Canadian Mathematical Society Conference Proceedings

Diffusions on “simple” configuration spaces

Zhi-Ming Ma and Michael Röckner

Dedicated to Sergio Albeverio on the occasion of his 60th birthday.

Abstract. The purpose of this paper is to develop general techniques to prove that diffusions associated with Dirichlet forms on multiple configuration spaces Γ̄_E (i.e., particle spaces with possibly several particles at the same point) live on the so-called “simple” configuration space Γ_E (i.e., particle spaces with at most one particle at a point). Here E is a metric space. Our results can be considered as a completion of our previous paper [24] where we constructed diffusions on multiple configuration spaces Γ̄_E using Dirichlet forms theory. Indeed, all processes constructed in [24] live in fact on Γ_E as follows from the results of this paper. We discuss in particular detail the case where E is the free loop space over R^d, where R^d is equipped with a non-trivial Riemannian metric. This case is of relevance for continuous systems in quantum statistical physics.

Contents

1. Introduction 1 2. {E_k}–vague topology for the multiple configuration space Γ̄_E 2 3. Measures not charging Γ̄_E \ Γ_E 4 4. Dirichlet forms with exceptional set Γ̄_E \ Γ_E 6 5. The free loop space as base space E 10 Acknowledgements 13 References 13

1. Introduction

In [24], among other things, the authors extended the work initiated in [28, 37], providing a complete proof that for a large class of Dirichlet forms with square field

1991 Mathematics Subject Classification. Primary 60J60, 31C25; Secondary 60G60, 82C22, 82C21.

Key words and phrases. diffusion processes, Dirichlet forms, (multiple and simple) configuration spaces, exceptional sets, square field operators, (mixed) Poisson measures, Gibbs measures, loop spaces.

© 0000 (copyright holder) 1

2 ZHI-MING MA AND MICHAEL RÖCKNER

operator there exist associated diffusions on the multiple configuration space Γ̄_E (i.e. the particle space over E with possibly several particles at the same point; see Sect. 2 below for the exact definition of Γ̄_E ), with E being an arbitrary complete separable metric space.

In particular, the authors discussed two typical examples arising from statistical mechanics: First, the case where E = X with X being a complete Riemannian manifold, and second, the case E = L(R^d ) with L(R^d ) being the free loop space over R^d , equipped with a general elliptic metric.

The argument used in [24] is to show that if Γ̄_E is given a suitable completely metrizable topology (which is the vague topology in case E is locally compact, cf. [24, Sect. 3] and Sect. 2 below), then under very general assumptions said Dirichlet forms are quasi-regular on Γ̄_E in the sense of [23, 7]. Therefore, by the main result in [23, 7] (see also [25]), one obtains the corresponding diffusions on Γ̄_E . For a detailed discussion, see Sect. 4 of [24].

However, since the above methods rely on the completeness of the metric space Γ̄_E one can only locate the diffusion on the multiple configuration space Γ̄_E instead of the usual (from the point of view of physics more natural) “simple” configuration space Γ_E (i.e. the particle space over E with at most one particle at a point), which in general is not complete. However, it has been proved in [33] that, if E = R^d , then under mild conditions the set Γ̄_E \ Γ_E is exceptional in the sense of Dirichlet forms (see [23]), and hence the corresponding diffusion lives in fact on the “simple” configuration space Γ_E .

The present paper aims at extending the results in [33]. We shall develop a general method based on the idea in [33] to show that for any given complete separable metric space E as base space, no matter if it is finite or infinite dimensional, the set Γ̄_E \ Γ_E is exceptional with respect to the Dirichlet forms discussed in [24] and, consequently, the diffusions constructed there are in fact living on the “simple” configuration space Γ_E .

In particular, for E being a Riemannian manifold or the free loop space as in the situation of the two main examples discussed in [24], we can locate the corresponding diffusions on Γ_E , as required in models of statistical mechanics.

The organization of this paper is as follows:

In Section 2 we review the topology and the metric ρ introduced in [24] on Γ̄_E . In Section 3 we present a condition for a probability measure μ on the Borel σ–field B (¯ Γ_E ) (w.r.t the ρ—topology) on Γ̄_E , implying that μ (¯ Γ_E \ Γ_E ) = 0 (cf.

Theorem 3.1 below).

In Section 4 we prove our main result, i.e. that under quite weak, easy to check conditions Γ̄_E \ Γ_E is even exceptional w.r.t. the corresponding Dirichlet form defined in [24] (see Theorem 4.3 below).

The application to the free loop space mentioned above is discussed in the concluding Section 5.

2. {E_k}–vague topology for the multiple configuration space Γ̄_E

For the convenience of the reader, we start with a review of the topology on Γ̄_E introduced in [24]. On the way we also fix some notations for later.

In what follows, let (E, ρ) be a separable metric space with Borel σ–field B(E). For a set A ⊂ E and any ε > 0, we set

A^ε := { x ∈ E | | ρ(x, A) < ε}.

DIFFUSIONS ON “SIMPLE” CONFIGURATION SPACES 3

We call {E_k}_{k≥1} an exhausting sequence, if {E_k} is an increasing sequence of open

sets in E, such that ⋃ k≥1 E_k = E. {E_k}_{k≥1} will be called a well-exhausting sequence

if, in addition, there exists a sequence {δ_k}_{k≥1} of strictly positive numbers such that E^{δk}_k ⊂ E_{k+1} ∀k ∈ N. (2.1)

Let {E_k}_{k≥1} be an exhausting sequence. We shall write γ ∈ M ( {E_k} ) if γ is

a positive measure on B(E) and γ(E_k) < ∞ for all k ∈ N.

In general, for any exhausting sequence {A_k}_{k≥1}, we can always find a well-

exhausting sequence {E_k}_{k≥1}, such that M ( {A_k} ) ⊂ M ( {E_k} ) (cf. [24, Lemma 3.4]).

In particular, if E_k = E for all k ≥ 1, we write M(E) instead of M ( {E_k} ) . That is, M(E) is the family of all finite positive measures on B(E). For any

B(E)–measurable function f on E and any positive measure γ on B(E) we write f̄(γ) := ∫_E f dγ, provided the integral makes sense. For A ∈ B(E) and ε > 0 we set g_{A,ε}(x) := 1 1 + ε ( ε − ρ(x, A) ∧ ε ) , x ∈ E, (2.2)

and define for γ_1, γ_2 ∈ M(E)

ρ̄_0(γ_1, γ_2) := sup {| |ḡ_{A,ε}(γ_1) − ḡ_{A,ε}(γ_2) | | | | A ∈ B(E), ε > 0 } (2.3)

Then ρ̄_0 is a separable metric on M(E) and the ρ̄_0–topology coincides with the

topology of weak convergence on M(E). Moreover, ρ̄_0 is complete on M(E) if ρ is

complete on E (cf. [24, Thm. 3.2]).

In what follows, we fix a well exhausting sequence {E_k}_{k≥1}. For example, E_k = { x ∈ E | ρ(x, x_0) < k } for some fixed point x_0 ∈ E. We shall write f ∈ C_0 ( {E_k} ) if f ∈ C_b(E) (C_b(E) := the set of all bounded continuous functions on E) and

supp[f] ⊂ E_k for some k ∈ N. Note that if f ∈ C_0 ( {E_k} ) , then f̄(γ) is well-defined

for all γ ∈ M ( {E_k} ) . Let γ, γ_n ∈ M ( {E_k} ) , n ≥ 1. We shall say that (γ_n)_{n≥1}

converges to γ {E_k}–vaguely, if |¯ f(γ_n) − f̄(γ) | −→ 0 ∀f ∈ C_0 ( {E_k} ) . (2.4)

If E is locally compact and E_k is relatively compact for all k, then M ( {E_k} ) is exactly the family of all positive Radon measures on E and {E_k}–vague convergence

coincides with the usual vague convergence for Radon measures. In this case, there

is a complete separable metric (Kallenberg metric) on M ( {E_k} ) which induces the

topology of vague convergence. Unfortunately, the Kallenberg metric does not work

very well for non-locally compact spaces E.

Nevertheless, we proved in [24] that there always exists a separable metric ρ̄

on M ( {E_k} ) , inducing the topology of {E_k}–vague convergence. We now give a

short description of ρ̄.

Let {δ_k}_{k≥1} be a sequence of positive numbers so that (2.1) holds. We set

(cf. (2.2)) ϕ_k(x) =^{1+δk}_{δk} g_{Ek ,δk} (x) and define for γ_1, γ_2 ∈ M ( {E_k} ) , ρ̄(γ_1, γ_2) = sup_{k≥1} 2^{−k} ( 1 ∧ ρ̄_0 ( ϕ_k · γ_1, ϕ_k · γ_2 )) . (2.5)

Theorem 2.1. (cf. [24, Thm. 3.6]) ( M ( {E_k} ) , ρ̄ ) is a separable metric space.

The induced topology is the topology of {E_k}–vague convergence. Moreover, ρ̄ is a

complete metric on M ( {E_k} ) if ρ is complete on E.

4 ZHI-MING MA AND MICHAEL RÖCKNER

Set N̄ = N ∪ {0, ∞} and denote by Γ̄_E := Γ̄_E ( {E_k} ) the set of elements γ ∈ M ( {E_k} ) for which γ(A) ∈ N̄ for all A ∈ B(E). Denote by Γ_E the subset of Γ̄_E consisting of all γ such that γ ( {x} ) ≤ 1 for all x ∈ E. Then we have for all γ ∈ Γ̄_E that γ = ∑ x∈supp γ γ ( {x} ) ε_x, where ε_x denotes the Dirac measure in x and supp γ := { x ∈ E | | γ({x}) > 0} is countable. Similarly, for all γ ∈ Γ_E we have γ = ∑ x∈supp γ ε_x. Γ̄_E is called the multiple configuration space over E (relative to {E_k}), while Γ_E is the (simple) configuration space over E. It is known that Γ̄_E is a closed subset of M ( {E_k} ) in the ρ–topology (cf. [24, Prop. 3.9]) and Γ_E is a G_δ subset of Γ̄_E with respect to the ρ̄–topology (cf. [24, Prop. 3.10]).

3. Measures not charging Γ̄_E \ Γ_E

Let B(Γ̄_E) be the Borel σ–field of Γ̄_E (w.r.t. ρ̄) and μ be a probability measure on (¯ Γ_E , B(Γ̄_E) ) . We always assume that ∫ Γ̄_E γ(E_k) μ(dγ) < ∞ ∀k ∈ N (μ.1) Note that if we define

σ^μ(A) := ∫ Γ̄_E γ(A) μ(dγ), a ∈ B(E), (3.1)

then (μ.1) is equivalent to saying that σ^μ ∈ M ( {E_k} ) . Below we fix a measure σ ∈ M ( {E_k} ) . For the discussion of closability of pre-Dirichlet forms on Γ̄_E , in [24] we imposed the following assumption (μ.σ) on μ with respect to σ:

(μ.σ) There exists a B(Γ̄_E) ⊗ B(E)–measurable function ρ : Γ̄_E × E −→ R_+ such that for all B(Γ̄_E ) ⊗ B(E)–measurable functions h : Γ̄_E × E −→ R_+ ∫ Γ̄_E ∫ E h(γ, x) γ(dx) μ(dγ) = ∫ Γ̄_E ∫ E h(γ + ε_x, x)ρ(γ, x) σ(dx) μ(dγ). There are many examples for which conditions (μ.1) and (μ.σ) are satisfied.

Here we mention three situations which have been discussed in [24].

1. Poisson measures: Let σ ∈ M ( {E_k} ) and μ := π_σ be the Poisson measure on (¯ Γ_E , B(Γ̄_E) ) with intensity σ, i.e. π_σ is the unique probability measure on (¯ Γ_E , B(Γ̄_E) ) such that ∫ e^{f̄(γ)} π_σ (dγ) = exp { ∫ ( e^f − 1 ) dσ } ∀f ∈ C_0 ( {E_k} ) . (3.2)

Then it is well-known that μ := π_σ satisfies conditions (μ.1) (since σ^μ = σ) and (μ.σ) with ρ(γ, x) = 1 for all x ∈ E, γ ∈ Γ̄_E . Condition (μ.σ) is just the so-called Mecke identity (cf. [26, Satz 3.1]) in this case.

DIFFUSIONS ON “SIMPLE” CONFIGURATION SPACES 5

2. Mixed Poisson measures:

Mixed Poisson measures on Γ̄_E are defined by μ = ∫ R_+ π_{zσ} λ(dz), (3.3)

where π_{zσ} is a Poisson measure with intensity zσ and λ is a probability measure on ( R_+ , B(R_+ ) ) such that ∫ R_+ z λ(dz) < ∞. (3.4)

It is easy to check that a mixed Poisson measure μ satisfies (μ.1) and (μ.σ). 3. Gibbs measures:

A more general class of measures satisfying (μ.1) and (μ.σ) are Gibbs measures, for which we refer to [12, Sect. 6] and [30, Sect. 6] for the definition and a detailed discussion. Here we only mention that the above mixed Poisson measures are in fact special canonical Gibbs measures with zero potentials. In quantum statistical mechanics (mixed) Poisson measures are equilibrium measures for random particles that act independently (“free case”) while Gibbs measures are equilibrium measures for random particles that interact via potential functions (“interaction case”).

For our purpose, we would like to point out that in the situations of (1) and (2), and in some cases of situation (3),^1 the measure μ on (¯ Γ_E , B(Γ̄_E) ) has the following property (μ.σ.1) relative to the “downstairs” measure σ.

(μ.σ.1): For each k ∈ N, there exists a constant C_k, such that ∫ {γ:γ(B)≥2} μ(dγ) ≤ C_k σ(B)^2 ∀B ∈ B(E), B ⊂ E_k. The remainder of this section is devoted to proving the following result:

Theorem 3.1. If ( E, B(E) ) is a measurable Lusin space (e.g. (E, ρ) is complete) and σ({x}) = 0 for all x ∈ E, then (μ.σ.1) implies that μ (¯ Γ_E \ Γ_E ) = 0.

Before proving the above theorem, we introduce more concepts and notations, also to be used in subsequent sections.

Let A be a Borel subset of E. We say that F(A) is a finite Borel covering of A (abbreviated FBC) if F(A) is a finite family of Borel subsets of A such that A is the union of these subsets. The number of non-empty Borel subsets in F(A) is denoted by | |F(A) | |. Let { F_n(A) } n∈N be a sequence of FBC of A. We shall write B ∈ { F_n(A) } if for any n ∈ N there exists a Borel set B_n ∈ F_n(A) such that B ⊂ B_n.

Let F_1(A) and F_2(A) be two FBCs of A. We write F_1(A) ≺ F_2(A) if | |F_1(A) | | ≤ | |F_2(A) | | and for each B_2 ∈ F_2(A) there exists B_1 ∈ F_1(A) such that B_2 ⊂ B_1.

For any measure ν we denote the associated outer measure by ν^∗. As we shall see, the following lemma implies Theorem 3.1.

Lemma 3.2. Let A be a Borel subset of E_k and { F_n(A) } k∈N a sequence of FBCs of A. Suppose that the following conditions hold: 1. | |F_n(A) | | −→ ∞ as n → ∞; 1e.g. for the class of grand canonical Gibbs measures which appear in classical statistical mechanics of continuous systems, such as Ruelle measures, see [34, 30] and references therein

6 ZHI-MING MA AND MICHAEL RÖCKNER

2. There exists a constant α, such that | |F_n(A) | |σ(B) ≤ α ∀B ∈ F_n(A). (3.5)

Then (μ.σ.1) implies μ^∗ { γ ∈ Γ̄_E | | | γ^∗(B) ≥ 2 for some B ∈ { F_n(A) }} = 0.

(3.6)

Proof. For any N ∈ N, we have by (μ.σ.1) and (3.5) μ^∗ { γ ∈ Γ̄_E | | γ^∗(B) ≥ 2 for some B ∈ { F_n(A) }} ≤ μ { γ ∈ Γ̄_E | | | γ(BNj ) ≥ 2 for some BNj ∈ FN (A) }

≤ |F_N (A)| ∑ j=1 μ { γ ∈ Γ̄_E | | γ(B_{Nj} ) ≥ 2} ≤ C_k |F_N (A)| ∑ j=1 σ(B_{Nj} )^2 ≤ α^2C_k | |F_N (A) | |^{−1},

where F_N (A) = { B_{Nj} } 1≤j≤|F_N (A)|. Hence, the assertion follows from assumption

(1).

Proof of Theorem 3.1. We only need to show that for any k ∈ N μ^∗ { γ ∈ Γ̄_E | | γ({x}) ≥ 2 for some x ∈ E_k } = 0 (3.7)

Since E_k is a Borel subset of a Polish space, we can find a Borel isomorphism J : E_k −→ S ⊂ [0, 1]. Let m be the image measure of σ | |_{Ek} on (S, B(S)). Then m is generated by a right continuous increasing function F : [0, 1] −→ [0, ∞[ with F (0) = 0. Due to the fact that σ({x}) = 0 for all x ∈ E, we have that F (t) is continuous in t. For any n ∈ N, we can find 0 = t_0 < t_1 < t_2 < · · · < t_2n = 1, such that F (t_j ) − F (t_{j−1}) = 2^{−n}σ(E_k ) for all 1 ≤ j ≤ 2^n. Let B_{nj} := J^{−1} ( S ∩ [t_{j−1}, t_j ] ) and F_n(E_k) = { B_{nj} | | 1 ≤ j ≤ 2^n}. Then {F_n(E_k)}_{n∈N} satisfies 3.2(1) and (3.5),

and (3.7) follows from Lemma 3.2.

Remark 3.3. We emphasize that in case μ is the Poisson measure or in case E = R^d and μ is a Gibbs measure, the assertion of Theorem 3.1 is well-known (see e.g. [4] and references therein).

4. Dirichlet forms with exceptional set Γ̄_E \ Γ_E

Let μ and σ be as before. In this section we assume that a quasi-regular Dirichlet form ( E^Γ, D(E^Γ) ) is given on L^2(Γ̄_E , μ). Since our main concern are the Dirichlet forms discussed in [24], we always assume that ( E^Γ, D(E^Γ) ) is of square field operator type. More precisely, we assume that there is a positive definite symmetric bilinear map (square field operator) S^Γ : D(E^Γ) × D(E^Γ) −→ L^1(Γ̄_E , μ) such that

E^Γ(F, G) = ∫ S^Γ(F, G) μ(dγ) ∀F, G ∈ D(E^Γ) (4.1)

DIFFUSIONS ON “SIMPLE” CONFIGURATION SPACES 7

and the chain rule holds, i.e. if F_1, . . . , F_N , G_1, . . . , G_N ∈ D(E^Γ), φ, ψ ∈ C^∞_b (R^N ), then for all γ ∈ Γ̄_E

(4.2) S^Γ ( φ(F_1, . . . , F_N ), ψ(G_1, . . . , G_N ) ) (γ) = N∑ i,j=1 ∂_iφ(F_1, . . . , F_N ) ∂_j ψ(G_1, . . . , G_N ) S^Γ(F_i, G_j )(γ)

Below, we shall denote S^Γ(F, F ) by S^Γ(F ) for F ∈ D(E^Γ).

Remark 4.1.

1. We emphasize that all the Dirichlet forms discussed in [24] satisfy (4.1) and (4.2).

2. The square field operator S^Γ with (4.1) and (4.2) has also the following properties which will be used later. For a proof, we refer to [32].

(a) F, G ∈ D(E^Γ) implies F ∨ G, F ∧ G ∈ D(E^Γ) and

S^Γ(F ∨ G) ≤ S^Γ(F ) ∨ S^Γ(G) μ–a.e.

S^Γ(F ∧ G) ≤ S^Γ(F ) ∨ S^Γ(G) μ–a.e.

(4.3)

(b) (strong local property) If F ∈ D(E^Γ) and F is constant μ–a.e. on an open set U ⊂ Γ̄_E , then

S^Γ(F ) = 0 μ–a.e. on U.

(4.4)

3. With the above assumption, by [23, Thms. IV.3.5 and V.1.11] we know that (cf. [24, Thm. 4.13]) there exists a conservative (strong Markov) diffusion process M = ( Ω, F, (F_t)_{t≥0}, (θ_t)_{t≥0}, (X_t)_{t≥0}, (P_γ )_{γ∈}¯_{ΓE} ) on Γ̄_E (cf. [15]), which is properly associated with ( E^Γ, D(E^Γ) ) , i.e. for all (μ–versions of) F ∈ L^2(Γ̄_E , μ) and all t > 0, the function γ −→ p_tF (γ) := ∫ Ω F (X_t) dP_γ , γ ∈ Γ̄_E , (4.5)

is an E^Γ–quasi-continuous μ–version of e^{tHΓμ} F , where H^Γ_μ is the generator of ( E^Γ, D(E^Γ) ) (cf. [23, Sect. I.2]). M is unique up to μ–equivalence (cf. [23, Sect. IV.6]). In particular, M is μ–symmetric (i.e. ∫ G p_tF dμ = ∫ F p_tG dμ for all F, G : Γ̄_E −→ R_+ , B(Γ̄_E)–measurable) and has μ as an invariant measure.

We now impose some further restrictions on μ (relative to σ) and ( E^Γ, D(E^Γ) ) as follows.

(μ.σ.2): For each k ∈ N, there exists a constant C_k, such that ∫ {γ:γ(B)≥2} γ(B) μ(dγ) ≤ C_kσ(B)^2 ∀B ∈ B(E), B ⊂ E_k. (E^Γ.1): Let A ∈ B(E). If A^{2ε} ⊂ E^{δk}_k for some k ∈ N and ε > 0, then ḡ_{A,ε} ∈ D(E^Γ) and

S^Γ(ḡ_{A,ε})(γ) ≤ ∫ A^{2ε} ξ_k(x)^2 γ(dx) μ–a.e.,

8 ZHI-MING MA AND MICHAEL RÖCKNER

where ξ_k is a measurable function on E, such that

M_k := sup x∈E^{δk}_k ξ_k(x)^2 < ∞.

Remark 4.2.

1. Clearly, all Poisson measures satisfy (μ.σ.2). If (3.4) is strengthened by ∫ R_+ z^2 λ(dz) < ∞, (4.6)

then the mixed Poisson measures in Situation (2) of Sect. 3 satisfy (μ.σ.2).

Also, in some cases of Situation (3) of Sect.3, e.g. in the case of Ruelle

measures, (μ.σ.2) is fulfilled.

2. If (E, ρ) is complete and if ( E^Γ, D(E^Γ) ) satisfies Condition (Q̄), specified in

Sect. 4 of [24], then it follows from [24, Cond. (S.1) (in Sect. 1), Lem. 4.10

and Prop. 4.6], that ( E^Γ, D(E^Γ) ) satisfies (E^Γ.1). We refer to [24] and Sect. 5

below for concrete examples.

Theorem 4.3. Let A be a Borel subset of E_k and { F_n(A) } n∈N be a sequence

of FBCs of A. Suppose that

F_n(A) ≺ F_{n+1}(A) for all n ∈ N and | |F_n(A) | | −→ ∞ as n → ∞ (4.7)

and that there exists a decreasing sequence of numbers {ε(n)}_{n∈N} ⊂ ]0,^{δk}_2 [ and a

constant α > 0, such that

inf_{n∈N} ε(n)^2 | |F_n(A) | | > 0, (4.8) | F_n(A) | σ ( B^{2ε(n)} ) ≤ α ∀B ∈ F_n(A). (4.9)

Then, under conditions (μ.σ.2) and (E^Γ.1), we have that { γ ∈ Γ̄_E | | | γ^∗(B) ≥ 2 for some B ∈ { F_n(A) }} is E^Γ–exceptional.

Proof. Let ψ be a smooth increasing function on R, such that ψ(t) = 0 for

all t ≤^3_2 and ψ(t) = 1 for all t ≥ 2. Let F_n(A) = { B_{nj} | | 1 ≤ j ≤ | |F_n(A) | |}. For

each n ∈ N we define

φ_{nj} (γ) := ( ε(n)^{−1} + 1 ) ḡ_{Bnj ,ε(n)}(γ), B_{nj} ∈ F_n(A), and u_{nj} (γ) := ψ ( φ_{nj} (γ) ) , 1 ≤ j ≤ | |F_n(A) | |, u_n(γ) := |F_n(A)|⋁

j=1 u_{nj} (γ). By Theorem 2.1 φ_{nj} is continuous in γ. Hence, u_{nj} is continuous in γ. We note

that u_{nj} (γ) = 1 if γ(B_{nj} ) ≥ 2 and u_{nj} (γ) = 0 if φ_{nj} (γ) <^3_2 . Thus, by (4.4) and

(E^Γ.1) we have

S^Γ ( u_{nj} ) (γ) ≤ M_k‖ψ^′‖_∞ ( ε(n)^{−1} + 1

)_2 γ ( B^{2ε(n)}_{nj} ) 1_{{φnj ≥} 3_{2 }}(γ) ≤ M_k‖ψ^′‖_∞ ( ε(n)^{−1} + 1

)_2 γ ( B^{2ε(n)}_{nj} ) 1_{{γ:γ(B}2ε(n)_{nj )≥2}}(γ) μ–a.e.

DIFFUSIONS ON “SIMPLE” CONFIGURATION SPACES 9

Furthermore, u_n(γ) is continuous in γ and

u_n(γ) = 1 if sup_j γ(B_{nj} ) ≥ 2,

(4.10)

u_n(γ) = 0 if sup_j φ_{nj} (γ) <^3_2 .

(4.11)

Moreover, by (4.3) we have

S^Γ ( u_n ) ≤ M_k ( ε(n)^{−1} + 1

)_2

sup_j [ γ ( B^{2ε(n)}_{nj} ) 1_{{γ:γ(B}2ε(n)_{nj )≥2}}(γ) ]

≤ M_k ( ε(n)^{−1} + 1 )_2^{|Fn(A)|}∑ j=1 γ ( B^{2ε(n)}_{nj} ) 1_{{γ:γ(B}2ε(n)_{nj )≥2}}(γ) μ–a.e.

Therefore, by (4.1) and (μ.σ.2) we have

E^Γ(u_n, u_n) ≤ M_k ( ε(n)^{−1} + 1 )_2^{|Fn(A)|}∑ j=1 C_kσ ( B^{2ε(n)}_{nj} )_2 , which, together with (4.8) and (4.9), implies that

sup_{n∈N} E^Γ(u_n, u_n) < ∞.

(4.12)

By (4.7) and the fact that {ε(n)}_{n≥1} is decreasing, it is easy to see that for every γ ∈ Γ̄_E the limit u_∞(γ) := lim_{n→∞} u_n(γ) exists. Then by a standard argument (cf. [32]), we conclude from (4.12) that u_∞ is E^Γ–quasi-continuous. On the other hand, since

Γ̄_E \ { sup_j φ_{nj} <^3_2 } ⊂ |F_n(A)|⋃

j=1 { γ | | γ(B^{2ε(n)}_{nj} ) ≥ 2}, we obtain by (4.11) and (μ.σ.2) ∫ Γ̄_E u_n(γ) μ(dγ) ≤ |F_n(A)| ∑ j=1 ∫ {γ:γ(B^{2ε(n)}_{nj} )≥2} u_n(γ) μ(dγ) ≤ |F_n(A)| ∑ j=1 C_k σ ( B^{2ε(n)}_{nj} )_2 . Thus, by (4.9) and (4.7), we conclude that u_n −→ 0 in L^2(Γ̄_E , μ). Therefore, by quasi-regularity we must have u_∞ = 0 E^Γ–q.e. In particular, { γ ∈ Γ̄_E | | u_∞(γ) = 1} is E^Γ–exceptional.

(4.13)

Now let γ ∈ Γ̄_E be such that γ^∗(B) ≥ 2 for some B ∈ { F_n(A) } . Then for any n ∈ N, there exists B_n ∈ F_n(A), such that γ(B_n) ≥ γ^∗(B) ≥ 2 and hence, by (4.10) u_∞(γ) = u_n(γ) = 1. Therefore, { γ ∈ Γ̄_E | | | γ^∗(B) ≥ 2 for some B ∈ { F_n(A) }} ⊂ { u_∞ = 1 } and the desired conclusion follows from (4.13).

Corollary 4.4. Suppose that for each k ∈ N, there exists a sequence { F_n(E_k) } n∈N of FBCs of E_k satisfying (4.7)– (4.9). Then under conditions (μ.σ.2) and (E^Γ.1) Γ̄_E \ Γ_E is E Γ–exceptional and hence, by [23, Prop. IV.5.30] the diffusion process

M , specified in Remark 4.1(3), lives on the simple configuration space Γ_E .

10 ZHI-MING MA AND MICHAEL RÖCKNER

Proof. Note that in the situation of Theorem 4.3, if x ∈ A, then {x} ∈ { F_n(A) } . Hence, the assertion of Theorem 4.3 implies in particular that A ∩ (¯ Γ_E \ Γ_E ) is E^Γ–exceptional. Consequently, in the situation of this corollary we have that

Γ̄_E \ Γ_E = ⋃ k∈N E_k ∩ (¯ Γ_E \ Γ_E )

is E^Γ–exceptional.

5. The free loop space as base space E

In this section, we discuss in detail the construction of diffusions on the “simple” configuration space over the free loop space. For the convenience of the reader, we start by recalling the framework of [6] (see also [24]).

Let g = (g_{ij} ) be a uniformly elliptic Riemannian metric with bounded derivatives over R^d and

Δ_g := ( det g

)_− 1_2^d∑ i=1 ∂ ∂x_i [( det g

) 1_2 g^{ij} ∂ ∂x_j ]

the corresponding Laplacian. Let p_t(x, y), x, y ∈ R^d , t ≥ 0, be the associated heat kernel with respect to the Riemannian volume element. Let W (R^d ) denote the set of all continuous paths ω : [0, 1] −→ R^d and let L(R^d ) := { ω ∈ W (R^d ) | | ω(0) = ω(1)}, i.e. L(R^d ) is the free loop space over R^d . Let P^x_1 be the law of the bridge defined on { ω ∈ L(R^d ) | ω(0) = ω(1) = x } , coming from the diffusion on R^d generated by Δ_g and let

σ := ∫ P^x_1 p_1(x, x) dx

(5.1)

be the Bismut/Høegh–Krohn measure on L(R^d ), which is σ–finite, but not finite. We consider L(R^d ) equipped with the Borel σ–algebra B ( L(R^d ) ) coming from the uniform norm ‖ · ‖_∞ on L(R^d ), which makes it a Banach space.

The tangent space T_ωL(R^d ) at a loop ω ∈ L(R^d ) was introduced in [19] as the space of periodical vector fields X_t(ω) = τ_t(ω)h(t), t ∈ [0, 1], along ω. Here, τ denotes the stochastic parallel transport with respect to σ associated with the Levi–Civita connection of (R^d , g) and h belongs to the linear space H_ω consisting of all absolutely continuous maps h : [0, 1] −→ T_{ω(0)}R^d ≡ R^d , such that

(h, h)_{ω(0)} :=

∫_1 0 g_{ω(0)} ( h^′(s), h^′(s) ) ds + ∫_1 0 | |h(s) | |^2 ds < ∞ (5.2)

and satisfying the holonomy condition τ_1(ω)h(1) = h(0) (cf. [19] for details). Note that if we consider L(R^d ) as continuous maps from S^1 to R^d , this notion is invariant under rotations of S^1 and (5.2) induces an inner product on T_ωL(R^d ), which turns it into a Hilbert space.

Below, we shall also need the Hilbert space ~T_ωL(R^d ) (⊃ T_ωL(R^d )) with inner product ( , )_H , which is constructed analogously, but without the holonomy condition, i.e. H_ω is replaced by H, which denotes the linear space of all absolutely continuous maps h : [0, 1] −→ T_{ω(0)}R^d ≡ R^d satisfying (5.2). We note that by the uniform ellipticity of g, H is indeed independent of ω ∈ L(R^d ) and the norms ‖ · ‖_{ω(0)} := ( , )^{1/2}_{ω(0)}, ω ∈ L(R^d ), are all equivalent.

DIFFUSIONS ON “SIMPLE” CONFIGURATION SPACES 11

Let FC^∞_0 denote the linear span of the set of all functions u : L(R^d ) −→ R,

such that there exist k ∈ N, f ∈ C^∞_0 ( (R^d )^k ) , t_1, . . . , t_k ∈ [0, 1] with u(ω) = f ( ω(t_1), . . . , ω(t_k) ) , ω ∈ L(R^d ). (5.3)

Note that FC^∞_0 is dense in L^2(σ) := (real)L^2 ( L(R^d ), σ ) . Let FC^∞, FC^∞_b be

defined correspondingly with C^∞ ( (R^d )^k ) , C^∞_b ( (R^d )^k ) replacing C^∞_0 ( (R^d )^k ) . We define the directional derivative of u ∈ FC^∞, u as in (5.3) at ω ∈ L(R^d )

with respect to X(ω) ∈ ~T_ωL(R^d ) by

∂_hu(ω) := ∂_X u(ω) := k∑ i=1 d_if ( ω(t_1), . . . , ω(t_k) ) X_{ti} (ω)

= k∑ i=1 g_{ω(ti)} ( ∇_if ( ω(t_1), . . . , ω(t_k) ) , τ_{ti} (ω)h(t_i) ) , (5.4)

where h ∈ H with X(ω) = ( τ_t(ω)h(t) ) t∈[0,1] and ∇i resp. di denotes the gradient

(with respect to g) resp. the differential relative to the i’th coordinate of f. We

extend ∂_h to all of FC^∞ by linearity. Note that if we consider u as a function on

W (R^d ), then

∂_X u(ω) = d ds u ( ω + sX(ω) )| |_{s=0}, ω ∈ L(R^d ). (5.5)

Hence, ∂_X u is well-defined by (5.4) (i.e. independent of the special representation

of u).

Let for u ∈ FC^∞ and ω ∈ L(R^d ), ~Du(ω) be the unique element in H, such that ( ~ Du(ω), h ) ω(0) = ∂hu(ω) for all h ∈ H and let Du(ω) be its othogonal projection

(w.r.t. ( , )_{ω(0)}) onto H_ω.

Since H is separable and consists of continuous functions on [0, 1], it follows by

the construction of the stochastic parallel transport that there exists N ∈ B ( L(R^d ) ) with σ(N) = 0, such that both Du(ω) and ~Du(ω) are defined for all ω ∈ N^c and

all u ∈ FC^∞. Moreover, the map ω −→ Du(ω) is measurable (cf. [24, Sect. 2.4.2]

for a detailed proof).

For u ∈ FC^∞, we have that for all ω ∈ N^c ‖ ‖Du(ω) ‖ ‖_{ω(0)} ≤ ‖ ‖ ~Du(ω) ‖ ‖_{ω(0)} (5.6)

and if u(ω) = f ( ω(s_1), . . . , ω(s_k) ) , then for all ω ∈ N^c ~Du(ω)(s) =^k ∑ i=1 G(s, s_i)τ_{si} (ω)^{−1}∇_if ( ω(s_1), . . . , ω(s_k) ) , (5.7)

where G is Green’s function of −^{d2}_{dt2} + 1 with Neumann boundary conditions on

[0, 1], i.e. G(s, t) = e 2(e^2 − 1) ( e^{t+s−1} + e^{1−(t+s)} + e^{|t−s|−1} + e^{1−|t−s|} ) . (5.8)

For u, v ∈ FC^∞ define S(u, v)(ω) := ( Du(ω), Dv(ω) ) ω(0), ω ∈ L(R d ). (5.9)

12 ZHI-MING MA AND MICHAEL RÖCKNER

We now set E := L(R^d ), equipped with the metric ρ induced by the Banach norm ‖ · ‖_∞. For k ≥ 1 let U_k be the open hypercube ] −^k_2 ,^k_2 [^d of R^d , and define open subsets of E by

E_k := { ω ∈ E | | ω(0) ∈ U_k}. (5.10)

Then {E_k}_{k≥1} is a well exhausting sequence with δ_k =^1_2 for all k (cf. (2.1)). Let Γ̄_E := Γ̄_E ({E_k}) be as specified in Sect. 2 and let μ be a Poisson measure or a mixed Poisson measure on Γ̄_E , specified by (3.3) and (3.4) with σ being the Bismut measure as specified in (5.1).

Define D to be the linear span of the set of all functions u : E −→ R of the type specified in (5.3), but with t_1 = 0. We now lift S to the following space D^Γ := F^ΓC^∞_b (D) of functions on the configuration space Γ̄_E :

(5.11) D^Γ := F^ΓC^∞_b (D) := { g ( ⟨f_1, · ⟩, . . . , ⟨f_n, · ⟩ ) | | n ∈ N, f1 , . . . , fn ∈ D, g ∈ C^∞_b (R^n ) }

We define for F = g_F ( ⟨f_1, · ⟩, . . . , ⟨f_n, · ⟩ ) , G = g_G ( ⟨g_1, · ⟩, . . . , ⟨g_m, · ⟩ ) ∈ D^Γ and γ ∈ Γ̄_E (5.12) S^Γ ( F, G ) (γ) := n∑ i=1 m∑ j=1 ∂_ig_F ( ⟨f_1, γ⟩, . . . , ⟨f_n, γ⟩ ) ∂_j g_G ( ⟨g_1, γ⟩, . . . , ⟨g_m, γ⟩ ) ⟨ S(f_i, g_i), γ ⟩

and S^Γ(F ) := S^Γ(F, F ). It has been proved in [24] that S^Γ is well-defined on D^Γ × D^Γ, i.e. S^Γ(F, G) is independent of the representations of F , G used on the right hand side of (5.12). See Sect. 1.3 of [24], where the well-definedness was discussed in a general context.

We now define E^Γ(F, G) for F, G ∈ D^Γ by

E^Γ(F, G) := ∫ Γ̄_E S^Γ(F, G)(γ) μ(dγ). (5.13)

Fact. ( E^Γ, D^Γ ) is closable on L^2 (¯ Γ_E, μ ) , and the closure ( E^Γ, D(E^Γ) ) is a quasi-regular, local and conservative Dirichlet form on L^2 (¯ Γ_E , μ ) . Therefore, there exists a conservative diffusion process M = ( Ω, F, (F_t)_{t≥0}, (X_t)_{t≥0}, (P_γ )_{γ∈}¯_{ΓE} ) (5.14)

on Γ̄_E .

We refer to [24] for the detailed proof of the above fact. Applying Theorem 4.3, we have the following result.

Theorem 5.1. Suppose that d ≥ 2 and μ is a Poisson measure or a mixed Poisson measure satisfying (4.6). Then Γ̄_E \ Γ_E is E^Γ–exceptional. Therefore, the diffusion process M , as specified in (5.14), can be constructed in such a way that it lives on Γ_E . More precisely, there is a version of M (up to μ–equivalence, cf. [23, Sect. IV.6]), such that P_γ { X_t ∈ Γ_E for all t ≥ 0 } = 1 ∀γ ∈ Γ_E .

(5.15)

DIFFUSIONS ON “SIMPLE” CONFIGURATION SPACES 13

Proof. The last assertion is a direct consequence of the first one (cf. [23, Prop. IV.5.30]). Therefore, we shall concentrate on showing that Γ̄_E \ Γ_E is E^Γ– exceptional.

Note that in our situation (μ.σ.2) and (E^Γ.1) are satisfied by Remark 4.2. For fixed k ∈ N, we divide U_k = ] −^k_2 ,^k_2 [^d into 2^{dn} hypercubes of equal size, i.e.

the length of each side of the hypercubes is equal to^k_{2n} . Denote the corresponding closed hypercubes by A_{nj} , 1 ≤ j ≤ 2^{dn} and define a finite Borel covering F_n(E_k) of E_k by F_n(E_k ) = { B_{nj} | 1 ≤ j ≤ 2^{dn} } with B_{nj} = { ω ∈ E_k | ω(0) ∈ A_{nj} } , 1 ≤ j ≤ 2^{dn}. Clearly, { F_n(E_k ) } n∈N is a sequence of FBCs of E_k satisfying (4.7).

Next, we take ε(n) := 2^{−n}, n ∈ N. Then (4.8) holds, because d ≥ 2. Let

α_k := sup_{x∈Uk+1} | |det g | |(x) p_1(x, x). Then one can easily calculate from (5.1) that σ ( B^{2ε(n)}_{nj} ) ≤ α_k ( k2^{−n} + 2^{−n+2} )_d ≤ α_k2^{−dn}(k + 4)^d

and consequently, (4.9) is satisfied. Since k ∈ N is arbitrary, it follows from Corollary 4.4 that Γ̄_E \ Γ_E is E^Γ–exceptional.

We have in fact proved the following stronger result.

Proposition 5.2. In the situation of Theorem 5.1, we have that { γ ∈ Γ̄_E | | γ(L_x(R^d )) ≥ 2 for some x ∈ R^d } is E^Γ–exceptional,

where L_x(R^d ) = { ω ∈ L(R^d ) | | ω(0) = x}. Proof. By Theorem 4.3 and the above proof it follows that { γ ∈ Γ̄_E | | γ_∗(B) ≥ 2 for some B ∈ {F_n(E_k )}} is E_Γ–exceptional.

(5.16)

Realizing that L_x(R^d ) ∈ { F_n(E_k) } for all x ∈ E_k, we obtain the assertion.

Acknowledgements

We would like to thank Sergio Albeverio and Yuri Kondratiev for fruitful discussions about this paper. Financial support by the Chinese national Science Foundation, by the German Science Foundation (DFG) through the Sonderforschungsbereich 343, by the Ministry of Science and Education of Nordrhein–Westfalen and the EU–TMR Project, No. ERB-FMRX-CT96-0075 is gratefully acknowledged.

References

[1] S. Albeverio, Y. G. Kondratiev, and M. Röckner. Canonical Dirichlet operator and distorted Brownian motion on Poisson spaces. C. R. Acad. Sci. Paris, Serié I, 323:1179–1184, 1996.

[2] S. Albeverio, Y. G. Kondratiev, and M. Röckner. Differential geometry of Poisson spaces. C.

R. Acad. Sci. Paris, Serié I, 323:1129–1134, 1996.

[3] S. Albeverio, Y. G. Kondratiev, and M. Röckner. Analysis and geometry on configuration spaces. J. Funct. Anal., 154:444–500, 1998.

[4] S. Albeverio, Y. G. Kondratiev, and M. Röckner. Analysis and geometry on configuration spaces. The Gibbsian case. J. Funct. Anal., 157:242–291, 1998.

[5] S. Albeverio, Y. G. Kondratiev, and M. Röckner. Diffeomorphism groups, current algebras and all that: configuration space analysis in quantum theory. Rev. Math. Phys., 11:1–24, 1999.

[6] S. Albeverio, R. Léandre, and M. Röckner. Construction of a rotational invariant diffusion on the free loop space. C. R. Acad. Sci. Paris, Serié I, 316:287–292, 1993.

14 ZHI-MING MA AND MICHAEL RÖCKNER

[7] S. Albeverio, Z.-M. Ma, and M. Röckner. Quasi–regular Dirichlet forms and Markov processes.

J. Funct. Anal., 111:118–154, 1993.

[8] S. Albeverio, Z.-M. Ma, and M. Röckner. Partitions of unity in Sobolev spaces over infinite dimensional state spaces. J. Funct. Anal., 143:247–268, 1997.

[9] C. J. Atkin. Bounded complete Finsler structures. 1 Studia Math., LXII:219–228, 1978. [10] D. Bakry. Étude des transformations de Riesz dans les variétés riemanniennes à courbure de Ricci minorée. In Lect. Notes Math., volume 1247, pages 137–172. Springer, Berlin, 1987.

[11] N. Bouleau and F. Hirsch. Dirichlet forms and analysis on Wiener space. de Gruyter, Berlin– New York, 1991.

[12] J. L. da Silva, Y. G. Kondratiev, and M. Röckner. On a relation between intrinsic and extrinsic Dirichlet forms for interacting particle systems. SFB–256–Preprint. To appear in Math. Nachrichten, 18 pp., 1998.

[13] J. Dixmier. Les algèbres d’opérateur dans l’espaces Hilbertien. Gauthier–Villars, Paris, 1969. [14] R. M. Dudley. Real analysis and probability. Wadsworth, Pacific Grove, 1989. [15] E. B. Dynkin. Markov processes. Springer, Berlin, 1965.

[16] K. D. Elworthy and Z.-M. Ma. Vector fields on mapping spaces and related Dirichlet forms and diffusions. Osaka J. Math., 34:629–651, 1997.

[17] M. Fukushima, Y. Oshima, and M. Takeda. Dirichlet forms and symmetric Markov processes.

de Gruyter, Berlin, 1994.

[18] R. Goschnick. PhD thesis, University of Bielefeld, 2000.

[19] J. D. S. Jones and R. Léandre. L^p–Chen forms on loop spaces. In M. Barlow and N. Bingham, editors, Stochastic Analysis, pages 103–163. Cambridge University Press, Cambridge, 1991.

[20] N. Krikorian. Differentiable structures on function spaces. Trans. Am. Math. Soc., 171:67–82, 1972.

[21] R. Léandre. Integration by parts formulas and rotationally invariant Sobolev calculus on free loop spaces. J. Geom. Phys., 11:517–528, 1993.

[22] R. Léandre. Invariant Sobolev calculus on the free loop space. Acta Appl. Math., 46:267–350, 1997.

[23] Z.-M. Ma and M. Röckner. Introduction to the theory of (non–symmetric) Dirichlet forms.

Springer, Berlin, 1992.

[24] Z.-M. Ma and M. Röckner. Construction of diffusions on configuration spaces. SFB–343– Preprint. To appear in: Osaka J. Math., 54 pp., 1998.

[25] Z.-M. Ma, M. Röckner, and T.-S. Zhang. Approximation of arbitrary Dirichlet processes by Markov chains. Ann. Inst. Henri Poincaré, 34:1–22, 1998.

[26] J. Mecke. Stationäre zufällige Maße auf lokalkompakten abelschen Gruppen. Z. Wahrsch.

verw. Geb., 9:36–58, 1967.

[27] X. X. Nguyen and H. Zessin. Integral and differential characterizations of the Gibbs process.

Math. Nachr., 88:105–115, 1979.

[28] H. Osada. Dirichlet form approach to infinite-dimensional Wiener processes with singular interactions. Comm. Math. Phys., 176:117–131, 1996.

[29] J. P. Penot. Variétés différentiables d’applications et de chemins. C. R. Acad. Sci. Paris, Serié I, B264:A1066–A1068, 1967.

[30] M. Röckner. Stochastic analysis on configuration spaces: basic ideas and recent results. In J. Jost et al., editors, New directions in Dirichlet forms, Studies in Advanced Mathematics, pages 157–231. International Press, 1998.

[31] M. Röckner and A. Schied. Rademacher’s theorem on configuration spaces and applications.

J. Funct. Anal., 169:325–356, 1999.

[32] M. Röckner and B. Schmuland. Quasi–regular Dirichlet forms: examples and counterexamples. Can. J. Math., 47:165–200, 1995.

[33] M. Röckner and B. Schmuland. A support property for infinite dimensional interacting diffusion processes. C. R. Acad. Sci. Paris, Serié I, 326:359–364, 1998.

[34] D. Ruelle. Superstable interactions in classical statistical mechanics. Comm. Math. Phys., 18:127–159, 1970.

[35] L. Schwartz. Radon measures on arbitrary topological spaces and cylindrical measures. Oxford University Press, London, 1973.

[36] H. Shimomura. Poisson measures on the configuration space and unitary representations of the group of diffeomorphisms. J. Math. Kyoto Univ., 34:599–614, 1994.

DIFFUSIONS ON “SIMPLE” CONFIGURATION SPACES 15

[37] M. W. Yoshida. Construction of infinite-dimensional interacting diffusion processes through Dirichlet forms. Prob. Th. Rel. Fields, 106:265–297, 1996.

Institute of Applied Mathematics, Academia Sinica, 100080 Beijing, People’s Republic of China

Fakultät für Mathematik, Universität Bielefeld, D–33615 Bielefeld, Germany