On abstract homomorphisms of Chevalley groups with nonreductive image I

L. Lifschitz, A. Rapinchuk

The efforts in the study of abstract homomorphisms between the groups of rational points of algebraic groups are aimed at proving that under certain conditions any group homomorphism μ: G(k) → G^′(k^′), where G and G^′ are algebraic groups over (infinite) fields k and k^′ respectively, can be obtained from a field homomorphism k → k^′ and a k^′-rational homomorphism_k0 G → G^′, where_k0 G is obtained by the change of scalars from k to k^′ (such homomorphisms are called standard). In their fundamental paper [BoT], Borel and Tits showed, in particular, that if G and G^′ are absolutely simple, G is k-isotropic, and μ has a Zariski dense image, then any homomorphism μ is (basically) standard ([BoT : 8.1]). In fact, the main result of [BoT] is more general and describes abstract homomorphism when only G is assumed to be absolutely simple (and k-isotopic) while G^′ is allowed to be an arbitrary reductive group, but its statement is more technical (cf. [BoT], 8.16). In the same paper (loc. cit., 8.18) Borel and Tits pointed out that dropping the assumption that G^′ be reductive opens a way to the existence of essentially new homomorphisms. Namely, given a field extension K/k and a derivation δ: k → K, for any algebraic group G defined over the field of constants k_0 = {x ∈ k|δ(x) = 0} one can consider a homomorphism

η_δ: G(k) → G(K) n g(K), η_δ(g) = (g, Ω_δ(g)),

where the semi-direct product is formed using the action of G on its Lie alge-

bra g via the adjoint representation, Ωδ(g) = g^{−1}Φδ(g) and Φδ(g) is obtained

by applying δ to every matrix entry of g; moreover, if δ is nontrivial, η_δ has a Zariski dense, hence nonreductive (as g is the unipotent radical of G n g) image (for details - cf. §2). In [T], Tits formulated a general conjecture that under sufficiently general hypotheses on G and k and without assuming G^′ to be reductive, for any abstract homomorphism φ: G(k) → G^′(k^′) there should exist a commutative finite dimensional k^′-algebra A and a ring homomorphism α: k → A such that φ can be written as φ = ψ ∘ r_{A/k}0 ∘ α̂ where α̂: G(k) →_A G(A) is induced by α (_AG is the group obtained by the change of scalars), r_{A/k}0 :_A G(A) → R_{A/k}0 (_AG)(k^′) is the canonical isomorphism (R_{A/k} is the functor of restriction of scalars), and ψ is a rational k^′-morphism from R_{A/k}0 (_AG) to G^′. In the same paper Tits proved this conjecture for k = k^′ = R and also announced its truth for G a simple simply connected split k-group if k is not a nonperfect field of characteristic two. However, this result still leaves open the question about an explicit decription of abstract homomorphisms as one would like to know precisely what algebras A and what rational homomorphisms ψ can actually arise. Subsequently abstract homomorphisms with nonreductive image were not analyzed (to the best of our knowledge).

The goal of this paper is twofold. Firstly, we show that if G is an absolutely simple simply connected split (in other words, Chevalley) group over a field k of charactersitic zero, then any homomorphism of G(k) such that the Zariski closure of its image has a commutative unipotent radical, can be obtained from Borel-Tits’ construction. This result does not depend on Tits’ result from [T] and gives an explicit description of such homomorphisms. Secondly, we describe a generalization of Borel-Tits’ construction which allows one in particular to construct abstract homomorphisms for which the unipotent radical of the Zarsiki closure of the image has arbitrarily large dimension and nilpotency class.

For abstract homomorphisms whose image has a commutative unipotent radical we prove the following.

Theorem 3 Let G be a simple simply connected Chevalley group over a field k of characteristic zero. Furthermore, let G be a connected algebraic group over an extension K of k, and μ: G(k) → G(K) be an abstract homomorphism with Zariski dense in G image. Assume that:

1) the unipotent radical V = R_u(G) is commutative, and 2) if G^′ = G/V, then the composition G(k) → G(K) → G^′(K) of μ with the canonical morphism G → G^′ extends to a rational Khomomorphism λ: G → G^′.

Then

(i) there exists a finite extension L/K over which V = V_1 ⊕ · · · ⊕ V_r where all V_i’s are copies of the adjoint representation of G^′;

(ii) let H = G n (g ⊕ · · · ⊕ g r ), where g is the Lie algebra of G on which

G acts via the adjoint representation; then there exist derivations δ_1, . . . , δ_r: k → L and an isogeny τ: H → G such that μ = τ ∘ η_{δ1,...,δr} where η_{δ1,...,δr} : G(k) → H(L) is defined by η_{δ1,...,δr} (g) = (g, Ω_{δ1} (g), . . . , Ω_{δr} (g)). We fix some notations in §1, and after some preparations in §§2-3, prove Theorem 3 in §4. The latter section also contains some applications of Theorem 3 among which we mention here the following.

Theorem 4 (“Superrigidity”) Let G be a simple simply connected Chevalley group over a finitely generated field k of characteristic zero, d = tr.deg.Qk. There exists an algebraic k-group G_0 of dimension (d+1)·dim G having a commutative unipotent radical, and a group homomorphism ι: G(k) → G_0(k) with Zariski dense in G_0 image such given an abstract homomorphism μ: G(k) → G(K) as in Theorem 1, there exists a unique rational K-homomorphism ρ: G_0 → G such that μ = ρ ∘ ι.

In §5 we give a sufficient condition for the unipotent radical of the image of an abstract homomorphism to be commutative. Finally, in §6 we generalize Borel-Tits’ construction as described in the following theorem.

Theorem 6 Suppose there exists a nonzero derivation δ: k → K, and let k_0 denote the field of constants of δ. Given a connected algebraic k_0-group G, for any n ≥ 1 one can construct a connected k_0-group G_n of dimension (n + 1) · dim G such that there exists an abstract homomorphism G(k) → G_n(K) with a Zariski dense image. If G is reductive, then the unipotent radical R_u(G_n) has dimension n · dim G; if moreover G is semi-simple, then the nilpotency class of R_u(G_n) is n.

Part of this work was done when the first-named author was visiting the University of Bielefeld as a guest of the GIF project (summer 1999). The second-named author was partially supported by grants from NSF and BSF USA-Israel.

1 Notations and conventions.

Everywhere in this paper G will denote a simple simply connected Chevalley group scheme. We let T denote a (fixed) split torus in G, and let R = R(T, G) be the corresponding root system. We fix an ordering on R, and denote by Π (resp., R_+) the set of simple (resp., positive) roots relative to this ordering. We will denote the Lie algebra of G as g, and let {X_α}_{α∈R} ∪ {H_α}_{α∈Π} denote a Chevalley basis of g corresponding to the choice of the maximal torus and the ordering on R. For α ∈ R, we let

u_α(t) = exp(tX_α)

denote the canonical parametrization of the corresponding 1-parameter unipotent subgroup U_α ⊂ G. Furthermore, G_α will denote the subgroup (isomorphic to SL_2) of G generated by U_α and U_{−α}, T_α = T ∩ G_α, and g_α will be the Lie algebra of G_α.

Throughout the paper the ground field k will always have characteristic zero. Whenever convenient, we will tacitly identify G with the group of its points over a suitable algebraically closed field containing k.

Given an abstract homomorphism μ: G(k) → G(K) into the group of rational points of an algebraic group G over a field extension K/k we will typically be assuming that the image of μ is Zariski dense in G and will use the corresponding script letters to denote the Zariski closure of the image of objects associated with G, e.g. T = μ(T (k)), G_α = G_α(k), etc. Since G(k) does not have proper normal subgroups of finite index, the assumption about the density of the image of μ implies that G is automatically connected. Furthermore, since G(k) is its own commutator subgroup, the radical R(G) coincides with the unipotent radical V = R_u(G). Everywhere in this paper we will be assuming that the homomorphism G(k) → G^′ = G/V obtained by composing μ with the canonical projection G → G/V extends to a rational homomorphism λ: G → G^′. Then, in particular, for any connected k-subgroup H ⊂ G, the subgroup μ(H(k)) is also connected (as such is any unipotent group in characteristic zero). It follows from the Levi decomposition (cf. [Mo]) that G^′ can be identified with a subgroup of G, and then G = G^′ n V. Then μ admits a presentation of the form

μ(g) = (λ(g), v(g)) for g ∈ G(k), (1)

with v(g) ∈ V, which will be used throughout the paper.

Let λ: G → G^′ be a k-isogeny. Then^′ (prime) will generally be used to label objects pertaining to G^′ (e.g. g^′ will denote the Lie algebra of G^′). However, we will not distinguish beween the root systems R(T, G) and R(T^′, G^′), where T^′ = λ(T ); more precisely, we will identify these using the homomorphism λ^∗: X(T^′) → X(T ) of the character groups induced by λ. The differential dλ: g → g^′ is an isomorphism of the Lie algebras, and {X^′_α}_{α∈R} ∪ {H^′_α}_{α∈Π}, where X^′_α = dλ(X_α) and H^′_α = dλ(H_α), is a Chevalley basis in g^′. We also let u^′_α(t) = exp(tX^′_α), and note that λ(u_α(t)) = u^′_α(t).

2 Derivations and Homomorphisms

For an extension K of k we let K[ε], where ε^2 = 0, be the algebra of dual numbers over K. It is well-known (cf., for example, [J], Prop. 8.15) that an additive function δ: k → K is a derivation if and only if the map δ̃: k → K[ε], given by δ̃(x) = x + δ(x)ε, is a ring homomorphism. Moreover, given a derivation δ, the homomorphism δ̃ is in fact a homomorphism of k_0-algebras where k_0 = {x ∈ k|δ(x) = 0} is the subfield of constants in k. It follows that for any algebraic k_0-group G one can consider the group homomorphism φ_δ: G(k) → G(K[ε]) induced by the ring homomorphism δ̃. If we fix a matrix realization of G, we can write φ_δ as follows:

φ_δ(g) = g + Φ_δ(g)ε,

for any g ∈ G(k). Then 1 + g^{−1}Φ_δ(g)ε ∈ G(K[ε]), i.e. Ω_δ(g) := g^{−1}Φ_δ(g) ∈

g(K), where g is the Lie algebra of G (cf. [Bo], 3.20). Then η_δ: g → (g, Ω_δ(g)) defines a group homomorphism G(k) → G(K)ng(K). The construction of η_δ is due to Borel and Tits (cf. [BoT], 8.18) where it was also stated (without proof) that if δ ≠ 0, then η_δ has Zariski dense image (we will generalize this fact in §6). The goal of this section is to show in particular that any (abstract) homomorphism μ: G(k) → G(K)ng(K) such that μ(g) = (g, ∗) for all g ∈ G(k) is of the form η_δ for a suitable derivation δ: k → K. To formulate this result in a bit more general setting, we need one additional notation. Given an isogeny λ: G → G^′, we let G = G n g, G^′ = G^′ n g^′, and denote by Λ: G → G^′ the rational homomorphism given by Λ(g, X) = (λ(g), dλ(X)).

Theorem 1 Suppose G is a simple simply connected Chevalley group over k. Let μ: G(k) → G^′(K) = G^′(K) n g^′(K), where K is an extension of k, be an abstract homomorphism of the form (1) §1 for a K-isogeny λ: G → G^′. Then

1) there exists v ∈ g^′(K) such that for a = (1, v) one has aμ(G(Z))a^{−1} ⊂ G^′(K);

2) for any μ: G(k) → G^′(K) as above satisfying μ(G(Z)) ⊂ G^′(K), there exists a unique derivation δ: k → K such that μ = Λ ∘ η_δ.

Proof. We let Γ = G(Z) if G has rank > 1, and Γ = G(Z[ 1 2 ]) if G has rank one, and will think of Γ as a subgroup of G(k). Then it follows either from the Superigidity Theorem (cf. [Mar], Ch. VII, 3.10) or from the positive solution of the congruence subgroup problem for Γ (cf. [BMS], [Mat] and [S]) that μ(Γ) is a semi-simple K-defined subgroup of G^′,^1 and therefore is conjugate to a subgroup of G^′ by an element of R_u(G^′)(K) (cf. [Mo], §7 and [BoS], Prop. 5.1), so 1) follows.

Now, suppose a homomorphism μ: G(k) → G^′(K) of the form (1) §1 satisfies μ(G(Z)) ⊂ G^′(K). (1)

Let α (resp., U) denote the maximal root (resp., the maximal unipotent subgroup) corresponding to the fixed ordering on R. Then the subgroup U_α(k) and U(Z) commute elementwise, implying that μ(U_α(k)) and μ(U(Z)) will commute. Since μ(U(Z)) ⊂ G^′, this fact means that if (∗, X) ∈ μ(U_α(k)), then X is fixed by λ(U(Z)), so in view of Zariski density of U(Z) in U we obtain that X belongs to the centralizer of U^′ in g^′, i.e. to ⟨X^′_α⟩, the subspace spanned by X^′_α. This implies the existence of a function δ: k → K such that

μ(u_α(a)) = (u^′_α(a), δ(a)X^′_α). (2)

In particular, U_α = μ(U_α(k)) is contained in U^′_α := U^′_α × ⟨X^′_α⟩. Similarly, one proves that U_{−α} = μ(U_{−α}(k)) is contained in U^′_α := U^′_{−α} × ⟨X^′_{−α}⟩. It follows that G_α = μ(G_α(k)) is contained in G^′_α := G^′_α ng^′_α, where g^′_α is the Lie algebra of G^′_α.

To identify μ(T_α(k)), we need some additional notations. We let N_{±α} = {g ∈ G^′_α|g^{−1}U^′_αg ⊂ U^′_α}, and N = N_α ∩ N_{−α}. 1This can also be proved by purely combinatorial computations, cf. [St2] and [R].

Lemma 1 N = T^′_α × ⟨H^′_α⟩.

Proof. The inclusion N ⊃ T^′_α ×⟨H^′_α⟩ is obvious. Suppose (g, X) ∈ N . Then g ∈ G^′ normalizes both U^′_α and U^′_{−α}, and therefore g ∈ T^′_α, hence (1, X) ∈ N . Suppose X = aX_{−α} + bH_α + cX_α. We wish to prove that a = c = 0. To prove that c = 0, we observe that since (1, aX_α + bH_α) ∈ N_α we obtain that (1, cX_{−α}) ∈ N_α. However, as the following computation shows, the latter is impossible unless c = 0 :

(1, −X_{−α})(u_α(1), 0)(1, X_{−α}) = (u_α(1), H_α + X_α)

Similarly, one finds that a = 0, proving the claim.

It follows from the lemma that μ(T_α(k)) ⊂ T^′_α(K)×KH^′_α, i.e. there exists a function τ: k^∗ → K such that μ(h_α(t)) = (λ(h_α(t)), τ(t)H^′_α), h_α being the canonical parametrization of T_α (cf. [St1]).

Next, we will establish that the function δ introduced above is a derivation. It is a consequence of (1) that δ(1) = 0, so the required fact follows from the following.

Proposition 1 Suppose δ: k → K and τ: k^∗ → K are two functions such that the maps U_α(k)^{μ1}→ G(K), u_α(a) → (λ(u_α(a)), δ(a)X_α), and T_α(k)^{μ2}→ G(K), h_α(t) → (λ(h_α(t)), τ(t)H_α) extend to a homomorphism μ: B_α(k) = T_α(k)U_α(k) → G(K). If δ(1) = 0, then

1) δ is a derivation;

2) τ(t) = δ(t)/t for all t ∈ k^∗.

Proof. Since μ_1 and μ_2 are homomorphisms, we obtain that δ is additive and τ satisfies τ(t_1t_2) = τ(t_1) + τ(t_2) implying that σ(t) := tτ(t) satisfies

σ(t_1t_2) = σ(t_1)t_2 + t_1σ(t_2) for all t_1, t_2 ∈ k^∗. (3)

Next, applying μ to the identity h_α(t)u_α(a)h_α(t)^{−1} = u_α(at^2), after computations in G(K), we obtain δ(at^2) = δ(a)t^2 + 2at^2τ(t). (4) For assertion 1) we need to establish the “product rule” for δ : δ(ab) = δ(a)b + aδ(b) (5) for all a, b ∈ k. Letting a = 1 in (4) and taking into account (3), we obtain δ(t^2) = 2t^2τ(t) = 2tσ(t) = σ(t^2) (6) for all t ∈ k^∗. If at least one of a or b equals ±1, (5) is immediate. Otherwise we will write a = a^2_+ − a^2_− , b = b^2_+ − b^2_− where a_± = a ± 1 2 , b_± = b ± 1 2 , observing that none of a_±, b_± is zero. Then using additivity of δ we obtain δ(ab) = δ(a^2_+b^2_+) + δ(a^2_−b^2_−) − δ(a^2_+b^2_−) − δ(a^2_−b^2_+). (7) On the other hand, using (6) and then (3), we obtain

δ(a^2_+b^2_+) = σ(a^2_+b^2_+) = σ(a^2_+)b^2_+ + a^2_+σ(b^2_+) = δ(a^2_+)b^2_+ + a^2_+δ(b^2_+) , etc. Substituting these equations into (7), after obvious simplifications we obtain δ(ab) = δ(a^2_+ − a^2_−)(b^2_+ − b^2_−) + (a^2_+ − a^2_−)δ(b^2_+ − b^2_−) = δ(a)b + aδ(b), proving (5), and therefore assertion 1).

Since δ is a derivation, we have δ(t^2) = 2tδ(t). On the other hand, in view of (5) and (3), δ(t^2) = σ(t^2) = 2tσ(t). Comparing these equations, we obtain δ(t) = σ(t) for all t ∈ k^∗, implying assertion 2). Lemma 2 η_δ(u_α(t)) = (u_α(t), δ(t)X_α).

Proof. We have:

φ_δ(u_α(t)) = exp((t + δ(t)ε)X_α) = exp(tX_α)exp(δ(t)εX_α)

= u_α(t)(1 + δ(t)εX_α), implying the required result.

Now, we observe that since δ is trivial on Z, for any g ∈ G(Z) we have

(Λ ∘ η_δ)(g) = (λ(g), 0) = μ(g) (8)

To conclude that μ = Λ ∘ η_δ, we need the following.

Lemma 3 For any long root α ∈ R(T, G) the subgroups G(Z) and U_α(k) generate G(k).

Proof. We need the following two facts: 1) G(Z) contains representatives of all cosets in the Weyl group (cf. [St1], §3), and 2) the Weyl group acts transitively on roots of the same length (cf. [Bou], Ch. VI, §1, Prop. 10). This implies that the subgroup H ⊂ G(k) generated by G(Z) and U_α(k) contains U_β(k) for all long β ∈ R(T, G). In particular, if all roots have the same length, then immediately H = G(k) as U_β(k) for all β ∈ R(T, G) generate G(k) (since G is simply connected). Next, if R(T, G) contains roots having different length, we choose a short root β not orthogonal to α. We claim that U_β(k) − {1} = {tu_β(1)t^{−1}|t ∈ T_α(k)}. (9) This follows from the relation

h_α(t)u_β(1)h_α(t)^{−1} = u_β(t^{⟨β,α⟩})

(cf. [St1], Lemma 20(c)) as ⟨β, α⟩ = 1 because α is a long root and β is a short one. Since T_α(k) ⊂ H, we obtain from (9) that U_β(k) ⊂ H. Using transitivity of the action of the Weyl group on all short roots, we obtain that H contains U_γ(k) for all γ ∈ R(T, G), hence H = G(k).

Remark. Using commutator relations in Chevalley groups (particularly those described in Lemma 33 (for B_2) and in statement (3) on p. 151 (for G_2) of [St1]), one can show that the assertion of our Lemma 3 remains true in characteristic zero also for a short root α.

Now, we are ready to prove that μ = Λ ∘ η_δ. By Lemma 2 and (8) that μ and Λ ∘ η_δ coincide on G(Z) and U_α(k), and therefore it follows from Lemma 3 that they coincide everywhere, completing the proof.

3 The Case of Commutative Unipotent Radical

Let μ: G(k) → G(K) = G^′(K) n V (K) be an abstract homomorphism of the form (1) §1 associated to a K-isogeny λ: G → G^′. In this section, if otherwise is not stated, the unipotent radical V of the image group G will be assumed to be commutative (and nontrivial). Then V is a vector group which can be considered as a G^′-module. The goal of this section is to determine for which V a homomorphism μ as above can have a Zariski dense image.

Proposition 2 Let G be a simple simply connected split group. If V ≠ 0 is an (absolutely) irreducible G^′-module such that there exists an abstract homomorphism μ: G(k) → G(K) = G^′(K) n V (K) of the form (1) §1 with a Zariski dense image, then V is the adjoint representation of G^′.

We begin with a couple of lemmas. For a root α ∈ R(T, G) we let W_α denote the kernel of the projection U_α → U^′_α = λ(U_α) induced by the projection G → G^′ (obviously, W_α ⊂ V ).

Lemma 4 Let G be an arbitrary simple simply connected split group as above. Suppose V = V_1 ⊕ · · · ⊕ V_r, where V_i’s are irreducible G^′-modules, and μ: G(k) → G^′ n V is an abstract homomorphism of the form (1) §1. Let α̃ (resp., U) denote the maximal root (resp., the maximal unipotent subgroup) corresponding to the ordering on R. Then

(i) W_{α̃} is contained in the fixed subspace V^{U 0} of U^′ = λ(U); (ii) for any long root α ∈ R(T, G), one has dim U_α ≤ r + 1; in particular, if V is irreducible, then dim U_α ≤ 2.

Proof. The fact that U_{α̃} is contained in the center of U implies that μ(U_{α̃}(k)), hence also W_{α̃}, is contained in the center of μ(U(k)). However, since (1, w) ∈ W_{α̃} commutes with μ(U(k)), w is contained in the fixed subspace V^{U 0} of U^′ = projection of μ(U(k)) to G^′, proving (i). Since for an irreducible G^′-module the U^′-fixed subspace is one-dimensional (cf. [H], 31.3), we obtain dim W ≤ dim V^{U 0} = r, and therefore dim U_{α̃} ≤ r + 1. Since U_α for a long root α is conjugate by an element of G(k) to U_{α̃}, this implies our claim.

Next, we will establish a bound on the dimension of G in terms of that of U_α, α a long root. It is important to emphasize that the following lemma is true without the assumption that the unipotent radical V be commutative.

Lemma 5 Let α ∈ R(T, G) be a long root. If dim μ(U_α(k)) = d, then dim μ(G(k)) ≤ d · dim G. In addition, if there exists a root β ∈ R(T, G) for which the dimension of T_β or U_β is < d, then dim μ(G(k)) < d · dim G.

Proof relies on one fact for G = SL_2 which again is true without any assumptions about the unipotent radical. To formulate it, we denote by T (resp. U) the group of diagonal (resp. upper unitriangular) matrices in SL_2.

Lemma 6 Let G = SL_2 and μ: G(k) → G(K) be an abstract homomorphism of the form (1) §1. Then dim μ(T (k)) ≤ μ(U(k)). Proof. Let u = ( 1 1 0 1 ) , v = ( 1 0 1 1 ) , and w = ( 0 −1 1 0 ) . First, we claim that for T = μ(T (k)), its intersection with the centralizer Z_G(μ(u)) has order ≤ 2. For this we observe that the conjugation by μ(w) inverts any element of T and takes μ(u) to μ(v). It follows that any element t ∈ T commuting with μ(u) has to commute also with μ(v). But μ(w) ∈ ⟨μ(u), μ(v)⟩, so t = μ(w)tμ(w)^{−1} = t^{−1}, i.e. t^2 = 1. Since T is commutative, all its elements satisfying this relation form a subgroup consisting of semisimple elements. This subgroup projects injectively to G/R_u(G), from which the required assertion easily follows. Now, consider the map ϕ: T → U = μ(U(k)), t → [t, u]. It follows from what we have previously established that for any t ∈ T the fibre ϕ^{−1}(ϕ(t)) has not more than two elements. So, by the dimension theorem dim T ≤ dim U, as claimed.

Returning to the proof of Lemma 5, we conclude from Lemma 6 that dim μ(T_α(k)) ≤ d, and the same is true for any long root. Let β ∈ R(T, G) be a short root. Pick a long root α not orthogonal to β; then it follows from (9) §2 that dim μ(U_β(k)) ≤ dim μ(T_α(k)) ≤ d. Applying Lemma 6 one more time, we obtain dim μ(T_β(k)) ≤ d. Since U(k) = ∏ γ>0 U_γ (k) and T (k) = ∏ γ simple T_γ(k), we conclude that

dim U ≤ d · (# of positive roots) and dim T ≤ d · (rank of G).

Now, using the Bruhat decomposition G(k) = ⋃ w U(k)T (k)wU(k), (w runs through a set of representatives, taken from G(k), of all elements of the Weyl group) we obtain

dim μ(G(k)) ≤ d · (2 · (# of positive roots) + (rank of G)) = d · dim G.

Finally, if for some root β ∈ R(T, G) the dimension of T_β or U_β is < d, then the same is true for all roots of the same length as β, in particular, there is always a simple root with this property. Then the above method using the Bruhat decomposition gives a sharper bound: dim μ(G(k)) < d · dim G.

Proof of Proposition 2. Case G = SL_2. It follows from Lemma 4 that dim μ(U(k)) ≤ 2, and then according to Lemma 5 we have dim G ≤ 6, i.e. dim V ≤ 3. Obviously, the case dim V = 1 cannot occur in our set-up. Let us also eliminate the case dim V = 2. In this case λ must be an isomorphism, so we may identify G^′ with G and assume that λ = id_G, and V must be

the standard representation of G = SL_2. Let z = ( −1 0 0 −1 ) , and let

μ(z) = (z, v). Since z belongs to the center of G(k), and μ(G(k)) is Zariski dense in G, μ(z) must belong to the center of G, in particular, commute with V. It follows that z must act on V trivially, while in fact z acts as multiplication by −1 - a contradiction. Thus, the only remaining possibility is dim V = 3 in which case V corresponds to the adjoint representation of G (or G^′).

General case. Again by Lemma 4, d = dim μ(U_α(k)) cannot exceed two. If d = 1, then by Lemma 5

dim μ(G(k)) ≤ dim G

so μ(G(k)) cannot be dense in G as V ≠ 0. Thus, d = 2.

Now, we fix an ordering on R(T, G) and let α̃ (resp., U) denote the maximal root (resp., the maximal unipotent subgroup) corresponding to this order.

Since d = 2, we conclude that dim W_{α̃} = 1 in the notations introduced prior to the statement of Lemma 4. On the other hand, according to Lemma 1(i), W_{α̃} ⊂ V^{U 0} , where U^′ = λ(U). Since V is irreducible, V^{U 0} is 1-dimensional and coincides with the eigenspace V (δ) of T^′ = λ(T ) corresponding to the highest weight δ of ρ. Thus,

W_{α̃} = V (δ). (1)

We observe that V_{α̃} := R_u(G_{α̃}) coincides with G_{α̃} ∩ V as G_{α̃}/(G_{α̃} ∩ V ) ≃ G^′_{α̃} is reductive; in particular, W_{α̃} ⊂ V_{α̃}. Since dim U_{α̃} = 2, we conclude from the case of SL_2 that V_{α̃} is the adjoint representation of G^′_{α̃} = λ(G_{α̃}), and moreover W_{α̃} coincides with the eigenspace of T^′_{α̃} = λ(T_{α̃}) of weight α̃. Comparing with (1), we obtain that

δ | T^′_{α̃} = α̃ | T^′_{α̃}.

Furthermore, let S ⊂ T be the kernel of α̃. Then S(k) commutes with G_{α̃}(k), so μ(S(k)) will commute with G_{α̃} implying that λ(S(k)) acts on W_{α̃} trivially, i.e. δ(λ(S(k))) = 1. We see that α and δ coincide on T^′_{α̃}λ(S(k)), which implies that δ = α̃ as T^′_{α̃}λ(S(k)) is Zariski dense in T^′. This means that V is the adjoint representation of G^′ (or G).

Theorem 2 Let μ: G(k) → G(K) = G^′(K)nV (K) be an abstract homomorphism of the form (1) §1 associated with a rational homomorphism λ: G → G^′. If μ has a Zariski dense image, then:

(i) over a suitable finite extension L/K there exists a decomposition V = V_1 ⊕ · · · ⊕ V_r where each V_i is a copy of the adjoint representation of G^′;

(ii) dim μ(T_β(k)) = dim μ(U_β(k)) = r + 1 for any β ∈ R(T, G).

Proof. It follows from complete reducibility of representations of reductive groups in characteristic zero (cf. [H], 14.3) that there exists a finite extension L/K over which V = V_1 ⊕ · · · ⊕ V_r where each V_i is an absolutely irreducible G^′-module; let π_i: V → V_i be the corresponding projection. Then the composite map

μ_i: G(k)^μ−→ G^′(L) n V (L)^{(id,πi)}−→ G^′(L) n V_i(L) (2) has a Zariski dense image, so it follows from Proposition 2 that V_i is the adjoint representation of G^′.

For (ii) we observe that it follows from Lemma 4 that for a long root α one has dim U_α ≤ r + 1. If there were a root β ∈ R(T, G) for which the dimension of T_β or U_β is < (r + 1), then we would obtain from Lemma 5 that

dim μ(G(k)) < (r + 1) dim G = dim G,

so μ(G(k)) could not be possibly be dense in G. A contradiction proving (ii).

4 Theorem 3 and Its Consequences

Theorem 3 Let G be a simple simply connected Chevalley group over a field k of characteristic zero. Furtheromore, let G be a connected algebraic group over an extension K of k, and μ: G(k) → G(K) be an abstract homomorphism with Zariski dense in G image. Assume that:

1) the unipotent radical V = R_u(G) is commutative, and 2) if G^′ = G/V, then the composition G(k) → G(K) → G^′(K) of μ with the canonical morphism G → G^′ extends to a rational Khomomorphism λ: G → G^′.

Then

(i) there exists a finite extension L/K over which V = V_1 ⊕ · · · ⊕ V_r where all V_i’s are copies of the adjoint representation of G^′;

(ii) let H = G n (g ⊕ · · · ⊕ g r ), where g is the Lie algebra of G on which

G acts via the adjoint representation; then there exist derivations δ_1, . . . , δ_r: k → L and an L-isogeny τ: H → G such that μ = τ ∘η_{δ1,...,δr} where η_{δ1,...,δr} : G(k) → H(L) is defined by η_{δ1,...,δr} (g) = (g, Ω_{δ1} (g), . . . , Ω_{δr} (g)).

Proof. According to part (i) which has already been established in Theorem 2, we can identify each V_i with g^′. Consider the homomorphism μ_i: G(k) → G^′(L) n V_i(L) given by (2) §3. By Theorem 1 there exist an element a_i =

(1, v_i) ∈ G^′(L) n V_i(L) and a derivation δ_i: k → L such that μ_i(g) = a^{−1}_i (Λ ∘ η_{δi} )(g)a_i for all g ∈ G(k). Then τ: H → G defined by τ(g; x_1, . . . , x_r) = a^{−1}(λ(g); dλ(x_1), . . . , dλ(x_r))a, where a = (1; v_1, . . . , v_r), is as required.

Now, let us specialize our considerations for the topological situation. Suppose k is topological field and K/k is a topological field extension. Let μ: G(k) → G(K) = G^′(K) n V (K) be a continuous homomorphism as in (1) §1. Pick a finite extension L/K over which V = V_1 ⊕ · · · ⊕ V_r, the direct sum of copies of the adjoint representation of G^′ and extend the topology of K to L (for example, by identifying L with K^{[L:K]}). Since the topology on V (L) is the direct product topology with respect to an arbitrary basis, it follows from (2) §2 that the derivations δ_1, . . . , δ_r: k → L arising in the description of μ given in Theorem 3 are continuous (for any extension of the topology from K to L).

A remark regarding how Theorem 3 fits in with the conjecture of Tits mentioned in §1 is in order. Obviously, for a single derivation δ: k → K the homomorphism η_δ: G(k) → G(K) n g(K) can be decomposed as follows: η_δ = ψ ∘ R_{K[ε]/K} ∘ φ_δ where φ_δ: G(k) → G(K[ε]) (here ε^2 = 0) is induced by the ring homomorphism k → K[ε], x → x + δ(x)ε, R_{K[ε]/K} is the restriction of scalars, and ψ: R_{K[ε]/K}(G) → G n g is the rational map given by: g + εX → (g, g^{−1}X). (1) In the general case, given μ: G(k) → G(K) n V (K), the decomposition V = V_1 ⊕· · ·⊕V_r into the direct sum of copies of the adjoint representation of G may require passing from K to its finite Galois extension L whose Galois group we will denote by G. Then one can pick some i_1, . . . , i_l ∈ {1, . . . , r} such that V = W_1 ⊕ · · · ⊕ W_l where W_j is the sum (not necessarily direct) of the Galois conjugates V^σ_{ij} , σ ∈ G. There exists a K-defined homomorphism of G(K)-modules π_j: R_{L/K} (V_{ij} ) → W_j. Furthermore, pick derivations δ_1, . . . , δ_r: k → L such that (after possible conjugation) μ = η_{δ1,...,δr} . Then μ can be decomposed as follows: μ = π ∘ ψ ∘ R_{A/K} ∘ φ_{δi1 ,...,δil} (2) where A = K ⊕Lε_1 ⊕· · ·⊕Lε_l and ε_iε_j = 0 for all i, j, φ_{δi1 ,...,δil} : G(k) → G(A) is induced by the ring homomorphism k → A, x → x+δ_{i1} (x)ε_1 +· · ·+δ_{il} (x)ε_l,

R_{A/K} is the restriction of scalars, ψ: R_{A/K}(G) → G n R_{L/K} (g)^l is similar to (1), and π: G n R_{L/K} (g)^l → G n V is given by

π(g, w_1, . . . w_l) = (g, π_1(w_1) + · · · + π_l(w_l)).

We remark however that in some instances the decomposition (2) is less convenient to work with than the presentation μ = τ ∘ η_{δ1,...,δr} in Theorem 3 (though the latter may not be defined over K) as π may have kernel of positive dimension (cf., for example, the proof of Theorem 5 below).

For further reference, we will record here a computation of the dimension of the image of η_{δ1,...,δl} .

Lemma 7 Let δ_1, . . . , δ_l: k → K be a collection of derivations. Then

dim η_{δ1,...,δl} (G(k)) = (r + 1) · dim G

where r is the number of linearly independent (over K) derivations among δ_1, . . . , δ_l (i.e. the dimension of the K-linear span of δ_1, . . . , δ_l.).

Proof. If derivations δ_{r+1}, . . . , δ_l are linear combinations of δ_1, . . . , δ_r, then the morphism

G n g^l → G n g^r,

given by the projection g^l → g^r to the first r coordinates, induces an isomorphism between η_{δ1,...,δl} (G(k)) and η_{δ1,...,δr} (G(k)). So, it remains to be proven that if δ_1, . . . , δ_r are linearly independent, then dim η_{δ1,...,δr} (G(k)) = (r + 1) · dim G. According to Theorem 2(ii), it suffices to show that for a root α ∈ R(T, G) the group U_α = η_{δ1,...,δr} (U_α(k)) has dimension (r + 1). It follows from Lemma 2 that η_{δ1,...,δr} (u_α(t)) = (u_α(t), δ_1(t)X_α, . . . , δ_r(t)X_α). Since (U_α, 0) = η_{δ1,...,δr} (U_α(Q)) ⊂ U_α, we conclude that dim U_α = 1+m where m is the dimension of the closure of the image of the additive map κ: k → A^r , κ(t) = (δ_1(t), . . . , δ_r(t)). However since char k = 0, closed additive subgroups

of A^r coincide with subspaces, so the fact that m < r would mean that there

is a linear relation between δ_1, . . . , δ_r. Thus, m = r, proving the lemma.

Remark. Derivations δ_1, . . . , δ_r: k → K are linearly independent if and only if there are points x_1, . . . , x_r ∈ k such that the vectors

(δ_1(x_1), . . . , δ_1(x_r)), . . . , (δ_r(x_1), . . . , δ_r(x_r)) ∈ K^r (3)

are linearly independent. One implication here is obvious, the other is an elementary fact from linear algebra which we will recall for the sake of completeness. Pick the largest l such that there exist x_1, . . . , x_l ∈ k for which the vectors

(δ_1(x_1), . . . , δ_r(x_1)), . . . (δ_r(x_l), . . . , δ_r(x_l)) ∈ K^r

are linearly independent. We may suppose that det (δ_i(x_j))_{i,j=1,...,l} ≠ 0. If l < r, there are a_1, . . . , a_l ∈ K such that

δ_{l+1}(x_j) = a_1δ_1(x_j) + · · · + a_lδ_l(x_j) for all j = 1, . . . , l.

Since δ_1, . . . , δ_l, δ_{l+1} are linearly independent, there exists x_{l+1} ∈ k such that

δ_{l+1}(x_{l+1}) ≠ a_1δ_1(x_{l+1}) + · · · + a_lδ_l(x_{l+1}),

and then the vectors

(δ_1(x_1), . . . , δ_r(x_1)), . . . , (δ_r(x_{l+1}), . . . , δ_r(x_{l+1}))

are linearly independent, contradicting maximality of l. So, l = r, and the vectors (3) are linearly independent.

Theorem 4 (“Superrigidity”) Let G be a simple simply connected Chevalley group over a finitely generated field k of characteristic zero, d = tr.deg.Qk. There exists an algebraic k-group G_0 of dimension (d + 1) · dim G having a commutative unipotent radical, and a group homomorphism ι: G(k) → G_0(K) with Zariski dense in G_0 image such given an abstract homomorphism μ: G(k) → G(K) as in Theorem 1, there exists a unique rational Khomomorphism ρ: G_0 → G such that μ = ρ ∘ ι.

Proof. The proof of Theorem 8.42 in [J] implies that the space of derivations Der(k, K) has dimension d over K. We pick a basis θ_1, . . . , θ_d of Der(k, K) and consider the homomorphism ι = η_{θ1,...,θd} : G(k) → G_0(K), where G_0 = G n g^d. It follows from Lemma 7 that Im ι is Zariski dense in G_0. Now, let μ: G(k) → G(K), where G = G^′ n V, be an abstract homomorphism of the form (1) §1. We will assume (as we may) that μ has a Zariski dense image. Pick a factorization μ = τ ∘ η_{δ1,...,δr} provided by Theorem 3 where δ_i: k → L are appropriate derivations. Since θ_1, . . . , θ_d form a basis of Der(k, L) over L as well, there are expressions

δ_i = d∑ j=1 α_{ij}θ_j with α_{ij} ∈ L. Let π: G_0 = G n g^d → G n g^r be the morphism given by the equation

π(x; a_1, . . . , a_d) = (x; d∑ j=1 α_{1j}a_j, . . . , d∑ j=1 α_{rj}a_j). Then μ = ρ ∘ ι for ρ = τ ∘ π. The uniqueness of ρ follows from the Zariski density of Im ι in G_0. By construction, ρ is defined at least over L. Moreover, ι(G(k)) ⊂ G_0(K) and ρ(ι(G(k))) = μ(G(k)) ⊂ G(K). It follows that for any σ ∈ Gal(K̄/K), ρ and its Galois conjugate^σρ coincide on ι(G(k)). By the uniqueness of ρ, we obtain^στ = τ, hence τ is K-defined (cf. [Bo], AG, 14.3).

5 Detecting homomorphisms whose image has a commutative unipotent radical

Theorem 5 Let μ: G(k) → G(K) be an abstract homomorphism with a Zariski dense image. If for a long root α the unipotent radical of the group G_α := μ(G_α(k)) is commutative, then the unipotent radical of G is also commutative.

Proof. Assume that V = R_u(G) is not commutative. Then replacing μ by its composition with the canonical rational homomorphism G → G/[V, [V, V ]], we may suppose from the very beginning that V^′ = [V, V ] is central in V, in particular, abelian. Let μ^′: G(k) → G^′ := G/V^′ denote the composition of μ with the canonical homomorphism G → G/V^′. We know from Theorem 3 that V/V^′ = R_u(G^′) can be written as

V/V^′ = V_1 ⊕ · · · ⊕ V_r, (1) where V_i’s are copies of the adjoint representation of G^′.

Next, let G_α = G^′_α n W be the Levi decomposition of G_α where by our assumption W is commutative. Then W = W_1 ⊕ · · · ⊕ W_m, where W_i’s are copies of the adjoint representation of G^′_α. It follows from Theorem 2 that dim μ^′(U_α(k)) = r + 1 and dim μ(U_α(k)) = m + 1, implying, in particular, that m ≥ r.

We have μ^′(G_α(k)) = G^′_α n (Z_1 ⊕ · · · ⊕ Z_r), where Z_i’s are copies of the adjoint representation of G^′_α (we observe that since dim μ^′(U_α(k)) = r + 1, the number of Z_i’s is equal to r, the same number as in (1). According to Theorem 3, there are presentations μ|_{Gα(k)} = σ ∘ η_{ω1,...,ωm} and μ^′|_{Gα(k)} = τ ∘ η_{ζ1,...,ζr} for some isogenies σ: G_α ng^m_α → G_α and τ: G_α n g^r_α → μ^′(G_α(k)) and some derivations ω_i: k → L (i = 1, . . . , m) and ζ_i: k → L (i = 1, . . . , r) where L is some finite extension of K. By Lemma 7, the derivations ζ_1, . . . , ζ_r are linearly independent, so by the remark following the lemma there are points x_1, . . . , x_r ∈ k such that the vectors (ζ_1(x_1), . . . , ζ_r(x_1)) , . . . , (ζ_1(x_r), . . . , ζ_r(x_r)) ∈ K^r are linearly independent. Then we pick (m − r) linearly independent vectors (b_{11}, . . . , b_{1m}) , . . . , (b_{m−r 1}, . . . , b_{m−r m}) ∈ K^m such that m∑ j=1 b_{ij}ω_j(x_k) = 0 for all i = 1, . . . , m − r and k = 1, . . . , r. (2)

Consider derivations δ_i = m∑ j=1 b_{ij}ω_j, and let k_0 ⊂ k denote the subfield consisting of elements on which all δ_1, . . . , δ_{m−r} vanish (if r = m, then by convention k_0 = k). It follows from our construction that x_1, . . . , x_r ∈ k_0, implying that the restriction of ζ_1, . . . , ζ_r to k_0 remain linearly independent, and therefore dim μ^′(U_α(k_0)) = r + 1. It follows now from Theorem 2 that the unipotent radical of μ^′(G(k_0)) contains r copies of the adjoint representation of G^′, implying that μ^′(G(k_0)) = G/V^′. It follows that for V_0 = μ(G(k_0)) ∩ V, one has V_0V^′ = V. On the other hand, in view of the equations (2) among the restrictions of ω_1, . . . , ω_m to k_0 there are not more than r linearly independent, hence dim μ(U_α(k_0)) ≤ r + 1. In view of Lemma 5 this implies that dim μ(G(k_0)) ≤ (r + 1) · dim G, i.e. dim V_0 ≤ r · dim G = dim V/V^′. It follows that V = V_0 × V^′. Then V_0 ≃ V/V^′ is abelian, and therefore so is V - a contradiction.

6 On constructing abstract homomorphisms with nonreductive image.

The goal of this section is to generalize the construction of abstract homomrphisms with nonreductive image given by Borel and Tits (cf. [BoT], 8.18).

Theorem 6 Suppose there exists a nonzero derivation δ: k → K, and let k_0 denote the field of constants of δ. Given a connected algebraic k_0-group G, for any n ≥ 1 one can construct a connected k_0-group G_n of dimension (n + 1) · dim G such that there exists an abstract homomorphism G(k) → G_n(K) with a Zariski dense image. If G is reductive, then the unipotent radical R_u(G_n) has dimension n · dim G; if moreover G is semi-simple, then the nilpotency class of R_u(G_n) is n.

The first step in the proof is a construction of certain ring homomorphisms attached to a derivation. Fix an n ≥ 1 and consider the algebra K[ε_n] where ε^{n+1}_n = 0. A given derivation δ: k → K can be extended to a derivation K → K (cf. [J], Prop. 8.17); though this extension is not necessarily unique, we will denote it also by δ (our construction goes through for any extension). We let K_0 denote the field of constants in K so that k_0 = K_0 ∩ k. Then one defines t_{δ,n}: k → K[ε_n] by: t_{δ,n}(x) = x + δ(x)ε_n + δ^2(x) 2! ε^2_n + · · · + δ^k(x) k! ε^k_n + · · · + δ^n(x) n! ε^n. (1) and θ_{δ,n}: K[ε_n] → K[ε_n] by: θ_{δ,n}( n∑ i=0 a_iε^i_n) = n∑ i=0 (_i ∑ j=0 1 j! δ^j(a_{i−j}) ) ε^i_n, (2)

where as usual 0! = 1 and δ^0(x) = x for all x ∈ K.

Proposition 3 (i) θ_{δ,n} is an automorphism of K[ε_n] as K_0-algebra. (ii) t_{δ,n} = θ_{δ,n} ∘ ι where ι: k → K is the identity embedding; in particular, t_{δ,n} is an injective homomorphism of k_0-algeras.

(iii) For a nonzero derivation δ: k → K, the image of t_{δ,n} is dense in K[ε_n] for the Zariski topology on K[ε_n] as an (n + 1)-dimensional affine space over K.

Proof. In the first assertion, only the multiplicativity of θ_{δ,n} requires verification for which we will use the “Leibnitz rule”: δ^j(xy) = j∑ t=0 ( j t ) δ^t(x)δ^{j−t}(y). (3)

Let a = n∑ i=0 a_iε^i_n, b = n∑ i=0 b_iε^i_n. Then ab = n∑ i=0 c_iε^i_n where c_i = i∑ s=0 a_sb_{i−s}. On the other hand, θ_{δ,n}(a)θ_{δ,n}(b) = n∑ i=0 d_iε^i_n where

d_i = i∑ j=0 (_j ∑ l=0 1 l! δ^l(a_{j−l}) ) (_{i−j} ∑ m=0 1 m! δ^m(a_{i−j−m}) ) . A direct computation using (3) shows that

d_i = i∑ j=0 i−j∑ s=0 (_j ∑ t=0 1 t! · 1 (j − t)! δ^t(a_s)δ^{j−t}(a_{i−j−s}) ) =

i∑ j=0 i−j∑ s=0 1 j! (_j ∑ t=0 ( j t ) δ^t(a_s)δ^{j−t}(a_{i−j−s}) ) = i∑ j=0 i−j∑ s=0 1 j! δ^j(a_sa_{i−j−s}) = i∑ j=0 1 j! δ^j (_{i−j} ∑ s=0 a_sa_{i−j−s} ) = i∑ j=0 1 j! δ^j(c_{i−j}). It follows that θ_{δ,n}(a)θ_{δ,n}(b) = θ_{δ,n}(c) = θ_{δ,n}(ab), as claimed.

Next, we claim that θ_{−δ,n} ∘ θ_{δ,n} = id_{K[εn]}, (4) implying in particular that θ_{δ,n} is an automorphism of K[ε_n]. Since K[ε_n] is generated as a ring by K and ε_n, it suffices to check (4) separately on ε_n and K. But θ_{δ,n}(ε_n) = ε_n = θ_{−δ,n}(ε_n), proving (4) for ε_n. Furthermore, for a ∈ K we have (θ_{−δ,n} ∘ θ_{δ,n})(a) = θ_{−δ,n} (_n ∑ i=0 1 i! δ^i(a)ε^i_n ) = n∑ i=0 e_iε^i_n where

e_i = i∑ j=0 1 j! (−δ)^j ( 1 (i − j)! δ^{i−j}(a) ) = 1 i! (−δ + δ)^i(a). So, e_0 = a and e_i = 0 for i > 0, implying (4) on K.

Assertion (ii) is immediately obtained by comparing of (1) and (2). Since algebraic subgroups of K[ε_n] coincide with (vector K-) subspaces, the fact that Im t_{δ,n} is not Zariski dense in K[ε_n] would mean that there exists a nontrivial relation n∑ i=0 a_iδ^i(x) = 0 (5)

for all x ∈ k, where a_i ∈ K.

First, suppose there exists c ∈ k such that δ(c) = 1. Then δ^i(c^i) = i! for any i ≥ 0, hence δ^j(c^i) = 0 for all j > i. Let i_0 ∈ {0, . . . , n} be the smallest index with the property a_{i0} ≠ 0. Using (5) for x = c^{i0} , we obtain 0 = a_{i0} δ^{i0} (c^{i0} ) = (i_0)!a_{i0} , implying a_{i0} = 0, a contradiction.

In the general case, pick c ∈ k such that α := δ(c) ≠ 0, and introduce the derivation ω(x) = α^{−1}δ(x). An easy inductive argument shows that for any l > 1 there exists a relation of the form

ω^l(x) = l∑ i=1 β_iδ^i(x) for all x ∈ k with β_i ∈ K. It follows that there exists a linear transformation σ: K[ε_n] → K[ε_n] such that t_{ω,n} = σ ∘ t_{δ,n}. Since θ(c) = 1, our previous argument shows that Im t_{ω,n} is Zariski dense in K[ε_n], and the Zariski density of Im t_{δ,n} follows.

In the sequel we will refer to t_{δ,n} as the n-th Taylor homomorphism associated with the derivation δ (we note that for n > 1, the homomorphism t_{δ,n} may depend not only on the derivation δ: k → K but also on the choice of an extension of δ to K).

For the construction of the group G_n we will describe the operation of restriction of scalars R_{ℓ[εn]/ℓ}, where ℓ is an arbitrary field, in explicit terms.

If A^m is the m-dimensional affine space over the universal domain Ω, we let

A^m_n denote the m-dimensional affine space over the algebra Ω[ε_n] considered as the (n + 1)m-dimensional affine space over Ω. Given a point a ∈ A^m , for any integer l between 1 and n + 1 we let A^m_n (a, l) = { x = (x_1, . . . , x_m) ∈ A^m_n | x_i ≡ a_i(mod ε^l_nΩ[ε_n]) for all i = 1, . . . , m} . Given a Zariski closed subvariety V ⊂ A^m , we let V_n denote the closed subvariety of A^m_n consisting of all zeros in (Ω[ε_n])^m of the ideal defining V. (Of course, V_n is none other but R_{Ω[εn]/Ω}(V ); besides, if V is defined over a subfield ℓ ⊂ Ω, then so is V_n, and V_n = R_{ℓ[εn]/ℓ}(V ).) For a point a ∈ V and we let V_n(a, l) = V ∩A^m_n (a, l). For convenience of further reference we will record in the following lemma some elementary properties of these constructions.

Lemma 8 (i) Let f: A^{m1} → A^{m2} be a rational map. Then

1) for any n ≥ 1, f induces a rational map f_n: A^{m1}_n → A^{m2}_n , moreover, if f is defined over a subfield ℓ ⊂ Ω, then so is f_n;

2) if f is defined at a ∈ A^{m1} , then f_n is defined on A^{m1} (a, 1); 3) if f is defined at a, then for any l, 1 ≤ l ≤ n, one has f_n(A^{m1} (a, l)) ⊂ A^{m2} (f(a), l); more precisely, for x = a + a_lε^l_n + · · ·+ a_nε^n ∈ A^{m1} (a, l), where a, a_i ∈ A^m , one has

f_n(x) = f(a) + d_af(a_l)ε^l_n + · · ·

where d_af: A^{m1} → A^{m2} is the differential of f at a and . . . stands for the terms involving higher powers of ε_n.

(ii) Let V ⊂ A^m be a closed subvariety. If ã = a + a_lε^l_n + · · · ∈ V_n, where a, a_i ∈ A^m , then a ∈ V and a_l ∈ T_a(V ) (the tangent space).

Proof. Let g ∈ Ω[t_1, . . . , t_m] be a polynomial. We first observe that given a point ã = a + a_1ε_n + · · · + a_nε^n ∈ A^m_n , where a, a_i ∈ A^m , there exist polynomials G_1, . . . , G_n in (n + 1)m variables such that

g(ã) = g(a) + G_1(ã)ε_n + · · · + G_n(ã)ε^n,

so g extends to a regular map A^m_n → A^1_n. Furthermore, the equation ( 1 g ) (ã) = g(a)^{−1} [ 1 − G(ã) g(a) + ( G(ã) g(a) )_2 − · · · + (−1)^n ( G(ã) g(a) )_n] (6) where G(ã) = G_1(ã)ε_n + · · · + G_n(ã)ε^n, shows that (1/g) defines a rational map A^m_n → A^1_n. It follows that a rational map f: A^{m1} → A^{m2} extends to a rational map f_n: A^{m1}_n → A^{m2}_n , defined over the same subfield ℓ ⊂ Ω as f, and moreover the explicit expression (6) for the inverse shows that if f is defined at a ∈ A^{m1} , then f_n is defined at any point of A^{m1} (a, 1).

Now, if ã ∈ A^m(a, l), then for any polynomial g ∈ Ω[t_1, . . . , t_m] one has g(ã) ≡ g(a)(mod ε^l_nΩ[ε_n]). It follows that if g/h is a rational function (g, h ∈ Ω[t_1, . . . , t_m]) such that h(a) ≠ 0, then for any point ã ∈ A^m_n one has (g/h)(ã) ≡ (g/h)(a)(mod ε^l_nΩ[ε_n]). For a rational map f: A^{m1} → A^{m2} this implies the inclusion f_n(A^{m1} (a, l)) ⊂ A^{m2} (f(a), l). More explicitly, by Taylor’s formula for the polynomials one has g(a + a_lε^l_n + · · ·) = g(a) + ((grad_a g) · a_l) ε^l_n + · · · and h(a + a_lε^l_n + · · ·) = h(a) + ((grad_a h) · a_l) ε^l_n + · · · ,

where grad_a = (_∂ ∂t1 (a), . . . ,^∂_{∂tm} (a) ) , and · is the standard inner product on

A^m . It follows that_{(g/h)(a + a} lε^l_n + · · ·) = (g(a) + ((grad_a g) · a_l) ε^l_n + · · ·)h(a)^{−1}(1 − ( (grad_a h) h(a) · a_l ) ε^l_n + · · ·) =

(g/h)(a) + ([ h(a)(grad_a g) − g(a)(grad_a h) h(a) ] · a_l ) ε^l_n + · · · =

(g/h)(a) + (grad_a (g/h) · a_l) ε^l_n + · · · .

This computation implies that given a rational map f: A^{m1} → A^{m2} defined at a point a ∈ A^{m1} , one has

f_n(a + a_lε^l_n + · · ·) = f(a) + d_af(a_l)ε^l_n + · · · .

For (ii), we observe that for any polynomial g that vanishes on V and any point a + a_lε^l_n + · · · ∈ V_n(a, l), one has

0 = g(a + a_lε^l_n + · · ·) = g(a) + ((grad_a g) · a_l) ε^l_n + · · · ,

implying that a_l is orthogonal to grad_a g. This being true for any polynomial g that vanishes on V, we obtain that a_l ∈ T_a(V ).

Construction of the group G_n. Let G be an algebraic group defined over a subfield ℓ ⊂ Ω. We fix a matrix realization G ⊂ GL_d for which G is closed also in the matrix algebra M_d ≃ A^{d2} . Then the above construction yields a closed ℓ-subvariety G_n ⊂ M_{d,n} = M_d(Ω[ε_n]) which turns out to be a group. In fact, this group is none other but R_{ℓ[εn]/ℓ}(G), i.e. for any ℓ-algebra A one has G_n(A) = G(A[ε_n]). For any l between 1 and n + 1, G_n(l) := G(E_d, l) is a closed normal subgroup of G_n (“congruence subgroup of level l”); observe that G_n(n + 1) = {E_d}.

Assume from now on that G is connected. Then it is known (cf. [Bo], Theorem 18.2(ii)) that G is ℓ-unirational, i.e. there exists a ℓ-defined dominant rational map f: A^m → G.

Proposition 4 1) G_n/G_n(1) ≃ G, and G_n(l)/G_n(l + 1) ≃ L(G), the Lie algebra of G, for any l between 1 and n;

2) The group G_n is connected of dimension (n + 1) dim G; 3) The map f_n: A^m_n → G_n is dominant;

4) If G is reductive then G_n(1) is the unipotent radical of G_n; 5) If G is semi-simple, then G_n(1) has nilpotency class n.

Proof. 1) For l = 1, the group G_n(1) coincides with the kernel of the homomorphism G_n → G induced by the ring homomorphism Ω[ε_n] → Ω sending ε_n to zero. Since the latter admits a cross-section Ω → Ω[ε_n], then so does the homomorphism G_n → G, proving that G_n/G_n(1) ≃ G.

Now, let l ≥ 1. If E_d + Aε^l_n + . . . ∈ G_n(l), then A ∈ L(G) (cf. Lemma 8(ii)), and the correspondence E_d + Aε^l_n + . . . → A defines a group homomorphism κ: G_n(l) → L(G) whose kernel is precisely G_n(l + 1). So, it remains to establish the surjectivity of κ. For this purpose we will use the dominant ℓ-defined map f: A^m → G. By modifying f by a (left) translation we can ensure that there exists a point A^m (ℓ) such that f(a) = E_d and the differential d_af is surjective (because charℓ = 0, cf. [Bo], AG, Theorem 17.3). According to Lemma 8(i), 3), for a + Xε^l_n ∈ A^m_n (a, l), one has f_n(a + Xε^l_n) = E_d + (d_af)(X)ε^l_n + . . . ,

so the surjectivity of d_af implies that of κ, completing the proof of 1).

Assertion 2) immediately follows from 1). For 3), we observe that as follows from our proof of 1), for any l between 1 and n the composition T_a(A^m_n (a, l))^{dafn}−→ T_{Ed} (G_n(l)) −→ T_{Ed} (G_n(l)/G_n(l + 1)) is surjective. Since G_n(n + 1) = {E_d}, we conlude that T_a(A^m_n (a, 1))^{dafn}−→ T_{Ed} (G_n(1)) is surjective. In conjunction with the surjectivity of d_af, this implies the surjectivity of d_af_n: T_a(A^m_n ) → T_{Ed} (G_n), and the dominancy of f_n follows (cf. [Bo], AG, Theorem 17.3).

Since all sections G_n(l)/G_n(l+1), l ≥ 1, are unipotent, the group G_n(1) is a connected unipotent normal subgroup in G_n. So, if G ≃ G_n/G_n(1) is reductive, G_n(1) is the unipotent radical of G_n. Finally, suppose G is semi-simple. We will need the following well-known and easily verifiable commutator relation: given g = E_d + Aε_n + · · · ∈ G_n(1), h = E_d + Bε^l_n + · · · ∈ G_n(l), then ghg^{−1}h^{−1} = E_d + (AB − BA)ε^{l+1}_n + · · · . Since L(G) = [L(G), L(G)], it easily follows that [G_n(1), G_n(l)] = G_n(l + 1) for any l ≥ 1, implying that the nilpotency class of G_n(1) is n.

Proof of Theorem 6. We return to the notations introduced in the statement of Theorem 6. Fix an n ≥ 1 and consider the k_0-group G_n constructed above. Then all properties of G_n listed in the theorem have already been established in Proposition 4. So, it remains to construct a homomorphism G(k) → G_n(K) with a Zariski dense image. For this we will use the n-th Taylor homomorphism t_{δ,n}: k → K[ε_n] constructed in Proposition 3. Since G is k_0-defined, t_{δ,n} being a homomorphism of k_0-algebras, induces a group homomorphism β: G(k) → G(K[ε_n]) = G_n(K), and we only need to establish that β has a Zariski dense image. Let f: A^m → G be a k_0-defined dominant rational map as above. Consider the following commutative diagram:

A^m (k)^α−→ A^m (K[ε]) = A^m_n (K) f ↓ f_n ↓ G(k)^β−→ G(K[ε_n]) = G_n(K)

in which α, just like β, is induced by t_{δ,n}. Proposition 3(iii) implies the density of the image of α. On the other hand, according to Proposition 4(iii), f_n is dominant, and the density of the image of β follows.

We would like to conclude this section with an observation which generalizes for our set-up the observation made by Tits ([T], 2.4) that the group of motions of 3-dimensional euclidean space has (a lot of) noncontinuous automorphisms. Let K be a field having a nonzero derivation δ: K → K, K_0 be the field of constants of δ, and G be a connected algebraic K_0-group. Fix an n ≥ 1. Then the automorphism θ_δ of K[ε] (where ε^{n+1} = 0) constructed in Proposition 3 induces a group automorphism Θ_δ of G_n = G(K[ε]). Moreover, Θ_δ maps the subgroup G(K) ⊂ G_n(K) corresponding to the identity embedding K → K[ε], to the subgroup H ⊂ G_n(K) obtained by using the Taylor homomorphism t_{δ,n}: K → K[ε]. Thus, Θ_δ takes a subgroup whose Zariski closure has dimension dim G to a subgroup with Zariski closure having dimension (n + 1) · dim G, so Θ_δ is strongly “noncontinuous.”

Afterword

In Part II of this paper we will extend the notion of Taylor homomorphisms to the case of “several variables.” More precisely, given l derivations δ_i: k → K, i = 1, . . . , l, we will construct for any n ≥ 1 a ring homomorphism t_{n,δ1,...,δl} : k → K[ε_1, . . . , ε_l] where all ε_i’s commute and satisfy ε^{n+1}_i = 0. If the derivations δ_i are linearly independent over K, the image of t_{n,δ1,...,δl} is going to be Zariski dense in K[ε_1, . . . , ε_l] regarded as (n + 1)^l-dimensional affine space over K. Then the proof of Theorem 6 extends without any changes to show that for any connected algebraic group G defined over the field of constants k_0 of all δ_i’s, the homomorphism t_{n,δ1,...,δl} induces an abstract homomorphism G(k) → G(K[ε_1, . . . , ε_l]) with a Zariski dense image. Furthermore, we will show that any ring homomorphism k → K[ε_1, . . . , ε_l] can be obtained from a suitable Taylor homomorphism by a sequence of so-called twists, and then will derive from Theorem 3 by induction on l that for G a simple simply connected Chevalley group, any abstract homomorphism G(k) → G(K[ε_1, . . . , ε_l]) of the form (1) §1 corresponds to a certain ring homomorphism k → K[ε_1, . . . , ε_l]. Finally, we will show that any abstract homomorphism G(k) → G(K) of the form (1) §1 factors through a homomorphism G(k) → G(A), where A is a K-algebra having the structure similar to that of K[ε_1, . . . , ε_l], which will complete the explicit description of abstract homomorphisms of Chevalley groups in characteristic zero.

References

[BMS] H. Bass, J. Milnor, J-P. Serre, Solution of the congruence subgroup problem for SL_n (n ≥ 3) and Sp_{2n} (n ≥ 2), Publ. math. IHES, 33(1967), 59–137.

[Bo] A. Borel, Linear Algebraic Groups, Benjamin, New York, 1969.

[BoS] A. Borel, J-P. Serre, Théorèmes de finitude en cohomologie galoisienne, Comm. Math. Helv., 39(1964), 111–164.

[BoT] A. Borel, J. Tits, Homomorphismes “abstraits” de groupes algébriques simples, Ann. of Math., 97(1973), N 3, 499–571.

[Bou] N. Bourbaki, Groupes et Algébres de Lie, Ch. IV-VI, Hermann, 1968.

[H] J. Humphreys, Linear Algebraic Groups, GTM 21, Springer, 1975.

[J] N. Jacobson, Basic Algebra II, W.H. Freeman & Co., 1980.

[Mar] G.A. Margulis, Discrete Subgroups of Semisimple Lie Groups, Springer, 1991.

[Mat] H. Matsumoto, Sur les sous-groupes arithmétiques des groupes semisimples déployés, Ann. Sci. Ecole Norm Sup., (4) 2(1969), 1–62.

[Mo] G.D. Mostow, Fully reducible subgroups of algebraic groups, Amer. J.

Math. 78(1956), 200–221.

[R] A.S. Rapinchuk, On SS-rigid groups and A. Weil’s criterion for local rigidity I, Manuscr. math. 97(1998), 529-543.

[Sei] G. Seitz, Abstract homomorphisms of algebraic groups, J. London Math. Soc. (2) 56(1997), 104–124.

[S] J-P. Serre, Le problème des groupes de congruence pour SL_2, Ann. of Math., 92(1970), 489–527.

[St1] R. Steinberg, Lectures on Chevalley groups, mimeographed lecture notes, Yale Univ. Math. Dept, New Haven, 1968.

[St2] R. Steinberg, Some consequences of the elementary relations in SL_n, Finite groups – coming of age. Contemp. Math. 45(1985), 335–350.

[T] J. Tits, Homomorphismes “abstraits” de groupes de Lie, Symposia Mathematica, vol. XIII (convegno di Gruppi e loro Rappresentazioni, INDAM, Rome, 1972), p. 479–499, Academic Press, London, 1974.

Department of Mathematics, University of Virginia, Kerchof Hall, P.O. Box 400137, Charlottesville, VA 22904-4137, USA, e-mail: ll3e@weyl.math.virginia.edu

Department of Mathematics, University of Virginia, Kerchof Hall, P.O. Box 400137, Charlottesville, VA 22904-4137, USA, e-mail: asr3x@weyl.math.virginia.edu