{0,2} = H_0(ZZ, H_2(G_n(w))) = 0.

The first equality is obvious. For the proof of the next we shall use the Hopf’s formula to get a 5-term exact sequence [1, p. 47]

H_2(G_n(w)) → H_2(ZZ) → H_1(G_n(w))ZZ → H_1(G_n(w)) → H_1(ZZ) → 0, where the ZZ-action on H_1(G_n(w)) is induced by the conjugation action of G_n(w) on G. We have H_2(ZZ) = 0, H_1(ZZ) = ZZ. It was shown on the first step that H_1(G_n(w)) = ZZ. Thus

0 → H_1(G_n(w))ZZ → ZZ → ZZ → 0, and H_1(G_n(w))ZZ = 0.

We remark that H_2(G_n(w)) = 0. In fact, from Hopf’s formula [1, p. 46] the number of generators of the group H_2(G_n(w)) is equal to r − g + s, where g is a number of generators, r is a number of relations of the group G, and s = rank(H_1(G_n(w)). In our case g = r = n, and from the assumption about A_n(w) we get s = 0. So, H_2(G_n(w)) = 0 and E^2_{0,2} = 0. Summing up we prove that H_2(G_n(w)) = 0. � Due to [10] there is a simple way to check if the abelianization A_n(w) of a cyclically presented group G_n(w) is finite: A_n(w) is infinite if and only if f_w(t) has a root in common with t^n − 1. Using it we get a new version of the Theorem 1.

Theorem 1^′. Assume that f_w(t) has no roots in common with t^n − 1. Then G_n(w) is a ℓ-knot group (ℓ ≥ 3) if and only if |f_w(1)| = 1.

Question: Let G_n(w) be a cyclically presented group with an infinite abelianization. ¿From the proof of Theorem 1 the condition |f_w(1)| = 1 is necessary for G_n(w) to be a ℓ-knot group. When this condition is sufficient?

Example 1. Let us consider the group

Γ^k_n = G_n(x_1x_2 . . . x_{n−1}x^{−k}_n )

defined in [17]. If k = n or k = n − 2 then assumptions of the theorem are satisfied. So, the natural HNN extensions of groups Γ^n and Γ^{n−2}_n are ℓ-knot groups ℓ ≥ 3. Remark that Γ^k_n are the fundamental groups of Seifert fibred spaces whose Seifert invariants are described in [17].

Example 2. All groups presented in [5, Table 1] have admissable defining word. Moreover, corresponding polynomials f_w(t) are Alexander polynomials of 1-knots.

Example 3. For integers n ≥ 2, r ≥ 1, and k consider sets of integers q_1, . . . , q_r, and ε_0, ε_1, . . . , ε_r. Define a family of groups with the cyclic presentations by the following:

G^r_{n,k}(q_1, . . . , q_r; ε_0, . . . ε_r)

= G_n ( x^{ε0}_1 x^{ε1}_{1+q1} · · · x^{εr−1}_{1+qr−1} x^{εr}_{1+qr} (x^{ε0}_{1+k} x^{ε1}_{1+k+q1} · · · x^{εr−1}_{1+k+qr−1} )^{−1} ) , where all suffices are by modulo n.

This family contains some well-known particular cases.

(1) The groups

G^1_{n,1}(n − 1; −1, −1) = G_n(x^{−1}_1 x^{−1}_n x_2) = G_n(x_1 x_2 x^{−1}_3 )

are the Fibonacci groups F (2, n) introduced by Conway. These groups with even number of generators are fundamental groups of n-fold cyclic coverings of the 3-sphere branched over the figure-eight knot [16]. It is well known that these groups have a finite abelianization (cf. [10]).

(2) The groups

G^1_{n,1}(m; 1, 1) = G_n(x_1 x_{1+m} x^{−1}_2 )

were introduced in [6] (and notated by H(n, m)), where their HNN-extensions and asphericity were studied. In particular, the group G^1_{n,1}(m; 1, 1) has infinite abelianization if and only if 6 divides n and m = 2 modulo 6 [11].

(3) The groups

G^1_{n,k}(m; 1, 1) = G_n(x_1 x_{1+m} x^{−1}_{1+k})

were introduced in [3]. It is not difficult to see that the polynomial associated with this group is equal to f_w(t) = t^m − t^k + 1. By direct considerations one can see that f_w(t) has a common root with t^n − 1 if and only if 6 divides n and m = k + 1 modulo 6.

(4) The groups

G^r_{n,1}(2, 4, . . . , 2r; 1, 1, . . . , 1) = G_n ( x_1x_3 · · · x_{1+2r} (x_2x_4 · · · x^{−1}_{2r} ) , are the generalized Sieradski groups S(r + 1, n) investigated in [2]. These groups are fundamental groups of n-fold cyclic coverings of the 3-sphere branched over the torus knots T (2r + 1, 2). (cf. [2]). For r = 1 we get the Sieradski groups notated by S(n) in [2]. The polynomial associated with this group is equal to

f_w(t) = 2r∑ i=0 (−1)^it^i.

It is easy to see that f_w(t) | (t^{4r} − 1). Hence for 4r does not divide by n the abelianization of the generalized Sieradski group is finite.

(5) The groups

G^r_{n,k−1}(q, 2q, . . . , q(r − 1); 1, 1, . . . , 1)

= G_n ( x_1x_{1+q} · · · x_{1+q(r−1)} (x_kx_{k+q} · · · x_{k+q(r−2)})^{−1} ) , were considered in [12] (and have notations P (r, n, k, r − 1, q)), where asphericity and atoricity of groups with similar presentations were studied.

(6) The groups

G^4_{n,1}(1, 2, 3, 3; −(k − 2), k − 1, −(k − 2), k − 2, 1)

= G_n ( x^{−(k−2)}

1 x^{k−1}_2 x^{−(k−2)}_3 x^{k−2}_4 x_4 (x^{−(k−2)}_2 x^{k−1}_3 x^{−(k−2)}_4 x^{k−2}_5 )^{−1} ) , were considered in [4] (and notated by G^3_n(k)). These groups are fundamental groups of n-fold cyclic coverings of the 3-sphere branched over the 2-bridge knots 8k − 13

2k − 3 .

(7) The groups

G^4_{n,1}(1, 2, 3, 4; −(k − 1), k − 2, −(k − 1), k − 2, −1)

= G_n ( x^{−(k−1)}

1 x^{k−2}_2 x^{−(k−1)}_3 x^{k−2}_4 x^{−1}_5 (x^{−(k−1)}_2 x^{k−2}_3 x^{−(k−1)}_4 x^{k−2}_5 )^{−1} ) were considered in [4] (and notated by G^4_n(k)). These groups are fundamental groups of n-fold cyclic coverings of the 3-sphere branched over the 2-bridge knots (2k + 1)_4.

Further to simplify notations we will write G^r_{n,k}(q̄; ε̄), where q̄ = (q_1, . . . , q_r) and ε̄ = (ε_0, . . . , ε_r). It is an easy observation that the word w is admissable if |ε_r| = 1. As one can see, it holds for the above cases (1) – (7).

Corollary 1. Let G = G^r_{n,k}(q̄; ε̄) with |ε_r| = 1. If the abelianization G/G^′ is finite (or, equivalently, the polynomial

f_w(t) = ε_rt^{qr} + (1 − t^k)(ε_{r−1}t^{qr−1} + · · · + ε_1t^{q1} + ε_0)

has no roots in common with t^n −1 ), then G^r_{n,k}(q̄; ε̄) is a ℓ-knot group (ℓ ≥ 3).

3 LOG groups

In this section we will demonstrate that groups G^r_{n,1}(q̄; ε̄) with |ε_i| = 1, i = 1, . . . , r have Wirtinger presentations and so, they are LOG groups. Therefore these groups are codimension two manifold groups.

Theorem 2. A group G^r_{n,k}(q̄; ε̄) has the following presentation: ⟨b_1, . . . , b_n, t | b_{i+1} = t^{−1}b_it, i = 1, . . . , n,

b^{εr}_{1−k+qr−qr−1} =

(_{r−1} ∏ i=0 b^{εi}_{1+k(r−1−i)+qr −qr−1}

)_{−1}

t^{−1}

(_{r−1} ∏ i=0 b^{εi}_{1+k(r−1−i)+qr −qr−1} ) ⟩ (1) where all suffices are by modulo n.

Proof: By the definition of the group, we have G^r_{n,k}(q̄; ε̄) = ⟨x_1, . . . , x_n, t | x_{i+1} = t^{−1}x_it, i = 1, . . . , n , x^{ε0}_i x^{ε1}_{i+q1} · · · x^{εr−1}_{i+qr−1} x^{εr}_{i+qr} = x^{ε0}_{i+k} x^{ε1}_{i+k+q1} · · · x^{εr−1}_{i+k+qr−1} i = 1, . . . , n⟩.(2) The relations of the second type in (2) are pairwise conjugated. So, all of them are equivalent to the relation

x^{ε0}_1 x^{ε1}_{1+q1} · · · x^{εr−1}_{1+qr−1} x^{εr}_{1+qr} = x^{ε0}_{1+k} x^{ε1}_{1+k+q1} · · · x^{εr−1}_{1+k+qr−1} . (3) Using x^{εj}_{1+k+qj} = t^{−k}x^{εj}_{1+qj} t^k, from (3) we get

x^{εr}_{1+qr} = ( x^{ε0}_1 x^{ε1}_{1+q1} · · · x^{εr−1}_{1+qr−1}

)_{−1}

t^{−k} ( x^{ε0}_1 x^{ε1}_{1+q1} · · · x^{εr−1}_{1+k+qr−1} ) t^k, so, x^{εr}_{1+qr} t^{−k} = v^{−1} t^{−k} v, where v = x^{ε0}_1 x^{ε1}_{1+q1} · · · x^{εr−1}_{1+qr−1} . Consider elements b_i = t^{−k}x_i, i = 1, . . . , n, whence b_{i+1} = t^{−1}b_it. Using x^{εr}_{1+qr} = t^kb^{εr}_{1+qr} we get t^k b^{εr}_{1+qr} t^{−k} = v^{−1} t^{−k} v that is b^{εr}_{1−k+qr} = v^{−1} t^{−k} v. As v = x^{ε0}_1 x^{ε1}_{1+q1} · · · x^{εr−2}_{1+qr−2} t^{−qr−1} x^{εr−1}_1 t^{qr−1} , denoting ~w = v t^{−qr−1} , we get b^{εr}_{1−k+qr} = t^{−qr−1} ~w^{−1} t^{−k} ~w t^{qr−1} , whence b^{εr}_{1−k+qr−qr−1} = ~w^{−1} t^{−k} ~w. (4) Next we will find the expression of ~w in terms of b_i’s.

Suppose that q_0 = 0. By the direct calculations: ~w = x^{ε0}_1 x^{ε1}_{1+q1} · · · x^{εr−2}_{1+qr−2} t^{−qr−1} x^{εr−1}_1 = t^k b^{ε0}_1 t^k b^{ε1}_{1+q1} · · · t^k b^{εr−2}_{1+qr−2} t^{−(qr−1−k)} b^{εr−1}_1 = t^k b^{ε0}_1 t^k b^{ε1}_{1+q1} · · · t^k b^{εr−3}_{1+qr−3} t^k t^{±(qr−1−k)}b^{εr−2}_{1+qr−2} t^{−(qr−1−k)} b^{εr−1}_1 = t^k b^{ε0}_1 t^k b^{ε1}_{1+q1} · · · t^k b^{εr−3}_{1+qr−3} t^{−(qr−1−2k)} b^{εr−2}_{1+k+qr−2−qr−1} b^{εr−1}_1

= t^k b^{ε0}_1 t^k b^{ε1}_{1+q1} · · · t^k b^{εr−3}_{1+qr−3} t^{−(qr−1−2k)}

r−1∏

i=r−2

b^{εi}_{1+k(r−1−i)+qi−qr−1} · · · = t^k b^{ε0}_1 t^k b^{ε1}_{1+q1} t^{−(qr−1−(r−2)k)}

r−1∏ i=2 b^{εi}_{1+k(r−1−i)+qi−qr−1}

= t^k b^{ε0}_1 t^{−(qr−1−(r−1)k)}

r−1∏ i=1 b^{εi}_{1+k(r−1−i)+qi−qr−1}

= t^{rk−qr−1}

r−1∏ i=0 b^{εi}_{1+k(r−1−i)+qi−qr−1} . (5)

Denote w =

r−1∏ i=0 b^{εi}_{1+k(r−1−i)+qi−qr−1} . Then from (4) and (5) we have

b^{εr}_{1−k+qr −qr−1} = ~w^{−1} t^{−k} ~w = w^{−1} t^{−k} w, and the theorem is proven. � Corollary 2. If k = 1 and |ε_i| = 1 for i = 1, . . . , n then the group G^r_{n,1}(q̄; ε̄) has the following Wirtinger presentation:

⟨b^{εr}_1 , . . . , b^{εr}_n ; t_0, t_1, . . . , t_{r−1} | b^{εr}_{i+1}, = t_0b^{εr}_i , t^{−1}_0 , i = 1, . . . , n, t_{j+1} = b^{−εj}_{r−j+qj −qr−1} t_j b^{εj}_{r−j+qj −qr−1} , j = 0, . . . , r − 2, b^{εr}_{qr −qr−1} = b^{−εr−1}_1 t_{r−1}b^{εr−1}_1 ⟩. (6) where all indices are by modulo n.

Proof: Suppose k = 1 in (1) and denote c_j = b^{εj}_{r−j+qj −qr−1} (in particular c_{r−1} = b^{εr−1}_1 ). Considering t_0 = t^{−1}, t_1 = c^{−1}_0 t_0c_0, . . . , t_{r−1} = c^{−1}_{r−2}t_{r−2}c_{r−2}. we will get the presentation (6). � It follows from the presentation (6) that the group G^r_{n,1}(q̄; ε̄) with |ε_i| = 1 is a LOG group. Corresponding labelled oriented graph is pictured in Figure 1. � �

� � � � �

� �

� �

t_0 t_1

t_{r−1} b_{qr −qr−1}

� � �

� � � � b_{qr −qr−1+1} b_{qr−qr−1−1}

b_{qr −qr−1+2} b_{qr −qr−1−2}

Fig. 1. The graph defining the group. According to Introduction we get Corollary 3. Any group G^r_{n,1}(q̄; ε̄) with |ε_i| = 1, i = 1, . . . , r is the fundamental group of the complement S^{ℓ+2} \M^ℓ where M^ℓ is a closed orientable connected tamely embedded ℓ-manifold (ℓ ≥ 2).

References

[1] K. Brown, Cohomology of Groups, Springer–Verlag, New York– Heidelberg–Berlin, 1982.

[2] A. Cavicchioli, F. Hegenbarth, A. Kim, A geometric study of Sieradski groups, Algebra Colloquium 5(2) (1998), 203–217.

[3] A. Cavicchioli, F. Hegenbarth, D. Repovs, On manifold spines and cyclic presentations of groups, in: Knot Theory, Banach Center Publications, Vol. 42 (1998), 49–56.

[4] A. Cavicchioli, B. Ruini, S. Spaggiari, Cyclic branched coverings of 2- bridge knots, to appear in Revista Mat. Univ. Complutense Madrid (1999).

[5] M. Dunwoody, Cyclic presentations and 3-manifolds, Groups-Korea ’94, Proceedings of International Conference held in Pusan, August 18-25, 1994 (A.C. Kim-D.L.Johnson Eds.), Walter de Gruyter & Co.

Berlin-New York 1995, pp. 47–55.

[6] N. Gilbert, J. Howie, LOG groups and cyclically presented groups, Journal of Algebra 174 (1995) 118–131.

[7] J. Hillman, Abelian normal subgroups of two-knot groups, Comment.

Math. Helvetici 61 (1986), 122–148.

[8] J. Howie, On the asphericity of ribbon-disc complement, Trans. Amer.

Math. Soc. 289 (1985), 281–302.

[9] J. Howie, Minimal Seifert manifolds for higher ribbon knots, Geometry & Topology Monographs, Volume 1: The Epstein Birthday Schrift, 1998, 261– 293.

[10] D. Johnson, Presentation of groups, London Math. Soc. Lecture Notes Series 22, Cambridge Univ. Press 1976.

[11] R. W. K. Odoni, Some Diophantine problems arising from theory of cyclically-presented groups, Glasgow Math. J. 41(2) (1999), 157–166.

[12] M. Prishchepov, Asphericity, atoricity, and symmetrically presented groups, Communications in Algebra 23(13) (1995), 5095–5117.

[13] D. Rolfsen, Knots and links, Publish or Perish Inc., Berkely Ca., 1976. [14] J. Simon, Wirtinger approximations and the knot groups of F^n in S^{n+2}, Pacific J. Math. 90 (1980), 177–190.

[15] A. Szczepański, High dimensional knot groups and HNN extensions of the Fibonacci groups, J. Knot Theory Ramifications 7 (1998), 503–508.

[16] A. Szczepański, A. Vesnin, High-dimensional knots corresponding to the fractional Fibonacci groups, Fundamenta Mathematicae 161 (1999), 235–240.

[17] A. Szczepański, A. Vesnin, Generalized Neuwrith Groups and Siefert Fibred Manifolds, to appear in Algebra Colloq.

Andrzej Szczepański, Institute of Mathematics, University of Gdańsk, ul. Wita Stwosza 57, 80-952, Gdańsk, Poland. E-mail: matas@paula.univ.gda.pl

Andrei Vesnin, Sobolev Institute of Mathematics, pr. Koptyuga 4, Novosibirsk 630090, Russia. E-mail: vesnin@math.nsc.ru